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_ This thesis which contains five chapterg is concerned with gome
linear and n@;hlinear problems of thin elastic plates placed on elastic
foundation, . | | |
‘The £irst chapter cnnf;agns on;é linear problem on dynamic¢al

response of an _or'thotmpic infinite pl;z‘:e placed on o‘las.jtic foundaiion
and subzected. to time dependent concentratsd force. The first work on
the pmmaﬁ ef foundation characterization was done by Winkler (1867)
who assuned the foundation to act llke a ﬂuia, the reaction at any
'paint bomg directly pmparﬁonai to the dsflection at that point.

But in the case of an elastic continuum such a hypothesis approximates
but crudely the actual behavicur of the continvum. Subsequently, many
investightors such as Vlasov (1949), Pastornak (1954), Soklnikoff (1586),
Rerr (1964),. Hermaeann {1967), Fletcher (1971} and others have proposed
nors eampli’c&:be& founds tion m@delé in attempts to provide a poxa
realistic representation of real materials. mgé investigators
considersd ét&t:ia loading ‘and cbgerved that Winkler type of foundation
could be adjusted to give & reasonabls estimate of the maximte deflection
‘under the load point, but the sbape of the overall deflection curve
_could not be well represmt@:_ﬁ{‘ In the papsr of this chapter dynamic
loading is considered with the foundation having the properties of &

| - semi-infinite elastic body and & comperative study has been izzade with
Winlkler type of foundation. It is observed that Winkler type of
foundation givés a reasonable 'estimata of meximum dénec’ftian ander thq

load point in the case of dynemic loading too, Hence for all the
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Prablems in the subaequmt chagtors, malysis hag been made for
. fomﬁaﬁions of Winkler fype.

- The second ehapter contains thre@ problems on elaatic
stabiiity of thin plates of variocus a!mms gind under dz.fi’erent typa's .
of loading. §tability of thin elastic plates having complicated
shapes can be investigated with the help ‘101.‘ various approximate -

| numerical techniques such as finite é:i.ﬁ"omncé method, finite
alement method ete. For such numerical tachniéuaa roference may be
made to the works of @lvgdari ._{.195?),, Weﬁn’_gamm 1987 )y ;Brédloy £1863
But these numerical methods sre time consuming. On the other hand,
 elastlc stability problems for compllcated shapas can easily be
investigated with less labour following complex variable method given
by L“m and gbahady (1969) and the results obtained by daifferent
 nuerical teciniques applied to boundary valus probless involving
:trmg‘ixlar shapea ¢an also be varifieﬁ by this method.

, The £irst paper of tms chapter deals with the er&tioal

~ buekling conditions _gf a thin elastic equilateral triangular plate
placed on elastie foundation with clamped edges, and under the action
of uniforn eompress fon parallel to oba of the odges. The same problam
without tﬁa elastic foundation was investigated by _Brag;eg (1963) by
i’iﬁﬁ.te d&fferé;zcé methods In the present paper, the solution is |
sbtained by tm{: ﬁse‘-ef 'eonf‘omai mapping and Galerkin's procedura.

In the second paper of this chapter eritical buekling conditions of
& non-homcgenacus simpiy supported rectanguler plate under. the action
of conbinsd bending and eompression and piaced on an elastie
foundation have bean investigateﬁ with the help of error fnnet.ion.
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Fer' ‘t&e séne problem of homogeneous rectanguliay p’la?:as without elastic
foundation refarsnce may be made to the vorlts of Johnson and Hoel (1983)
_ and Timoghenko and Geve (1961). The hird paper of this cmpmr is
ﬁmr@tea $2 themal buekling of thin platas plaea& on eilastic foundation.
oo easaa are considered s & heated equilateral triangu&az: plai:e and

an elliptic plate:. Assuming the temperature dm&z‘ibm;icn to be &
fonetion of the plate thiclmess, the solution is obtained by cunplex
v&rm‘me thmx*y‘ For thermal buckling of aireular and rectangular plates
refeorence may be made to t:ha works of Xlasner ami Porray (1958 My

Fowagki (1962) and Mansfield (3,%%).

The third clzapter contains sixz non-lincar probless of thin
plates of various abApéa and under different types of loading. In
solving these ia:ége deflecliion gzablm, the approxinaie method proposeéd
‘ by Berger (1968) hag besn faila&ad.- Perger's method is baged on the
‘neglect of the sscond strain invarient of the middle surface strains in
the ‘ezpresalon corvesponding to the total pa-’émtm enorgy of the
- é&f?ﬁ%ﬁf Although no: complete explanation of this metivd is given, the
results cbtained so f&,r for @ifferent pvéeblma &re in good agreement
with those obiained from pragiiesl analygise Following this appr@ximéta
method, many non-linesr plate problems have been solved with remarkable
easa by many investigators auch ss Twinski and Howinslki (1057 X
- Nowingki (1983), Nash snd Modeer (1980 ), Basuli (1961), &inha (1963),
Bensries &396‘?) and others. It is to he noted that B@;“g@r'g method is
still an intwiguing subject. { e.z. a recent n'of;é in Jours of Jpple
Hech., June, 1974, P. 521 e -
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o Ehe f£irst paper of tms chapter is éevoted to the lazego
| deﬁ.eetion of 3 unifomly loaded eirveular plate placed mz slastic
,faundation and supported at seversl points along the bomdam mu
pmblms or eireular and rectangulgr platas without any edge
disam:tinuity were investigated by Sinha (1962). In tha prasmﬁ

paper the solution ig obtameﬂ in tevms of an &nﬁmta ser:.as
involving Besselt's fmai:iens. & partioular case, wnem the nmaber

of supports is two, has been treated fully. The so_eon& paper deals
with the large deflection of & clomped civeular plate on elastic
foundetion under a coneentrated load at the sentre of the plate.
The corresponding problem without any e¢iastle foundation was tmated
by Basuli (1961) and the probigm nf an orihotropic plate was
investigated by Banzeraea (1967)s In the second paper, the deflections
" are obtained involving Bessel's functions and the theoretical reaults
| ‘have been veritied axporinentally, The third paper is devoted to the
large deflections of & clamped e;?.‘fcnlan plate on clastic foundation
and under symmetrical loads. The corresponding problem without any
elastic foundation was invegtligated ﬁx Banerjee (1967 )« The fourth
Paper deals with the large deflections of a simply supxi@rtad geal-
eircular plate placed on elastic fbnnaation and subjected v &
uniform load. The deflectiong have been obtained in terms of an
infinite series involving Bessel"a’ functions ami Lommel 's functionsg.
The fi-fth psper of this chepter is concerned with the large deflections
65‘ a simply suported egquilateral trisngular orthetropie plate on
elastic foundation and undey wuniform loasd. Trilinecar co-ordinates ss
shown by Ssn, B. (1968) has been used in solutim of this pfob&mq |



The sixth papar of th:ls chapter deals with the larga
éet‘leetmn af & heated clamped elliptic plate placsd on ﬁastie
feundatiena Bex*ger's techniqus of negleetmg the second m?ariant
of %sha middle surtace strains has baen extiended by Basuli, (1968)
to 't;ha lagge defleetmn problexng ¢f heated memngular, eireinau |
auﬁ rig;m-mglad triangdiar platas wztheue any elastie foundatzan
 and under uniform pressure and statiauary tmperatura diatribution.
dssuning s*ﬁaﬁianary tmperatum distrib\&tien t‘ne deﬂection in the
pregent pa@er is obtained in tems of Mathieu funetion of the
fira’e kind and of Zero order. ' S
o | !&‘he fourth ehapter contains only one Ezorhllnear problem

on large deﬂeetions of clamped elliptic plates exhﬂbit:!.ng rectilinesr
orthotropy. The plsate is placed on an elastic taundation of the '
¥Winkler type arad is aubaected te tms.i‘om leadinga The inveangatiea
is based on von Rarman's (1910} daifferential equations extended to
reatﬁlm@aiﬁ artha‘t‘mpy. Féallawiﬁg‘ von Kerman's equations Weil and
Nemark (3.956) and Nash and gooley (1080) investigated by nmwieal
mothods the large deflections of isctropic elliptic plates under
unz.:f.'am load and without elastie foundation. In the presem; paper |
- the stress fumtion is fourd from the eampatibiliizy eq,uation and the
; final soluticm is obtained by Galerkin's mothvds R@suits for isotropic
slliptic pia.,ims and ecircular platps Lave besn daduced from those
d'btai'riea for ortﬁo@pi@ eliip‘cic platess. These resuli;sv ére in
oxcellent agresment with tha nown results for isotrapic wlates.
Por ciz:euz.ar plates w:!.t‘haut elastie fmmdatim z'e:t‘erenee may be made
to the works of Way (1934) end Sehmidt (1968). For eircular plates



v

with rwn@&mn/} reference may be zade to tha worke of Bolton (1972).
| The £4fth and the last chepter of this thesis contains only
one problen on large amplitude free vibrations of 1rregu1§§ plates
placed on ilastie foundation. Fellowing Berger's cqua.tiéi'm' the
appx;@mate valuss of the lower natural frequency for circulary sguare,
and cornered plates with siumply supported snd clamped edges are
obtajined by the conformel mepping technique. Theoretical mﬁnltﬁ thus
obtained have bean verified experimentally. The same problam without
elastic foundation was treated by Nash and Modesr (1960) and Chu and
Herroann (1566) who jfallowcd. Berger's technique and von Karman's
squations regspectively. For non-linear yibration problems of different
el-#st:l(:_ plates reference may be made to the works of Nowinski (1963)
vho followed von Kamman's field equations to obtain his results.
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CHAPTER - L

DYNAMICAL RESPONSE OF AN ORTHOTROPIC INFINITE PLATE PLAGED ON
gggggxc FOUNDATION AND a'(E%JEG"’Eﬁ T0 TIME Bﬁ’mm CONCENTRATED

Introduction 2

The analysils of & thin elastie plate supported by a flexible
elastic foundation has numerous engineoring applicationse At the present
tima, the accepted method of approximate analysis represents the
supporting material as & Winkler (1867) foundations Winkler approximated
‘the i‘oundatioﬁ by a series of clesecly packed linear springs atbached to
a rigid bagse. The springs ara assuned to act independently 30 that the
foungation emts li.ke a flu:lﬁ, the reaci:ion at any point being directly
proportlonal to the ﬂaﬁeeticn at that pnint; But in the cage of a
_coherent subgrade such a hypeathesis appmxim,tes bus eruael‘y the actual
behaviour of the subgraﬁe.

The el&sf;is me&alus and Polssonfg ratio of the foundation |
materlal are often %moam and a better approximation of the foundation
reastion exn be obtained on the assumptlion that the faunﬁation has the
properties of a smi-» mr;!.nite elastic body. Numerous mvestigamrs
such as Rerr (1964), Hermann (1967), Fletcher (3971) have attempted
. to provide a more realistic répresentaﬁion of the behaviour of the
elastic continuum in tems of the elastic constants of the foundation
materiale minveét;gamrs congldered the loading to be statice



The ebjcet of this paper is o study the ﬁmazaié réjspanse af
an orthotropic infinite rectangular plate, such as relnforged conerets,
'und‘er the action of a time-dependent concentrated foree and placed on an-
elastic foundatlon, These types of problems arg of praetieal importdnce
for the &esi@ of concrete paving slabs for roads, aimrafi: TUNWAY Sy
bed plates for machine tools, engines etc. I.ivesley (1953) has
~ discucsed the case in vhieh the loading is siatle and the foundation
reaction is direptly proportional to the loeal plate deflection in
details for both infinite and semi-infinite ~réctangu3.ér plate of
various boundary conditiong. In this paper the foundation is 'assmed
to have the properties of a semi-infinite elastic body. Winkler type
of foundation is also considered for comparisons Owing o the
camplexits.es of mathematics inm}.veﬁ, the problm has been confined
to axial symmetriaal casess The solutions are obtained by & semi— inverse
nethod with the help of Laplace and Honkel tmnafoms:

/

Analysis K A

Gonaiaer an ini'initely large orthotrople plate in a state of
axial smetry. ‘I‘he plate is placed on an elastle foundatlon a.nd
" subjected to i;he action of a dynamie surface loading. Following
Tﬁm:ah@aka and Waimwslcy- Loger (1980, P.365) the differential
| eqlxataian for equllibrium of an elememt af' the plat;e ean he written
in reemngu_}.ar w-ordinams as

| 3 - 1) -b(x,

Dx"'—.)_a +2H'_’_7-?\— + D‘) b 14 —‘-Fh bt?' OV(.X .j ) P< \j) *ew ( 01)
| B W |
Where Dy = o 3 W ig the deflection in 2z - direetion,

iz



B*h3 ‘g ud By he 0 .
Rt Sl i TS = e s density of the plate
T laz P 12 Bt P

material, h = plate thickmess, g (%,¥,t) denotes the given surface

loading, b (xy¥)the reaction of the foundation and B , By , E
and G ' are elastic constants of the materiale |

For an orthotropic material such as reiaforced éonc_,rete

oy ny
and introducing x = ®3, ¥ = (-*-%:3% ¥ &8s now v\az'iablea; in ag.(l-.:!.)

one gets

B”“> Ph 3w _ wxnYpt) b(%,%,t) -
x\ + 53 W o+ i _.___:B;t(__; eos (1e2)

‘Putti.ng x3 = vy Cos 9, y ¥y =7y Sing, in egs(1.2) one gets for
axial symat:w A
& B>2. fh Bw _ b
-+ o = |W'+ = ' .
S‘T{i‘ | Dx ’b-&_?- | Dx eoe {1.3)
.- Multiplying both sides of eqe{1.3) by Dx ¥y Jg ( 1 ) and
integrating bDetween the limits O to o< one gets

\

W [Dx K(«)ﬂ + PX\ KQ() = ki®) Q) F®) ees (Lo4)

B-t"
o<

where W = / wry 5, ( £ Tp) dry, Jo denoting the Bessel

. (] . _ .
funetion of zero order § the term K (£ ) = -%- depends on the
P
~nature of subgrade 3 the term Q (X ) = q (ry) = j qry Jol £V, Jary
. ' (o) .

depandg on the 1n£emsity of lcading 5 and q = g (Py) F (¥)s
Eq. (laé) can be written as |

2w + a%% =¢ F() . o o e (LB)
Y P ' |



where a2'= DEO@K(OL, b ; C= Q(Ou
L PRK () Ph
Taking the inte‘usity of loading to be periodiec - |
CF(t) = 8n W, t C e  wes (248)
The initlal conditions are o B
W= --l'--ze' attaol oo . "In.(l.?)
One ge:ts i‘rom aq,.(l.ﬁ)v after applyinz Laplaea m'anutom motmd |
W= za_w;z - smwcj? - v»,si: a# ~7  ees (2:8)
If the load is concentrated at the or:l\.gin' |
IAUL) = mem o Gee (19)

and in the case of an isotropic semieinfinite madium 4 Ref.5, P.2807

QL = ‘ vae . . . .
E(XL) | Ka = | (1.19)
Ko hoing the elastic constant of the medium defined by o= % 2) N
2( = V.°,
Yo

E, being the modulus of elasticity and U, the Poisson's ratio of the
. medium, o B ' - |
cbnsi.derins 0gE.{1+.2) and (1.10) and npplying Hankel mvoraion ‘theoren
one gots from eqe{1.8) for seml-infinite medium

W (Ent) = ‘p»J"’” gin W ota'oﬁocrl)doc
VL ELTER ) B
o

: ' 1 : ,
- P Jm Em(%/Fhﬁt Ph)?-og%(ocrl}doc
whers anx‘ot‘i*geog- P h wE

F2ER R X

ean (1.11)



md. for Winkler type of fomdatien havlnz the maetmn K per unit AT

per. unit deflection - , :
j‘“ Sin Wt U Jg (O(rliaog

%) 2K o Z -
- B g"" 3‘“’”/%)** (Ph) owoc ocrmcx s Cdans
, | _2

where £ = Dy 0@*&- Ph g
- 51/ = ne oC% +X

The distribution or pressuro P (rl,t) ab any pomt 13 read:lly obtained

from eq.(ll) '

(P s e 2T (vmida
(r;_,t) = .f.&. S ',51" gt 0L Jo(qu)doc

27( ,8.,,

xn J‘” smw/ pn)*s (Ph)OL Ja(owl)doc ('“3-),
o , }ﬂ; see (Lsdo

After mtesrat ing eqs. (11212541 12) and (1.13) numerically one gets

rmally tha i‘ollowing resulis 3
For semi-infinite medium

P 5in 0.t 0.68 ry/ 5in(0.84 wnt) )
.= 8 ~Jo! . ;") 0.89-0,74/4 - ki } *
h ~2r Klgh Q.71 = X Bin wot .

| 39(3.4 r&/I%) {Jﬁqz&ma u _Sin {11,-.7.?311;3 } 7
137 - U _ Sin u,t ,
( ¥ee (1014’

Qwhzre 13: zi " %o = wf,f(:- —

" .
P hlg Wy



and for Winkler foundation

P 3inwet - 350088 1/ ' s:m (1.086 W, £)
.. b Ak lz)' -{a-.aa—o,.as/ﬁ Ay SN
h ax xl_ h 1.‘13-.-'. M gin wct :
. . §in ? Wyt o g
,%‘3 dr/l) ixs.aa-x.a# (12,7 ¥nt) ] eee (138)
134.6= 12 Sin w b

where l .%E. y "'"E' = Vna
The distribution of prezsure is obtamed as
P (ryyt) = 25 ol /= J0(0:68 ry/lo) {o 52-0,43 1 S1(0.84 wpt) }Jr

2R 1% 0s 71~ ,az 8in wot
Jo(3e8 *y/10) 0 o 5o g SIA(LLT Vnﬁ)} T eee (1036)
137 » /a-g Sin VQ

For an isotropic infinite plate under the eenezantra’ced “load P at the
origin, the maximum static deflectlon is obtained :!‘tam 8qe(le14)

P 12 ( .
W = 0,214 --5‘--. esa : ene (101?)
compared to the corresponding result o‘eta:meé by Timoshenko,
{"Ret. 5, P. 280 7 Y |
W= 0,302 nlo resn | ses {(1s18)

smaﬁy state amplitudes at the origin for various values of
frequer cy ratio are caleulatod b.:i;lz for semi~-infinite medimm and Winkler
model by ogse(ls 14} and (1.18) regpectively. These resulis are presented .
in Flgs 1-3. |

From Fi'.g.i.l' it is obgerved that Winkler fcundatién ag woll &g
semi-infinite medium give practically the same dynemic resiaq_xzse uﬁdcr
ﬁae lcad point when the disturbing fx’eqliemy s higher than the ﬁ;*st;
netursl freéuesncy, When the d_ist-urbing frequency is lower than the first
neturel frequency, Winkler model gives a somewhat lower value of
emplitude compared to the semi~infinite medium.
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CHAPTER » II

EI:&STIK'} Si‘é@l&aﬂ’fi OF 4 ?RI&WGUI»AR PL&‘EE;’ PLACED
o1 E&M?IG F@ﬂﬁﬁ&@i@ﬁ.

PAPER = ¥

\ Introduction =

1

Stability of thin e‘l&sﬁm triangular plates can be 'iﬁves tiga't@ﬂ with
the help of finlbo difr m:ence methaéa In this approximate method the
dlfferential equation is replaced by Lts finite difference appraxﬁmaticn,'
rather than gatisfying the &ii’f‘grential equation and the boundary
conditions at every points The difference @gua‘eimi may be Isatisfieﬁ ag
the node poinks of a stzz}@s‘pageﬁ txfiangja!iér grid, as‘has been done by

-Bradiley (1263)s Salvadam £1951 35. :AfWemgam@h (1987 )s Timoshonkd ahd Garo |
(1961} solved these types of problems by other numerical methodse To
obtain aceurate results by theso methods; high order matrices are involved
' for which the solution is time cé%smmga. Laura and ghahady (1965) have

shom that complex varliable matmd nay be used for Solution of suech

. problems with less lakoums

In mﬁ.ﬁ. pap@r the enmplex var 1able th@o:c-y has bsen applied bto
investigate the siability of & thin slastie equilaberal triangular plate
placed on an elastie fommdation with clamped edges, ar;cl mc}er the action
of mifém compression parallel %o one of the odges. The givean donain is

* iccepted for puplication in the Bulletin of Calcutta
* Mathematical Soeiety, Caleutta; Indla.*



eonfomally %raﬁsfomed onte the t;r_zit elrcle and golution has boen
cbtained with the help of errer functions The foundation is assumed
0 be of the Winkler type.

‘?haa,x'y,a

The differential eguation, ggsuning small deflections, for the
niddle plane of a thin plato wiﬁz no lateral loadingg but with force
:eéul‘ﬁants in the mlddie plane :_ié ( of. Timoshenko and Krieger 5. 1985 )

S Y :
V4 — —— (N N BW 9N BW sae £2a1)
o T Yy oy Ty ey AV '

in which w denotes the def’laeti@n of the nmiddlie plane of the plate 3
Ng, Ny are the normal forces per unlt length in the middie plane of
the plate, ny is the shear force per unit length in the middle

plane of the plate § D, the plate constant, :!.s defined by

, : -
Eh ' o ser (2:.2)
12 0-9Y -
with B denobing the modulus of elasticity, h referring to the thickness,
and ) wvepresenting Poisson's ratio 5 and the bihamonie operator v4

\

is given by

4 _ 3 3
VT A Sy oy

For a plate, shown in Fig. 2.1, with a uniform compression parallel

. to the basey eq. (2.1) becomes;

W
'0( - .
v W + -D E ) -3 - (2'3)



In the case of & clcmped edgo boundary

w= %‘qﬁ y onr the boumdary 41, of, Mmoshenko and :(z*ieger (19;@
! ‘ . L a' 8
Ie z;;x.\rié,'z._x—-t"&, we have
2 D . CE
— = 2 4, ° o _ P)
ERCE i za”*(?a‘a”—z)
so that
O _ V[ P
Sz = zﬁs&* *35>
O _ 1 (2 .39
2z ¥ (o +H Bu)
and therefors
0 2 o ' X2
V = ?—'L +»?L'z_ = 4 .E —
_ B2 GE-Y 0202
Thas eqs{2.3) changes into '
34 ' Bzw b‘w B"w |
‘632 L) (527'+ 262?12—.‘- B"Z‘> =0 eve (2.4)
Let =- ) | , o
© < f(.%) ' oo (2::43) :

hR¢

Be the analytie functian which naps me given shape in the 2 - plane
onte a unit cirele in the ‘§ « plane. Lot the plate be placed on an |
alastic foundation having the foundation reaction k3 per unit area
-?@rj unit deflection. Substitution of ege (2.48) intos eq. (29%3 yields

MW dz ds | Pw ~ dz  w Jd=

YO Ay I s 'a#'?‘%‘" AR

2 % % _3>
er?bv;';%'J% MEB? T(ff)

5 ) - 3 g ()

%



ves (2.5)
in yhich o |

. W — - : ‘

? = e ) ?; e N boing the radius of the cirele.

