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INTRODUCTION

The theory of wave propagatibn in elastic solids possésses*_a-
-distihgﬁished histofy of nearly hundred years. The eminent
- mathematician Galileo Galllet paid his attention té the vibrations
of bendulums, the regonance phenomenon and the vibrétlons' éfﬁ
strings. The fifst stage-of the invest;gation on wave propagatipn
associated with the names of NAVIER, CAUCHY, HOOKE; POISSON,
STOKES, RAYLEIGH, KELVIN, GREEN, LAME and CLEBSCH is characterized
by development of thei extensive théory of elasticity to the

problem of wave propagation and vibrating bodies 1in elastic

material.

During the first quarter of this century the subject lbst much!of
its glamour and interest, perhaps because of a gép betﬁéen;thé

advancement of theoratical and experimental work, as there was nou

practical methods available 1in laboratory for observing

.passage of stress waves in elastic materials. But in the l,'

part of the century the interest in the study of elasfic wavesﬂu

been growing rapidly because of the application of the theory'in.‘

Seismology, Geophysics and in Engineering science. During the lasf'

three decades there has been a remarkable revival of intetest%in

this subject.

Most of the experimental works carried out on the wave propagatibn
of elasticity are concerned with studying propagation in specimens

of comparatively simple geometrical shape, the results of this



experiment could be compared directly with the exact or
approximate theoratical predictions. With increasing confidence in
the experimental techniques and in the interpretation of

observations, it is now possible to study more complicated

problems of elastodynamics.

All the elastic bodies may be divided roughly into two categories
(i>homogeneous énd non-homogeneous
(ii) isotropic and anisotropic
A homogeneous body is the body whose elastic properfies are the
same at different points and a non-hdmogeneous body hag different.
elastic proéerties at different points. If the elastic mé@p}i vary
from paint to point In a continucus Manner, the non-homogeneity
may also be termed continuous. If, hovever, the éléstic'modufi
undergo discontinuties in passing frpm‘ppint to point, for examﬁle
change abruptly, the non—hombgeneity.fs said to be discontinuous

or discrete.

An 1§otropic'body , with regard to its elastic properties , i3 one.

.in which these properties are the same for all directions drawn

through a given point. An anisotropic ﬁody has, in general,
different elastic properties for different directions drawn
through a given point. A body may be isotropic or anisotropic and
at the same time homogeneous or non-hohogeneous depending on {its

own structure.

In an unbounded: homogeneous isotropic solid, two types of elastic.

"waves may be propagated with two different wvelocities. These are



dilatational wave or longitudinal wave and distortional wave or
shear wave. Obv}busly longitudinal waves arrive earlier than shear
waves., In thév.case of the deformation of elast;c body, both
longitUAinal and diétortional-waves will normally be produced and
when a wave of either type impinges on the boundary ofvthé solid,.
two txpes'of waves. are generated. In addition to the exlstence of
these two types of waves of the body, a third type of wave may
ekist whose effects are confine& closely along the surface of the
body; this type of waves are known as Rayleigh-wave. Their effects
decrease exponentially with depth and thefir velocity of
propagation is smaller than the ofher types of élastic waves. They
are of great importance in seismic phenomena. Bullein (1963),_‘
Ewing et. al. (1957), Cagniard (1962) and Pilant (1579) have

discussed about seismic waves in their books.

Some importanf equations governing the motion éf a homogeneous,
isotropic, lihearly isotroplc elastic solid are listed below:
Consider a rectangular,cartesiaﬁ co-ordinate system with reference
to the co-ordinate axes x1(i= "1,2,3) and assume u, ‘to be the
components of the displacement vector field. The system of
displacement equationsg. of' motion {n indicial notation may be
. expregsed as

BU o F A u = p b : (1)

1y 4) Jait L

where A , “p;fére Lame’s elastic constants and p is the mass

density.

A plane displacement wave propagating in an arbitrary direction in..



an unbounded medium i3 represented by

= : - (2)
u fix, P, ,ct) d_L _2

where d. and p. are the components of unit vectors 1in the
L8 19

directions of motion and of propagation and x, are the components
of the position vector, p',‘x,L = constant represents a pIané normal
to the unit vector with components P, - Equation (2) represents a

plane wave whose planes of constant. phase propagate with veloqity

c. Substitution of equation (2) inté the displacemént equationiof

motion yields
(2 - pe2dd + O\ #+) (P d Op, = O (3)
R L

Since P, and dtdenote two different unit vectors, equation (3) may

be satisfied in only two ways:

(i) pfidi, consequently pf% = *1 and equation (3) yields
f = e = n2w/p - | ' (4)
(ii> If P, L dU both terms In equation (4) have to vanish

independently ylelding

2. 2 ' '
et = = 4/ and d. =0
Cp T HIP P,d, (5)

The displacement corresponding to transverse wave -whose yelocity
of propagation is given by (5) can have any direction in a plane

normal to the direction of propagation but usually the x14xz plane

) » ’
is chosen to contain the vector p and transverse motions are

considered in the.x«t-x2 plane or normal to the x ~x_ plane. These
1 < ’

are cal}ed "vertically"™ and "horizontally" polariged transve:s$

waves, respectively.



A convenient repreéentation of the disgplacement components 19'

= .
P

i

Gk Y ? Yex - © . &)

where e ig the alternating tensor. Substitution of equation (6) .
ij
in equation (1) shows that .this representation satisfies the

displacemenf_equatiqns of motion, prpvided that

1 ae
¢,i.'\. = —'2-¢ (7.8)
c
L
and
- 1 ..
whﬁ = _:; 5 (7'b).
T

where ¢ and c, are given by equations (4) and (5) regpectively

and equations (7.a-b) are uncoupled wave equations.

When the field variablesgs are independent of one of the cartesian
co-ordinatesgs say xa{ wave motions wuncouple into anti-plane and
in-plane> motions. A displacement' .distribution .defined by
ua(x1;xit5 - describes anti-pléne strain : and u1(x1,xz,ti,

u, (%, %, t) defines a state of plane strain.

Since the x,y,2 co-brdinate system is more convenient to refer thé
motions, so the diéplacement components. are denoted by u(x,y,t),

vix,y,t) and wix,y,t) respectively and the components of the

stress tensor by rx(x,y,t), Txy(x,y.t) etc.

The two dimensional anti-plane motion governing the displacemehf

component: Wix,y, %) 1s

oy . = ] (B)
ax* z c? 2 s



The non-vanishing stress components are

T = g —  and T = = (9)

For the case of plane strain it is expedient to employ the

decomposition (65 and reduce the displacement components to

<
+
2

. % _
v = a—y Ix (11)

~

The functions ¢ and y satisfy the following two dimensional wave

equations

°¢ ,2¢ . 1 229 (12).
ax ay*® cz at? '
and’
2 2 2
. oy , ¥ .t d¥ (13)
'axz ayz c: at? '

where c, and c, are defined by equations (4) and (S5) respectively.

The corresponding components of the stress tensor are

: .2 2 2 2 :
T'=K[z¢+a¢]+2y[z‘k+a"'] - (14)
XX 2 2 2
X ay X axdy
2 2 : 2 2 .
rw=’*[:f+~af]+2u[z¢-a”'] (15)
b4 Ay y axa
2 2 2 ’
3
T, = H [2 2. 2¥, ":‘] (165
oIxdy ax oy ‘



However, natural ‘or artificial materials in  our .

surroundings are generally inhomogeneous and anisotropic.

Since 1950 the theory of elasticity for anisotropié bodies hasg '
"been continually developed and enriched with new investigations of
both serious problems as a general nature and individual aspects
of these problems. Thus the general theory 'has begen placed on a ;
rigoroué écientific basis and a number of laws have been
establighed with the result that this theory, first worked out by

B.de Saint Venant and=PfV.Bekhterev (1926), has been revived.

0f great importance is the development and &onstruction of many
entirely new anisotropic materials which possesges a number of
advantages ‘over bfhose previously knqwn (for example,glass-fibre.
reinforced plastics). Thus, over twd or three decades this brancﬁ
of science has.madé'great progréss; bqth in a thebratiéal and a

purely practical way, i.e. in constructing new anisotropic

materials.

Now we recapitulate the fundamental principles of the theory of
elasticity and the general equations which will be used in what
follows fof the construction of solutions to specific problems bf

the theory of elasticity for anisotropic bodies.

In studying the states of stress and strain in anisotropic bodies
produced by an external load, we make a number of assumptions
fmposing certain restrictions. The most important of

asgumptions reduce to the following:

_these"3=



(1)

(39

(4)

A body is solid ( a continuous medium ), the stresses on any
plane within the body and on its surface are forces per unit
area. In otherwords, the couple stresses are neglected, as is

done in the classical theory of elasticity.

The relation between the components of strain and the
projectioné of displacement and their first- derivatives with

respect to the co-ordinates is !inear.

The stress-strain relations are linear, i.e., the materia)
follows the generalized Hooke’s law, the co-efficients 1in
thegse linear relations may be either congtant ( homogeneous
body ) or variable, i.e. functions of éosition, continuous or

discontinuous ( in the case of a non-homogeneous body ).

The initial stresses i.e. those exlsting without any external
load, including the thermal stresses are disgarded; specific

problems of dynamics are not considered.

Thus,'the theory of anisotropic elastic bodies can be studied from

the

classical linear. theory of ~homogeneous or non-homogeneods

elastic bodies.

The

are

and

The

stresses acting on planes normal to the co-ordinate directions
each resolved into three components: one normal(normal stress)

two tangential (shearing stresges).

deformation of a body in the neighbourhood of a point {s



characterized by the components of strain, viz three extensions

and three shearing strains.

The components of the displacement of a point on the axes of
cartesian co—ordihétes (X,¥,2) are denoted as u,v;w. Letsxand‘s

are the extensions of segments of unit length originally parallel

to x and vy, 7}y-is the - change In angle between sgegments whose

original directions are x and y.

The strain components at( i = 1,2,3) and % yu(j#i, j = 1,2,3)

constitute a symmetrical 'tensor of rank two. For a cartesion

system x,y,2, It can be written as in the matrix form

¥

o - 1 1
x 2 ny 2 sz
L s 1
-2 ny Yy 2 7yz
1 1 e :
2 sz 2 sz z

The relation between the components of

cartegian system are given-below:

£ = —a—‘i & = ov & = a_w
x N ' y oy ' z 0z
«“U7
= ?..Y. + gﬂ = ﬂ + 9_2 du + v
Y2 3z T 3y ' ¥z~ Ix 3z ey 3y ax
13 ¢ the strains are not small, the extensions and shears,
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y. . (ix3, j=1,2,3) are related to the
tj

(N o

s_(i=1,2,3),
L

displacements; by non-linear equation which are given as follows:

_ ' au du .2 av.z v,z _
‘, J Lr2ar Y G e C
' v 8u. .2 v .2 7 ow.2
= + 2 50+ (T 4 (SH% 4 (£52 -y
€y Irl 3y 3y 3y 3y
(18)
gu , 9v , 9udu  Iv Av  aw du
1 _ dy I ax dy 3x dy ax ady
N ¥y © CT+e (1 +e ) :

The other three components g, ry;, Y. 2are found from (18 by

cyclic permutation of the subscripts.

The corresponding stress components are in the matrix form

® Xy Xz
T ‘o T
xy y Yz
T T ‘o
Xz Yz z

In the general case of anisotropy each strain component 1is ;é
linear function of all six components. For‘ a homogeneous bod&
having anisotropy of the most general kind, . the equéilbﬁg

expresaing the generalized Hooke’s law for thig system are.



bd 14 x 12 vy 13 =z 14 yz 15 xzZ 16 Xy
& = + + +

Yy 24 x 22 vy 23 =z 24 yz 25 xz 26 Xy Lo
T T R R<Y
Y = a o + a o + a (=4 + a T + a T + a T

Xy (=7 S 4 G2 v ¢y =z G4 vz oD X2 SS ny

In the general case equations (19) contain 36 co-efficients a. |,
)
but actually they are always fewer; ;

!

Suppose that the B6th order determinent of the co-etficients a,L

R4

RS
written down successively, g not zero, amd hence equation (ﬁQ)

for o and T are solvable. The generalized Hooke’s law equations
for the general case are thus obtained in an alternatﬂhe'

equivalent form:

o = A £ + A & + A g -+ A ¥ + A ¥ + A ¥
X 14 % 12 vy 193 =z 14 yz 15" %z 16 Xy

.+ A + A 3
Y 214 x | 22 vy 23 =z 24sz 25yxz 267xy

f ot et e e e ettt e e e et ettt ettt et aa (200

® 4 o 6 8 8 4 8 & & s 4 e a2 @ s s s 8 s s & s s % 8 s s e a s s s a0 e st e st e a0 e

T = A £ + A £ + A £ + A ¥y + A ¥ + A ¥y
Xy (=X S 4 G2 vy 3 z G4 yz 65 Xz GG Xy

However if strain energy function V exists such that

) av ' _ oV

x s '’ y de xy ay
X b4 Xy

then differentiation of the stress components with respect to the

strain components yield

20 ao do ar .
= y x Xy )

de 5P ’ % - dc etc." .(g%j.
Y S Xy X
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[t fellows from the equalities of (21) and (20) that
A21 = sz’ Aa1 = Ata,.......................,A65 = A56

and, in general,

A, = A,, (1,3 =1,2,..,8) (22)

Solving equation (19), we obtain six expressions for £ and p in
which the co-efficients on the right hand sides are also

symmetrical:

a = a ( 1,3 = 1,2,...,6)

w

o we can write the generalized Hooke’s law equations in the

general case as

X 11 x 12 vy 16 xy
£ = a8 -0 + & o PSRN ct e et e +
Yy 12 x 22 vy 26 xy
e (23)
Y = a o + a (24 L R R I T - | T
xy 16 X 26 y SS Ry

or’
o = A &£ + A £ + C et e e e + v
x 11 X 12 vy 16 xy
o = A € + A g + ... c it e e e oot Y ;
Yy 12 x 22 vy 26 xy :
e e (24)
T = A £ + A £ +t Liiieiiersesssaset A ¥
%Xy 16 % 26 vy SS Ry

1j@

aijis 21, but among these the independent constants are fewer, .

In general case of anisotropy the number of elastic constants.A
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NOVOZHILOV (19586)» statesg that, ali cog~ordinate

eqpivaleht in Geometry, neverthless as regards the elastic and in

general, physical properties symmetry may be observed even in the

most general case. Consequently, even in the most general case the

number of independent elastic constants 1is

not 21, but fewer,
namely 18.

By changing the notation for the elastic constants and stress

components, we may write the generalized Hooke’'s law equations in

an extremely simple form. Let the elastic constants be denoted by

"a" with four subscripts and setting

(1) a, ., = a if 1,3 = 1,2,3 ( all possible cases where j=i
i mnkl
are included )

(2) a. = 2a 1f either of the two subscripts, i or j 1s 4,5,6.
ij mnkl

(3 a, . = 4a if both subscripts i,j = 4,5,6.
i mnkl

The six equations (23) are then written as a single one:

= i = : (25)
si.j ai.jkLokL C i,3,k,1 1,2,3 )

The number of all constants aiﬂl with four

but, when grouped, they reduce to 21 «

subscripts 1is 81,

of these 18 constants are

independent ) elastic constants.

The generalized Hooke’s law

equations, solved tfor the stress

components, are of the foim

sygtems are-



The notation for the elastic constants "a" and "A" with four

subscripts has been used by Malmeister, Tamuzh and Terters (18972)

in their book.

[f the structure of an anisotrbpic body has some kind of symmetry,
the elastic properties also exhibit symmetry. The elastic symmetry
is expregsed in the fact that at ea¢h point there ‘are symmetrical

directions equivalent as regards the elastic properties.

F.Neumann (18858, estabiished the relationship between @he

structural symmetry and the elastic symmetry for crystals, which

may be stated as tollows:

With respect to its physical properties ( including the elastic
properties ), a material exhibits the same kind of symmetry as its
.crystallographie form or more perfect symmetry. The principle is
also extended to bodiés that are nof orystéls, but have structural

symmetry ( wood, plywood, glass fibre reinforced plastics ).

[f there i3 gymmetry of the elastic;properties (elasticsymmetry)
in an anisotropic body, the zeneralized Hooke’s law equations for
it are simplifiedesince some of the co-éfficients ar are zerd,
while among others there are linear relations.

The following four cases of elastic symmetry are the .most

important, and these will now be discussed below:
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(1> PLANE OF ELASTIC SYMMETRY: —

Suppose a plane paséing through each point of a body possesses

the following property:

Every two symmetric directions with respect to this plane are
equivalent as regards the elastic properties. A direction norma;
to the plane of elastié symmetry will be termed the principal
direction of elasticity. In this case only one principal»direction

passes through a point of the body.

If the z-axis is taken normal to the plane of elastic symmetry and

the other two axes lie in this plane, we conclude‘that 8 elastic

constants must be .zero, namely

a = a = a = a = a = a = a = a = 0
14 24 34 45 15 2% as 56
and the number of elastic constants a . reduces to 13 which are
. L :
given below
& a a 0 0 a
11 12 13 - 16
a - a 0 6] a
22z 23 20
a . 0 -0 a
a3 as
a a 0 ’ (27
44 45 -
a 0
5%
a
66

HOATH BBHCGAL
jgge Tniverstiy Lo iraly
Qoja Rameivkeanss
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For arbitrary directions of the axes, these equations contain 13

strain co-efficients a . not explicitly related in any way.
J

(2> THREE PLANES OF ELASTIC SYMMETRY ( ORTHOGONAL BODY )

If through each point of a body there pass three mutually
perpendicular (orthogonal) planes of elastic symmetry and the like
planes of elastic symmeéry are parallél at each point, then,
taking the co;ordinate axes normal to thé planes of elasfic
symmetry (along the principal'direcfions) we find, in addition t§
8-elagtic constants of the preceeding case, there are 4-moré

constants equal to zero:

The generalized Hooke'’s law equations and the Schematic expressioﬁl:

for the elastic potential in terms of the constants a , take the:
19

form

£ = a o + a o + a o
b 14 % 12 vy 19 =z
£ = a [o4 + a o + a o
Yy 142 % 22 vy 23 =z
&£ = a o + a o + a8 o 1 ‘
z 13 % 23 vy 33 =z (28)
rd = a T = a T =
Yz 44 yz' sz 55 xz' ny addey
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a a a 0
11 12 13

a a 0
z22 23

a 0
33

a

44

Introducing the engineering constants

can be rewritten in the following form

o + o 32
e = - - —
E
Y E1 X Ez 4 a
v v
c _ 13 o - 23 o + 1
- E E E
z , E oy 3
EI '% = L ¢
Y, * : AT
RZ
vz ng vz xZ ‘s

35

0 (299

v equation (28)
J .

(30).

A body having three orthogonal planes of elastic symmetry at eagh:

point is said to be orthogonally anisotropic or in short%

orthotropic. The principal directions at a given péint may not ﬁé

equivalent. O0f the 12 elastic constants entering into equatiods

(30) only 8 constants are independent. By virtue of the symmetry:

of

the generallzed Hooke's law,

we always have

the matrix of the right hand side of the equations expressing



Ev  =Ev _, E» _=Ewv _, Ewv _=Euv (31

It is important to note that no further re¢duction of the elastic
constants is possible here since, in contrast to the case of‘é_
pléne symmetry, a _ from equations (28) or EL’ Gti’ vtj from:

v _ ] o

equations (30) are invariant constants themselves. They are

alternatively called the principal constants.

(3> PLANE OF ISOTROPY C AXIS OF ROTATIONAL SYMMETRY O

(3ad TRANSVERSELY ISOTROPIC BODY.

Suppose a body possesses the properties that through all points
there pass parallel planes of elastic symmetry 1in which all
.directions are elastically equivalent ( planes of isotropy ).'A

body with such properties is said to be transgsversely isotropicl

Considering the z-axis to be taken normal to a plane of isotroby,
with the % and y axeg arbitrari{ly in this plane, the generalized

Hooke’s law equations with the 5 independent elastic constants are

then written as

X 14 X 12 vy 13 =z
I> = a o + a o + a o
b4 12 x 11 vy 13 =
i
€ =a (o+o0) +a o K
z 13 x Yy 893 =z (?2)
¥ = T = a T = 2¢( -
va sa'yz' ¥z 44 xz’ ny 417 %42 ’Txy
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In some cases a transQersely isotropic material 1is called, in

short; transtropic.

(4> ISOTROPIC BODY: -
[f all directions in a body are elastically equivalent and

principal, then the generalized Hooke's law for an isotropic body

ot Young's modulus E, Poission’s ratioc v, and shear modulus G, ié

e = l o -v (o + o ]

x E X Y z
) .

e ==[lo v (o +o 1
v E y x z

g = l f o - v (o + o )] (33)
z E z Y

- 1 T = _1_ T = _—1_— T
?/yz G vz sz G xz ny G Xy

In recent years problems of diffraction_of elastic wavesbby
cracks or by inclusions have attracted considerable attention in
view of their application in Seismology and Geophysics. Cracks or

inclusions are preéent in esgentially all structural materials

either as natural defects or as a result of fabrication processeé.

Moreover, in many'cases the cracks or inclusions are .sufficiently

small so that their presence does not significantly reduce the

strength of the material. In other casesg, However, the

imperfections are large enough through fatigue, stress corosion

¢racking ete., 8o that they must be taken into account in

determining the strength.

[ETNY
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From the standpoint of engineering applications it has been the

macroscopic theories based on the notions of continuum solid '
mechanics and classical thermodynamics which have pfovided the

quantitative working rtoois for dealing with the fracture ofi
Astructural materials. in the >macroscopic—éontinuum approach to}
fracture it is implicitly aséumed that the material contains some;
macroécopio flaw which méy act as fracture nuclei and that the
medium is a homogeneous continuum in the sense that the size of‘
the macroscopic tlaws is large in comparison with th%%
characteristic microstructural dimension of the material. Thé:
problem is then to study the effects of the applied loads, the'

flaw geometry and the environmental conditions on the fracture

process in the solid.

Fracture mechanics is concerned with the analysis of the stabiliﬁ§
of cracks. A fracture criterion can subsequently be employed ta

determine the conditions for crack propagation, both stable and

unstable, and for crack arrest.

Fracture mechanics problems that have to be treated as dynamic

problem may be classified in two types:
(1> Cracked bodles subjected to rapidly varying loads

Bodies c¢ontaining rapidly propagating cracks.

both the cases the crack tip is an environment disturbed by
wave motions.
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lmpact.and vibration préblems'fall into the first type of dynamic
" problems. It is often found that at inhomogeneities in a body the
dynamic sfresses are higher than the stresses computed from the
correséonding problem of‘static equillibrium in the analysis of

this type. .ot probiem.

The second type of problem is equally important. There are severai
kinds of large engineering structures e.g., gas transmiss;on
pipelines, ship-hulls, aircraft fuselages and nuclear reactor
components, in which rapid crack growth is a definite possibifity;
The study of earthquake mecha;isms is the another area to whicﬁ:

the analysis of rapidly propagating cracks is relevant.

Recently, there have been a number of comprehensive articlesiihg
the general area of fracture mechanics. Some references are thpée'

ot Achenbach ( 1972,1976 ) , Freund ( 1875,1976,1990 ) énd‘

Kanninen ¢ 1978 ). ' ; 7;

Engineering structures " requiring protection against tﬁé?
possibility of large scale catastrophic crack propagation aré,:
howevgr, generally constructed of ductile,  tough matériajél;
Current progress in this area, and a starting ‘point for ;thé
development of a2 dynamic plastic propagating crack tip analysii

have técently been presented by Achenbach and Kanninen.

A problem of central importance in dynamic fracture mechanics ig

that of predicting the way in which a' crack will grow in é-

[T

deformable solid, given the geometrical configuration‘ ot iéhé
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solid, a «characterization of the material, the applied load
"distribution and suitable initial conditions. In the
interpretation of laboratory data on rapid crack propagation, a
problem of equal importance is that of determining the values of
fracture characterizing parameters frém measurments of the crack

motion and applied load distribution.

In order to determine an equaticn of motion for a crack tip, two
main ingradienté are essential. The first of these is a crack
propagation criterion thch must be stated as a fundamenta(
physical postulate, distinct from the postulates dealing with bulk
material behaviour and momentum balance. Generally these later
postulates can be satisfied for any motion of the crack tip. It is
the role of the fracture criterion to select the motion of the

crack tip from the class of all such dynamically admissible 

motions.

The only geometrical contiguration for which exact solutions of
'the elastodynamic field equations, wvalid for nonuniform crac&
motion, have been found 1is a semi-infinite crack moéion in an
otherwise unbounded solid or configurations which can be shown to
be equivalent to this b; linear superposition arguments. Thé
solution for anti -plane deformation was preséntedby Kostroy
(1964, 1266) and Achenbach (1970) and for in-pl;ne deformation b?,
Freund (1973), Burridge (1976) and Kostrov (19755.’A1though these

solutions have been of major importance in addressing certain.

fundamental questions on rapid crack propagation, they have "beet'
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found to -‘be 1inadequate for describing some dynamic fracturej
processes of practical importance.
The shape of the cracks which have been studied uptil now are as

tollows:

(i) Semi-infinite plane cracks
{ii) Finite Griffith cracks
(iii) Penny shaped and annular cracks

(iv) Non-planer cracks

A transient problem 1in whfch a semi-~-infinite <¢rack appears
suddenly in a stretched elastic sheet was solved by Maue (1954)
and was aiso discussed ‘by Ang (1958) as his dissertation. Baker
(1962) solved +the problem of a semi-infinite crack suddénlx
beafing and growing at a constaﬁt velocity in a stretched pody. A
steady state problem‘in which 2a semi—infinitevcrack extends at
constant gspeed through an elastic sheet was solved by Craggs
(1960). Using the method of matched asymptotic expansion the
problem {nvolving diffraction of plane elastic waves by a

semi-intfinite boundary of finite width was solved by Viswanathan

and Sharma (1978) and by Viswanathan, Sharma and Datta (1982).

The diffraction problem of a semi-infinite crack has been solved

by the Wiener-Hopf (1958) technique.

In 1921 Griffith considered the problem of a fracture of a glass
containing crack like defects. Griffith's work presented a theory. .

of fracture. Among other workers investigating ecrack problemS“are"
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Drowan (1948), Sack (1846), Irwin (1957) etc. A number of crac%
problems in the theory of classical elasticity can be found in £he
literature [e.g. Sneddon and Lowengrub (1969); Sih (1972)1.

Yoffe (1951i) considered the inplane problem of propagation of é'
finite Griffith crack of fixed length at a constant speed in aﬂ
isotropic elastic solid of infinite extent. Other references
treating elastodynamic problems'iﬁvolving a gsingle finite Griffith
crack are of Sato (18961), Williams (1957,1961), Karp.and KafglA

(1962)>, Ang and Knopotff (1964), Loeber and Sih (1968), Sih én;'

Loeber (1868, 1969, 1870, IWillis (1967), Atkinson and Esheb{Q'.
(1968), Mal (1970a,1970b,1972), Hilton and Sih (1971)’. Cﬁaﬁg
(1971, Thau and' Lﬁ (1971)>, Sih, Embley aﬁd Ravera (1972,
Kanninen (1974), Chen (1978), Sih and Chen £1980),'Takei, Shiﬁdq
and Atsumi (1982), Ueda, Shindo and Atsumi (1983), Shindo (198§)5‘;
Some other retferences are of Srivastava, Palaiya and Karéulfa

(1980a, 1980b), Sfivastava, Gupfa and Palaiya (1981), Ergdven

(1987).

Carrier (1946) studied the propagation of waves in ortﬁotropic

medium. Achenbach and Bazant (1875) considered the problem of

elastodynamic near-tip stress and displacement fields for rapidly
propagating cracks in orthotropic meterials. Kassir and Tse (1983)

also solved the problem of moving a Griffith crack 1in én

orthotropic material.

The problem of diffraction of finite Griffith crack alohg the

interface of two dissimilar elastic media have been solved B

Goldshtein (1968.1967), Brock and Achenbach (1973a,1973b,1974).-
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Atkinson (1974), Matczynski (1974), Brock (1975), Srivastava,
Gupta and Palaiya (1978), Neerhotf (1978), Srivastava, Palaiya'and
Karaulia (1980), Bostrom (1987,. Bostrom (1987) solved the two
dimensional scalar problem of scattering of elastic waves under
anti-plane | strain from an interfacecrackbetweentwoelastiq
halt-spaces. The problem of interaction of anti-plane shear waGes
by a Griffith crack at the interface of two bonded dissimilar

elastic halt-spaces was concsidered by Srivastava, Palaiya and

Karaulia (18380).,

The transient streés and>displacement fields arround an embeddedi
crack in the shape of a circle were first investigated by Embleg'
and Sih (1971) for extensional impact and by Sih and Embley (1971M;
for torcional impact. Their method of solution invblves.isolatfné?
the singular portion dynamic stresses‘ in the Laplace transfo;@
domain gsuch that the dynamic stress intensity  factor. can ibe 

obtained by direct application of the Laplace inversion theorem;!

Some other references are Mal (1968,1970.d),0lesiak and Sneddon

(1959), Pal and Sridharan (1980.a, 1980.b), .Arwin. and Erdogan .

(18713, Green (1949), Dhawan (1973), Krenk and Schimidt (1982),;

Robertson (1967 ) solved the problem of diffraction of a plane

longitudinal wave by a penny-shaped crack.

We now didecusg a certain type of mixed boundary value problems

which are known as contact problem in the theory of elasticity.

The contact problem is formulated as a problem about the int luence

of a rigid body or an elastic body.
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Hertz investigated the punch problem in 1882. In his time many
researchers followea his_work. Chaplygin (1850) collected a number
ot puﬁch problems worked out during the 19th century. Many authors
such as Glagolev (1942), Mushkelishvilli (1953,1983),1Mossakovski
(1958), Ufliand (1956), Spence (1968,1975) investigated punch

problems. In the literature (e.g. Gladwell (1980)) a variety of

punch problems can be found.

The problem of diffraction of anti-plane shear wave by one or more
finite rigid strip at the interface has been treated by Palalya
and Majumder (1981),Singh and Dhaliwal (1884), Tait and Moodie
(1981, Mandal and Ghrsh (1992a, 1992b). Palaiya and Majumder
(1981) considéred the problem of diffraction of anti-plane shear
wave by a finite rigild strip at the‘ intefface of two bonded
dissimilar half spaces. The problem of diffractionlof anti—p}ane
shear wave by a pair of parallel rigid strips at the interfacé of
two bonded disgsimilar elaétic media was solved by Mandal and Ghosh

(1992a2). De Sarkar (1985a,1985b) solved the punch problem on a

micropolar elastic solid.

Different techniques have been adopted by many authors to solve

these type of crack and inclusion problems. From these standpoint,

these problems may be divided into two categories:

(1) One for low frequency oscillation of the source or long, K wave

scattering or transmission and

for high frequency oscillation or short wave

gcattering or trangmission in the medium.
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The term long and shor£ are used in comparison to the region of
thé source of disturbance or the size of the crack or strip etec.
inside the medium to.the wave length of disturbance. In case of
low frequency oscillations Noble's (1963) method of solving‘dua{
integral equations, Tranter's (1968) technique for solving dual

integral equations, Matched asymtotic expassion, and Variational

principle are found to be very usetful techniques.

NOBLE'S METHOD :

Suppose that a mixed boundary value problem 1is formulated by

suitable integral transform so as to be governed by a set of dual

integral equations of the form

Q0
x"‘[1+K(x>]scx)J (rx)dx = f(r) , O<r<a
Jo v
0
S(x)JD(rx)dx = g(r) . r>a
J O

where the functions K(x), f(r) and g(r) are known.

Acenrding to Noble (1963, when »>- %

~ o

. 12« ¢ as2 4 veas2
Siny = l*E‘{J?'t 9(t)Ju_1/2(xt)dt + Jm t G(t)Jv_i/z(xt)dt
(=}

where &6(t) satisfies the Fredholm integral equation

1 [ , _ -
f(t) + = J M(r,t)8(rrdr = t UF(t) - H(t) (0<t<a) ' (3&Y -
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in which Mit,t) = nvtt Jj xK(x)Jp_ /2(Tx)J _ /Z(tx)dx
d t v+ 1 2 2. -1-2
Fet) = .CTEJ f(r)r (t"-r") dr
o

Hetr = ¢*272 XK (x)J (xtrdx| EYT*7%GEn ) (x€ ) dE
o v-1-2 a v-1.-2

G(E) = Jm gror Ut (p2-g2%y7172% gy
g

The integral equation (34) can he solved for €(t) iteratively for

low frequency and consequently S(x) can be determined.

Singh and Dhaliwal (1984) solved thé closed form solutions of
dynamic punch problems by integral transform method. The mixéd
boundary wvalue problem was reduced to a set of dual integral
equations- with trigonometrical kernels, The solutions wéfe
obtained by using Hilbert transform technique { Srivastava aﬁd

Lowengrub (1968)]1. We now discuss the Hilbert transform technique

as follows.

HILBERT TRANSFORM TECHNIQUE :

Using the theorem (Tricomi, 1951), if p e Lz(a,b), then thé

equation

1 h(x) - :
= J X -y dx = p(y) , y € (a,b)
- QA
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Vo

has the solution

) 1 X-a 1.2 o b-y 1,2 p(Y) C
hix) = - = 5% v=a v - x dy +
n X 4 y Yix-a) (b=x)

where C is an arbitrary constant and the first term belongs to the
class L ta.b). Srivastava and Lowengrub (1968) found that the
2

solution of the integral equation

T

b 2
! J gﬁbﬁi—i.dt = ply) , .Yy e (a,b)

a tz—yz

(provided that p satisfies the conditions of the above theorem)

is’ given by

2 _2.1-2 b 2 2,12
- - 2yp(y) . C

2 2 2 2 2 2
I(t -a%) (p*-t5H

a yz—az yv -t

where C is an arbitrary constant.

Using Hilbért transform technique problems involving palir ébf'
cracks or strips can easily be solved. Using Hilbert.transf&rm
technique and alsoc applying the modified Tricomi (1951) theonemébf
Singh (1973) Singh and Dhaliual (1084) obtained a closed form

solution of dynamic punch problem involving two moving punches.

All the axigymmetrical contact problems may be solved by usfng
Hankel transformg and they then reducé to the golution of a number

ot sets tor pairs) of dual integral equations. To solve these dﬁal
. A RN
integral equations there are various methods one of which . iis.

i
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Tranter’s method. We discuss briefly the method of Tranter

(1968) in solving axisymmetric problems.

TRANTER’S METHOD :

The solution of certain physical problems involving axisymmetric
geometry can be reduced to the determination of F(p) from S0 -

called dual integral equations of the form

Q0
G(p)F(p)Jv(rp)dp = f(r) , 0O<r<1
4O B .
(35)
- :
pF(p)Jv(rp)dp = 0 ’ 1<r <
Jo :

where G(p) and f(r) are known functions.

A solution F(p) of the above 1integral equations as a,sefies ot

Bessel functions can be fcund by setting

F(p)

-x 2 ' !
p L amJl)+-2m+k(p) ' (3‘6)
m=0 ‘

where k 1is at present an arbitrary parameter, and proceeding as

follows.

Substituting from (36) in the second equation of (35) and changihg

the order of integration and summation, one gets

© .
e = 1~k ’ . .

I pF(p)Jv(rp)dp PN a ‘ p Jv(rp)Jv’2m+k(p)dp (37>

o m=0 o

Provided »>-1 and k>0, the formula
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, I, at)d (bt pir & - ; =
l(v,u,A,a,b) = I” dt =
o e AaH M e s B H
2 2 2 2
2
vHu-A+l peA-L+l . b
* zF1[ 2 ' 2 pourl o "2
, a
shows that all the 1integrals on the right hand side of (37)°

vanish when r>1 (because of the factor Fk-m) in the denominator of
the term multiplying the hypergeomet}ic function) and hence the
series in (36) automatically satisfies the second of the dual
equations (35). The coefficlents a_ have now to be chosen so that
the series in (36) satisfies the first of the dual equations (35).

For this purpose we need the result

1

_ +n+ -

pk s +k(p) - k--11"(1) n+i) A J rv+1(1~r2)k tg (k+v,v+1,r2) <
Ten 2'ru+ 1M (n+k) Jo n
x J_ (pr)dr . (38)
v ; :
where n is a positive integer or zero and

Fn(a,y,x) = 2F1(-n,a+n;y;x) (39)

is Jacobi'’s polynomial.
Substituting from (36) in the firgt of (35), multiplication by

P (1-r2) kTR (kw041 12,
4]

integration with regpect to r between O and 1, interchange of the

order of integrations and use of (38) give

[0 o)
. -2k L
E .[j G(p)p Jv+&m*(p)Jv+2n+k(p)dp = E(v,n, k) (407 i

where
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1
Etv,n,k) = ” [wrn+i) J firor  t(1-r2)k tF (k+v,v+1,r2)dr
2'r o+ 1M n+k) Jo n
(41)
Equation (40) with n=0,1,2,3,....... gives a set ot simultaneous

equationg for the determination of the coetficients a . These
m
simultaneous equations can be rewritten in a more convenient form

by making use of the formula

) 5 0 , m=n '
Jj P Jv+2m+k(p)JV+2n+k(p)dp B 1 _ (42),

(2v+4n+2k) ~ , m=n

this being the form taken by equation

J (at)J (at) re€ s
r : H dt 2
Q

t or(1 + 2 - Byrer 4
2 2

+

NiTIN|T
N

(L - 2+
2

Nrc

5 sin%(u-v)n
— (43)
n 2 2

Mo ow

when g and v are replaced respectively by »+2n+k, »+2m+k and when

‘at' is replaced by p. We find in this way

a + YT L ah = (2v+4n+2K)E(p, n, k) (44)

L = (2wran+2k) (prp* 2k - -
m.n prans 2k Jm [G PP 1fp Jv+2m+k(p)Jv+2n+k('p)dp

o

€45)

The iterative solution of the simultaneous equatlions (44) is

a = FE - E +E - ....... ‘ C48)



33

where
E = (2v+4n+2k)E(,n, k)
(A}
’ @ ”" e8] ’
E = L E ’ E & Y L E 47>
n m,n m n m,n m
m=0 m=0

and so on.

Equations (38), (4B), (47), (45) and (42) provide a theoratical
solution of the dual integral equations. For a practical solution

it is necessary to be able to choose the parameter k so that the

expression [Q(p)pbak ~ 1] , which occurs in the formula (45) for

L , is fairly small.
m,n

Low frequency diffraction due to dise, cone and rigid cylinder

have been studied by Asvestas and Kleinman (1970), Senior (1971),
Datta (19743, Roy (1982a,18982b,1982¢c), Sleeman (1967), Roy and
Sabina (1882). Datta (1970) considered the problem of»diffradtioﬁ

of a plane compressional elastic wave by a rigia circular disec.

The problem of diffraction of elastic waves by two or more

co-planar Griffith cracks are very few in number. As regards the

dynamic crack problem, research has been restricted mainly to the

case of a 3single crack becaugse of the severe mathematical

complexity encountered in finding solutions for two or more

cracks.

Itou (1978) solved the problem of dynamic stress concentration

around two co-planar Griffith cracks in an infinite elastic
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medium. ltou (19802,1980b) also considered two different problems
involving two finite cracks. The problem of determining the
transient stress distribution in an infinite elastic mediun

weakened by two coplanar Griffith cracks has been reduced to the

following equation

3 B
: ‘ L a+b nn b-a
Y c¢c (s)|- Jm g(s,fgsin[——— & — ——}J [——— E]cos(fx)df
noy k2s%b Jo 2 2] n| 2 ' _

= - Po (bs) ,  a<dx<b (48)
with
[ Ez+k252/(2cz)]z— Ezy1y2
g(s,f) = (49)
Lr,

where locations of the cracks are a<|x|<b, |y|<o , z = 0,
+ o2 ' : 1.2 :
c = H] ’ c_ = [g] ’ k = ¢c /c and ¢ (s8) are the
L = T LT n :

unknown coefficients.

To determine the coefficients ¢ (s) by Schmidt’s method (1958}
b2l

equation (48) can be rewritten as

o g
T cnls)En(s,x) = ~ u(s,x) a<|x]|<b (50

™
where Eh(s,x; and u(sg,x) are known functions and the coefficients

cnts) are unknown,

A set of functions Pn(s,x) which gsatisfy the orthogonality

condition
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b
I F (s,x)P (s,x)dx = N & , N = Jb P? (s, x)dx
m n a n )

n mn . 1a)
o

can be constructed from the function, En(s,x), such tﬁat

© Mi.n
Ph(s,x) = T M Ei(s,x)
n=41 n"nn
where M, is the cofactor df the element 4, af D
(9 o [Ba) n
defined as
d d  c..... d
14 12 ian
d
21
D = .
1al
d S «
ni nn

d = I E (s,x)E (s,x) dx
n L n
a .

Using equations (50> and (51) one can obtain

o® Mnj
cn(s) = .E ,qj o
i=n 7 )]
L
with q. = - N-J- u(g,x)P (s,x) dx
i . 3

J a

(513

, Which 1isg

(53)

(84>

(55)
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In case of high frequency oscillation Wiener-Hopf (Noble,

1958) technique and Keller's (1958) geometrical theory are found

to be most suitable. We now briefly discuss these methods.

WIENER- HOPF METHOD:

The typical ﬁroblem obtained by applying Fourier transforms to
partial differential equations is the following. One shall have to

find unknown functions §+(a), Qt(a) satisfying

Ala)® (&) + BT () + Cla) = O . (56)
+ - B

where this equation holds 1in a strip T_ < T < T, v "® < o < m®

of the complex «-plane, §*(a) ig regular in the half-plane ~ >T_
y ¥ la) is }egular in 7t < T, and certain: information which wifl
be specified later is availabye-regarding the behaviour of these
functions as a tends to intgnity in appropriate half—planes.>The

functions A(a), B(a), Cla) are given function of a, regular in the

strip. For simplicity let us assume that A, B are also non-zero in

the strip.

The fumdamental step in the Wiener-Hopf procedure for solution of

this equaion is to find K+(a) regular and non-zero in v > T_ ,

K (a) regular and non-zero in t < T, such that

o
W

Ala)/B(a} = K*(a)/K_(a) (87)
Use (87) to rearrange (56) as

Kf(a)ﬁ*(a) + K_(Q)W_(a) + K_(a)C(a)/B(a) = 0

(88)
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Decompose K (a)C(a)/B(a). in the form

K (a)C(at)/Blax) = C¢(a) + C () (59)

.

where C (&) is regularAin >r , C (&) is regular in T<T+.
- -

With the help of (59) rearrange (58) so as to define 'a function

J(x) by

Ja) = K (a)§+(a) + C+(a) = - K (a)¥ (o) - C () (60
. _ -

So far this equation defines J(a) only in the strip T_ < T < T, .
But the sécond part of the equation is defined and is regular in
£ > 7 , and the third part is definéd and is regular in 7 < 'r;.

Hence by analytic continuation J(a) must be regular in the whole .

a-plane. Then by the extended form of Liouville’s theorem J(a) 1is

a polynomial p(a)
K (a)® (a) + C ta) = pla)
+ + +

(61):*

K (a)® (o) + C () = - pla)

These equations determine §+(a) s, ¥ () to within the arbitrary
polynomia! pta), i.e. to within a finite number of arbitrary

constante which must be determined otherwise.

KELLER’S GEOMETRICAL METHOD :

Keller”s  theory of geometrical diffraction applied: to

-

elastqdynamics states that the two conical surfaces of diffracted

rays are generated when an incident ray strikes an edge. The

surface of the inner cone consists of rays of longitudinal motion,
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while the surface of the outer cone 1is composed of rays of
transverse motion. The half-angles of the cones are related by”
Snell's law. Fig.1 shows the cones generated by an incident:
longitudinal ray. For this case the diffracted longitudinal réyé
make the same angle ¢L with the tangent to the edge as the.
incident ray, and the diffracted rays of transverse motion are
under an angle ¢T with the edge; where CL cos¢T = CT cos¢L.

For a straight diftfracting edge, and an incident longitudinal ray,

the diffracted displacement fields are related quantitatively to

the incident field by ©
iws /c ~ iwls ,c -t)
= e f R s rs /RHTM* D 1% A e ° v
d 1 1 L L L
. tmszch _1/2] Ad' ALw(soxcL—L)
A = e [ s, (t+s_/R )] D i€ A e
d ' 2 2 d T T

Here Aexp[iw(SQ/CL~t)] defineg the .amplitude and the phase of
the 1ncident field at the po#nt of diffraction, and DL and DT aré
diffraction coefficents which relate the diffracted field to thér
incident field. Also S1 and S2 are the smaller of the principall

radii of curvature of the diffracted wave' front, or equivalently

thé distances along the diffracted rays from the points of

diffraction to the observation point. The unit vectors ii and ;:
relate the directions of displacement of the diffracted field to

the direction of displacement of the incident field. For a

-straight diffracting edge R; ig the radius of curvature at the

point of diffraction of the curve formed by the intersection .of

the incident wave front and the plane which contains the incident-
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incident
ray

F1G. 1. Cones of dilfracted lc.mgltudlnal and transverse rays
for an incident longitudinal ray.
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ray and the edge, and

sin ¢r tan ¢T

= R .
4 i sin ¢L tan ¢L

In the thesis presented here we have studied some mixed boundary
value problems in elastodynamics involving punches, inclusions and -
"cracks. The work has been presented in three chapters. The first
chapter deals with the diffraction problems in elastic media by
propagating semi-infihite cracks. The second chapter deals with
the diffraction probleﬁs‘in {sotropic media involving finite width
Griffith cracks when the boundaries are present in the medium. The-
last chapter 1i.e. chapter [I] deals with diffracfion problem of
elastic waves in an infinite orthotropic elastic medium in
presence of strips or crécks of finite width. Here we give th%i

summary of the thesis chapterwise.

In the first paper of the chapter-I, we have considered tﬁe
"problem of a series of semi-infinite, parallel and equally spaced
cracks subjected to identic lSads satisfying the conditions of
anti-plane gtate of strain and steadily bropagating in én infinifé
inhomogeneous medium. Cracks are assumed to move steadily in the:
direction of modulus variafion, it being assumed that the moduﬂi

vary exponentially. We further assume that the medium possesses

constant elastic wave speeds. These assumptions are necessary for

o+

he gteady state solution to exist. We assume that the loading fs“

such that Mode 11! conditions prevall. Mode 11l is the simbleé{l
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modeAto analyze mathematically. This problem has been salved by
.the application of wienér~Hopf technique. We have solved the
problem for two types of anti-plane loading. Firstly, the case
when the crack édgeS' are loaded at fixed distance from the
crack-edgé'by a concenﬁrated force of constan£ magnitude has been
solved. Secondly, the crack propagation in the pase of congtant
strain'dn the crack edgesvhas been treaﬁed. In both the cases
ekpressiﬁns of the stress intensity factor and the crack opening
displacement have been derived in closed form and the effect of

inhomogeneity of the medium has been shown by means of graphs.

In paper-2, we have considered the problem of the diffraction of a
plane hérmonic SH~wave by a semi-infinite crack running uniformly
along the interface of two dissimilar semi-infinite elastic media.
‘Wée have applied Féurier t;ansform and Wiener-Hopf technique (1958)
to solve fhe mixed boundary value problem. The reéultiﬁg integrals
have been evaluated asymptotically to obtain the displacement and
étress—fiéid near abou£ the crack-tip. The effect of different
values of the‘ material parameter, the angle of 1incidence of
incident wave and the crack‘propagation velécify on the stress

intensity factor have been illustrated graphically.

In the second chapter of the thesis, we have considered three
probliems -invoiving the diffraciion of elastic waves by finite
width Griffith cracks in a strip and also a problem of diffraction

ot elastic waves by a series of periodically placed Griffithv
. - i

cracks in an isotropic elastic medium.
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First probiemtof chépter 11 deals with the diffraction of elastic

SH-waves by'a:Griffith crack in an infinitely long inhomogenedus
elastic sﬁrip. The shear modulus <(u) and density (p) of -the
material have been assumed to vary Iin the vertical direction.
Appfyiﬁg the Fourier transform, the miked boundary value problem
has been réduced to the solution of the dual integral equations.
The dua | integral eﬁuatibns have beén finally redubed‘ te ‘a
Fredholm integral equation of second kind by applying the Abéf
transform. The numerical values of stfegg 1nténsity factor ah§,5
crack openihg displacement have been 1illustrated graphically ﬁb.

show the effect of inhomogeneity of the material.

In the second paper of. this chapter we have studied the tgo
dimensional pyoblems of diffraction of longitudinal waves by fa
series of periodically spacéd co-planar Griffith cracks in én
infinité, iédtropic elaéﬁic medium. Due to the periodicity ot téé
geometry, the problém can be reduced to the problem with a éingle
crack in a strip with boundaries such that shear stress and normal
displacement are zero on them. On use of Fourier transform fhél
mixed boundary value problem for a typical strip has beeh-reﬁuded

to the solution of dual integral équations and'finally to that of

Lo
!s

a Fredholnm {ntegral equation of the second kind by épplying Abe

transform. Expressions for the stress intensity factor and crakk

fopgning displacement have been derived in closed form. Numerichal

values of stress intensity ~factor and the crack openfng

displacement have been plotted graphically.

Paper 3 deals with the dynamic antiplane problem of determining
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streés ’and vdisplacement due to three copianar Griffith cracks
moving:steadiiy at a subsonic speed in aﬁ intfinite elasgtic stfip;
EmpioYing Fouiief integral transform,'the problem when the rigidly
.clamped eAges on the étrip are pulled apart In opposite directions
has Seeﬁ reduced to solving a set of fpur integral equatiohs;
These integfal equapions have beén solved ﬁsing the finite Hilbert
transtorm technique and Cook's result (1970) to obtain the exact
torm of crack ﬁpening'displacement and stress ihtensity féctors{
Making the length of the.inner crack tend to zero, tﬁe diffraction
problem for two cracks have been obtained.

Again, letting the distance between the edges of the inner and
outer  cracks tend to zefo, the diffraction problem for a single
crack haé also been deriyed. Numerical results of stress intensify

?

factors are.présentedvin'the torm of graphs.

In the last problem, 1{i.e. in paper 4 ;of qhaﬁter. I, iwe'
investigated the problem Vof determining. the antiplane dynami;
'stréss distributions around four coplanar finite length Griffitﬁ_
cracks moving steadily with cdnstant veldcit? in $n infinitely
long finite wiath strip. The two—diménsional Fourier transform4ﬁas
been used to reduce the mixed boqndary vélue pfoblem to ;the
solution of five integral equations. These integral eéuatiohs ﬁave
been solved using the finite Hilbert transform technique to obgain
the analytical form of ecrack opening - displacement and -stfeés
inténsity factors. Numeriéal results for the stress intensity

factors at the crack tips have also been depicted_graphicauhyi:

Letting the distance between the inner cracks tend to zero, ‘the -
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corresponding solution of diffraction problem in the presence of

three cracks has been derived.

Chapter 11l deals with some contacf problems and.qrack problems in
eiaStodynamics in an orthotropic elastic medium.

In ﬁhé first problém'of chaptér [I1, the elastodynamic’responsélofJ.
a pair of parallel rigid strips  embedded {n an. infinite
orthotropic medium due to elastic waves incident normally onvthé
strips has been investigated. The resulting mixed onndary vané
problem is reduced to the solution of a triple integrai equation
which has further been reduced to th; solution of an intégfb;
differential équation..ltératibe solution valid for low frequency
has been obtained. From ﬁhe sol;tion of the integral equation,?we
have found- outr thé normal stress and .vertiéal disp}écehent,iaf
points in the plane of the strips.' Finally; choosing éhg
engineering elastic coﬁstaﬂts of the orthotropic material suitapli
the results for isotropic materiﬁl have been deduced and cqmpaéea.
with thevresults obtained by Jain and Kanwal (1972.b) Numeriéaf
values of the stress intensity factor§ at inner and;outer edges{oﬁ
the strips for several orthotropiec mate?ials have been'calculaéed

and plotted graphically to show the effect of material orthotropy{

Problem 2 of this chapter deals with the problem of diffraction of
normally ‘incident elastic waves by two coplanar Griffith crabks'ﬁ

situated in én_infinite orthotropic medium.. Fourier and Hilbert.

transform techniques have been used to solve this mixed boundary

value problem. The resulting triple integral equation has been
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reduced to the solution of an 1integro-differential equation: and
approxiﬁate solution has been obtained. These solutions have been
Qsed to obtain approximate analytical results for stress intensity
factors and crack ppening displacements when the wave lengthsiare
large compared to the crack length., Making the distance between
two cracks zero, the corresponding results for a single crack has
been pregented. Finally, choosing the engineering elaéiic
constants of the orthotropic material suitably the results .for
isotroéic material have been deduced and compared with the results
obtained by Jain and Kanwal (19724) To display the influence of
the material orthotropy numerical wvalues of stress iIintensity

factors and crack dpening displacements have been plotted for

several orthotropic materials.

In paper 3, we have considered the problem of dynamic response of
three coplanar Griffith cracks in an infinite orthotropic medium’

due to elastic waves incident normally on the cracks. Fourier

s
|

transtorm technique has been used to reduce the elastodynamic
problem to the solution of a set of four integral equations. These
1nteéral equations have been &golved by using finite Hilqért
transform technique and Cook’'s result. The analytical forms; of
crack opening displacements and stress intensity factors hgve been
deriQed for low frequency vibration. Making the length of the
central crack tend to =zero, the corresponding results for ‘two
Griffith cracks have been obtained; Numericalvresults for stress
intensity factors and crack opening displacements have beén?

plotted against dimensionless frequency and distance respectively:
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for difterent orthotropic materials which have been shown

graphically.

The last problem éf this chapter deals with ‘the problem of
diffraction of normally incident elastic waves due to four
COplanar' Griffith c¢racks in an iInfinite orthotropic elastic
medium. The taces of eéqh of tge cracks do not come into contact
during small deformation of the solid beéause a small distanée are
assumed to be separated. By the use of the Fourier integral, the
mixed boundary value problém has been reduced to solving a set of
five integral equations which have beén solved by finite Hilbert'.
transforﬁ tEthique.'This enables us to obtain'apprdximaté valiue
of the crack opening displacements aﬁa stress intenéity factors at
the crack tips,_Thé eftect of gtress iﬁtensity factors and crack
-openiﬁg displacements at the edges of the “cracks'wfot_'séverél
orthotropic materials have been calculated and plotted by heaﬁs'bf
graphs. Also letting the distance of the inner cracks tend to

zera, the corresponding results for three «cracks have been

obtained.

With this ﬁuch of introduction, we now present the thesis

chapterwise. References given in the thesis do not include all the

previous "workers in this line. But aftempt has been made to

incYﬁde most of them.



CHAPTER -1

SEMI-INFINITE CRACKS PROPAGATING IN AN ELASTIC MEDIUM

PAPER 1 : Steady state propégatidn of a series of parallel cracks
in antiplane state of strain in an inhomogeneous elastic

medi um.

PAPER 2 : Scattering of antiplane shear wave by a propagating

crack at the interface of two dissimilar elastic media.




49

media when the jcrack moves in the direction of the modulus
~variation. Steady s£ate crack prohagétion due to shear waves in a
médium of monoclinic type ‘has recently been studied by
Chattopadhyay and Bandyopadhyay (1988).

In our paper, we have considered the steady‘state_propagatiqn of a
series of gseml-infinite, rectilinear parallel and uniformly spaced'
"cracks in an infinite inhomogeneous medium. Cracks are assumed to
move steadilyilin the direction of modulus variation, 1t being
agaumed that the modulli vary exponentially. We further assume thatg’
the medium possesseé constant elastic wave speeds. Thesé
aggumptions are necessary for the steady‘state solution.to exist.
We assume that the 1loading is such that Mode IIl conditlions
prevail. Mode IIl is the simplest mode to analyze mathematically{
Nevertheless, it can be expected that the results for the stress
inténsity faCtdr obtained here will_be qualitétively'similar‘to
other modes,~ even though the specific structure of the strés#
variation near the crack tip will differ in each case.kFollowing

Atkinson and List (1978), we have also assumed in our paper that

the edges of the cracks are loaded on their entire length by

constant strain.

2. FORMULATION OF THE PROBLEM

Consider an Infinite elastic medium with gpatially varying density

and elasgic moduli divided partially by an infinite number of
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semi-infinite, rectilinear, parailel and uniformly spéced cracks.
The_ semi-infinite cracks are situated parallel to the negative
xi-axis at 2h distances apart and move along positive xi-directiop
ét a constant veloclty c < c,- _ ’ |
The cracks are assumed to propagate steadily in the direction of
modulus variation. We assume that the elastic moduli and density
both vary exponentially in the same manner; =0 that the medium may
have constant elastic wave speeds.
Owing to the gymmetry of the problemn, it.is reduced to the problém
of an infinite elastic strip of thickness 2h weakened in the
middle pléne x2=O by a semi-infinite crack x1<0, the surfaces X, =
* h of the strip being rigidly clamped.

s .

