CHAPTERSAI

A COMPREHENSIVE 8TUDY OF THE EARLY RESEARCHES 1IN THE
ARBA UNDER INVESTIGATION

With the advent of modern civilisation the application§ of elastic
and plastic propertiee of solide are gaining momentum day- by-day
because of their manifold practical uses 1n-@ngiﬁé%2§ﬁ§“ﬁﬁﬁﬁ#rand
in modern technology. Attempts have been made by numerous research-
ere to étudy the e}aetic behaviour: of matter. Robert Hook (1635-
;710) gavé & simple but highly restricted relation between stress
and strain of the elastic substance. 3ut the exteneive study in
thie field was made in the tweentyeth éentury. Linear analysis of
the probleme relating to static and dynamic behaviour of elastic
plates and ehella'haa 1opé attracted attention, resulting in a we-
alth of papere published by numerous authors, An‘exteneive biblio-
graphy on the subject has been presented by Gontkevich /Y .
Moreover, Leissa 1’3,7 1n his monogram has reviewed & major part

of the works done on vibration of platee, Unfortunately, the linear

claseical theory is no longer applicable in most of the cases of




practiocal interest and this lead to the non-linear analysis of
problems, Considerable interest has been shown in the past in the
analyels of the vibratipns of plates and nhella associated with

their symmetrical and unsymmetrical bending characters, The interest
had been engendered by the widespread use of such plates and shells

in engineaering design. Symmetrical bending of circular and rectangular
plates of variable thickness have been investigatéd by different
authors, Outstanding rasearch workers in this field are H, Holzer /3/,
R, G. Olson /4/ and H, D, Conway /5/. Investgations of deflections

of plates reéting on elastio foundations with variouns boundary
conditions have been uadd.by—dtrferenifauthors~1n01ud1ng V. Lewe /6/,
H, M, Vestgaard /77, H. J, Flaetoher and C, J, Therne /87, S. Dutta
/37 analyzed large daefleotion of a clamped circular plate on elastic
foundation under non-uniform but symmetriosl loads, The solutions

are given in the form of an infinite series involving Bessel's
funotiens,

There are situations, e.g8., use of soft filaments in aeroapace

structures, dbuilding activities in copld regions, foundations of




heavy duty machines, underwater and embedded struotures, etc., in
which the effeot of the supporting medium has to be considered for
adequate analysis, Theie is a recent study by Nath and iain /1727

in which an axisymmetrioc shallow spherical shell supported on an
elastic foundation and undergoing modaerately largn_dntonatione

has been analyzed by using Chebyshev series and the Houbolt technique
/17137. Later on Y, Nath, O, Mahrenholtz and XK. K. Varma /1367
inveatigated the moderately large dynamio rasponse of a doubly curved -
shallow spherical shell of rectangular plan fomm, dupp§rtcd on & two
parameter alastic subgrade and subjected to uniformly distributed

step and sinusoidal loadings. Von Karman-Donnel type‘non-linear partial
ﬂifforpntial equﬂtiona of motion are omploytd and ®solved by using
finite difference and Houbolt time marohing techniques. Two boundary
conditions are oonsidered. The influenoce of stiffnesses and mass of
the elastio subgrade on the moderately large amplitude of response

of the shell has been investigated.

Some investigations considering themal affeot on plates and shells

resting on elastic foundation have been made by W.Nowachi /107 and
M. C, Pal /117,




Outstanding research workers in this»ficld are J,L. Nowinski / 12 7,
W.A.Nash and I.D.Cooley / 13 7/, S.Way /14 /. The symmetrical and
unsymmetrical bending properties of plates and shelle and their _ .
‘o dynamic characteristice pose g;eat difficulties in Bglving the
particular problem of practical interest due to their highly non-
linear behaviours, Attempts have been made by & number of Workers
to 8olve the necessary differential equations linearizing those
through proper approximations, Such an approach provides exact
solutions of the problems still the results so obtained do not
claim non-trivially exact for truely complicated plate geometry
which are actually used in practice, Approximate solution® of such
problems may bs determined from the two von karman / 15 7 field
equations, As these equations involve the deflection and mgmbrane
stress function as two dependent variables coupled together, the
solutions of complex problems require considerable computations ,
Many works have been done using. karman equations among which the

