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A S o l u t io n

Let us consider an infinite elastic solid at zero temperature. If 

there be situated a nucleus of thermoelastic strain at (0,0) the 

corresponding displacements can be derived as the gradient of a 

potential function [7] y where

= Q r*l ogr ( 1)O

in which

Q » 4 r  ot T  ds (2 )
o 2n 1 ~u o o

To obtain the particular solution we introduce bipolar co-ordinates 

by means of the transformation [14,383

a sinh Qt _ a sin ft
cosh ct+ cos /?’  ̂ cosh a+ cos ft

2 _ 2 cosh ot- cos ftr = a ---j--------- ; ( a )cosh a+ cos ft

in which the ranges of the curvilinear co-ordinates « and ft are 
-cD<ct<co , ~n < ft < n .

As it is convenient to deal with hy/ instead of y/ itself in these



particular co-ordinates, we calculate displacements and stresses for 

the function C353
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QO
hw = Q a o n *cos nft + ^loga XJ n ‘ e 

n=0 n=2

00 -i nOl

where

(5)

Now, the displacements and stresses are

Q IX)
(u ) « (cosh at +COS f t )  ^  loga £J e''“

^ ’’ n»2

00
(u ) = -(cosh tx + cos ft)Q. sin(n^)/n

n = 0
( 6 )

(aciot) = -Q aT o |^(cosh a+ cos ft ) '£ cos(rV?) + jloga sinh a

sin ft E  sin(n/5)/n -cos a n~*cos n^ + ^logaE n’‘e''® J

(& ftft)^ =Q^a (cosh a+ cos /?)^logaJ] ne"'" + ^loga sinh a J] e*̂ "
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- sin ( i E sln(ry?)/n + cns n'^cos ry? + -jlogaE n  ̂ J

The stresses obtained in (7) are obviously produced by the therisal 

expansion. This expansion gives rise to certain stresses on the 

surfaces of the two circular inserts a = It is to be noted that

each of the circular inserts lies entirely on either side of the 

line a=0. We shall, therefore. make the boundaries free from 

stresses by the addition of the extra terms obtained on the 

hypothesis that there is no temperature distribution.

Let us consider a stress function which gives no stress at Infinity 

and no stress over a -O  and such that on the surface a ~ ±a.

(acta) = — (aaa)C T

(a.cxfi) = — Aaafi)C T

‘“c ’e = -

‘ V c  ‘  -  ' V t

Now, considering stress function in the form



= E  (oi)c o s (tY3) + (a) sir>(TV?)\
«= 5> V •'

(9)
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which is a solution of the biharmonlc equation

f ? l_  . 2- ^  .2L  -22̂  . 221-
^aa* dc^ao^ d (i* 9a

(h:t> = 0

with

( 10)

<t (a)=A cosh(n + i)« + B cosh(n-1 )o( + C sinh(n+1 )c* + D sinh(n-i)an n n n n (11 )

and

\u (a)»A' cosh(n+l)a + B' cosh (n-1 )a + C' sinh(n+l )o< + D' sinh(n-l)a
n n n n n

( 12 )

It may be readily seen that the conditions (aa<x> shallc o
vanish over «*0 is satisfied,if <f> (0)=0, 4>' (0)=0 and xft (0)*0,y' (0)*0n n n n
for n > 2, and hence from (11) and (12),

A + B = 0n n

(n+l)C + (n-l)D = 0
n n

A' + B' = 0ri n

(n + l)C' + (n-l)D' = 0n n
So,

® r
E^|A^[cosh(n+l)a-cosh(n-l)a] +E^ [(n-1) sinh(n+1 )oi-(n+1) s inh (n-1 )a]
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)-l )sinh(n+l )c* -(n+l)x00

^ c o s (tV?)+ C  [cosh (n+1 )ot-aosh (n-1 + E^[(n-

s inh< n-1 )<3»1 l-si n (ry?) (13)

where

E -C /(n-1) and E'=C'/(n-l)n n n n

So, the complementary displacements and stresses are given by

00 ^
(cosh a +COS /?) V | [A' sin n/? + A cos sinh(n+l)c* -„ = '>l n n u

00

(u ) = a" *
“ ° n = 2

( n - i )  s i n h ( n - 1 )ot] + ( n * - 1 )  CE^sin rV? + E^cos n^ ] [ cosh ( n + D a  -cosh (  n - 1 )oiJ^

