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S t r e s s  Co n c e n t r a t i o n  I n  El a s t i c  L a y e r e d  Me d ia  Du e  T o  T h e r m a l

E f f e c t  ( T w o  L a y e r e d  C a s e )

ACC!uj=>te,<l f r .  TecJi -̂  ̂ foi-ANi. .



1.STATEMENT OF T h E PROBLEM

Let the material under consideration occupy the lower half of the 

plane z=0 and the axis of z being taken positive when drawn into the 

material. Physical quantities involved here are all syraraetrical 

about z-axis. Lower boundary of the upper layer is givem by the 

plane z=h^ and the underlying mass extended to infinity, interfaces 

are supposed to be perfectly rough so tl\at sfcresses and 

displacements are continuous across it.
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2.METHOD Of  So l u t io n

Since the physical quantities involved in the problem are all 

symmetrical about z-axis, so four non-zero stress components 

and two non-zero displacements retained in

terms of the stress function satisfying the differential equation 

[9]

^ "*<f> = [  ^   ̂ 0 ( i) 
dr dT az  J

The stress and displacement components are given by [17]

a  ~ r (2)



dzL
^2 ,4> - t —

dr
(3)
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a
dz

2 3^d>
( 2 - u ) ^  <p - — f

az
(4)

a
dT

( l - i > ) 7 * < ^  -
dz*

(5)

u = r
1 + 1-' d ^

E drdz
( 6 )

u 1 + (l-2v)7*^ + + r‘* ^
dr

(7)

Here the stress function <p due to Hankel transform [141 will take 

the form G, defined as

G i ^ , z ) =
#00

JO
r0 (r,2 ) J (Jfr) dr, (f>0,z>0) (8 )

where J (fr) denotes the Bessel function [19] of order zero, whoseO
inverse is given by

rOO
<̂ (r, z) = ?G(?,z) J (fr) d̂o (9)



Applying Hankel transform on (1) and (A)-(7) we get
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dz
G(J:, 2 ) = 0 ( 10 )

fO) ,3g
rcy J (Jfr) dr = (1-v)

2 o -.a0 dz
“ (2 -v)? 2 ^  

dz
(1 1 )

fOO
TT J (f r ) dr = zr 1

y ,̂ _2 + (1 -̂ .)̂  ̂ G 
dz*

( 1 2 )

rOO
(13)

fOO
ru J (Jf r) dr = --

0 ^ ^ E
(l-2t>)_ - 2(l-w)^r^ G 

dz^
( 14)

Computing Inverses of (11)-(14) we get

roo
a  = z

dz a dz
J (? r ) dfo ( 15)

rOD
zr Jo d z

d* G 2+ ( 1 -u> )?̂ G (f r) d? ( 16)
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u 1 + rCD
^  j (5 r) d? 

0 dz ‘
(17)

1 + tCO f  ,2 f. ■
? (l-2y - 2 i l - u ) C  G

I L dz
J (?r) d?O ( 18)

Let the solution of (10) be given by

- ? 2
G(^,z) = (A + Bz) (2sinh? 2 + e ) + (C + Dz) (2cosh? z - e )

where A,B,C and D are functions of ? to be determined from the 

suitable boundary conditions.

3.S0L U T10N O f The P ro b le m

To determine the stresses, the potential of thermoelastic

displacement related by the equations

<“r>T

( 19)

is considered In the steady state of the temperature field given by
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[33
7 T = 0 (20)

Since upper layer and the underlying mass have different thermal 

properties, different potential displacement functions are chosen. 

From the stress-strain relations of thermo-elasticity and the 

equation of equilibrium [17], we have

vV. =
where

Applying Hankel transform on (20) and (21) we obtain

( 2 1 )

M(?,z) = 0 (2 2 )

and

f _  e;*! L.(?,z) = ^.M(if,z), i = l,2 
'• dz  ̂  ̂ '■

(23)

/CD
where M(?:, z) = rTJ (î r) drO (24)

tca
L.(?,z) = ry/.J (?r) drt O (25)
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The corresponding thermal stress components zr ̂ T

displacement components (u^)^,(u^)^ are given by

dz
(26)

d y.
(27)

i  d r d z

V
(28)

(u )
dy/.