works of Chu and Herrmann / 16 7 and Yameki / 17_7 need speocial




mention. Several techniques have been used to Bolve them; For
example, S.Levy / 18 / substituted a double Fourier series solu-
tions in the equations for rectangular plates and evaluated the
coafficients ., Chi-Teh-Wang [;19f7 wrote the equations for rec-
tangular plates in a finite difference form and solved them by the
method of successive approximations, S.Way solved the circular
plate equations by substituting a power series 8olution into the
energy expression determining the coefficients by setting the
firet variation of the strain- energy equal to the first variat-
ion of the potential energy due to the external loading for any
variation of each coefficient. In fact, it i8 very difficult,
though not impossible, to obtain an appropriate approximate solu-
tion for a truely ocomplicated problem.

<]

In 1955 H.M.Berger / 20 / offered an alternative method oTr.:«=ii=z=.

@n approach, which may be applied to Bolve more complicated prob-

leme, Of all the methods or approaches for Bolving the non-linear

problems Berger's approach is relatively simple and *geéugate 67




some extent., In this approximate method Berger assumaed that the
second strain invariant in the expression of the total poteﬁtial
energy of the system has been neglected in deriving a simple fourth
order order differential équation from two coupled fourth order
differential equations for deflections. Although rnio complete
explanation of such assumption has been drawn 8till the method
ylelds BSolution® which are in excellent agreemént with the experi-
~m‘ental resylts, Berger's Oéuationsvart pr&otioalli Quaaifnon-linogr.
Berger's technique of neglecting the second strain 1n-varian$ has
been successfully applied by many workers and obtained satisfactory
results,. Applying Berger's method IW1n8ki‘and HowihSki Z@;]'aolved
problems of orthotropic plates, B, Banerjee, S.N. Sinharay, @. C.
Siﬂhgrhywaﬁg:maQy other researchers published a Sseries of papers
/22 -.3iﬂ7 using Berger's technique,

P. Biswas / 32 = 33 7 applied the same technique to Solve problems
on elastic plates and shells under a temperature distribution.

later on, Nash and Modeer / 34 / extended Berger's method to a




dynamic case and it has subsequently been used by the otharg /35 =37/,
M. M, Banerjee with his co-workers published a large number of papers
[38 - 45 ) based on berger's hypothesis, Most of their works are
.~_ma1n1y related to problems concerning the variation of thicknegs of
plates and shelia.

Nesleoting in-plane inertia, Hash and Modeer /467 and Chen /47/ showed
that the use of such equations for simply-cupported plates yields
results which are in excellent agreement with those obtained from
‘karman equations /167,

The non-linear vibration of plates neglecting transverse shsar
deformations and rbtatory inertia _have been studied and their efrects .
were included in the studies of Vu and Vinson /48/, Singh, Das and
Sundararanjan /49/, Kanaka Raju and Venkateswara Rao /50/, Kozlemyakina
and Morgalvski /51/, Sathyamoorthy /52/.

Ya and Iai /537 determined the influence of transverse shear on the

non-linear vibration of sandwich plates, Thickness shear flexibility

wae included in the analysis of Ambartsumyan /547 , Wu and Vinson



/ 55 7, Singh, Das &nd Sundar;;anjan / 567 . Non-uniform plates
were analyzed by Huang and Meng /57 _/, Huang / 68 /, Ramschandran
/ 59_7, Ramachandran and Reddy / 60 7, Huang, Woo, Walker and
Kanskaraju / 61-62_/,

Ramaiah and Kumar made a thorough study of annular plates / 63 7.
The Ritz method was used with algebraic polynomial deflaction fun-
o#ions to obtain frequency parameter for all tha nine combinations
of simple boundary conditions for various ratios of flexural rigi-
dities and of boundary radii (b/a). Simple approximate formulas
expreesgd the orthotropic frequencies in terms of flexural figidi-
ty ratios and the frequencies of corresponding modes in the axi-
symmetric case, A 8implified method based on the assumption that
the radial bending moment is small at a nodal circle was shown to
be especially useful for estimating frequencies of modes having a
large number of nodal circles,

orthotropic circular plates having concentric isotropio co?es bave

been analyzed by Woo, Krimser and Huang / 64 / and Rao and Ganapathi



/3§7. Axisymmetric frequencies were given for cases having clamped
and simply-supported boundaries, Annular corrugated dieke have been
représented by orthotropic plates for the theoretical analysis of
the case in which the outside boundary is free and the inéide one
clamped. Rubin /667 used the frobenius method to study annular sec-
tor plates with radial edges simply-supported. Vibrations of circu-
lar polar orthotropic plates have also been estudied by Padovan,
Lestngi /677, Imer & Zimmermann /687 and Pardoen /69/. The case of
a material with principal axes of orthotropy that are etraight but
not orthogonal has been investigated by Nair and Durvasula /707,
They used the Ritz method and presented extensive numerical results
for square and ekew plates having various combinations of boundary
conditione. Orthotropic rhombic plates have also ﬁeen studied by
Srinivasan and Ramachandran/71/.