The transformed boundery conditions in the g - plang a.ré '

. .w,%)\——-%”—:“)

h=\

=0 .
_ ' eae (2.6)

n=|

Method of s&lu‘tmn :

Sinee an exaect solution of ege {2:5) is, at besty very difficult,
it is convenient to use an epproximate method to solve it Galerkin's
‘method is used in $his study. The procedure is as follows : W (%,%)
is ap@foyimateﬂ by av linear combination of ‘independentﬁ coordinate |
functions which identically satisfy the boundary conditions, L.es

K . _ | o
WC?;%) -~ z‘ BV\YY} (ﬁ)?} eve {2e7a)

Y\:
Substituting ege {2.7a) into e (2¢5) results mﬁﬁe@mssi@n which
does not vanish in generdl since eq.(2.7a) is not an exach golution of
the partial difi’erezitial equation. This nonvanishing expression is |
Usually defined as thé toyrrorT? OF "‘resiﬁaal function®™ and will be
~ @enote@ by G“G , %);. Galerkin's method requires that the “error
function® be orthogonal with respeéeet to sach co-ordinate function aver

the domain under consideration, 1.es,
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jenu@xnm)o\c - o gn=l,2,3,....‘,9- cn (270)

Bye €2.70) genorates 8 ( Kz K ) d@temiﬂantal asquation. The dowest
oot of this eguation is t&e eritieal buckling coefficients: In the

case of 8 clamped plaﬁe it is convenient to take

wu ?) z Bn[_ ¢t a)"J e (20703

This fom of w clearly satisfies the eclamped edge boundary
- conditions in ege (2.6) |

,ﬁppli.catioﬁ» 3

In @rﬁar to illasfsrata t%fae pmeaéure I’or the ée'é,eminatim of
the eritiea},, buakling caqdi%:iong equz..ateral triangular plate with
clamped edges, shown i.n E‘ig. “2,2., with a :mimm eompraosi@n parallel
'E:a one of the %ldes :ls eﬂnaidered. h

The mapping funetion is given by
. S 7 4 .o e i
Z= f(i): \-l3$2a[‘§+—‘g‘\‘4—rz-§‘{—r-—‘"{ J ees (248)

For fivst appmximahong leb :
K=l deeey, W= B (I- 7{) S . ces (2:9)
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With the mappzng funetion in eq.(ﬁag Jp putting eq~(2.9) in eq.(2.5)
one ‘gets the i‘ollwing error function

€ (1) =

48, (1 1352 Q) (4"\’ TTCP.‘I’ ?“"q’)““ |

128, (v \35209 (zﬁ )R, +
By Ny

s [2(\ 13520 {(ﬁ i1 )<W +
'+ (-1 8P+ T ¢+ T+
+2 (237 - ‘)4”'“\’2}] t

| B (I 13520.) Ki() 3
S T ( $9) CP
where

woo (2:10)

HLa

%—?
4%’

€ -
i
) N
N
o 4
s »Is
1 =
19

.bet ug now £ollow Galerkin's procedurs given in eg.{(2.7b).

MUl $iplying eqe(2610) by (\ .ﬁ) noleoln, and integrating

‘bawoen the 1imits O %0 2R and (O to 1, the critical buckling
condition 1s obidined as

Nen O of* s (2.21)
| D - 20'96+1795
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1

In torms of the altitude of ﬁhe plate, eQe(EQIZ) gives %he eritical

‘buekling conditicn as

NQLQF ld4
— \Gl\——-

D = \‘3%64-\- >

;;; (2012)

If the plate is considered without resting on the elastic foundation,
' I -D | ' |
NQ)L = 18%'64 "a’{_ | see (2413)

Bqe(2:13) i3 In excelient agrecaent with the e@r#eépanding result
obtained by Bradley / of. Bradley (1963) P. 55 7 as

\%9‘0 — . fla (2:1@)

CUNCLUSIONS

The analytical procedure presented is'straightforw&rﬁ. The same
procedure may be followed for a unified treatment of ‘elastic instabl-.
1ity problems invoiving complicated boundary shape; such as regular
Pelyganal shape, circulary bounuary with flat sides, epitrochoidal .
baunﬁary =1 PN since the co~ordinate funetlion whnich satisfies The given
boundary eonditiong will be ﬁhe same for any shapee The cosordinate
function used in this study satisfying the boundary conditions is;sﬂmﬂe~
Only the first term approximation is found to yield fairly accurate ‘
resuit and thus miﬁimises labeours Ho other fomm of w can reduce the
orroy so greatly with such minimum labours

It mugt also be noked that the aceuracy of the result* obtalined
by aifferent numericalvtechh;qaes applied %o bmundary'valus problems
invelving irregular shapes can be verified by the conformal mégping
technique exhibited in this stodye :



14(0)
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FIG.21 E£QUIATERAL TRIANGULAR PLATE.
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| DUGKLING OF A HON-HOHOC AETEOUS RECTANGUGAR PLATE
PLACED 0N HLASTIC FOUNDATION*

PAPER -1IT

intm&uetim $

. Critienl hucialing eméi‘é’;.iﬂm- éf.’ hamagmabéx‘s thi%z ,if'es,éﬁangular '
plates subjectsd to combined bending and compression were investigated
by Timoshenko az;a Gere (1961), Johnson and FHoel (1953) and many other
investigators. The object of this papér is to use error function to
obtain the approximste selutions iﬁ‘the eése af buckiing of & non-
h@mgenea&s Phin f@a&tangm‘;a;? plate wder | the action of combined
bending ang compression in the middle. plane of the plate. The plate
is ;;\slaged on an elastic foundation and is "55.&3531.57 supporteds
Bredley (1963) nsed finive ifforence approximations to the governing
difﬁer‘mﬁw}; equations to investigate siaébiiity of equilateml
triangular plates, There arg other fzmzx‘earié%l mathods for the solutions
of theses types of bué;k.lingj pmm@sra.. Bub these methods &im t:!mg |

~ consumings | '

. Singe the gweming »&ifferenﬁiai equation obiained in this
paper cannot be exactly solved, errov funeti@n ang Galemin‘*ﬂ med’m’i'
have Deen w;ilised to obtain an anpm«:imate solublion of the adferenw
tia:l equati::;m It 15 observed that the results obtained £vom %ms

%’35“

* Aceeptoa for pubu:cgtiﬁﬁ“m@}@ Jenm&l of &wuetura}.
@ngineering | Research Centre, Foorkes, Indlas G

(PUJL(A/:L\LA, Vet 4, Nvo. B, /6774;) ;ﬂﬁ |
‘ | g ::w‘.;‘ ‘““ é :{
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nothod for the iwgsgeneous plate mﬁ: resting on foundation arvre in
good agreement with the Inown mstﬁ.ts obtained by strain eﬁei?gﬁ*'
meshoeia Flegural rigldity of the plate is assuned to vary
oxponentially and the foundation iz taken of the Winklep Lypta

Results obtained have been presented in the form of graphbse

Anaiysis ¢

- ¢onsider a simply snppertéﬁ reetangﬁlar plate of varying
- flexural rigidity end along whose cides = =0 and 2 = & (Filge2.2)
digtributed forces, .acting in the giddle plane of the plate, are
applied, their intensity being S1VeR DY the equation

N)L:" No (l"‘°<’>',b") ‘ .’o- | b‘s%‘ (2*?15)

whees N, 1s the Intensity of compressive . force at edge y = 0
and o« 1is a numerical factor. The plate is placed on an eclostic
fmzx‘iéatian having the reaction, K3 per unit area per wnli deflection
and is subjected to a unlfora transverse load, qe
The goveming differential equation of eqxiilibrim of an elenent
_ of the plate not resting on foundation is / Timoshenko and Krieger
(1989) P. 37 7 |

%%zc - 22&? N i’%.y = (‘V Nxba:  eee (2016)
whers :

Mx = -—D(%;& x og;’

My = —:D(aayi V- W) ves (2417)

May =" D(1- v)%(‘%;
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Substituting Eqse (2.16) and (2.17) in Bq.(2¢16) and observing that
the flexuz'ai rigidity is a function of the co-ordinates % and y, one
gets the differential equation of equilibrium for a plate resting on
@1&; tig Toundation 1in the following ferm

Swdp _,3p dw  Fp Fw
Y (DV W (\ V)<byz Yol bxby ' bxby% oy?: 5XL§+

b w
G

For simpl& mipparted e&ges the &efleet:ie:m can be represented by the

__\,. K‘W — (1/_'_ NO (\_ sne (2.18)

double series

;Mx

o<
Y Coay St 22X i may C ees (2:19)
e . b |

4s the flexural rigidity is variable, let

| o X |
: -D — :DOQ_ZO(‘ a ! P (2.20)

—

where D, and «, are constanise

Eds (2.3.9) is an approximate solution of Kgs (2.18) and therefore
aﬂbotltﬂtiﬁn of Eq.z( 219) into Ege.(2.18) results the following error
- funetion, |

Em)_cmnowv w4 (e (] x

>( o °<' A Qin mAX Sw“”’
A

- +\,-

: LM o A
‘\‘Cmnklgwfa— %w__b_y—ﬂv——

___,'. m\& _ —Z_ . WMAX - IR )
Cinn No (8] (1= ) St B i B (5



i3

&cﬁoﬁaing o Galnri"m"’ s prinéip"l é; the fellmying eenﬁiimms are
{iposed on %he erro? i‘unation, % g, y ) .
| “

| 5 E(xv)”“w ) "L"dd 0

o

sas (2482)

Substituting Hu.(2:12) into Ege(2.22) and observing that

b

Sggm%ls 1[%)’ dy mﬂ% for A=7
A .
= 0 for AFJ and 4xJ an even
numbgr
452- JLS

| At3 an ad«.’i number

One geols the following

(29 _ .
25 5 e Forrd) it s

No. 4"’-[ i-c 2o K ) E 6T & Cmind ﬂ
- AR wmC m _ le '
o B VX R s

YW (21283



Where the nondimengional foundation méeiulus&g'
e K
Ke= == and nt4 - is alvays odde
Taking =1 , the deflestion, W is obtained from Fge(2.23) ..

W — \Qq/OL Z‘Z'mn __;;_)_( QQV—‘JL—VX

[i.g_) it e 4'o<:-(mL+vnuﬁ;)] .

W=y Nn=|

'N04L = ‘o(
Q +o<)+7‘KF Do- {Zf@iﬂ

» (X R (20 2%)
From Bge (2623) the eritical buckling condition is obtained when |

m=1 h=| n=1

[ZZ % e L LG
,W(\ﬁ)zzcmn[ (m La) 40("(»11 Yns )X

oQ

o
K
( Am +o( 7‘1- F Z C‘MV]
= = sos (2485)



The plate may buckle in such a way i;hat there oan be several half-
.waves in the direction of esmpressiurw but only one m;?.i‘-wave in the
pemendieular direckion, For one half wave buekling m = 1, for two
hazlu-wavss buckling m = 2 and o ofe - . }

4.i‘ the plate buckles in one nalﬁ-waveg one gebts fron aqﬁ( 25)
by talsing m = J: a system of eqvatima of the following kind ¢

Cm [u‘ (rg‘«w(z){ﬁ (en ma) 49 (H-v } _%_4 _

4‘. oC
P -
| en szo ) A4D - .) soa (2026)

where 6&_ = &“ﬁi_m ; ‘h being the plate thickness,

Ttaé lovest m@t of the determinantal. egitation thus formed will &etemine
tha criﬁicai buckling load. From the £ipst &pg}r-oximate iowest mct one

getg by paking n= 1
.i ' : :

! 6.@1: K% . wee (2.27)
where -
_'Le<|

»
e R e

Thus the buckling load is & funetion of % and the foundation

modulug, Ke = .
For A = 0 , the eritieal buckling 108d - G'Qn is obtained from
Eg.{2.85) b:y' taking n = 1

2.

. A Do A . ‘ )
6&";\ ’-—- K bL‘F\_ ' .eoc (2!28)




vhere
—-20(
| — \

dideo (Y )«

F b . ‘- , S
+ 7‘4 n- qt (VV\: ‘)2’3;"" - ) e ( 9@)

For Iwms?eraeéus materialy D,—> D when «—>0 - S&tting o( —>» 0 in
Byo{R.27) one gets the er:i.tica:l. buékling iload for a homgenefms plate

on glastie f@’tmeiatiem i’oz- one halfewave buckling

_ AD- .

/6&7\_ d K b"+\. ) . X Y] (2'39)
where , o - |
— b a - Ke b .

K= = LGy &)

For KF=° s Bge(2+30) is the regsult obtained by Tlmoshenlko and Gere.
For o halfewaves buekling, K in 84.(2.30) ca&n be expressed as
+b Q

2 K L
K= ‘ m—-\-—g - _£.L. -\3--
M | - m+ g* ese {2:81)

The ratioc -9\40— for which Qen becomes & ninimm for unifomm
e@mp:‘fessmn is obtained from Bge.(2:.22) and denciing this ratio by
Q one gets for g homogeneous plate-
('6)0\ ’ 8 0L b
Q \ 4,0
TCT\_: F(KF'\'K W\> [ XN (2033)

and for a nonhomogenesus plat@

KO\) [4 Ke 2« (’T"“""() 4°(|Vh /4- PPN (.2533)‘
en” nem- (le”"—nl——_\ _—



The ratio %— at which the transition from » to m+l hallewaves buckling
occur can aleo be compubted from Bge (220 ).  For homogeneous plate under

uniforn ccmpmssien, transi‘sien from one o two halfewaves oceurs when

(4 KF Va

and transition fmm o t@'.tm’ee half=-waves occcurs when

Ke \Y4
= (3¢- ;,)
Eqe(2.87) giVes satisfactory results for small values of X + 4n
improved result is obtained by taking two aquations of the systenm
Eqe(2.28) with coefficients C; and C;p and setting the determinant
equa:i, to zeros Thus for one halfowave buckling

A'D
- Gen = KT;’-:h e 2w
. where . . ZKF ,
= x4 'oly- °(/'L B+ —
< [{'ooesxz—'z(l—%)*} { ( ) (
- . ) ke ke
+['0013«™ "041(1-%) ]x[A+ B+ -Fg )} -
(\—%)(B+——F) ]
T 064x™ 2@ = )
and

A= {M‘@ +°(> {n (|+ ) 4«1(+ Vs bb)}{n (+ _
. =4 Q+49 L)}
|- em'

B = . { (‘)_—\-lo s 17 ) 4«,(2+SDbL)}

20(‘(7(—\-0(,)
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i

e 'pt';re bgnding wien =2 qu(ﬁ.aé) reéuaas to

/

6 : _ ﬂlD Va S
th — bq__h [ 77 (A+B -+ -——) J sew (2035)

_ 'Sei;.ting K\~ 0 in Eq«{2:35) one gets the buekling load un‘dm'p't,zre
bBending for a homsgenesus plate for one hé.li’:‘sawaire ‘buc};ling

Covy = l‘f_l?' | ’
CTL— bL';\ ‘ ‘ e (2.36)

- Where . K
K= ?-77l° [(H b") (l-r —\-(7_-\— \0 b..+\7 xS )(

Ke _‘_<__:= o
X2 T el

For m half-wave buckli'!ig K 4in Bge(2.38) can be written as-

K= L x2778 [(w )L (=)

' i
-\—(‘ZW\—HOW\ ;+7 )‘;ﬁ K;g]/ |
' soa (293?}

The presence of the foundation modulns, Ky in Fqe(2.24) reduces the
deflectlon, w and hence the bending stress. Therefore Eqe.{2.34,2.35
©and 2.36) resulting from two term approwimetion of Eq.(2.25) may be

aken as faivly accurabe.

RESULTS _ AUD N4 .
Nunerical results are obmineé Tor tyo cases s a) when the plate
iz under wiform compression, and b) when it is mnder pure bending. For

mniform compression of a homogencous plabe, the values of K are



caleulated for different valuss of X yith the help of Eq.(2.30)
for one half-wave buckling, taking Kc=x1, and =0« For two
halfewaves \am‘i @h&'é@ halfewaves Eucklihg Eq’.('z.az._) is used with the
'. sane value of Kp o These resulis aré presented in the fora of graphs
dn Pigs 2.3, For a nénahomogezn‘eaus plate under uniforn compression,
the valies of K aré calctlated for one halfewave, two and three
hall-waves bueckling by taking the same value of Ky and « = Ol
in chm.%)a These reutﬂ.ts are presented in Fﬁ.g.g.m The vaiues of
K when the plates are not on the foundation are also presented in
Fib. 2.3 angd 2,4 ;ar comparisone
. For pure bending of a homogenesus plate Hge (2.37) is used for
caleulation of K for different values of & taking Kp=71  and the
Tesults are presented in Fig, 2.5, In the same figure the corresponding
results for K without foundation are also presented for comparison.
- From the foregolng analys_is and from Figs. ,2'39 2e¢4 and 2+5 the
folioving. cancg.uslons 1Ay he dravm 2 | ‘
1) Founadation Inereases the buclkling load
1i) Reslstance offered by the foundation is more for one half«wave, )
buckling compared to mulitiple half-waves btzcklmg; When buekling
is 1ln more than one half-wave, the foundation resistance remains
practically constantb. ,
iii) Foundation ingreases the Cb)@_ ratio and recmees the q— ratio
at whieh transition takas place as compared te a plate not
esting on foundation.
iv) A non-homogeneous plate will have lover buekling load as compared

o a homogeneous plates
'v) Usk of error functlon redices. labour conslderably compared to
- any other numerleal methods
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FIG23 HOMOGENEOUS PLATE UNDER
UNIFORM COMPRESSION.



WITH FOUNDATION .
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£71G.24 NON HOMOGE NEOUS PLATE UNDER
UNIFORM  COMPRESSION.
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WITH FOUNDAT \ON.

36 m= | |
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FiG 2’5 HOMOGENEQOUS PLATE UNDER
PURE BENDING.

[~



THERMAL BUCKLING OF SOME HEATED PLATES PLAGED
O EBLASTIC FouUmpaTION™

PAPER - III

INTRODUCTION. ¢

Thermal Buckling of thin elastic plates is of much practieal
importance ‘:!.n modsrn engineering. Nowaeki {1962) has discussed the
thermal buckling of a rectangular plate tnder different boundary
conditions. Mansficld { 1964 ) has investigated the buckling and curling
of a heated thin cirvcwlar plate of constant thicimesse Klosner ang
Forray (1983) have studied the thermal buckling of simply:supporssd
plates under symmetrical temperature distribution. .

in this paper thermal Euekling of & heated equllateral {rianguiar
plate of siumlyasﬁgpartea edges and a clamped elliptic plate placed on
glagbic foundation hag been investlpgated. The foundation is asstmed to
be of the Winkler typs. The boundary hag been transformed conférmally
onto the unit 'airele agé the stabil‘ity»criterian hag been obtained with
the heip of dalerkin's procedurs. .

®Acceptod for publication in the Defance Science Journal,
Covernment of India, New Delhi. '

(Published, vol. 26, nvo.3, 197¢)



T‘mﬁ&? 2
Let us consilder . a plata of chﬁelmess, Ry, subaeeceﬂ tw a

i,@mperawre digtribution T which '!s indegen&anﬁ of x a::é ¥, but
varies arbitarily through U‘ze thiclness, 1sGes

T =T (a)

The plate is subjected to no exismal load and mﬁ‘éion,of‘ all supporis
in the plane of the plate is proventeds It justifies then, that under
.- the mbove condition there are no displacements in the plane of the

'4131&%@; i.e.', :
u = v - ¢}

On the above propositions the differential equation for. the

displacement {_,“Baley and Weiner, /0¢7 ,_7 is
DVIW + -\—E%vlw =0 | ves (2.33)

For & plate placed on élastie foundation having the foundation

;raactioxx,llxl ¢ Bge (2.33) bécsmes»'
Dv‘*W+ VW+KW =0  ees (2.39)

Bge(2.3 ) may be written as

(vl‘\‘ﬁl)(v?—'\'ﬁl)w - 0O . | eae {2e40)



in which ‘
‘ Pl‘LF;- = __‘%‘_ | L S eea (2641)
— — : LN ga
=gy
- and
and -\'e\/z. _ o
Np=xE| 1dz e 2
2y | ' |

X be..ng the eoeﬂt‘icient of uhemal expansions.
IT 2:~x+5.y, Z-—x—iy,

‘BQ-(&%%OJ ehangea 13.1'7.‘?;0

_ 4 f ess (2.44)
bzbz )@Bb M ) R |

Let 2 = £ ( § ) be the analytic ﬂvncti:m which maps the given shape

in the § plane onte a2 unit circle.
Thus Eqe(2.44) transforms into -

Fw dedi_ Pw drds  Pwdzde,
o505 97 45 Ry Iy o R

- 2 oy IS
*B‘?’?% ? N)( Umj*

o (3.45)
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Lot us ésxéme
. _ |
W= ZBWD—-(ﬁ)ﬂ - “ ere (2048)
n=i . - ,

_ m.sarly the above farm of W satisfies the edge condi t:t.an ,
W=0at 2= 1. EQ(2.46) is an adnissible funetion for the simnly
supported edge condltlon in the sense that this satisfies the |
kinematic boundary W = 0 at r = 1, bubt does not satisfy the force
boundary condition 'Mh=0 « Putting Bg.{2,46) in Bqe{2.45) one gets
the error funetion, €ne * Galerkin‘.s proce_ﬁurg requires that the

error function to be orthogonal over the domain, l.es

'jen,@(ﬁ)w(ma\c-—-o (n=b2- )
e ‘ ioi.(234?)

