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CHAPTER - IV

A Si m\p&fneoﬁ MetRod —for Soﬂvma Noa Lineay Probﬂems “—5""3
“ Constont Deflection Contour MetRod. . :

As stated earlier the method of ™ Lines of Equal Deflection” is one of the existing methods
applied in studying. the non-linear behaviour of structures subject. to moderately large vibra-
tions. With reference to the idea expressed by Banerjee and Rogerson [122] equations (3.11) and
(3.12) or equations (3.12) and (3.14) may be applied to study the vibration analysis of structures ‘
However the present investigator has some reservations in accepting the free hand use of any one
~and the present investigator has to add that the first choice of using equations (3.11) and (3.12), .

though simplifies the mathematical computations, in the sense that it involves third order ordi-
- nary diff.'.erential equations, may not yield the diserable and accurate result in comparison with the
second set of equations (3.12) and (3.13). In the foregoing chapters both the set of governing
equations will be used for the analysis and a compar-tive study "will be made thereafter.', g

In the piesent chap‘{};r all the problems considered here w1ll mvolve the ﬁrst set of oovem- o
ing equations viz. equations (3 ll) and (3 12) : ' el

PROBLEM 4.1 | e
- Non - linear Vibratlons olegid Elllptic Plate With Umform Thlckness

i Let us consider a problem in establishing the applicability of this method to one' of the "
useful structures, such as “ an elliptic plate with uniform thickness vibrating at large amplitudes."‘.fﬁ

" As usual the dynamic Von-Karran® equations for aplate subjected toa normal umform load o
may be put in the followmg form [ vide equation (3.1) and (3 2) ] Tk -

D_Vw_ M(Fw)+}> f’QW

V F ‘—E0<(ww) L Rere bR ER
| Wt . e l2. (I—ZS’)

With in-plane inertial effect ignOred where w is the deflection function. F is the. sttcss -’
function, ptsthe load, h is the plate thickness, p is the mass density. D is the ﬂexural ngidit} Ei is
the plate modulas of elasticity s tlle Ponson s ratio. - : S e

For an elliptic’ plate clamped along the edges, the family of contour lmes of the det‘lected

sunface may be iepiesented by Co e

T ”— == = = o gad] oo
: Fuﬁ:&sﬁevg v Mafﬁz-ma{ws S | ) N S S R
ord datiics in foatring - Ptfied mTCOVE a0 Wlne &

;,Tee%wgoga, Naresa. Puuoshhg' 39 ‘

A Mo?udawj



Where u = 0 defines the boundary and u = 1 defines the centre of plate ,the boundary conditions

imposed are

w=0 atu=0 .
CU\JL GKW "’O, ot I/L=O,| [A.l.?:]
du
Then performing the ~  integratii-ons of equations(3*9a) and ( 3+94 ), using equation (4.11) one

may arrive at the following equations after a lengthy calculatlons ( for brevity the trivial but
lengthy calculations being ommited )

PRSI

- h 2.9
2. b @a+ 36 +2a&l&,092’o&230 _R(-wdw
, | T |

e A |

<, w)oﬁF oﬁw -+ F(““D+/°£ijtt°€“= 0 w3

(3a+3b+m%) B wy AF ,,2,@_.(; &
o

i

<E .C'“"”) (%)L [4. 1.5]

'y ™
o b

- Nowinski [ 12/] has shown that when a plate vibrates principally in the transverse directions and
- in-plane movements are restricted then without only loss of generality the spacial part of the de-
flection as well as of the stress function may be considered as the same

o ZA wty(t) Au WG:)

F o AO® [4.5]
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A is a constant, d(t) and y(t) are unknown functions of time.

Sitice equation (4.1.5) does not represent the exact solution, Galerkin procedure may be
applied to minimize the error. Substitution of equation (4.1. 5) in equation (4.1.4) and performing
the required integration a relation between ®(t) and y(t) is first established

6 ol AE T
gb = —F o ) oA
) (3a+3b+2ab)q/() 4]

while equ‘ation (4.1.3) will then reduce to

2 p Bat2H28Y) puay 128 ER - Ae
5% z
3 o b (3ol +3b"+2ab”)

__P
_fg /D%AWG&D = = [4.1.7)

T4t

Equation (4.1.7) may be put in a simplified form

Ye) + BwE) +BY &) = Cp  [atd]
%t

' 3 +3b+20-b
wﬁwe B, _ IZ/D)(Q, )

55 p (3o +3b+9«03b)
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4.1.a) Free Linear Vibration :

For free vibration p =0 and equation (4 8) becomes.

y@® +BU®) +BYE = [4.1.3]

¢t

For free lincar vibiation ( with B, =0) equation (4.1.9) reduces to

we) +Bwe) =
b

The linear frequency parameter is given by Ve

I 227
Y. (‘Z,D 3£+3b +20 b
5, /OE)< o b

Y
% T
2L (3 2m + 3)
r = . m -+
o B, [('W , )
Wheve —m_—.%_’_
Putting m = 1 we get linear frequency for a circular plate as 9 ‘19? '\/—l:?—l;/_;—

4.1.b) Free Non-Linear Vibration :

If T and T* be the conespondmg time periodsof linear and non-linear oscillations then

the ratio as
_ vy |
_ [|+.§L ELJ [4.1.10]
B 4 B,

whene O3 B, __2,3 ok (!—"){) ™ <W> T

B, (Bmi+2m+3)"
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A . .
§=T . represents the relative aznpfct’w{ﬂ

Numerical results have been computed and shown in table [ 1&2]

) 4 l c) Statlc Case

Neglectmg the inertial terms in equatlon (4 1.8 )one oets for analyzmg the Iarge deﬂec— .

tlon behawox .

o Or‘xl’/t‘uﬁhef silﬁpliﬁcation one gets the rzlation between the non-dimensional cent‘r‘alvdefelction S
’ 0 ) and the load parameter ot T T, T
iy T

2 ‘(’?mv +2/7m+3) W, +l536
()

on . L
@'m +Zm+3) ' 'R/ |

po - ‘:.'p..n.:;j.

Nli‘m'exri.c.al results have been shown in tables [ 4&5 ]

For cuculal plate (m=1) a.nd for v=03 equatlon (4. 13) reduces to '
5 9@0@(7:)+ ] 92“(7:) ,,t_v_T o
o ER™ o
e 5 ew( :p:)—;—z -‘f51r(—&—)

b3
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Numerical Results :

- Fable [1:

. Dependenceof the relative time period of nonlinear and linear vibrations ( l'/:l. Y on

relative amplitude ( Ao ) for different values of m= (% ). v=0.3

A A
: Zf m=1 m=15 m-=2 m=235
0 1,000 1000 1.000 1,000
0.5 0.9705 - 0.9811 - 0.9911 ©0.9956 . . :
1o ~0.8946 - 09300 - 0.9656 0.9829 - .
1.5 0.7989 . 1 0.8593 . 0.9296 0.9627-
20 0.7045 0.7822° .. .0.8795° 09362
2.5 0.6209 0.7076 - . " 008276  0.9050 -

Table 2 }:

Dependence of relative time period ( T*/T) on

for dlﬁ'erent values of
“)

m—')O
. Ao B A
2 vV=0.2 - 1v=0.3 v=0.4 vV=0.5
0 | . 1.000 10000t 11000 - 1.000
0.5 ©0.9905 09911 09917 L 0.9926
1.0 0.9636 0.9656 .+ .. = 0.9680 . 0.9713
15 10.9230° 2 0.9269 - 09318 0.9385
2.0 1 0.8734 - 0.879555 08870 . o 0.8973
2.5 0.8197 - 0.8276 . 0.8375 -~ 0.8513 ¢

Table [3] :

in the pxesent study and the results glve by Smharay and Baner_;ee [ l"4 ] V= O *_ :

8]

Comparative study. of relatlve time pel IOdS of non- lmear and lmear vxbrauon [1

] whele/“l =12(3m'+2m* +3 ) for a cixcular plate as obtained

C124)

10000
0992 .. .. " ..