Dickinson/727 analyzed the orthotropic, clamped esquare plate subje-
cted to hydroetatic loading by means of Bolotin's method, Plates

having two parallel edges clamped and the other two free analyzed,
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The effects of reesidual stresses upon frequenciee of a free plate
with a weld 1ongitudina11y along its centre have been examined by
R.F.D.Porter Goff /73/. Extensive numericel resulte for simply-
supported plates having different rotational springs along various
edges and eubjected to bi-axial in-plane loade have been obtained
by Laura & Roﬁanelli Z7§7.‘Jones & Mazumder /75/ addressed the pro-
blem of ﬁyd?oetatically loaded, elliptic plate having clamped or
.simply-eupported edges, Numerical results were presented for a ﬁide
range bf416ading parameters and for varioue aspect ratio=, Natural
frequencies of plates having elliptical holes bhave been studied by
P.K.Dutta & R.L.Carleen /76/. Rhombic plate problems have baen stu-
died by Srinivasan and Ramachandran /77/; trapezoidal plates ﬁavc
been studied by Greentham & Bailey [7@7. Triangular and quadrilate-
ral plates have been analyzZed by CJW.Bert,VBanerjee and others/79«
81/, Vibrations of thick, =olid, circular plates have been studied
by Chandrasekbaran and Kunukkaseseril [@2—8§7, Y.K.Cheung /84/ and .

Soni & Amba Rao /85/,
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In the casge of von Karman equations investigators followed two al-
ternatives; & emall group ueed Chu and Herrman approach while the
other group worked with Timoehenko /86/ approach.

Crawford and Atluri /87/ examined the effect of initial stresses
on the non-linear vibration of simply-supported rectangular plat-
es considering in-plane inertia negligible, Errigen /88/ analyzed
the non-linear axieymmetric vibratione of circular membrane using
the initial membrane strain ae a perturbation parameter and in the
year 1955 he examined the non-linear oscillatione of viscoelastic
plates with heriditary damping included in the strees- strain rel-
ations, A number of investigators analyzed the non-linear oezilla-
tione of anisotropié plates. Yu !327, Yu and Lai /90/, Shahin /917
studied the non-linear vibrations of =andwich plates, while Alwar
and Adimurthy /927 studied the response of sandwich panels to pul-
ee excitatione, Yu /937 investigated the non-linear vibration of
layered plates and shells,

Hassert and Nowineki /947, Wu and Vinson /95/, Sathyamoorthy and




Pandalai/967 and Ramachandran /97/ treated a rectangular plate with
special reference to fectangular orthotropy. J.N.Reddy 158-1097,
Reddy & Liu /1017, Reddy & Bert /1027, Reddy & W.D.PHAN /1037,Reddy
&R, Prederick & others /104/ published a seriee of papers dealing
with various orthotropic laminated, éross-ply an§ composite plates,
Nowineki and Paul /I05/ analyzed orthotropic oircular plates. Now-
ineki and Iemail /1067 and Vendhan and Dhoopar /107/ analyzed orth-
otropic tfiangular plates; while Sathyamoorthy and Pandalai analyz
ed rectilinearly orthotropic skew plates, Huang and Woo /1087 used
a Ritz-Kantorovich method to analyze cylindrically anisotropic cir-
cular and annular plates, while Venkateswara Rao, Kanaka Raju and
Raju ueed a.finite element methods to analyze orthotropic circular
plates., Mayberry and Bert /109/ experimentally investigated the -
;v vibrations of various laminated anisotropic rectangular plates
and compared their results with an orthotropic plate analyeis,

