- CHAPTER -V

Largo amplitude free vibrations of elastic plates.

Nomenelature
The following nomenclature are uged throughout this

paper.

W= deflection, normal to the middle plane,

W= gigplacements corresponding to the directions of
co=-ordinate axes,

h= thickness of the plate,
D= flexural.rigiﬂity of the plate. — Ti%ﬁgﬁ
E = Young 's modulus,
0= Poisson's ratio,
= dengity of the plate material,
l@.&&%&g_t.&%.s
Berger's (1955).épproximate‘plata theory for the
large deflection of isotropic plates has been oxtended to
orthotropic plate problems by Iwinski and Nowinski (1957 )
Nowinski (1958) has also solved some boundary value problems
assoclated with circular and rectangular plates undergoing
large deflections., Nash and Modeer (1960) found the large
| amplitude free vibrations of rectangular and ecireular plates
applying the technique exhibited by Berger.
In this paper an attempt has been made to investigate.
the large amplitude free vibrations of triangular, elliptic
and semie-circular plates.
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Theory 3

Let us éonsidef the free ﬁibratiens of flat elastic
plates with hinged, immovable edges. The deflections are
consldered to have the order of magnitude of the plate
thickness.

' The sum of the membrane and bending energies in a
- thin plate undergoing large deflections can be written in
the form, |

=%HKW@+%ﬂ

2(‘ 0)[4‘2 eZ 'ax?- oy2 - Bx’ag)]ﬁfixiﬂ eee (1)

The kinetic energy of ths plate is

= M‘H(uﬁw-‘-w)o(x&ﬁ ree $2)

It is now possible to form the Lagrangian function

T~V  eee (3)
. t,
" According to Hamilton's principle b'j Ldt = o cer (4)
If we et A= (& | .
. ‘JLOU:, Thew A = o cee ()

t
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Kaglecting Qz and applying Buler's variational equations
we get the following squations

vw W}({)Vb@—\-‘w\_i '%Ltf’.; = 0

Bk b\? +_L blﬂ) _L _ 7:% &({) ase (7)

Vi ﬁash a.nd Hedeer (1960)7 .

‘whers X =  constant,

(2D

It is to be noted that the terms éérresponding to inertia
effects in the plane of the plate have been negiected for
the eguatiens (¢ ) and (7 )

.Problen 3

1. Large amplitude free-vibration of an isoceles

right~angled triangular plate.*

Let us consider the free vibration of a flat isoceles
right—angled triangular plate with hinged, immovable sdges.
The equal sides of the plats are considered to be of lengths
a in the directions of X and y . -

*Accepted for publication in the Journal of Science
and Englineering Research, Kharagpure

Published in vol. XII, part I, 1968,
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For the simply-supported edges, the boundary conditions
~are

u: W = %l.)g_ = O (lk K= O

Y =u = _aa_‘\fz = O Q:k N = |
| ~ | e el 8)
Wt = W = '—gl—v‘% = 0 Oj( K’\‘S:Ck

ore O = L (D 2
where oyl ﬁ(’ak+ "a—y)

The boundary conditions are satisfied by the configura-
tionsg of the fom

A (69,1) = ZBKSS\MK"’( coskgugmﬁg_x - %}H@) NNED
,3,5) - ,

. ’x . ‘
VLY L) = Y By sin KBY (cos KA _ gy

4 + = )G+
K=41,32¢§,- . A ) ooc( lO)
\)S(X Y k) ZA &swimm gmm7w+ gM}T’%X .gm""_ﬁl)F@) seel 1])
. m= ‘)3 |

!

