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1STATEMENT OF THE PROBLEM
Let the material under consideration occupy the lower half of the
plane z=0 and the axis of z being taken positive when drawn into the
material. Physical quantities involved here are all symmetrical
about z-axis. Lower boundary of the upper layer s given by the
plane z=h1 and the underlying mass extended to infinity. interfaces
are supposed to be perfectly rough so that stregses and

displacements are continuous across it.

2MeTHOD OF SoLUTION
Since the physical quantities involved in the problem are all
symmetrical about z-axis, so four non-zero stress components

o Lo ,O'Z,Tz

T o

r and two non-zero displacements ur,uz are retained in

terms of the stress function ¢ satisfying the differential equation

(9]

2
v4¢=(-q__z_+:x‘1l_+g__]¢=o (1)
The stress and displacement components are given by [17]

o =3-[a;vz¢-i’f-?]

(2)
r az 6r2
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o =3—[v2¢-r' ﬁ’i] (3)
© az ar
2 2 3%y
o = -—{(2-wv @ - .._;] (4)
Z a2z az
a‘ey
T = -——[(1-»)V2¢ - -—] (5)
zr ar az
2 .
+ 0
u_ = - 1 +va¢ (6)
E drdz
1+ 2 ‘e -13¢
u_ = o [(1—21»)\7 p + =L +r —] (7)
z E ar ar

Here the stress function ¢ due to Hankel transform (14] will take

the form G, defined as

G(f,2z) = fm r¢(r, z) Jo(fr) dr, (¥>0,2>0) (8)
0

where Jo(fr) denotes the Bessel function (19] of

order zero, whose
inverse is given by
¢(r,z) = [m EG(E, 2) Jc(fr) dar (9)
0



Applying Hankel transform on (1) and (4)-(7) we get

d2 2Y}2
[ — ¥ ] G(Z,2) = 0
2
dz

3
r ro_J (Er) dr = (1-v) E—-—S- - (2—1))22 29
0 z o dz dz
2
Jm rr . J (&r) dr = [ v L8 4 (1-0)g? G]
) t az

ru_J (Fr) dr
r o1

o é
]
-
m s
m\
Q I o
N

2
r ru_ J (fr) dr = 2 1% [(1-2u>."__9 - 2010982 G]
0 V4 o 2

dz

Computing inverges of (11)-(14) we get

o, = r([u—w d f - (2-0)g% EE] J (Fr) df
o} dz dz °©
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(10)

(11)

(14)

(15)

(16)
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u = 1 + 2 Jm tz E_G_ J‘(gr) dt (17)
T E o) dz -
+ de 2
u =Lt r [:(1—2:»)-—- - 2(1-0)2 G] J_@r) & (18)
z E ) dz*

Let the solution of (10) be given by

Lz £z
G(¥,z) = (A+Bz)(2sinh¥z + e ) + (C+Dz)(2coshfz - e )

where A,B,C and D are functions of ¥ to be determined from the

suitable boundary conditions.

3SoLuTtioN OF THE PrOBLEM

To determine the stresgses, the potential of thermoelastic

displacement y, related by the equations

e

(u )
r

N

(u )T (19)

is considered in the steady state of the temperature field given by



(31

vT

"
o

(20)

Since upper layer and the underlying mass have different thermal
properties, different potential displacement functions are chosen.
From the stress-strain relations of thermo-elasticity _and the

equation of equilibrium [17], we have

Vw,L = ﬁiT (21)
where
1+v,L
ﬂi. = 1 a\.

Applying Hankel transform on (20) and (21) we obtain

a* 2
[“‘;" :] M(£,2) = O (22)
dz
and
2
d 2
(S5 -¢) raa = pr,a, ie,2 (23)
L 8
dz
where M(T,z) = fm rTJO(Er) dr (24)
0

L_L(t,z) = J:rwiJo(tr) dr (25)



The corresponding thermal

displacement components (ur)T,guz)T are given by

a wL vz
(02) T. = 2Mi. z ¢\.
1% az
ozwi
(v _ ),.= 2p
zr Ti ‘' dradz

Now we consider the transformations

components

(o

(26)-(29)

z' T’

&3

into

2T

‘1

and

(28)

(27)

(28)

