
CHAPTER ... IV 

Time .. hardening and time -.softening elastic. plates.* 

The following nomenclature are used in this paper. 

w ;; deflection, normal to the middle plane, 

_]) :: flexural rigidity or the plate = E~.3 
l2.0-<J~ ) 

f ::; density, sUPP'OSed constant, 

-h. = thickness of the plate, 

E = Young r s modulwa, 

0 - Poisson's ratio. -

Introil.,u~ion 1 

.Earlier periods in ·the developmen·t of tho theory ot 

Ela.st!oity were mainly concerned with materials or homogeneous 

·elastic properties. After then, the generalization was done 

from isotropy to anisotropy especially in problems on or.ystal 

Elasticity. 

A recent generalization has been made from homogenaty 

to non-homogenety of the material in whiell elastic propex·t1ea 

vary from point to point. This has helpad much in the improve­

ntent ~r the design of structures. 

•Accepted tor pUblication 1n the Bulletin ot the 
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A still another generalization of the elastic 

properties has been made by Paria ( 1966)., !rhe Young's modulus · 

bas been assumed to be tunct1on or time but independent ot 

co-ordinates. It the Young's modulus increases as time 

increases, the material will be said to be time-hardening. In 

the time-softening material, Young's modulus is assumed to 

decrease with increasing time. The physical 3ustii1cation tor 

such assumption may be found in concrete, tor example, in 

which the elastic properties vary during its aging periods• 

The elastic properties or a material may vary from season to­

season during the year, due to variations in temperature, 

moisture contents and similar other varying factors. To 

illustrate his assumption Pa.ria (1966) has solved the problem 

of free vibration or elastic rod with Young's modulus as the 

function of time. 

In this paper the authar bas attempted to introduce 

this new idea to the case of diftetent elastic plates. 

Let us consider the transverse vibration of elastic 

plates. The differential equation for such free vibration 

is 
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•.• ( J) 



If the Young's modulus depends on time, the above equation 

reduces to 

4 1\. iiw 
\J W + E (t.). a·P· - o 

where 
'A = 12. 3(1-u~ (\.._ - -h'L -

constant 

Let 

E(-t) 

Where E 0 and t 0 are constants, c\ being a parameter. 

E ( *-) varies from at t.:::: o . to Eo 

as t- ~ oc • If o( is negative, the material is time­

hardening and if 0( is positive, it is _time - softening. 

Putting ( 3 ) in ( ~) we have, 

Let 

Substituting ( 5 ) in ( Lf ) we have, 

0 

... ( ~) 

••• ( 3) 

••• ( lf) 

••• ( s) 

... ( ' ) 



J.• . Free vibratjjm of a rectarw;ula,r plata. 

We consider the transverse vibration of a rectangular 

plate having its boundary simply-supported. 

Let the centre o:r the plate be taken as the origin• . · · 

Let us assume L8lX)'a) in the form 

IIi; 

••• ( 7) 

It 1s evident that this £orm of 

following boundary conditions tor the simply-supported 

edges. 

SUbstituting ( 7 ) in ( 6 ) we have, 

where 

. • • • ( <z ) 

••• ( 9) 



To solve ( 9 ); · let· us put 

-t(2:l0 -c. =- e 

Substituting ( J() ) in ( 9 ), we have 

If' c( is positive, .we write « ~ o<
1
2. 

( IJ ) reduces to 

where 

If o( is negative, we ·write 

aquation (II) reduces to 

• The aqua tion 

• Then the 

We shall consider the case only when o( is positive. The 

.case when o( is negative can be treated in the similar 

manner by replacing Bessel functions by Modified Bessel 

fUnctions. 

H7 

••• (I()) 

••• ( ,, ) 

• • • ( /:Z...) 



The solution of' ( 1 ~) can be put in the form 

where 

Hence 

Let the initial conditions be 

where Cm'h and Dh\., are known constants. 

COmbining equations ( f{;) and ( 17) and solving f'or the 

constants we have, 

where 2.1 s~~ 1\9fn.,Yi 

7\ 9['»\'11 0\. I 

II g 

••• (14 ) 

• • • ( 15") 

•••• ( lb ) 
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Hence 

- JLqr,.."l-z,) J~L9(~<-o) J J ••• ( l8) 

where 
-t(2t:o 

z 1 = c{ 1 cy\"r\\1e_ J Zc :::: o<, ~V\ 

Now for numerical computation it will be convenient to 

replace the products of Bessel functions of imaginary· 

orders by the equivalent series involving Hypergeome• 

tric functions as follows. 



/20 

Similarly 

•·•·• c~o) 

Also 

••• (::q) 

But 

• • • ( ;t3) 

- -- _, __ ~--==--~--~-~ -- ---.... ~~ _-·_-: ---_. --·-=-==------=--=- ---



It o( --7 o , Gqua tion (I% ) reduces to { setting "11.. = o 

in the equivalent Hypergeometric series ) 

which ls the classical result. 

If the parameter .~ in the assumed law is assumed to be 

small, the perturbed deflection of various orders may be 

obtained by collecting the different powers ot «, 1n the 

given BY,pergeometric series as follows. 

!he t1rst perturbation is obtained by putting )( = J 

in ( 19), ( :z.o ), ( 22-) and ( ~3) and iL = o in (~'f) and (~s-). 
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Thus the first perturbed deflection is tound to be 

Collecting terms of higher order of « in like manner, 

the higher perturbations may be obtained. 

2. Free-vibration of isoceles risht-ansled 
triangular Plate~ 

Let us consider the transverse vibration or an 

isocelas right-angled triangular plate having its boundary 

simply-supported. The equal sides of the plate are 

considered to be of lengths OLin the directions of X andy. 

Let us assume t-3(X, ~ in the f'orm 

12 2_ 

I.CI = ,.. [c · 2WI7\){ S.' Yrl~.Y S' 2Wl7\,Y s,· 'Yn7fK~ w '- ~l.LL -- • u... - + u.c.- . Lu-
~ ~ Q ~ ••• (:tg) 

where 'WI is an odd integer. 



It is evident that this form of L8 sati$fies the following 

boundary conditions tor the simply-supported edges. 

a?_t::J 
l& = 0 

'0/\.'L -

0'1.~ 
lS=-=0 

<Q~2-

c:lC13 W=---= o 
'01.9'1.-

d- X= o 

d-'j=O 

Substituting (~) in equation ( G ) and proceeding as 

before ¢ is determined· in the form, 

where 

Hence 
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• • • (..t~) 

••• (30) 

••• ( 3/) 



Let the initial conditions be 

where C.m and ])111 are known constants. 

Putting (3!) in (32) and solving for the constants, 

we have 

where 

Hence W l x, 'j 1 *) . 1a known. 

~o obtain the classical result as well as the numerical 
. . . . 

computation together with different perturbed deflections, 

it will be convenient to replace the products o:r Bessel 

functions of imaginary orders by the equivalent series 

involving Hfpergeometric fUnctions as shown in the case 

of rectangular plate. 

• • • ( 3:t) 


