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PREFACE.

In order to correct an impression that certain passages in this volume might
convey unless distinetly qualified, I must here refer to my indebtedness to the late
Dr. Hoernle. Indeed, a considerable part of the analysis of the MS. is really his
work,* and by his preliminary survey of the manuscript my task was consider-
ably lightened. It was at Dr. Hoernle’s special request that I undertook to carry
on the work he had started, and he handed over to me most of the material he had
himself prepared. Had he lived a little longer 1 should, no doubt, have had the
benefit of further help from him, and this volume might have been issued as our
joint work. Dr. Hoernle’s lamented death prevented that plan being carried out ;
and unfortunately my views are so often opposed to those that where held by
Dr. Hoernle that it woul.d hardly be proper to make him a participator in them.

I am much indebted to Bodley’s Librarian for special facilities that enabled
me to examine the original manuscdript under the most favourable conditions ; to
the Oxford University Press for their most excellent work in preparing the photo-
graphs of the manuscript and the collotypé reproductions of the text; and to the

Manager, Government of India Press, Calcutta, for the care and skill with
which the transliteration has been printed.

G. R. KAYE.

BaxmAwM,
Attleborough,
Norfolk.

* Sections B, G, H, X and L are aJmost wholly th k of Dr. 1 i '
References to his published papers on the MS. are gyivexf ;101}.)agoe 2Dr e e -




THE BAKHSHALI MANUSCRIPT.

PART L—INTRODUCTION.
CHAPTER L

1. In 1881 a mathematical work written on brich-bark was found at Bakhshali
near Mardan on the north-west frontier of India. This manuseript was su
to be of great age and its discovery aroused considerable interest. Part’of it was
examined by Dr. Hoernle, who published a short account together with a transla-
tion of a few of the leaves in 1888. Dr. Hoernle had intended, in due course, to
publish a complete edition of the text, but was unable to do so. The present volume
gives the complete text.

2. Bakhshali, or Bakhshalai, as it is written in the official , is a village
of the Yusufzai sub-division of the Peshawar district of the North-West Frontier
Province of India. It is situated on, or near, the river Mukham, which eventually
joins the Kabul river near Nowshera, some twenty miles further south. Six miles
W.N.W. of Bakhshali is Jamalgarhi, twelve miles to the west is Takht-i-Bhai,
and twenty-five miles W.S.W. is Charsada—famous for their Indo-Greek art
treasures.

Bakhshali is about 150 miles from Kabul, 160 from Srinagar, 50 from
Peshawar, 350 from Balkh and 70 from Taxila. It is in the trans-Indus country
and in ancient times was within the Persian boundaries—in the Arachosian satrapy
of the Achaemenid kings. It is within that part of the country to which the name
Gandhara has been given, and was subject to those western influences which are so
bountifully illustrated in the sd-called Gandhara art.

3. The only authentie record of the discovery of the manuscript appears to be
contained in the following letter, dated the 5th of July 1881,' from the Assistant
Commissioner at Mardan. g

““ In reply to your No. 1306, dated 20th ultimo, and its enclosures, I have the honour to inform you that
the remains of the papyrus MS. referred to were brought to me by the Imspector of Police, Mian An-Wan-
Udin. The finder, a tenant of the latter, said he had found the manuseript while digging in a ruined stone
enclosure on one of the mounds near Bakhshiali.? These mounds lie on the west s;ge zf the Mardan and
Bakhshali roads and are evidently the remains of a former village. Close to the same spot the man found
a triangular-shaped ‘diwa,” a soap-stone pencil, and a large lota of baked clay with a perforated bottom.

I had a further search made but nothing else was found.

““ According to the finder’s statement the greater part of the manuscript had been destroyed in taking it
up from the place where it lay between stones. The remains when brought to me were liks dry tinder, and
there may be about fifty pages left some of which would be certainly legible to any one who knew the charac-
ters. The letters on some of the pages are very clear and look like some kind of Prakrit, but it is most diffi-
cult to separate the pages without injuring them. T had intended to forward the manuseript to the Lahore
Museum in the hope that it might be sent on thence to some scholar, but I was unable to have a T tin
box made for it before I left Mardin. T will see to this on my return from leave. The pap will require
very tender manipulation. The result will be interesting if it enables us to judge the age og the ruins where
the manuscript was found.”

1 Apparently the manuscript was found in May 1881.

* General Cunningham in a private letter to Dr. Hoernle, dated Simla, 5th June 1882, says: * Bakhshali i i
. a8 al . p ; 3 y , says: all is 4 miles n
Shahbazgarhi. It is a mound with the village on the top of it. The birch-bark manuscript was found in a field near a well :l:r:go\(:if-,
trace of any building near the spot, which is outside the mound village.......-- .
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This account is very unsatisfactory and there are indications that it is not
altogether reliable. It was written, apparently from memory, some month or so
after the discovery of the manuscript. The “ruins,” it appears, were the creation
of the writer's imagination, and the statement generally does not give the impres-
sion of exactitude.

4. In the meantime notices of the discovery had found their way into the
}:.ndlan newspapers. Professor Bithler, who had read of the discovery in the
Bombay Gazette "', communicated the announcement to Professor Weber, who
brought it to the notice of the fifth International Congress of Orientalists then
assembled in Berlin.’ In Biihler’s letter to Weber it was stated that the manu-
script had been found “ carefully enclosed in a stone chamber,” and it was thought
that the newly discovered manuscript might prove to be “one of the Tripitakas
which Kanishka ordered to be deposited in Stipas.”

There is nothing whatever in the record of the find to justify Bithler’s state-
ment, which seems to have originated in a rather strange interpretation of the
words “ while digging in a stone enclosure ” that occur in the letter quoted above,
and which are themselves of doubtful reliability. And Bithler's views would
hardly have been worth recording here had it not been that their effect was alto-
gether disproportionate to their value. Perhaps the exaggeration of the value of
the find, however, served a useful purpose at the time; but now it has become
embarrassing—for refuting it makes the present editor of the manuseript appear
to be decrying his wares.

5. The manuscript was subsequently sent to the Lieutenant-Governor of the
Punjab, who, on the advice of General Cunningham, directed it to be transmitted
to Dr. Hoernle, then head of the Calcutta Madrassa, for examination and publica-
tion. In 1882 Dr. Hoernle gave a short descriptian of the manuscript before the
Asiatic Society of Bengal, and this description was published in the Indian Anti-
quary of 1883.° At the seventh oriental conference held at Vienna in 1836 he gave
a fuller account which was published in the proceedings of the conference,” and also,
with some additions, in the Indian Antiquary of 1888.° In 1902 Dr. Hoernle
presented the manuscript to the Bodleian Library.

1 This account appears in the BomBaY GazZETTE of Wednesday, August 13th, 1881, and is as follows :—

“ The remains of a very ancient papyrus manuscript have been found near Baskhali, in the Mardan tahsil, Peshawar District.
On the west side of the Mardan and Baskhali road are some mounds, believed to be the remains of a former village, though nothing is
known with any certainty regarding them, and it was while digging in a ruined stone enclosure on one of these mounds the discovery
was made. A triangular-shaped stone ‘ diwa’, and a soap stone pencil, and a large lotah of baked clay, with a perforated bottom,
were found at the same place. Much of the manuseript was destroyed by the ignorant finder in taking it up from the spot where
it lay between the stones ; and the remains are described as being like dry tinder, in some of the pages. However, the character,
which somewhat resembles Prakrit, is clear, and it is hoped it may be deciphered when it reaches Lahore, whither we understand it is

shortly to be sent.”
* The official record is given in the report of the Congress (Part I, p. 79) as follows :—
Der Prisident (Weber) verlas darauf aus einem Briefe von Prof. Biihler folgende hochwichtige Mittheilung :

“ Fin Penjabi Landmann soll beim Steinegraben einen alten Papyros gefunden haben, der sorfaltig in einen Steinkammer
eingeschlossen war. Derselbe soll sehr umfangreich gewesen, doch Vieles vom Finder durch Unvorsichtigkeit zerstort sein. Die sehr
bedeutenden Reste sind nach Lahore gebracht. Ganz Seiten sollen lesbar sein und die Schrift  wie Prakrit ’ aussehen. Es konnte
dies wohl eines der Tripitaka’s sein, die Kanishka in Stiipa’s niederlegen liess. Ich habe gleich an Cunningham geschreiben und

um ein Stuck wenigstens in Photographie gebeten.”

% Vol. xii, pp. 89-90. o
% Verbandlungen des vii Internationalen Orientalisten-Congresses, Arische Section, 127 seg.

% Vol, xvii, pp. 33-43 and 275-279.



CHAPTER 1.

6. The manuscript consists of some 70 leaves of birch-bark, but some of these
are mere scraps. The largest leaf measures about 575 by 3-5 inches or 14:5 by 89
centimetres. The leaves, which are numbered according to the Bodleian Library
arrangement from 1 to 70, may be classified according to their size and condition
as follows :—

In fair condition but broken at the edges—size, not less than 5 by 3 inches
(13 by 8 em.) .

1,3,4,5,6,7,8,9, 10,11, 12, 13, 14, 15, 16, 17, 18, 20, 22, 23, 24, 32, 33, 34, 36,
37, 43, 44, 47, 49, 59, 60, 61, 62, 63—total 35.

Rather more damaged but otherwise in fair condition—not less than 43 by 2
inches (12 by 5 em.)

2, 25, 26, 42, 45, 46, 48, 50, 51, 52, 55, 56, 57, 58, 64, 69—total 16.

Much damaged.

21, 31, 35, 41, 53, 66, 68—total 7.
Scraps.
27, 28, 29, 30, 35, 38, 39, 40, 54, 68, 70—total 11.

One folio (19) is entirely blank.

Certain folios consist of tworleaves stuck together, namely 7, 31, and 65, and
possibly others. Tt would/hot be difficult to separate these double leaves without
damaging the manuseript.

7. The eleven folios classified as “ scraps ” at first appeared completely refrac-
tory but the exercise of considerable patience has led the following to submit to
some arrangement. Here the letters a, b, ¢, etc., refer to the scraps in the order

in which they appear on the right sides of the leaves as illustrated and the revised
arrangement is indicated below :—

Revised References

order. to the plates.

Al 40" +39"+ 39" +39° +- 38".
A2 39" +40° +38° + 40"+ 39"
A3 40°+39° + 38".

A6 SI’+38. .

A9 29° +29° +29°.

Al0 27 +29°.

_ Of these rearrangements one side of gach of A1, A6 and A9 are shown in the
illustration facing p. 4. These rearrangements were made from the reproductions
“-—a much more difficult task than working with the originals.

W

. 8 Dr. Hoernle’s first estimate of the original, size of the leaves was 7 by 8
inches, and this estimate was based upon “the well-known fact that the old birch-
bark manuscripts were always written on leaves of a squarish size ”, and upon the

B
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obvious incompleteness of folio 17 (xliii)," but this estimate he himself corrected
some twelve years later.”

Although no leaf of the manuscript is now complete there are 35 leaves in
comparatively fair condition, and these varyin size’from about 5} by 31 inches to
6 by 3% inches. There are some lines of writing quite complete, though not many——
and these complete lines measure from 53 to 6 inches in length. There is also
evidence of a small margin on either side, and the actual space occupied is just
over 6 inches or 154 centimetres. I estimate that the original length was from
about 64 to 7 inches.

With regard to the depth I estimate from 4 to 44 inches. In a few cases we
have the complete set of lines (generally from 10 to 11 to the page) and in some
other cases the amount missing can be roughly estimated, while the actual maxi-
mum depth that occurs is 3} inches. My estimate of the original size of the leaves
is therefore 63 to 7 inches long by 4 to 4} inches deep or 16:6 to 17-8 centimetres by
10-2 to 115 centimetres. Dr. Hoernle’s final estimate was 7 by 4 inches.

8 (@). In ordinary Sanskrit manusecripts it is the custom to number the leaves
(not the pages) in order, generally in the left hand margin of the reverse." No
single leaf of our manuscript has this part intact and there is no evidence of such
numbering.

9. The leaves are now mounted between sheets of mica and placed within an
album. The mica sheets are about 7°4 by 46 inches and are fixed together by
strips of gummed paper at the edges leaving a clear area of 63 by 3% inches. The
general arrangement is shown in Plate I (Part IT). Some other method of mount-
ing (e.g., between glass plates) might be safer. It sheyld be possible to separate
the leaves now stuck together, and the possibility of thereby discovering new
material would justify considerable trouble being taken in this matter. :

10. Birch-bark is an outer bark of the Silver Birch (Betula utilis, Betula
bhojpatra, or the Bhurja tree, as it is variously called) which flourishes in the
Himalayas from Kashmir to Sikkim. It grows on all the higher ranges of the
Kashmir hills from a height of about 6,000 feet to 12,000 feet. The forests in the
Gurais district supply most of the bhojpatra that is sold in Srinagar. The bark
is used chiefly for the roofing of houses, for wrapping up things, for lining baskets,

etc., and the villagers still use it as a writing material.

To obtain the bark from the tree a deep cut is made vertically down a clean
piece of bole, and the bark is then peeled off by the hand. The operation is very
much the same as that employed in “ girdling ” pine trees except that the upper
and lower cuts are not made. The paper bark appears to be thrown off by an under
red bark and apparently one layer is produced ea(;h year. If all the laminge are
stripped off from a tree, it either dies, or, if it survives, it does not give good bark
a second time. The most suitable size of tree is from 2 feet to 4} feet in girth. In

.

¢
1 Indian Antiquary, xvii, 1888, p. 33. The * well-known fact’ is not a fact at all.
2 JASB, LIX, 1900, p. 126. * =

3 The reproductions are of the same size as actual leaves.
& This is the general practice in Northern India. In the South the number is usually given on the obverse.
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larger trees the paper bark of the bole is rough and lignified and is of no use as &
writing material.’

11. Each nger of bark is white or pinky-white on the outer side, but is a red-
dish or yellowish buff on the inner side. The number of layers varies and I have
counted 47 in a strip taken from an old tree. A marked feature of the bark is the
existence of numerous lenticels (glands) from 1 to about 6 em. in length and from
about 1 to 3 mm. in depth. These lenticels are reddish-brown in colour’ and of
darker shade than the natural reverse of the lamina, and each of them is continued
throughout the several lamine. On the natural obverse they appear mych more
distinet by contrast with the hght,er back-g1 %z‘u aﬁ in the reproductions of
manuscripts this contrast sometimes appears to be emphasised. the bole of
the tree tze lenticels are horizontal (i.e., they are always at right angles to the axis
of the bole or branch). On the older specimens they are slightly convex. on the
obverse and concave on the reverse. Traces of these lenticels can be seen in almost
all the reproductions of our manuscript (see Fig. 1 and Plate XLI ; but they show
much clearer in some of the Bower manuscript plates). The lenticels are of im-
portance from the point of view of the scribe because they are of different structure
from the rest of the bark, and they sometimes break away (see folio 16). There is
3 sort of grain running parallel with the lenticels and the bark tears easily in that
irection.

Fig. 1.

By’ 3-obs - B 3 sesnge ;bmigﬂ Porester (xcvi, 1902, pp. 25.27). Lam much indebted to Lt.-Col. A. Gage
Director o Botanical Survey of Indi . P. H. Clutterbuck, Inspector-General of Forests, and Mr. B. ! o
of Forests, Kashmir, for information very kindly supplied by them. Al oventry, Conservator

The following particulars of specimen strips of bireh-bark taken from trees of various ages, and kindly sent .
are perhaps worthy of record. 8 ndly sent to me by Mr. B. Coventry,

; [
Girth of tree. o [ I
i« [] : G | Number of laminee.

Ft Inches. i Ft. Inches. I Ft Inches. l

o 6 2 b 6 | 20

1 2 10 P =T

9 ] 3 4 [ o 4 ’ 29

2 4 7 2 Sho i ippi

3 - ; I g % 8 ;»ws Ptﬁkus stripping.

\ 4 2 10 2 6 | 27 Bottom of trunk woody.
5 3 6 4 SaAf < M dRocEi
6 3 7 1 10 ll 47 Taken from an upper branch.

‘ s '

*Emlmﬁ&msv@ﬁmlbngthmemmﬂmﬁghg%""toth Tentioely o ——
theJenticdls. gles to the lenticels and breadth means the measurement parallel to

* On the outside of the tree they are sometimes black, and on very old trees they form woody

B2
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12. The art of preparing the bark for writing upon appears to be lost, but
Albiriini tells us that the strips were rubbed with ( ?) oil and polished. The manu-
scripts preserve no evidence of either of these processes. All that they tell us is
something of the process of sub-division, and arrangement. Each leaf of the
Bakhshali manuscript appears to consist of half of the original thickness of the
strip, ¢.e., the original strip was divided into layers each of which consisted of some
six lamine. In the Bower manuscript the number of laminze to a leaf varies from
two to six while one leaf consists of at least twelve liminee. The Kashmirian
Arthava Veda exhibits rather more elaboration : the process of sub-division is
carried to the extreme limits and each leaf consists of two single lamineze pasted
together.

13. Possibly the original strip of birch-bark from which the leaves of the

Bakhshali manuscript were taken was roughly of Er T | 8
the shape of the annexed diagram and was cut up l *
into the oblongs indicated. If A, B, C, ete, ” * | .
represent the upper layer, and A', B', C', etc., the . i H : I
lower layer, then, according to the evidence of the - x I
leaves themselves, they were arranged for purposes | —

ofMiting upon ks otderlA A B B GO N | E
ete., or A, A*; D, D*; ete. 4 ll Q R

Fig. 2.

14. Birch-bark, even after preparation for writing upon, retains the natural
marks of the wood showing the lenticels and occasionally knots. Such knots are like
thumb marks in their individuality, so that, if a knot recurs, it can generally be
identified. Returning to our diagram—T% is obvious that if a knot occurs on, say,

D its doublet will occur on D'. In the Bower manuscript three knots that occur ong~
folio II, 7 recur on IT, 8 ; the knot on III, 8recurson III, 9 ;several knots on I, 23
recur on 11, 24 ; one on IT, 31 recurs on I, 32; and so on; and in no case does any
articular knot occur on more than two leaves. In the Bakhshail manuscript the
order of the leaves was uncertain but it was noticed that folios 12 and 13 had a
common knot, and so had folios 32 and 36, folios 44 and 49, folios 51 and 52, felios



53 and 66. If our scheme of the arrangement of leaves also holds good here, then
each of these pairs of leaves should consist of consecutive leaves, and the final order,
based on other considerations, places them thus—

12 G3
13 G4
32 M3
36 M4
44 M10
49 M9
51 A8, 9
52 A10
53 E2
66 El

15. Tt should be noted also that where the reproductions are of double leaves
stuck together the two sides should have no common natural markings (see, for
example, folio 65) ; and, conversely, when the two sides have no natural marks in
common there is ground for suspicion (e.g., folios 46 and 3). In this matter too
mueh reliance should not be placed on the reproductions.

Format.

16. Of the very few early birch-bark man ivts th | :
the best known :— y uscripts the following are perhaps

(a) The Kharoshthi Dhammapada from Khotan. Size 8 b k4
(Ratio 0-2). Period 2nd century A.D. e y 36" inches,

(b) The Bower manusecript from Khotgarh. Size 9 by 2to 11 i
(Ratio 45). Period 5th century A.D. y % by 2} inches,

(¢) Th% eliiaokthhﬁh? manuscript (Oxford). Size 7 by 4 inches, (Ratio 17).

(d) The Kashmirian Arthava Veda. Size 98 by 78 i B £
Period 15th century A.D. y 78 inches, (Ratio 1'25).

(e) Th?. (gf;éca;egaogege %ig Veda (Poona). Size 101 by 94 inches, (Ratio

®
1 The sizes here given are, of course, only approximations %o the av i ?
; erage sizes. See () Journal Asiatique, 18
(b) The Bower Manuscript, by A. F. R. Horr~NrE. (d) The Kashmiri ue, 1898, pp. 192 fi.
Desi Ciligs, Posna, Vol T, 7. 1. " irian Arthava Veda, BLoomrierp & GarBE. (e) Cat. MSS. of the
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The shapes and relative sizes of these manusecripts are represented in the accom-
panying diagram—

Bower MS. !

Bakhshali
Kharoshthi MS,.

MS.

Khotan. Kashmir
Arthava
Veda

Rig Veda

Poona

17. The format of a book is generally determihed by several semi-independent
factors, e.g., material, economy, fashion, convenience, contents. Our first example
of a birch-bark book, the Khotan manuscript, seems to have been shaped in imita-
tion of the western papyrus roll*; the second example, the Bower manuseript, is
probably in imitation of the palm leaf manuscripts of India ; while the later ex-
amples are in imitation of paper books. The Bakhshali manuscript appears to
stand in an intermediate position and there is, of course, a possibility that its format
may indicate its age within certain limits.

18. In all birch-bark manuscripts the writing is parallel to the lenticels, which
on the bole of the tree are horizontal ; and the reason for this direction of the writ-
ing is that the bark tends to split in the same direction. In the Bower manuscript
there are one or two exceptional examples of writing inclined to the lenticels
{Plates I and II) but the angle of inclination is small. It should also be borne in
mind that the length of the strip of bark (parallel to the writing) is limited to the
circumference of the tree, and the depth of the strip is also practically limited,’
and that the format was, at least, partly determined by the necessity for dividing

these strips economically.

19. But fashion was probably a more powerful factor than material in the deter-
mination of the format of birch-bark books, and it is possible that the method of
preparing papyrus for writing upon to some extent influenced those who prepared .
birch-bark for the same purpose. The stem of the papyrus plant was cut into

L4 *
1 Nambers of such rolls were discovered by Sir M. A. Stein in Central Asia.
2 See footnote on page 5.
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longitudinal strips which were laid on a board side by side to the required width,
and across this layer another of shorter strips was laid at right angles. After
soaking, the combined sheet was hammered and dried and polished with ivory or
o smooth shell. Some twenty such sheets were pasted together to form a roll
Later it was the practice to back one sheet with a second in order to obtain a more
suitable paper. The depth of the rolls varied from 4 to 12 inches. The later limit
for the use of papyrus as a writing material was about the 9th century A.D.

20. The palm leaf manuscripts of India are made from the leaves of Corypha
umbraculifera or Borassus flabellifer. The former is indigenous in south India
but the latter was probably introduced from Africa. The leaves of both of these
trees are long and tapering, with central ribs. All the earlier palm leaf manu-
scripts are made from the leaves of Corypha. The following are examples :—

Reference. : Locality: ?!Length. Depth. | Ratio. | Date.
Hosfasi . . . .|W.India . ‘ | % in| 56 | > 520 AD.
Bendall Add. 1049 . .|, . e 80 859 |,
o i e .;21 s 12 ., 1 108 1039
I3 AREE. T S .:Bihar : : Izz Lt e 1054 ,,
KiethornNo. 42 . . . W.India . |13 , | 2%, 58 | 1123
Peterson No. 220 . . i( i 33% ,, 2% 5, 150 1206
|

From measurements of a large number of Corypha manuscripts it appears that

the most usual depth was about two inches and that the lengths varied from about

10 to 34 inches. The chief mode was from 10—16 inches but. there was a second

mode from 3034 inches. It appears that the whole length of the prepared leaf

;lvals occasionally used, but that more often it was cut into thirds, or sometimes into
alves. .

About the middle of the fifteenth century the use of palm leaf as a writing
material entirely ceased in western India, but in eastern India it continued to be
used side by side with paper until much later.

21.. The art of paper making appears to have been practised by the Chinese at
a very early date. From the Chinese the Muslims learnt the process in the eighth
century and they introduced it into Europe and also India about the twelfth
century. Among the earliest Muslim paper manuscripts now preserved, one
was Writ'ten in A.D. 866, others in 974, 980, 990, etc. The earliest Indian [’;a.per
manuscripts known were written in A.D. 1231 and 1343. The earlier one measures
6 by 4 inches (ratio 1'5) and the other 13} by 5 inches (ratio 2'7). ;

22. Another very common writing material in early Indi
Biihler states that the size of the coppe% plate used was largely (f;:mgi?edcl??ﬁ
common writing material of the localityse.g., the palm leaf, birch-bark, ete. ~This
_statement, however, is not fully supported by actiial evidence, for the more usual
ratios of lengths to depths of copper plates vary from about 1'4 to 26 as against 5
to 15 for palm leaf manuseripts.’

! There are rare examples of copper plates of ratio over 4 (e.g., two Taxila plates of ratio 4'7).
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23. Before making definite deductions from the formats of our birch-bark
manuscripts, a great deal more investigation is obviously required, and in parti-
cular the formats of the western tablets and codices, the early Chinese and Muslim
paper books should be studied. Until the introduction of paper into India there
does not seem to have been much consistency in the format of birch-bark manu-
scripts. The Khotan manuscript may have been in imitation of the papyrus rolls
of the west. The width is about 8 inches (20 cm.), the length is unknown, but the
total length is about 4 feet (1 m. 23) and the longest piece of the Paris portion is
about 24 inches (61 cm.). The scapus was made by joining pieces of unknown
depth together' and at each side a fine cord was threaded through the bark about
one cm. from each edge. Most probably it was never intended that the manuscript
should be rolled up : possibly it was to be hung on a wall. The writing is parallel
to the short side, and in this matter differs entirely from the papyri, on which the
writing is generally parallel to the length of the roll, and in columns of from two to
three and a half inches wide. The writing is on one side only of most of the frag-
ments of the Khotan manuscript, but on one long piece (C) both sides are written
upon. This piece (C) consists of several layers of bark (it is, of course, impossible
to count these layers without examining the original). The lenticels are identical
on the two sides and the verso side is the lighter side of the bark. The manuscript
appears to have been folded up to the size of 20 by 5 cm., but obviously this was not
the original intention, for the folds are independent of the position of the lines of
writing, and folding birch-bark manuscripts was never a wise procedure.

That the Bower manuscript format was determined by the palm leat pothi is
probably true, although it should be noted that 9 x 2 inches is a very uncommon
size for an early palm leaf manuscript. (See Dr. Hoernle’s lists in the J ASB, 1900,

pp- 994f.)

24. Regarding the format of the Bakhshali manuscript (ratio 1'6) as a cri-
terion of age, I can come to no positive conclusidon from the evidence befqre Te.
Further investigation is required and might be profitably undertaken if time
allowed. Dr. Hoernle, however, writes as follows :—

“Tt is noteworthy that the two oldest «(Indian paper) manuscripts known to
us point to their having been made in imitation of such a bireh-bark

prototype as the Bakhshali manuscript.”

It is not easy to accept this argument, for it would be quite as reasonable to con-
clude that the Bakhshali format was determined by the paper manuscript formats,
and that it is of later date than the introduction into India of paper as a writing
material ; and this would place the Bakhshali manuseript about the twelfth

century of our era at the earliest. However I only give this hypothesis as a set-off
to Dr. Hoernle’s unjustifiable deduction.

The script.

25. Tke Bakhshall text is written in the Sarada script, which flourished on the
north-west borders of India from about the ninth century until within recent times.
Tts distribution in space is fairly definitedy hmitqd to a con.lparatlvely small area
lying between longitudes 72 and 78 east of Greenwich and latitudes 32 and 36 north.
Dr. Vogel distinguishes between Sarada proper, of which the latest examples are
of the early thirteenth century, and modern Sarada.

» .

1 ButT can see no evidence of this in the illustrations given in the Journal 4siatique (1898, p. 308).

*
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The writing of the Bakhshali manuseript is of the earlier period and is gene-
rally very good writing indeed. It was written by at least two scribes. In the
table on p. 97 the styles of writing are indicated by the letters o and B of
which 8 pertains wholly to the “M” section. Style o is divided into four sub-
sections which possibly belong to the work of four separate scribes, although it is
not easy to point out any fundamental differences between these styles. Folio 65
possibly exhibits the writings of two separate seribes on the two sides, which do not
belong to the same original leaf. Compare also, folios 29 and 17.

Possible points of differentiation between the sub-divisions a;, a,, as and a, are
the length of medial 7, the length of the final up-stroke of initial u, the length of
the wiramae mark, the occurrence of the sickle shaped 7 (folios 1, 35, 52, 60), of the
“ clubbed ” ai and e (folios 16 and 60), of the “ curved ” medial e (folios 3, 18, 5), and
the different methods of forming medial e, a7 and o.

The style (8) of section “ M ” is distinguished by its boldness (contrast plates
11 and XXV), by “ tails ” or flourishes (including very long wir@ma marks), the
methods of writing medial ¢ and o, the looped six, etc., ete.

In Part I1 the seript is examined in detail and further peculiarities of the
different sections are given, e.g., section “ M ” has no examples of @i and contains
practically all the examples of & Sections L (x) and G (x) show marked
differences in the methods of writing medial e, while section F is, in this matter,
very much like section L. Section C («) has no example of either the
jilwamaliya or upadhmaniya, and so on ; but it must be borne in mind that these
statistics are only of value in the mass.

* The language.

26. The language of the text may be described as an irregular Sanskrit.
Nearly all the words used are Sanskri}fr;, and the rules of Sanskrit grammar mfi
prosody are followed with some laxity. The peculiarities of spelling, sandhi,
grammar, ete., that occur in the text are exceedingly common in the inscriptions
of the eleventh and twelfth ceuturies found in the north-west of India. Dr.
Hoernle, however, implies that the language is much older. He states that the
text “ is written in the so-called Gatha dialect, or in that literary form of the North
Western Prakrit which preceded the employment, in secular composition, of the
classical Sanskrit.” He also states that this dialect “appears to have been in

general use, in North Western India, for literary purposes, till about the end of the
3rd eentury A.D.”