The equations (9 ), (10) and () may now be substituted
in equation (7 ) to yield

/

F*t) = - &({) oon12)
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!
Let us 1nveatiga*e the fundamental mode of vibmtion by
putting wm=, in equation ST

| Substituting equations( 9 ), (IO) and (u)in (7 ),
econsidering equation ( |2 ) and mtegrating over the surface
of the plate wa have, | "

1 SAR

If we now substitute equations (« ), (i) and (i3) in (¢ )

with - wm= )| , we obtain,
2 JdF ‘ 491 75AF x4 -
12 49nT A ,
Re A& T e FO P FB(*) el
This equation is of the form
- F + AF -\-/ﬁ.,F3 =0 ' - ess 15)

which is to be solved subject to the initial conditions

F(O) : \) ) F(O) : 0 _ oso(lé)

Solution of (|5) can be puﬁ in the form

Fib) = C’n(w* w - eeeli7)
/ Nash and Modeer (1960) 7
where W = A+ M = Cp KJ;, AT - . seef 18)
) ‘ o= LT (49+75 %)
K= _ A _ 75 A | ] eeel19)

2(00%) T o4 (49+75,A
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Here 9, and K  are positive constants and C, is

Jacobl's elliptic function.
The period T’/ 1s givenby T'= 4wK | oo (20)
. . , t

where |C i the complete elliptic integral of the first
’ kind. -

Hence =/ _ 4 QLJT_‘Z__ : ees (21)
Phn*(49 475 %Q)VL-
The usual linear period T= 2A | eoe (22)
Ws.

is found from the squation

4 1219

with 9 = oy SV 7(y wy ene (23)
Ay St 25 STl i T2 gi B o b
in'the form T. — onaT) Tz eee (24)
Ah Co-7
2 2
Hence T —K _ ’K ees (25)
T 75 A 2
D+49 4\»]2" Q% om )™
wh A ' -
are /3‘ = caw (26)

The ratio T/t glven by (25) is plotted against various
values of /3, in (26)e The graph is shown in the figure.No.3
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2. Large amplitude free-vibratians of elliptic plates.*

Let us consider the free vibration of an ell:lptic plate
having its bounﬁary elastically restrained against rotation.

For this case, let us assume 9 in the form

il

\f\} \,\/(;(,\j) _ 'F (Jc) | ' | eea(27)

Substituting equation (27) in ( ¢ ) we have

. y '
VW) - AP v %‘121 %—F W =0 .ee(28)
" o (2.2 d7 b)) = §
where V= (%YL*B—Q an @:) 5!()

A solution of equation (23) is possible if

4 2 N
ALVINVS B A R | iee(29)
W W
From (29) |
VW + KW = O 0ee(30)
Changing into elliptie co-ordinates ( ¢ 7 ), we have
b?_ -al o (2
see l)
26 g W+ 2" (Ccrsi\lg m@w = O
where = "ﬁ% . 2d. being the interfocal distance of |

the ellipse.

Publishe& in the Journal of Physical Society or Japan,
Vol. 23, No. 8, 1967. .
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-Bnlution of (31) can be written as

_ | | .
— oee (32)
- Z QZW\ g’ezm (%,W) CCm QIJOV)
m=0
Whepe, \_(/m (&,9) and  Cen, () are the Modified
Meftnten finction and Mathieu function of the first kind

of order 2m and oy =b = l<_;14L,

While solving a2 problem of bhending of a plate with elliptie
hole, instead of taking Mathlieu functions of all orders,
t&king a single Mathieu function of 2nd order, Naghdi (1955)
has shown that the results obtained are satisfactory for
larger elliptic hole., In our present problem also we can
make similar approximation by taking a single Mathieu
function of Zero order. '

Hence (32) reduces to

eee (33
W = cQe, (%, ‘V)CE ) ()
Combining equations (28) and (29) we have the following
aifferential equation for determining F ().
O‘.lF 7.. 7;{_[ E N .
;(-E?— A F(‘t) ——v'§~—- 3(‘&) = O ese (34)
The equation is of the form
E4+AF +uf? = 0 Cees (35)

which 1s to be solved subjeet to initial conditions

FO =1, Fl) = o eer (36)
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Solution of (35) can be put in the form -
e - ves (3
FO) = G, (%7

' L2 (
where (wB)l - heed (1+ :‘f)
| o K* ses (38)
| .
Z(H‘ o(z)
- Here 3; and A, are positive contants and (, is Jacobi's
elliptic function.