(29)

relation

involving Lﬁf,z) and M(¢,2z). The results of computations are

Jm r(az)TiJo(fr) dr =
0 i

J: r(Tzr)Tfn(fr) dr =
t

8% @, 2)

—zl-‘-\'f — Li_(f12)

(30)

(31)
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[D r(u ¥y J (¢r) dr = - ¢ L (£,2) (32)
rT 1 ) L
0 i -
-4 (33
r(u )TJ (Er) dr = — H}:,z)
0 2 he dz

Applying Hankel inverse transform, we get

Q0
- |
= (34)
0,0 2,uiJ €L & ,2))_&r) &
i 0
- 2 d
(7,07 au_‘r L@, @) A (35)
1 0 dz
- - 2
(ur)T, = ‘[m b4 Ll({,z)J‘({r) ds (36)
i (6]
(ud,. = r: € LE,20I ) dr (37)
4 T i [
i 0 dz
Let the solution of (23) be
n i
L& 2) = LA (1-z)e £z (38)

2

then the solution of (22) is



where A is a function of .
o

Applying (38) we have tfrom (30)-(33)

by

- - Lz
r(az)TJo(tr) dr = HJﬂon(i z)e

i

o &

= - ¥ - Xz
r(Tzr)Tfh‘fr) dr pJﬂAo(zz E-1)e

L

= - 1 - -
r(ur)Tﬁ‘(tr) dr = -§/%A°(1 2)e

¥z

o &

= 4 oy Lz
r(uz)TtJo(tr) dr = o B (X -L-1A e

s 8

Taking solution of (10) for different layerg {58] as:

For the upper layer

-z £z
G1(f,z)=(A1*B‘2)(291nh Iz +te )+(C1+Diz)(2005h Ez -e

For the underlying mass

~{z {z
Gz(t,2)=(Ah+Bzz)e +(Ch+Dzz)e y (E50,250)
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(39)

(40)

(41)

(42)

(43)

(44)

(45)



89

It ts to be noted that stress and displacements in the underlying
magss vanish as z tends to infinity.So, the components of stress and

displacement for the upper layer obtained from (11)-(14) as
J‘IJ r(o_ ) J (Zr) dr =
2 4 Q
0
2 Lz 2 £z
= (1-2v‘)f Bi(ZSinh Tz + e ) o+ (1-21)‘)8 D‘(2cosh gz - e )

-z £z
+{8(A1+B‘z)(e ~-2cosh £2z) + z’(c1+Diz>(e -2sinh ¢ 2) (46)

fz Ez
2
J: rar, 0 J @rydr =20 ¢*B (2cosh Zz- e ) + 2vtsz1(251nh £z- e )

3
**(A+B 2)(e  +2sinh £2)+£7(C +D 2)(2cosh £z - & ) (47)

1+ Lz £z
o x‘(ur)1 J‘({r)dr i Z[B‘(Zsinh Zz + e ) o+ D1(2cosh fz - e )

2 Tz
+{(A1+B1z)(2cosh gz -e: )+{(C‘+Diz)(251nh Tz -e ) (48)
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1+p £z
= 2 - - + 2(1-20 )D
Jz r(uz)‘ Jo(tr)dr —F: £[2(1_2v1)81(2cosh &z e ) D,

Zz - {2z
(2sinh £2- e - t(Ai'rB‘z)(Zsinh Ez + e tz)_ {(CI+D12)(2cosh Tz-e )
(49)
Stresses and displacements for the underlying mass
r(o_ ) J (Fr) dr =](A_+B z)e-zz-(c +D z)etz :a +
0 2’2 o 2 2 z 2
+(1-2p ):‘[B e %%p e"‘] (50)
2 2 2
= £z LV Ez]l 8
JZ r(Tzr)z Ji(tr) dr [(A2+Bzz)e +(Cz+Dzz)e 4
- 2 fz_ o Lz
2v2{‘ [Bze Dze ] (51)
1+v2 £z ¢
r(u ) J ( ) = N2 z
J: r’2 1:'1' dr Ez [Z(A2+Bzz)482]e [E(C2+Dzz)+Dz]e }

(52)
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1+

_ 2 £z fzl,2
I: r(uz)s Jo(:r) dr = - E {[(Az+Bzz)e +(C;+D;z)e ]E +

2

2

+2<1‘2;}2>t {Bze'“m R ]} (53)

