CHAPTER -3

RADIATIVE TRANSFER PROBLEMS
IN

FINITE ATMOSPHERES
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3.1 Solution of a radiative transfer problem in finite atmosphere with
Isotropic scattering using a modified form of spherical harmonic method.

Kourganoff [1963] analyzed the method of single interval spherical harmonics method for
solving the equation of transfer and suggested possible modification, Wilson and Sen
[1963,1964a,1965b,1965a,1965b,1965¢] considered different forms of intensity and applied the
double interval spherical harmonics method to solve several radiative transfer problems in plane and
spherical geometry. Bishnu [1968] solved the equation of transfer usi'ng a different approximaté form
of intensity. Wan et al. [1977,1986] used another form of intensity to get the solution of the equation
of transfer. Karanjai and Talukdar [1992] solved the equation of transfer with general phase function
using the form of intensity given by Bisnhu and deduced the results with phase functions like the (i)
planetary (i) Rayleigh and (iii) Henyey - Greenstein from the general solution. Karanjai and Biswas
(1992,1993) applied the same method with the form of intensity given by Wan et al [1986] to solve
the eqqation of tr_ansfer with (i) Rayleigh phase function and (ii) the phase function of the form given
by '

1+ 0, PPy + 0,Py(W)Pyw).

Here we would like to introduce the following form of intensity:

=L
I'@p) = (00)|6) + W) + Y21+ D @uP(2p-1)] 05 ps 1 Ga)
=0
1=L
TR = K006 + ¥ + Y21+ DI @pP(2p +1)| - 15 p<0 (3b)

1=0
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where 1(0,0) is some constant, ¢(t) is a function of T only and /() is given by

1 if Osp<l
W(“)_{O if -1<pu<0 (3¢)

3.1.1 The equation of transfer and the boundary conditions.

The equation of transfer for plane parallel atmosphere in this case is

1

dl(t,u) _ _ 1 s
v I(t,p) zfﬂnu)du (.1.1.1)

-1

where the symbols have their usual meanings. The equation of transfer (3.1.1.1) is to be solved
subject to the boundary condition,
(a) Absence of incident radiation from outside at the free surface .t =0, i.e,
I(t,u)=0 for -1< u<0O (3.1.1.2a)
(b) No incoming radiationat t = T, i.e.
I(t,p) =0, -1<p<0; (3.1.1.2b)
We will seek a solution to equation (3.1.1.1) so that I(t,u) can be represented by two different
expressions I *(t,n) , I (z,n) for y inthe interval [0,1] and [-1,0] respectively. We will use the

two forms given by (3a) and (3b).

Therefore the form of the equation of transfer now becomes,
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0 1

pdl () _ I"(ty) - & fl"(t,u')du' + fI*(f,u')du' (3-1.1.33)
dt 2 ‘ 0

p 4L ok) d(;:’”) =I"(tp) - % fl‘(r,u')du' + [1‘(1;1')6111' (3.1.1.3b)
-1 0

Using (3a) and (3b) in equations (3.1.1.3) we obtain the following equations

dl(z, . 1 L A S L
" ;t D E1(0,0)[2<1>(r) 1+ 5(10 + I - Ig + 1 )] (.1.1.42)

and
dl (t,p) _ - 1 NI P
) < ) - ZH00)260) + 1 5(10 I -1+ }] (3.1.1.4b)
Again using (3a) in (3.1.1.4a) we obtain
I=L
wo'@ + Yar « ni @el - 1) -
1=0
I1=L
= Y - % « Y (@I« DI @uP2y - 1) (3.1.1.53)
1=0

Similarly using (3b) in (3.1.1.4b) we get
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I=1
Bld'(r) + 2(21 + DI @PQ2I+ 1) =
1=0
=L
=y - ";f + } (21 + DI (DpP,(2p + 1) . (3.1.1.5b)
1=0

Next, multiplying (3.1.1.5a) by P,(2p - 1) and integrating over [0,1] we obtain

1

A 1 1?-1 . -
"t P2y - Ddy + I, + 217, +
‘b()'{ﬁ 1( u ydu 4(21+1)(21_1 -2 -1

3 2 _o9f._ . . 2 .
121° + 181 -2/ 41; L2+ DI A +3l+21+ ]=

(21 +3)(21-1) 21+3 2

1
1 + + -
= fll!(u)P,(2u-1)du + 21+1[”“‘ + 21+ DI+ (1+1)1M] -
0
16 16 + + - + -
- 5 ol - 4 01[10 +1 - L) + [ ], [=0,1,2,..,L (3.1.1.6a)

Similarly multiplying (3.1.1.5b) by P,(2u + 1)and then integrating over [-1,0] we get

0
1 -1, =
"(t P(2u +1)dp + I, -2l +
¢()£P (2p + 1)dp 4(21+1)[21_112 -1
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1243 2_9f_4 . 2 .
P+ 181 -21 411 S 2 )+ ! +3I+21h2 _
(21+3)(21-1) 21+3

1 1[11,‘_, @I+ (D] -

0
= [wer,2u+ Dy +
Y 21+

- %50, - %50,{10* PI -0 L 1012, L (3.1.1.6b)

Let us set different values of Z

For/=0,1 from (3.1.1.6a) we get the following equations

(%Io*' T A %I;') - (10+ + I+ 1, - I,—) = -24'(r) + 2 (3.1.1.7a)

(210" + %1{' v 4L + %1;’) -2y + 307+ 2L) = - 2¢'(0) (3.1.1.7b)

And for 7+ 0, 1 from (3.1.1.6a)

1
’ ) 1 12_1 ¥ . [t4
T P(2u-1)dpy + I, + 211

d’()}(# 1(11 )du 4(21+I)[21—112 -1t

3 2 _ _ . .
122 + 1812 =204 v oy
(27+3)(21-1) 21+3

1+2) -

12 +31+2 +'}_



1
27+1

1
= f‘l’(ll)P1(7-H - Ddp + [lIltl + 2+ 1)+ 1+ 1)11:1]
0 )

Similarly for /= 0,1 from (3.1.1.6b)

(%10" Dor s %12") iy 1 gy - L) = 240 - 2

6

(210_' - 2_5411_’ + 412_, - 513_'] - 2(]0_ =35+ 212—) = ~20°C)

And for 7+ 0, 1 from (3.1.1.6b)

. _
1 P?-1,- X

(t P(2u+1)du + I, -2l | +

¢()_flu (20 +1)dy 4(2“1)[21_1;; C

1273 +181% —21-41-'

(21+3)21-1) * 20+ Dy

PP+31+2 | _
20+3 12

0
1 _ _ B}
- _flwu)P,(zwl)du Capel - @ ng - aen)
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(3.1.1.70)

(3.1.1.83)

(3.1.1.8b)

(3.1.1.8c)

The equations (3.1.1.8 ) to (3.1.1.9) are to be solved subject to the boundary condition and

we will take
d(t) = Ae™™ + Be® |

(3.1.1.9)
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where T is small and 4 and B are constants which are to be determined. We assume a trial solution

of the form

[[(t) = g e +gqe ™ +g. e (3.1.1.10a)

.1.1.10b)

(V3]

I () = b e + hge™ +h e (

Ly

where g, ..8,5.8;,+ 4 M- Hy, are constants.