The period T‘ - is given by T, = ﬂ‘:’!é eee (39)
: 3

N, =

K being the complete élliptic integral of the fi_r’st
kind. |

) . e e (40)
" Hence o =C|c€q (g;q/)ceo(?bcla Cn (“Dyt)kz) 18 known
For \9 to vanish on the boundary §- ¢
9/ must be root of Qeo@o,ﬂ/> =0 eee (4))

To determine , we know that

ok v 1 (o 20 o
L= 5w +r3y *% 'b“)* Y :—\TS’&)

Changing into elliptic co-ordinates, the above equation

reduces  to

S0~ 2]+ eaf@) @o]

(N ‘9\')_

}({) eee (42)

"".
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where

L=, = L
| 2 | &st‘w?'j’\i‘\‘swly\

Boundary conditions for {xg and {*ﬂ are

eve (43)
hi = h.),l ::. O Q& ﬁ: go ‘
Let és assume that
We =% P(€) Casonn FH
E Y\Z=O ) °° v] ) 6o (44)

W=7 6(®) Stuany FE®)
| n=| }] |
.. Subject to the conditions P(ﬁo) = 6(%0) = 0

Coubining equations (37), (40), (42) and (44)
and integrating squation (42) over the surface of the
plate we have "

([ le@en

. 2n £, : | '
= “i g S (S‘u}%@ su}q)o‘*s% wee (49

)
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After evéluaising the integrals we get the following equation
to determine « . '

MN=1 A=y
NFEA

. AAD. 47 s
{z i;\u R Suh ARE, +z Z nL younll
xt’r\%mzmom&«ug,/b smwzcmmsoj

E TS 08 (6 5509)

a A 3sw1127fi0 = A A0
+2A()Z o i ZE A
n={ A=)
nFA

X QLS‘UJ\ 1A% Coshan®, — /s»%wk NG, Cm,%z/sg)ﬂ |

_ o(L«K‘oLLS wuh 1€,

(2.

OR, ' »
Lpw bl '
p(’QI,Ch_ gu‘"'l'\:zio . LN (?)
HIGE » ¢

where A2§f7 are the Fourier coefficients in the
expansion of ce, L%)@
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Cansidering equations -(38 )y (39) and (4¢) we get

T, = 4Kz | CesnHD)

2 1207 Ry OV
%Q/;K Q+ Kz ZO\ZSQJ/\'Z%DL

- The usual iinear period is given by

T, = —2
Wy eeo(ls)
_ RS 4 being found out from the
following equation
N U N
Wt s W =0
v ”%52 ees(49)
in the form
492 » 2
2 kh, o ,
L&4 = 12 . ' 0.'(50)
Hence |
2K
T "o
TL-— ]ZCILF‘C_ED> /7% . 05.(5')
T R Sk 2%, |
W dso, §— ‘the ellipse degenerates to

a eircle of radius R ( %oq)e In that case

Ce, (£,9) —> B3O

2,0, C M\ Y,
where P = S ZD@ o)
; ®

and ce (1,9) — AL — L
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Henee in the limiting -casé, equation {Y40) reduces to
W= ¢RI = cn(ue’f&,@

= AT, ¢ @".Jc,.vg ', cee(s52)

Also equation (Yys) can be writien asg

o [{Ceé (£,9) ce (£%) }%°+ 2‘1/(;2@0 &) ica«ykzg - @03 ol%

_ Klde‘lotlnggo ...(53>
l2. . :
' A@ < |
¢ ) o
where 0, = AM. A_Z@ + %’_o QB WOE
2 2
sincs Cée,(%,,%) = O; dcih2¢ 5 28" 9, >0, A s o
and  Cosh2gols —sondn/d  an £ o<, d— o,
aquation (53} reduces to, in the limiting case,
R : . 292, 2.
f [en [nle oq _ «hR
o 6
o 2 |
kR
OR, = AT T3, (KR) | e s (SH)

stnce T, (kR) = o



{39

Henece

IRV S | e (55)
| Q+ 6 KT (kD) /sz)/ =

Equations(52), (5Y) and (55) are the corresponding results
for a circular plate as obtained by willam A. Nash and
James Re Modeer (1960).