4 BounDARY CONDITION
In order to nullify the stresses on the boundaries the following

conditions are to be gsatisfied:

At z=0, -(uP)T‘ = (ur)t

-(uz)Tt = (uz)‘

-{x ) z (o )
2

T zZ'1
4
-(t_ ) = (1t _ ) (54)
zZr T‘ Zr' 4
At z=h , -(u ) = (u )
4 r'T 2
2
-(u )T = (u 2
2
-( =
o )T (oz)2
2
’(‘rzr)T = (sz‘)z (55)

Conditions (54),(55) with the help of (40)-(43) and (48)-(49) give



the values of constants as

where

D

B

z

2

- 2., 2
4(1% vz)t s,

B 2 2
41 vz)f

A°A , A
1

1 ©°

B‘'A, B
1 o 1

E §

3
(1-v ¢

r
2 1

2

A_E

2 2

L |
+10
4140 ) £

=8 -5 + 8
1 2 3
=5 -5
2 a
=S -85 -8
1 2 3
= -85
3

[p‘(lﬂat)-t E‘]

[p1(1+v1)+(2z+1)E1]

[ H, (140 ) (242 =F hi-ht)f'Ez] A

.9 2
d + - -
{{ (& 1)(h1 1) {‘,uz(lﬂ)z)

1

[pz(lﬂaz)(th‘-h‘-{)+(1+2§-2Eh‘)Ez]A° = DA

(=]

72
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1 ¢ - ’
+ =T, [(2h1{ 4 +1)r B +(1 Z)Z)S‘DZJ}AO
ﬁzEz ri
C,= —————— (1-h)r + = [zfAz +(th1-1)82] - (th1+1)Dz A
(l—vz)s1 1

Thus the constants A:,B:, C:,D:, i=1,2 are independent of Ao.

So, on the surface 2z=0,the resultant displacement and stress

components are

Jw r(ur)R .h(tr) dr Im r[(ur)1+(ur)T ].k(fr) dr =
0 i 0 1

1+v‘
= [ E1 (zA'1+B"-EC‘+D'1)- Bz]A (56)

[~

j: r(uz)R Ja(fr) dr Im r[(uz)1+(uz)T ] Jo(fr) dr =
1 0 1

1

1+
P [} ] - -~ ’ o’ {+1
[—E—- z{g(A‘+ Ct) 201 2v‘)(B‘+D‘)} + 7 ﬁa A° (67)

1
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= ) =
JQ r(oz)R Jo(fr) dr Jm !‘[(¢:>"_':)‘+(o'2),r ] Jc(fr dr
0 1 0 1

2 o ¢ - ’ ¢
= E[,utﬂi—t {(A1 C1)+(1 21)‘)(Bi+D1 )}]Ao (58)

Jz r(Tzr)R’ J1(tr) dr =J<: r[(rzr)iﬂrzr),r‘] Ji(fr) dr =

- 2 » ’ [ .Y
= [‘“""‘J’ﬁ £ {(,4»1+c1>+2v‘(13.1 D! )}]Ao (59)

At z=h ,
k!

Jz r(ur)R J‘({r)dr = r r[(ur)2+(ur),r ] J!(z_‘r)dr =
2 0 2

1+

2
= ( - - ’ - ’ ’ .
[ﬁz ht 1)2r1+ B {[5A2+(1 h‘)Bz]1‘1~‘[{C2+(lvhi)Dz]s‘}]A° (60)

2

Jz r(uz)R Jo(tr)dr =J® r[(uz)z+(uz),r ] Jo({r)dr =
2 0 2
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% +
hif 1 1+v

- . 2 - - ¢ ‘)-(A" -C" ) }IA (61)
= —-F———;——-— {'321‘1"' T:{(lwz thﬂ 2)(1"182"‘5‘[’2) (AZ CZ }] o

J: r(az)RzJo({r) dr =J: r[(oz)2+(az),r JJQ(tr) dr =[pzﬂz(1-h‘){r‘*

2

2
‘r -C - .- - |a (62)
g5 (AL r ~Cls 4 (Eh ~20 +1IB -8 X (Eh +20, 1)02] .

