
CHAPTER-3 

RADIATIVE TRANSFER PROBLEMS 

IN 

FINITE ATMOSPHERES 



3.1 Solution of a radiative transfer problem in finite atmosphere with 

Isotropic scattering using a modified form of spherical harmonic method. 
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Kourganoff [1963] analyzed the method of single interval spherical harmonics method for 

solving the equation of transfer and suggested possible modification. Wilson and Sen 

[1963,1964a,1965b,l965a,l965b,l965c] considered different forms of intensity and applied the 

double interval spherical harmonics method to solve several radiative transfer problems in plane and 

spherical geometry. Bishnu [1%8] solved the equation of transfer using a different approximate form 

of intensity. Wan et al. [1977,1986] used another form of intensity to get the solution of the equation 

of transfer. Karanjai and Talukdar [1992] solved the equation of transfer with general phase function 

using the form of intensity given by Bisnhu and deduced the results with phase functions like the (i) 

planetary (ii) Rayleigh and (iii) Henyey - Greenstein from the general solution. Karanjai and Biswas 

(1992, 1993) applied the same method with the form of intensity given by Wan et al [1986] to solve 

the equation of transfer with (i) Rayleigh phase function and (ii) the phase function of the form given 

by 

Here we would like to introduce the following form of intensity: 



where 1{0,0) is some constant, <f>('r) is a function oft: on1y and tJ!(J.I) is given by 

- { 1 if 0 ~ Jl ~ 1 
1f1 (Jl) - 0 if -1 s Jl s 0 

3.1.1 The equation of transfer and the boundary conditions. 

The equation of transfer for plane parallel atmosphere in this case is 

I 

dl~"C,J.L) = J(-c,J.I) - ~I 1(-c,!l')d!l' 
Jl -1 
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(3c) 

(3.1.1.1) 

where the symbols have their usual meanings. The equation of transfer (3 .1.1.1) is to be solved 

subject to the boundary condition, 

(a) Absence of incident radiation from outside at the free surface .-c = 0, i.e., 

l(t:,J.L) = 0 for -1 ~ J.L s 0 (3.1.1.2a) 

(b) No incoming radiation at 1: = 1:0 i.e. 

(3.1.1.2b) 

We will seek a solution to equation (3 .1.1.1) so that I( 't,J.L) can be represented by two different 

expressions J+('t,J!). r(t:,J.L) for J! in the interval [0,1] and [-1,0] respectively. We will use the 

two forms given by (3a) and (3b}. 

Therefore the form of the equation of transfer now becomes, 
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(3.1.1.3a) 

(3.1.1.3b) 

Using (3a) and (3b) in equations (3.1.1.3) we obtain the following equations 

dr(-r••) + 1 ( 1(... ... - -}] 11 de,,.. = I (-r,J1} - "21(0,0} 2Q>{-r) + 1 + 2 I 0 + I 1 - I 0 + I1 (3.1.1.4a) 

and 

dr (-r rr) - 1 [ ""' 1 ( ... ... - - )} J1 dt •r = I (-r,f.l) - 2I(O,O) 2'f..('r) + 1 + 2 /0 + I 1 - I 0 + I1 (3.1.1.4b) 

Again using (3a) in (3.1.1.4a) we obtain 

I {4: + 
= lJI(!l)- 2 + 1..}21 + 1)I1 (-r)J1P1(2!l- 1) (3.1.1.5a) 

l=O 

Similarly using (3b) in (3.1.1.4b) we get 
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(3.1.1.5b) 

Next, multiplying (3.1.1.5a) by P1(2ll - 1) and integrating over [0, 1] we obtain 

· <P'(~) J1

uP
1
(2f.1 - 1 )du + 1 [ 

12
- 1 /+' + 21r· + 

r r 4(2/+1) 2/-1/-2 /-l 
0 

l 

= flJr(Jl)P1(2J.J.-1)dJl + l [1I1~ 1 + {2/ + 1)11+ +{I+ 1)/1: 1)-
21 + 1 

0 

1 st 1 0 [ ... + - ... ] I - 2u0/-
4 

0//0 + }1 - lo + Jl , =0,1,2, .... ,L (3.1.1.6a) 

Similarly multiplying (3.1.1.5b) by P1(2 f.1 + 1 )and then integrating over [-1,0] we get 

<P'(~) Jo flP
1
(2Jl + 1 )df.! + l [ /

2
- l r' - 21r' + 

4(2/ + 1) 2/- 1 /-l I-I 
- l 
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0 

= flfr{Jl)P1(2Jl + I)dJl + l [u1~ 1 - (2/ + 1)11- + (I+ 1 )11~ 1 ]-
2/ + 1 

- I 

(3.1.1.6b) 

Let us set different values of I. 

For I= 0,1 from (3 .1.1.6a) we get the following equations 

(3.1.1.7a) 

(3.1.1.7b) 

And for I* 0, I from (3.1.1.6a) 

<J>'("t) II J.1P/(2u - l)du + 1 [ [2- 1 1 +-' + 211 t-' + 
,... ,... 4(2/+ 1) 2/-1 l- 2 l-l 

0 

I2t
3

+Ist
2
-2t-4r·· + 2 (/+I)J+. + t 2

+31+2 1+·]-
(2I+3)(2I-I) 1 

Z...l 2/+3 z-,. 2
-



I 

= Jw<ll)P,(2Jl-l)dll + 
1 [u,~I + (21+ I)I,~ +(I+ I)I,:I) 

2/ + 1 
0 

Similarly for I= 0,1 from (3.1.1.6b) 

And for I* 0, 1 from (3. 1.1.6b) 

<fl'('t:)J

0

J.1Pt(2u +l)du + 1 [/
2
-l r' - 211-· + 

r- r- 4(2/+1) 2/-1 l-Z l-I 
- 1 

12/
3

+18/
2

-21-41 -· _ 2(/+I)r· + I
2
+3I+2r·]= 

(2/+3)(2/-1) l l+I 2/+3 1+2 

0 

= J W(Jl)P1(2J.t + I)dJ.l + 
2

/+ 
1 
[1I1~I - (2/ + 1)11- +(I+ I)/1~ 1 ] 

-I 
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(3.1.1.7c) 

(3.1.1.8a) 

(3.1.1.8b) 

(3.1.1.8c) 

The equations ( 3.1.1.8) to (3.1.1.9) are to be solved subject to the boundary condition and 

we will take 

<P('t:) == A e -• + Be • , (3.1.1.9) 
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where 1: is small and A and Bare constants which are to be determined. We assume a trial solution 

of the form 

(3.l.l.l0a) 

(3.LLlOb) 

where Kr,a., g1,Jl, g1,..,, h1,a., h1,Jl, h1,., are constants. 

Further from the boundary condition 

r=n -I E h~~~ + h~.~ + hz.y == o (3.1.1.11} 
r=l 

3.1.2 First Approximation: Here L = L We will neglect IL+-d Jr-~ 1 
We have for I= 0,1 from (3.1.1.7a) and (3.1.1.7b) 

and 

Similarly for I= 0,1 from (3.1.1.8a) and (3.1.1.8b) we obtain respectively 

and 

(3.1.2.1) 

(3.1.2.2) 

(3.1.2.3) 
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(3.1.2.4) 

Substituting the forms of <f>(r) ,!/ ,11- in equations (3.1.2.1) to (3.1.2.4) and comparing 

the coefficients of e -h we get 

(3.1.2.5i) 

( 2 k + 2 )g 0 a. + _-_ + 6 g 1 a. = 0 ( 
?4k l 

, 5 , 
(3.1.2.5ii) 

g,,. + g),O + ( - ~k + I) h,,. + (2k - I )hJ.• = 0 (3.1.2.5iii) 

(2k-2)h +(6- 24k)h =0 O,a. 5 l,a. (3.1.2.5iv) 

The above system will have non trivial solution if D 1 (k) = 0, where D 1 (k) is given by 

(2.1.2.7). 