This genemtes (KzK) detaminmtal eguatiwn. The 1mresi; root of
this gives the critiecal bucklimg t@mpez'ature. '

Be Lok us consider a simply-supported eguilateral triangular plate
of side 2/3(\ placed on an elastic foundation. ‘
% solve the differential equation for W let us pub .

4 W = W Wy | ese (2.48)
From Eq.(2.40) one  gets '
2 o2 : : '
(37 +-ﬂ_)\N\ =:C) ) 3!@ (2049)
(V?'—\'P-,DWL"

'} (255@)
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" Moy ‘ﬁhe edge condition W = 0 along the boundary, let

. K o K |
W?.: ZBV\ D— (ﬁ*)n‘] = Z&n (\"‘){D\) YR (2.51)
n=\ i n=1\

For 1st term approximation 1% is ufficieﬂt to solve either Bge(2.43)
or EQoQB.SG). Changing either of the two nq,,(?e%.,) and (2..50) in the

comp:!.e? caordinatea one gets

v‘w. (ﬁ')+.? 2z Yw m ) S0 e D)
The mapping function / Laum and Shaha&y, 1969 7
Y 4., § 1 10 eso (2:522)
z-_ussmﬁ—v%q‘—f.ﬁqqk%q 1 - |

‘ maps an eguilateral triangular plaise into a unit eirele in th,a—% - plane.
I*Iith this nepping funcmong putting Bg.(2.51) in Eq.cz.sz) and

remembering ;Yz ne one gets the Teguired error funetion. After
e?valumsing' the integral given by Eq-.(ﬁ?@éf‘?) and taking K= one gets

A, = 6 o o ere (2:53)

where o v/, - \L
- xe = pr(iss2a) ‘
From Ei.(2.53) one gets the following eritical buckling temperature

[ 6 wEss2ty -,
(NT)QT\Z. DQ—\))EQ.“&S”)Q_‘\‘ |6D A) ' oee (2054)




For X3 = 0, Bq.(2:54) reduces to
16 .
(NT)en = % D(1- V) ves (2.548)

Expressing thls value in terms of the altitude . of the triangle

one gets -
(NT>C7L = 4%.3: D(“V) A ‘ | LN R (205‘1&))

which agrees well with the result obtained by Banerjee (1975) who used
tri=linear co-ordinates to obtain the results for the eorresponding

problem without elastie foundations

B. Let us congider an elliptic plate having centre at the 6i'igin.
Let & be the thiclness of the plate.
For clamped edge boundary condition let us take w in the following

forn

¢

K a2
W = ZBT\ D"({iq)n] cer (2055)
n=|

Cleayly the above form of w satisfies bthe clamped edge conditions

=0 at r =131

%
i3
4

!

Noy ”fp:'i:' the ellipse

w\-b‘?‘r,
4
wld|<,
I



mapping function is / Laura and Shahady, 1962 7

z = 0'99b[Fronafioosfroof ] eos (2456)

which meps the above ellipse a unit eirele in the ‘§ - pléne. With
this mgpping funetion, pubiing Eq.(2.85) in Eq.(2.45) and remembering
»%:ne ohe gete the required error functlon. After cvaluating the

in u@gml given by Eq.(?-é’? ) and taking K = 2, the following determinant
is cbﬁainedu

%__%_(7\‘ x) kﬂ‘:— | 2‘5? ﬂ_(% 7\?_ + 7\1%‘)_

5632 127 Aty
25@ i@”q‘)""sz'?e#?\ 105 "—(7\‘ x)+3157\?7\

— O L E X ( 05‘?)
whers
A

2 , 2
A= B (0999

]
ey ¢}
¥
Ve
©
\O
\D
o
N,
r‘l

Solvmg BGe(2.57) for the lowest mood, the eritical buckling
tempera ture is cbta..neci as

/

(NDey, = D(l V)| 82 + 0-094b 3 -

_\Riz,_Mo 094 K‘}-;ro 106 B ] eve (2058)



g6lutions obtained in this study are only approximate, because
only the first term ¢f the mapping funetion is considered snd X is taken
to be 2. More gecurste resulis are obtained by considering the remaining
terms of the mapping function and taking K more than 2. Solution of the
e;?.gem'?alue problen governing the stability of the thin elastic plates
having various configurations, such as regular polygonal shope, cireular
boundary with flat sides, epitrochoidal boundary ete, is easily
accomplighed with the help of the complex variable theory applied in
thiz study. '



CHAPTER «I3T

LARGE DEFLEGPION OF A CIRCURAR PLATE ON BLASTIC FOUNDATION
AND SUPPORTED AT SEVERAL POINTS ALONG ©HE ROUNDARY ©

PAPER =1

Introduction :

smell deflections of thin plates plaeed on glastie foundations
have beon examingd by S T@@eshenko,enﬁ Ss wcihowsky-a Krieger (1952)
and several other authors on the assumption that strain due o
gstretehing of the miéﬁle surface of the plate is n@gligibleslwh@n the
déﬂleetianS'are moderately lavrge, that is, on the order of the
thickness of the plate, then the fovees in'the middle surface of the
,iplat@.must bo taken inito account. In the case of such large deflections
of plates, three aifferential oquations for displacements and
defiéetiéns‘may be‘writteng bub it is asuallyﬂéifficult to ebtain the
solutions of these eguations because of their nonlinear charaétara

Cn the othef-hanﬂ, various problems of iarge aeflectionslaf
plates not resting on ¢lastie fcﬁnda%i@ns have been examined by 8. Way
(1934), 8. Levy (1942) ang many other authors. But the methods used
by them réqmire considerable computation. A simple and spproximate,
}eﬁ fairly accurabe, method ol analysing large'defiactioné of plates

was suggested by H. M. Berger (1985)e. The method uses the bSechnique

* Published in the Journal of the Indian Institute of
Science, Bangalore, India, Vol. §7, Nos 10, 1275,
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ai‘ueﬁlaeting the second straih iﬁvarian% of the middle suriface
strains in the expr@ssimn emrregpon&wng to the ﬁatal potential energy
of the s;steme Borgerts method re&&ces computation and.alﬁh@ugh no
complete explmnataan @f this method is @?fare& in. %the stresses and
ﬁ@fleéti@ﬂs‘@bﬁaineﬁ.fér both reetangular and eireular glateé are in
gaﬁé agreoment with ﬁhase-faun& in practieal analysiss This approximate
sethod hag been applied smc@essfully*by~ﬂbwinski (IQ%@) to his plate
problems. Nash and Modeer (1989) investigated the problens ha?ing ne
anial symuetey fbilswingtﬁis nethod,
The technique of neglecting the seeond strain invariant has

- bean suecessfully applied by Sinha (1963) ﬁg.déﬁermiﬁe large deflection
cfyei&cular and r@etangular,plates:ylaced on alaseic fomdations and
under uniform lateral loads. | |

| In this paper large ﬁeflécﬁi@n of'a‘eircalar plate placed on
alastie W@unﬂaﬁieﬁ'aﬂd suﬁm@rteﬁ at several paints along the boundary
has been solved. The lead is assumed to be unifarmly dis t?ib&tea_and
%ﬂa fowmdation is @f the Winkier typse A eemwlate analysis of a

partieular case, where the nuuber of aunparts iﬂ twn, is given’

‘Formulation of pr@blem 3

For maderately large aeflecti@ms, the strain digplacement.
‘relatiansh;ps and- the strain enecwgy of the middle plana of the plate

are’

| (W - R
EX:%_\-L—\_ —\i(ﬁ) : o - see {(341)

S S o L .
?%*likél‘(). o coe (3.2)



lv b\k BV BW 'aw : . | . fC.'emi (3033
RS 'bg 3X+ BX aﬁ |

= [ [0+ et-a(on)ftens

Y oW - 4-
* Bx"— oy ’b‘x?)y) }} leol-\/ o ose (Bed)

in which. ej and ep are the first and second midﬂl@ surfage strain -

invar lants, respeetivelyu Negleeting eg and by adding the potential
energy of the transverse lead and of the fvundation reaction, K the

modified energy equation basomes 4?&‘;3.:11’1& (1963) 7.

J[[(V w) 12 0% 3 (1-y) %;’:L %;"L

K 2 29w '
am) } SR ——] dx C‘J vos (38)

Applying Buler’s variational method o Eqe(3.5) the following -

differential equations in polar co-ordinates are obtained

2 9 ' ' .
V4W""'O(V W+ %W = —CK i 8w (3176)
, v D
where "o is a constant given by
R .
ﬁ(*’\_b\k + P Mo ( ves (3.7)
' P — aTL b’\- —+ = .7_\ 23\.1" sea (el
2

_ 0 )
9= R T n’-%‘L



‘Solution of problem 3

Let the cireular plate (Fige S.1) be of radius &, shiported ab
several gmm'i;c—z aliong the bmmﬂary aml ,place@ on the clas tie faund&tion.'
I.@‘i; the em’é.ra of the plate be the origin a,na a dﬁ.&mmer &as t’ie
inldial 1line, O = O o ,Iaei;.the gmeral solution eﬁ:‘ Ecic(&@) be in ﬁh@

form

& -

W = Wo "\‘W| . v.c.-(aog)

in whi eh Wo is the large defleetien of a plate placed on elastic
.f@ﬁndatien and smpl}r auppm'ted alcmg the eatire boundary anﬁ W,
satis £ies the equation -
v 2 K : . .
V W\—wil—\-_iw\-:o YL (309)

Eqe (3.@) can be written in the form

(Vl—' P\1> (v?:_ E:-) W\ = 0 . - (3.1(3)
where \ ' .
P;L—\" ?:j = O<L . ) ’ ' oo e (3611)
L 9_' . j_(_ '
?\ e)— B :D CE N €39 12)

‘Cansidaring‘ the number of points of support Is 1, and denoting the
congentrated reaetions at these points Ny, Na,-.... i, the expresé;ion

for caeh reacticn Ni is

. OC . . "
ERERS
: — + ) CoawmB
Ao L2 Zv,—:‘ * aes (3.13)
" whers & = § —‘P,L s Y;  4s the angle defining the pasiﬁi@a of lﬁhe

support i.



The intensily of the reactivc. i‘orees at any point of the boundary is

then given by the exares@ian
NL Y < . o (3.13a)
zﬁ 2+ZCO’SW\9,(]‘ A h
- m=\ . .

in vhich the summabtion is extended over all the concentrated reactionss
Assuming that the z:sla%:e is solld and ceonsidering that def ?eetmns and
mopents at the centye must be finite, the sppropriate sclution of

Eq:(3.9) can be btaken in the form
W, = Aélo (P\T\) + Bolo CP:.TL)"-

Al Z{_. [_Am-[m U)ln) + Bmim ((’,_'ﬂ)] CosWd +
m=1

£ [T (R7) + Bnln(B)] stams
m=\ . ' eew (3,14)

in which I, 1s the modified Bessel function of the first kind and
zero order, and I, 48 of the first kind and wih exders

For determining the eonstanis we have the following conditions at

the /baunéar\'y' '

. eF & (3»15)

(W>T\:0\ = 0
&6=0,n
Pw . D ow, D dW, _ |
’6—7{2"‘ T an‘ -+ Tl?_'ae?.] — oL _ O _ roe (3.16)

ess (3:17)

A o
NZ
[&n 55 M’ne]71 @ =" -%a[li-\-:iﬁﬂ W\Qi]
j_:\ =\



where

| o'w | Ow
'Mnez (l"v)D[JTT'SE—SL@ - ‘7—\'1—55"‘_\

conslder a particular case when the plate is supported a%

&

vos (3'17&-)

. L (3517b)

o points

whieh are the two end points of the ﬁi&nete‘?r%&km as the initial line

fron whieh Q is measurad. Then

\ﬂ’: 0o, %Qi; K‘

. Considering the above boundary conditions and remembering that

defleetion is zero at these two poinks of support one gets afber

solving for the cm‘astanté

Ao = 7\D0< P%@)
Bo= 1“ ;ﬁ)‘a P ('Po(a
- P S
A Ty ROy AT OIS

/ P Am®)

B
AR @k, (@@,

oo (3.18)

pew (30@)

. (3*20}

9o (3021)

sas (3.22)



where

P=Ao’q =  total load on the plate

[Am(® I (BN — A @ L, (B

[/3 m‘(a)/“h,« (@)~ A (@) @)_] X [Io EDE,@ —Iol(Pl "9%(“)] |

o = R0 + 2 8LE%

P, = ?I (Pa)+ PI.(Pa)

Hnl®)= BT (6 + 21, 60) - 2T (6

/3,“(0\)_ i PI,,,(PQ) (1- v){.._ Ih(ﬂq)_ I /(P )}

7\m(°\)— R T (B0) ——PI (P,a>_

'\‘\q (0\) = P|1 Pz Il',n (Pz“) - O'v){%: Ih, (PLOQ— %LI,; (P,_a)}

eea {3.23)

cos (3e22)

see (3.25)

ese {3.28)

e {3.97)

oo (3.28)

®as (31@)



Thus the complete solutlon of Iq«(3.6) is obtained in Ghe following

form
W = W, + AT (M) + Byl (A1) +
ot Z EA'“I (P\’L)-r Bm-[m(PzTL);l Cos mB oes (3.30)
= 2 4)‘ e * ‘
where
Wh = ﬂfk_ + AL (Pn) + BoT, (B Ceer (3.31)
9T (RN +R2T(RY) o
AO - _.._K-[ o ] . eoo {3+31a)

(7o)

- ] PiIL'(ﬁa)+f’|3()zI.(ﬁ“)]
K .

P 0

eos (3.310)

P(P2) = {18 BT (B9 ~ T, (BN R 1o (R} +

+ %{P;I.LP&)IO(&&)-ﬂx,(aa)lo(aa)} ev (3.316)



Substituting the valmes sf the constants A@ g '@ > B39 By s 4y 0 and

By into Eq.(3.30) one gets teking Kp = LDa_

)[ " [ﬁ'LIé'(P‘Q*ﬂ%I-(ﬂ“)] (R
“F{ P (P

W
e

wx”@ @)+han (R Io(Ph)}
DD

o 5] T - R -

/M W1,..(R7Y —7\m(q_)1,,, R
B Z [ /6 m (@) Mm(2) =AM (@) ]C°Sme]
m=12,4,6 ,
e (8.32)

s P>0 and PL—0 5 Eqe(3.32) veduces to

W= W+ 27r:D (;_,,w){ztegz )+ ‘fg (‘zb}z )

S 1. 2.(1+v)
—_ Z EM("'\"') + ml(m-p@—v) (yn-f)]ko‘) CUSW\G}

m=2,4,¢,-. -
s 4K (3933)

as obtained by Timoshenko (1959) in the corrvesponding small defleetion
problen for a plate withoutcfoundation and supported at two points on
the bomdarye



The normalised constant o can be determined from Hgze(3.7) aad (3.3
Since we are interested only in the lateral ﬁisplaeemént v, the radia
and crose radial ﬁiuplaeem@nts ® and v have baen eliminated by choogia
'sm“{;ablca erpressions for u &nﬂ ¥, ﬁﬁmﬁaﬁﬁﬁlé with thely boundary

ecm_imons and integrating over the zmele area of the plate. The radla

and eross radial displacenents have been assumed in the foms

= z'.u(n)cmw\e | cos (3434)

V= z \/@1) QB
. L. (3035)

subject to the boundary conditicns U(Q) = V(&) =

Mult:iplying bctn sides of the EG&(GQ? )} by )'\.O\)xcle and mtegmtmg
between the limits O %o & and O @ 2K, one gets.

a 2R | A of
| ! dnde = n)e o\chL
SO gonu(n)mme o + HU() 3w é
-+ ﬁia\ \/@@me doncls +-'ij:[ n ($%) otno\e
e R I

0



© a8

After evaluating the integmls the fol 19wing eauamm leading to X is
th}&iﬁeﬂa '

'—*EA’Oz ot {4 [Io(ﬁa)ﬂz(ﬂ“)]?-— [+ ﬂl&] IT(P@} -

B:)zlo'z_ ?-{_L [I (Ra) + I,_(PL

] Ilz (Pza)} +
+2 A/O Bé Pl R 'F-%'PT:. ["‘ ’IZ'_' R‘I|(P:.0‘) {Io(ﬁa) + 1\1@\ C\)} +
+ -‘2~ RL (8 0«)(10 (Ba)+ 110’1“)}] +

5 LA ATt

m=2,4,6,.
- {i ‘:‘3 T w]

"Lq [J“{Im@“)"'lmﬂ@“)} {l u D} L (P“)]"‘
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+ BB {—'8‘ « [’% {Im—a_(Pi@ "'Im@oz@}z-\'{ |+ (;\T—?_l 3',\ | (fiq)]

- Lot L
g &

[ {I'“@a)'rlm—rz@l@} +{I o +D m_H(P )]+
+5 E g

B 2m +2n+9_t
( } L+

=0 =0 .
nNZt
m+2n -1 5 m+2t-
{3 2m<2n ot
a
zAmBmPP{Zz [(1) ) .
o oo (1m+2n+19lﬂlic [Men+m) [ (m+t)
n#t
i t-
m+zn \ P m+2t1~\ (__)WH n+( -2t zm+zn+zt+2
+
( ) P (zm+1n+zt+2)|__E["(m++.)["(m-rm9
1)m+2h ! R m+zt+|ce_m_t2n+2t+4

IS
@Em+2n+2t+4) 10 1k [T (n+n+2) (i) 2

m+4 x &= 2m 4 2n424
+ Am { Z (— Z\_OZ{’:gE) (-\J } I;'-L +

N+t
o _E_ am+4n x< R Ezm-t-?.n-t-Zt}ﬂm '
{; A +§oz-t"o(z) ¥ 2 T
it ,
' m 2n m+2t - 1%11
w2hnendS 5 G ) - 2
ngt |

ges (3e35)



where

Im 42N+ 2Lt 2

CP __: A

. (im+2h +2t+2) | it P(”“"'V‘)P(m*h—r)) v
azm—r‘} n

R (2m+4n{ 1T (m-m-+D}
2m+2an+2t
a -

¥ = @m+an2t) 0t M(m +Y\'\;DP(V“ *'L*_‘)

Thug the deflection, w iz completely deterained. ‘i?he oxpressions fop

the bending and twisbting moments are
| i
Mn = —DLR*(As+A0)T) (AN) + B (Bot BT, (B
.°<,’ " 9 " p
£ 5 (R AmIn(E) + & Bt (R7)] Com 0
m=2)4,€ '

0 {8 (ra T En)+ & (B8R

45 S TR (RR) + £, BT (0] €53 6
m=2,4,6

I ' ‘
R oo
[ X X} (3.3‘?}



Mo = -DlHAcAIL ) + & (Bl+ oy (Rn)

+ Z LRARL.(B1) + BB I,,,(Pn)] Cos mg
m=2,4,¢ | ,

= 55 AL B+ Bl )] cosmo

m=2,4,¢

+ V{RAHAY (R + B (Bur B L (A

ol
+ Z[PI"'AMIM(PR)-V-F Bm h(P'ﬂ)]Cc—;me}]
m=2,4,6
: sae (338}

, Mm=2,9¢

Mne = (1- V)DL m[RaT (ﬁn)-\.\’B (BT Gams.

o<
T 55 ) M[AnIn (87) + By L (B3] S
M=214)G
. |-~ ] (3'% )
The stresses due t© My ,Mg amd Mpg can be ealculated frvom the

expressions

kG' ) —~ §_M__fl (69)— %;\P,l = Q:;ne , .QM (?,4@)



. RESULTS

UIERIRLORE AIT, -

To ehﬁém deflecction for a given valne ef piaw’rédiusa Ly and

foundation moduwlus ‘Kp' ons has to i‘:ari; from the quca.:aa) with an
. agsumed value of 7 o ¢ :1n m'der to obtain vm emxvmspending value of
~the load i‘meﬁcﬁ w%-%:-_ « Once this x-glawansmp is obtained the |
c@w’espmﬁing defleetion .._%@ can be csleulated £rom Eaa(aasz); For
a =8 mm = 0,76mm, V & 53.3, and I{F 80 deficetions have been
presented in Flge .2 L

- n exemination of the Eq.:msz will mveal t&:at the 6eflezctian :
w%m depends on Kp 9 the plate ma;us Ya', and gn the value of the
angle, © . For a given value of the load function Eqe(3.32) can be
writien as ‘ | o o |

(g = 505), (s -«fﬁ“")

 whera K and K’g arse two numerical awnstants, Ko being greater then Kl.