-The displacement U in the anti-plane state of gtrain in a.

rectangular co-ordinate system (xi,xz,xg) ig in the form

-+ : '
u = [0,0,w(xi,xz,t)] . . _(1)

The non-vanishing components of this state of strain are given by

the following relations:-

=] = a_‘i e = aw
13 ax '’ 23 Ix
1 2
. ow a
G - H — ’ O, T H a 2)
ax ax )
4 .
zax: 9w
ax1 axz
. 2axX
where the shear modulous y(x‘)== K e 1,1 and a are constants.
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—42h e-2h
N

Fig. :
g.1. Geometiry of the problem
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—_————

Fig. 2. Crack propagating in the sirip .
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Using relation (2), the equation of motion of SH-waves is

- 2
a aw a aw - - 9w
aIx [ p(xi) ax ] Y ax [ “(xx) ax ] - p(x1) 2
1 1 2 2 at
2 2
or, 3w 9w 2 aw . -2 3 : (3)
ax’ ax® ax 2 at
1 2 1
where p(x )=p e®%; so0 c_ = J (xVY/p(x ) = / is the sheér-
PLX =P, ; 2 prixX I/plx ) H, P, ear-

wave veloclity.
The fixed co-ordinate system may be repalced by the conventional
system (x,y;z) moving with the crack tip,

x1 = x + ct, xz = vy, X, =z (4)

Using relation (4) , equation (3) becomes

. a =—= =0 : (5)
- 9x ay2 ax

e 2 2. 2 -
~(1_:c2)_8-w-+ a w + 2 ow

z.__
dV _ 27 -0 (8)
. 2
dy
2 %, .2 '
where f o= (1- = )7+ 21 - : (7.1
C:2 :
. .
and
. m .
Ve, y) = (271).1/2-[ Wix,y) e X a4y (7.2)
. o .

The solution of equation (6) becomes

W,y) = A sinh(By> + B cosh(gy) 1(8) -

where the constants A and B are to be determined.
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3. ‘SOLUTION OF THE PROBLEM FOR CONSTANT ‘STRAIN v - P QF THE
CRACK EDGES x<0©0
We now consider the problem when the oonstantvstrain given by
ay '
is appliied to the crack faces,y = 0, x < 0.
We shall"therefore consider the sgteady state crack propagation
under the boundary conditions
v - p, for x<0, y=0 (10.1)
ay
Wwix,y)= 0, for x>0, y=0 (10.2)
Wwix,y)= 0, for |x](m, y=h, (10.3) .
Now we can write
AL P, for x<0O y Y=0
oy
= e(xX) for x>0, y=0
where e(x) id the uhknohn function which i{s to be determined.
In our case
@ o 0 , -0
(2rt)_1/z .Qﬂ eitx dx = (2n)_1/ZJA2E e?(x dx +(2n)—1/2"2£ ei(x dx
12y ] Oy 02 '
_ o o _
aw, oo N V4 : ~1/2 '
-_— = (2n) ¢ ZJ P ei(x dx +(2nr) 1/2J_ e(x) ei(x dx - (11
8y ’

s o}

0
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@
. o -1/ 1 x ,
‘Therefore ‘using (8) and writing (Zn) * ZJ e({x) e { dx = E+}(),
0
pA = zm P v EL@) for sk < Im L <O (123

-kx

if e(x) ~ OCe ) as X — 0.

- Using the conditions (10.2) and(10.3>, it can bebeasily shown that

V&,

_— (13)
tanh(s3h) : .

where’ﬁ;((,O) = (Qn)ki/?Jow(x,O) ei(x dx is analytic in the lower

half-plane lmC<k1. 1f we assume wix,0) _O(ek1x) as x —  -m.

Eliminating A by equations (12)

and (13)

W o«,n S
_,?_',___v_=_.__“°1_+e(c) _ (14)

~ tanh(gh) P T

| 3 | P LN 5
. o om . _ 1 cosh{(hy _ 1 nin-1/2) »
Let K (? COth(Bh) = Eﬁh m = F n Py :
v n=r L, o mh :
(=) |
: (15
[ctf. Noble (1958) eqns (3.96a) and (3.86b), p.123 ] ‘
Now consider |
. ] ' _ 2 2 . 2
_ ifth - sh _ h B 2.2 . nrz
LR s () () [ e (Y ]
: _ ¢ vh S 2 2ial] . . N1t R
: ( nw J [ oo 2 +( vh ) ] (16 ¢
where 1~ = 1 : . '

2 2
- c/c_.
2

So equation (16) can be written as
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2 R 2
iﬁh - »h + . -
t- ()= (x) < +in DO+ in D

where
1/2

2)(C ¥ 1nn—1/ )

nr 2

' : ‘2 2
) igh . wh +
Slmilarly, 1 - [Tﬁ:T7ETE] = (= &+ in__

1t may be nnted t%at n; and n;ﬂ/ are negative real quantities.

2

So equation (15) becomes

- + 2
K(ry = 1 w, Lo inn-a./z)(( * iwn—i/;z) n
£r = ¢ U — — N
nEL o+ in )+ in)) (n-1/2)%
- K ) +
= l o (L + jfnnri/z"') . n w (L o+ inn-i/z) n
R M R m-172> - I . m-172)
(¢ + in) € + g
= KT(2Y. K () (say) (17)

where K—(() iz analytic 1in the lower half-plane given by

Im £ < —n;/z whereas K+(() is analytic in the upper half plane

+

given by Im £ > N, yat

Now

+
o dn 2 (-0
hoi72)

K'(ry = -
0= n
n=41

o+ in;)
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' ‘ 2 7 2 2 172,
A[L’ + i[ﬁ v (@, N/ 21/3) % ]](n—O)
- ; . v »* v h
n=t 2 2.z 42 :
[C + 1 [ 2 (2 s 2”2) ]](n—i/‘z)
v? p* v h
- - 2. 2 T il o
Ewh oy, i[ ah {zh + (n—1/2>?} ]](nTO)
) [0 0] L n v . an - : . ) r
= n :
n=1 _ : ) 2 2 o2 L
R SAUY [ ah +{ o h nz]] : ](h—1/2)‘_
L n B v v?ﬂz : o

"Now elastic moduli aﬁd density are assumed to be'varyihg:slow\y
with X, so that ah may be assumed to be small.

So neglecting o°h’® we get

'[ e, i[ 2Dy (n-1/2) ]](n~d)

‘ @ 7 o
K W) = n -
n=1 . ’ ' .
[ tvh o, 1'[ ah , h ] ](n—1/2)
i V1
[ n —'[ 1, iwh 93)](n—oi
@ 2 m v ‘
n=1 o

[ n - { ifvh _ ah ]](n¥1/2>
3 v

Next using the formula
© (N=8 Juviuan. e et (n-a_ ) kK (1 - b .
1 . . k - m !
T . . B | S
n=q (n—bl). the v e s e e e e saee s (n-b ) m=1 [(1 - a .

which expresses the general infinite product in terms of thE'GaMma

© function (cf. Whittaker and Watson . 15969, p.239) we obtain ‘from
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(18)
Fyr 1 - 8vh ah S
ryy r [% -« ‘ |

Similafly, for small values of ah, neglecting a?hz, '1t -can ‘be

easily shown that

‘ ilvh ah
rfti+ - ]
= vYrn T vr : .
K (L) = — . : - (209
h r it 4+ ifyrh  ah ] B .
2 K 3 v

Now writing 8 coth(gh) = K = K'({)K (), equation (14) becomes

—KNOK W) W, = — + E ()

AP 1
r— L
S0,

1, E,({)
K"« K"

NI
]
,J‘\lp—-

- K ) W_«,0

L1 P 1 B
Ky ko I’ r Koy k'@

:1|
AN

Therefore,

iP 1 1 E, (O

_ K—'(c) W_((,O) + . el ~ = + _ 1P i i _ 1 1.
|—2n' r Koo KY () I'_2n e K'«) « Ko

(21)

The expression on the left hand side of equation (21) is regularf

o

in the half-plane Im [< O whereas R.H.S. is regular in Im r > ; K
» . e A
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where K = min ( k,ni/25. The eqnation (21). holds in . the stpip'”
. . 1 . )
K ¢ Im 'L < O and therefore using analytic continuation and
PR - -

LiouVille’s theorem we can write

W, = B 1 1 | BN
' I r KoK () :
) \ K g o
and . E (() = — — 1 - " (23) .
l 1 K (0)
Theretfore, by-hélp of (11) and (23), we obtain
‘ . ' + .
oweg, 00 _ _ ip 1 O
ay ’ +
|2n { K (0)
So,
pe 1% - 4P »-m_is 1 KT -1C % ' - N
3y = - - - " e ‘d where -K1< e < 0.~ 24)
IZW Y - ie r K O ' S
For x<0, considering a semi-circular contour in “the vupﬁer

half [-plane it can easily be verified that
au
ay

Now for x>0, substituting the values of K+(() and K+(O)-from'(19) .

and (24) we obtain

‘ 1 ah o-ie ' i(vh ah B
a T T Zm o " 1 ' &
Y oo+ 2R ¢ r (Lo xh  ah
vt b 2 n

vn

(x>0)
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1 ah . X

v 1 ah fo +s
' = hakdd - 22 (= v —= )
pp U lz v 57 d o ‘3 ' on 1
R —h e ' 1 anh >~
2 , . S~ P o+ — ).
T2 —iw +s 'Z P v
1. X
L ™
x - e dp
rop)
heri _ 1 ah  vhe
where S--E = ——ft
1 ah | - x 1 ah | ‘io +s b ah
_ iP r [2 Y oon ) vh (2 v ) rep 2 ve_
T Z2n oh o ' 1 ah
kbl + = -
L v ) -iw +s rop 2 - vn
r(p+l) ™ b
vh
x e dp
T(p) :
ax 1 . ah X — =
rty gy o dyah s RS YE 4T oh ) ®
_ P 2 v vrh 2 13374 e :
roy o+ 20 r
vri
- _mx
x (—i,“ﬂ;icl‘e.vh)
2 1 v 2
- lcf. Erdelyi et al. (1954) formula no. 7 . p.2621
1 ah X
e Py 52 1 1. ah 1 oh
ST ~ah 2T Tl gt e )
+
RN vn ! Il — exp(—nx/vh) s
_nx -
. 1 ah 1 vh ) : L
where F (=~ .= = — =3 1 - e ) is the hypergeometiric
2 1 2 v 2" =& o
function.
It i known that the Hypérgeometric series
JF laib,c,zy = 1 4 2:B atarl) blbrt) 2

l.c 1.2.cl(c+1)
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a(at1)(a+2) b(b+1)(b+2) 23
1.2.3.c(c*+1)(ct2)

i ah h werg of ah
therefore neglecting (_;; ) and higher po =4 vl

X
1 ah, 4, . vh _ ahz , =z | =z .z .
2Tt Tzt TRt zb t m e A S va- S ver S v AR
X
~ vh
where =z = 1 - e H

After a little algebraic simplification it can be shown that for

ah
small —
v
F(~ %, — gﬁ, iz =1+ gﬁ[(1+ Yz)log(i+ ¥YZ)+(1i— ¥Z)log(1l— V~)]
2 1 2 v’ 2
Therefore
, 1 ah
ow _ p It om 1 y
ay = ah
YR oL+ rrl Ji — exp(—mx/vh)

1 0+ ﬂﬁ[(1+ Yz)log(1+ YZ)+(1— ¥/Z)log(1i— v_)]} (x>0) (25)

r-"—\

Next in order to determine the crack opening displacement consider

equation (22) viz.

iP 1 i

+ —
r2n ¢ K (OKT W)

which by help of equations (19) and (20) becomes

W_(Z,0> =

1
_ ippnlC L5 ivh abh 1, ah
o r o1 o+ 25% _ ah 1 I 1 + ah ] 4
P n v

Therefore
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wo-ie 1 i{rh ah 1 oth .
,W(XO)_ihP;J‘ Plezgr = -z 10 L+ 57 1ot 4
. - T 5= n - - f— R
oL r oy o+ ph ab rory o+ &b 8
-o0-1i n v v
Obviously for x» O, w(x,0) = 0., In order to find w(x,Oi for x < O,
we firstly evaluate §¥kx,0) which is given by
1 ah o-ie 1 iZvh ah
: = — = + - 2
dw _ hP 1 r [2 v ) J rt 2 4 W e—i(x ar
dx mo2m ooy, @b rory o+ &¥hah,
. v ~w-ig 24 v
nx 1 ah
— ( ) 1 oth g+im 1
1 = — (=) (p) — —
dw P ?h 2 vn 1 r [2 d v ! r 2 r'tp oh P
50 Fx T Znl —ah —— 1. ° ap
; - —_ ¥+
v¥n Ftt o+ == 1 J__, = T(p+s)
! o1 ivfh ah 1 ah vhe
where p = = + - - — and § = = - — —_—
: 2 n v 2 LT 13
Using the table of inverse Laplace transform (1854), we find
ax 1 oth
— (5 + — ) 1 ah
dw _p vt 2 vt Dz oo 1
’ dx ah
vvR rts = IL — expl(rx/vh)
Integrating w.r.t. x we obtaln
) " _OlX .ﬁx
w(x.0)=_ —ah e ’ - - dx (for x<O)
»Ya © 1 + — ) I : .
. YR 1 — exp(nx/vh)
0

Making x — -, it can easily be shown that
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1 ah 1 ah
rif=+ — 1T~ {5 - — 1 . .
) Ph 2 v 2 v .
wix,0) —> —~ — . (26)
oah ah

r ft1T + — 1 r 01 - =— 1
2244 vn

Putting a = 0 in (25) and (26) expressions forvgz(x'O) and w(x.,0)
oy

for homogéneous medium can be derived and they are found to be

identical with the results given by Matczynski (1873).

Crack openihgfdisplacement is obviously Aw = 2w(x,0) where wix,0)"
is given by (26). In Figs. 3-5 dimensionless values of the crack
. Qs . AW . .
opening displacement given by Y = Sph have been plotted against
the dimensionless distance x’' = — % along the length of the crack

. . ah
tfor different values of a = — andec = c/c_.
1 vt 1 2

It is*intéresiing to'note that for a fixed value of c, crack
opeﬁing displacement increases with the .increase in the values of
the inhomégeneity parameter o& fbr'large values of «x’ whepeas‘for
small wvalues of x’(x’ # 0), the result is just the opposite.
Furthery it wmay be, noted that for any given value of the
1nhomogéﬁeity parameter di, crack opening displacement Y at any

point x’ increaseg with the increase in the value of the crack

propagation velocity.
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SCATTERING OF ANTIPLANE SHEAR WAVE BY A PROPAGATING CRACK AT THE
INTERFACE OF TWO DISSIMILAR ELASTIC MEDIA '

1. INTRODUCTION

1t is well known that the problems of ditfraction ot élastic~wévé
by cracks or inclusions are of considerable importance in view of 
their application in seismology and geophysics. If the cracks or
inclusions are located at the interface of ‘layered media, the
study becomes more relevant. The extensive use of composité
materials in modern technology has alsoc evoked interest in the
wave propagétion problems {in layered media with -interfaqial
digscontinuities. Onder et al. (19755 studied the d¥ffraction‘ o{
monochromatic plane SH-waves obliquely inéident on a rigid ﬁalf;
plane between the two different semi-infinite media.

In this paper we have éonSidered the problem of the diffraction.of
a plane harmonic SH-wave by a semi-infinite crack rhﬁning
uniformly .along ﬁhe interface of t@o dissimilar semi—infinifé
elastic media.- The ©problem of scattering of plane harm?ni%.
polarized shéar wave by a half-plane crack in éﬁ inf{nit;

isotropic medium extending under antiplane strain was studied

PUBLISHED IN PROC. INDIAN ACAD. SCI. (MATH. SCI.), VOL. 101, NO. 3,

PP. 183-104 (1001).
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earlier b? Jahanshahi (1867). Chen gnd Sih (1973, 1975) also
solved the in-plane problem of the diffractidn of stress waveé by
a running crack in an incident Qave field in an infinité elasfic
medium. We have apblied Fourier transform ana Wiener-Hopt
technique (1358) to solve the mixed boundagy vélue probiem. The
resulting integrals have been eva\uated asymptotically to obtain
the displacement and stress field near about the crack tip. It is
tound that the stress intensity factor depends sensitively upon
the speed of crack propagation, the angle of incidence of the
incoming wave and on thelmaterial properties of the elastic media.
Quantitative aggessment of the effect of the aforementioned
paraméters on. the stress 1intensity factor has been made by
displaying the numerical results graphically for two pairs of

different materials.

2. FORMULATION OF THE PROBLEM AND ITS SOLUTION

Let a plane crack mave at a constant velocity V on the 1nterface

of two bonded dissimilar elastic semi-infinite medium due to thef

incidence of the plane harmonic SH-~wave

o ~ |
v, = V,expl-i{A (Xcos® + Ysin® ) + QT}] NED

1

in the medium where the co-efficient of rigidity, densitylgand

shear wave velocity respectively are given by pu P, and Ci.'Thé

crack lies on the bimaterial interface along Y¥=0 with reapect to

the tixed rectangular co-ordinate system (X,Y,2).
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We assume that the displacement and stress due to the scattered

field are

v o= v (X,Y.,T) ' (2)
J N

where the subscript ji=1,2 refers to the uppef and lower half-
planes and T, the time.
The equations of SH-wave motion in either elastic half-space are

given by

v v, " a v,
4 3 = — 3 (jJ=1,2) Ca)
ax ay? c? ar?
J
where c . = (p_/pi)ijz is' the shear-wave velocity. Without any
: J J J . '

loss ot generality, we fufther assume that Ci>C2.
Dbe to the incident . wave giVen in (1), the reflected aﬁd,:
transmitted waves in the absence of the crack may be-writteh:in

the form
VX,Y,T) = V' expl-i{A (Xcos® - Ysin® ) + QT}]
1 1 1 1 1 ) .
and . ¢5)

VI(XaY,T) = VT expl-if{A (Xcos® + Ysin® ) + QT})
2 ) 2 . 2 2 2

where
H1Aisin® - yzAzsinG :
vho= - : - 2y = AR V (say)
1 A sin® + gy A sin® 1 1
11 1 2 2 2 )

and . : (G)

¥ ZuiAtsin®1 T

A = : \Y = AV (say)

2 u‘AisinG1 + yzAzsin®2 1 2 1

with
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A cos® = A cos®
1 1 2 2 ‘
V., V: and V: are the incident, reflected and transmitted wave
amplituﬁe respectively, Aj'the wave’number, Q = AjCj the circular

f requency’ and @1,62 the "angles of 1incidence and -fefraction
respectibely.

Assuﬁe thaf £he crack has been moving in tﬁe horizontal direction
éiong tbe interface for a sufficiently long time and that a steady
state has been reached in the neighbourhood of the crack.

A set of mo?ing co-ordinate systems (g,y,z,t) attached to the

crack tip moving -at a constant velocity V 1g 1introduced in

accordance with

x = X-Vt , yj = sjY ’ z =2, t =T (7))
A TP ' ; »
where s. = (1-M and Mj = V/Cj is the Mach number.
J J : I

In terms of the ﬁoving co-ordinate system (x,y,t), (4) becomes

& vj J v, 1 P avj av, .
+ 14 —[2M,c, -3 - -——J] = 0. (8)
ax? ayj Cz.; Sj at i §i ax at |

It is convenient to define an apparent circular frequency w = a

and the angles of reflection ¢1 and refraction ¢z are given by
cosg = M +(A /N )cos® sing, = (s /o00)sin®, ,
J J J i J J J 3

where (9)

a = (i+M,cos®,) and A= (A,/s?)a.
J J J . J J

Using these relations in a moving system, (1) and (5) take the

form
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Figure 1. Geometry of the propagating crack.
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o}

o)

v, wi(x,yi)
* = i : (M A x-wt) (10)
v, wicx,yi) exp{i M1 JXw } 4
T T
vz w2 (x,y2>
where
o . _
witx,yi) = V1exp{ iki(xcos¢i+yisin¢1)}
r _ R 3 _ ) .
witx,yi) = A1V1eXp{ 1K1(xcos¢1.f%sin¢1)} ] -
T A _ ., T s
yztx,yz? = sziexp[ i{(Bz+x2cos¢z)x+kzyzsin¢2}]V_ (11
and
chx
ﬁz = M‘k‘ 1 - *102 < O‘ since C‘>Cz.

Using (16), we assume the solution of the governing equation (8)
as

V. (X,y. ,t) = w (x,y dexpli(M X x-wt)]. (12)
J J J J 33 . .

Substitution of (12) in (&) yields the Helmhotz equation

o, kjwj-= 0 (j=1,2). O (13)

Applying Fourier transform, (13) can be solved and the result is

. QD
_ 1 . (g2 2. 42
wt(x,y1) 5n _m_Ai(E)exp{ i¥ x- (& K‘) y;} d¢, (y‘>0)
and
1 < 2 2.1/
= _ - - 2 \
wz(x,yz)_-:iﬁL-w Az(f)?xp{ ifx (E. Kz) yz} d¥¢, (y2<0)

(14)

where Ai(f) and Azxé}mare the unknown functions to be determined.
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From (12) and (14) we obtain the &{Eplacement components due to

scattered field .as

o0 o o
_ . N 1 T A e
v, * exp[l(Mixix wt)]iﬁJ-w Ai(u)exp; iux yiyildu , (y1>0)
and
v o= expli(M X x~wt)]—1——rco A (wexpl-iux+y y Ildu (y <o)
2 171 2m. o 2 272 ! V2
(15)
‘ L 2 _.2.1/2 = _ 2_ 242
where - T (u Ki) and v, {(u ﬁz) kzl . (16)

Therefore, the expressions for the stresses are

—
~N
x
N
| —
'S
]

—ipiexp[i(Mikix-wt)]%EJm (u—M‘ki)At(u)exp[-iux:y{yl]du
-~ | e ’

—~
~
N
[
N
1]

‘—ipzexppi(nik1x-wt)iéﬁjm (u—Mlkt)Az(u)exp[-iux+y2y2]du
: -0

_ _ 1 [° L
[ry12]1 yisiexp[i(Mixix wt)liﬁjém ytAitu)exp[ iux y1y1]du

o

1 ; ‘
[TYZZ]Z = pzszexpti(ﬂikix wt)]EHJTm yzAz(u)gxp[~1ux+yzyz]du.

(17

The unknown functions A1(U) and Az(u) are to be determined from

the following boundary conditions at the interface y=0

(i) vt(x,O) = vz(x,O) ’ x>0
avt av
cii) s = - —0<
iS4 6y1 Hz S 6y2 ! <X <0

and
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avf 6v: av1
= < o+ .
(111 ayl + ay1 + 3y O,’ x<0, Yy -+

From the boundary condition (ii) we obtain

, + (u) = 0O : (18)
#1S1t1A1(u)ff~Hzggzzﬁz»u .

and from other two bouhdafy cbnditions, we get

[D 81(U)expt-iux)du = 0 (x>0)
- '

and
Fl M(U)Bi(u)exp<—iux)du = N exp(-ik1xcos¢1) , (x<0)
LTt —®
(19)
where '
n S ¥ tu sy :
B(u) = ~2*2 2% 222 5 (u
t H, 8,7, :
Hy SV R
MW = ¥ e 2 % zs___f,‘_,_ - (20)
o Hy 1?; Ha®¥5 ’
and _
iAiv sin@1 R
N = - 212 o1-a®).
8 1

1

The solution of the dual integral equation may be obtained by‘a'_
method based oh the Wiener-Hopt technique. The first part of (19)
can be satigfied if we choose

B (u) = L (u) : (21)

where L _tu) is a function of u, analytic in the. lower half of the

complex u-plane, The second part is satisfied if we take
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N U+(u)
_ (22)
MWB (W = 505y T @
i 1 + 1

. \
where o =X cos¢‘ 'and U (u) 1is a function free from 2zeros and
1 1 + .

singularities in the upper half of the complex u-plane. Thus (22)
is a solution of the second part of (19) can easily be shown by
completing the path from -o to o by a semi-circle of infinite
radius in the upper u-plane and then applying the residue theorem
and Jordan;s Lemma. The path of integration is chosen teo avoid
possible bfanch:poipts an@uiS_L?QEPEfd'below,the pole u=a_ .

Eliminiting B1tu) trom (21) and (22) we obtain

L_(u) i} N 1 (23)
U (u) iCu-aa YM(W) U (a ) -
T 1 + 1
and
H, 5, 2 . 2.4-2
M(u) = -T—+_§_ (u _Ki) F(U) (24)
H S TH,S,
where
+
F(u) = Yz(yzs1 “252) . '
(“1S4Y1+“zszyz)
and
F(u) » 1 as |u| +> o

The function F(u) can be expressed as the product of twd functions
such that B S . T

F () = F*<u5F_£Q) | (285)
where F+(u) and.F_(u) are analytic in the upper and lower half of

the complex u-plane respectively. The expressions for F (u) and

F_(u) have been derived in the appendix.

In view wof (25), (24) assumes the faorm
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+ -

= ' reyRar (26)
' i S
(u+K1)1/zF+(u) N “1 1 “z 2
iv (o) o ~ 20 ()
+ 1 pzsztu ai)(u K1) _(u
where
‘ U (w) = (utn )72 F (w. (27)
+ 1 +
So
N %42 % (28)
L (u) =
- i (ot #A I2?F (@) p.s (u-a ) (u-x OY3F (w)
: ai E S + -1_ “2 2 1 4 -
Hence the functions Ax(U) and Az(u) are
. N Y2(u151+p252)
Aitu) = o2 =3
. R _ _
i(a1+}1) F+(a1) (F231y1 pzszyz)(u ai)(u xi) F_(w)
and
) + .
. - N ”1s1y1(“151'u252)
Az(U) = - —— - ———— s =
1(a1+x1) F*(at) pzsz(uISJafyzszyz)(u—a‘)(u-xﬁ) F_(u)
(29)

The singular behaviour of the stress components"fér the scattered
waves at'the crack-tip is due to the divergence of the integrals

around x=y =0 in (17). Making wuse of (29)

j and asymptotic

expressions of the integrands of (17) for large values of u, we

obtain near about the crack-tip,
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(- = B+ 7% oxpl-s uYl(cosux-sinuxldu
xz )1 o 1

S
1

T - - BU*D 2 oxpl-s u| Y| 1(cosux-sinux)du
Xz )2 S2 ° 2

-B(1+1)JOo u exp[ s uY](cosux+sinux)du
Q

N e
~ ~
<& £
N N
e/ [N
N o
" n

—B(1+i)[go w2 exp[—szu|Y|](cpsux+sinux)du
o A

(30)
where
N u s,
B = - : ~— i y.=s.Y (j=1,2).
2o O73F (o) S :
1 4 + F 8
Using the results
. _ (szy2+xz)1/z+ sy 11/2
172 ypl-s uYlcosux dx = | 2 L
u Explt=s, 2 2 2, 2
o s y *X
17 J
(s yz+xz)1/2 sy 172
-1,2 . n 1
Jm u. expl-s uYlsinux dx = I: -
1 2 2
o s y +x
1 -
(31)

the stresses near about the crack tip given by (30) can be
evaluated. The displacement near about the crack tip can be

obtained from_the crack tip stresses by integration.

Now introducing the factor . exp[i(M k x-wt)] and taking the real

part, the stressesand displacements near about the 'moving

crack-tip are found to be equal to
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In the case~6f crack propagation

'usihg the result H =R, P P,

- L ir2
K1 (1/7) y1

; 2 2
Putting r=(x" +y 2,

and F (a0 )=1,
. + 4
"zv (1-M )
4

tang=|Y|/x,

T (52Y2+x2)1(2+ 12 1
(r ) K
vz * s2v% +x®
J
K1 y2 442172 1,2 A .
(z .| = Re|l (-1 = exp[i(M A X-wt- ~)]
CXRZ ) S’. S_Y2+Xz ) 1 1 4
. 2K 1.2
v, (-1t ——% [(x +sjY2 12 x]
L b] L #d i
(32)
where
“ oA A V sin@ sin@
K = Ig t 2z ¢ . (33)
1 T N )
(al+K1) F+(a‘)(p1Aisin®1 pzAzsinez)

in an isotropic elastic medium

-we obtain

1/zsin(®1/2){

the expression of displacements

and stresses given by (32) near about the moving crack-tip is
found to be equai to 1
2K1 12 L2 2 1-2 1r2 n a2z,
v = r {(1—M sin ¢) - cos¢} cos(wt+=) + 0(r?”
1 M S 1 4
1 1
2K£ 12 2 2 ;./2 1r2 T 8/2
v, = - o r {Ll—Mzsin @) - qos¢} cos(wt+:) + 0(r” )
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1.2
} cos(wt+§) + O(ri/z)

. 2 1/2
K { (1—Mis1n @) -cosg
1
i/ 2
r

o)
~
~
N
| S
"
. u

1—Misinz¢

- : 12 .-
K _ﬁ}:Mzs}n?¢)f/z-COS¢ n 12
- - % -2 i cos(wt+—) + 0(r )
vz j2 <

pt72 1-Mzsin2¢

——
~
X
N
[N
"
]

- K (1—Mzsinz¢)1/2+cos¢ 1,2 i o
: 1 cos(wt+:) + 0O(r )

s rt7? 1—Mzsin2¢
1 1
K (1-Mzsinz¢)1/z+cos¢ 172 o 2
[r ] = ! 2 p COs(wt+:) + O(r )
xz |2 Szr1/2 1-Mzsin &

(35)
Taking the value of.K; given by (34), the results given by (35)
agree with the results of the crack propagation in an “isotropic

elastic medium as giveﬁ by Jahanshahi (1967).

When the «crack 1s stationary, the corresponding results of
stresses and displacements near about the crack-tip can be derived

by making M‘ and Mz approach zero and are given by

——
~
S
N
| W4
"
It

. , A
K1(2/r)1/2 cos%¢ cos(Qt+§) + 0(r?’2)

—
~
<
N
L
N
n

E 3
Kzt ® cos%¢ cos@t+D) + 0(r*7®)

—
~
X
N
e/
[
"

» .
4K‘(2/r)1/z sin%¢ coscnt+§>-+ 0(ct %)

™A 12 1 ) w. ! ) .
(ﬂm]z = K (2/1) singg cos(Qt+) + 0(r*7%) (36)
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and :
| 2VZK’ :
v = Lot sinl¢ cos(Qt+Z) + 0(r?7%)
1 M 2 <4
"
2v2K
v o= - — 2 %72 ginly coses®) + 0?7 (37)
z ¥ 2z 4 )
2
where
K* ;'If - . -Hf“zA;éz¥@?}p®1Sinez
1 dn 12 _*
, +
(Aicos¢1fA£) F+(Aicos¢1)(ytAisin¢1.yzAzsin¢z)
""""" - (38)
and
A2 y (g2-AZ)172
* A @ ) = expl= tan *{-% : ds
F+‘ 1COS¢1 P ' 2 21,2 s + A cosg
(A" -s™) 1 1
A1 2

(39)
If we put K ZH s P TP, the corresponding résulté of the

stationary crack in an isotropic elastic medium are found to be’

1 1 4 2A1“: 12 1/2
P&a]xz = Visin§Q1cos§¢ cos(Qt+:)[ e ]‘ + O«(r )
PQz]gz = +V131n§®13055¢_cos§Qt+:)[ ——— '] + O(r )
and
v: o= ;V Sini® sinig cos(nt+l) T + 0(r?7%,)
1,2 "4 2 1 §¢ ) Py P ' r (40)

which are same as given by Jahanshahi (1967),
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3. RESULTS AND DISCUSSION

K1 given by (33> is the d&namic stress intensity factor at the
moving crack-tip‘ and K: given by (38) 1is the value of the
corresponding quantity when the crack is gstationary. The variation
ot Ki/K: with the values of V/C2 where V is the crack speed has

°

been depicted graphically for the following two sets of materials.

First set :
a 11 2
Wrought iron P, = 7.8g/cm M = 7.7%x10" "dyn/cm
v 11 2
Copper P,= 8.96g/cma ’ M= 4.5%10 "dyn/cm
Second set :
Steel o P, = 7.6g/cm° , P, = 8.33x10**dyn/cn?

Aluminium p2= 2.7g/cm® M, = 2.63%x10**dyn/cn®

1t is found that in both the cases the stress intensity factor
gradually decreases with an increase {n the value of V/C2 'and
approaches zero as V/C2+1; the decrease in the value of K1/K: for
the second. set peipg more Fapid than_for the first set. We also
find that>in both ghe éa#gétfé:lgB}:fixed value of Cl/Cz, Ki/K*

decreases with decrease in the. value of ©.
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} Figare 2. Stross intensity factorva.dimensionless crack Spaed (Wroughit iron/coppen).
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Figure 3. Stress intensity factor vs dimenstoniess crack speed (steel/aluminium).
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APPENDI X

FACTOR1ZATION OF F(Z) INTD F_(Z) AND F_(£) :

Consider
Yy (u s tu s )
Fig) = =22 (A1)
H:l. 1}/1 yz 2}/2

The branch points of F(£) are at E=X1, *Xl, k2+ﬁz. —(Xz-ﬂz) where
(A =2 )<-N AN AN since C_<C .
2 "2 1 12 2 T2 2 1
Since F(£)+1 as [£|+0, F(f) possesses no singularity within the
rectangular contour (shown In fig.4), by Cauchy’s residue theorem

we can write

~

- .1 logF(s) ;

.ot [ legFesy ., 1 logF(s)
T Zall T e _ds, * 2n1j =-g — 98

logF () = logF (£) + logF_(£), (A3) -

where F*(f) and F (Z) are analytic in the upper and lower half of

the complex f-plane respectively and can be expressed as

F;(E) exp L [ 105595) ds
c | d
- +

and (AG)

i

Fw<f) - exp Z;ij longS) ds
c )

X

In order to evaluate F () 'the path of integration C can be
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deformed to the path C1 round the branch cut through Ki and k2+ﬂz
as shown in fig.5.

After a little algebraic manipulation it can be shown that

1 Az+ﬁz 1 m (sz—xf)*/z
F_(E) = B’Xp E—T—I—T -S__"‘f— log 1+4 "m— )2]1/2 ds -

2 . '
A, 2 [N, -(3,-s

+ : :
1 2 Bz 1 m1 (sz-kf)i/z _
T Tl s eyttt 5 = zz| OF (AS)
= 2 IAT-(3 -7
_ 11 2 2

which after simplification becomes

A+

2 .2 1.2
112z . m1 (s —Ki) :
F . = -— - _ 3
& exp |- =% tan n [XZ_(ﬁ RRTIP ds (AB)
A . 2 2
1
where
H. S “_ S
moo=— : 15 and  m_ = —— i 2 (A7)
HiS4TH2%, HySTH, 5,
Similarly it can be shown that
- ,
' 1| 2 ﬁz 1 m, cgz-k:)*/z
F (87 = expl= tan {— — : ds (AB)
+ : L4 s+ .
N £ " [K:—(f32+s)2]1/2
1
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Figuie 5. Path of integration C, rotnd the branch cut.



CHAPTER - II

SOME ELASTODYNAMIC DIFFRACTION PROBLEMS INVOLVING GRIFFITH

IN ISOTROPIC ELASTIC MEDIUM

PAPER 3 : Diffraction of SH-=waves by a griffith crack in no

geneous elastic strip.

PAPER 4 : Inplane problem of diffraction of elastic waves

periodic array of coplanar Griffith cracks.
PAPER S5 3 An elastic strirp with three coplanar Griffith crac

PAPER 6 : Four coplanar Griffith cracks moving in an infi

long elastic strip under antiplane shear stress.
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DFFRAGCTION OF SH-WAVES BY A GRIFFITH CRACK IN NONHOMOGENEOUS
ELASTIC STRIP '

1. INTRODUCTION

Trhe natural or artificial materials are.usually inhomogeneous; so
in recent years great attention has been given to the study of
diffraction -of. e{astic__ygve;AAby - cracks or ohstaclesg in
inhomogeneousv media ip view of their application iIn fracture
mechanics. Many probléms have been solved involving one dr more
cracks in an infinite homogeneous elastic medium. Loeber and Sih -
(1960) and Mal (1970b)have studied the problem of diffraction of
elastic waves by a Griffith crack in an {infinite wmedium. The
 prohlem 6f ‘tinite crack at the 1nterfacg of two elastic
half-spaces has been discussed by Srivastava et al. (1980&)3hd
Bostrom (1987). Singh et .al. (1977, 1980) corisidered fﬁe'probiem
of scattering of a SH-wave by cracks or strips in a nonhombgeneous
infinite elastic medium. Papers invdlving cracks located in an
infinitely long elastic strip are very tew. The problem of an
infinite elastic strip containing an_arbitrafy nuﬁber ;f unéqual
Gritfith cracks, located paréllél to its surfaces and opened by an
arbifrary internal pressuré, has been. treated by Adans (1980).
Finite crack perpendicular to the gurface of the infinitely loﬁgA

elastic strip has been studied by Chen (1978) (for an impact load)

and by Srivastava et al. (1981) (for normally incident waves).

PUBLISHED IM ARCH. MECH. VOL. 45, NO. 2, PP. 285-294 (1503},
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Recently éhindo et al. (1986) considered the problem of impact
reSpoﬁse of a finite crack in an orthotropic strip.

In our paper, the diffraction of normally incident SH-waves by a
Griftfith crack sifuated in an infiniiely long inhgmogeneous
elastic gtrip has been discussed. The shear modulus (u) and the
density (p) of the material have been assumed to vary in the
vertical direction. Applying the Fourier transform, thg mixed
boundary value problem has been converted to the solution of dual
integral equations. fhe dual integral eqﬁations.have.been finally
reducea to a Fredholm integral equation of second kind by applying
the Abel transform. Expfessioné for the stress intensity factor
and crack opening displacement have been derived. The numerical
values of stress intensity factor and crack opening displacement
have been de}iéted“'by néans of graphs to show the effect ot

material inhomogeneity.

2. FORMULATION OF THE PROBLEM

Consider the problem of diffraction of SH-waves by 'a Griffith

crack in an inhomogeneous elastic strip of width 2h1. The crack isg

located in the region -an;Sa, —w(thn, 21=0 (fig.1>. Normalizing
all tré -lengths with respect to a and putting x /a=x, y /a=y,
z /asF; ﬁf/éfh 1t is found that thHe

i location of the crack 1is

_1‘.

IA

*El;  TomCy <o, 2=0 referred to a cartesian co-ordinate system

(xsvs2). Let a plane harmonic SH-wave originating at z=-o impinge

on the crack normally to the x-axis. The variation of ‘the shear



S0

lf,
'h -a a h,
— %
4]
4]
FiG. 1.

Crack in the inhomogencous strip.
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modulus w and the density p is taken in the vertical (z)

12

in su¢h a manner that the shear velocity (po/po) is

The only non-vanishing y-component of the displacement
independent of y is v = vix,z,t).

The equation of motion is given by

22 ¢ %8y - Rl
ax| ax '62 oz Otz
1t we consider v(x,z,t) in the form
Vix,z,t) = Wix,z,t)
Jutz)

then (2.1) becomes ' '

y[82w+32w] +i[_1[_‘?f:‘_] a.z’p ]w=pazw

ax? ozt 2L 2nloz 322 at?

Putting W(x,z,t) = F(x)G(zre " “and p(z) = p tz), plz)

in equation (2

= c, is the shear wave velocity, it is found that F(x)

satisfy the following equations

+ nZF

"
G

az?

provided f(z) is of the form

2 2
_ 1 (ot 1 (3¢
z[?az/f] *3[2

where n and b are contants.

Let us assume f(z) in the form

f(z) =

coshz(bz)

50 that eguation (2.6) is.automatically satisftied.

.3) where M,» P, are constants, such thatv(.y;)"/po)1

direction

constant.

which is

(2.1)

(2.2)

= f(z)
Po

72

and G(z)

(2.4)

(2.5)

(2.6)

(2.7)
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Now the shear modulus y(z)_aﬁd density of the medium p(z) are

p = pocoshz{bz) . o = pocoshz(bz) (2.8)
- I - -lwt .
Using equations (2.8), (2.2) and W(x,z,t) = W(x,z)etw , equation
(2.1) takes the form
2 2
- ' (2.9)
ax az
where
kK2 = (k® - b%), ko= 29
2 2 (o]

Thé displacement component v‘L)Lx,z,t) and stress T(L)Lx,z,t) due

to incident wave are given by

Likz-wt)
A e

¢U(x,z,t) = ° . (2.10)

Vpo cosh(bz)

and

(R
T L(x,z,t)
Yz

il

’

A Y [ik cosh(bz) - b sinh(bz)1e" ™™, (2.11)

where Ao is a constant.

Henceforth the time fgctof éfw“"ﬁiii'be suppressed in the sequel.

Solution of @qgatipnm(?.g) is

- 2 .
Wix, z) =‘fm Bi(f)e 4 cos(¢&x)d¢ + Jm C;(C)cosh(dx)sin(tz)dt,
.40 (o]

(2.12)

where =~ «a = (£Z2-k*)'7% ok B = (g%-x%) 7%

’ L] -

» €DKk,

2
Lg%, rex =1 (k%)% | k.

Now displacemént vi(x,z) and stresses =

yz(x,z). Txy(x,z) due to
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scattered field are

where S T-.o=_ ikA Yu
o o o

1 [ me(Z)e_BZ cos (g x)df + ImC(C)cosh(ax)sin((z)d(]
o N

vix,z) = cosh(bz> °
(2.13)
~\ - .
T ({x,z) = ‘pob sinh(bz)[ j B({)e"‘ cos(¥x)dE. +
Yz o T -
+ Jm Crcoshtax)sin({ z)df ] + pocosh(bz) x
o
x [—Im BB(E)e-Bz cos(¥ x)dE + Jm CC(()cosh(ax)cos((z)d(] (2.14)
o o '
- ‘ . -3z o
T (x,z) = pocosh(bz) - EB(E)he sintZx)dé +
Xy o
+ Jm aC)sinhtax)sin z)dl ] (2.15)
(e}
where
1 - 1 ~
B(f)=——-Bi(f) R C(l_’)=———(,1(().‘
Ho "o
The boundary conditions are
Tyz(X,O) = -7, [x|51 , (2.16)
vix,0) = 0 ., 1S|x|$h , (2.17)
T _(th,z) = 0 | 2] < , (2.18)

From the boundary condition (2.18) C() is found to be expressible

in terms of B(F) as f6T1ows

FB(Z)sin(fh)

cwy = 2
noasinh(ah) o

dEI' (2.19)
f2_*_0(2



Next, the usetsf“éqﬁﬁ£féﬁh(2.19) in the boundary condition (2.16)
and (2.17) yields the following dual integral equations from which

the unknown function B(¥) is to be determined :

fm FL1+M(E)1B(£)rcos(Ex)dE = p(x) , [x[=1 (2,20)
Qo
and
'Jm B(¥)rcostEx)dé = 0 , 1| x|&h (2.21)
o A
where
Mcg) = [ g -1 ], - (2.22)
‘ T 2 2 coshtax) B(Z)éin({ﬁ)" s ’
ptx) = 2+ = (v a ar- . ﬁg" - — dz o (2,23)
u n asinh(ah) | 2, 2
o] o Qo £ ta

3. METHOD OF SOLUTION

In order to solve the dual integral equations (2.20) and (2,21),

B(f)» is taken in the form
_ T, .
B(gy = -2 [ tp(t)J (Ftrdt , (3.1)
Ho Jo ©

so that equation (2.21) is auvtomatically satisfied.
Substitution of the value of B(¢) from equation (3.1) in equation

(2.203, yields a Fredholm integral equation ot second kind

1
PLL) + J u[Li(u,t) + Lz(u,t)]¢(u) du = 1 ., (3.2)
. [e)
where

L tu, t) = [:EM(EL%(EUUO(ﬁt)dE , (3.3)
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21 (at)1 (awre
(o] o
L (u,t) = - -
2
(8]

o sinh(ah)

ar . - (3.4)

Using contour integration teghnique_ﬁSrivastava et al., 19804) the

infinite integral arising in the kernel Li(u,t) can be converted

'to a finite integrar'éﬁd‘fs given by

1 .
L tu, t) = -ikz.[ (1—n2)“2.}°(kntm;“(knu> dn, u>t,
. o _
2 1 2 1/2 1) .
= —ikJ (1-n") 725 _(knuiH * (knt) dn,  uct (3.5)
o
Now
k L2 (e )T ta w et," %1 (at) 1 _(owre™
L, (U, t) =J e ¢ ac - Jm o o dr
) atsin(aih) k o sinh(ah)
= J = Jo(ait)Jo(aiu)cot(aih)dC + ij . Jo(ait)Jo(aiu)dC
o 1 - (o] 1
£31 (a1 (owre™®
- r a¢ ,
k a sinh(ah)
where & =

(KZ-r 2,22,

Putting (2= kz(l-yz) in the first and second integrals

and
2_, 2 z , '
7=k (i+y” ) in the third integral, it is found that

1
2 2. 1,2
thu,t) 2 K [ I (1-y*yt” Jo(kyt)Jo(kyu)cot(kyh)dy +
o
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R N T I d
¥ ij (1-y™) Jotkyt)JO(kyu Y
Ko - .

- Iw (:|.+y2)_1'/2lo(kyt:)io(kyu)e_kyh cosech(kyh)dy] (3.8)
(o] .
4. STRESS INTENSITY FACTOR AND CRACK OPENING DISPLACEMENT
Froh equation (2.14) the stress =7 on the plane z=0 can be

Yz
written as

T (x,0) = po[ —Im BB(¢)rcos(¥xydf + Jm LC({rcoshtax)alf ]. (4.1)
Yz ) o . o - I ' '

supatituting the value of C({) and B(f5‘from equationg (2.19) and

(3.1), the expression for the stress can finally be presented as

T X
o]

T (x,0) = —2 _ a(1) + 01> ,  |x|>1.
vz (k2—1)1/2 .

Defining the stress intensity factor N by

(X‘l)x/zT (x,0)
. z .

N = Lim ’
. i T
Kol o]
we obtain

1
N = 75 [¢(1)|. ) . (4.2)
Now the crack opening displacement Av(k,O) = vix,0+)» - v(x,0-) can

be obtained from equation (2.13) as

Avix,0) = ZJm B(Zf)cos(Ex) df , [x|<t ,
o
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which, on substitution of the value of B() from quatéon (3.1),

takes the-form

2T 1. |
“"o : t¢(t) dt xi<i (4.3)
Avix,0) = - J ’ ‘ ‘—

TN (tz~x2)1/2

5. NdﬁERICAL RESULTS AND DISCUSSION

Using ‘the method of Fox and Goodwin (19533, the Freqholm integral
equation given by equation (3.2) has been solved numerically for
different values of the material inhomogeneity parameters. In this
methaod fhe integral in equation (3.2) has been represented at
first by a‘quadrature formula involving the values of the desired
functibn #tt) at the pivotal points inside the specified range of-

integtatidn. and then converted to a set of simultaneous’ linear

algebraic equations; their solutions yield ﬂihe- first

approximations to the required pivotal values of ¢(t)._App)ying
the difference-correction technique, the_f;rst,approximét{dns héyg,

been improved. After 'so}Qing the integral equation (3.2)

numerically, the stress intensity factor N and the crack opening

displacemént yoAv(x,O)/ro have been calculatéd numerically and
plotted separately against the diménsional frequency kz(O.SSkzsi)
and dimensipnlesé distance x(0sx=<1), respectively, for different

values of the material inhomogeneity parameter b and strip width

]

h.

In fig.2, the effect of the width of fhe strip on the stress
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Fig 2. Stieas intensity tactor N ovs, dimensionless frequency kp for homogencous medium (b = Q).
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intensity factor for a homogeneous material has been shown; the
etfeci of»inhomOgeneity of the material on the stress in;ensity
factor for ditferent widths of the strip has been depicted in
figs.3-5.

It ig found that in both the homogeneous and‘nonhomogeneops.cases,
the effect of the strip width‘decreaéééJQ{th:fhe increase of tﬁ;'
f requency, and the graphs of the stress intensity factor N become
flat with.the increase of strip width 2h. From fig.3 it 'is cléar'
that the etfect of inhomogeneity parameter b is prominent for low
frequency kz and stress intensity factor is greater for higher

values of the inhomogeneity parameter b.

In figs.4-8 the crack opening displacements against Aimensionless
distance x for different values of the material inhomogeneity
parameter b and the strip width Zh have been illustrated by meané
of éraphs..Case b=Q corregponds to the homogeneous case(fig{a}.
From figs.4-6 it is seen that for a fixed value of 1hhomogeneity

parameter b, the’grack opening displacement i& greater for lower

values of h when the frequencies are small, but thée reverse effect

is found for higher frequencies.

Next, in tigs.7-8 we see that for a fixed value of h, the crack

ppening displacement is greater for higher values of the

inhomogeneity parameter b when the frequencies are smafl, but for

higher frequencies the effect is just reverse.

Finally it is found in all  cases that the crack opening

displacement  reaches. its maximum at about x=0, and then it

gradually decreases and becomes zero at x=1.
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FiG. 3. Stress intensity factor N vs. dimensionless {requency ka.
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INPLANE PROBLEM OF DIFFRACTION OF ELASTIC WAVES BY A PERIODIC
ARRAY OF COPLANAR GRIFFITH CRACKS

"1. INTRODUCTION

The problemé involving cracks or inclusions in elastodynamics are
of much importance in view of their application in geéphysics and
earthgquake engineering. Uptil now many probféms have been solved
involving one or two cracks in an infinite homogeneous elastic
meﬁium. Loebér and Sih (1968> and Mal (1970b)have studied the
problem of diffraction of elastic waves by a Griffith craék in an
infinite medium. The problem of a finite crack at the interface of
two élastié_half sﬁaces has been discqssed by Srivasfgﬁa e£ al
(1980Q) and Bostrom (1987)i Finite mCTéék'.pérpenaiculér to the
surface of the infinitely‘long elastic strip hasrbeen studied by
Chen (1978) for impact load and by Srivastava et al. (1981) fgr
normally incident waves. But elastodynaéié problems involving th
or more Griffith cracks have not yet received muéh attention. Jain
and Kanwh! (1972ahave studied the problem of scattering of elastic
Qaves by two Griffith cracks for normally incident.haves and the
same probpem has been considered by [tou (1980.b)for impact load.
Angel and Achenbacﬁ (1985) have studied the problem of réfleétion
and transmissionvof elastic waves by a periodic array aof cracks in

an infinite 1isotropic medium. The problem of diffraction of

ENGNG. FRAC. MEcH. (1N PrRess)
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SH-waves by a seriss of cuts 1in nonhomogenecus solid was

investigated by De Sarkar (1983). The steady state vibration of an

“infinite isotropic medium with a periodic system of coplanar

cracks has been discussed by Parton and Morozov (1978) using the
method of the finite Fourier transforms to‘réduce the relevant
mixed relations.

In our pépef. the diffraction of ndrmélly incident time
harmonic elastic'waves-by a periocdic array 6f coplanar Griffith
cracks in infinite elastic medium has béeh anél§zéa. Duev to
geometrical symmetry the problem has been reduced to the solution
of the problem of a single crack in a étrip wﬁosé bDUﬁdaries are
shear free and constrained .in a way not to pe:ﬁit normal

displacement. Applying Fourier transform the problem has heen’

convenied to the so\ution of.daai'fntegraf ‘equations. The dual

integral equations. ..fiinally have been reduced to a Fnedhofm

integral equation of second kind by applyihg Abel’é' transform.

Expressions . for stress - intensity factor and crack opening

displacement have been derived in closed farm. The numerical

‘values of stress intensity factor and crack opening displacement

have been presented graphically to bring out the salient features

of ‘the problem.

2. FORMULATION OF THE PROBLEM °

We consider a homogeneous, isotropic, linearly elastié;'hnbounded

infihi?e“number of collinear cracks of equal

length which are equally spaced on a line taken as the x -axicg.
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The length of each crack is 2a and the pgpfod_of the'cpéck-arrgy
is 'Zh1 as shown in fig.l.“The cracﬁngie-in the plane x2=0 ana
extend to infinity in thé xa—direéfion which is perpendicular to
the Q{ane.of the figure.

For convenience we make all the lengths dimensionless by writting

X /a=x, X /a=y, X fa=z, h /a=h.
1 2 3 1
Let an incident time-harmonic body wave travel in the direction
-ioot . .
of the positive y-axis. The steady state term e‘w , which 1is

common to all field variables, has been omitted in the sequel.

By 'simple sSymmetry considerations, the displacement and stress
distribution dug,to the scattered field in the entire xy-plane can
be' derived by‘cénsidering only the isotropic elastic strip |x|<h
with a central crack |x|$1, y=0; the boundaries of the strip x=zh

‘being shear free and constrained in a way not to - permit normal

displacement.

The displacement components are

u =92 _ %
ax oy
S0 oy - -
and v = 3y f_E;

wherg ¢ and yw are scalar and vector potentials satisfying the

following equations :

.4

7, e 2k e
ax ay~> c.f at?
(2)
%y R vy - a_z 3y
Ix*? ayz CZ at?
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z

where .c = F‘ H] and c = &ﬂ
<1 o _ ' 2

"shear

wave velocities, A, u are

"density of the material.

Therefore, sﬁbstituting $lx,y, )

-iwt

wlx,y)e ~, our problem reduces to

2 2
2 ¢ [ 9, k2¢ -
2 2
ax oy
2 2
a y + 9y + K2y =
2 2 2¥
ax oy
subject to the boundary conditions
T (x,0) = -ptx)
Yy 'p.
T (x,O)—= o
»y

vix,0) = 0

T (*h,y) = 0
xy

utzh,y) = 0

?
where k,t = aw/c¢c, (i=1,2).
. 1

Solutions of the equations (3) are

2 v - '

@Pix,y) = = Jm Ai(()e oy cos{x d{
‘_0.

and

. 2

wix,y) = = Im.B (e By sinf x dr
Lo

where A;(c)"Az(f)’ B

the Lame’'’s

12
are the dilatational and

constant, p is ﬁhe

—-iwt

= ¢lx,y)e and wix,y,t) =

the solution of the equations

0
(3)
0
*T*1<i' - ':' - 4y
| x[<h : (5>,
1| x| <h | T
|y | <o (7
RARCS : (8)

+
(o] é
O
[m)
(1]
La
<
[= 5
a3
ed

A (£)cosh(a x)
2 1

.rn (E)sinh(ﬁ X) sinfy d¥¢
o

L& Bz(f) are constants and
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2 2. 12 2 2 172

o = (2K , f,>-k1 B = (F-k2H .k

- = —i(kf—f,z)‘/z . Lk, = —i(k:—z;2>‘/2 . Lk,
a = cfz—kj)"z . E‘>k1 | B, = (fz—k:>"2 £>k,
= -i(kj-zz)‘” gk = —ickz—fz)‘/z , £k

Now the stress 71 can be expressed as
: xy S _

= - - i
catr (x,y) = E _“J@ (-Z(aAi(()eay v L2eptB (e ’??']sincx ar

o

Z
C é
—

-2fx A (E)sinh(a x) + (¢%2+5%)B_(£)sinh(s x)]sinfy dg
12 1 12 1

(10)
The boundary condition (5) yields
B (L) = ;?Caz A D) Co(11)
L +3 -
Assuming —CAi(C).= ACC) atAz(E) = C(¢&) , —EBZ(E) = D(g)

and using the relation (11), expressibﬁsz.fdr' displacements and

stresses finally can be written as

2 - 2 - .
u ﬁ“I; fm [e oy ——%ﬁ—; e ﬁy]A(() sin{x df +
' o) 207 -k
_ 2
3 A
o [C(E)sinh(aix) + D(E)sinh(ﬁix)]GOSEy d¥¢ (12)
o .
2 -t o2z 3 - |
v = J—; Jw [e Y o- —;‘————2- e y]a( * AL) cosfx df -
o - 207 -k .
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- J—z JQ [&of‘C(E)cosh(oc X) +
I R 1 1

[(ZCZ-kz)e_ay
2
o

Bf D(f,)COSh({? x)lsinfy df,
Y J?I!
y M

(13
sopt? py].-
o _BaBt - Y]g *AL) cosCx dr -.
2(2-—k2
2
S (2o kD) : '
- HJZ[D[ Y 2 Cc(rcoshla x) + 2B D(¢rcosh(f x)]cos&y d¢
T a " 1 .t
o 1
F
8w  Hlm o

o L
3. SOLUTION OF THE PROBLEM
The boundary conditions (4 and (6) yield the
integral equations
) L .
Im E[1+H(C)]B(f)sin(x df = R(x)
0 .