097000
093677

70894 %

o 0.848 0 s
07997 S

versus [
m =|
A Ty
7-——_2:-."
’/;u" » Present Study
0 ~1.00
0.02 0.9937
0.04 - 0.9757
0.06. . 0.9477
0.08. © 0912
0.10 ~ 0.8722
0.12° . 0.8296
. 0.14 0.7865
-~ 0.16 . - 0.7443

0.752. e




ba

Table [4]: Dependence of Central deflection xo" on load parameter_T
~ for different values of m andv=0.3 ER
W | o gt
EA m=1 ‘m=1.5 m =2 m=2.5
0 0 .0 0 0
© 0.2 1.187 3.3513 8.6772 19.476
0.4 2.446 6.866 17.5542 39.168
0.6 3.93 '10.7107 26.8305 58.608
0.8 5.67 15.047 36.7059 80.064
1.0 7.78 20.040 47.385 101.722
1.4 13.47 32.652 71.923 148.416
1.6 17.24 40.6003 86.1913 173.952
20 27.08 60.600 119.7200 230.400
2.4 40.606 87.166 161.2358 295.488
A
Table [5]): Dependence of central deflection M/‘R' on load parameter ba/E"R‘A.
for different values of; v, m=1.5
W . P“lr/ Egt
0 : ‘
R v=02 v=03 V=05
0 0 0 0
0.2 3.1784 § 3.3513 4.0598
0.4 o 6.3240 ‘ 6.866 - 8.2867
0.6 10.1934 10.7107 12.8476
0.8 14.3589 ' 15.047 17.9097
1.0 _ 19.1826 20.04 23.6400
1.2 24.8287 25.8537 30.2054
1.4 31.4619 32.652 37.7731
1.6 39.2469 40.6003 46.5100
2.0 58.2926 60.600 67.8400
2.4 _ 85.1927 87.1660 96.4915

Discussions :

Tables ( 1,2,3) and figures (L,II) shew the dependence of the ratio of non-linear to linear
time periodsT / T on the relative amplitude Ao/'gf for elliptic plates. It may be observed in table
(1) and figure (1) that there is hardly any effect of non linearity so far as the free oscillations of
elliptic plates having higher eccentricity is concerned. However, in case of circular piate the non-
linear effect is notable. ~ . In table ( 3 ) it may also be noted that the results of the present study
for circular plates are in excellent agreement with those obtained by Sinharay and Banerjee [124]

Tables [ 4& 5 ]and figures ( IH & lV): show the variation of central deflection (M,/fﬁ, )
for different values of m and v. Table (4) and figure (I11) shows that for a particular value of central

At



deflection the value of load parameter ( pa AER« ) increases with the increase of the vlaues of m.
If implies that to obtain a particular central deflection, more load is needed for an elliptic plate than

for a circular plate. Again table (5) shows that for a particular value of load parameter, the central
. ~ . . L . “ .
deflection for the plate having higher Poss’on ratio are smaller than that for the plate meterial

having lower Poisson ratio. -

"From equation [ 4.1.4], the results for a rigid circular plate do not tally with those of
Yamaki[22]. The reason for this may be due to the procedural difference. Also the assumption of
retaining the same spacial part for the deflection function and. stress function may not be valid for
the present case . Also as indicated in the beginning of this chpater the use of equation (3.11) and

3.12) for simplification appears to be unjustified. The use of equation (3.12) and (3 13) will be
made latex on to justify the above agreement and the results become more accurate o




Problem - 4.2 ’
Non-linear Vibrations of Plates on Elastic Foundation

With the increasing demands for improved efficiency in material usage in structures and the

- emphasis on high strength/weight ratio, the geometric non-linear behaviour of plates has become

more significant. The majority of analysis into the non-linear deflection of plates on elastic founda-

tion has been restricted to the determination of static deflection for an elastic foundation with a

Winkler deflect ion characteristic at the plate/foundation interface. Non-linear static or dvnamic
analysis of plates under viscous dampmg and placed on an elastic foundation of Pastemal\ mode(

is presented.

- The ‘Constant Deflection Contour’ method will be used here in support of its application
to a little more complicated problem for which the governing differential equation are of Von
. Karman type extended to a dynamic case including the effect of elastic foundation and vicous.

damping. As it has already been stated that this method can easily be applied to investigaie large
amplitude behavour of vibrating plates having uncommonfor complicated boundary. '

" The dynamic Von Karman equations for plate placed in an elastic foundation of the Pasternak
model and subjected to a normal uniform load may be put in followmg form (1 75]

DVW '“"QOCCF w) F-—f—/oﬂﬁ,w -{—/mQK

-l—Kw—GVw o uzj

t

with m-plane inertia effeet 1gnored; ivliere? D‘ is the ﬂCXlll‘al rigidity = W,‘j
p is the applied load, E is the plate modulugof elasticity. (Ku_r—-GV W - ) isthe linear foundation

reaction for Pasternak model, K and G are foundation constants, w-is the vertical deflection, p is
_ the density of the plate material, v is the Poss.on’s ratio, K, is the vi scous damping constant, .

Se&de% far Wcﬁm
SMLRT 15
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Itis assumed that the set of Equations (4.2.1) and (4.2.2) satisfied in every region bounded
by the contour line C . Using the transformations in Chapter 11l and inte grating over the region
cquations (4.2.1) and (4.2.2) will reduce to

[0 5) 1 204 oo
([ Th ) ) )

— Kw + A,T,(_Z_%% + 4, %}‘%}jdﬂ [4:2.3]
‘ L 3 | . '
[ ER) () (a4
_Q .

R ﬂ’B%@e& ), Ao & (%>Ljoﬂﬂ— [h24]
SL | |

| R
where A, = C‘“%*%)

A ' r/u_"’... +w"u’ 2, [ : u_LL{_
. - U \ % 'b"x;(, /'J 737,) T (u’/x. ”’/a'z + /v‘é 7300—)
w
+ gu,t%,’ Ty

2 2
. A3 = 4 (u;"- w”""‘" + u?? w’??'}) +3 (l%zxx, i ul’??) + 2/“-}# u’)a;;«

2
u w
+ 7y th (U’fx rops Ty w’**?)
A = UL ‘ + LL' Z‘LL
A 7 e ! T ey

Y 7y

2-
Ag z,(w ey )
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| = = Qu uw, u
w -— u,

G, ;3,)

A = (}Ku-t— %/

U

A ke bed

Equations (4.2. 3) (4 2. 4) can be ﬁxrther reduced to 51mpler form on apphcauon of Green s meorem
wherever pos51ble : : :

On tlansformatlon to line Lhtegmes eduatlons (5.3) and (5 4) wxll then become
ap(w)o23 -m"(w) +aﬁ’(w)&w oU: +38 (u)f;
+30 (w)o[w +/0)wa O?,u,—f- /DQK J\w dlw -