J:r(-rzr)Rz J‘((r)dr =J(:r[('tzr)2+(-rzr)1.z] J‘(tr)dr =[,uzf32({h‘—(-1)r‘+

3 ’ ¢ 2 - . ¢
b4 (Azt‘*Czs‘H’r‘t (fh1 2vz)Bz*s1{ (.{h1+2v2)D2]A (63)

o

5.Fuux OF Heat ON THE BOUNDARIES

Let the flux of heat in a region of the surface z=0, distributed

through layers in the underlying mass be

aT
az

f(r/a), 0<r<a (64)

= 0, r>a
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using dimensionless variables

EA (£) = aX(&a), n=fa, p=r/a, [=2/a
o

where a is some length and ¢, a new variable of integration, we get
from (24) and (39), on 2z=0,
at

AN r nXn)J (em) dn (65)
az 0 °

By Hankel inversion theorem

1

X(n) = -a ‘I pt(p)I_(pn) dp (66)
0

For a simple physical situation we consider a 1|inear temperature

distribution f(p) =Ko, K = constant, then

. K
Xtm) = - == J () (67)

an

So, the unknown A°<E) being known the problem is completely solved.

6 -NuMerRiICAL ReEsSULTS

If the upper layer be concrete pavement, and the underlying mass be

natural soil, then elastic constants for those materials are [8)
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E, = 2.18x10" gms/cm” a = -6x10°°%/0°C
i -G
E, = 1.1x10%* gms/ecm® a, = 7.5x10 /0°C
8 2
v = 0.15 , H, 0.94x%x10 gms/cm
1
] 2
v = 0.25 , M, = 0.43x10 gms/cm
2
K, = 6.4x10 ° , K, = 6.7x10 °

So, evaluating constants for a given value of n when a=1 and h1=2'

we have

s, = 10.8x10%; 5, = 7.605%x10%; 5, = -50.6x10°

Thus

A= -32.1845x10% VB = -42,9945%10% ! = 53.8045%x10° D = 50.6x10%,

A'z=o.9794x102 ,B;=1.8723x102 .c;=1.2163x103 .D;=-7.559x103,

So, appiying dimensioniess wvariables on

(56)~-(63) sgubgtituting the

value nf X(yw) from (67) and the values of constants , we get

( ) J = )
er ur R ‘(nr)dr fwr[(ur)R +(ur)R ] Ji(nr)dr
0 0 1 2
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= -0.19593.\(10-3%0-2.1‘(7)) (68)
_ -3 -2
f:r(uz)R Jo(nr)dr = 0.00324x10 Kn Ji(n) (69)
2 -2
[:r(oz)R Jo(nr)dr = -99.,2487%x10" Kn Ji(n) (70)
Inversions glives
-3 Ji(n)J‘(pn)
|(ur)R| = 0.19593x10 Kfm dn (71)
0 n
-3 Jt(n)J (on)
| (udp| = 0.00324x10 Kr ° dn (72)
0 n
2 J‘(n)J (on)
| (e, )p] = 99.2483x10 Kr hd dn (73)
0 n
Thus
(2p)—1F(1,O;2;p-z), o>l
_ -9 1
|(Ur)RI = 0.19583x10 K 5 p=1 (74)

.50 F(1,0;2;p2) , p<1
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F(.5,.5;130°) , p<t
= -8 2 =1 (75)
| (uyp| = 0.00824x107°K { =, , o
.5F(.5,.5;2;0 2), p>t
2
F(.5,.5313p0 ) , p<1
2 2 =1 (76)
|0 do] = 99.2483x10° K { = , . P
z'R n
LSF(.5,.5311p0 ), p>1

F denotes hypergeometric function.

Discussions
Solution of the system of equations (40)-(43) and (46)-(49) for the
unknowns AUBL’ i=1,2,3,4, depend on Ao, where Ao is a function of
Z. So existence of uniqueness of the solutions depends on the
uniqueness of Ao. A° is unique for a definite type of distribution

of heat flux on the boundary. So, the salutions AL’Bt are unique

subject to the condition that Ao is unique.

Here the distribution of heat flux is taken to be linear but it

would have been physically more {interesting and suitable {1f it ig

considered other that linear.