I 1
- (

B({)cos{x 4L = O
where,

i<lx|=h

2a(ki-k:)A(C)

[ e Y - efﬁy ]ZaA(() sinfx df -

(14)

[°EC(E)sinh(a1x) + E_i(ZEz—k:)D(f)sinh(ﬁix)]sinfy ag

(15)
following twa
(186)

(17)

(18)
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(2(2_k2)2_'4aﬁC2 o
H(Z) = 2 ~ -1 _ (19)
' 2ol (KZ2-Kk2)

1 2

H&CY) -« O as [ ~» oo.

' 2 -1 X
R(x) = I; g_aJ pixddx -
(o]

2
o
1

. 2 2
(2o +K ) ,
- fm[ .tz Cgrsinnla x) + 2D(E)sinhtﬁ1x)]df (20)
O

Let us consider the solution of integral equations (18> and

(17) in the form -
@ 1 ,
B() = I; (J tf(t)Jo((t)dt ] (21)
o : B

so that the-integral equation (17) is automatically satiesfied.
Now, substituting the value of B() from (21) in (16) and using
" Abel's transform we obtain the following Fredholm integral

equation of. second kind :

4 . .. :
f(t) + [ uf(u)Li(t.u) du = Qt) - : (22)
- — . -0 . e e . . .
. Wwhere,
R 2a d t 2 2. 1.2
Quty = ont at J (t"-z2") ptz)dz -
(o]
- Ig otz K31 (e YCEY + o2p 1 y
7)o LSRN £ 2, o(ﬁit)D(f)]dE (23)

and
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-

L(t.u)=.r3CHM)J (Cuw)J (Ltradr (24)
1 [} O

8]

Ffom the boundary conditions (7)) and (8), the unknown functions

Cté) and D(¥) can be found to be related to B({) as

C(g) = —= = [ —fzjcé g, (£.LHBWHAL +
K (KB -¥%)sinh(a h) ot
2 1 2 1 -
(28%-1%) | , |
- —_— fw g2<g,c)s<c>dc] (25)
) 5 _

D(F) = 2 [ngm g, (5, 00BHAL - gzjm gzif,c>3(c)dc]
nki(kf~k:)sihh(ﬁ1h) o o

(28)
where,
_ 237 + k2 2ol +K2
g (&0 = : : - : = [ sin@h
. LORIER Lo
(27)
2 (3% +1%) 2aj+kz
g (£,0) = 2‘ 2 - ——  sin({M)
* £%+p? £ 4o

Next, subétituting the value of B({) from (21) in the éxpressions

of C(£) and D(f) given by (25) and (26) and using the result

(Gradshteyn et al., -1965) - .

fm féiﬁ((h)Jo(Cu) -Au
o

T

ag =

240 <
- §

]
i
o.—
Q
»
:.
)
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C(¢) and D(f) can be

written in terms of f(t) as

1 -a h
Clgy = E __1-—-[ [ (262 +k2)1_(a we * ]E‘;—i;—?é%
< 2k*-%%) Jo 1
1 2
(28)
: 2 1 -3 h :
- 31 ¥ 1 uf (ul)du
D) = - __———J [l(ﬁ'u)e ]———
2 - Jo o "1 51nh(B1h)
1 2
Using the .above relations (28) in (23) we obtain
' za d [ [z =2 t
= — = - . )+ . (
Qut) ot dt_[ t pltz)dz + J u[tht,u) La(*;_u)]f(quu (29)
o o
where, ‘:' ' N u. ,.
i : -t h
Lctow = - — 2 V1ot (262 +%%521 (o )1 (o we b |—9E
2 . "2 2 1 1 2 o 1 o 1 sinh(a h)
2(k -k )Jo 1
1 2 .
(303
: - . -3 h ,
- < . 2 2 1 dag
Ly(towr = —p ff EG1W?1+kz)lo(ﬁ1t)lo(ﬁ1U)e ]ETFFTE—FT
(k=-k) O 1
1 2 ,
" (31)

- Next substituting Q(t)> from (29) in (22) and assuming p(x)>=p and
. o
fity= apog(t)/y we finally obtain the following Fredhol!m integral

equation of second kind for the determination of gt

. St ‘
git) +,[ uglwLit,u) du = 1t , (320
. (8 .

where - Ltt,u) = Lilt.u) - Lz(t.u) - La(t,u) (33)
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and L (t,u), Lz(t,u) and La(t.u) are given by (24),(30) and (31)
1 s .

regspectively.

It is to be noted that the kernel Li(t.u) represented by the semi-

infinite integral given by eguation (24) has a slow rate of

convergence. In order to make the numerical analysis easier, the

semi-infinite integral has therefore been converted to finite

integrals . By " dsing. simple. - contour integration technique
(Srivastava et al. 19804)and is given by
ik 'l 2 2
L (tyu) = - — 2 J 42 1) 5k pwH P (k ptydn ¢
1 N . 2 2.14/2 o 2 ] 2
2(k_-k > o (y -n)
2 1
' * 2 2 1,2 < 1)
+ 4+ - ; 3
J; no1-5" Jo(kznq)Ho (kznt)dn , t>u (343

where y=k1/k2. The corresponding expression of Lu(t,u) for t<u

can be obtained by interchanging t and u in (34),

4. STRESS INTENSITY FACTOR AND DISPLACEMENT

The normal stress Tyv(x.y) in the plane y=0 in the vicinity of the

crack Eip can be found from equation (14) and is given by

, [ A
T (x,0) l
LYY

B({)cosf{x df + D(1), x>1

)

p_x

1)
1

g(1) + 0CL) , x>t
x“-1
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Defining the stress intensity factor by

(x,0)
K = Lt Tyy 7 AT
=

x 1+ (o]

it is found that T .
K = g(i) _ IR - (35)
{2
Now the crack opening displacement Av(x,0) = v(x,0+)—v(x,0-) can

be obtained from (13) as

2
Av(x,0) = - kK f® % B({Ycos( x)d , | x|{=1
VIR (ki -k2) Jo

which on substitution of the value of B(f) from (21) takes the

form

ap 1 _ _ '
Avix,0) = — 2 J‘ _talt) dt | x|=1 ¢36)

pet-2%y Jy (£%-x%H*7?

5. NUMERICAL RESULTS AND DISCUSSION

Using the method of Fox and Goodwin leSS) the Fredholm integral

equation given by équation (32> has been solved numerically for

different vafuéé ‘of dimencsionless - frequency k2 and h, the

separating distance of ‘the cracks. At first the integral in (32>

has been presented by a quadrature formula involving values of the

desired function g:%) at pivotal points inside the specified range
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of integration andmtheh converted to a set of linear algebraic

simultaneous equations, solving which the first approximation to

the required pivotal values of g(t) has been obtéined. Applying
difference-correction technique the first approximations has been
improvéd: Standard numerical integration technique has been used
to evalu?te the kernals Li(t.u), Lz(t.u) and La(t,u) given by
(34>, (30> and (31). After solving the +integral equation (32)
nﬁmerical[y, the stress intensity factor k and the c¢rack opening
displacement pAv(x.O)/ap0 have beeﬁ calculated numericaily and
blotted separately against dimensionless frequency k2(6<kzsl) and
dimensionless distance x(0<x<1) respectiyely for diffetredt vaers_
of h. The value of p 1is taken to..Bem.1)¥§. From fig.2 it is
interesting to note that the number of oscillations in stress
intensity factor K increases with the increase in the values of H.

Thelé;acﬁ opehiﬁg displacement(fig.3) ié greater fof.higher~vaiué5«

of h and also for higher values of dimensionless frequency k_.
N . . 2
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0.7

0.5+

0.3+

Fig.2 'Stress nlensity factor K vs dimensionless frequency k,
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-

——— h=1.5
\\ ——-——h -_—108’

- Fig.

3 Crack opening displacement vs distance




121

AN ELASTIC STRIP WITH THREE CO—PLANAR MOVING GRIFFITH CRACKS

1. INTRODUCTION ‘

In fracture mechanics, the groblem of diffraction of elastic waves
by cracks of finite dimension in a strip of elastic matetial'has
been “;xamined by several investigators. Sih and Chen (1972)
investigated the problem of pfopagation of a crack of ftinite
length in a strip'under plane extension. Closed-form solutions for
a finite length crack moving in a s8trip under anti-plane shear
stress were obtained by Singh et al. (1981). Using a fihité
Hilbert transform technique developed by Srivastava and Loweng}ub
(1968), Lowengrub and Srivastava (1968-b)solved the static problem
of digtribution of stregss and displacement in an 1nfinite}y long
eléstic strip ;oﬁtaining two co-planar Griffith cracks. Recently,
‘several dynamic.problemg of determining stress and displacement
due to moving Griffith cracks have been sdived by Das and Ghosh
(1991, 1992a, 1992b, 1982c¢c) and by Das (1993, 1892). Dhawan and
-Dhaliwal (1978) also solved the static'problem of deteymining the
stress distribution in an infinite transversely isotrépic medium

containing three co-planar Griffith cracks.

In this paper, the problem of propagatioﬁ cf three co-planar

PUBLISHED IN ENGNG. FRAC. MECH. VOL. 47, NO. 4, PP, 4_93;502 19004)



In dynamic problems of anti-plane shear, the

where Cz=(p/p)b’
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Griffith cracks in a fixed direction with constant velocity V in

an infinitely long but finite width elastiec étrip is.cﬁnsidered.

Employing the Fourier intggral transtorm, the problem when thé
1§£eral boundaries are assumed to be clamped and displaced by an
equal amount has been reduced to solving a get of fou: integral
equations which are 'solved using the .fini£e Hilbert transform

technique and Cook’s result (1970) to derive the exact form of
stress intensity factors and crack opening diéplaceﬁent. Numerical
results tfor stress intensity factors are presented graphically to

show their variations with crack speed, crack length and the

separating distance between the cracks.

2. STATEMENT OF THE PROBLEM

Consider an infinitely long elastic strip occupyingAthe régioh

-h=y=h, weakened by three co-planar Griffith cracks moving

‘steadily at a constant velocity V in the “X-diréction, referred to

a fixed co-ordinate system (X,Y,Z) as shown in Fig.1.

non—vanishing
component of displacement W directed in the Z-direction satisfies
the equation of motion :

a

1y
S XX . LYY Cz JTT » (1)
- .

2
is- the shear wave velocity, p is the material
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VT

Fig. 1. Geometry and coordinate svstem
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Qensipj and W represents partial derivatives of W with respect
to X.
For cracks moving at a constant velocity V 1in the X-direction, it
is convenient to introduce the Galilean transformation :

x=X-VT, y=Y, =z=Z, t=T | (2)
wheére (x%x,y,z2) represents the translating co-ordinate system shown
in Fig.1. 4
Let three co-planar Griftith cracks df*ffnffé.iehgtﬁ located aloﬁé-
the X-axis be moving steadily with velocity V in the direction*qf
the X-axis so that their positioné referred to translating
co—ofdinates'(x,y,z) are -c<x<-b, -a<x<a and b<{x<c on y=O._The
edgéS‘of the strip y=xh are assumed to be clamped and displaced by

an equal amount wd, where wo is a constant.

The boundary conditions of the proposed problem are

o (x,0) = 0, | x| <a, b<|x|<ec kB)
vz ' E
Wix,xh) = iwo , -0 < X <00 (4)
Wix,0)» = 0 , a<|x\<b', !x‘>c. (%)

Ih or@er to apply the integral transform tebhnique it is required
to solve a different but_equivalent problem which can be obtained
from the clamped strip problem (without any cracks)' while the
uniform strain is applied. The equivalent stress condiﬁidns on the

cracks are .

oyzger)‘= i~ lﬁl(a , b([xl(c (6)
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and the boundary conditions for the displacement are
T Wx,Eh) = 0, ek x <o _ (7)

Wix,00 = 0 , a<|x|<b , |x|>e : (8)

~In the moving co-ordinate system, the équation of;motion becomes

independent dtf time and takes the form
s° W + W = 0, _ (9)

with s = VLl—Vz/C:). ST}

Introducing

Wc(f,y) = Jm W(x,y)cos(€x)dx
o

(11)
2 = : -
Wix,y) = o W (§,y)cos(&x)dt.
o € Lo e
in equation (3), the solution of equation (3) is obtained as
Wix,y) = g[m [C‘(f)e-fy°+ ca(g>efy°]cos(fx>dg, (12)
o .
with .
o (x,y) = - B8 e e rredYeo ¢ (f)éfy° cos (¥ x)dg (13)
yz T |, 1 " 3 -

Using the expression for Wix,y) given in (8) in equation (9), 1t

- has been found that

C(&)
C (&) =
1 1 - e—the
(14)
-ths
CS(E) - Eiiii____

’
1 e 28 ha
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where the unknown function C(¢) is to be determined.
From conditions  (8) and (10) it is determined that C(£) satisfies

thebfollowing quadruple integral equations

W . :
_ o
fm EC(frcoth(¥ns)cos&x)ded = 5fs * X € 11, I8 (15%5a,b)
o
and
r C(E)rcos(Ex)dé = 0, X € 12, l4 ’ : (16)
o
where

}1=(0;§Y,Iéﬁfa}ﬁiQﬂgiib,c),14=(c,m).

3. METHOD OF SOLUTION

In 'order to solve the quadruple integral equations given by

equations (15) and (16), let us take

Cy = éja h(u)sintfuddu + % g(vZrisech® (evisin(¥vidy, - (17)
*Jo b

where h(u) and g(vz) are the unknown_fgpgfiqns to~be'db£ermihed

from the boundary conditions of the proposed problem. Substituting

the value of C(Z) given by (17) in (16) and using the following

result :

, u>x>0

, u=x>0

‘sin(fu)costEx)
I

o A nlA

y X2u>0 ,
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it is found that this choice of C(f¥) leads to the condition
‘ 2 2 . :
JC g(virsech” (evidv = 0. | o 18
b .- b -

Rewriting equation (15a) as

d nwo

I [j C(f)coth({hs)51n(8x)d8’=viﬁg , X & I1 A FlQ)
and inserting the value of C(¥) from equation,(17) in (19), it is
found that h(u) is the solution of the followingusingﬁlar integral

equation :

. ‘tanh(ex)+tanhteu). - A
I: htwlog | omR e —tanh el du = 7#f(x), xeli. (209
with !
' S Vo o2 eg(v?rsech®(ex’ )sech® (ev)tanh(ev) N,
f(x) = E -ﬁ-; - ;[— . 2 dv]dx’ ’
o b tanh’(ev) - tanh® (ex’) -

where the following result (Gradshteyn et al., 1965) has been used:

sin(fursin(Zx) .1 tanh(ex)+tanh(eu): L3
Jj coth(fhs) I3 dz 7 %8| fannie-tanhew |’ °"Zhs °

Now using Cook’s result -(1970), the solution of (20) has been

obtained with the aid of the following result

Yitanh®(ea)-tanh®(ex)le sech®(ex)

dx
o [tanhz(ex)—tanhz(eu)][tanhz(ev)—tanhz(ex)]
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n f[tanhz(ev)~tanh2(ea)]

ztanhtev) tanhz(ev)—tanhz(eu)

for uel and vel ,
1 )

-2e tanh(eu)sech” (ew) Eg V[tanhz(ea)—tanhzyex)]

hs

' dx +
n[tanhz(ea)-tanhz(eu)] _ o tanhz(ex)—tanhz(eu)

h(u) =

+ Jé Yltanh® (ev)-tanh (ga)] g(vz)sebhz(ev) sl | (255
b

tanhz(ev)—tanh?(eu)
Substituting the resulting value of C({), obtained using equation
(22) in equation (17), in condition (15b) and making use ot the

following: results :

e sechz(eu)tanhz(eu) du.

o[tanhz(eu)-tanhz(eX)][tanhz(ev)—tanhz(eu)]V[tanhz(ea)-tanhz(eu)J

- n ’ tanh(ev)

2l tanh®(ev)-tanh®(ex)] |¥YI[tanh®(ev)-tanh®(ea)]

]
‘tanh(ex)

Yitanh? (ex)-tanh?(ea) ]

e sechz(eu)tanhz(eu) du

i . .
o[tanhz(eu)rtanhz(ex)][tanhz(ey)-tanhz(eu)]V[tanhz(ea)-tanhz(eu)]

- 129 tanh(ex)

- z 2 4 2 2 J
Zltanh” (ex)-tanh™(ey)] YI[tanh” (ex)-tanh (ea)]

for x,v e 18 ang y' e l1 s

it can be shown ihét“"g(vz) is the solution of the following
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singular integral equation :

eg(vz)sechz(ev)dv

JC Yltanh®(ev)-tanh®tea) ]
b

tanhz(ev)fténhz(ex)

dy“

_ nwo Yitanh® (ex)-tanh®(ea)] + EJQ f[tanhztea)—tanhz(ey')]
" 2hs 2 . n 2 2., .
. sech” tex)tanh(ex) o tanh (ex)-tanh (ey’)

, for x e lg. (23)

Using the finite Hilbért transform technique (Srivastava et al,

1968) and the following result :

Jc J[ tanh?(ec)-tanh’ (ex) ]"x'“g
b .

tanh®(ex)-tanh®(eb)

< ZSechz(ex)tanh(ex) dx

[tanhztex)—tanhz(ey')][tanhz(ex)—tanhg(ev)]

o R:: j[ tanhz(ec)—tanhz(eyf) ]
y

e[tanhztev)—tanhztey')] ténhz(eb)-tanhz(eyf)

the solution of'equation-(ZB) is found as

2. o tanh?(ev)¥Yltanh®(ev)-tanh®(eb)]
BLVY = - s '

Yittanh?(ev)-tanh®(ea)1ltanh®(ec)-tanh®(ev) 1}

5 Jc J[ tanh® (ec)-tanh®(ex) ]vttanhzce&f—tanhz(ea)l dx -
b tanh®(ex)-tanh®(eb)

tanhz(ex)-tanhztev)

L Ia J[ tanh® (ec)-tanh® (ey’) ]V[tanh?(ea)-tanhF(EY')l dy’ | +
_ : — dy
' o]

tanhz(eb)-tanhztey') tanh?(ev)-tanhzte&')-
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Citanh(ev)

‘f{[tahhz(ev)—tanhz(ea)][tanhz(ev)-tanhz(eb)][tanhz(ec)—tanhz(ev)]}

. : (24)

Next substituting the value of g(vz) from equation " (24) in

equation (22) and finaliy using the following result :
- l

Ic J[ tanh®(ev)-tanh? (eb) ]
Jo tanhz(ec)-tanhz(ev)

" 2gech?(ev)tanh(ev) dv

[tanhz(ev)—tanhz(eu)][tanhﬁkaxi)7tanhztevidﬁm_

_ ' n J[ tanh?(eb)-tanh? (eu) ]

eltanh®(eu)-tanh®(ex’ )] tanh®(ec)~-tanh®(eu)

. j['tanhz(eb)—tanhz(exf)"]
s
tanh® (ec)-tanh®(ex’)
for u,x' el ,
1

h(u) is derived in the form :

- ze¥, sech®(eu)tanh(eu)¥[tanh® (eb)-tanh® (eu) y

P15 Jiltann®(ea)-tanh?(eu) 1l tanh?(ec)-tanh?(eu) ]}

1

htu)

y J° tanh (ea)—tanh (ey’) ]f[tanhz(ec)-tanhz(ey')]
o tanh? (eb)-tanh (ey’)

> P dy’ +
tanh-(ey’ )-tanh” (eu)

dx}| -

JC tanh®(ec)-tanh?(ex). ]¥[tanh2(ex)—tanhz(ea)]
b

tanhz(ex)4tanh2(eb) tanhz(ex)—tanhz(eu)
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C1tanh(eu)sech2(eu)

Y{ltanh®cea)-tanh®(eu) ICtanh® (eb)-tanh®(eu) 1l tann®(ec)-tann®ceur 1}

(25)
Substitution of the value of g(vz) from equation (24) in the

condition (18) yields

]V[tanhz(ex)—tanhz(ea)] x

c = 2Ewo tanhz(ecf;tanhz(ex)
1 rths b

tanh2(ex)—tanh2(eb)

»{tanhztex)-tanhzteb) [n tanhz(ec)-tanhz(eb) ]
= - x 0 » q

L JFE gr+1bax +
2 . 2 2 2 2 2
tanh (ec)-tanh (ex) tanh” (ec)~-tanh (ex)

2 , 2
+ Ia J[ tanhz(ec) tanhz(es) ]fttanhz(ea)-tanhzces)] x
o tanh (eb}-tanh (esg)

2 a 2 2 _ 2
) R tanhz(eb) tanhztes) H %’tanhz(ec) tanhz(e’b),q /F(%,q) ds,
tanh " (ec)-tanh (es) tanh (ec)-tanh (es)

- (26)

t

where F(¢,q) and‘n(¢,n,q) are elliptic integrals of the first and

third kinds respectively and

q = J[.tanhz(ec)-tanhz(eb) ]

tahhztec)—tanhz(ea)

The relevant displacement and stress éomponents in the plane of

the crack can now be shown to be given by

ra
Wix,0) = h(uj)du , 0<x=<a
R . 4
< 2
= g(vircosh(evidv , b<x<c: _ (27
Jx
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and

: J1.- ' h(u)tanh(eul)du
Ed (x’O)]au«bnzwzps Jﬁ“A : zu - 2
Y= o tanh” (ex)-tanh™ (eu)

_ Ic eg(vz)tanh(ev)sechz(ev)
b

" 2 dv sechz(ex)
tanh” (ev)-tanh (ex)

[cyyz(x,cn]wc

2us J° eh(u)tanh(eu)du
o]

+
n tanhztex)—tanhzteu)
eg(vZ)tanh(ev)sech® (ev) 2
+ Jc gLy = : p dv]sech (ex). - (28)
b tanh (ex)-tanh (ev)

Now insertion of the values of h(u) and g(vz) as given by

equations (25) and (24) in the éxpressidﬁsﬁ128) yields, after some

algebraic manipulations,

[0 Cy 0] _— 299”0 _J[ tanh” (eb) -tanh® (ea) ]
, = —__°
ye L Taod ﬁhs tanh®(ec)-tanh?(ea)
tanh(ex)
x

- — Jq Fz(u;x)du + Jc F (v,x)dv} -
Yltanh® (ex)-tanh” (ea)l o b. 2 ’
2eltanh®(ec)-tanh®(eb)) ’
= Jo Fz(u',x)du'Ia F‘(c,u) FS(O,x,u)du +
[« o .

+ JZ Fz(v,x)va: F4(c,u) Fa(v,x,u)du} +

o g

T
| A

N

1 - tanh(ex)/V[tanhz(ex)-tanhz(ea)]_
Yiltanh®(eb)-tanh®(ea)ltanhZ(ec)-tanh®(ea) 1}

s
* el Cx{
o

+
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: 2 2
I: ' . el tanh (eb)-tanh (ea)]
+ e F‘(c,u) Fs(x.u)du} + = - x
o : - .

x Jc FZQV’,x)dv'JC F4(a,v) Fd(v',x,v)dv + Jq Fz(u,x)du
b b . [a] .
b 2 2
h"(ec)~-tanh (eb)
xJ F (a,v) F (u,x,v)dv - tan > c P
e ¢ e tanh“ (eb)-tanh (ea)
< ' sh C4 '
x F (u,x)du F (c,u">» F (u,u’)du’ - H o X
1 < o eW X
o o o 1
.x % - tanhlec) +_etéhh2(éa) Jc F%(x,v)dv sechz(ex)
V[tanhz(ec)-tanhz(ea)J ' b .

and

[0 (x,0] = 2Hebo _J[ tanh?(eb) -tanh® (ea) ]
’ ’ D —
& e i nhs tanhz(ec)—tanhzcea)

x - :anh(ax), 2 JQ Fz(u,x)du + Jc Fz(v,x)dv -
YItanh® (ex)-tanh“(ea)] o b

; 2 2 ) - :
) - l"‘ _ v
zeltanh tec)-tanh (eb)] { F (u',x)du'] F (c,u) F_(0,x,u)du +
ﬂ 2 o * 3

o]

+ JC F (v,x)vaQ<F (c,u) F (v,x,u)du} +
2 4 3
b o .
, Hsh ln 1 - tanh(ex)/¥Y[tanh® (ex)-tanh® (ea)] .
9”0 112 V{[tanhz(eb)-tanhz(eal]Etanhz(ec)-tanhz(ea)l}

. o ‘ . | R

+ eJ F4(c,u) F5(u,x)du} _ eltanh (eb)-tanh tea)]

n
o
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x “TF (v’ ,x)dv’ F (a,v) F (v',v,x)dv + Iq F (u, x)du
B 2 b 4 <] ° 2

tanhz(ec)—tanhz(eb)
x F (a,v) F (u,v,x)dv + > > _
b 4 e tanh“(eb)-tanh (22a)

T
>

[11]

N S Ct
xl F (u,x>duj F (c,u’) F_(u,uddu’ p + So— = x
1 4 o4
(o] o o] 1

x % taﬁh(EC) + etanh? (ea) JC F7(x,v)dv -
V[tanhz(ec)-tanhz(ea)) b .

f

_J[ tanh’ (ec)-tanh’ (eb) ] tanh(ex) 5

tanh®(ec)-tanh®(ea) V[tanhz(ex)—tanﬁz(ec)]

x Jq F (u,x)du + Jc F,(v,x)dv sech? (ex) , . (29)
o 2 b
where - i}
' tanhz(ec)—taﬁhz(eu) tanh(eu)
Ficu,x) = — T 2 2 2
tanh” (eb)-tanh (eu) tanh (ex)-tanh (eu)
" 2 2 2 . 2
E (v,x) = ][ tanh®(ec)-tanh” (ev) ] Yl tanh® (ev)-tanh® (ea)]
2 tanhz(ev)~tanh2(eb) tanhz(ev)—tanhz(ex)
Fatv,x,u) - :anhgex) _ rant :an:::u;
‘ Yitanh® tex)-tanh“(ea)) an X
2 2
x J[ tanh®(ex)=-tanh (ea) ] _ tanh(ev) 9
tanh®(ea)-tanh?(eu) f[tanhz(ev)—tanhz(ea))
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. tan-tlranhiew J[ tanh? (ev)-tanh’ (ea) ]
| tanntev) tanhz(ea)—tantheu)

.sech?(eu)tanh(eu)

F (w,u) = _ _ 2 ) 2
) Y{ltanh“(ew)-tanh“(eu) 1 [tanh” (eb)-tanh"(eu) 1}
= L2 ¢ 2, - 2 -1 (tanht(eu)
Fs(u,x) = [2tanh” (eu)-tanh” (ec)-tanh (eb)]{sin [tanh(ea)]
- Fs(ov X, U)}
thu,x,v) = tanh(ex) 5

Yitanh?(ecs-tanh®(ex)]

log tanh(ex)¥Y[tanh®(ec)-tanh®(ev)I+tanh(ev)¥Itanh®(ec)-tanh®(ex)]

tanh(ex)V[tanhz(ec)—tanhz(ev)]-tanh(ev)V[tanhz(ec)-tanhz(ex)]

tanh(eu)

>
Yltanh®(ec)-tanh®(eu’l

{

tanh(ew)Y[tanh®(ec)-tanh®(ev)l+tanh(ev)¥YItanh®(ec)~-tanh? (eu)l

taqh(eu)fttanhz(ec)—tanhz(ev)]—tanh(ev)thanhz(ec)?tanhz(eu)]

F _ 2 . 2 2
F GG v) = tan_1'J[ tanh” (ec)-tanh” (ex) ]J[ tanh® (ev)-tanh” (eb) ]
tanhz(ec)—tanhz(ev) 'tanhz(eb)-tanhg(ex)

sechz(ev)
- . x

Y(Ttanh?(ev)-tanhZ(ea) 1%}

Fe(u’v’”’ = - _2tanh(ex) tan~? tanh(ev)wx
. YLtanh® (ex)-tanh®(ec)) tanh(ex)
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J[ tanhZ(ex)-tanh®(ec) ]} tanh(eu)
x - + >

tanh®(ec)-tanh?(ev) Yl tanh? (ec)-tanh®(eu) ]

tanh(eu)f[tanhz(ec)-tanhz(ev)]+tanh{ev7¥[taﬁhz(ec)-tahhz(eu)]

lo —
tanh(eu)V[tanhZ(ec)-tanbz(ev)]-tanh(ev)¥[tanhz(ec)-tanhz(eu)]
F (u,u’) =
p -
iog tanh(eu)V[tanhz(ea)~tanh2(eu)]ftanh(eu)V[tanhz(ea)—tanhz(eu)]
tanh(eu)#[tanhz(ea)—tanhzteu)]-tanh(eg)f[tanh?(ea)-tanhz(eu)]
and X, = Y(Ltanh®(eb)-tanh®(ex) 1Ctanh?(ec)-tanhZ(ex)1}.
(307
The dynamic stress intensity factors are defined by
N = lim Y{2(x-a)lle (x,0)1:
a X+a+ vz adx<b
- lim VL2 y1lo  (x,0)1
. Nb = x?g_ 2(b-x) ayz(x, ) acsch
N = lim Y[2(x-a)1lo  (x,0)] ' (31)
=] XC+ K Yz x>e

Substitution of the results'givén by equations (29) in expressions

(31) yields

_ tanh(ea)|. tanhz(eb)—tanhz(ea) 2ew°
N = —_— 'l 1L s T - F (u,aj)du +
a . e th ° 2

tanh?(ec)-fanh?(ea)

. . .
+ J Fz(v,a)dv -
b .
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;.JSC1

: (
’y P > 3 ]sech ea)
Y{l[tanh“(eb)-tanh“(eal)lltanh“(ec)-tanh“(ea)l}

. usC .
Y{Ltanh®(eb)-tanh®(ea)Iltanh®(ec)~tanh®(eb) 1}

J[Eingisgl]sech(eb)

tanhz(ec)—tanhz(ea) o

<
+ J Fz(v,c)dv +
b

‘ 2 2 2eW :
N = J[tanh&ec)][_ J[tanh (ec)-tanh” teb) ] ° {Ja F (u,c)du +
c , e : h 2

ysC1
4+

. sech(ec)
f{[tanhz(ec)—tanhz(ea)][tanhz(ec)-tanhz(eb)]}] :

I

(32a-¢)
Again insertion of the wvalues of h(u) and g(vz), given by
equations (24) and (25), in the expressions for displacements

given~by equations (27) yields

W , 2 _ 2
(W(X,O)]o _ o 2ltanh”(eb)-tanh“(ea))

Zx<a hurn s

Yltanh®(ec)-tanh®(ea) ]

3 Jc 0 taﬁﬂztev);iaﬁﬁz(éﬁf"'a J[ tanh®(ec)-tanh®(ev) ]
k ’ - 4 3 X :
b tanh®(ev)-tanh®(ea) tanh®(ev)-tanhZ(eb)

. dv , _ jq 1l tanh®(eb)-tanh® (eu) al =
B 3 [
V[tanhz(ev)—tanhz(ea)] o tanhz(ea);tanhz(eu) ’
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y J[ tanh®(ec)-tanh® (eu) ] du _
tanh®(eb)-tanh®(euw) 4 YI[tanh®(ea)-tanh®(eu)]

CFON, Q)

ev¥[tanh®(ec)-tanh®(ea)]

and

[Wix,0)] = EEg_ tanh®(ec)-tanh®(ev)
X bExZc humrs > 2
b tanh“(ev)-tanh (eb)

tanhz(ev)—tanhz(eb)

tanhz(ec)—tanhz(ev)

% V[tanhz(ev)wtanhztea)]{F(K',q)+

, tanh®(ec)-tanh®(eb) tanh® (ec)-tanh® (eu)
x TIEA’, P > + Q¥ dv + > > x
tanh” (ec)-tanh (ev) ) tanh™ (eb)-tanh” (eu)

tanh®(eb)-tanh®cew)

tanhZCec)—tanhz(eu)

x V[tanhztea)—tanhz(eu)]{F(k',q)-

' 2 \ 2 c
% n{x: , tanh (ec)-tanh (eb) ,q}}dU] + __;_ F(A? ’q)] %

tanhz(ec)—tanhzteu)

x ! , (33a,b)

YILtanhZ(ec)-tanh®(ea)l

where

. tanh®(ea)-tanh® (ex) s~ e tanh®(ec)-tanh®(ex)
gink = > > s sinn® = 3 P
tanh (eh)-tanh (ex) tanh (ec)-tanh (eb)

and F(¢,q), Mg, n,q) and q have been defined earlier.
On putting b=c and simplifying, it may be noted that the results

(33a) and (32a) become those given by equations (3.18) and (3.21)



139

of Singh et al (1981, and for a=0 the results given by (32b),
(32c) and (33b) coincide with those given by equations (4.21),

(4.22) and (4.17) of Das and Ghosh (1991).

4. 'NUMERICAL RESULTS AND DISCUSSION

Numerical results for stress intensity factor at the tips of the
cracks for different values of crack speed, crack length and the
separating distance between the cracks are presented in this
section. The crack length dependenée of the stregss {intensity
factors and its varigtions_with y{Qz:§re shoyn in Figsf2—5. It i=
shdwniiﬁ Figs.2 and 3 that stress Intensity factqrs at the edges
ot the érackstécrééﬁé”With an increase in the values of v/c, and
have a prominent variation when V/Cz+1. Variatjoﬁé. of ’strESs
intensity tfactors at the edge x=a become more prominent than those
at the tips x=b and x=c when the length of the 1inner crack
'increases.
Variationg of stress intensity factors at the edges of the c&racks
wiﬁh a’/b vfor different values of ¢/b and those with brsa for
different values of c/a are plotted in Figs.4 and 5,'respeétivély;
lt>is found that when the separating distanCe-betweég the innef
-erack and outer pair of cracks decreases' the stress -intensity

factors at the tips x=a and x=b become,mbré,promineﬁf'thén that~a£

the edge x=c.
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Fig. 4. Stress intensity factors vs b:u: (== =) AN [ H’.)\/::)' (= =) AN, 11 H’.;\./Zs (—==) hN_/p W,,\/;.
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FOUR COPLANAR OGRIFFITH CRACKS MOVING IN AN INFINITELY LONG ELASTIC

STRIP UNDER ANTIPLANE SHEAR STRESS

1. INTRODUCTION

In recent years, scattering of elastic waves by cracks of finite
dimension in a strip of elastic material has been investigated by
several investigators. The theory of cracks in 2-dimensional
medium was first developed by Griffith (1920). Sih and_Chen (1972)
solved the problem of a uniformly propagating finite crack in a
strip of isofropic material under.planehextensioﬁh.Sthgh“et al.
(1981) also studied the problem of pfﬁb;éagion for a finite lengﬁh
crack moving in a strip under anti-plane shear stress and gave the
closed form solution. In the above analysis, the usual method of
solvi;g mixed boundary value broblems by integral transforms is to
reduce f?e problem to a Fredholm integral equation of second kind
and then proceed to its numerical solution.

As regards the crack problem fesearch has been'réstricted mainly
to the case of a single crack or a pair of cracks because of the
severe mathematical complexity encountered in solving the probléms

ot three or more cracks. Jain and Kanwal (197248)solved thé’]ow

frequency solution of diffraction of normally incident
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longitudinal waves by two co-planar Griffith cracks in an infinité
isotropic elastic medium. Using a completely different technique
ltou (1980b)solved the diffraction problem of elastic waves by two
co-planar Griffith cracks in an infinite elastic medium. Problems
on three coplanar Griffith cracks moving steadily in an elastic
strip has been solved by Das and Sarkar (1993).

To thé- begt knowledge of the authors, the problem of stress
distribution around four co—plaﬁar Griffith cracks in a strip has.
not been investigated so far. In this paéet we have conéidered the
problem of propagation of four éo-planar Griffith cracks moving
steadily in an infiﬁitefy”ioﬁg-fiﬁife’Qidth strip Qnder antiplane
shear stress. Q;acks%éré assumed to be moving steadily a)ohg a
fixed direction with a constant speed V less than.the shear wave
velocity in the medium. The applicatibn of fwo—dimé;sional Fourier
trangforms reduced this problem to that of solving a set of five
.inteéfal equations withA cosine kernel and weight function.
Employing finite Hilbert transform technique (Srivastava.et al.,
1988); the closed form solutions are obtained when the léteral
boundaries are subjectéd to shearing stresses. The ‘dynamic sfress

intensity factors and the crack opening displacement have been

evaluated numerically for various values of crack veldcity and

distance between the cracks and the results have been presented by

meansgs of graphs.
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2. FORMULATION OF THE PROBLEM

We first consider a strip of elastic material occupying the rggipﬁ
-h'<£Y<h’ referred to a fixed co-ordinate system (X’',Y’,Z2') as
shown.in Yig.l. The strip extends from -® to ® in X’ -direction and
éontains four coplanar Griffith cracks such that these cracks are
located in the region -d’<X’'=<c’ , -b’'=X'<-a’ , a’'=sX’'sb’, c’'=X’'=d’,
|2’ | <0y, Y''=0 moving'at a constant speed v in the X’ -direction.

in dynamic problem of antiplane shear, there exists a single non-

vanishing component of displacement W = W(X',Y ,t) 1in the

Z'~-direction. The corresponding stress components are

_oew _ 4w
Txrzt - HaEXT ’ Cyrge T HyT | (2. 1)

where pu is the shear-modulus of elastic material.
The two dimensional wave equation for W(X',Y',t) is given by
%\ %\

+ =
ax'? . ay-Z

@
=

(2.2)

[¢]
N N
N

where c2=(;.z/p)‘/2 is the shear wave velocity and p is the density

cf the material.

Using Galilean transformation, x’=X'-Vt, y’'=Y’, z’=2', t’=t where

(x*,y’,2’) represents the translating co-ordinate system as shoun

in fig.1 and also normalizing all the lengths with respect to ‘4'®

so that x’=d’x, y’'=d'y, a’=ad’, b’=bd’, c’=cd’, h’ =d’h, W=4d'w,

equation (2.2) reduces to
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2 2
2 9w + a w = 0 (2.3)
ax> ay’
with
s? =1 - vzlc:. (2.4)

Since the geometry of the”ﬁrb&iém'ié'symmetric about the y-axis,

so introducing Fourier cosine transtorm

Ai(f) = Jw A(x)cos(¥x) dx
o

and

A(x) = %Jw'Ai(E)cos(fx)'df

Q

we obtain the solution ot equation (2.3) as

Wik, y) =*§Im [At(g)exp(-gws)+Az(f)exp(&y&)]cos(fx)df (2.5)
o o . : (Y20)
with : ‘
ngjm[Ai(ﬁ)expg-éwb) - Az(f)exp(ﬂyﬁ)]fcos(fx)df
(o]
(922

o (X,y) = -
yz

(2.6)
where.s is the positive root of equation (2.4) and Ai(f)’ Az(f)

are the unknown functions to be determined.

In our cdse uniform shearing stress p is applied'to the upper and
lower boundariés y=th of the strip. The equivalent problem in ouf

cagse involves the application of the shear stress -p to the crack

faces at y=0. Accordingly, the boundary conditions are
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o (x,xh) = 0 , 0<x <

Yz .

wix,0) = 0 , X & It’ ls,ll5
ayz(x,O) = -p X e 12, l‘

where

3. SOLUTION OF THE PROBLEM

Using the expression for . wix,y)from (2.5)

in 2.7

found that

= ACZ) ._
Ax(e) "1 + exp(-2fhs)

and
Az(f’ - AlZ)exp(-2fhs)

1.+ exp(-2fhs)

where A(E)

it

(2.7)
(2.8a-¢?

(2.9a-b)

11=(0,a), 12=(a,b?, laf(b,c), If(c,i), 15=(1,m).

has been

is to be determined from the boundary conditions.

With the help of boundary conditions (2.8) and (2.9) A(¢¥) is found

to satisfy the following set of five integral equations

(€ =
Io AlE)rcos (¥ x)aE o, X e l1, ?3, 15
and

I H (Ehs)ACE) d¢ = P

. g . &nhs €rcos(E x)d¥f Zas  ? X & 12, l4

where.

. :13.1a-c)

(3.2a-b)
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_ 1 -.exp(—ZEhs) - ' ¢ )
H (Ehs) = 7 EXpC-2Fhs) tanh(&hs) 3.3

In order tb solve the set of five integral equations given by

equations (3.1) and (3.2), let us take

Ay = ljb g(uz)cosh(eu)sin(fu)du +

+ =1 h(v®)cosh(ev)sin(¢v)dv. (3.4)

In équation (3.4), g(uz) and h(v®) are unknown functions to  be

determined from the boundary conditions and e = E%E .

Using the folldwing result (Gradshteyn et al., 1965)

a .
fm sin(fu)cos (¥ x) dz = 5 s UXx20
° ¢ 0, x>ud>0

it is found that the choice of A(f) satisfies equatioﬁs (3.1a,c)

if g(uz) and b(gz) satisfy

]
(&)

b .
J»ngu?)cosh(equu ’ ‘ (3.5a)

[=3

and

(3.5b)

u
o

J‘1 h(vz)cosh(ev)dv
<

Now equations (3.22<HY #aéy be written in the form

d ' .
o g “Ihe » i D o = n D \
dxvio taﬁh(({hf)/#\((f));%ﬂm&fm»mf % - % & lxz' 1 (3.Sa—b)

4



150

Substitution of equation (3.4) in (3.8a) and use of the following

result (Das, 1992)

sinh(ex) + sinh(eu)

- 1
I@ ¢ tanh(Ehs)sin(FWsin@ A = 5 108 | rpie == Trr(a0S
o ' o
yields
: 2 . oo I T '
Jb eg(u Jsinh(2eu) du * J‘1 e:(v )51nh(ze:) dv - (3.7)
a.sinh®(eu) - sinh®(ex) ¢ sinh™(ev) - sinh” (ex)
= P : x € 1.

@s coshtex)

Substituting coshteu) = U, coshtev) = S equation (3.7) is found to

reduce to the form

(3.8)

8 2 .
J YeUD) 4y = 2Ry, (ACX<B)
2 .2 2
A U"-%X
where X = cosh(gx) s, A = cosh(ea), B = cosh(eb), C = coshlece),

D = cosh(e) , g(uz) = G(Uz), hev?) = H(s?) and

D 2
Foo = Bo - %J 521551 ds | - (3.9)
H s®-x

Using the finite Hilbert transform technique (Srivastava et al,,

1968) the solution of equation (3.8) is

S “12_.2 |- 2_y2 | . =2
Gy = - 2 CheLu |- 5 .,-sz;.g]” SHS® 45 |
SREP |- 2BVl DA PaEV Gl e s*-x2
- x*‘ -d~x~_ P . B . ) v
x —— 4 ,  (AKUCBY . (3.10)
X" -U 2 a2, o2 2 . .
du?-a%) (822 :
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The constant B1 is to be determined from equation (3.5a).

Using the result

1B%-x* X_dX n |s?=B® 1
R SR Us oPld-n 2 |s?-a% 22
eduétidn (3.10) can be rewritten as
. ' z .2 2 2 z 2
G(UZ) nzg U' Az Bz x2 dxz - % Uz Az x
H g2 2_y B%-u

-U X"-A" U
A .

B
C.‘
-B* SS( 2) 4s + : ,  (A<ULB) (3.11)
-A* g%~y 2_,2, 2.2 - '

daz-a ) (B*-U%)

Substitution of expression for A(f) from (3.4) in (3.66) yields
with aid' of (3.11) the following singular integral equatidn

invdlving H(s?)

(3.12)

: _ B™-A ) -
where Q9 = 5 and F(g¢,k) , M(g,n,k) are elliptic integrals

of first and third kind regspectively.
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While deriving‘equation (3.12), the following results have been

made use of.

u%-a? U du . n X-a% _ Js"'—A2
B2-0% (X2-U%) (s2-U%) 20vF-¥%) x2-p2 s%-y?
A .

B . .
2 .2 . . - 2 o2 . ao 2_,2 2_.2
U —5_ U du B -2 daz . .n X A2 Az[xz B ]H _ BZF
R BZ-u? (x%-u%) N 72-a%2 (U%-Z7%) 2BX2] X2 -B AxZ - p%
and
v du = i (CKX<D).

2 2 P
XT-UD T2 a2y (p2-0%) 2 [ (x%-a%) (X*-B%)

Again, 1uéing finite Hilbert transform technique (Srivastava et

al., 13968) it is found that

Heg?, = - 2 }CSZ-AZ)(SZ-CZ) p 1 0®-x%) (*-B%)
T ls%-8% (p®-8%) | H° (X2-c%) (x*-a%)

S S (D%-¥%) (B®-¥?*)  dY n |p?-a2 B,
(x2-g%) (Y2-A%) (c®-v?%) (s%2-Y%)

C®-A% (s%-a%)
+ : BZ JSZ‘A2

l(s2-%) (s2-¢c?) (p%-5?)
where we have used

(C<S<DY  (3.13)
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|p®-x* X_dX __n |D%-A% 1
o AXE-c? (X2-A%) (X%-5%) < 1c%-a2 (5%2-A%)

the constant B2 occuring in (3.13) is to be determined using the

condition given by equation (3.5b).
Next, substituting the value of H(S®*) from equation (3.13)

equation (3.11) and using the fallowing resgults

s?-¢? sds. ' _ _mn |c*-v? 1 -
o AD%-s® (s%-ut) (-5%) < 1p%-1% (x2-u®)

§%-c? sds n L S Lt
. p%-5% (s8%-a%)(s%2-U%) 2 (U%-a%) DZ- A% DZ-1?
S ds . = n " (ACU<B).

z_ 2 s
(ST-UD g2 ey (0%-52) 2 | (c®-u?) (p2-u?)

G may be written in the following form"

CU?) = gluz—A2 _p|__BZ-U%) Azn[n . X2(B%-A%) ‘q],,
NF y T
"1B%-u* M5 |BUZ (U2 -A%) 27 B2(x®-a?)

2 .2 2 2 2; 2
K (Uz-Az)F(% , q)} + % F(% , Q) - C2 U [(D X)) (X"-B™)
2 o XF-C®) (x®-a%)

- in



' dx N (D%-v%y (B®-Y*)  dy . (B*-v*)  ay .
x 5 5 -
KO GEIUAP I I (Y2-a%) (c®-v%) (v -u®) AJ(Yz-A“) (Y% -u%)

. . B
. ](DZ—AZ)(CZ-UZ) B, 2 {U%-A%
(c®-a%) (p*-u%) I(Uz_Az)(Bz_Uz)

1 (B%-U%) (c®-u?) (D2-U®)
(A<U<B) (3.14)

To determine the values of the unknpwn constants 81 and Bz', we

substitute H(S*) and G(U®) given by (3.13) and (3.14) in (3.5a,b)

and obtain

. Ka(Kiz—K; - KK K )
8, = RK K+ KK (3.152)
3 s
Cop [ RRGK K0 - K (K +K ) :
BZ = ;—TE RR K TR K (3. 15b)
4 G s
where ‘
D Mz(S)
K = JD M (X)ydX J as ) : : (3.16)
1.4 1 2 2
c c X'-8 :
M_(S)
K = JB M (Y)dY JD das (3.17)
1,2 1 2 2
‘ A c S -Y
D B Mz(U) '
KLS = I M_(X)dX J —— du ' (3.18)
c A X -U
B MZ(U) ) -
K = J M (Y)dy JB' au . (3.1
2,3 A 1 | A YZ_UZ .
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B Mz(U) Mz(U)
K = I du , K = JB du
3 2 A C2-y? 4 A UZ-aZ
M (S) D MZ(S)
K = RID as ' K = —_[ : ds
5 o S2-a2 s 2 c s2-c2
2 2 2 2 2_ 2 2 2
M (T) = (D"-T )(T2 Bz) , MZ(T) . Az)(Tz Cz) T
! (12-¢%) (1%-A%) (1*-B%) (0°-T%) [C2 ]
and o
n |D%-A%
R="35 |Z =
C A

The corresponding

of the cracks may

wix,0)

and

‘ [oyz (%, O)]o<x<a =

4. STRESS INTENSITY FACTORS

disﬁlabement and stress components.in

be written as

B 2 V
= % J Egig—l auv X € l2
* Ju*-1
D 2.
= é I SH(S ) das |, x € 1
* 1s%-1 ‘
2usX [ j‘ UG (U%) U + J” SH(S%) ds]
n a VF-¥2 c S22

(3.21)

(3.22)

(3.23)

the plane

(4.1a,b)

(4.2a>
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’ ~ . 112 2
[0 (x,0)] = 2usX VG ) yy - | SHES) dS] (4.2b)
vz bdixce 11 a X2 _U2 c -Sz_xz
’ B 2 D 2
Ea (x,O)] = E&EE [ EELE_l du + Eﬂiﬁ_l ds]“ C4.2¢c)
Yz x>4 rz‘ A XZ_UZ Je xz_sz

With the aid of the results given by equations (3.13)> and (3.14)

the expreésions (4.2a-c) yield after some algebraic manipulation,

the results

B

[oyz( X o) ]0<x<a.

[oyz( X, 0 )]b<x<c

[oyz“( X, O)]xn

where

2us

= . [F(X)

I 4 1
- F (XD

5
=“"‘S[F(x>

k14 1
- F (XD

S5

_ 2us

(X))
S

!
n

(XD
2

~ F_(XO
-]

X0
2

F_(X)
a

F_ (XD
7

F _(X)
E]

F_(X)
7

F (X) -

4

FB(X) ]

F (X) -
<

Fo X0 ]

[ F.(X) - F_(X) + F_(X) + F_(X) -
1 2 3 4

- F (X)) - F_(X) - F_(X) + F, (X ]

F (X) =
1 nus.

2pX (p%-¥%) (Y2-B%)
(v2-c®) (v%-a%) |

(4,.3a)

(4.3b)

(4.3c)

(4.4a)
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2
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>
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‘B : e
; 2 2 2 ,2 : . .
2pX (p%-v*) (B%-v%) n2 5
(c®-v%) (Y?-a%) 2(Y2-%%)

T =z 2 2 .2 .
w |LE B (A 'Xz? ¢ 22 x, vy | ay
(p?-B%) (B%-x%) A

Bix T (c2-8%) + JBP () (D%-A%)
o 1ot Ac (c%-A%)

2 2 .
B, X |— - {1—l——-——(A2 Xz) } + K0P
2 I(CZ—BVZ)(Dz—Bz) (B°-X) .
- ‘ dl 2 Y S 4 2.‘
. 2pX (0%-v%) (v?-8%) o
s (Y2-C%) (¥2-a%) | 2(¥Y3-x%
[z .2 2 .2,
< (DZVAZ)(C2 Xz) B LD,B(X’Y) ay
4 (D%-B%) (D*-x%)» .
B - -
_ 2pX l(b’—yzusz—yz) n o cE-x®
nHs (C®-v%y (v?-a%) | 2(¥*-x% | Ip2-%°

) 2 2 z 2
- JC‘Z-YZ Dz A, 12 (X, ¥
D% -y% - pD?-p? A

]' a

(4.4b)

(4.4¢)

(4.4d)

(4.4e)

(4.4¢%)
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i 2 2
R LS O SHN [ ELLs
A 1 dc®-2%
B X-{-_ .|, .2 _,2 e
Fooo = 3 | B2 =0 oo (4.4h) .
e . 2. (p?-g%y & _ :
(2 _2 2 2 2z 2z 2 =2
1‘:':(x,vj 3 s2 Rz (Yz Pz) can-t cuz P2>(Y2 Qz) )
' . - (v2-@%) (Q%-U%) (Y2-P%)
2 2 2 2
(w%-p% (@*-x» } U du 4.4

C (PZ—X?J -1
B ST N
(R7-X")

(Q?—Uz)(Pz-Xz) JkRz_Uz)(Sz_Uzja

2 .2 2_ 2 Mz o2 2_,2
L:’:(X,Y) - Sz Rz (F’2 Xz) tan—xJ(U PYy(Q -X") +
‘ . L-x J(Q -x%) @?-v® (P*-x% . -

N

(Y2-P?%) log (V2-P%) (@®-Y%) — I(Qz—uz)(Yz—Pz)
(Q%-v2)

L -p) (@®-v%) + 1 @@-v®) (v3-p%)

U du
x

1(R%-U%) (s2-U

(4.4¢)

};

(4.4
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J9S gy - { taﬁalzbz-P2)<Q2-x2) } u(s2-r?) du
P.R 2 12, n2_y2 ‘ .
p (Q™-UT) (P™=X™) IkRz_Uz)(Sz_Ug)s
e 2 .2 2 2
Q.S -1 [LU-PF) (P-X")
K (X) = tan >3 r—
PR (Q%-u*) (Q%-%%
P . .
-~ (0Z-P%) (@%-x% uc2u?®-r%*-s* du
x tan — 2 > - :
| (R°-VU )QP =X I?RZ-UZ)Q(SZ—UZ)Q_
X, = da%-x%) (B2 -x%) , X, = lc2-x%) (o2 -x2) .

The dynamic stress intens&ty factors are given by

With the aid of

that

ay;fx;bf
Na = Lt {2(a-x) ———5———— ocxca
o xoam :
_ ayz(x,O)
‘ Nb = Lt {Z2(x-) 5 boe
x+b+ .
) ) o (x,0)
N = Lt {Z(c-x)|-XZ
< p b<x(c
X »E -
' o (x,0)
N = Lt {Zx-1)| 22
1 P 1192 §
X+41+
the results given by (4.3) in
N = - psYA B
a 3

de(a%-1)172(p2_,2)

(4.5)

(4.4k)

(4.41)

(4.4m)

(4.52a)

(4.5Db)
(4.5¢)
(4.54)

it follows

© o (4.6a)
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’ 2 .2 2 2 .
N o= - usvB [_ ips JZB ~A :(CZ—B ) JaGi(Y’dY .
b ' - TH : (D* -B%) A
Je®-1'®
2 2 2 2 2A 2
- - (B% -a%)
+rG (Y)ady +' 2 (S BZ)(IZD AZ) 2 Bl. - I 2 2 2 2 BZ
et Jd (B%-a%) (Cc%-A%) (*-B% (c*-g%)» (D*-B8%)
(4.6b)
2 2 i . . .-
N = - us{cic?-a?) B (4.806)
< 2 2 .2 2 : :
lecz- 19172 (c2-p2) (p%-c®)
' : . [z_,2 2_ .2
N = - — us¥D [_ izs JQD A i(Dz c®) {JBGz(Y)dY .
. — : g
e (D2 -1)12 (D™ -B™) A
' : 2 2 ' 2 2 '
' J-DGZ(Y)dY * (ZD-_CZ) 2A B * 2 (D —AZ) 2 BZ
c (D*-B% )y (c®-a%) 1 (p%-¢c%)y (p%-B%
(4.6d)
where ‘
' 2 .2
G, (¥) = {0*-v? (4.73a)
J(v%-A%) (v2_p?) (v2-c2)
» 2 2 -
JcB -yY%)
G (Y) = (4.70)

1Y%-4%) (c2-v?) (p2-v%)

The crack opening displacements are obtained by using the
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expressions "for G(Uz) and H(Sz}'from equations (3.14) and (3.13)
in equations (4.1a,b).

‘Again letting - -a »“O"aﬁd-simplifying, it méy be nﬁted ‘that the
results (4.6b), (4.8c) and (4.6d) become those given by equations

(3.16) of Das (1883).

5. NUMERICAL RESULTS

The numerical! values of stress .intensity factors (SIF) Na, N, N

b c
and N1 given by (4.6a-d) at the tips of the crack have been
plotted against crack speed (V/cz) fQFﬁqi{?e@ent véluésfof créckA
lengths, separating distancés of the cracks and strip width(h);:
Keeping théblength of the outer cracks and_distance betwéen inner
; and opterlcracks tixed (b=0.6, c=0.8) SIFs ét-the ;{ps of the
cracks have been plotted against crack séeed (O.iSV/c2<1)“ for
different lengths of the inner cracks (a=0.2, 0.4) and strip width
(th=1,3,5). It is found from the graphs (fig.2-5) that SIFs
increase rapidly as V/c2 - 1 and with the decrease in the value
of inner crack length i.e. with the increase in the value of the
distance between inner cracks the value of SIF deéreases; |
When lengths of the outer cracks and the distance Betwéen innef
cracks are kep£‘fixed (a=0.2, c=0.8) it is noted from the graphs

(fig.6-9) that with the increase in the value of b (0.4, 0.6) i.e.

with the decrease in the value of the distance between inner and
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outer cracks S1F increases.:

Next, keeping the lengths of the inner cracks fixed (a=0.2, b=0.4)
it is seen from the graphs (fig.10-13) that the value of SIF N, is
higher for higher values of ¢(0.6, 0.8). But ‘the nature 1is
opposite in ease ot Na, Nb and N1.