Further from the boundary condition

r=n-1
E B+ g+ by =0 - @BLL
r=1
3.1.2 First Approximation: Here L = 1. We will neglect [, ,,7; _,
We have for /=0,1 from (3.1.1.7a) and (3.1.1.7b)

(%10*' . 21,*') i+ - L) = 200 v 2 (G.1.2.1)
and
(210## %I;l) - 2(10* + 31;) = —2([)'(‘5) (3.1.2.2)

Similarly for /=0,1 from (3.1.1.8a) and (3.1.1.8b) we obtain respectively
41-' I—' + + - - ’
S a, sl L+ I - 1) = 2¢0) - 2 (3.1.2.3)

and
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(210" - 2—54—1{') - 2(10‘ - 31{) = -2¢'(v) (3.1.2.4)

Substituting the forms of ¢(t),/,", 1, in equations (3.1.2.1) to (3.1.2.4) and comparing

kt

the coefficients of ¢ *°  we get

(%ﬁ N 1)g0,a +(2k + D)gyy * hog e = O (3.1.2.5i)

24k +6)gu -0 C (B.1250) -
Boe T8 ( 37 1)”o,a +(2k - 1)ny = 0 (3.1.2.5iii)

) h =0 (3.1.2.5iv)
The above system will have non trivial solution if D, (k) = 0, where D, (k) is given by
(2.1.2.7).

This gives k =0, 0, + 1.8257, To satisfy the boundary condition we will take the positive root
only. Next the boundary conditions in this case are

I, (0) = 1,(0) = 0 (3.1.2.6a)

Ij(t) =L (t) = 0 ; (3.1.2.6b)



120

and
hyo + gy * g, =0 (3.1.2.7a)
hyo+hg+h,=0 : (3.1.2.7b)
Using the boundary condition (3.1.2.6b) we obtain
A =55166547 , B=4.5166547
Again equating the coefficients of e¢* and ¢ * on each side we have

7 + 3 +h - h —2/4 ' (3.1.2.8a)

3808 T 281p T Mop T g T s

27

2 + = -4 3.1.2.8b
&o.p S &1 ( )

1 . _
Eop *Eip ~ ghO,B + hl,p = -24 "(3.1.2.8¢)

4, |
Sy = 24 (3.1.2.8d)
and

Te +3g _+h . -h . =2B 3.1.2.9
_3—g0,y gl,y 0,y 1,vy ~ ( -L.a. a)
3¢ =-B 3.1.2.9
ggo,y - (3.1.2.9b)

.y &yt Thyy ~ P, =2B (3.1.2.9¢)
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27 .
-2hy + ?’-’1.7_ =B (3.1.2.9d)
Therefore solving the systems of equations (3.1.2.8) and (3.1.2.9) and from the boundary

conditions we obtain
8o = —39.9259  h,, = -13.0211

€..=16.3993  h =-7.4875

-46.6974

p = 211952 hy,

&ip = -8.8717 h ., =13.7915

8.y = 18.6307 h(),"{ 48.0470

-5.6467

1}

g, = -1.5276  h,

Next, we compute the source function. Using the definition, we have

1

Sr) = L
) = - [I(‘c,p)dp (3.1.2.10)

~1
This gives

S(z) = 1(0,0)[Ae" + Be® + % - 44983 " + 18.2031e T - 10.6477€°

where T is small and other constants are also determined. So we can find the source function and once

this is found we can calculate the emergent intensity from any surface.

3.1.3. Second Approximation
Here L =2 and putting successively / = 0,1,2 in equations (3.1.1.7) and (3.1.1.8) we obtain
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the following equations

(210*' v 20+ %1;’] - (10* + I + I - 1() = -2¢'(t) + 2 (3.1.3.1)
(210*' . Zsil;' . 41;') -2y« 31+ 20)) = -2¢°(D) (3.13.2)
(110*' w20 2—?-12") 21+ 517) = 0 (3.1.3.3)
[?1(," 21+ %12") iy 1 0 - = -2+ 200 @) (3.13.4)
(-210" + 35‘111" - 412") -2l - 31 20 = - 26 (3.13.5)
(%10" A z_‘l)zz"} -(21; - s51;) =0 (3.1.3. 6)

Using the forms of ¢(t) and 1, (t), I, (t) in equations (3.1.3.1) to (3.1.3.6) and comparing

the coefficients of e ** we obtain the following set of equations
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(% N 1]g0ya . (2k+1)g,, + %kgz,a thyy - By =0 (3.1.3.7a)
(2k+2)g, o * (%k +6]gl’a +(4k+4)g,, =0 (3.1.3.7b)
ggo’a . (2k+2)g, , + ( 8201" +5)g2’u =0 (3.13.70)
fou * B1a ( _4?" . 1]}10# « (2k-1)h, , - %khz'a - 0 (1379
(2k-2)hy , + ( -3‘5‘_" +6Jhu - (ak= )y, =0 | | (3.1.3.7¢)
- gho,a + (2k-2)h, , + ( -%915 +5)h2,a -0 (3.i.3.7t)

The above system of equations (3.1.3.7) will have non-trivial solution if D,(k) = 0 where D,(k)
is given by (2.1.3.8).
This gives  7.5232k° - 112.8488k* + 19242 = 0

k=0,0,+£3.6116,+1.3988. As before we will take



k, = 3.6116  k = 1.3988

(3.1.3.6) we have two sets of equations

and

1
Ego,p +tAgp t

7 2
T80 T 38p T 38ap T hop Ty = 724

54
4803 * _S—gl,B + 88,5 = -24

185
21

8p = -54

1 2
8op t8ip ~ Eho,p + hI,B - Tjhz,p: 24

Sy = 24
1 25
TR
I 2 ]
Ego,-, 8yt ggz,p + ho,p - hl,D = -2B

_gl.Y‘: —2B
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Again equating the coefficients of e® and e ™® on each side of the equations (3.1.3.1) to

(3.1.3.8a)

(3.1.3.8b)

(3.1.3.8¢)

(3.1.3.8d)

(3.1.3.8¢)

(3.1.3.8)

(3.1.3.9a)

(3.1.3.9b)
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1

380y~ 378y _5B (3.1.3.9¢)
2
8oy * 8y T Fhoy T3k v S ,m 2B (3.1.3.9d)
4k - 2%p  _8h = -2B (3.13.9)
0Ly _5" 1,y 2, 1.3,
1, .. 185
Eh(),Y. - 4h1;Y + 7}’2’7 = SB (3139f)
The boundary condition in this case becomes
g + hga + gy + hy =0 (3.1.3.10a)
hio +hiy +hg+h =0 (3.13.10b)
hyo + by + by + by = 0 (3.1.3.10¢)

Solving (3.1.3.8) and (3.1.3.9) we find different constants which are given below.
As in case of first approximations we obtain the required constants

)]

8o« = - 180.8898, hs), = -9.3888
g® = 115438, A = 29256
g = 10195577, ) = 122123
g = -6.1007, ~ h® = 30180
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gl = 385290, A = 136550
gy = -13.8553, W) = 60737
gop = -18.9443 hy = 12.2901
g, = - 117276, hyy = 9.1943
g2y = -1.7392, hy g = - 19.7287
g, = - 36.2250, hy., = 155_7166
g, = -1.5277, hy., = -8.8699
g, = -29.1130, h,, =-33.8258

Finally, we calculate the source function. This is obtained by using the known constants. Thus ,

8(t) = 1(0,0){de® + Be™™ + % - 20.4398¢ 97 -

- 2.9252¢ 4 - 2.5781e"F + 25.7722¢7)



127

3.2 Solution of a radiative transfer problem in finite atmosphere with
Rayleigh phase function using a modified form of spherical harmonic method.

