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.Introduction : 

!he analysis of a 'thin elastic plate supported by a flexiblo 

elastic f'oqndation has numero~s engin~ering applications.- At tllo present 

tim~t i;he accepted method of approximate analya;t.s represents the 

supporting material as a Winkler (JS6'1) foundation. W;tnl4er approximated 

tha foundation by a ·$er1es oZ closely packed l$.near springs attached to 

a r!g~d: base. ~e ep~:J.ngs are assumed to act independently so that the 

tormdation a~.ts· 1.1ke ·a fluidt tne reaotion a.t any point being diractly 

propo~tional to the deflection a.t that: po~t. i3ut in the case of a 
., 

eohermt sQb~de su.e!l a bypo·tllesis appPox~tes but crudely the actual 
' - . . 

bE)b;aViQur of the sub~de •. 

The tlle.$t1c modUlus and Poisson's ratio ot tlta foundation 

mat~:r~ are often knOwn and a be·ttev approximation of t~& f'oun<tation 

reac:-t:ton can be obtain~~ on the assumption that tb.a foundation has the 
' 

properties of a sant-·infinite elastic body., Numerous !nvast1gators 

such as Ker~ ( 1964.), Herrmann ( 1967 ), Fl. etcher ( 1971) bav• a.tt~ ted 

to proVide a. mora real~stie representation of the b9haviour of the 

elastic corltitluum in tatms of the elastic constants or· the fol.Uldation 

m~terial•~ \ All these'·. (1nvest1gat9rs oonside~ed the 1oad1tlg tQ be s.ta.tic. 



,• ·,· ': 
" ' 

~e object of thiS paper is to study the dynamic response Of 

an ortbotropie infL'lita rectangUlar plate, suoh as ratnforeed eoncretEa1 
. . 

under the action o£ ~. time-depood~t concentrated f'orc.e and placed on 6J:l. 

elastic foundation, ~ese types o£ problans are. of pr~ctical importance 
. . 

for the des1gn of concrete paving slabs for roads~ a.iroraft .:unwa.ys, 

bed plates tor machine tool$, angibQs ·etc. L1vasley (Jg$3) bas 

d~seussad, the ~~a in whieh. the loading 1s static ana. ·the foundation 
' . 

reaction is direetlyproportional to the loeal plate deflection 1n . . ~ 

details !or both 1nftn1te and sem~infin;Lta ·rectangUlar plate of 

_various ootm.dary condi t1ons.. In this paper the foundation is assuned 

~ havG the properties or a sem:L-infinit&_ elastic bo~. Winkler ~e 

or flf.)undat!On is ~so C!Onsidered for comparison. ,(JwJ.ng to the 
. . 

complexities of mathm.aatics· involved; the problem bas been confined 
I . I • 

' .. 
to axial symmetrical cases•- :!l!be solutions are obtained by a s~1nvarse 

m~t'bf.?d "t<rith the help or Laplace arid Hankel t~ansforms. 

AnalYsis . ;: 

O:>ns1aer an .tnfinitely lllz-ge orthotropic plate in a state of 

axial sy;mietry,. The plate 1$ pl~eed on an elastic fol.2.11dation and 

· subj·ected to the action of a dynamic surface loading. Following 
0 I ' 

~ilrlosh<mko ~d Wo1l»wskr•'Krisgtlr (1900, P•365) th.e diff'erontUl . . . : ~. . ( ' . . ' ~ 

equation for 9taUUibr1um ot ~ element ~:r the plate .can be .written 
-

in ractangt4a7: co.ord:ina tes as 
~ . . - ' 

. . . I 

T'\ "04w +2H_94w + D~ o~~ ~,o.h_~:~ =CV(j(,~,-l)-p('X/'jjt) 
ux ~ ox.'-o~'2. o~4 ' vi.: . . . ••• <1·1> 

11k h3 
. wh.er~ Dx; = ....... · ..... , w is· the deflection in z - direction, 

12 

,· 



3 

B =......._-+- ·•; 
I 12 6 

\ ' . 
mateJ'!t:llt h = plate thiclmosst q (x,y1 t) denot$s. ·tne .giv~ surtac.~ 

loadint~t. p ( x, Y,t) the reaction of, th~ foundation. and Jfdc t a;. ' i" 

and G ··are elastic constants of the material• 
' ' 

For an orthotrop1c material· such as re;J.nf'oreed conc~et~ 

(
o'J.. o,_ )'2. & 
o"X.t'L. + a~t w . + :Dx. 

_ Pu.tt1ng x1 = r1 <»a. 91 

p(x,, ~.jt) 
:Dx. 

. ,: MUltiplying bc>th sides. of ~q.(l.3) b;r Dx :t1 30 .( o( l'J.. ) and 

integrating between the .lim~ts 0 to o<:. one gets 

-= -

••• (1.2) 

•• • (lo4) 

where w .= j w 1 J 0 ( rA.. r1> drl, J0 .denoting tl:u~ .Bessel, 
' 0 . . w . 
function of aero order ; the term K <: o( ) = P d~~end~ on tbe 

natura of subgr?J.de ; the tem Q ( o( ) ::: q .CI'l) = j qrl Jo( ~ "ll, )drl 
' 0 

depends on the i~tens!ty of l.oading ; and q = q ~i'J.) F (tl•· 

Eq. ( 1•4) cmn be written as 
a ... 

o w _.._ a· 2::. =· -"'-· ~ (t)· 
-o·t~"'- ..... "" "" ~ 



Dzct 4 X( ct ) + 1 

Phtc(c::z > 
; c = 

Q (Ol) 

Pb. 
•·kig the intensity or loading to ~periodic 

F ( ' ) :: Sin COo t 

the' ~~ltial' e~nd1t1ou are 
-. ·' w = 9 l!. -· =·· c · at· t.. ::: o 

at 

••• 

•••• • •• 
One. g~t:s trom eq •. ( 1.5) atter &ppiyillc Laplace. ~anilto:m methOd 

' . . . . ' . 