This gives k = 0, 0, ± 1.8257. To satisfy the boundary condition we will take the positive root 

only. Next the boundary conditions in this case are 

J0T (0) = I/ (0) = 0 (3.1.2.6a) 

(3.1.2.6b) 



and 

and 

h0 ,a. + ho,p + h0 _1 = 0 

h + h + h = 0 l,a. I,f3 l,y 

Using the boundary condition (3 .1.2.6b) we obtain 

A =5.5166547, B = 4.5166547 

Again equating the coefficients of e • and e -• on each side we have 

27 
2g0 R + -g1 R = -A ,..., 5 ,..., 

-B 

7 
g + g + -h - h == 2B O,y l,y 3 O.y l.y 

(3.1.2.7a) 

(3.1.2.7b) 

(3.1.2.8a) 

(3.1.2.8b) 

(3.1.2.8c) 

(3.1.2.8d) 

(3.1.2.9a) 

(3.1.2.9b) 

(3.1.2.9c) 
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2h + 
27 h = B - O;y S ·I,"( 

(3.1.2.9d) 

Therefore solving the systems of equations (3.1.2.8) and (3.1.2.9) and from the boundary 

conditions we obtain 

gO,a. = - 3 9. 9 2 59 h = -13.0211 O,a. 

gl,a. = 16.3993 hi =- 7.48 75 ,a. 

g0,p=21.1952 h0,p = -46.6974 

g 1,p = -8.8717 hl,p = 13.7915 

gO,y ::: 18.6307 h0 = 48.0470 ,y 

gl,y = -7.5276 hi = -5.6467 ,y 

Next, we compute the source function. Using the definition, we have 

I 

~1:) = ~ f l('t,~)d~ (3.1.2.10) 

-I 

This gives 

9(<) ~ /(O,O)[Ae-' +Be'+ ~ - 4.4983e-" + 18.203Je-'- J0.6477e'] 

where 1: is small and other constants are also determined. So we can find the source function and once 

this is found we can calculate the emergent intensity from any surface. 

3.1.3. Second Approximation 

Here L = 2 and putting successively I = 0,1,2 in equations (3 .1.1. 7) and (3 .1.1.8) we obtain 
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the following equations 

(3.1.3. I) 

(3.1.3.2) 

(3. 1.3.3) 

(3. 1.3.4) 

(3.1.3.5) 

( 
1 -· -· 80 -·) ( - -) -10 - 2ft + -/2 } - 2/t - 512 = 0 
3 21 

(3.1.3. 6) 

Using the forms of<j>("t) and 11 .. (r:) ,11- ('r:) in equations (3.1.3.1) to (3.1.3.6) and comparing 

the coefficients of e -k-t we obtain the following set of equations 
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- + 1 Ko a. + (2k+ 1)gi a. + -g2 a. + ho a. -hi a. = 0 ( 
4k ) 2k 
3 , , 3 , , , 

(3.L3.7a) 

(2k+2)g0 + -+6 g 1 + (4k+4)g2 a. = 0 ( 
24k ) 

,a. 5 ,a. • 
(3.1.3.7b) 

-g0 + (2k + 2)g1 + - + 5 g2 = 0 k . ( 80k ) 
3 ,a: ,a: 21 ,a: 

(3.L3.7c) 

g 0 _ + g 1 + -- + 1 h0 a. + (2k- 1)h1 a. - -h2 a: = 0 ( 
4k ) 2k 

.~ ,a. 3 , ' 3 . (3.1.3.7d) 

( 
24k ) (2k- 2)h0,a: + --

5
- + 6 h 1,a: + (4k- 4)h2,a: = 0 _ (3.1.3.7e) 

- -h0 a. + {2k-2)h1 a + -- +5 h2 a = 0 k ( 80k ) 
3 . . 21 . 

(3. L3.7t) 

The above system of equations (3 .1.3. 7) will have non-trivial solution if Dik) = 0 where Dik) 

is given by (2.1.3 .8). 

This gives 7.5232k6 
- 112.8488k4 

+ 192k2 = 0 

k = 0 ,0, ± 3.6116, ± 1.3988. As before we will take 
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k, = 3.6116 k2 = 1.3988 

Again equating the coefficients of e' and e _, on each side of the equations (3.1.3.1) to 

(3 .1.3 .6) we have two sets of equations 

and 

1 185 
-g0 R + 4g1 R + --g2 R = - 5A 3 •t' ,p 21 ,p 

6 
-h1 n = 2A 5 ,p 

1 25 
-h R + -h =- 5A 
3 O,p 21 2 '1} 

1 2 
-go y + gl y + - g2 p + ho p - hl p = - 2B 3 " ' 3 , ' ' 

6 
-g ·= -2B 
5 I.y 

(3.1.3.8a) 

(3.1.3.8b) 

(3.1.3.8c) 

(3.1.3.8d) 

(3.1.3.8e) 

(3.1.3.8t) 

(3.1.3.9a) 

(3.1.3.9b) 
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-5B (3.1.3.9c) 

7 2 
go.y + g 1.r + -h - 3h + -h = 2B 

3 O.y l,y 3 2,y (3.1.3.9d) 

4h. . - 2ih 8h = - 2B 
- O,y 

5 
l,y - 2,y (3.1.3.9e) 

l_h - 4h + 
185 h = 5B 3 O,y. l,y 21 2,y 

(3.1.3.9f) 

The boundary condition in this case becomes 

h (l) + h(2 ) h h 0 + 0 p + 0 ::: 0,1X O,IX , ,y (3.1.3.10a) 

h (l) h(2) h h 0 
l,IX + l,IX + 1,13 + 1,y = (3.1.3.10b) 

h (1) + h (2) h h 0 
2 2 + 2R + 2 = ,IX ,IX •I' ,y . 

(3.1.3.10c) 

Solving (3.1.3.8) and (3.1.3.9) we find different constants which are given below. 

As in case of first approximations we obtain the required constants 

(1) - 180.8898, h(l) = -9.3888 gO,IX = O,IX 

(2) - 11.5438, h(2) = -2.9256 gO,IX = O,IX 

g(l) = 
I, IX 

101.95577, h(l) = 
l,IX -12.2123 

(2) 
g,,!X = -6.1007, h?~ = 3.0180 
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g(l) = 
2,a -38.5290, h(l) = 

2,a 13.6550 

(2) g2 ,a = - 13.8553, hi~~ = 6.0737 

go,p = - 18.9443' h 0 ,p = 12.2901 

gl,p = - 11.7276, hi,(} = 9.1943 

g2,(} = -7.7392' h2,(} = - 19.7287 

gO,y = -36. 2250, h0,
1 

=- 155.7106 

gl,y = -7.5277, h =- 8 8699 l,y . 

g2,y = -29.1130, h =- 33 8258 2,y . ~ 

Finally, we calculate the source function. This is obtained by using the known constants. Thus , 

[ 
1 - k "t 

~1:) = 1(0,0) Ae"t + Be-T; + "2 - 20.43 98e 1 
-



127 

3.2 Solution of a radiative transfer problem in finite atmosphere with 

Rayleigh phase function using a modified form of spherical harmonic method. 