The subjeet of language is discussed to some extent in Chapter viii -
be more fully dealt with in Part IIT of this work. AR . 08

* Ind. Ant. xvii, 1888, pp. 37 & 38.
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CHAPTER III.

ORDER.

_ 27. The Bodleian Library order of the folios, which was definitely fixed by
circumstances not within the control of the editor, is necessarily followed in this
volume in the arrangement of the facsimiles and the first transliteration of the
text. But a more satisfactory arrangement was considered desirable, and a very
considerable amount of labour has been involved in the attempt to achieve an
approximately correct order.

The leaves were disarranged to some extent before 'they reached Dr. Heernle,
but unfortunately he did not leave any proper record of the order in which the
leaves reached him.' ’

28. A detailed analysis of all the leaves showed that Dr. Hoernle's rearrange-
ment was faulty,” that the “ find order ”, as far as known, was better, but not alto-
gether reliable. Further rearrangement was necessary and had to be attempted :
but leaves were missing, some were in fragments placed anyhow, not a single leaf
was complete, and the connecting portions of the text were all wanting.

29. Dr. Hoernle attempted to arrange the leaves on the basis of the numbered
sutras; but the numbered sufras were too few and too unevenly distributed to
serve this purpose, and in some ways they were even misleading. The chief
criterion of order is, of course, the nature of the contents of the leaves, but I have
seized upon any means available that has offered any help towards the solution of
the problem of order. Had all the leaves been extant, even in fragments, the
problem could have been completely solved ; but some leaves are completely miss-
ing and many fragments have disappeared altogether, so that the problem is only
partially soluble. I have already explained how the knots in the birch-bark were
of assistance, and besides this natural aid there was the accidental one of the effects
of the method of storage. Possibly for some hundreds of years the bundle of leaves
was subject to a certain amount of pressure, and was exposed, particularly at the
edges, to chemical and other disintegrating actions. Some of the leaves stuck
together, the edges of all became frayed and certain leaves became so frail as to
break up into scraps when handled. On the principle that contiguous leaves would
be affected approximately to the same extent, we might, if no disintegrating effects
had taken place since the find, rebuild in layers the original bundle. But we know
that further disintegration has taken place, and is still not altogether eliminated ;
nevertheless, similarity in size and shape and mechanical makings were distinctly
helpful in rearranging the leaves.

30. The script was helpful in a general way : indeed it led me to differentiate
the “M ” section from the rest of the text. The language employed was also help-
ful, particularly with reference to the use of special technical terms; while such
examples as the following were noted after some order had been restored :—ghna
“ multiplied bv ” occurs only on folios 7, 45, 46, 57 and 65, all of which belong to
the same section (C); pratyaya, yuta and ripa occur very often but never in the
“M ” section, etc., ete. .

31. The chief criterion—that of the subject matter—could not always be- -
utilised, owing to the absence of all the actual connecting portions and to the

[ L ]
1 Tp the following notes by  find order ’ I mean the order in which the leaves reached Dr. Hoernle. This order is not com-
pletely known but Dr. Hoernle marked the order of certain of the leaves.

2 Tt would perhaps be more correct to say that it was incomplete, He placed leaves 10 to 18 and 60 to 63 in proper sequence.,
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numerous larger gaps, but occasionally it was definitely decisive : e.g., one example
goes from folio 6% to folio 66 and then to 64, another from 66 to 67, and another
from 29 to 27, etec. We also find the same topic spread over a number of léave}s,
and here it was often possible to reconstruct a logical sequence that must be in
some correspondence with the original.

Finally the numbered sw#tras were useful as a check and also as indicating to
some extent the relative positions of certain sections.

32. The problem of rearrangement, however, had not only to do with the order
of the leaves but with the order of the pages and also the order of the fragments.
In a number of cases the Bodleian arrangement places the proper first side of a
leaf in werso, and the fragments are very often placed with wrong leaves. The
illustration facing page 4 shows some of these fragments rearranged, and the table
on page 14 enumerates some 13 leaves placed with the obverse in verso.

33. The order now given does not pretend to be the exact original order : it is
merely a compromise. It brings together those portions of the remains of the
text that deal with the same topics. It is not necessarily a logical order according
to modern views : indeed, few medizval mathematical works exhibit such a logical
order. Neither is the order a final one, and probably it is not the best that could
have been obtained ; but a working order had to be achieved even before the de-
tailed examination of the manuscript could be completed, and now if the labour
were not too great I should be tempted to revise the order once more. Further, if
an attempt is made, as I trust it will be, to separate those leaves that are stuck
together, then the question of order will possibly once more have to be considered.

34. The following tables show the various orders—

BODLEIAN ORDER.

(The facsimiles shown in plates ii to xlvii are in this order.)

Folio. Revised order. Folio. Revised order. Folio. Revised order. Folio. | Revised order.
1 A1l 21 E 4 41 4 8 61 L2
2% A 12 22 EbF—~F1 42 M 18 62 L3
3 A 13 23 F2 43 M 12 63 L4
4 B4 24 F3 44 M 11 64 Ccé
5 C1i 25 F 4 45 CS8 65 C44+J2
6 C2 26 Fb547? 46 C9+D1 66 E1l
7 B3+CS3 27 A 10 47 M7 67 D6
8 B1 28 5t 48 M8 68 D4
9 B2 29 A6~T7 49 M9 69 D3

10 G1 30 J 1 50 M 14 70 D2
11 G2 31 D5 51 A6-17
12 G3 32 M3 2 A8

i3 G 4 33 M2 53 E2

14 Gb 34 M5 54 A 4

15 G 6 36 A b—~6 55 M 10
16 GT+H7T 36 M4 56 ChH

17 H?2 37 M 6 57 7

18 H3 38 Al-3 . 58 E3

19 Blank 39 Al-3 59 K

20 M1 40 Al-3 60 .1

c 2
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REVISED ORDER, &c.

o, | < .- S [

28 . Numbered| Find | 2 & - Numbered | Find | .2 £ . | Numbered | Find
5 'g Folios. Sutras. | order. ‘g g Folio. Sttras. | order. é E Folio. i Satras. | order.
A 1| 40°439*4>'4c4-38° 32 |D 1| 46v. 9 {H1| 16 v. I ? 30
A 2| 39°440c+ 38° 4400+ 39¢ 32 |D 2| 70 66 |H 2| 17 : 28
A 3| 4094 39°+ 38> | 32 |D 3| 69 64 | H 3| 18 | Pxxviii | 27
A 4|54 | ? |D 4] 68 64 |
A 5| 35 tEP D 5| 31 85 34 1] 80 ! 39
A 6| 5lb 4350 37 | D 6| 67 va. 62 |J 2| 65=. ; P ?
A 7|51 1487 ID 7| 88 60 |J 3| 41 ?
A 81|52 | 37
A 9|29 | 32 |E 1| 66 58 | K | 59 ! 1 9
A10 | 27+29 | 32 |E 2| 53 ? ;

Allf1 ix,x | 33 |E 3| 58 P |L 1| 60 | 4,1 ?
Al2 ]2 | 34 |E 4| 21 55 |L 2| 61 liii ?
Al3 |3 | xilixiv | 49 |E 5| 22&. ° L 3| 62 liv, Iv ?
g L 4| 63 1vi, lvii ?
B 1|8 P 48 |F 1| 22 v. 5 54 :
B 2|9 ve, 43 |F 2| 23 52 | M 1| 20 _ 26
B3|7v. 45 |F 3| 24 P | M 2| 33 25
B 4|4 { Xv, xvi 4 |F 4| 25 ? 51 M 3| 32 24,
| F 5| 26 50 | M 4| 36 23
c1ls | xviii 47 M 5| 84 ‘ 22
C 2|6 ‘ 46 |G 1 10 XXiV 42 | M 6| 37 21
CUnsl T s 45 e 21 11 41 UM 7| 47 va. 20
C 465V I ¢t la 81 4 | M 8| 48 | 19
C 5| 56v.r ! 16 |G 4| 13 39 | M 9| 49 vr. | [ 11
C 6| 64 | » 1a 6] 1 ? |M10]| 55 14
C 7|67vr g | P G 6| 15 XXV 29 | M11 | 44 v.r. 12
‘C 8|45 l |80 16 7] 16 =z 30 | M123| 43 13
C 9|46z 9 Mi13 | 42 18
l M14 | 50 v.z. 17

Norr.—R. stands for Recto, v. for Perso and v.R. indicates that the facsimile should be reversed.
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CHAPTER IV.

Ty CONTENTS OF THE MA\US(*R:(N

35, The z?w!“éi ong @;‘5 the manuseript "hat have been preserved are wholly con
cerned with ?frmﬁ@mrzf %?z* Hoernle deseribed the w o1 & in 1888 in the follow-
ing words’ - |

the work and its author are
- great variety of problems ve-
of 10 hcrsegj there are yoked
ther horses be able to accom-
nag.on the first day, and 3
tart of 5 davsy in what time
the ﬁrm ‘possesses 4 horses,
to - be Uy distributed
: : l{m mueh

1 be mef}mﬁ

SCT 1p5 being lost, both &
*s ‘uﬂ?nﬁemu It

estimate of the value
thig is, that, when the
" the @@n‘éﬁea s of the
& the most interesting

Ty

a gummary list of the contents of the work as far as its
753, analysis
Seetion.
systems of linear equations . ; SlEem A
Indetermi [ the gecond degree . . . : : . A &K
Arithme progressions SR R R R S B&C
Quadratic equubions - ¢
Approsimate evaluations of square-rools . . . . e Lo g
Complex: series . . . . ; S . F
Problems of the type x (I-a) (1-2a,) . . (1-a)=p ’ . .
The x::(:}m@:mixmg of the fineness of gold . . S . R
Problems on ;’érﬁj‘liﬁ{}“ﬂii} and expenditure, and profit and loss . Sy . LDk E
. . . M
Such is a very rough me} e ﬁf the wmk a8 it now st&ndb f %?‘erhaps the most inter-

35 /e & 30T 4 1
(i‘%flﬂb complete and was evi-

also of special interest
the epanthem type.
10ds of expiessing the
nd social references.

%ei af:}}e iy 1} sortance. bectmﬁ A
'v\‘f i ﬂi} pm‘v b@ 'descr;ibec’é; as

Eaﬁ work is s

, : 4 Ba m isleading to de-
rithnmetical ‘ioemw h@ﬂk No al%bnuca? vmbolism is en%p}oyed

s are often given in such a aeﬂeml form as to imply the complete
. the @i‘uﬁnw though au‘fhm?tlba? in form, ave veally gene-
mgeh?z} First 0& all a paﬂh({ﬂas }u}e is given, which is

38 Althou
seribe it as a si
but the solutions
general s(ﬁmﬁ@ B,
ralised fﬁzéén_ﬁ.’}:ﬁ@

t Ind, Ant, XVIT, 1888, p. 33.
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intended to apply to the particular set of examples that follows. These rules are
often expressed in language that would be impossible to interpret without the
Light thrown upon them by the solutions. The examples are themselves sometimes
trivial, but the solutions, often expressed with what at first glance appears to be
meticulous care, often redeem the examples from their apparent triviality. Proofs
or verifications are often given with some elaboration and on occasions are multi-

plied.

39. The work may be divided roughly into algebraic, arithmetical and geo-
metrical sections ; but the boundaries of these sections are not clear, and perhaps

1t WOl:lld be more correct to classify the problems as (a) academic, (b) commercial,
(c) miscellaneous. :

Judging by the manuscript as it now stands, the problems involving geometri-
-cal notions were comparatively very few, and we can only guess at the meanings of
the remaining fragments dealing with this branch of mathematics.

,. One pleasing feature is the small space occupied by commercial problems.
There is only one problem on interest, and a rather unobtrusive section containing
‘problems on profit and loss.

Those problems classed as academic are concerned with particular mathe-
‘matical notions that in early mediszval times had a traditional value and interest,
such as the epanthema, the regula virginum, certain indeterminate equations of
‘the second degree, and certain sets of linear equations.

The miscellaneous problems include examples where the chief interest is rather
in the illustrative material than in the mathematical notions involved; e.g., there
are problems concerned with the abduction of Sita by Ravana, the prowess of
Haihaya, the constitution of an army, the Sun’s chariot, the daily journey of the
‘planet Saturn, gifts to Siva, etc., etc.

40. Such, or similar features, are, howeyer, common to many mediseval mathe-
atical works, and we now turn to the consideration of the distinguishing features.
Characteristics that completely differentiate one such mathematical work from
another of the same period are generally hard to find and generally in order to so
differentiate we have to sum up a number of minor characteristics. The Bakhshali
manuscript is, however, almost unique in at least two respects of some mathemati-
cal importance. The first of these is the employment, of a special sign in the form
of a cross—exactly like our plus sign but placed after the quantity it aftects—te
‘indicate a negative quantity. The possible connexion of this with the Diophantine
sign and its value as a chronological test will be dealt with in due course. The
second special characteristic consists of the set of methods for indicating the change-
ratios of certain measures. This characteristic also will be dealt with in some
detail in due course ; and it must suffice for the present to point out that neither
of these peculiarities is very helpful in placing the work.

41. If the work were actually of the period to which Dr. Hoernle assigned it,
‘then by far the most remarkable feature would be the employment of the modern
place-value arithmetical notation ; but Dr. Hoernle’s estimate of the age of the
work was wrong and the occurrence of this notation is a common-place matter. It
draws our attention, however, to the skill of our author in the manipulation of
numbers. Large quantities are dealt with and one particular number contains
923 digits. These large numbers do not appear to be given for mere effect for they
oceur quite naturally as the result of a rigorous logic. Indeed the author seems
generally to prefer simple numbers.
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These lar g@ quantities again lead us to note other rat h@r spemal charactells»
tics of the work, namely the apparently over-elaborated exposition of the “ work-
ings ” of the solutions (to which further reference will be made), to the preserva-
tion of the generality of the solutions throughout such workings, and to
the consequent necessity of preserving the quantities that occur so that the penul-
timate statement s«aa& 1l involve the whole formula. That is, although every opera-
tion is arithmetical in form, the quantities involved are not “simplified ” or " can-
celled 7 without ‘apa@m al justification until the final result is achieved. The
{(unwritten) ruie foilowed by the author was bomethmg iike this: The integrity of
the method of solution must be preserved, and so long as it is plesenecf the calcu-
lation may be simplified—otherwise not. Indeed the numerical quantitiesin these
probleing are tre almost like algebraic symbols." ‘

. There is no actnal algebraic notation employed bu
aﬁgmear% to be indicated in certain examples by the usu:
which symbol, however, is never the subject of operatior
regila fﬁw% i8 @ﬂ’*}gfm*edw—wmrsa’oh' because of the lack
Neither is there anv symbol of operation. The negative s
to, 1s never used as such.  Operation is generally mdlca,tesz

‘the unknown quan‘ufv
“symbol for “nought,”

Where it occurs the
an efficient symbolism.
1 (), already alluded
by some definite ad hoc
@x&mple are indicated
in the umdew WAy i‘““‘ﬁ’@ without any horizontal bar hetween ifhe numbers, and some-
times division proper is so Is’ééwa’w& ’

term but amsﬁmm@w‘ by velative position. Fractions, for

2

-~ 43. 1f we considered the Bakhshali text to be a WO}%: s}f pure Indian origin,
then 1t would be also unique in another respect, namel the rather extensive

il

emgi@ymen? of the Mi‘ﬁ&i‘% 100t rule that may be eapressegé ﬁv VATED = A+Db/2A.

For thig rule, the

arly history of which is well known, wap never used in the ealh
fo any extent, whereas the Bakhshali text employs it for a com-

paratively lavge nuinber of ﬂﬁﬂﬁ}}l% and applies the uﬂe to second approximations
1z a very thorough wianner. - -

On the same

Jn the «amgymﬁ as to an Indian origin the use of the sexagesimal
notation 1 connexion with an apps”@mma’mon to a square-root of a non- a&‘rmnmmcal
quantity would he “suqﬁa ‘but it may be noted th?ﬁ_ there is only one such

example preserved and this s given in a rather timid way, and the notion involved
1s not pursued. i

44, Whether of a purely iiﬁd}_aﬂ origin or not, the work is Indian in form. It
is written in & sort of Sanskrit and G'eneraﬂy conforms 1o the Indian text-hook
fashion, but there are certain apparent omissions.  Perhaps the most notewor thy
feature of the figwmﬁd Hindu texts is their mea‘nment of indeterminate equations

“of the first degree, while their greatest achievement is the full solution of the so-
called Pellian ¢ squation, A gznai‘ part of the texts of Bmi‘sm&éupta Mahavira and
Bhaskara are devoted to one or both of these topics, but there m’ﬂo evidence of
either in what remains of the Bakhshali text; and this apparent omission is the
more noticeable, inasmuch as there is evidence of considerable gkill in the treatment

{“)I systems of line P(é&aﬁl@}}s and certain indeterminates of the second degree.

Another @m}%w“zm 10 note is of 5 different, dmi'ae‘ter altogether,  Every early Hmdu
work of this kin d has a seetion relating to the “ shadow ol a gnomon,” but in our
text there is no evidence of such a section. We mugt not, %z@‘wevei pay too much
aftention to these apparent omissions. The possibility of entire sections of the

negative em&eme and a mutilated

s

kmanmmqﬁ: be ’kg.{imﬁ*m(—»:fi 18 not great, but
' m&mz%empf: do not carry us very far,
%

B E WL B I L 1) , i L T - ‘ . . R &

%

These romarks do not apply to the * M seetion,
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Non-mathematical elements.

45. Many of the mathematical examples contain references to the affairs of
gods and men and some of these references are of rather exceptional interest. The
names of certain deities and semi-historical beings occur, and there are references
to legends which may give some clue as to the origin of the work. Of interest also
are the animals, crops, metals, etc., mentioned. Before indulging in conjectures
as to the significance of these references it will be convenient to exhibit them in
some sort; of order.

46. Srva. The name of Siva occurs on a fragment (folio 50) that appears to
exhibit a sort of colophon, in which the gift of caleulation to the human race is
attributed to the god. The actual name Siva occurs nowhere else, but another
name of the god—Sfilin—is given on folio 34, where the example refers to certain
offerings made to him. On folio 44, in a similar example, part of the expenditure
is in offerings for Si°, and this, it is conjectured, stands for Stlin. The term Devi
occurs (folio 49) and probably indicates Siva’s consort.

The significance of these references (which all occur in section “M ”) is em-
phasised by Dr. Hoernle’s remarkable claim that the work is Buddhist or Jain.'
This appears to have been mere conjecture, for we find nothing whatever in the text
that conflicts with the Saivism indicated. Neither is the authorship of the work
by a follower of Siva in any way surprising, for, it may be noted, Kashmir Saivism
hegan to re-flourish about the tenth century A.D.* and Kalhana was a Saivite.

VAsupEva is a name applied to Krishpa. The phrase that occurs (folio 44) is
vasudevasya chdrchanet.

Suras AND AsUras. Suras are generally classed as minor deities. In our text
(folio 33) they are said to dwell on Sumeru. In the same context Asuras, demons
or enemies of the gods, are contrasted with the Suras. '

RixsHARAS are classed as evil spirits bitt are not generally very clearly defined.
The term occurs on folio 65, recto (part of a double leaf, and perhaps not correctly
placed in section J). The problem, which is concerned with jiva-loka, is not under-
stood. ' :

StppHEAS AND VIDYADHARAS. These two terms occur together on folio 37,
where the chariot of the Sun is said to be guided by the god Mahoraga among the
Siddhas and Vidyadharas. The Siddhas are semi-divine beings of great holiness,
who dwell in the region of the sky between the earth and the sun, while the Vidya-
dharas are inferior deities inhabiting the same region.

MamoracaA is Sesha or any other great serpent. The connexion between ser-
pents and the Sun is supposed to be somewhat intimate in certain mythologies but-
I have not found the source of the present reference.

47. Sirk. The name Sita is not actpally preserved in our text, but on folio 32
is an example based upon her abduction by Ravana. The tale is that Sita, the
wife of Rama, was carried off through the air by Ravana, and that, in order to °
attract the attention of her helpers, she tied up some jewellery in a garment and

v e

4
1 Ind. Ant. XVII, 1888, p. 38.
2 See R. (. BEANDABKAR, Vaishnavism, Saivism, ete., pp. 129-131.
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50. The collection of animals is limited to elephants, horses, camels, cows
buffaloes, snakes, a worm and a vulture. There is little of significance here butg
the occurrence of camels points to the north-west of India, There are, however,
two classes of horses mentioned (asva, haya) ; for example, one problem deals with
cevtain numbers of asva, haya, and ashtra (camel). Dr. Hoernle translated haya
by “ yak,” which would be interesting if it were justifiable ; but on one occasion the
two terms seem to be used synonymously (fol. 8) and the “ horse ” of an army are
designated haya and turaga (fol. 47).

Of food stuffs and other commodities we have wheat, barley, rice and saffron
(this combination being of some significance’) ; gold, iron, salt, molasses, and ()
lapis-lazuli (ambhaloha).

6l. The mention of a boat sailing against adverse winds is not necessarily
“local colouring” but we must assume that it was, at least, comprehensible.
Chariots (ratha) are mentioned three times—twice it is the chariot of the Sun, and
on the third occasion the chariots form one section of an army, which is said to
consist of chariots (ratha), elephants (gaja), foot soldiers (mara), and “horse ”
(haya) in the ratios 1: 1: 5: 3. Certain “divisions ” of an army are also men-
tioned, namely chama, pritana, anikin? and akshauhini (fol. 47).

52. The references to religious matters are few but are significant. We have
already mentioned offerings to Siva, Devi and Vasudeva ; Brahmans also appear to
have been fed ; other gifts are “ for the sake of reverence ” (pujartha), and for hopes
for “the future world ” (paruloka), etc. The “supreme spirit” (paremdtmana)
and ( ?) “creation ” (s7ishiz) are also referred to.

Is the work homogereous !

- 53, In my first examination of the manusecript I noticed that the writing was
not uniform, and that, in particular, certain leaves differentiated themselves from
the rest by a bolder and, on the whole, a better style of writing ; and I distinguished
this set of leaves as the “M ” section. This early differentiation was a most useful
one for it marked not only a difference in style of writing but also one of matter.
Indeed this “ M ” section proved to have so many peculiarities that the idea that
it was possibly a separate work could not be ignored. But the rest of the manu-
seript is by no means uniform in style of writing or anything else, and I am not
convinced that the “ M ” section is the work of a separate author, although I rather
suspect that it is. It.is, however, pretty certain that it was the work of a separate
scribe ; but, as there are slight indications that the other port-ion§ of the manu-
script were dictated, this does not affect the question of authorship conclusively.
I cannot point to any definite evidence of dictation that would bear examination :
it is rather an impression received.

The peculiarities of the “M " section, although they may not prove hetero-
geneity of workmanship, call for some special mention and are here summarised.

1. The script. .

(o) The writing is bolder and, on the whole, more uniform than that of the
d1I0SNURUL 9T JO 1801
i .
' .
1% Saﬁmﬁ {(Funkume) has to the present day remained a famous product of Kashmir” Sraix, Rajatarangini 11, 428, We
ought also to mention bireh-bark, although there is no reference fo it in the text.
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- {b) Flourishes or extemwn of the bottom end-strokes are common. These
flourishes occur particularly an the end of lig atures, but also in the
cases of the numeral figures “5,” “7” and © @ ” and even in the case
of the stop bars, and @ccasmﬂally they even oecur at the ends of the
i ame-works of the “cells "(e.g., see fol. 47, es,w}‘,

léhe numerical symbols of section “ M 7are bh@'i?*ﬁ. in Table IV (7) line
where the iaepwd 6 7 should be noted. th% is a useful but not an
m a%}%ﬁﬁ riterion. ;

{dy 1 é he i@ﬁ wing table relating to the formation of tﬁ“g medial vowels a, 2 and
08 ta k@ﬁ from Part 11

Medial a1

i ‘i 0 ‘0"
FMC m@ e 0% 100% 82% 36%
\E ho % 76% 5% - 156% 10%

appears to be very definite indeed, but it must
at such criteria only appj v in the mass, that the
ab{ 4l ﬁ%imbez @f ; 1t examples is only 19, and «o on.” For a Fuller dis-
3! f these inte febtlﬁﬂ statistics see Part I

11, It is curious t hm all the mythological and seml-}zdsmrical references (see
Sections 46-—48) ¢ in the “M7” section. Indeed this section is peculiarly
Hindu in contrast w‘n; the remainder of the manuseript. ‘

111 The mather mmma“i conténts of the “ M 7 section ‘ﬁum be described as mis-

ke

cellaneous probles Wiﬁm are generally seived E)V simple “rule of three”; but
a special feature is the cccurrence of numerous “ measures ” and a special method
of exhibiting their ﬁé}&ﬁgmmti@s But, of course, these points in no way indicate
e an enmrely different

a separate work—rather otherw ise—for if section “ M ” s
work we might expsect some duplication, and there is none ,zm

IV. The method o e}mo%}tmﬂ is somewhat different. The example is followed
by a statement and ﬂ;i dl%W@}; is then gwen generally, without any detailed work-
ing, and generally there is no “ proof 7 or verification. Theve are, however, excep-
rlons. ' '

V. There are éﬁiﬁe} ces in language. Certain techﬁééiaﬁ terms that are ex-
tremely commion in the rest of the manuseript do not oceur, e.g., pratyaya, yuta.

* The syrabols tised here are mevrely muemonic:. See page B4
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CHAPTER V.

Exposirion axnp METHOD.

54. The text consists of rules (s@éras) and examples. There is no explanation
whatever of the processes by which the rules were obtained, that is, there is no
ma,t‘hgma,tica,l theory at all. In this the work follows the usual Indian fashion, as
exhibited in all early texts. But there is a good deal of mathematical theory im-

-plied, and the rules and examples are often set forth in such a way as to convey the
principles followed quite clearly to the student. )

5§. The rules (sutras) are written in verse and are generally numbered ; and
often in the solutions of the examples phrases from the sutras are quoted. When
Dr. Hoernle tried to re-arrange the leaves of the manusecript, he took the numbered
sutras as the basis of his order, but they were too few in number to lead to a satis-
factory result. These s@tras do not represent, as might be expected, the most
valuable part of the text. They are usually of particular application rather than
general and are often very obscurely expressed. '

56. The examples given are generally formally stated in full—without the use
of notation or abbreviation of any kind ; and in mest cases they are stated in verse.
They are introduced by the term wdd@, an abbreviation for udaharanam “an ex-
ample.” After the question sometimes comes a formal statement with numerical
symbols and abbreviations, often arranged in cells. Then comes the solution or
working (karana), and here, sometimes, fragments of the sutras are quoted.
Finally come demonstrations—often more of the nature of verification than proof.
Generally these demonstrations, by the aid of the answer found to the question,
rediscover one of the original elements of the problem ; and sometimes several such
demonstrations are attached to an individual problem, but sometimes the variation
is merely a matter of the form of statement.

The full scheme of exposition is therefore—
Sutram or rule.
Udaharanam or “example” : indicated by uda®.
Sthapanam or “ statement.”
Karanam or “ solution.”
Pratyayam or “ verification.”

The end of each siitra is marked after the last example by the device —ee o
and the number of the sitra is also given at the end.

57. The method of grouping sets of figures is of interest, and shows features
in common with medizval Sanskrit mathematical manuscripts, where also it is
the practice to place groups of numbers in cells. In our manuscript, however, this
fashion is rather more elaborated than in any Sanskrit manuseript I have examin-
ed. The mathematical possibilities of this scheme do not appear to have been
realised and the student must always be, careful to interpret any group of figures
from the context, and not from any similarity with other groupings. However
there is a certain amount of consistency in the arrangements, as the examples ex- °
hibited below will show. The real purpose of the arrangements appears to be to
prevent, confusion by demarcating the numerical figures from the text itself. The
text is often written almost indefendently of the figure groups, and a word may be
arbitrarily divided by the cell arrangement. which may als? cut intg_sever@ !‘1{168‘ o

-~ of the text not necessarily connected with it. The economic necessity of utilising
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the whole of the writing surface of the bm ch-bark available seems to have been the

determining ﬁ"swm |
may be helpfv

The text itsell should be consulted bm, the following examples

{a) jmwgmfé numbers occasionally cecur without “&y marking off by lines
or cells, but often ,
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-+ (9) The data of the problem and the solution may be indicated in one com-
: bined statement, e.g.

4 a° chhe® 2187% '
1 1 |

phalarh  dara 2624400

'This is a statement of proportion where the second term means 16 (1+1) (1+ 1) and
the number marked with an asterisk is a change-ratio.

()1 0] 21 3 31 12 4 | dii® 300
111 11 11| 1

may be roughly expressed by means of x+2x+3x3x+12 x 4x=300

58. 'The use in our text of the sexagesimal notation in the form in which it
occurs is of rather special interest, for there is, as far as 1 know, no other example
of the kind in any of the classical Sanskrit works. The Hindus, from Aryabhata
onwards, were well aware of the advantages of the sexagesimal notation for astrono-
mical purposes, but they never used it for arithmetical purposes.