- a c._)o . ...: Sin UJO'I; 

W ·=;a:· cJ
0
2 ·I.;.. · wa · -· 

• • ~ ' r 

Sin at 
..,._..---J .... 

a 

It' the load·is eoneentrated_at.tbe· oriatn 

(i.?) 

' 
' Q ( ex_ ) = :1( . . . . . . . . ( 1~9). 

and a tllil· case of an isotro.Pic. sem1.,.inf1nite ·madit.a 1,.-Ref.SI P.aao_? · 
lt ( ex_ ). = , l • • • * • • ( lelO) 

·~o eX 

io being_ t~ ela_stie :co~stant of the medium d•tined by KQ=. ·. ~--
2 

, 
2(1- v 0 ) 

·Jib ba-Ulg the modUlUS of elasticity and Vo the Poisson 1s ratio of the 

medi~~n. 

90ns.tde~inl eqa. ( 1~9) and .( 1.10) and applying Hankel inversion ·theorem 

on& gets ··t.rom eq~(l.S) tor sem1•1nt1niw medium 

t.f ( t) p J OJ Gin wot ex_ .r0 ( cx_~)d oc. . .... rl,·.=- ... -
.. .•21\ Q. f?. 

stn ( f / f h)it (Ph)~ ex. f 0< ex_ r:s) 4oc 
J

Q) 

.
fU)D __ ._. 

21\ 0 tjlt_f3 

where ~ ~ llz. Q 
4 + 1£0 ct- P. h Wa

2 

. lf = l>x ex_ 4 ~ KoCX~ 

••• 



s 

. . 
ant tor ·w1ilkler typ~ ot founda.tion ~vinl t~ reaction !: per unit area 
P•~.-tuU.t deflection . ~ . . . ; 

w (~~,t) ·= .L:j~ 
. ' . .2~ 0 

. . ' \ . . . ~. . . , . 

- P Wo . ( Q) .. · 

I.Jt J 
0 . ~ -. 

' . . . 

Sin tJ1l t ex_ J0 ( q_ ~'l.) t1 ~ .... 
ftr · . 

Sln (Y{'/Ph,)it (Pb.)~Gt.To( ctr1 )4cx., 
t ... . lf', . ~ 

1be distribution of pressure · p ( r1, t) at &fl1' point 1s JrendUy obtained 

from eq.( U·) . 

.......P.....,·lt:......~ co . . ·sin W ft.t Q. a ~o ( cx.~1- )d ~ · - -
.p (1L~·t) = ..;...; '"IQ ""' 

. . . 21\ {3 . '' 
0 

·' 

After _integrati.l'll eqs.(l.ll);(l.l2.) and (1.13) numer.i.Qally one gete 

finally the follow in& resuJ. ts : 
• ' - • • ' I 

s:i.n(0.84 wnt) ·:J 
S.in w0 t 

Sin ( U,7 Ynt) 

sin w0 t j.J 

... 
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and for Winkle~ tbun4ation 
l = p· Sin ~ot ,- J0 (o.sa rJ( L) 

h a l\ ·g 12 n · 1 •. 1a .- fL a 

For an lsotropte int!ni te plate under tha concent~ated · load Pi at tn. 
origin; the maximum static derection is obtained from •q•(l.l4) 

. . . , lo . - . - --
w = 0•214 • b" · ••• ••• (lal?) 

compared to the corresponding Meul.t obtained by timosh•llkot 
' ' 

/..-Rat~ s, 11 .. 280 J 
••• 

atead7 state amplitudes at _the or1;1n tor various values ot 
. ' 

· . !req_1Jency ratio are celeul&.ted br;,th fol" semi-intinite med1.tln and Wtnkl•r· 

mtH1el by oqs.(l·l4) Md (1.15) respectively. Th.eso results arc presented . 

inns. 1-1. 
!'rom Fig.J..l it is observed that Winkler tounda.tion as well_ as 

somi-1ntinit• ttl~d.ium give praot1c&llr th$ sama dynamic ·response undel' . . ,_ . ' . ~ . ' . . . 

tllo load point when the disturbing frequency is h1gb$r than the first 

natural. frequency. ~ihen tha disturbing trequency is lowel:" than the tint 

natura;!. f'raquenor, Win.lti6:r model gives a. somewhat lower value of -

am.plitttde eompar~d to the semj,;.1nt1nite m'dium • 
. . 
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FIG. 1.1 

___ SEMI- IN FINITE' MEDIUM. 

-----WINKLER MODEL. 

:::..----- --- ----- - ----
2 3 4 5 6 7 

)loa 

AMPLITUDE-FREQUENCY CURVE. 

I 