Il “

Eeemxse of the reaative forees at the two paint’s cf vuaport, aeflecman
on the dianeter a% Q@ = 0 will bae less than tho@e on the diamster

at . 9=7kh . Maximim deflection will ocour at the boundary

at 0=1w, » Deflections according to the liangar ﬁh@ﬁry ﬁm‘rev also
bea;a zalatt'eé in FAg.3.2 and ii: is clear that the error; of the linear
theory inereases as the load increases. In order to study the
variation of moments; Egw.( 3;3’7 )5(3e38) anad (3.39) are p:}‘oﬁ%:e& in
mgaaq.a f@% various valdes of (r,/a) and ‘i’ér the angles at_ which vthey
beeome maximum. It is observed that the maximm befndingf moments,

o/
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the:&r magnimd@s being uneqmg are ﬁwelspeﬁ at M= 30L/4 e * 7‘/9_
and the twisting moment s zxmzimum at ¢ = a, O=tny,t 3n/4

As the plm‘za mest be in eqtzilibr:’e’.m :m the suppcwt Sy 'i‘.he
faregaing analysis for o simple snppar*ss z'epresents the worst
eondition when. the ﬁefleeti@ns azw s%msms are maximm far a ‘given
‘ load fmmtmm W:u;h %‘ne inerease in the nuher ai’ suppartsg vy in
Eqe 3.8 ﬁéer@ases» mr an mfiniteiy large numsr crt suapar"a 5 w in
Bjes3:8 win appmaeh o wa in the 1:¥.mit- and tha peiﬂt ot‘ maximm ,
‘banﬁing m@mants wﬁ.l s.ahiﬁ: m i'.he cam:re of me plamg (Hr)mam being
equal o (Mg ) ‘;m 'thaﬁ ea -

The presani: study ean be extamieﬁ to axw mmzber of supports,
pmvi@eﬁ the :aupports are so chosen as m'& to ﬂis%u;'b the equiubmum
" of the plato. Ebr emmple, if three squiéis uant. suppwﬁ;s are |
:.cchmseza Y = 20, Y =120", ¥ =240, the aiffercutial equations
together with the boundary ean&itiws remaining mzeﬂangad. Ir ‘ﬁ:he
plate 1s clamped on the supports, the boundary eonditions and the
_concentrated reactions at the sipporte will change totally demanding

& separate investigation, -



~ FIG.31 CIRCULAR PLATE ON
FOUNDATION.
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LARGE DEFLECTION OF 4 CIRCULAR PLATE ON ELASTIC
FOUIDATION UHDER A COVCENTRATED LOAD AT THE -
CENIRE®

PAPER « II

In thig paper the large deflection of a elamped cireular plate
on eiaé;tie foundation of Winkler type under a ceneentmi;e& 1aaé at the
centre of the plate has been invest-igated following Berger's approximata
method. The deflections are obtained invelving Bessel's functions and
the theorstical results have been verificd experimentally. Graphs ave
pletﬁg@mm for theoretieal and exporimental values for a given value
of i‘om&atim moduiuge. Tﬁé theoretical results have besn mpamd with

otheyr known results.

' For moderately large deflections of plates under & coneentvated
load Bg.(3.4) is meodified to

D 22 128 5 {‘62@«3%:
B womie @, o B (1w ) . ey -
Y E”L{V e e s ROV E 5 T
2% 21 X y
< ( e ) - w m LY X2 (8.42)
3T } * - 7 ¥ ,

*Publisheﬁ in the Journal of Applied Meehanies, Trans.
A-nbﬁaﬂgg Vol 4225 ﬁﬂe 29 1975% .
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Applying Buler's varlabional method %o. Egs(3.42) and using polay co-
ordinateos the i‘ollcwing differential equatiensl have besn obtained
K

a Vg" O(g) Wbk w =0 except at the loaei ' soc (3a43)
v n _ point.
s P cummmin % (-n-a-n) = e Y T (31%)
» ar dr 12 '
whare 2
: 2 as - 1 a4
vV ¥ S » wee  ang

'8 & esnstant given by Bge(3.44)

Gonc'idering, the radial stx’esg and snearing éi‘:re.as cn a eoncentric
ciroular area of mdius ¥y the congentrated maﬂ P at the cenire, and

sinece u and % are ‘bath zoro at the centz*e, one gets

Ling DT oo (’ ( V= ¢ }__/ B aowe s P (3%45)
. SOLUTION OF PRODLEM

" To solve the problem for.a cirewlar plate of radiss 'a’ and
thickness 'h! golubtion of BEg.(3.43) can be taken in the following

convenlient form

= A I, (_Pir) +* B Iy (’Pg o)+ C LK (PyE) = K (Pgr) 7 wos (3446)

wWhere P§ + Pz = 0(2 S Co | . eio (Budk?)
2 58 . X S . - ’ o

Pl P2 - -nﬁ-u hae (30@)
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A, By and ¢ are constants o be deternined from the boundary condliions

Boundary conditions for clamped edge are

{ % (2y2) = Ro(pge)} 7

1¢ dotermined completely.

« W
(1‘}) =0= ( B ) 280 (3.49)
r=g ér =g,
Imzm;;;l;ag e { 3e45) on Eg.{3.43) one gets
o i
¢ = ‘ T » te s Q
27\13(?2«-932;) ceve (3,50
Considering Bgs(3.46) and :Eq.{f‘(i;@) oné gets
~% = K3(Pga )Py 15(Pga) = - Ko(Pye)Paly(Pea) _
A= g/l ers {3451)
B - ‘l Kg(Paa)Plll(Pla) « Ky({Poa Pol,(P1a} _ (3.52)
T PgI(Paa)ip(Pia) = PyI1(Pia)ln(Pga) een RTeERd
Thus | -
& ~ Ry(P1aIPyI,(Pga ek, (Pya )PoT1(Pga)
W= e:/;‘“{ - - ' - } L ()
- Pl (Pgl Mo(Pya)ePy I3 (P12 )i (PeR)
{ 2 - Ko(Pg )Py 1, (P18) = Ky(Pon )Pon)Poly(Pya) } (o)
g
Pl (Fea)Is(Pia) - plzlcplaszowgw 2
ves (3eE3)
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Setting » —> 0 in Eq.(3.46) one gets the naximum defleciion at the

contre sf‘ ishe plates

R

Thus wmax SA+BeC log, [ —2= 7 | | cos. (3.54)

Py

If"P’l—.} 0y Pg —>ot OT Pl—;s@,‘ ?2——> 0, ona gets the correspending large
deflection for isotropic cireular plate not resting on elastic
foundation as obtained by Basuli (i961) in the form o

W o= 4 — LT (K@) =1 T ¥ )

27D «° 8I; ¢ « a )

+ ID' (o ®) (&K (B)+ o{a Ig( o(a)&oge(%) + Bl o r)
X 0(& Il ( 0( a)j ) L . ’ | : eda (3055)

IP r = 0 Bge(3.85) leads o

P ,
2w I,{ x8) 2+ a K,( X &) -
¥nax, Eﬂno(a xl(xa)éf K 0( lo(.

o(%l Il ( 0('3.) iﬁge( ' o; al ),:7 ’- ‘ _ soe {3256)

To determine the displacement u, one gets from By.(3.44)

, o 2nBpl aw ;

where g 1s the constant of Integration.



After evaluating the integrals and using the boundary condibion
u—->0 as r— a, i‘;h-e following aqﬁ&iﬁien determining u Iis cbiained.

u

P
. [2 2 { r Iewlrnli 1) LI Iz(Plﬂr % r (plr)rz}

+BP2

I, (Pgr)l (P rJ | g . |
2 z{ 178 + % zi ;Pg;r')rgo ¥ If.wa”“g} *

Py

2.2, .22 - DT T
X p2{3 o® K2 (pyre & B (Pyo)t 5 (22}

+ %2 {% 52 62 (pyr) § & (Pyehe? = KPa) Ry Lo

P” e P,
2= Py
26%p. Py o ' : '
- SR (PR, (Bye) - PR (REIRE) | -
Pg - Pl
2ACP,P, T |
- =R {zﬁg;z}_u»,_r)xowar) » Py (Por) To(Py®) | =
92 . p& '
8BC PiPor | - -
- 1g {plzlcpara Bo(P12) + Pgky(Py7) Io(Pgw) } »
2 o p i
1 .

+ B¢ {Pg’ o L T1{Por) Ry(Par) + Is(Ppr) Ky (Por) 7 =
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Pgr £ 1,(Pg®) Ko (Pgr) = I, (Ppr) Ky (Par)7 |
AC {9;,?? L :l(plm X (Plr) + 1,(7, r)K ()T -

'5?13: 4_"'11(1311*)1{ (Plr) - I (Plr)K (Pg_r) ..7 }]

_at (pla)zlq Pya)

' ' 2 . 2 -
A2 T - R W:.a)aa"% Ip (Pyda o/ +
1 1
— 8L, (Poa)i;(Pza) ' 2 .
8%2 /2 i’a L +3 2Pl ¢ T(Pgla” 7+
. ,

DO e, B o - APV T § :
¢P] L% a"K(Pa) - & X, (Ppa) a= 7, K,(P &) 1/{1“’13’»7 *

Bel L7 a7 (Pn) & K (Pp) o 5 K (Peadey(Pa) T

2B P
= PaLy(Py0)Io(Pan) = PII(PRN, (Pa) T =

g L PiKy(Pga) Ky(Pja) « PoRy(Pya) Ky(Pga) 7 =

L7 Poly (Pya)K,(Pa) + PyK;(Pga) I(Pya) 7/ =

‘ZBe Pg_’Pga
Py = P2

L Plxl (Pep JB,(P3a) + szclcpla) I (Pga)_,/ ¥
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* Bf'z_ P, a?{l‘.‘lcxﬂ\?a)xl(?aa) * I (Pga) .o(P?a)} -

- Pga { Ii(l?ga:? Ku (Pga) ;,-;Q(Féa? ?;1(?;23) } ] -

- AC Z:' Piaﬁ { le F?la);{lgpla) _“‘,%f‘?f"‘: (Pla)}

- Pla{zl(Pla)Ké (Pya) - 3,(Pja) Ky (Pa)} 7 - d'h 2’ L ees (2058)

Alsc as 2> 0y u—>0 from symmebtry. Thus the equation for o is

given by

92 o - a (Pa)Z(Pa) ;
dha = A%2 s Yo (Faadhy 1_ +§_I§(Pa)a2-%lg(5’a3&%7"‘
, 7 ) &~ _ 1 o 1

12 | Py

8l (Poa) I(Poh) . B 2
« B% ;’ < gi S 4 L(Ppada® ~ ¢ L(Pg)a” T
2

L , |
e &8 £ § % (Pya) -  Ky(Pjade® -g; Ro(Pa)K,(Pya) 7+

+ 25 £ 4 G § K(Pa)a o Ky(PadE (Pa) T

Y22 [rala(piadio(Paa) = PyL(Pg) L(Ppa) 7 =

- ._?,_&5_?,_ é. P1K1€Pp amc,(pla) - Pgky(Pya) Ko(Pga) 7 =
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zac P1P2 a
- L PQI (Pla.)Ko(P a) + PlK (Pya) I (Pla)_/ -

2 2.
Pg = -Pl

'zacplpgaf | S e
T TET e L PyI (Pza)z{a(‘pla‘) + Poky(Pja) "10(?2&)_/. e
2 "1 : :

+ BCLTP] ag{ I(Pga) Ky(P) + I (pgw xo<z>2a) bo-

= P { )(PR) T,(PR) - I (Ra) k) (Pa)} 7 -
- AC 4“?? a” { I(P,a) K, (Pja) + 10'(P£a) Ko(Pla;)} -

- P, a {ilc'ela)j K (P.2) - i{: (Pja) K, (pia)' } 7 »

2aPe . =BG PR
+ = ok +AC
g 2 2 .2

P2- .Pi. Pg"' Pl

S ol P + P . ; P
-EC"P c01+-_.2-—~_._ lcge ‘—}] T TR (3.@)
pg - P2 Py -

If Py—> 0, P2—>  or Pl—n(, Py, — 0 Bqs(3.83) leads to

2 6
a 3( A a) : . .
72 = ) A
A Di / Y + log, ggga I ¢ o:(a) +Io(? 12_( :(&)-2
a 1 { a

I ( < -;i.)'c- 1] 2 : - ' |
= - ..9_,_( = XX (3;60)
¥ { S } 7
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The above resu.,t was obtained by Basuli (1961) in determining
thcz large deflectian of a clampeﬁ circular plate under a concentrated
lcad at the centre without any elas't;ie foundations.

EXPERIMENTAL VERIEICATION

Deflection was meagured oxperimentally by an apparatus shown in
Fig.3:4, The thin cireular mild steel plate (A) of 0,75 mn thickness
wag placed between two washers and rigidly clamped over the base (B) by
means of eight bolte and a thick mild steel vring (M) of 6.0 mm thickness,
’izhe ﬁiazaeuor of the cavity (M) being 160 mm. Load was app‘! ied &% the
eentre of the plate through the load spindle-(C)e The load spindle was
aeccurately finished and made to move vertically through the bush (D)
vhich was closely fitted at the centre of the frame (5. The lower face
of the load spindle colle}r (F) was aceurately ground and polished.
ima&s were applied over the load pan (G) and the correspcnding
defleetion was measured by means of the dial indicabor (J) placed
agalnst the lower face ‘of the collars The dial indicator used can read
Upto 12 mm ‘withi an accuracy of 0,0125 mme ihe readings were baken firzst
with the cavity empty and these readings correspond to Kgp = O. The
cavity was thon completely filled in with sand and the experiment was
fepga‘é:@d- The value of the non&imensieml meé&zlus’x for sand uﬁéﬁ wés

determined experimentally to be Kp & 430,

To caleulate @eflections for plates resting on elastic
foundation one has to start from Ege(3:59) with assumed values of -%—

and o( leading to the corresponding value;‘s of the load funetions



Once the load function is obtained, the deflection is dfet‘emme&.-i’m
Eqs{3:.54) The %heamtieai rosults for plates with elasti¢ foundation
and without elastie goundation heve been veri.f:!.eci. by the experimental
rosultse "Tlfze corresponding graphs are shown in the Fige 3.5, Results
aecording to Timoshenke and K.tregeg}g a gcﬁ%?&_‘eg/ é%%ggsp@nﬁmg to Kp=Q
have also been presented for comparison in the same graph,

It is observed fvom Fig. 3.5 that the deflections caleulated
both for plates with and without any elastic foundation are in good
agreement with the values obtained experimentally. This jusbtifiles the
assumptions Berger made that the second strain invariant of the middla
pléne can be negleated for macticgl purposes. It is also observed thet
the deviation of the experimental curve from the theoretical one is mo
with higher values of the load functions This is due o the fact that
the assumption of K to be pz’épezvtianal t@ the defleetion is not
strictly correct as‘ K varies mnli’ii_eaarly with the deflection at the
ﬁigﬁzér values eﬁj Joads. |

The equation for bending moment is glven by

- - o S .17_,_
Mp =« DA P? I, (Pyr) + 592 %, ,..(.PQ@J; - (LY ) 4)(PT) -

- (1Y )-mzapg Ilﬁ"g!’) * G{Pl Kp(Py®) = s-* %y wzm

A (1 by }‘—“"P].chplr) - {1 b )“"“‘ ?aﬁl(pgr)} J oww {3'*61)

Bending moment at a point not very close to the eentre of the plate
may be ealeulated with the help of E 43»61) and the corresponding bendin

stregs 18 given by

. dn 2 - :;2 . (Mr} ‘ ' cwe (3.62.}
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On examinatlon of the Fq.(3+61) it is observed that the bending moment
becomes infinite at the eentres of ;ﬁe plates Hehce BEqe{3.61) cannot be
used to determine the maxinmun bending stress which occurs at the centre
of the plate. The conacntrated losd P at the contre of the plate may be
assumed to be uniformly distributed over a concentric cireular area of
& very small madius, ¢s The shear stress is given by

6 Qg n 2

(T )333 = h3 ( 4' -2 ) aos {3+63)

| g - 2 2
@ = GShear force = D«f—» LCve & Y7 we
1z

From the theory of bending of rectangular beams ( T )rz 1s zero on
the outer surfaces of the plate. The maximum compressive stregs at the

centre of tbe-ugper'féce of the plate is then given by

P - 1R '
6 = =6 = e [ 22Y (1 ey )8 7 cer (3.64)
Ne 2 ,

where S\ is the bending gtress calemlated by Eq.(3.62) for poinbts very

clése to the load point and /9 is a numerical factor depending on _22.,

the ratio of the diameter of the loaded arsa to the thickness of th:
plate / Timoshenko (1960), P.70 _7. The maximum tensile stress wiil
cccur at the centre of the inner surface of tne”plate ané 1ts value will
be less than the compressive stress at the corresponding point on the
upper surfaceo. There wiil be a nigh concentration of stress surrocundiag

the load poini,
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. '. LARGE DEFLECTION OF A CIRCULAR PLATE. ON. ELASTIC
FOUNDATION UNDER SWMMEIRICAL LOADS °

PAPER - TIT

INTRODUCTION -

Following Berger's approximate method, large deflections of
elamped eircular plates on éiastic foundation and subjected to some
special types of symmetrical trangverse loads, which are’fuﬁeﬁians
of the distance from the centre of the plates, distributed over &
eancgnﬁfic ¢cireular pertidn'bﬁ the plates have been investizated in
this papers Eefleetions, bending moments and bending streszses aré
calculated, fbr different values of foundation modulus, and. these are
_presenta@.in the form of graphs. Th@ results have been compared with
ather knawn resul tge

Let us coﬁviaer a elampsd cireular plaue af radiu; at, The
centre ef'the plate is taken as the origin. For moderaﬁely large
deflection of piates the governing differential equatlions in polar eow

ordinates are -

_ ¥ o

vw O(V w—'r])w = 7 sos 53#‘?5"

_\LL— ‘ (dw) —. O(l\ . --,;»;{3»66)‘
TL ,

*Puhlisheé in Journal of §tructural Mechanics, ﬂnivgrsxty of
nlmOng Usﬁu&é, V@lnscé) ﬁ@e QM"QOOQ 1974’“750



where | |
2 J? \ a
V = D + 3 dn
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If there be a symmetrical distribution of transverse load varying

as (8‘_9197\ s (\y~1) over a concentrie circular area of radius b < a ,

%’— :.C_t?_g-‘)z WE cUo"—n'ﬂ?\ wflen ribla

= 0O \ when b{r (s
Eqe(3+65) now is written as
2

. K ) ’
(v “0(2) Vgi,»,’, + - W =£f {(r)

The boundary conditions for clamped edges are

| .
(W rp=a T0= (e
(W)r=a (oo dpes

Let us assume the deflection W in the following fomm

~ | .
W= Z Ag [” Tg (Pgt) = Ty (Psa):’
S=1 : '

where 39

o (3u67)

«es (3,68)

e (3.69)

ses {3-70)

is the Bessel funetion of the {irst kind and sero order and Py is the

S-th root of §y (Pa) =0, J; belng the Bessel function of the first -

kind and first ordar.

It is evident that the boundary conditions for clamped edges

are satisfiled by the above eonfigurations of W



!? O

o~ d A 2
- ... Aol (P P) = E {P.1
‘ ar® . p ar J Jg(%.?) s Yo (Pg2dy

’pu.t'ising; Bgs(3.70) into Bq«.{3.63) one gets,‘

Z Ag /"'P J'O(Psr) + o @ Ps J’g(Psr) +.=.....{ J (psr, .
s=1 -

To (Pa)} 7 =22y Ll (3.

If it is possible to éxpa_ixd i‘(r) in a peries of Bessel functionm,
one gets, —_— |
% g2 [ { g2 (Psr)

‘Aésa[bg (p§+o( (p r)*As-%.
o .

. - . ) A a ’
~ J5 (Pga) Jy(Pgr) | Twar = g - £(r) I (Pr) rar
. '0 " .

2 ' e e . a | }
0r a5 £ 2% P ez T 0, )= g £(r) X
' ‘ UL o Jo

X Jo (Pgr)rar S " eee (3.79

| B U |
Putting *r = b 8ind and £(r) = ¢ (b% r2) in the integral of
Ba.(3.72), one gots
a b %
E £(r)T (P _r)rdr = f cr (b3 %) J_(Pcr) dr
o 0O 8 . ._ o | +] ‘

= gpH A 1) f 5  8ing sy
5]

Jo (Pgb 8in6 ) do
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- 2( A *1)3 ‘eE (?sh) ( A '3‘1) ‘ .o (3‘73)
(g b)“’ 2 -

_‘i‘his iz a special form of gonaine's first definite integral containing
Bessel f‘zmeéia:i /“%ratsen (1052) _7',, where 7\>

Substituting the value obtained from Eq.(3-73) in Eq.(isa?g) one gets
after simplification

am) ™ L g (Pepd [ A o

i Ay = . : ses {3.74)

D e M Pg v PN E 758 (5a)

Thus

g o ¥ NS 5 J;wl (pgb)g_:rocpsr)a I5(Pa) 7

W oe e & 7 s

a® ' g1 /7 Ps P? + o(g)ﬂ‘:’ At EE-_/J@(PSa)
s completely deternined. - L ees (3478)

The deflection will be maximmn at the centreaw From Bge{3.75) zaaximm
deflection is ebtain@d muttlng r = 0.
~ Thus )

0(2’0) F(?u-:u o< JMlcpsb) a 1 - Jo(Pga) 7

W n
ks b a2 S=1 L_‘P 7\-;-3(},’2 + 0( )"‘ P;\‘*’l . ]Jg (Ps&)

L X B 4 (39?6)

- To deternine the uisplacemem. u, one gets fr@m Bqe{3266) and BEgs(3.70)
3 U 22 : 2
Sz L ..%( .

-
-y

ar 'S 12
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Lo 2> 428857 ¢ ;};% > B
12 1 s S wm, oW sH
o S¥m
X I REIr) e (3077
redre |
Mulﬁiplymg qu(a.?'?) by 4 and integrating with respact to
one getg,
22 9 @ g ‘ o I
e = = - % Z &sPst {(1-‘?“’2’ *
. | o _ ® o | .
X Jig(Psr) +*Jy (.Psl")} J. . Z Z_;_ Ag Ay PgPp X
5= n=l1 '
Sym

PeTa(Per) J1(Pgr) Paliy(Pe?) TolPur) |
- — b7+
P o |

XL"';'{ =
S

# Kensvssveenvon o.:.5G:{3+78) vhere K is the coastant ol integration.

Boundary condition imposed on u is
(), ., =90

Thus
@D 2.9 2
R= Z ,Ag Pg 82 32 (P a) = A 1;4 a "emw (3&79)
5=1
ALso as P> O, ué@, from symmetry.
Themi’ere the equation to detemine < leacls to
"(gh a” . ‘Z a2 p2 &% Jg (Pga) soe (3480)

S=1
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Puiting in Bg.(3.75)
A= 2, K=0
the defieetion W is glven by,
)

W o= gl A L3, (Pe?) = Ty (Pgr) T

2°¢ o p ()

= g— L75(P.2) = &, (Psa) 7
A ess {3.81)
2,9 4 .4
| - P2y P§ v* -
where P (Ppb) =% / 3 = == e -
(Pgb) =% 4 2.5 244547 -/
As X tends to zero 1q.(3.81) leads to
b3c @ P b)(_é‘ (Pgr) « (Pea) 7
W o= 3 22 =AML e {3.82)

Eqe(3.32) is the result obtained by Sen (1938) in his corvesponding

small deflectlon problem. | |

Let us sxemine another type of transverse lead functicn varylag as

( 22w bd) over a Concentrie Cireular area of bl a.