Apparently there is only one purely arithmetical example of the use in the
text and this example occurs, in connexion with a problem in arithmetical progres-
sion, on folio 6, verso, and 7, recto, where the fraction 178/29 is expressed
as 6+8' +16"+ 33“+6"5. This sexagesimal frastion is actually written thus—

60
.16 cha®
60
33 Li°
60
o}
L 60
- $e® 6
29

The upper three figures are missing in the manuseript but the restoration is certain.
Of the abbreviations l:° stands for liptd (Gk. lepté) which in Sanskrit works or-
dinarily means a minute of arc, or the sixtieth part of a degree; v¢° stands f}or
m’lz’ptd: ordinarily a second of arc’ : Whﬂ.e $e® stands for Sesham or “remainder.’
The purely arithmetical (and perfectly legitimate) use of the no@ation her'e .
points to extra-India influence, for, although such a use 1s unknown in Sanskrit
works, it was extremely common in medizeval Muslim works. '

| . ‘ ' -

1 On: félio 37, verso ; lipld and viliptd are used © astronomically.’
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Tt will be noticed that the term lipta here applies to “ third parts " instead of
“first parts,” and wvilipta to “fourth parts.” The abbreviation cha® has not yet

been traced to its ovigin,

59. The modern place-value arithmetical notation is @mployed.throughout the
text and there is not the slightest indication that, to the author, 1t was a new or
strange invention. There is nothing in the slightest degree rema.‘r‘kable_av in the
employment of this notation in the text, neither is thers in the text the slightest
indication of any other evidence that makes the employment of this notation in any
way par‘ti@u*}fﬁ% noteworthy ; but its occurrence in the text hagbeem,gwen an arti-
ficial 1mport: by the arguments of Dr. Hoernle and Dr. Biihler about the age
of the work. is topic will be discussed in some detail in the chapter dealing with

the age of the manuseript and the age of the work.

symbol forthe
“nought 7 or ” 2
“empty, acyphe

:’ygneraﬂy employed, but a
-ithmetical symbol e for
‘ed to by the term Sunya

or “ empty place.”™

v indicated algebraic symbols are not
nown quantity is. This symbol is.the
" and on several occasions it is refe
" and in some places by sanya sthan

The symbol oceurs some twenty times but only in sections B, C, F, G, H, K.

Ttz employment is illustrated in the following examples - -
(1) oY 1 uw® 1 pate

This is a “ statement ” of an arithmetical progression where the first term is 1, the
common difference is 1, the number of terms is unknown. and the * quotient ” is 10
(where 10x=1the sum of the series). Here the symbol ¢ simply indicates that the
number of terms (pada) is unknown, ¢.¢., that the place in the statement is empty.
The symbol does not enter into ‘any operation here or elsewhere. The giving it a

~ denominator of unity is curious and really indicates that it is an integral number.

iy 8% 5 u® 6 pa® e | dha® & |
’ [ 1 e 1 A

PR o | |
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suins also are the same in both cases,

(i) s 1 1 1 1 bhav de° I

) (] 1—-4) (1-4) and since this is a deduction from s

ct step towards a proper algebraic svmbolism.

which means x-

1)
5 o " ks
problem it is a

3

{iv)

2 3 4  dyishya 200 |
| S 3 # 1

s
1
x

sented by x+2x+3x+4x=200. But the method of solution is
Any number is put in the place of the » and the sum of the

& o

which may be repre
by the regula falsi.
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W worss proper thedot is the simbol fornegative quantity, and the vere gymbol is a small circle.
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series is obtained. Here the given sum multiplied by the assumed value and
divided by the (false) sum is th?, correct solution. The connexion between this
method and that of operating with unknown quantities is discussed later on.

(v) e S5yu mil e = 83 e 7 mi e |
1 E

1 1 1 1 1

. ®
‘which means x +5=¢°, x—7=t". Here the symbol 1 stands for three different un-
known quantities. It simply indicates in each case an unknown number.

Negative sign.

61. The only distinct mathematical symbol employed is the sign for a negative
-quantity, which takes the form of a cross + placed after the number affected. This
1s peculiar and has given rise to discussion. In Sanskrit manuscripts a dot before
the quantity affected is the usual method of indicating a negative quantity. In
the transliteration of the text the original negative sign ( +) is, perhaps illogically,
Ppreserved ; but it is a rather special feature of the manuscript, easily printed, and
leading to no ambiguity.

On this negative sign Dr. Hoernle writes® :

** Here, therefore, there appears to be a mark of great antiquity. As to its origin I am unable to suggest
any satisfactory explanation. I have been informed by Dr. Thibaut of Benares that Diophantos in his
Greek arithmetic uses the letter ¢ (short for Zrasiduc) reversed (thus 4) to indicate the negative quantity.
There is undoubtedly a slight resemblance between the two signs; but cousidering that the Hindus did not
get their elements of the arithmetical science from the Greeks,” a native Indian origin of the negative
. sign seems more probsble. It is not uncommon in Indian arithmetic to indicate a particular factum

by the initial syllable of a word of that import subjoined to the®erms which compose it . . . . . The only
plausible suggestion I can make is, that it is the abbreviation (ka) of the word kanita, diminished.” (He
also points out that the letter % in its ancient shape as used in the Asoka inscriptions is a cross and goes
on to say) ‘‘ Another suggestion is, that the sign represents the syllable ni, an abbreviation of nyina,
¢ diminished.” The akshara for ni (or nu) in the Asoka characters would very closely resemble a cross (+)
,,,,,, However for the present, the question musf be left an open one.” '

With this last remark I agree and I would at the same time point out the

danger of attempting to trace an isolated symbolic form back through the ages.

The suggested connexion with Asoka times is only part of the special pleading for
the extreme antiquity of our manuscript. The striking resemblance with the Dio-

‘phantine symbol, so lightly discarded by Dr. Hoernle, is of interest, but lacks sup-

port. From: fhe time of Diophantus to the time of the Bakhshali manusecript is
100 great’ to allow us to ignore the lack of other examples.

Abbreviations.

62. Abbreviations are employed to such an extent as to become, at
times, embarrassing, and they embrace almost every type of term. Nomne
of these abbreviations is used in an algebraic sense, although, at first sight, when
we find a°, u°, pa® used consistently for the elements of an arithmetical progression,
an algebraic symbolism does not seem v&ry far off. But «° %a®, @° go® are the
abbreviations of names of animals, ya°, go°and sa® of plants, ete., etc. The names

1 Indian Antiquary, xvii (1888), p. 3 .
* They got a good deal from them, and practically all their later astronomy came from the Greeks.
3. But Dr. Hoernle assnmes that the Bakhshali text was practically contemporaneous with Diophantus !
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of ~ meagures, which are numerous, are nearly alway% abbreviated. Certain
common terms of mwem’tmn are often abbreviated, and of meﬂse the following occurs

most ﬁften i

bha® for bfmz;a placed after a term to indicate that d: g.;:s a divisor.

$e? for Seshuri, a remainder.
mu® for maulan, a root, a quantity that has a 1oot, capﬁ:a}

pha® tw p&awm an answer.

Indeed the writers seem: to have used abbreviations whenever there was no
ambiguity incurred in their own minds. We are not so fortunately placed in this
matter and @wabmxml}ﬁf it has been impossible to redlscows“ the term implied.

Iundamental operations.

63. Eﬁ h@ classical Sanskrit W@rkq there is generalh very little formal infor-
mation about mathe mamcai principles and method. Axioms or postulates seldom
or never oceur and strict definition is seldom attempted. Rules are of parmculal
application rather %mz} gbﬂ@f}j order appears to have been a matter of conveni-
ence rather than logic; and the fundame ental operations receive scanty attention.
In a work that is gsgmmhv Indian in form we must not, therefore, expect much
tormal attention fo such matters, and, indeed, in the Bakhshali text there is little.
We cannot even tell how the detailed processes of such opérations as multiplication
and division were actually performed.  All that remains are the formal statements

of terms and .Efffqv?i 5 and all T can now present, are examples of such statements.

i

54. Bz{fm}gﬁé £ addition
(@) 960 64 yutarm jatarh 1024
by sa riupath | 13 |
o ” 3
(e} a9 ripa samyutam | 3 J

() 8§40 49 datvd jatar 889 .
(e} 924 | 836 | 798 | esham yutim kriyate jata 2558
(H 120 ] 90 | 80 | 75 | 72 | esham yoga kuite jata 437

(gy %S%f} | evam 377

="

oy

i
o

10 | 30 | 90 | ekatram | 130

{a) 960 and 64 added ; 1624 18 produced.  { {h) pius umty»«’ 5. 1e) 2'and gnity add Q& topether=— ¢
“to 840, 889 is produced. (¢} 524, 838,798 » the sum of these may be determmec% they prij&u{czg 2 5?8 ?f) ég(;i ’anggl%ge?;; gl‘éﬁn
sum of bhese iz made: $hey produce 437. {7} 120,90, 80,75, 12: thus 377, {RY 10. 30, "%G altogether 130, - ¢

E
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(¢) / 29 f 7 anena yutam ;‘36 f

48 48
ij | 58
k) | 5 4 1] 1 p | 1
/ ; ¥ ], f 0 de %g{ evam 16
()) 45 sardha traya yutam 52
2 2
65. Examples of subtraction
(@ | 5 | 9 | videsham | 4 |
(b) [ 3 2 | videsham 1
2 1 2|
(¢) i 5 ’ . 3 | rahitam jatam } 2 !
A —— |
(d) 6 | 3 suddhi ! 3
(e) } 42 | tryinam = 39 f
(N ‘} 3 } 7 | visoddhya | 4

( |

— i i

(9) | 77 | 294 | patya desham | 217 |
L1 ou u

oo

66. Examples of multiplication.

|

{a9) | 2 | dvigunam 4{ 4 }

| T

(D) | 30 | ashta gunam | 240 l

(¢) | 2 40 J gunita jatarh 16
L5 1
{(d) 4 1 | gunitajata | 27 |
L1, 8
2 4t .

- . {4) 2928 by tnis (7) increased=3628. (%) 5341013 thus 16, (J) +® with three and a half added=17, con '
{2) B, 9: the difference is 4. (b) 3, 2: the djfference is 1 ()5, 3 : subtracted, 2 is pr'oduced. .(dz)'fi; 33 the difference is 3.
(e) 42 less three is 39, (f) 8. 7: having subtracted 4. (g9) 1%, 22% : having subtracted the dlf[.erence is 2% ) .
(@) 2 multiplied by two=4. (5} 30 multiplied by eight=240. (¢) £ and 40 multiplied : 16 is produced. (d) 1—% and 4} multi-
plied 37 is produced. '
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(e} . .8 1 | anena gunitam jatam @ 4
Sy g L 1
ek Wy 3
4T 2
) 2 8 | 4 gunita jatam 2
3.1 4 15 ' 54

phalam 16

(k) | % | 4 | abhyisam 12

(i) . 8  dtma gunam = 64
(7} 964 | gupita jatam | 348320

178 | anena gunpitarn jatatmh | 65593

pada-g ves 6455040625
P 3227520000 |

(m) 405280 | 44004  sarngunya jatarn | 179945781120
L 38724 | M8 2999096352

{
§
i

67. Division. Fractional quaﬁu‘meb are expieswd in the usual Indian way

vith the numerator written above the denominator without any dividing line, and

they are usually placed in cells. This indication of the cperation of division often
does away with the necessity for an explanatory word or @?ﬂaﬂe

;hzmmp}.e of division.

& | 168  labdharh 42 328 I 24

4. - 6 7

¢

(6) | 4 | vibhaktamn [ 1 35 gunitash | 36
¢y 1 10| ; 3 | vibhaktvarh 10 |1

(;) & and Tl ?y%m%f iy multiplied, 43 is produced. - {).% & £ multiphied, £ s oduged, " {g) 40 (1% Y g (1)
=16 (A} 8 40 theproduct s 12, () & multiplied by iteelf=64. - (f) 880, 284 mul ted s Sffng is pmduced ¢9] 73; 1;3’
by his (L) mulbiplied, £ i produced. (1) 2920 yaultiplied by the number of wum {58428y o 0.405.000,6%5 (m) 405280

: e D) s d #92001 7 3 99759 000" T ¢
AN havmv ranlfiplie : ce;femm s 129 55 produced.” |
AEE £ 2 ;r; i“%
\ (et Labdham gqg@ﬁi@zﬁa T_‘,}ns,! per.;}‘)hta.stw ‘ex:posgtwn is common-——the divisorig frimed info & multiplier by being inverted.
The example here means 1.4 ==}, which multiplied into 35:=%8. (¢)'10, 3+ having {L i ed~ 19,

B 2
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(d) 447 dalita 447
29 58

(e) 132 vartyam jatam | 4 !
33 1|

(/) 798 projjhya 798
1463

(9) 2558 chchheda projjhyar 1095

(h) } 60 { anena drishyar bhajitam { 1 300 | jata l 5 |

Square-root.

68. The method of extracting square-roots exhibited in the text is of special
interest. The rule is much mutilated but as it is given on three separate occasions
the fragments pieced together enable us to give the complete sutra :

akrite slishtha krityGina $esha chchhedo dvisamhgunalh tad vargah dala
samslishtha hriti éuddhi kriti kshayah

This means somewhat as follows :(— .

The mixed surd is lessened by the square portion and the difference divided
| by twice that. The difference is divided by the quantity and half
that squared is the loss. )

Then follows a note to the effect that “ by means of this rule an approximation
(anaya) to the proper root of a mixed quantity is found....”

The rule as it stands is cryptic and hardly translatable, but fortunately there
are examples given in some detail, and these show that the rule was extended to
“ second approximations.”

The rule means that the first approximation to /Q= /A%+b is A+b/R2A or q,; but q?—Q=(b/2A)?2

=€

1 *

No rule for ‘second approximations’ is preserved but there are several examples; and, of course,
. . — . 4A% & b? o
no fresh rule is really required,’ for ,/Q=,/q} —e;c>q, - ¢, /%, =A+ m, and the ¢ second error’ may be
. [ b\4 b .2
indicated by e,=(e /20, ={5x) /4 (A + 7/

() & halved=447. () ‘2 reduced gives 4. (f) Having discarded the ‘denominator ;%% becomes 798. (g) 2558-—1463=
1095 whei‘é 1463 is the denominator of the fraction. (%) By this (60) the known quantity (300) is divided and & of 300=5.
) . — b b . ; AN b
1 Note that if ./ A2 L p=r then r= +. 2 ST, The text uses r'—=4 oa T /=A+5— b _ 4A% 4 b?
o + AT 2?} A+ o + 24 2A+_:*z>_ = At

b 9
"= A4+ " b — 24b
but not ¥ +2A+ﬂ——A+4A’+b.
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- All the ex ampi@s preserved belong to section C and a;ggaear to be merely subsi-
diary to the selution of certain quadratic equations atising out of problems in
arithmetical progressions. These problems will be found fully worked out in § 86
and I give here merely a summary of the square-root evaluations.

: SR e Tt 5 45 74.5 ]
’g; N 44 s ’36&1%; an& § == }—5 while & 44 and 4= 1848 :
1 1
(i) ‘v’“ =4/100+5 and ql—wiﬂ i 8 =g qz"—:lozn—_ﬁ;
: 2x 10}
7::“ 9';'*'“}, r»—- i
78 (2 = ol) 107084
L 140 ey 1r40Y2 1600
i) /481 = /217440t ; g =21 28 8(42) 14112’
90 20Ny 0120 19020 ey )4 /( Gie )z 160,000
_i.i,ng}gr 5i) [P =005 g % “1 2,999,006,352 °
A e T 48 @ 1ygd8y2 24
I s Lo =
s e %) =ar
FL Bre. 225,088
v} 3368009 = /DT T08 :)‘;92}%; s L pygDLs 220,088

777, 3@7 BOGT

[

5 1,743,271,936

Bd 7.25 048% 394,675,000,000¢

69. Thers 15 not 1mich doubt about the exegesis of the rule. Tt was npither
connected with co yntinued fractions nor with the so-valled Pellian equation.’
Brahmagupta gave the converse of the rule, namely (A« %) ~A*+2Ax from which
the square- m}‘%s ule given in our text is rﬁmedmtely deducible. But, as already
pointed ou ‘ Lare-root rule itself was not used by the Hindus and was not
even noticed by them until the stxteenth century.® In deed the Hindus had a very
> of their own, which was given by Sridhara (Trisatika, 46) and
“Bh @Skam (7 3}5,) sati, 138), namely—" Multiply the gquantity whose square-root
any large square number, take the square-root of the product
Wégmrmc 01 z‘f M ount H}@ e‘emagnd ey—and divide by the square-root of the multi-

plier.” For example /41 = /41 x 1000000 + 1000 ~ 6:403+

ThlS viihe W

use E in {“Oﬂjuhﬁ’jﬁﬂﬂ with the usual &mderﬁ smciame square-
root rule, which dates 3 ‘

it least from the time of Heron.

The exa}m%» in the text may be further convenientiy summmarised thus :—

o & @ g (approximately
‘ 3 | 1% ’ correct),
641667 640313 6-403124
481 - 21:9524 219307 .. 21:9317122
B8O 90-828 - - 29-8161030
336004 . 579664 5796615 57965 .. .

¥ The form. .J:f%;
spproximations,

Note.~The Appmmm to Chapter vi (page 53) may be helpdul to those whdbare interosted in the details of the caleulati

1 For a full diseussion of the topic see P. Tanwgry Mémoires seientifiques, iii Pp. 1,\(% ; and T1, pp. 15741 lations,

5 A short historieal note is given on page 45. : 2k .

B 99 Aﬁ;: 2147 suggests Hself ; bub the negative gign ¢ not appear to have been used in first
been o




“ Rule of three.”

70. The term trairasika “relating to three quantities ” occurs about a dozen

* times—always employed in the sense of arithmetical proportion. Most often it

occurs in the phrase pratyayae trai-rasikena or “ proof by the rule of three ” and the
proportion is generally set out in the following manner—

; % 411 { phalam 14?

1
1
2

i

which means % : 13 :: 4 : 18.

The term trairdsika is orthodox but the term phalam is used throughout our
text quite appropriately as equivalent to “answer ”, and is not applied to the second
term of a proportion as in the Lildvati.

There are very many examples of the “rule of three ” used either as the direct
method of solution or as a proof. There are also some very much damaged ex-
amples of what appear tc be problems in so-called compound proportion. There
is nothing of the nature of a theory of proportion discussed but several examples
of the following principle occur—

Regula falsi. *

71. The rule of “false position” or “supposition ” is used in two ways in our
text’ in solving linear equations.

(i) f (x)=p is solved by assuming a value e for x. This gives f(e)=p’ and the
correct value of x is ep/p’

An example is

The amount received by the first is not known. The second receives twice
as much as the first, the third thrice as much as the first two and the
fourth four times as much as all the others. Altogether they receive
300. How much did the first receive ¢

Suppose the first receives one, then the second receives 2, the third 9, and the
fourth 48 ; or altogether they receive 60. Actually, therefore, the first received

300/60=5.

(ii) If f(x)=p reduces to bx+c=p and f( e) =p’ reduces to _be +e=p'
then x = (p—p') /b +e, which appears to have been considered useful when it was de-

sired to keep b and ¢ unchanged.

t No rule is preserved in the text but Bhiskara gives the followipg (Lildpati, 50).

€ d at pleasure is treated o specified in the particular® question, being multip-ligd and divided, ra,i'se'd and
ﬂimjnif]i:ﬁ nﬂ;nbfi;:ts;?sl? :hel;l the given quantity, being multiplied by the assumed number and divided by the result yields the

number sought.”
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For exa,mﬁs it X, +x,=8, Ky Ky = A, X, +X, =8, i
we have 2x, + (a,~a,)= &3 ; a,nd zzﬁ' in place of x we put e th%:‘*ﬁ 2e+ (a,—a,)=a, an
the correct vﬂuﬁ of %, 18 (a,—a/,)/2+e

2. This vule of “ false position ” is interesting as bems;w in a way, a precursoy
of @lgem aic symbolism. It connotes the idea of an unknown gquantify and even of
a symbol for that 4 z,mﬁmw (e.g., as in our text) but it does not embrace the noticn
of such a a quantity being mb}@ft to operation or being 130‘5&%@6?1 As soon as we in-
troduce aigéﬁ;ra"% symbols the rule, as it were, disappears. Algebraically the rule
solves bx=p by x=ep/p’ where p’ '=be, which shows that the transformation from
bx=p to x= wi Ef; was not coneeived.

Therm is no al gebraic meﬁhsm in our text but it may be noted that Bhaskara
gives both the regula falsi and also an early form of aigebffm symbolism. Neither
Aryabhata, Brahmagupta nor Sridhara gives this rule or makes use of the prin-
ciple. Its ocenrrence in the Lilavati therefore seems to msﬁca’se that it was intro-
duced into nor thﬁm India after the time of Sridrara i\f'a;’f“Ith cent) Mahavira
(IXth cent.), b . uses the method in rather a spemm way in connexion with

a Mﬂmefum :

The rapona method.
73. There are %m’"eml references to the ripona me‘oh@{a and the phrases ripond
karanene or m ai@m«w ripond koranena occur. In all the cases the application is

to the summation of a series of terms in arithmetical prog: ression according to the
rule

s=[ (t—1) d/2+a]t :
The recurrence of the phrase rupond karanenae seems to i mp]v that the rule in
ques tmn began with the term rupond which corresponds to the (t—1) of the for-

mula.! The rule is not preserved in our text but we ém& the followma in the
Ganita Samw sumgraha of Mahaﬂm {11,.63)

ripenono g«ﬁ,{,hohhu dali kritah pra chayatadi to Iﬂiﬂ&h
pmiﬁm% ena padabhyas tas sankalitarh bhavaﬁl sarve <~~lla-m Il

“ The numbér of terms is diminished by one, halved and muhlplmé by the increment. This when
combined with the first ¢ term of the %ez*uas fmzi multiplied by the number oé terms becomes the sum of all.’!

Therule is mempim%& in twe ways in our text of Wh’i{ h the following are parti-
cular cases — -

r & 4 1w 1 pa® 19 rapond karanena phalamn 190
: g, | Lo 1 . + 1
which means : “a=1 d=1,1=19; by the riipona methociéi{ifm answer is s=190.”

Similar bare summaries of the © ripona ~ method ;mﬁ found in section “ B ”
mainiy. ' it

Y Gunito Sora-sadgrabi v 1

‘% Ta-this a faint eiho of | agorean stvle 7 Anaboling wries: *“The Pyé-?a'rmeand ciate that thezr master, 'in connexion

wihhg wambers shat fotm a vightangled tmangle showed how such could be comfosed bV maans of nnity,” i.e; (1 (af= — 1V - afe
Fla¥ oDl Hee B ’?‘ﬁwwmy Mhmoirss setentifiques, 15, 14, : 1
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(ii) In section “C” the application of the ripona method is always worked
out step by step. For example when a=5, d=3, t= 178/29 ; then s=((t—1): +5) t;
and the r@pona method is applied as follows :—

§_1=149 5 . 140 447 447

447 447 737 787 178 _ 65593 _,,, 836

= SEI_EF Rl oy 4% 44 2t 1o 115 U99Y0 _ mny S

BT W T BT TR R TIS R m X — e
Proofs.

74. To many solutions are attached proofs, which are generally introduced by
the term pratyayam “ proof” or “ verification.” This is sometimes amplified into
pratyaya-trai-rasikena “ proof by the rule of three,” or pratyaya-ripona-karanena,
“ proof by the r@zpona method.”

Sometimes the “ proof ” seems to be merely a matter of rewriting a statement
in another form, but generally the answer is utilised and one of the original terms
of the problem is rediscovered. Occasionally the “ proof ” consists of a solution of
the original problem in another way, e.g., by steps; but sometimes it deals with a
subsidiary aspect of the original problem. In certan problems approximations
are employed and then the “ proof ” may be described as a process of reconciliation.
These “reconciliations ” entail a comparatively high degree of mathematical skill.

Occasionally several different proofs are attached to a problem. The following are
specimens.

(1) Problem. §t—T=5t+7

ofo

Solution. t=2x 7/(.:;’_2) =30

Proof. 3:5 ::380: 50, 5:6 :: 30: 36 and 50-7=36+7

(2) Problem. A gives 2% in 13 days, B gives 81 in 1% days, C gives 43 in 1 days. In what time
will they have given 500 dinaras altogether?

. .._..5,—09—f 60,000 4 -
Solution. t=g§+§~+é§= or7 4ays;
JESL PO ¥

and A gives 100,000/947, B gives 157,000/ 947, C gives 216,000/947 dindras.

Proof. 2%:13::100,000/947:60,000/947
31:11: :157,000/947 : 60,000 /947
43 :11::216,000/ 947 : 60,000 /947

(8) Problem. One earns e and spends f daily.® How long will a capital of C last?
Solution. t=C/(t-e)
Proof. 1:f::t:F (the total pxpenditure) |

4
1:e::t:E (the total earnings) and F -E=C.
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e bought for 2 and 6 sold for 3, and the capitei is 24, what will be the profit?

L 1=18,

kN & 1 L
number ol articles)

49 {the lotal proceeds), and 42 - 24=-

S

oo C+pand O4p-C

- 280,

By Problow. - =

.v
T
,
Al
i
i
s
i
It
bt

Solwiron

400 - 200 =200,

200 - 50= 150,

50, 150 -30=120, and 400-120=280

6y

i
&
D

Reie
5
b
ol
i
£

U

e
o
i

[

<
it

e
.

\} Frablein:

B

Solution,

Pront,

3y e

Sofuton . ¥

Propf. 10 - 163/60 :: 1 . 163/600

16360 :: 2 - 1637300

9y Problem, B

t 1) d/24a) b

Solution. 4

& i

ay : L : %
Proof by the ripone method s s=( (t - 1) = 4 a)t and Pi=g
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(10) Problem. s=((t-1)d/2+a) t.

Solution. t={,/(2a-d)*+8s- (2a-d) } +2d.

Generally the solution is an approximation t, or t, depending on the method of
evaluation of the surd quantity ; and the r@pona method gives s, or s,, neither of
which is the same as the original s. A process of reconciliation is therefore called
for, and this is given by §—s=e/8d where £ is the approximation to s given by the
proof and e may be termed the square-root error.

Problem. a=1, d=1, s=60.

First solution. t,= {\/(@1_1)2+480—1}+21= (21?50 o=
880 _ 964 _ 818,320

First proof. s,=t, (tl.,_l)_;_z_—_sixm_m

_ ()2 . & _ 8483201600 _
el—-(ﬁ) and s=s; S_a'“~_—_14‘112“"—60'

265127y o 403280

Second solution. t,= ('193'63 oy

Second proof. s,= 405,280 444,004 _179,945941,120 - o 92=(ijg)4’+4 @1 _,_i_g 2 and ;_3 __ 160,000

2= 53724 X 77448 = 2,999,006,352 =3,959,006,352

179,945,781,120 _ ¢

and s=s,-e,/8d= ~39%8.006557 =

(11) The problems in section ““ G >’ are characterised by numerous proofs—as many as five separate:
proofs being attached to one example. The following is fairly typical:—

Problem. x=500(1-1(1-1(1-H(1-1).
Solution. X:158%i,

Proof (i). <'(1-1) (1-3)(1-1)(1-1)=1585, whence x'=500. This is written horizontally.

L

Proof (i1). ¥(1-HA-HA-DH{A-H= 158%%, whence x/=500. "This is written vertically..

15858 .
PTOOf (111). X' = F_mmm:aoo.

Prodf (iv). By steps.
500+4=125, 500 - 126=375;
375 +4=93%, 375 - 935§=281%;

9811 4=T0%, 2813—705=21013;

210154 = 5241 155947 = 15848
210154 =524, 210125231 =15834

Solutions.
[ ]

75. The solutions are sometimes very detailed, proceeding most carefully step -
by step, so that they become expositions in general terms of the processes involved.
Also they often give actual quotations from the rules—to such an extent sometimes
that the original wording of th‘e rule can *be recqnsj;ructed. Unf_ortunately, how-
ever, such helpful suggestions‘are more often missing than not : in many cases the



ns of m@ m{mmcmpz are iackmg or dars wed beyond repair. In
: M , nothing but the bare answer 18 generally given,

of the wa Lzua is given.

owing examples illustrate these remarks : The problem is DT + Dt
{ +a) t where ¢ and d are respectively the first term aﬂd common dlffer-
ence m an ?@Kﬁh?ﬁ tical progression, and ¢, the number of te
rule is ' ‘

t= 1 Jﬁé s A (2 }”"'r,a) +d)? —"SQEW' .

and the particuls ;,zmnmfisﬂ gives D“

‘the gcﬁuﬁi{m? te

;,ﬂv rate is five yogauas
‘this doubled is 1 *this

*The ¢ .km

« aWb? ?e‘}*m 18 3 : @"heu‘ élffemnce 18
ased by the common difference” is 8 1 squared is 64, which
wn as the kshepa quantity.® ied by eight™ ; the fixed
) muiﬁpheé by eight is 240 ; and multiplied by the common
gis’ce«»mamﬁ‘ﬂph 4”960, *The gu( ntity known as fshepa s
~ Now the quantity known as kshepa is 64, which added’ gives
The root of thisis 32 ; the quantity ser a 51(19 is 8 and this added
1. *Divided by twice the common iifference :* twice the com-

ference is 8—divided 5.

aced between asterisks are guotations i‘w*é‘x the rule. A pelfectly
¢ would not be very mie}hoﬂﬁe to the ordinary reader and one or
‘been filled in ; but the mamla“tmn is a pel eaﬂy fair representation

The phrases bl
literal render
two gaps haye
of the origina

ww \1«‘

L]

i1 T"E}e ,@@*@m@m may. be represented by x (1-3)(1-

and the s uhﬁsiﬁu ¢ given as follows -

ok

*H zwmgg ¢ aleula ited the loss on® unity”* the terms become £, 8 ¢ and these

multiplied together give 3. This subtracted from unity gives ¥,
**irf?‘zw% inverted and multiplied+ by the given amount 24, is 2 of 24=40.

