* CHAFTER IV

EXACT RESULTS FOR HYPERFINE INTERACTION

* A major part of the contente of this chapter has already

beers reported in Refs. (1) and {(22).



iv.1. introduction :

As pointed oput in the parlier chapte;, the spin—dependent
potentials are pnot yvet known accurately. fhe recently  discovered
hyperfine splitting of P-states cannot be accomodated comfortably
within the framework o©of the standard Breit-Fermi. form. The
uncertainty regarding the long-range confining part of - the
potential is one of the factors confributing tn the complexity of
the problem. However, the S-states of the quérkania have only
hyperfine =plitting and thgrefore, a careful study of Ty and nc
states can provide SomeE useful information ahout the
spin—dependent pateﬁtial U#£r) angd hence sbout ‘ Uztr), i f
Ereit-Fermi form [ Egs. (3.1,3.3-3.4) 1 is accepted. It may be
mentioned that the standard approach leads to highly singular

-

terms, like 1/r~ and 63tr), for the hyperfine interactions. As
has been pointed out by Bhaduri et al.,qs & treatment of such
singular potentials is not reliable as the hamiltonian becomes
unbaundea. The conventional approach hHas been to ignore  this
difficulty and treat the singular terms perturbatively. Some
attempts have, of course, been made to recast the spin—dependent
poteﬁtials in less singulér form. Intreducing an  additional

parameter, some authors94 used a cut--off to reduce  the

singularity. Ono and SChﬁbEFIQJ replaced 87 by & short—ranged
function and GuptaQé obtained a form of the 0@ potential which is

. -’ _
not more singular than 1/r°. Obvicusly, the problem needs further
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investigation. Apart from the hyperfine splitting, the decay

widthe of the dSI and 150 states may pfovide sSDme Eésential
information. Some experimental results on these decxy widiths are
already available. Model indeﬁendent Qr exact results or bounds on
the wave-functions at the origin; even i1f weak, will be very
useful in this contéx?. We present in this chapter some general
rezsulits which are valid for a large class of éﬁ potentials with =
generally expected radial deéendence.

The presentation in this chapter is as follows. In section
V.2, some inequalities for the wave—function at the origin, Qalid
for a general class of 08 potential have‘been obtained. Inn section
V.3, we mage use of thé an potential obtasined by Gupta which
exhibit;jgxplicit mass dependence and obitain some exact resulis .
for the hyperfine splittings of the S—=states. These are used to
obtain l1imits on the decay widih of the Ty, states. The final

section gives ouwr conclusions.
IV.2. Some inegualities for S-state wave-functions :

For a class of 0B potentials, it is pos=ible to prove the
ineguality,

wsfﬂ) > y&(O)A , 4.1)

,

vhere wttr) and wstr) denote the triplet and singiet radial

wave—functions. be wite w%(r) = ut(r)/r and wsir) = ustr}/r

vhere uw, {r) and u_{r}, chosen real and positive, satisfy the
t = * - :
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Sochrodinger eguations

=
d*ut 2u 1
—— — _ - = =
5 * [ E, vt F Y,y Juo =0 (4.2)
dr h
and
2
d L!S' 2}-1 =
— * - [,Es = W_Ar + Z Vo }uS =0 . 14.3)
ar h
e assume that the spin-independent potential Ua(r) is

funnel-shaped with av_sdr. > 0 and dEVD/drE < 0 and that
the hyperfine potential Uot}) decreases monotonically, dUD!dr < £,
While the first assumption i= generally accepted;, the =econd i=
reasonattle or at leést there ié no rknowm chiection agaiﬁst it.
Mote that Votr) is short—ranged and in the Hreit—Ferminyrm,
Vd = VEUV . UV being the vector exchange potential. We, however,
ignore any éE(r} type term and sssume that Votr} can be given
in terms of = shaﬁt—ranged continuons function.

To deriye the inequality we follow the stepe given in Ref.
{97) which generalise the techniques developed by Grosse and
Martin.98 The steps are outlined below
2} We kpnow that at a large distance, there 1= no spin-spin
interaction, Udtr) » O as +© » w . Frbm the large distance

hehavior of the Eqgs. (4.2) and (4.3), we see that

i, ) > ou fr)y as ¥ » o 4 since E, B
= t =4

" as given by experimental results for both “ bb and éE states.