2 T dzV
(29)

Now we consider the transformations of (26)-(29) into relation 

involving L.(if,2 ) and M(iJ,z). The results of computations are

rOD
r (<ŷ )̂  J^(? r) dr = (? , z) (30)

rOD
(31 )



Applying Hankel inverse transform, we get

Let the solution of (23) be

then the solution of (22) Is
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roo (32)

fCO
r(u )„ J (? r) dr = _  L. (? , z) 

0  ̂ \  ^ dz "
(33)

03
? L. (? , z) J (? r) d?

0
(34)

rOO
‘̂ zr'T't 0 dz

(35)

(ur>T. = - (36)

ri? —  L. (f , z ) J (if r ) df
0 dz ' ®

(37)

L.(if, z) = -i A (i-z) 
2^ "

-?z (38)



where A is a function of if .O
Applying (38) we have from (30)-(33)

Taking solution of (10) for different layers C59] as: 

F o r  thje -upper l a y e r

F o r  the  u n d e r l y i n g  mass
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M(?,2 ) = a e
o

(39)

roo
r(o- )_J (?r) dr = (l-2 )eZ T. o V t o

- ? 2 (40)

rOO
(41 )

tCO
r(u )^J (?r) dr = - i/3A (l-z)e ^ (42)

toa
r(u )_J (fr) dr =-i=-/3(z?-?-l)A e”̂ ^ Q z T. o 2? u o

(43)

-?z ? z
G (Jf,z) = (A +B z)(2slnh ?z +e ) + (C +D z)(2cosh t z  -e )

1 i 4 1 1  ^ (44)

z ? z
G^(? , z j = (Â  + B^z)e +(C^ + D^z)e , (^>0,z>0) (45)
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It is to be noted that stress, and displacements in the underlying 

mass vanish as z tends to infinity.So, the components of stress and 

displacement for the upper layer obtained from (ll)-(i4) as

roo
T (a ) J tfr) dr =

0  ̂‘ °

2 2= (i-2t> )? B (2sinh ?z + e ) + (i-2y D (2cosh ?z - e )

3 a+? <Â  + B^z)(e -2cosh ?z) + +D^z) (e -2sinh?z) (46)

2
•T'r ? B (2cosh ?z- e ) + 2î  ̂  D (2sinh fz- e )1 1  i t

3  -?Z - „

(Â  + B^z)(e +2sinh z)+Jf ( + D̂  z ) (2cosh z - ê  ̂  ) (47)

r® 1+u . -î z ^2
B^(2sinh ? 2  + e ) + D^(2cosh ?z - e )

+? (Â  + B^z) (2cosh ?z -e^^)+? (Ĉ  + D^z) (2 sinh ?z -e^^) (48)
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roo 1+u
r(u ) J (?r)dr =

-K z
2(l-2i^ )B (2cosh - e ) + 2(l-2i^ )D 

. 1 1  1 1

? 2 2 ? 2 
(2slnhJfz-e ) - ? ( A + B z ) ( 2 s i n h ? z  + e )-?(C+Dz)(2coshfz-e )

1 1   ̂ ^ 1 1  ^

Stresses and displacements for the underlying mass

<49)

fOO
T (.O' ) J (f r) dr = z 2 o (A +B z)e'^^-(C +D 2 )e^^

2 2 2 2

B e~^^+D e^^ (50)

fOO
r(T ) J (?r) dr = zr 2 1 ^ (A +B z)e~^^+(C +D 2 )e^^ 

2 2 2 2

-2 ./' B e  ‘-D e‘ 
2 2 (51)

rOD 1 +t>
r(u ) J (fr) dr = r 2 1 ^ K {A +8 z M B  

2 2 2
z. ? (C +D z)+D 

2 2 2

(52)
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rCO 1 +Ĵ

r(u ) J (?r) dr =Z 3 o (A + B 2 )e"^ ̂ +(C +D z)e^ ̂
2 2 2 2

+ 2 ( (53)