3.2.1 The problem and development of equations. 

We know that Rayleigh phase function is a three-term phase function and given by 

The equation of transfer in case of plane parallel atmosphere with spherical symmetry is as 

usual given by 

1 

lld/~:11) = /(1:,Jl)- ~Ip{Jl,Jl')J(-r:,Jl')dJl' (3.2.1.1) 

- 1 

where the symbols have their usual meanings. The equation (3 .2.1.1) will be solved subject to the 

boundary condition which are stated in section 3.1 but they are again restated 

(a) Absence of incident radiation from outside at the free surface 1: = 0, i.e., 

l(t,l1} = 0 for -1 ~ 11 ~ 0 (3.2.1.2a) 

(b) No incoming radiation at -r: = -r:0 i.e. 

(3.2.1.2b) 

The Rayleigh phase function is given by 

(3.2.1.3) 
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We consider the two forms of intensity given by (3a) and (3b). With these forms the equation 

of transfer (3.2.1.1) becomes 

(3.2.1.4) 

and 

(3.2.1.5) 

Using (3a) and (3b) in equations (3 .2.1.4) and (3 .2.1.5) we obtain the same set of ordinary 

differential equations as obtained in Sec (2.2), but for clarity we restate them below. 

+ (3 2 
- 1)[- 2_(I+ -I-)- -3 (I+ + I-}j 

J.1 64 2 2 320 3 3 (3.2.1.6a) 

and 
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(3.2.1.6b) 

We will use the recurrence formula for Legendre polynomials and their orthogonal properties. 

Therefore, multiplying (3.2.1.6a) by P/211 - 1) and integrating over [0, 1] and using (3c) we obtain 

<J>'(-c)J
1

uP
1
(2n-l)du + l [/

2
-//,• +21J+' + 

r r r 4(2/+1) 2/-1/-2 /-I 
0 

+ 12/
3 

+ 18/
2

-21- 41+' + 2(/+1)/+' + /
2 

+ 31 + 2/+']= 
(2/+3)(2/-1) l /+I 21 + 3 /+2 

- .!o
0
.- s+ t=0,1,2, .... ,L 

2 I 
(3.2.1.7a) 

In a similar manner ifwe multiply (3.2.1.6b) by P1(2Jl + l)and integrate over [-1,0] we have 

<J>'(-c) JlJ.lP
1
(2!l + 1 )du + l [ 

12
- I r· - 21r·. + 

r 4(2/ + 1) 2/- 1 t-2 t-1 
-I 
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0 

= [lfr(Jl)P1(2Jl+I)dJl + 
1 [1I1~ 1 - (2/+1)/1- + (/+1)/1~ 1 ]-2/ + 1 

- 1 

- ~o01 -s-, l=O,I,2, .... ,L (3.2.1.7b) 

where S .. ,S- are defined in section (2.2.1). The equations (3.2.1. 7a) and (3.2.1. 7b) are to be solved 

subject to the boundary conditions (3 .2.1.2a) and (3 .2.1.2b ). Also in case of L-th approximations 

we will assume 

(3.2. 1.8) 

Also we assume a trial solution of the form 

(3.2.1.9a) 

I -( ) h - k"t h -"t h "t 
I "t = l,a.e + l,pe + l,ye (3.2.L9b) 

where g1,a., g1,p, g1,.1
, h1,a., !11,p, h1,1 

are constants. From the boundary condition we have 

n-1 

{' h (r) + hi n + hi = 0 L /,a ,.., ,y (3.2.1.10) 
r=l 

where krare the n-2 roots of the determinant of order N. It will be found that there will be two zero 
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roots for all order of approximation L Here will consider two approximations, viz. L = 1 and L = 2. 

The source function is defined by 

where I 

J('r:) = ~ f I('r:,JI)dJ.r 
-1 

and 

1 

K('t) = ~ f /(1:,Jl)JI2dJ.1 
-1 

3.2.2 First Approximation. 

and 

In this case L = l, and we neglect/2~ and /2-. 

For I= 0,1 we have from (3.2.1. 7a) · 

( 
2Io ... · + 254 It ... ·) - ~r - 909 r - _2_r + ~r = - 2"''(1:) 

32° 160l 32° 160l 't' 

For I= 0,1 from (3.2.1.7b) we get 

(3.2.1.11) 

(3.2.1.12) 

(3.2.1.13) 

(3.2.2.1) 

(3.2.2.2) 

(3.2.2.3) 



132 

( - 2r· + 24 r·) - ]_r -~r - ~r + 909 r -2<J>'('r) 
0 5 l 32 ° 160 l 32 ° 160 l 

(3.2.2.4) 

Inserting equation (3.2.1.9a) and (3.2.1.9b) in the above four equations and equating the 

coefficients of e -h we obtain the following set of equations 

( 4 k + 1 ) g 0 a + ( 2 k + 1 )g 1 a + h 0 a - h 1 a = 0 3 , , , , (3.2.2.5i) 

( 
2k 61) ( 24k 909) 3 h - 51 h - 0 

+ 32 go,a. + -5- + 160 gl,a. + 32 o,a. 160 l,a -
(3.2.2.5ii) 

(3 .2.2. 5iii) 

3 51 ( 2k 61)h ( 24k 909)h -0 
32go,a+160g1,a.+- +32 O,a+-5--160 l,a- (3.2.2.5iv) 

The equations (3.2.2.5) will have a nontrivial solution if 

(3.2.2.6) 

where D 1(k) is given by the equation (2.2.1.6). Again, in a similar manner if we compare the 

coefficients-of e -1:, e"t then we obtain, 
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(3.2.2.7a) 

12 5 + 1 6 7 7 + .2_ h _ 5 1 h _ _ 2A 
3 2 go,p 160 gl,p 32 o,p 160 l,p - (3.2.2.7b) 

.]_ + _5_ + .]_h - 141 h = -2A 
3 2 go,p 160 gl,p 3 2 o,p 160 l,p (3.2.2.6c) 

(3.2.2.6d) 

and 

1 3 go,y + gl,y - ho,y + hl,y = - 2B (3.2.2.7a) 

.]_ - 141 - .]_h + ~h = -2B 
32g0'1 160g1'1 32 o,y 160 l,y {3.2.2.7b) 

.]_ + 2!.._ + 125 h _ 1677 h = 2B 
32gO,y 160gl,y 32 O,y 160 l,y {3.2.2.7c) 

7 g, + g + -h + h = 2B O,y l,y 3 O,y l,y {3.2.2.7d) 

Using the boundary condition we find that 

(3.2.2.8a) 
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hl + h1 R + h 1 • = 0 ,a •t' • r (3.2.2.8b) 

From (3.2.2.6) we have k = 0, 0, ± 2.9167. To satisfy the boundary condition we will take 

only the positive root ofk, i.e., k = 2.9167. From the boundary condition (3.3.1.2b) taking 1:0 = .1 

we obtain 

A= 5.5166, B =- 4.5166 (3.2.2.9) 

Solving the equations (3.2.2.5), (3.2.2.6), (3.2.2. 7) and using (3.2.2.9) we obtain 

g0 = - 7.0829 , ,a h0 a = 7.6376 

g 1 ,a = .2.5995 , hl,a =- 9.2267 

Ko,f> = 0. 7397 , h0 ,f> =-2.1987 · 

g 1,f> = - .9827, hl,f> = 12.0092 

Ko, 
1 

= 32.4842 , h = -9 8363 O,y . 

g 1,
1 

= - 8.8476, hl,y = - 2.7826 
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Now we are in a position to calculate the source function. From section 2.2.1 we see that this is given 

by 

(3.2.2.10) 

where 

1(<) = J(O,O)[cf>(<) + ~ - 5.3369e _,, + 2 I.39!9e ., + 7.6726•'] (3.3.2.11) 

and 

K(<) = /(0,0)[~') + ! -3.3312e-'' + 2.2986e'' + 2.6733•'] (3.3.2.12) 

thereby the source function and consequently the intensity at any surface can be found out. 