-1 ^  f  = a (cosh a +cos /3) n -^[A^cos inft -A^ain r/?] [co«htn+l )c* -

cosh(n-i)<a]+ tE^cos ryl-E^sin nf?][(n-l) slnh(n+l)o( -(n + i) 8inh(n-i)<x]j-

(14)



( a a a ) =c
00 -  -

-(cosh +COS ft) E n*4[A'sin rO +A cos r/51 [cosh(n+1 )a -cosh(n-1)«] +
n = 2 ^

CE'sin tv9 + E cos rv?][(n-l) sinh(n+l)<a - (n+1) slnh(n-l)aj^ +sln ft x
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® {JJ sin rV5-A* cos ry?] [cosh(n+1 )o -cosh (r>-1 )oijj + ( s i n rV?-E^cos n/9]
00
E
n = 2

r(n-l) sinh(n+l)a -(n+1) s inh (n-1 )ot'l j- -slnh a r icA'sin ry?+A cos nftl
-‘ J n=2^

[(n+1) sinh(n+l)a -(n-1) slnh(n-l)ot] + (n^ - 1) t E' s i n nft + E cos n^3

[cosh ( n+1 )<a-cosh ( n-1 )a] ̂  +cosh a J] ■^tA'sin n^ +A cos n/? ] [cosh ( n+I )oi“

cosh(n-l)a]+ + [E^cos nft +E^sln n/91 [(n-1) s inh (n+1 )ot -(n+1) s i nh (n-Da]
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® r - 2(a/3/3) = (cosh a +cos J] -ItA'sin ry? +A cos tV3][(ti+1) cosh(n+l)a-
*= n = 2^ ''

( n -D* cosh(n-l)a3 + (n*-l)[E^sin n/5 + E^cos rV5][(n+l) sinh(n+l)a -

00
(n-1) s 1 nh ( n-1 -slry? U n -ĵ fÂ sin nfi - A^cos rV? ̂ [cosh ( n+1 )ot

cosh(n-l)<5i] + lE^sin J\f3 -E^cos rV? ] [( n-1) s i nh (n +l)c»-(n+1) s inh (n-1

00
- sinh a j; /[A'sln ry? + A cos ry?] [(n+1) s i nh ( n+1 )ot - (n-1) s inh (n-1 )a] 

n=2^ "  "

(n* -1) [ s 1 n TV? + E^cos nf3] [cosh(n+1 )ot - cosh(n-l )a]^ + cos ft x.

oo
E l^tAJ^sin nft + A^cos ry?3 [cosh(n +1 )a - cosh(n-l)c*] + [E^cos ry? + E'
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X s i n  rV? J £ ( n - 1) s inh ( n + 1 )o i-( n + 1) s i n h ( n - 1 )ot]^

^  “ r(aoi/3)^= (cosh c* +cos /?) J] n|[A^sin ry? - A^cos TV?][ (n+l)  s in h C n + D a

(n-1) sinh(n-1 )ot] + (n* -1) [E^s In -E^cos n^ ] [cosh(n+1 )oi -cosh( n-1 )a]^

(15)

Using (8) on the surface a = have

cosh(na )cos(rV5)
E = -aQ loga ------------ ------------------------
" ° 2(n*-1)^cosh(n+1)a^- cosh(n-l)a^]

cosh(n<M )sin(n/?)
E' = -aQ loga ------------ ------------------------

^ 2 (n* -1) [cosh(n+i - cosh (n-1 )â ]J

A = aQ
n o 2f(l-n )cosh ot̂  + cos cos nft + loga sinh a slnh na - — x 1 i n

1
cosh 01  ̂ cosh ncx^jcos r\ft ■ [cosh(n+i)<a^- cosh(n-l )oî ] [2coah ct̂  - 2n^x
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(cosh a^+ cos -2sinh a^[<n+l) s i nh (n+1 )oî  - (n-1) sinh(n-l)a^^
- 4