^.Bo u n d a r y  C o n d it io n

In order to nullify the stresses on the boundaries the following 

conditions are to be satisfied:

At 2 =0 , -(u )_ = (u )r 1 r 1.
1

-(u )„ = (u )
2 T 2 1i

-(T ) _ = (T )
2 r T zr 1

1
(54)

-(u )_ = (u )
2 T Z 2

2

-(0^,)„ = (O' )
2 T 2 2

2

~(T )_ = ( t )
2 r 2 r 2 (55)

Conditions (54), (55) with the help of (40)-(43) and (46)-(49) give



the values of constants as

A = A' A , A' = S -
1 1 o i  1 2 3
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B = B' A , B' = S -
1 l o t  2 a

where

C =C'A ,C' = S - S - S
1 1 o 1 1 2 a

D = D' A , D' = - S1 1 O 1 a

S = ----- ---- (1+v )-?E 1
2 . . .2„ 2 1  ̂ iJ(1 -V^ ) ?

a
S = ------i—  {fj (1+v ) + (2? + l)E 1
" (1 -. ‘

±  ^

D' A
2 o

B' A
2 o

A = 
2

ft E 
' 2 2

2 ^

(? +1 ) (h -1 ) (l+î  )
1  ̂ *̂ 2 2
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c = ■ 
2

f ^ E r
---i-i—  (1-h )r + —  r ^A' +(2f h - DB'l - (?h +1)D'l i  S ^ ^ Z 2J 2( 1 -V ) S i2 1

Thus the constants A', B' , C! , D' , i = l,2 are independent of A .V I t I o

So, on the surface z=0,the resultant displacement and stress 

components are

rOO roo
r(u ) J (?r) dr = 

0 ‘
r[ (u ) +(u )^ ] J (? r) dr 

0 r . r X ^

1 +î
(<A' +B' -<C' +D' )- /? E i ^ i  i 'i (56)

rOD

0
rOO

r(u)„ J (Ĵ r) dr =
Z i\ o r[ (u ) +(u )_ ] J (Jf r) dr2 1 Z T o

rl+t>
- — (A' + C' )-2( 1-2l> ) (B' +D' )'l + /? (57)



fCD

0

rOO
T (a J (?r) dr =Z K o

rOD rOO
r(T )_ J ( ? r ) d r  = zr R i ^ rt (T ) + (T )_ ] J (? r ) dr 

0 "  ‘ ‘

At 2 = »

rOO rOO
r (u )_ J (if r)dr _ r R 4 ^0 2

r [ ( )̂  + ( )  T 3 J^(ifr)dr =
0 * 2 *

rOO
J (?r)dr =Z ri o

rOO
rt (u ) +(u )_ ] J (if r)dr ^ z 2 z T o0 2
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u ft -?*-f(A' -C' ) + ( l-2v ) (B' +D' )'l
1 i i j (58)

= (1+^ +C' )+2v (B* -D' )'l (59)

1 +i->

{ ~^A' +(l-h )B' 
2 1 2

r + 
1

?C^ + (li-h (60)
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(61 )

rCD rOD
r I (O' ) + (<y 3 J (? r ) dr =

0  ̂  ̂ \  ^
u ft (1-h )?r + '̂2' 2 1 ^ 4

? (A'r ~C's )+r?(?h-2t» +l)B'-s?(?h +2y -1)D'  ̂ 2 1 2 i 2 2 1^ ' i  2 2
(62)

roo rOO

0  2 0
rt (T ) +(T 3 J (? D d r  =zr 2 zr T 1 ^ IJ ft l?h +'̂2' 2  ̂ 1  ̂ t

?^(A' r +C's )+r -2t* )B' +s ? (? h +2v ) D'
2 1 2 1  1 ^ 1  2 2 1 ^ 1  2 2

(63)