3.2.3. Second approximation. 

Here L =2. Following the same procedure (Section 2.2.3) we obtain the same set of ordinary 

differential equations and these are described below 

(3.2.3.1) 

- ~I- + _2!_I- - _!!_I- = - 2$'(-c) 
32 ° 160 

1 
32 

2 (3.2.3.2) 
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( 
61) (24k 909) ( 119) 2k+- g + -+-- gl + 4k+- g2 + 
32 O,a. 5 160 ,a. 32 .a. 

+ ]__h - _2_!__h + _J_h = 0 
32 O,a 160 I,a 32 2 'a 

(3.2.3.7h) 

( 
k 1 l ( 2k 623) ( 80k 31 7) 3 - 64 Ko,a. + + 320 Kt,a. + ~ + M g 2,a. + 

+ -
1-h - J]_h + j_h = 0 

64 O,a 320 l,a 64 2 •a 
(3.2.3.7c) 

g 0 a. + g 1 a. + -- + 1 h0 a. + (2k- 1 }h1 a. - -h2 = 0 ( 
4k l . 2k 

, , 3 . , ' 3 ,ex 
(3.2.3.7d) 

+ ( -2k+~}h + ( 
24

k-
909 }h + ( -4k+..!...!..2.Jh = 0 3 2 O,a. 5 16 0 l ,a. 3 2 2 ·a. 

(3.2.3.7e) 



138 

1 17 3 
-g + --g + -g + 
64 °' 11 320 1

'
11 64 2

'
11 

( 
k 1 ) h ( 2k. 623) h ( 80k 31 7) h - 0 

+ -3- 64 o,« + - 32o l.« + -21 + M 2·« -
(3.2.3.7f) 

The above set of equations will have nontrivial solution if D2 (k) = 0 • where Dik) is given 

in section 2.2.3. Therefore 

D2 (k) = 7.5193k 6 - 104.9134k4 + 155.433lk2 = 0 

This gives 

k = 0, 0, ± 1.298, ± 3.503 (3.2.3.8) 

As usual we will take only the positive roots k1 = 1.298. k2 . = 3.503 

Next, equating the coefficients of e -h: ,e 'we obtain respectively the following equations (3.2.3.9) 

and (3.2.3.10). These are given below 

(3.2.3.10a) 

3.9lg0.1> + 10.48g1.1> + 7.72g2.1> - .09h0,p + .32h1,p - .28h2,p = - 2A (3.2.3.10b) 

.3lg0,p + 3.95g1,p + 8.76g2,p - .02h0,p - .05hLP - .05h2,p = 0 (3.2.3.10c) 



- 0.09g0,p - .32g1,p - .28g2,p + .09h0,p + .88h1,p + .28h2,p = 2A 

.02gO,f} + .05gl,f} + .47g2,f} - .35hO,f} + .05hl,f} - 1.14h2,f} = 0 

and comparing the coefficients of e' The following equations are given 

0.09g0,""f - .79g1,""f + .28g2,""f - .09h0,""f + .32h1,""f - .28h2,-y = - 2B 

0.35g0 "11 + .05g1 ... - 1.14g2 ., + .02h0 + .05h
1 

- .05h2 = 0 ,, ,, ,, ,""f ;y ,""f 

Ko,r + g1,""f - 2.33h0,""f - 3h1,""f - .66h2,""f = - 2B 

.09g0,""f - .32g1,""f + .28g2,""f + .09h0,""f + .88h1,""f + .28h2,.., = - 2B 

0.02g0_
1 

+ .05g1_
1 

+ .47g2_
1 

- .3lh0,
1 

- .05h1•
1 

- 1.14h2_
1 

= 0 

Next, from the boundary condition we have, 
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(3.2.3. IOd) 

(3.2.3.10e) 

(3.2.3.10t) 

(3.2.3. Ila) 

(3.2.3. I lb) 

(3.2.3.11c) 

(3.2.3.lld) 

(3.2.3. Ile) 

(3.2.3.llt) 
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(3.2.3.12) 

Solving (3.2.3.9), (3.2.3.10), (3.2.3.11) and (3.2.3.12) we have 

(I) 
g0 ,cx = - 4.2634, h~:~ = 2.6597 

(2) 
g 0 ,cx = - 2.3824, h~~~ = - 24.9132 

(I) 
gi,cx = 3.0652, h~~~ = -0.5578 

(2) 
gi,cx = 1.2377, h~2~ = - 17.9606 

(I) 
g 2 ex = - 1.2908, 

(2) 
g 2 ,a. = - 0.4011, hy~ = -4.7422 

gO,!} = - 19.4683, h 0 ,!} = 20.8799 

KI,J} = 8.2659, hi,!} = 9.3488 



g2,J} = - 3.0141, 

g0 = 15.1486, 
,"f 

gl = - 5.6184, ,"f . 

g2 = 4.5346, ,y 

h2,J} = 3.4685 

h = 1.3736 O.y 

hl = 8.0399 
,"f 

h2 = 3.5398 ,"f 

141 

The source function in this case is obtained from (3.2.2.10) but the mean intensity J(-r:) and the K · 

integral K( -r:) are given by 

J(~) = J(O,O+f>(~) + ~ - l.l039e _,,, + l.2720e _.,, - 5.6834e-' + 4.0476e'] 

and 

K(~) = /(0,0)[ "'i~) + ~ - O.l193e _,,, - l.6192e -•,, - 1.0234e _, + 2.3897e'] 

Substituting the last two relations (3 .2.2.1 0) we can find the source function from which the intensity 
-
at any surface can be calculated. 
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3.3 Solution of a radiative transfer problem in finite atmosphere with 

Planetary phase function using a modified form of spherical harmonic method. 

3.3.1 The problem and the basic equations. 

Here we consider the phase function which is of the form 

where a is some constant. The equation of transfer in case of plane parallel atmosphere with 

anisotropic scattering is given by 

I 

1 rp(uiii\Tf-ul\.1 11 1 2 1 ,-,,- J.L 1.. '-,,- JU r- (3.3.1.1) 

- I 

where the symbols have their usual meanings. The equation (3 .3.1.1) will be solved subject to the 

boundary conditions which are stated in section 3. 1 but they are again restated 

(a) Absence of incident radiation from outside at the free surface -c = 0, i.e., 

I( -c, 1.1) = 0 for -1 ~ 1.1 ~ 0 (3.3.1.2a) 

(b) No incoming radiation at -c = -c0 , i.e., 

(3.3.1.2b) 

We consider the forms of intensity given by (3a) and (3b ). Using these two forms, the 

equation of transfer now takes the forms 

d! + (""L,f.L) 
f.l d-e 

- T . 1 Jo . , I . , d , II . , -. , d , 1 = 1 (-c,l.l) - 2 P(l.l,l.l) -(""L,I.l) 1.1 + P(f.l,l.l )JT(""L,I.l) 1.1 1 
-I 0 

(3.3.1.3) 
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and tjr(J.t) is given by (3c); the fonn of <P('t) will be specified later. 