cos^n/?
- aQO 2n* ĵ cosh (n+1 )a^-cosh ( n-1

A' = aQ ■n o [(l-n ^)cosh oî + cos 2r\ft + logajsinh slnh na^ - n”‘

cosh a cosh na 1 1 sin nf? ' ■ [cosh (n+1 )a^ - cosh ( n-1 [2cosh - 2n^x

(cosh ot̂ + cos ^)] -2sinh a^|^(n + l) s i nh ( n+1 )c«̂  - (n-l) s inh (n-1 )o(̂  j
-1

- aQ
cos(n/?)sin(n^)

o 2n [cosh(n + 1)a^-cosh(n - 1

(16)

With these values of the constants complementary stresses are



known,. Thus the components of resultant displacement and stress on 

the surface <x = are given Ijy
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(aaa ) = (aouM ) + (aota)C T

C T

iA o ft) = (ao(/?) + (aoi/?)C T ( 17)

u » (u ) + (u )ct a x  ot c

U-  = (u^ )  + (u^ )ft ft T ft C (18)

From (17) we have

&(.aa*ftft) = Q a(cosh ot +cos ^)fnloga cosh na -2cos n/?l + Q aCcosh a +O 1 '■ 1 •' O 1

cos f t ) [(l-n*)cosh a^ + cos ^]cos rtft +loga slnh a slnh not -n~*cosh ot 1 1  1

oosh na ^(2n+2) cosh(n+l)a^-C2n-2) cosh(n-l)a^J [^cosh(n+l)a^-

cosh(n-l)ot^ ] [cosh oî - n^(cosh ot̂ + cos /?)]-sinh ot̂  [(n +1) s i nh (n + 1 )oî  -



A1

(n-1) sinh(n-l )ct '̂J
-i.

(19)

2-Nu m e r ic a l  Re s u l t s

The numerical results of equation (19) when a^=l,a=l,n=2 for 

different values of between 0° and 180° are tabulated below:

n 0° 30° 60°

(aa
□ -0.5508 -0.1234 -0.4558
O

ft 90° 120° 150° 180°

(oa
Q -2.905 -2.565 3. 418 -2.580

O
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1.SOLUTION:

Let an infinite elastic solid at zero temperature contain an element 

of volume dr at (a,0,0) which is heated to a temperature T. In this 

case, the displacement is given by the gradient of the scalar 

function x tl"7] where

in which

__  a (1+v)A = - 2G t ^
4n 1 -V

a^ , G , v being respectively coefficient of linear thermal expansion, 

coefficient of elasticity in shear and Poisson’s ratio.

The components of displacement and stress in space polar coordinates 

due to X are given by [86].

2Gu = — ~
(r*- 2arcos© +

2Gu -



44

u. = 0 <2)
<P

^   ̂ 2r*+3a^cos©-4racos©-a^rr = A

©e = A

<M> = -

re = A

(r*- 2arcos© + a^

Sa^sin^© 1
■ (r*- 2arcos© + (r*- 2arcos© + ■

A
(r*- 2arcos© + a*

3as i n©(r-acos©)
(r*- 2arcos© +

T<p = ©0 = 0. (3)

We denote this displacement and stress fields derived from x  by x -

In case of torsion free, rotational symmetry and in the absence of 

body forces, the general solution of the displacement equation of 

equilibrium following Boussinseq, is represented as the sum of the 

two displacement fields [64]



2GCu,v,w] = grad <p .

2GLu,v,w] = grad (z.v') “ C 0, 0, 4 ( 1-v ] (5)
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provided <^(r,z) and y/iT^z) with r =4x*+y*+z*, are arbitrary harmonic 

functions [64], i.e.

V*^ = 0, V̂ y/ = 0.

Now, introducing Spherical Dipolar Coordinates by means of the 

transformations C673

X = — cosyq-p

q - p

where
q = coshot, q = sinhot

p = cos/?, p = sin^ ( 7 )

The ranges of the curvilinear coordinates are - oo<a<oo ,

0 < ft < n, 0 < Y < 2n so that



l<q<oo, -oo<q<oo 

-1<P <1 ,  0 < p < l .