-
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h) e ﬁate that the Wronskian

dut dus
Itry = ( v )(r)
e
2t ‘ , ' .
= = fuu_ OV ) - ¢ E - E_) Jdr 14.4)
h.&. o o =
is also given by
- w
<H
4 = - . - f — . =
I4r) N Jupu L Vi) ( E, - E) Ydr {4.5)
r
as I{w) = 0. Note that for + ~ 0, I} > O and for r + w ,
IGry » 4 o

£) ke note that since VO te monotonic, the integrand has only

e

one zero, say at o= gt Hence for r,? We use Eg. 4.4} and

for r > Fos We use Eq. ¢4.5) to show that Ii{r} > O for all r.
One can now prowe that vy Toug has pnly one zero, say at r = ry-
From {4.4), we get

‘ - u’ oy 0
ustrl) £ ut(rl) us.ri) R €
and since u ¥ € , we see that u, —on_ can wanish only once.
d} Since u, ir} F ou {r) as ¥ » w and u, — u vanishes only
't 5 t =4
once, we =ee. that us'} u, near the origin.
e) e now consider the expression
w w
2 2 2 2 dvn 1 - 2 2 dva
twt(O)} - wa(O)l = f Wy —udg=Tdr + o f (Su_ + u ) a="dr
Q 0
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I (uz - u2) ----- Car siRce —7 0.
t s dr i dr * .
4] -
Since both u, and u_ are normalised , we have
' ® av aw
2 2 . 2 2 o o
bug (0 7=yt | < f ey - wDy [ oo - ge ), ]9
. a 1
2
da Vv
DO & since m—gp <. {4.4)
dr© ' :

Thus the singlet wave-function is larger than the triplet

wave—function at the Crrigin, a1 though in perturbative
calculations, one takes wt(r) = wstr).
The ineguality {4.6) may be converted into uvsetful

inegualities for the decay widths of the and T states. e

Dy

first note some useful BCD relations involving wave—functions at

the origin of the vector meson v 3

- s 22 2
Few - ptn” 0y = 282 &2 08y o |, (4.7)
Z "o t
M
'3
%, 2 2
Tt v o+ 3g = 289 ol 7 - |y T, (4.8)
81M°
v
.2
128 @ 2 2
Fi v o+ 2gy ) = 5= o —5 o (A% = 9) |y (O], (4.9
? M2 s t
v
- 327 2 2
Tt g » 2g ) = —5—— o le(O)l . (4.1
M ()
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Using experimental va%uesL for "{ yw » Zg } = &8B.5 ¥eV and
Fim_»2g) = 16.3ii'§ MeV, we get from Egs. (4.8B) and (3.10),
v 102 |
WYy & - -
t _ eae—T. 148
*——;g;—z = 0'd41+0.267 $4,11)
fwg ¢ |
if o_f{ cc )} = 0.2048 s which may be obtained by considering the

=3

ratic of (4.8) and {4.7) and using the experimentxl value for

QA efe—) = 4.72 * 0.35 Kel. Thus experimentally wt(O)/wS(O) =
G.6 — 0.9 for the cc system. In case of bb system, using the input

value of TI'C Y - e+e~) = 1.34 t Q.05 KeV, we get from Eq. {184,7),
the value of iwt(O)‘ig = 0,403 GEVS, which now becomes a 1qw9r
bound for the wave-function at the Drigjn of the ygt unpobhserved
1SG bbk =tate. Tﬁe simple ineguality (4.6} should hpld for all
S5—states for all heavy quarkonia for the class of potentials
considered and -hencé useful  in predicting the order of thé

two—gluon widths for all states, yet to be discovered.

5]

IV.3. Mass-dependent potential and decay width of By 3

As bointed out earlier, most of the existing potential
model s invoive highly singular interaction terms, like 631r) o
l/r3 term=s. The vélidify of é perturbative calculation with sucﬁ
terms is indeéd qﬁestionable. Gupta96 has proposed a new oe
gatentiai, wh%ch is less singular. This is cbtained by considér;né
& 5Dn—relativi5tic approvimation of the als] scattering matris
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3 ’ 2 b
element by treating p‘/p; {rather than p /M) as ths small

2 1 .2 1 2
expansion parameter, where P =7 LA iy 8, K=p'—-p 4, 8=

a

: 2
P’ + p, it being assumed that 37 is very small compared to K7, The

approximation leads to the second-order perturbative potential

do_ 4 4E—QHr - = 3&1 L .
Vir) = - = [~ = & -3 - 5— L.S - E? Sio] + Ar, (4.1
where ’
o= [t - (t+ 2w )E—2Mr 1 Mo (4. 1%)

-
I

TR

[+ - (1 + 20 + % Mzrzje—zﬁr 17 ML, $4.14)

The potential has some interesting featwres, the most notable
being its explicit mass dependence. We note that for an S-state,

the potential may be written as

Yir)y = M¢i(ME) + Ar , (4.15)

wher?' ¢1(Mr) ie a matrin function of M. In = recent paper, Bupta
et al.BB have.taken & mirxture of scalar and vector exchange terms
with an arbitrary mixing parameter B and have chosen different
valges cf K for the bb and cC systems., A justification for this
choice is not cleer. If we assume that B is the samg for all
flavours and that the €0 potential is, in fact, of the type
(4.15), we may use the mass =caling properties of the

corresponding Schrodinger equation tpo derive some  interesting

resultes.