Next,multiplying (3.3.1.5) by P1(2 11 - 1) and integrating over [0, 1] and using (3c) and the 

orthogonal property of Legendre polynomials in [0, 1] we obtain 

1 

<J>'('t) f J.tP1(2J.t - 1 )dJ.t 
0 

+ . 1. [ 12 -I r·· + 2lr·· + 
4(21 + 1) 2/-1 /- 2 /-] 

12/
3 

+ 18/
2

-21- 41+' + 2(/+1)1+' + /
2 

+ 3/ + 21+·]·= 
(2/+3)(2/-1) 1 

l+
1 2/+3 /+ 2 

1 

= Jw<ll)P1(2 11 -t)dll + 
1 (u~~~ + (2/+ 1)11~ +(I+ t)I1: 1]-

2

1 o0,-
0 . . 2(2/ + 1) 

1 

- ~001[10"' +11"' -10- +11-]-arfJ1P1(2J.t-l)dJ1, 1=0,1,2, ..... ,L 
0 

Similarly multiplying (3.3.1.6) by P1(2J1 +I) and integrating over [-1,0] we have 

<j>'('t)J

0

J.1P
1
(2u +1)du + l [/

2
-/ r' - 2/l-· + 

,.. ,.. 4(2/ + 1) 2/- 1 1- 2 1- 1 

- 1 

+ 12P + 18/
2

-21- 4r· _ 2(1 + 1>1 -· + t 2 
+ 31 + 2 1 -·] = 

(2/ + 3 )(2/- 1) I /+I 2/ + 3 /+ 2 

(3.3.1.7) 
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0 

= ftJr(!l)P1(2!l + 1 )df.I + 
1 [111~ 1 - (2/ + 1 )I,- + (I+ 1 )11~ 1 ] -

2

1 
001 -

2(2/ +I) 
- I 

0 

I~ [ ~ ~ - -] f -
4

u 01 10 +/1 -/0 +/1 -aT JlP1(2f.1+1)dJl, I=O,I,2, ..... ,L (3.3.1.8) 

- 1 

where 1/ denotes the derivative with respective to the optical thickness and o is the Kronecker delta. 

For example setting successively I= 0, I= 1 ,and I= 2 in (3.3.1. 7) we obtain 

(3.3.1.9) 

(3.3.1.10) 

( 
ll... 1... 801 .. · .. · 12 .. ·) ( .. .. .. ) 3 0 + 2 1 + 21 2 + 6/2 + 514 - 211 + 512 + 313 = 0 (3.3.1.11) 

and for I "' 0 , I ,2 we have from (3 .3 .1. 7) 

<J>'('t) !1 

flP
1
(2!l - 1 )df.l + I [ 

12 
-I 1 ~· + 2/l~· + 

4(2/ + 1) 2/- 1 /- 2 /-I 
0 



I 

f 1 [ + + +] = \fr(Jl)P1(2J1- 1)dJ1 + II1_ 1 + (2/ + 1)/1 + (/ + 1)/1+1 + 
0 2(2/ + 1) . 

I 

+ aT J J1P1(2fJ- 1 )dfJ 
0 
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(3.3.1.12) 

Again setting successively I= 0 , I= 1 ,and I= 2 in (3 .3 .1. 8) we obtain the following ordinary 

differential equations 

(3.3.1.13) 

(3.3.1.14) 

(3.3.1.15) --

and for I~ 0 ,I ,2 we have from (3.3.1.8) 

4>'(-c)f
0

fJP1(2fJ + l)dfJ + 
1 

[ 
12 

-I r· - 21r' + 
-I 4(21+1) 21-! 1

-
2 

/-l 



0 

= J o/(Jl)P1(2 fl + 1 )dfl + 
1 [u1~ 1 - (2/ + 1 )11- + u + 1 )/1~ 1 ] + . 

2/ + 1 
- I 

0 

+ aT f JlP1(2Jl + 1 )dfl 
- I 

147 

(3.3.1.16) 

We solve equations (3.3.1.7) to (3.3.1.8) subject to the boundary conditions (3.3.1.2a) and 

(3.3.1.2b) and the form of<l>("t) is taken as 

(3.3.1.17) 

Let us assume the trial solution as 

J+("t) =g e-k't +g e-'t +g e't 
I /,a. 1,~ I, "f (3.3.1.18a) 

(3.3.1.18b) 

where g1,a, g1,p, g1,.,, h1,a., h1,p, h1,., are constants. As before, when we are working in L th 

approximations we will neglect (+ 1 , lr-T 1 • 
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3.3.2. First approximate solution. 

Here L = 1. Therefore putting successively I= 0,1 in the equations (3.3.1.9) and (3.3.1.10) 

we obtain following the ordinary differential equations. 

(3.3.2.1) 

(3.3.2.2) 

( ; I,-· - u;·) + (I; + I1' + I,' - I;) - aR ~ - 2 + 2cf>'(<) (3.3.2.3) 

( 
-· 24 -•) ( - -) "'' - 210 + 

5
11 ~ 2 10 - 311 + aR = - 2'1' (t) (3.3.2.4) 

where 

(3.3.2.5) 

Substituting the forms (3.3.1.18a) and (3.3.1.18b) in (3.3.2.1) to (3.3.2.4) and comparing the 

coefficients of e -k't we obtain the following linear equations 
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( 

4
k + I - a) g,0 + ( 2k + I - a) g 1 + ( I - a) h0 + (- I + a) h1 = 0 

3 3 .a. 2 ,a. 3 '11 2 ' 11 (3.3.2.5a) 

( 
a) ( 24k a) a a 2k + 2 - - g, + -- + 6 - - g - -h + -h = 0 
3 0.11 5 2 1,11 3 0,11 2 I.a. (3.3.2.5b) 

( 1-a)g,o +(1-a)gl +(-4k+l-a)ho +(2k-I+a)hl =0 3 ,a. 2 ,a. 3 3 ,a. 2 '11 (3.3.2.5c) 

a a ( a) · ( 24k a) -g, + -g + 2k-I +-. h + ---+6+- h = 0 
3 0.11 _ 2 l,a. 3 O,a. 5 2 1,11 

(3.3.2.5d) 

The above system (3.3.2.5) will have non-trivial solution if the determinant of the coefficients 

vanishes, i.e, if D 1(k) = 0 where 

1 + 4k _a 2k- a 1- a a -1 +-
3 3 2 3 2 

a 2k +2-- 24k + 6 _a a a 
3 5 2 3 2 

D~(k) = 
_ 4k + 1 _a 1- a 1- a a 2k -1 +-

3 2 3 3 2 

a a a _ 24k + 6 _a - 2k- 2 +-
3 2 3 5 2 



150 

Let us take a= 2.319461. Then D 1(k) = 0 implies that 

5.76k 4 
- 6.030229k 2 = 0. 

or, k = 0, 0, ± 1.0238165 (3.3.2.6) 

If we compare the coefficients of e- 't from (3.3.2.1) (3.3.2.4) we obtain the following 

equations 

(3.3.2.7a) 

(3.3.2.7b) 

(3.3.2.7c) 

(3.3.2.7d) 

and comparing the coefficients of e 't we have the following equations 

( _!_ + a) g0 + ( 1 + a) g 1 + ( - 1 + a) 110 + ( 1 - a) h = - 2B 3 3 ,y 2 ,y 3 ,y 2 l,y 
(3.3.2.8a) 
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a ( 6 a] ah _ ah _(T + --+- g +-3 oo,y 5 2 l,y 3 o,y 2 l,y = -2B (3.3.2.8b) 