In all the cases mentioned above the SIlFs increase with the
increase in the value of V/czgradually at e slow rate in the
begining but increase rapidly as V/c2 + 1. Also the value of SIFs
are higher for lower values of h in these cases.

The nature of SIlFs, when plotted against ‘a’ are exhibited in
fig.14-17. In fig.14 for fixed stripvwidth (h=2) SIFs have been
plotted against fa' for different values of V/czfo.i,O.B). From
the graph it is found that SIF NB “ftfsfly* increasesl~with the
increase in the value of *a’, attains a maximum and'then decreases
rapidly whereas £SlFs N and N‘ ‘decrease gradually» with fhe

b

increase in the value of ‘a’. Further it is found that SIFsvare
hiéher for higher values of V/cz.

In fig.lé—l?, SIFs have been plotted against ‘a’' for different
values of h(1,2,3,4) when V/c2 is kept fixed. With the increase in
the value of ‘a’, Nb first increases and then decreases shafply.
But NC and N1 decreaee~gradually (fig.16-17) with the inecrease 1{n
the value of 'a’. In all the cases (fi{g.15-17) values of SIFs are

found to be higher for lower values of h as expected from the

physical standpoint.
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CHAPTER - III .

LOW FREQUENCY SCATTERING OF ELASTIC WAVES BY GRIFFITH CRACKS IN

ORTHOTROPIC ELASTIC MEDIUM

PAPER 7 : Diffracﬂion‘ of elastic waves by two parallel rigid

strips embedded in an orthotraopic medium.

PAPER 8 : Interaction of elastic waves with two coplanaf Griffith

cracks in an orthotropic medium. -

PAPER O : Diffraction of elastic waves by three coplanar Griffith

cracks in an orthotropic medium.

PAPER 10 : Elastic wave scattering from four coplanar 0Griffith

cracks in an orthotropic medium.
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DIFFRACTION OF ELASTIC WAVES BY TWO PARALLEL RIGID STRIPS EMBEDDED
IN AN INFINITE ORTHOTROPIC MEDIUM

1. INTRODUCTION

Recently, with the increased usage of maproscopically anisotropic
construction materials such as fibre;féinfofced composites, the
study of intéraction of elagtic waves wifh cracks or inclusions in
composite materials has gained much importance. The proBlems
invol&ing inclusions in isotropic medium have been studied by many
authors. falaiya and Majumder (1981) considered the problem of a
single strip at a bimaterial interface. Foféed vertical vibration
of a single strip.was treated_by Wickham (1977)l Jain andSKaﬁwal
(1972b)have sofved the problem of two rigid strips embedded in an
lsotropic elastic medium. Recently Mandal and Ghosh (1392b) have
treated the problem of vertical vibration of two rigid strips on
the surface of a semi-infinife medium. The ﬁroblem "involving
single Griffith crack in orthotropic medium was investigated by
Kassir and Bandyopadhyayl (1983), Shindo et al. (1986), De and
Patra (1990). Shindo et al. (1991) have investigated the impact
response of symmetric edge cracks in an orthotropic strip. But
perhaps, due to mathematical complexity{ elastodynaﬁ;c problems
involving two or more Griffith cracks or strips

in anisotropic

materials have not yet received much attention.
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In our praoblem, the interaction of normally incident time harmonic
elastic waves with two rigid strips embedded in an infinite
orthotfopic medium has been considered. The resulting mixed
boundary value problem is.reduced to the solution of a triple
integral equation which has further been reduged to the solution
of anbinteépo4differential equation. lteratiQe solution valid for
low frequehcy ha%‘beén obtéiﬁéd: F}dm the solution of the integral
equation we have “fqgﬁdv out the normal stfess and vertical
displacement at points in the plane of the strips. Finally
choosing the engineering elastic constants of' ihe orthotropic
material suitably the results for 1isotropic material have been
deduced and compared with the results obtained by Jain and Kanwal
(1972b). To display the influence of the material orthotropy
numerical v#lues of stress intensity factors and vertical
displacemént have been plotted against dimensionless frequency and

distance respectively for several orthotropic materials.

2. FORMULATION OF THE PROBLEM

Let us consider the diffraction of normally incident longitudinal
wave by two symmetric coplanar and parallel figid strips embedded
in an infinite orthotropic elastic medium and the strips occupy
the region bS[x‘]Sa, x2=0, -m<x8<w. Let Et’ “tj and vij(i,j=1,2,3)
denote the engineering elastic constants of the material where the

subgeripts 1,2,3 correspond to the X o0 X, L3 diréctions which
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coincide with the axes of material orthotropy. Normalizing all
lengihs with respect to ‘a’' and putting xi/g=x, x2/a=y, x3/a=z,
b’/a=c, the rigja'strips are defined by CSIXISI? y=0, |z|(m(Fig.1);
Lét a time harmonic wave given by u=0 and v=v°exp[i(ky-wt)] where
2

k=aw/c ve ’ c =(u /p)t/
a = 12

and v is a 6onstant, travelling in
22 o

the direction of positive y-axis be incident normally on the

strips.

The non-zero stress components Tyy and T;y are given by

) / = o .'au 2!
Tyy'yiz T12 dx Tzz dy
(1)
T/#:ﬂ-’»ﬂ

Ky " 12 ay Ix

where cﬁ(i’J=1’2) are nondimensional parameters related to the

elastic constants by the relations

2

c = E /u (1-»" E /E )
EY! 1 742 7 T42 2" T4
- .2 - .
C,. Ez/“12(1 vngzlax) cith/E‘ (2)
c =v E /u (1> E/E)Y = v ¢ _=v_ ¢
12 12 2 "412 12 2 12 22 21 14

for generallzed plane stress, and by

c11=(E‘/Ap12)(1-vzsv92)

czz=<Ez/Ap12)(1—visv8‘)

c;z =E1 (vz 1 +v1 svaz EZ /EI. ) /Aynz
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=E (» +» v E /E )/Au
2 142 23 91 1 2 12

v v v - v v v
12 23 91 19 21 392

124 124 v v v v
12 21 29 32 91 1393

(3

for plane strain. The constants Et and vtj satlsfy the Maxwell's

relation », /E =9v /E .
vy L AAY J
The equations of motion for orthotropic material, in terms of

displacements are

N
N
N
N
N

Cor T3t Tt e s = 5 2
11 ax a3y y cé at
(4
2 2 2 2 .2
o Ty Tt e RN - L 2
zz 6yz ax® y c, at

Therefore, substituting u(x,y,t) = ulx,ylexp(-iwt) and vix,y,t) =

vix,ylexp(-iwt) our problem reduces to the solution of the

equations

2 P P 2 2
ax ay 12 y o2
-
(5)
2 2 2 2 2
and c,, 9 : + 4 : + (1+c1 )gx; 28w y-= 0
ay ax 2 y c:
subject to the boundary conditions
vix,0) = -V, , cs|x|=t (6)
Tyy(x,O) = 0 , |xl<cr | x]>1 ' (7)

ul(x,0) = 0 s |x|<w. (8)
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Henceforth the time factor exp(-iwt) which is common to all field
variables would be omitted in the sequel,

The solutions of equations (5) are taken as

2 ' | |
ulx,y) = EI:[Atﬂf)exp(—71|y|) + Az(f)exp(-y2|y|)]sin8x d¢ , y>0
Q)
_2[® tp ) e o |
vix,y) = EI? ?[a1A1(f)e¥p( y1|y|) + azAZ(E)exp( yzjyl)]cosfx‘dz
(10)
2 2 2 . .
c & -k -y, 2 2
where o = —>= = , i=1,2 , k¥ =2£ (11)
i (1+c Dy, 8 2
12 ¢ c

and AJ{)(1=1,2) are the unknowns to be solved, yz ,y: are the

roots of the equation

4 ' 2 2 2 2 2 2,..,.,2 2
+2 -c & - - =
czzy * {(Ciz 012 11022) * (1+c22)ka}r +(C116 ka)(f ka) 0

(12)
From the boundary condition (8) it is found that

CAL ) = -A (Z).

Therefore displacements u,-v and stresses 7 '’ Txy finally can be

written as.

ulx,y)

2 L
FI:[EXP(-71|YI) - exp(—yzlyl)]A*(f)sin{x dag , y>0

(13
2

i
;Ij FEaiexp(-yilyI) - azexp(-yzlyl)]At(E)cosEx d¢

vix,y?

(14)
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2Icc czzairt‘
= < - £ =~ Zlexp(~ ) -
Tyy /“12 g, [[C1zg 4 P 71|Y|

oY
22 2'2
- [ctzf - __7?_—;exp(—y2|y|)]Ai(f)costx de , y>0
(15)
s 2T e _ _ _ '
Ty ‘n, = ;[: [(y1+a1)exp( yl|y|) (¥, %o, dYexp( 7z|y|)]A1({) x
x sinfx df : (16)
Next putting
ay ~oy
AE) = _i;ig_f_i A ED

the boundary conditions (6) and (7) lead to the following dual

integral equations in A(£) :

JQV, a’. . ‘az - e .
—=2 % la(¢)rcosEx df
[o] [ai?,i azyz]

T, o cElx|st A

and Im A(¢)cosEx d¥ = 0 , [x[<e » |x|>1 (18)
)

3. SOLUTION OF THE PROBLEM

We consider the 'solutiqn of the integral equations (17) and

(18) in the form

ACE) = J'1 tf(t?)cosft dt (19)
(=3
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where'f(tz) is an unknown funbtion to be determined.
By the choice of A(Z) given by (19) the relation (18) |is
satisfied'automatically and the equation (17) becomes
L - o - oa, - '
I tf(tz)dtrD[—————~———Jcos£x cosft df = - 5 Yo cslxlﬁl (20)
cJo M1

[} - a o
-] 71 2?’2

Using the relation

sinfx sinft wvd (Ew)J (Evrdvdw
Lo

f 2 1/2(t2_v2)1/2

the above equation is converted to the form

da s t va (v,w) dwdv -
S 1 te(t?Hrat & ‘ = - = v , cS[xlSi
dx at 2. 4/2,,2 2 . 4/2 2 o
c o (x -w ) (t7=-v™) .
(21)

where

a - az : ' .

o 191 22

By a contour_ 1ntegration ‘technique, the 1infinite integral 1in
L‘(v,w) can be converted to the following finite iIntegrals.

(detalils have.been-given in the appendix)

1/ Ll d )
114 C TN ~1-y ¥ . :
st 11 1' 2 (1)
L1(v,w) = -i[ Jo — Jo(kenv)Ho (kenw) dn -

- Cua? 17, J (k pvIR Y (k pw) d >
iy Jo (K _NVIH JOW) dnl, wv

(23)
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: 1 2 1,2 172
where ;; = [E {xt—(x‘—axz) }]
1 2 12 172
¥, © [§ {x‘+<x1-ax2) }]
—! i 2 12 172
v, [§ {—x1+(x1+4x8> }]

' [1 { é 1/2}]1/2
= 4X +(X"+4X )
2 2 1 1 -

(24)

X1
n

X o= {(cz +2¢c _-c 2 o+ (L+e )}
1 c_. 1 12 11 22 2
22
c
_ 11 .2 1 2
22 11
c .
_ 41 2z z _ 1
22 11

The corresponding expression of Li(v,w) for w<v follows from (23)

by interchanging w and wv.

Substituting the series expansion of J, and H;“ in (23)  we find

after some algebraic manipulation

2 iy, (W)
L (v,w) =-—[bddog(k w/2)- ——]M + N - ——————szlogk ] + 0Kk
1 T s 2 ™ s ®

4
y WOV
.2 i (W+v?) 2 | 2
E[[yflogfkgv/zjl1f§}ﬂ.+vn» ,___Zf__Rkalogka] + 0CkE)
. vdu (25)

where ¥y = 0.5772187. . ... is Euler’'s constant,



2t e - 2 -2 .
11 c n -ty v» c N ~-1i+y
M = J' 14 12 4y - r e dn. (26)
° vy, v e 1.-vY< 72(71 )
AP n -1y ¥ c nz—1+;_4 2
11 1 1 2
N = J. — — logn dn - r — 5~ l108gn dn
© 7}72(71+72) 1/¥c“_ r,r, tr, )
(27)
V04 ¥ e pi-1-7 7)) nile ne-1+y %)
11 1° 2
and R :J E—— - = dn - .r . —7 2 dn
@ 7172(71+?2) 1Y v,lr, v, )
11
(28)

Now differentiating both sides of the relation (20) “wifh'respect

to x we obtain

1 2' a - oo
J'tf(t )dtJoo EL;—i——————JcosEx cosft dt = 0, cL|x|=1
. o )

- a
< 1?/1 . 2?/2

2

Following similar procedure as done for deriving equation (21),

we obtain

L2 1 x t vwL (v,w) dwdv
tfct ) dt = tet2yat 2 2
2 ,2 at 2 2.1/2,,2 2. 1/2
¢ X -t o Jo (x - )

e W (t"-v')

y cS|x[=1 - (29)

1

2 ' a - oo
L (v,w) = Jm [g - = {————:————J]J (Ew)J (Ev) d¥ (30)
2 o . = oAy, oY, R.) o

where
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z _ 1t [ _ [ _ 2 _
Nz B 2c22 [ (c1z+2ciz 114 22 +chaz+2ctz 11 22 11 22 ]
2 1 2 2
- - + - - + - -
and Nz 2c22 [ (01 2012 11 zz) 1(012 2c12 114 22 11 22 ]

We use the contour integration technique mentioned earlier and get

from (30)

1 K2 AP nz(ct‘nz—l?;;;;) Cin
L (v,w) = - J (k nvdH ™ (k nw) dn -
2 e === Ty o e o ™

o 7172 71 72
nte 1n2_1+;22) 1)
- . — J (k nv)H (k nw) dni, w>v
= (?—’- 2~+)—; 2 ) (o ] = [e] e ) .
1Ye Yoty 2

(31)
By the process similar to the one which led to the equation (25),

(30) for small values of k can be written as
s

L (v,w) = - 2 pPk%logk + 0(k3). T (32)
2 . -] s ]
where
P = % R and R 1s given by (28).

Now, )et us conslder

tet?) = ¢ (£ + kFlogk t (t%) + 0k%) (33)
o] [} 2 41 2

Putting the above expansioh of f(t%) and the value of Lz(v,w)

given by (32) 1in the equation (29) and equating the

coefficients of like powers of k we obtain,
-1
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2
tf (t7)
j4 o dt = O . c|x|=1 : (34)
e ,

tf (t5 op . | |
and j4 ———dt = - 2 | ot (tf) at,  e=|x|=1 . (35)
< x -t c i

Following Srivastava and Lowengrub (1968) the solutions of the

above integral equations can be cobtained as

D
1

t (t%) = ' : (36)
o
{ai-t% (¢2-c%

£2 -o2 1/; D?
c ] + (37)

d1-t%) (t2-c®

2
n

£ (t%) = PD‘[ B
| A

where D; and D2 are qonstants which éan be calculaféd as follows.

We substitute the value pf L1(v,w) from (25) as well as the
expansion of f(t%) obtained from (33, (36) and (37) in the
equation (21). When the coefficients of Ilike powers of ka from

both sides of the resulting egquation are equated we gét the

following results :

nvo
D = - - - (38)
1 . _mi _.2z.\1/2
2f{( + log(k_/2) —5 *+ log(1-¢c™) LA N]
and . o )
2 2
2D Pv (1-c™)
- 1 R 2, 2 _MpP . 2 2 o
D2 = ﬂ'VO [ 4(2)( +c +1) —2;(1 2% +c7) + —2—D1———— ] (39)
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4. DISPLACEMENT AND STRESS

The vertical displatement v(x,y) on thé"pléné y=0 can be'obtained

from equations (15) and (19) as

2
" (1-c*)PD z
vix,00 = -v. + 20 ' p +1k®10gk {D + —-——-—‘} sinpt| X -1
(o] 123 4 = 2 2 T R (1-62)

- 2PD.M 2 2 2 2 2
+ k“logk I(x -1 (x“~-¢") + 0k , |xj>1
1 -] a2 ]
= vy c<|x|=1
(1-c*)HPD 2_ 2
= -y o+ 2 [ D +k*10gk {D_+ -——-—-—_i}]sinh".iﬁ-lﬁ_l -
) T 1 s sl 2 T 2
. . (i-¢ )
| 2PD. M : 2 2 2 2
~ = kalogkal(l-x Y(e“-x") + O(k‘) y . |x]<e
(40)

The normal stress ryy(x,y) in the plane y=0 can be found from the

relation (15) as

D1 2 > K% - o212
T (%, 20) =F¢c__p _|x]| - + k“logk {= PD +
vy 2271217 ——— s “elnm 1,2
IZl—x Y(x -¢™)
| P, 2 -
+ Y 0k, cs|x|=1
I(l-xz)(xzécz) -
= 0 ’ 0<|x|<ec, [x|>1 (41)

For isotropic medium, putting



193

e = - A*t2u '=
11 S22 U ' Hi2 H
so that - a = o =£2/ k =k kK = k /¥e— , 2= L1
P 2 Y2 2 e 1 Py 14 ' .,
where v, = (252 1=1,2,

the expressions for displacement and stress are fouhd to be

2z ’ 2 ‘ ’
vix,0) = -v - ii:f_l D1+ kzlogk D2 - igiz—-)——(1-c2)D1 x
° 272 2 8(1+7%)

-1 (xz-i) (3+T4) ‘2 2 z2 2 2 7

x sinh — * P D1kzlogkz I(x “1)(x"-c") + 0(kT)
(1-c*) 167 2
I |X|)1

= -V, , cS|x|51

z ’ [ + ‘ [
= -v_ - ilig_l D + k2logk {D, - £3+7 ) 1-6%)p ] «
27 212 s1+r?) *
2_ 2 . . ,
x sinp* 87X ) 347 ) p' 1 Progk. { (1-x%)(cZ-x2) + 0K?)
. (1-c%y . 1672 *-% z 2
, |x]<e (42)
y D1 2 (3+7%) 7 (xZ-o2 172
ryy(x,iO) = F —;|x| +k2,logkz - T D [ C]
2 2
‘ T 1c1-x%) (x%-c?) 4€1+z) 1=x
DZ
— + D(k:) ,  e<|x|st
di1-x3 (x%-c%

2 0 , 0<|x|<ec , [x|>1 (43)
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where

. 272y o
b, = 2 2 é 2.1/2 1 2 (44)
[q2+r q +(1+77)log(1-c™)" "+ ~(1-7 )]

. D'2(3+T‘) 2 2 v_(1-¢%)
D = 1 _ (1+t );1+c ) + ° " (45)
2 8v (1+1t™) 2T 1
o
qt = ¥y + log(ktla) - nis2 y i=1,2 (46)

Now, substituting v°=1, m =k , 1=1,2

L 19

C =

. -2
2 1 2 2 2. 1/2
n[(q"t *q )+ (1=t +(1+7) log(1-c™) ]

and dropping term involving k:logk2 the displacement and stress

can be written as

] nC 2 -1 (cz-xz) 2
vix,0) = -1 + —(1+t")sinh |——-" + 0O(m7) , x| <e
2 (1-¢%) 2

= -1 'cS|x|51
2
= -1+ ocisr®rstant [T 4 gm®y (x>t
2 2 2
N (1-c%)
(47)
T (X 20) = % prClx] + 0y, c<|x|<1 (48)
I(l-xz)(xz—cz)
which coincide with the results obtained by Jain and Kanwal

(1972b).
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4. NUMERICAL RESULTS

The vertical displacement field for points near about the rigid
strips. has been plottéd against dimensionless distance for :  two
different types of orthotropic materials whose engineering
constants have been listed in table-i. Type 1-a, 1l-a and Tyﬁe
I-b, 1ll-b correspond to the cases of x and y-directional'fibre—
reinforced composites respectively.

It is interesting to note that in both the cases (c=0.5land c=0.8)
the real part of the displacement viz. Re(v/vo) increases with the
increase in the values of nondimensional frequenqy kgC(Fig.Z) -

(Fig.9]1.

The stress intensity factors T and T at inner and outer edges of

the strips defined by

T (x,O)(x—c)”q'
T = |Lt Re[ Yy : ]
c cC_ u
X+ 22 12
, T (x,0)(1-x)*"2
and T = |Lt Re[ Yy ]
1 INTY
S I B B 22" 12

have been plotted against frequency kn.

1t is found from the graphs that for 1low frequency, stress

intensity factors (F1g.10-Fig.13) at both the edgeé
increasegraduaily, attain maximum values and then go on
decreasing. It may be noted further that at the inner edge, stress

intensity factor increases with the increase in the values of the
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Fig.2. Displacement vs. distance for generalized

plane stress (Type Ia, c¢=0.8).
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Fig.3. Displacement vs. distance for generalized

plane stress (Type 1b, c=0.8).
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Fig. 4. Displacement'Vs. distance for generalized

plane stress (Type IIa, c=0.8).



R(;(U/Uo) —

199

-0'4

|

=15

Fig. 5.

-1 -08 0
L —>

08

Displacement vs. distance for

plane stress (Type 1lb,

c=0.8).

generalized



200

-0-4

Re(ﬂ/l’o) -

-2 -5 =1 - 05 0 0'S
% —

Fig.6. Displacement vs. distance for

plane stress (Type Ia, c=0.5).
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Fig.8. Displacement vs. 'distance for generalized

plane stress (Type IIa, c=0.5).
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Fig.9. Displacement vs. distance for generalized

plane stress (Type IIb, c¢=0.5).
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strip length whereas at the outer edge the stress intensity factor
exhibits similar behaviour where the fibres are pgrpendicular to
the strip but in case the fibres are parallel to tge strips, the
behaviour is just the opposite.

It may also be noted from the graphs that in case the fibres are
perpendicular to the stripsg, the variation of the stress intensity
factors at the inner edge do not wvary significantly with the

material though their variations at the outer edge are prominant.

APPENDI X

EVALUATION OF L (v,w)

The integral Li(v,w) given by (22) 1is

. .
L‘(v,w) = Jj K(E’Yi’YZ)JO(EW)Jo(EV) da¥ (A1)
where
2
a -a c & -k +y y
K(E,7 ,7 ) = 1- 2 - _112 2 ‘a2 (A2)
t 2 0171 aé?z y172(71+yz)
1 1.2 12
71 = [§ { B +(B —AB ) }]

172

{ B, - (B%-4B )‘/2}]

{(c .7, °C 2+ (L+c )kz}

14 22 22 )

(A3)

-~
N
[}
N Io—- [re—
N (NI
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0, - ob () (™)

To evaluate the integral (A1) we consider two contour integrals :

(1)
>
. Jr K({,y‘,yz)Jo(fv)Ho (Ew) d¥ ’ "2aY

(A4)
1= K ( yJ (EVHZ? (Fu) dE WOV
2 ’:9?’1a?’2 o 4 o ’
r
2
where I"1 and Fz are the closed contours defined in fig.14.
Assuming the relation
2 : 2 2 2
(c12+2012 cuczz)(1+c22) . 2(1+c“) ) (012.2012 c“czz) ) I&c“
c? %22 V c? 22
22 22
) e 0,
x 4 <0 (A5)
2 c
c 22
22 .

it is noted the branch points ¥ = kt(i=1_4) corresponding to the

roots of the'equation Bi - ABZ = 0O are always complex.

Now, the branch points corresponding to the roots of the equations

- B + (B2 - 4B 1)»*7 =0 and - B - (BZ - 4B )*% = o
1 1 2 1 1 2

are f=%xk and =%k /vc respectively, where it iIsg assumed that
. = < i1 X

2

c ¢ - C - 2c - > 1 + ¢
14 22 12 12 22
(AG)
and cz + 2c¢ + C > 0
. 12 12 14

Most of the orthotroplic materials satisfy the relations (A5) and

(A6). Therefore under the above condition, =%k /fc‘ and E=xk
. S 1 -]
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Fig.14. Contours of integration for integral

equation CA1D.

in



21

are the branch points of v, and v, respectively.
The integrals In equation (A4) are found to be =zero on the
contours Artand Arztfig.ia) around the branch cuts from xi and kz.

Thds integrating along the contours Fi and Fz the integral Ll(v,w)

for w>v can be finally written as

i €44 c 2—1—_-
-1 J 11n Vyxyz
o

v, )

L (v,w)
1

(1?2 .
Joﬁkanv)Ho ‘(kanw) dn

-~ 2

01177 _,1+?2 (4
) J'1 2 5 (k. pWHY (k pw) dnl, wov
—_— (?—; 2+;' 2) o 2 o S
1/'(:11 ?/2 1 -2

(A7)

where ?‘, ?2, ;1 and 72 are given by (24).
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TABLE - 1. ENGINEERING ELASTIC CONSTANTS

E (Pa) E_(Pa) @ (Pa)
1 2 12

v
12
Type | Modulite 11 Graphite-Epoxy Composite
a 15.3x10° - 158.0x%10° 0.033
‘ 5.52x10°
b 158.0x10%-. 15.3x10° 0.34
Type 11 E-Type Glass-Epoxy Compbsite
a 9.79x10° 42.3%x10° 0.063
3.66x10°
b 42.3%x10° 9.79x10° 0.27
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INTERACTION OF ELASTIC WAVES WITH TWO COPLANAR GRIFFITH CRACKS
IN AN ORTHOTROPIC MEDIUM

1. INTRODUCTION

Dynamic fracture problems invelving anisotropic materials weakened
by crack-like imperfections have drawn much attention to  the
investiga%ors because of the increased usage of macroscopically
aniaotropic construction materials such ag fibre reinforced
composites. The different possible location of cracks with respect
to the planes of ma&erial symmetry introduce great modifications
in the strain and stress distribution. The problems are also of
cansiderable interest iIn seismology and exploration_ geophysicsg.
The problems involving single or two Griffith cracks in isotropic
elastic medium have been studied by many authors (Loeber and Sih
1960, Ma1.19?8, Srivastava et al. 1081, Jain and Kanwal 1972&,1tou
1986bJ- Mathematical difficulties encountered in solving the
governing equations of the anisotropic efasticity . theory are
regponsible for the availability of few results only for special
classes of_materials. Kassir and Bandyepadhyay (18983) have studied
the elastodyaaﬁic 'responée"bf—'an infinite orthotropic solid
containiné a qracg aadep the action of impact loading and the
elastodynamic problem of a finite Griffith crack in an orthatropic

strip under normal impact was investigated by Shindo et al. (1986),

ENGNG. FRAC. MECH. ,19904 (IN PRESS).
PUBLISHED IN ENGNG- FRAC. MEcH. , VOL- 49 , NO-3

PP. 411-423 (1994)
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Problem involving a moving Griffith crack in an orthétropic strip
has also been studied by De and Patra (1990). Recently, Kundu and
Bogtrom (1991) solved the problem of scatiertng of elastic waQes
by a ecircular crack situated in a transversely isotropic solid.

In our paper, the diffraction of normally incident time harmonic
elastic waves by two coplanar Griffith cracks in an infinite
orthotropic medium-has been investigated. The faces of each of the
cracks are assumed to be separated by arsmali distance so that,
during small deformations of the solid, the crack faces do not
come into contact. The fesulting mixed boundary value problem is
reduced to the solution of a triple integral equation which has
further been reduced to the solution of an ihtégro-differential
equatién. lterative solution wvaild for low frequencyl has been
obtainéd.a Analytical formulae for stress intensity factor and
crack opening displacement have been derived. Making the distance
between two crack zero the corresponding results for single crack
have been presented. Finally, choosing the engineering elastic
constants of the orthotrapic material 'suitably the "results for
isotropic material have been deduced and compared with the results
obtained by Jain and Kanwal (19724). To display tge influence of
the material orthotropy numerical values of stress intensity

factors and crack opening displacement have been plotted for

several orthotropic materials.
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2. STATEMENT AND FORMULATION OF THE PROBLEM

Consider the plane problem of diffraction of normally incident
longitudinal wave by two symmetrical coplanar Griffith cracks
situated.in an infinite orthotropic elastic medium. The cracks are
assumed to occupy the region b<|X|=<a, Y=0, ]2|<m. it is convenieﬁt
to normalize all lengths with respect to ‘a’ and so setting X/a=x,
Y/a=y, Z/a=z, b/a=c, the new position of the cracks are defined by

c<|x|=<1, y=0, |z|<o (Fig.1).

Let a plane time harmonic elastic wave originating at y=-o be
incident normally on the two cracks is defined by v°=exp[i(ky-wt)]
where k=aw/c ¥c_ c9=(u12/p)*’2. with p being the density of the

material. In the isotropic s=solid, C_» represents the velocity of

the shear wave.

9

The non-zero stress components Ty and T are given by
Xy

T /u = c u + c v
Yy A2 12 P 22 .,y

L
T /u = u + v ’

Xy 12 Y X

where u, v denote the component of the disp}acement in the X, Y

directions respectively and comma denotes partial differentiation

with respect to the co-ordinates or time; cr(i,j=1,2) are
J

nondimensional parameters related to the elastic constants by the

relations :
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2
= - / )
Cia E1/“12(1 v12E2 E1

2 .
= - = (2)
€,a Ez/y‘z(i vzzEz/Et) c11E2/E1
2 = =
012_v12E2/“12(1_ viZEZ/Ei)_ v12022 v21cu

for genefalized plane stress, and by

c11=(Ex/A“1z)(1- Y.ooVan

¢ _=(E /An H((1- v P
22 2 12 13 31

¢ =E (v + v v E /E )/Au 3)
12 14 214 13 a2 2 1 12

=E (» + v v E /E Y/Au’
2 12 29 81 1 2 12

v v v v v v v v v v v v
- 212 21 23 32 21 13 12 23 31 19 24 32
for plane strain. In the above equations Et’ M and v

ij ij
(i, j=1,2,3) denote the engineering ealstic constants of the

material where the subscripts 1,2,3 correspond to’ the x, y, =z

directions which coincide with the axes of material orthotropy and

the constants Et and vu satigfy the Maxwell’s relation :
v, /E = v /E, (4)

The equations of motiaoan for orthotropic material, in terms of

displaceménts are

2

a

c u + u + (1+c¢ Jv = — u
11 s XX ! ' YY . 12 » XY cz
=

(5)

2
c v + v + (14c )u = 3 .
12 » XYy 2 tt
c
=
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Theretore, substituting u(x,y,t) = ulx,ylexp(-iwt) and vix,y,t) =

vix,ylexp(-iwt) 1n-equation (5) we obtain

c u + u + (1+c v + ku =0
11 L RX LYY 12 . XY

"N

and : ' (6)

with kz = azwzlc2 .
(- -]

The boundary conditions of the problem are

T (x,0) = 0 . | x| <eo (7
xy

T (x,0 + 7 %% (x,00 =0 , e<|x|=51 (8)
vy Yy L

v(x,é) = 0 , |x|<c » | x|>1t. (9)

Henceforth the time factor exp(-iwt) which is .common to all field
variables would be omitted in the sequel.

The solutions of equations (6) can be taken as

u(x,y) = %Im [Ai(f)exp(-yilyl) + Az(f)exp(;yz|y|)]sin(fx)df
o
) (10)
, S |
vix,y) = Ejj E1}gA£(E)exp(-y1|y|) +a2A2(f)egp(-yz|y|)]cos(fx)df
,  y>O0 (11)
C1 162 -k: _YT
where o, = (1+C‘2)7. ’ i=1,2 (12)
1Y

and A“Z) (1=1,2) are the unknown function to be determined, yi

y: are the roots of the equation
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4 2 2 2 2
. : - YET+H(L1+ Yk
c,,v 't {(c12+2c c . c E7+(1 €, s a}y

+ (e £33y = o.
12 114 22 11 = -

(13)
From therboundary condition (7), it is found that
Az(f> = —BA1(E) | (14)
where
B = :‘:Z‘ . | (15)
2 2 -

Employing equation (14) the expressions for displacements and

streaseg reduce to

. 2[®
uix,y) = = o-[exp(fy‘|y|) - exp(-y2|y|)]At(f)sin(fx)df,
186)
2[° 1 :
vix,y) = = ) g{éiexp(-yi|y|)'— ﬁaz exp(—72|y|)]Ai(f)cos(fx)df
. y>0 (17
.2 |
Txy/y1z— - = . (y1+a1)[exp(-y1|y|) - exp(-yzlyl)]At(f)sin(fx)df
, y>0 (18)
c_ay
_ 2 - _ 22 1°4) _ _
et 2o S e -
€22%2% 27 -
f 3[0125— —% exp(—yzlyl)]A%(E)cos(fx)df. (19)
We further substitute
a =3
= _2 2 .
AE) = 22 A (&)

so that the boundary conditions (9) and (8) yield the following

integral equations in A(f) :
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JmA(f)cos(fx)df =0 ) | x]<e, |x|>1 : (20)
o .
and
np,
fw H(E)A(Z)cosEx)df = - 5 , c<|x|=1 21)
o ' Hiz
where P, 1kp12022
“ é'fz-cﬁa.? -plc £%-c oy
‘ 2
and H(f) = 12 22 1" 1 12 22 2

(22)
(at-ﬁaz)

3. METHOD OF SOLUTION

In order to solve the set of integral equations (20) and (21),

assume

A(E) = Elr h(t2)sin(£t)dt (23)
< .

where h(t®) is an unknown function to be determined from the

boundary conditions.

Ingerting the value of A(§¥) from equation (23) in equation (20)

and using - the following result (Gradshteyn and Ryzhik, 1965)

z t>x
l sin(¥t)cos(¥x) ¢ = { 2’
o E

it is found that the choice of A(£)

leads to the equation
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J4 hct?) dt = 0.
(a4

Further substitution of A(f) from equation (23) in equation

leads to

~J4 h(tz)dtjm sin(ft)cos (& x)dE
[~ o

(24)

(21)

= aq, - g—xr h(tz)d*—_rn gH (@) SIREDISINIEN) g, ox|x|st
c 0

2
4
where
q = "o
o 26y12
_ HE&EY
H!.(E)--E_e- 1-008.58-0(!)
(c® +¢ _-e¢ c (e N N-¢ )H>-c c N N +c N2+NN +Nz)]
o = 12 12 11 22 12 1 2 11 22 12 1 4 41 2 2
c (1+c JY(N +N )
11 12 1 2
NZ = ! c ¢ -c? -2¢ +[(c2 +2¢ -¢ ¢ Y%-4¢c ¢ ]1/2
1 2022 114 22 12 12 12 12 1414 22 14 22

2 1 ’ 2 2 ’ 2 1,2
NT= - c ¢ -c° -2c¢ -[(c +2¢ -¢ ¢ )Y'-4c ¢ ]
T 114 22 12 12 12 12 41 22 11 22

Using the relation

sinzx singt I I wvd Qwdd (£ v)dvdw
(o]

z_ 2 12 ‘2 172

(t -v)

equation (25) can be rewritten in the following form

(25)

(26)

(27)

(28)

(29)

(300



222

th(t?) d 2 %t vwL(v,w) dw dv
J“ — 2 dt = A, ~ Hr h(t )dt J J ——
< . e

t7-x o Jo (x -w ) (t7-v)
y c=|x|=1 S (31)
where
L{v,w) = Jj le(f)Jo(fW)Jo(fV’ dz . (32)

Applying a contour integration technique, (Mandal and Ghosh, 1994)
the infinite integral in L(v,w) can be converted to the following

finite integrals

— — — z -— —
L(v.w) = -ik J G TC% Y, ﬁ(ctzn szdzyz)
s =
o G(ai— IE] az)
x J (k pwR P (k qu) dn -
[o ] ﬂn [a)] ﬂn 77
41 ~ 2 A A
3(ec n - ¢c _ay)
= j 12A = iz zz Jo(kgnv)Hét)(kﬂnw) dnf, wd>v
oA 9(0&-{3 az)

11

(33)

where

> = |[L {r -(RZ-4F >*"2 v
Yz_ _2 s 1 2

7= L fr +r?-a 2}
Y. |z 1. .4 2

L

> = [L [-R +(R®+4R >*"2 v
r‘ -_2 1 1 2

- 1 2 BPUTSE b
r.= |5 {R +(RZ+4R_) }]
[ 2 1 1 2
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_ 1 2 - 2 + )
Ri- o {(c1 +2c12 ‘4 22)n + (1+c }
22
c
= 11 2 1 2
%= o (107) (= - )
22 11
. c

c n2-1+F:

o = 1t (1=1,2)
. =
(1+c12)y,L
T L S i
a, = 2 SUN. (i=1,2)
t
(1+c12)yL
a - n oty
F= and B = == (34)
%7, 02'72

The corresponding expression of L(v,w) for w<lv follows from (33)
by interchanging w and v.
Employing the series expansions for the Bessel! function Jo and the

Hankel function H;” in equation (33), it is found that

L(v,w) = 2 P k%logk + 0(k%) (35)
n s ] -]
where
1ve 2 - - - 2 _—
P = i I 1 CLN czzat LN 3 €2l TC22%%, )
o (aa = 3 o)
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B 1 ~ z _ ”~ ~
: [ tc,m 22",
- R ~ ~ ~ dn .

17 (2 - o)

11 .

Now, let us expand h(t®) in the form
net?y = h (t%) + k¥logk h (t%) + 0. (36)
o -] -] 1 L]

Inserting the above expansion of h(t®) and the value of L(v,w)

given by equation (35) into equation (31) and 'equating the

coeftficients of like powers of ks y we obain the equations
y tho(tz)
J4 — dt = q s c$|x|51 (37
2 2 e
z t-x
th (t%) op N
and J4 — 4t = - = th (t~HKdt , cs|x|$1. (38
2 2 n o
c t -x c

Usihg the finite Hilbert transform technique (Srivastava 'and

Lowengrub, 1968), the solutions of the above integral .equations

can be obtained as

2 2 D
ho(t?y = 2 4 |E-c . 1 (39)
° oo 1-tz 2 2 2
Jkt -c%r(1-t%
2 o q (1-c*) £2 .02 D
ht® = -2 p| 2+ D S s 2 (40)
1 n n 1 1-12 P >
Jkt -e%y(1-t%

where D‘ and D2 are consants to be determined using the condition

given by equation (24) so that
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J4 ho(tz) dt = 0 and J4 h1(tz) dt = 0. (41)
) ’ c

Substitution of the values of ho(tz) and hi(tz) given by equations

(39) and (40) in (41), yields

_ 2 2_E -

_ 2 2 2E]|JE _ 2
DZ = —2' qo[l + cC —-F-:] ['f_: c ], (43)
114
where : : ‘ ,
F =F[ T, Jl-—c2 ] and E = Ef T, Jl—c2 ]
2 2

are the elliptic integrals of first and second kind, respecively.
Substittuting-thé value of'D1'and'D2 given by equations (42) and

(43) into equations (39-40), we obtain

E
P t*- = *
ho(tz) = - °e [ F ] (44)
127 1(42_0%) (1-t3)
E 2z 2E
P p t¥- = 1+c - —
h(tf) = - 2 [ Fll F (45)
12 Jt2-e® (1-t%

4. CRACK OPENING DISPLACEMENT AND STRESS INTENSITY FACTORS

The crack opening displacement and the normal stress component in

the plane of the crack can be written as

AV(x,0) = vix,0+)-v(x,0-) = 2J1 h(t®) dt ,  c<x<i (46)
x



and

Expressions (47)

and (45) yield

T (x,0) =
Yy

Tyy(x,O) = -po[l—

The stress intensity factors are defined

Substituting equations

Showh that

2u 6
T (x,0) = 1z J4
Yy T c

and
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2
thet D) 4¢ |, ocx<e
2 .2
tT- x
2u 6 2.
Y thet®) o oy

nrz 2
e X -t

(48) with the aid of the equations

E
[ - F ] 2 2E
- {1+C -
1 F

chz—xz)(i—xz)

-, 0O<x<ce

E
["z_f] (- P

dixZ-c% (x3-1)

(36>,

47)

(48)

(44)

k% logk ] + 0(k%)
-} -] [-]

(49)

{1+c2— 35} k% logk ] + 0K%)
4 F ™ @ e

y  xX>1 (50
as (in physical units)
(c-x) T (x,0)
Lim 44 (51)
x+c- po 0O<x<ce
(x-1)> = (x,O
Lim a4 (52)
N0+ Po %34
(49-50) into equations (51-52) it can be
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[ c* - %:] P 2_ 2E 2 2 :
K = -~ ——— T = [1- L {1+c - 22} k®1ogk ] + 0(k%) - (83)
c n F @ ™ ™
120(1-02)
EE_;_ELl 1- B f14c%- 2B} 1?10gk | + 0k®) (54)
Ry = 7 117 T TF) K. 08K °

Further substituting .equations (36), (44-45) in the expression

given by equation (46), the crack opening displacement is obtained

as

n
2p E(x&, 9)
, _ ol, P z_ 2E 2 2 _
Avix,0) = " 9[1 = {1+c -5 kalogkg][ —— F(\,q) E(k,q)] +

T
12 F(§,q)
+ D(k:) , oc<x=<1 (55)
where
1-x2 2
sina = and q = J4i-¢" .
2
1-¢

Letting c¢+0 in the expregssion for stress intensity factor and

crack opening displacement, the resultgs for a single crack
occupying the region |x|<1, y=0, |z|<w are found to be
.1 _ P 2 2
Kt = 75 [1 - kslogkﬁ] + D(ks) (56)
T 2po 2 P 2 2
AVEx, 65 = - 1-x [1- — k" logk + 0(k™) ,  0=<x<1 (57)
u‘za n s ° 2

For isotropic medium, putting
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o = A2 . e -2= )
€44 %22 T4 ’ Hea™ » ©.27%4 2 Iy
g2 - 1
so that G R az—f /72 , kK =m_ , k /Vcit y T E::
= -5(1-72 - T
Nt—L—N2 , 6 = 2(1VT.) and P 5 ci,
where
4 2
c ='BT 47 “3-,' Y. = (fz-m,z)1/2 and m, = %2 (i=1,2)
* 4(1-7%) v v v

the expressions for displacemet and stress are found to be

Py
AvV(x,*0) = ¥ [1- = {1+c - %5 m:logmz] x
2p(1-r
E(E,q) 2
x [ ——— F(\,q) - E(x,q)] + O(mz) ’ csx=1
F(—,q)
=0 , | x| <e [x]|>1
and
‘ ' [ x*= % ] € | 2 -2E
T (X,0) = =-p |1+ 1= =~ {1+c - —?} mzlogm + 0(m2)
Yy o ) 3 2 2 2 2
I;c -Xx ) (1-x7)
' , 0<x<c
= - Py cs|x|=s1
. 2 E
[ 8 Y, % (e
= ‘Po[i‘ £ 1- 5; {1+c2- g%} m:logmz] + O(m:)
Isz-cz)(xz-i)
, x>t

Now, the crack opening displacement and stress intensity factors

are found to be
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P c
. o 1 2_2E 2
Av(x,0) = - —?I——;;[lf 5 {1+c —ﬁ} mzlogmz] x
C u(l-T _ |
n
E(E,q) 2
x [ — F(x,q) - E(K,q)] + 0(m2)< ’ csx<1
Fls,q9)
29

and

G 2 2E] 2 2
1- 5 {1+c -5 mzlogmz] + D(mz)

which coincide with thé results obtained by Jain and Kanwal (1972Q)

up to the order of m:-logm2 in the isotropic case.

When c+0, we recover the stress intensity factor and crack opening

displacement for a single crack

c
_ 1 _ 1 2 2
K1 = 73 [1 5 mzlogmz] + O(mz)

p
Avix,0) = - 1—x2 [1—
p(i-rz)

c
1 2 2
5 mzlogmz] + D(mz) , O0=<x=1

which agrees with the result of Mal (1878)

5. NUMERICAL RESULTS AND DISCUSSION

The stress intensity factors (SIF) Kd and K1 given by (53) and

(54) at theée inner and outer tips of the cracks and crack opening

displacements (COD) given by (55) have been plotted against
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TABLE - 1, ENGINEERING ELASTIC CONSTANTS.

Ei(Pa) Ez(Pa) “1é(Pa) L
Type 1| Modulite 11 Graphite-Epoxy Composite :

15.3x10°  158.0x10" 5.52x10° 0.033
Type 11 E-Type Glass-Epoxy Composité :

9.79x10° ,v_42,§x10° 3.66x10° 0.063
Type 111 Stain{es§.Steel-Aluminium Composite :

79.76x10° 85.91%10° 30.02x10° 0.31
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dimensionless frequency k and distance, respectively for three
=

different types of crthotropic materials whosg engineering

constants have been listed in table 1.

From Fig.2 it is found that SIF Kc at the inner tip of the crack

increases at a slow rate with the increase in the value of
frequéncy ke(O.lskﬁSO.B). On the other hand. the rate of increase
of the SIF K1 (Fig.3) with frequency ka at the outer tip of the
crack is found to bé higher than that of Kc.

In both the caseés the value of SIF is hlgher fdr small values of
¢, i.e., for greater crack length SIF 1is higher. But it |is
interesting to note that for different materials the variation of
SIFs in both the cases are not significant. In the.case of single
crack (c=0) the variation of SIF with manerial properties has been

shown in Fig.4.

The COD has been plottedlfor different crack length. [In each case
COD increases gradually from zero, attains maximum value and fhen
decreases to zero. It 1is ‘found that with the increase in the
values of ¢ (i.e., for small. crack length) the wvalues of COD
decreases (Figs.5-6). For a tixed material the variation of COD
with frequency .is iound to‘be insignificant, but it is noticed
that for smaller values of c (Fig.S, Fig.7) the variation of COD

with frequency “is palpable. c=0 (Fig.7) correspond to the case of

single crack.

In all the cases where different values of ¢ has been considered

“the .variation of COD is found to be prominent for different

orthotropic materials.
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Fig. 3. Stress intensity factor K, vs frequency k, for generalized plane stress. (—. Type I; - - - -, Type II).
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H,,80(x0)

.

Fig. 5. Crack opening displacement (COD) vs distance (¢ = 0.2) for generalized plane stress. (—, k, =0.2;
ceeey k,=0.6).
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Fig. 6. Crack openming displacement (COD) vs distance (¢ = 0.5 and ¢ = 0.¥) for generahzed plane stress.
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F:g 7. Crack opening displacement (COD) vs distance (single crack, ¢ == 0) for generalized plane stress.
(—— ,=0.2; ---- k,=0.6).



290

DIFFRACTION OF ELASTIC WAVES BY THREE COPLANAR GRIFFITH CRACKS
"IN AN ORTHOTROPIC MEDIUM ‘

1. INTRODUCTION

Recently, with the increased usage of macroscopically anisotropic
construction materials such as fibre-reinforced materials, the
study of dfffraction of elastig‘waves with ecracks or inclusions
has attracted the attention of scientists. The different possible
location of cracks with respect to the planes of material symmetry
is of great interest in Seismology and Exploration Geophysics. The
problem of ~scattering of elastic w#Ves by cracks of finitg
dimension iIn 1isotropic medium has been invegtigated by several
investigators. Many investigators (Mal 1970b,Lowengrub et al. 19684,
ftou 1980b,Jain and Kanwal 1972Q, Srivastava ‘et al. 1381, Das and
Ghﬁsh 1992Q) have solved the diffraction problem involving single
or two cracks 1In isotropic medium. Dhawan and Dhaliwal (1978)
solved the statical problem invdlving three coplanar cracks in an
infinite transversely isotropic medium. The dynamic problem of
singular stresses around cracks in orthotropic mediuﬁ ére few in

number. Kassir and Bandyopadhyay (1983) solved the ~problem of

INT. J. ENGNG. SCI. ,1904 (IN PRESS)
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elastodynamic response of an infinite orthotropic solid containing
a crack undef the action of impact loading. The problem of nprmal
impact response of a finite Griffith crack in an orthotropic strip
has been_éolved by Shindo (1986). De and Patra (1990) have also
solved thé problem involving a moving Griffith c¢crack 1in an
ortﬁotropic strip. Recently Kundu and Bostrom'(1991) treated the

diffraction problem of a circular crack in orthotropic medium.

To the best knowledge of the authors, the problem of diffraction
of eléstic waves by three coplanar Griftith cracks in an
orthotropic ﬁaterial hés not been considered. In our paper, the
intgraction of normally incident time harmonic elastic waves with
three coplanar Griffith cracks in an orthotropic medium has been
invesfigated. It is assumed that the faces of each of the -cracks
do not cgme into contact during small deformation of the solid.
The resulting mixed ‘boundéry value problem 1s reduced to the
solution of a set of four integral equationé which has been
reduced fo the solution of an integro-differential equatibn.
lteration method has been used to obtain the low frequency
solution of the problem. This enabies us to obtaiﬁ approximate
value of. the crack opening displacements and stresgs intensity
factors. Making the length of the central cracﬁ tend to zero, tﬁe
corresponding results for two Griffith cracks have been obtained.
Numerical results for stregss intensity factors and crack opening
displacements have been plotted against dimensionless frequency

and distance respectively for different orthotropic materials

which have been shown graphically.’
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2. STATEMENT AND FORMULATION OF THE PROBLEM

Consider the interaction of normally incident iongitudinal wave
with three coplanar Griffith c¢racks situated in an infiﬁite
orthotropic elastic medium. The cracks are.assumed to accupy the
position |X|Sdi, dZSIX‘Sd, Y=0, | 2] €. Let EL’ pu and vu
(1,3= 1,2,3) denote the engineering elastic constants of the
material where ihe subscripts 1,2,3 correspoﬁd to the X, Y, 2
directions chosen to éoincide with the axes of material
orthotropy. Normalizing all the lengths with respect to ‘d’ and
setting X/d=x, Y{d=y, Z/d=z, _d1/d=b, dz/d=c, the c¢racks are
defined by |x|5b, cs|x|=1, y=0, |z|<m (fig.1).

Displacement components are also made dimensionless with respect

to ‘d’ so that dimensionléss components of displacement in x, y

directions are assumed to be u, v respectively, where
u = ulx,y,t) and v = vix,y,t).

Let a time harmonic plane elastic wave originating at y=-o and
incident normally on the three cracks be given by
v=v°exp[i(ky-wt)]/d where k=dw/c;ﬁ§; , cs=uﬂ2/p)hq, v, is a
constant, w and vo/d are the frequency and dimensionless ampl{itude
of the incident wave respectively, p being the density of the
material. In the isotropic solid, qs represents the velocity of

the shear-wave.

The non-zero stress components T and T are given by
y o)
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\ Y

Fig. 1. Geometry of the cracks.
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yy 12 12 » % 22 .y
(2.1)

= +
‘txy/;.t12 u'y v’x
where u, v denote the component of the displacement in the x, y
directions respectively and comma denotes partial differentiation
with respect to the co-ordinates or time ; Cﬁ(i’j=1’2) are
nondimensional parameters related to the elastic constant by the

relations. :

c =E o (1- »2 E /E )
114 1 T2 12 2 71

¢ =E /g (1- v E /E )=c¢ E _/E (2.2)
22 2 12 12 2 1 114 2 ES

c =v E /p (1- v E/Ed)=v ¢ =uv ¢
12 12 2 12 12 2 ES 12 22 21 14

for generalized plane stress; and by

c =(E /7Au H(i- » »
A1 1 12 23 32

¢ _=(E /Au (1= »  p )
22 2 12 13 31

012=E1(v21+ viavszEZ/Et)/A.p12 : (2.3)

=E_ (v + v__v_ E /E )/Au
2 12 23 314 1 2 12

» - - -
12 21 23”32z Y31 13 P12¥23%as” Y4a¥24%a2
for plane strain. The constants E. and »  satisfy Maxwell's
i 1 -
relation :
v /E. = »_ _/E

i By AT (2.4)



The displacement equations of motion for orthotropic material are

N

. d
c u + u + (1+c v = — u
11 s XX ' YY 12 s XY Cz At
&
(2.5)
. 2
c v + v + (1+c Ju = — v
22 ,YY ¥ X ' 1 s XY CZ_,M
-
Substitution of uix,y,t) = u(x,y)exp(—iwt) and vix,y, t =
vix,yrexp(-iwt) in equations (2.5) reduces them to
c u + u + (1+c v + kK2u = 0
11 P X ¥ S YY 12 S XY 8
(2.6)
c v + v + (1+c u + kv = 0
22 ' YY s XX . 1 P XY k-
2 2 2, 2 .
with k9 = dw /¢ , which are to be solved subject to the
f— 9
boundary conditions
vix,0) = 0O s bSlx‘Sc , ]x[Zl 2.
Tyl =0, | x| < | (2.8
T x,0 + 7% (x,00 =0 , |x|<b, e<|x|<1 (2.9)
Yy Yy

Henceforth the time factor exp(-iwt) which is common to all field
variables would -be omitted in the sequel.

Using the condition (2.8), the solutions of equations (2.6) may be

written as
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Al

U(x’y) Jm [exp(_},1lyl) _ {? exp(_},2|y‘)]A1(f)Sin({’x)df
o

)

and the stress components are given by

€2.10)

AN

vix,y) [aiexp(~y1|y|) - ﬁaz exp;-72|y|)]Ai(f)cos(fx)df

A

,  y>0  (2.11)

2 .
= - £ - - - YA (E)sin(Ex)d
Txylpiz "lo (y1+ai)[exp( y1|y|) exp( y2|¥| ]  E)sin( 14

, y>0 (2.12)

2 ' sza1y1
Tyy/“m:.ﬁ,l‘:[[ctzz— ey v -

oy
22 2°2 4
- ﬁ(cizf— “__?‘_)QXP(_VZJYI)]Ai(f)CDS(5X) (2043
c, £5-kE-E
where ’ A, = 11 a_t , i=1,2 (2.14)
i (1+c Jy.
12 %4
v ta
a A= (2.15)
}’2"'0(2

Ai(f) is the unknown function to be determined; and y: s y:

are

the roots of the equation

e, r' o+ {(cz +2c _-c o EZ+(1+c )kz}yz + (o, E2-k2)*-k%) = 0
22 12 12 114 22 22 @ 11 ) )
(2.16)

With the aid of the boundary conditions, (2.7) and (2.9) A() |is

found to satisty the integral equations
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JmA(E)cos(ﬁx)dE = 0 , x e 1, , 14' (2.17)
o .
np, ) .
and fm H(E)YA(F)rcos(¥Fx)dE = - 50 . X € 11 , l9 (2.18a,h)
[s) . 12
where l1= (0,b) , 12= (b,c) , 19= (e¢,1) , I4= (1,0)
and
P, * ikpizczon/d a , (2.19)
o, -fa,
= (2. )
ACE)D 7 A1(E) : 2.20
2 2 .
‘c E"-c_ oy -fBlc E-c_ oy )
H(g) = 12 22 1° ¢ 12 22 22 (2.21)

( - )
4 ﬁaz

3. METHOD OF SOLUTION

The solution of the integral equations (2.17) and (2.18) is taken

in the form

glb hit)sin(#trdt + % g(u®rsin(fudu (3.1)
(]

c -

A(E) =

where h(t) and g(uz) are the unknown functions to be determined.
Substituting the value of A(¥) from (3.1) in (2,17) and using the

following result (Gradshteyn et al, 18965)
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, tox

Nl A

sin(fét)coslEN) -
[[ g o {

it is found that the. choice of A(¥) leads to the equaticn

0, t<x

J4 gu®) du = o. (3.2)
<

Further substituting A(F) from (3.1) in (2.18a) and using the

result (Srivastava et al, 1968)

utx
u-x

Im FlsinFwsinEx) ag = % log

Q

we obtain

' : . 1 .
d t+x ' ad 2. u+x
-CT;(-’[: h(t) ng T—x dat + H.]-c g(U ) log du

u-x

_ -~ d w1 . y
= z[ QW - Ix S h(t)dtJj H‘(E)E sint¢t)sin(gFx)d¥¢: -

d : 2 ‘ -1, . .
- ax g(u )dqu.Hi(f)f 1sum(fu)snﬂéfx)df] , xel1 (3.3)
c
where
q = - "Po (3.4)
° 26;412 . ' .
. HeEH

Hi(E) = 75 -1+ 0 as £+ (3.5)
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2 ' 2. 2 2 2
- - - +c (N +N N +N)
¢ C12 +012 C11 C:22 )¢ c12 N1 NZ c::I. 1 ) C22 [C12N1 NZ 141. 1 N1 2 2 ]

& = c (1+c (N ¥N
11 12 1 2
2 1 2 . 2 2 1/2
= - -2c +{(c t2¢ ~-c c Y -4c ¢
N1 Z2c {011622 C12 12 [ 12 12 11 22 41 22]
: 22 .
2 - 2 2 12
NZ = 1 c ¢ _-c- -2c —[(c +2c -¢ ¢ Y -u¢c ¢ ]
2 Zsz 11 22 12 12 12 12 114 22 114 22

Using the relation

sinfx sinft _ J“ J‘ wvl (Ewrd (Zvidvdw
2 B 2
4 o Jo (x“-u

2 1,2 .2 2 2
N ST Tl

equation (3.3) can now be rewritten in the form

d ® t+x d : 2 u+x
-d—xJ. h(t) log‘t_x. dt + d—;r g(u’) log = du
[¢] . c
: d x t vwL(v,w) dwdv
o o Jo (xz_wz)x/z(tz_vz)1/z
3 é x vwb(v,w) dwdv
- 5711 g(u)du [ .Ju 2 2 1.2, 2 2 1, . xel
‘ c o Jo (R -w ) (u"-v™) 2 1

where

Liv,w) = Jj EHi(E)JO(Ew)JO(Ev) dag

and Jo( ) is the Bessel function of order Zero.