3.2.1 The problem and development of equations.
We know that Rayleigh phase function is a three-term phase function and given by

pQup’) = 1 + P,()P,(n")

The equation of transfer in case of plane parallel atmosphere with spherical symmetry is as

usual given by

1
p I~ popy - 2 f POz )dy (2.1.1)

where the symbols have their usual meanings. The equation (3.2.1.1) will be solved subject to the
boundary condition which are stated in section 3.1 but they are again restated
(a) Absence of incident radiation from outside at the free surface T=0, i.e,
I(t,u)=0 for -1< pu<O (3.2.1.2a)
(b) No incoming radiationat T = 1, i.¢.
I(tup) =0, O<p<l; (3.2.1.2b)

The Rayleigh phase function is given by

p(p.p’) = 1 + P (WP,(u") = %[(3 - uz) + (3u2 - l)u'z] (3.2.13)
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We consider the two forms of intensity given by (3a) and (3b). With these forms the equation

of transfer (3.2.1.1) becomes

0 1
dl” . 1 vt gt o
p— ;z,u) = I'(T,p) - 5 f plu,p) (Tu)dp' + [ pp,p) " (t,p" )dy (3.2.1.4)
~1 0 .
and
dl ; !
p__d(z.u) =@ - o fp(u,u M (mp)dy' + fp(u,u M (' )dy (3.2.1.5)
_1 0

Using (3a) and (3b) in equations (3.2.1.4) and (3.2.1.5) we obtain the same set of ordinary
differential equations as obtained in Sec (2.2), but for clarity we restate them below.
1L

+ Y @1+ D @uP2p - 1)
1=0

b | —

. I=L
wo'@ + Y+ P - D = v -
1=0

) 334—(112 * 5)(10* - Io_) B 3_;()—(17}12 * 21)(11* * Il—)

. 3 {,+ - 3 f,r - '
+ (32 - 1)[ - a(l.2 -1;) - 320(13 A )] (3.2.1.63)
and
I=L I1-1
uld)’(r) - Y+ o @pgap - 1)] = ) ~ 5+ Y21+ DI @RPH 1) -
1=0 - 1=0
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v (322 - 1)[ A A ) At 1_;)] | (3.2.1.6b)

We will use the recurrence formula for Legendre polynomials and their orthogonal properties.

Therefore, multiplying (3.2.1.6a) by P,(2p - 1) and integrating over [0,1] and using (3¢c) we obtain

1 *-1

L, 20+
421+ 1)|21-1""72 -t

1
') [uP(2p - 1)du +
0

128 + 181> - 21 - 4 v PP e3F+2 -
+ I +2(0+1)],, + —+,+2 =
(21+3)(21-1) 21 +3

[, + @i DL+ (01| -

1
- {tlf(u)P,(Zu—l_)du o

- S*. 1=0,1,2,.. L , (3.2.1.7a)

In a similar manner if we multiply (3.2.1.6b) by P,(2p + 1)and integrate over [-1,0] we have

1 1-_1' l-_lz _ 2111'—'- +
421+ 1)| 27-1

-1

0
¢ 1P 2u+1)dy -

-1
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3 2 . _ , K 2 s
L1208 + 1817 -21 411- S 1) 1“ + 31+ 21#2 _
(27+3)(21-1) 21 +3

0
1 [,,- - .
- _flw(u)mwl)du o i - @reng s aenn] -

—% o - ST, 1=0,1,2,.,L (3.2.1.7b)

where §°,S are defined in section (2.2.1). The equations (3.2.1.7a) and (3.2.1.7b) are to be solved

subject to the boundary conditions (3.2.1.2a) and (3.2.1.2b). Also in case of L-th approximations
we will assume

+ -

I} .,=10.,,=0 ) (3.2.1.8)

Also we assume a trial solution of the form

L'(t) = g e + gpe "t gLt (32.193)

T

L (®) = h e + bge™™ + b e

(3.2.1.9b)

Ly

where g, .8 5.8y Mo+ Pp.h; ., are constants. From the boundary condition we have

n-1

o + By + by, =0 (3.2.1.10)

r=1

where £, are the n-2 roots of the determinant of order N. It will be found that there will be two zero
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roots for all order of approximation L Here will consider two approximations, viz. L =1 and L = 2,

The source function is defined by

S(t,p) = %[(3 - W) + (32 - I)K(_t)] | (2.1.11)
where , |
Jx) = % j: K, p)d | 32.1.12)
and
1
k() = % fl Ko p)p’dy (3.2.1.13)

3.2.2 First Approximation.
In this case L = 1, and we neglectl, and /, .
For/=0,1 we have from (3.2.1.7a)

(glg' + 21;'] - (10* A A 1{) =2 - 2¢'(1) (3.22.1)
and
+7 24 61 + 909 + 3 - 51 -
21, + —I - —I, - —==I, - —1I, + ID = -2¢'(= 3222
( ‘ 5‘] 32 160" 32" 160" @ ( )

For /=0,1 from (3.2.1.7b) we get

(%10" - 21{') L - 1) =2+ 290 (3.2.23)
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- 24 =’ 3 + 51 + 61 - 909 -
SI/Y A Al BNy AR L AR AR a2y AR Y (. 3.2.2.4
( * s ‘) 32 160" 32° 160" LA )

Inserting equation (3.2.1.9a) and (3.2.1.9b) in the above four equations and equating the

coefficients of e ** we obtain the following set of equations

( 43k ’ l)go,a +(2k + 1)gy o +hyy ~ By, =0 (32.2.51)

61 24k 909 3 51 ' ..

2k + —— +] 2+ 2 + —h, - —h =0 3.2.2.51

( 32]g0~a ( 5 160]g1,a 32 0,(1 160 l,a ( )
4k

8o * 810" ( i 3 ’ 1)h0,a +(-2k - l)hl,a =0 (3.2.2.51if)
3 51 61 24k 909 .
= + == +| -2k+—1h H —-""1h =0 3.2.2.51

32500 Tg0% e ( 32) 0.0 ( 5 160) Le ( ")

The equations (3.2.2.5) will have a nontrivial solution if
D,k =0 (3.2.2.6)

where D (k) is given by the equation (2.2.1.6). Again, in a similar manner if we compare the

coefficients of e "®, e then we obtain,



7
38 * 385 + hyg ~ Mg = -24

125 1677 3 51
P 2 e 2 p - 2 p = 24
32 508 " o0 S8 T 33708 T g M
3 5 3 141
— + —— b I — L = —2A
3280,p 160g1,p 37 08 o B
1
8op T &ip gho,ﬁ * by = 24
and
e +g -h_ +h_=-2B
3 oy T 81y 0.y Ly
3 141 3 51
g . -—g -—h_ + 2_h =-2B
32507~ Teo® T 32700 T Teo M
3 51 125 1677
g o+ —g +-2p - 2p -2B
32800 T Tgo8ur T 35 T ygg

7
oy T &1y T §h0,7 +h,=2B

Using the boundary condition we find that

hO + ho,p + h()’Y =0

0
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(3.2.2.7a)

(3.2.2.7b)

(3.2.2.6c)

(3.2.2.6d)

(3.2.2.7a)

(3.2.2.7b)

(3.2.2.7¢c)

(3.2.2.7d)

(3.2.2.82)
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h , + hl,ﬁ +h_ =0 (3.2.2.8b)