To obtain the particular solution, we introduce the exterior and 

interior spherical dipolar harmonics of integral order as generating 

stress functions.

We consider the dipolar harmonic stress functions [643

46

(a, r? ) = pC (a)P (p)
n n (exterior)

V/ ( a, f3) » ( a ) P (p), n=0,l,2......  (7)
T% n r»

and

0' = fjC ( a ) P  (p)
(inter ior)

= /jS ( a ) P  (p), n=0,l,2......  (8)r» r» n

where

fj = ^q-p, C (ot) = cosh<n+i/2)a, S (a) = ainh(n +1/2)o(n n= Jq-p,

and P (p) Is the Legendre polynomial of degree n.

The particular solution generated by ,u/ and <t>' will be
n n n n

distinguished by ,y and <p' . Solutions for 5 are
n r> n n n
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qC (cx)P (p).+ kAi S (a)P (p)
^ n n ^ n n

PH C (c*)P (p)-2fi C (a)P' (p)n n n n

U = 0. (9)

O’ = u «  ^ C (o»)P (p)+ p*p*C (a)P' (p)+k^*S (a)P (p)
n n r> n n n

-  u*~ P*''T -  J * 2 C (a)P (p) + i p t / - 2 p ^  ) f j^C (a)P' (p)
n n n n

4 kqp*S (oi)P (p)^ n n

= v {  I C («)P (p)+(pq-l)C (a)P'(p)+ 1 kqS (a)P (p)
n n * ^  r. 2 ^ n



Ad

qC (a)P (p)- S (a)P' (p)+ | k^* S (a)P (p)
4 n n ^  r> r> n n

3 - 2

i kM‘*S_ (a)P^ (p)
n n

{ 10 )

where k = 2n+l, n=0 ,l, 2 ......  and

T- = T * 0.
ftr f 'd

Solutions for ^ aren ■

Ua ■f ( 7-8i> ) ( q p - 1 ) +q/j*\s  (oi )P ( p ) +kq/ j *C  ( a ) P  ( p )J n n n n

U ( 7 - 6 u ) S  (ot)P ( p ) - 2 f j  S (a)P' (p)
n n n n

U = 0. ( 1 1 )

O' = -1a ^
k -4 + 8v - 2  ̂ k +2-4^* - 2 7-8i> -a—  qq M -̂---- qp M + — r- q S (a)P (p> n n
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+ (l-2j->)qp*AJ*S (a)P' (p) + kn n
(j C (cx)P tp)n n

- 1 k*-6 + 8u - z k^+6-4t> - z 7-8v> ~a— 7.----- qq M - — 7,----- qp M ♦ — t - q S (a)P (p)n n

(3-2i^)p*-qp+l (a)P' (p) + 4kn n ^ q*-2v(qp-l) /Li C (a)P (p)n n

<y = ur (q-2v>p)4 S (a)P (p)+ ( pq-1 +2u»p* ) qS (a)P' (p) +ifc n TS ri

q*- 2 v ( qp-l) C (a)P (p)n n

l-2v 2 7“8i> - 2_ _  qp  -  _ _  q S (a)P (p)+ 4n n 2
.ZZ3q +(2-Aw)(qp-l)

1 . - 2 ,M S (a)P' (p)- ' qp-C (a)P (p)+ ^  kq( j"C ( a ) P ' (p)
r> r, 4 n n  2 - n r . ( 12 )

where k = 2n+l, n=0 ,l, 2 ......... and
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= T = 0. 
ftr rc*

Similar solutions will be found for ,y/' .A ri

2 -S o l u t i o n  Of  T h e  Pr o b l e m .

Infinite elastic solid with two axisymmetric spherical inclusions, 

the heated element being situated outside the spherical surface is 

considered in this section.

We consider two spherical inclusions of the same radius and of 

different materials whose surfaces are taken as

a  = o , a  = - a  , a >0.o o '  o

The heated element is at (0,0,0).