(1-a]u +(1-a]g +(!__a]h +(-3+a]h = 2B 3 oo,y 2 l,y 3. 3 o,y 2 l,y 
(3.3.2.8c) 

+(-4+a]h +(54_a]h =- 2B 3 3 O,y 5 2 l,y 
(3.3.2.8d) 

Now, from the boundary condition (3.3.1.2a) we have 

(3.3.2.9a) 

hi + hi A + hi = 0 ,a. ,.., ,y (3.3.2.9b) 

From the boundary condition (3 .3 .1.2b) taking 1:0 = .1 we obtain 

A= 5.5166547, B =- 4.5166547 

Finally, solving (3.2.2.5), (3.2.2.7) and (3.2.2.8) we have 

g0 ,a. =- 194.6346, h0 a. =- 23.3784 

gi = 64.5706 ' ,a hl,a = 9.1931 
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gO,J> = - 18.1239, hO,J> = 23.3738 

gl,J> = 5.6911 ' hl,J> =9.1931 

g0 = 19.1405, ;y h =- 14 8358 O;y . 

gl =-7.5267, 
,"f 

h =- 4 6595 . l,y . 

Finally, we can calculate the source function and this is given by . 

+a~( -5.1858e-><- O.OO!Oe-' + 0.003Ie') l (3.3.2.10) 
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3.4. Solution of a radiative transfer problem in finite atmosphere with 

Henyey-Greenstein phase function using a modified form of spherical harmonic method. 

Here we shall be concerned with another type of phase function called Henyey - Greenstein 

pl\ase function. This phase function contains a parameter ( g ). In our discussion we shall be 

concerned with only one value of g which is associated with the fundamental equations which we are 

going to describe. 

3.4.1. The problem and the basic equations. 

The equation of transfer appropriate to the problem is 

1 

Jl dl~~Jl) = J('r,J.t) - ~ J p{J.t,J.t')J(-c,J.t)dJ.t' (3.4.1.1) 
-1 

where the symbols have their usual meanings and this equation is to solved subject to the boundary 

conditions given by 

(a) Absence of incident radiation from outside at the free surface -c = 0, i.e. 

I('r,J.t) = 0 for -1 ~ J.t ~ 0 (3A1.2a) . 

(b) No incoming radiation at -c = -c0 i.e. 

(3.4.1.2b) 

Here we shall take the same two forms of intensity given by (3a) and (3b). Using these two 

forms of intensity the equation transfer becomes 



154 

(3.4.1.2) 

(3.4.1.3) 

The form of the Henyey-Greenstein phase function is 

3 

p((.q.l') = LwkPk(~)Pk(~') (3.4.1.4) 
k=O 

where w k are constants . 

Here g is called the anisotropy and is defined by 

g = ( cos(8)) 

Inserting the equations (3a) and (Jb) in equations (3.4.1.2) and (3.4.1.3) we obtain 

l=L 

+ L(21+1)ll+('r)~PI(2~-1)- ao- o:l~- a2~2- 0:3113 (3.4.1.5) 
1=0 

and 



where 

l=L 

+ L(21+ 1)1I-(r)JlPI(2!1 + 1)- O:o- O:IJl :__ 0:2!12- 0:3!13 

!=0 

3g 21g
3 

g( + -} ( 3g 21g
3
)( + -) a =- + -- + -1 +1 + ---- I -1 + 

I 4 32 2 O O 4 16 1 1 

+ ( g - 3 9 g 3 ) (i + + r) - 2 1 g 3 I 1 + - r) - 3 g 3 (I + r )j 
4 16 2 2 16 ~ 3 3 16 4 4 
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(3.4.1.6) 

(3.4.1.7a) 

(3.4.1.7b) 

(3.4.1.7c) 
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(3.4.1. 7d) 

In the next few steps we will make use of the recurrence formula for Legendre polynomials 

Multiplying (3.4.1.5) by P1(2~ -I)and integrating over [O,I] and using the orthogonal 

properties of Legendre polynomials in [0, 1] we get 

<jl'('t:) J\.tP1(2~ - I )d~ + 1 [ 
12

- 1 r· + 21r' + 
o 4(2/ + I) 2/- I 1-2 1-l 

12J3 + 18/
2 

- 21- 41 +' + 2(1 + 1 )1/~1 + /
2 

+ 31 + 21 +'] == 
(2/+3)(2/-1) I 2/+3 /+

2 

1 

- f(a. +a,~+ «,~2 + a,~')P1(2~ -l)d~, /o0,1,2, ...... ,L (3.4.1.8) 

0 

Similarly multiplying (3.4.1.6) by P1(2 ~ + I ),using the orthogonal property of Legendre polynomial 

in [ -1,0] and integrating over [ -1,0] we obtain 
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..k'_('t)JoJ.lPr(2J.l + l)dJ.l + 1 ['z -1 r· - 2lr· + 
'+' 4(2/ + 1) 2/- I !-Z r-t 

- I 

+ I21
3

+ISI
2
-2I-4r· _ 2(/+I)r· + 1

2
+31+2r·]= 

{2/+3)(2/-1) I l>-l 2/+3 1
'"
2 

0 

- J(a, +a,~ +a,~' + a,~')P1(2~ + l)d~, t~O,l,2, ...... ,L (3.4. 1.9) 

- 1 

The eqautions (3.4.1.8) and (3.4.1.9) are to be solved subject to the boundary conditions (3.4.1.2a) 

and (3. 4 .1.2b ). Further we assume the form of Q>( -r) as 

where -r is small and A and Bare constants which are to be determined. We assume a trial solution 

of the form 

(3.4.1.10a) 

(3.4.1.10b) 
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Further from the boundary condition (3.4.1.2a) 

r=n-! 

L htj + hLP + hl.y = 0 (3.4.2.11) 
r=! 

3.4.2. First Approximate solution 

In this case L = 1 and from (3a) and (3b) we have respectively, 

(3.4.2.1} 

and 

(3.4.2.2) 

Putting successively I= 0, 1 in equations (3.4.1.8) and (3.4.1.9) we get the following ordinary 

differential equations 

( 4 +' :+') ( )( + -) ( 3g 7g
3

)( + -)-J /0 + 2/i + g - 1 / 0 + 10 + - 1 + T -l(j / 1 - / 1 -

3g 7g3 

= - 2Q>'('t) + 2 - - - -
2 16 

(3.4.2.1) 

( 
+' 24 +') ( 1 s 2

) ... ( 1 s 2
) -2/o + -/I + - 2 + g + ____:_£__ Io + g- __::_}J_ lo + 

5 16 ' 16 



= -2<1>\t) 
3g 
2 

2lg3 

+--
32 

= 2<l>'(t) - 2 
3g 7g 3 

+- + --
2 16 

+ (-2 + + Isg2)r + (6- 3g- 5Ig2- 2Ig3)r 
g 16 O 2 16 16 I 

= - 2<1>'(-r) 
3g 
2 

2lg 3 

+--
32 
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(3.4.2.2) 

(3.4.2.3) 

(3.4.2.4) 

If we vary the parameter g then we get a system of differential equations for various values 

of g. We shall be concerned with only one value of g. Now comparing the various parts of we get sets 
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of linear equations from which we have to determine the constants. The steps are exactly same 

which we all along dealt with; Therefore we have, by using (3. 4 .1. 1 Oa) and (3. 4. 1.1 Ob) in equations 

(3.4.2.1) to (3.4.2.4) and comparing the coefficients of e- k"r we obtain 

( ~ + .5 )g._. + (2k + .3 047)g1_. + .5h0_. - .304 1h1.• = 0 (3.4.2.7a) 

( 
24k ) {2k+1.2656)g0_~ + -

5
-+4.2891 g1.~- .2656h0_~ + .1172h1.~ = 0 (3.4.2.7b) 

(3.4.2.7c) 

( 
24k ) .2656go.~ + .1172gl.~ + {2k-1.2656)ho,~ + --5-+4.2891 hl,a.. = 0 (3.4.2.5d) 

The determinant of the coefficients g0,a., g 1,ct, h0,ct, h1,(1 In equation (3.4.1.5) is given by 
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If the system of equations (3.4.2.5) have non-trivial solution then we must have 

. (3.4.2.6) 

Therefore we have k = 0, 0, ± 1.4329 . 