.0 Ly

From (3.2.2.6) we hé\ve k=0, 0, +2.9167. To satisfy the bbundary condition we will take
only the positive root of k, i.e., £ =2.9167. From the boundary condition (3.3.1.2b) taking t, = .1

we obtain
A=5.5166,B=-4.5166 (3.2.2.9)

Solving the equations (3.2.2.5), (3.2.2.6), (3.2.2.7) and using (3.2.2.9) we obtain

8o = -7.0829, hy . =17.6376

81,0 = 25995, hy , =-9.2267
8o = 0.7397, hy g =-2.1987 -
8 = -.9827, | h, 4 = 12.0092
8o, = 32.4842, by, = - 9.8363
8., = -88476, h, ., =-27826
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Now we are in a position to calculate the source function. From section 2.2.1 we see that this is given

by

S(t,p) = %[(3 - w2 Ko) + (3 - I)K(r)} (3.2.2.10)
where
J(x) = 1(0,0)l¢(r) +% - 5.3369e'kf +21.3919e " + 7.6726e‘} (3.3.2.11)
and
K(t) = 1(0,0)[9? + % - 3.3312¢ 75" +2.2986¢ % + 2‘6733e’} (3.3.2.12)

thereby the source function and consequently the intensity at any surface can be found out.

3.2.3. Second approximation.
Here L =2. Following the same procedure (Section 2.2.3) we obtain the same set of ordinary

differential equations and these are described below

(gl({' + 21 + 1;') - (10* fI0 4 ) - 1) = 2 - 2¢°(D) (3.23.1)

+* 24 +f +* 61 + 909 + 1]9 +
21, + =—1I, + 41 - —1, - —1I1 - —I, -
( ° st 2) 327 160" 3277

3. 51 .,. 9
ZI = -2t 3232
32 160 39 2 ¢ ( )




61 24k 909 119
2k + — + | ——+ == + | 4k + +
( 32)&”“ ( 5 160]g1’“ ( 32 )g“

3 51 9
+ 2p -2 + —h =0
32 %% 160 " 32 %°

E_Lg o oy, 623 o+ 80k+317g .
3 64)°% 320)°4® 21 64 )°%°

1, _ 17 3

+ '54— 0,a E l,a + —6—Zh2,a =0
4k ' 2k
go,a +gl,a + ( _?+1)h0,a + (Zk_l)hl,a - _3_h2,a. =0
EXNNE D D
32°%* 160”1  32°%

N LN PR [ LY PN [V PRULLLY P
32)"% 5 160) " 32 )%
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(3.2.3.7bj

(3.2.3.7¢)

(3.2.3.7d)

(3.2.3.7¢)
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1 . A7 L3 .
6a%0e T 35081 T 482
ko1 . 623 80k 317 '
+ =5 h  +V2k-Z="1h +|-22+_""1|h =90 3237
( 3 64) 0.e ( 320) La ( 21 64) z.a ( 2

The above set of equations will have nontrivial solution if D,(k) = O , where D,(k) is given

in section 2.2.3. Therefore

©

D,(k) = 7.5193k® - 104.9134k* + 155.4331k% = 0

This gives
k=0,0,+1.298, +3.503 (3.2.3.8)

As usual we will take only the positive roots k, = 1.298 ,k, = 3.503

Next, equating the coefficients of ¢ ~** e “we obtain respectively the following equations (3.2.3.9)
and (3.2.3.10). These are given below

2338, + 38,5 + 2338, + hyy - by = ~24 (3.2.3.10a)
3.91g,4 + 10488, + 7.72g, - .09k, + 32k, - 28h,, = ~24 (3.2.3.10b)
31g,, + 3.958,5 + 8.768,5 ~ .02y, - .05h , - .05h,; = 0 (3.2.3.10c)
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8p * &ip = 33k + hyg — 66k, = ~24 (3.2.3.10d)
-0.09g,5 - 328, - 288,5 + .09k, + 88k, + 28k, = 24 (3.2.3.10¢)
02g,, + .05g,, + 47g,5 = 3Shyy + 05h , ~ 1.14h,5 = 0 (3.2.3.100)

and comparing the coefficients of e® The following equations are given

338, + &, * -668,, ~ .hy, +h_ =-2B (3.2.3.11a)
0.09g, - .79g,, + .28g, - 09k, + 32k, - 28h, = -2B (3.2.3.11b)
035g,, + 058, - L14g,, + .02k, + 05k, - .05k, =0 (3.2.3.11¢)
Loy * &1y ~ 233h,, - 3h, - 66h, = -2B (3.2.3.11d)

09g,. - 32g,, + 288, + 0%, + 88h  + 28h, Iy (3.2.3.11e)
0.02g, + .05g, + 47g,, - 31hy, - 0Sh_ - 114k, =0 (3.2.3.11f)

Next, from the boundary condition we have,
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B2+ b+ hyy = 0
Big +hi) +h =0 (3.2.3.12)

B B2 by = 0

Solving (3.2.3.9), (3.2.3.10), (3.2.3.11) and (3.2.3.12) we have

g = -4.2634, hD = 2.6597
g = -23824, hD = 249132
gra = 3.0652, | h{') = -0.5578
gl = 12377, h) = -17.9606
g = -~ 12908, hY = 22660
g1 = -0.4011, h) = -4.7422
op = - 19.4683, oy = 20.8799
85 = 8.2659, hy 5 = 9.3488
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g,p = -3.0141, h, s = 3.4685
g, = 15.1486, hy, = 1.3736
8y = -5.6184, h,, = 8.0399
8y = 4.5346, Ky, = 3.5398

The source function in this case is obtained from (3.2.2.10) but the mean intensity J(t) and the K-

integral K(t) are given by

J) = 1(0,0)[¢(r) ¢ - 1.1039¢ 9% + 1.2720¢ M - 5.6834e° + 4_04_76ef]
A .

and

k

K(z) = 1(0,0){3(3:5—) « L 0179378 - 1.6792¢ 7% - 1.0234e "7 + 2.3897e"}

6

Substituting the last two relations (3.2.2.10) we can find the source function from which the intensity
at any surface can be calculated.
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3.3 Solution of a radiative transfer problem in finite atmosphere with
Planetary phase function using a modified form of spherical harmonic method.
3.3.1 The problem and the basic equations.

Here we consider the phase function which is of the form
plup’) =1 +aP (WP, ) =1 +apy
where a is some constant. The equation of transfer in case of plane parallel atmosphere with
anisotropic scattering is given by

u'ydy! (3.3.1.1)

where the symbols have their usual meanings. The equation (3.3.1.1) will be solved subject to the
boundary conditions which are stated in section 3.1 but they are again restated

(a) Absence of incident radiation from outside at the free surface =0, i.e.,
I(tu)=0 for -1< p<0 (3.3.1.2a)
(b) No incoming radiation at T = t,, i.e,
I(t,u) =0, O<pc<l; (3.3.1.2b)

We consider the forms of intensity given by (3a) and (3b). Using these two forms, the

equation of transfer now takes the forms

0 1
=I"(tp) - % fp(u,u’)f‘(t,u')du' + fp(u,u')l"(f,u')du’J (3.3.13)

-1 0

A
dt
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and Y(p) is given by (3c); the form of ¢p(t) will be specified later.
Next,multiplying (3.3.1.5)by P,(2p - 1) and _integrating over [0,1] and using (3¢c) and the
orthogonal property of Legendre polynomials in [0,1] we obtain