In this ea«e,- o) =[c (r% v?) '.r(O‘é re S b'<a5

o ) {”O‘; f -(gg RS al). " wes (3.83)
; B .

AN

el I S -

‘Expanding { rL) in the semes of Besvel function and proceeding in the

sane manner one ge”‘cs,
2 2
3 - Pg b“) Iy (Pb
AS, & 2be (4 - ) 4 ( S ) eon (3984)
o/ PL (P2 + 42) + PS &/ J8(Pga)
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Thug
3gbe L (4-P5 b2N (P ) To(Pe®) = To(Pga) 7

a® g=1 £ P'g (P§ - o(z)_‘-r- PS "“%"4-("0 (B a)

.
-

Tose {3.85)

is completely determined. befleetlon is maximun at the centres

The central deflesction is obtained putting » =0,

Thug - Lo . - .
ssbe @ (4.P2 b3) Jy(Pgb) L1-3o(Pga) 7 -
WE&X ‘= ‘ . 2. . - sae (3&86}

2 £ -7, 2 B 8 K 2,
a® =1 LPi(Pg & )4 By ?J.aocpsa)

By substitubing the Bq.(3.84) in Eq.(3.78) and Bq.(3.80) one gets the
equation for u and £ prespectively for the type of lcad function
in Eg.(3.83).

The equation for bending mo@ent is given by

=0 By 2,1 Ow >3y - ; .
M 2w [ cemmachion BV (oo  omcmi— ‘l,'-'L- s w J vos (3:87)
S T TR Tme Y 87
Since W is a function of r only, the equation for bending moment
becoites |

_.au 1 a | |
ar” T dy : _

- Considering Hqe(2.75) and Eq.(3.88) thé value for bending moment for the

type of leading in Hgw(3.567) is ohitained as
I @ retag O %

r' ) a2 $=1 z_"p;\ *’3(95‘34 0(2)4- pg‘ﬂ V%"'Jacpg ai)

X L7 g Jo (Pg?) (V) ~1) -% T, (g ®) 7 | ese (2489)
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For clamped edge the bending moment will be maximum at the c‘eixtre-.

Thug

 pe(zh) AT e 1)
(Mr)m&_}ﬂo - ‘ a2 ' i

x5 25, (7 )
S=1 / P?u-s(pa *0(2) + P 7\*1 .E.E.._/JE(P a)

The maximum bending stress is given by

L

= ./

see (3.90)

ese (3491)

For tuhe load funetion given by Eq.(3¢67 ), the maximum deflections,

' maximum bem.img moments and maximmn bending stress for A = 1 are given

as follows 3

b ® JIfPgh) L1=7,(Pga) 7
Unax, = B
max, &1 LPHPD + oP)e P2 K.?«T U"sa)

4pch® o 3'2( ps ”;’1 -7

SN cpg 2)* =77, %(pg 2)

2apep® @ Iz (Pgb) L 3. * ”;1 .7

¢ Gr)max. = - 2 2

a“ h~ 8§=1/ Ps(sz_f X 4)'?"'71-)-‘/30 (P &)

aye ‘3‘92)

eer (3.93)

eos (3.94)
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If > 0 and X = 0, the eorresponding results for small defleetions
problems are obtaineds o | .
Thug for small deflections

% B Fo(Psb) /7 1= Jo(Pge) 7
Wnax, = o2 g Z;'l ’ o6 - 32- I a) =
T8 Ve _ 8.

eos (3.96)

2 .
wev” 2 Ip (B B) - Vol w - R
(Ml')iﬁ&}h = 2 g [.. 1+ 7/ cos (3.96)
& =1 P I, (Pg2) = 2
y e S I N P
(Gr) > S XL L F e [ ess (3497)
a%n® ‘s pd T3(Pgn) 2 .

The above resulis will be utilised for numerieal computations and for

side by side eamparisoﬁ.

REguhmg‘

Nmnemeal re*ults are presented here for the case of the
circu‘!ar plates with elampsd edge. The type of load function considered
is as in Eg,.( 3.67) and the value of A is agsumed to be 1, radius of
the plate being a = 2b., The maximun deflections, maximum bending
stresses are ealculated for varlous values of the load funckions and
fop ﬁarisus values of the f@!mdétipﬁ mbétﬂugg These are presen;ted in
the form of graophs. Central deflection and maximum bending stresses

are also caleulated for small deflections and these are also presenied



77

in the fom of grephs for eczapaxvi.-son.' Variaﬁian‘of the bending moment
along the mdius is also calculated both for small defleetian and large
deﬂectiang S . :
In calculating the central deflection, one has to start fron
Eq.(3.80) with an assumed valua oi‘ ( X a) leaaing to & particular
value of t;he 1oad fmctiom Once this relationship is obta:l.ned the
maxinum value of the deflection can be ochtained from Eq-(3.92} for
various va.lues of the foundation modulus. These rosults are presmteﬁ
| 10 Fig.3.6 to 3.9, On examination of the Bqo(3.92), 1t is vevealed
that as the radlus of the plate inereases, the central deflection
also inereases for a given va:!.ue of the load function, For small
defleetion Eq.(3.95) is to ba useﬁ for calculation of the central
deflcetion. o N . |

In caleuleting the bending :;xoment for various values of (’-eg- N
'Equ3.89) 1s to be used putting the value of A = 1. The variation of .
the benéins moment along the radius of the plate is presented in
Flge 3+10. Variatlon of ‘lthe beﬁdirig moment along the radius according
to the linear theory can be éalculated with the help of the Equ(3.89)
,putﬁmg the vaiue oi‘ o( =0 and A = 1. The maximm ‘bending stresses
~ both i‘er large and mall ﬁeﬂeetf.cn and for various values of
.fomdatian mod!ﬂ.ns are presented in the. Fig. 3elle

For the type of loading In Eq.(3,83) the central dai’leetmn for
varﬁ.ous values of load ftmctiau and foundai:ion modulus can be caleulated
with the help of Bqe(3.86) in conjunctien with the corresponding |
e@atﬁ on for Valuoa of the bending moment and bending stresses
can also ha easily calculate&.



From Eqe(3.92) it is observed that the central deflection of
the cireular plate depends on the radius *a' of the plate and on the
value of the foundaticn modulus, But for a given value af‘ ‘the
foundation modulus, deflection increases mainly due to increase of
radius because the effect of the value of P » -»%‘- is 1ittle in
comparison with other terme when the plate radine is increased. For
a given value of the plate radius, as the fbundation modulusg inereases

the Bge(3.65) behaves as the linear equation of the type

e .-%.- w= /o | | oo (3.98)
This is 2lso seen from the [Mig.3.6 through 3.9 where the deflsetion
curves for higher values of the foundation modulus Kp tend towards
linearity.: The nature of the curves of the Fig.3.6 through 3.9 for
Kr = 0 are in good agrecment with those as found by other authors.
For value of A= ¢ in Eq.(3.67) and for Kp = 0, the deflection curve
',is presented in Fig. 3.12. This is in good agreement with the result
obtained by Banerjee B (_“(196’?), 5\_7 .

From the Eq. ( 3.92)) and also from the Fig-&@_/fg j?s.gseen that
with the inerease of foundation modulus, the defleetions of the plates
decreasos This is expected. Because better foundations will give larger
upward pressures 4o reduce the effeet of applied loads.

For the type of l@ading in Eq.(2.67), the load on the plate
at = ¥ b is zoro and the deflected shape of the plate is shown in
the Fige3.13. From the Fig.3.10 it is seen that the bending moment
varies fyom + ive to - ive value aieng‘ the radius, The daﬁecﬁ@on of

the plate along the radius will be as shown in Fig.3.,13. This shows that



the gizect stresses in-thé'upperfand lower. fibres of the p;a;es w;ll
chégigé- f‘mm tensile to eompreéssive ﬁ;th the value of 2810 'si;ress at
the point of no a?efiéctiem Maxinum bending stress will occur at the
csészéra of the plate. With the increase of load maximum beﬁdmg strosses
will vary 11near1y'w1th -the load.and the stresses will vary nanlineariy
zwith the deflectiana The effact of tha foundation modulus 1s to rsduee
‘ﬁhe bending stresses. Brrors in the results of the defisction abtained
fram the tyo approxinate equations (3.65) and (3.66) will be less for
the values of K@ other than zZero. BPut the results for the bending

- moments ang bending stresses will not be as ageurate as the»defleetian
because their values depend on - the desivative or the diaplacement

and deflection.
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LARGE DEFLECIION OF A SEMI-CIRGULAR PLATE ON ELASTIC
- .. FOUNDATION UNDER A UNIFORM LOAD®

PAPER '« IV

large deflection of a simply .suméi'ﬁed,semicircular plate bl&ceﬁ
on elastlc foundation of Winiler eype and subjected to'a uniform load
has been imvestigated following Be‘rgez' 's approximate method. Expressions
for the deﬂections and bendmg moments are obtained and the uhaaretical
vresults have been presentad in the form of gmyhs‘

. SOLUTION OF P

" Let us take a plate in the form 0f a semicircle, Fig.3.14 end

. let it be simply supported ang placed on an elastic. Foundation having
the. reaction K per unit area per unit éeﬂeetion. Let the centre be the
Iariging the bounding dlameter be the. Anltial line and the plate be
miformly loadeds Tha gaveming differential euuatmns in polar
coorainates ave '

v%w 0(_2 vgw _E_&)W = g | _ s e (3099)

®Accepted for publication in the proceedings of the
Inaian Academy of Seiences, Bangalore, Inﬁia.

(P{,{L(A/JL\LOL \/5@ {_xxxu!; See A, lvol (9 7¢)



where X ds & coﬂsmt givan by .

o(zha
iz Or r r oz 00 2%

eos (3s 10%)

? 'v‘ & . ,,,.,' ' :
r2 2’934

_Brg s S B
To solve Bqe(3.90) let us put it in the following fom

2 2. . g , : : Sy
- Pg JW ='...§~ ' o ¢ oe (—301913~

2 2 2 ' | N '
Pl‘E‘PQ ”O( S | ' 03 (3@1@2)

e R e (30w

2
PP

0w

.

, E@anding'i‘:he load into the '-a:p:pmjr_:'-'x"iéte Fonrier séries,

Q= 49 - . Smme Lo

Sy, S L —— o ua;,' (301{)4)

and assuming
@ - | |
W= % HmSinmng | © ol ase (34105)
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where m is & i‘unctien of » only, and subsﬁitating Eq.(seme;} and
(3.208) in (3.101) one gets

. . 2 2 2 2
a m a 1 4 me | e
Ll Ap SIS D AREREES  &B P ) ( + " = - p )
dr“ r. dr 2 .1 &t o oar R
. | .
= ":’ig"" eea (3-103)
A mb '
'The ‘appmpriatel solugion of Bqe(3.101) i= givexi by
:
© i
{Py) + (Pol) + wiee x
g Am Tn (Py) + Bpin(Por ﬂm |
@
Ne L |
x S349g,m¢t P2r) / Sln mo ees (3.107)

(2235 (1 pp)™
(2% u2) (4%~ 0 {(2 « 25)%n®]

where 7,\8 =

442s +
(-1) (i Pgl} =R

M + 28 e } {(4¢2s+2n) }

. L &0
' n=0

is the lommel's function which is uniformly convergent.

The reguired boundary condi tions are

(W)rsa =0 _ ese (3e10%)

veo (301689.)

o~
= .
- A
i
o

-éaw) 7v= 0 | eae {-‘3.109)
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Considoring eqs.(3.107),(3.103) and ( 3. 1053 and solving for the

eonstants &m and Bm one gets

L { PB 3:m (P a) * Y Py Im (P a)} Z S3epg,ntl P2R) =

(i pp}d.&-i-zs
- Im(P?&i{ az AT E (L Poa) +
- amp ( 1Py )4"23 St2ssm
- () 7\ . _ ) -
+y e Sgupe m(t P)} 7

gm0 (1 Pp)as

= 24,
Tom . [/ :m(xaga){a p2 I (Pla) Y Py Xy (Pla)}

. . . . .' -
o I (Pea) {a Pg Ig(Pga) + V Py I (‘Pga}} _/' : cas (3:110)

N~

"“{a ? xﬂl (Pla)* Pl&l (Pla)} Z (i 3§4+25 . L4 3+2n£gi Pg&) -
2 ” :

. (53 Ae Poa
L(P1a) { aS Troyim 3-:«2(, )+

o , &2 7\5 1 . .
" s:;o (1 pgyd¥es 834p6,m (1 P2 a7

A D Im(Pza){a p2 Im(P a) + vplxm (Py a)} -

- In c_;?la) {a- Po I (Poa) + U pg%cpga)} 7 ere (3.111)
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whors aashes represent ﬁifferentia"‘a ions with respeet t0 2.

Since we are interested only in the la'-:eral digplacement wg let us

| aetemine « by eliminating » and v from Eq.(3.100)
a2 ) Ulr) cos me L ase (34112)

= S V() 5in mo ves (3.123)

Multiplying Eqs{3+100) by rdodr and integrating within the limits 0 to
a and O to A one gets

a 7

s Ir'Z U(r) Cos mo a0 ar + % J“Jr(_.l}z;.? agar #*
o ‘© '

& 7 - ' a T -
*J J Z'ZW:),ms me de dr +J _- gim V(r) Cosmp 46 ar +

e o o ©

a T ghz a T S
+~%[~:, ; .-..:.;.( -'5-—-56" )2 ao ar = °<12 ‘o [a,r\de ar

e

After evaluating the ﬁntegrals the following equation leadm.g to  1is
abtaineﬁa
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B s 1)
> o (£ Lo oo e 7% e 27
m=1e By B .1

- Pl ma—gmm 2 o
“‘Im««ﬂplﬁ}} % Z ZdD( )*Bm Py X
n=0 =0 '
ht
. Py Pasanedt o2 - L =2
s(F L L { e 77
S . n=0 t0 | )
n#t

1?2 2 -
PO e TP ) = o { LT (P Tap(Pep) 77
: a2 ' ,

' (m»:-lbf’ ‘:ws -

£ 2 onl% n )2 . Z Y
T oBs=) ' 8 + 45 + 2 . nﬁghqttm

fan A, (Masf:%z) M-:-zs!@zi:)a&fkésa-wu-ei;? } . 1 %%Pi o
' _'.srqs-s»mém T T Ty e R




)m- e Py )mi:-fat 2nene2t o
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P, m#l+2a P melsdd Suefnedted
| e s — %
(2n+20+2t44) /n Lt / (mme2) / (@ste)
P, m=itn. P mele3t
+ P c-—jx-z O T +
Py meletn Pp melsSt
& qD & -mz;n cnn;%-} } +
+4AQP'--«-:°~I‘ = s P Py |- Let
1A e=0 (iPg)ezs nf-‘@h; =0 £ A "(“é’”) Yoo
rAn Yreghmet g},
) qQ @ Ag ® ® 4 Py m-ng‘*
' Bm 2 T hn s {ipg)%-ﬁ"é?s igﬁ %E‘"g LIJ ) +
h#t

é/ap (})1( )mﬂ«re‘b J}*ﬁ(ﬁm}: kyzc__ﬁg,)%a-&m *
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where - |
;e (ipg»~_4*23*m

/t“n = {(4"‘25)2 " . m‘?'} 'Y ; . { (4‘1‘28*2!1)2-'512} ‘

(1) (3__92)4«:».%@1;
4 ke , {( 4495)2 - mf?'} eses {’( 4.#254—2%32 fma }

q) a:aa-:»zn»z»%«aa
: (2n+2n426+2) /n £t /Toen) [Tmeten)
o ééx-rzse-zmaﬁm _

1 (4+2s9on+2tam) £t /Tmated)
" (4s2g42n) gH1Es*Rntibm
T ( éijgs-i-sm-g%m) Lt [(aet)

" (4+2s2n) ae*zs-s-mwtﬁn
p~4 ” - Eataas .

1 (6425+Zn42tim) [t /{m+E+R)
, gdm * 4n |
\VQ‘ (2n4dn) '{Ln /Zm-m*l)} e
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m*&a@t

o=

( zfn-i-m-bat ) / n [_t /‘fmm*l) ﬂm-ﬁ-’c-ﬂl)

85 By—> 0y Py—>0, Eqe(3.107) reduces to

o@* & dr? -
D ®m=1,3,5| a nA (16-n°) (4-m<) :

= m+ 8+ V-

. .
a® | ma(16 -n?) (2 m)Am 4-%(1*1))_/

‘ m+s

- I m+3 eV ‘ : }Smme
aR*2 mﬂmxmz)(_ n +-g (1+v )7

as obtained by Pimoshenko CJ.QS@) for ahe ccarrespondi g problen of small
deflection without any elastic fozmdatwn.

REBULTS

T obtain doficetion for a, given velue of plate radius 21 and
fom@at‘? on modu.,.us 'Kp! one has %o start from Eg.(3.114) wifsh an agsumed
value of ' & ! in order to obtain the correspoiding value of the icad

ad
funetion (“ﬁf{* Yo Onee this relatianship is obtained the corresponding
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| deflection (ﬁ-) can be caleculated from Eq.(B.J.G? ) with the help of
Eq={3,110) am‘i (3:111). For a=30mm, = .3, and Kp = 380 &ei‘lactmnz
have been plotted in Fig.3.15 for various values of load function ().

0n exemination of the nq.(s.m?), it is clear that the redius
of @ﬁim:natry of the plate undergoes the waximum dei‘:!.eetion with respeect
to other radii. The expression for the dei‘lectien at. a given pfaint on
e radins of symmetry can ba expressed In The Porm W = [3 ﬂ.., where
@ isa numerical factors Deflections at various polnts on the radius
of symmetry are plotited in Fig.3.16 for a given value of load funchions
From Fig:3.16 1t is observed that maximum deflection oceurs at the |
centre of gravity of the z&latei—

The plate is subjected to bending moments in radial and
tangential ¢irections, as well as o & twisting moment. The moments can
be easily computed, because the deflection w is known. The expressions

for bending and _ﬁwisting,moments are

%)
Mp = Z - DL “""'i-— { Tpen(PyT)e %’1&,(?13)1- Zn_ea(?lr) }
+ ;2 { In+o(Pgr)+2 In(Por) + In.o(Por) }

by Pe - BP |
PN B L1 (P () 7+ 2 =

o PO
X £ Ip. 3 (Por)+I; 49 (Por) J= 3 L faIn(Pae) +
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| (Per) 7 49 v As %
* G InlPg®) } # amiine e yaan :
% Pz Alm =0 (ipg)PES
| 5. (1Pgrd & e &' c,w ) -—;’)l 8§ | (1P, r)} v 'ssm ®mo
s ¥ id :a e ‘ 3 )
* { a't'ﬁsgm a¥ ® 3+38 2 v J428,m 2 ,

soe §3:115)

\. Ay % 1\) . ,.
Mg= ) = DL {Img.g(ﬁ‘ii’) * 8 By(Py¥) * Ty o(Pyr) |

2
ﬁm?g\) ,
o e { TP 8 T (Pord ¢ Ty o(P) |

Aﬁ )

* Tyt b = B {h 3y o) o2 Ty () ) ¢

' ., o) y
P s {\) (; »
P it A »Q. iPor) +
Am | =0 ¢ 1?2 3&*?)3 3“3"‘33 ‘

x’
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-, ; , o
+-§- SmpolAPoT) = e (1?21‘)} -/ sin no ves €34118)
342 2 T T2 wa,m -

A:a
Myy = (=9 ) D Zm Y WA{&»z‘P”’*Imﬂww} *
m=31,3,5 .

By Po . _ , | 4
ool { 1, ,(Por) + Iml(pz,.;} - ..i.é { By Tp(Pa)* EnTy(Ppr) |

. 0 As - |
. - -+ { = B34p,aft PP -

: . 4488
ABa  GZp (19g)™

- N (= }_f/ s me veo {32117)

qu.'( 3,115'),1 (,.3-. 116} and (3+117) show that the bending momends M, and
My are both maximun on the redius of symmebry, the twisting moment
My, ds maxi;nm on the bounding dlemeter. The bending moments ean be
expresgsed in the fcmx_

< 6g® M, =pa? ese €3.118)
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The stresces can be c.alculai;eﬂ from the expregsions

ne

( Ox Y pan 23X, , (O ) ,_e? B
B ® 2a%e h*

Ly ™ (39139)

¥xpressions for sheariag forces can be obtained with the help ﬁ%f“
Bqe{3,107) from the expressions |

2 > D S ;
Bp == Dmé-.- { Vye o(gW), Qo '~‘~’~&;~ wsaa"ﬂ( V ¥ 0(2'5'7)

op
Cowa (3.12@)

For the simicireular plate @.(3.1?’5) can be expresr,ﬁed in ths form

e 4q
Q&"’ = ":DZ { L %Pl Im (?3‘3’) ‘*Bp;-g Tm QP‘}!’) * -

m‘“’lg ;,

.4

#E

X Z (ip?)ﬁigs * 33"5'23 (i p'ﬁ?) ..7* ml. A@?i Im(? Y+ H Pa % {? 1‘} &

&

Y B

Abn g=p (ipg)H¥2s 3*""} P2 2fn (K % 1 ¢ P
' R
(Plrh Pl {Por ) - -m- e ) 74 x
%} sza I a=p (1923 28 ’34*2& m e J}

® 8in me . . . adee (3:121)



AN @ | 2 « ‘. | 4q .
.-.-a....._. Z ms” Amplxmw r) ¢ ByPoly (Pov) + e X

f m‘"lg 3, 5

7\9 ot ‘ , . ¥ .
% L e ss-zu?s §1 Poz) * ""”"'{ AoPyTy (Pyed* B PpT(PoR) ¥
—, T(irg) s ,.