;’vxmﬁ .
»4

1. Some h:sﬁ" o é‘mvels 3 yavas a day. How iong Wﬁ% z ¢ take to go 5 yojanas ?

2

Here the solution is indicated by the following proggfzsy"ﬁ;ion only -

Buya" 2

;%s*éaﬁfg 6)8 000 ya® : 21 333 years é months.

k o : 2 s
"" The phoases marked off by asterisks are guotations from the sifen or male.
f Literally “ divided and multiplied”” into

- This is generally used to indicate division by & fraction.

¥ 2
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CHAPTER VI.

AN ANALYSIS OF THE CONTENTS.

76. The present chapter contains an analysis of the mathematical contents of
the text. To those who are chiefly concerned with the history of mathematics this
chapter will possibly be of rather special interest. Indeed, taken with chapter I
of Part IIT (which will appear in the second volume) it forms the real corpus
of the present study, for the latter gives the re-arranged text, while the present
chapter is an attempt at a fairly complete explanation of the intelligible parts of
that text. The analyses of the different sections are not exhibited on a uniform
plan, some are given in great detail, while others are mere summaries ; some are
arithmetical in form and some algebraical ; but these differences correspond to some
extent to the spirit of the text, and it is hoped that the analysis as a whole gives a
proper representation of the original.

77. In order to avoid innumerable cross references the following table is given

to show the connexion between the paragraphs of the present chapter and the ori-
ginal and re-arranged texts.

!
| ;
: Chapter VL. , Tlustrations (Bodleian order). { New order.
1

§78 Folio(s) 29, 27 . Ay e
$79 S U S Ay 15
$80  , 38,395,405%58 . . . . . A,
§81 . . . . . . . . . K
£82 » 2T recto . . . . . . . A
§83 (), 4recto B,
(), 4verso .. B,
(iii) ‘ »  8recto, 9 recto, 7 verso . . . . By s
§84 (i) | , S8verso . . . . . . . B,
(1) »  9Gverso . . . . . . B,
§85 Section ‘€’ generally
$96 () Folio®b . . . . . . . .0
(i) ,» 6, Trecto . . . . . . N
(ii1) , 65 verso, 56 verso, 56 recto, 64 recto . - Gy
(iv) ,  64verso, 57 . . . . . . g7
) ,  4brecto . . . . . . - Ce.
fvi) ,, 4B recto, et verso; 46 recto . . . . Cs, s.
§87 . 23,225,266 . . . . . . Fygy
§88 b Bl Ay
$39 , 10,9112, 13, 14, 15, 16 recto . . . G,l""
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Chapter VI

Y
5

Tolio(s)

Holials)

44 recto;

Tiastrations (Bodleian ovdery.

16 verso,

G0 .verso

17,18 .

G recto, ol R R .

21 verso,

14 verse

36 verso

37 vecto

&
Sovesto
37 verso

5 recto

S verso

22 recto

43 verss

New order:

(33

o By By

Systems of linear equations.

78. Examples of the following type occur

We have a,=(

X, FX, =8y, ... .., X, FX, =2, Where n 1s always odd.

then a2 (a,

Subtracting we get x,=p+ (a,--2,) /2, whith is the solution employed in

the text,

H{a

4§
i 2

ROyl ™ afﬂ . Z} -+ pr ‘

. @ : ' e
oo {ag —a,, ) 2%, and if we assume x, =p
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The following examples occur
(i) x,+x,=13, x,+x,=14, x,+ x,=15.
The value of x, is assumed to be 5, then by ‘subtraction in order’ x,=S8,
X;=6and x; +x,=11. The correct values are therefore x,=5+ (15—11) =2
=7, Xx,=6 and x,=8. . : -

(ll) X1+X2=16: X2+X3=17; X3+X4=18, x,+x,=19, X;+x,=20.

Here the value of x, is assumed to be 7 and x; +x'; =16, thersfore the cor- ‘
rect values are x,=9, x,=7, x,=10, x,=8§, x,=11."

The following are implied

(i) x,+x,=9, X,+X,=5, x, +X,=8.

(iv) x,+x,=70, x,+x,=52, X, +X,=686.

{(v) x,+x,=1860, x,+x,=1634, x,+x,=1722.

(vi)* x, + X, +X, +x,=317
X, + X, +X,+X,=347
X, +X,+X,+x,=357
X, +X,+X,+x,=365

and the following, which, however, is too mutilated to be sure of
{(vil) x,+x,=36, x,+X,=42, x,+x,=48, x,+x,=54, X, +x,=60.

The directions seem to indicate that we should cancel by six. We then get

a,=6, a,=7, a,=8, a,=9, a;=10 of which the solutionis x; =4, x, = 2,
ete. ; whence x, =24, x,=12, x,=30, etc.

79. The next set of examples can be represented in the form 3sx-x,=c-d,x,,
Sx~X,=C—d,X;....- sx—x,=c—d,X,.

If we set a=1—d these become

$X—a,X,=3X—8,X,= ...... =3X—2,X,=C, and a,X,=8,X,=. . ., . .=Xs= 53X — ¢

t Since in these two particular examples the values of a,, a,, etc., are in arithmetical progression a simpler. solution would be
x= ’—;1— where m ig the mean of the series a,, a,, ete.

2 Thi e arranged in the form y,+y,=365, y;+7,=34M y,+y,=362, Va+ys=317, y5+y,=357. Solving this we get X;+X,
=210, '-Erzli(;a;r; 1;0, x3$x4=155, x4+x5_—1:1472, x5+ X, =192, which solved gives x,=120, X,=90, x;,=80, x,=75, x;-=72. (Ser folio 1.)

Also note that most of these six examples can be expressed in the form

Tx—% =8y, DE—Xg=82; cereerrianee Ix—x,=a,
The examples given in the text are undoubtedly akin to the ¢ Ephanthema. ’, usually attributed to Thymaridas, which may te
Ta—Xx f.—% x, L2 —a . In Aryabhata’s Gapile is a similsr rule ZX:Ei
expressed by H="p_1° where x,1-x;=2;, X(+8;=Xp «-0n0 0 X =3y 3 t 7 a1

where Yx—x,=d,, Xx—%,=d,.....5x—x,=d,, which Cantor (Vorlesungen iiber der Geschichte der Mathematik i, 624) considers to
be a modiﬁcatlion of the rule given by Thymaridas. = See also P. TANNERY Mémoires scientifigues, Tome ii, pp. 192-195,
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Asolution tsx,= & x,=2%..... %= tande—p=q' :

g

There are four examples illustrating this process which may be tabulated
thus— ‘ o

4y 4 ! d; pg e Xy Xy Xy X
' ) z
- 5 I
k B B Pl
i i - i Lo S4BT g . i
Wi s 56 s | ST 120 : 75 ;
(i} s 385 11095 1924 836 798
s 5 1263 | | v
(i 5. T 8 o962 | 49 94
: | | e
e 16 s
i

Of these only iragments remain. For example, of the first we have :*

e i 10 190 90 %0 75 72
B 4 £ g e e T e b

;@i@ + B0+754+72=817, 21T+

f@
2

0480475472347, 347+ X _arr.

1204904754 722357, 3574 % =377,

120 490480472362, 3624 =377,

X‘gmxz_%ﬁj{ A~{%L%"£}Y¥mx34“xl . f‘.‘_*
¥ o1 5
; X, and 3x/(3X—c)= Q_r s+

*" 1095 whence x,=924,

X, m836 X, =7

Of the third %hew is baﬂlmem of the formal questw? preserved to enable it to
be 'r@stcref_i ‘

One pa;aacsmw seven Horses, another nine mules (r’n, and a third ten

: amels.  Fach gives one of his
wmmaﬁs to each of the

‘others and then thelr possessions become of equaﬁ, valne.

¥ Compare with fhis the treatment of the epanihem by Jamblichus (Hearn, Creek Mat
2 he noatos

appioach 16 this'that T have come.across in an Indian work s given .
{vi, 239 2403 . ‘

Five foerchants s
T shall bes
et o be the valr

"f@ilfu;. i,-93-94%
Vahivira in his Gowita-Sara-Sangraha

£

B

]

sof moniey, " They sawd one after another, by obtarmng £ or <5 of the conbents of "the purse

mmex a4 rmh agalbof you,

.y el aly s EY PP LA 1y
purse and x; X, ete., the original capitals; then 3(2).«—”,»} Xy, 3(Exx,) =4, ebe,

o> OF Tx=. 1f p5l10880 then x,—261.
gave (i, 6) the following A certain sum is divided amony:
. second and one-sixth to the third, Bub then one-hali the sh
f1 im z;imd 18 pao led and shared equaﬂv by the three.

whenee 11Ex=-(24-4

9

three people. one-half being given to

the  first, one of the first, onethird. the s»hare of the

seoond and ous- sm%ﬁ
An A 1228 Bh

of Pisa and salved by him,

I xy, ®e ¥y be fhe o sbared and 3¢ be the amomx% pooked, then Xi‘“'é“}'ﬂ

o . 70 ' B :
Sx-in = 20, Txedgg =30, gzmavm =By whmee ex== " Make c-—-? and then =38, 218,
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The fourth example is of similar form.

80. The fgllowing occurs on some very mutilated scraps that have been pieced
together. It is now impossible to say how it originated or what its context was.
X(X+y+z)=60
V(X+y-+z)=75
z(xX+y-+2z)=90

We have (x+y+2z)’=225 whence x+y+z=15 and x=4, y=5, z=6.

. 80. (a). There is one nearly complete statement and solution of the following
pair of equations \—

X+y+z=20
3x+ ,y+42z=20

of which the only solution in positive integers is x=2, y=5, z=13.

This type of problem was a favourite in Europe and Asia in early mediseval
times. Later it was known as the ‘ Regula Virginum, ‘ Regula Potatorum, ete.
1t was given by Chang-ch’iu-chien (sixth century A.D.),” by Alcuin the Englishman
(eighth century) and others. About 900 A.D. it was pretty fully treated by Abu

Kamil al-Misri who gives some six problems, varying from three to five terms and
attempts to find all the positive integral solutions.’

In the earlier Indian works problems of this type do not occur, but exactly
the same example is given by both Mahavira' (? ninth century) and Bhaskara’
(twelfth century).

Quadratic indeterminate equations.
81. There are two types of quadratic infeterminates preserved.
(i) x+ra=¢’ x—b=t’
~The solution given may be represented by
x=(3(*3"=¢)+b
which makes both x+a and x—b perfect squares. In the actual example preserv-
ed a=5 and b="7 and the solution is x=11, which is the only possible integral (posi-
tive) solution obtainable from the formula. No general rule is preserved but the

solution itself indicates the rule. It proceeds by steps thus : 5+7=12, 12+2=6, 6—
9=4 4-2=2 2°=4,4+7=11. The value of this type of detailed exposition is here

: . A B sl
1 This set of examples is introduced by a rule which simply means : change the fraction 3~ nto g—. This illustrates the fact
that the s@fras or rules often make no pretence of indicating in any ¢vay the general theory : they are merely intended to be helpful.

2 Yoshio Mikami.
3 H. Sutkr, Das Buch der Seltenheil, ete.
nomen der Araber und Ihrer Werke, p. 43. . ‘
E.g. of x+y+z+w=100, 2x+—§+§+w:100 there are said to be 304 solutions and twenty are given. See also L. E,

Bib. Math. xi (1910-11), pp. 100-120. See also SvTER’s Die Mathematiker und Astro-

Dicksox's  Hislory: of the Theory of Numbers, vol. ii, pp. 77, et s,
& Qanite-Sara-Sangrehe vi, 152. o
5 Vija Ganita, §158.
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+he absence of a suit-

en aimost 11606b51tdt€5\i i;,

self-evident. 1t see
able algebraic sy

The gex

which aj@?eax to be followed in the text are x=(ab-+e)~m+ b,
ce)=m-ta, x=b+m

y=a+m;

where m ig any assun

5 ( number. The Only example thar 18 preseu ed’ is Xy —3x~
4y 4 1=0 of which th |

» solutions given ave 15 and 4, and 16 %:f:;d, Lie.

1+d=15, 3+1=4; (34 };~§+3“’* %!‘n 4+1=3,

Simple “molion’ problems.

83, From the mathematical point of view this sectlm;s iz not of particular inter-
est but 1t was yg)m};b% intended as a sort of introducti f%"z to the section () that

~follows dsrmi‘%;w after. The examples can be classified info three types :

(i) A travels at a certain rate 1, for a number of ;mm T, and then B starts
~atadailyrater,. When will 4 and B have trav elled equal distances ?

Bince T+ t=rt, t=rT/(x,—1) whma 18 expressed by a sitra
aﬁé illustrated by two exampies

second day and soon;
ay andsoon. When W1H

4 travels a dlsmime a, the first day, a,+d, the
B travels a, the first day, a, +d, the second
thev have travelled eq}za.l distances ?

“poi
oy
!

t=2(a, ~a,) /(dy-d)

second day and so on. In what ‘nme Wﬂ% hm‘ have ‘u‘m el?ed ecmdi
digtances ! ’

It 1)d=2+a), wehave A={(t—-1)d +2-

and t={2A~2a)+d +1

SRR NER, type: afei m.mfm L ooolirs | i many medisval works from the time of Dmpnantu: ot zwdg {e.4., see Diormantrsii, 114, : Bran-
W}‘A{“U[’TA xwili; 8 5 G ) 632 ete. yand has here no very special m‘uetht be; the indication it dives that the Bukhshah
text followed th 3 Hnrmip hmveve; thought that it indicated & * pecnliar

: ! @”mexmv between the Bakhshili MS. and
Brahmagupba’s work ; from 1 his dedwoed $hat o text * may Have been one of thets uroes from wheneethe later aatr ONOMETs
‘b%h Lhew arithmeti ation.” ?’}za Anty, xvii,- 1388,p. 873 .

,iiehu ?f'i ier b6} g s mutilated that the Goweehles\ of Liw interpretation
fon wad well knewn to incdisval ‘mathematicians and h
@d} how ever he apneau 130 have t}mugh’f unneceksalv .

here given cannot he
* higtorical interest, . Brahmagupta gave a
kara also gives'a general solution { ¥#, fo
5+ but healso on another oocaswn (ih,
vira gives (vi, 284) the equation in 5
hich the solution s x=2 - ( BtA
AU m A2
which is the solution given by

guaranteed: .?f%
gensral solution |
Gumits, 212-214)
208:209y gives a)

ﬁiﬁﬁermt form, nay

]

apys el ) Ajj— i wernake st

L4
What are e quantities to be added

o enbfracted s I R
o gubrached wwers are (1) 2 and 7, (i) 6 and 17.

o
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84. There are two examples in this section of different types—

(1) A chariot is drawn by 4 horses ¢ at a time. How many stages should
there be in a distance /, and how many stages should each horse do ?

The argument seems to be : the ‘mileage ’ done is la therefore each horse does
la/A miles ; the number of stages is A consisting of 1/A miles each and each horse
does a stages.'

(ii) A and B start on a journey together. A goes at the rate of r, and
meets B, whose rate is r,, on the return journey. If the distance be-
tween the two places is /, when will they meet ?

Let x be the distance gone by the slower traveller then the other goes 2/—x
and tr, =2/ -x, tr,=x whence t=21/(r,+1.). A proof is given in the form {: r, : :
t:troandl:r,::t:tr,

Quadratic equations and square-root approzimations.”

85. Ostensibly this section deals with certain problems in arithmetical pro-
gression that were common property in comparatively early times; but it is of
special interest because it elaborates a square-root rule and gives a number of ex-
amples, some of which involve large numbers. It also employs, although to a very
limited extent, the sexagesimal notation. Of particular interest are the methods
of reconciliation necessitated by employing approximations. There are two types
of arithmetical progression exhibited— .

(i) DT+ Dt=((t-1)d+2+a)t, where T is a given period and t is to be determined. The solution
is t={ 2D -a)+d+/(2(D-2)+d)*+8DT } =-2d.

The second type is the ordinary one of finding the number of terms of an arithmetical progression when
the other elements are given, the solution being

(i) t= § - Ra-d)+/(Ba-q)7+8ds } +2d.

' t ty may conveniently be reduced to one by th.e fox:mula t=(p+4/q)+2d or _(P +q)+2d,
v{ﬁ;s«z qzo\/glpesand g=2D— (2a—-d) or-(2a-~d). The negative sign for the root quantity s not used
so t=(p+q)+2d always. TUnless Q is a2 square number the solutions given depend upon approximations,
and the most interesting results exhibited in the text are those connected with the proofs or verifications

of the approximate answers obtained.

N\ lot /= DT+ Dt and §/=((t - 1)d+2+a)t. If approximate values of t are used such
that Isnff_y]%?[‘ S})])te :nd s, =((t, - 1d=+2 Sga)tl, it is evident that s,’ does not equal s, and the problem of
L= 11 .

reconciliation arises.

|~ DT + Db, = DT + (Dp + Dqu) = 2d = (8dDT + 4Dp + 4Dq,) +8d, s,”=((t, - 1) d/2 + a)t, = (4Dp
+4D§10v—vpzsjr qlgzgd, and s, —(sl’P = qlgz(P2+8dDT)+8d; but p?+8DAT = 'Q = g7, therefore s," s,/ =
BT (?1[2)+8d=e/ 8d (see below).
' .

1 This example is evidently traditional and we find it in Mahavira (vi, 157-158) in the following form :—

‘ ! I i the yoke to draw
Ty pown that the horses belonging to the Sun’s chariot are seven. Four horses being harnessefi to
7 115 W’?‘i:; %dett: do a journey of seventy yojanas. How many times are they yoked and unyoked in four 2
i y o . .
His rule is the same as that given above. S
¢ Approximations are here indicated by subscripts : thus s; represents a first approximation to the value of s, and s, represents

an approximation of the second order, etc.
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: . ; Cy i aen ¥ .

reconcilinti ars only once, but that about to be expl oecurs a NUMBEr of égx?“ea

: & #d/ 9+ (2a %;L.ﬂ,,wa\t’aé ~pt)/2; and sinpe 2dt-p=q. we have &d o
/ ~ R N IR S R AR
ddip==g? - p?. Therefore g ~s ={(q,° -p* Bd- (g ~D }/8d = (q," - q%);

cidentally when a smd QU sntity ocours. In this way it is actually
ems to indicate that it was not Ireated separately and was considered
greggmﬁ problem. To the student i the history of raathematics,
must‘ mﬁeres‘cmg part of the we ) i‘be yule may be expressed
i (A I0/""&}2 =AM ha (i 32 the ervor may be shown
L F2r appmmmate}}" where ¥ =A+D ;;‘BA, and  the
b /64A%(A+b[2AY.  Thus for a first approximation

Jz/&i.

v are quite unambigucus and
these examples; but it should
V-m‘ oceur in the text as it now

The examples ATty secdio umgmer{ ary but in most cases
¢an be mtﬁrywi i : 7 ogive s accurate representation
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i
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8= ((t, - 1)d/2+a)t, = o x 18 65598

29 7841
s'=DT+Dt, =7 B+ 178) — 55569 and 5.7 g/ — 2% _ 48 bt
! ECW S0 -8 =g <4x841x24=4A2.8d' >

178

Proof by the ‘rul y1: o
y the °rule of three’, 1:7. . 429< and 4223'*"3""’7841 >

(ii1) Rule. t={-(2a-d)+,/Cac d)®+8ds} =24,
Erample. a=1, d=1, s=60.

Solution. = —d= / 40__882+40_ 922
ution. 8ds=480, 2a-d=1, 480+ 1=481, 481~9] ; =% <Coand t,=3 (21 =50

880 964 _ 848,320

< Now 5, =
=6 +1)/2 > =g x =T
—s= o1 (A0, _ 1600 848,320 1600 _ 846,720
<But 5, - s=e,/8d=1 (737) > =iz 2 s — Tme =141 = 60

< Again 120)2_ (203 20 (20/21)! _ 425,042—400 __ 424,642 424,642
gain /481=y/ CI§Y*~ (37> ~2ly Tx213g T 19362 ioer’ < and = (g3 —1)+2

405,280
405,280 444,004 179 g
Sasrag s < and s, =((t,-1) d+2+a)t, =t,(t,+1)/2 > = agnod X 7hads = _Z—s;‘?s:%f;ls;égg-

But s —s— _ ot 160,000 179,945,941,120 160,000 __ _ 179,945,781,120
< 2 —8=e,[8d = = FREix @D = 5,005,096,358 204 2,900,006,852 < 3999,006352 — 00- >

(iv) Ezample. <a=1, d=1, s=>5; therefore t— (-14+/40)/2; > /4] ~ 6 19, ndtl—

But s, = (35— V65 _ 4 89 65__ 5785 _ . 25
1= (=1 + g =G 24+])- (18+1)64 =B X5~ <fin = Omp= 0 tg>.
Again g B 1psye/g.s L1838 25 _11ssg
galn a second approximation to /41 is given by 65 — & (3%)%/6% = 838 — 1518 = igags 20d ty
gL, 9985 9085
AT -—?7 1%8) = 3696

(v) Ezample. <a=11, d=131, s=2; therefore t= {—'g+ \/(g)2+8.§.2}-:—3-_-.-\'-3+¢105)+6

Now ,/105=10} approximately, and a second approximation is given by 10} - $¢/2(101) = 10398,

e . y 81 __ 59425 59425 N a
With this value t,=(-3+ 10398)/ = 52000 and s,=((t, —1) + alt, = (49200 L2+3)t, >
_loges o 10225 | oy, _ 108625 59425 _ 6,455,040,625 . 625

= (zag00 * ¥ TH)t= (5600 T b= 43500 ¥ 19200 32975200000 NOW 8, —s=e,[8d%=7o55hn0

6,455,040,625 — 620 __6,455,040,000 9
and s = - =32
3,227,520 000 T 3,227,520,000

(vi) Bzample. a=1}, d=1}, s=7000; therefore <t=(-3+,/33609)/6, and since 579%=3835,241=

33,609 - 768, we have as a first approximation to the root quantity 57QB 75> While the second approxi-

. . 384 384, 4 384 384 384 5 1158 - 768 294,912 _ wwo515,520,000—294,912
mation is 5790 — (gm)*+2(57957) > =575, — (55)° % @iz = Y79 Tss ~ Trraorso0 = 210 519307800
[ J
515,225 088 450,576, .‘267 588 v o b= 450,576,267,588 _ 448,244 34:),088
TTTB0T.500 = TTTA0TE00 ¢ < Therefore t, = ( 777,307,500 +062> = eas1m000 -

1 The Appendix to this Chapter (page 53) may be useful to those who are interested in the details of the calculations.
* Here instead of d= 1% we must use 4.d=6, for we have really*given o and d new values by cancellmg, namely a=3,d =3
and e is four times greater than it shouid have been (since e= qs®—q?) ; otherwise since g?=26%, Qz— 5 3 zs’ e=qy?—ql= (l?ésgi ' 26}

1 252 625

16’ g5 B0 =g T ) 5 520,000
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, . o 4A3580,500088 221?90439,914 o) L Loses120022,
Now s,= ({1, 1, and b - L= —pasann tp—1)d= 1554615000 (b =1) 5 = 554,615,000 0

oo 50,753,363,762,746,743,271,956
3 and finally s, =7 or e a51675,000,000

08 21743271986

7758,388,762,725,000,000,000 -7, 000,
(570188, )? 7.260,488,394,675,000,0007

7,250,483,394,675,000,000

which given =

Series.

87. There is a set of series that may be represented as iﬁHOWS where T,, T,, T..
etc., represent the suc fe%qwe terms of any of the series 1rt*ef-§pect1ve of their form.

r T, T, kS T, ~ 8

: Lo, 13T, Lo4T, = 900

5 BoalyRix 44Ty = ZZ}

% 4 3Ty —-Ix + = 27_?

L 3T, — 132
(L8 2T --2% F 3T Ix e AT b2y = 144}
Missing L 9T ix =0
; ot — 300

& S == 222

¥ LT dx = T8

These ayéfﬁw@ ously built up on a deﬁmte plan. There are three fundamental
series, namely g

3,+ 2a,+3a,+. .. .+na,

L9 4 3a, R L ng.,

@%&3)%. S An (e tagt. CeAn)

vy series whm% may be represented by

Ohe (1+d) +e(1+2d)+

Iy possible, and I am afraid
be noted that the sums of the
wd that m all ‘cases e=T = B

tﬂe rf ma’c wma‘mcm leue her Ii Fan

.ﬂ pﬂﬁ_ﬁ 1y ;ST nﬁ_ (2)e+ ?fi) GOT i(»ﬁ(‘"rld

o 91 H1 184 T 4 1Y
@ are therefove 2‘3+ m'l, or 23. %gGV j- 22 LT % a 'SQQ:‘: é 2%-or 78.
T pep -2 2
g &

&

eries of which the most n@’tabkf is also a double series. Tt
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There are other simple series on certain fragments, that, as they now stand, are not of particular interest.

89. There is a set of some 17 examples that may be represented by

C(-aj)d-a,)....... (1-a,)=R=C-L
where R is the ‘remainder’ and L the “loss’ after successive deductions from C, The values of a are
generally simple frac};;lons with unity as numerator, and if (1-a,) ... . (1-a)=p/q then Cp/q=
R=C-L whence C=§and C=L/(1——qp—). The following are specimens

4(1-DE-DH-PA-}
S(1-HL-B(L-P=x
B0(1- (1~ P~ H(1 - 1) =
X(1-$)(L-$)(L-4)=x - 24
x(L- 1) - (L 4)=x-280

x(1-3)(1-})(1-3)=2x- 82
The fouowing questions are somewhat restored.

(1) A traveller takes on a journey a botile containing four prasthas of wine. At the end of each
stage he drinks one prastha and then fills up his bottle with water. How much wine and
how much water will there be in the bottle after four stages? .

The solution is first given by

4(1 -Ha-Ha-Ha —%):lég prasthas, the amount of wine, and 2%2 prasthas as the amount
of water. Secondly it'is worked out by steps. '

(i) A tax is paid at the vate of one-third, one-fourth and one-fifth on three separate occasions and
the total amount paid in taxes is twenty-four. What was the original amount.?

The solution given is
x(1-3) 1-3 (1-$=x-24 and x=40.

This section is interesting® on account of the numerous proofs or verifications of the caleulations,
which have been referred to in the previous Chapter (§ 74). :

Compuia,iion of gold.

90. This topic is treated in most mediseval mathematical works and our text
follows the usual treatment but with some slight irregularity due, possibly, to a
slight misconception of the author, who apparently looked upon the ‘quality” or
‘touch ’ factor as a negative quantity.

1 Qee BHASEARA’S Lilgvafi, 73. . ;
2 Tt is also interesting because of thesedurrgnee of a similar sechion in a pépyrus of :Akhmim {HeatH, Greek l_[atk. ii, 544 ;
but Heath’s reference is misleading and so is Cantor’s : the papyrus of Akhmim was published by J. Bamwrer, Mémoires du Caire,

IX, 1892, pp. 1-88). . i
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of 4 piece of gold, and £, is its quality or touch’ Thatis f is
per unit in some unknown measure ~ There is some indi-
/ éé}sﬁfﬁ%s?ﬁ in mashakas and w in suvarnas, where 12
this 18 not supported by Bhaskars or Mahavira, and in-
in our text are nowhere well deﬁﬁw

where w.1s the 1
the amount of nu
cation in the t
mdashokas=1 s
deed the mone:

Modificationd of & indicated are

st e % o which is not understood.

Wik W oW,

Earning ond spending.

davs: Bearns e, ind, days. If A gives g to B when will

oy Foa. NN
a5 BILE B S R
an dh X, g

nd spends 7 in d, days. How long will his capital €

@a@ gives : »?,;{'ifi’;?u“;r ind, davs; a second gives a, /i
m

0 'mh Iﬁ Wh& ‘E' e will they %afve given b dindras al‘wg her?
In one day the imm gift is 3 v;ﬂ;}

mc?

given in - days and the res 3;;9?&1‘ e gifts

The following cecurs—

In 14 days one gives 24 dindras, in 14 days a second gives 3} dindras, and in 1%
days a ﬂurd give 3;—« dindras.  In What time will they haw given 500 dindras alto-
gether ? ‘

b4y

Stnee = yo0 AINATAS aYe g‘Wen inli cicw 50@ afznaracr will be given in
947 6&0{@ $59
500¢ 1905 T 6%3 547 ﬁaﬁ/

Profit and Loss.

92. Let C be i’fﬁ@ capital, p the profit, M=(C+ P, ;ﬂ"-Q@ ‘zhe number of articles, ¢
‘the cost rate md ?T%;e sale ra!:e [e=a/b where a is the %amber purchased for b
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drammas, say, but the money measure is not generally stated ; and s= & where ¢ is
the number sold for d.]

The following rules are given with illustrative examples.

The M’ Section.

93. The examples that belong to the so-called ‘M section’ may be described as miscellaneous, but
most of them are solved by ° the rule of three terms.” Their chief interest is hardly mathematical although
certain of them exhibit in very interesting forms the change-ratios of certain measures; it lies rather in
what may be termed the social nature of the formal questions (see §§ 45-52). The translations of the
questions here offered are ‘informal’ and sometimes very much restored’.

94. An army consists of chariots, elephants, horse and foot in the ratios 1:1:5:3: If a complete
army contains 10 x 37 of these how many of each kind are there?

