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CHAPTEB-V 

Large amplitude free vibrations or elastic plates. 

Nomenclature t 

paper. 

The following nomenclature are used throughout this 

W =:: deflection, normal to the middle plane, 

-\.A)\9= displacements corresponding to the directions or 
. co-ordinate axes, 

~=thickness of the plate, 

])=flexural. rigidity or the plate'. 

E = Young's modulus, 

<J = Poisson • s ratio, 

f=density of the plate ma~erial. 

J;ntroduction : 

Barger•s (1955).approximate plata theory for the 

large deflection or isotropic plates has been extended to 

orthotrop1c plate problems by Iwinski and Nowinski ' ( 1957 >• 
Nowinski ( 1958) h.a.s also solved some boundary value problems 

associated with circular and rectangular plates undergQ.big 

large deflections .• Nash and Modeer (1960) found the large 

amplitude free vibrations of rectangular and circular plates 

applying the technique exhibited by Berger. 

In this paper an attempt has been made to investigate 

the large amplitude free vibrations of triangular, elliptic 

and semi-circular plates. 



tJaeoa • 
Let us consider the tree vibrations or flat elastic 

plates with hing~d, immovable edges. The deflections are 

considered to have the order or magnitude ot the plate 

thickness. 

The sum or the membrane and bending energies in a 

thin plate undergoing large deflections can be written in 

the torm, 
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_ 2 (1-o-) l-'~ e2. + o2_~. o'2.U9 _ (?}-vs \2.] l d_ J 
L ~ Oll'l. Q'j:l 'Q)('O'J) j )( ~ ... ( I ) 

The kinetic energy of the plate is 

••• ( 2 ) 

It is now possible to ro~ the Lagrangian function 

L~ T-v ..,..(3) 

Acc~rding to i:tamilton•s principle ••• ( 4 ) 

If we set 
. t.2.. 

A = J Ld..t ) "\k.~ b A = 0 
i . 

I 

••• (5"") 



Neglecting el and applying Euler•s variational equations 

we get the following equations 

12.7 

"\7~ lA5 - V\7_ f (-t). 'Vz.~ -t __R_ . a'2._us ·~~. ( 6) 

·where 

. -h2-~r o-1:.'2._ 
0 

ott o~ i.. r_o~ )i. ·_L ro~)2.. ·cx-~2_ 
-:ai ~ 0~ + 2. \'OX -+ 2 \_~~ =. "IT t l-t) 

L-Nash and Modeer (1960)J. 

c( · constant, 

-1.­

e.C) = f~3 

12..D 

It is to be noted that the terms corresponding to inertia 

effects in the plane ot the plate have been neglected for 

the equations ( 6 ) and ( 7 ). 

.Problem : 

1. Large amplitude free-vibration of an isoceles 

right-angled triangular plate.• 

••• 

Let us consider the free vibration or a flat isoceles 

right-angled triangular plate with hinged, immovable edges. 

!he equal sides of the plate are considered to be of lengthS· 
\ 

a in the directions of X and y • 
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For the simply-aupported edges, the boundary conditions 

. ~re 

\..\.::::. \.1.9-
(J2.t.J 

0 aX X.= 0 - c:rx. '2.. 
-

~ - lAS 
d'2..\Jj ct± "1 :::. 0 - - ~ 0 
o'jz. 

-lt.--t \J = IA9 
0'2.113 

0 cJ: )(-t"j ~ Cl... - ov2.. 
~ 

where 

i'he boundary conditions are satisfied by the configura­

ti,orua of the .form 

oc. 

~ l'X, 'J,t) , . LBK S\4 ~){ ( C.o~ ~'J -t SiM \<~ - ~") li (t) 
l\"=-IJ3,S) · · · . 

. oe 

-\5 (x, 'J It) = [!:>K s~ 1<.~ ( (os ~X - <;iM \<:~ -r ~/\) G (9 
I(= I, g' !;) ... 

!he equations ( 3 ), ( to) and ( 11 ) may now be substituted 

in equation ( 7) to yield. 

••• ( 8 ) 

••• ( 9 ) 

• •. ( IO) 

• •• ( 12) 



Let ua· 1nvestlgate the fundamental mode ot· vibration by 

putting Wl =- 1 in equation· ( tt ). 

Substituting •quations( 9 ), ( 10) and ( H ) in ( 7 ), 

·considering equation ( \2 ') and integrating ov•r the surface 

ot tb.e plate •e bave, 

'ts-A~~'2. 

(A~~/ 

It ve now subat1tute equat1ona ( 11 ), ( 12.) ~nd (_13) in ( 6 ) 

w1 th 'W\ = ., ; we obtain, 

Tbis equatio:q. 1a ot the form 

vb1cb is to ~e solved aubject to the 1n1t1al condition• 

Solution or ( t s) can. be put in the tom 

12.9 

••• ( l3) 

••• ( 14) 

••• ( 1.5) 

••• ( 1(.) 