. 1 12—11*‘ +*
oo+ 2,
4(2/+1)|2/-1

1
¢'(r)fu1’1(2u -1)dp +
0

3 2 _ _ . . 2 .
12F° + 181 21 4II+ +2(1+1)11:1 . I +3[+2I:2 _
(271+3)(21-1) 2] +3

[, + @i+ nr + 1] - %50, -

1
= [?(E)P,(Zu—l)du + 2@i+ 0

1
- %601[10* TN AR A 11‘] - anpPI(Zp -)dyp, 1=0,1,2,....,L (3:3.1.7)

0

Similarly multiplying (3.3.1.6) by P,(2u + 1) and integrating over [-1,0] we have

0
] 1 12—1 =’ -

T P(2u+1)dp + 1, - 21_, +

4?()]:“ (2p +1)dy 4(21+1)[21_112 1-1

- - 1P +3l+2 -
I, -2({+1)] - = =
! (I+1), + 2] + 3 1.,

. 1283 + 181> - 21 - 4
(21+3)(21-1)
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0
_ o : 1 1.
= :’:W(P)Pl(?.p +1)dp + m[lh_l (21+1)], +{+ 1)11*‘] 5501
- %50,[10* AN AAE anpPl(2p+ Ddu, 1=0,1,2,...L (3.3.1.8)
-1

where /; denotes the derivative with respective to the optical thickness and  is the Kronecker delta.

For example setting successively /=0,/=1 ,and /=2 in (3.3.1.7) we obtain

WN

( ;10*' v 2l + 1;'] - (10* N AT A 11‘) +2aT = -2¢'(x) + 2 (3.3.1.9)

(210"' + 2?41;' VYA %1;’) -olly + 31 + 2} + 2aT = -2¢'r)  (33.1.10)

80
21

12

(%10*' v2n + 220 v 6l + ?1;') - (21; + 51 + 31;) =0 (3.3.1.11)

and for / # 0,1 ,2 we have from (3.3.1.7)

1
() f pP(2p - 1)dp + ! [’2” L, + 207+
J 421 +1)|27-1
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3 2 _ _ B g
L1282 182 Z 20— Ay gy
(21+3)(21-1)

12+31+21+' _
121~
21 + 3

1
1 .
=!’.¢(u)P1(2u-l)d1u ooz LR AR G K

+ anpP,(Zp -1)dpu (3.3.1.12)
0 .

Again setting successively /=0, /=1 ,and /=2 in (3.3.1.8) we obtain the following ordinary

differential equations

(%10" - 21+ %12") + (10* w1+ I - 1{) - 2aT = -2 + 2¢'(x) (3.3.1.13)

(—210 + 2?41 - a1 + %1;') -2l - 3L + 21;) + 2aT = -2¢'(x)  (33.1.14)

1, oo 80:- . 12 . B
(510 -2+l -6l + ) - (21 - 51, + 3L} =0 (3.3.1.15)

and for/ # 0,1 ,2 we have from (3.3.1.8)

‘ 1 -7 -
tfP2 +1)du + L -2l . +
¢()_ K 1( u )du 4(21+1)[21_1 1-2 -1
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. 127 + 1871* - 21 - 4 ,-

, . .
I, _2(1+1)1;l+l_i+__2_ -
(21+3)(21-1)

2l +3

1
2] +1

0
_ flp(p)P[(zp+ Ddyp + [ARENCIESY) AR (RS VAN P
21

0
+ anpP,(Zp +1)du (3.3.1.16)

-1

We solve equations (3.3.1.7) to (3.3.1.8) subject to the boundary conditions (3.3.1.2a) and
(3.3.1.2b) and the form of ¢(7) is taken as

d(t) = Ae™® + Be® (3.3.1.17)

Let us assume the trial solution as
I'() = g,’me"‘t +gge "+ g et (3.3.1.18a)
I/ (t) =h e * +he™ +h e (3.3.1.18h)

where g, .8 4.8, R ..M.k are constants. As before, when we are working in L th

approximations we will neglect 1,,,,7; ., .



3.3.2. First approximate solution.
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Here L = 1. Therefore putting successively /= 0,1 in the equations (3.3.1.9) and (3.3.1.10)

we obtain following the ordinary differential equations.

4 +* +* + + - - ’
(310 + 2l ) ~lly eI I - 1)+ aR =2 - 2¢°(0)
( 21, + 2_541;') -2l +317) + aR = -2¢'(x)

(%Io" - 21['] + (IO* + I+ 1, - Il') -aR = -2 + 2¢'(1)

(—210" + 2_:_1,“') - 2{1; - 31) + aR = -2¢'(%)

where

(3.3.2.1)

(3.3.2.2)

(3.3.2.3)

(3.3.2.4)

(3.3.2.5)

Substituting the forms (3.3.1.18a) and (3.3.1.18b) in (3.3.2.1) to (3.3.2.4) and comparing the

k

coefficients of e *** we obtain the following linear equations
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4k a a a a
(T+] _E)go,a + (2k+] _E)gl’a + (] __)ho,a + (—] +?Z-) h ., =0 (3.325a)

a 24k a a a
(2k+2 _g)go,a + ( . +6 _E)gl,a - gho,a + —2—hm =0 (3.3.2.5b)

a " a 4k a a
(1 _g)go,d + (1 —E]gl,d + (—? +1 _3];’0’« + (Zk_] +’5) hl,a =0 (3325C)

S R [2k—1 +§)ho,.; + (34—" +6 +5)hl,a = 0 (3.3.2.5d)

The above system (3.3.2.5) will have non-trivial solution if the determinant of the coefficients

vanishes, i.e, if D (k) = 0 where

'V1+f—lz—£ 26-2 1-2 -1+2
3 3 2 3 2
2k+2-9 2%k g _a _a a
, 3 5 2 3 2
Dl(k)= a a 4k a a
1-= 1-— ——+1l-= 2k-1+=
3 2 3 3 2
a a 2k-2+9 _28k  a
3 2 3 5
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Let us take a =2.319461. Then D,(k) = O implies that

5.76k* - 6.030229k* = 0 -

or, k=0,0, +1.0238165 (3.3.2.6)

If we compare the coefficients of ¢~ from (3.3.2.1) (3.3.2.4) we obtain the following

equations

7 a a a a _
(___]go,ﬁ + (3 _E)gl’p + (] _—5]}’0’9 + (—l +’2_)h1,[$ = -24 (3.3.2.7a)

a 54 a a a .

a a | 1 a ’ .. a —
(1—_3_)30'B + (1 —Eng’ﬁ + (_E_EJ},’O’B-+ (1 +’2_)h1,ﬁ = -24 (3.3.2.7¢)

s+ Thyy + (9 -ﬂ}hw -24 (3.3.2.7d)

1 a a a a
(_+§)g0’Y + (1 +E)gl’7 + ( -1 +_3_)h°,¥ + (1 ——2—)(11,Y = -2B (3.3.2.8a)



a
]gl,Y + _3-h0’Y - Ehle = _2B

a a | 4 a) 54 a _
380y T S8y T (_§+§)hﬂ,*{ " (_S_—E)hl,*{ =28

‘Now, from the boundary condition (3.3.1.2a) we have

From the boundary condition (3.3.1.2b) taking t, = .1 we obtain
A =5.5166547, B = - 4.5166547
Finally, solving (3.2.2.5), (3.2.2.7) and (3.2.2.8) we have
oo =-194.6346, By, =-23.3784

8o = 64.5706 , hml = 9.1931
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(3.3.2.8b)

(3.3.2.8¢)

(3.3.2.8d)

(3.3.2.9)

(3.3.2.9b)
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op =-181239, kg, = 233738
gp = 56911, hyy = 9.1931

8, = 19.1405, hy, =-14.8358
&y =- 75267, hy, = -4.6595

Finally, we can calculate the source function and this is given by .