5* F l u x  Of  He a t  On  T h e  Bo u n d a r ie s

Let the flux of heat in a region of the surface z = 0, distributed 

through layers in the underlying mass be

£T
dz

= f(r/a), 0 <r<a (64)

- 0 , r>a
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using dlmenslonless variables

(?) = aX(?a), r?=?a, p=r/a, C=z/aO

where a is some length and o» a Tiew variable of integration, we get 

from (24) and (39), on z=0.

£T
dz

-i too

0
r)X(T))J (pT)) dY)O (65)

By Hankel inversion theorem

X(T)) = -a -t pf(p)J (pt)) dpO ( 6 6 )

For a simple physical situation we consider a linear temperature 

distribution f(p) =Kp, K = constant, then

X(rj) = - —  J (T))
av72  1

(67)

So, the unknown A (if) being known the problem is completely solved.O

6 -Numer«cal Results
If the upper layer be concrete pavement, and the underlying mass be 

natural soil, then elastic constants for those materials are [8 ]
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= 2.18x10* gms/cm^ , ot = -5xl0‘*/0'"C i

= 1 .1x 1 0® gms/cm^ a = 7.5xl0"‘*/0®C
2

V =0.15 
1

= 0.94x10® gms/cm*

V =0.25 
2

= 0.43x10* gms/cm*

K = 6.4x10 
1

- a K =6.7x10 
2

-3

So, evaluating constants for a given value of t) when a = l and >̂̂ = 2, 

we have

= 1 0.8x 1 0 ; S * 7.605x10 ; S *
2 9 -50.6x10

Thus

A'̂ = -32.1845x10* , = -42.9945x10^ , C'̂ = 53.8045x10* , D'̂ = 50.6x10*,

A' =0.9794x10* ,B' =1.8723x10* , C' = 1. 2163x 10* , D' =-7. 559x 10* ,
2 2 2 2

So, applying dimension 1 ess variables on (56)-(63) substituting the 

value of X())) from t67) and the values of constants , we get

roo rOO
r(u^)pj J^(r)r>dr =

0



Inversions gives
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= -0. 19593xlO*^Ky)'*J^(T>) (60)

roo
r(u )„ J (r)r)dr = 0.00324x10 * K77 (T) ). Z K o 1

(69)

fOO
r(cx )_ J (r)Ddr = -99.2487x10* K>7“*J (r>)Z K o i (70)

(û )ĵ l = 0. 19593x10'® K
^  Ĵ (T>)Ĵ (pT))

0 T>
di7 (71 )

|(û )ĵ l = 0.00324xl0~® K
M  (T) ) (pT) ) 

0 T>
di7 (72)

roo J (t))J (pr))i O
0 77

dr) (73)

Thus

I (<Ĵ )ĵ | = 0. 19593xl0“̂ K
(2p)~‘F( l,0;2;p'* ), p>l
1
2 ’ p=l

.5p F(l,0;2;p ) , p<l

(74)
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”3.I = 0.00324x10 K

F ( . 5 , . 5 ; l ; p  > 

2
n '

~2

, P<1 

. P=1
.5F(.5,.5;2;p ), p>l

( 7 5 )

1 = 99. 2483x10* K

F ( . 5 , . 5 ; l ; p ‘  ) 

2
?z

-2

, P<1 

. P=1 
p > l

(76)

F denotes hypergeometric function.

Discussjons
Solution of the system of equations (40)-(43) and (46)-(49) for the 

unknowns 1 = 1,2,3,4, depend on A , where A is a function of
I I  O O

. So existence of uniqueness of the solutions depends on the

uniqueness of A . A Is unique for a definite type of distributionO O
of heat flux on the boundary. So, the solutions A ,B are uniqueL I
subject to the condition that A is unique.o

Here the distribution of heat flux is taken to be linear but it

would have been physically more interesting and suitable if it is 

considered other that linear.