4q < 7\3 ; ' 21
T Am ;ﬂ (ﬁ?g)@'ﬁ'ﬁa o ﬁmzsﬁx?s, 2’-‘5} ( « % 2 } x

" | | | @ A
X { A L, (P o Lk P : n$3b * ; a. o € 3 ey .
x {A:x I (Py™) + Bplp(Por) + 2 - ;@ rarEs sa*zggggm b 7x

% Cos mo eos (3.122)

The shearing stresses cson be ecaleulated from the exproessions |

6 M 3 ¢ !
o n2 rz 2 h 84 2 &

Voo (3:123)
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LARGE DEFLECTION OF A TRIANGULAR ORTHOTROPIC
| PLATE ON ELASPIC FOUNDATION®

PAPER - V

INTROPUCIION |

Triangulax- relnforeeﬂ eamre&e slabs are sometimes uscd as botion
slabg of bunkers. Thus the aesign of this type of structure is of
practical inborest for Defence. These glabs may rest freely. ::m.sa:u, or
gand and generally are subjeseted tv & uniferm loads, If the thickness of
the slab 1s small compared to ‘the othor dimensions, then it may be
regazded as a thin art&mtmyié plate resting on elagtic foundation and
suhsectad to o unifam loads F‘ollawmg Bergerts method nmemus ieotwph
plate problems have been golved with esase and accuracy. Ivinshki and
‘Howingki (395?;} genepalised the procedure of Berger to Orthotropie plate
and f’ounﬁ | Jthe defieetions of cirewlar and rectangniar plates under
uwniforn 1@&1&%&%@ varions mmﬁary eonditions.

In thiz Papsr lavge deflection of an sgunilateral triangular
orthotrople plate, such as reinforced conevete, resting om elastic
- Poundation has baen s@lvéﬂ following Bergsr's method. The plate is under
uniform load and the foundation is assumed i:@' be sueh that its reaction
iz proportional to the defleetlon of the plate. A

*published in the Defence Scioncs a‘aumalg fovts of India,
lew Delhi, Vol.25, Hos3, 1975.
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For maemtew zaz'ge deﬁect&am, the stmm displacensnt
rolatioﬁsmps are ‘ ‘ ' '

= Qu ow_ 2
€= Sy tEisy)
¢ = 2% +-§(.P£m )2
'y o¥ oy
and V du ' bw Bw

'3"' "Bx X .0y

Neglecting the second middle surfase strain invariant; ‘the strain
energy due to bsnding and stmtehmg of the midtle surfage cx' the
p.‘late of tmcﬁmess; b, ecan be written as

. o . bew 2 ' Ba,r Q’
Voo ff e (2 sy
& wissouin & . 'Y Y] o L'k
Dy 5 =/ oxey | | .(_;3 124)
in vhich \ 4
BB E;h: BB G e
ia B 4 22 a2
#ae (361241)
du dw ow B, ™ Bw - '
T wasciaanee x e os £30 24b
ey ba%lbv-**( S }4-2 { By . (11‘ )

e S ses (3:2240)
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and B}, By, B', and G are constants to characterss the elasti
properties of the material. By sdding tho potantial energy o the

o uniform nornal z.aaé, L éra:d of the femﬁation' reactlon, K; to the
ehergy mmression of (3 124) the maimeﬁ energy’ expmssion is

* obtained as follows 2
? “‘%‘f(éﬁD#%%-}g@\ﬁ n;%—@gﬁ* 4] (W) 'l'éﬁxy(%) * -

-.«-—-‘"—*"—’

*n'-f%éjaxay qua;xang*w aay  ser (34125

Aecwdmb 73] the z:r:!.ncmle of minimm: potential energy, the
displacesents gatisfying ﬁm equﬂmﬂm conditions malw the potmtial
esmmgy, ¥ minimm; In order for the’ mtegm of Eq(3125)1‘0 be an

- axtremvey ity intagmnﬁ, ¥, must satisfy 'aho i‘cllcwing Fulerts
variational prinaiple 3

3’?«_ D (DF o  dF e ¥F 32 R
dw 0% dw, - OF 'b',_,y : DEP | Oy 042 Orgy
S | |
- bxb’by A ‘Bziy‘ L ees (3.226)
o o y .
— - — k’ i - sae s 127,
U ’b‘éL ,buZz‘) ’bLLx __.O{\ | (3.227)

- - e P
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and '
OF ‘@ ’DF ' ‘
- OF e {3e128)
XY, ’Bvc(fav% '33 ’av} =° : ’ ¢

1 .=

Mpplication of Bys.( 3,127) and (3,123) to Bae(3.41258) yields

. a. : , , |
. e { el ) = 0 : s (3.1@)
Jo; L . ,
-53;-( @) = 0 4 , | ees {3.230)
Thug
8 = ¢ ' . . esw (30£31)

a noimelligsed congtant of integration %o be aetex’mihado' Applying
Eqe{3+226) to Rge(3.125) and considering Eq.(3.131) one gets

2 4__551"'333;?*),.2?#-1?@(52“ X 75&!..)4-
bx‘:‘t 1 oyt Dy 2% dy® h¥  DxR 3 dy2

ofs 1} o = X ] *s P (3.1323

- By D, . » .

Introdueing the notation

B2 Dy + 2 Dy
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Eq«(3.132)ean be written as

' - 4 : 2 ]
b%ﬁ +* Kz' hﬁk; + 2 H . 2 L lgc'( 9 Vo 4 KE«—ELEL) *

T 1 Tpy® T D @ 0y n? oxE L opyR
¢ e = (3.133)
" B i e e Jed
Dy By - '

For a slab with two way reinforcement in the dimctmng ® and ¥y
H cen be taker as /  Timoshenko (1250), P.366 7

intyrodueing now

Ei = XI

eew  (3e134)

¥y =5 { oo
1 _ Dy‘

Bq«(3.133) ig reduced to the form

e 2 2 . |
(V= K3 Vw-e.-&w . W ers  {34335)

b T
in whieh
12¢
AR L
X . .2
and : o )
[ = b o a
v Dx? dy2
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. T solve equation (2,135) trimlincar coeordinates &s shown

. by Sen, B. (1968) has been ﬁsedg Lot the plate be in .i'ﬁw Hrn of an
equilateral triangle, ABC (Fig.3.i7) having each side of length,2a.

Let the eentrodd, 0, be the origin, X - axis and Y - aris perpsndicular
and parallel to the base BC, respectively. If %y, y, be the
carfesion eo-ordinates of any peinty P, within the triangloy, PyyPoyPn
be the three perpendlculars from P on CA, 4By and BCG respectively,
and ¥, the radius of the inseribed eirele, than

| X, '
Plﬂl’*—é;-a M“‘,

'. Py # Py # Py =V3a = Ky = constant,

and
2. % D2
’Oxl. ’Oyi_
.22 22 22 a2 . a2 2B

.- j . P . - - . -
pe P 2 org 3?13?3 op, 0P, or, Bpl
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Using the trilinear co-ordinates ( Py, Ppy Py ) the deflection, w can
be taken in the fomm

en A P‘ 2n A Py,
Z.:\n 1.+ gin nrla, Bin —. 2
n=} l{g Kz 2
ver (3.136)
whersa

Ay = a constant.

The sbove form of W satisfies the following boundary condibtions of
simply supported edges :

W?_":: Qiaﬁ'?‘lz 0y pzz-. 0y 932 fs)
Y W=o .
Expanding the tranzverse miforn loady, q, i1into Fourier sine geries

22

2q nnw P, , an P AP
q *E z_amm--3*-+sm--ﬁm3+smm§j
nx L
n=) Kz 2 ‘ %2

. ses (34137)
and substitnting Bas.(3.1358) and (3.137) into Eqe{3.1356) cne gets

M) o o |
=1 Bx L Ko X X, - ere (34138)

Thugs w 4is deternined.
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T deteraline K Bga(3.124b) is gransformed into Xy 9 V5 go-ordinates
in the folliowing form

O 2, R R ey (2507 (2507 Ll (3am)
2 oy ' ayl .ax‘.!. : ayl '

The boundary conditions on R and ¥ are

Ty o= 0. ﬂst 93 = Q ) ) R XY (361‘19)
Bv+u=oat Py= 0 | eee (30241)
JBVvaeus= 0 at Pl = 0 ses (3.142)

The following foms of u and v satbigly the above boundary condlftionss

. o0 o nA (PB_*» '&’_3) = ¥ ¥ (Pf’ Pa) |
1 Ry %
= ' 237 (Py+ Pq) 2R {PoePa)
: . - AR Py , A {Po+k
=g VK a2 : Ry

in vhich By is a congtante
Subgtituting the expressions for iy v and w into Bge{3.13B )} and
integrating over the whole area of the plate, the Tollowing eguation

detemining o is obtalined.
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sae (3e145)

Thus W i conpletely determined in the following form in =,

gomoridinates

IE s Nt rE v TR T RN

ssr (32146)

Ir Ex By = Do —> 0y and K= Q, Bgoaf2 .136) and (3.,1398) give the

small deflection mmﬂt for an isotropic plate not resting on the
slastic foundation in the following fom :

LE X (3:l47)

The corresponding equation as obtained by S« Woinowsky - Kyleges
L1959, P.313 jfw a plate having sach &é_ﬁe of length % 1s
$ 2 3

W 4_* :3;@"{« ax% y%)e - ,,? 3]( 'é- 2t 2% y

vse {3 147a)
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At the origin r’rl =P, =Py )y W is given by Bge{ 3e147)

4 O L omg , 4 _
W = W o e G0 E-ﬂm = 000 wiiw sov (Sel47D}
a QX} n=1 ns 3 oo : B :

which ic numerically equal to that obtained from Bqe(3.147a) for the
plate having ench side of length % as

4 4 §
. 98 8B
H DN - * { }{ f‘;
¢ }2“3333 16850 i‘;‘

™ calewlate deflection at ahy polnt within the plate, one has
to start Lfron q.(*hMﬁ) with an sssuned value of { X &} leading %o the
correspending value of the lcad funetion ﬁ'ﬁ . Onece this relstionship
is obtalned, the corrcsponding defleectisn can bhe obiainsd £rom the
Be(2,136) ang with the help of Ey.{3.193%

AL me erigin maginma dofiection is obtained and is given by -

—

ek, © 3 3 S
Y A ‘oo T 4 7en2 42 g8 a
h D, h ol wﬁgj‘«&_m?i AL

=

2aw (3- l@)
in which the nondimensional foundation modulus
ah |

S‘-Bl 1 envmona

Uy
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Por Xp & 0 ami KF = 200 grephs are plotted in Fige3.18 showing the -
deflection aq&— at the. centroid of the plate agsinst the 1oade Fige3s18
algo wnmi.as a graph plotted aaezsraﬁ.ng to the unear thwz'yo
From ﬁg.&m i1t is clear that design culculations should be nade
| a&m@g to the nonlinsar i:hen??a beestse defiecting salculated
ageording to gmall ,ﬁeﬁwti@ﬁ theory will be far from the actusl values
{or higher values of load function. The effect of the foumdaltion is
to reduce the defleet:tm for & given value of load functilon.

N Becauée the deflection, W, has been deternined, bmdi_né noments
and stresses oan be computed sasilys The bending moments M., and My
at the eentrold of the plate are obtained as

c,@ v AR

My =4 ( 1wcma

pew (3-1@)

Eﬁy o Kzgx ’ 1 o ' owo (3-1503

4n which Vo 5 the xﬁai.ssm 's ratio for concrete,
For fsotropie plate vithout alastic fnméatien and mﬁmmoiﬁg snall
deflection Vg =Y , K, = 3, Kp =0, %—> 0 and for @ plate having

.ea¢h side of length -\%-, Ej«{3.29) and {3.150) 1ead to
Vg = ﬁy a(31+Y) & ' o - ﬁ‘,'-il (3+251)

whieh is. the same resuls obtained by Timoshenko / zsm, Pe 314 7.
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LARGE DEFLECTION OF A HEATED ELLIPTIC PLATE
ON MSTIC FOUNDATIOH *

PAPER- VI

]_;n regéht' }?éaxfs, 'thg_re ‘has" bégﬁ@_a rapid _dev‘elopment of
thermoelasticity stimulated by various engineering sciences. In the
fleld of machine structures; mainly with air-craft, steam and gasturbines
- and in chemical and nuclear engineering, thermal stresses pléyban‘
important and freéuently__ even a primary .rojle.‘ Determination of thermal
deflections of plates, espacially of thin plates, is of vital importance
in the design of machine structures, because excessive deflections may
cause heavy undesirable thermal stresses.

L Following Berger many non-l:lnear plate problems have begen sﬂlved

inder various edge conditions and different ty_pes of loads. Berger's

teehniciue of neglecting the second invariant of the middls surface

_8trains hag been extended by Basuli (1963) to the large deflection

problems of heated plates to obtain the large deflections of heated

N reetangular, cireular and righ‘b-angled triangu]a- p]a-.es without any
~elastic foundation and under wniform load ‘and m-g&stienm temperabure

* Published in the Journal of the Indian Institute of
' Science, Bangalore, Vol. 58, Mo.5, 1976,
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aistribution. 5inhs /1263 7 has extendsd this method of Berger to
mvaéti.gata the large defleotions of circular and Fectsngular plates
- on elastle foundation of Winkler type. '

In this paper the thr hagz applied the method of Basull and
Sinba to investigate the large déflection of an slliptic plate pisced
on siastic foundation and heated under stationary temperature
distribution. The deflection 1s obtained in aam of Mathleu tnmmon
of the first kind end of zaro order.  Wamerical results have been| 1

lprmthe form of graphs. S L . _ -

The strain energy due to bending and stratching of the middle
Gsux-raea of the plate is given by '

2

: o " 2
) ((AORE - CRLICOICERS -2

( axby )ZH ddy

Combining the potential energy of the foundation reaction and alse the
potential energy due to heating with Bq.(2.1562) and neglecting ag, the
modified energy expression for the total energy begomes |

ese {3.152) |
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Vs 3’3—“ [(W%-‘"Q—Q?"Z(“”){%%'%f 'z%%)} !

___w:,dxc;y JJ'J%/ “E«T’ (e ZVW) dndydz
sos (3.153)

in whieh T’ is the temperature distribution st any point given
by £ Basuli, (1988) 7

rOouP = oW+ IDTE cve (3.158)
and
/> |
528@&2 =W 3 J%‘WZ =° '
R —‘%/L —_'e\/’- ; s ‘3!155)

m&bmmg Bqss (3.153), (3.154) ond (3.155) one gets

Vo= _-H[(vw) 2o (1 v){%_ ?_E;%f (‘a%l%)lﬁ

+-—WJO‘X<4:J J j {Toek &(@va}dmly ses (3.156)
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Mﬁémmg to t‘tt_w prin_,eipio of minimum potentisl energy, the
éilsplacanents hat sabisfy the squilibrium conditions make the potsntial
snorgy, ¥V, minimum, Ia order for the integral of m.(sasim to be an
sxtronm, the .‘zrztaamnd, P, must satiafy the following Ruler's
aquatima of the ealoulus of variation

22y (2= o T
%’5 - _aa'f((%%x) - %(é%) = 0 ses {3:.157b)

- 58 H88) o)
o
ayz(ﬁf—w> B m_j (-5—_)0!) = ses (3.1570)

. &m'iﬁamen of the Bgme (3.1572), (3.157b) and (3.1687¢) to Bqe(3.156)
¥lelds |

| gx{e —(l—i—v)o(T} =0 | voe (3,153a)
%{e, — (\+v)o<To} =0 eve (3.183b)

| EO(}G‘) o " ‘.’" W
AT 4‘1{2 (I—H))O(To R AL Ky ST =0 - (3.1580)
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Bgs«(3.153a) and (3.158b) prove that
{Ql—(|+))>o( TQ} is independent of x and y and therefors

Qo2

| h | a Tran
Ql-—'(l—r@O(To - Gﬂz-lﬁuﬁﬁ = @T‘S.- see (3e150a)
in which L2 is & nomulised constant of integration,; and
ow 9 ses (3,159b)
e = v .
P Tay t '5" "' ’“( o
onsidering Bqe(3.150a), Bg.(3.153a} reduces to
Eo(}(JA) ' ess {3:160)

2. 2 9 K |

JOLUTION OF PROBLEM
Let us thke an elliptic plate of thickness, h. The centre of
the plate in the middle surface is ¢sken as the origin and the 2 - axis

downwards.
If there is no source of heat inzide the plate the followilng

differential equations must be satisfled for stationary temperature
distribution /£ Mowseki (1962) 7

ses (32181)
V?-TO— QTO = - %‘i(e‘+92) * ‘ ’1 1)

_ _}h?:io_‘_é—)‘[ = _12-6 (S| 6) rae (3-162’
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in which O, &nd O, donote tauperatures &t the upper and lower medla
of the plate respectiveiy.

If 0,=6, 5 Eq.(3.162) becones

in which
2 |2
B = (1+ e)z\;_ / vesr (3.164)

Transferring to elliptic co-ordinates ( § s+ ) defined by
X—r'ty = dcosh (—q.f‘ul) ¢ where 2d is the interfosal distance of the

allipse, Bg.(3.163) reduces to

2 9, 'Ldl
aT aT _ P?'_ (Cas\rﬂ-ﬁ —~ Cos 9."])"‘ =0

T3
a§2. a‘] ses {3.165)

Solution of Eq.(2.165) can be taken in the followling form

o<
<= Z Com Ceam (‘%)-cy) FLeam (Y],—-CV) es {3.266)
m=0 ’

in which Coom (55°%) ane Lo, (1,-9%) are modified Mathieu
function and ordinary Mathieu function of the first kind and of order
2m respectively, and

Y = @_')E]—L | | sae (3,167)
4. _
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waile solving & problem of bending of & plate with an elliptic bole,
by faking & single Mathisu éunétim of the second order ingtsad of
taking Mathieu funedions of ®ll orders, Naoghldli (1955) has shown that
| the resuits sre zatisfactory for larger elliptic holess In this psper
alse simllar approximation is mede by taking Mathieu funcilon of zere
ordar andn an this sysumption Eq.(3,166) reduces to

T o= ,Coceo(ﬁfq/)/@eoqu/) : | L ese (3.168)

The faﬁﬁwing bowndary condition ie luposead en T

T = Constant = K, on ﬁ =3,
with the above boundary condition Bge(3.168) yields
X = CoCe,(fom ) £en (1-9) e (30269)

Hultiplying Bq.(3.158) by Le,(N,;~%) and integrating with respect
% | from o0 %o 27 and using the orthogonality relation and
nommalisation / Mclachlan 7 one gets

©

o = 2R KL I,
% = Cecﬁg'@ | . “ . . sese {3017C)

in whish (:) is the first Fourier cosfficient in the expansion

of Lo,(1-%) +
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Therefore
ZA(O)K |
Ce.$59)

Ce,(§-) Les(-9) - eer (30271

is determined. .
Chenging ¥q«{0:160) to eliiptic. ca-ﬂm&mxta: and substitu‘bmg tho
axpression for v T one gois

© e, x | :
(V "\Pl)(_vqi‘ﬁ_)\/\/ = ACQO(%)—GV)XQOQT],—W) ,’{.\ (3.172)
in whiech
PlL -+ f’:_- | = PL ' Se o (3-173)
e = K as
1 | 'D . L X ] -- (301?4)

A= Eo(&(e\) ;,_ﬁ}AQ

:D(l )9 Ce (gv cy)

“ew .(3-175}

z cov (3.176)

= 2 o |
OP’CCoshafi —CoszrD [ az* T 37]"‘]
Complimentary function of B3.(3.172) is given by

W = Boceo (g o q/l)ﬁeo(?] ’—@. + Do ceOG '_.a@}eo Cq’;@

vee (3.177)
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in which , |
i P ees (3.178)
q/\"- T > CV;_ = 4

Clearly the paprticulsr integral of Eg.(3.172]} is

x “ X
Cp?"‘)‘})(pll'ﬂl) Ceo C%,‘Gl/)ﬁeo @)"‘@ sas (3:179)

Thus the complete solution of Bqe(3.172) 4=

Woo BoCe, (§,1) 0 (%) + B (-9 e (1,799 +

A o
+ ey Ceo(d%) Lo (0, -9/
| E-ER) | ) eee (3+180)

If the outer boundary of the plate % = §o be clamped, the boundary
conditions are

(g = (%)%40:0 ves (3.181)

Bsing B1.(3.231) in Eq.{3.180) one gets the following two conditional
ﬁgmtians

Bo Cey ($-%) ﬁeo‘@r %) + Do Ce, (%o -@ﬁeo G\r‘@ .fr ‘

N .
Ce. (5 o) - -
N @fl}:’ﬁfj @1—‘?‘5 % (ﬁo' ‘ q/) /Qo @) q) = 0 eve (3.,182a)
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Bo Coy (0= %) oo, =) + Doe, (0 %) Les (1-%) +

N : ,
—\" W Cequof@ﬁeom’—Q/) =0

o (30182)

Multiplying Eqs.(3.182) and (3,182b) by 2o, (1,- %) and integrating
with respent to vl from © ta 27 end using the orthogonality
mlati.cn and normalisation one gets

BO s - ECE‘—#. [Ceo(q“‘C'fQ Ce’o (-Sofq_/) " Cﬂo(ﬁo’_q{) Céo (§°’— Ck)]

a“d e (st)
Bos geer cv) Cealom9) %@m@% (%))
ces (3.,234)
in whieh
\\) —_ | ______L—{—-:
(P:' "szj q‘; [ 'Fl) )
\V‘ = Cg (ﬁo’—queév(ﬁ“—%) - CQ"@“—%) Qé" (4°,~W9
&= 22980 4 i RO '
- =\
CP _ 2A(°) - (0) + Z ﬁ(j’)l. ()
° 2
wma A5
=(o) ©

LYY &nd A, are the Fourier coefficients in the expreszion
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of Lo,(-%) o+ Le,(n-%)  m L (1.-9)  respestively,

The constants (3, and D, i:ims being deternined, the deflethn. W is
knowrie

Let T, = constant which is clearly solution of the Aiff erentiel
equation (3.161). . ‘

To determine the constant 3" , Eq.(&l&) is ‘trensformed into eliipiis
Rowoprdinates in the form

U\
hh {y(—j ﬁ)}-&- 4\%{ }
— él_l_\-'(HV)O(T | see (3,1885)
— 9 o "'> »
In whioh
=, =
dfsmlhf—rsu}vl
The boundary econditions for uﬁ and LL,I are
U = = : = ‘ .
5 O = uq <t §_ i sse (3.186)

I—mt‘

ZPG) C(;SZVIVI - ese (2.187)
n=0 .