(3.86)

(3.7)

(3.9)
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Applying a contour integration technique (Mandal and Ghosh, 1994)
the infinite integral in L(v,w) can be converted to the following

finite integrals .

e 2

. -.—-— - re 2——-_
Liv.w) = -iK? J' 1 CN T, G, e ] A7 2%,
o e(ai— 3 az)
(1) : -
x Jo(kan)Ho (kﬁnw) dn -
‘1 ~ 2 ~ ~
: B3lc n - ¢c a )
_ 12 22 2' 2
J _ - —— Jo(ksnv)H;“(ksnw) dn{, wdv
1Ye 6(&1—6 az) '
11
(3.10)
where
= . M1 p2_,5 (1-2 1z
v, [§ {R1 (Rl QRz) }]
_ 12
r,= [é {R +(R%-4R )“2}]
2 o< 1 1 2
~ . 1.2
r, = [é {—R +(R% +4R )"2}]
2 1 1 2
~ T 2 v 2y 1?
7, [,2 {R1+(R1+4R2) }]
R = L {(c2 +2¢ _~c ¢ % o+ ¢
1 na 12 12 “1122° 7 1+c22)}
C11 2 1 »
e ) )
n
2 sz_ c,, (3.11)
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‘ C11 2 2 1
e e ()07 - )
2 cz2 C11
c 1n —1+y?
& = — , i=1,2
1 . —_
+
(1 012);;/_L
. c ni-t+-1y 2
a, = 1 o - ’ i=1,2
v + )
(1 €2’
Ay
= 1 ‘4
= —
7Y,
- oty
1 ‘1
3 = =
NP

The corresponding expression of L(v,w) for w<v 1is obtained by
interchanging v and w in (3.10).
Employing the series expansions for the Bessel function Jo and the

Hankel function H;“ in equation (3.10), it is found that

~

Lv,w) = = P k%logk + 0(k®) (3.12)
k4 = 3 -]
where
1-v< 2 — — - z — —
1 1 c12n o‘5.?/1‘:22 (?(cizn o":o:}’zczz
P = — dg -
e o (a ~ 3 o)
1 2
1 o~ 2 -, o~
f3lc - ¢ _ay
2
- J Z 2222 ani. (3.13)
1V = o)
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Let us now expand h(t) and g(uz) in the form

(t) + 0(K3)
1 -

{
h(t) = h (t) + k¥*logk h
. o] s = ;
l (3.148)
(u®) + k¥logk: g (U2 + 0(K5).
-] -1 1 =

2 =
and ‘ glu) g,

l
Substituting the above equations (3414) and the value of L(v,w)

given by (3.10) in equations (3.8) and (3.2) and equating the

coefficients of like powers of k9 , the following equations are

derived.
2
d oty loglEX| gy . of UEU du = 2q x e 1 I
dx ) Blt= 2 = L9 o P
[e] < u —-X!
!
g (3.165a,b)
b ug (u’)
d t+x _
HJ hi(t) lOg t< dt + 2J1 2 Py du =
(o] c u —x

4P ® i .
= - __[ J th (tydt + J4 ug (u®)rdu ] , xel , 1 (3.16a,b)
Ty o c o 1 3

and _ .J?,gi(uz) du = 0 (1=0, 1) (3.17a,b)

<

Rewriting equation (3.15a) as

t+x
Jb ho(t) log.t_x
o

dt = nFt(x) . x € 1 (3.18)

where
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P ug (i)

33

o 2 o

Fi(X) = = J- [“ ra) + E r _—2_—2_ du]dy. )
o 12 < u -y

The solution of the integral equation (3.18) with the help of

Cook's result (1970) is found to be

2 2 U\
u -t

‘ 2

p 2 .2 g (u)
h oty = - o t _2 t J‘Jub o 4
o] e .
(3.19)
Substitution of the value of ho(t) from (3.19) in (3.15b) with the

aid of the result

Jb 1 t? dt _ n[ X _ u ] vel
- B ’
o (b3-tH) 2 (x3t%) (u2-t%H 2L EpHY? (u2p?H 2 .
ylelds the gingular integral equation
[ 2
2 2 g (u) P
-b
J"J” — du=—£—2z#°e y o ox e 1 (3.20)
(=3

Next using the finite Hilbert transform technique (Srivastava et

al, 1968) the solution of the integral equation is found to be

2. po uz(ua-cz) UD1
g (u™) - 5
12

Fa— ryu (3.21)
(tu™=b") (1-u™) I(uz_bz)(uz_cz)(1_uz)

where D1 is unknown copstant‘ to be determined from equation

(3.17ay.
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Now substituting the value of go(uz) from (3.21) in (3.,19) and

performing the integrations, h (t) is obtained in the following
(=]

form

. PR tD
h (t) = - u.oen J : (: - )z ¥ . . . e
, (B7=t) (1=t 1ip2 42y (c2-¢2) (1-t%)

12

By the procedure similar to one which led to the derivations of
the solutions of (3.15) as given .by (3.21) and (3.22), the
solutions of equation (3.16a,b) can also be obtained and they are

found to be

) 2, 2 .2 tD A
. _ 4PR tT (-t _ 2
h*(t) - n? J;bz-tz)(l-tz) 2 .2 2 .2 2 (3.297
J:L -t ("=t (1-tT)
: 2 2 2 ub
g () = - “Pf J = e, 2 C - (3.24)
T (u b " H)u1-u

du®-b%) (u%-c3) (1-u?)

where
R = - Po 1°+ 1*7-p [3° - 4t
Hu 8 [ o c ] 1[ o e ]
12
n 2 2 2 .
t ( -t7)
("= J ° dt (3.25)

m b2 -t2) (1-t2)
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n

2
no_ t” dt
me |

m {(b%-tD (c2-t% (1-t%)

The constant Dz is to be determined from equation (3.17b).
In order to determine the values of the unknown congtants D1 and

D, g (u®) and gi(uz) as given by (3.21) and (3.24) respectively
2 o N

are substituted in (3.17a,b) and it is found that

D = A [1-b®E - e*-b%]  ,  (3=1,2). (3.26)
J J
and A = °9 , A, = 4P§ ! (3.27)
. Hi2" . n
where F = F(% , q) and E = E(% , q) are the elliptic integrals
1-c2
of first and second kind respectively and q = ra
-~ 1‘b

Substitution of the values of Dﬁj=1.2) éiven by equations (3.26)

in equations (3.21) - (3.24) yields

_ .2,E 2_,2 t
hj_i(t) = Aj[(l " )g *+. (b7 -t )]

lb%-t%) (e2-t2) (1-t%

(3=1,2) (3.28)

- 2. E _ 2 .2 u
g. U = Aj[(i bHE tu” -b" )]

Ifuz—bz)(uz-cz)(l-uz)

(j=1,2) (3.29)
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4. STRESS INfENSifY.FACTORS AND CRACK OPENING DISPLACEMENTS

¥

The stress intensity factors are defined as (in physical units)

(x-b) T (x,0)
Yy

N = Lim (4.1
° x+b+ p0 bdxce
(c-x) T (x,0)
N = Lim XY (4.2)
€ Ko Po . bdx<c
Yix-1) v (x,0)
N = Lim A4 (4.3)
1 P
X1+ o >4

and the crack apening displacement can now be shown to be given by

rb
Avx,0) = v(x,0+)-v(x,0~) = 2 h(t) dt , 0<x<b (4.4)
J 5
- 2
= 2 gtu’) du , c<xx<1. (4.5)
7 ’ '

Substituting the values of the function h(t) and g(uz), the stress
component Tyy can be evaluated from the expressions (2.13), (2.21)

and (3.1). After evaluation of the value of . and putting it in
v Yy

relations (4.1) - (4.3) it is found that
T ’
2 E(=,q)
b(i-b") 2’
N, = L 2 [ 1 - ﬁ; M k% logk ] + 0(K?) (4.86)
d2e®-v*) FE, g n® 2 ® = ®
&y
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EE,q)
B
N = e (1-p")—— - (c®-b%) [ 1 - ﬁ§ Mzkzlogk ]+
N 2(c®-b%) (1-c%) F(5,q) n s =
2
+ 0(kD) (4.7)
n : .
.2 E(=, q)
N, = -b ) 4y __éé_—_ [ 1 - 3; M, k2 logk ] + 0(K%) (4.8)
2(1-¢%) | FLZ,q) - o - ® = e
where
T :
E(s, g3
M= [ 1+ 1% 4 {(1—b2)——3—_— - <c2—b2)}[ J° -t ] .
2 o] c n - o c
) F(_i’q)
Expressions (4.4) - (4.5) with the aid of the equations (3.28) -

(3.29) yield ;

FiB,q) F(%,q)

k24
. 2p E(%,q)
Avix,0) = °9 {1-v%) F(ﬁ,q){ Ep,a) 2 -

2 z_ 2
o la1-x );b 2x ) [ 1 - 4Py k% logk ]-+ 0k
(e -x ) . n® % ® - -

' 0<x=<b

and

- n
2p ' E(5,q)
Av(x,0) = —2 Jai-6%) Fou, < - Ex, 90 b
, . Hx 6 F( g F\,q)

_'AP 2 2
X [ 1 ;; Mzkslogk9 ] + D(ka) . cEx<1

where

(4.9)

(4.10)
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sinp = and sinn = .

When b -» O, we recover the stress intensity factor and the crack

opening displacement for two Griffith cracks occupying the region

c<|x|=1, y=0, | z| <0

[C?- TE'] 2 2E 2 2
N = = c—em—or— 11 {1+c - ?—} k" logk ] + 0(k™)
-] -] - 3

[=3 2 -
ch(l—c ) .

d)0

(4.11)

F

[+ - ¢ ][1 P {1+¢2_ 2F

2=} % 1o0gk ],+ 0(k%)
| -] = . =

and
n
2p E(=s,q) . .
Avix,0) = =2 [1 - F {1+c2- 2E kzlogk‘] z F(h,q) - Ex,q) |+
Y] i F 8 ® n
12 F(E,q)
+ DK%y ,  e<x=1 (4.12)
a2 .
. 7 2 .
where Mz = Z(1+c ~-2E/F) has been used.

lt is noted that if further ¢ » O , the cracks merge into a single
crack of width two units. In this case F + o and Mz + n/4 ;3 so the
results for stress intensity factor and crack opening
displacements corresponding to the single crack are found to be
1 _ P 2 , 2
N1 = 75 [ 1 = kslogks ] + D(ka) . (4.13)

and
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2p ' .
Avix,0) = - 2 Ju-xz)[i - P kzlogk] + 0C(K%) , 0=x<i. (4.14)
: ;.1129 T e 8 =
The results given by (4.11) - (4.14) are found to be in agreement

with the results of Sarkar, Mandal and Ghosh (1994&.).

5. NUMERICAL RESULTS AND DISCUSSION

The stress intensity factors (SIF) Nb, Nc andzN1 given by (4.6),
(4.7) and (4.8) at the .tips of the cracks and crack opening
displacements (COD) given by (4:9) and (4.10) have been plotted
against dimensionless frequency. ks'and distance respectively for
three different types of orthotropic materials wﬁose engineering
constants have been listed in table 1.

Keeping the 'length of the central crack fixed (b=0.2) SIFs at the
tips of the central and outer cracks have been plotted against
f requency ka(O;ISkiﬁofSY for different lengths (c=0.5, 0.6, 0.7)
of the outer crack (fig.2-ftig.4). It 1s noted from the graphs
(fig.2-fig.4) that with the decrease in the value of outer crack
length, i.e. with the increase in the value of the distance
between inner and outer cracks the rate of increagse in the SIF is
higher with the increase in the value of the frequency k{

The same nature of S1IFs are seen (fig.5-fig.7) in the case whén

the length of the outer cracks are fixed (c=0.7) and the length of
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TABLE - 1. ENGINEERING ELASTIC CONSTANTS.

E_(Pa) E,(Pa) u (Pa) v,
Type 1 Modulite 1! Graphite-Epoxy Composite-:

15.3x107 " 158.0x10° 5.52x10° 0.033
Type 11 E-Type Glags-Epoxy Compasite :‘ |

9.79x10° 42.3%x10° 3.66x10° 0.063
Type 111 Stainless Steel-Aluminium Composite :

79.76%x10° 85.01x10° 30.02%10° 0.31
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\c =09

0.36 |- '
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ki
Fig. 2. Stress intensity factor N, vs frequency k, for generalized plane stress. (——) type L (-----
type 111
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0.40 —
. \c = 0.5
037 |- :
0.34 |- b=02

N 1.
0.1 ) 0.2 0.3 (]

0.19

Fig. 3. Stréss intensity {actor N, vs frequency k, for generalized plane stress. (——) type 'l; (-----

type I11. :
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0.42 [‘
b=C2

c=z07
0.41

0.40
z 0.39
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0.37

k

$

Fig. 4. Stress intensity factor N, vs frequency K, for generalized plane stress. (—) type I; (- - - -
type 111
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Fig. 5. Stress intensity factor N, vs frequency k, for generalized plane stress. (——) type !; (
' type lI1.
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c=07

0.44 —

b=04
0.40 |—

0.28 i . — . J
0.1 0.2 0.3 0.4

0.5 n.6
k

Fig. 6. Stress intensity factor N, vs frequency k, for generalized plane stress. (—) type |
type 1L

c=e 07

07

0.1 ‘ 01 . 0.3 0.4 0.5 0.6

k

Fig. 7. Stress intensity factor N, vs [requency k, for generalized plane stress. (—) type I, (
o type 111, )
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the central crack increases (b=0.3, 0.4, .0.5). It is interegting
to note that for fixed c¢(=0.7) the SlFs Nb and Nc increase with
the increase 'in the value of b, but the effect is just reverse in
case of Nf

The COD ulev(x,Odlp;' has been plotted for different ‘crack
lengths. [t is found fpom fig.8 and fig.9 that with.the increase
in the value of crack length the value of COD increases. For a
fixed material the variation of COD with frequency is found to be

insignificant.

In all the cases where different values of crack length have been

considered the variation of COD is found to be prominant for

different orthotropic materials.
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for generalized plane stress (k,=0.5, b= 0.3,¢c=0.5,

Fig. 8. Crack opening displacement vs distance
0.7). : . .

Ig. 7. Crack opening dlSp ce stance rol’ L0 pi € stre: ().; b= () 5 0.5 —.0';
F 9 T ] lacement vs di: gener alized plan stress (k, = =
( Y . . .C )
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'ELASTIC WAVE SCATTERING FROM FOUR COPLANAR ORIFFITH CRACKS
IN AN ORTHOTROPIC MEDIUM

1. INTRODUCTION

Wwith the increased usage of macroscopically anisotropic
construction materialg guch .as fibre-reinforced composite, the

study of an anisotropic material with crack-like imperfections has

o

become a matter of great importance in ‘fracture analysis of
composites (G.C.Sih et al. 1975). The different possible location
of cracks with respect to the plane of symmetry 1is of great

importance in seismology and exploration Geophysics. The problems

involving the diffraction of elastic waves by cracks in an

isotropic medium have been investigated by several Investigators

(Mal 1970b,Lowengrub et al. 1968@,Itou 1980b,Jain and Kanwal 19724,
Srivastava et al. 1981, bas and Ghash 1992¢,Dhawan et al. 1878),

but perhaps, due to  mathematical complexity, elastodynamic

problems involving two or more Griffith cracks in an anisotropic

medium for low frequency have not been treated earlier. Kasgir and

Tgse (1983) have studied the plane stress problem of a moving

Griffith crack_iq an infinite orthotropic stresses medium by using
integral transform technique and'the same technique has also been

employed by De and Patra (1990) to solve the Yoffe’s problem in a

prestressed orthotropic strip of finite thickness. Kassir and

Bandyopadhyay (1983) solved the

elastodynamic response of an

intfinite orthotropic solid containing a crack under the action of
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impact loading and the problem of normal impact response of an
orthotropic strip with a central crack havé also been studied by
Shindo et ai; (19886).

in the present paper, we investigate the problem of diffraction of
normally incident time harmonic elastic waves by four coplanar
Griffith cracks in an infinite orthotropic medium. The faces of
each of the cracks are assumed to be separated by a small distance
so that during small deformation of the solid, the crack faces do
not come into contact. The resulting mixed boundary value problem
has been reduced té solving a set 6f five integfal” equations.
lterative method has .been used to obtain the low frequency
solution of the problem. Employing finite Hilbert transf%rm
technique (Srivastava and Lowengrub 1968) the integral equations
have been solved to derive crack opening displacement and sgtreas
intenéity factors. Finally, making the distance between two inner
cracks tend to zero, the corresponding results for three cracks
have been derived. To display the .influence of the material
orthofropy, numeriéal' results of stress intensity factors and
crack opening displacements have been plotted graphically against

the dimensionless frequency and distance respectively for several

orthotropic materials.

2. STATEMENT AND FORMULATION OF THE PROBLEM

Consider the problem of diffraction of normally incident elastic

waves by four coplanar Griffith cracks situated in an intinite
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orthotropic elastic medium. The position of the cracks referred to
a set"of cartesian co-ordinate system (X,Y,Z) are’;ssumed to be
d15|X|Sd2, dSS|X|$d, Y=0, | Z] <. Let EL, FU and ij (i,3j= 1,2,3
denote the engineering elastic constants of the material where the
gsubscripts 1,2,3 correspond to the X, Y, Z directions chosen to
coincide with the axes of-maﬁerial orthotropy. Normalizing all the
lengths with respect to 'd’ and setting X/d=x, Y/d=y, Z/d=z,
dt/d=a, d2/d=b, da/d=c the cracks are defined by a<|x|<b, ec<|x|=<1,
y=0, |z|<o (Fig.1).

Compbnents of the displacement are also made dimensionless with
respect to ‘d’ so that dimensionless components of displacement in

%, y directions are assumed to be u, v respectively, where

u = ulx,y,to and v = vix,y,t).
Let a time harmonic plane elastic wave given by u=0 and
= ’ - - - 1.2
v-voexp[i(ky wt)]/d where ¥k wd/cﬂw’c22 y e = /p) s p the

.density of the material and v, 2 constant, travelling in the
direction of positive y-axis be incident normally on the four

cracks.

The non-zero stress components ry and 7 are given by
Y xy

T /R = ¢ u + c v
Yyv 12 142 s X 22 Y

(2.1a,b)

T / = u + v
Xy “12 4 X

in which a comma denotes partial differentiation with respect to

the co-ordinates or the time and c (i,3j=1,2) are non-dimensional
ij ' .
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Fig.1. Geometry of the cracks.
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parameters related to the elastic constants by the relations :

2
= - /E D
€44 E1/”12(1 v1zEz 1

- -2 = » (2.2)
¢, =E /n, (1 v, B /ED c ,E,/E, _

, 2
= - E/E )»=p» ¢ = p_ ¢
C12 leEZ/“lz(l v12 2 i 142 22 21 11

for generalized plane stress, and by

c11=(E*/Ap12)(1— Y_oaPaz

c =(E /Au Y(1- v v )
22 2 12 13 31

¢ =E (» + v v E /E )/Au (2.3)
12 1 21 13 892 2 4 12

=E (v +v_ v E /E )/Au
2 12 23 31 1 2 12

A=1-v v -V Vv =~V v —-Vv v v -V v PV
12 21 23 82 841 18 12 23 91 148 24 82

for plane .St}ain. The constants Et and v satisfy Maxwell’s
- J

relation :

v - /E, = v, /E, < (2.4)
L) i ji i
The displacement equations of motion. for orthotropic material are
d2
c u + u + (1+c v = — u
11 s ®X ,YY 12 3% cz Sttt
-]
(2.5)
dZ
c v LY + (1+c du = — v
22 s YY s XK 1 S XY Cz AR
S
Substitution of ulx,y, ty = ul(x,y)exp(-iwt) and vix,y,t) =

vtx,y)exp(-iwt)'in equations (2.5) reduces them to
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c u + u + (1+c¢c v + kzu = 0
11 s KX ' VY 12 P RY =
and ‘ : (2.6)
2 .
c v + v + (1l+c du + kv =0
22 ' YY , XX 12 P XY s
with kz = dzwz/cz
2 -]

The boundary conditions of the problem on account of the symmetry

with respect to the y-axis are

T (x,0) =0 . [x](w (2.7)
Yy ,
<o) -
T (x,0) + 1 (x,0) = 0 ’ xe 1 , 1 . (2.8
YY Yy . 2 <+
v(ix,0) = 0 ’ X € 11, 19, 15 (2.9)

where' 11=(0,a) . 12=(a,b) , 13=(b,c) , l4=(q,1) . 15=(1,m).

‘Henceforth the time factor exp(-iwt) thch is common to all field
variabled is suppressed throughout the analysis.

The solution of equations (2.6) are taken as

2
Efj [Ai(f)exp(—yilyl) + Az(f)exp(-yzlyl)]sin(fx)df,

uix,y)

(2.10)

2
vix,y) Ejj E{}uAi(E)exp(—y1|y|) +azA2(£)exp(—y2|y|)]cos(fx)df

1

y Y20 (2.11)

2 .2 =2
ciig -ka-?t
where ai= (1+c12)y, ’ i=1,2 (2.12)

L

A (> (i=1,2) are the unknown functions to be determined and yz ,
1

y: are the roots of the equation
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- 2 . _ ' 2 2\ 2 2_,2 2_y 2, _
o, vt + {(c12+ZC12 c o +(1+czz)kn}y + (e, 2210 g%kt 0

14 22
(2.13)
Using the condition (2.7), it is found that
. Y+a1. -
A (g) = - 2 A (&) (2.14)
2 ;v2+012 1

By the help of the relation (2.14), the expressions for

displacements and stresses reduce to

«© .
= 2 - - -
ulx,y) = = . [exp( y1|y|) 3 exp( yzlyl)]Ai(E)sin(Ex)df,
(2.15)
2y (- y - (- y|A (£rcosExra
vix,y) = = . F o exp y1|y| ﬁaz exp r2|y| . £)cos (¥ x)dE
’ y>0 (2.16)
T Ju = - E (y +a ) |exp(- | |) - exp(- | ).A (E)sin(€ x)d¢
xy T12 7). 1 1 PYI¥ Y Pt7Y, vl 1

LU yd0 (2.1
' e _ay
= 2| _ ez 1'14
Tyy/utz- 3 o[[cizf ——?T——)exp( Y1|y|) -

€22%27
- B[szf_ -———g——]exp(—yz|y|)]Ai(f)cos(fx)df. (2.18)

where 3 = .

Finally, with the aid of the boundary conditions (2.9) and (2.8)

the following set of five integral equations
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IwA(E)cos(Ex)df =0 , X € I1 s l3 v l5 (2.19a-¢)
(o]

o .
and I H(E)A(E)cos(Ex)dE = - s xe l_, I‘ (2.2Qa,b)
o

are obtained for the determination of the unknown function A(Z)

where p = ilku

gy = 2 2 p (2.21)
ACE) A E)

2 2
c -c o -R(c -C
1zf 22 1 v 1 3 12g 2

- )
(a1 ﬁaz

2%% 2’

H(E)

“3. METHOD OF SOLUTION

The solution of the integral equatiohs (2.19) and (2.20) is taken

in the form

AE) = %Jb hi(t®rsincFtrdt + %J4 g(u®)sin(fuddu (3.1
a <

where h(t?) and g(uz) are the unknown functions to be determined.
Substituting the value of A(¥) from (3.1) in (2.19) and using the

following result (Gradshteyn and Ryzhik, 1965)

| T, o
sin(&trcos¥x) ar = { 2 X

E =

Jo R _

0, t<x

it is found that the choice of A(¥) leads to the equations
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Jb h(t?) dt = 06  and 14 g(u®) du = 0 (3.2a,b)
a c’

Further substitution of A(¥) from (3.1) in (2.20) leads to

2 2
l'b thet®) oy J‘ ugu®y o
2 2 - 2 2
a t -x c u =X

. d 2 ‘ -1
= - o t)sint Yd¥ -
qo deb h{t )dt[co H1(£)E sin(& sin(¥ x)d¢
a o )
d 2 -1,
- 37]4 g(u )duJoo Ht(f)f sin(fu)sin(¥ x)d¥ ’ xelz, l4 (3.3)
< Q
where
np
o
q = - (3.4)
o 26p12
S HE)Y '
Ht(f) = _35_ 1 + 0 as 4w . (3.5)
(¢ +c,_-c e _dic, N N -c d-c [c NN+c (N +N N +N2)]
o = 12 12 11 22 12 2 2 112  22L 12 1 2 11 1 1 2 2
c (1+c. YN +N
11 12 1 2
(3.6)
NZ= 1 {c c -c* -2¢ +[(c2 +2¢ -c¢ ¢ Y%-4c ¢ ]1/2
1 2c22 11 22 12 12 12 12 11 22 14 22
(3.7)

1 T 2 2 2
N°= —— 4dc ¢ -c° =-2¢ —[(c‘ +2¢ ~¢ ¢ Y°-4c ¢ ]1/2
2 2022 141 22 12 12 12 12 114 22 14 22

Using the relation

2 1/2 2 2. 1/2

sinfx singt J J wvd (Ew)J (Evrdvdw
o - (t 7 -v)

equation (3.3) can now be rewritten in the form

2 2
' th(t<) dt + J‘ ug(u) du =.
2 2 2 2
a t‘x c u

- X
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=q -3 h(tz)dtj

x t vwL(v,w) dwdv
]

o (xz_wz)1/2(tz_v2)1/2

a

g 2 % vwL(v,w) dwdv ' )
- 3?14 g(udu [ ju Tz 1oz, = 2oz Xl 1
c o Jo (x"-w) (u"-v7)
: (3.8)
where
L(v,w) = Jm_in(f)Jo(Ew)Jo(fv) dg - (3.9)
o .

and Jo( > is the Bessel function of order zero.
Applying a contour integration technique (Mandal and Ghosh, 1994)

the infinite integral in L(v,w) can be converted to the following

finite integrals

1-7e¢ 2 — — —_——
2 “ Cizn _aﬁ.ylczz‘ ﬁ(c12n -o‘zyz‘c )
Lev,w) = -1k [ — — 22
o 8la - 3 az)
x J_(k nvIHY (k pw) dn -
o RN o all n
r ﬁ(ciznz- C22%¥2) 1) '
- = J (k nv)H (k nw) dn{, wdv
— Ola -3 o) ° = ° e
17Ve 1 2
11 .
(3.10)
where
7 = [L {r -(RZ-4E )“'2 i
Yy | 2 1 1 2

172

<1
]
(&

= |1 {R +(RZ-4R )‘/2}]

. 2 ‘12 12
o [t e )]

3
[




274

~ - 2 ¢ a2\
= |= ¥ +4R ) 1
Y2 [2 {R1 ‘R 2 }]
= 1 2 4 - 2 4+ (14 )}
Rs— c__ {(012+ZC12 °11sz)n (1 €22
22
" c
= _ 141 _ 2 1 - 2
R, o= [10%) & - »°)
22 11
c
’ 11 2 2z _ 1
ke () )
22 11
e, ni-1+7 "
5 = At i ,  1=1,2
3 —
(1+C12)?/L
e pEetr-n
o = e — e , i=1,2
+
(1+012)yL
a -y n a +y
5 = -} 1 and B = A‘ A* . (3.11)
%27, %Y,

The corresponding expression of L(v,w) for w<v 1ls obtained by

9

interchanging v and w in (3.10).

Employing the series expansions for the Bessel function Jo and the

Hankel function H;n in equation (3.10), it is found that

L(v,w) = % P kilogks + D(k:) : (3.12)
where
1-Ve 2 = — — 2 -
p = 4 P T (Ca™ ~%¥ %, .d
) . (la = 3 o)
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1 ~ 2 ”~ ”~
Rle n = c _oy) »
- I 22222 an| (3.13)
T4 (o -3 &)
11
Next expanding n(t?) and g(uz) in the form
het®) = h_(t%) + k¥logk h (t*) + 0(k®)
o s -] 1 -]
(3.14)
. ’ 2. 2 2 2z 2 :
and : g(u ) = gO(u ) + kﬂlbgkB gi(u ) + D(ke)

and substituting this expangion as well as the resgult (3.12) in
equation (3.8) and finally equating the coefficients of like

powers of ka , the following equations are derived.

tho(tz) ugo(uz) '
Jb —_— dt + J4 ———— du = q , x e | y I
2 2 2 2 a] 2 4
a t -x ¢ u -X .
(3.15a,b)
th (t%) ug (u®)
J.b dat + J'1 du =
2 2 2 2
a t -x c u —-X
= - ﬁﬁ[ Jb th (t%)dt + Jd ug (u®)du ] , xe 1, 1
n () o 2 <
a (= -
(3.16a,b)

and also equatfon (3.2) with the aid of equation (3.14) yields

o
J hL(tz) dt = 0 (1=0,1)

(=1

J‘1 g.(uz) du
c 13

Rewriting equation (3.15a) as

(3.17a-d>

o (i=0, 1)
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th (t% '
Jb 2 a4t =2 F o , x € | (3.18)
2 2 2 1 2
a t -x
‘ 2.
. p ug (u)
o 21 o
R TIPSy
. 12 ¢ u =X

Applying finite Hilbert transform technique (Srivastava and

Lowengrub, 1968), the solution of the integral equation (3.18) is
found to be

2
P 2 2 2_ 2 2 .2 u g (u)
h (%) = - 06 1:2 az - % tz az J1 lJz bz : 2 du +
° He2® Jp%-t b2-t c Ju®-a u?-t

1
+

(3.19)

1(t2-2%) (b%-t2)

where C1 is the unknown constant to be determined from equation

(3.17a).

Substitgtion of the value of ho(tz) from’(S;IQ) in (3.15b) with

the aid of the results
[b t?-a® t dt - i x?-a®  |u®-a°
a 402-t2 E-tEH (P -t% 21255 X2 -b? u?-v?
* .t at : . .
—— : — = i tor x e 14'
Ja et T2 a2, (62-t%y 2 [ (t%-a2) (62-tD)

vields the sihgular integral equation

Iz 2z ug W

u -b P du = o -

2 z 2 2 u = 2 ] X € l‘ ) (3.20)
< u —-a u - X

F (x?

N R
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where

p c
- oe + 1
Hea x*-a*

‘F (x?
2

Next using the finite Hilbert transform technique (Srivastava and

Lowengrub, 1968) the solution of the-integral equation (3.20) is

found to be

2 Po (®-a%) (u®-c*) 1 -a® C1<(u2-cz)
go(u b= M 2 .2 2 ¥ 2 2 ¥
12 (u”-b )(%-u ) c -a I(uz-az)(uz-bz)(i-uz)
Cc 2 _2 .
N 2 o -a®) (3.21)
I(uzﬁba)(uz-az)(i-uz)*
where Cz igs unknown constant to be determined from equation

(3.17¢) .

Further substituting the value of go(uz) from (3.21) in (3.19) and

performing the resulting integrations, ho(tz) is obtained in the

following form

h (4% = - o J(tz-az)(cz—tz) . J1 -a® . J(c?-t%) :
o o, 8 w222y (g -12 2_ 2 ¢
12 (b" -2y (1 t‘) c -a Iitz_az)(bz_tz,(1_tz)

c

24 (t?“azf

(3.22)

Jb%-t%) (c?-t2) (1-t%)

By the procedure similar to one which led to the derivations of

the solutions of (3.15) as given by (3.21) and (3.22), the

solutions of equation (3.16a,b) can also be obtained and they are

found to be
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b (42, 4PR J(tz—az)(cz-tz) .\ Jl -a® P J(c*-+2) }
1 2 2 .2 .2 2_ 2
n (b"-t") (1-t%) c -a J(tz—az)(bz-tz)(l-tz)
D 2 2
- 2 -a%) (3.23)
Jb2-t2) (c2-t2) (1-t2)
(W¥) = - 4PR (u®-a%) (u® -c%) + |11 -a* Dti(uz—cz) +
g‘ ) ) 2 ( 2—bz)(l— 2) cz—a2 2 2 2 2 2
n u “ du®-a%) (u?-b%) (1-ud)
DzA(uz—az)
+ h (3.24)
d(uw?-b%) (u%-2%) (1-u?)
where
p .2
R=-_—2_[R +RrR ]+ 1 2 chvc |
o e a c 2 2 1 2 2
12 Cc —a
i (t?-a%) (c?-t?) |
R" = J = dt (3.25)
" m (b2 -t%H (1-t%)

2 .2, 2 2 2
- (¢ ~-b™) T b -a ] I3 1-¢ _ 1
JZ = — - . [ﬂ[Tz- . cz-az ’ Z‘] + l'l[—z- N 1-b2 Py r] F(—2- ,P)]
J(czsaz)(1~b ) ’ )

. J(l—cz)(bz—az)

(1-b%) (c?-a%)

The constants D1 and Dz are to be determined from (3.17b) and

(3.17ad). In equations (3.25), F() 1s the elliptic integral of the
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first kind and M) is the elliptic integral of the third kind.
Substitution of the values of hiet?) and g(uz)'given by equations

(3.21-3.24) in equations (3.17a-d)yield

Ps
cC. = 5 Q. (i=1,2) (3.26)
L ;.112 1
p = 2PR o (i=1,2) (3.27)
L nz 1
where
Kb * o+ Ki—lb 2 2
Q = a ¢ c a (¢ -a)
1 b .1 1 .b 2
K- J + K J (1 -a™)
a c < [« 8
et - 3t 1°
Q_ - a [ a
2 Kb Ji + K1 Jb
a C (=] [« 8
n 2 2 2 2
" = J Jkuz-az)(u “: ) 4u (3.28)
m m Ju-b%) (1-u*) ‘
n I__?——;—
J:‘ = J- (u " -¢) du -
m

I(uz-az)(uz-bz)(l—uz)

, . 2 2
k™ = J (u -a’) du
m m

{u?-6%) (u%-c?) (1-u®)

Substitution of the values of Ci and D_t given by equations (3.26)

and (3.27) in equations (3.21-3.24) yields
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I U la-a R 1Tce2-a%y (2 -+2) (o1 2)
= -A - =4y
v t t?-a% {(c%-a%) cz—tzJ (-t (1-t2%)
(3.29)
2y = -al1- O, [a-a® 0 % [ w?-2?) w?-e?) (1=1. 29
8,1 - i 2 2 2 2 2 .2 2 ’
I u -a (c -a) u-c | (u -bH(i1-u
where
A = Po 4 = 4PR
1 u O ! 2 z
12 n

4. STRESS INTENSITY FACTORS AND CRACK OPENING DISPLACEMENTS

The stress intensity factors are defined as (in physical units)

[ vY(a-x) ry (x,0) ]
y .

N = Lim
a A P
X+a~- [ o] J (824 24. 1
. [ Y(x-b) 7 (x,0) ]
N, = Linm XY
x-+b+ L po bix<e
[ Y(c-%x) T (x,0) 7
N = Lim Yy
€ X bC— L po bex<c
Yix-1) 7 (x,0) ]
N = Lim Yy (4.1a-d)
X+1+ p_o x>4

and the crack opening displacement can now be shown to be given by
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b
AV(X,0) = vix,04)-vix,0-> = 2| het®) dt ,  a<x<b
4 x
i 2 .
= 2 g(u ) du , csx<s1 (4.2a-b)
v "4 )
The stress component =< can be evalusated from the equations

Yy
(2.18), (2.21) and (3.1) when the values of the functions h(tz)

and g(uz)' as obtained above from (3.28) are substituted. Next

substitution of the value of Tyy in the relations (4.1a-d) yields

finally,
N = |—2 g [ 1 - 2P Mk i0gk ] + D(K®)
a - 2 2 1 2 2 = ™ ™
Jza(p?-3%) n
[ 4
N (b°-a®)(c®-b%) Q (c®-b%) (1-a%) .
© ] 2b(1-b%) t 12bb®-2%) (1-b%) (c%-a%)
2 2
rQ 2(b2 a ) _ [ 1 - ﬂ; M k2 logk ] + DK
2b(c2-b%) (1-b2) n = = =
2 2 -
(c =-a )
N_ = J : : 2 Qz[ 1 - 4P M x%iogk ] + 0k
2cie " -b7 )y (1-c™) nz 2 = ° e
I 2 2 ' 2 2
N = ](1—3 Y(l-¢7) Q (1-c) Q (1-a )
- - x
1 2(1-b%) t l2(1-b%) (c?-a%) 2 l2a1-v%y(1-% -
x[ 1 - 22 M vPrlogk ] + 0(k?) (4.3a-d)
2 2 s - 2
n
b 1 1 -82
where M2 = [ Ra + Rc ] - > Q1+ Qz J2 .

c -a

Expressions (4.2a-b) with the aid of theA equations (3.14) and
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(3.29) yield

b 2 2 2 2
i (t?-a% (e?-t?%)
Avix,00 = -2[ A+ A kilogkg ]J ] a’lce x
). 4

(b%-t%y(1-t2)

Q _.2 Q
x |1- t |l-a), 2 ldt + 0(k®) , a<x<b
2 2 2 2 2 2 =
t -a (c"~-a ) c -t

(uz—az)(uz-cz)
= -2[ A, + A x'logk ] x
* 2 = 2 Tk J % (1-u?)

1 (1 -a%) _ 2

du + 0(k?) , c<x<i
2 2 2 2 2 2 e
u -a (¢ ~-a’) u -c

(4.4a-b)

When a=d‘/d + 0, the stress intensity factor and the crack opéning

displacement for three Griffith cracks occupying the region |x|£b,

c$|x[£1 . y=0, |z‘<m are recovered (Sarkar et al. , 1994k}
.
_n2 E(-,.—.q)
N, = |2 : = [ 1 - 3; M k2 1ogk ] + D(K?)
2¢c”-b%) F(z,q) s %= e e
124
[ - Els,q)
N_ = J — o |2 - ®p?) [ 1 - 28 12 ogk ]+
ze-p%r (1-c5H F(5,q) s % ® s
+ 0(k>)
=

2 Bl q)
(1-b°) 2’ :
N, = lu*,n_;_. y - ._éé___ [ 1 - 2P M k®logk ] + 0K
201-¢%) FiZ,q) n? 2= s e
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2 Fif3, q) F(%,q)

| n
2p E(=,q) Y-
avix,0) = — 2 [ Jci-v%> F(ﬁ,q){ E(3,0) _ _ 2 )

2 2 2
v e -x%) [ 1= 4P 4 ogk ] + 0(k®) ,  0<x<b
(c -x) n

and

T
2p E(s,9)
Av(x,0) = °9 [ J(1—b2) F(x,q){ 2 - EGv Q) }]x

F(%,q) Fix,q)

x [ 1 - 2P M w?iogk ] + 02y ,  csx<i
_nz 2 a ) 2

where

EE, q)

D

M= [ R® + R' + {(1-b2)_-3___ - cc?—bz)}[ LY - Lt ]]
2 [a] c T (o) <

2

' 2
n o_ . ™ dt
o
m

m {b%-t2) (e?-t2) (1-t%)

2 2 _2
sing = (22X and simn = |1ZX .

1-b%

and E(%,q) ‘is the ellliptic integral‘ of the second kind with
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5. NUMERICAL RESULTS AND DISCUSSION

The stress iniensity factors (SIF) Na,}N Nc and N1 given by

b’

(4.3a-d) at the tips of the cracks and crack ﬁpeniﬁg displacements
(COD) given by (4.4a-b) have bgen plotted against dimensionless
f requency ka and distance respectively for three different types
aof arthotropic materials whose engineering constants have been

listed in table 1.

Keeping the length of the outer cracks and distance between inner

and outer.-cfacks fixed (b=0.6, ¢=0.8) SiFs at the tips of the
cracks have been plotted against frequency k9 (O.lSkaSO.S) for
different lengths ﬁfuiﬁe inner cracks (a=0.2,Q.3,0.4). 1t is noted
from the graphs (Fig.2-Fig.5) that Qith the decrease in the value
of inner c;ack length 1.e. with the increase in the value of the
distance between inner cracks the rate of increase in the SIF is
higher with the increase in the value of the frequency k..

lt is also found that the value of SI1F is higher for lower value
of a. When lengths of the outer cracks and the distance between
inner cracks are kept fixed (a=0.2, ¢=0.8) it is noted from the
graphs (Fig.G-Fig.Q) that with the increase in the value of b(0.4,
0.5,0.6) 1.e. with the deérease in the value df the distance
between {nner and outer cracks the rate of decrease of SIiFs are
higher. It is interesting to note that the value of SIF Na is
lower for higher values of b but in case of the SlFs Nb, Nc and N

the effect is just reverse.

Next, keeping the lengths of the inner cracks fixed (a=0.2, b=0.4)
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TABLE - 1. ENGINEERING ELASTIC CONSTANTS.

El(Pa) Ez(Pa) “12(Pa) L
Type 1 A Modulite ll-Graphife—Epoxy Composite :

15.3x10°  158.0x10° 5.52x10° 0.033
Type 11 E-Type Glass—Epoxy Composite i

9.79x10§ 42, 3%10° 3.66%x10° 0.063
Type 111 ~ Stainless Steel-Aluminium Composite :

79.76x10° 85.91x10° 30.02x10° 0.31
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Fig.4. Stress intensity factor Nc vs. frequency k
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for generalized plane stress.
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Fig.6. Stress intensity factor Nd vs. frequency k‘a

for generalized plane stress.
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it is seen from the graphs (Fig.10-Fig.13) that SIFs increase with
the increase in the value of k‘=l for lower values of ¢c(0.6,0.7) bﬁt
decrease for higher values af ¢(0.8). The value of SIF Na is
higher for higher values of c. But the nature is opposite in case
of Nb, Nc and N{

The = COD ”12AV(X’O)/po has beén plotted for different_ crack
lengths. It is found from Fig.iaFFig.16 that with the increase in
the value of crack length the value of COD increases. For a fixed
material the variation of COD with frequency 1ig found to be
insignifican£.A

In all the cases where different values of crack length have been

considered the variation of COD shows marked differencé for

different orthotropic materialg.
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Scattering of antiplane shear wave by a propagating crack at the
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Abstract. An analysis of the scattering of horizontally polarized shear wave by a semi-infinite
crack running with uniform velocity along the interface of two dissimilar semi-infinite elastic
media has been carried out. The mixed boundary value problem has been solved completely
by the Wiener—Hopf technique. The effect of different values of the material parameter, the
angle of incidence of incident wave and the crack propagation velocity on the stress intensity
factor have been illustrated graphically.

Keywords, Diffraction of elastic waves; propagating crack; SH-wave; stress intensity factor.

1. Introduction

It is well known that the problems of diffraction of elastic wave by cracks or inclusions
are of considerable importance in view of their application in seismology and
geophysics. If the cracks or inclusions are located at the interface of layered media,
the study becomes more relevant. The extensive use of composite materials in modern
technology has also evoked interest in the wave propagation problems in layered
media with interfacial discontinuities. Onder et al [5] studied the diffraction: of
monochromatic plane SH-waves obliquely incident on a rigid half plane between the
two different semi-infinite media.

In this paper we have considered the problem of the diffraction of a plane harmonic
SH-wave by a semi-infinite crack running uniformly along the interface of two
dissimilar semi-infinite elastic media. The problem of scattering of plane harmonic
polarized shear wave by a half plane crack in an infinite isotropic medium extending
under antiplane strain was studied earlier by Jahanshahi {3], Chen and Sih [1,2]
also solved the in plane problem of the diffraction of stress waves by a running crack
in an incident wave field in an infinite elastic medium. We have applied Fourier
transform and ‘Wiener-Hopf technique [4] to solve the mixed boundary value
problem. The resulting integrals have been evaluated asymptotically to obtain the
displagement and stress field near about the crack tip. It is found that the stress
intensity factor depends sensitively upon the speed of crack propagation, the angle
of incidence of the incoming wave and on the material properties of the elastic media.
Quantitative assessment of the effect of the aforementioned parameters on the stress

intensity factor has been made by displaying the numerical results graphically for
two pairs of different materials.
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2, Formulation of the problem and its solution

Let a plane crack move at a constant vcloclty V on the interface of two bonded
dissimilar elastic seml-mﬁmte medlum due to the mcldence of the plane harmonic
SH-wave : :

)= V,exp[—i{A;(Xcos®, + Ysin® )+QT}] Y(1)

in the medium where the co-efficient of ngldlty, densxty and shear-wave velocity
respectively are given by u,, p, and C,. The crack lies on the bimaterial interface
along Y =0 with respect to the fixed rectangular co-ordmate system (X, Y, Z).

We assume that the displacement and stress due to the scattered field are

b;=v,(X, Y, T) | @
‘and '
ov;

v ‘
(t:2);= l‘jﬁ, (ty:);= #1—5? ‘ 3)

where the subscript j = 1,2 refers to the upper and lower half-planes and T the time.
The equations of SH-wave motion in either elastic half-space are given by

v, v, 1 Py

x tavi=gar U=bY @

where C; = (u;/p;)*/? is the shear-wave ve1001ty Without any loss of generality, we
further assume that C, > C,.

Due to the incident wave given in (1), the reflected and transmitted waves in the
absence of the crack may be written in the form

i(X, Y, T)= Viexp[—i{A,(Xcos®, — Ysin®,)+QT)}]

and .

vI(X,Y,T)= VIexp[—i{A;(Xcos®, + Ysin®,)+QT)}] 5)
where .

U A sin®@ — u, Assin®,

Vi= —— 2V, = AR

1= A sin®, T ayA, im0, ATV ()
and  ° |

2u,A,sin®

VT=, 142 1 — AT V/

2= A Sn®, T i A, sme, =42V (ay) . (©
with ,

Ajcos®; =A,c080,.

V,, Vi and V7 are the incident, reflected and transmitted wave amplitude respectively,
A; the wave number, Q= A;C; the circular frequency and ©, O, the angles of
mcxdence and refraction respectxvely

Assume that the crack has been moving in the horizontal direction along the.
interface for a sufficiently long time and that a steady state has been reached in the
neighbourhood of the crack.

A set of moving co-ordinate systems (x, y, z,) attached to the crack tip moving at



[ 1Y

Scattering of antiplane shear wave 185
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Figure 1. Geometry of the propagating crack.

a constant velocity V is introduced in accordance with
x=X—-Vt, y;=5;Y, z=2, t=T ‘ )]

where s;= (1 — M7)"/? and M;= V/C, is the Mach number.
In terms of the moving co- ordmate system (x, y, t), (4) becomes

o'y Py 1 a( dv; o, :
&y M , 8
a2 t o tama\ MiCig " )0 : @)

It is convenient to define an apparent circular frequency w = € and the angles of
reflection ¢, and refraction ¢, are given by ‘

cos ;= M;+(A;/4;)cos®,, sing;=(s;/0)sin®,,
where :
a=(l+M;cos®)) and 4,=(A,/s}) )]

Using these relations in a moving system, (1) and (5) take the form

vtl) w?(xt.VX) '
v | = wi(x,yy) | exp{i(Mix—at)} (10)
v; wi(x,y2) ‘
where .
w(x,y,) = Vyexp{—id( xcos¢,+y1sm¢ )}
wilx, yi) =A%V, exp{—i4,(xcos ¢, ~ yising,)}
wi(x,y2)= AT Vyexp[~ i{(B; + A;¢08¢;)x + 4, ¥; sing;}] (1
and o A

Bs=M2, l--;i-c—- <0 since C;>C,.
. 4y Cy

Using (10), we assume the solution of the governing equation (8) as}

vy(x, y; 1) = w;(x, y;)exp [i(M;4;x — wt)]. (12)
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Substitution of (12) in (8) yields the Helmholtz equation -

*w; 4 0w
ox* = oy}

I+ 22w, =0 (j=1,2). j , (13)
Applying Fourier transform, (13) can be solved and the résult is

w,(x,y1)=517;.[:‘o A (&exp{—iéx—(E2—23)'2y,}dE, (0, >0)
and C ” :

a

| Aa@exp{—itx— (@ - B)2y,}dE (,<0) (149

1
WZ(X9YZ)=-—J.

where 4(&) and A,(&) are the unknown functions to be determined. From (12) and
(14) we obtain the displacement components due to scattered field as

a0

v, =expli(M,4,x —wt]%J.

- ®

A (wexp[—iux—y,y,]duy, (y;>0)

and '
1 (= '
v,=exp[i(M,i,x— wt]ﬂj. A,(wexp[—iux+y,y,1du, (y,<0)
(15)
where ' '
o =(u?—l§)f’2 and yz=[(u—ﬁ;)3—l§]‘/2. (16)A

Therefore, the expressions for the stresses are

(txz)l = iﬂ'l exp [I(Ml '11 X— wt)]

1 [ ‘
X ﬁJ‘ (u—M2)A (u)exp[—iux~y,y,]du

bl
i

(Tx:)Z == lul exp [i(Ml ;‘1 X = COt)] .

1 (= :
xﬂj (u—M,2,)A;(wexp[—iux +y,y,]du
and
. . t [® ,
(Tyeh = _#1513XP[1(M141x‘wt)]EJ. Y14 (Wexp[—iux ~yyy,]1du
Y2 A ()exp[—iux +y,y,]du.
a0

. 1
(ty2)2 = paS2exp[i(M A, x — wt)]ﬂj‘

an

The unl;nown functions A;(u) and A4,(u) are to be determined from the following
boundary conditions at the interface y =0

@) 5(x,0)=0,(x,0), x>0

. ov
(ii bl R
) l‘xsxay‘ ﬂzszayzy O<x<

- i
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and
601 avl an
il +—=0, x<0, y—=0+.
W e,

From the boundary condition (ii) we obtain -

B15171A (M) + Ha527242(w)=0 . (18)

and from other two boundary conditions, we get

ij B, (w)exp(— iux)du=0 (x>0) _

- ®

and
l a
EJ‘ M(u)B, (v)exp(— iux)du= Nexp[—il,xcos$;], (x<0) (19)
where
s +u,s
B,_(u)=ux 1V1 T i zhAl(u)
: H28272
H25272
M(u)= (20)
(®) yl(#xsx')’\‘*'#zsz}’z)
and

N= _u\,v,sm@),(1 - AR),

5

The solution of the dual integral equation may be obtained by a method based on
the Wiener—Hopf technique. The first part of (19) can be satisfied if we choose

B,(w)= L_(u) - @1

wheré L_(u) is a function of u, analytic in the lower half of the complex u-plane. The
second part is satisfied if we take

N U,

M(“)B’(“)=i(u_—a,—)u+(a,) | 22)

where «;, = 4, cos¢, and U, (v) is a function free from zeros and singularities in the
upper half of the complex u-plane. Thus (22) is a solution of the second part of (19)
can easily be shown by completing the path from — o0 to oo by a semi-circle of
infinite radius in the upper u-plane and then applying the residue theorem and Jordan’s

Léttiria. The path of integration is cheséfi to avoid possible branch points and is
ifidented below the pole u=a,.

Ehmmatmg By (u) from (21) and (22) we obtam

Lw_ N 1
U, () =) M) Us () | )
and )
M@y =—H22___ 2 j2yuzp() ‘ ' (24)
HySy+ aSy
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“where .
(18 + 1253)72
(115171 + H125272)

F(u)=

and
Fu)—1 as |u|—o0.

The function F(u) can be expressed as the product of two functions such thét
F)=F ., (uy F () - | (25)
where F, (4) and F _ (u) are analytic in the upper and lower half of the complex u-plane

respectively. The expressions for F, (4) and F _(u) have been derived in the appendix.
In view of (25), (24) assumes the form

Us) L_(u)
(+A,)2F,w) N M5y + a8y @0)
iU, (1) #2524 — 0, )4 — 2,) > F_(u)
where :
’ Uy (u)=(u+A,)"2F . (u). : 27
So ‘
_ . N ’ . #lsl +ﬂ232 R
L= T ey I e = )T F- @) @)

Hence the functions 4, (u) and A,(u) are

Ay () = N _ Y2(1ty 8y + H28,)
! fory + Ay V2F 4 (o0y) (By 8371 + HaS272) (W — oy )(u— A4)V2F _(u)
and .
A2'(14')= —N B18171(1181 + 1,5;)
i(oey 4+ A1) 2F 4 (0y) paSa(pty 8174 + #23272)(“—“1’)(“— A)YAF _(u)

(29)

The singular behaviour of the stress componénts for the scattered waves af the
crack-tip is due to the divergence of the integrals around x = y; =0 in (17). Making

use of (29) and asymptotic expressions of the integrands of (17) for large values of u,
we obtain near about the crack-tip,

(txzh =B(ls+i)J. u~ 2 exp[ —s,uY](cos ux — sinux)du
1 o . °
_B 1 P o “
(2s)2 =—§iil u~ Y2 exp [ — s, u| Y|J(cosux — sinux)du
2 J0

- i o ) o
()= ~=B(1+i)| u~2exp[—s,uY](cosux + sinux)du
f* 0 A

(tys)2=—=B(1+i)| u **exp[—s,u|Y|](cosux + sinux)du (30)

J 0
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where
- _ Nu,s, .
, 2n(ay + 11)1/2F+(a1)’

vi=85Y (j=12).

Using the results '

P I sy ]

j u~Y2exp[—s,uY]cosuxdx'= (“/2)”2[

o s?y? + x?

@ 2.2 1 2\1/2 1/2
u~Y2exp[—s,uY]sinuxdx = (n/2)"/? (51 -;-xz) 3 51Y

(1] S1y +Xx

B30

the stresses near about the crack tip given by (30) can be evaluated. The displacement
near about the crack tip can be obtained from the crack tip stresses by integration.

Now introducing the factor exp[i(M;4,x — wt)] and taking the real part, the
stresses and displacements near about the moving crack-tip are found to be equal to

. ) (slz Y2+x2)”2+_x'- u2
(fyz)j . Kl [ s} YZ n xz -
K, [(s? Y24 x2)12 _ x7|1/2 [( n
= — 1y Y expl il Myd;x —wt ——
(txz).l Re ( ) -sl[ s} Y? +7x2 p | 1741 4
v (—1)J+12£[(x2+s2 YZ)IIZ_x']l/z
] , s i ‘ ;
L ] L j°F C]
(32)
where ‘
I(1 =-(2/n)1/2 #I#ZAXAZ Vl Sin@l Sin®2 (33)

(g + A;) 2 F 4 () (3 Ay SIn @, + A5 5in @)’

In the case of crack propagation in an isotropic elastic medium using the result
By =pa2, py =p; and F,(a;) =1, we obtain

Ky =(1/m)"2pu A2 V(1 - M) 25in(0,/2). (34

P‘utting r=(x2+y*)'? tang =|Y|/x, the expression of displacements and stresses
given by (32) near about the moving crack-tip is found to be equal to

2K . :
v, = Slx ri2{(1 — Misin2¢)'2 — cos ¢}}/2 cos(wt + (n/4)) + 0(r32)
K, |
v, = —yzs; rt2{(1 — M3sin¢)'/2 — cos ¢} /2 cos(wt + (n/4)) + 0(r¥2)

K, f(1 — M3sin?¢)'/2 +cos¢p ) 1/2 »
(tyeh =r‘_/12{ [—ilsinig } cos(wt + (r/4)) + 0(r*/?)
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o |- M 2 44172 ‘
(Tys)2 = ,,2{( lz_s_l;:,lj)s)m ‘-;)-cos:d)} cos(wt+(n/4))+0(rl/2)

K (1 — M3sin?¢)!/2 — cos ¢
(tec)s = s,l r”z{ 1= MZsing } cos(w_t+(n/4))+0(r”z)

K, 1 {(1 — MZsin?¢)V/2 —

(rx=)2 rl/z

cos¢p | 12 :
T —Misnig ¢} cos(wt + (n/4)) + 0(r*/2).

35)
Taking the value of K, given by (34), the results given by (35) agree with the results
of the crack propagation in an isotropic elastic mediurh as given by Jahanshahi [3].