Figures (1) and (2) show how the radial component of displacement 

and component of stress in the z- direction vary with p.
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I S t a t e m e n t  O f  T h e  Pr o b l e m

Material under consideration occupy the lower half of the plane z=0 

and the axis of z being taken positive when drawn into the material. 

Physical quantities involved here are all symmetrical about z-axis. 

Lower boundaries of the first and second layers are given by the 

planes z==ĥ  and z = and the underlying mass extended to infinity. 

Interfaces are supposed to be perfectly rough so that stresses and 

displacements are continuous across it.
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S.Me t h o d  Of  S o l u t io n

Physical quantities involved in the problem are all symmetrical 

about z-axis, so four non-zero stress components a ,a  ,a and
t  & Z ZT

two non-zero displacements u ,u are retained in terms of the stressr z
function <p satisfying the differential equation [9]

( 1 )

The stress and displacement components are given by [17]

2

dr*
(2)



dz^
- r ‘‘

drJ
(3)

02

a -  z
(2-v)7*0 - 

dz^
(4)

2 r drL
.2 .n

(l-u>)7^0 -
az -I

(5)

u = - r
1 +

E 6 t9 z

(6 )

u -L-L±:|̂ ( 1-2v )7V
dr drJ

(7)

Here the stress function <p due to Hankel transform [143 will take 

form G, defined as

rco

J o
r<^(r,z) J (Jfr) dr, (2f>0,2>0)O ( 8 )

where J ijfr) denotes the Bessel function £193 of order zero, whoseO
inverse is given by

too
4>(t , z) =

0
?G(Jf,z) J {J^T) d̂O (9)



Applying Hankel transform C14] on (1) and (4)-(7) we get
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( 10)

roa d®G
dz

,2 dG 
dz

( 1 1 )

rOD
rr J (?r) dr = zr 1 ^ y 5 + (1 -!,> G 

dz^
( 12)

r<X>
(13)

rOD
ru J (? r ) dr = --

0  ̂ ^ E

.2 „
(1-2î )5-^ - 2(l-v)?^ G 

dz^
(14)

Computing inverses of (11)-(14) we get

■00 f/, N d®G (1 ) ---  - (2-1^)?^ ]
0 dz* dz ■

J (^r) d?O (15)

r®
zr 0 dz"

J^(?r) ( 16 )



u 1+1^ rOD (17)
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u 1 + J (?r) d̂fO ( 18J

Let the solution of (10) be given by

G(?,2 ) = (A^Bz)cosh f 2 + (C+D2 ) sinh ? 2

where A,B,C and D are functions of if to be determined from the 

suitable boundary conditions.

3.S0L U T10N O f Th e  P ro b le m

To determine the stresses, the potential of thermoelastic

displacement v'l related by the equations

St

d\(/ ( 19)

is considered In the steady state of the temperature field given by 

t3]
= 0 ( 2 0 )

Since different layers have different thermal properties, different 

potential displacement functions are chosen. From the stress-strain



relations of thermo-elasticity and the equation of equilibrium [17] 

we have
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7 = p. y , i = l, 2. 3 ( 21 )

where
1 Hj .

ft. = -i-- ^ a,' i 1 -u>. i

Applying Hankel transform on (20) and (21) we obtain

dz

and

(22)

(23)

roo
where M(?,z) =

JO
rTJ l?r) drO (24)

rOO
Lj^(?,z) r^. J ((If r ) dr t o (25)

The ccrresponding thermal stress components *̂ 2̂ ̂ T’ zr ̂ T 
displacement components (u^)^,(u^)^ are given by

<>z"
(26)



66

d y/.

d rd z
(27)

r T d tV
(28)

(u )z T. d2.V
(29)