(3 cia2n  eee (3.288)
S N _
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- subject to the condiitons

Substituting £g8.(3.180), (3.187) amd (3-183) in &u(&«mﬁ) and
integrating over the surfuce of the p:late one: geis

(G @

20% °
oy [t s ar
o 0
eee $3.180)
After evaluating the integrels the following aquation lesding
to p 1s obtained.

e[+ o) P{E et o -

" Z tho LIS A

n=t A=\
g

uJ\m:?

+ Z% e U{(A"")H A’“’}: '(°)_

t ZA“’%‘-«JE%?:(D DL AR

n=t A=)
nEA
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oK

4 ;‘ZA‘_\(DW QD Aty

NFEA

VLR TR e

o<

1Y Y oueteral q(o)
; e )(D WA L\JB +

I

(B W)? X

s o< K |
Z@(A Yo+ b T @retaaly]

=\ =\ 4=\
#=A

A (et
X {—6- + 2 (l+v)o('ro} Swh2 g,

ode (30190)



- in which

e , _ '
C((f,)\ , A ,_,3 and A"ﬁ) ara the Fourler coefficients in the sxpansions

of  Co,(%-9) , Celd.-%) and Co(4,-%) respestivels,

| L\,z Siwhanf, & -

——
— L R —

8h 2z
y¢ = Sh 2n+251, Sk Tvarg,
3 27 42AH IN~2A ‘ ?
\V — SUJF\ 4h§° + i
4 ' [N 2 4
Y, = Sluh 2R+32 5, " Swh 2n-24%
Lh+42A 21-24A

Since /G iz detexmined, W is determined completely.

To £ind the deflection at a given péwt, one has to start
from B3.(3.190) with an assused value of ﬁ lsading %o the corraspondim

, ; E-O(J'U‘)kl . 2 : ; ' v Eo(_'f'(‘e\) kI
mu’ of ——D—U—_V)- « With this vaiue Ot :D(l-)’) - and

considering Eque(3.183) ant (3.184) the deflaegtion will be oblained
from Eqe(3.180)}. ‘

For numerical celeulation the talléw:ing valuns have been
. assumed.




TR 124
. 2 o
g=0, M=%, &=3, =25 h=l, fm =),

K.= K 54: \0p, €= 0703,¥=073, ALTo= 2"5x 072
F D °° . o

Tue intarfocsl éiattmca being assumed and the values of ,,5’2;_ ?f snd
B being kuown, the values of 9 , G, and g, are deberuined,

g, % y and 9, being known the corresponding values of the Fﬁm'&ar
eoefficlents &g woll as those of Mathien functions are detemin&d

- The naximun defleetion Wo is obtained at tha centre of the plate.
These deflections are grephlcally presented in Fig. 3.19 in whish HW
for Kp = 0 and Kp = 100 are plotted against the nondimensional load
funetion). By seﬁtins B-70 the defiections according to the linear
theory in obtained. For comparison Fig.3.19 algo includes &
straightling vhick represents small defiections for Ey = 0. The
resulis obtalnad in this study could mt be compared in abzenne

of any kmown résuliss | ‘

From ¥ige 3.19 it is obgerved that the error ascording to the
linear theory inereases progressively with the increase in load
Sumtioiau The solution péo;maed in this study 1s rapidly convargent
and po ¢omputationsl difficulty other than computationsl effort is
iovolveds Tne parameter 9 for the series Lo (£,9) may b2 rael or
imaginary and the corresponding coeificlents can be computed with
agcuracy. The numerical results presented in this study sreé obtained
by &a&:mg ‘the firgt two tems of the sories and sufficient for
practiesl purposes. Since the deflection at any point is known the
corprasponding etresses ¢an now be onsily estimated.
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LARGE DEFLECTIONS OF ELLIPTIC PLATES BEHIBIZING
RECTILINEAR ORTHOTROPY *

Treatuents of ths large defliections of arthetrople giliptic plates
placed on clastic foundations are not found in litoraturs, (nly & Sew
trestuents of the large dofisetions of isotrzopic elliptic plates are
found in literature and they are aue to Perry /1950 7, Weil ana
 Newasrk /1956 7 and Nash and Cooley 41950 7. These investigators
eaployed 'wzﬁans numericsl methods for golution of &.ﬁe problex witheut
aseprtaining the gppropriate stress Humations |

fhis peper deals with the large emplituds deflections and induced
strosses n ¢ clevped edge thin orthotrople alliptic plats mder saniforn
load and placed on aa slastic foundation of the Winklor type. The
E invez-tigation iz bpsed on Von Xdrmans equations generalissd to the
reet&linaﬁﬂzy m’ﬁwtmpic’ cagas After pestuieting the shape of the
gelloctlon surface; the stress function iz found from the compatibility
eguation. The final solution for diefleetian is cbtained by applying

.‘__,—‘5 D

*&aaeptea i‘or publication in the J‘wmal of Appmsﬁ Neshanics,
\&‘S&g‘;#gl’ 3&35&9

(Pubtww_aﬂ, vel. 43, No.4, 197¢)



mlwkin ‘s methods Results for 1soﬁrapi¢ elliptie and clreviay plates
‘have been ﬁédueeﬁ from thosd obiained for orthotrople eiliptic plates.
z‘hése rosulis are pmséﬁtm in the fmfm of gmﬁhs anit compared with
other lmown results. The resulte obtained for the isotropie caso are
more ascurate than the other known results and sre in sxﬁallmt
Agreensnt with he practicsl values given by Hash andé Cooley 4_“:.959 T
The results obtrined for the artmtmpm case eould not be eompared in
absence of any known resulds | |

Consider a flat elliptic vectilinearly opthotropie elastic plate
withk major axia 2 and mimz' axis 2b. Let tho origin 0 EE‘ a 'eartcs-ﬁan
regtangular ea-erémate eystem x, ¥, 2 be wcsma &t the conire ef‘ the

platys Conslder shat the plate is clamgeé amng the boundery and
subjected to a mi—i‘am load of intonsity gq. The plate is placed on |
an elestic fomdation of the Winkler type having the faundation

. rezaetiaﬁ -'3;:1 per unit area por uéit defleotion. Trangverse deflsetions
of the plate are emg‘;g!ereﬁ i;a; ;bé large, that is of the order of _

magnitude of the plate thicimess, h. Lot the flexural and torsional
ﬁ‘giéiﬂu of the plate be aégmeﬁed by D4y Dyy and Dy respectively,

B X By 1 o
Blgm s Dg= 5 Dy 5 {};1])24;@2))‘)4.2%
. 2 -

' ' wne £4el)

\ .
T

vhere I = ~a * Bk Go I, E; and By dencte the Young's moduld

in the x am% ¥ ﬁima&iom rvaspectively, em denotes the sheapy mdnlns,
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WV mrasams thu eon&meﬁm in the y direc%ﬂen iaﬁ.nme«! b; the
tmien in the = ﬂlraetim angd ), ia givw by tha taaiimz rol&mn
' ﬁl BBy = z « In mmt: mllm ﬂm i‘enewing synholiam win tm
t;g:}liuﬁ -

- D ] ' ) .. - . ) ’ ) - '_  R. F
. u.ﬁ’i. . 12 [t S 233& (1= %32y P s agy
N B, BT T T - Gy |
| ese (4a2)
with the above notations, tho femiliar von Karoin squations gencralised
to rectilinexrly er%hetmyie case taks the following form

B‘ . v 2 I'L 34 kg Bfﬂ_ . klw . “h Bzy 58

ax 5 y a‘:By 'b;ﬁ e}

" odes (4-3)

2%¢ 2 0%¢ ebcb
KSR T T L

. o (2e4)
where W lv'.‘.a; the transvarse deflection of the middls plane of the
platie, p 1z the stress funetion by means of which the membrang forces
| aré representad in the customery form :

32¢ | aﬁ¢ -2
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Let the deflaction function w (x,y) be taken in the following fom
- satisfying the clumped edge bamﬂkw conditions

| 2 2 2 ~ |
V(xﬁ) m Wo( 1= _alﬁ'!' - - ha ) , | aew {4.8)

\

gubstitution Gf Eﬁ-(%) into m'*§44)ﬁﬁldﬁ

. . P
54(15 2 ‘54 'a‘lqg l&ﬁzw‘? *&Y 3%
- R "'a"‘x'a‘ay'“"s g w e £ ..3 PR
oyt ey L
R 'ﬂ'*ga- W - 5 J soe ‘4'5)

As @ solutlon of Eq.(4.6), the,- stress f:mc:i:ion, ¢ (?.'gy} is thken in
tha following fomm .

b 6
cP(x,:r) = So.88 (,Alx * &zys) * 3@ uaa . &4bay ) *
L 380

44 1 o 62
""5;“5 by)a wzax + P, by }«r—-—-z:

X(B:Lx:r*ﬁgxzyaﬂ' (ﬂl %*HQBWFJ%;Q =

X By £y + ‘ 2. By a7 b2 2 33 | ves (87)



The 14 comsfficients, Apy Ay, Ay Otce in Eq(4:7) are to be determined
from Ege(446) and the praseribed baunﬂary conditicis. By viriue of

Eqe(4+6) tue following six relations exist 2

BN, .. s,  pBy
‘-v-“-;z-d-ﬂhi*lﬁ 33'#-'-%-,-‘_

3N 032 - By P~
2o
. {“ + Hy ap"~
& Al §
4 X | |
2
I*g;,-—“ﬂla ttkg.%b @Hapza
8 A

4 . . 2
it ag 'h'ﬁ" = Bl +* 32 k + ma pg

whefe;
S 2
%’ - IQEZV, y

oo {4eB)
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For the imovable edges, the implane displacements u end v vanish
oxn the b&@ﬁaﬁ Lo |

Q' ,,B2 .
_ B2y~ W
‘*"L‘{[ e ce“'] ge )}
"%,‘f'%,:-l ' “ns ‘4-9)-
y 5¢‘ _E"3¢ N
"B ey 1 (O |
V:Jo{[ |EXE (E"L}“i(%)}‘%:o
Xy J
Q.L+ b‘\———

Kqe{4.2) will yleld the following eight adaitionsl eonditions

8n 28 : € E 4 "
22 3*‘“,‘&823*35.,4»3/&-“3...?. s Foe
555 45 3 8 1280 »? 210
' - 23% By 48 a0 a2 " Bpa?/b2 2"
*Bg& ) «-—--mjii 14 -E-;-:--w-a-—-__7 i‘: : -
b 318 1578 b® &0 b= 18 16 45
. B 4m &2 4 at a2 " alE a®
e eAPbw  Seandieies Lo 4 Sagvme S S8 ivean  f on - et Sl -
X HEHm s TLTRTT TS 70 b9
A, B W® 4. B e | a®
- e R - F E owem = O ses ( ol@ﬁ}

O -
A “ 36 - D & B a . .
4 E - Ba L Ea > . P . -—vé— -7 I ¢ ses {4:10b)
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5 .
Ay o —Cp— *B m‘m‘*a mm”*m“ -
s 60 B L 5 wa_a“.‘?u 14 P s Th
-~ 4B, at ' &l _ 48" U
- mmd‘m” TR T o T TR x
Ba »2 70 »2” 70 »6 60 b B
. 4% B g et 8 & g
X L e o i vonis o ] - b . _f8 0 vos  (46200)
L T a'r Rl Bl vF sa"? s $4.200;
545 45 6 15‘?5 315 b
ot 2
- 3 Bz a
30 b
4 * o2 . 8 8 A
JExa B a & ~Be” E &
* B o o B s wives o i wewnn # H L ] s—
sl TR TE s R R vt v
| _,tes*"" a? 3 a8 v
3 Ui e G AR - -
B3l 5 b2 o 2 hA
& 2 af 8" a6 5 % 8% af .o
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aagxl zalbﬁ 43 A PP, SR
5%‘ | 315& 1575 . 45 15 af 45 “
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a2 8" 85 A B b8 Pgtﬁ szl b4 43"53;
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175 k 429 a2 1050 420 s® 105

g 2 4 * 8 B b2 B
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* e 6 |
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- The equations in (4.8) and (4.10) are 14 in nwmber. After
solving these fourtssn simultensous aquations one gets the following
values of the Tourtesn unimewn donstants &

B v '—‘ . 7\[ (%L+ ) Bape +/; ik ‘) ~(xfe+ %) (2 K?'+€F4 PL)] _ |
.! [Pt ) @ofictaf ;) - (8 CetPuly) (ﬂc K™+ 6/ )]

oru {4¢11)

N 2P 2
- 7\[@, Perdy o) (Be ép%b) - (Efg,_—t-@(l\’ )(ﬁ,/ﬁﬁﬁz/%)]
(et (e hs) - (AR B 63)

3 ‘ see (4013)
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3 b-e® vl 3 6b- P2 3\9"‘

X b-
a0 57 euwee » B 2
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(4.13)

{4.24) .
{4.,16)

(4.16)

(2.17)
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5 g 4 &
B B8 22" v - E' % am v®
] waings  mew P oussesne. e - B ——— e omanas S
*hl N T R L Al
2
Ay = *‘3‘:‘:{”&\9‘%3 W-) ..fii-ls)
A (A2 e 2 Lt (4:39)
b R = i deomiim W[5 e L 4 R see A, F
M 3 e imE TR '
(py - ady) ~F KB F) o
&5 = CPSCPg_ ¢€¢7 sen (4.29)
B, - P,) - A(ds - %)) -
(8 e) 3 (%sPe - %K) |
Ag = ees (4e21)
q%¢8—¢6¢7
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This completss the datermination of the stress functfon D (%,¥)s
We now apply the procadure of Galerkin to obtain the deflection
function w (x,y)« 45 a Tinal result of & lengdhy cslculation we
obtsin the following cudie equation dotermining the central
dsﬂeg«tiqn g

24, 1612 24 %2 kg -4 Yeh

o b s # Fo883E e ) W) +» 84 % 107 i

(, a'z % b4 ) i Bl ) ﬂﬁl ab
a? u? a? g a? b7

L 3(&1b * g = )ﬁwmab#%g 3 ?agasb *‘ﬁa )
= 9 (By 85 + Bp abS) + 70 (my adb + Hy abB) - 5.7 Baa®®

+ 250 By a3 » 415 (P g’.? + P %’3) g =9 sse (4,25)

Thils the deflection function is completaly determined.



- is

Numerical results sve presented for two Feal wooden materiels
{pliwocd and delta product) having roughly the following slastic
properties / Howinski (1963) / and taking & =8b for ‘che allipse,

Cse , E1 , Ep ., G . 4 Y , KT, s
R ¥ 2 [} N [] ) 2 ) [} [
1 'ix 105 : (282107 : 0.1210% 1 0.05! 0,025 ' 05 °e.se:3' 5
2 !1x2108 ¢ 0,08x10%" @.05:3.05’ 02 ¢ ' 0.01 ! ..as;a,ma: 2
8 * g, ' B ' g ta,s .‘,egs,. 1t 31ve
LI ' L3 ) 3 A I ' |
1 s ' I L A

m» & stmng mmmpy { Ha e 33_ = -% 3 Eqa(@:fasj reduces o |

g7 p3

al h ) | .afa‘(‘j@szﬁ)

(D26 + 0,087 KF) { “.g 3 ¢ 0,027 ( o )3 - ‘

. | b“
where the nondimens fonal foundati.m mdulus KF = -3‘3? »

Fora umker aniaatmpy {8 2 21 = -é«) Rq;(d.zs) reduces to

' gyt s
- 3 et = [ET R S 1]
(13&09&@)(« )«» asts?‘ﬂ) (xﬁ\ o § (4.37)

andG far i1sotrepy,

‘2971 % @qﬂ@ K}?}( +\ } 4 1155 { o 4’\6 } = q/‘;: ,} cpes (4&%)
qumtiana (4.%) am& (e.aﬂ are presented in 5‘5.3.4.1-; Byuation (4.28)
iz slso pmsensaa in the sameé figure for compariaon. The stress functier
and the deflection function being known, membrane and bending stresses



@t any point in the plate can be esasily computed. The peal stress
oceurs in the outer fibers a% the ends of the minor axis of the
¢1lipss In the direction af’ that axis, and the sum of the dimensionless
membrane snd bending stresses &t that point by the theory of the |
presant writer iz shown in 2?13;4.2. |

4=z » check'on the accuracy of the daie i‘ar aaflwmms and
atr%sos for the euip ti¢ plate, the defl eﬁtimns ané the total
'mndimeasienal m&abrano and banding si:resses, (mﬁ-ﬁ--) obmimﬁ for
uaﬁmpic case are presented in Pig.4.3 and 4.4 respesctively far
comparison with the corresponding results obtained by £ Weil and
Nevmark (1956) and Nash snd Cocley (1980) ./ » It is obnerved that the
deflections obiained by %;ha presant ux‘lﬁer &rg in mmllmt agxmmt
with the experimental values, But the s%mas@s Bro at varaam with
thoge obiained by £~ ¥ash and cooley e | ' |

As & further check on the accaraezy of the ﬂaﬁa fopr defleation

with foundation Eq.( 4.25) 1s reduced ftw eireuiar mmﬁary and isotropy
to the folmwing eqmt.i.ma '

, 9 o4 oy
‘5;36 L OQGSS KF) ( +\ ) » 2;73 ( +\ ) { ﬁ4 } | L X X (%’%)

ﬁu&éion ‘64,@} is presented in Fige4.5 for mgamm with the
corresponding results obtained by Way (D34 /and Bolton [DB727. It As
obgerved from Fl&i}éis that the deflactions cbtained for Xp = 0 for

- girenlar boundsry are in exceii&% ag&mam: with an sxaet solution
obtained by Way 219347 eang agree very well with those results obtained
by Boliton [_T@‘?aj even for hé&heﬁ' values of load rmet&em For Kg-> 0
the results of Fm.i%gﬁ aga-as vary well with those ebmmw by Belten
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and Sinha @63,{. mnﬂixaonsﬁenﬁ nenbrans streaus, € 2- ) for
aiz'oular boundary ars slee ealr:ulated and they are ymm&oﬁ in Plg.4.6.
It i observed that the siresses ebtaincd are in emollmt agresaent
vith the exact solution obtained by Way 41'@34]. |

ﬁag xeeaulta cbﬁsinea for isatrapie elliptic and circular plates
are zﬁore ageurate than the results cbiained by other invegtigators.
This 15 due to tha :t‘act that t‘hb stress functionu for the eliiptic
piate have beon datemtmd very a.wummly. But the reaults cbtained
are ptill appmxmaea bscauze the deﬂection ﬁmezians have Deen
determined with the help Galerkin's procedure.
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CHAPTER-V
LAME BPLITVDE TRGE VIGUSIONS OF INSGULAR PLATES

PLACED ON BLASTIC xam&ms o

'&n approximate metind for investigating the large daﬂaetian of
iumially fiat lzotropic plates has basn proposed by Be:eger {1985)« An
appliestion of this technigque has been made to the vibration problems
by Bash and Modeer (1960} who found the large amplitude free vibratilena
of z'eétangalar and circular plates.

_ m this paper & unified method for determining the lower paturel
frequency of large amplitude free vibrations of thin elastic plates ef
any shape and placed on elastie féundétion ig given. Fellowing Eerger’s
method & simple fourth order differential aquation coupled with &
second order nonlinsar equation is cbtalned. If the boundary of the
xmim is & curve hatural to any of the common eﬂoar:amate system, the
solution of the ﬁiff‘émtial cqaﬁzcm con be exzpressed in teyas of
known functions. Yor more "exotie® boundaries, the natuprel cowozdinates
mugt ﬁmt be determined and afier this ix done, the scalli%iaa would
inevitably involve some unfamiller functions. The determination of
natural frequencles in this case will then be very complicated,
Therefore & common ce-ordinate system and its associated func:tm i
s ‘used‘fo;‘fl’ the cage of plates with complicated boundariss.’

[ . L L o F— b

-

¥ = Apcepted for publication in the Internationaflournal of
Nonlinear Mechanics, Massachusetts, U.S.A.