+ Kfmu o LmJ

| 3,(@% +9,_C‘”)£‘fi£; +?’3@%’E, W)(&‘“ 0 [n2i]

where f,(u) and g(u) are functions of i thj -

Equations (4.2.6) and (4.2.7) are the two basic equations to study the dynamic response of's: tructures

- of arbitrary sgq e. Hereforth, unless the contour lines are defined one cannot proceed further. The =

following illustration may be cited for studying the dynamic response of a given shape.
Damped Oscillation of elliptic Plates on-An Elastic Foundation :

, Consndered here an elliptic plate clamped along the edges The famlly contour lmes of -
deflected surface may be replesented as usual by e : '

51"



u (=, 3) »=<I——_.’2£’1‘_..;’——-_§,,

where u = 0 defines the boundary. The boundary conditions imposed are

Ww= 0 w‘t’ w= 0

ﬁ'.e;b‘i:‘o,'afwsoji | [4.2.8]

Py

' A .O . N - .
Then performing the integratins of equations ( 4.2.3 , 4.2.4 ) one may arrive at the follow-
ing equations after a lengthy calculations

zp@:i”ii’,—ﬁ?ﬁ—{é J L _ag- w)oﬂ

r58 (-0 e L pif [tk ]

+ Kfmw fza%+ia)a—w)%%=o - ars]

3a,+5b ,;.Z,Q,b [(’4 W d,F 2(,_,“) q'g
__,_———Z'—‘—-;r——‘_’ %
b

Q

RE (- LL)(T | [A,‘%,JQ

af’b

Considering that the plate vibrates primarily in the transverse direction and the plate is restrained -
from in-plane movements, one can assume without any loss of generality [121]

w= AL WE)
F = Au”@ &) [h.2.11]
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Since equation (4.2.11) does not represent the exact solution, Galerkin procedure may be
applied to minimize the error. Substituting equation (4.2.11) in equation (4.2.10) and (4.2.9) and
performing the required integrations a relation between ((t) and y(t) is first established

> 2 2.
"@@) _ ,_g_;%/t{/(t) [H.2.12]

BA+36+24 )

and equation (4.2.9) will then reduce to

[ b Gt 3b+zab>+£+i(@?g”)]w(t)
= i "5 ab

a,b

#E _ AYE) by Fﬁ{uggjb KOUijE] |
8

- 28 . .
- (3d+3b+24 1) 2

s [hzB]

Equation ( 4.2.1 3) can be'put in a simplified form

9. 3
W)+l O+ A+ AW E) =0 [nau]
‘¢t % . 3 , |
where p has been set to ze'ro for free vibration zmd

7&* s wab




The solution of equatlon (4 2. .14) may be taken as [~ 68 ] ' /"ot

l’f/(’c)‘ #/‘Ot SM,I:/“ (4+—,a g /a3 ‘e ) + CVJ A

[lfz lﬂ

" If Tand T* be the éorrespondi_ng time periods of linear and non Alv'inear oscillatio_ns then 3
. _r‘ P ’_: - - ' { .
—— = TG
T M_,i-—f_—.g.-aoA /f_(éie

I

" The Dependence of T*/T on the relative ampef{;a}ie has béen‘present-ed. in Tables ['1. 1 and 12]
 Static Case | -

Neglecting the mertlal term in equatlon (4.2 13) the static deﬂectlon is glven by

: (3—m +2;m+3) ~ 0-0555 Cl-Hm)
39057 T

1_5-’38:}'%5 %
(5%%25?19:!‘39 '_ "‘P‘T

w.heré‘»‘. = ._,_-} ’ K o, T S




0 ' ) . ,
- presents the central deflection and K* and G* are dimensionless parameters

Numerical Results :

Tuble 6 :

k
o

Dependence of Central Deflection ( %O ) on Load Parameter ( ERF ) for

~different values of K*. v

0.3,G* =0, m =1

W bort fERH
0
—f K*=0 K*=40 K*=80 K*=120 K*=160 K*=200
0.2 1.74 2.16 2.65 3.13 4.25
04 | 247 3.44 4.42 5.39 7.34
0.6 { 3.23 5.39 6.85 8.32 10.95
0.8 | 5.67 7.62 9.57 11.52 15.43
1.0 | 7.78 10.22 12.66 15.10 19.98
9.0[125] 11.8[125] 14.7 [125] 17.0[125]  20.0[125]  22.7[125]
1.2 10.34 13.27 16.20 19.13 24.98
1.4 | 13.47 16.88 20.30 23.72 30.55
1.6 | 17.24 21.14 25.04 28.95 36.76
1.8 | 21.75 26.13 30.53 34.92 43.71
Table7 : Dependence of Central Deflection on Load Parameter for diferent values of

K*¥, G*=20,v=03, m=1.5

I
W Pa«h ER

0

—'P\j K* =50 K* =100 K* =150
0.2 6.82 7.43 8.04
0.4 13.80 15.02 16.24
0.6 2111 22.94 24.77
0.8 28.91 31.36 33.79
1.0 37.38 40.43 43.47
1.2 46.65 50.32 53.97
1.4 56.65 61.20 65.46
1.6 68.33 73.22 79.01
2.0 05.27 101.37 167.46
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Table ( 8 ) : StaticDeflection of an elliptic plate on Elastic Foundation. v =10.3. m= [.5, G* =10

L bal [
K*-0 K*-40 K*80 K*120  K*=160  K*=200

02 | 4.78 5.27 5.75 6.24 6.73 7.22

04 |97 10.69 11.67 12.65 13.62 14.60
0.6 | 15.00 16.45 17.92 1938 -~ 2084 2231
08 | 2075 22.76 24.66 26.61 28.56 30.51
10 | 2717 29,61 32.05 34.49 36.93 3937
12 | 3441 3734 40.27 43.20 46.12 49,05
14 | 4263 46.05 49.47 52.88 56.30 59.71
16 | 5201 55.91 59.82 36.72 67.62 7153
20 | 74.86 79.74 84.62 $9.50 94.38 99.26

Tuble 9 : values of load parameter for various values of m and v for K* = 80 and G*= 10

}Da"/E% |

W ‘ J=03 m=1.5
0 ,

2| me m=1.5 m=2 o 02 ¥ =03 #.=0.5
02| 3.04 5.75 11.85 5:0189 5.75 6.98
04 6.18 11.67 23.91 10.0703 11.67 14.12
06| 9.50 17.92 36.36 15.1869 17.92 21.60
0.8 13.10 24.66 4941 20.4014 24.66 29.55
1.0 17.06 32.05 63.27 25.7454 32.05 38.17
1.2 21.49 40.27 78.11 31.2517 40.27 47.61
1.4 2646 49.47 94.16 36.9545 49.47 58.04
1.6 32.09 59.82 111.60 42.884 59.82 69.61
2.0] 45.64 84.62 151.48 55.5582 84.62 96.86

Tuble 10 : The nonlinear central deflection for a rigidly clamped plate on a Pasternak founda-~

tion subject to a static load p=20,v=03 m=1

W, @

ES K* = 50 ' K* = 100 K* =150
0.2 207.08 200.32 193.23
0.4 92.15 86.00 79.00
0.6 54.63 43.20 40.14
0.8 33.81 27.00 19.96
1.0 20.86 14.06 - 7.00