S(t.p) =

Ae ™ ® + Be® + % + ( -6.4747e¢ %" - 6.6534¢ " + 5.4475e‘) +

+ au( ~5.7858¢ %* - 0.0010e " + 0.0031e’)] (3.3.2.10)



3.4. Solution of a radiative transfer problem in finite atmosphere with

Henyey-Greenstein phasé function using a mv_odified form of spherical harmonic method.

Here we shall be concerned with another type of phase function called Henyey - Greenstein
phase function. This phase function contains a parameter ( g ). In our discussion we shall be

concerned with only one value of g which is associated with the fundamental equations which we are

going to describe.
3.4.1. The problem and the basic equations.

The equation of transfer appropriate to the problem is

dI
" (t.n)

1
_ _ l ' ’
S - e - f plu ) (T.p)dy (3.4.1.1)

where the symbols have their usual meanings and this equation is to solved subject to the boundary
conditions given by

(a) Absence of incident radiation from outside at the free surface T = 0,ie.
C X(t,p)=0 for -1< pu<oO ' (3.4.12a)
) N_q incoming radiationat t = T, i,g.
I(ztyp) = 0, O<p<1; _ (3.4’1'21))"

Here we shall take the same two forms of intensity given by (3a) and (3b). Using these two

forms of intensity the equation transfer becomes
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B l
+ + 1 ’ - ’ ! R ' + ’ ’
u 2R ;:’p) =W o f Pl (Tu)dy' + f pQup) (tp')du (34.12)
_] 0
dr ; !
u—;z’ll) = I°(T,p) - 3 fp(u,p M (T,u")dp’ + fp(p,p ) "(t,u")dy (3.4.1.3)
-1 0 .

The form of the Henyey-Greenstein phase function is
3
P’y = Y w PP (3.4.14)
k=0
where w, are constants .
Wetake w, = 0, w, =3g, w, = 5g>, w, =7g>, and w, = 0 for k > 4
Here g is called the anisotropy and is defined by
g = (cos(6))

Inserting the equations (3a) and (3b) in equations (3.4.1.2) and (3.4.1.3) we obtain

1=L

ulo'@ + Yer D @Pe - 1| = v -

i=0

I=L
+ 2(21+1)I,*(1:)|1P,(2p. -1) - e, - o p - ap? - oy (3.4.1.5)
1=0

and



1=L
ulo'@ + Y @i uy @P e )| = e +
1=0

I=L
Y nn@uP e 1) - o - g - e - o
1=0 .
where
1 I + + - 2 + -
@ = +Z(I° I -1+ I) - Els(r - 1) +

o, = 3%2 S(y - 1) + 17(17 1)+ 15(5 -4 + 3(1;+13‘)]
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(3.4.1.6)

(3.4.1.7a)

(3.4.1.7b)

(3.4.1.7¢)
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o3 Tl sfion) ol og) o)) oan

In the next few steps we will make use of the recurrence formula for Legendre polynomials

I +1 27 + 1
5 P, (2p£l) =

1 /
P2ux1) = P,(2nx1 —P, (2n=x1l
pP(2p ) 21+1[ (2u )+21-1(11 )

Multiplying (3.4.1.5) by P,(2p - 1)and integrating over [0,1] and using the orthogonal
properties of Legendre polynomials in [0,1] we get

2 _ . P
! ! Illtz * 211;-1 *
421+1)|27-1

1
'@ [uP(2u - Vdu +
0

3 2 _ - . B
122 + 1812 =214 o et
(21 +3)(21-1) 20+3

1> +31+2 .
11+2] =

1
21 +1

1
= fq:(p)'P,(zp—l)dp + 2, + @reng + g+nr,| -
0

1

- f(ao +ap +ap? o+ a3p3>PI(2p -Ddp, 1=0,1,2,...,L (3.4.1.8)

0

Similarly multiplying (3.4.1.6) by P,(2p + 1),using the orthogonal property of Legendre polynomial

in [-I,Q] and intégrating over [-1,0] we obtain
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0
1 -1, L

(T P(2u+1)dy + I, -2l _, +

¢.()_fxﬂ I(P Ydp 4(21+1) 21_112 -1

3 2 _ _ . IR £ -
. 127° +181° - 21 411- —2(I+ V), + I_ﬂﬁlhz]z

(21+3)(21-1) 21+3

(4]
- [wwp 2 vydu + iz, - @ienn « gy -
4 21+1

0
- f(ao + o +oa,p? o+ a3p3)P,(2p +1)dup, 1=0,1,2, ... L (3.4.19)

-1

The eqautions (3.4.1.8) and (3.4.1.9) are to be solved subject to the boundary conditions (3.4.1.2a3)
and (3.4.1.2b). Further we assume the form of ¢(1) as

$(1) = Ae™™ + Be® ,

where T is small and 4 and B are constants which are to be determined. We assume a trial solution

of the form

L'(t) =g,e™ + gpe™ + g e | A (3.4.1.10a)

et (3.4.1.10b)

I/ (¥) = he™ + hge™ + hy,

where  g,,.8,5.8;y+H 4+ H,5- P, ar€ constants.
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Further from the boundary condition (3.4.1.2a)

r=n-1
E B + by vk, =0 (3.42.11)

r=1

3.4.2. First Approximate solution

In this case L =1 and from (3a) and (3b) we have respectively,

. 1
I"(tp) = 1(0,0)[1(1) + P(p) + 2(21 + 1)) ()P (2p - 1) (3421
1=0
and
.
I"(t,p) = K0,0)|d(r) + f(p) + E(Zl + D) (Tp)p P (2 + 1) (3.4.2.2)
=0 A

Putting successively /=0, 1 in equations (3.4.1.8) and (3.4.1.9) we get the following ordinary

differential equations

4 v . - 3 723\ ,+ -
2] -]« (12222 )
(30 1 g 0o t4g 2 16 I\ 1

, 3g _1g°
- _2 T + 2 - - _©° __ 3421
¢'(x) ST ( )

<24 . 15g%\, - 15g%\, -
2, + =T )+(—2+ + 28 )7 +( - )] +
( 0 5 g 16 )o &g TRA
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- _2¢'(x) - 125 - ZE (3.42.2)
. 3
(ilo- 211_) + (l —g)(]o’ +IO_) + (1 238, 756 )(1; -1, ) =
3
= 2d't) - 2 + 3_2g_ + % (3.42.3)
B B 2 2 3 .
o 2 e B 25522
5 16 2 16 16
2 2 3
+(—2+g+ 15¢ )Io +(6 g Slg 21g)1‘
2 16 16
- 3
- -2¢'(x) - 38 + 218 (3.4.2.4)

If we vary the parameter g then we get a system of differential equations for various values

of g. We shall be concerned with only one value of g. Now comparing the various parts of we get sets
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of linear equations from which we have to determine the constants. The steps are exactly same
which we all along dealt with. Therefore we have, by using (3.4.1.10a) and (3.4.1.10b) in equations
(3.4.2.1) to (3.4.2.4) and comparing the coefficients of ¢ "** we obtain