Again, using (3.4.1.10a) and (3.4.1.10b) in equations (3.4.2.1) and (3.4.2.4) and comparing 

the coefficients of e - -r, e "t we get 

(: -g)g~P + ( 3- 3; + 71~' )K,,p + (I-g)ho.p + 

+ - 1 + _lf_ - _K_ h = - 2A ( 3 7 
3

) 
\ 2 16 !,p 

(3.4.2.7a) 

(
4- _15g

2
) +(~_3g_51g2 _21g3 ) +(15g

2
_ )h + 

g 16 go,p 5 2 16 16 Kt,p 16 g o,p 

(
3g_51g2+21g3)h =-2A 
2 16 16 I,p 

(3.4.2.7b) 

( 
3 7 

3
) + 1 + _K - _K_ h1 " = - 2A 

2 16 ,p 
(3.4.2.7c) 
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+(6_3g_51g
2

_21g
3
)h = 2A 

5 2 16 16 l,J3 
(3.4.2.7d) 

and equating the coefficients of e • we get 

( _!_+g) go + ( 1 + 3g- 7g3l gl + (g-l)ho + 
3 ,y - 2 16 ,y ,y 

+ 1-__]f +_j{__ h = -2B ( 
3 7 

3
] 

2 1 6 l.y (3.4.2.8a) 

( 
15g

2
) ( 6 3g 51g

2 
21g

3
) ( 15g

2
) 

g + ~ go,y + - 5 + 2 +~ + ~ gl,y +. g-~ ho,y + 

+(-3g+51g2_21g3)h =-2B 
2 16 16 I~ 

(3.4.2.8b) 

{1-g)g,o + ( 1- 3g +-7g3] gi + (2 -g) ho + ,y 2 16 ,y 3 ,y 
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+ - 3 + __]f - _K_ h = 2B ( 
3 7 

3
) 

2 16 I,y 
(3.4.2.8c) 

( 
_15g

2
) +(3g_5lg

2
+2lg

3
) +(- 4 + +I5g

2
)h + 

g 1 6 gO,y 2 1 6 1 6 gt,y g 1 6 O,y 

+ ( 2_i- 3g- 5lg2- 2lg3)h = -2B 
5 2 16 16 t,y 

(3.4.2.8d) 

Now, from the boundary condition (3.4.1.2a) we have 

(3.3.2.9a) 

hl + hlA + h1 = 0 ,a ,.., ,y (3.3.2.9b) 

From the boundary condition (3.4.1.2b) taking 1:0 = .1 we obtain 

A= 5.5166547, B =- 4.5166547 

Finally, solving (3.4.2.5), (3.4.2.7) and (3.4.2.8) we have 

g0 = 4.2656. ,a h =- 13 7708 
O,a • 

gl = - 1.8193. ,a h = -7 9130 l,a · 

gO,j} = 21.1762 , h0.1> = 31. 1084 
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gl,l) = 7.1262 ' hl~ = 13.7475 

gO,y = 25.4694 , h0,., =-17.3376 

gl,y =- 11.2555 ' h = -5 8345 l,y . 

Therefore-the source function is given by 

(3.3.2. iO) 

where 

m1 = 2.6614 - I.0934f.l - I.7645!J.2 
+ I.6660!J.3 (3.3.2.11a) 

m2 = o.3517 + II.6747!J. + 7.I520f.l2
- I.8I03!J.3 (3.3.2.1Ib) 

m3 = 1.o251 + o.ss96f.l- I.79I7f.l2
- I.482IJJ.3 (3.3.2.llc) 

The intensity at any surface can now be calculated. 
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3.5 Solution of a radiative transfer problem in finite atmosphere with 

General phase function using a modified form of spherical harmonic method. 

We will consider this in case of finite atmosphere. Here the treatment of the problem is the 

same as that we have considered in section 2.3 except that the boundary conditions are different.· 

Even the general equations from which we are going to deduce the spherical harmonic equations for 

different cases, will be the same. Therefore, at the beginning we state the basic equation of transfer 

with the appropriate boundary conditions and thereafter we jump few steps (these are identical and 

have already been deduced in section 2.3.1) and state the necessary equations. 

3.5.1. The problem and the basic equations. 

The equation of transfer in case of plane parallel atmosphere with spherical symmetry is as 

usual given by 

(3.5.1.1) 

where the symbols have their usual meanings. The equation (3.5.1.1) will be solved subject to the 

boundary condition which are stated in section 3 .l but they are again restated 

(a) Absence of inciden~ radiation from outside at the free surface 1: = 0, i.e., 

l("t,J.t) = 0 for -1 :5: J.l :5: 0 (3.5.1.2a) 

(b) No incoming radiation 1: = 1:0 at, i.e. 

(3.5.1.2b) 

We will take the same two forms given by equations (3a) and (3b). We consider the phase function 

in the following form 
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00 

p(J!~J!') = Lwki\(ll)Pk(J!') (3.5.1.3) 

k=O 

From section (2.3 .1) we have the following equations 

1 , f 1 [ /2 -/ .,.· .,.• 
<J> (t) J!P1(2f.l- 1)df.l + 11_2 + 21!1_1 + 

4(2/ + 1) 2/- I 
0 

+ I2/3+I8/2-2/-4/ .... + 2(/+I)/.,.. + f2+31+2Ir~2] = [<J>(-r)+I]oor + 
(2/ + 3 )(2/ - I) I IT} 2/ + 3 ' 

00 I [ + ... +] IE ... II I + 1!1 1 + (2/ + I)/1 +(I+ 1)11.,. 1 --
2 

wk.sl.k , =0,1,2, .... ,L (3.5.1.4) 
2(2/ + 1) - k=O 

and 

0 

<J>'(-r) f flP f2 11 + .I)df.l + I [ 
12 

-I r· - 21r' + 
]\. r 4(2/ + 1) 2/- 1 /- 2 /- 1 

- 1 

+ 12/3+18/2-2/-4r·- 2(/+I)r· + J2+31+2Ir~2] = cf>(-r)ooz + 
(2/+3)(2/-1) I hi 2/+3 • 

00 

+ 2(2: + I) [u,~ I - (2/ + 1)1,- + (/ + 1)1,~,]- ~ b w,S,).ll, I= 0, I ,2, ... ,L (3.5.1.5) 

These are two basic equations which will be solved subject to the prescribed boundary 

conditions. Further. in this section we will take two other phase functions apart from isotropic and 

Rayleigh; these are i) Planetary phase function and ii) Henyey-Greenstein phase functions. In other 

words we will deduce spherical harmonic equations for each of these phase functions from this 
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general phase function and show that they are identical with those already obtained in chapter 3. Also 

the notations sl~k, sl~k, n are described in section (2.3.1) 

3.5.2. Different cases. 

3.5.2.1. Isotropic scattering. 

The phase function in this case is 

(3.5.2. 1.1) 

We have as before w0 = 1, and wk = 0, for k ~ 1 

A. First approximations. 

Here L = 1, The spherical harmonics equations were already obtained in section 2.3.2. We 

are not giving details of their development but state only the equations in both approximations. 