.• ••( IJ) 

· L-Bash and Modeer ( 1960 >J · 

where •••-< IS) 

75 At"- ••• (,19) 
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Kel.'e · · \.1-,9
1 

and l<, are posi t:tve ·constants and c~ is 

Jacobi's elliptic function. 

1'he period T' is given by 
.. 

••• ( 20) 

where K. is the complete elliptic integral of the first 

·kind. 

Benee 

!fr..e usul;\l. linear period . 

is found from the ~quat~on 

' 'I 

With 

in the form 

Hence 

where 

••iii (2t) 

I= • ••. (22) 

••• ( 23) 

.... ( 24) 

• • • ( 25) 

•••• (2b) 

T.he ratio T'/T given by (2.S) is plotted against various 

values of ;3, in ( 2b). The graph is sho"!,n in the f1gttre,.No.~ 
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. . . 
2. Large amplituda free-vibrations of elliptic plates. 

Let us consider the free vibration ot an elliptic plate 

having-its boundary elastically restrained against rotatio~. 

For this case, let us assume \..J- in tho -form 

{32.. 

••• ( 27). 

SUbstituting equation ( 2-7) 1n ( 6 > we have 

A solution of equation (28) is possible if 

-,lw -w 
'L ::::: - \<. 

Changing into elliptic co-ordinates ( 't, ~ ), we have 

0'2.... 61...) 
(a·p- + o,l.. w -t- :cp'-( Gr.h2-i_ - CE>ry w "' 0 

where p == \<.d. 
2.. 

2dl being the interfocal distance of 
the ellipse. 

... { 28) 

. -.- •• (29) 

••• (3d) 
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/1 

/33 

-~plution of ( 3\ ) can be written as 
' 

oc 

W = L C.:~.m t.e,_I'Y\ l~,cv) ce2.W\ (tt,ov) ••• ( 32.) 

V'r'\==.0 

wn~r~ '-:J'm l ~,cv) and c.e2.n, l ~' 91) 

~hieu ruhction . and Mathieu function 

are the · Mod1t1ed · · · 

of the first kind 
( L ~~ ot order 2m and 91 = p = ~ · 

While solving a problem or bending of a plate w1 th elliptic 

bole, instead of taking Mathieu fUnctions of all orders, 

taking a· single 1'1athieu function of 2-nd..order, lfaghd1 (1955)·.· 

has shown that the results obtained are satisfaotory for 

larger elliptic hole. ·In our present problem also we can 

make sim1lar.approx1mat1on by taking a single Mathieu 

function or Zero order. 

Henoe (32) reduces to 

Combining equations ( 2 s) and ( 2.9) we have the following 

differential equation for determining F (-t).. 

2. 2. 4 '2..1 'Lc 'L k'L 
_{.ISoK F':t) c(-n -;a· F3(-l:) 

d.:l:.'l- + \1. \2 -+ \ 'L 0 

The equation is of the for~ 

,, 3 
F -t /\, F + /"- f == o 

which is to be solved subject to initial conditions 

F (o) = \ ) F (o) - 0 

•• ~ ' ( .33) 

••• (34) 

••• 
! 
(26) 



Solution ot ( 35) can be p~t in the form 

F(f) ·= Crt ~3 i:) "-0 ••• (37) 

I w \2. _ ~2. c. p · K.q ( o<'l.. ) 
·\.. 

3
/- 12 \-t "2. whers 

• • • (JB) 
2.. . I 

)\2.. ·= 2.. 

2 (1-t- ~2_) 

H~re lB3 . and ?\.2... are positive contants and Cl'l is Jacobi's 

elliptic function. 

is given by • •• ( 39) 

~ being the complete elliptic integral of the first 

kind. 

Hence l.S = c,e_fo (t9r)C.eo(~/y) C11 (<i>3t_,/\~ 
• •• ( 40) 

1s known, 

For 1..8 to vanish. on tha boundary ~ = r
0 

cy must be root of C,.e.0 (ro) <t) = o 

To determine o( , we know that 

Changing into elliptic co-ordinates, the above equation 

reduces.to 

••• ( 41) 

• • • ( 42.) 



where 

\ . 

Boundary conditions for .U.t and -L.\ are 

Let us assume that 

oC 

lA.t ::: ~o P(~) Cas 2YI1 F~t) 

. oc 

..u_~ = ~~ G (~) Sl.u.2l11 F'(-t) 

.... Subject to the conditions P(fo) = G(to) = 0 

Combining equations (37), (40), (42) and (44) 

. . and integrating equation (42.) over the surface of the 

plate we have 

}3.5' 

••• (43) 

••• (44) 

••• (45) 



Attar evaluating tha integrals we ge~ tne following equation 

to determine o( ; 

A (.o} A (o) 4 'h ~ 
2.'h_ • '1,6 0 'Y.) 

l< \'h._ S W... 2"-\,edt 'lh t, - h <; iJ, 2A \ G% l'h..'t.,) 

T t14~"l ~1~1 )'-ttcA2~)) ( t -t S~"-~) 

oa, 

-J- ~ ~ 
0 

A2~0~ A2J6
) 

I L L 'TLL- /:}­
it=\ ~=J 

!tj-~ 

)\ ('h._ s'v.-..h 2~-> ~o ~ 2 'lt \, - /.> <, i.J, 2'Lt c..-J,v, ~) J] 

/:36 

••• ( Lfl:,) 

where A (o) 2)L 

expansion of 

are the Fourier coefficients in the 

ceo lt)~ 



/37 

Considering equations (38 >, (39) and (4~) we get 

••• ( 47) 

· The usual linear period is given by 

••• (4&> 
~ ~ being round out trom the 

rollowing equation 
~· \2. .. 