Numerical results s
S:ane ceo (@o, C@ G = 64

when' £ = 29 and@ d = 2

Let 24

1

2y

Putting all these values in (46}
c(
- = 74
h

Corresponding T‘[QL is found from equation (55)

in the form

3e Large amplitude freec~vibrations of seni-cireular

plates. - ' _
‘Let us consider a plate in the form. of a;semi -

cirele having its boundary elastically restrained against



rotation. Let us take the centre as pole and the bounding
diameter as initial line. -

For the above case, lot us assume s in the form
W= W(n,e) F)
Substituting (5¢) in ( £ ) we have

12 AF
ned At

T'wFE) - PP Vw4

..where {W=F(® ana - 2

2.
1.9 | o
e T W oan T e 5
A golution of (57) i1s possible if
- 2
V4W"= K4 and vVTw _ _K’)_
W - w
From (538) VW +KW.= O

To solve ( 59) let us put

R,, belng the function of n  only.

Substituting (6¢) in (s59) and solving we get

where A, 1s a constant and 7, 1s the Bessel function

of order wm.
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eoe (5€)

ees (57)

ese (58)

see (S9)

eeo (‘(0)

see (€C])
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. Pronm (Sa7) equation to determine F(1) reduces to

LF | KO e

T l2 T T e FB = O «es(62)
Solution of (£2) is given in the form as in the previous
0886y |
FG‘) = Ch (035»{,7\> - o ) vss(€3)
'where _
4 .
\’552: ocgok (l . Kl)
eea{lYy)
2 Vo
No=
Thug — - L anallS
. =Y A T (K00) Slams e (105, 1) [ aeelS)
=13 ... .
’ is known.
For the fundamental mode,
W = A T (K)o Cn @g{,@ L enel66)

\® to vanish on the boundary - o C
K must be root of T, (ka) = O o | . cee(67)
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To determine X 1let us consider the equation' ( 7 ) which

in polar - co-ordinates takes the form
292
< (
o O
— = Phig —— J N S ’ L X ¢
- DN 2 ’aﬁ>.+ TN T ‘a@,> R (¢s)

Let us asgume

W= S 0M) Gzma, FLY)

\}lz‘z.\/@g wmg. F ) -  ‘... (63)

Combining equations ((g)y (¢9)y (¢s) and (63)y multiplying
(€g) by ndandp and _integrating u.%.t. 7L between the
limits O to O and W.h.i. O between the limits o to ™
we get the fc;lléwing equation to determine . «

2 2L | |
Aw |~ 55 T (k@) + mI2(ka) + LT, (k)

| + KG’H—D T (K9 . Tm_HQ(a)]

X'%Ellql . .ée (75)
Z .

For fundamental mode of vibration,

e BKL:Y,_L(KQ),,AT-. ees (71)
Ve\L

using j‘ (ka) = 0




Considering équatiens (¢3)y (<y) and (71) we mave

T, = 4akm
R (1 SR

As in the pfevio.us case,

2R 2 Ay
\i= — WChe
Wy ‘\7@ , \Rdr\ma \/66 = \1"’

i
Hence aY /T - —NK
4 (\ 3Rk \ Vo
. -+ 1‘?_

Numerieal calculation.

Since k) =0 , Ka = 38}
From table  J,(ko) = J,(381) = ‘409
Let m: \O, O(:‘)

Phtting all these valuas in (7/)
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00.’(71)

veel73)

'0’00(71')