In order to fit the conditions on the spherical surfaces, we must 

have on a = ±a

(<?• ) , = (O' ) ,
01 i a e’

(T _), ■ (T ,
0/3 i ctft e '

(u ) » (u ) ,a i a e
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a = 0 < ft < n,  0 Y ^ 2 n , i and e stand for Interior and

exterior respectively (13)

Also, all the components of displacement and stress roust be finite

when « < ±ot and zero at Infinity. In the region a > ±a the stresso o
systems <p and y are uniform and hence we can superpose them on then n
solutions S and S' to the problem subject to the boundary conditions 

(13) in the forms

S (inside) (14)

+ bv^ ]“ I- n n n n J (outside) (15)

Now, for the solution on a = ±a

uCK -q S (a )P (p>- M kC (a )P (p)O n O n * ^  ' ^ O n O n * ^ cos(nn),

■‘ft 2-/2G* P E C (a )P (p)- 2 /u C (a )P' (p)n O r , ^  ' ^ O n O n ^ cos (njT ),



52

a
2 *2-1 

P C (ot )P (p)+ p* u C  (a )P' (p) +n o n  O n o n

kq /J S (Ol )P (p)^O O n O n COS(nn)

P i :0/3
3 - 3 - 2- ^ q S Cot )P (p) + -i MlS (a ) P' (p>4 ^ 0 n  O n*^ 2 0 * ^ 0 n  O n

■I k t / c  (a )P (p)+ 4 k ^̂ “* 0 (ot )P' (p)lcos(nn)4 r\ O r% ^ 2 ^ O n O n ’̂ J (16)

So, if we satisfy the four conditions of (13) the values of the four 

constants a ,a',b ,b' of (14) and (15) are determined. Thusn n n n

r. 2 -  2 —  2 -,k +1  ̂ q p---- li + ■» -  —4 ^ 4 C (oi)P (p)+ p*M*C (a)P' (p)+kq (a)P (p)n n n o  n r»

k*-4 + 8v' - 2  ̂ k*+2-4y'- 2 . 7-8v'-s'qq + S (a)P (p) +r> n
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+ i l - 2 v ' )q (a)P' (p) + kn q* + ( l-v' ) (qp-1 ) M C (a)P (p)ri ri

V2A fj
—2

C (ot )P (p)+ p*u C (a )P' (p) +n O n O n o n

+ kq (a )P (p)^0^0 n O n ^ COS(m )+a ffk* +1 4 q*
n^|[—  ^ " 2 “

“ 2 -1  P 
4 C (a)P (p)+n n

+ p*/j*C (a)P' <p)+kq/j*S (a)P (p)n ri n n ■
-1 k*-A + 8u - 2 . k*+2-4v

4

2 7-8z-> - 3qp /̂  + — 7- q S (ot)P (p) +(l-2y)q p^p^S (a)P' (p)+ kn n n n
- 2q + ( l-v>) ( qp- 1 )

/U C (oi) P ( p)n n (17)

a;pM 3 - 3 - 2 3. 2^ qC (a)P (p)-^ qp^C (a)P' (p)+^kM""S (a)P (p)-4k/u*S (oi)P'(p)
, ^ ^ ^ ^  ̂ ^ ri n 2 n n



l-2v' 2 7-8i>'-a S (a)P (p) +n n / 3q* + (2-4v' )(qp-1)
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AJ S (a)Ti

p* (p) - qp*C (a)P (p) + 4  kqp‘‘c (a)P' (p)4 ^ ' ^ n n  ^ n n

V2A /J
_ _ ®  p L  3 - s )p (p)+ I q ^*s (ot )P' (p)- I k /j*C (a )P (p) + G ^ j 4 O n O n 2 O O r> O n 4 O n O n

(U C (a)P' (p)
2 n n cos(nrc) + a p/jn I  qC (a)P (p) - I  q C (a)P' (p) +

A n n  ^ n n

?k (a)P (p) - ik /j‘*S (a)P' (p)^ n n ^ n n
l - 2 i^  2 7-8t-> -2-75—  q M — 7—  q S (0()n

.-23q +(2-4i^) (qp-1) M S (a)P' (p) -n n
k ( 5 - 4 v ) -  2 ^ , . „  , . ^ ;----  q u C (ot)P (p) +