20.0 [125] 14.0 [125] 5.2[125]
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Tuble 11 : Dependence on foundation parameter of the rf:l‘z’l‘hs‘\‘/é(-as time period of nonlinear and
lincar vibration T*/T for clliptic plate for variousjol relative amplitude,Ao tor p=0

and m=2_0v=03

[T#/T |
A G*=0 K*=0
O .
R K*=40 K*=120 K*=200 | ~€*=50 G=*=100 H*=200
0.5 - 0.9994 0.9995 0.99957 0.9997 0.9998 0.9999
! 0.9979 0.9981 0.9983 0.9990 0.9994 0.9996
1.5 0.9952 0.9957 0.9961 0.9978 0.9986 0.9992
2.0 0.9916 0.9924 0.9932 0.9960 0.9975 0.9985
25 0.9870 0.9882 0.9894 0.9940 0.9961 0.9977
Table 12:  Comparison of variation of T*/T with relative amplitude%% between jcases for
circular (m=1 ) and an elliptic (m=2.0 ) plate ; v =0.3 =0 K* =40 G* =100,
AO/Q T*T
m=1 m=
0.0 1.000 1.000
0.5 0.9965 ' 10.9998
101.0 0.9864 0.9994
1.5 0.9700 0.9986
2.0 0.9211 0.9962
Discussions:

Tables (6-9) and figures ( V,VL.VILVII] ) show the static behaviour of an elliptic plate for
various values of the parameters v , m and the foundation parameters G* and K*. The results show
a very good agreements with those of Smaill [125] in the limiting case when-a=b

Table (9) shows that the static deflections are as expcted dependent on the ratio —gﬁappre- ’

ciably.

Table (9) also depicts the dependence of the central deflection on poisson’s ratio. The choice
of material having higher Poisson ratio increases the load bearing capacity.

Tables (6,7,8) show the static behaviour of elliptic plate for different values of Winkler
“foundation parameter K* when Pasternak foundation parameter G* is kept fixed.
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Table (10) identifies the characteristics of PaStemak foundation G* for different values
of Winkler foundation parameter K*. Though a single term approximation has been made the re-
sults are inquite good agreement with those of Smaill [125] for cifcular plate. ' :

Table (6) when compated with Smaill’s [125]. results show that the values of non-dimen-
sional central deflections are little higher than those given by Smaill [125] for all values of K*,

All the tables, presented here, are for undamped cases only with K_=0. This is the reson for
which the results given in tables [6] differ 8maill’s results (Fig-5 of Ref [125]). It appears that the
central deflections are higher for undamped cases than those for a damped oscillatory motion for a

fixed load.

In table(11) and (12) the dependence of "*/ on rglative amplitude has been presented. It
may be observed that there hardly any effect of nonlinearity so far as undamped free oscillation of
elliptic plates are concerned, irrespective of variation in the values of foundation parameter. How-
ever, in case of circular plate the nonlinear effect may observed. [Table (12)]

Thus the"concépt of “Constant Deflection Contour” method may safely be applied for the
study of static and dynamic behaviour of plates on elastic foundations.
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Problem -4.3

The non-linear damped vibration of moderately thick plates has been studied by using the
method of “Constant Deflection Contour lines” and well-known Berger [ 55 ] method... Berger

offered a simplified approach to study the non-linear behaviour of thin plates.

Some points on Eegaéi"s Method

Combined the potential energy due to the bendmg and stretchmg of the middle surface of a

plate/shell may be represented by : ,

V- ﬁb {VW}+ 2 g z(r—yf)[ e %%;0 ‘ba:‘
.__(b" ) }&Ldé ‘_ [;,,'3_@

in terms of the displacement w, e, =e_+e ,e =e€_e - —!— e R and e, being the first and
XX Tyy’ 2 xxoyy =3

. second strain invariants. And E, v, h are Young modulus, Poisson ratxoy and thickness respectively
and with usual notations the in-plane strain components are given by :

e . ow LLwY WK o
e T ox T2 (:%7—5 T ’ N
e < @V’ .
Ty T ba& )

e, ='jbw \ov _“o_ug_bw_[;.?ﬁ:?' 5 za |
713 oy \ox +®x 'ng R [A'a ‘]

For the shallow shells K, and K, denote the principal curvatures ata pomt of the ‘middle surface.

For plate problem they are put to Zero. Lo
In 1955 Berger [ 55 ] proposed that the so called stram mvanant of the membrane strain to ,

the strain energy of the plate may be neglected without appreciably impairing the accuracy of the
results. On neglection of e,, equation ( 4.3 1a ) will reduce to ‘

=——ﬂm [(Vw)+12/ex - "’VO”()D&BW )} 0"”"7
—*ﬁ CWMJ [‘*33‘%]
o (o) (@60




The. governing eqnation Will novtl reduee to -
V (Vi) - CHOV =9 +pRas, = O
aig o, = C-$ge)/fn

| tA.é.A@']-

‘where c is a normalized constant of integration and function of time, f(t) to be determined. "
. Here the present author aims to verify the appllcablhty ofthe* Constant Deflection Contour method

“to Berger equations wrth regard to specific problem. -

Non-Linear Damped Oscillat_ions of Moderately Thick Plate of Arbitrarv -S‘h:aoe .

Many workers utilize Berger’s equation in their respective field of investigations and obtained
satisfactory results. In most cases the effects of transverse shear deformation and rotatory inertia '
has not been taken into account. Sathya moorthy and Chia [ 133 ] show that the effect of transverse -
shear and rotatory inertia play an important role in the large amplitude vibrations of moderately
thick plates of different shape. Banerjee and Bhattacharya [ 132 ] investigated the effect of trans- .
verse shear and rotatory inertia on large amplitude vibration of thick plates. SRR

The works so far carried out on the theory of non-llnear vxbratlons of thick plates are re-
stricted to the plates of regular shapes only. The present investigation concerns with the study of the .
non-linear static and dynamic behaviour of moderately thick plates of arbitrary shape by using the
. idea of “Lines of Equal Deflection”. To study the dynamic behaviour a damping factor has been

introduced. Numerical results for elliptic and circular plates have been computed and compared

w1th the other available known results.

The set of decoupled differential equatlons governing the v1b1atrons of plates are grven bv
R. Bhattachalya and B Banerjee[ 132] ‘ : : S

| oK E IR R
T 4 t(t—)v © - e ( )

5(: )5) G '?«

—_—

,,9‘, C ot

st M”m)w[ =2 e
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w is the vertical deflection, K is tracing constant charac'terising the effects of transverse shear defor-

. mation, v is Poisson’s ratio. E is Young’s modulus, G_ is shear modulus. o« is coupling parameter, h

is the thickness of the plate. 1 (1) is non-linear tune dependent function, p is-the density of the
%, -

matenal
[ /o G ){ __’ speed of the wave pmpasc,atlon along the surface of the plale The
deflections are of the same order of magnitude as the plate thickness.
S _ ‘
v. is the two dimensional Laplaclan operator .
Putting - --"':_ L

Equatidn ( 3.1 ) becomes

o

AwaB @@ t

For damping we introduce another term in the above eq,'nation

‘A u}-fBB v w cvw+bbw K W o tass]
A —8E ()TN TRk Yo e

where K is the damping constant

~Itis assumed that the equation ¢ 4.3.2 ) and ( 4.3.4 ) are satisﬁed in every region bounded by
the contour line C . Using the transformations done in Chapter I and integrating over the region.
'eqatlons ( 4.3.4) and (4.3.2 ) will lcspectlvely reduce- to : : '