Wu and Vineon extended/55/ this analysis by including the shear fle-

xibility. Bennett /110/, Chandra and Basava-Raju /111/ investigated
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reepectivély,'the forced and free vibrations of angle-ply laminated.
rectangular plates, while Chandra and Basava-Raju [ingMinvaat;ggyfu:
'ed free vibrations of cross-ply laminated rectangular plates,
Bennett, Bert and Schimidﬁu;qustigated Pha non-linear oscillatione
of én arbitrary laminated rectangular Pl&tes. Yep gpd_iee»[1;§]939§7
the Lindstedt-Poincare technique to determine the non-linear vibra-
tions of & circular membrane including the effeéfs of the longitu;
dinal inertia., They found-that their solutions invalid whgn the 1li-
near fuﬁdameqﬁal in-plane frequency ié twice the fuédamental trans-
verse frequenoy; this occure when the ﬂpitial strain is about 9343§2.
Then they obtaineﬁ ﬂn expanaiénﬂ valid forthis internal resonance
case; however, they did not indicate what material these results

can be ##piied to. We note thayfgg;t metals the initial strain oan
not be made to exceed about 0,05. Chobotov and ginder /1147 used &
combination of a Ritz. Galerkin proéedure gnd & perturbation.teoh.

nique to determine the effect of sinuscidal. excitations on the non-

linear response.of cirocular membranee,
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A number of inveeiigators gtudied the dynamics of spinning_diske
becausge of their use as eaw- blades and turbine wheels, The impo-
tance of flexural wavee in causing spinning disk failures was re-
cognized a long time ago by Richards(1872). Besides them a large
number of workére namely Cambell, Von Freudeqdrick, Tobias,Arnold,
Wwillam, Krauter, Bulkely, Efetathiades, Mc Elman Advani, Bhattach-
erjee studied the various aspecte of spinning diske and obtained
satisfactory resulte. Nowingki and Woodall /115/ etudied the non-
linear vibrations of epinning dieke,

In 1961 (oct,) H.N,.Chu published a paper on the influence of lar-
ge amplitude on flexural vibratione of a thin circular cylindrical
shell in the journal of Aerospace sciences, In 1962, J Nowineki
eubmitted an article on traneveree non-linear vibrations of cyli-
ndrical orthotropic ghelle. In these. papere on Nowinski and Chu
the derivation of field equations were same but those are obtained
independently. The only exception to note here that the workse of

Chu ie a epecial case of that of Nowineki. Chu deals with isotropic
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material whereas Nowineki deals with orthotropic materiels. The
results obtained by these authors for isotropic case are in close
agreement with each other, Latefon, Nowineki (1963) revised hie
paper starting with derivation of the general field equgtions ue-
ing in contrast to the procees followed by Chu where those equat-
ione are derived as, Euler-Lagrangec equations from Hamilton's pri-
nciple, the balance of momenta and the compatibility condition,
Actually, Chu (1961) derived the counterpart of the workse pf Craw-
ford and Atluri for circular cylindrical shells.

Cylindrical shells were studied experimentally by Oleson /1167, Mat-
guzaki and Kobayashi /1177 and theoretically by Chu, Evensen, Nowi-
neki, Goodier, Mclvor, Bieniek, Fan Lackman, Eveneen and Fulton,
rayers and Wrenn, Mclvor and Lovell and others /118-.1237. Nowinski
studied the non-linear transverse vibrations of orthotropic cylin-
drical shelle., Nowinski [12&7 also sfudied the response of a cylin-
drical sheil to tranverse non-linear oscillations, Nash and Modeer
/1257 studied elaborately the theory of thin elastic shells.

119332 %%
- 4 NOV 1997
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M.M.Banerjece /1267 analyzed the non-linear free vibrations of shal-
low shells cylindrical in shapé at an €levated temperature. MazZum-
der.J. published a ceries of papers /127-1327 with his co-workers
on the non-linear analysis ofplates and s8hallow shells on various
planforme utilizing different techniques among which the applica-
tion of the method of congstant deflection contour lines i1e notable,
These worke drew the attention of the present author to study the
constant deflection contour linee method in the anaiyﬁis of plate
and shell structures with more complicated problems.