When the crack is stationary, the corresponding results of stresses and displacements
near about the crack-tip can be derived by making M, and M, approach zero and
are given by - o

(1,.), = K(2/r)" 2 cos P cos(Qt + 4m) + 0(r*/2)
(1,:)2 = K¥(2/r)' cos} p cos (Qt + §m) + 0(r'/?)
(e = — K3/ 2sind g cos(Q +4m) +0(M2) -

(t:2)2 = K*¥(2/r)"*sind ¢ cos(Qt + &) + 0(r/2) g (36)
and
2‘/— N1 ()Y sind deos (Qt + 4n) + 0(r¥2)
—_ . *®
= —2—:‘1—2&(&”2 sind ¢ cos(Qt + in) + 0(r¥?) (37
2
where
Uit A V,smG),smG)z
K* =
P VMR cosgr ¥ A FE (A, cos )iy Ay sin 6, & i Agsindy)
: (38)
and

. 1[4 Uy (52— A2 ds
F* (A = . tan~ {2 1 .
A, cosdy) exP[nL, an {pz(Ai—sz)”’ s+A1cos¢,] (39)

If we put u, =yu,, p, = p,, the corresponding results of the stationary crack in an
isotropic elastic medium are found to be !

‘A 27172 -
(t,2)s. 1= 14 (sm%@,)(cos%d:)cos(ﬂt+ )[21\7:’_”’] + 0(r!/?)

(T2 = F Vi (5in@, )(cosz¢)cos(ﬂt+ )[ ‘”‘] +0(r/?)
and

. 81\17‘ 172
ry.2= % Vy(sin$®,)(sindg)cos(Qt + 1 n)[ - ] +0(r¥'?) (40)

which are same as given by Jahanshahi [3].
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3. Results and discussion

K, given by (33) is the dynamic stress intensity factor at the moving crack-tip and
K* given by (38) is the value of the corresponding quantity when the crack is stationary.
The variation of K,/K? with the values of V/C, where V is the crack speed has been
depicted graphically for the followirig two sets of materials.

First set:
Wrought iron p; =7-8g/cm?, pu; =77 x 10'! dyn/cm?
Copper py=896g/cm3, u, =45 x 10'' dyn/cm?
Second set: _
Steel py=T6g/m3, u, =832 x 10! dyn/cm?

Aluminium = p, =27g/em? p, =263 x 10'* dyn/cm?.

It is found that in both the cases the stress intensity factor gradually decreases with
. an increase in the value of V/C, and approaches zero as V/C,— 1; the decrease in -
the value of K, /K¥ for the second set being more rapid than for the first set. We also
find that in both the cases for any fixed value of C,/C,, K, /K} decreases with decreasc .
in the value of @.

g2k WROUGHT 1RON/ COPPER

o S 1 i

1 1 A
0 o3 02 03 04 o5 06 07 08 09 1

Figure 2. Stress intensity factor vs dimensionless crack speed (wrought iron/copper).
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1
09

0g

o2k STEEL/ALUMINIUM

01
0 1 1 1 1 | 1 A 1 i
0 01 02 03 04 05 06 07 08 09 1
Vv
< >

Figure 3, Stress intensity factor vs dimensioniess crack speed (steel/aluminium).

Appendix
Factorization of F(E) into F, () and F_ (&)

Consider .

(183 + pz8,)73
F(&) = .
© (15,75 + B28272)

The branch points of F({) are at { = 4,, — l,‘, Az ¥ By, = (A3 B3) where

_(11—ﬂ2)< —A'l <;~x <12‘+ ﬂz since C2< Cl'

(A1)

Since F(£)— 1 as || = o0, F(£) possesses no sitigularity- within the rectangular contour

(shown in figure 4), by Cauchy’s residue theorem we can write

log F(§) = o .f log F(5) 4

27 s—¢
_ 1 [ logF(s) 1 log F(s)
" 2mi co 5—¢ ds+27rij.¢_ s—¢ ds

log F({) =log F..({) +1og F_(%),

(A2)

(A3)
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ig-o¢ | c- ?‘A__Z‘zﬂ‘sz :
N ~ 4 1€ +o¢
, Red
-lg~ot ———— C+ -ietec

-(7\2-ﬁ?_)

Figure 4. Rectangular contour in the complex -plane. '

Im4

Y {\O

(

Re d

1

Figure 5. Path of integration C; round the branch cut.

where F, (¢) and F _ (&) are analytic in the upper and lower half of the complex &-plane
respectively and can be expressed as

rrmen] ] 20 ]

. s=4¢
and
F_()= exp[zim; J '°sg _F és) ds]. : (Ad)

In order to evaluate F _(£) the path of integration C_ can be deformed to the path
C, round the branch cut through 4, and 4, + 8, as shown in figure 5.
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After a little algebraic manipulation it can bjc shown that

1 Aa+pr y ! ( ].2)1/2
‘5”"""[sz Py é‘°g{” 2[12—(ﬁz—s)21”2}ds

1 A2+ P2 ol my (sz _ ).%)1/2 .
"ﬁL. s—é‘°g‘{1 BNV
. K . (AS)

which after simplification becomes '

B 1 (%2462 1 _, (m, (S - ,12)1/2
) R l{mzmz—(ﬁz—s)ﬂ”’}d]
(A8)

l

where
. Hy S i HaS
m=—-— Lkt and m= 272

—_— A7
HySy+ UaS, W18y + Sy (A7

Similarly it can be shown that E}

* B 1 Az—p2 1 %_ ."'1 (sz_lg)uz -
P [ g l{m_zu%—(ﬁﬁs)z]”’}ds]'

(A8)
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Diffraction of SH-waves by a Griffith crack
in nonhomogeneous elastic strip

J. SARKAR. $. C. MANDAL and M. L. GHOSH (DARJEELING)

In THis pAPER the scattering of elastic SH-waves by u Griffith erack situated in an infinitely lon
inhomogeneous strip has been anulyzed, Assumi

ni that the shear modulus (4) and density (@) o
the material vary in the vertical direction and applying Fourler transform, the mixed boundary value
problem has been reduced to the solution of dual integral equations which finally has been reduced

to the kolution of u Fredholm integral- equation of second kind, The numerical values of stress

intensity factor and crack opening displacement have been ilfustrated graphically to show the effect
of inhomogeneity of the material,

1. Introduction A '
THE NATURAL or artificial materials are usually inhomogeneous; so in recent years great
attention has been given to the study of diffraction of elastic waves by cracks or obstacles in
_ inhomogeneous media-in view of their application in {racture mechanics. Many problems
have been solved involving one or more cracks in an infinite homogeneous elastic medium,
LOEBER and SiH [1] and MAL {2] have studied the problem of diffraction of elastic waves
by a Griflith crack in-an infinite medium. The problem of fidite crack at the interface
~ of two elastic hall-spaces has been discussed by SRIVASTAVA et al, [3) and BOSTROM [4].
SiNGH et al. |5, 6) considered the problem of scatiering of a SH-wave by cracks or strips in a
nonhomogeneous infinite elastic medium. Papers involving cracks located in an infinitely
long elastic strip are very few, The problem of an infinite elastic strip containing an
arbitrary number of unequal Griffith cracks, located parallel to its surfaces and opened by
an arbitrary internal pressure, has been treated by ADAMS [7). Finite crack perpendicular
to the surface of the infinitely long elastic strip has been studied by CHEN [8] (for an impact
Joad) and by SRIVASTAVA et al. [9] (for normally incident waves), Recently SHINDO et
al. 110] considered the problem of impact response of a finite crack in an-orthotropic strip.
In our paper, the diffraction of normally incident SH-waves by a Griffith crack situated in
- an infinitely long inhomogeneous elastic strip has been discussed. The shear modulus (1)
and the density () of the material have been assumed to vary in the'vertical direction.
Applying the Fourier transform, the mixed boundary value problem.has been converted
to the solution of dual integral equations, The dual integral equations have been finally
reduced to a Fredholm integral equation of second kind by applying the Abel transform.
Expressions for the stress intensity factor and crack opening displacement have been
derived. The numerical values of stress intensity factor and crack opening displacement
have been depicted by means of graphs to show the effect of material inhomogeneity,

%, Formulation of the problem

Consider t'he p'roblem of diffraction of SH-waves by a Griffith crack in an inhomo-
- geneous elastic strip of width 2h,, The crack is located in the region —a < 75 € 4a,

X< < 20, 5y = 0 (Fig, 1), Normalizing, all the lengths with respect t0 ¢ and
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. 9

putting *,/a =z, yy/a =y, ny/a = 2z, hy/a = h itis found that the location of the
crackis -1 € 2 <}, —0 < y < 0, 2 = 0 referred |10 a Cartesian coordinate system
(. y.z). Let a plane harmonic SH-wave originating at 2 = —oc impinge -on the crack
normally to the z-axis. The variation of the shear modulus g and the density g is taken in
the vertical (z) direction in such a manner that the shear velocity €uo/00)!/? is constant.

The only non-vanishing y-component of the displacement which is independent of y is
v=v(r, ).

]
-h, -0 A a hy
o Xy

Y

FiG. 1. Crack in the inhomogeneous strip,

The equation of motion is given by

a( Ov d( v v
2. Ry A P R
@1 oz (“t)x) + 0z (ltaz)- TR

1f we consider v(z, z,t) in the form

Wi(x,21)
2'2 . 'y ’t = -'——."—.—‘——‘
@2 RN/
then ' .
rPwW  orw 111 /ouN\? o 0w
2.3 —_— ey e = gl
2.3) “( o2t 922 ) * 2[2;1((’):) ‘ 022]‘V or

Putting W(x,z2.1) = F(ij(z)e“-“" and p(z) = 1o f(2), 0(2) = guf(2) in Eq. (23)

where juy, gy are constants, such that (ji/0y)'/2 = ¢, is the shear wave velocity, it is

found that F(z) and G(z) satisfy the following equations

(2.4) rF

W +n*F = 0,
: 2 2.2
(2.5) %.g + (“__‘;L_ — b - "z)G =0,
z 3
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provided f(2) is of the form

(Y 3o -

where n amd b are constants,
‘ Let us assume f(2) in the form

(2.7 J(2) = cosh®(hs)
so that Eq. (2.6) is automatically satisfied. .
Now the shear modulus ji(2) and density of the medium g(z) are

(2.8) j o= jiycoshi(bz), ¢ = opcosh?(bz). ’
Using Eqs. (2.8), (2.2) and W (a, 2.1) = W(x, 2)e™ v, Eq. (2.1) 1akes the form

. 2 "/- N . !
(2.9) ‘)—‘— W e o 0, K =(i-b), k= $id

il ().;. * -

€2

The displacement component M"(;u. z 1) and stress 73 (r, 2, I) due to incident waves are
given by

.“"Cl(kt—ull)

2000 .. W(rsty= D

(2.10) il Viucosh(bz)

and i
(2.11) i s ) = ,\,,m(ikcosh(bs) - bsinh(bs)lc'(#-wt),

where . \., is @ constant,

Hencelorth the time factor ¢~ %' will be suppressed in the sequel
Solution of [:q (2.9) is

(2.12)

Jy (1.- = I B(€)r="7 cos(Ex)lE + ] ("g(C)cosh((.J:v) sin((2)d¢,
where

n= (= (sk, B=(E K ek,
i =Y Gk, = < -, E <k

¢(, 2) and stresses 1, (x, z) Ty,

Now displacement z) due to the scattered field are

ook
(213)  e(r.2) = cosh(b ) J B(é)l"’“ cosfadf + JC(L,)cosh(a'L)sm(,’dQ]

(2.14) r,(r.2)= -;:.,l;sinh(b.z)[‘l B(€)e " cosEx dE o
"

+ J C'(¢) cosh(ax) sin(,'z(l(,'] + cosh(bé)
)]

L]

|- [ 3B©e s cosgrde + | ¢C(G)coshiamcosadg],
» :
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(2.15) r,.y(.t,z)=m,cosh(bz)[— Tf’B({)e"’zsin&:dE
0

4 Tac(c) sinh(az)sin (z dc],
0 .

‘where . .
1 1
B(E) = —B\(€), C(() = —=Ci(0)-
() T ‘(Q ©) T (9]
The boundary conditions are A .
(2.16) - - Ty:(mvo) = =Ty .. - le <1,
(2.17) v(z,0) =0, 1< le < h,
(2.18) rzy(:th,z) =0, |z| < o0,

where 1, = :I»An\/_
From the boundary condition (2.18) C(() is [ound lo be expressible in terms of B(¢)
as follows:

‘ N = 2¢ T £B(§)sin(§h)
(2.19) C© = rasinh(ah) -] £+ a? dt.

Next, the use of Eq. (2.19) in the boundary condition (2.16) and (2.17) yields the following
dual integral equations from which the unknown function B(£) is to be determined:

e [+ MEBEwsEa)d = @), ol <1
" and u

RN J BOwsrde=0, 1<l < h

where " |

(222 M@=(§—Q,
N

3. Method of solution

In order to solve the dual integral equations (2.20) and (2.21), B(£) is taken in the
form

3.1 B() = — z¢(t).}(,(§t) dt,

so that Eq (2.21) is automatically satlsﬁed
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Substitution of the value of B(£) from Eq. (3.1) in Eq. (2.20), yieldé a Fredholm.
integral equation of second kind

(3.2) o)+ [ ulla(u,t) + La(u, O)é(u)du = 1,
]
where ‘
3.3) Liueh = [ EM(EIa(€u)Iuler) dt,
1
. - T %® CUy(at)y(au)e=h
(3.4 La(u,t) = - f < smh(ah) d¢.

Using contour integration technique [3], the infinite integral arising in the kernel L(u,?)
can be converted 1o a finite integral and is given by

(3.8 -« Ly(u.t) = —ik? J'(l-1;2)'/2.]‘,(1:7,!.)]]‘(,"(knu)(11),I >t

[

1 . :
= —ik? [ (1~ ) Pakenu) B (knt)dy,  w < t.
0 .

. Now

k c2 o welvoth % ,2r ‘-
_ [ Cduat)u(euett % Clat) Tn(au)e o
La(u. 0 bf a, sin(ayh) d¢ f asinh(ah) o
) k CZ k-. cz )
= | oIt aemu)aglanh) d + J E;J.,(a,z).r,,(a,u)dc
0 0 <t
_ T (Uy(et)y(au)e=h i
7 asinh(ah) !

where
oy = (L.Z - cf)llz

Putting ¢ = k3(1 - y?) in the first and second integrals and (% = l.’(l + y?) in the
third integral, n is found that

(3.6)  La(u.t) = k’[.f (1 = )2y (kyt)Juthyu) ctg(kyh) dy |
0 ) .

1
[ = IRyt JuCkyu) dy

- f (+ y’)'/zl.,(l.yz)l,,(l.yu)e-‘v" cosech(kyh) dy].

[}
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4. Stress intensity factor and crack opeuing dlsplacement

From Eq. (2.14) the stress 7y, on the plane z = 0 can be written as

@) re(@.0) = - fﬂﬂanmeuw+ fgcmnmmamdq
’ 1}

Substituting the value of C'(() and B(€) from Eqgs. (2.19) and (3.1), the expression for }
the stress can finally be presented as

Tl ’
( 72— 1)1/2
Defining the stress intensity factor N by

7,+(2.0) = (1) +0), |z > 1.

N = (@~ 1)1/2751 (3"' 0)
= 2"'“ . A -r".
we obtain ’
' 1
(4.2) : N = —|¢(1)|.

7

Now the crack opening dlsplacemem Av(z,0) = v('L 0*) - v(z,0™) can be obtained
from Eq. (2.13) as

Av(x,0) =2 T B(&) cos(Ent)df?; lz] €1,

()
which, on substitution of the value of B(£) {rom Eq. (3 1), takes the form

, 21y |} _tet)
(4.3) Az(2,0) = ;t: ll T .,'2)1/2 dt, Jz|<1.

. 5, Numerical results and discussion .

Using the method of FoX and GOODWIN [11], the Fredholm integral equation given by
Eq. (3.2) has been solved numerically for different values of the material inhomogeneity
parameters. 1n this method the integral in Eq. (3.2) has been represented at first by a
quadrature formula involving the values of the desired function ¢(t) at the pivotal points
inside the specified range of integration, and then converted to a set of simultaneops linear
algebraic equations; their solutions yield the first approximations to the teqmté? pivotal
values of ¢(t). Applying the difference-correction technique, the first approximations have
been improved. After solving the integral equation (3.2) numerically, the stress intensity
factor N and the crack opening dlsplacemem ,tu,Av(z 0)/ 7y have been calculated nu-
merically and plotted separately against the dimensional frequency k; (0.5 <-k; € 1) and
dimensionless distance (0 < z < 1), respecuvely, for different values of the material
inhomogeneity parameter b and strip width 2h. »

In Fig. 2, the effect of the width of the strip on the stress intensity factor for a
homogeneous material has been shown; the effect of inhomogeneity of the material on
the stress intensity factor for different widths of the strip has been depicted in Figs. 3-5.

It is found that in both the homogeneous and nonhomogeneous cases, the effect of
the strip width decreases with the increase of the frequency, and the graphs of the stress



I

L

005

Fieo 2. Stiess intensity factor .V vs, dimensionless frequency k2 for homogencous medium (b = 0).

[

06

08

10

— b=02
—-—— b=04




292 J.fs,\kx,\u. $.C. MANDAL AND M.L. GHOSH

|

28—~ - _
f ~~_ k,=09 ‘ b0
‘[\ ——h=l5
24 F . \\ )
L N 1 ——— h=1,8’
. N ‘
20 \\
T o=
== \
. == =g 0s N
8. 161 a7 Sl \\ [
Xl T X Y
b3
Q - 07 ‘
) 12 i \\\f\ \\\
S
08 | : NN 05
L N
~N
DI AN
s} d NN
' NN
N
L 1 1 2 1 ) L 1 1
0 o1 Q2 03 04 05 o6 | 07 08 .09 «x
Fie. 4. Crack opening displacement vs. dimgn.siuhlcss distance’ x(b = ).
28
24 F T~ ‘ b:02
- S k=089 1 —— h=lS
L \,(
a9 N . ——— h=
20 N h=18

]
’

wavix,0
tl

1 1

1 i

0 ot 02 03 04 05 06 07 08 09

Fi6. 5. Crack opening displacement vs, dimensionless distance (b =0.2).

i i

X

i
intensity factor N become flat with the increase of strip width 2h. From Fig. 3 it is clear
that the eftect of inhomogeneity parameter b is prominent for low frequency k; and stress
intensity factor s greater for higher values of the inhomogeneity parameter b.
In Figs. 4-8 the crack opening displacements against dimensionless distance z for

different values of the material inhomogeneity parameter b and the strip width 2k have:-

been illustrated by means of graphs. Case b = 0 corresponds to thé homogeneous case
(Fig. 4). From Figs. 4-6 it is seen that for

a fixed value of inhomogeneity parameter b,



DIFERACTION OF SH-WAVES BY A GRIFFITIL CRACK

293

28
=05
24t 2
09
o
20 -
Q-
X| e
el
b >
08
04
0o a0z @3 0 05 06 07 08 Q9 «x
. ;"IG. 6. Crack opening displacement vs. dimensionless distance z(b = (.4).
28
2t TSN~ K205
b S~
<\
20 N
== "\ \\
16 | a7 = \\
~
=7 L o 05 \
o * ~
x| e ! N \
s 1er . - \
< X \\/07 R
a2l [ S A
osr h=15 : a9 R~ o
L . N - \
8 b=02. ~ N
09 J~ \\ t
SN
N
L L 1 1 e | 1 L' L .
0 a 02 Q3 04 05 a6 a7 08 09 «x

Fi6. 7. Crack opening displacement vs. dimensionless distance £(h = 1.5).

]

the crack opening displacement is greater for lower values of h when the frequencies are

small, but the reverse effect is found for higher frequencies.

Next, in Figs. 7 and 8 we see that for a fixed value of h, the crack opening displacement
is greater for higher values of the inhomogeneity parameter b when the frequencies are

small, but for higher frequencies the effect is just reverse.

Finally it is found in all the cases that the crack opening displacement reaches its
maximum at about z = 0, and then it gradually decreases and becomes zero at z = 1.
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AN ELASTIC STRIP WITH THREE CO-PLANAR MOVING
GRIFFITH CRACKS

A. N. DAS and J. SARKAR
Department of Muathematics. North Bengal University, Darjeeling 734430, West Bengal, India

Abstract—The dynamic anti- plane problem ofdetermmmg stress and dlsplaccmcnl due to three co-planar
Griftith crucks moving steadily at a subsonic speed in an infinite elastic strip has been considered.

- Employing Fourier integral transform, the problem when the rigidly clamped edges of the strip are pulied
apart in opposite directions has been reduced to solving a set of four integral equations. These integral
equations have been solved using the finite Hilbert transform technique and Cook’s result [Glas. Marh.
J. 11, 9 (1970)) to obtain the exact form ol crack opening displacement and stress intensity factors.
Numerical results for stress intensity factors are presented in the form of graphs.

1. INTRODUCTION

IN FRACTURE MECHANICS, the problem of diffraction of elastic waves by cracks of finite dimension
in a strip of elastic material has been examined by several investigators. Sih and Chen{l]
investigated the problem of propagation of a crack of finite length in a strip under plane extension.
Closed-form solutions for a finite length crack moving in a strip under anti-plane shear stress were
obtained by Singh et al. [2]. Using a finite Hilbert transform technique developed by Srivastava and
Lowengrub [3]. Lowengrub and Srivastava [4] solved the static problem of distribution of stress and
displacement in an infinitely long elastic strip containing two co- -planar Griffith cracks. Recently,
several dynamic problems of determining stress and displacement due to moving Griffith cracks
have been solved by Das and Ghosh [5-8] and by Das [9, 10]. Dhawan and Dhaliwal [11] also solved
the static problem of determining the stress distribution in an infinite transversely isotropic medium
containing three co-planar Griffith cracks. ’

In this paper, the problem of propagation of three co-planar Griffith cracks in a fixed direction
with constant velocity ¥ in an infinitely long but finite width elastic strip is considered. Employing
the Fourier integral transform, the problem when the lateral boundaries are assumed to be clamped
and displaced by an equal amount has been reduced to solving a set of four integral eéquations which
are solved using the finite Hilbert transform technique and Cook's result [12] to derive the exact
form of stress intensity factors'and crack opening displacement. Numerical results for stress

intensity factors are presented graphically to show their vanauons with crack speed, crack length
and the separating distance between the cracks.

-2. STATEMENT OF THE PROBLEM

Consider an infinitely long elastic strip occupying the region —h < y < h, weakened by three '
co-planar Griffith cracks moving steadily at a constant velocity ¥ in the X- dlrectlon reéferred to
a fixed coordinate system (X, Y, Z) as shown in Fig. 1.

In dynamic problems of anti-plane shear, the non-vanishing component of displacement W
directed in the Z-direction satisfies the equation of motion:

1
Wyv+ Wiy = i Wiz (H

where Cy -+ (uu/p)' 7 is the shear wave velocity, p is the material density and W . represents partial
derivatives of B with respect to X,

493
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Fig. 1. Geometry and coordinafle system.

For cracks moving at a constant velocity V in the X dlrectlon it is convement to introduce
the Galilean transformation:

x=X-VT, y=Y, =2, 1=T, ’ (2)

where (x, .2} represents the translating coordinate system shown in Fig. 1.

Let three co-planar Griffith cracks of finite length located along the X-axis be moving steadily
with velocity V in the direction of the X-axis so thal their positions referred to translating
coordinatess(x, y,z)are ~¢c <x < —h, —a <x <aand b < x <cony =0. The edges of the strip

y = +h are assumed to be clamped and displaced by an equal amount Wo, where W, is a constant.
The boundary conditions of the proposed problem are !

0,(x,0=0, |xi<a, b<|x|<c » ) » (3)
 W(x, th)= W, ~—o<x<w o )
W(x0)=0, a<|x|<b, |x|>c. , ()

In order to apply the integral transform technique it is requlred to solve a different but equivalent
problem which can be obtained from the clamped smp problem (without any . cracks) while the
uniform strain is apphed The equivalent stress condmons on the cracks are

v, .
l}x"' I,\!'\fll, /’-\I.\’|<c' {6)

0 v 0) =
and the boundary conditions for the displacement are.
W(x, +th)=0, ~w0o<x<w® .M

W(x, 0) = 0. a<|x\<‘b, x| > c. (8)

In the moving coordinate system, the equation of motion becomes independent of time and
takes the form ,

STW. .+ W, =0, )

with

s=/(1-v¥ch. (10) -
|

Introducing
W& y)= f Wixy Jeos(Ex) dx

W(.\'.)‘)=;J‘0 W.-(C-.:}’)COS(CX)dC - (1
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.

in eq. (3), the solution of eq. (3) is obtained as

Wi =2 [T e@er s o &, (12
with :
ot == 2 [ 70,0 O osEn 6. (3
Using the expression for W(x,) given in (6) in cq, (9), it has been found that
@) =0
cxey= - SO , (1)

where the unknown function C(£) is to be, determined..

From conditions (8) and (10) it is determined" that” C(¢) satisfies the followmg quadruple
integral equations

"j-: EC(&)coth(Ehs)cos(éx) dE = n;;;o , xel, I | (15a,b) °
and E . . .
J\d C(é)cos(éx)dE =0, xely, 1, (16)
where 0

1l=(0\a)\ 12=(a0b)1 IJ=(b'c)! .14=(C, w)'

3. METHOD OF SOLUTION
In order to solve the quadrup!e“imegral equations given by egs (15) and (16), let us take

C(&)= % J." h(u)sin(&u) du + ]E J.r g (w¥)sech¥(ev)sin(&v) dv, : ' (i?)
0 b

where h(u) and g(v?) are the unknown functions to be determined from the boundary conditions

of the proposed problem. Substituting the value of C(¢) given by (17) in (16) and using the
following result:

L /2, u>x>0
[[7omedeosE) g s’ = x>0
0 ¢ 0, x>u>0,

it is found that this choice of C(¢) leads to the condition

Jr g(v¥sech¥ev) dv = 0. (18)
) b
Rewritirig eq, (15a) as
d (= -
e j C(&)coth(Chs)sin(éx)dE = n_W,, i, x€l,
x Jg 2

hs '

(19)

and in'ses"’t»iﬁg the value of C(&) from eq. (17) in (19); it is found that A() is the solution of the
following sifigular integral equation:

I hi(u)log
(1]

ftx) = J ’ [E/_o 2 J' * eg (v¥)sech¥(ex’)sech¥(ev)tanh(ev) 4 ] ax,
0 b

tanh(ex) + tanh(ew)
lanh(ex) — tanh(ew)

du = xf(x), xe€l,. ' (20)
with '

hs = tanh’(ev) — tanh?(ex”)

EFM 4T 4- ¢
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where the following result [13] has been used:

"' sin(§x)sin(u) ., tan(ex) + tanh(eu) _ n
L coth($hs) z d¢ =1log | h(ex) — tanhtew)|* ° " T’

Now using Cook’s result [12], the solution of (20) has been obtained with the aid of the following
result:

@n

J” Jltanh*(ea) — tanh¥(ex)]e sech’(ex) dx.
o [tanh¥(ex) — tanh’(eu)][tanh*(ev) — tanh?(ex)]
' n J/[tanh¥(ev) — tanh?(ea)) ‘
~ " 2tanh(ev) tanh%(ev) — tanh¥(eu)
Iy = - 2e¢ tanh(eu )sech(eu) [V_Vg J' @ Jltanh(ea) — tanh?(ex)]
n/{tanh’(ea) — tanh¥(en)] | hs J, tanh¥(ex) — tanh*(ew)
N J‘ J{tanh*(ev) — tanh?(ea))

» tanh(ev) — tanh’(eu)

for uef, and vel,,

x g (v?)sech¥(ev) dv]. n (22)

Substituting the resulting value of C(&), obtained using eq. (22) in eq. (17), in condition (15b) and -
making use of the following results: ‘

v e sech¥(eu)tanh?(eu) du
_L [tanh*(ew) - tanh¥(ex))[tanh*(ev) — tanh*(eu)]\/[tanh*(ea) — tanh*(eu))
B n tanh(ev) tanh(ex)
~ 2tanh¥(ev) — tanh(ex)] l:\/ [tanh¥(ev) — tanh¥(ea)] Jltanh?(ex) — tanh’(ea)]]’

¢ e sech(eu)tanh’(ew) du
o [tanh’(en) — tanh?(ex)][tanh*(ey”) — tanh*(eu)}|/[tanh*(ea) — tanh*(eu)]
_ n ~tanh(ex) ' ,
" 2[tanh¥(ex) — tanh’(ey”)] /[tanh(ex) — tanhz(e;’_a’)] » forx,veh and y'el,

it can be shown that g(v?) is the solution of the followin:g singular integral equation:

« Jltanh*(ev) — tanh¥(ea)] s nW, [ /[tanh*(ex) — tanh?(ea))
5 g h? =
L tanh’*(ev) — tanh?(ex) eg (v)sech’(ev) dv 2hs sech?(ex)tanh(ex)
e (*/[tanh¥ea) -- tanh’(ey’) ,
T L tanh’(ex) — tanh?(ey’) dy" |, for xel. (23)
Using the finite Hilbert transform technique [3], and the following result:
J‘ - \/ [tanhz(ec) — tanh¥(ex) 2 sech¥(ex)tanh(ex) dx
5 tanh?(ex) — tanh*(eb) | [tanh*(ex) — tanh?(ey")]{tanh?(ex) — tanh’(ev)]

_ n tanh(ec) — tanh?(ey”)
‘e[tanh¥(ev) — tanh(ey”)] tanih’(eb) — tanh¥ey") |
thé solution of eq: (23) is found as
2eW, tanh*(ev),/(tanh*(ev) - tanh*(eb))
hns /{{tanh’(ev) - tanh*(ea)][tanh’(ec) — tanh*(ev)]}

x [Jc \/ [tanz(ec) - l»an’h’(egc)] Vltanh’(ex) — tanh*(ea)]
LJe

tani(ex)—tanh’(eb) | tanh¥(ex) — tanh(ev)

) j “ \/[tanhz(ec)—lanhz(ey’)] \/[tan’(ea)——“tanh’(ey’)] dy,'J

g = -

dx

tanh’(eb) — tanh*(ey’) | tanh¥(ev) —tanh¥(ey’)
N : C, tanh(ev)
J{[tanh¥(ev) — tanh*(ea)}{tanh¥(ev) — tanh*(eb )l[tanh*(ec) — tanh?(ev)]}’ (24)
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Next substituting the value of g(v?) from eq. (24) in eq. (22) and finally using the following result:
J‘ ‘ \/ \:tanhz(ev') - tanhz(eb)] 2 sech’(ev)tanh(ev) dv

tanh¥(ec) — tanh¥(ev) | [tanh*(ev) — tanh?(eu)][tanh?(ex ") — tanh¥(ev))

n tanh(eb) — tanhz(eu)] B \/ [tanh’(eb) - tanh’(ex’)]]
~ ¢[tan¥(eu) — tanhi(ex’)] [ [tanhz(ec) — tanh¥(ew) tanh*(ec) — tanh?(ex”) | |

for u,x"el,

b

h(u) is derived in the form:

B = *2eW,  sech’(eu)tanh(eu)./ [tanhz(éb) — tanh?(ew)]
W)= - uns /{[tanh*(ea) — tanh*(eu)][tanh*(ec) — tanh*(eu)]}

g [,r \/[tanhz(ea) - tanhz(e}’l)] J/ltanh*(ec) — tanh*(ey)] dy’

0 tanh¥(eb) — tanh*(ey’) | tanh*(ey’) — tanh¥(eu)

N J‘“ \/[tanh’(ec)‘- tanh’(ex)] J[tanh*(ex) — tanh?(ea)) dx]
[

tanh}(ex) — tanh*(eb) | tanh’(ex) — tanh?(eu)

C, tan(eu)sech?(eu)
- J{{tanh*(ea) — tanh?*(eu)][tanh’(eb) — tanh’(eu)]{tanh’*(ec) — tanh?(eu)]} ’

2%
Substitution of the value of g(v?) from eq. (24) in the condition (18) yields
2eW, [ (¢ {[ tanh%*(ec) — tanh*(ex)” ) ) |
= - : — tanh
G nths [_[,, \/[lanhz(cx)— tanh?(eb) Vitanh (ex)' tanh(ea)]
tanh?(ex ) — tanh?(eb) n tanh¥ec) — tanh?(eb) n o
- - F{—, 1
8 {tanhz(ec)—-'tanhz(ex) * 117 enbter) —taniieny 9§/ Fl79 ) + 1 &
a tanh¥(ec) — tanh?(es) 2 R
+ L \/[tanhz(eb) anh(es) J/[tanh*(ea) — tanh?¥(es)]
tanh*(eb) — tanh¥(es)  {n tanh¥(ec) — tanh¥(eb) - n
x.{l " tanh¥(ec) — tanh¥(es) ! 2’ tanh¥(ec) — tanhf(es) 'q F 29 ds, ,(26)
where F(¢, q) and (¢, n, ¢) are elliptic integrals of the first and third kinds respéctively and
_ tanh*(e¢) — tanh%(eb)’
7=, tanh*(ec) — tanh*(ea) |

The relevant displacement and stress components in the plane of the crack can now be shown 1o,
be given by

H’(x‘O)aJA h{u) du, O<x<a

= '[ g(whcosh(ev)dv, b<x<c _ 27
and ) '

[0..(x, 0)] s [J." eh(u)tanh(en) du ¥ eg(v)tanh(ev)sech¥(ev)
F et T {Jo tanh¥(ex) “tanhi(ew) ], tanhi(ev) — tanh*(ex)

- 2us [ (*  eh(u)tanh(ew) du ¢ eg (v¥)tanh(ev)sech(ev)
(X, 0))y 5, = —— ' '
(7.2(x. O], n U.., tanh’(ex) — tanh¥(eu) J; tanh¥(ex) — tanh?(ev) dv]sech’(ex). (28)

dv ]scch’(ex )




498 A. N. DAS and J. SARKAR

Now insertion of the values of /(1) and g(v?) as gwen by eqs (25) and (24) in the expressnons (28)
yields, after some aigebralc manipulations,

2ueW, [_ \/ [tanh’(eb) - tanh’(ea)] ‘ tanh(ex)

(9,20 e cn = nhs tanh¥(ec) — tanh*(ea) | \/[tanh*(ex) — tanh¥(ea)]

" U A ds J Fi(0,x) dv} _ 2eftanhi(ec) — tanhi(eb)]
0 L]

14

x{r (', x)du’ Iqu(L'.M)_X F,(O.x;u)du
(

+ I' Fiy(v. x)dv J.“ Fole,u)Fy(v, x, u) du}
0

4 Bsh psh c, { ] = lanh(ex)/\/[tanh’(ex) — tanh?(ea)) .
eW, ~' | 2 J{[tanh(eb) — tanh(ea)] [tanh?(ec) — tanh(ea)]}

e[tanh¥(eh) — tanh¥(ea))
n

+ eJ‘u Fi(c, u)Fs(u, x)du} +
0

X {J“ Fy(v’, x)dv’ j‘r Fi(a,v)F,(v', x, d) dv + J’a Fy(u, x) du
] 0

- " tanh¥(ec) — tanh¥(eb)
F D)F.(u, x,v)dv —
(@ ), x, 0y de = S eh) — tanhi(ea)

ush G,

J. Fi(u, x) d%l j‘: Fy(e,u’)Fy(u, u’) du’} _.WOYI.

©

< {% tanh(ec)

[lanh’(uc)--lanh’(e )]+e lanh’(ea)'[ F,(x,-p) dv}]srech’(ex)

and

[0,:(x, 0)) 2W0eu[ \/ [m"hz(eb)'—'lanh’(ea) tanh(ex)-
v hs tanh’(ec) — tanh?(ea) | \/[tanh?(ex) — tanh*(ea))

5 { '[:'F;(u. ) du + J’ ‘ Fyton x) dv} _ 2e[tanh¥(ec) — tanh¥(eb))
- Jb

n

x {J. F}(u'v x)du' J-u F‘(Cg u)F,(O. X, u)du
o 0

+ J‘h' Fy(v, x)dv J" Fy(e, u)Fy(v, x, u) du} + Eﬂ_ C,
0 .

y {2 L I — tanh(ex)/,/[tanh*(ex) — tanh’(ea)] | '
2 Jifiant? (ec) = tanh(ea)][tanh(eb) — tanbi(eay] +e

g j' Fule, u)Folu, %) du}‘ ejlanh’(eb)n tanh¥(ea)]
o !

x {J: Fov'. x)ydv’ j Fo(a,v)Fy(v’ v, x)dv + I. Fy(, x) du

‘[ 0 a0 ) dy  2ONEE) = tanb(eb)
tanh’(eb) ~ tanh’(ea)

X J. Fi(u, x)du J.” Fele,u')Fy(u, u’) du’}
0 0



Elastic strip with three co-plunarr Griffith cracks ' 499
ush C, (= tanh(ec) ) ‘ }
— + e tanh¥(ea) | F;(x,v)dv
_+ eW, X, {2 J[tanh*(ec) — tanh?(ea)] (ea) » 7%, 0)

tanh’(ec) — tanhi(eb) tanh(ex)
- [tanh’(ec) — tanh’(ea) | \/[tanh*(ex) — tanh*(ec)]

x {J‘u Fy(u, x) du + Jﬂl Fy(v, x) dv}]sech’(ex), (29
0 b

where

F 3 tanh¥(ec) — tanh*(eu) " tanh(eu)
(i %) = tanh¥(eb) — tanh?(ew) | tanh*(ex) — tanh*(eu)

F : tanh¥(ec) — tanh*(ev) | /[tanh?(ev) — tanh%(ea))
(b, x) = [tanhz(ev) —tanh¥(eb) | tanh*(ev) — tanh?(ex)

F _ tanh(ex) t‘ _, ftanh(eu) tanh*(ex) — tanh?(ea)
(b, xou) = Jltanh*(ex) — tanh*(ea)] " tanh(ex) tanh’(ea) — tanh’(eu)
tanh(ev) tan-! tanh(eu) tanh*(ev) — tanh’(ea) }
B JItanh(ev) — tanh?(ea)] 8 tanh(ev) tanh?(ea) — tanh(ew)
2
Fulonu) = sech’(eu)tanh(eu)

V{[tanh*(ew) — tanh*(ew)P’[tanh’(eb) — tanhi(eu)]}

Fy(u, x) = [2 tanh¥(eu) — tanh*(ec) — tanh*(eb )]{sisn’l (::::E:;) - F5(0, x, u)}

tanh(ex)
Jltanh¥(ec) — tanh’(ex)]
tanh(ex)./{tanh*(ec) — tanh¥(ev)] + tanh(ev),/[tanh*(ec) — tanh?(ex)]
tanh(ex)./[tanh’(ec) — tanh*(ev)] — tanh(ev),/[tanh*(ec) — tanh*(ex)]
_ tanh(eu)

J[tanh¥(ec) — tanh?(ew)) - .

tanh(eu)/(tanh’(ec) — lanhi(ev )] + tanh(ev),/[tanh?(ec) - tz-lnh"(eu i
tanh(eu),/[tanh*(ec) — tanh?(ev)] — tanh(ev)/[tanh*(ec) — tanh*(eu)]

Fou,x.v)=

x log

J[tanh(ec) — tanh¥(ex)] \/[tanh¥(ev) — tanh’(eb)])

Flxv)=tan” (J[tanh’(ec) ~tanhX(ev)] /[tanh’(eb) — tanh*(ex)]

y sech(ev)
" J{itanh¥(ev) - tanh¥(ea)}’} -
' 2Hanh(ex) _,{tanh(er) tanh?(ex) — tanh*(ec)
Fy(u, v, x)= — l
o %) Jitanh(ex) - anhec] {tanh(ex) [ ]}

tanh?(ec) — tanh?(ev)
+ tanh(eu) A'

Jltanh*(ec) — tanh?(eu))
tanh(eu ),/[tanh’(ec) — tanh*(ev)] + tanh(ev W (tanh’(ec) — tanh?(eu))
tanh(en)/[tanh*(ec) — tanh?(ev)} — tanh(ev )y/[tanh¥(ec) — tanh?(eu))
tanh(eu)/[tanh¥(ea) — tanh*(eu’)] + tanh(eu ")J/[tanh*(ea) — tanh¥(eu)]
tanh(eu),/[tanh*(ea) ~ tanh¥(eu’)] — tanh(eu’)\/[tanh*(ea) — tanh¥(ew))

Fo(uou'y =log

and

X = /ltanh¥(eb) — tanh¥(ex)}[tanh(ec) — tanh¥(ex)]}. (30)



500 "A. N. DAS and J. SARKAR

' ' |
The dynamic stress intensity factors are defined by !
No= lim /[2(x = @){o,: (% Oacs s

N,= }1‘;‘ \/[2(17 - x)][a,.,(x. 0)]u<1f<b
N, = lim J[2x = )}[0,0(% Olis e _ 31)

Substitution of the results given by eqs (29) in expressions (31) yields i

2 - 2 i ¢
- \/[“‘“h("“)][ \/ [ti::,z[;;_::Z:zx:;]zw“ {J Fy(u, a) du + J Fz(v.a)dv}
usC,
~ J{ltanh(eb) — tanh(ea)](tanh(ec) — tanh’(ea)]}]se(:h(ea)

€, tanh(eb)
o= ~ J{{tanh*(eb) — tanh’(ea)][tanh*(ec) — tanhX(eb)]} - [ e ] fech(eb) .
tanh(ec) tanh*(ec) — tanh¥(eb) | 2Wee ( [° .
"= \/[ e ][ - \/ \:lanhz(ec) - lanh’(ea)] nth {L Fy(u,c)du + J‘b Fi(v, ¢) dv}

usC, ‘ .
\/ {[ldnh’(ec) - ldnh’(ea ) [tanh(ec) - lanh’(eb)]}]scc(ec) (32a-¢)

Again insertion of the values of #(u) and g(v?), given by eqs (24) and (25), in the expressions for
displacements given by egs (27) yields .

. _ W 2(tanh?(¢h) — tanh¥(ea)) ‘. tanh?(ev) ~ tanh’(eb)
AR I Py wrer [\/[lanhz(ec)—tanh’(ea)] {,[ l‘l{% tanh¥(ev) — tanh¥(ea) "

x\/ tanh¥(ec) — tanh¥(ev) " do

tanh(er) — tanh’(eb) J[tanh’(ev) - tanh’(ea)]

- J‘ I { A tanh’(eb) — tanh?(eu) | \/ tanh?(ec)—tanh*(eu) |
o ’tanh’(ea)—lanh’(_eu)’q 'V [ tanh¥(eb) — tanh?(ew)

5 du }] _ C,F(4,q)
Jtanh¥(ea) — tanh?(ew)) e /[tanh¥(ec) ~tanh¥(eq))

oo _[2W, (.f° [[tanh¥(ec) — tanh¥(ev)
W Ol e = [hpns (J',, \/ [tanh’(ev) - tanhz(eZ)]\/[tanhz(ev) tanh’(ea))

g { Fii'. )+ tanh?(ev) — tanh?(eb) n { Iy tanh?(ec) ~ tanh¥(eb) }} do

ﬂlld .

tanh’(ec) — tanh?(ev) **]” * tanh*(ec) ~ tanh¥(ev)’ 9
[ tanh¥(ec) — tanh¥(eu)
v L \/ [lanh’(eb) - lanh’(eu)] \/[tanh’(ea) = tanhi(eu)]

tanh¥(eb) — 1anh(eu) tanh?(ec) — tanh?(eb)
F@i,
X { “g)- tanh?(ec) - tanh?(eu) n{ " tanh?(ec) — tanh’(eu)’ q}} d )

C . 1
=LF,
ek q)] Jtanh¥(ecy - tanh’(ga)] (33a,b)
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ig. 2. Vanauoos of stress intensily factors_with V/Cp: Fig. 3. Variations of stress intensily factors_with VIC,:
(=) hNjuWaya, (=) ANy Wb (-=2)  (—) KN IuW, @, (—-—) BN, [uWo/bi  (-+=+-)
hN. mwow NelpWorfe. -

where

L. tanhz(t‘a) - tanhz(e'x) Sin ).I = tanhz(ec) - ‘anhz(ex)]
sin 4 = [tanhz(eb) —tanhi(ex) | tanh®(ec) — tanh?(eb)
and F(‘P: q)! n(¢' n, q) |

and ¢ have been defined earher

On putting b = ¢ and simplifying, it may be roted that the results (33a) and (32a) become those
given by eqs (3.18) and (3.21) of Singh ef al. [2] and for @ = 0 the results given by (32b), (32¢) and
(33b) coincide with those given by eqs (4.21), (4.22) and (4.17) of Das and Gosh(5).

4. NUMERICAL RESULTS AND DISCUSSION

Numerical results for stress intensity factors at the tips of the cracks for different values of
crack speed. crack length and the separating distance between the cracks are presented in this

Fig. 4. Stress intensity luctors vs bja: (-« --) ”N../Mwo\/t_li (- --) hN,./#WO\/l—); (——) hN,/;lWo\/;'.
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Fig. 5. Stress intensity factors vs a/b: (—-—+~ ) kN, [uWor/a; (~==) hNy[uWy/b5 (——) hN [uWo /.

section. The crack length dependence of the stress intensi;ty factors and its variations with V/C,
are shown in Figs 2-5. It is shown in Figs 2 and 3 that stress intensity factors at the edges of the

cracks decrease with an increase in the values of V/C, and have a prominent variation when
V|C,— 1. Variations of stress intensity factors at the edge x. = a become more prominent than those
at the tips x = b and x = ¢ when the length of the inner.crack increases.

Variations of stress intensity factors at the edges of the cracks with a/b for different values
of ¢/b and those with &/a for different values of c/a are plotted in Figs 4 and 5, respectively. It
is found that when the separating distance between the inner crack and outer pair of cracks

decreases the stress intensity factors at the tips x = g and x = b become more prominent than that
at the edge x =c.
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INTERACTION OF ELASTIC WAVES.WITH
COPLANAR GRIFFITH CRACKS IN AN ORTHOTROPIC
MEDIUM

" 1. SARKAR, S. C.'MANDAL and M. L. GHOSH
Department of Mathematics, North Bengal University, Darjeeling 734 430, india

Abstract—The problem of diffraction of normally incident elastic waves by two coplanar Griffith cracks
situated in an infinite orthotropic medium has been analyzed. Fourier and Hilbert transforms have been
used to solve this mixed boundary value problem. Approximate anaiytical results for stress intensity
factors and crack opening displacement have been derived when the wave lengths are large compared to
the crack length. Numerical values of stress mtcnsily factors and’the crack opening displacement tor |
several orthotropic materials have been calculated and plotted graphically to show the effect of material
orthotropy. )

INTRODUCTION

DyNAMIC fracture problems involving anisotropic materials weakened by crack-like imperfections
have drawn much attention. by investigators because of the increased usage of macroscopically

anisotropic construction materials such as fibre reinforced composites. The different possible

location of cracks with respect to the planes of material symmetry introduce great modifications

in the strain and stress distribution. The problems are also of considerable interest in seismology -

and exploration geophysics. The problems involving single or two Griffith cracks in isotropic elastic
medium have been studied by many authors [1-6). Mathematical difficulties encountered in solving
the governing equations of the anisotropic elasticity theory are responsible for the availability of
few results only for special classes of materials. Kassir and Bandyopadhyay (7] have studied the
elastodynamic response of an infinite orthotropic solid containing a crack under the action of
impact loading and the elastodynamic problem of a finite Griffith crack in an orthotropic strip
under normal impact was investigated by Shindo [8). Problem involving a moving Griffith crack
in an orthotropic strip has also been studied by De and Patra [9]. Recently, Kundu and Bostrom
(10] solved the problem of scattering of elastic waves by a circular crack situated in a transversely
isotropic solid. '

In our paper, the diffraction of normally incident time harmonic clasuc waves by two coplanar
Griffith cracks in an infinite orthotropic medium has been investigated. The faces of each of the
cracks are assumed to be separated by a small distance so that, during small deformations of the
solid, the crack faces do not come into contact. The resulting mixed boundary value problem is
reduced to the solution of a triple integral equation which has further been reduced to the solution
of an integro-differential equation. Iterative solution valid for low frequency has been obtained.
Analytical formulae for stress intensity factor and crack opening displacement have been derived.
Making the distance between two crack zero the corresponding results for single crack have been
presented. Finally, choosing the engineering elastic constants of the orthotropic material suitably
the results for isotropic material have been deduced and compared with the results obtained by
Jain and Kanwal [5]. To display the influence of the material orthotropy numerical values of stress
intensity factors and Cl'(l(.k .opening displacement have been plotted for several orthotropic
materials.

STATEMENT AND FORMULATION OF THE PROBLEM

Consider the plane problem of diffraction of normally incident longitudinal wave by two
symmectrical co-planar Gritfith cracks situated in an infinite orthotropic elastic medium. The cracks
are assumed to occupy the region h <1V | <a, ¥ =0, |Z] < 20. It is convenient to normalize all
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lengths with fespect 1o “a" and 50 setting 3'a = x, V/u =y, Z/a =2z, hla =c the new position
of the cracks are defined by ¢ x1 g1 v =0, 2| < 2o (Fig. ). .

Let a plane time harmonic cfastic wave originating at y = — % be incident normally on the
two cracks is defined by ¢, = expliizy — o] where £ = awfe,\/ csy. ¢, = (pyy/p )" with p being the
density of the material. [n the isotropic solid. ¢,, represents the velocity of the shear wave.

The nen-zero stress components . and ©,. are ;givcn by "

":-w’.”l'.’ = Cl:“ v + Ca P.v
. :\ .'!“ll = “.,‘ + l"..r_‘ : . ' (l)
where w0 denote the component of the displacement in the x,» directions, respectively and comma
denotes partial differentiation with respect to the co-ordinates or time: ¢y(/, j = 1, 2) arc nondimen-
sional parameters rclated to the clastic constants by the relations
en = Efua(1 = vh B E)
en = Eyjpad = vis By /) = ¢y Ey/Ey (2)
i = v Eytg(1 = v By Ey) = viacp = vy

for generalized plane stress, and by

oy = (£ /Al‘::)(l‘- ¥33va)
en = (EyfApp (1 — viyvy)
€= Ey (v + viy v B[ E) ) Apt - : 3
= E, ("12.'*' v vy EVE)[Bp

; A =1=vpvy —vyvy — vy vy — V¥V — Vi3 ¥y ¥y

for planc strain. In the above ¢quations E,, #y and v, (44 = (,2,3) dc?ote the engineering elastic
constants of the material where the subscripts 1,23 correspond to the x, y, z directions which
coiricide with the axes of material orthotropy and the constants £, and v; satisfy the Maxwell’s
refation _ ’ B

v, B = vl E;. @)

iyt

The equations of motion for orthotropic material, in terms of displacements are

IS

. a
Cull + Uy + (1 +opu,, = —F Uy
1
2’
Cal,, + U+ (1 +cplu, =';i v,- : &)
N s :
RE4
;!
‘ _—
-1 - 0 c i X

3. 1. Geometry o the eracks.
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Therelore, :ubsmuungu(v v =ulx, yyexp(—iwt)andv{x, v. 1) =r(x, y) cxp(—zw!)m eq. (5)

we obtain
Cp iy 1y + (1 +c|3)v_,,+k;u =) (6)

and |
2y T Vi + (1 + Cu)u_,y + k“u =0
where k2= a’w¥/cl.
The boundary conditions of the problem are

(%0 =0, Jx|<o ' M
1, (%, 00+ t(x,0)=0, c<lx|<! )
v(x,00=0, |x|<e¢ [x]>1. ¢))

Henceforth the- time factor “‘(p(-—-l(vt) whlch is common to all field variables would be omitted
in the sequel. ;
The solutions of egs (6) can be taken as

2 (= . |
05,0 = [ "1 exp) + (8D expt— i £ ¢ (10)
. 0 3 . ) '
2 (=1
vlx,y)=%- L z [ty A, (§ ) exp(—=p11y]) + @ 4, (§) exp(—7;yDlcos §x dg, . y 20 (11)
where - 2 2 2 .
endi—k;—vi
=2 7 i=]1,2 12
' A+ (2
and 4,(E)i =1, 2) are the unknown functions to be determined, y$, y3 are the roots of the equation
C_zz? +{(ch+2c0=cucn)e? + (1 +ea)k 2y +(cy &2 - kfX€’—kf) =0. (13)
‘From the boundary condition (7) it is found that .
, A (8) = —BA,(§) (14)
where b
_nta
T nta , (13)
Employing eq. (14) the expressions for displacements and stresses reduce to
u(x,y)= f exp(~nlyD - B exp(—nlbDl, (E)singx de, . (16)
-2
v(x,p)= t- J.o 7 CXP(—}": IJ'I) — Pz exp(—12lyDlA (& Jeos Ex d&, y 20 17)
2
T/t = —; J 7+ a@)exp( =y lyl) ~ exp(— 72Dl (E)sinéx d§, y 20 (18)
(= Y
Towibyy = p j; ,[(Cué - Ei? )CXP(-'M}’D -
- B ( €28 ~ -LTY-: )ﬂp‘ 'YzLVD] A,(&)eos Ex d&. (19) .

We further substitute

A6 =228 4 6

so that the boundary conditions (9) and (8) yield the following integral equations in 4 (&)

5 A(¢wosEx dZ =0, ixj<e, xI>1 (20)

. ‘é

a
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and

i 0 | .
f H(E)A(E)cosex dé = —22, c<Ix| < 1)
0 C 2y, _ !
where p, = k2 €
and ‘ﬂ ) . '
cpét—cpay =B (cnd P—enayn
H = : . 22
()= () = By) 22)

| METHOD OF SOLUTION
In order to solve the set of integral egs (20) and (21), assume
1 ' .
a6 =1 j hGehsin(Edr (23)

where 4 (¢2) is.an unknown function to be determined from the boundary conditions.
Inserting the value of 4 (¢) from eq. (23) in eq (20) and using the following result [11]

| ,L fln(ét)EOS(éx) e {Hg\“
it is found that the choice of 4 (£) leads to the equation
J‘Ih(t’)di 0. (24)
Further substitution of A () from eq. (z;) in eq. (21) leads to
J h(t’)dtj sin($t Jcos(§x)dd = go —
sin( ¢t )sin(§x)

dn
-E_Lh(lz)de ¢H\($) T df, CQIXIQR (25)
where ' .
TPo
= 26
o 29[‘11 @26)
B@=23-1 e g @
| B = (ch + cu —cucu)cNiNy = ¢yy) — enlcuNiN}+ Cu'(Nf'i' NN+ N3 (28)
an(d 'f_jcu)(Nl + N,) '
1 R - -
Ni= 2en [—(ch+ ?CIZ = eyen) + /(¢ + 2c; — ey en) — 4y )
l ] - .
N%‘E[‘("ﬁ‘*‘zﬁ: ‘.'-‘{pcn)"sﬁ‘-'fz +2¢; —~ cuen) ~4ey en) - (29)
Using the relation » '
sin {t sm & _ vy (Ew)Ty(Ev)dv dw
o (xfz — WZ)IR(, 2. v)m (30)

. €q. (25) can be rewrittéfi in the followmg form -

4 2
J’ ) drmg-d J' B J' L S, c<kl<l ()

(x? = w)'(s?
where

L(y,w)= J': CH\ (§)s(Sw)p(Sv)de. B (32)
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Applying a contour integration technique, the innnitc.imegrul in L (v, w) can be converted to the
following finite integrals (det':lils given in the appendix)

N m 1,2V - 2 eydath) d
Liw.w)= —ikf[ L €l szane)';&| f(gc;;, cndy ¥ xJo(k,ﬂU)Hsn(k-ﬂ“’)d’l

! [’(Cuﬂz-cudﬂz)- k.nv)H Pk ].- v (33)
- j.”‘/'_'.l 04, _ﬂ&:) Joll l”v) 8 ( fﬂw)d'l wov

where
# ,'_[HR‘ -gR}-4R,)'“}]‘” |
Jo= B{R, + (R} =cRyyape
‘ fi=B{ =R + (R} + 4R
| fo=B{R, + (R1+ 4R35

Ry= ;]— {ch+ 2~ cnca)n’? + (14 cn)}
T eg

‘ R;=:_—:(l -n’)(;li-'—n’) . (34)
o megeen(e-g)
- - xcll;’:l_ l+ﬁ
(1+cudiy
: '.‘_: enn® =1+ (= 1)¥} i
(M +eadi
& =%
T2
4+
&G—-f _
The corresponding expression of L (v, w) for w < v follows from (33) by interchanging w and v.