Kbz nfiror it en g n

'EEIZ—

- [feg g o
e

D IW 0
ot
JL
+ﬁKu %ué df) =0 [4.3.5]
JL :
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7 _
where
2-
2- 2
A = (%w+%7)

- 7~ 2 »
by = 6 (8, ) 2 (4, S 0, )+ 4% %
A L,.(LL w +u w e

- 5 w w u
3 7 han 2 Tyy 3)'{'3 ;lb'f‘ ;55‘-> Lf(u;’c ]"‘37+ bL/} L%MQ
—2u u thu
e THY 765,
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2 2-
Ag = Y+,
A, = 5 Y,

On transformation to line intergals, utilising Green'’s theorem, equation ( 4.3.5 ) and ( 4.3.6 ) be-
comes

oh



A Eﬁ’wdmw +f(w)o@——8 o E
/ ‘/ “ | ) -
.——— Og5§%%/+bfu3tb0&b+ vaw,tolm.=0 [11.3..8__]
and. |

_z : ‘u,"'

s ‘C(t) _ _E B (G?W o&t [hag]
& T |

where E is a constantand fi(u), g(u) and j(u) are functions of u only. .

lllustration : '
Damped Oscnllatlon of Ellxptlc Plate

- Considering an elllptlc plate clamped along the boundary, the famlly of contour lines ofthe
deflected surface may be presented by = . ~

. where u=0 defines the boundary S
- The boundary conditions for a clamped plate are -

Performing the ; L;\tegw;tw;:sl‘.of equations ( 4.3.5 ) and ( 43.6 ) with the boundary conditions repre-

- sented by (4.3.11). One may arrive at the fo]lowmg equatxons for elliptic plate after a lengthy -

- calculations

A[(l u)dw 2/(1 oyoﬁwt{ M(’“}M——N(I H)&(A}-
+P?ff +6{fw 03% O .[A.a;lzj
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Considering that the plate vibrates primarily in the transverse direction and the plate is restrained
from in-plane movements one can assume without any loss of gene'ié.g,w?

< .
0) W wwe) = Wuve) [4:2.5]

Method of Solution

Since equation ( 4.3.15 ) does not represent the exact solution, Galerkin procedure may be applied
to minimize the error. Substituting equation ( 4.3.15 ) in equation (4.3.12 ) and (4.3.13 ) and after
performing the integration satisfying necessary .- condition as required in Galerkin

procedure one gets

/A W) +—M W) + ION +g P ] Jttéb)

+'1§G{ q/]t(t) =0 [4.2.6]
! | |
Ty oAb STy ]
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Substituting - T (1) given by equation ( 4.3.17 ) into the first two terms on the left hand side of

~ equation ( 4.3.16) it reduces to

‘ 3
LY @ + )+, W@ =0
U () 4l 6 ) s o

bt
Rove
, K/d/

S 2
2, 1 bV

L 2-
’% 3a +3tf' +20b

[4.2.18]

= — :
/u, ab L9 [ @)
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c

ib Y, KE (aﬂby Zaaf*+3b#+mvb’j
Mo =2 i—%") TG ) 7.?4?)

5 b4 h

b9 L ap(dr)

e =5 G

The solution of equation ( 3.18 ) may be taken as

—Mbh,

[4:3. 12']

» =M
W) = a, e SLWZZM,t (1+.g—a;l«/o /‘/.L*_(I;e )—#@ [4:2.20]

The time period of non-linear oscillation

*
2
T e
St

The corresponding time period of linear oscillation is

T = 2T (for finear oscillakion. f4,=0)
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where
/44; (@4—19) Lz KE @)

- (3 +jbl’+m1y 5 6,0-77) o

/
[43.22]

Static Case )
For mechanical loading the inertial terms in equation (4-3.1) are neglected to consider the static case
and the required differential equation for the static deflection of a thick elastic plate is

A 6k E 0(,’% ;((*b)vw___o—(‘}(({; VLW —_E:O HIA.23
VW—F'TS’(-;?@ 12 - | ) b) [hs22]

—% 2

whexe p is the uniform load and the couplmg parameter OC A T (t) is given! .g.!equation (4-3-2)
(.~ and l 2
3

b = is flexural rigidity.

rz/( )ﬁ
Equation (6,3 39 can be written as

;) K =
AVW——CVM——%—_—O [4.3.24]

where A’and C‘are given by equation - (4.3. 3)

Now introducing the idea of constant deflection contour lines as it has been done in the case of
dynamic loading and ploceedmé as before for elliptic plate where the contour lines are represented

by W = _ ,_7(4. _ g
az o

One gets the equation

A/ [C(__,LL)”% ___2'/(.[——1,1,) Z%/:?;ﬂ__ M’J/(f'-‘u)%gj_f_q/l ({___u): 0 [_A.a,zg

where M? is given by equation ( 4.3.14 )
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I‘or the solution of equation ( 3.25 ) is assumed
. 7
o = Whu [4.3. 27]

. Lm . . . . . S
Substitut c%luauon ( 3.27 ) in equation ( 4.3.25 ) and applying Galerkin procedure to minimize the
crror onc gets

+f (;?;) j;k ‘ 42,28
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Table 13 : Free vibrations of clamped elliptical plate

o KE _o ))/:0'3//0\:0,7)1:('5

7
. .Gp, ’
- ) *
\/\/oav ‘ T/,
N | Present Study - Das and Banerjee Sathyamoorthy
| - (68 - (135)
0 1.000 4 1,000 ~1.000 '
0.5 | 0.9502. | 0.9502 0.9615
' 0.8268 ~ 0.8268 - 0.8700
1.5 0.6797 0.6797 - 0.7654
2 0.5441 0.5441 0.6500

r

Table 14 : Free vibrations of clamped Elliptic plate

kE =0, )/(_10.3," /L.—;O/' m=2

Ge
T*/.
Wa, |
% Present Study . Das and Banerjee Sathyamoonthy

0 1.000 _ - 1.000 1.000
0.5 | 0.9545 0.9545 0.9615
1.0 | 0.8399 0.8400 0.8750
1.5 1 0.6998 0.6999 0.7538
20| 056074 . . 0.5674 0.6500
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Table 15 : Free vibration ofbiiimped elliptic plate

‘K' . - o
E = 0’3 = o — }‘5‘
: L ¥ 7 VA ¢
G, d '
c
%au T,
B, h/a=0.2 h/a=0.1 h/a=0.066
Present | Das & Sathya Present| Das & Sathya Present | Das & Satya
Study | Banerj moorthy Study | Banerjee| moorthy " Study Banerjee| moorthy
0 1.000 1.000 1.111 1.000 1.000 1.025 1.000 1.000 1.0077
0.5 1 0.9454 | 0.9454( 1.0538 0.9490 0.9490 0.9846 0.9497 0.9497 0.9730
1 0.8124 ) 0.8124 | 0.9154 0.8232 0.8238 0.8808 0.8252 0.8252 0.8700
1.5 | 0.6581 | 0.658 0.7800 0.6742 0.6742 0.7712 0.6773 0.6773 0.7700
2.0 { 0.5199 | 0.5198 | 0.6600 0.5379 0.5379 0.6550 0.5411 0.5411 0.6500
Table 16 : Free vibration of clamped elliptic plate
a
WE 1, F=03, p=0, =%
¢ ’ .
c
*
T,
h/a=0.2 h/a=0.1 h/a=0.066
Present | Das & | Sathya ) Present] Das & Sathya Present | Das & Satya
Study | Banerj [ moorthy Study | Banerjee| moorthy Study Banerjeef moorthy
0 1.000 1.000 1.1807 1.000 '1.000 1.0423 1.000 1.000 1.0135
0.5 1 09470 ] 0.9471] 1.0942 0.9526 0.9526 0.9846 0.9537 0.9537 0.9731
! 0.8172 108172 0.9270 0.8341 0.8341| 0.8865 | 0.8373 0.8373 | 0.8570
1.5} 0.6653 | 0.6653 | 0.800 0.620% | - 0.6508; 0.7827 | 0.6960 0.695% | 0.7769
2.0 | 0.5279 1 0.5279 ] 0.673! 0.5570 0.5569 0.6600 0.5629 0.5628 0.6500