\1 IrS -T -h'-~ ~ =·0 

in the form 

· ••• (so) 

Hence 

••. (S I) 

the ellipse degenerat.es to 

a circle of radius R,_ ( ~OJ). In that case 

ceo (1~9!) --7 P; 10 U<~ 

1 e. eo (o} cy) ceo l71f2- J o/) 
f>o ~ ~ ~ AC'Jc 

where 



}lance in the l1mt1~ case, equation ''( /;o) reduces to 

••• (52-) 

Also equation (its) can be written a:; 

••• (.S3) 

where 

Sine a 

equation (53); reduces to, in the limiting case, 

OR, 
. '2.. 2. 
c(~ 
-6- ••• (Slt) 

Since 



Hence 

Equations(5..2.), (S4) and (ss-) are the corresponding results 

for a circular plate as obtained by Willam A. Nash and 

(Tame~ ·R. Modeer · (1900). 

Numerical results ~ 

when· and 

Let o( :::: 2. J2 

Putting all these values in (4~). 

'74 

Corresponding T, fT,_ is fourid from equation (Ss) 

1n the· form· , 

TL - '97 

3. Large amplitude free-vibrations or semi-circular 

plates. 

Let ij.s consider a plate in tha form., of a semi -

circle having its boundary elastically restrained against 

••• (55) 



rotation. Let us take the centre as pole and the bounding 

diameter as initial line. 

For the above case, let us assume in the form 

. ·~ =: \N l"r\, ~)I F l-t) 

Substituting ( s- b) in ( -l ) we have 

= 0 

... where and 
"':::..?.. 2. "2__ u I -.:. ':I: v -+-E.. j___u 

o'l1'2. -n o'h. + "12. a&'2. 

A solution of (57) is possible if 

and 
~2_w 
v :::: -k'L 
w 

From (58) 

To solve ( S'J) let us put 

=-
:'vJ = L_ R m s L.u. ·m & 

l'r1 = I; '?>, .. -

'Rhl being the function of "rL only. 

Substituting (6o) in (s9) and solving we get 

'RI'Y\ = Am JltY) (\(It) 

where AltYl is a constant and J~ is the Bessel function 

ot order vYl • 

14-0 

• • • (5-') 

••• (57) 

••• (5&) 

••• (S.9) 

• • • ( .Co) 

••• (f./) 



I '-1 f 

' . 
Prom (51) equat~on to determ1ne F(l:.) redueea to 

••• (6.2..) 

Solution of (.Cz.) 1s given in ·the tc)raa as in the previou. 

, Cluae, 

·~··({3) 

·where 

••• (,l[) 

20-} ~~) 
= L A~ J~ l!<.'Jl.) s~ 'h'l0. C.n ( Ws-t)-) 

••• (ts-) 

W)::::\}3,--· 
1s. ~ow. · 

.For the tu.ndam.ental mod~, 

...... ( {,(,) 

La to vanish ori the ·bounda~ · ~ = a.. 

, . · K muat be root or· '3"
1 

( K cy ;=! o ••• ( '7) 



- ~~· .+ ~~~)+ ·~ -1- ~ ~~ .+ ~)l~~~) 
Let us assume 

0A_ ~ L u (_i1.) (m Vv\_ 0 . F\ -t.). \ 

lJ- ~ L v(~ <sw me. r ~l-l:-) · j 
Combining equations (Gs- ), ( (;~), ( Cs) and ( '3 ), multiplying 

(-Cs) by 'Rh_d.J:0 and integrating w:n_. t. 'TL between the 

limits o to o._ . and ~ . 'h.. t.. & · between the lim! ts o to 7\ 
' 

we get the following equation to determine . D( 

+ K(hl-t-0 J"tn lK~. Th'l-t-t lkaJ J 
- ~~L(;\_2__ 

G 

For fundamental mode of vibration, 

using 

142 

··~~~ 
((g) 

••• 

•. • ( 7G) 

••• (7/ ) 
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Considering equat1eas ( 'J), ('It) aad (71) we bave 

••• ( 7 z.) 

As in the previous case, 

••• (73) 

Hence · ••• (7't) 
'2. '2 . ' 

( 1\ 3A, J"2 (keh}'\h . '+ 1t'2. ) 

Numerical ealpulat1on. 

$1nce 

Let Ci\.. == \ o , o( = · l 

Putting all these values .in (7/) 