The answers a,fe
10'3" =21,870 chariots.
10-37=21,870 elephants.
10375 =109,350 foot.

10:37-3=65,610 horse.
(10537 =218,700 (1 akshauhini).

This is the traditional subdivision of a Hindu army. There was probably
more information given in the text for the terms akshauhini, anikini, chama and
pritand occur. According to the dictionaries 1 akshawuhini consists of 10 anikinis
or 218,700 in all ; a chamu consists of 129 chariots, 129 elephants, 2,187 horse, 3,645
foot, or 6,090 (i.e., 3x43+3x43+3"+3°x5=10x3x7x29) ; while a pritand is said
to consist of 243 +243 +729+1215=2430 (or 3" +3°+3°+5%x3°=10x3%). See also
Albiriint’s India, chap. xlviii.

95. Ope produces ten and a half in two and one-third days. For the sake of religion he gives thirteen
and one-third in three and one-eighth days. He offers to YSSUDEVA one quarter less than thirteen in eight
and a half days. Desiring reward in a future world he gives to Brahmans for food one and one-third in
three and one-fifth days (. ..2% in 5 days...) and also twelve and a half in thirty-three and one-third -
days for the best wine for the consumption of the merchants. In  the treasure house is stored twelve
‘hundred. Say, O Pandit, how long can this expenditure continue?

104 __ 9

o ) ) . . . 183, 123 1 1 1, 2% [ 12F 1807
The daily income is iy and the daily expenditure is —3-%'7 o +”§ +ﬁ: Tyt 5+ ‘312 =5 The
, 1807 9 T AT 1 {000 .« o ; =20 L vears = 300
daily loss is therefore 535 — 5 = g5 and sq0 t Lt : 1200 : x gives the period, and x= 7277240 < 360 YOAIS = o5z
years. ' :
o ollowing way 21 ¢ 101:: 50 360 days: x, and x—17822% which is th
A proof is given in the following way <3 @ 105:: g5 >« ays: X, and x= 537 Which is the

1807 800 R 1 486 Chich is t

total amount earned. Also 1 day;x S e x360: x',and x —29827;77’ which is the fotal amount

spent; and 1782;‘1.2_,‘; +1200 298536 *

7oy
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expenditure.

of 4 third of a yojana plus vne-third less one quarter in one-half of ;m;uthnd
o back be the wind one-half of one-fifth of 1 yojana in one-eighth of three
avel one hundred and eight yojanas? «

e A }”G“’% g
of a de }

v bat hhen
4 ’J :
dave. o what 4

Camdithe solution are-not clear,

|

Phe debail

i long enters its hole at the rate of one-halt plus one-ninth of that whyulas

9%, A snuke ; : ) \
f daily. Inowhat time will it have completely enfered the hole?

¥ A

Tems onp twents

, S ‘ R S i 189
Hince 24 v Aasta we have 1 i of b —gr g 118 4ix; and x= g =2 years 4 months

181 days.

I an amgule in cone dav. Iis

89. A snake vets oub of its skin as quickly as possible at the rate or
' . he free?

& 180 wosang: 6 4. 3 hasto plus B angeles.®  In what time witl

E

100 yo.+6 kro.+2 ha.+0 ang : X or

Loanhgula
129867 vears, 1 month and 4 days. .
; . :

and % 154,75? :

A

amgula - 1 day 1 77,376,077 nig. @ x,

100, Om fali s three verv simple astronomical problems:

(iy. Bhanu (The Sun) teavels 500,000,000 yojonas® in one day. Siste with certainty the amount

s one ghatidn '

®

dav fof 24 hours) we have

60 wha. . 500,000,000 wo. <+ 1 gha @ x and x~8,333,383% yojona.

ot 15 guided by the god Mamoraca among the Biddhas and Vidyidharas. The
- says that, according to the general rule, it iravels half a hundred kots® in a
Tell me. O best of caleulators, what it will go in one mukinta 7/

; whition preserved, g, ©7° may stand
o Seran  Ths nimerical portions are corfain:

T Mamavipa (¥, s 8 small section dealing with problems of ¢ forward and backward movement ’, which he illustrates
by a boat problem an ; His boat problem iz~ o

To the course of
i what i

(A nsw

The snake proble

qy & boat traverses I of al krota of the ocean, but owing o ¢

; srse winds it loses L of a brofe.  State
Lhaveadvanced 992 yojone: thouw who hast powerful arms

rossing eastly the ocean of numbers.

A powerfol n
the ooy
Fille into

aifent, blzck snake, 32 Aosfos long entersia hole at the
te tail grows by 2% of an-angfe. - O crnamentof arith
waver s TEE days) :

of T} uhgulns in o5 of a day : and. in
icians, tell me by what time it enters

# he snake s 0 miles Iotiy T 'This miay have been w- modest estimate o8 the size of the serpent Sesha, who
supports the world, wrthguakes wheneeer he yatns, and. oceasionally destrovs the nniverse. . (See the Vishnu Purdna, 4, v,
eto)y Biw Mr, Haroddaria sugeesty that the example refers 16 the Naga Flapattra, whose head was at Benared and whose tail reached
o Taxila-—a distance of just about 100 yoidums, : :

& An orbitof 5.10% 1 ¢ o & mean sadius of nearly 8¢ million yojanas o, say, #8hy g’i“ ionmiles,  What is the origin of this 3
T e e 1x ) g g b
BUA Bofhes RO, :

g
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Since 30 muhirta=1 day (of 24 hours) we have

30 mu. : 500,000,000 :: 1 mu. : x and x=16,666,666% yojana.

{1ii) If Bhanuja (Saturn) traverses one sign in two and a half years, tell me, thou who art thorough-
ly learned, how far he will go in one solar! day.

Sinee 1 sign=380°=108000" we have

2% years : 108,0007 : : 3%: x and x= 120" or 2 minutes of arc.?

101. The following examples® seem to form a set but the text is mutilated and only the bare skele-
tons of the problems remain :

(1) 1 tola: 5% years:: 1 to+1 dha+1am+1yo+1s+1 ka4l mi: x,0r 1 fo: 5% years : ?%ﬁ(l) fo: x

and x=6 years 81% days.

. i - . 3193 1
(i) 1 to : 36 drammas :: 1} to+ 14 wa +1§ ani4li ya : x,0r 1 : 35:: 555 @ x, and x=58§2§

drammas.

(iii) 1 to : 400 dinira :: 1 dha+1 em+1 ya+1 ka+1 pa+1 ma : x, or 12 dha : 400 di :: ié%é

dhi : x, and x=50§;— dzndras=>50 di+ 10 dhd+1 ans.

(iv) 1 day : (3 to+2mi+3 aqzi-§13 ya+1 112,04—1 pi+1l ma)- (4 ra+4 si) : : 52522;;775?71:)8 5 months
20 days : x,or 1 day :: jass tola — oo tola : : 9170 days : x, and x= " 2" tola=1 414

+1634 pa+5 to+0 ma+0 ant+3 ya+4 ka+1 pa+2 ma.

S
1 See my Hindu Astronomy, p. 57.

2 Tt should be about 122" . ) i

i 1 hod oe- . .

3 The importance of tliese examples t?ﬁa {ne use of numerous measures and in the methods of expressing change-ratios. The
subject of measures is discussed in chaptér VIL
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Fauronst.

107 584=26.41%
108 625 =5%11.19
112 005=31.3613

222 153 =3.2041°

 SQUARES.

212= 441
242=576
29?841
41°=1681
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5
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CHAPTER VII.

MEASURES.

- 102. The measures exhibited in the manusecript are of rather special interest.
As a whole they are Indian and the terminology is Sanskrit ; but there are some
Sanskritised western terms such as lipta, dramma, dindra, satera employed. Most
of the terms are well defined but the values of some are doubtful. Money measures,
however, are, as in most early Indian works, very ill defined and hardly show any

differentiation from measures of weight.

103. Change ratios.* The change ratios are often given with considerable care
and elaboration, and are expressed in several different ways. The change ratio
appears to be considered as a divisor for it is most frequently marked by the term
chhedam+ which indicates the operation of division.

Examples are

chhe® 80 rakti®-su® i.e. 80 raktika=1 suvaana¥
chhe® 24 am®-ha i.e. 24 angula=1 hasta

chhe® 2 gha®-mu® ie. 2 ghatika=1 muhiuria

chhe® 4608000 ya®-yo© i.e. 4,608,000 yava=1 yojana

ardhal chehhe® 768000 a®-yo°, i.e. 768,000 angula=1 yojana, and in this particular
exampie the operation of multiplication is to be performed.

d@rdha chehhedam 108000 viliptandam rasi, i.e. 108000 vilipta =1 rasi and multiplica-
tion is indicated. '

adha chehhedam 2000 pa®-bhid®, i.e. 2000 pala=1 bhdra and division is indicated.

Another form is illustrated in the following examples

tolenasti dhane 12, i.e. 1 tola=12 dhana.
dhanendsti am® 4, i.e. 1 dhana=andika

dindarandsti dhdane 12, i.e. 1 dindara=12 dhana

a change ratio ] mean a number by which one denomination is multiplied or divided to change it to another. Thus, since 20

®
By d. 20 is the change ratio between pounds and shillings. Tt is a mulfiplier ora divisor aceording to the direction of change.

ghillings=1 poun
+ Often abbreviated chhe. A

1 Dict. drdhva.

€ Or ¢ division by 80 changes raktikas to suvernss.’



104, In tabul @wd examples the methods of expresw% the change ratios are
modified. In two cases sets of cumulative ratios are given | hus

I 0% 1 dbha® 1 ? ”"im Lolfra” 1l 1% ya® 1 @ g1 1
i b : e ’

1 which means 'g)‘ﬂm& ily

Loom~1dha” + L am®+1 va”+ 1 ya®+1 51°4

i
T s G
19 to ,1

am®= i 5@““5 it pa®= g to

e e -
L 1 12 1 48 1 192 | which means

o 5 B e D T S \ i
1§ to”+14 dha” + 14 am® 4+ 1] ya® and that 1 dhd®= s t07 L am® , 1 ya®= 192

%

This again primarily means Lios+1dha~1am+1ra-1

Snouerh
DOt
S

:
R H

il wg,; Sned

Taizd
S
D
s

i

ya+losi+l ka+1 pa and the other numbers are simply

[y
A Dy
B

va bha  Change ratios and indicate that 12 dhi=1 to°, 4 am =1

&
€

dha. 14 ra=1 am, 3+ va=1ra, 21 si=1va, 2 ka1 i

| 3‘3% E
ka 1 Note that where the change ratios are fractional thev
pa 1 ave written at the side, obviously to prevent confusion.

L’mm?)ifi““ of the V}“& just given oceur on foliogefagecto, 48 vecto 48 verso, 49
Verso, , i
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105. A variation of the above scheme in which the charge ratios are Aalved

occurs thus | 1
| to
2 which means 1% 0°+14 ma®+14 am®+ 13 ya®.
; 1:[[ ¥ ma | Th i 1
L ! e notion of halving the change ratios seems
B 1% o } to be like this : 5 £0° multiplied by 1= 32 éo
|
| . ;5 3 ma and so on. Another example of this prac-
1% I
1 5 ya |
2 I@ tice occurs on folio 20 recto and gave consider-

able trouble. Itis written thus | 1 | and means } a+%.1 b+
|3 |
101 hh 1* ! 1 Unt;
| o g ¢hhe g e ntil the change
1 e I
4 cnhée 4, | ratios between a, b and ¢

=

could be found the problem was insoluble. The real change ratios are given by .
L a=b, 231 b=c

106. Before proceeding to discuss the several kinds of measures that occur a
summary table of them is given for reference. The names of the measures are
nearly always abbreviated in the manner indicated : the full terms are

Adh = Adhaka Guih = Guilja Pra = Prastha
A = Aihda Ha = Hasts Pra, = Prasriti
Am = Andiki Ka = Kakini Ra = Raktika
Am = Angula Ka = Kala Ri = Rasi
Bha = Bhara Kha = Khari Sa = Satera
Dhs = Dhinaka Kro = Krosa 8i = Siddhirtha
Dha = Dhanus Ku = Kudava Su = Suvarna
Di == Dina Li = Lipta To = Tola

Di - = Dinira Ma = Masa Va = Varsha
Dram = Dramma Ma = Mishaka Vi = Vilipta
Dra = Drankshana Ma. = Miadrika Ya = Yava
Dro = Drona Mu = Muhirta Yo = Yojana
Gav = Gavyiti Pa = Pada

Gila = Ghatika /\ Pa = Pala -
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The Bakhshali measures.

Are.

vi il

aign

Money.

rey ghi® dra  di B0

am 3,600 60

18- 108,000 1,560

= }ﬁ

éhi
]’

dra
iy }_c

1o ==Yhigy

30 6 1
60 ~12 2 1

80 16 2§ 1§ 1

* Also 4 a1 dha (49r.)
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e
&
3
b
iy
&

[+ & & . an o dhd

i 4 I3

B i & i
i 14 2% ¥

s 10 25 é;i 2% i

T Ry 2 3L 3

A o A0 4 iE 1
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anuy 1 40 18 5 4

bha
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3,340

#

46
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641
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48 12000

384 9% G 5 I

i

b dba ko Cga yo
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2 504000

4,608,000 7

3
$

010007 1 114 1a.

4,000

o
P
=
I
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8000 8 2 1 9. m,

Capasity.

Cpac prac o ku

pra’ 4 dro kha

i
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pra ) i

ad |38 32 16
64

1,024

256 64 16 1
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Measures of Time.

~ 107. The measures of time used in the text are the usual practical measures
employed in India and there is nothing in any way remarkable about them. The
measures found in early Hindu texts are given below.' All the authorities agree
on one point, namely in dividing the day (24 hours) into 30 muh@rtas. The half-
muhtria was possibly introduced for astronomical purposes, as was the vinadi of
the Sarya Siddhanta. Also it is noteworthy that the tables give neither hours nor
weeks, tlthough the ‘hour’ was used for astrological purposes and the ‘week’
came into general use in the early centuries of the present era. Neither of these
measures oceurs in our manuscript but in this matter the text is quite orthodox.

The measures of time employed therefore call for little comment, but Dr.
Hoernle suggested® that the year of 360 days might be an indication of the age of
the work ! He could hardly have been aware that it was the common practice to
give this value in Hindu arithmetical text-books.” Sridhara, indeed, remarks :
“Time is calculated according to this rule in all mathematical works.”

Measures of Arc.

The measures of are, which with the early Hindus were leng’ths rather than
angles,* are such as occur in all medizeval Hindu astronomies. The term lipta is a
Sanskritised form of \erry).

1 In the sections that follow T have used with considerable freedom the chapter on © Weights and Measures” given in L. D.
Barnett’s Antiquities of India, which is the most useful contribution to the subjeot (of those at my command) since that given in

ALBIRONT'S [ndia.
* Indian Antiquary, xvii, 1888; p. 37. : .

* See Mahavira and Sridhara. /\
4 See my Hindu Astronomy, p. 54.
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Measures of Length.

108. (@) Although individual measures of length occur pretty often there are
few examples in which the change ratios are exhibited. The following (fol. 32,
verso) is the most complete of such examples :

100 urdha chchhe 768000% a®~yo° |
6 1 |
8* l
3
4000*
5
24*

which means 100 yojanas+6 (krosas)+3 hastas+5 angulas, the numbers marked
with asterisks being change ratios. These numbers inform us that 24 angulas=1
hasta, 4000 hastas=1 krosa, 8 krosas=1 yojana, and that to reduce yojanas to
angulas the former must be multiplied by 768,000. The term kroSa does not ac-
tually occur, but it, or an equivalent, must have been mentioned in the question to
which the table was attached.

" In another statement (fol. 32, recto) the equation 8,000 dhanus=1 yojana is
given, hence 1,000 dhanus=1 krosa. This equation occurs in Hindu works but
most of the texts give 2,000 dhanus=1 krosa. g

In another example (fol. 36) the statement

Vs
-

chhe 4,608,000 ya®—yo® |
indicates that 4,608,000 yavas=1 yojana, whereas Mahdvira and Bhaskara give
6,144,000 yavas=1 yojana. The difference in the change ratios is noteworthy.

The measures gady@ti and yojana are connected (fol. 12), bvit unfortunately
the actual change ratio is missing. The term gavyat: is not common in Hindu
works but it occurs in the Markandeya Purdana, the Mahdabhdrate, ete. Its value
is variously given as 4000, or 2000, or 200 dhanus.

Of the Indian tables given below the last is what tne Surye Siddhdnta
designates a-mirta or ‘unreal’” It was never used seriously but it is interesting
as exhibiting the constant change ratio of ‘eight.’

108. (b) Possibly a measure of area is referred to on folio 39° verso where a
change ratio of 64 is mentioned ; and possibly bAu on fol. 26 also indicates an area.
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Indian Measures of Length.

L Burdini. ‘ - Houtilye Avthe Sastra.

Vo A Baoo VL HaooDa, WE. o Gas Yo - :
~ An Vi Arva. Da. Go, Yo
Yavat f
Anigals R
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Measures of Capacity.

109. The following is the most complete table given (fol. 13).

a° 2 |
4* dro° 1
pra® 0 [
4:* 50 }
ku® 2 ;
4% prasthi /'

whicl.l means 2 ddhakas+0 prasthas+2 kudavas. The figures here marked with
asterisks are change-ratios and indicate that 4 adhakas=1 drona

4 prasthas=1 adhaka

4 kudavas=1 prastha.

The terms ghataka and pala are mentioned together (fol. 15), where possibly
ghatake may be equivalent to drona ; and in another place (fol. 53) ghataka is
obviously used as a capacity term.

A comparison with the Hindu measures shows that the Bakhshali measures of
capacity are strictly orthodox ; and it may be noted that the Hindu measures of
capacity are generally more consistent in the matter of change-ratios than any

other Hindu measures.
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- Hindu Measmeé of Capacity.
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Money measures.

. 110. Although the terms dramma and dindra occur pretty often their rela-
tmp_sh;p with each other is nowhere indicated ; and, indeed, there is very little de-
finite information in our manuseript about money beyond the mere money names.
In early times in India there were no special measures for money beyond the weight
measures for different metals, and sometimes the difference in these is more appa-
rent than real. Thus Mahavira’s gold and silver tables given below have much in
common.

In our manuscript we have only the following scraps of information—

(@) chhe 80 rakti®—su®

(b) chhe 9 gu®—va®

(¢) ) 1 ] 1 1 1 1 1 1 | 108 ! pha® di° 1 dha® 8 am® 1.
172 2 2 2 2 2|1

Of these examples (@) is orthodox, for according to Manu 80 raktikds or gunijas of
copper or gold are equal to one suvarna. Example (b) is isolated and cannot be
interpreted with any certainty. Possibly gu® stands for gunja, and possibly va®
for valla. FExample (¢) means 1: ($)°::108: 1 di°+8 dha+1 am®, where di®=
dindra, dha=dhanakd, and am=amsa ; and it is implied that 4 amsas=1 dhanaka,
and 12 dhdanakds=1 dinara (fol. 33) and the same relationship is given on folio 49
‘recto. The term kakini (cowrie) occurs once ; satera also oceurs (fol. 34) but with

doubtful import.

The Guptas adopted the term dindara® from the Kushans together with the
coin of weight from 118 to 122 grains ; and in a number of Gupta inscriptions certain
gold coins are termed dindaras.” But the dindra was not invariably a gold coin*

and in the Bakhshali text it probably is a copper coin, for a day’s wages is stated to
* be from 1} to 3 dinaras (fol. 60); and also according to Mahavira (vi, 231)

wages work out about 18 dindras a day per coolie.” The term occasionally occurs
in Sanskrit works of a more literary character and has provoked some discussion.’

The term dramma (8paXps) also occursin various Indian inscriptions’ and
in Indian mathematical works. Bhaskara makes it one-sixteenth of a nishka’ and

in our text wages are about 1 dramma a day.

Such are the facts but Dr. Hoernle writes’—

“ The way in which the two terms are used in the Bakhshali arithmetic seems
to indicate that the gold dindra and the silver dramma formed the
ordinary currency of the day. This circumstance again points to
some time within the first three centuries of the Christian era as the

date of its composition.”

The subject of monetary measures is thvgs treated ip a vague and unsatisfac-
tory manner in what remains of the manuscrlpt-; but this is by'no means a pecu-
liarity : it is almost a characteristic of Sa,nskl"lt texts of medl.zeval. times. The
connexion between measures of money and weight was then fairly intimate and

they can be hardly considered apart.

1 (a) 80 roktikas=1 suvarna. (b) 9 guo=1 va®. {(c) 108/64 dinara=1 dindra +8 dhanakis+1 am®.

2 k. Snvdpiov, Lat. denarius. ]

3 ? ALLXN p(;'atalogue of the Coins of the Gupta Dynasty, elc., p. CXXXIV s d. F FLEET, oI 1’, iii, nos. 5, 7.’ _8,_9_,. 62, 64.

4 C.ompare ,our penny and read Sir A. STEIN’S note on the Kashmir dindra in his Kalkana’s Rajatararngind ii, 308fL. See also sec,

1-33 Eel‘%fv:must not, however, place very much reliance on these text-book wages.
6 JRAS, 1907, pp. 408 and 681, ete. o
7. Epigraphia Indica, 1, 167 ; P. VOGEL, Chamia Inscripiions, 204, ete.
8 Lilavafi, sec. 2. 3 .
9 Ind. Ant. xvii, 1888, p. 37.
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Hindu Measures of Money.
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111. Besides the examples already given (sec. 104), the following are note-
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Measures of Weight.

‘worthy .—
(a) dha® 1 ‘
am® 1
4 |
ra® 1 11* bha® |
ya® 1 3 * Dbha®
ka® 1 6:* bha® |
(b) to° 3
| ma® 2
12*
am® 3
A%
ya® 3
. e
ka® 1 61*
Pﬁ‘o 1
4%
{c) ra® 1
ya® 1 3+ * bha
ka® 1 61* bha® |
pa® 1
4%
$e® 1
{d) chhe® &* | (e) 216 Dbha°
dha® 2 | . . 270 pa®
chhe® 12% . - 2000* chhe®
gum® 3 ‘ 6 to°
chhe® 5% { 8* chhe®
ya® 2 3i¥ Dbha® | 3 8 dha®
| ~ 19* chhe®
These measures are.combined in the following table.
M. Pa. Kac, sic. Ya®.  Ra% An° Dhao. Too  Pac,
Midriks 1
Pada . 4 1
Kala . 16 4 1
si° 40 10 21 1
Yava 100 25 61 21 1
Raktiks 320 80 20 8 33 1
Andika 400 100 25 10 4 it 1
Dhianaka 1,600 400 100 40 16 5 4 1
Tola . 19,200 4,800 1,200 480 192 60 48 12
Pala 153,600 38,400 9,600 3,840 1,536 480 384 9% 1

(#) In all cases.the change-ratios are marked with asterisks (not, of course, in the original}. The table means 1 dha® +1 a4 |
ra® 41 ya : i

(b) 3 0°+2 ma+3 am®+3 ya®+1 ka1 pa°,
(cy 1ra® +1ya®+1 ka®+1% pa°.

(3) ceeriine. 2 dha® 48 gum®+-2 yal.
(¢) 216 BHA® 1270 pa®16 to°+8 dhi®

h ]
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”u this we should add 12 mashas =1 tola, § tolas=1 suvarna and 2000 pala=1

This agrees with the Hindu tables generally but more > particularly mth that
of Vo rah@}mb ira s wm EW Albiriini, which, hﬂwevef contains neither si° nor
- hoth interpolations here, as their fractional c change ratios show. Obvi-

birani's mdre and our mad rifo ave identical © the term occurs in no other

tom . The remainder of the table—dhanakas to bhdras—does

.. Compare with Mahavira. As stated before there is some

v measutres in our text and it is possible that some of the
s above table should be treated a: such.

it

not seem
uncerta i‘z"éy :
measures included

The combin 1 the text are as follows [ —

Cma, su, too . . . . NERTEY fol. 11
49

49

. . . , 48

, A48

. 95

Vasam, ma to [ n RS L . ., 55

i dra® should be included in the above table. Tt occurs only
p?*m% chhedarm 6 dha®—dra® which means 6dhia=1 dra®,
i ?; f“mz mr/laa = E@d}(m cshana ; for Albiviind gives 6 mdasha=1
gives 6 bhaga=1 drankshuna, and A analka, masha
ms as applied to measures of weight.

The term /- vs thrice and the values given are 40 °=1 ma°, 21 s 2 =1 ya®
and 480 s of which are in agreement. The abbreviation s:° probably

: tf(wf
1dentified. T

S
gt

Jonnected with it there is another measure #4° also un-
ent i which both these occur is as ALEOW

] ma® chhe® 40 si®-
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‘ i so far has puzz led me. S ig an abbreviation
Amrs W $th mhm* measures is not clear. Mahavira makes 2

tion 8 suvarna=1 ku° can be educed. but is not help-
18} 0CCUrs. .

rallv expressed by the abbreviations ma, pa, ka, s, ya,

to, pa, bha ; but oceasionsa iy the full terms are @n"fp*oved
fnfiv o m et@ set of terms is 0‘”*“% name]y—

#

aled amd ha rakliled yava kala pada madrila
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Hindu Measures of Weight.

1, Many and YajRavalkya, 2@d—4th Century A.D. 2. Narada, 5th—6th Century, A.D.
Ya. Ra. Ma. Ka. Pa. Dha. Ki. Ma. An. Dbhia. DL
Trasa-renu . 1 Kakani . 1
. M3asha . 4 1
Likshs . . 8 1 Andiks 80 20 1
. Dhanaka . 320 80 14 1
Raja-sarshapa . 24 3 1 Dinira . 3,840 960 48 12 1
Gaura-sarshapa 72 9 3 1
Yava . . 6 1
Raktika . . 18 3 1
= Koautiltya.
Masha . . 15 5 1
: Ma. Gud. Ma. Su  Pa.
Karsha . . 240 © 80 16 1
Masha . 1
Pala . . 960 320 64 4 1 Gunja . 2 1
’ Mashaka 10 5 1
Dharans . . 9,600 3,200 840 40 10- 1 Suvarna 60 80 18 1
Pala . . 640 320 64 4 1
(a) The Brihaspati Smriti gives 4 karshas=1 dhanaka and 12

dhanakas==1 dinara.

3. Vardha-mihtra, 6th Century. 4. Mahavira, 9th Century.
(After Albirdini.)
Pa. Ka. Ya. Am Bhi, Dra. Di. Sa.-
Md. Pi. XKXa. Ya. An. Mi Su.
Pada . 1
Mdri . . 1 Kals . 4 1
Pada . . 4 1 Yava 25 6% 1
Kala . 16 4 1 Arnés 100 25 4 1
Yava 100 25 61 1 Bhiga 400 100 16 4 1
Andi . 400 100 25 4 1 Drakshuns 2,400 600 96 24 6 1
Misha, . 1600 400 100 16 4 1 Dinara 4,800 1,200 192 48 12 2 1
Suvarna . 25,600 6,400 1,600 256 64 16 1 Satera . 9,600 2400 384 96 24 4 2 1
4 (a). Mahavira. 5. Sridhara, 11th OCentury. 6. Bhaskara, 12th Century.
Pa. Pra. Tu. Bha. Gu. Mi. Xa. Pa. Ya. Ra. Va. Dha. Ga.
Yava .1
Pala . 1 Guhja . 1 Raktiks . 2
Prastha . 12 1 Masha . 5 1 . Valla . 6 3 1
Tula 200 16 1 Karsha 80 16 1 Dharana . 48 24 8 1
Bhara 2,000 160 10 1 Pala . 320 64 4 1 Gadyanaka 96 48 16 2 1
Bakhshali.
mii pa. ka. i va. ra.. an, dhd dra. to. 3. bha.
ml L
Pa
ka 16 4 1
si 40 10 2% 1
va 100 % 61 21 |
T2 320 80 20 8 : 1
an 400 100 25 10 4 1 1
" dhs 1,600 400 100 40 16 5 4 é ;
dra
+0 19,200 4,800 1,200 480 192 60 48 12 2 I ‘
pa 153,600 38,400 9,600 3,840 1,536 480 384 96 16 8 I
bha ’ \ 2,000 1
’
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CHAPTER VIIL

THE SOURCES.

112. In mmic@e ing the question of exotic influence the pemod of compogltmn

~of the work is of importance. We must forget for the time being Dr. Hoernle’s

suggestion thar ’é“hs work was written in the early Cenmu + of our era and bear in

mind that it POaS: gﬁ@é@‘ﬁgb to a much later period,” by which time western mathe-

matics, auithwu b almost all traceable to Greek sources, had assumed new forms and

had included iew notions. On the whole western mediseval mathematics
tended to %Pm
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Tth century Brahmagupta b. 598
Fall of Alexandria 640/1
Papyrus of Akhmin
Bede : b. 735
8th century Muhammad b. Misa
Alcuin , ‘ d. 804

9th century Makiavira
Tabit b. Qorra 836-901.

10th century  al-Battani

Avicenna

Pope Sylvester ii (Gerbert) d. 1003
11th century  Albiriini visited India 1017-1030

Sridhara b. 991

al-Karkhi

Psellus

Omar Khayyam b. 1046
12th century Adeland at Cordova 1120

Bhaskara b. 1114

Leonardo b. 1175

114. Although the manuscript was found at Bakhshali it cannot be assumed
that it originated there. The evidence of the script, however, limits the area of
origin to the neighbourhood of Gandhara. Roughly the Sarada script area is limit-
ed by longitudes 72 and 78 east of Greenwich and north latitudes 32 and 36. This
area includes, besides Gandhara, Kashmir, Kangra and territories near by.
Vogel enumerates six inscriptions from Gandhara, some of which belong to the Swat
valley. The evidence therefore does not militate against Bakhshali itself as the

actual place of origin.