F




Table 17 : Free vibration of clamped circular plate

m=1 ¥= 03, p=0

| w% T,
’ :
EZ ha=0.2 $E=07 h/a—0.1 KE = 90133 h/a=0.066 5E=19-3165
Present | Das & | K.K.Raju Present] Das & K.K.Raju Present | Das & K.K.Raju
Study | Banerjee| [ 136 | Study | Banerjee] <|36) Study | Banerjee (_I.AZ)S)
0 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.2 | 0.9868 [0.9869 1.9921] 0.9885 -0.9885 0.9924 0.9904 0.9910 0.9927
0.4 1 0.9494 10.9494 0.9699 0.9556 09556 0.9710 0.9628 0.9629 0.9718
0.6 1 0.8929 |0.89303| 0.9366 0.9053 0.9054 0.9388 0.9210 0.9202 0.9402
0.8 | 0.8242 |0.8244 0.8965 0.8433 0.8433 0.8995 0.8664 0.8664 |- 0.9015
1.0 | 0.7501 [0.7503 0.8533 0.7749 0.7751 0.8568 0.8058 0.8058 0.8591
Table18 : Damped oscillations of clamped elliptical plate
Kv=0-5/ - :!} _L = O;} '071:"5,:2’_:02/
2
R CP b Gc
T*/.
Wa, . :
0 7" KE/Gc=2.5 KE/Gc=10 , KE/Gc=20
Present Das & Present Das & Present Das &
Study Banerjee Study Banerjee Study Banerjee
. (63 (68) BB
0 1.000 1.000 1.000 1.000 1.000 1.000
0.25] 0.9862 0.9892 0.9780 0.9873 0.9673 0.9874
0.5 0.9472 0.9582 0.9177 0.9510 0.8809 0.9416
0.75] 0.8885 0.9105 0.8321 0.8661 0.7790 0.8775
I 0.8177 0.8513 6.7359 0.8291 0.6492 0.8012

2




Table 19 : Damped oscillations of clamped elliptical plate

Secs

K =O'57 -‘_-;_'—:! —————*/o =05 't=6’“371=2/’ ﬁ—:o‘z
v £ CP b" G ! / a
c
%
%% | _ T*/,
—_— KE/Gc=2.5 KE/Gce=10 KE/Gc=20
R Present Das & Present Das & Present Das &
Study Banerjee | - Study Banerjee Study Banerjee
(68) (68) (65 1)
0 1.000 1.000 1.000 1.000 1.000 1.000
0.25| 0.9858 0.9892 0.9733 0.9867 0.9571 0.9828
0.5 0.9455 0.9582 0.9011 0.9489 0.8479 0.9345
0.75| 0.8853 0.9105 0.8020 0.8920 0.7125 0.8638
1 0.8128 0.8513 0.6949 0.8228 0.5829 0.7811
Table 20 : Damped Oscillations of clamped circular plate
K0=O'5, m= | ;’p =1 ——f——:O'S/ t=5 secs ,%=0'2/
R ‘b6,
&
% o, T/,
—_— KE/Ge=2.5 KE/Ge=10 KE/Ge=20
A Present Das & Present Das & Present Das &
Study Banerjee Study Banerjee Study Banerjee
(68, (68, (68))
0 1.000 1.000 1.000 1.000 1.000 1.000
0.25] 0.9863 0.9889 0.9877 0.98122 0.9744 0.9862
0.5 | 0.9475 0.9570 0.9527 0.9289 . 0.9051 0.9470
0.75( 0.8892 0.9983 0.8995 0.8531 0.8091 0.8881
1 0.8187 0.8478 0.8343 0.7655 0.7045 0.8171

3



¢~ Nen-binear Static BeRaviowr of Doomped Efastic BPhics
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Table 21°: Static Deflection for Thick Clainped Circular Plate.

;}S_E;—_-_-.f 'R’ - O“Z/ }(-’-‘ 0‘3, '371.—: I

; =

a
.GIC
)\A/O / —Q, Present Study Sathyamoorthy
[135]
0.5 33961 32756
1.0 9.5844 8.6227
1.5 21.356 - 18.1126
2.0 41.505 33.8169
Diseussion
*
Tables [13-17] represent the dependence of L on central deflection —-%;— for elliptical

and circular plates for free oscillations and the results are compared with those of Das and Banerjee
[68] and Safhya-moorthy [135]. The results show a very good agreement with those of Das and

Banerjee [ 68 ].

k4
Tables [ 18-20 ] show the dependence of I-— on Wooy for damped oscillations. (K = 0.5)

for elliptic and circular plates and the results are compared with those of Das and Banerjee [68].
Table 21 shows the static behaviour of plates. The non—gimertlrsional deflection parameters -ﬂ— are

obtained for different values of the load parameter Po- / ER . The results show a very good
agreement with these of Sathyamoorthy [ 135 ] for small values of p.

75
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It is observed that the numerical results of the present study showing the role of rotatory
inertia are in good agreement with those obtained by other methods. The discrepancies in some
cases between the present results and those of K.Kanakaraju and G. Venkateswara Kao  [136],
and M. Sathyamoothy [135 ] are due to the fact that K. KankaRaju and G. Venkateswara Ka0  use
Fine Element Method whereas classical VonKarman equation has been solved by Sathyamoorthy,

but present study uses- Berger’s approximation.

The present investigation while checking the work of Das and Banerjee has observésome
salient points' which are unfortunatehy not in favour of the authors of Ref [68].
o~
For example Equation (5) of referance [68] though appears to be true in the concept of
“constant Deflection contour Method” but it becomes totally éxoneous when equation (7) is simul-
taneously considered. The reason is obvious as the expressions R,G.F. in reference [68] can never
be identically equal to those” A, A,, A,, A,, A, A, of equation(3.7))obtained in the ‘present
study.Probaly the authors of referenee [68)] have not checked the deductions.