Figures (1) and (2) show how the radial component of displacement

and component of stress in the z- direction vary with o-.
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1STATEMENT OF THE PROBLEM

Material under consideration ogcupy the lower half of the plane 2z=0
and the axis of z being taken positive when drawn into the material.
Physical quantities involved here are all symmetrical about z-axis.
Lower boundaries of the first and second layers are given by the
planes z==h1 and z=h2 and the underlying mass extended to infinity.
Interfaces are supposed to be perfectly rough so that stresses and

displacements are continuous across {t.

2MeTHOD OF SOLUTION

Physical quantities involved in the problem are all symmetrical
about z-axis, so four non-zero stress components ar,ae,az,rzr and
two non-zero displacements u.,u, are retained in terms of the stress

function ¢ satisfying the differential equation [9]

V‘¢=(az+r—ta_+o__]¢=0 (1)

The stress and displacement components are given by [17]

2
= 9—'[UV2¢ -2 ¢] 2)

T a2 ar?



o = .?.._[pvz¢ - p_‘ @] (3)
e az ar
) a%e
o = ———[(2-v)V2¢> - 2] (4)
2 a2z 9z
3 2 3’y
T = ——[(1-»>v ¢ - z] (5)
2r ar az
2
y = - 1 + va ¢ (6)
r E draz
1 + 2 62¢ -1d¢
u_ = [(1—2v)v @ + > + r -] OS]
2 E ar ar

Here the stress function ¢ due to Hankel transform [14) will take

form G, defined as

G(E,2) = r rpir,z) J_(¢r) dr, (£350,2>0) (8)
0

where Jolfr) denotegs the Bessgel function [19]) of order zero, whose

inverse {s given by

$(r,z) = rzstz,w J e dz (9)
)



Applying Hankel

Computing inverses of

T

2

dz

Jm ro_ J (¥r) dr

o) Z o

.[D rreri(Er) dr
0

Q0
J ru J (Er) dr
ra

Jm ru_ J (¥r) dr
0 2 o

z - J: ([(1~v)

- 2
zr f: £ L’

transform (141 on (1) and (4)-(7) we get

[ - c’]’ G(Z,2) = o.

3
25 - 2az? a6

dz dz

= (i1-v)

2
= [v 46 4 (1-0g? G]
2
dz

1)

1 + v ¢ dG
E dz

2
1 v [(1-2:))———"2 - 2(1-0)E2 G]

E dz
(11)-(14) we get
a’a 2 dG
- (2-v)Z —-——] J (¥r) dF
dz dz °
2
da” G 2
= + (1-0)E G] J (&) dg

83

(10)

(11)

(12)

(L3

(14)

(15)

(16)
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u =1*"J®5299J(zr>df (17)
r E 0 az *
d* G 2
u = 1 + v j@ [1(1-212)——{ - 201~ G] Jo(tr) ar (18)
r E o) az

Let the solution of (10) be given by

G(¥,2) = (A+Bz)cosh £z + (C+Dz) sinh Zz

where A,B,C and D are functions of ¥ to be determined from the

suitable boundary conditions.

3SoLuTion OF THE PROBLEM

To determine the stresses, the potential of thermoelastic

digplacement y, related by the equations

ay

ar = (ur)T

gy .

3 (uz)T (19)

ig considered in the steady state of the temperature fileld given by

[3)
9T = 0 (20)

Since different layerg have different thermal properties, different

potential displacement functions are chosen. From the stress-strain
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relations of thermo-elasticity and the equation of equilibrium [171],

we have
2
= = ,3
v v, [?,LT , 1=1,2
where
1+,
= b (s}
ﬁi. 1-v i

Applying Hankel transform on (20) and

a* 2
[ -~ & ] M(¥,z) = 0
2
dz
and
dz 2
[—-—.. ¢ ] L (£.2) = B M(Z,2)
2 L L
dz
where M(Z,2z) = !m rTJ (fr) dr
O -]

= ( )
Li(z’Z) f: rwiJo r) dr

The ccrresponding thermal stress components

displacement components (ur)T’(uz)T are given by

2
9 vi 2
P S
Jdz

(21)

we obtain

(22)

(23

(24)

(25)

(OZ)T'(Tzr)T and

(26)