Leiesa and Kadi /1337 enlighted the curvature effects on shallow
ghell vibratione, Jones and Mazumder /1347 studied the transverse
vibrations of shallow shells by the method of constant deflection
contour lines, Sinharay and Banerjee /1357 studied the large ampl-
itude free vibrations of a shallow shell and analyzed the spheri-
ca.lnar;d cylindrical shellsgfter modifying Berger's equations.
Timoshenko and Woinowinsky Krieger /1867 studied varioue aspect of

the theory of plates and shells, Banerjee M, M,, Biswas,P., Sikder
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8 /137-1397 studied the temperature effect on the dynamic reeponse
of epherical shells. One should also note the analysis of different
shell structures investigated by different authors., Of such studies
mention should be made of studies by Mclvor and Sonetégarq/i4g7,
Groeeman, Koplik and Yu /1417 on spherical shell. Hemisphericdl sh-
ells were etudied by Jordan /1427, while conical shelle were studi-
ed by Sun and Lee /143/, square shells were studied by Chanban and
Ashwell /144/, axieymmetric shells and solide were etudied by Naga-
ranjan & Popov /1457. Shells of revolution were stﬁdied by Strickl-
in, Martinej, Tillerson, Heng and Haieler /146/. Lehar, Batterman,
Belytschko, Hesieh, Kankaraju and Venkateewara Rao /147-150/ studied
various shells structures. Shallow ghelle were studied by Alekseva,
El-Zaouk and Dym /151/ and Singh,Das and Sundararanjan /1527. Curv.-
ed panels were studied by Hayee and Miles 11537, Greenspon /1547,
Cummings /1557, Rehfield, Girl and Sparrow /156/. Homogeneous and
layered plates and shells were studied by Wu and Witmer 11537,cy11-

ndrical panels were studied by Wu and Witmer /158/, Volmir and Kul-




terbacv /1597, Ramachandran and Murthy /160/. Sahinpoor /i617analyzed
the ocombined radial axial large amplitude oscillations of hyperclgstie
oylindrical tubes while Thurman and Moti /1627 analyzed the non-linear
oBoillations® of a cylinair oontaining flowihg fluid. The post buckling
of thin elastioc Bhollﬂawga examined by Lange and nhwell_ZﬁGQZ.
Majumder, J. and Buoco, D. /1647 studied the transverse vibrations

of V18¢o:1a5t10 shallow shells, Majumder, J., published a series of

papers on elastic-plastic plates and shelils,

From the above studies it appears to the prasent author that the
following studies are not éompleto and need elaborate investgations,
(1) Use of von karman equations in non-homogeneous elastioc plate
problems appears to be rare and no liferaturo is avallable to the
prosent author where such problem has besn dealt.

(11) No literature ie available where a comparative study on Berger's
approach with its modification mentioning their merits and demerits
has been attempted.

(111) Use of non-homogeneous olastic-plastic plates in modern Space
shuttle struocturaes, in ocivil and asro-space engineering are véry wide

and no literature is found where alastio-plastic plates of variable
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thickness or of variable flexural rigidity have been analyzed,

(iv) Modernyétructures are expected to experience sevare vibrgtiﬁne
in whioch da.m‘ping‘or resisting forces are always oall_ed into play @nd
a8 a result of which damped vibrations are nbvious, No paper has be.
en found where non-linear damped oscil}ations of'elastofpl?etic eh—
allow shells are analyzed,

(v) Modern structures are usually set upon elastio.subgrade. The ef-
fect of foundation on large deflections of plates and shells have
baen studied by numgrous authore using different approaches, but

the application of constant deflection contour lines to solve such
problems and to obtain exact solutions appears to be rara,

(vi) The effact of temperature field in the non-linear vibrations

are very common and only é few 1iterature§ are avajlable on the ;oﬁic.
(vii) Critical reviews on the existing methods which are frequently
used in, the linear and non71;near analysls of plate and 8hell probi-

sm8 are very rare and need such studies,

The present auther has much attraoction to make a thwrough investiga.
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tions on the vibrational aspects of elastic and elasto-plastic
plates and shalle in;1uding their static behaviours and to find-
out shortcominge in the early investigations inthe field under
consideration, For this purpose the present author studied some
linear and non-linear static and dynamic behavioure of elastic
ﬁnd elastic-plastie platee and shells using classical field
equations with suitable techniques. A critical survey on the
non-linear analysis reveals that no unified method @xi®ts.:: -
which can be used to find out approximate solutions for all the
problems; rather it is the escence of the present etudy that the

method of constant deflection contour lines may perhaps, conven=

iently be used for this purpose.