The main purpose of the present problem is to establish the applicability of the concept of
“Constant Contour Deflection Method” for the study of static and dynamic behaviour of moder-
ately thick plate of @bitrary shape - The advgntage of this proposal is that the basic equations
(4.3.8) and (4.3.9) established here are ordinary differential equations of third order while equation
(4.3.1) and (4.3.2) are partial differential@quations of fourth order. Moreover, modified equations
will describe the nature ofnonlinear oscillations of plates of arbitrary shape provided the equation
of its deflection contour u,(x,y) = constant, is known. As for example if

X (x.y)=y[a/2 (2/a-y)-x2], we get the results of the uniformly loaded parabolic plate with a

clamped edge.

g



~ Problem -'4.4

Non liner wbratlons of elastic Plates with varying Flexural Rloldlty

i Non- homogeneous materlals with varying flexural rigidity have recelved a consmerable'
“ .. attention.The governing differential equatlons are of Karman type, extended to a dynamic case, - . ©
including the effect of varying flexural rigidity. Assuming the Young’s Modulus te be inhomoge- -

S and subJected to a normal umfon m load may be put in the f01 m

neous, the govering differential equations are solved with the boundary conditions for clamped e
 edge and by Galerk-in method. The “constant deflection contour” method is employed here..’“ DA

- The dynamic Von Karrian equatlons for a non- homogenous plate havmg vanying ﬂexural noldny';._‘..f

* considering E as function;of xand Y, an'd hand L as constants equations (44 1) dlld(442 ) ecome "




— /vf@u;w + (F W) [42]
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‘ 76'3/

It is assumed that the set of equations (4.4.3 ) and (4.4.4 ) is satisfied in every region bounded by the
contour line C_ As a necess ity for the application of “Constant Deflection Countour™ method we
integrate equqtions (4.4.3 ) and (4.4.4 )over the region.
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Equations(4.4.5 ) and (4.4.6 ) can be further reduced to a simpler form on application of Green'’s
theorem wherever possible. On transformation to line integrals equations (4.4.5 ) and (4. 4 6 ) will
become :

f “’JW -3, (‘9 07‘*“,;2‘1"""-%1
% Cw) w (w)&f‘ ' g.(w)(oﬂw) fg (m(oﬂw \ G&V :

Wﬂ

Equat10ns(4 4.8) and (4 4.9 ) are the two basxc equatlons to study the dynannc response of stru,tures o
of arbitrary shapes : S , R LR

An elhptzc plate clamped along the edges i 1s constdered The famxly of contour lmes of the
deﬂected surface are-as usual represented by - ' : : - o

~ where u =0 defines the boundary The boundaxy condmons for clamped edoes are equanons (3 1, l)
and(.’.'lz) N S e

Suppose the non- hnearlty is govemed by the equatlon V
x_ +
£ [+ ﬂ =t

be/E




Where B and E_are constants.

Inserting the expressions for E.u, v, etc into equations (4.4.5 ) and (4.4.6) integrating over the
region bounded by C , subject to the boundary conditions for clamped edges, one gets respectively

wf,p{0-Fep (=9 )G 28, P {0
W)[ i e {
+3F(' ‘fb)} +A/GE P'(- @Obvj—#f»m@
+/O%f ZZTalS %é—@% 30%7; =0 [A.h.lzj

o
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L 2
P - 3a 430206
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ab

[H.b. 14
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A L
a +b

~7
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Considering that the plate vibrates primarily in the transverse direction and the plate is restained
from in-plane movements, one can assume without any loss of generality [12. ]

w = AL WE)
= A'u%@ & a5
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Since equation (4.4.15 ) does not represent the exact solution, Galerkin procedure is applied to
" minimise the error. Substituting cquation (4.4.15) inte equation (4.4.13) a rclation between @ ()
and w (1) o is first established

CP@' = _b o 2 (4__@_, y (t) [k 416 |

5 Port

while eal/uaﬁow (A.A.:z) will reduee +to

£ P | Ay )
eoﬂ’!:<3+ ) " j

28 Edf 14 FL £y +oz PRAL ()
T P b‘*< It gl

et __ﬁ_ [A. H. !ﬂ |

Iiquation (+.4.17) may be put in a simple form

Lf/ +Cvw +C, LV &) =C p . [4.h18]
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a) Iree Linear Vibration

For free vibration p = 0 equation (4.4.18) will become

Y ©+rCUH+CU =0 [z

et

The linear frequency parameter is given by
Z/

W = B:/Z/: ;E‘fﬁ,)f (‘H@*) ﬂp}j [a4.21]

b) Non-Linear Vibration o

-

If T and T* be the corresponding time periods of linear and non-linear ﬁee oscillations then the

atlo
X —tk
T | i'ca .
T
wRere

C, _ e ()G
c, <3m+m+3)[(5m+zm+3)(5 +F5)

P/5 /m +275m+ﬂ [44.23]
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Where m = a/b, A /h = represents the relative amplitude. Numerical results have been computed

and shown in tables ( 22— 3]

c)Static case

e. . ) ) . . e .
Negleting the inertial term in equation (4.4.18) one gets for analyzing the large defection behaviour

Coy(5)+C,Y &) = Cp

[t 247

On further simplification one gets the relation between the non dimesional central deflection (W /h)

and the load parameter (pa’Eh”)

2 _[(ortsantrg) (it )~ (et

— et

(1—2)

+

7
!5'36 (‘+ '—,z‘_—/i“

(E)m +Lm +3)

Numerical results are shown in tables(32 — 35 )

Fa,
7‘2

[A.A.?ﬂ

“ Table -] 22 |: Dependence of relative time period of non - linear and linear vibrations[ T*/,] on

relative amplitudes [A /h} for circular plate for different values of B, v = 0.3, m=1

A/h T/,
p--2 B=-i B0 B=1 p=2
0 1.00 1.000 1.000 1.000 1.000
0.5 0.8782 0.9539 0.9705 0.9777 0.9818
1.0 0.6730 0.8449 0.8946 09184 0.9323
1.5 0.5171 0.7233 0.7989 0.8388 0.8635
2.0 0.4121 0.6165 0.7045 0.7549 0.7878
25 0.3399 0.5300 0.6209 0.6764 0.7142
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Table - | 23 | Dependence of relative,time period of non - linear and linear vibrationg| T*/. ] on
relative amplitudes [A /;Jfor circular plate for different values of B, v=0.3, m=1.5

A, /h T, .

B= -2 B= -1 B=0 B=1 B=2
0 1.000 1.000 1.000 1.000 1.000
0.5 0.9190 0.9703 0.9811 0.9858 0.9904
I 0.75643 0.8942 0.9300 0.9464 0.9633
1.5 0.60873 0.7982 0.8593 0.8894 0.9222
2.0 0.4978 0.7036 0.7822 0.8240 0.8722
23 0.4167 0.6200 0.7076 0.7574 0.8181

Table - | 24 | Dependence of [T*/ ] on relative amplitudes [A“/h] for circular plate for different
values of B, V=03, m=2

A h T*/,

B=- B=- p=0 p=1 p=2
0 1.000 1.000 1.000 1.000 1.000
0.5 0.9569  0.9858 0.9911 0.9933 0.9945
1.0 0.8553 10.9465 0.9656 0.9739 0.9786
1.3 0.7354 0.8896 0.9269 0.9438 0.9536
2.0 0.6300  0.8244 0.8795 0.9057 0.9215
2.3 0.5435 0.7579 0.8276 0.8626 . 0.8843

Table - | 25 ] Dependence of relative time period of non - linear and linear vibrations[T*/.] on
relative amplitudes [A /h] for circular plate for dlﬂ'erent values of m, v= 03,=1

A/h T*/,
m=1 m=1.5 m=2
0 1.000 1.000 1.000
0.5 0.9777 0.9858 0.9933
1.0 0.9184 0.9464 0.9739
1.5 0.8388 0.8894 0.9438
2.0 0.7549 0.8240 0.9057
2.5 0.6764 0.7574 0.8626
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Table - | 26 | : Dependence of [T/,.] on relative amplitudes [A /h] for circular plate for different
values of m, v =0.3,=2