B6

v 27
(t_) = 2u. (27)
zr Ti. ‘' draz
%, (28)
(ur)'l‘_ - T3
L
aw.L 5
T — (
(uz)T, 2z 29
L
Now we congsider the tranaformations of (26)-~(29) into relation
involving L,‘(z,z) and M(Z,z). The results of computations are
= 2
r r(oz)T‘Jo(tr) dr 2;.4,3 L,\(t,z) (30)
0 i
r(rt Y J (Fr) dr = -28u 9——- L (§,2) (31)
o zr ' T "a i i
i dz
r r(ur)T.Jt(tr) dr = —~ F Li({.z) (32)
0 i
d
r(u ), J (r) dr = — L (¥, 2) (33)
2 T, [} L
0 i dz
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Applying Hankel inverse transform, we get

= 3 ¥ (34)
(oz)T, &Jirt’ Lt(t,z)Jo(.,r) dr
i 0
2 d
(r )T = -Zplfn b4 -——lk(f,z)Jttfr) a¥ (35)
2r 4 Jo dz
- - 2
(ur)T_ Jm L4 H}t,z)dt(Zr) dg (36)
i 0
d ~
(u ), = Jm I — L (¢,2)) (¥r) dr (37)
4 T, L -
[ 0 dz

Let the solution of (23) be
3. _
L(Z,2) = - -2 A (142278 %7 (38)
L 2820

then the solution of (22) is

M(Z,z) = Aoe"fz (39)

where Ao is a function of 7.

Applying (38) we have from (30)-(33)

= {z
IZ r(az)TJo({r) dr yJaAo(1+{z)e (40)

L
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- - {2 (41)
Jm r(Tzr)Tfh(tr) dr = pJﬂAofze
0 P
r(u . J (Fr) dr = =0 BA (14F2)e * 7 (42)
r’'T "1 28 ie
0 i
r(u)od (Er) dr = £ (28 e %2 (43)
0 2°T o 2"V o
1%

Taking solution of (10) for different layers [59) as:

For the upper layer

G (F,z) = (A +B z)cosh ¥2 + (C +D 2z) sinh &2 (44)
1 1 S E S E

For the middle layer

G (¥F,2) = (A +B z)cosh fz + (C +D 2) ginh ¥z (45)
2 2 2 2 2
For the underlying layer

-¥2
G (£,2) = (A +B 2)e , E>0, z>h (486)
3 8 8 2

It is to be noted that stregss and digplacements Iin the underlying
mags vanish as z tends to infinity.So, the components of gtress and
displacement for the upper and middle layers obtained from (11)-(14)

when J=1,2 are
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r(er ), J (¥r) dr = (1-2»,){2B.cosh Fz +(1-2v,)?;'2D_sinh ¥z
0 2°3 "o - 3 ] 3 2]

-(Aj+B‘z){zsinh £z -(Cj+Djz)tzcosh ¥z (47)
2
t(r_ ), J ¢r) dr = 2v B . sinh ¥z + 2 D cosh £z
J:rzrj‘e ! i 2 i 2z ]

+ {3[(Aj+sz)cosh £z +(C 4D z) sinh 2] (48)

By e P
J: r~(ur)j J‘(tr) dr = Ej z [ (Aj+ sz + ?—_)sinh ¥z

B
+ (C. + Dz + 1)
i Jz F cosh :z] (48)

1+vj 2 2D,
d(y- -
J: r(uz)j Jo(tr) dr = TJ—— ¥ [[ ——2——(1 2»)_) (Aj+sz)]cosh Zz

2B
3

s [ =2 (1-22 H-cc )
[ ¥ ; j+Djz ]sinh {z] (50)

For the underlying mass
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) d A+ B z + B——’u 2 )]z’ e %2 (51
= z -2y
r(az)sJo(tr r [ s s 7 s
0
B -
rc ) J Fr> dr = |A + Bz + -2 20 g% 702 (52)
0 zr' 9 & s ) b4 s
1+p 2 83 £z
rcu ) J (fr) dr = 2 r 2 -A -Bzle (53)
r's 1" E > I3 s s
o 9
1+ 2B -
r(u ) J (¥r) dr = 9 y2fa + B2z + —2 (1~ r]e¥?  (54)
o 23 o E, L 3 s |

4 BounDArRY CONDITIONS

In order to nullify the stresses on the boundaries the following
conditions are to be satisfied:
At z=0, -(GZ)T; = (az)‘
~(r ) = (7
zr T, ?zr)t (55

At the interfaces,
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z=h , | | = |te ) |, | v, 0.0 = [0,

So at z=h1, —(az)Tz = (o'z)1
-(zzr)T = (Tzr)1
2
- = (o )
and (az)Tz 2

]
~
~
~

i
~
~q

= ) (56)
zr' T zZr 2

Since at the interfaces

z=h2, I(az)zl = '(az)a' and ‘(Tzr)zl = '(Tzr)s
So at z=hz, -(az)Ts = (az)2
—(Tzr)T = (Tzr)a
3
and ~ (e ) = (o)
z' T zZ 2
3
-('rzr)Ta = (Tzr)z (57)

Boundary conditions relating to the continuities of displacement are

assumed to be identically satisfied at the interfaces.