Employing the scries expansions for the Bessel function J, and the Hankel function H{" in
© eq. (33), it is found that

(=12

=12 _ | E

L, w)=§rkzlog'k,+0(k3) %)

where

! [ jllm e = endi iy — ﬂ(c.‘,‘ry" = cnd;7;) I' B (cun? = cady7;) ]
P = — — dn — s dn |.
01 Jo (@, — B4;) TN (¢, "'Paz)

Now, let us expand 4 (1?) in the form

Bty = ho(1?) + k 2log k,hy (¢2) + O (k 2). (36)
Inserl.ing the above expunsion of 4 (+?) and the value of L (v, w) given by eq. (35) into eq. (3[) and .
equating the cocfficients of like powers of k,, we obtain the equations

J"' the(s?)

). o =de e <lti€]

. 6
and

ety e .
J( .7 -‘.\’:dr = —? ‘ h(rYde, ¢ <lx] <1, (38)
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Using the finite Hilbert transform technique [12], the solutions of the above integral equations can
- be obtained as

1o \In L ’
ho(e? )--40(""“"‘51') Sy — = 9

’ _ 4
R ==t I

where D, and D; are constants to be determined using? the condition given by eq. (24) so that =

I I
J. hy(1 )81 =0 . | “n
and :
I.Oﬁm-o
Subsuluuon of the valucs of hy(s?) and A (+?) given b;; eqs (39) and (40) in (4!). yields
2 E
D= ;%[C’ -'ﬁ.] : (42)
2 T ETE S - (43
3o 254 .

where F=F[8, /1 =¢?] and E = E[r/2, /1= ¢) are the elliptic integrals of first and second’

kind, respectively, Subsmuung the value of D, and D, gwcn by eqs (42) and (43) into eqs (39) and ...
(40), we obtam

. . -‘3_51.1
ho(a?y m, =22 = " (44)
T mUETRO=EY |
2 Pp, l+¢1_2_5 11...‘% ; '
meh == e, . (45)

CRACK OPENING DISPLACEMENT AND STRESS INTENSITY FACTORS

Thc crack opening displacement and the normal stress component in l.he planc of the crack
can be written as

.-h ‘.

Av(x,O)-v(x,0+)-v(x.0—)-2J"h(t’)flr, C‘X‘ll J ’ (46)
and L
9 (VihGiYY
t,,(x.O)-h‘%ar tht )dx, O<x<e¢

218430 th (13 .
-t "x,( )dt. x>1, , (48)

Expressxons (47) and (48) wuh the aid of the eqs (36), (44) and (45) yield
' P{: 2E
1] —— b i 2
[ - {l +c F }k,k_;gk,]

E ‘ +0(k]), O<x<c (49)
x1=Z * A
7,.(x. 0) - -pn[ | - :[" F] ) P 2E

+O0 k), x>1, (50

@7

t"(xv o) = -po[ ! +
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The stress intensity factors are delined as (in physical units)

K, = Lim [V (= ';)-t”(x' 2 l .
0 <z <¢e

1))
m;cm[V“‘mM‘ml. ' (52)°
T—)~ Po >1
Substituting eqs (49) and (50) into (51) and (52) it can be shown that
[1_5{1+c1-3§}k3'|ogk,]+0(k3) N € )

- -F. - I_f_ '2_2_5_ 3 2 q
K|=J2U'WTE1 n{‘+c F}k,logk,]-&-O(k,) _ (54)

Further substituting eqs (36), (44) and (45) in the expression given by eq. (46), the crack opening
" displacement is obtained as

Av(x.0)=2%[l _P {l +c’—3}5}k}logk,}[—z—f'(l,'q)—E(L"I)]
B n F(%,q) .
+0(k}), c<x<1 (55

L 3
sin 4 = /ll:—:,andq=,/(x-c=). N

Letting ¢ — 0 in the expression for stress intensity factor and crack opening displacement, the
results for a single crack occupying the region |x| € 1,y =0, |z| < co are found to be

k=l 1-Stionk, |+ 00k 56
806,00 = -2 ST 1 Zhtiogk, [+ 06D, 0<x<. (s7)

For isotropic medium, putting

where

A+2 .
€y =Cy= yv K= ity cn"cu"z'é
so that ' s
. l ’ L
Bomyy, aymEiy,, k,=m,, k| ey =m,, f":_"’
. )
Ny l=Ny, 6w —=201=1%)and P-%c..
where

R e A ) ' aw
€= —m- Vi=({?—mi)" and 'ml=—q—(‘ =1,2)

the expressions for displacement and stress are found to be

coay_ = - Po. ¢ " 2B
vix, £0) = +,'§m[l —E'{l +¢c? —-’;;- }'{r1§¥ogm,]

X
E R
' ; mF“"I)-E(l-‘I) + 0 (m3), c'éxslw'kc. lx] > 1

. .~ -—_—

] | nte ' l’tl\,l
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_ and

E '
o xi—= 2E"
+_[___il_; LD [ QNP M logm.]-i-O(m.) 0<x <c¢
0= -Po{ l (I =x)e? = .\'1)]. _[l 2 {l “TF }

= —p,, ¢€lx|&!

1+c’—3;.5-}m§log m,]-&- o(md), IxI>1.

Now, the crack opening displacement and stress mtcnsuy factors are found to be

2E
[d ] R
Av(x.O)-—-——-—-,—“(l:‘ )[l—z{l+c F}mﬂqgm,]

=
E -lq)
x[—-(—z——F(l.q)—E(l.q)}+0(mzz). c<x<gl

H(%9)

2;- }m§ log m,] + 0 (m?)

1 -E

K= ":7%'-'5{”"‘2-?}5} ’logm,]-FO(mi)

which comclde with the results obtained by Jam and Kanwal (5] up to the order of m}log m; in
the isotropic case,

When ¢ — 0, we recover the stress imensuy factpt and crack opening displacement for a single

crack

x.-j‘@[x—c—;mznosm,]»ro(nia) .
Av(x.O) z)./ [l-——m logm,]+0(m,). 0<x<l

which agrees with the rcsull of Mal(2].

NUMERICAL RESULTS AND DISCUSSION

The stress intensity factors (SIF) K, and K, given by (53) and (54) at the inner and outer tips
of the cracks and crack opening displacement (COD) given by (55) have been plotied against
dimensionless frequency k, and distance, respectively for three different types of orthotropic
materials whose cngmccrmg constants have been listed in Table 1.

From an 2 it is found that SIF X; at the inner tip of the crack increases at a slow rate with
the increase in.the value of frcquency k,(O I k 60 6) On the other hand the rate of increase of

Table 1, vEnpneermg elastic constants

E,(Pa) E,(Pa) #12(Pa) v
Type | " Modulite 11 ognphue—epoxy composite: .
18,3 %} 158.0 x 10° 5.52 % 10* 0.033
Type 13 E-Type glau-cpoxy composite:
: 9.79 x 10’ 423x10
Type 111

3.66 = 10° X
Stainless steel-aluminium composite: * '0063

19.76x 10°  $5.91 x 10°

30.02 x 10° 0.31
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B Av(a0)

Fig. 8. Crack opcmng displacement (COD) vs distance (¢ = 0.2) for generalized plane stress. (— , = 0.2;
----- , k, s 0. 6).

the SIF K, (Fig. 3) with frequency k, at the outer tip of‘ the crack is found to be higher than that
of X,.

In both the cases the value of SIF is higher for lmall values of ¢, l.¢. for greater crack length
SIF is higher. But i is interesting to note that for different materials the varistion of SIFs in both

the cases are not ugnmcam. In the case of single crack (¢ = 0) the varistion of SIF with material
A propcrucs has been shown in Fig. 4.

0.32 -

0;28 }—

C=9.5,08

k, =02
. ’ .

0.24 I~
0.20 -

0,16 |~

#,,89(x.0)
28

0.12 =

0.08 =

0 V. 0.% 0.6 I
' g 0.7 (X4 a9 1.0

Fig. & Cruck opening uisplnccmnl‘(CQD) vs distance (c = 0.5and ¢ = 0.8) for gen-emliz-cd plane stress
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Hygav(x.0)
P

| I ] ] | ] ] ]

0
-1.0 03 -06 04 -02 O 02 04 06 08 10

Fig. 7. Crack opening dxsphccmcnl (COD) vs dxsla.uoc (sxngle mck, ¢ = 0) for generalized plane stress,
_— 1-02- ----.*,-06)

The COD has been plotted for different crack length. In each case COD increases gradually
from zero, attains maximum value and then decreases to zero. It is found that with the increase
in the values of ¢ (i.e. for small crack length) the values of COD' decreases (Figs 5 and _6). For a
fixed material the variation of COD with frequency is found to be insigniﬁcant. but it 18 noticed .
that for smaller values of ¢ (Figs 5 and 7) the variation of COD with frequency is palpable. ¢=0
(Fig. 7) correspond to the case of single crack.

In all the cases where different values of ¢ has been considered the vanation of COD is found
to be prominent for different orthotropic materials.
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APPENDIX
“Evaluation of Liv, w)
The integral L (0, w),given by ¢q. (32) is
L, w)-J‘ My 1Mo (§w W (Sv)dE (A1)
where *

' 1 . 2 .
ML M (g = STt = Bal T epayn)
7 143) 1, = fiag) $ (A2)
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7= [H —F. +(B} T 48,y
vi= (=8~ (B} =48,

8 -é“d}*z‘u"n‘u)"*“ +en)k}) : (A3)

1 s
Bym— (&1 =kiXeydi=kj)
n
To evaluate the integral (A1) we censider two coatour integrals

l.-‘[ My V(AP wKE, w>v

IM(¢. ..7,).!.(Cu)ll"'(¢w)d¢, w >0, S ' (A4d)
r .

where T, and T are the closed contours defined in Fig. 8, and H{?, HY are ¢ the zero order Hankel functfons of the first
and second kind, respectively.:

Assuming l.he relation

{(‘u'*‘z‘n"‘u‘nxl'*fn) 2 +cey) P ("n"’2‘:|1““-'||¢zx)z 4°|| (|+°n)’ 4 <0 (A9
¢k ;) , ¢h tn Tk enm C

it is noted the branch points & = 1,(/ = | — 4) corresponding to the roots of the equation B} = 4B, = 0 are nlways complex. .
Now, the branch points corresponding to the roots of the equations

B, +(B1=4B,)3 =0 and — B, — (B} =452 =0 -
are ¢ = tk, and & = +k,/ /<, usﬁectively whegp it has beca assumed that
(enea=ch=2¢,)> (1 +¢n) . : (A6)
and ' '
c.,+2cu+c">0 e

Therefore under the above conditions, ¢ = +k,/./¢, and ¢ = +k, are the branch- pomu of v, and Y3 mpecnvely.
Equations (AS) and (A6) are true for most of the onhotxop»c malmah. Thbe integrals in eq, (A4) can be shown to be zero

Jlmt

7‘ - kI:’.l
73 - ku;Q
1; - klf‘
A
n- k.’l

Fig. 3. Contours of integration for integral in eq. (Al).
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on the vontours AT, and AT, (Flg 8) around the, branch cuts from 4, .md 4. Thus m(cgﬂung along lhc contours [T, and
Iy the integral L, w) for w > v can be finally written as . i

vy —Cn - = Cody !
[ et el Peun T cudiind g o yar ki
(%~ 54:)

Lww)= —n'kf[
B Jo ﬁ
1
(can’ rwivh) . -
Jo(k, nv)Ht”(l;,nw)dq w>v
J.ll\/fT O@dl ’ ____________,___,.-.—-—-», ,0/\’\'\-
where §;, %, &, &, B, f, &,. 4;, 7, are given by eq. (34). ! ) - ~—

._ -
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o ool OF CLANTIC WAVES BY THREE -
COPLANAR GRIFFITH CRACKS IN AN OA\'FHO TROPIC
: MEDIUM , z
1 SARKAR. $. . MANDAL*-and M. L. GHOSH

Department of Mathematics. Navth Bengal University, l')arjeclingwsfu 3, India

Abstract—The dynamic respanse of ihree co- -planar Griffith cracks suuated in 4n wmfinite wrthotrom
medinn due 10 elastie witves incisent normzlly on the cracks has been treated. The Fourier wansiur
techingue has boen UG ° o the slastadvnamic problem to the solution of a st of four 1 gral ]
eyuations, These mley,ral ations have been solved b\ using the finite Hilbert transform technique R
and Cook's resuli. The an'-h uca] forms of crack openin2 dxspla;emem and stress intensity factors have i
been derived for lew freguency vibration. Numerical results of crack opening dlsp:acemcm and stress

.inisnsity 'a"lurs for scversi orthotropic wnztereals have been calculated and ploued graphlcall\ te

display tiv: influence o: the maicrial onhotrop\

1
V
'

.. INTRODUCTION

Recertly, with the increased usage of macroscopically anisotropic construufidn maierials such
as fibre-reinforced materials. the study of diffraction of elastic waves wnh crack= 'or inclusions
has auractcd the attention of scientists. The different possible location of cracks wnh respect to
the planes of material syminetry is of greai interest tn Seismology and Exploration Geophysics.
The problem of scattering of elasti¢c waves by cracks of finite dimension in’ isotropic: medium
has been: investigated by several investigators. Many investigators [1-6] have solved. the
diffraction problem involving single or two cracks in an isotropic medium. Dhawan 'and
Dhaliwal 7] solved the ‘statical problem involving .three coplanar cracks in an infinite
transversely isotropic, medium. The dynamic problem of singular stresses around cracks in
orthotrupic medium are few in number. Kassir and. Bandyopadhyay [8] solved the problem of
elastodynamic response of an infinite erthoiropic solid containing a crack -under the action of -
impact loading. The problem of normal impact response of a finite Griffith crack in an
orthotropic strip has been solved by Shindo {9]. De and Patra [10] have also solved the problem
involving a moving Griffith crack in an orthotropic strip. Recently Kundu and Bostrom (11}
treated the diffraction problem of a circular crack in orthotropic medium.

To the best kpowledge of the authors,j.be pr@blem of diffraction of elastic waves by three
coplanar Griffith cracks in an orthotropic material has not been considered. In our paper, the
interaction of normally incident time harmonic elastic waves with three’ coplanar Griffith, cracks
in an orthotropic medium has been investigated. It is assumed that the faces of each of the
cracks do not come into contact during small deformation of the solid. Thl. resulnng mixed
boundary valué problem is reduced to lhc solution of a set of four integral equations which has
been reduced to the solution of an mtegro ‘differential- equation. Iteration method has been
used fo obtain the low frequency solution of the problem. This enables us to cbtain
approximate value of the crack opcnmo displacements and stress intensity. faclors Maiking the
length of the central ¢rack tend 10" zero, the cor responding results for two Griffith cracks have
been obtained. Numerical results for stress intensity factors and crack opcnmg dlsplaccmcnls

have been plotted against dimensionléss frequency and distance respectivelyzfor different
orthotropic materials whicn have been shown graphxmllv

tTo whom all correspandence should be addressed. .
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2. STATEMENT AND FORMULATION OF THE PROBLEM

(.o.... 22 the interaction of normally incioent longitudinal wave with three coplanar Griffith
cracks situated in an infinite orthotropic ¢lastic medium. The/cracks are assumed 10 occupy the
position |X|=d,, d;<|X|sd. Y=0, |2|<=] Let E, py)and vy (i,j=1,2,3) denote the
engineering elastic constants of the material where the subscripts 1, 2, 3 correspond.to the X.
Y, Z directions chosen to coincide with the axes of material orthotropy. Normulizing all the
lengths with respect to 'd’ and setting X/d=x, Y/d=y, Z/d=z, d, /d b, d./d =c¢, the
cracks are defined by |x|<b c=lxl=1,y=0, |z} < > (Fig. 1)

- Displacement ‘components are. also made- d\_mcnsxpnlc_:ss with respect to ‘d’ so that
dimensionless components of displacement in x, y~ directions are assumed o be u, v
respectively, where

u=ux,yv, () and v= u(x.;:y, 1.
S

Let ¢ ume harmonic plane elastic wave originating at y = —x= and incident normally on the
three cracks be given by v =wvgexp[i(ky — wn]/d where k =dw/c,Vez, ¢=(r12/p)?, vois 2

_constant, w and vg/d are the frequency and dimensionless amplitude of the incident wave

respectively, p being the density of the matenal In the i xsotropnc solid, ¢, represents the velocity
of the shear wave,

The non-zero stress components 1,, and T,, are given by

t.y,v’l-"ﬂ. = C!Zu.,q + ‘sz“’,y

‘V‘rxv/“12=_lf/,y+v,x ; I (2.1)

where k, v denote the component of the dxsplacemem in the x, y du'cctxons respcctwely and
comma denotes partial dxﬁerent\atxon with respect to the coordmates or time ; c,,(:, f=1,2) are

I
Fig. 1. Geometry of the cracks.

|
i
|
|
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nondimeusional péra’mcten related to the elasticv constant by ti:e relations:
cu = Ei/iia(l - Vi?E-RIEli '
iz = Ealpiall = V;zEz/EU - C.uEz/Ex ' { o
12 = ViaEal p1z(1 = YERl Ey) = V12622 = Vil o : o (2-3) :
« for gcneralized.plane stress, and by P L ’ :
cu = (Ei/Buy2)(1 = vi3vy) ,

o e = (Ea/ dpia)(1 = vizvy)
Cia™ Ey{vay + Vi3v3a B2/ EV)/ By = Ex(via + vy v EV/E) A

Aml= vV = YoV = Yy Vi3~ ViaVadVy =~ Vi3V Va2 . ' @3
L[] N

for plane strain. The constants :E; and v, satisfy Maxwell’s relation:. . .

V,"E‘-V",El. ] __-.:._ RN *."_:;. PN (24)
The displaccment equations of motion for orthotropic mtedal are it o L
. . |

. . I T
- , o

Crl xx + u.y?:+ (l + Clz)".xy -

d"‘ S e
cnv,,+.a_.,+(l+cu)u_,, c’ Vg - i ) (7_5)

Substitution of u(x, y, r) = u(x, y)exp(—iwt) and'v(x, y, 1)y = v(x, y)exp(-larl) in cquauons (2.5) ..
reduces them t0 .

T

\ .
. cuu.,,+u,,, +(1 +cu)v_,,+k3u =

CaVyy + v+ (14 1)ty + k=0

- (26)
with ki = d*w?/c}, which are to be solved subject 10 the'boundary” conditions .
L weO=0 bskse WSl QD)
n0)=0, <= e
T(x 0+ 5)(x,0) =0, |.x|<6 ] <lx|< B (2.9)

chcdonh the time factor exp(=iwt) which i |s common to all field vanables woﬂld be omitted
in the sequel.

Using the condmon (2.8), the solutions of equations (2.6) may be written as :

. ulx, y)=-J [exp(=y: Iy1) = B exp(- VzlyI)Mx(f)sm(éx)de 1 ©10)

¢ ‘.; e,
) I ’
v(x, )v)-:;L E[m exp(= v, Iyl) = Ba, °xp(“-72'|iY|)lA1(€)Cos(6x)d'E,!" : y>'0' @1

-..&l

\
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and the stress components are given by ) ' .
. , .

2 f ; ! : - L
27 (e + anlexpl-y: 5D = exp(- 2 pDMALOIM(EN G, ¥ >0 12
o S : . :

tr'/.u'!? =T
s b4
o= [ [(cne - B2 Verp(-va 1y - Blent - B expt-rval) sdosten)
) : ‘ (2.13)
where '
' _en€-ki-vi .
B Frat N EY. (2.14)
e g

Y2+ az I

Ay(£) is the unknown function to be determined, -and 73, ¥} are the roots of the equation
ey +{(ch + 2012~ cucn)E + (1 + ek + (cn 2 ~ k(2 - k) = 0. (2.16)
With the aid of the boundary conditions, (2.7) and (?.9) A(£) is found to satisfy the integral

equations
r A(E)cos(Ex) dE=0,  x el ls (217)
0 .

and ' : - |
nd /n

. b 4 ’
[ Hoa@xosen de=~32L,  xen,b (2183,6)
N (Y . (gt : . L
where y = (0, b), = (b, ¢), Iy = (c;1), L= (1, =) and |
Po ™ ikpracnvold (2.19)
Ay =2 E 4,00 (2.20)
cizé’ — cnar ¥y = Bleuné® - cnazys) |
H(§) = ‘ .
4 = (@ - Baxz) (221
¢ 3. METHOD OF SOLUTION .
The solution of the integral equations (2.17) and (2.i8) is taken in the form
@B .

. 1 b . ,1‘ ti
A(é)=- j h(r)sin(ér) dt + = f g(u?)sin(&u) du
’ ') . ,‘f €
where A(f) and g(u®) are the unknown functions ;rto be determined, Subsiiluling the value of
A(€) from (3.1) in (2.17) and using the following result [12) E .

. [
' : J" sin(&1)cos(£x) de=) 2 1>x
0 § ¢ 0, t<x

——
!

(

|
[
|
. ] : |

AN\
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it is found that the choice of A(§) leads to the equation
1
I gu?) du = 0. (3.2)
[4

Further substituting A(¢) from (3.1) in (2.182) and wsing the result [13]

+x

J: £ sin(gu)sin(éx) dé = %log : .

we obtain o

:xJ' hU)lOg\——\d:*if gl )log‘ "du '
=2{qo—-d—I h(x)dtj H(E)E" sin(gsinex) o

- i J; g(u?)du 'J: H(E)E! sin(fu)sin(fx) df}, <% L (33)

where

Rpo

Q=" 'im . » @.4)
.(E)--’ie(—Q%—w as == @3.5)
é leliten - enen)(caMNa~ey) - cale)aNiNG + ey (NT + MM, + N3)] (3.65
cn(l + e )M+ N,)
Nl= i_z_z; {cucu -ch-2c+ (3 + 202 - cuczz)z = 4cycn)'?)
N} = Ec—{c"cu -~ 2y~ [(ch +2c - Cn‘?_:.z)z —deycn)?) G.7)

Using the relation

sin £x sin &1 I * T wwlo(Ew ol f0) du dw
52 o(xz - wz)m(tz - vz)m

equation (3.3) can now be rewritten in the form

" d r [+ x|
2 [* hiog |22
A fl)log P

du

a u+x
ore gz [ swoveg|
:+dx‘g(u)logu_

" wwL(v, w)dw dv-
= Z[QU——I h(') d'J’ (xzvf w(z‘;lr‘:gz - 2‘)’13

o, “ _wwL(v, w)dw d
dx], glu )duL L(x’—wz)"’(uz :vuz‘;vz' xel (3.8)

where

Lo, )= J' EH,(EMo(6w Vo(ev) A

. and Jo( ) is the Bcsscl function of ordcr zero.

(3.9)
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Applying ,a contour mtegrauon technique {14}, the infinite integral in L{v,w) can be

converted to the followmg finite mtcgrals

f Newe —- @i ¥i¢ ﬁ(‘-" "1 2o az‘Yzczz)
/ , 1211 1¥i€n — 12 Jo(ks H 1) k, d
L I{ Lw)= -xkiu 0@, - Bay) o(kenv)HE (kymw) dn

'I " Blewn? sz&z?'z)J (ko) H (kyw) dﬂ.} w>v (3:10)
1Ven 8(&, - 2) .

where .
1 sy
= [;{Rl - (R% - 4R2)l }]
1 _
[i{ R, + (R} - 4Rz)‘”}]
- 2
o
5= [i {R; + (R} + 4R'z)"’}]
1 ‘ ok
Ry = T{(cfz +2¢1; = cisCa)n? + (1 + e}
. Cm ‘
= =C_‘_1_l _ w2 (_L_ 2)
R, C;g(l 7°) n n
,_€u z( 2 l.)
Rij=—(1- -
2 sz( 1’_) n n
BT il bl /PP |
N T (te)y ’ ' - S |
/ é |
w e
' = T ’
= (1+e2)%
= d =
B 52"'72
a“+ 7' ) (3.11)
&z' '92 ' |

The corresponding expression of L(v, w) for u} <v is obtained by interchanging v and w in
(3.10).

Employing the series expansions for the Bessel function /0 and the Hankel function H{" in
equation (3.10), it is found that :

2 .
L(v, w) =~ Pk} log ky + O(k?) (3.12

where

s 6

7 ' p= l.U; “epn’ - ey - B_(Cn§n2 - 5172sz)dn - J’l Blcrn’ - €2&2%2) d ]
Ve,

(a; - Bay) ‘ (&1—[;52)

(3.12
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,
Let us now expand h(t) and g(u?) in the form
h(r) = hy(r) + k? log k, h,(:) + O(kd)
and .
gu®) = go(uz) + k2 log k, g:(u?) + O(k3). (3.14)

Substisuting the above equations (3 14) and the value of L(v, w) given by (3.10) in equations
(3.8) and (3.2) and equating the coefficients of like

powers of k,, the following equations are
derived.

® T+ ' ugo(u®
d% L hotr) log \L:-E\ de + ZJ’ —%L(——zdu =290 X e% h (3.15a,b)

I/“g '(“x) ‘3; U tholr) dt +I ugolis?) du],

X € 11, l; (3168, b)

_Lh

and

[seeu=0 =0 (3.17a,b)

Rewriting equation (3.15a) as

rho(r)log \:—‘_“—’;‘ dt=nRx), xel . (3.18)
0 -

=~ [ 12522 8]

The solution of the integral equation (3.18) with the help of Cook’s result {15] is found to be

where

2 'Wul-pt ‘
ho(f) = - 0 (b’-‘ A2 7 (b - rz)m - " . EzO(u L 319

Substitution of the vz‘aluc of hy(1r) from (3.19) in (3.15b) wnh the aid of the result

J"’ 1 2 dr =5[ x u ] : VI
L B - - )= ) 2L - bR (- bh)R) xeh -

yields the singular integral equation '
I‘ Vu=b 80("1) _R_Po xlel (3.20)
A u—x? 2 1428° ¥ -

Next using the finite. Hxlben transform technique (13] the soluﬁon of the integral equation is
found to be

n_ __Po u*(u? - %) uby,
£olu) = #1280 N (u? = b3)(1 - u’) (W=-bHui-cHl-ud) ©.21)

where [J, 15 unknown constant to be determined from equation (3. 17a) ’

Now substituting the valoe of go(u®) from (3.21) in (3.19) and performing the xmcgrauons.
hy(1) 1s obtained in the following form

= - Po z(C "fz) tD
holt) K20 V(b2 ~2 :

)(1 - ‘2) (bz ‘1)(C - ’2)(1 - ‘2) (322)

By the procedure similar to one which led to the derivations of the solutions of (3.15) as given
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by (3.21) and (3 22), the soluuons ot equauon (3 16a, b) can also bc obtained and they are

found 1o be

, PR [ AE=1) D, |
M= o HI-P VDD D G23)
4PR [ w(u*-¢d) . uD, .

SR i e ey Vit - )l = A1 - 1) (3.24)

R =~ + 1)~ D\~ 1}
12

e[S,

" VI -1 -0)

m= J 'zrd.' . . (3.25)
- VRI=-(T=DA =17 | -

where

The constant D, is to be determined from equation' (3.17b).
In order to determine the values of the unknown constants D, and Dz go(u?) and g,(uz) as
given by (3.21) and (3.24) respectively are substituted in (3.17a,b) and it is found that

E .
p=afu-MI-@-»] (=12 (3:26)
and
_ o _4PR
Al #‘29 ’ AZ n_z (3-27)

where F=F (g ,q) and E=E -;f,q) are the elliptic integrals of first and second kind

respectively and ¢ = =5 Substitution of the values of D, (j=1,2) given by equatiohs

(3.26) in equations (3.21)-(324) yields

- BTN PR D N
h,._,(:)» A,[(l b)F+(b :1)] CETGET T (=12 (3.28)

E u
. uzg_A[l_bz — uz_bz}————'——-——i—-—————-—__-—__ 'ul'z' 3'29
B = =4[ (1=6) Em (= 8| gt (=12 (329
4. STRESS INTENSITY FACTORS AND CRACK OPENING DISPLACEMENTS

The stress intensity factors are defined as (in physical units)

- i [YED 0t o
b<x<c

bl e (4.1)
. V(c -x)1,,(x, 0)
N.=1 JASALL
o [ 0 Lm (4.2)
VETT
N, = ,1.13‘, [ -1, 0)] , (4.3)

{Po
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9
and the crack opening displacement can now be shown to be given by
'y .
Av(x, 0) = v{x, 0+) - v(x, 0-—)*=2I h(r) dt, Usxs=sbd (4.4)
' A
-2j gu¥)du, ecsxs|, 4.5) .

Substituting the values of the function h(r) and g(u?), the stress component 1,, can be

evaluated from the expressions (2.13), (2.21) and (3.1). After evaluation of the value of 1,, and
putting it in relations (4.1)-(4.3) it is found that

o | .
- [b(1 - b?) E(E a) 4P '
Ny = 22 - b?) F(.;E' q).,[l -— Mzkz log k, }+ 0o(k?) (4.6)

; I J 2 E(g*q) | 2_ 2 ‘> 4P 2 | AT
= VEZCT-_b_z)—(l—-—c:-)- a- b )F(Z_‘ q) = (== b%) [1 --"—_:Mgk‘logk.] +9(k.) (4.7)
. 2'
|
N, = 2((11 _l:;)) 1- F(z :; [1 - %,Mzkf log k,] +.0(k?) ’ (4.8)
. _ _ AV 1] 4 .
where o )
£(3

My=| B+ -y - (=09 Yas-m |.

F(g' :q)

Expressions (4.4-4.5) with the aid of the equations (3.28)~(3.29) yield

e
) 7 E =.q R _
AU(X, 0) - .z_pg. \/(1 — b!) F(Bn q) 5(3- q) - (2 ) - (l -XZ)(bI _ X')
_#1:9 F(B,q) F(-’E q) \’ (cz_xz)

2!

4P
X [1 -3 Mikilog k.] +OWk}), Osxsb (4.9)

aﬁd

El>,
sutx, 0) = 2L VTR Fa, ) —2—2 - EO9)
126 : n F(A, q)
F(- q)

[l ——M:k log k, ]+O(kf). c=x=s]l (4.10)

. b? - x? 1-x2
L - . X
in g i g and smA.Jl-b"

whetr
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* displacements corresponding to the single crack are found to be
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When b — 0, we recover the stress intensity factor and.the crack opening displacement for two
Griffith cracks occupying the region c <lx|=1, y =0, |z] <

g

P 2E
= =] ——{1 +ct- —}kf logk,] + O(k?)
Ne V2c(l - ci) [ r 'F

E
N;=-—-—[2i(\/1—_—_—-i]—,s[l—£{1+c2-g§}kflogk,]+0(kf) ' | (4.11)

and

: ; [ { i : } : l
=t —=—<1 4+ —— k‘lo k’
Av(x, 0) 0 1 p c F 4

4
£(3.9) . .
X ———”——F(/\,q)— E(A. q) |+ O(ky), csx=t1 (4.12)

FE'q

where M, = g(l + ¢*—2E/F) has been used.

It is noted that if further c— 0, the crack{merge into a single crack of width two units. In this
,— n/4; so the results for stress intensity factor and crack opening

l P - ] 2
=—|1-=k2 A+ 4.1
N v [1 nk log,k O(k3) (4.13)
and
Av(x, 0)= - 3—”—% V(1 - x!)[l - gkf log k.] + O(kd), Osxsl, (4.14)
12

The results gi\;en by (4.11)-(4.14) are found to be in agreement with the results of Sarkar er al.
(16).

5. NUMERICAL RESULTS AND DISCUSSION
The stress intensity factors (SIF) N;, N, and N‘. gi'veh by (4.6), (4.7) and (4.8) at the tips of
the cracks and crack opéning displacements (COD) given by (4.9) and (4.10) have been plotted

against dimensionless frequency k, and distance respectively for three different types of
orthotropic materials whose enginecring constants have been listed in Table 1.

Table 1. Enginecring elastic constants

E, (Pa) E, (Pa) Bz (Pa) viz
Type | Modulite 11 graphilc—cpof;y composite:
15.3x 10 158.0 x 10° 5.52x 10 0.033

Type Il E-Type glass—epoxy composite:
979%10°  "423x10°  366x10° 0063
Type 11} Stainless steel-aluminium composite:

7_9.7bx 10 ) 85.9) x 10° 30.02x10° © 031
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c =06

-
-

zD
| : l | | J
°'29'o.| 0. 0.3 0.4 0.5 0.6 .
. K, . |
Fig. 2. Stress intensity factor N, vs frequency &, (or gencralmed plane stress. (——) type L (---- ) I
type 1i

Keeping the length of the central crack fixed (b = 0.2) SIFs at the tips of the central and
outer cracks have been plotted' against. frgquency k, (0.1 = k,=0.6) for different lengths
(c = 0.5, 0.6, 0.7) of the outer crack (Figs 2=4)! It is noted from the graphs (Figs 2-4) that with
the decrease in the value of outer crack length, i.e. with the increase in the value of the distance
between inner and outer cracks the rate of increase in the SIF is higher with the increase in the
value of the frequency k,.

'_-\
The same nature of SIFs are see (Figs 5-7) in the case when the length of the outer cracks

0.40 (—
------------ -\- N RN
¢=03
0.37 -
’
034t~  b=02
¢=0.6
o3 |- :I L
z.a e - - ' -
028
028 |-
€=0.
0.22 T tetetrininteleduds
. b“'—____r/fi | | '
o 03 03 0.4 0.5 5]6

|s. o €L% Intens Y 1ZE ane "eu‘. —— ME CER R
F 31 SII t {3 'ac(of N vs ‘quucncy k !Or Cnefﬂl d l
c 1] 8 P 8 ( ) 'm l! ( )
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0.41

0.40

0.38
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b=02

0.36
k, _
Fig. 4. Stress intensity factor N, vs frequency Ic for generalized plane stress. (—) type I; (----- )
L type 1)

are fixed (c=0.7) and the length of the central crack increases (b =03, 0.4, 0. 5). It is
interesting to note that for fixed ¢ (= 0.7) the SIFs N,'and N, increase thh the increase in the

value of b, but the effect is just reverse in case of Nj.

“The COD p128v(x, 0)/p, has been plotted for different crack lengths. It is found from Ex&s 8
and _and 9tbat with the increase in the value of crack length the value of COD increases. For a fixed

“material the variation of COD with frequency is found to be insignificant.

In all the cases where different values of crack length have been considered the variation of

COD is found to be prominant for different orthotropic materials.

0.68"" —'__,----—-\\
/ beos
0.64 |—
0.60 +— ’
c=0.7
z‘ 0.56 — \
b= 0.4

0.52 Ty YRy
0.48 |~
o r /b =03
S S e e |

0.} 0.2 0.3 0.4 0.5 0.6
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0.56 — e mm o=
-y
c¢=07
0.48 |-
0.“ i
zU
' . bw04d
0.40 b~ . e
0.36 t— :
' : b=0.3
032 |~ /Z
0.28 i | | | ]
0.1 0.2 0.3 0.4 0.5 0.6
. kb -
Fig. 6. Stress intensity factor N, vs frequency &, for generalized plane stress, (=) type 1, (se-e2)
: type I11.
s
LY I
030 —
0.29 i~ \b =03
cu0? ' C :
0.23

n.24 ;
0.23 ;
0. N2 0.3 04 . .. 0.3
K, "
Fig. 7. Stsress intensity factor Ny vs fre i
e quency k, for gencralized plane ut — .
Y o for 8 p  Mress. S Yrype I; (-----

13
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. !
n =03, —cwl s

———=c=07

X .
Fig. 8. Crack opening displacement vs distance for. genen%liz‘ed planc stress (k, =05, b= 0.3, ¢ =05,

0.8 r—

¢=0.7, = b=0.3
-===-b=03

(x.0)

Po

LI}}
— AV

Fig. 9. Crack opening displacement vs distance

f;\); )%eneraliu'di plane stress. (k, =05, b=03,0:5,c=
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_INTERACTION OF ELASTIC WAVES WITH TWO
COPLANAR GRIFFITH CRACKS IN AN ORTHOTROPIC
MEDIUM

J. SARKAR, S. C. MANDAL and M. L. GHOSH
Department of Mathematics, North Bengal University, Darjecling 734 430, India

Abstract—The problem of diffraction of normally-incident elastic waves by two coplanar Griffith cracks
situated in an infinite orthotropic medium has been analyzed. Fourier and Hilbert transforms have been
used to solve this mixed boundary value problem. Approximate analytical results for stress intensity
factors and crack opening displacement have been derived when the wave lengths are large compared to
the crack length. Numerical values of stress intensity factors and the crack opening displacement for
several orthotropic materials have been calculated and plotted graphically to show the effect of material
orthotropy.

INTRODUCTION

DynawMic fracture problems involving anisotropic materials weakened by crack-like imperfections
have drawn much attention by investigators because of the increased usage of macroscopically
anisotropic construction materials such as fibre reinforced composites. The different possible
location of cracks with respect to the planes of material symmetry introduce great modifications
in the strain and stress distribution. The problems are also of considerable interest in seismology
and exploration geophysics. The problems involving single or two Griffith cracks in isotropic elastic -
medium have been studied by many authors [1-6]. Mathematical difficulties encountered in solving
the governing equations of the anisotropic elasticity theory are responsible for the availability of
few results only for special classes of materials. Kassir and Bandyopadhyay [7] have studied the
elastodynamic response of an infinite orthotropic solid containing a crack under the action of
impact loading and the elastodynamic problem of a finite Griffith crack in an orthotropic strip
under normal impact was investigated by Shindo [8]. The problem involving a moving Griffith
crack in an orthotropic strip has also been studied by De and Patra [9]. Recently, Kundu and
Bostrom [10] solved the problem of scattering of elastic waves by a circular crack situated in a
transversely isotropic solid.

In our paper, the diffraction of normally incident time harmonic elastic waves by two coplanar
Griffith cracks in an infinite orthotropic medium has been investigated. The faces of each of the
cracks are assumed to be separated by a small distance so that, during small deformations of the
solid, the crack faces do not come into contact. The resulting mixed boundary value problem is
reduced to the solution of a triple integral equation which has further been reduced to the solution
of an integro-differential equation. Iterative solution valid for low frequency has been obtained.
Analytical formulae for stress intensity factor and crack opening displacement have been derived.
Making the distance between two crack zero, the corresponding results for single crack have been
presented. Finally, choosing the engineering elastic constants of the orthotropic material suitably
the results for isotropic material have been deduced and compared with the results obtained by

“Jain and Kanwal [5]. To display the influence of the material orthotropy numerical values of stress
intensity- factors and crack. openmg dxsplacement have been plotted for several orthotroplc
materials.

STATEMENT AND FORMULATION OF THE PROBLEM

. Consider the plane problem of diffraction of normally incident longitudinal wave by two
symmetrical co-planar Griffith cracks situated in an infinite orthotropic elastic medium. The cracks
are assumed to occupy the region b < |X|<a, Y =0, |Z|< oo. It is convenient to normalize all

EFM 49/3—G 411
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lengths with respect to “a” and so setting X/a =x, Y/a =y, Z/a =z, bja = c, the new. posmons
of the cracks are deﬁned byc<|x|<1,y=0,|z|< © (F1g 1). :
Let a plane time harmonic elastic wave orlgmatmg at y = —oo be incident normally on the
two cracks, and is defined by v, = expli (ky — wt)] where k —aa‘i/cs\/c—n, ¢, = (2 /p)'"? with p
being the density of the material. In the isotropic solid, ¢, represents the velocity of the shear wave.
The non-zero stress components 1, and 7, are given by

Tyy/#IZ = cl2u,x + c22v.y
Txy/uu = u,y + v‘,,xs (1)

where u, v denote the component of the displacement in the x, y directions, respectively and comma
denotes partial differentiation with respect to the co-ordinates or time; c;(i,j = 1,2) are non-
dimensional parameters related to the elastic constants by the relations

|

ey =E Ju,(1 —vLE [E)

en=EJun(l —vLEE)) = ¢, B /E, ®)
) 12 =V By iy (1 = vLE, [E)) = viy0p = Vo €4
for generalized plane s'tress, and by

' e = (E /A )1 — vyvy)

o= (B3 JApp (1 — v13v3)
¢, = E (vy + v,;vazEzj/E, VAR, (3)

= E,(viy + V33 B\ [E2) [ Apyz
A=1—v,Vy — Vy3 V5 — V3 Vi3 = ViaVa3 V31 — Vi3 Vg V32

for plane strain. In the above equations E;, u; and v; (i, j = 1, 2, 3) denote the engineering elastic
constants of the material where the subscripts 1,2, 3. correspond to the x, y, z directions which
coincide with the axes of material orthotropy and the constants E; and v; satisfy the Maxwell’s
relation ' :

, Vij/Ei =v;/Ej. C))
The equations of motion for orthotropic material, in terms of displacements are
2
a
Ci U xx + u,yy + (1 + CIZ)v,xy = ? Uy
$
a2
n U,yy + v,xx + (1 + clz)u,xy = ? Ut (5)
4
y
!
|
|
|
—C Oy
S
-1 - 0 le 1 X
|
|
1

'
f

Fig. 1. Geometry of the cracks.
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Therefore, substituting u-(x, y, t) = u (x, y) exp(—iwt )and v (x, y, t) = v (x, y) exp(—iwt ) in eq. (5)
we obtain
. cll u,x.\' + u.yy + (1 + ch)v.xy + k.%u = 0 (6)

and
cz2v.yy + D,x.r + (1 + ch)u.xy + k EU = 0 !
where k2= a’w?/c?.
The boundary conditions of the problem are

Ty(x,0)=0, [x|<o0 @)
Ty (%, 0) +70(x,0)=0, ¢<x|<]1 (®)
v(x,00=0, |x|<c, |x|>1. )

Henceforth the time factor exp(—iwt) which is common to all field variables would be omitted
in the sequel. '
The solutions of eqs (6) can be taken as

2 [ .
u(x,y)= - J [4:(&) exp(—y,|y]) + 42(&) exp(—7,ly)Isin &x dE (10)
0 .
2 (=1 , :
v(x,y)= + '[ z [, 4, (&) exp(—71 [y ) + 0,4, (E) exp(—7alyDlcos Ex dE, p 20 (11)
0
where ) , s . : :
ené —ki—yi .
= R T o2 12
(I+ v ( ).
and 4;(&)(i = 1, 2) are the unknown functions to be determined, y3, y3 are the roots of the equation
eyt +{(ch+ 20— cucn) + (1 + ek 2 + (e E2—k2)(E2 =k =0. (13
From the boundary condition (7) it is found that
A(E)=~pA4(E) o e
where ' .
71+
=77 15)
Y2+ o
Employing eq. (14) the expressions for displacements and stresses reduce to
2 [ i )
u(x,y)= - J [exp(—711y1) — B exp(—7.ly D4, (£ )sin &x dS, (16)
0 .
2 (*1
veny)=t— J B [, exp(—7:11y[) — Boz exp(—7,|y 4. (& )cos Ex dE, y 20 an
0
N .
Tyl = F f (71 + a)lexp(—7:[y]) — exp(—7.ly D14, (&)sin Ex dE, ¥y 20 (13)
0
2 (@ Cpt
Ty iz =—f [(Cué b )exp(—vllyl)
T Jo ¢
0% Y2
—ﬂ(cui —T>CXP(—yz|yI):|A1(£)cos ¢x dé. 19)

We further substitute

A(é)=°‘“¢ﬂ°"Al(c)

so that the boundary conditions (8) and (9) yield the following integral equations in 4 (¢)

ij(é)cosfxd§=0, |xj<e, |x|>1 (20)
0 .
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and
c<x|<1

H(EH)YA4 cos £x dé = s
f (£)4(8) T
Where po = l.kﬂlz Cy

and

01252“022“1?1 ﬂ(clzé "022052')’2)

H()= ﬂaz)

METHOD OF SOLUTION

In order to solve the set of integral egs (20) and (iZl), assume

A€)=3 flh(tz)sin(ét)dt

where 4 (¢?) is an unknown function to be determined, from the boundary conditions.

@n

@)

23

Inserting the value of A4 (¢) from eq. (23) in eq. (20) and using the following result [11]

. (™
‘[w sin( &t )cos(£x) de = {5, t>x
0

¢ 10, t<x
it is found that the choice of 4 (¢) leads to the equation

1
f h(t¥)dt =
. Further substitution of 4 (¢) from eq. (23) in eq. (21) leads to

jl h(t¥)de on sin( &t )cos(éx)dE = g,

d 1 © t 6
—aﬁh(ﬂ)dzﬁ cH,(c)ﬂ‘L?j“(—x) d¢, c<lxi<l
where
. Do
%= 26p,
H(%)
Hl(f)—?,——l

(¢l + ¢y — ¢ cp)(c;; N N, -~ cy)— sz[cliN%Ng + Cn(N%'*' NN, + N3]

9 =
en(l+ cp)(Ny + Ny)

1 .
N% =F[_(C%2 +2c,—c6) + \/(C%Z +2¢p, — clicpn) — dcy el
¢7)

Ni= 2_[ (Ciz+2clz—Cnczz)—\/(Cﬁ‘*‘2012—011022)2_4511022]-
C22 )

Using the relation

sin éx sin 6t quo(éw)Jo(fv)dv dw
)l/2(t 2 U)l/z

eq. (25) can be rewritten in the followmg form

th(t?
f—-tzix)zd = _—f h(tz)dtf f ”WL("’W)de” c<lxl<1

( 2' 2)1/2(1 _02)1/2’

where
L(o,w)= L cHl(é)Jo(é;w)Jo(fv)dc.

24)

(25)

(26)

@7

(28)

29

(30)

@31

(32)
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Applying a contour integration technique, the infinite integral in L (v, w) can be converted to the
following finite integrals (details given in the Appendix)

yJen 2 . g5 R 2 . =
L@, w)= _ikf[fo Cfl”— ety i — B (caf” — cpdy 7)) x Jo(e,no)H 9 (k,nw)dn

8 (& — Ba,)
b Blenn® —cndy?,) o
_ J‘l/\/: 0 (&l — ﬁfiz) Jo(ks"lv)HO (ksr]w)dn ], w>p (33)

- where

— LR, — (R} - 4R
=[3{R, + (R} - 4R,)'})'2
G{—Ri+ (R}-+4R )"
{Rl + (R} +4R5)"2}2

RI =C_{(cl2 + 2C|2 - Cllc22)’7 + (1 + sz)}
22

_ 1 '
Ry=2t0- 2)(——172) (34)
Cy o '
’ cll 2 2 1
Ry=22 - n2——
Cx n
_ 011’72—1‘*‘5’-?.
,.=—_— =1,2 -
"= ey, (oY
. _cnn’ =1+ (=1}
= =1,2
. (l+c12)i G )
= ?1
k= -7
5 a1+yl
B=
-7

The corresponding expression of L (v, w) for w < v follows from eq. (33) by interchanging w and v.
Employing the series expansions for the Bessel function J, and the Hankel function H{? in
eq. (33), it is found that

2
L(v,w)=;Pkflogk:+0(k§) 35)

where

P =l [Jql\ﬁ_ll enl? — endifi — B (cnn® — cndafs) dn — J‘l B (can? —f'zz&z);z) dﬂ:|
0 0 (& — 30—52) /e (&, — pd,)
Now, let us expand 4 (¢?) in the form

A =hy(tH) +k2loghkh (1) + O (kD). (36)

Inserting the above expansion of 4 (z2) and the value of L (v, w) given by eq. (35) into eq. (31) and
equating the coefficients of like powers of k,, we obtain the equations

thy(t?
jt:( Bl gt =g c<ixl<l &)

and

! 2 2P (!
f th (¢ )dt = _7j thy(t?)ds, ¢ <|x|<1. (38)

2 2
L t2—x
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Using the finite Hilbert transform technique [12], the solutlons of the above integral equations can
be obtained as

4 (2 c2\2 D,
hitD==qg| — | +—m———o= 39)
o q"(l—t2> (1 —7)?—c?)
go(1—c?) :|<t2_02>1/2 D,
hy(e? +D, | ——~ | + , (40)
me)= [ ™ N1=) - -
where D, and D, are constants to be determined using the condition given by eq. (24) so that
1
fhdﬂﬂt=0 (41)
and
1
J h(1¥)dt =
Substitution of the values of A,(¢?) and. A, (z2) given by eqgs (39) and (40) in (41), yields
2 [, E
_z _= 2
D, nqo[c F} “2)
2 2E || E
D2=?qo[l+c2—7}[i,—cz], (43)

where F=F[n/2,. /1 —c*land E=E[r/2,/]1 —¢?] afre the elliptic integrals of first and second
kind, respectively. Substituting the value of D, and D, given by egs (42) and (43) into eqs (39) and

(40), we obtain
]
ho(1?) = =22 il

Mze,/ 2)(tz[—c

|:1+c _ZE}[ﬂ_E}
)= 2P | F Fl 45)

a8 (=122 —c?)

CRACK OPENING DISPLACEMENT AND STRESS INTENSITY FACTORS

(44)

The crack opening displacement and the normal stress component in the plane of the crack
can be written as

W1
Av (x, 0)=v(x,0+)—v(x,0—)=2£[ h(tDd:, c<x<1 (46)
and
2,0 [ th(2?) .
T”(x’o)——n_fctz—xzdt’ 0<x<c 47
2u,8 [P th(e?) |,
Expressions (47) and (48) with the aid of the eqs (36),:‘ (44) and (45) yield
L E |
x_F] P{ | , 2E
7,,(x, 0) = — [1+ = ][1——{1+c2——}k§10 ks]
)’)’( PO \/(1 _xz)(cz_xz) . | F g
1 +0(k?), O<x<c (49)
2__—~
x F]

P ! 2E
0= —pf 1~k Pl -2 Lo,
7,,(x, 0) P[ \/(xz—l)(xz—cz):H:l n{1+c 2 }k logk:l

‘ +0(k?, x>1. (50)
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The stress intensity factors are defined as (in physical units)

K = Lim l:, /(¢ — x)T,,(x, 0)]
Po

X—(C—

(51)
D<x<rc

K, = Lim [V = Dy, 0)} . (52)

x— 1+ Do
Substituting eqs (49) and (50) into (51) and (52) it can be shown that
7]
c —_——
F P 2F
K=——r——=1|1-= 1+c2——}k§lo ks]+0 k? 53
’__—zc(l—cz)[ n{ 7 g %5 (53)

E
F P , 2E),,

Further substituting eqs (36), (44) and (45) in the expression given by eq. (46), the crack opening
displacement is obtained as

n
5(39)
Av(x, O)=%|:l —%{1 + cz—zFE }kflogkx]li—fr—F(l,q)—E(l, q):|+0(k§), c<x <l
12
2 (55)

2
sin A = /i—_%andq=«/(l—c2).

Letting ¢ — 0 in the expression for stress intensity factor and crack opening displacement, the
results for a single crack occupying the region |x| <1,y =0, [z| < o0 are found to be

where

1 P - .
K,=ﬁ[1—;kflogk5:l+0(k§) (56)
A __ 2p 2 P, 2
v(x,0)=—"-. /(N —x¥)| 1—-=kllogk, | +O0(k2), 0<x<1. (57)
26 n
For isotropic medium, putting
cq =c ——142# = Cp=2¢C —2—i
11 2 P y Hp=H, Cp 1 1
so that :
a4 =% “1=fz/'}’2, k,=m,, ki/c,=my, T2=c—
11
N=1=N, 9=—2(1—12)andP=%c,,
where ) ,
3t*—47 -3 aw .
== yi=(&2—m})" and m=—(=1,2)

the expressions for displacement and stress are found to be

R | _a 2 _2E {4
v(x’io)_+2u(l—-cz)|:1 2{l+c F}mz ogm,

(51

(30

=0, |x|l<ec, |x][>1
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and ;

_ E _
A
»-7 |

Ty 0) = —po | 1 +\/(1__x2)(c2—x2)-

= —Do> CS'XISI

2 E )

YTF c ' 2E

= — 1— 1——l{l+c2———}mzlogmjl+0(m2), |x]> 1.
i e sl [ 2 Fjmaloem :

Now, the crack opening displacement and stress intensity factors are found to be

D Cy 2E ;
Av (x,0) = —#(I—_Orz—)[l—i{l+c2—7}m§logm2:|

|:1_%{1+c2_2§}m%10gmzj+0(m§) O<x<c

T
E<_,q>
X [——F(l,,q)"E(l,q)]+0(m%), c<x<l

o

2E
{1 +c2—"7 }»m%logm{|+ 0 (m?)

and

E:I

1.2

[ F cl 2E
K=t—"=11-= 1+c2——}m210 mJ+0 m?
1 /—__2(1—(:2)[: 2{ F 210g m, (m3)

which coincide with the results obtained by Jain and Kanwal [5] up to the order of m3log m, in
the isotropic case.

When ¢ — 0, we recover the stress intensity factor and crack opening displacement for a single
crack

1 (4
_— 1__ 21 2
K, ﬁ[ 2m2 ogm2:|+0(m2)

Av(x,())=ﬂ—(1pT"rz—),/(l —x2)|:1 —%m%logmz]+ O@m3), 0<x<t

which agrees with the result of Mal[2].

NUMERICAL RESULTS AND DISCUSSION

The stress intensity factors (SIF) K, and X, given by eqs (53) and (54) at the inner and outer
tips of the cracks, and crack opening displacement (COD) given by eq. (55) have been plotted
against dimensionless frequency k, and distance, respectively for three different types of orthotropic
materials whose engineering constants have been listed in Table 1.

From Fig. 2 it is found that SIF K, at the inner tip of the crack increases at a slow rate with
the increase in the value of frequency k,(0.1 <k, < 0.6>. On the other hand the rate of increase of

Table 1. Engineering elastic constants

E,(Pa) E,(Pa) ! #2(Pa) V12
Type 1 Modulite II graphite-epoxy cdmposite:
15.3 x 10° 158.0 x 10° 5.52 x 10° 0.033
Type I1 E-Type glass-epoxy composite":
9.79 x 10° 42.3 x 10° 3.66 x 10° 0.063
Type II1 Stainless steel-aluminium com'posite:

79.76 x 10° 85.91 x 10° 30.02 x 10° 0.31
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Fig. 2. Stress intensity factor K, vs frequency k, for generalized plane stress. (—, Type I; - - - -, Type II).
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Fig. 3. Stress intensity factor K, vs frequency k, for generalized plane stress. (—, Type I; - - - -, Type I).
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Fig. 4. Stress intensity factor K| vs frequency k, for generalized plane stress. (Single crack, ¢ =0).
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112A0(x,0)
P

Fig. 5. Crack opening displacement (COD) vs distance (¢ = 0.2) for generalized plane stress. (—, k, = 0.2;
---- k,=0.6).

the SIF K, (Fig. 3) with frequency k, at the outer tip of the crack is found to be higher than that
of K.

In both the cases the value of SIF is higher for small values of ¢, i.e. for greater crack length

SIF is higher. But it is interesting to note that for different materials the variation of SIFs in both

the cases are not significant. In the case of single crack (¢ = 0) the variation of SIF with material
properties has been shown in Fig. 4.

0.32
0.28
0.24

0.20

1y,80(x,0)
Po

0.08

0.04

Fig. 6. Crack opening displacement (COD) vs distance (¢ = 0.5 and ¢ = 0.8) for generalized plane stress.
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] ] ] | | ] I | ]
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-1.0 -0.8 -0.6 -04 -02 0 02 04 06 08 1.0
X

Fig. 7. Crack opening displacement (COD) vs distance (single crack, ¢ = 0) for generalized plane stress.
(— k,=02; ---- k,=0.6).

The COD has been plotted for different crack lengths. In each case COD increases gradually
from zero, attains maximum value and then decreases to zero. It is found that with the increase
in the values of ¢ (i.e. for small crack length) the values of COD decrease (Figs 5 and 6). For a
fixed material the variation of COD with frequency is found to be insignificant, but it is noticed
that for smaller values of ¢ (Figs 5 and 7) the variation of COD with frequency is palpable; ¢ =0
(Fig. 7) corresponds to the case of single crack.

In all the cases where different values of ¢ have been considered the variation of COD is found
to be prominent for different orthotropic materials.