A /h LT,
m=1 m=1.5 , m=2

0 1.000 1.000 1.000
0.5 0.9818 0.9904 . 0.9945
1.0 0.9323 0.9633 | 0.9786
1.5 ' 0.8635 ‘ 0.9222 10.9536
2.0 0.7878 08722 o 0.9215
2.5 0.7142 0.8181 " 0.8843

Table - | 2F | : Dependence of relative time period of non - linear and linear vibrations[T*/, ] on
relative amplitudes [A /h] for circular plate for different values of m, v =0.3,

B=-1
A"/h T*/.l.
m=1 m=1.5 m=2
0 1.000 1.000 1.000
0.5 0.9539 0.9703 0.93858
1.0 0.8449 0.8942 0.9465
1.5 0.7233 0.7982 0.8896
2.0 0.6165 0.7036 0.8244
2.5 0.5300 0.6200 0.7579

Table - | 28 | : Dependence of relative time period on relative amplitudes [A /h] for elliptic plate
for different values of m, v =20.3, f =-2

A /h T*/,
m=1 ' m=1.5 m=2
0 1.000 1.000 1.000
0.5 0.8782 0.9190 0.9569
1.0 0.6730 0.7564 0.8553
1.5 0.5171 . 0.6087 0.7354
2.0 . 04121 0.4978 0.6300
25 0.3399 0.4167 0.5435
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of

Dependence T*/, on relative amplitudes [A /h] for circular plate for different

Table-| 29 |:
values of m,v=0.3,=-0.7

A /h T,
m=1 m=1.5 . m=2
0 1.000 1.000 1.000
0.5 0.9608 0.9784 0.9880
1.0 0.8647 0.9087 0.9543
1.5 0.7523 0.8221 0.9046
2.0 0.6492 0.7335 0.8460
2.5 0.5630 - 0.6525 ‘ 0.7847
Table-| 30 | : Dependence of relative time period of non - linear and linear vibrationsT*/, on
relative amplitudes [A /h] for circular plate for different values of v, m =1,
=2
A /b T/, : I
v =02 v=03 v=0.5
0 1.000 1.000 1.000
0.5 0.9808 0.9812 0.9844
1.0 0.9289 0.9323 0.9415
1.5 0.8574 0.8635 0.88032
2.0 0.7796 0.7878 0.81116
2.5 0.7047 0.7142 0.7418
Table-| 31 ] :Dependence of relative time period of non - linear and linear vibrationsT*/.,. on
relative amplitudes [A /h] for circular plate for different values of v, f =-I,
m =2
A /h T*/,
v =02 v=03 v=0.5
0 1.000 1.000 1.000.
S 0.9849 0.9858 0.9886
1.0 0.9432 0.9465 0.9565
1.5 0.8835 0.8896 0.9089
2.0 0.8156 0.8244 © 0.85239
2.5 0.7472 0.7579 0.79267
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Table | 32 | : Dependence of central deflection (W, /h) on load parameter (#’a*/Eh“ ) for different
valuesof f.v =03, m=1

W /h : pat/ER

B=-2 B=-1 B=0 B = B=2
0 0 0 0 0 0
0.2 02365 . 03319 1187 1.6629 2.1384
0.4 0.5563 0.7515 2466 3.4106 4.3780
0.6 1.0425 1.3465 3.93 5.3754 6.8198
0.8 1.7782 2:2045 5.67 7.6183 9.5649
1.0 2.8468 3.4133 7.78 10.2477 12.7146
1.2 43313 5.0602 10.34 13.3601 16.3698
14| 631507 7.2336 13.47 17.0525 20.6317
1.6 $.8814 10.0206 17.24 204214 256014
2.0 16.0935 17.7861 27.08 32.5752 38.0688

Table | 33 | : Dependence of central deflection (W /h) on load parameter (i”a“/EhJ ) for different
values of B, m=2,v=0.3

W,/h | pa'/ER"
B=-2 B=-1 B=0 B=1 B=2

0 0 0 0 0 0

0.2 1.712 5.1949 8.6772 12,1600 15.6437
0.4 3.6046 10.58 175542 241609 31.5068
0.6 5.8581 16,3456 265542 373214 47.8087
0.8 86531 226818 367059  S0.74047  64.7686
10 1217 20779 47.385 64.998 82.606
1.2 16.5802 378272 590524 803039 101.5401
1.4 200884 47.016 71.923 96.8677 1217904
16 288568 57538 861913 1148993 1435763
20 46.9 83336 119.72 156204~ 192.632
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Table | 34 | : Dependence of central deflection (W /h) on load parameter ( Pa/Eh* ) for difterent
- valuesof m,v=03, =2

W, /2 boc/ER”

m=1 m=1.5 m=2
0 0 0 0
0.2 2.1384 : 6.04 15.6437
0.4 4378 - 12.2606 31.5068
0.6 6.8198 18.8421 47.8087
0.8 9.5649 25.9651 64.7686
1.0 12.7146 33.81 : 82.606
1.2 16.3698 42.5572 ' 101.5401
1.4 20.6317 52.3874 121.7904
1.6 25.6014 63.464 143.5763
2.0 \ 38.0688 ' 90.18 192.632

Table | 35 | : Dependence of central deflection (W /h) on load parameter (Pa¥/Eh* ) for different
valuesof v,m=2, =1

' W, /n bt /ng'

v=0.2 v=03 v=0.5
0 : 0 ' 0 0
0.2 11.5949 12.1509 14.5771
04 23.3995 : 24.5315 29.3639
0.6 35.6234 373214 44.5694
0.8 48.4764 50.7404 ' 60.4052
1.0 62.168 64.998 77.079
1.2 76.9079 80.3039 94.8011
1.4 92.9 96.8677 113.7811
16 110.3713 114.8993 134.2289
2.0 150.544 . 156.204 180.366

89




F\lgws‘e Xt
v — Neon-Lineay %c . '
' BeAaniowr - a C'ﬂa?n}aeo{’, Cirenlor PE

~

= 03
20t p=07
[Or

m = I+0
m= -6
m = 20
0 . :
0 50 J00
l L . :
ER*

Rawre 2(1 - Nm—ﬂ&neo\x Static BeRaviows of C—EamPe,oL
EDpstie Plates with- 'varaimg Flesural

90



Discussion : .

From tabley( 23 & 24 ), itis observed that for a particular value of m the effect
of non-linearity increases with the decreasing value of B whereas for a particular value of 8 the
effect of nonlinearity decreases with increasing value of m from tableg( 5 to 29

).

Normally the variation of Poisson’s ratio is overlooked. since the effect in large vibration is
marginal. However tables ( 30 £ 3| ) show that for moderately large vibration the non-
linear effect may be taken into account in the sense that the effect of non linearity appears to be
appreciable when value of Poisson’s ratio for the corresponding material deereases. '

The numerical results for static deflection for the present study have been compared with "
those of [126] and what has been observed is that the present results are not in exact agreement with
those of [126], particularly when 3 <0, but for § > 0 the results agree well with those of [126].
The first reason for slight difference may be caused due to what has been explamed in the very .

~ beginning of this chapter ( page %9) v

The second reason is the procedural difference, Ohanabe el.al [126] has used Bergey" equa-
tions whereas in the  present analysis Karman equations have been employed. Since Karman equa-
tions are reliable thatfhose of Berger hence the present results may be more acceptable thanthose

presented in Ref. [T 76]