Conditions (55) with the help of (40),(41) and(47), (48) we have

21)‘ D‘ .
A1‘= — F (58)




2
- ﬂtytAo+z Ct g

(1-2»‘):2

B (59)

1

Using (40),(41),(51) and (52) on the first two conditions of (57) we

get
2v9A°
AL = = ﬁsps (60)
L4
B = Apu &2 (61)
9 08“3

From the boundary conditions (56) and last two of (57)

2
h,a,2

- — - ‘2 - -

(7 I POD T 1o 67 AT [ﬁz“z‘“’f“ﬁe R T:zr ]'Ss
(62)

(q +¥h p ¥ 24,9 *Th p

1 14 - - -2 14 474
tq1h10‘+ 1= X Ct- Aoz ﬁ1p‘ =5 - + S5 = Sa (63)

(1- - - -~ -~ - - =

[ 2v2)p1 th‘qt]Bz+[(1 2u2)q1 :h1p1]bz §q1A2 -tp‘Cz S‘ = 0 (64)

[szq‘+{h‘p‘]Bz+[2vzp‘+§h1q‘]Dz+ tp‘A2+ Eq‘Cz' Ss =0 (65)



[(1-2“2)pz-:hzqz]az+[(1-2l)z)qz-tthz]bz— zquz- (poz- sz

[ZIquz+€thz]Bz+[2vzpz+zhzqz]Dz+ (P2A2+ :qzcz— 94 =0

where

Solving

(62)

SA 3 S
1 o 1
S'A ; S
z o 2

S'A; &
3 o 3

S’A ; &

4 o <
SA ; &
3 o 5
SA; S
G o <
and (63)

i

1}

-Eh
(14¢h e ‘

-t’ hz
(1+£h2)e

93

(86)

(67)
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C = C’A and D = DA
4 © 1

1 1 o
where
o 1-2v1 thtqts;—(q1-th1p‘)sd
2 2.2 2 _2.2 2
Z - ] hapa J htqa
and
fh‘q186+(q‘+8h p )S5

Ni»

1
2 2.2 2 2.2
qt- £*nipl-z¥nq

| .Y

Putting the values of C’ and Diin (58) and (59),
A = A'A and B = B’A
1 G- 1 1 o

where

’ (4
fh‘qisd+(q‘+:h p )S5

»

' = - ~t
A‘ 213‘?,‘

N
N

2 2.2 2 _2
q,- ¢ h p T haq

-
»

u

1 3
B’ ————ee (B u ETC)
foa-pgt *

Equations (64)-(687) are then solved to find Az,Bz,Cz and D and are

written Iin the form

Subsequently numerical values of A:.Bf, i=1,2,3 and €¢',D’, {=1,2 are
L A9 L



a5

obtained. Here A3 = A;,B3 = B;. So the relations (58)-(67) give 10

constants A;’BUC:’D;’Az’Bz’Cz’Dz’Aa and Ba in terms of Ao. So the
formal solution of the problem is complete.
The regsultant stresses in the direction of z-axis are

On z=0,

Jw t(az)R Jo(tr)dn = Im r[(az)‘+(oz)T ] Jo({r)dr =
0 1 0 1

2,_,8_.
[(1 20 5% -C1Z B‘p‘]Ao (68)

At z=h ,
ES

Jw r(az)R Jo(tr)dr = jm r[(az)z+(oz)T ] Jo(Zr)dr =
0 2 0 2

- - 2., 2 8
=} ( - - ’
[ 1 2»1){ Bzcosh :h‘+(1 2v‘)t D;sinh (ht (A;+Bzh‘){ sinh th‘

..zh
- ’ v 8 - 1
(C,+Dyh ){"cosh £h ~@ u (14Zh de ]Ao (69)

At z=h
2

f: r(cvz)R JQ(Cr)dr =.rn r[(oz)9+(oz)T ] Jo({r)dr =
3 0 3



2, 2 , i 3 2_ 2
=[(1~2v°)£ B‘ e +(A3+B’hz)£ e Bs“a(1+:h5)e

-Zh £ h - h
]A (70)

’ ’ [ 4 ’ ’ ’ ’ !’ ’
Constants At’B;’Cg’Dx’A;’Bz’Cz’Dz’Aa and Baare independent of Ao.