(i;i +,5)goya + (2k+.3047)g,, + Shy, - .3047Th =0 (3.4.2.7a)

24k

(2k +1.2656)g,, + ( +4.2891)gm - 2656k, +.1172h, =0 (3.4.2.7b)

584, + -3047g,, + ( —4?" +.5)hmz + (2k-.3047)h,, = 0 (3.4.2.7¢c)

126568, +.1172g,, + (2k-1.2656)h,, + ( —3‘5"_" +4.2891)hm =0 (3.4.2.5d)

The determinant of the coefficients g,,,8,,.A,.M, Inequation(3.4.1.5)is given by
%"-+.5 2k +.3047 5 ~.3047
2k+1.2656 2_;‘f+4.2891 - 2656 1172
D& = 4k
5 3047 -2 s 2k - 3047
J
2656 1172 2k-12656 -23% 49891




161

If the system of equations (3.4.2.5) have non-trivial solution then we must have
D(k) =0 . (34.26)

Therefore we have & = 0, 0, +1.4329 . _
Again, using (3.4.1.10a) and (3.4.1.10b) in equations (3.4.2.1) and (3.4.2.4) and comparing

the coefficients of ¢ "*,e* we get

3

7 3g .78 -
(E'g]g""’ *(3'7* ls)g"“*“ Moo *

- 3
+ ( -1+35€—_71%]hm = -24 (3.4.2.73)
{ ,

2 3
3g _Slg”  21g hyy, = -24 (3.4.2.7b)
2 16 16 ) b

3g 7g3 1
(1-8)ggp + ( 1 —7g+ 1"2 ng,p +(-§-g)ho,p *

3g _1g°
+11+=2--°2 {h . .=-24 342 7¢c
( 2 16 L ( )



15g2
16

g

g ig_SlngrZIg3
0. 2 16 16

)gl,gg * (g+

2 3
. E_E_Slg _21g hlﬁ: 24
S 2 16 16

and equating the coefficients of e* we get

3

1 3g g
— + + 1+ -
(3 g)g"” [ "2 16

]gl__y + (g_ l)ho,y *

3
+(1—§+-—7g )hl = -2B
2 -Y

16

]gm

3

2 3
187 g | -8.38.318" 218
4 5 2 16 16

2
.| -38,51g 2lg
2 16 16
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15g2]hp+
; 0,

(3.4.2.7d)
(3.4.2.8a)
15g2
e8]
) h,, = -2B (3.4.2.8b)



3
+]-3+38_78 h, = 2B
2 16 ¥

15g2 3g Stg* 21g? _ 15g2
(g_ ]go” +(_ e 16 )8 | THTET g P

2 3 ‘
e

From the boundary condition (3.4.1.2b) taking t, = .1 we obtain

A =55166547, B = -4.5166547

Finally, solving (3.4.2.5), (3.4.2.7) and (3.4.2.8) we have

oo = 42656, hy, =-13.7708
. = - 18193, h,, =-7.9130
p = 211762, hy = 31.1084
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(3.4.2.8¢)

(3.4.2.8d)

(3.3.2.92)

(3.3.2.9b)



g = 7.1262, hw = 13.7475
Loy = 25.4694 , ho’Y =-17.3376
gy =- 11.2555, hw = -5.8345

Therefore the source function is given by

Ae " « Be® + (_25‘ +0.4570p - 0.1367u2) +

- S(t,p) = K0,0)

-kt -t
+ Re T+ Re T+ Re

where

R, = 26614 - 1.0934p - 1.7645u% + 1.6660°

R,

R, = 7.0251 + 0.8896p - 1.7917p” - 1.4821y°

The intensity at any surface can now be calculated.

03517 + 11.6747p + 7.1520p2 - 1.8103 3
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(3.3.2.10)

(33.2.11a)
(3.3.2.11b)

(33.2.11¢)
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3.5 Solution of a radiative transfer problem in finite atmosphere with

General phase function using a modified form of spherical harmonic methed.

We will consider this in case of finite atmosphere. Here the treatment of the problem is the
same as that we have considered in section 2.3 except that the boundary conditions are different. i
Even the general equations from which we are going to deduce the spherical harmonic equations for
different cases, will be the same. Therefore, at the beginning we state the basic equation of transfer
with the appropriate boundary conditions and thereafter we jump few steps (these are identical and

have already been deduced in section 2.3.1) and state the necessary equations.

3.5.1. The problem and the basic equations.
The equation of transfer in case of plane parallel atmosphere with spherical éymmetry is as

-usual given by

1 .
u—dl(dtt’”) = I(tp) - % fl () (zp")dy' (5.1.1)

where the symbols have their usual meanings. The equation (3.5.1.1) will be solved subject to the
boundary condition which are stated in section 3. 1 but they are again restated
(a) Absence of incident radiation from outside at the free surface =0, ie,,
I(t,u)=0 for -1< p<O (3.5.1.2a)
(b) No incoming radiation T = T at, i.e.

Ktpp) =0, O<ps<l; (3.5.1.2b)

We will take the same two forms given by equations (3a ) and (3b). We consider the phase function

in the following form



oo

Pk = Y PP )

k=0

From section (2.3.1) we have the following equations

1
1 12—1 +* +'
! - I 211
¢(f)'£PP1(2H Ddy + 4(21+1)[21_1 1-2 T el t
123 +1812-21 - 4, 12 +30+2, ]
+ +2(1+ DT+ S22 < [(T) + 116
(21+3)(21_1) 1 ( )I] 21 3 1+2 [d)() ]01

1

1
TR 1)[ S+ @ DE + (0 DI - Ew S{k}'[ 1=0,1,2,..

and

0
1 -1 - -

‘(t P(2u+1Ddp + [ I, -2, +

¢()—f1111(11')l1 4(211&1)21_112 -1

123 +181%2-21-4 . 1243142 }
+ I, -2(0+1)], +——I+ )0, , +
(21+3)(21_1) 1 ( )11 21 3 1+2 (b() 0,1
1 - 1°° _
- 20+ D+ (I + DI, "EWS C1=0,1,2,..
TR 1)[ B Wi+ )“] 24 Sull
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(3.5.1.3)

L (3.5.1.4)

LL (35.15)

These are two basic equations which will be solved subject to the prescribed boundary

conditions.Further, in this section we will take two other phase functions apart from isotropic and

Rayleigh; these are i) Planetary phase function and ii) Henyey-Greenstein phase functions. In other

words we will deduce spherical harmonic equations for each of these phase functions from this
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general phase function and show that they are identical with those already obtained in chapter 3. Also

the notations S, S, ;,[] are described in section (2.3.1)

3.5.2. Different cases.
3.5.2.1. Isotropic scattering.

The phase function in this case is
Pi’) = Pym)Py(n’) = 1 (3.5.2.1.1)
We have as before w, =1, andw, =0, for k>1
A. First approximations. _
Here L = 1, The spherical harmonics equations were already obtained in section 2.3.2. We
are not giving details of their development but state only the equations in both approximations.
4 . +! + + - -3 S ,
( 3 21, J {1+ - ) =2 - 200 () (3.52.12)

(210*' + -2‘5‘_"1;'] - 2(10* + 31;) = - 29'() (3.5.2.1.3)

(%10" - 21{') + (10' + 1] + 1, - 1{) = -2 +2¢'() (3.52.1.4)
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(_210" . %"1;’] -2l - 310} = - 2¢') (3.5.2.1.5)