115. The position is peculiarly interesting with reference to the routes of trans-
mission of knowledge and the consequent liability to outside influence. Between
the fifth century B.C. and the fifth century A.D. the country round Bakhsnali was
actually under the dominion of seven different nations : the Persians, the Macedoni-
ans, the Mauryas, the Bactrian Greeks, the Scythians, the Parthians, the Kush-
ans . “and ” writes Sir John Marshall," “it may be taken for granted that, with the
exception of the Macedonians whose conquest was merely transitory, each of these
nations in turn left some impress on the aits and culture of the country.” From
the sixth to the tenth centuries of our era Gandhard was more or less subject to
the Guptas and their successors and then came the Muhammadan invaders. The
following are some notable dates relating to the country with which we are con-

cerned.

B.C. 836 Alexander receives the submission of Ambhi, king of Taxila.
190 Demetrins of Bactria conquers the Punjab.
85-50 Maues, the Scythian, conquers Taxila.

’

1 4 Guideto Taxila, p. 23.
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o -and - Arachosia;
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The case for mathematics is almost exactly parallel, allowance, of course, being
made for the more abstract nature of the subject ; and the history of mathematics
gives abundant illustration of the same types of change as Sir John traces in the
Indo-Greek coinage. :

Enough has been said to show that it would be stupid to exclude the possibility
of Greek influence in the realm of mathematics on general grounds; and if such
influence is to be negatived finally it must be for special reasons to be discovered
by subjecting our manuscript to a detailed examination.

117. Tt is unfortunate that the question of origin of the Bakhshali Manuscript
was discussed and judged upon before the work was thoroughly examined. The
announcement made by Weber, on the authority of Biihler, at the fifth Interna-
tional Oriental Congress was based upon no real knowledge at all ; and Dr. Hoernle
himself only examined in detail about one-third of the manuseript. We do not,
therefore, feel bound to treat the pronouncements of these eminent scholars on this
particular subject with the reverence that is usually due to them. Also we know
that Weber was misled by Biithler and Dr. Hoernle told me that he was prepared
to modify his earlier views to some extent. With reference to the last point the
quotations given below must therefore not be taken as expressing Dr. Hoernle’s
final views. However, they are the basis of all that has been subsequently written
and it is on them that the position of the Bakhshali Manuscript has been determined
by the historians of mathematics. Dr. Hoernle summarised his views in the follow-

ing words \—

“T believe that it 1s generally admitted that Indian arithmetic and algebra, at least, are of entirely
native origin. While Siddhanta writers, like Brahmagupta and his predecessor Aryabhata, might have
borrowed their astronomical elements from the Greeks or from books founded themselves on Greek science,
they took their arithmetic from native Indian sources. Of the Jains it is well known that they possess
astronomical books of a very ancient type, showing mno traces of western or Greek influence.! In India
‘arithmetic and algebra are usually treated as portions of works on astronomy.? In any case it is impossible
that the Jains should not have possessed their own treatises on arithmetic, when they possessed such on
astronomy. The early Buddhists too, are known to have been proficients in mathematics.® The preva-
lence of Buddhism in North-Western India, in the early centuries of our era, is a well known fact. That
i early times there were also large Jain communities in those regions, is testified by the remnants of Jain
sculpture found near Mathurd and elsewhere. From the fact of the general use of the North-Western
Prakrit (or the ¢ Gatha dialect’) for literary purposes among the early Buddhists it may reasonably be
1 iled also among the Jains, between whom and the Buddhists there was so much

-concluded that its use preval ) . th,
similarity of manners Ia)md customs. There is also a diffusednes: in the mode of composition of the Bakh-

shali work? which reminds one of the similar characteristics observed in Buddhist a]}d Jain lit'erature. All
these circumstances put together seem to render it probable that in the ‘Bakhshali manuscript there has
been preserved to us a fragment of an early Buddhist or Jain work on arithmetic (perhaps a portion of a
larger work on astronomy) which may have been one of the sources from which the later Indian astronomers

+o0k their arithmetical information.”

118. There is not the slightest evidence in the manuscript itself of its being
connected either with the Jains or Buddhists. It is Hindu (Saivijue). The author
was a Brahman (fol. 50) ; to Siva is attributed the gift of calculation to the human
race (fol. 50) ; offerings to Siva are mentioned on more than one occasion (fo'ls. 34,
44) : veferences are made to certain incidents recorded and persons named in the
Hindu epics (fol. 32, ete.) ;* and there is not a .smgle ref‘el:ence that could be con-
strued as indicating any connexion with Buddhism or Jainism.

1 The reference is prebably to the Saryaprajiapti. See my Hindu Astronomy, pp. 19-2L.

2 Not before the advent of western astronomy.

3 Ts Dr. Hoernle here thinking of theincident related in the Lalitavistare and popularised by Arnold ? The legend, according
4o Weber, * carries no weight whatever.”

1 1 should not myself have noted thias a characteristic of the Bakhshali work.

5 And these references occur in the portions of the MS that were not critically examinied by Dr. Hoernle.
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119, Further there are indications of a connexiorn W}foh Muslim mathemati-
cians (§ 120} and there is other internal evidence that g&z’:}mts to a much later date:
than Dr. Hoernle's thesis allows. It is rather curious that the connexion between
arithmetical o stronomical works that Dr. Hoernle points out only holds for
those later we which distinetly show western influenc For the major assump-
tion “ that Ind rithmetic and algebra are of enmreiv native origin ” Dr. Hoernle
was not himself ve pons sible. It was a common opinion. that still obtains to some
extent. One point appears at first sight to be in favour of Dr. Hoernle’s argument
(but 0‘;%7 which he could not have been aware), namely that in some matters of
ﬂ%"f il ﬁ e %” : g'*% | “Ei w @vk more eioae}iy rebem’ofe% ﬂiza Ganita-Sara-sangraha of
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CHAPTER IX.

THE AGE oF THE MANUSCRIPT AND THE AGE OF THE WORK.

122. Dr. Hoernle held that the mathematical treatise which is written out in
the so-called Bakhshali Manuscript was considerably older than the manuscript
itself. Indeed he thought that the work was composed about six centuries earlier
than the copy we are considering. He excluded the possibility of our manuscript
Leing a translation for he largely based his estimate of the age of the work on the
antiquity of the language employed in the manuscript. If Dr. Hoernle were right
in his differentiation between the age of the work and of the Bakhshali copy then
we should have to consider the possibility of other copies being preserved and the
probability of the work being known to other mathematical writers of the interven-
ing centuries. Dr. Hoernle, indeed, did suggest that the work was one of the
sources from which the early Hindu mathematicians drew inspiration, but without
any justification. Unfortunately Dr. Hoernle’s reasons for his views as to the ages
of the manuscript and the work are not satisfactory and we are compelled to reject
his conclusions altogether. Of course it will be impossible to say definitely that
the manuscript is the original and only copy of the work but we shall be able to
show that there is no good reason for estimating the age of the work as different
from the age of the manusecript to any considerable degree.’

There are certain general causes for Dr. Hoernle’s mistaken conclusions. He
examined in detail only a comparatively small portion of the manuscript ; the his-
tory of the Sarada script was not well known thirty years ago; there has since that
time been light thrown upon the type of language used in the manuscript, and the
knowledge of mediszeval mathematics has been extended.

It is proposed therefore to re-examine in detail the whole question of age and
in the course of the re-examination Dr. Hoernle’s arguments will receive due con-

sideration.

THE AGE OF THE MANUSCRIPT.
{a) The circumstances of the find.

123. The circumstances of the find have already been described in detail (§3).
They led Bithler and Weber to suggest that the manuscript might prove to be of
the age of Kanishka, i.e., of the second century of our era. We need not labour
this point. The suggestion was based upon a misunderstanding and there is not
the slightest evidence to support it. It was discarded by Dr. Hoernle, who, how-
ever. follows much the same line of thought in arguing for a slightly later date.
He writes “ The country in which Bakhshali lies and which formed part of the
Hindu kingdom of Kabul, was early lost to Hindu civilisation through the con-
quests of the Muhammadan rulers of Ghazni, and especially through the celebrated
expeditions of Mahmid towards the end of the tenth and the beginning of the ele-
venth centuries A.D. Tn those troublous times it was a common practice of t}u?
learned Hindus to bury their manuscript treasures. Possibly the Bakhshali
manuscript may be one of these. In any C&S.erl‘b ca-nnt.)t well be p]acedvmuch lat’f,ar
than the tenth century A.D. Tt is quite possible that it may be somewhat older.

Dr. Hoernle assumes that the manuseript could not well have been written
after the time of Mahmiid. Regarding the alleged burial custom I can say nothing.

1 There is evidence that the MS is notya copv at all. Tt is not the work of a sinale serihe : there are crosg references to leaves
he widence .

§ the manuserip ; there is a case of wrongly pumbering a sifra and the mistake is noted 1 another hand-writing.
of the goriph; R
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(e Format.

125. The shape and size of the birch-bark leaf might aﬁao be expected to give
some indication of age. The format of the Kharoshthi Dhammapada from Khotan
was probably due to early western influence while the Bower manuscript format
was probably due to the Indian palm-leaf pothi. The Bakhshali format differs
considerably trom both of these and is certainly of a later date. Dr. Hoernle
thought the Bakhshali manuseript was the prototype of the early Indian paper
book, but it might have been the other way round (See Mﬁ?

sL

The Seript.

126. The script will be deseribed in some detail lawz on and the chronoelogical
evidence it gives will be indicated. The earlier orientalists had rather inaccurate
notions abmh its chronology. Biihler stated that the oidest Sarada inseription
was that of Baiimath, thh he dated A. D. 804 instead of A. D. 1204, while Dr.
Hoernle mﬁk the Sarada script back to A. D. 500. The miain facts rehtmg to the
ei*h?ﬁﬂ(ﬂ@ff’ of the Sarada script are as follows : The earliest known examples are of
1 nd are found on certain coins of the Va arma dynasty of Kashmir.
“ff‘hm*@ are :’ﬁfa’i least two inscriptions of the tenth centurv, namely the Sardhan in-
wnmmﬂ and ap in %u&zp‘twn of the reign of Queen Didda f'\lam dated i mseriptions
of the eievent E*; and twelith centuries have been preserved. At the begmmng* of
the thirteenth s*’ﬂi@}lﬁ 18 *g) laced the Baijnath n%cs:rphmn ‘wﬁh ‘which, according to
Vogel, the history of the Sarada proper comes to an end. 2

T
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Of the script of the Bakhshali manuscript Dr. Hoernle first wrote'—* Some
of the forms which very frequently occur in the manuscript, especially of vowels,
very closely resemble the forms used in the Adoka and early Gupta inscriptions.”
:I‘he implication here made he slightly modified later* by writing as follows :—
‘ The Sarada characters used in it exhibit in several respects a rather archaic type,
and afford some ground for thinking that the manuscript may go back to the 8th
or 9th century.” “ But,” he wisely continues, “in the present state of our epigra-
phical knowledge,’ arguments of this kind are always somewhat hazardous.”

Every letter of the manuscript has now been examined and the script has been com-

parelzgl dwith other available examples and the following age criteria have been
applied :—

(¢) Vogel thinks that the form of the letter nis a fairly reliable test of age.
Table I, Part I exhibits three distinet types. The Sarahan example
has a horizontal connecting stroke in the middle of the letter, the
Baijnath example is without this horizontal stroke but has a tail
turning inwards from the left. The Bakhshali manuscript shows no
examples of either the horizontal middle stroke or of the left hand
tail, and thus seems to place itself between the Sarahan inseription
(tenth century) and the Baijnath prasastis (early thirteenth century).

(77) The common method of forming medial @ is to add a knob to the top
right hand of the matrika and of this method there are hundreds of
examples in our manuseript ; but in the case of ja modification of the
matrika was the rule. There is, however, an isolated example (folio
16, recto, the sixth akshara of the third line from the bottom) where
the commoner method is applied for ja. According to Vogel this
method of writing 7@ came into fashion about A. D. 1200. This test,
if reliable, is rather intriguing, as is also the next one.

(¢8) Medial ¢ and 7 are generally formed as in Devanagari, but there was arn
older practice of forming them by sickle-shaped curves above the
matrikds and of this older type there are two or three in our
manuscript (folios 1 verso, 52, recto et verso, 60 recto). According to
Vogel these superscribed short and long %s dropped out of use about

A. D. 1200.

{7v) The slanting superscribed medial e tends to become horizontal in later
Sarada, e.g., in the Baijnath inscription. In our manuseript the
stroke is nearly always slanting but there are a few examples where
it is horizontal. Also another method of expressing medial e is by a
stroke behind the matrika and this method is exemplified 269 times
in our manuscript. The anecdote related by Vogel (p. 96) shows
that this back stroke method was not in general use in the fifteenth
century.

(v) Medial af is formed in two ways and according to Vogel the change -
took place about A. D. 1100. In the Bakhshali Manuscript there are
19 examples of the older method as against 61 of the more modern
method.

¥ I'ndian Anfiquary xii, 1883, p. 80,
_ 2 Th. xvii, 1888, p. 36
% Qur epigraphical knowledge of the 83rada script has been largely ex.tended by the researches of Dr. Vogel, whose volume on
The Antiquities of Chamba has been of the greatest help in the present enquiry.
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Symbols and notation.

«
127. Not unconnected with the scriptual questions are the forms of symbols,
and particularly those connected with the arithmetical notation.

The negative symbol, or minus sign, is a cross +,the use of which for this parti-
cular purpose is unique. The nearest approach to this use is the inverted ¥ (h)
employed by Diophantus to indicate a negative quantity. Dr. Hoernle rejected
the Diophantine origin of the Bakhshali symbol on the ground that “the Hindus
did not get their elements of the arithmetical science from the Greeks.” That
such a sweeping assumption as this is altogether unjustifiable has been already
shown, and the implication that the work is wholly Hindu in origin has never been
proved. Dr. Hoernle attempts to trace the sign back to the Agoka %« but, as he
confesses, not with much success. However he suggests that the Bakhshali symbol
is “a mark of great antiquity.” See § 61 for some further discussion. All that
we can now say is that the use of this symbol cannot be traced to an Indian source.

The arithmetical notation employed will be referred to again (see § 130). Here
we are concerned with the forms of the symbols only. In my paper published by
the Asiatic Society of Bengalin 1912, T attempted to place these symbols epigraphi-
cally. Unfortunately we have very few examples of numerical symbols written in
early Sarada, but on the whole the Bakhshali symbols resemble most closely those
of the Devi-ri-kothi Fountain inscription® of A. D. 1159. The Sarada numerical
symbols are fairly consistent in form but there are rather peculiar variations of the
“four ” and “six.” The Bakhshali “ four ” most closely resembles the example in
No. 15 Chamba which probably belongs to the eleventh century.’ The evidence is
really too scanty for us to form any definite conclusion.

Language.

128. Dr. Hoernle writes *:—

¢ Bakhshali arithmetic is written in that peculiar language which used to be called the Gatha
dia.leetr,mkl)?lt which is rather the literary form of thepa}neient North-Western Prakrit (or Pali). It exhibits
o strange mixture of what we should now call Sanskrit and Prakrit forms. As shown by the inscriptions.
(e.g., of the Indo-Scythian kings in Mathurd) of that period, it appears to have been in general use, in
North-Western India, for literary purposes till about the end of the third century A.D., when the proper
Sanskrit, hitherto the language of the Brahmanic schools came into general use also for secular compositions

o Its use, therefore, in the Bakhshali arithmetic points to a date not later thanv the 3rd or 43h

(;eni;ur.y A.D. for the composition of that work.”

d be presumptuous for me to contradict Dr. Hoernle on linguistic
g&t‘z‘g;lsl,l and hiIS) opinicgl here carries great weight. But from the evidence before
me I am compelled to disagree here, as elsewhere, when he is speaking of thg age of
the work. He gives a number of examples of the peculiar characteristics ” of the
language of the Bakhshali work, on which he appears to have based hlg views. l\{pw
every single one of these “peculiar characteristics " 1s common 1n Sarada inscrip-
tions of the eleventh and twelfth centuries. Indeed their very occurrence helps to

1 Ind, Ani. xvii, 1888, p. 34.

2 Amt. of Chamba, p. 212. i .
3 The resemblance of some of the numerical symbols to letters is noted in part ii. Bithler (Ind. Pal. p. 83) states that

symbols for 4 and 9 are ‘ ancient letter ntumerals ’; but the ¢ letter numeral theory * has succumbed !

4 Ind. Ant. xvii, 1888, pp. 36-37.
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confirm the evidence @;uppf&ed by the script (§ 126). As it s proposed to devote
the second volume of i"iza work particularly to lmgmsm matters I give here only
a list of Dr. Hoernle's pemﬂml characteristics ” with references to the Chamba
ingeriptions |in syuarve brackets] where the same peculiz \y‘&h&l‘&@t@llbﬁl@b oceur.

(@) * Insertion of euphonic consonants.” [No.
ﬁnﬁs;p No. 32, p. 2101 (o) E{Oubhmg of consonants.” | . | Pec
har p@ﬂmg@ i zewwhew 1 w)} Confusion of 1i and ri. [Nos. 15 (p- 1?0), 24
{p. 184), 25 (p : g (/) The jikvimuliye and the upadhmaniya ave
always meé be tharals mr% pal: atals respectively.” [Tt is one of the most
not a%ie charasteristics ha_Lada writes Dr. Vogel  “that we find the
3 y ; used with ar eat regulal " (p. 58) See Nos. 13,
s, et (g) Eneonhz s i [\m 14 (p. 161),
R e OﬂfU’wl{)h of t &gbﬂanﬁs [ Nos. 14 (p
‘;b%) 26 ( p 198). | “ Contusion Qf n and n.”
), 26 (p. 198).] () M} n of a final consonant.”
same actual examp”feb oceur. | (&) " Interpolation of
cal  and syntactical peculiarities.” [Passim.] (m)
n 1 (n) " Peculiar nwanmc Dr. Hoernle's inter-
s he gives cannot be accepted.

(b) “ Insertion of 8.7

[Nos.15&32] (d)“ Pecu-

24 (p, ;844
QM 45 1@)

o

’ P ﬂﬁmr forn
prefation of 1 hﬁ,, '

My references to eleventh and twelith century insc iptions here given make
no pi etence of being exhaustive. They are merely given to justify my ﬁonﬂwept—
ance of Dr Hoernle's views. On this matter I shall await the verdict of those more

coropetent to judge than 1 bt my tentative conclusion is ‘%“hat the language of the

manuscript is not appr %’Gd}f}ﬂ‘ earlier than the seript 1’rsb
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Arig?,metz'cal notation.

- 130. The arithmetical notation employed throughout the manuscript is the
modern place-value notation. If we knew the period when this notation was first
" employed in the north-west of India we should have some criterion for the earlier
limit of the date of the work. Note that we are not here so much concerned with
the date and place of the invention of the modern notation as with its introduction
and early use in the north-west of India. Obviously we should search for evidence
of this in other manuscripts, on coins and inscriptions generally. Before we deal
with such evidence, however, it may be as well briefly to refer to the broader aspect
of the question.

According to the Hindus the modern place-value system of arithmetical nota-
tion is of divine origin. This led the early orientalists to believe that, at any rate,
the system had been in use in India from time immemorial ; but an examination of
the real facts shows that the early notations in use were not place-value ones and
that the modern place-value system was not introduced until comparatively modern
times. The early systems employed may be conveniently termed (@) the Kha-
roshti (b) the Brahmi (¢) Aryabhata’s alphabetic notation (d) the word-symbol
notation. ‘

(@) The “ Kharoshthi ” script, written from right to left, was in use in the
north-west, of India, Afghanistan and Central Asia at the beginning of the Chris-
tian era. The notation is shown in the accompanying table. The smaller elements

are written on the left.

(6) The “ Brahmi notation ” is the most important of the old notations of India.
It might appropriately be termed ¢ Indian notation for it occurs in early inscrip-
tions and was in fairly common use throughout India for many centuries. The
symbols employed varied according to time and place but on the whole their form
was fairly consistent. They were written from left to right with the smaller ele-
ments on the right. Several false theories as to the origin of these symbols have

7 2 3 4 § 6 7 8 g /0 20 30 40 50 60 Jo §o 9o /oo 200 360 400 /o0y 2000
g Ju’uméfﬂé JUppm X P IX{axX] IXX 713 3%\733 vy
ZEW@W/"=5‘+b?777«6U%Cizzm®g71%‘q‘q
R PR DRI EE M R R I T ] Rt |
A ) ~lalzsair 9w ileevy d{doai |
o AR[RAATIRk R adrc g8 ¢edd |
Allntid prien |~ 2|8 852 19 2F 4 g2 T[E 73]

NUMERICAL NOTATIONS.

been published, some of which still continue to be recorded. The earliest orienta-
lists gave them place-value, but this error soon disproved itself ; it was then sug-
cested that they were initial letters of numerical words ; efe., ete.
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Lo A}“Vﬂfi}%aa}m = ai%p:&(abemi; notation also had no pl& 26+ ‘zfalue It was written
1o mght but differed from the Brahmi notation in having the
1t may be exhibited thus

Letters. & M gh 0 ch chh 4 jh 7.

Values, 1 2 3 4 5 6 7 8 9 10

Letters. ¢ o odo dh 7 i th d dh T

Values, 11 12 i3 14 15 16 17 18 19 20,

Letters.  p w b bk om 7 i v § sh sk

Values.” 21 22 25 30 40 50 60 70 80 90 100,

ol
o)
A
e
G

The vowels 1
g may be.cons %imﬂ
values of the vow

indicate multiplication by powers of one m&dred The first vowel
d as equivalent to 1000, the second VOW& 1=100" and so on. The
may therefore be shown thus : ~

Vowels. -« weoore i e an o au.

Values, L 107 108 10° 100 10 106% 10 10

The follov g taken from Aryabhata’s G'/,f?fm illustrate the applica-

tion of the &

Fehayulehys = (2+30).10° + 4.10° @,32@;&{;&

f~!gmf<smffﬁ 1éule fm i 6430 1 3,107+ 30.10° +5.10* + 70,10 «

50+ 7).10° = 57,753, ?36

The rotation could thus be used for expressing mimg numbers in a sort of
mnemonic form.  Arvabhata’s table of sines was expressed in this notation, which,
by the way. was « sed only for asty onomgical purposes. It did not come into ordin-
ary usein §m§ some centuries Eai’er it ap*peaz 8 0CCas E?‘ﬁ’iaHV in a form modified

A 4
=h
¥
')
©

1 - 2 83 4 910

gh . ch chh | b @

d dh n it th d dh  n

b ph b Bh m |
{

o
o]
S

Y r ) & sh s Ao i
Initial vowels are sometimes used as crphers also. The earliest example of

this modified %,K;ng is of the twelfth century A. D. Shohg mrmfmons oceur.

(d)y The word

) L he ymbol notation.—A notation that hw« ame e\:tfaordma,rllv po-
~pular in Ind

E was introduced about the seventh century A. D. , possibly from the
‘Bast. 1In this notation any word that connotes the idea of a number may be used
to denote that number : e.g. Two may be expressed by nayone, an eye, or karna,
an ear, ete ; seven by adva. a horse (of the sun) - fiffeen ‘bv tithi, a lunar day :

, twemfv by ié@?fﬁ{w g mfm} (of the hands and feet) : twm“ty-ﬁeveﬁ by naksizafm a lunar
mansion : thirtv-twoe by !ianm g tooth ; ete.  This nota%mr it is said. was used
by Erahmagﬁwﬁ




82

(e) The modern pluce-value notation.— The orthodox view is that the modern
place-value notation that is now universal was invented in India ; and until re-
cently it was thought to have been in use in India at a very early date. Hindu
tradition ascribes the invention to God ! According to MastidI a congress of sages,
gathered together by order of king Brahma (who reigned 366 years), invented the
nine figures ! Patafijali and other early writers are supposed to make references
tc the place-value system. An inscription of A. D. 595 is supposed to contain a
genuine example of the system ;' according to M. Natv® the “ Indian figures ” were
known in Syria in 662 A. D.; and certain other mediseval works refer to “ Indian
numbers ” ; and so on.

On the other hand it is held that there is no sound evidence of the employment
in India of a place-value system earlier than about the ninth century A.D. The
suggestion of “ divine origin ” indicates nothing but historical ignorance ; Masfdi
is obviously wildly erratic; the inscription of A. D. 595 is not above suspicion’
and the next inscription with an example of the place-value system is nearly three
centuries later, while there are hundreds intervening with examples of the old non-
place-value system. The references to India in medizeval works do not necessarily
indicate India proper but often simply refer to “ the East ” and the use of the term
with regard to numbers has been further confused by the misreading by Woepcke
and others of the Arabic term /indasi (geometrical, having to do with numeration,
etc.), which has nothing to do with India.® Again, it has been assumed that the
use of the abacus “has been universal in India from time immemorial ” but this
assumption is not based upon fact, there being actually no evidence of its use in
India until quite modern times. Further, there is evidence that indicates that the
notation was introduced into India, as it was into Europe, from a right-to-left
script.* ‘

131. As this subject is a matter of general controversy it behoves us to be
circumspect about drawing definite conclusions from the occurrence of the modern
‘place-value notation in our manuscript. As indicated above the proper procedure
is to examine the evidence relating to the earliest appearance of this place-value
notation in the north-west of India. Of manuscripts there are very few earlier
‘than the twelfth century and none of these gives any example of the new notation ;
‘of coins there are plenty of examples but none earlier than eleventh century gives
any example of the new notation ; and the earliest inscription of this part of the
‘world with any evidence of the new notation is not before the tenth century A.D.
‘To suggest that the Bakhshali manuscript was independent of all the circumstances
that governed the epigraphical appearance of the new notation generally would
be unscientific.

Dr. Hoernle was very dogmatic. He wrote, in 1888, “It is certain that the
‘principle’ was known in India as early as A. D. 500. There is no good reason why

1 The figures were added at a later date. A cursory examination of the plate (Epigraphia Indica, vol. i, p. 20) makgs
-this obvious. , , ‘ o
 Journal Asiatique, 1910, p. 209. M. Nau’s ¢ authority * does not read well. He speaks of the Hindus noble discoveries in
astronomy—more ingenious than those of the Greeks and Babylonians.
3 About nine hundred years ago Albiriini wrote (India, ii 211)—* :1,‘hey Cees
.of which we have not found a single trace with the Hindus themselves. ‘ . )
4 For a more detailed examination of this question see my papers on (1) I nd'i'a.n Am’thmetchl Notations, JA;.EB 1907, 475-508,
92) The use of the Abacus in ancient India, JASE 1908, 293-297 ; References to Indian M aih?fmatzcs_ n cer.imn. Medieval wo'rks,. JASB
(801-806 in 1917 in Screxrtia (1917, pp. 273-282) Baron Carra de Vaux pursued a line of investigation completely different
from that T had myself followed and came to the same conclusion, namely that the original home of the Enodern place-value nota-
tion could ot well have been in Tndia. For a popular exposition of the other side of the controversy see Smira and KARPINSKY The

Hindu Arabic Numerals. * ‘ ' )
5 That is the place-value principle. - The quotation is from the Indian Antigquary of 1888 (xvii), p. 38.

relate all sorts of things as being of Indian origin,



it should not have been discovered counsiderably earlier. In fact, if the antiquity
of the Bakhshili arithmetic be admitted on other grounds, it atfords evidence of
an earlier date of the discovery of that principle” Bithler is bolder still. “If
Hoernle's very probable estimate of the antiquity of the aiithmetical treatise, con -
tained in the Bakhshali manuscript, is correct,” he writes, = its (d.e., the place-vaiue
notation’s) invention dates from the beginning of our era or even earlier.”

132, There ave two other criteria suggested by Dr. Hoernle, namely (a) the
length of the year mentioned in the text, and (b) the ncenrience of the term dindru.
Regarding the former he came to no definite couclusion bit seems to have thought
that there was some correspondence between the year of 360 days that occurs in
the text, and the accepted estimate of the length of the vear at the period of com-
position of the work. Had he gone into the matter furthes he might have come to
the conclusion that the Bakhshali work had been composed in pre-Vedic
days ! It seems havdly possible for any one to be misled by such “ internal evi-

1ce 7 but it may be as well to point out that the practice of reckoning the year as
consisting of 360 days for the purpoese of arithmetical examples was quite common
in mediseval Indior works. Mabavira and Sridhara actually give 1 year =360 days
in their tables of measures, and the latter adds the remark—"" Time is calculated
rile in all avithmetical works.” o '

£4

133, Dr. Hoernle's argument regarding the use of the dindra is as follows —

In the early centuries of our era the dinare in use in India was the gold one only,
and ~ the Bakhsl arithmetic seems fo indicate that the gold dindra and the
silver dramm formed the ordinary currency of the day.  This circumstance again
points to some time within the first three centuries of the Christian era as the date
ot its composition.” " The only reply that this statement calls for is to state that
all the evidenve of vur text points to the use of a copper ira and theve is not the
remotest indic 1 of a4 golden dindra”  (See § 110))

iyt
(=)

134, There ure other indications rather than evidence of the age of the work in
the material of the text. The occurrence of the square-root rule already referred
to would not he an anachronism if it were found in any Indian text from the time
of Aryabhata onwards—but it occurs in no known Indian text until very late indeed
and its appearance in the Bakhshali manuscript is probably due to direct western
influence, possibly to Muslim influence. Such evidence is valueless to the inex-
pert © it con u}% carry weight ywﬁ‘th those who have a very fair knowledge of ﬂ;le

~mathematical field of the period. Likewise the employment of the se}iagesimal
notation points in the same direction. but the general reader must bear in mind
that this notation had been used by Hindu astronomers from the time‘éfhf&rva.‘

ather a matter of western

e

it

bhata, and that the arithmetical use of it in our text is
fashion than the introduction of 4 new idea.
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in the west, a fairly close predecesso’r to an algebraic symbolism. There is also
other evidence that our work was probably produced not long before an algebraic
symbolism came into use.