Thus the total thermoelastic stress (oz)R in the underlying mass is

j: r(oz)R Jo(fr)dr = J: r[(az)R + (oz)R + (ovz)R ] Jo(tr)dr (71)

5.FLux O Heat ON THE BOUNDARIES
Let the flux of heat in a region of the surface z=0, distributed

through layers in the underlying mass be

aT
az

f(p/a), 0<r<a (72)
= 0, r>a
using dimensionless variables
on(t) = aX(¥a), n=fa, p=r/a, [ =2/a

where a 1is gome length and v, a new variable of integration, we get

from (24) and (39), on z=0,
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LA r nX@)J_(en) dn (73)
az 0

By Hankel inversion theorem

1

X(n) = -a"f pt(P)J_(pn) do (74)
0

For a simple physical situation we consider a |inear temperature

distribution f(p) =Kp, K = constant, then from (74)
Xty) = -~ K_ J (75>
an 1 :

With this value of X(y), the problem is completely solved gsince only

unknown Ao(t) is now known.

6 -NuMERiCAL ReEsSuULTS

If the upper layer be concrete pavement, the middle layer be gravel

base and the underlying mass be natural soil, then elagstic constants

for those materials are [8])

tn
"

2.18x10* gms/cm®

"

, o -5x10°%/0°C

m
L]

1.1x10" gms/cmf

"

, o 7.85x10%/0°C
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E, = 0.4x10* gms/cm” a = 2.3x10°%/70°C

g 8 2
v = 0.15 R H, = 0.94x10 gms/cm
1
v, = 0.25 , My = 0.43x10" gms/cm”
v, = 0.50 s Hy = 0.14x10° gms/cmz
K = 6.4x10 ° , K, = 6.7x10 °
K = 2.9x10 °

So, evaluating constants for a given value of 15 when a=1 and

h =2,h =4 we have
1 2

AL = 3.504x10% , B, = 77.2671x10%, c = 47.73x10% DY = -166.8x10%,
AL = 0.005829x10%, B, = 0.01207x10 2, c, = 0.007071x10%,

D! = -0.02578x10%, A= -14.49%10°%, B, = 0.966%x10°

So, applying dimensionless variables on (71) substituting the value

aof X{(yn) from (75) and the values of constantsg in (71), we get

- z
Jz rlo )p J_(pm) do = 4.94423x10

3Ix

J‘(n)

whose Hankel transform is
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~
L

2 J1(n)J°(pn)
(¢ = 4.94423x10" K dn
0

z'R n
= 4.94423x10% K F{uz, 1/2:1;pz] , p<t
= 4.94423x10° 2K/m, p=1
= 4.94423x10° % K F[1/2, 1/2;1;p”], o>t

F denotes hypergeometric function.

7 -DiscussioN

Jt is important to study the existence of uniqueness of the
solutions of the system of equations (62)-(67) for the unknowns
A;,B;, {i=1,2,3 and C;,D;, i=z1,2. Here, it {2 found that all the
above solutions depend on the quantities Ao. But A° is unique for a
particular type of distribution of heat flux on the boundary. So the
solutions A:,B;, 1=1,2,3 and C;,D;, 1=1,2 are unique subject to the

condition that Ao is unique for a definite kind of heat flux used in

this problemn.

For simplicity, linear heat flux has been applied on the boundary



100

z=0 in this problem. It will be more interesting and physically
suitable {if the heat flux is considered in the form other than

linear one.

The numerical results of this paper have been compared with the
works of Paria (58] who solved a problem of this nature in absence

of temperature and the results tally completely with the results of

Paria.

Fig.3 displays the nature of distribution of thermoelastic stress

(az)n against p.
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