The equations (3.5.2.2) to (3.5.2.5) are same as those obtained in section 3.1.1

B. Second approximations.

Here L = 2. For / =0,1,2 from (3.5.1.4) and (3.5.1.5) we get the following spherical
harmonics equations

(;1(;’ + 21 + %1;') - (10* w10+ I, - 11‘) =2 - 2¢'(x) (3.5.2.1.6)
(210" + 2_541;' + 41;') - 2(10* + 31 + 21;) = - 24’ (v) O (35217)
(%10*' v 20 + %]z") - (21[ + 512’) =0 (3.5.2.1.8)
(%10_' YA %12") Iy 11 - 1) = -2+ 2400 (3.5.2.1.9)
(—210" N %1{' - 412") - 201, - 31y +20,) = - 24 (0) (3'.5.2.1.10)

and
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12") - (21 - 51} =0 (3.52.1.11)

1 - - . 80
-1, -2, + —

Again these equations (i.e., (3.5.2.1.6) to (3.5.2.1.11)) are identical with the equations obtained in

the second approximation in the section (3.1.3). There we have found their solutions.

3.5.2.2. Case 1L Rayleigh phase function.

The Rayleigh phase function is given by

Py = 1+ (B -6 -1) = 1+ PQPW) (3522.1)

we have

w, =1,w = O,w2=-;-

andw, =0, for k>3
The spherical harmonics equations are obtained in the usual manner and we avoid details.
A. First approximations.
Here L =1. From (3.5.1.4) we have

I=0: (-;110*' N 21;'] Iy 1 I - 1) =2 - 2¢°) (3.5222)

1] = -2¢'(t) (3.5.2.23)

_ ) AT S
160

24 61 - 909 .+ 3 ,- 51
- —Io T~ f 0
32 160 32

-2 +2¢'(7) | (3.5.2.2.4)

~
i
(@]
——,
| &
~
o 1
N
_’N
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+
—
e +
+
__N
+
+
]
o I
|
o~
S
I
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.24, 3.. 51,. 61, 909,
I=1: =21, +=—7I - =1, - =1 - —I, + =—=I, = -2¢'(r) (35225
( 0 5‘) 32° 160 ' 327" 160" e )

So we see that the equations (3.5.2.2.2) to (3.5.2.2.5) are identical with the equations in the section
(3.2.2)
B. Second approximations.

Here L =2

For/=0,1,2 from (3.5.1.5) we have

Iy

.
-+

w2+ %12 ) - (Jo’ I + 1 - I{) =2 - 2¢'(v) (3.5.2.2.6)

(RN

|

+ 24 +7 +! 61 + 909 + 119 +
p) (ARl ARIYY A ALY AR A 4 AL LLS A
( R 2) 32° 160" 3277

y 20 - 20 = -24'(n) (3.5.2.2.7)

| +* 80, - 1 + 623, 317 +
—1, + 217 + == PRI ) Ay A
(3 0 ¢ 2) 64 " 320" 64 ?

S S S WA N I S (3.5.2.2.8)
64 320 64

Again for /= 0,1,2 from (3.5.1.4) we obtain in a similar way the following equations
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Here we consider only the first approximation L = 1.
For / =0, we have from (3.5.1.4)

4 + +' + + - - C +
(310 + 21, ) - (10 I+ I -11)=2 - 2¢'(7) - ZEwkSO,kH
k=1

. 1 10* +1y 11* -1y
Here we have obtained ==+ +
2 3 2
and using Sotk’wk. we get
4 + + + - - ,
(510 + 2 ) - (10 I 1 ‘11)+0H =2 -2¢/() (3.523.2)

For /=1 from (3.5.1.4) we find

(210" + z;f-fzf'] - 2(10* + 31;) = - 2¢'(%) —6Ewks';kn
3 :
k=1

Andusing  J],S;, we obtain
(21&' + 3‘5‘—"15'] -2ty +31,) + aI] = - 2¢'(2) (35233)

For /=0 from (3.5.1.5) we have

(glo" - 21;’) wly + 17+ I - 1) = - 2 + 2¢' (@) —2Ewksom
k=1

Once again using [], S, , we obtain after simplification
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4 _. e _ R _ -
(310 - 21, ] iy + 1) v 1 - 1) -all = - 2 + 2¢'(®) (3.5.2.3.4)

Finally for /=1 from (3.5.1.5) we get

(—210" . _21’51;'J - oty - 317) = - 2¢'¥) —ézu-ks,jkn
3 k=1
using [,S;; we 'obtain after simplification

( 21+ %’fll") -2y - 31} + al] = - 2¢'(%) (3.523.5)

Thus we see that once again we get identical equations which we have obtained in section 3.3.2 if we
setR = J[.

3.5.2.4. Case IV . Hehyey - Greenstein Phase function.
" Here the phase function is defined by

plup’) = 1 + 3gP (WP ') + 58°P,(WP, (W) + 72°P,(P(W)  (3.524.1)
Comparing (3.5.2.4.1) with (3.5.1.3) we get
wy=1,w, = 3g,w,=5¢>w,=7¢g> andw, =0, for k>4

Here we consider only the first approximation L = 1.
For /=0, we have from (3.5.1.4)
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4 +° _— + + - - ’ - +
('510 + 21, ) _(]o +1 + 1, ‘]1)=2 - 2¢'(1) —2EWkSo,kH
k=t

Now we have to find different [ [s for &£ and / Varying k and / we get

I
= _ + + k:1
1l 2 3 2
Iy -1, 17(,- ,-
= Bl S § s k=2
11 8 40(l ‘)
1 L -1
= - — + , k=3
11 8 4

. +
Therefore using S, ,,w, we get

' . 3
(0 38) oo o)« (122221

-2y +2 - 28 T8 (3.5.24.2)

™|

Next for / = 1 from (3.5.1.4) as before

(210*' . 2%"1;’) - 201 +30) = - 2¢'(%) —6Ewksf,kn
k=1

If we simplify the R.HLS of previous equation with the known values of [], S,*, «»W, and obtain the

following equation
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. . 2
o 2] [20g 58

2 3 2 3
+(_‘5+3_g+51g +21g )Il*+{_3_g+51g _21g )Il-
2 16 21

, 3g . 21g°
= -2 (t) - = + 3.5243
$'(v) 2 3 ( )
Next for / = 0 we get from (3.5.1.5)
4 .- . _ . - . , = _
(—10 - 21, ) + (IO + 1 + 1, - 11) = ~2+2¢'(t) - ZEwkSO,kH
3 k=0
Using [, S, ,,w, we get after little calculation
4 - + - 3 7 3 + -
(- 2n) - (1ol o) - (12822
3
- 2¢'(x) -2 + 28 . 18 (3.5.2.4.4)

2 16

Finally, from (3.5.1.5) for /=1
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- 24k, - - , D .-
(—210 = 1,) -2y - 317) = - 2¢'(@) —6EwkSl_kH
k=1

Putting the calculated valuesof [],S; ,,w, we obtain the following ordinary differential equation

. ' 2 2 3
(—2]0— + EI{) + (g— 15g )]* + (E_Sl_g+ 21g )]; +
- 5

21g3
32

- —20'(x) - 3_28 + (3.5.2.4.4)

Once again we see that the above four spherical harmonics equations are exactly the same with the

ones which have been obtained in section 3.4.2. and in that section we have found their solutions.