REFERENCES

[1] J. F. Loeber and G. C. Sih, Diffraction of antiplane shear waves by a finite crack. J. Acous. Soc. Am. 44, 90 (1960).
[2] A. K. Mal, A note on the low frequency diffraction of elastic waves by a Griffith crack. Int. J. Engng Sci. 45, 277
(1978).
[3] K. N. Srivastava, O. P. Gupta and R. M. Palaiya, Interaction of elastic waves with a Griffith crack situated in an
infinitely long strip. ZAMM 61, 583 (1981).
[5] D. L. Jain and R. P. Kanwal, Diffraction of elastic waves by two co-planar Griffith cracks in an infinite elastic medium,
Int. J. Solids Structures 8, 961 (1972).
[6] S. Itou, Diffraction of an antiplane shear waves by two co-planar Griffith cracks in an infinite elastic medium. Ins.
J. Solids Structures 16, 1147 (1980).
{71 M. K. Kassir and K. K. Bandyopadhyay, Impact response of a cracked orthotropic medium. J. appl. Mech. 50, 630
(1983).
[8] Y. Shindo, H. Nozaki and H. Higaki, Impact response of a finite crack in an orthotropic strip. Acta Mech. 62, 87
(1986).
[9] J. De and B. Patra, Moving Griffith crack in an orthotropic strip. Int. J. Engng Sci. 28, 809 (1990).
[10] T.Kundu and A. Bostrom, Axisymmetric scattering of a plane longitudinal wave by a circular crack in a transversely
isotropic solid. J. appl. Mech. 58, 695 (1991).
[11] L. S. Gradshteyn and 1. M. Ryzhik, Tables of Integrals, Series and Products. Academic Press, New York (1965).
f12] K. N. Srivastava and M. Lowengrub, Finite Hilbert transform technique for triple integral equations with
trigonometric kernels. Proc. R. Soc. Edinb. 309 (1968).

(Received 22 August 1993)

APPENDIX
Evaluation of L(v, W)

The integral L (v, w) given by eq. (32) is

L. w) =fwM(§, 715 72 )0(Ew) o (v)dE (AD
0
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I

where 5
01252—022“1}’1—ﬁ;(clzéz—“uazyz)—é (A2)
0 (o, —+ Bay)

n=[{—B+(BI-4B) "

M(5,71,72)=5H1(C)=

2= [%{_Bl - (B% - 432)”2}]”2

1
B, =c_{(0fz+2"|z—Cllczz)fz'i'(l +epdkl} (A3)
2 '

1
By=— (£ —k)e, E2 kD).
2 !
To evaluate the integral (Al) we consider two contour integrals

11=j M (&, ) o(E0)H P (EwXE, w>v
T

Iz=f M (&, 70,7200 (E0)HP(Ew)AL, w >, (A4
T2

I
where T'| and T, are the closed contours defined in Fig. 8, and H{, H{ are the zero order Hankel functions of the first
and second kind, respectively.
Assuming the relation

{(cf2+ 2¢, — ¢ epX(1 +sz)+2(1 +c“)}2_{(cf2+ 2012;— Cuczz)z_ﬂ} y {(1 +sz)2_1} <0 (AS)

2
¢ 212 €n (&7] Cxn

2
n n

it is noted that the branch points ¢ = 2,(i = 1 —4) corresponding t(j) the roots of the equation B2 — 4B, =0 are always
complex. Now, the branch points corresponding to the roots of the equations

— B, +(B}1—4B,)"*=0and — B, —(B1—4B,)?=0

are £ = +k; and ¢ = +k,/./ ¢, respectively where it has been assumed that

(cyen—ch—2¢3) > (1 +c) (A6)
J Img
A'3
Tl i -
-k -k (i} !
= = o R
8 ‘/F"f _171'_172. 71'—’72 ks 71_72 e§
ks
Ve,
——I'"
K |
4 AT,
2 [‘2
: — =
%N = ks‘Y
?2 = ks?2
Yi = ks"y\l
'Y'.I’. = ks‘?Z

Fig. 8. Contours of integration ffor integral in eq. (Al).
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and
ch+2c,+ ¢, >0.

Therefore under the above conditions, ¢ = i-kx/\/c_ll and ¢ = +k, are the branch points of y;, and y,, respectively.
Equations (AS5) and (A6) are true for most of the orthotropic materials. The integrals in eq. (A4) can be shown to be zero
on the contours AI'; and AT, (Fig. 8) around the branch cuts from 4, and 4,. Thus integrating along the contours I'; and
I', the integral L (v, w) for w > v can be finally written as

L@,w)=—ik ZI:J”/\/(_“ el — end 1 — B (e’ ~ cpdaT2)
’ Lo 0 @ — fdy)

x Jolke, ) H (P (ke 1w )dn

_J” 5(512’12_0220“2'92)

— . Jolk,nv)H § (k apw)d :|, w>p
ya 0, — Bay) o (ks 0’ (ksmw)dn

where 7,, 7y, &y, &y, B, B, d,, &, §, are given by eq. (34).
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Steady State Propagatlon of a Series of Parallel
Cracks in Anti-Plane State of Straln in an
Inhomogeneous 'Elastic Medium

J. SARKAR ML GHOSH and A.N. DAS

Department of Mathematics, North Bengal Umversuy, Darjeeling, West Bengal 734 430, INDIA.

Abstract
The problem of a senes of semi-infinite; ‘parallel and equally -spaced cracks subjected-
to identjcal loads satxsfymg the conditions of antl-plane state of strain and steadily
propagatmg in an infinite inhomogeneous medium has been solved by the appllcatlon N
* of Wiener-Hopf technique. Elastic modulj and dersity are assumed to vary exponentially
in the direction of propagation of the cracks. The problem of .crack propagation in
the case of constant strain on. the crack edges has been treated. Expressions of the
" stress and crack opening dlsplacement have been derived in closed form and the effect

of the lnhomogenex_ty of the medium has been shown by means of graphs.

H

-1. Introduction

Many authors have studied the dynamic crack propagation in a homogeneous elastic
medium. The probleol presents an interest for better undersfanding of the brittle behaviqur
- of materials. Scattermg of elastic wave by a single crack has been studled m great detzul
But the literature. involving the scattering of elastic waves by a series of cracks is very few.
It is only recently that Angel and Achenbach {1] studied-the reflection and transmission of
elastic waves by a periodic array of cracks Matczynskx [2] also considered the quasi static
problem of an infinite homogeneous elastic medium weakened by an infinite number of

seml mfmlte equally spaced  parallel cracks. However natural or artificial materials are
(Recetved 7 November 1991 )
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generally inhomogeneous and propagatlon of cracks in an inhomogeneous medium has not
been studied. Recently, steady state solutions: have been derived by Atkinson [3] for crack
. ‘propagatlon in media with spatially varymg elastlc moduli when the crack propagates in a
| A plane where the elastic moduli are constant. Atkmson and List [4] also considered the steady
state crack propagation in variable moduli media- when the crack moves in the direction of
the modulus variation. Steady state crack propagation due to shear waves 1l1 a medium of

monoclinic type has recently been studied by Chetto'padhyay and Bandyopadhyay [5].

In our paper, we have considered the steady state propagation .of a series of
semi-infinite, rectilinear parallel and uniformly snaced cracks in an infinite inhomogeneous
medium. Cracks are assumed to-move steadily in the direction of modulus variation, it
being assumed that the moduli vary exponentiallY. We further assume that the medium
possesses constant elastic wave speeds.‘These‘assumpti'ons are necessary for the steady
state solution fo exist. We assume that the ldading is such that Mode III conditions
prevail, Mode III is_the simplest mode ‘to zinalyze rnathematically. Nevertheless, it can
be expected thal the results for the stress intensity factor obtained here will be qualitatively
similar to other modes, even. though the 'speclﬁc structure of the stress variation near
the crack tip will differ in each case. Following Atkinson and List [4], we have also
assumed in our paper that the edges of the cracks are loaded on their entire lemgth by~

. ‘ ,

constant strain. K
|

2. ‘thrmul'atinn of the Problem |

Consider an infinite elastic medium w1th‘ spatlally varying density and elastic moduli
dxwded partially by an infinite number of senu-mﬁmte, rectilinear, parallel :and umformly

spaeed cracks. |

!

L
The semi-infinite cracks are situated parallel to the negatlve xl-axns at 21 distance

apart and move along positive x;-direction at a constant velocity ¢ < c,.

.

|

Jour. Math. Phy. Sci,, Vol. 27, No.4, August 1993 :
. |

|
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The cracks are assumed to propagate steadily in the direction of modulous variation.
We assume that the elastic moduli and density both vary exponentially in the same mannper;

so that the medium may have constant elastic wave speeds.

Owing to symmetry of the problem, it is reduced to the problem of an infinite
elastic strip of thickness 24 weakened in the middle plane x, =0 by a semi-infinite crack

x1 <0, the surfaces x, = x h of the strip being rigidly clamped.

P
)ﬁ

f,
S S

| —>€2h—><-2h—d>e—
I
e

Fig.1

,sz_ Ay

€---Ct - —»

““““ - T RE?
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The displacement U in the énti-plane state of strain in a rectangular co-ordinate system

(¢ 5%y ,%5) is in the form
T=00,0,w(,x,t)] | )

The non-vaniéhing components of this state of strain are given by the following relations:-

e _ow ¢ _aw
13 3y, 2= 9x,
ow 2ax, dw ow 2ax; dw
TI3=H gy TH€ gy TBTHgy THC T 5 @

*

where the shear modulous u (x; ) ==y, e2%x #y and a are constants.

Using relation (2), the.equation of motion of SH-“wa\}es is

S aw 9 aw] 2w
EE2) l:.u 1) 35 xl] + 5 % [ﬂ (xl)-a_xzjl ?P(x1)3t7
2 ) ' 2 |
-2
or, ——2—6 Y+ ———2—3 Y+ 2a _g;v =c, ——2—6 LA ' - 3)
ax1 6x2 1 daf -

where p (x; ) =p, e2%*; so ¢, =V (x;)/p (x;) =V /p, is the shear wave velbcity.

The fixed coordinate system may be replaced by-the conventional system (x,y,z)
moving with the crack tip. V .

xy=x+ct, x=y, x3=z ; 4

Using relation (4), equation (3) becomes

2\ ow | o%w w_ |
(1—;%-)52—+3y7.+2a§—0 :_._: ,, -G

Jour: Math. Phy. Sci., Vol. 27, No.4, August 1993 1
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Applying complex Fourier transform in x, equation (5) becomes

-
S S
where g =(1-%) & +2ial
c
2

and W@y =@n) " f wey)e d

— o0

The solution of equation (6) becomes

W(Z,y) = A sinh (By) + B cosh (By)
where the constants A and B are to be determined.

w

3. Solution of the problem for constant strain 3y = P of the crack edges x < (

We now consider the problem when the constant strain given by

a-y ’ I3

is applied to the crack face y =0, x < 0.

245

- (6)
(7.1)

(7.2)

(8)

©)

We shall therefore consider the steady state crack propagation under the boundary conditions.

ow

W=P’ for x<0,y=0
w(x,y) =0, forx>0,y=0
w(x,y) =0, for |x| < w,y=h

Now we can write
— =P, for x<0,y=0

=e(x), forx>0,y=0

(10.1)

(10.2)

(10.3)
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where e(x) is the unknown function which is -to be detemined.
In our case
. -] 0 ) 00
@ry72 | S ar= | Star+ @myTIR [ G ax
— —c 0

0 ©
% 0 =@u) Y2 [ Peax+ (2m)"2 [ e(x) ™ ax (11)
: ‘0

— 00

Therefore using (8) and writing (27) 12 ? e(x) e't"idx =E_©)),
0 1
BA = (27:)—1/2% +E,&)  for —k<Im¢ <0 (12)
if e(x) ~ O(e_th) asx = o

Using the conditions (10.2) and (10.3); it can be eaéily shown that

_ "G , (13)
tanh (6h) ‘\ : : :
0 | .
where W_ (§,0) = (Zn)"l/2 J wx0) edx is analytic in the lower half-plane Im¢ < ky if

we assume w(x,0) ~ O(1*) asx > —w .

Eliminating A by equations (12) and (13)

W_(,0) -ip1
b tanh (Br) V2% & +E4©) | : (14)

" . (15)
»n=? . (%) s

[cf. Noble [8], eqns. (3.96a) and (3.96b), p.123]
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Now consid_er-
- (B e (B - () prgt it + (1))
= (%) ['g + 2za§' (vh)z ] | (16)
wh‘ére v=1- cz/c% .

So equation (16) can be written as

1- (',%")2 = (}j%) € +inh) € +imy)

s ke
where 7]1- =2+ + |22
n VZ 4 v

.0 2 2 -
Similarly, 1- ((T—I%Z)—Jr) = (:—Z) (C'*‘iﬂ:_m) C+in,_, )

It may be noted that 77, and 7,_,, are negative real quantities.

So equation (15) becomes -

10 @) € i
KO =5 Pl €+ i) € + iy ) (n — 1/2)

1 ;Io C+ing_1p)  n. . T Ctim_y)  n
Ry Crig) @12 o crmh @-102)

=K~ () -K" () (say) _ (17)

where K~ (§) is analytic in the lower half-plane given by Im¢{ < —1;1;/2 where as KT (C) is
analytic in the upper half plane given by Im¢& > —77;",2.
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Now K+(§) = lj; €+ i”:_w‘) (n=0)
S (S

X

12

o2 — 122 52
[§+i(%+(v—4+£'—'—v;%l7—) )} (n — 0)

! 7
1 [;+z(%+(j ’52‘2) : )} (n —172)

'
!

| e
[—C;—h+i(j—:;+{322—£+(n—1/2;)2]- )] (n —0)
' 7,
! [—%’[ﬂ+ (a”+{“h2+n} )](n—llz)

Now elastic moduli and density are assumed to be va‘[rying slowly with x; so that o/ may

I
i s

be assumed to be small.

b

So neglecting qzhz we get

) [%’l (“” +(n - 1/2)}] (n—0)

Kr @) =11 :
n=1 [CVh + i {gﬂ + n}] (n— 1/2)

b

=1I itk h : | ' (18)
n=1 [n - (’; & ] -1/2) }
Next using the formula _ |
o » |
ﬁ (n—ap) s (n— ak) IIEI Q- Pm)
=1 | @ = D7) e, (n=bp)| a1 TA—a,)
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which expresses the general infinite product in terms of the Gamma functions (cf. Whittaker
“and Watson [6], p.239)) we obtain from (18)

N e

= (19
ror(z- (% -5 |
Similarly, for small values of ah, ncglectmg a?h?, it can be easily shown that
I‘[ szh ah]
JT Vit
K®O=%—T n o (20)
| r[‘2'+lCTv_W]
Now writing coth Br) = K@) =Kt (E)f ©), equation (14) becomes
~KQ) KQ) W60 = ~7pr g +E4©)
- . E,®
o, K OW_G0)=—ypr—p—+—
ELe K@
__P 11 1 ]_ P11, EQ
B ME[K*(;) K+(0)] VIE LK) KTE)
Therefore,
P11 _EQ p1[ 1 1 :
Q- @’O”m IO K0 Vﬁ?[zd@) K+(0)] @

The expression on the left hand side of equation (21) is regular in the half—piane
Im§ <0 whereas RH.S. is regular in Im& > —K; where K, = min (%, 77;/2 ). The equation
(21) holds in the strip —K; < Im{ < 0 and therefore using analytic continuation and Liouville’s
theorem we can write

iP 1

5 L RO (22)

W_E,0) =

. Jour. Math. Phy. Sci., Vol. 27, No.4, August 1993
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. ' + ' s
and  E @)= L %l %%] o . (3)

Therefore, by help of (11) and (23), we obtain

W _ __iP 1K'}
& &0 = v i)

I
o —ig
6w

So, o _7—_ f_ é—K—+L(O§ d§ where:—K1 <e<0 (24)

For x <0, considering a semi-circular contour in the upper half §-plane it can easily be

verified that

ow _
W_P

Now for x > 0, substituting the values of K™ (§) and K* .(0) from (19) and (24) we obtain
1, ah ikvh |, ah
ol e

1 ‘
ay— .2”1.,[1_‘_&_11] —J—isfr[%_icﬂ.pﬂ]
4

e dE (x>0)

4

1, ah 1
5+ Tip+5
iP [2 W‘] _m (1, ah) POFS 1 (p 2) e
=7 e w27 v X I‘(p evh? dp
rf14+¢ s (L, ok )
%3 “ 2 (%3
:
_1 ah vhe ‘
where S——Z‘ W_T
1, ah 1 ah
iPr[i-l_Wf] m (1, ah joo+s F(p«—i—vn) F(p+%—) e
= = e‘?h'(i T2 evifd
27 f 1 vh® ap
2 v

—_— 7 X
. E I'w)
I‘[l + ah] —ioo+s r(p +[ _ _a_h_) A
|
\
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1, ah
, "5

1 ah
2]
1‘[1+“h]

1 ah 1

X 2F (_7;_1% 75

[cf. Exdelyi et. al. [7], formula no. 7. p.262]

1
zx (1, ah _ax\ "2
1+ah) evh (27 wx] |1 —¢ vh

v

1-e Vh)

ah -

1 1 R
=- —zi =l 1= e
VEI‘[1+ah] e e e Sat)

1 _ah 1

JX .
where ,F, (— S~ 2 1- e_ﬁz’) is the hypergemotric function.

It is known that the series

JF; (a,b,c Z)=1+a.b +a§a+1!bgb+12 24

12.c(c+1)
a(a + D(a+2)b(b + 1) +J 3

123.c(c + 1)(c + 2)

2 ,
therefore neglecting (—S—J};) and higher power of %}%

1 _ah 1

PR

. =
where z=1—-¢ 7 ;

After a little algebraic simplification it can be shown that for small —

ah 1

1723

_1+ﬂ(5+—z— % Z—+)

ah
vIT

oFy (=5 - 22,2, 9= 1+—[(1+V‘)log(1+f)+(1—f)log(1— z)]
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Therefore |
|
1, ah ‘
Fls+—
ow__ P [2 WI] 1 :
W'— — — 1
ﬁl" 1+%h_ VI —exp( mc/vh)}}

{1+———[(1+\/_)log(1+\f_)+(1 \/_)log(l—\/_)]} (x>b) (25)

Next in order to determine the crack opening disp_lac;ement consider equation (22) viz.

iP 1 1
V27 § KT (0K~ ()

W_E 0=

which by help of equations (19) and (20) becomes

1, ikvh ah)
,iPhF[i"‘T'm] F[

N[ =
S
A&,

- | 1
W_(,0) = ;
€0 - V2 ikvh  oh’ ' ah 13
. Di+=r | Tt
Therefore 1
!
1, ikvh ah] L[1, ok
apl = F[E’LT"W] f[i*‘ﬁ] | e
wi,0)=—"—=_- [ ‘ r dg
’ T 2t |
_w_,er[”tivh %] 1‘[“%] 13

Obviously for x > 0,w(x,0) =0. In order to find w(x, 0) for x<0, we firstly evaluate
d_w‘(ixx_Ol which is given by

|
1, ah 1, ivh | ah
e WP 1 F[i*‘ﬁ] coie F[i*? rm] _
Pl = S ] - e dg
@ = 2”1‘ 1+ —ois |14 8Vh 0k
v T | VI
Rl ah "
w_r4D 5] e T 10 s,
aw » A
. & W r ] Je Taah ¢ P
wWE r1+7];] sim Tp+)
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where p= % +

Using the table of inverse Laplace transform [7], we find

o 1 ah
(1 _ahy T "‘+-:|
dw _ Pesi (77 5) [2 w 1
dx wWr LT 4 ek VI—exp (uxivh)
Vi
_ Integrating w.rt. x we obtain
i
r %+% -
0)=-L i R eZh dx  (for x<0) (26
TR g L T @
1+ - .

Making x - —co, it can easily be shown that
1, ah 1 . ah
o2 2]
7 ah ah
T [1 + VJE] l"[l - ﬁ]

Putting ¢ = 0 in (25) and (26) exbressions for @%yﬂ and w(x, 0) for homogeneous medium

w(x, 0) - 27N

can be derived and they are found to be identical with the results given by Matczynski [2].

Crack opehing displacement is obviously Aw = 2w(x, 0) where w(x,0) is given by
(26). In figs. 3-5 dimensionless values of the crack opening displacement given by

Y= % have bécn plotted against the dimensionless distance x’' = _hx_ along the length

- of the crack for different values of a; = % and ¢, = c/c,.
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06H
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[o] L 4 5
X=-X/h —— -
—_ Q1=.9,o(’=‘.0 _—— C1=-9,°(,=.1 — = Cy= 9 o<,=_2 -------- Cy= 9 OC,— Y
Fig. 5

It is interesting to note that for a fixed value of ¢;, crack opening displacement
increases with the increase in the values of the inhomogeneity parameter ; for large values
of x' whereas for small values of x' (x' # 0), the result is just the opposite. Further it may
be noted that for any given value of the inhomogeneiFy parameter «;, crack opening

displacement Y at any point x’ increases with the increase in the crack propagation velocity.
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INPLANE PROBLEM OF DIFFRACTION OF ELASTIC WAVES
' BY A PERIODIC ARRAY OF COPLANAR
GRIFFITH CRACKS

"J. SARKAR and M. L. GHOSH
Dcpanmcm of Malhcmaum North Bengal Umvcrsxty, Darjeeling-734 430 India  ____.
S. C. MANDAL
Department of Mathematics, Indian Institute of Science, Bangalore-560 012, India

Abstract—This paper represents the analysis of the problem of diffraction of longitudinal waves by a scrics
of periodically spaced coplanar Griffith cracks in an infinite, isotropic elastic medium. Due to the
‘periodicity of the geometry, the problem with a single crack in a strip with boundaries such that shear
stress and normal displacement are zero on them. On use of Fourier transform the mixed boundary value
problem for a typical strip has been reduced firstly to-the solution -of dual integral equations and finally
to that of a Fredholm integral equations of the second kind. Numerical values of stress intensity factor :
aod the crack opening d:splaocmcnl have been plotted graphncal)y

1. INTRODUCTION ]

THE PROBLEMS involving .cracks or inclusions in elastodynamics are of much importance in view
_of their application in geophysics and earthquake engineering. Uptil now many problems have been
solved involving one or two cracks in an infinite homogeneous elastic medium. Locber and Sih [1]
and Mal [2] have studied the problem of diffraction of elastic waves by a Grffith crack in an infinite
medium. The problem of a finite crack at the interface of two elastic half spaces has been discussed
by Srivastava et al. [3] and Bostrom [4]. Finite crack perpendicular to the surface of the infinitely
long elastic strip has been studied by Chen [5] for impact load and by Srivastava et al.[6] for
normally incident waves. But elastodynamic problems involving two or more Griffith cracks have
not yet received much attention. Jain and Kanwal {7} have studied the problem of scattering of
- elastic waves by two Griffith cracks for normally incident waves and the same problem has been
considered by Itou [8] for impact load. Angel and Achenbach [9] have studied the problem of
reflection and transmission-of elastic waves by a periodic array of cracks in an infinite isotropic
medium. The problem of diffraction of SH-waves by a series of cuts in nonhomogeneous solid was
investigated by De Sarkar [10]. The steady state vibration of an infinite isotropic medium with a
periodic system of coplanar cracks has been discussed by Parton and Morozov [11] using the
method of the finite Fourier transforms to reduce the relevant mixed relations.

In our paper, the diffraction of normally incident time harmonic clastic waves by a periodic
array of oeplanar Griffith cracks in infinite elastic medium has been analyzzd Due to geometrical
symmetry the problem has been reduced to the solution of the problem of a single crack in a strip
whose boundaries are shear free and constrained in a way not to permit normal displacement.
Applying Fourier transform the problem has been converted to the solution of dual integral
equations. The dual integral equations finally have been reduced to a Fredholm integral equation
of second kind by applying Abel's transform. Expressions for stress intensity factor and crack
opening displacement have been derived in closed -form. The numerical values of stress intensity -
factor and crack opening displacement have bcen prescntcd graphlcally to bnng out the salient
features of the problem._ . o

2. FORMULATION OF THE PROBLEM

We consider a homogeneous, isotropic, linearly-elastic, unbounded solid weakened by a infinite
number of collinecar cracks of equal length which are equally spaced on a linc taken as the x,-axis.
- The length of each crack is 2a and the period of the crack-array is 2A, as shown in Fig. |. The
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Fig. 1. Incidence of plane time-harmonic wave on a periodic array of cracks. -

cracks lic in the plane x, = 0 and extend to infinity in the x;-direction which is perpendicular to
the plane of the figure. For convenience we make all the lengths dimensionless by writing

x,Ja=x, x,Ja=y, xjja=z, h/fa=h

Let an incident time-harmonic body wave travel in the direction of the positive y-axis. The steady
state term e~™*, which is common to all field variables, has been omitted in the sequel.

By simple symmetry considerations, the displacement and stress distribution due to the
scattered field in the entire xy-plane can be derived by considering only the isotropic elastic strip
|x| < h with a central crack |x| < 1, y = 0; the boundaries of the strip x = + A being shear free and
constrained in'a way not to permit normal displacement. :

The displacement components are

_o9 9 Ty
T ox dy T ’ M
and
a¢ LW B
v= 8x A

where ¢ and ¢ are scalar and vector potentials satisfying the following equations.
82¢ az¢ 2 5247
ax* gt ok
2 2y a28?
Py, P4 _ady - o
ox? 6y 2o’

where ¢, = (A + 2u/p)'* and ¢, = (u/p)'” are the dilatational and shear wave velocities, 4, u are the

. Lame’s constant, p is the density of the material.

Therefore, substituting ¢(x, y, 1) = ¢(x, y)e™™" and y(x, ), t)-gl/(x y)e = our problem

- reduces to the solution of the equatlons

oy o g
El; +22 d’ P ki =0
Z 2
o o .,
. —+—+kiy=0 - 3
ox 2 + (-)y -d’ ( )
subject to the boundary conditions- : -
T",},(X, 0) = —p(—t)’ hl <1 (4)
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T5(x,0)=0, |x[<h ‘ 5 .

v(x, 0 =0, 1<|x|<h - (6)

T (2hy)=0, <o ‘ ' M

u(thy)=0, Iyl <w ®)

where k,=aw/c, (i = 1, 2).
Solutions of eq (3) arc

2[ (= ® R
¢(X,y)=\/; f A ({)e™ cos { xd£+f A;.(«f)cosh(a'IX)CO'sfﬁ'df]-: s
) LJo 0 : . “ L

and

Jo

2 [ (o o«
llf(x'}’)=\/; j B\({)e~#sin{ x d{ + [ B,({)sinh(B, x)sin {y df] 9
L Jo

where 4,(0), 4,(¢), B,({), B,() are constants and |
cTT T a=1-kY)R, { >k B=(—k2)", { >k,

= —ik}-{)", [ <k, -~ =-ii-(Y"? (<k
a, =(fz_kf)m» E>k B=(? ‘kl)lr >k
=—i(k}-EYR  E<k, = —i(ki-¢D)R, &<k,

Now the stress 1,, can be expressed as

at,,(x,y) = f,z; [ —u Lm (= 20ad, (e + (2 + BB, (e~*)sin { x d{
+u f ¥ (=280, Ay (& )sinh(e, x) + (2 + B2)By(& )sinh(, x)sin &y dé]. (10)

3 A1 ). (i)

“The boundary condition (5) yields
| ’ o 2a
(’2+ ﬂz

Assuming — (A, () = A), a,A,(&) = C(&), —E&By(¢) = D(¢) and using the relation (11), ex-
pressions for displacements and st,esscs ﬁnally can be written as

u=\/1_§zjo°°[c 2() lcz }A(C)sm(xd(

+ \/; J‘ [C(&)sinh(a, x) + D(&)sinh(B, x)Jcos &y A& (12)
. o

2(2 P
U—\/;L[ ~To ”}x{ A({)cos { x d{

B\({)=

fj Car'C(f)cosh(ax)-rﬁ; 'D(f)cosh(ﬂ,x)]sm{vdL 13y ¢
A A

2 :
. ar, =—#fj [(2(, ~ ke~ 2;?& ! _ﬂ']C_AA(C)COSCXdE

— f f [———(z“‘” )C<c)cosh(a,x)+v/s,D(c)cosh(/f r)]cowds —(14)
T Jo
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at, = —p \/% J’m [e~v — cfﬂ”]2aA ()sin{ x d{
—H \/%-.F-IKC(E)sinh(a.x) + E7'(262 — k3)D(¢)sinh(B, x)]sin §y . (15)

_ 3. SOLUTION OF THE 'PROBLEM
The boundary conditions (4) and (6) yi::ld the following two integral equations:

J'.m%[l +H(IB(E)sin{ x d{ =R(X), 0<|xi<]1 - (16)
F%B(c)cosc:id§=o, 1< x| <h (17)
where o ’ .
_ 2a(ki—k3)AD) : '
B(C)__ﬂ__ : “ | (18)
Hm:_ac’—k%)—‘*aﬁc’_l (19)

2a{ (k= k)
H()—0 as{—oo.
R(x)= \/% p'a J; *p(x)dx — L ) [(2a§£k§) C(é)sinh(a,x)+72D(6)sinh(ﬂ,x)]dé. 20)
Let us consider the solution of integral eqs (16) and (17) in the form
B()= \/%t J‘ fR@a @1)
so that the integral eq. (17) is automatically satisfied. | |

Now, substituting the value of B({) from (21) in (16) and using Abel's transform we obtain
the following Fredholm integral equation of second kind:

f(i)+'[ wf()L, (1, u) du = Q(¢) (22)
where, . ’ ) ,
Q()_;—zEJ’ (t*—2%)"p(z) dz — ff Jai! Qad +k3)Io (o )C(E) + 28, L, (B 1)D(E)] A (23)
" and - ..
L, u)=J {H(Wo(u)o(C)dl. (29)

From the boundary conditions (7) and (8), the unknown functJons C(¢) and D(&) can be found
to be related to B({) as:

2 . N - 2 2
CO = =i h)[—c’ f & 08 a + =KD f & C)B(C)dC:’ 25)
2 ) . ©
D'(é)__-”nk'g(kf—k§)sinh(ﬂ,h)[fzﬁ gn(C.C)B(()*dC‘—‘C’f gz(f.C)B(()'dC]' (26)
where, | 2}3f+ k3 2al+ k3 -
gl(é!()= { C1+ﬂ2 - C2 } n(ch) ’ ) -
_ 2(ﬁ2+k) 2a’+k2 -
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Next, substituting the value of B({) from (21) in the expressions of C(§) and D(&) given by
(25) and (26) and using the result (Gradsteyn [12]) .

= { sin@h)Mo@u) . =
\ —_—Cz‘*’a% d{ —5 ,Io(‘-lrw)c .
C(¢) and D(¢&) can be written in terms of f(r) as -
ey W (u)du
CK)= 22(k2 Z)J' [(2ai+ k) (a u)e ]sinh(a,h)
ke g W@ e
D(¢)y=~ \/;(kz kz)Jl (LB u)e* ]m (28)
Using the above relations (28) in (23) we obtain ’
1 1.
00 =22 f ST d + f Ul (e, ) + Lot ) ) du 29)
where, ‘ : . »
Lyt ) = = | [ @t + Kl 1) Ly ) e (30)
’ k=K J, TR ! sinh(e, h)
4
Ly(t,u)= = k%)J- [B: (B} + k3 )Io(ﬂ,t)lo(ﬂ,u)c “]mh—) (31

Next substituting Q (1) from (29) in (22) and assuming p(x) = p, and f(¢) = apyg(t)/u we finally
obtain the following Fredholm integral equation of second kind for the determination of g(t):

g(t) + J.l ug(W)L(t, u)du =1 o 32
o . . L

where .-
L(t,u) = Li(t, u) — Ly(t, u) — Ly (1, u) ' (33)
and L,(t, u), L,(t,u) and Ly(t, u) are given by (24), (30) and (31) respectively. .

It is to be noted that the kernal L;(s, u) represented by the semi-infinite integral given by eq.
(24} has a slow rate of convergence. In orderto make the numerical analysis easier, the semi-infinite

integral has therefore been converted to finite integrals by using simple contour integration
technique (Srivastava er al. [3]) and is given by

ik3 2n?
L) = =g kl)[ 0 ((r : 2)?” FolemHy ko) dn

+J~ 4'1’(1?-nz)'”Jo(kznu)HS”(kzvf)dn], (>u (34)
[

where y = k, /k,. The corresponding expression of L, (¢, #) for 1 < u can be obtained by interchang-
ing 7 and v in (34). ) _

4. STRESS lNTENSITY FACI‘OR AND DISPLACEMENT

‘ The normal stress 1,,(x, y) in the plane y = 0in the v1c1mty of the crack tip can be found from
" eq. (14) and'is given by . —

rn(x O)——pf-[ B(C)cosdeC-H)(l) x>‘]‘

g(+01), x>1.

PoX
Jxt=1
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Fig. 2. Stress intensity factor K vs dimensionless frequency k

Defining the stress intensity factor by
K 1,,(x, O),/ ,

x—ol+

it is found that
lg() 35

K==
) V2

Now the crack opening displ_accment Av(x, 0) =v(x, 0-+;) — v(x, 0—) can be obtained from (13) as

.- Av(x,O):—\/__(k2 k)J. (B(C)cos(Cx)dC lxl

which.on sﬁbstitution of the value of B({) from (21) takes the form
a I gg(t) de : o
Do g ( i A X < 1 (36)

Av, O)Eu(l ) ). (11—

o 1.8 -~
g ™ ———h =18
- ~
“d 1.471- AN
~
! e
= o N\ 2"
ol - N
x. CP 1.0+ \\\'
2 ¢ ™ \\\ -
_oad kqo=1 > “\
0.6 k ? \\\\ r”’ ‘\
_E— 2= 0.4 N~ '
e ——— . [
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Fig. 3. Crack opcning displacement vs distance
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5. NUMERICAL RESULTS AND DISCUSSION

. Using the method of Fox and Goodwin [13] the Fredholm integral equation given by eq. (32)
has been solved numerically for different values of dimensionless frequency k, and 4, the separating -
distance of the cracks. At first the integral in:(32) has been presented by a quadratire formula
involving values of the desired function g(f) at .pivotal points inside the specified range of
integration and then converted to a set of linear algebraic simultaneous equations, solving which
the first approximation to the required pivotal values of g(r) has been obtained. Applying
difference—correction technique the first approximations has been improved. The standard numeri-

- cal integration technique has been used to evaluate the kernals Li(t,u), Ly(t, u) and Ly(t,u) given

'
R |

by (34), (30) and (31). After solving the integral eq. (32) numerically, the stress intensity factor X
and the crack opening displacement pAv(x, 0)/ap, have been calculated numerically and plotted
separately against dimensionless frequency k,(0 <k, < 1) and dimensionless distance x(0 < x < 1)
respectively for different values of 4. The value of y is taken to be 1 /\/5. From Fig. 2 it is interesting
to note that the number of oscillations in stress intensity factor X increases with the increase in

- the values of h. The crack opening displacement (Fig. 3) is greater for higher values of 4 and also

for higher values of dimensionless frequency k;. -
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DIFFRACTION OF ELASTIC WAVES BY THREE
COPLANAR GRIFFITH CRACKS IN AN ORTHOTROPIC
MEDIUM

J. SARKAR, S. C. MANDAL%} and M. L. GHOSH
Department of Mathematics, North Bengal University, Darjeeling-734 430, India

Abstract—The dynamic response of three co-planar Griffith cracks situated in an infinite orthotropic
medium due to elastic waves incident normally on the cracks has been treated. The Fourier transform
technique has been used to reduce the elastodynamic problem to the solution of a set of four integral
equations. These integral equations have been solved by using the finite Hilbert transform technique
and Cook’s result. The analytical forms of crack opening displacement and stress intensity factors have
been derived for low frequency vibration. Numerical results of crack opening displacement and stress
intensity factors for several orthotropic materials have been calculated and plotted graphlca]ly to
display the influence of the material orthotropy.

1. INTRODUCTION

Recently, with the increased usage of macroscopically anisotropic construction materials such
as fibre-reinforced materials, the study of diffraction of elastic waves with cracks or inclusions
has attracted the attention of scientists. The different possible location of cracks with respect to
the planeé of material symmetry is of great interest in Seismology and Exploration Geophysics.
The problem of scattering of elastic waves by cracks of finite dimension in isotropic medium
has been investigated by several investigators. Many investigators [1-6] have solved the
diffraction problem involving single or two cracks in an isotropic medium. Dhawan and
Dhaliwal [7] solved the statical problem involving three coplanar cracks in an infinite
transversely isotropic medium. The dynamic problem of singular stresses around cracks in
orthotropic medium are few in number. Kassir and Bandyopadhyay [8] solved the problem of
elastodynamic response of an infinite orthotropic solid containing a crack under the action of
impact loading. The problem of normal impact response of a finite Griffith crack in an
orthotropic strip has been solved by Shindo [9]. De and Patra [10] have also solved the problem
involving a moving Griffith crack in an orthotropic strip. Recently Kundu and Bostrom [11]
treated the diffraction problem of a circular crack in orthotropic medium.

To the best knowledge of the authors, the problem of diffraction of elastic waves by three
coplanar Griffith cracks in an orthotropic material has not been considered. In our paper, the
interaction of normally incident time harmonic elastic waves with three coplanar Griffith cracks
in an orthotropic medium has been investigated. It is assumed that the faces of each of the
cracks do not come into contact during small deformation of the solid. The resulting mixed
boundary value problem is reduced to the solution of a set of four integral equations which has
been reduced to the solution of an integro-differential equation. Iteration method has been
used to obtain the low frequency solution of the problem. This enables us to obtain
approximate value of the crack opening displacements and stress intensity factors. Making the
length of the central crack tend to zero, the corresponding results for two Griffith cracks have
been obtained. Numerical results for stress intensity factors and crack opening displacements
have been plotted against dimensionless frequency and distance respectively for different
orthotropic materials which have been shown graphically.

1To whom all correspondence should be addressed.
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2. STATEMENT AND FORMULATION OF THE PROBLEM

Consider the interaction of normally incident longifudinal wave with three coplanar Griffith
cracks situated in an infinite orthotropic elastic medlum The cracks are assumed to occupy the
position |X|=d,, d;=|X|=d, Y=0, |Z|<o. Let E,, w;.and v; (i,j=1,2,3) denote the
engineering elastic constants of the material where the subscripts 1, 2, 3 correspond to the X,
Y, Z directions chosen to coincide with the axes of material orthotropy. Normalizing all the
lengths with respect to ‘d’ and setting X/d=x, Y/d=y, Z/d=1z, d,/d=b, d,/d =c, the
cracks are defined by |x|<b, c=sx|=<1, y=0, |z] < t(Fi_g. 1).

Displacement components are also made dimemnsionless with respect to ‘d’ so that
dimensionless components of displacement in x, y directions are assumed to be u, v
respectively, where

u=u(x,y,t) and v =iv(x, ¥, 0).

Let a time harmonic plane elastic wave originating at y = — and incident normally on the
three cracks be given by v = v, exp[i(ky — wt)}/d where k=do/cVey, cs=(nlp)?, vo is a
constant, w and v,/d are the frequency and dimensionless amplitude of the incident wave
respectively, p being the density of the material. In the isotropic solid, ¢, represents the velocity
of the shear wave.

The non-zero stress components 7,, and 7,, are given by

i
/l—'«lz Cialt x T CoU,

Txy//-"12 u +Ux . l (21)

where u, v denote the component of the displacement in the x, y directions respectively and
comma denotes partial differentiation with respect to the coordinates or time ; ¢;(i, j = 1, 2) are

z '
!

Fig. 1. Geometry of the cra'T:ks.

i
l
1
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nondimensional parameters related to the elastic constant by the relations:
e = E/pi(1—vhEE)
¢ = Ej/pn(1— V%zEz/Ex) =y Eo/E,
C12= V2 Eal p1o(1 — vLEL[E)) = Vi3 = Va0 (2.2)
for generalized plane stress, and by
e = (E1/Api)(1 — va3v3))
22 = (E2/Apio)(1 = vi3v3))
Ci2= E (V21 + Vi3V B2/ EN)Apyp = Ex(Via + Va3 v, E/Eo) [ Apy,
A=1—=v3Va = Va3Vay — V3 Vi3 — V1o Va3 V3 — Vi3Vy Vi 2.3)
for plane strain. The constants E; and v;; satisfy Maxwell’s relation:
Vil E; = v;/E;. (2.4)

The displacement equations of motion for orthotropic material are
2

Cill ety + (Lt e, = -C—zu,,,
s

d2
CnVyy TVt (L HcCi)uy = 2 v (2.5)

S

Substitution of u(x, y, t) = u(x, y)exp(—iwt) and v(x, y, t) = v(x, y)exp(—iwt) in equations (2.5)
reduces them to

Ciillge Hlyy + (L + Cio)v,y +k2u =0
szv,yy + U'xx,+ (1 + Clz)u_xy + k?v = 0 (2.6)

with k2 = d?w?/c?, which are to be solved subject to the boundary conditions

v(x,0)=0, b=|x|=c, x|=1 27
Ty (x, 0) =0, x| < oo (2.8)
7,,(x, 0) + 78)(x, 0) = 0, x| <b, c<|x|<1. _ (2.9)

Henceforth the time factor exp(—iwt) which is common to all field variables would be omitted

in the sequel.
Using the condition (2.8), the solutions of equations (2.6) may be written as

(s, 3) =2 [ Lexp(=1191) — B exp(=72 yDIA,(E)sin(en) de 2.10)

v(5,) =2 [ Zla exp(=yIy) ~ Basexp(-y: DMAOcos(E de. y>0 @11)

ES 33-2-8
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and the stress components are given by

ol = =2 [ (it @dlexp(-m )~ exp(-mYDMAEsin(E) 46, y>0 @12)

ol = [ [ (et = 5 exp(- 1)~ B(erné ~ 272 )exp(y2 Iy | (E)eosté)

£
(2.13)
where
cng-k-v
= “(i+c )y” i=1,2 | (2.14)
12} 7i
B=——$‘:Z' | (2.15)
2 2

A,(£) is the unknown function to be determined, and ¥}, v3 are the roots of the equation
022')’4 + {(C%2 +2¢15— 011022)§2 +(1+ sz)kg}%yz + (Cllf2 - kg)(fz - k?) =0. (2.16)
With the aid of the boundary conditions, (2.7) and (2 9) A(¢) is found to satisfy the integral
equations
j A(f)cos(éx)déE=0, " xel, I, 2.17)
0

and

f H(&)A(£)cos(é&x) dg = — 2—, xel, L (2.18a, b)

M2

where I, = (0, b), L=(b,¢), L={(c, 1), = (1, ®) and °

Po= ik#lzczzvo/u (2.19)
Baz
A(§) = § — A (E) (2.20)
2 —
H() = €12 —Cpa Y1 — B(C12§ szaz’)’z) (2.21)
(a; — Bay)
3. METHOD OF SOLUTION
The solution of the integral equations (2.17) and (2.18) is taken in the form
1(° 1 '
A= EJ- h(f)sin(&r) dr + Ef .g(u?)sin(éu) du 3.1
0 - .

where A(t) and g(u?) are the unknown functions to b:e determined. Substituting the value of
A(¢) from (3.1) in (2.17) and using the following result [12]

t>x

o S
" sin(ér)cos(éx) ., 12’
J(‘, I3 ¢ = Q, t<x
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it is found that the choice of A(£) leads to the equation

fcl g(u?) du=0.

Further substituting A(¢£) from (3.1) in (2.18a) and using the result [13]

u-+x

f ¢ sin(&u)sin(éx) dé == log

we obtain

d t+x d (! u-+x
— 1 - + — 2 _I
dx.[, h(t) og‘t_x'dt de: g(u®) log Y —x du

~2fan= 5 [ o & [ B@ " sincesinger) ag

o ) |
- o[ s [ m@e sin@sinen ag],  xer
where 7
__
o 2612
HQ .

—0 as E—)oo

Hi(§) =

(C%2+012_Cl1022)(012N1N2 Cn)_sz[ClzN N2+011(N2+N1N2+N )]
(1 +c)(N +Ny)

9:

1
N% =2c {cnien— Czl’z —2cpt [(0%2 +2¢, - Cnczz)2 - 4C11022]“2}
22

. .
N3 =;{Cnczz — 3 —2¢1,— [(32+ 2¢12 — criexm)? — 4] )
2

Using the relation

sin &x sin &t _ f x f "wuly(Ew)Jo(fv) dv dw

o(xz . w2)1/2(t2 _ v2)1l2

equation (3.3) can now be rewritten in the form

d (* t+x d J" 5 u-tx
— —|dt+— log [——| d
J; h(t)log{t_x‘ dt ) g(u)log o | du

_ _Ei_ J’ va(b w) dw dv
= 2[‘10 h(t) de (% — w2)2(iZ — y2) 172

vwL(v, w) dw dv
__f g(uz) duf A (x _w2)1/2(u _UZ)IIZ’ x el

where
L(v, w) = f  EHL(EN(EwN(eo) O

and Jy( ) is the Bessel function of order zero.
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(3.2)

(3.3)

(3.4)
(3.5)

(3.6)

(3.7)

3.8)

(3.9)
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|

Applying a contour integration technique [14], th{e infinite integral in L(v,w) can be
converted to the following finite integrals

Ve ¢ — B(cian’ — @ Fac
L(, w) = —ikﬁ[f Cian’ — @1 %1€ — 3(__12"7 2Y2 ZZ)Jo(ksnv)Hé"(kan) dn
0 9(“1 [3012)

. A
_f B(c2m? szaz')’z) Jo(k ) HO(ksqw) d—n:l w>v (3.10)
1

Vey 9(“1 )

where

’ 12
Y= E{Rl - (RZ; - 4R2)m}]

rl . _ 172
Yy = E{Rl + (R}~ 4R2)”2}]

1 172
9o=| R+ R+ aRYD]

1 172
o= [5 R+ (RE+ 4R

1
R, = c_{(C%z +2¢12 — ene)n” + (1 + c)}
22

_ 1
Rzzﬁl(l 2)<_—" "72)
Coo Ciy

,__C1 2( 2 1)
Ry="2(1- -—
2= A=2\n o

22

2_1+—?
&i=C“7’ —‘)/l, i=1,2 |
(1+cw)y:
-1+ (=1)97 '
A’_=C117I (,\ )'y ) i=1,2
(1+c2)¥i
Bchx_'z’]
a;— Y2
A 2+
=171 (3.11)
ar — Y2

The corresponding expression of L(v, w) for w <v is obtamed by mterchangmg v and w in
(3.10). &

Employing the series expansions for the Bessel functlon Jo and the Hankel function H{ in
equation (3.10), it is found that ;

' 2
L(v, w) =~ PkZlog k, + O(K?) (3.12)

pzl[f ﬁc 2’ &17i022—3__(C12712_ &2')_’2022)d,’i’ _f B(Clz‘nz"'czzéz’f’z) "I]
0 (a, _ﬁ&z) ey (a, - Ba,) '
l (3.13)
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Let us now expand A(t) and g(u?) in the form

h(t) = ho(t) + k2 log k, hy(t) + O(K?)
and
g(u?) = go(u?) + kZlog k, g,(u?) + O(K3). (3.14)

Substituting the above equations (3.14) and the value of L(v, w) given by (3.10) in equations
(3.8) and (3.2) and equating the coefficients of like powers of k, the following equations are
derived.

t+ ! 2
t— i' dr+ 2.[ Zf(fuxz) du =24, xel, b (3.152,b)

d b
o | natoy1og

t+x "ug,(u?) 4P T (* !
:)d[+2£ ﬁdu=——;[[ th(,(l‘)dt-i-f ugo(uz)du:l,

) c

d b
— | h()l
dxj(; 1(H)log

X € 11, 13 (3.163., b)
and

fl gw?)du=0 (i=0,1). (3.17a,b)

Rewriting equation (3.15a) as

b t+
f hy(Hlog ﬁ} dt = nF(x), x el (3.18)
(V] -

where

*T _Po 2 lugo(uz) ]
F = —J. [ +-— du | dy.
i) o Lm0 7wl u2~y2 “1Y

The solution of the integral equation (3.18) with the help of Cook’s result [15] is found to be

ho(y=-Lo L 2 ! fl Gl (PN (3.19)
0 ,me(b’-—tz)“z ”(bz_t2)1/2 3 - g .
Substitution of the value of hy(t) from (3.19) in (3.15b) with the aid of the result
b 1 £ de n[ X u ] I
= — —_ , X
A (b2 _ t2)l/‘2 (xz _ tZ)(uZ - [2) 2 (x2 _ b2)l/2 (uz _ b2)|/2 €l3
yields the singular integral equation
RV 2
J' Moo b g gy — Lo o, (3.20)
¢ uw—-x 2120

Next using the finite Hilbert transform technique [13] the solution of the integral equation is
found to be

Po u(u® —c*) + uD,
pi26 N (@ = b3 (1 —u?)  V(u? = b)) — *)(1 - u?)
where D, is unknown constant to be determined from equation (3.17a).

Now substituting the value of go(u?) from (3.21) in (3.19) and performing the integrations,
ho() is obtained in the following form

_ __Po HC®) tD,
)= e N -D(-0 G A -i-r) (322)

By the procedure similar to one which led to the derivations of the solutions of (3.15) as given

(3.21)

go(uz) ==
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by (3.21) and (3.22), the solutions of equation (3.16a,b) can also be .obtained and they are

found to be
__4PR | AP-7) tD,
M= N -aa-n V=) -B)(1-P) (3.23)

)= — 4PR u*(u*—c? N uD,
Bt 7 N -)1-17) Ve - - )i .

(3.24)
where

R =P [+ 1Y)~ Dis 1)
M120

([ D,
m V(B* — 2)(1 — 1%)

m

N £ de
Im= L Vo - -1 - 1)

(3.25)

The constant D, is to be determined from equation (3.17b).
In order to determine the values of the unknown constants D, and D,, g,(«?) and g,(u?) as
given by (3.21) and (3.24) respectively are substituted in (3.17a, b) and it is found that

‘E
D,-=A,~[(1 _bz)F_ (cz—bz)], (j=12) (3.26)
and
Do 4PR
A= R A, =—5 3.27
' mi26 g n ( )

where F =F(§,q> and E=E<§,q) are the elliptic integrals of first and second kind

1_ 2
respectively and g = ——C. Substitution of the values of D; (j =1, 2) given.by equations
p 1 _ b2 i J q

(3.26) in equations (3.21)~(3.24) yields
t
VB =A@ - A1)

(i=1,2) (328

hj1(1) = ~A,-[(l - b? % + (% - tz)]

2y 2 E_ 2 _ 2| u . _
gi(u?)= A]-[(l b)F (u b)] V=@ =) (=12). (329

4. STRESS INTENSITY FACTORS AND CRACK OPENING DISPLACEMENTS

The stress intensity factors are defined as (in physical units)

N, = lim [ Y(x—b) %yl O)] (4.1)
x—»b+ Po b<x<c
N, = lim [ (C_x; Dl 0}] 42)
X=c— . 0 , b<x<c¢
N, = lim [ & - 1) 5 9)] | (4.3)
x—1+ Po x>1
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and the crack opening displacement can now be shown to be given by

Av(x, 0)=v(x, 0+) —v(x, 0—) =2 jb h(r) dt, O=x=b (4.4)

1
= 2f gw?Hdu, c=x=1 4.5)

Substituting the values of the function h(f) and g(u®), the stress component 7,, can be
evaluated from the expressions (2.13), (2.21) and (3.1). After evaluation of the value of 7,, and
putting it in relations (4.1)-(4.3) it is found that

r
Ny =+ /:((Clzil; ?) f((’_i ’:; [1 - ‘;—f M,k?log ks] + O(K?) (4.6)

X
z
|, *59)
N, = 2((11 _bcz)) 1- Fé q) [1 - %Mzkﬁ log ks] + O(k?) (4.8)

where

£(5-9)
My=|I5+1+4 (1 -bp>)———— (> - b ¢ -JD) |

50

Expressions (4.4)-(4.5) with the aid of the equations (3.28)—(3.29) yield

E(E,q> 2N/ 2 2

0 3 2 2 1- b~

(s, 0) = 225 | VET=F) Fig, )] B0 el B
12 ’ Fl-,q

2

4P
X[I—FMzkﬁlogks]+O(k§), 0=x=<b (49)

and
b3
f(Z.0)
2 2 E(QA,
Mv(x, 0) =222 | VT=FH F(A, q) _EQ, 9)
1120 F(’_F ) F(A, q)
»q
2
4p 2 )
X 1—?M2kslogks + O(k?), c=x=<1 (4.10)
where
2_ .2 1-— 2
sin B8 = b2 xz and sinA= X

c—x 1-b*
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When b — 0, we recover the stress intensity factor and the crack opening displacement for two
Griffith cracks occupying the region c = x| =<1, y =0, |z| < :

-4

M= - gemes [ 2 e - it onk [+ 06
__—_[1_§] _E 2_2_E:2 2
1 \/Z(T?)_ [1 - {1 +c 7 }ks log ks] + O(k?) 4.11)

@
)

where M, = g(l + ¢* — 2E/F) has been used.

F(A,q)—E(, q) |+0k2), c=x=1 (412)

It is noted that if further ¢ — 0, the crack merge into a single crack of width two units. In this
case F— o and M,— m/4; so the results for stress intensity factor and crack opening
displacements corresponding to the single crack are found to be

1 p
N=—[1——k§1 ks:|+0k§ 4.13
=5 |15k los (k) (4.13)
and
2 P
Av(x, 0) = —L‘;\/(l —x2)[1 ——k}log ks] +0(k2), O=x=<L (4.14)
M2

The results given by (4.11)—(4.14) are found to be in agreement with the results of Sarkar et al.
[16].

5. NUMERICAL RESULTS AND DISCUSSION -

The stress intensity factors (SIF) N,, N, and N, given by (4.6), (4.7) and (4.8) at the tips of
the cracks and crack opening displacements (COD) given by (4.9) and (4.10) have been plotted
against dimensionless frequency k; and distance respectively for three different types of
orthotropic materials whose engineering constants have been listed in Table 1.

Table 1. Engineering elastic: constants

E, (Pa) E, (Pa) Rz (Pa) Via

Type I ~ Modulite II graphite-epoxy composite:
153 x 107 158.0x 10° 5.52 % 10° 0.033
Type II  E-Type glass—epoxy composite:
979 x 10° 23x10° . 3.66x10°  0.063
Type III  Stainless steel-aluminium composite:
79.76 X 10° 85.91x10° ' 30.02%10° 0.31
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0.37 r

0.36 —

Z
0.29 | ' | ' |
0.1 0.2 0.3 0.4 0.5 0.6
kS
Fig. 2. Stress intensity factor N, vs frequency k, for generalized plane stress. (—) type I; (----- )
type III.

Keeping the length of the central crack fixed (b =0.2) SIFs at the tips of the central and
outer cracks have been plotted against frequency kg (0.1 =k;=0.6) for different lengths
(c=0.5, 0.6, 0.7) of the outer crack (Figs 2—4). It is noted from the graphs (Figs 2—4) that with
the decrease in the value of outer crack length, i.e. with the increase in the value of the distance
between inner and outer cracks the rate of increase in the SIF is higher with the increase in the
value of the frequency k..

The same nature of SIFs are seen (Figs 5-7) in the case when the length of the outer cracks

0.40 —
\c =0.5
0.37 F
0.34 |- b=02
c=20.6
T 2
P e
z ==
0.28 —
0.25 —
c=07
N %/ .
l 1
0.5 0.6
K,
s
Fig. 3. Stress intensity factor N vs frequency k, for generalized plane stress. (——) type I (-----)

type IIL.
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0.42 T
b=0.2

041 — e

0.40 — -7

Fig. 4. Stress intensity factor N, vs frequency k, for generali:zed plane stress. (——) type I; (----- )
type III.

are fixed (c=0.7) and the length of the central crack increases (b =0.3, 0.4, 0.5). It is
interesting to note that for fixed ¢ (= 0.7) the SIFs N, and N, increase with the increase in the
value of b, but the effect is just reverse in case of N,.

The COD u1,Av(x, 0)/p, has been plotted for different crack lengths. It is found from Figs 8
and 9 that with the increase in the value of crack length the value of COD increases. For a fixed
material the variation of COD with frequency is found to be insignificant. '

In all the cases where different values of crack lengthl have been considered the variation of
COD is found to be prominant for different orthotropic%materials.

0.68

c=0.7

0.56 —

0.52 /_’ ________________

0.48 —

0.44 |—

0.40 : . L : —
0.1 0.2 0.3 0.4 0.5 0.6

Fig. 5. Stress intensity factor N, vs frequency k, for generalized plane stress. (—) type I; (----- )
type 111
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0.52

c=0.7

0.48 —

0.28 1 1 1 | |
0.1 0.2 0.3 0.4 0.5 0.6

k

s

Fig. 6. Stress intensity factor N, vs frequency &, for generalized plane stress. (——) type I; (----- )
type III.

0.27

0.26

0.25

0.24

0.1 0.2 0.3 0.4 0.5 0.6
k

3

Fig. 7. Stress intensity factor N; vs frequency k, for generalized plane stress. (——) type It (----- )
type 1II.
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0.5 —

Fig. 8. Crack opening displacement vs distance for generalized plane stress (k;=0.5, b =0.3, ¢ =0.5,
0.7).

0.8 [—

b=20.5

Fig. 9. Crack opening displacement vs distance for generalized pilane stress (k,=0.5,5=03,0.5,¢ =
0.7). !
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