4 n n

ikq pi*C (a)P' (p)
i  n n (18)
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qC^ (a)P^ (p)+k (a)P^ (p) - ) ( qp-1)+cyj* J s  ̂(a)

P (p) + kq /Li*C (a)P (p)T\ n r»
A
2V2G*

qC (o )P (p)- k M C (a )P (p>^ n O n ^  ' ^ O n O n ' ^

cos(nn) +an qC (a)P (p)+k fu S (a)P (p)n n n n (qp-l)+qA<*J4Gp [ { '

S (a)P (p)+ kq /j*C (ot)P (p)n n n n (19)

and

a' PfJ
n 4G

1
C (ot)P (p) - 2u C (a)P' (p)n n n n h' p q

n AG^aJ (7-8v')S (a)P (p)n n

2̂ / S (a)P' (p)
r> r»

A A'.
2V2G

C (a )P (p) - 2 M*C (a )P' (p)
n o n  n O n

B E a 4G C (c»)P (p) - 2fj C (a)P' (p)
n n ^  n n ^

pq
45/1 (7-8t>)S (a)P (p) - 2u

r> n



S (p)n n
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(2 0 )

v' = Poiasion’s ratio for the material of the inclusion,

G = Coefficients of elasticity in shear for the material of

where

inclusion.

Solving tl7)-(20), we get

where A, A ,A ,A and A denote the determinants, the elements of1 2  9 4
which are the coefficients of a',b',a ,b and the constant term ofn n n n
the equations (17)-(20). The values of these coefficients together 

with the equations (14), (15) , (2) , (3) and (9)— (12) constitute the 

complete solution of the problem.

The components of displacement and stress on the surface a = ±a are
r>

1 O
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) ( q p- 1 ) +o •q S (a )P (p)+ kq C (a )P (p)oj n o n  o o n o n

b' q po

(7-8ĵ' )S (a )P (p)-2 M S (a >P' (p)n o n  o n o n

E^cJ <M * ±Ot 
•“ aT g

a'n
■
fk* + l 4i 1 4>

■2-1P
4 4 C (ot )P (p)+p*p*c (a)P' (p)n o n  O n n

kq /J S (a )P ( p )r. O n
—  n -1
^ aTg

■■k̂ -4 + 81 '̂ - 2 k*+2-Ai^'- 2 7-8v'
— ----  - A ----  - T  ^

S (oi )P (p) + (l-2j^')q p*/j*S (oj )P' (p) + k n o n * ^  ^ o ' ^ ' ^ o n o n ' ^ q* + ( 1 -i>' ) ( q p- 1 )
o o

^ C (a )P (p)or, o n
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0( = ±ot 
- / W G I  q C (a  )P (p ) 

4 n O r. I V:=n‘“o * 1 “

1 ^ r, '’n -- l-2t> 2 7-8v>' -2*s (a )P (p) - -ik IJ*S (a )P' <P> n o n  2 O n o n ^ A/G . %^o" 4 \

S (a  )P (p )  +n o n  2
3q^ + (2-4v' ) (q p-1)o o (a  )P M p ) -  

• ^ o n o n  A o o

C (a  )P (p )  + 4 kq (a >P' (p )
n o n  Z o o n o n

where v' and are Poisslon’s ratio and coefficients of elasticity 

in shear respectively for the material of the inclusion.

3 -Nu m e r ic a l  Re s u l t s

Here the numerical calculations are made for the case n = 0, on the 

surface a =±a ~1 o f the spherical inclusions taking numerical valuesO
t6 ] iV = i/3, = 1/4 and G/G = 2.

i
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Numerical va 1ues and <y for a different values of ft between

0° and 180® are given in the table below :

ft 0° 30° 60° 1 2 0° 150° 180°

u
01 10.453 -1.037 3.6904 -8.429 -17.371 -9.117

A/8G*
1

"9.967 -4.241 1. 381 3.629 -3.709 9.252
A/8G*

1

<y
a ~8.241 -5.975 3.333 -12.146 -35.153 13.541

A/2G
1