(3.5.2.1.2) 

( 
.. · 24k +') ( .. ..) "'~ 2/o + -5-/1 - 2 lo + 3/1 = - 2'1' (1:) (3.5.2.1.3) 

( ; I,-· - 21,-·) + (1,- + I; + I~ - I,-) = - 2 + 21(>'(<) (3.5.2.1.4) 
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( 
_. 24k -·) ( - -} "-' - 210 + -

5
-I t - 2 10 - 31 t = - 2"' ('t) (3.5.2.1.5) 

The equations (3.5.2.2) to (3.5.2.5) are same as those obtained in section 3.1.1 

B. Second approximations. 

Here L = 2. For I= 0, 1,2 from (3.5.1.4) and (3.5.1.5) we get the following spherical 

harmonics equations 

(3.5.2.1.6) 

(3.5.2.1.7) 

(3.5.2.1.8) 

(3.5.2.1.9) 

(3.5.2.1.1 0) 

and 
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(3.5.2. I .11) 

Again these equations (i.e., (3.5.2.1.6) to (3.5.2.1.11)) are identical with the equations obtained in 

the second approximation in the section (3.1.3). There we have found their solutions. 

3.5.2.2. Case IL Rayleigh phase function. 

The Rayleigh phase function is given by 

(3.5.2.2.1) 

we have 
1 

= 0, w2 = 2" and wk = 0, for k;:;.: 3 

The spherical harmonics equations are obtained in the usual manner and we avoid details. 

A. First approximations. 

Here L =1. From (3.5.1.4) we have 

(3.5.2.2.2) 

/=1: (2/0+'+254/1+')- ~/+_909/+_.l_/-+~/-= 2""'() ( 32 0 160 1 32 0 160 1 - 'I' 'C 3.5.2.2.3) 

/=0: (3.5.2.2.4) 
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I= 1: ( - 2/
0
-· + 

24 /t-·J - _2_/0+ - _21_/t' - ~/0- + 
909 

/t- = - 2<f>'(r) (3.5.2.2.5) 
5 32 160 32 160 

So we see that the equations (3.5.2.2.2) to (3.5.2.2.5) are identical with the equations in the section 

(3.2.2) 

B. Second approximations. 

HereL=2 

For l = 0, 1,2 from (3.5.1.5) we have 

(3.5.2.2.6) 

(2/
-.· 24/-.· 4/-.•) ~/ .. - 9091-.- _!__!.2/-.-

0 +-
5 

I + 2 - 0 I 2 
32 160 32 

- _2_1- + _2_!_/- - _!!_I- = - 2<f>'(r) 
3 2 ° 160 l 3 2 2 (3.5.2.2.7) 

+ _I_r- _ 623 1 ,_ _ 317 1 ,_ _ 
64 ° 3 20 t 64 2 

1 - 17 - 3 -
- -Io + --/1 - -/2 = 0 

64 320 64 
(3.5.2.2.8) 

Again for l = 0, 1,2 from (3. 5. I. 4) we obtain in a similar way the following equations 



Here we consider only the first approximation L = 1. 

For!= 0, we have from (3.5.1.4) 

00 ( >;· + u;·) -(I; +I; + I 0- -I;)= 2 - 2<1>'(<) - 2 kw,So~,il 

Here we have obtained 

For I= 1 from (3.5.1.4) we find 

00 

( u;· + 
2;k I;·) -2(I; + W) = - 2<1>'(<) -6 kw,s,~.n 

And using 

( 
~· 24k ... ·) ( ... "") II ""' 210 + -

5
-11 - 2 10 + 311 + a = - 2.., (t} 

For I= 0 from (3.5.1.5) we have 

00 

( :I;· - u;') + (1; +I; + 1; - I;) = - 2 + 2<1>' (<) -2 J;.w,S0:,il 

Once again using II , S0- k we obtain after simplification 
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(3.5.2.3.2) 

(3.5.2.3.3) 
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(3.5.2.3.4) 

Finally for/= 1 from (3.5.1.5) we get 

~ 

( 
-· 24k -·) ( - -) "'' {' s- II - 2/o + -5-/1 - 2 Io - 3/1 = - 2't" (t:) -6 L*'k l,k 

k=l 

usmg II, S1~k we obtain after simplification 

( -210-· + 
2:k I,-·) - 2(1.- - 3/,-) + a II = - 2cf>'(<) (3.5.2.3.5) 

Thus we see that once again we get identical equations which we have obtained in section 3.3.2 if we 

setR=Il 

3.5.2.4. Case IV • Henyey - Greenstein Phase function. 

Here the phase function is defined by 

Comparing (3.5.2.4.1) with (3.5.1.3) we get 

*'o = 1 'WI == 3g w = 5g3 w = 7g3 and w = 0 +or k > 4 ' 2 ' 3 k ' j' -

Here we consider only the first approximation L = 1. 

For I= 0, we have from (3.5.1.4) 

(3.5.2.4.1) 



00 

( :I;· + 2I;·) - (I; +I; +I~ -I,-)= 2 - 2c!J'<•> - 2 J;.w,s.~,n 

Now we have to find different II s for k and I. Varying k and I we get 

I II=-+ 
2 

I II = -
8 

Therefore using So:k> wk we get 

k=l 

k=2 

k=3 

= - 2Q>'('t) + 2 - 3g - 7g3 
2 16 

Next for I= 1 from (3.5.1.4} as before 

00 

( 
.. · 24k .. ·) { T T) "'' f' ST II 2/0 + -

5
-11 - 2 / 0 + 3/1 = - 2't' (1:) -6 l..Jwk l,k 

k=1 

174 

(3.5.2.4.2) 

If we simplify the R.H.S of previous equation with the knovvn values of II' s1:k' wk and obtain the 

following equation 
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- - 2A..'( ) - 3g 2lg
3 

- 'f""t" -+--
2 32 

(3.5.2.4.3) 

Next for I= 0 we get from (3.5.1.5) 

~ 

( :I~· - 2I,-·) + (!.- + I; + I0- - I,-) " - 2 + 2<j>' (t) - 2 k w,s;,,TI 

Using II) sl~k) wk we get after little calculation 

3 7 3 
= 2<P'(-r) - 2 + __£ + __K_ 

2 16 
(3.5.2.4.4) 

Finally, from (3.5.1.5) for I= 1 
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~ 

( 
-· 24k -·] ( - -) ""' {' - II -2/0 + -

5
-/1 - 2 10 - 3/1 = - 2 ..... ('t') -6 LwkSLk 

k=l 

Putting the calculated values of II, s!~k, wk we obtain the following ordinary differential equation 

= -2<l>'('t') 
3g 

2 

2lg3 

+--
32 

(3.5.2.4.4) 

Once again we see that the above four spherical harmonics equations are exactly the same with the 

ones which have been obtained in section 3.4.2. and in that section we have found their solutions. 