Now we consider the transformations of (26)-(29) into relation 
involving and The results of computations are

r03

0
r(o-^)_ J (Jfr) dr = 2^.? L (f,z) Z I, o I V (30)

fCO
r(T,^)_J (?r) dr = -2? â. —  L. (?,z)

O ‘l ‘ " dz "
(31 )

rOD
r(u )_ J (fr) dr = - ^ L.(Ĵ ,z) 

JO \ ^
(32)

roo

0
r(u^)^J^(?r) dr = —  L (?,z)

dz ^
(33)



Applying Hankel inverse transform, we get
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rCD
2m . (34)

rOO

0 dz
(35)

rOD
(36)

roo
IT —  L (? , z ) J (Jf r ) dif 

0 dz ' °
(37)

Let the solution of (23) be

L(^.z) = - ~ A  (l+?z)e'^^V ^^2 O (38)

then the solution of (22) is

M(<,z) = A eO
-Jfz (39)

where A is a function of ?.o ^
Applying (38) we have from (30)-(33)

■CO 

• 0
r (o-̂ )? r ) dr = r /?. A_ ( i z ) e"^^t U O (AO)



Taking solution o f (10) for different layers £593 as 

F o r  th e  uppe r layer

Fo t  th e  midd-Le l a y e r

F o r  th e  u n d e r l y i n g  l a y e r
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0 V

(41 )

roa
r(u^)^J^(?r) dr = ( 1+? z ) e (42)

roo

0
(43)

G (f ,2 ) « (A +B 2 )cosh f z  + (C +D z) sinh ?z1 1   ̂ 1 1 (44)

G (?,z) =» (A +B z)cosh ^z + (C +D z) sinh ?z 2^ 2 2   ̂ 2 2 (45)

-e z
G^(?,z) = (Ag+B^z)e , ?>0, z>h^ (46)

it is to be noted that stress and displacements in the underlying 

mass vanish as z tends to inf inity.So, the components of stress and 

displacement for the upper and middle layers obtained from (11)-(14) 

when 1=1,2 are
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t<c

0
r(<y J (?r) dr = ( 1 B . cosh ? z + (l-2u . )?* D . s inh ? zZ J o  " J J  J J

-(A.+B. z)^*slnh ? z - (C.+D. z * cosh ? z (47)j i J J

fCO
r(T ), J (Jf r) dr = P 2u B.sinh z + 2u D cosh fz "I z r j i ^  ' « L j j  •' J J  ' • J

+ T( A .+B . z) cosh if z +(C.+D.zJ slnh ? zl (48)L J  J  ■' J J J

rOO

0

l + v
r (u^ > J (?!̂ r ) dr = (A.+ B.z + =-i )sinh ?z J J ?

B
(49)

rOO
r(u ). J (fr) drZ J o j 2D.

-5T^(l-2y. )-(A. +B.Z) J J J

2B
(l-2u,)-(C.+D.z)lsinh ifz ? J J J J

(50)

For the underlying mass
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roo r B I f l - f zr ( o - > J ( f r ) d r  = }A + B z  + (l-2v ) ^ e2 3 0 ^  L3- 9 ?
(51)

rOD
r (r ) J (J' r ) d r zr a 1 ^

B
A + B 2 + ■—  2v  a 9 Jf a (52)

rOD
-A -B 2 ? a s (53)

,-co 1 + 1̂
r(u ) J (fr) dr = .

0 ^ ^

2B
A + B 2 + (l-2v )3 3 ^  a (54)

4-.Bo u n d a r y  Co n d i t i o n s

In order to nullify the stresses on the boundaries the following

conditions are to be satisfied:

At 2 = 0, - (cr )_ * (O' )z T, Z iw

-(T )_ = (T )zr T. zr it
(55)

At the interfaces,
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z = ĥ .