135. Of the evidence as to age discussed some is of doubtful value ; but there
remains a good deal that must be considered as giving no uncertain indication, and
the period indicated is in all cases about the twelfth century. The script, the lan-
guage, the contents of the work as far as they can give any chronological evidence,
all point to about this period, and there is no evidence whatever incompatible with
it. Bhaskara was born in A. D. 1114, Omar Khayyam was flourishing in the early

art of the century, Adelard of Bath visited Cordova in 1120, Leonardo was born
in 1175 ; and it was during this period that the Bakhshali work was probably com-
posed. Tt is possible that in the future more light will be thrown upon the script
and language of the locality and period of the Bakhshali manuseript; and that,
if the manuscript be required as suggested, further internal evidence will be forth-
coming. Such further discoveries may modify the conclusions now drawn regard-
ing the age of the manuseript ; but they cannot very well put the date of composi-
tion of the work back to any great extent.

£ 3
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~—The Script.
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formulating his chronological tests remains to be seen; but, at any rate, he has
provided material and detailed notes that are invaluable.

D Hoernle first gave 500 A.D. as the approximate period of the birth of the
Sarada script, but later he modified this view and stated that it originated directly
from the Gupta script in the course of the seventh century. The earliest known ex-
amples are on the coins of the Varman dynasty of Kashmir which start from the
zm.ddle. of the ninth century ; while previous to this the acute-angled script was,
it 1s said, in general use in northern India. It is, of course, possible, as Vogel
points out, that the Sarada was employed as a literary alphabet considerably ear-
lier than the ninth century ; but there is no evidence. There is a Kashmir inscrip-
tion of the reign of queen Didda that belongs to the tenth century, us also poss‘ibfy
does the Sarahan inscription : and there are many dated inscriptions belonging to
the eleventh and twelfth centuries. The following table gives the dates of some of
the more important Sarada inscription :—

A. D.
Coins of the Varman dynasty of Kashmirt . . . . . 855-939
Inscription of the reign of Queen Didda . . . . . 992
Devi-ri-kothi fountain inscription . . . . . . . 1159
Angom inscription . . . . . . . . . . 1197
Baijnath inscription (Kangra) . . . . . . . . 1204

/ith the Baijnath prasastis, according to Vogel, the history of the Sarada
proper comes practically to an end ; and the script of the later records differs so
considerably from the pre-Muhammadan inscriptions that he proposes to give it
a special name. “The thirteenth century,” he says, “forms a blank which sepa-
rates the two palaeographic periods.” ‘

The relationship of the Bakhshali script to other Indian scripts is illus-
irated in its main outlines in table i, which shows the Brahmi, Western, Gupta
(Bower), Acute-angled, Sarada (Nos. 4, 5, 6, 7) and the Nagari alphabets. It is at
once seen that the Bakhshali alphabet is more closely connected with numbers 4
and 6 than with 7 ; and that numbers 4, 5, and 6 are differentiated on the one hand
from number 3, and on the other from number 7. Indeed numbers 4, 5, and 6 are
examples of the Sarada group proper, which is supposed to be a direct descendunt
from the acute-angled script (No. 3); and number 7 is a direct descendant from
the earlier Sarada script.

The most notable differences between the Sarada and the acute-angled are
with respect to the na, te and $a,; while minor differences are seen in the ga, na,
pha, la and ha, but in these latier cases slight variations occur in one or both of
the scripts which, more or less, blot out the differences.

The differences in the cases of the ga, fa, $a are possibly due to the emphasis
given in the later scripts to the overhead horizontal lines. The most important
difference lies between the two example of na—the middle horizontal connecting
line being consistently employed in the acute-angled script, and consistently
omitted in all but the very early examples of the Sarada.

Between the Sarada proper (Nos. 4, 5 and 6) and number 7, Whiph may pe '
termed modern Sarada, the differences are much more marked. The ¢, e, ka, ja,

+ CUNNINGRAM Coins of Mediral India, plate iv.



are particularly noticeable; while the na in both the Baijnath
- modern Sarada shows an inturned tail on the left.

da, ya {Table 1)
example and in 45

The alphabet.

S ] 3 ‘ @ 3 ¥ e A kn i iy m. L4 & .
Further details of the alphabet are given in Tablesii to iv. Table ii shows the
consenants and their more important combinations; Table iii gives the various
i - - ' < = e o - 5 Wi L ARSRE >
methods of wiiting the vowels: and Table iv gives most of the ligatures, the nume-
vals, ete. It is proposed to examine the whole alphabet more or less in the order
of thesge tables. « ~

The Consonants. k- kh-, g-, gh-~, -

 The normal /- of the manuscript differs very little from other early Sarada
examples.  Indeed the variation in the manuscript is alniost as much as in the
inseriptions.  The right-hand curve ex hibits, on the whole, a tendency toﬁclose:
inwards towards the vertical like the modern Sarada, particularly in the “ M ' sec-
tion of our manuscript ; but there are some half dozen examples where it is almost
straight. The Saraban and Baijnath examples have a much shorter and more
open right-hand curve, while in modern Sarada the curve is quite c].oged. "v ggel
save that the leff-hand loop is generally more rounded in the older inscriptions
and in the Bakhshali manuseript, but this is, at least, doubtful.

‘As the first element in a ligature % harks back to the Brahmi type, e.g., in
kew, keri, kt- lere, ksh-, efe. (Tableii, 1), as it does in all the Sarada examples ; but
as the final consonant in a lHgature it generally retains its normal shape.

In the Saradi, g and gh have fairly constant forms
deviation from the Bower manuscript examples. The left-hand shoulder of the
¢ is sometimes slightly rounded in the Bower manuscrint and the acute-angled
seript ; and in the Bakhshali manuscript similar examples occur once or twice. In
ligatures each of these letters retains its normal shape. '

which show very little

&

ver #- is only found in combination with other consonants, as is gene-
ral in the Saradda.  The form of %- is the same ag in the Gupta period but it has
developed a swelling at the vight-hand end of the top horizontal stroke, and this is
sometimes mistaken for the sign of 4. In the Bakhshal: manuseript such right-
hand protuberances can, however, generally be distinguished from the @ sign.  See
9~ and f- , ‘

ch-, chl-, §-, jh-, @i

Biuihler speaks of the “quadrangular che” as chavacteristic of the Sarada,
but it can hardly be deemed to be such, for in the Sarahan and Bakhshali examples
it is often somewhat rounded, or in the latter hasthe right side vertical, and in the
Devi-ri-kothi inseription it is almost triangular. Biihler possibly had the Baij-
nédth and modern Saradi examples in mind. -

The akshara chho is also fairly eonstant in form, although the Bakhshali ex-
amples are more cursive than in the inseriptions. The d graph chehh- frequently
oceurs. 'These letters are illustrated in Table ii. 2. - ,

 The §-is a conservative character in the Sarada. In the Bakhshali manus-
cript it differs very little from the Bower manuscript and acute-angled examples,
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except that the top horizontal stroke has developed a much more pronounced knob
on the right-hand. According to Vogel this knob or wedge disappears in the
Muhammadan period, but Grierson gives it for modern Sarada. The akshara ja
ditters considerably from ja. The top bar disappears and a nearly vertical stroke
is aydded. to the end of the tongue ; but instead of this modification of the matrika,
n late inscriptions occasionaliy we meet with a ja formed by the usual medial @
sign added to the matrikd, and in our manuscript there is one such example
(folio 16r.) The later script seems to revert to the Bower manuscript type.

The letter j2- only occurs in jjAi and jjhya. It is something like the ja with
the lgft-hand stroke turned backwards. It shows little alteration since the Gupta
period.

The 7 also only occurs in combinations (7aa, jnd, ncha). The superseribed 7
differs considerably from the subscribed form, but both forms are almost identical
with examples that occur in the Bower manuscript.

Of the linguals {4 does not occur at all independently, and it is doubtful
whether it is intended as a subscript. The ¢- generally, but not always, has a top
bar, and always it has a well developed right-hand knob. As the first element of
a ligature ¢ occurs twice, but as a subscript to sA it is common. The scribe evi-
dently made no distinction between sAt- and shth-, for the open and closed letters
are used indiscriminately for the same words. The normal { or ¢4 as a subscript
to sh is generally accompanied by another curve attached to the right of the s&
near the bottom. Usually this line curves slightly inwards towards the subscript :
but in several cases it is a long stroke slanting outwards. This additional stroke is
absent in the Sarahan inscription (and in the late Kashmir Sarada) but it is fairly
common in other early Sarada inscriptions.

The d- is almost exactly like the Baijnath and modern Sarada examples. It
differs considerably from those in the Bower manuseript, and its development is
somewhat uncertain. Many examples of nd- occur in our manuscript.

The akshara dha is very like the pha but has a kink in the downward stroke.
Tts form has not altered essentially since the Brahmi period.

Table I exhibits three distinct types of the Sarada cerebral nasal n. The
Sarahan example has a horizontal connecting stroke in the middle of the letter, ]ik'e
the Bower and acute-angled examples; the Baijnath example is without this hori-
zontal stroke but has a tail turning inwards from the left, and the modern Sarada
has the same tail somewhat shortened ; the Bakhshali example has no horizontal
middle line and no left hand tail, and is exactly of the same type as that exhibited
in the Devi-ri-kothi fountain inscription and other inscript.ions_ of the twelfth cen-
tury. Vogel seems to think that we have here a reliable criterion for age, and if so
the Bakhshali manuscript places itself between the Sarahan and Baijnath prasas-
tis. But like all other particular tests for the Sarada this must not be relied upon
with too great confidence, for in the later Sarada we find the Bakhshali and Baij-
nath types used promiscudusly. :
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2 Z)}l-: b‘g b}L-} n-.

The labial group is also very important quantitively, and this rather ac-
centuates certain difficulties that present themselves. The principal of these are
due to similarities between the v and d#, the ph and dh and the m, d and s under
certain conditions. Generally in the Sarada no distinction is made between the
f and v, and in the Bakhshali manuscript this lack of differentiation is almost, if
not quite, complete. The resemblance between the b or v and d# in ligatures has
already been noted upon ; the m is distinguished from the d by having a complete
vertical stroke on the right, but the ligatures nd-, nm-, rd-, rm- are somefimes
rather difficult to differentiate ; and badly written examples of m and s are also
confusing. Final m (with the virama) is very different from its matrika and occa-
sionally is only to be differentiated from the numerical sign for “ six ” by the length
of the very long virama stroke.

Y-, 7, -

In table i are shown two types of Saradd y, of which the Bakhshali ex-
amples may be described as representing the transitional stage between the Bower
manuscript example and the Sarahan example. Table ii,° however, shows that
the open (Sarahan) type also occurs in the Bakhshali manuscript, but it occurs
with comparative rarity.* Most of the examples are of the type shown in table i
and the first example of ii, 6 ; while the type illustrated as the third example in
table ii, 6, occurs generally in the A, section of the manuscript. In most Sarada
scripts the latter (open) type prevails but in the Devi-ri-kothi fountain inscrip-
tion there is exhibited a tendency towards the prolongation of the central vertieal,
although the left-hand loop is never actually closed, as it is in most of the Bakh-
shali examples. As an element of a ligature the form of ¥ is masked. Many ex-
amples are given in table iv. Occasionally the upward right-hand portion of the
curve is lengthened as in gya (iv, 1) and ddhya (iv, 5) : otherwise there is little to
note. As the middle element of a ligature i seldom occurs, unless we count % as
one of the elements.

The letter 7- is one of the most consistent in form in this family of scripts. The
bottom serif had developed in pre-Sarada days. This serif is generally rather
larger in our manuscript than in other Sarada texts and occasionally develops into
aloop (F 24). As = final element the 7 seems to be formed by a thinning and}
iengthening of this serif (table iv). For the peculiar shape of 7@ see page 95 and
for other modifications see below.

Two types of [ are shown in the Sarahan and Bakhshali exampes exhibited
in table i. The former has the left curve attached to the vertical by a horizontal
stroke, and this seems to be a characteristic of the earlier Sarada scripts: the
latter has the left curve attached by another curve—practicallv always in our
manuscript (table ii, 5, ete.). According to Vogel the former type was still pre-
valent at the beginning of the twelfth century.

§-, sh-, s-.

Table i illustrates fairly well the development of the S@r@d’a: §, which, in its -
later form, is exactly the Nagaris. In our manuseript the § is always square in

See FF 4, 6. 38, 41, 52, 53.
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The Vowels.
a and .

Initial @ and @ are fairly consistent in the Sarada, and the Bakhshali ex-
amples differ very little from the acute angled and early Gupta tvpes.  The o has
at the bottom of the i ight vertical stroke a small tuang iar wedge, while the @ has
in piace of this wedge a small curve something like the hottom par’t of the £. Both
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Devanagari, 8 -

Medial a.
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There are three methods of forming medial @ to consider : (i) The archaic
method of joining the symbol by a horizontal bar attached to the left top of the
matxlkﬁ. Vogel thinks this method dropped out of use about A.D. 1000, and that
1t may have been merely a local fashion. When there is any choice this method is
not employed by our scribes. (ii) The more common method is to join the symbol
to the top of the right of the letter, and this is generally done in our manuscript
with each of those letters that has a dexter upright or a top bar. (iii) The third
method entails a modification of the matrika, but this only occurs in the case of §.
_Examples of ja are shown in table ii, 1; but there is an isolated example* where
7@ is formed by method ii, and, according to Vogel, method ii, as applied to the §
came into fashion about A.D. 1200. '

It will be noted that each of the matrikas of 7, j, and ¢ already possesses a mark
similar to the medical @ symbol. In the cases of 72 and ¢ the usual @ symbol is
added according to method ii, but, as already stated, to form the ja@, method iii is
generally employed. In the na the symbol is often slightly curled inwards, and
this hook-shaped symbol is said to be characteristic of early Sarada.

Note that the -@ symbol is joined to the left upright of the d-, but this is be-
cause the dexter upright is not a complete one—and thus the da is differentiated
from the ma.

The vowels 7 and 7.

The initial vowel 7 does not occur. The short vowel 7 is of the form that is,
with fair consistence, employed in all Sarada scripts : it consists of two dots placed
above a, more or less, semicircular loop. (See table iii, 2.)

Medial ¢ and % are, almost without exception, of forms that are essentially the
same as in the Devanagari, and consist of left (i) and right (-2) vertical strokes,
sometimes considerably longer than the matrika and joined to its top by a bend
inwards.” DBut our manuscript contains three or four examples in which the -z is
formed by a sickle-shaped curve above the matrika and with its convex side up-
wards and turned slightly towards the left. (See tableiii, 2.) Vogel says, “ We may
assume that about A.D. 1200 the superscribed medial ¢ and z dropped out of use.”

% and @

Initial u is the same character as in the Bower manuscript. The left up-
stroke, which is generally continued to the level of the top of the letter, differen-
tiates  from ta. The long 1, as an initial, is the symbol for the short vowel with
a streamer hanging down from near the right top of the letter. Tt is distinguished
from 7%, which has a similar “ steamer,” by the long upward curve on the left.

Medial v is expressed in three ways : (i) By a triangular wedget attached to
the bottom left of the right vertical, or, where this vertical is absent, to a vertical
attached to the bottom of the matrika ; (ii) By the addition of the initial « as an
ordinary ligature ; and (iii) by attaching a downward steamer to the right of the

* T 16 recto. . . .
1The 7siroke i often longer[than that of -i. Compare the aksharas st and i in table i, 2: these are contiguous aksharas

from T 33w .
+ Often closod solid, but occasionally “open.
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This practice is ¢ te in accordance with that of the efﬁif Sz}r&dé; buje n our
manuscript the Su his either form, and this is not surprising, since the $- and s-
are occasionally eviployed indiseriminately. According to Vogel the wedge sym-
bol is earlier thon the curve, ‘ =

)

Medial -2 is formed most generally by a, more or less, horizontal “ streamer ”

attached to the left bottom of the vertical or to a vertical provided for the purpose
(hue, dyw). The vt and the bri* are exceptions to this method of formation : the
former is very like the initial % but without the left up-stroke, and the bru is some-
times formed by an angular attachment to the middle of the right vertical, and
this is possibly a modification of the initial 4. In one case bra is formed by the
addition of two hanging streamers on the right and the 7- stroke is shortened.

x

7

Initial 74 occurs once (63 v},  Medial 74 is invariably the initial 7 sub-joined
as a ligature. Iixamples are shown in table iii, 5. This symbol differs from other
Sarada examples by heing less rounded.  Bithler terms it atigular, and Vogel states
that this angularity is only found in the later inscriptions.

The vowel ¢

Initial ¢ does not generally differ essentially from the Bower manuseript
examples. Theve are. however, examples in our nanuscrint similar to the 12th
century examples given in Buhler’s table VI (11, xz-xi) and these exampies sug-
gest one of the medial forms. i

 Medial e is formed in two distinet ways @ (1) By a slanting stroke over the
letter, touching or nearly touching the letter at the right top cormer [&]. Tn late
Sarada this stroke tends to become horizontal (11) By a short thick stroke or
knob attached to the left top of the consonant by a horizontal Lne [e]lt Vogel de-
seribes this ag o wedge ; but in our ma-nuscri@t it is nevef""Wedge-sh'aped., It is
very like a reversed medial @, but with two slight differences : the connecting hori-
zontal stroke is comparatively long, and the terminating knob or stroke has no

little flourish but is perfectly smooth.

o

~ These two symbols, so different in appearance, seem o be used indiscrimi-
nately, at least for certain letters ; and they seem to be very unevenly distributed
Hor example, F 11 exhibits the second method [-e] 11 times and the first or to .

- stroke method only twice ; while ¥ 60 does not show the second. h B P

* 10 dsthe v dn the Hoaturs thas ooeasions the soiealied exception,
TEEL " - B . - s
T The-symbols shown 1 sguire brackets § i 1 i :
symbols 51 afuare brackebs dn this ‘and the following Paragravhs s
pregent. the wyvmbols ainploved i the manugeriph.  The tab L ooragaphs ate maemonc only. The

f ’ do- niof acourately re.-
blesand text should be consulted in gl ‘sases, 7 i
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_ ("I‘he”table on page 97 shows that the two methods are used almost equally in
the “M ™ section and that in the remainder the ratio is roughly 3 to 2* The
following table gives more details for seetions A to L, and M :(—

ke ge chhe te ne me ye re e se
¢ Percentages . 38 100 100 68 82 100 29 50 33 100
Ato L
e m . 62 0 0 32 18 0 71 50 67 0
N { 5 w . 100 50 56 13 33 0 67 22 50 0
‘e ) . 0 50 44 87 67 100 33 78 50 100
No. of examples . . 21 11 36 45 23 16 24 21 51 7

|

The values of these ratios depend largely upon the number of cases. As a
‘whole they seem to indicate an inversion of fashion. The M section, which is pos-
sibly the more ancient, generally shows a larger proportion of the second method
[-e]; but notable exceptions are ke and ye. In one or two cases complete inversion
is exhibited : for example, me is formed by the first method [&] only in sections A-L,
while in “ M ” it is formed by the second method [-e] only ; and the same is the case
with se. The best test aksharas of those given in the table appear to be ke, chhe,
te, ne, and me, although all may be used with fair safety. It shouid also be noted
‘that ne is formed by the first method [&] only in all sections by reason of the shape
of the matrika. Similarly the first method predominates with le.

Vogel relates an interesting anecdotet of the 15th century which tells of a for-
ger changing me into dase. The original narrator writes : “ In order to express
e following a consonant the clerks used formerly to write a stroke behind the con-
sonants. But as, in the course of time, the script became changed the writers of
to-day write the stroke expressing e over the consonant.”

Medial a¢

Initial @i does not occur in Sarada. Medial @i is formed in two ways:
(i) By two top strokes [ai]; (i) By a combination of the two e symbols ['ai]. In
both cases the az symbol is thus a symbol for ee. «

Of these methods the latter [-4i] is the older. Tossibly the earliest example
of the former method [ai] occurs in Chamba No. 25, and Vovel assumes that the
change took place about A.D. 1100. ~ In the Baijnath prasastis the double top
stroke [ai] is the more common. Later it is invariably used and the top strokes
are horizontal.

In the Bakhshali manuscript both methods are employed, but the second [4i]
predominates : indeed out of 80 examples 61 or approximately three-quarters are

formed by the second method ['51], and 19 by the first or double stroke method [ai];
‘but in the M section there is not a single example of the first method [ai].

Medial o

‘Initial o does not occur. Medial o is formed in three ways (i) By a large
. circumflex shaped symbol placed above the consonant 8]; (ii) By a combination of

tie,3éto2 e ,
+ Antiquities of Chamba p. 62.



the e sign | ‘o] with the symbol for 4 [-o]; (ili) By the top mmke for e combined with
the & svﬁa?si i See table iii, 8.
Out of 2 ,Z examples the distribution is as follows
| : . 5 189 or7h per cent
o 38 or 1b :
: 25 or 10 ,

he percentages are remarkably diffe srent, namely 36 per cent.,
3% per cent. as against 85 per cent., 14 per cent,, and 1 per cent. in

Medial ou

Medial au is. in our manuscript, always expressed by ' the circumflex sign com-

bined with the medial a sign.  See table iii, 9. The more ancient method, which
combines the second o m method ["o] with the top e stroke [¢] (and of which three

examples occur in the Sarahan chmpmmﬂ ig not emploved.

The follo W}a

 tabl s give statistics of the metheds:@}inployed in the formation
of the medials ¢, o

and o, ete.

.! oo JibvAmaliva oo Btyle
Section, ! Modial o Medial a4, Medial o, s and of
; © upsdhwéniye. writing.
A 14 45 13 Y & H 47 i T ty oy
B 22098 6 0 0 3 3 4
{ 28 29 1 H 3 2 26 0 0 o,
D 99 982G 0 0 10 0 s
| 2
B ST A R 0o 0 @ 00 4
B 1398 6 0 0 0 z 60 ';ae}
G;‘ B2 36 1 i 2 G 26 2 3 a,
H Il 24 8 3 1 0 1i i i oty
y 5T 0 4 6 0 3 0 0 o a
K too4 0 0 0 030 0 s
Lo el e 0 0 4 3 0 | -
Moo | 6711 |18 0 % 23 2% 6 4 *3
Toran ; 278 3B8 61 19 38 25 019 1T 16 ‘
: Perceniages. ,
Section M S e 4T %‘3% | 100% 0% | 36% 329, 32%
Remaliider: i 439, 51, [ 709 30% | 14% 19 85%
Whole MS = ’ MY B8, | 6",{, 2497, ; 159, 109%, 759
g | | o
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A comparison with certain dated inscriptions.

Period. Medial e. } Medial o. References.
e -8 0 o 3
xth century . . . 70 30 58 12 30 | Sarihan Inscription.
sithcenbury . .. 57 43 10 20 70 | Chamba Inscriptions, No. 25.
oL 44 56 13 10 77 | Bakhshali Manuscript.
xiiith century . . . 0 100 0 10 90 Ant, Chamba pp. 62, 64.
Ligatures

The ligatures can usually be easily analysed into their constituent ele-
ments and only occasionally give difficulty. There are about 90 different digraphs
and some 30 different trigraphs.* Some of these occur very frequently, while of
others (e.g., ggh-, nch-, tp-, tph-, shi-) there are only isolated examples.

The consonants, as elements of ligatures, may be classed as (i) those in which
the matrika is considerably modified and (ii) those which vetain their original
shape. Of the former ave %, 1, th, ¥, and in certaln cases 7.

As the first or middle element of a ligature the letter k reverts to the form
pertaining to the Brahmi seript (Table iv, 1 and 3), but as the last element it re-
tains its normal shape, e.g., lka (iv 3). The letter 7 occurs only in ligatures and,
except as a subscript to 7, only in isolated examples (7ch- iv, 1, shi- iv. 4). As the
final consonant its form has little resemblance to the matrika.

The letter £ as the middle or bottom element is also very different in shape
from the matrika. In our manuscript it always takes the form of a spiral and
there is no example of the S shaped -tA (See page 91).

In tthye (tableiv. 5) the spiral shape is lost but see the Sungal example given
‘on page 91.

As a final consonant v is also disguised in form. See kya, khya, gya, chya,
jya, ete., in table iv,". Generally the final y is of the type shown in khya but occa-
sionally the bottom curve is more prolonged upwards on the right as in the gya
shown in the table.

As a first element 7 is often shortened and sometimes loses its bottom serif,
e.g., rna, rtha, rya (table iv. 3) ;and in 72 it is marked only by a small excrescence
o the left curve of the » matrika. As the final element it is changed altogether
and is something like the virdma but placed at the bottom of the ligature. Nearly
all the examples in our text have the stroke continued left and right (table iv);
but as & middle element the 7 consists of a stroke slanting upwards on the left of
the vertical only, e.g., try@ and $rya in table iv. 5. In br# it is treated as a middle
element and also loses the right half portion.

% i, cotmbing consonants only, but when the vowel signs form park of the vertical scheme they are essential - elements also.
‘Qes for example, trui and dbrd in table iv, 5. Similarly the circumflex o; although detached, is an element: of the Vergl‘cg.l scheme,
The ligatures are roaily -examples of vertital writing while - medial £and the leﬂ:e,haggi‘eﬁ ¢, are éxamples of nghh-ﬁo‘leit writing.
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unect is not consistent.
shit-, (2) that shown
The last type ocours

M sht- and shlh the ﬂi“}gﬁ‘i&ﬁ forms {:»4‘ the ¢t and th are,
but a “ stream ;vg){ide to the right of sh (iv. 4). T
occurs some ' ¥ a}m{; g,u"t the form of the cox
Theve are, at | ?i‘ *hm shown in table 11,
as shlh-in ,.:l%mwra in table iii,
some half dozen

N

ure 1s often omitted.

L

element (or third) of a liga
me;» it is givenin a sher‘mz %\i form ($la iv. 4) ; and
Wi iv. 3).

F?gﬂ@ Eﬁg & 13 A A
See tta, nta, |
sometimes in

§7

The numer
petween certaln of
in jAig, the 4 resembles ’rm % bu‘é“ ws‘tead of the ta)p bar h
may ?ae afmi tor ‘_’ﬁ @Ee %:,ue 7, ‘th@ 6 the final m, and the &1

bl Pemohe » h. But this resemblanc

"t;‘ sr-numeral theory having su

e 2 1s not unlike the -n

‘a2 loop to the left, the 5
is not unlike the - and
to letters has probably
umbed.

‘ i pes of symbol for unity—the semi-qireular curve and the
aimmi h{‘szl?’{’sh.:, - but generally these have separate functions, The curved
symbol is or dinari hile the straighter symbol is u ed in fractions. The
mhm* a\f}f‘mm shown in table iv. 7 are a matter of style in writing. The ex-

: C{%E 1 {k@ﬂ h Om the e M ” ec’&ieﬁ; zﬂe fhﬂsﬁﬂ in the sec Gnd

‘erencesin fmm are ‘sh@wa in ‘tﬁé ; a: ses of the 6 :5 and
o fairly safe eriterion in differentiating between the work
bol ? - zero besides being used ag such is also occasionally
symbol for an unknown quanmﬁ‘v :

~minus © is a small cross placed &itm the numeral. Hoemﬂe
» this sign with the Brahmi ke and to show that its use wa

j,i,muub?e antiquity. But he was hardly successful and the
n this matter do not now call for any remark. See §§ 61

Ji;mﬁe‘}f signs of operation are emplovegi in connexion with the

The ¢ yj}%fsé £
a:bfcempted to eonne
an indication of con

details of hig 2
a.mfé 127, Part 1
numerical zmmu i

Punctuation.

Besides ﬂ vig ,gd the Singlé bar | and double baj?f gg are used, and the

4

end of a sttra is m‘a;iié&j dby —sse— The virama appears t@ be used to mark a pause

{}ﬁ folio 5 recto two pun(‘tuanou bl

or the end of a :
|, ww empioved

d of a vers Whlch ‘are possibly
cancellation mayl

Cancellation.

On several oceasions letters and words are cancelled ’”\fr; marks like accents
piaced above th@ iem@rs (%ee folios 8 and 9).

¥ The fignres ;inii‘gwg,XVIi, 1888, p. 36, and in Bifhler’s table 15 _:r“’aha,m‘i}y reﬁrésenmti;re,
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TABLL i . Con&onaﬂs

1 Gulturals

1 ka ka ka o ha  ;‘ Ala fra Asha ]((a Lha g4 9%11 C néa b‘rz

aa%a%giggmnmgg

2 Palalals

1 cha cha  chha  hehha ]/w ]a,’ //L /f{ya, Aich

nn%g@swgg %

3 ( e/wj»st

ta f | da  nda dha shia oﬁ{a nd né nad  ma

0ﬂ%5?%§g”m<wa

4 Tentals

/fa, ﬁa, {% ﬁ'w, S%.a 1‘*4{1(1 d&‘. ‘/MQ d]za, Old;la, ﬁd}m “cijm a

P 1L HEE TN § A {\\

5 L abials
ha ‘]Jw, = i brir bdho  Tha , Z}Tz,a, ma mn f f /’ca
1“o 3 3 3% 3 43¢
| 4 - N
b, Semi-vowels ard s stbidant
yu ﬂ?a ya o 0 ??‘ {,a/ : ’ ba sha  sa ha

qua:xawah HHHB
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- u—Transliteration of the Text.