=r
P}



uir}

Let MC, Mb be the guark masses and let ¢Z(r) = os and
b vir?} , . . . o
p_tr) = = be the singlet radizal wave-functions satisfying
d? oM
S ¢t S LE - MMM - A Ju=0 (4.16)
dr ™~ h* '
d2 Zﬁb
X + 2L E-MHMr) —Ar Iv=0 . £4.17)
2 2 b b
dr h :
Mb
Ve now consider a scaling transformation, rf= el of Egq. (4.17)
M c
. b | 1/2 . .
and substitute wir) = [ Toe ) Yird . Arguments similar to  those
c
given before, will lead to the inegquality
-”b 3 o 2 b 2 ,
{ i ] g¢5(o>3 > 1¢5<o>; . {4.18)
c

This bhehaviowur ie, in fact, expected even in more eneral cases.
5 ¥

For a mass-independent power—-law potential WV = hrv, one gets

2 3/ 62
Py 01} oy SRR 4.19)

- = '
Thus for & coulomb potential fp = —1), zwntO)thM“ is a
[oe] X '
constant, but for » » -1, )wmiﬂ))‘fﬁ“ decreases as M
increases as in the case of Gupta’5Q6 potential. For -2 < » < -1,

the ratio increases with M. The ineguality (4.18) is & weakl one
but carr =till be converted into useful results, as is shown below:
a) We note that with Mb = 4,78 GeV and MC = 1,36 GeV, which we

have used in the previous chapter to €1t the fine-hyperfine
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spectra, the ineguality gives

c 2 . - ) 2
jop_ o | > 0,023 1¢>:<0) { . {4.20)
b) Using {4.10) ard the experimental value of H(nc} = 29??.&ti'z
MeV, we get {¢:<0)[L = 0.0651 GeY~. Thus the upper bound of
b2 s '
q re 2 = =
}¢5€J)} is 2.8 GeV.
c) One may estimate aq(bg) from the ratiogq
F{ Y{1S) » 2gy ) 36 ER 5 21s
= = —_— L - '-'—_E-)' -
M Y{15) + 3g ) S e tbb) @ teo
giving ascb6> = 0.1946 .
g} The width of By, Can now be bpunded as
| 2
I
. . 32= 5 b 2
2R
<40 MeV . {4._22)

e) It may be noted that the potential of Gupta

quarkonia can also be written in the form

Lo }
V = J {r) +V {85 -
o o
2
dvD d VD dvu
with a_—'— >0 5 S 4 Q 1 a—{._—— [ 4] -
di-

ineguality ¢2(0} > ¢:(0} s should =lso hold.

for the S-states

Thus the first

) The value of ¢b€0) is already known { from its leptonic deca
s * Y

2 =
width ), j¢:€0)}* = 0. 403% GeV™. We, therefore, get a lower

bound for

F¢w, »2g ) > 5.7 MeV .
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g) Hosner et al. obtained the inequality :
2 oy oz B £4.25)
y’Ml - ﬁ WM L e 4

which is valid for power-~law potentials and xlspo for the class of

>

potentials discussed in  this chapter. We have given elsewher29’ a

' 2
proot of this inequality for more general potentials. Since y ()

for 150 cc state is ~ Q.0651 GEUQ, we cbtain the bound
4 y 2g ¥y > 3,23 MY , {4,246}

which is, however, weaker than the bound in (§.24).

Iv. 4. Conclusions :

We have presented in this chapter some general results orn  the
hyperfine members of the.S—states quarkopnis for 8 general class of
potentials. fhe results will be valid even if the Breit-Fermi fn;m
of the spin-dependent potential is not valid. We first use a
flavour—independent potential and obtain & lower bound ‘on the
wave—function of the singlet S-states of bb. We consider in this
context Gupta’s potential for the 08 sysiem and make use of the
mass~5ca1ing'praperties of the relevant Schrodinger egquation to
predict that the width [{ By, 2g ) c=hould lie within the range
6 ~ 840 MeV. Thus even the wesk inequalities conzidered here are

useful in guarkonium spectiroscopy.
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