So at z = h^,
2

Since at the interfaces

2 = h , I (O' ) 1 = I (O' ) I and I (t  ̂ I ~ I
2 * 1  Z 2 ' ' za' ' zrz' ' zrs

So at z~h^,  ~ 2.  ̂ ~ z \

“ (T )„ = (t )zr zr a

and -(^ )_ = (O' )z T z 23

-(T )^ = (T ) (57)zr T zr 2a

Boundary conditions relating to the continuities o f displacement are 

assumed to be identically satisfied at the Interfaces.

Conditions (55) wijth the help of (40), (41) and(47),(48) we have

2ĵ D .
= ----(58)
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(59)

Using (40),(41),(51) and (52) on the first two conditions o f (57) we 

get
2v A

A = — !L® ft fj (60)a ' a a

B = A ^ M ?a o'  8^3
-2 (61)

From the boundary conditions (56) and last two of (57)

1 I- i-'j
=s5

(62)

(63)

B + z

2>', q, *? h, B » 
2 D ^ + f p A + ? q C - S  = 02 ••''4 2 ^ ^ 1 2  a (65)
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D - ? q A - ? p C - S  = 0 (66)2 ^^2 2  ̂*̂2 2 2

2^2 P2 " 2 % D * ? p A t f q C - S  » 02  ̂̂ 2̂ 2 ^^2 2 4 (67)

where
Mr?

S = S' A ; S' = (1 +? h ) e ‘
1 1 0  1 „2 ' 1

^2^2 \S = S' A ; S' = -iLJ. h e ‘
3 3 0 a „ 2 1

S = S' A ; S' = h e  *
4 -to’ 4 „2 2

S = S' A ; S' = SS S o  5 ' -  M i l l1 ^2 Y ±

s. = S'A ; S'<S «* o <s
,-2„ *?h p

1

Solving C82) and (83)



9A

C = C' A and D = D' A1 i o i ‘ o

where

C» 2 *,2.2 2-2,2 2 f q - ? h p - ? h q

and

? h q S' + ( q +? h p ) S' D' *  ̂ 1^1 g 1̂ 1^1 5
q -  / n p - f  n q  ^1 ' 1 '̂i  ̂ 1 ̂1

Putting the values of and D^ln (58) and (59), 

A = A' A and B = B' A
1 1 o 1 1 o

where

A' = -2i> ? ‘  ̂ ^ ^ -- --1 1̂  2 . * 2 „2 . 2 2 q-if hp-?f h q  ^1  ̂ 1 *̂1  ̂ 1^1

Equations (6A)-(67) are then solved to find A 3  ,C and D and are
2 2’ 2 2

written in the form

A = A' A , B, = B' A , C = C' A , D = D' A
2 2 0  2 2 o  2 2 o  2 2 0

Subsequently numerical values of A', B' , i = l,2,3 and C' , D' , i»l,2 are



obtained. Here = A*, relations (58)-(67) give 10 

constants A ,B ,C ,D ,A ,B ,C ,D ,A and B in terms of A . So thei ’ l ’ i ’ i 2 2 ’ 2 ’ * 3 3 o
formal solution of the problem is complete.

The resultant stresses In the direction of z-axis are 

On 2=0,
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rOD roo

( 1-2k )?*B' -C'?® iJ A (68)o

KO rOO
rCcr )_ J (?r)dr =0 2 K o

2
+(<y )_ ] J (?r)dr 

^  Z 2 2 T o0 2

(1-2*̂  ̂)f B^cosh ? h^+ (l-2y^ )? D^sinh f h^-(A^+B^h^ )?®sinh ?h^

-(C^+D^h^ )J:®cosh (l+?f ĥ  )e ‘ (69)

At z = h

rOO
r(o',)_ J (?r)dr = z n, o

rOO
rt (a ) +(o-^)_ ] J (? r)dr

0 3 °
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-?h - 
e * + (A;+B;h^ )?® e * - (1+? > e (70)

Constants and B^are Independent of A^.