NOTE.

The tra%m;pmm is printed so as 1o represent, as closely as it is possible with

2
]

Romaﬁ type, the or :g?zm?;‘m@m%ﬂp& Italies denote that the reading is possibly

doubttul, but ﬁw words and letters italicised have some ‘m::»ﬁb in the original and

“ave not merely conjectural.  The dotted lines are similar veos Portions
of the ‘i}:i;:r:ch»baiff%; that are left blank in the original are ~marked by asterisks.
These %ps are often scoupled Efw knots in the wood or by similar faults that make

the surface ulmi;i:%_éiabféw v writing upon.

The system of tran teration followed is that prebcw*ui by the Director
General of Archeeology, except for the jihivamiliye which is :ﬁ:ﬁﬁ@:ﬁesented by x, and

“the upadhmaniya, vepresented by ¢.

The order of the folios follows the Bodleian Library a}:z“agzvemem
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= 29

!
|
i
I

era . datva || 1 || yutagunitayutakramenajatarh || sthapa

] . 67 357 | drishya 222 gprakshepenajétam 222 |
| ? l ? } ’ i ;;ntab dri§yah 222 1 BE

4} uwdd || prathamamnajanami | divardhayutam
nampamchardhayutaimprathama . . . -

| |
I 251, 1] | 3 7+ }} %d];i 78
J 1.2 | 1 1

rapamdiyate | yuta,mja’taﬁl g dvitivagunam \ 129 } parya

tritiye ekatregunitarn | yutena |

yutarn ”10’ 12 31

EN

yutarn | | 3| guitens 132 rinamjatorh | parye
2 | na
3 5 . 5 | 28 128 |drishya 78 } e
ofanyase ; 2 ! 2 | 2 ‘ 2 | 1| .

{
i

P '6! 'vibhakta-vyalh\' ) 2 8



[ usv, ]

ran

dipamdatva | 1 m%qgta 5

C

§
f -
18 p“%&'ﬁ)h‘}ﬁldf?hx yasvatril % gunamyutamjatem . . . .
%} | :
ol f

rgunane Qv f?{,ﬁm}?ﬁf;mﬁ3&“@3&1&3 3 29 } ekatranyasi 2 o { 15 .
g dri - 71 s BEE k fg:i @%ﬂm 71 g bha | j kt&};ﬂdl‘l-ﬁhya}n am 1 1 o]
‘‘‘‘‘‘ i anens 2 sarvamgunitamtadeva . 5 1 . - 22

ekatrarh | , ' il uda i 2 L2

: bi;&lﬂapril{)iﬂdﬂﬁt §§ { pm@hamadhanaﬁlda;i;tamna)ja‘ta:tiikim"f?' divardhayutam | tadadvi
1gunaTm dat%a*r*pmnaﬁ;:ﬁ éimihpmn i tadfa"ﬁréﬁyenatria‘mmmdaé, athsaptardhae

ishacha,mﬁh@mm aim @“ammﬁ varc}hahmamdaﬁameka'i amm S

S e im e 128 |8 gu ¥ ” 4 gu
:i 1 841 ; 1 |
i i
havanare | Staye . . ST L
f Hn [ 26r. ]
ripamdatvah yzﬁ;g{&jﬁ%ﬁa B Sl |

&3

: : SRR
| B :§:::::athatnfaé,'é;gi*iﬁ‘wmh L ‘mg‘mzam .
mi @Emmmha}m‘:h@m; gazmzmmvardharahﬁam} Sesham | 11 | e

5 B & 8 0 11 {i}f‘f;‘. i%;’:? | j;grakghepayukﬁh , |
: 2 ; 2 , 2 2 . b ﬁf:* i : ¥ [N

Fat

@

jatam

5 bhaktarh | 2 = 29
L & 9

|
, | irn
. . gunitarmtadeva | wa&;mﬁma@zbhavant} e imprakamm

2 antah I @imuasdbs e e Clalrh gl : o oy o
samapiann {f suny &;bi‘aha};ﬁ@g i,;g,%mmi@i,ﬁya | tadanuyuktam | gunita



126
[26v.] . . . , . - . . . phala
; athadvau 4 | 380 asyadalampha
\“x\ athashtha 8 | 82 | dalam pha

\\\ ‘bk:;wg; 16 | 28 dalamh pha
______________________ ! 6\4 o | 16 dalam pha
24 \“\ 4 athatrini usara da
- 28 \ 4 36 | 20 | ¢ | asya;tri
32 |4 82 | 20 | 8 atho chchhed
36 e 28 | 20 | 12 puna
/ bhu 36 24 | 20 | 16
[27e.] | . . « . . . . . . ¢hh . y . tesmatki
o ow | karagam | prithakrapamvinikshipya |} prithak rapaih kshiptamjatam .
lﬁ_j’: i bhyaso | tatragupa | 8 | 4 | abhyasarm | 12 | rapahinamh |1 . .

abhdgachatugparacha 46 | atrakshiptamjatarn | 15 | 16 | esatrigun

. . . tamila . . nichatugpamcha ] 5 | ¢4 | esha
| [2v.] - |
masyadhanar | eshathanukkramenaptirtvokt . sth . . i
9 pra] 7 dvi|10 tri | 8 cha |1l pam] yutarhjatampratyaik

10 tri | 8 cha 16 | 17 | 18 | 19

11 parhi; 9 pra

sth sarvatra karayet ||

17
(a)* .25 da

[ 28r. ]
tarhdvigunamdvigunambharamas

labdharh 14 ]} punakriya

#This is not homogeneous, There are portions of at least two leaves. There are other small scraps;



[ 28v. 1

gunaye | 16 | 8 | guni . jata ﬁ%
| shutva adho . . shaguna
: 11 ,
sk %ﬁmfgmyadwaydha ykim 96 2 phaia 1
@éxaiam 5 . . o an
@ - 5-3‘%'“ I satram |} gurzf;afu SR [ 29r. |
k‘&dhéiﬂgm”i o ; gunanyasoriipabinamlabdhax jﬁfipaﬁi

(b) prathamanyasva | tatrechchhapainchali | 5|  tatprathamacha .

¥

4 g 15 | tadadidsodhayetkrvamat ading . . . pamchadadey

438

O R R
| 14 ' | s,
Mm&ha‘tmé&ﬁ&bh; wdﬁh‘y&se\ham [ 8 | e . wmpamiha
(dy . . diget ﬂ uda dhand . . . oo .o
%yadmmyay{mm sj*amdhanammtm’rtmyodashah dmty@ at uhyayonml

ﬁ:%ﬁyayonmiéy&mdhanampa;xhchadasasz:ﬁ;g‘i@ah ekaikasya,dha

¢hehhichekatthyatammamah ;j‘ 1% 14 |15
| L T T

{b) g I ﬁi | i o karanam =} ichchhl"é‘{fif [29v. ]
" B . b i 3 gA . i

i j@mw fﬂ.zyeﬁkmmat ‘tatmdl 6dud . s . e

: f‘iﬁ} : tivayam @a:muya 7 cha%mthav&m%oddhya 12 pam;
(ay ; T y . . dvitiyay . . misramdhanam

}n&tg‘itiy&y*" .i ?ﬂ!}‘siﬂdﬁl dhanarhsaptadashasmritah tfitiyéégﬁfhaturthaiy .
@ha,‘m‘gﬁ3;333:3?},’{:hakamﬁ_é};‘ammdhanaﬁlekcma,vim sati E : géiz*azrj?mma;
titatracha ek mk(wm&h anarnkimssyadvechchhi |
7o 18 g 18 o0
{a) SR Lot bh
“Resides the pieces (n), *b\ 6y ? {dr i;é two. other gmall scraps in the enve’fupek Tt s ‘{iéi;;ﬁ}tftﬂ whether (a)'is in the

proper, envelope.

42
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[ 80r. ] . . 1
pra
sutrah | ekayutanarasa

sarvashshadbhipala . . . anenalabdi

hitapratham i 36 42 { 48 | 54 6.
J sh. | 78 \, ..
[30v.] - . . ka
$datsadrisakri
bhagaharamkriyate | 23¢
_ . 70
|
tatuladhe 3 | mudgadhe 1 |
f 24 47
kriyate | | 70 .
i 8
[sw.J*. . | 10
. trairagikena 8 dine 2 168 dinda = . . . .
1 1 1 ;
wasyae kriya [ g | I te |
dram | 168 dina (’ phalarhdrar | 140 | prathamenadattar
1 .
t ssaptah } 11 | dattaissamadhand jata | h
.. shadrisarh | 77 }294 | patyasesham { 217 | dvitiyasyadatta
111 111
77 esassamadhanajata || | pundnyamsarvabhd

bhi 4 dine | dram 15 jivya || dvitiyasya | bh& 3 dine | dram
1 1
4+ 3

*P, 31 consists of two leaves stuck together. The transliteration given is that of the outside surfaces of the two leaves
only; but it is not always easy to differentiate. )
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[ 31v.

9

bhaga

2

|
{ o
| dram 1 4 tam ,{; dramh 16 mudga |
11 | 1. i
2 ! &

. . rdhayutihritaphalan |} asyagunakaradvay

' upasramgunayve | adautava § | dva 2 | 2|

i
B

gunaya | 2 3 . . . . . dvinavabhagesu

5

éz?}),anmaﬁi‘bfiﬁ%i;&: ‘ ; ; . ol . . . [ 32r.
. ~é:;ggaga,ﬁ.mﬁzzﬁj;gﬁ ~ %yélvane | & ; . . A
yamtyaktasutayasetaya | sﬁ.kaike}:}apm?ava‘r‘amhdhé%mﬂahé;gaéapa
vana@aﬁ&mé‘@;%%s&udaéabhagaximidharyate‘ \ ﬁvmi;;faat;parimana
hiymamm z‘m}_:%,ﬁyaéah ’kiyatastupa,r'alVa,rta,ibhﬁmi’mpﬁi}ﬁ yayateja

- phalampara

dha 1 1 ?&rﬁ,« 8  yoja 30 chhe 8000 yoja
1 104 | Lty 1

varta

i

18181 ée | %:E uda | ndgagvachchhandagamidratachadasa
oL ..o nam

B

. i eha | S g ; B

SR #* | W :
yasvugo *ndute etadviko

00 | ardhachchhe 768000 ayo | adhachchheda 1

phalarava | B | 429867 ma 1 di 4 || uwda || vie

S i o i g e N
chariéva | 4000 | ktapatitambhimitalepatam il trisatam

pAtitusa 5 playojanakiyate | chaturdadastukotts

yatapatn 24 chadashticha | Kkaidinaibhiitaleprapyava

e N

>~ ftama || nyasasthapanarmkriyate |}
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[33r.] . . . . bhisardhaiva*
1 chhe 9 guva l ' gha
1 ,
2 ~  uda ]| dinarakonamavisa

. triduy kharjaniyamsukhabhojanechal tasyardhamardhaihchayadardhamardhaméane

guru prasadam | 1 11 1 } 108 | phadi 1 dha 8

1 Jfl 1
panadhanabhu L 1 ,{ ?_2 2 2 2 2 } 1 ;

ktatn  J] ardham

starathnavaromasatanicha | dvadasastiticharmanikatiroma

}g 12 24 f q

I T T |

’ 90 | 12 24 [ | 12 24 | pharoma
? 1 1 1 1 0

[33v.] -« « .« . . | * nya . sth
1 360 *oha 12 chhe 33

1 1

|
|
|

1

|

112 uda I sumeruprithiviSéamkusuranamparimagrayam |} aru
. . . xkagchitarasasuramadiram || satatamsaptasardhanamsapdgadhyase
|| satribhagatripamcharganityamevarichagachchhati | yojananarmsataguna
chaturagitiruchehhritam | kenakélenasaugachchhevadametasunischi
7 dr i }2 yo 84g00 | adhachchhedarh 360 di
1 |

[34r.] > sasya . Jat

rthinah khage . k . d . bhuktaprasritithchaivamevacha |
| pra 1 |kha 11| kha
| 1 ’

I 1

|

I

|
kaéchitpummhsuvama,stukala'pédayutamyavam || pratyahamsilinest

| shtauvadasakhekimkhagarvadasundari |
| |
'1

phalamm 63360 eshabahupramanam |}

kiladattavam | pamchabdaimasamevambu dinaiparachadadastathah datva

syasarve‘myajﬁétumichchhamitatvata di i- i bha | 9
1 4
4

L
1|
chchhedarn 192 yavatola | %

|
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Caoyukta s e o e [ 34

chattritarhgal | taniyafamseraporayarjunenagriddhra . r

tayasprisaanti [ 1 péal | yo TIT 8B | phala
: 8 — 1%' 1 b
O ~ i i s g 299 1 6hl i ‘ .
940 |} ma 1 | daka | 1 chhe | mﬁgmmyutovyaké
» , ; i i |

Ch p@mc};&nam chidasaterenavajramana llabtt,@m

. trakathay

i 9 mﬁiyaﬁléé&{;achaml‘bhé‘,ga,syasiﬁf%giharthapameha

. gasya kit 1 chhe 128 miaku 1 machhe 40 c;ﬁmé | sa 55&;
| 8 i 1]
i noa . . m
(a) - S e il ~jata | purushah 3 1 3 ?s eshamsadride . [ 85
i ' G : , 429 1
L] ;M?”dm 29? aneﬂagmntdmptam‘ 4  eshaprathamasyadhanarh
¢ dviguwnam 12 dviyutam | 14 | etednitiyasya
gmmmé 21 dw nam 42 | ;ryﬁnam) g eshah ﬁya,sa%z pmtyefm ey

dmamagmwzzzd&zmm ch dtmda% ekonachatvanmsa | 'ﬁe«?%}adardhatubhagan m

4 2 }jﬁ‘zﬁ_ 4 | evamdi 21; eshaprashna etainmi

b

smatkarana | »?@3«’0{‘; @ﬂaﬂwgamwawyogas
"“’usa,bh@ zmpm*{sshﬁ 15 anenabhaktva dhanam 9

ﬁi&ii??«%épaﬁaﬂayasahi’taiﬁ Wi
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182

[85v.] () . wushah 4 "85 * | /
| | sadrishayutikyi . ajata ; 60

i

il eshagavasvamahishipratyaikasaleshu . bhaga
A 1 |
. . éa | 180 ga | 4 } phalam 45 |
1 180 1
1 43 1  a$va | 6 | phalam 30 4+ = 26
1 1
10 |1 dala 180 mahi 5  phalam3 5+ @ g
. 1 , \ ,
(b . . . milena | 1 etadvigunam = 3 = dviyuta
2 N
yasyadhanam | tadevasardham = 3 g asyérdham{ 1 | yutamnyasa ]
S 1
|2
dwitiyas
{86r.] . ydchaturda
hyapamchatriguni * *tasakhe f li
ro 21 eshadesapramanai samaptam |} i sa . 1

lavanasyarashekoshthatamvakritamrharai | eshamchaikamrasipunasu .

ptadhanita | saptanarhmapichaikaradistulitani | pamchasaptatya
hasrathbhavet saptashtagunamkim ra 1 { 10:5 ! 516 Q} adhachehhedar
1 .i ’ ‘[
3( [ il 00 f. esha

2000 pabha | phabhi 30 pa 2

§ilavanapramanarm ]| kakinidasabhagasyadadyadashtadasi

5 | tasyamvimsatibhadgasvasatabhiagamprayachchati | narovaksha
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e

&
by e ‘ RO e L 36v.
. . vachayachsa o | ’ R 15{;‘3 *
ygja‘p&mzf}%kam o 8 o nyasasthi | ’
211 o 5 "@hhe 4608000 yayo | phava 2
o4 1 860 1 ‘ , |
A i ) matd
3‘7{;3a‘naSya;i}';*ibhﬁg%m%hm&:ﬁgafoﬁbhég‘é@adanakam | yﬁnaudi‘naﬁégﬁ%hage
| g@zmgaéhehhaﬁ 5 | ké@‘g}ﬁﬁa f;é*pmimhabhﬁgmdhamyojanasyaﬁaﬁﬁéfshft,ama.m
5 f;zmvarﬁ&nﬁevww egav: ﬂaha@a 1 }f@jané,nﬁ;mshtoota}?aéataﬁ; .
lenagachokhaii | di 1 bha 11 gu 1 1 1 3
e é 3 2 5 2+ 8
7@ Lo sﬁya@%@wadiV&kamsyaghaﬁkai xkimprayatauzs}éwadfa
: zf-:slmiéé‘:hitaﬁ 1 3:?:‘@3.ﬁchhe§ ghamu ‘ 5000;)0000 g gha 5 , ff pha
.73 zf’%ﬁhﬁ,ﬁ@r;%%,},éég Leurame hcmg&addha&amhazndyadhar @pauvnfam
ratrau | ka@m tardhamsaratharmpr ava,svat fadbruinsab%*akuqalo
vartarn {f tm,mﬁ#zéﬁ;ﬁrtﬁmeﬁieﬂaklmga&zhcﬁhhebrﬁhxmeganggisg}é}i}zmlé 1
| B0000000O | oha 2 | vo 16666
, i & ’{ stubhaga P 4
e ; 37v

‘%;whéigabé&vedrééﬁ. : g %zdhaehchhedam 108000 viliptanam .
lipta 5 paic; a}dﬁ@m‘smva‘ﬁsazPiahukterasmkayadlbhanugah %zuhl

ka Sasa:é*m;n&sam&%vav%afeﬁakma 1 aﬁy' 1
ﬁ L
|

‘{ ra 1 |
b I 1 360

;1
irdhachehhedam g_gs@m mhpt;an@m ! |

asi | adhaehﬁﬁhgﬁgﬁl 6% ‘mhptahp n pha}a,mmh gy@ a 2 I e

shagrabagatith |} uda e @%a}avudhxshthn’onama ¢ pammmmac&sa

. 3 3;ripa,i&@m@m
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24 | 20
11 f

[38r.] (a) 14
dvitiyapankyayoga zg l vartyath 9 paniyam || tritiya.pa.ﬁkty@
o |19 1 =
kriyate yogam | 90 | vartyam jatam 6 payasam I
15 - |
O N E T
(by*

kshetram 100

. ;
{ 1 PR Y
! A0\
! 15\1?'/\/

j vaipulyadyogarm

(¢) bhaga vimsas chadasaguna | saptam . . ksh . . . jna
drishthamchadatani . . ai
0
138v.] (a)] ¢ ] 9 i . ]’dri 60 ‘ prakshepayukti 80 wibhaktam 1 dhanam
1 1 . 30

pitajata 14 |} 18 | . . . e . . 60

(b) , h k . milyam: . . . tall

1 . & i 1 jaru . milye |6210 manale & i || pha

#(b) Should go with 99 (a); and (a) possibly with 39 (e).
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ot

(a)*. é&év?&ldaéan:gié&k%éiﬁ | saptap .ch . . ch

dhasa )sapam{h 1 ?ié{h?éﬁ}ﬁk&{épmka}pitmh i ta-syavahag?a kimk . m

tramama | kshetrasyasthapanamkriyate | | karanam kshettra

3 i
dada |

sretush

e
[en
o
s
f

ol La15 6

(e}  msthapya | -
4 o 1520 . 000

syakfi |

) B
H&%};%@%

o %ﬁ‘ : ‘
15 81 voga 6@

thamard 15 15 12 a

G hwhe

(a) - ety : ¢chh . . u

Vo
Bquinck

sebhy mandalakaeitallika | ﬁéachchﬁéﬂambhavaz‘ﬁizi

ya‘!hemchix ., kéﬁ“}y% é 'éii:;tha,‘igaiakﬁya “ﬂdahamgam talasyay

z«wk@m ta(g@*ﬁ &,(hf?f? wffmaﬁsd@w 1.4.m

Y

(b) = 7 e ‘dﬁﬁ%ﬂ;@ﬁ%@ 10 |} esha ekamﬁbhagagumta}’ a

... .. . 180 | 180 | 200] 300 | evam
. dhanaym 1200

ey o 4m

{(e) : tyet ées’i:g@iizsémﬁgm 16  anena trabhiga | 32 5&6&;&.&3’

i
{

| 16 |
L% P T

BT g:»ha, 10 oy w{heﬁohagm 28 | jatat bczm shepan oi
1 : L2

Phe maracn do the left of et ‘possibly belongy to-another leaf,

T2

g@ vate i e:*?zamnbhlpamche?ohlshbhm%bhl e‘jl({;] 1@ ““““ ~

[39 =

[ 39v.’
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[40r.] (a)*. ch . . yatra . . . . ¢
agamchaivakarayet kshetravaipuly . . . ¢t . . . y

|l prishthagatadvayamchaiva ucharesatamekatah vaipulyadovs

m . . e . . m . i
(b)y*agavimsaschad . s . . t (e)* syatudv
yamsatarh | sarvemisdrapi sh . hbhagastasyaivaparcha
(d)*ri
bdham bupayasoghatah ekamiérikrit . r . . r . . k

karanar | havyatulyamdhinikshipyah

456

*This should possibly go W:th 39r (a).

14 ( 5,86 lkmuplakshepakam tata | prak

[ 40v.] (a) . . . : : } . h . ntyachaivatatphalv
gunitajata 6210 es];;;%,hasy&kﬁndapramégam
s . kemuh%am kartavyarn | adhachchhedamchat . . . i . . i
(e)* dhanam . . 00pratyayatraira (b)* [Blank]
(d)* kritva . netu | eko

kyitath | 1 $atatrayarpichabhig¢purushairlabdharhkimadyarmprathamadhanarn
| 120 |, 4 . 225 || . . pam . . . m

# These consist of portions of two, or more, leaves stuck together. The knot on b verse does not appear on b recto.

4Ir. ¥ dramma . shth . dvachatvalithéabhirdinai | tatsaptat
sya 42 dine ' dramm 8 jivya | 70 purusha 42
1 1 |

‘ |
i { .
dramma 560 || yadiparhchagatasashtyadhika

aliméabhi | tadrammai ashfebhi katidinam

m

*Besides the portion transliterated the envelope contains six small seraps.



L g : 41v.
uparad ... S [ 41v. ]

hedapavedattah 1 adheno | %

{
E
|
|

dvayagu 1 ® | jaye

parimari

vet ‘z:éisg}mf‘iz‘m}g kriyvate ﬂk@pamch&mnam F

e

sthapanam | 1 88 2 . phala &

i
¢

‘ I [ 421 Tt
pha B4 . kriyate | || ]

e B e

sansvagard hayuktetrayodasasardhambhavati

it 18
i %sé:{éi;mﬁizmhhedéﬁw‘k;ﬁiéjé‘ﬁtﬁ ekena | b~

agﬁfiuai wda%abmkﬂmn @ha 54 eshimapa

i
i
8
I
i

e %‘héﬁﬁi wdhaa@hamallshsha&bhi I sa,mpadyatekatham Il

i o7 e;k@iabfzaté chatvaridansardhasyatukihbbavet 1

. X . » . . J nr oo i : .

3

sajate %éé P éadtm 24 1 . . 12 j} ardbha Eﬁ | ekattrarh 54 || eshamii
trosradiks &;E{ri“ﬁ&i dpmﬁwk&mtﬂy@wdm il a;paramvaéwhvam* { vimsanomdi

kivhp ms%mm@k}lmﬁhakewa yobhilikhita | %pas&» mraﬁhnawdhx i; 20 1
, ~ ; 11
i 2

diounaye E : gmﬁt&ja‘ga § Chhfﬂahm } 0 1 1 ‘tbhﬁ‘ge

121 e

|
I

«jéfé}&?ﬁiﬁzphaié;zfit%f;;;aﬂﬁ 10 gg eshavirh | g

bhavati g ~atra “1?32{‘18‘1‘%511}1&11&11&1{88‘7& eshagunakarambhavati | asya

iz?nsm e e L e T T

tHegides the  portion fransliterated there are fiva very small scraps.
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[43v.7 .

T 44x. 4

138

va . . . . . . . . .g

arayet sardhadva. § . tubhojanamadyamuttamet
satribhégatrayastrims’aidinaidvanijyakavsyatu | bhandaredvada
Sasatavajaranamsthitasyavai | eshévyayasamutiaattauka xkalam bra

hipanditakaranavidhanenadvﬁdas’as’atasyabhindaresthitaté

s$ardhamutpatisatribhagadinadvayet piujartharm satribhagaricha
taschayet sashtabhagadinatrinivasudevasyacharchane

padonatrayoda* *$anarcha ashtasardbadinani khet ||

brahmanabhojanedadya paralokahitarthinah satribhagam

* *  jjaramsaparnchabhagadinattrayet pa

. lachendamchakaXk . lakhanavalika | sardhamsdrdhamdine

!i 10 2bha 138 3 bha 18 8bha 1 83hbha 1 1 bha 1 5 bha 2 .
{! 11 1 1 11 11 2 1 11 11
| 2 3 3 8 4+ 2 3 5 2 3 4 4
2 33 bha " 1 1 bhanda 1200 | gunita . i
1 |1 360 1
3 i i
i} 2 | 10 | 800 a . . chchhedaih 3860 diva ]} bh
101 I
re f 3 h 2 ! 727 nasaha || ayupindam | 2082
, , | |
adhunavyaya pindarn '! di1 | 1807 ?} 800 | 486 i
drdhachchhedarn 360 | 1 | 240 | ey 27 |
diva 2982 | puna “ 800 2982 ’; 1 - a
darh 486 ’ i’i 7 486 | 1 | 360 diva
pha 727 }f lamn l‘ R pratidina
1807 evamsarvatrairagikena | wuda ||
} 559 | di 1 . 223 | evam
[ 1 1 144
| 61 vyayapra | manarh [} udd ]| eka
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[ 44v, |

Y

.. ptasatanarikaykalarmn arjanabhakshane (] nyasasthapanamkriye

&:‘9&‘

1 1

32 bha $0
L8 i

i

DO

36 bha

g
etatkalena arjanabha

280 |
61 |

|
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Jamblichus, 41.
Jiiyéna Réja, 45.

al-Kharkhi, 41.
Knots in the birch-bark, 6, 7. Foll.

Language of the text, 11, 78.
Lapis lazuli, 20. Fol. 14.
Lenticels, 5.

Leonardo of Pisa, 41, 84,
Lilavati, the : 31, 32, 33.
Linear equations, 39.

Lipté, 58. Foll. 7, 37.

K

12 & 13,32 & 36, & 49, 51 & 52, B3, 66, &e. ; fig. 2.

L

‘M’ seetion of the MS, 20, 21, 50-52, 59,61.

Mahavira, 17, 33, 41, 42, 43, 63, 64,

Mahoraga, 18, 52. Fol. 37.

Mashall 8ir J. H., 70, 71, 72.

Measures of Are, 58.
Capacity, 62.
Length, 60.
Money, 64.
Time, 58.
Weighs, 66.

67, 68, 70.

Measures, 54 : special (All the references are to folios of the text).

Adhaka. 12.

Amsa, 37.

Andika. 49.

Aagala. 20, 32.

Bhara. 36, 48.

Dhanaka. 20, 49, 55.
Dhanus. 32.

Dinara. 21, 33, 49, 54, 60, 61.
Dramma. 31, 41, 50, b5, 65, 66.
Drankshana. 20.

Drona. 13.

Gavyati. 12.

Ghatika. 37.

Gufija. 48

Hasta. 20. 54.

Kakini. 36.

Kald. 34, 48, 49, 55.

Khari, 34.

Kroéa. 32.

Kudava. 12.

Lipta. 7, 37.

Mashska. 8, 14,16, 17, 18, 34 5.
Madrika. 20, 49, 55.
Muhiirta, 37.

Pada. 20, 34, 48, 49, 55,
Pala. 11,15, 16, 36, 48,
Prastha. 12,

Prasriti. 34.

Raktika. 20, 48, 49.
Satera. 34,
Siddhartha. 34, 55,
Suvarna. 11, 20, 34,
Tola. 11, 34, 48, 49, 45.

Vilipta. 7, 31,

Yava. 30, 34, 49 55.

Yojana. 3, 4,5,6,7,8,9,
12, 32, 34, 36,



iv

Meru see Sumeru.
Metre, 79.
ﬁgm m 43.
W u&mm, 18-19,
N
Nau M.,82.

Negative sign, 17, 78. Foll. 4, 10-18, 25, 45, 49, 56, 59, 67.
Notations : arithmetical, 16, 79 sqq.

Numerical notations, 79 sqq.

Numerical symbols, 78.

Order of the folios, 12 sqq.

Palm-leaf manuscripts, 9.

Paper as a writing material, 9, 10,
Pandavas, the, 19. Fol. 37.
Partha, 19. Fol. 47.

Profit and loss, 49-50.

Proofs, 34 sqq.

Révana, 19. Fol. 32.
Regula falss, 32-33, 83.
Regula virginum,42.
‘ Rule of three ’, 32.
Rapona method, 33.

Saffron, 20, Fol. 12.
Sandhi, 79.
Sarada seript, 10-11, 75, 88-94,
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