Thus the total thermoelastic stress in the underlying mass is

rOO roo
Tier )„ J (?r)dr =Z ti O

T l ( a  )„ + (a )„ + (<y 3 J (Jfr)dr (71) ̂ 2 K  Z K  2 K  o0 1 2  8

5 -F l u x  Of  He a t  O n  T h e  Bo u n d a r ie s

Let the flux of heat in a region of the surface z = 0, distributed 

through layers in the underlying mass be

£T
dz

-  f < r/a), 0<r<a

= 0, r>a

using dimens!on 1 ess variables

A (f ) = aX(?^a), T?=Ĵ a, p = r/a, C =z/aO

(72)

where a is sone length and t), a new variable of integration, we get 
from (24) and (39), on z=0,



£I , -a-
dz
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fCO
T7X(i7)J <pT7> dr) <73)

0

By HankeI inversion theorem

X(Tj) = -a"‘
r l

p f ( p ) J  (pr?)
0

For a simple physical situation we consider a linear temperature 

distribution t i p )  ^Kp, K * constant, then from (7A)

With this value of X(r)>, the problem is completely solved since only

unknown A (̂  ) is now known.O

6 -Nu m e r i c a l Re s u l t s
If the upper layer be concrete pavement, the middle layer be gravel 

base and the underlying mass be natural soil, then elastic constants 

for those materials are [8]

= 2. 18x10* gms/cm* , = -5xl0"‘*/0®C

= 1.1x10* gms/cm* , = 7.5x 10"‘*/0°C
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E = 0.4x10* gms/cm* , a = 2.3x lO^^/O^Ca 3

u = 0.15 , H - 0.94x10* gms/cm^1 4

i> = 0.25 , M = 0.43x10* gms/cm*2 2

= 0.50 , “ 0.14x10* gms/cm*

K » 6.4xl0'* , K = 6.7x10"*
1 2

K = 2.9xl0"® s

So, evaluating constants for a given value of r) when a=l and 

ĥ  = 2,h^ = 4 we have

A' = 3.504x10* , = 77.2671x10*, C'̂ = 47.73x10* , D'̂ = -166.8x10*,

A' = 0.005829x10*, B' = 0.01207x lO'*, C' = 0.007071x10*,2 2 2

D' = -0.02578x10*, A' = -14.49x10*, B' = 0.966x10*
2 a 9

So, applying diroension 1 ess variables on (71) substituting the value 
of X(tj> from (75) and the values of constants in (71), we get

f<D
r(o',)_ J (pT)) dp = 4.94423x10* - J (yj)Q Z K o T) 1

whose Hankel transform is
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(<?•)„ = 4.94423x10 K z R
J (T) ) J (pT) ) 

,2 "  *t---- f---  dn

= 4.94423x10* K F^l/2, l/2;l;p*j , P<1

= 4.94423x10* 2K/rt, P = 1

= 4.94423x10* -i K F^l/2, l/2;l;p"*j, p>l

F denotes hypergeometric function.

7 - D is c u s s io n

Jt is important to study the existence of uniqueness of the 

solutions of the system of equations (62)-(67) for the unknowns

1 = 1,2,3 and C',D', i = l,2. Here» it is found that all the 
above solutions depend on the quantities A . But A is unique for aO O
particular type of distribution of heat flux on the boundary. So the

solutions A' , B' , 1 = 1,2,3 and C' , D' , i = l,2 are unique subject to theV I .  i V

condition that A is unique for a definite kind of heat flux used inO
this problem.

For simplicity, linear heat flux has been applied on the boundary



2 = 0 in this problem. It will be more interesting and physically 

suitable If the heat flux is considered in the form other than

1 inear one.

The numerical results of this paper have been compared with the 

works of Parla [593 who solved a problem of this nature in absence 

of temperature and the results tally completely with the results of 

Par ia.

Fig.3 displays the nature of distribution of thermoelastic stress 

against p.
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F ig.3 D is t r ib u t io n  O f T h e r m o e l a s t ic  S t r e s s

Un d e r l y in g  Ma s s  F o r  A T h r e e  L a y e r e d  S y s t e m .