(Pw@uom@l; vol. 11, 197¢)
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In az;ﬁaz* ta sntisi‘y the prescribed boundary conditions, the -
domain 151 confornelly Sransformed orite & unit cirele. Oncs the
transformation function 4s known, the problen is reduced to the
soluticn of the transfommed differentiol system. In thia paper
Galorkin'e method is used to solve the tmmf”a:&md gguations

fae ratle ‘ai' time periods for circular, xéguare' and cornered
plates placed on elastic foundation have heen determines under siwply
stpporied and clamped edge boundsry eonditionss The foundation is
azsmﬁﬁ to be of the Winkler type. Exparimental vaiues ars elsb -
obtained for cireular snd square plates under both the boundazy
conditions. The results are presented in the fora of graphs and they
are compared with other inown resultse

THEORY

Let ue consider the large émpimuds free vibrations of & thin
Qlastia plate placed on an slastic foundation having the renciion, 1
per mait arex per unit aefLaction, '

By adding the potmu&l anergy of the ’aunﬁatiaa reaction to the
;MGrEy exprasqs.en, using Hamilton‘s zarineipza and Zulorty variatmnal
squations one gets tha folloving two differontisl egwations af-t:ea'
neglesting op and the inortia offects In t“fzé plane of the plate
L ¥ash end Hodeer (1960) 7 | | '

g

|

~

o/

\ |
A o F? kW 12 b _‘i’ see (Sel)
A\VAW, o(F(i)Vw—r#C; ETpW =0 ¢

9

du 9 0 Ch
o= S GG = St e



tnwateh  C.0 = %

£(5) betng squal to F (%)

Let w = W (%Y) F(%)

Conbining aqgs;gsfz) and (5.5) one gets

2 dF

G’-)VW o(FG-)VW ’f\tza—w—‘-j)wl:(g—o

Bqe{56) may be written as

4 oo 2 A2
w . Kk X 3\ VW \2 F
W g)FO - APOT g

A golution of Bge(5.7) is possible 1P

4
N W l<-'-1
w =
and
7w
MRS __.KL
W.
in which k is a constant.
Fron Bg.(5.83)
(=) (T W = 0
From Eqn(&ﬁ)

Qﬁ?j)_—\-K‘LW = 0

=0
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wwa (Ba3)

mn » (5a4)

was $5.5)

ear (5.6)

ess (BaT7)

e (5&8).

sos 5a9)

ses (5.10a)

sae (5.100)
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Therefore & solution of Eq,( 5.7) can be obtained by satisfying 2q.(5I0b).
b sé.tisi’y the preseribed boundary conditions for p;atag of any
irregular shape let tho domain be conformaly transfarmed onto & wnit
cciveles If z 2 x + iy, 2= x < 1y, Eqe{5:10b) changes into

0202

Let z =f (35 ) be the analytic function which maps the boundery under
~ conglderation in the § - plane onto a unit circie. Thus Eqe(5.11)

transforms into complex co-ordinates as
. P x ' -

[V + K )]w(§§) e €812)

in whieh .
L
$=ne , T=wmg

The golution of Eqe{5.12) can be expressed in the form

W= S e[1-G] e (Be230)
N=j\ , : .
o
o< —Nn_2
\/\/ —~ ;'Bh['—(§§) J A sss £5:230)

according to the prescribed boundary conditions. E¢.(5:13%) is an
admisgzible fanetion fer the simply supported edge condition ijn the
sege thet this satisfles the kinesatic boundary condition w = O ab
=3, but-f does not gatisfy the foroe boundary condition M; = O,
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the fom of ¥ in Bqe (5e3D) mmrs,aa vade «‘5& a& s z and

can be taken as an adnissibie funsticn for the alwpaa a@g@ @m&ﬁam
gubgtituting Eg-i&ﬂl%) er m,easmé into 3@6{5;13) mmm $he erzop
 Sumekion, €, 04 wh&eh does not vanishy in genoral, sinw m,ts.m}

- or Bgei{S.13b) 1s mm an szaot solution. Galerkin's gmgagim_uqﬂzm '
that the error function, €y,¢ to be orthogonsl over the dowdin wnder

congidevation 3 lees,

j eﬁ'g(§$)W(§§)OtC=O (n=1,2,3,..... N) sen {Bell) -

4 | | |
From Bqw(S.14) & homogeneous systen of linear equutions is sbtained.
fich a syatm ¢an have nontrivial solutions only Af tha déeﬁammﬁrzﬁ
of the coefficients of the unknowns vanishes 4dentleally. From this
dgtammm a@ua&iﬁn, the values of kg, kg sene x:% can be solveds
Yor the fundamental frequency the lowest value of k2 is to be taken,
Combining Bms(5.7), (5.8) and (5.9) the following aiffesential |
aquatim fox detemining # H;) is @btammu |

EOMFS 1 AFE = 0 cre (5028)
in which
= A Ky e
Xy = (K + D))?\ Co . vee {6416)
by 2 1 2N ‘ .
M= (K KHG) ver (5:17)

Bgs(5.15) 4s to be solved subject to the initisl conditions

F(O) =1, F() = 0 sus (5018)
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;ﬂq&zﬁ%ﬁ.@n of Bge(5.158) can ba taken in the fomm

F@ = Ch (@t, 2) tn {5.39)

in which W, and A, ars positive a@z;am&s glven by

2
|

iy

IS 4 L m e
R L (l-r @ :Dkﬂ)%\g"K | vue (5,20)

3 | !
A, = -
K’ ' aes $(5221)
2(\-\- o 'Do("k1> u eex (5221)
#nd o is «f‘iae;abi s elliptic function.
To determine o Bael(S5.2) 1z transformed into complex soeordinates by

the transfommetion s =x +1iy, % = x - iy, Thus cne gels

o dw D |
75( 32 *52)‘* (- az>" 1T T e (6mR)

2&* the wapping funetion 5 = £ ( 3 ) be introduosd, zqais.aa)
reduces to :

M- dz dz ou dz . du dz
AR 5H ST

{ Vv dz dv Ol'z} 23\«1 Aw E |

oz d5 ~ 9z dj BZ 32 wes (B.23)
Yow the s’:@mizs:aﬁ gonntant o ean be dstermined from Bq.{S.13a) or
(5:120) and (5.23) by Integrating Dq.{5.23) over ﬁhé ¢ycle 2 A » The
temms involving u end v cen be ensily eliminated (since © and v
ars of 1ittia imporiance in the case of large amplitude vibration) |
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by caasid&mg aisitable ﬁ:pxﬁazaiong for @ and v compatible with
eha boundary mﬂiﬁians, Mmlly !;tm following intagral will
detornine o -

33&3‘?‘-1%%%43 =~2H-a-?%?%

This having determined k &nd of , the nonlinear fraguencyy o 5
is complotely determineds Thne nonlinear peried, Ty, is given by

vre (5.94)

2— L - . ! *e ¥ (502&)
1 !

K being the complete elliptic integral of the first kind. The iinear
periody Tg, 1is given by
2R ~
Tg = """Z:-',Z" * n;‘-dg ‘50%)

in which @y is to be d@temim'él from the eguation
Fit) + A\ Fb) = © con (5.27)
i the fora W, = A,

S T
Thus the mtio of the periods, "2%" s 1s cbtalned as

5 S 1 . 3 | ,_
Tg ' ' F / \ ‘ K"a('l‘ ‘ Yy} (ng}
| SN -
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PLICATIO

&, ILat us apply the procedurs explained above to the case of a
' clsupad cornered plate. The mapping function is ziven by

. a5 ,, 1 .5, '
z L. ] ! E R Y . 'Y 8 &I -
; 43 a (3 25 LR * o (5:3)

Using Eqe{5.13b) with rn=1 an appmximatt velus of ¥2 is obtained
: fmm qu(5c14)
kfa = M , sen (5-33)

% oz m L ans ‘5931)

o aetermino % the fonwing functions for u and v are %akﬁa,

»»»»»

oc . _ ,
u = ZUM (7\) Cosmoe FIQC) ’ ‘wue (Be32)
m=\3s,... -
_ o< N '
v = Y_vm(n) S mp F(¥) | wos (5:33)
. m=1,3,5,..

’ mbaf;ituting B538.{5.,32) and {(5:,38) 4in Kq«{8:23) one gats By.(5.24)

determining 0| ‘h determine the value of « for the fundemental frequency,
~ the Wlilﬁ of n in Bqe{5+13b) 15 taken to be 1e Substituting
Eqs{5.13b) with n = 3, and Bg.(5,29) in BEq.(5.24) the following value
of o ecorresponding to the lowest freguency is obiained,
0( ‘ 2° B azh‘“s ) sna Gﬁt&)
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2, . |
Thus e iz obtalned from Bq.{5.23)
» )
B L . ; ' S ’ ‘5 35’
iy 6% é. ane Rde
L , C %‘?1*&5- 3"?

in which the nondimensional foundatlon modulus, Xp , is given by

p

The mapping funetion of & square plate is given by

Z = 3°08a /" nff””i? ® o enn 7 cer (6:36)

Using Ege(5.13b) with n =1 and pm&@dins in the sane mannyr as
before one goets for a clemped square plate

1 2K 1 (S
% - «rw 4 1-2 NE——— % wee (5.37)

< h? 400+ 12°3 Ky )7

The mapping funetion for & cireular plate is glven by
Z2 & aj - . ses {56.33)

and for a clampad circulay plate one gete

L 2x . ;A _ _
%Y~ "x T T ——— S |
2 A » Bl _ 480 @ . aE see (B0}
Fap TS A e ¥4 oo
' ne 400 + 9 Kp
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be Lot us consider the case of & sinply supported circuwise plake.
Uzing Eg.{5.132) with n = 1 and procesding in the sane manner ag

__befors one gets the ratie %L ,
T2

an-.ﬁ L . I!:L - ,

B ?ﬁ
4‘1 ‘% %*W

ees £5:40)

y 7%

Yor Ky = 0y Eqe (5:40) becomss

n, 28 1 ) . ‘
gg ‘ 7(’ ' ' ' esa (S.41)

L1z _7*

Thwe mrrupazzﬁmg resilt for the elrcuiary plate cbimined by Nush and .
NModear (19680) is

?1 QK . i

5 Ty | " res (B442)

L 1*@-—% 32 7t

whera 3, (ER) = 0O, R being the redius of the olrcles
Yor & simply supported squars plate one gats

T y : _ ,
g = = LI BE e - ‘. - (5"3)
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' Sxperinental verificabions wers mads with civeular and squere
plates under sioply supported and clamped edge boundery e&zidmiam;
The eirculsr plates wers 150 ma diampter and tho sguare plates with

160 ma’ side. Plate material was nild steel of 0,75 mn thickness. |
Pres trensverse vibmetions of different emplitudes and freguencies
Were Initiated in the appamtﬁs shown 4in Fige5.1. The test plecas,

Ty was statically deflected by the losd spindle, L and the ecentral
ﬂgﬂeetmn wag neasured by the gial indicator, De _Af—tar givmg &
predetomined centrel deflsction the spindle, L, wes 1ifted quiekly
by the raleass ;eprmgf,_ ‘B, and the corresponding fxvaiqmey was measursd
in & vibration meter, ¥, with the help of a noncontact Syps of
vibration pick up, Fe Simply supported edge conditions were realised
by placing the edges of the plates over a knife sdge placed around
the periphery of the cavity, G, the shape of uhich mnféméa the shape
of the plates 'uq*edg Clanped eﬁaa conditions were athieved by elemping
the edges of the xs:l;itﬂes"rzgmw by means of eight bolis, By with the
base of tho apparatius. Experiments woze carried out first with the
cavity, eapty and a@t i;y_plaﬁing the plates over es.gaé free hellcal
spﬁngs, 5, sach spéfing being located ai the centre of aight eguad
arskg of ﬁh@ plates, Ths comnbined m‘%&m oL ihg;-s speings. iﬁsgﬁ' wag
detormined experinentally to be Kp = 6°2. Cave vas taken in'
selecting the stiffhess of me spring;- B so that the spinéla; 1 wag
released quickly from the plate without obstructing the upward motion
of the platess
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EEaTLIS
Maserical a2z well a3 experﬁ.menéal rés-izlt‘s i"ar the case of simply
supported cireular and squaze plates without foundation have besn
pregented In Fig.5.2 and 5.3 raspuetively. The .cam'-espaaéing resuits
obtained by Nash and Modeor (1980) fox the eircular and square plates
and the r&sﬂltzé abtained by (hn ané! 'Hexmgann' {19588) for the aguare
pla*!:‘ea‘ ﬁavé also besn presented for comparison. Juerical and
gxporimental resulbs for clamped elrenlar and zquare plates both with
ané@ without foundation have been prazsnied in Fig.8.4 and 5.5
respeetively. '
' Iowesd natural fxeqﬂméz‘es of large amplitude fres vibrationg of
thin plates of any ahape can readily be caléulatqd by the conformal
mapping technique used in this study, il the mapping functions are
known,. from Pigs.5.4 and 5.5 it is observed that the resulis obisined
with one term approximation of the frial funebion Bge(5.13b) for the
clamped edge boundsry condltions are in excellent sgreement with the
practioal values. Por the siuply supported adge eonditions the
theoretical posulis given in Pige5.2 and 5,3 are in souewhat poorer
agresaent with the values obtained expoarimanially. By using highoey
torm approximations of the trigl functlons HEqe(5.138) and (5.13k) and
with suoothenad mapping functions the results Zor boih simply supporied
end clamped edge boundaery conditions will be vefined. Buk this will
inwolve additional numerical computaiionss |
' The perlods for rectengular plates chbiained by Chu and Herrasnn
is dependent on the aspect vatis of the plate, wheress the carrespending
rosuits obtained by MNosh and Modeer sre lndepandent of that raties The
mapping functions for ractangalar plates with different aspect ratle
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Will b different and therefors the present gtudy indicates ShAt the
periods will depend on the aspect ratic. It ghould be pointed out that
tho theory used in this study mllows the sclution of the éigmvalm
probles under considezation fyom & unified peint of view sinee the
trial funetions used are tho same for S11 shapes. Congidering the fact
that one tem approximetion reduces considersbly the computational
effort, the results obtzined in this study ere considered excellent
for practical PUrpoOsess ' |
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the following smbols are used in this thesis ¢

I
g =
ey =

=

>§
e =

=

»
h =
b 4 "
g =
Ep =
My o
¥op =
'ﬁ? -

__Bn3
| 12 (1= v<) 5.‘
modlus of elasticity in tension and compression j

fixuml rigiaity of s plate = s

first inverisnt of ziddie surface stralins

S S y in reetangular coordinates
€p + €o 1in cylindricel coovdinates j§
second invariant of middle surface strains

2
€e € ¥= 3 ﬁy in ractengular coordinates
€n €5 in polar coordinutes in case of cimmr sy=uetry 3

moduius of slasticity in shear

thicimess af & plate 3

modified Besaslts function j

Begpel function of first lind $

noendinensionel foundation modulus

y Mp = radial, tmgeﬂiglmé twisting moments per

unlt length of seciions of a plate in polar
coordinategy |

eritienl value of middie plane force j

' B
buekling temperature = X} f B

-8

\



Bx 5 By s Wey™ normal force resultants per unit length in

P =
q =

middle plane of & plate j
slngle concentrated load 3
ghearing force per mitilength of a section of & plate §
intengity of a continuuusly' distributed load §

- pelar cs-ordinates

iomnel's function 3§
tTemperature §

= displacenent in x, ¥, and s directions respectively j
= rectangular coordinctes g
cooflicient of linear therm:l sxpansion j

direct stress §

eritical buckling stress s

shear atress g

direct strain j
error function in Galerkin's method §

sheay strain 3

dengity of pléta naterial
Folsgon's ratio § |
Gampe function 3§

T o"eu & complex ;iuantitrn

i
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R

. ABSTRACI‘ o,

Large deflection of a simply supported semi-circular plate placed on
elastic foundation”and subjected to a uniform load has been investigated
following Berger's approximate method. Expressions for the deflections
and bending moments are obtained and the theoretical recults have been
presented in the form of graphs

1. INTRODUCTION

SMALL deflections of thin plates on elastic foundation have teen examined
. by Timoshenko and Woinowsky- Krieger! and several other authors on
the assumption that the ‘strains of the middle plane of the, plate can be neg-
lected. But when the deflection is modezately large, that is, of the order of
the thickness of the plate, then the strain ofthe middle plane should te
‘considered. Thus for moderately large deflections,  solutions of differential
equations for deflections and displacements become difficult because of their
non-linear character.,. Way? and many other authors have examined mode- "
rately large deﬂect1ons of plates not restrng on elast1c foundatlons and the
methods used by them involve . considerable computatron Berger3 sug-
gested that the strain’ energy due to the second strain invariant of the middle
surface strains  may“be neglected ‘in anilysing moderately large deflection
of plates having axisymmetric deformation. Berger’s technique of neglect-
ing the second strain invariant’ ip the - expressmn couespondmg to the total
potential energy of the system Teduces cdmputation and although no com-
plete explanation of this method isoffered, the stresses and deflections obtained
“for-both 'féttangular and’ circuldr plates 'are in’ good agreement ‘with .those
found in practical analysis. Berger’s- iethiod His been applied - -successfully
by Nowinski* to his different plate problems Nash and Modeer5 investi-
‘gated the problems having no axial symmetry using Bergers technique.

21
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Berger’s technique of neglecting the second strain invariant in the middle
plane has been applied by Sinha® to determine large deflection of circular
and rectangular plates placed on e]astlc foundatlon and under umform lateral
load. N ! S :

- In this paper large statlc deflection of a 31mply supported semi-circular
isotropic plate placed on elastic foundation and under a uniform load has
been solved. ‘Foundation is assumed to be such that its reaction is pro-
portional to the deflection of the plate.

2. FORMULATION (OF PROBLEM ' 7

For moderately large deflections, the strain displacement relat1onsh1ps
and the strain energy of the m1ddle plane of the plate are:

+2(b;v) | | .. | (1)~
eg;%”Jr%(%M : ' - L@
vzy = + iy g;v o | )

« Vl;é—)ff[(vzw)f{-',ll—feﬁ—z(l — ) {}ll_fe
e

Neglectmg e; and by adding the potentlal energy of the transverse load and
of the foundatlon reactlon the modlﬁed energy equation becomes

{ bx2 b_y

_(bxby)}+f)w AD]dxdy' | &)
* Applying Euler’s var1at10nal method to (5) the following dxﬁ'erentlal equa-
tions .in polar co-ordmates are obtamed

R o e
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where o is-a constant given by

§2}7 bu w 1 oW
RV fr () ()
and
02 12 1 L
, 2 1o 122 g
v "ar2+r a:+: 262

3. -SOLUTION OF PROBLEM

. %

@

Let the plate be in the form of a semicircle (figure 1) and simply sup-
ported. Let the centre be the origin, the bounding diameter be the initial
line and the plate be uniformly loaded To solve equatlon (6) let us put

it in following form:

(V:— P2 (V2 — Pzz) %

' /

where
P? + Py = a®
K
P Pt =]
| X
| §
I
T LOAD,
'S1 - LATYE.
W\

NN "
F OUNDATION,
RARLLRA, a M-

Figure 1. Semi-circuldr plate on foundation.

&)

©)

(10)
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Expanding the load into the appropriate Fourier series,

4q - sinmf S
1= % Z.l n 89
m=l, 3.5 . .
and assuming
W= )::,‘o Ry sinmb (12)
me=1,3,5 ) )

where Ry, is a function of r only, and substituting (11) and (12) in (8) one
gets '

d2 1d _ m? o N(dE 1d  m? . 4
dr? + rdr r¥ Py ) (ZT§+ rdr ¥ PZ“) R = =Dm
i (13)
The appropriate solution of (8) is given by
w= Z ‘ Apdm (Pyr) + Bylm (Por)
m=1, 3,5 ’ "
4 T X
_ + L Py Seaas,m (qur)] sin m0 4
where
A_ (= 1par)
TR mH @ —m? . {2+ 257 —mE
and g
Sates, m @iP,r) ,

5 Cipargen
= . G F2)2—m% ... {(d F 25 F 2n)  — m%

is the Lommel’s function which is uniformly convergent. The required
boundary conditions are .

(Whea= 0 (15)

[ T Cg:v rlzb;é)l: ],_a=b'. | a9
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Considering equations (14), (15) and (16) and solvmg for the constants A,,
and B,, one gets

[aP2 1 (Pa) + “Pol (P Z s Soiss, m (Poa)

§=2)

=0 .

4 + v Z (1_132—;44—% S’s_+2s. m (ina)}]

Am = 7Dm * I (Psa) {aP, 21, (Pya) + vP,I, (Pa)} ‘
- . — Iy (Pia) {aPy2 I, (Paa) + v Pyl (Pya)}]

(17)

[{aPl - (Pya) + v P, (Pa)} Z (lP )4+2s S3+03 m ({Psa)

gm0

— Iy (P1a) { Z (IP )4+2s Sitas, m ((Paa)

=0

v o7 s;‘g& S'3105, m (IPa) ]
4 ; (IPy+ }

Bm=— aDm " [Im (Pea) {aP,* 1, (Pia) + vPiI, (Pld)}
— Iy (Pya) 1aPy? I, (Pya) 4 vP,l,, (Pya)}]

- (18)

To determine o, let
u= X U(r)cos md _ (19)
v= 2 V()sin mbo : (Zd)

- subject to the boundary conditions Ufa) = V(a) =0.

Multiplying (7) by rdfdr and integrating within the limits 0 to a and
0 to = one gets

jf}tZU’(r)cosmﬁdﬁdi +2 f f bw) d6dr
+ f f DU cos mb dédr + f f ZmV(r) cos mé dodr
J J £ J |
+%f f %(gg)z d@dr'-_ul— f frdﬂdl -
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After evaluatmg the integrals the followmg equation Ieadlng to- a

43 obtained:

oo

D [an (-8 tna i) + 10 P

m=1, 3,5, ... . -

[ (m ) ] I, (Pla)j %2 {ZIJ- [Im (Pla) + Iy (Pra)]?

[ + (ﬂ}_i_ 19)2:| I, (Pla) + %i i e 2m+2n+2t)

n%t

T B P Z Z¢(P o) Zia[lm_z (P2

n=0 t—-

+ In (P +-[1 + 8 @)

2 . o 1)? 5 .

- % {[[m (Pza) + Im+2, (Pzﬂ)]“'f“ [1 + (n;,;az) J Lot (Pza)})
16¢2 pn? (4 + 2s + 2n)? gBHisHan

+ 2D2m2{ (zP)s+4s[Z 8 +4s + 4n

pniit (4 4+ 25 + 2m) (4 + 25 + 21) qsrastansat
+Z Z . 8 4s F On T 21 }}

n=0 (=0
n7it

[ () (g amom
+ 2 AmBmP1P2 Z Z @m-+4-2n+2t) |n |t T’ (m+n) I'(m-+1)

n=Q =0
n¥t

( P MA1-21 ( % )m+1+2t; a2m+2n+2t+4 B
+(2m—}—2n+21+4) i TmTnF)TmF 7LD

I 4’ (%)m—uzn (%2>m+1+2t + ‘/’ (%)m+1+2n (%)m—u_zt:‘}
+ 4dmPy qum 2 (in)sts {i i [I"n‘r/’ (P o

SR e |
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' + 4B P, WDm Z (iP, )4+zs {Z [P'n%[’ < )m—1+2L

0 =
. nsk .

+ Bty (%)mﬂHt +m? (A2 Z ‘ﬁz (Pl)2m+4n.

+ A;i Z.j% <p 2m-+-2n+-2t LR Zxﬁ (P2)2m+4n

‘n=0 to
n&

e L D)™ i e

S
A DR L L
+ 24mBin Z Z (2m+2n§2;:27t(%()::f:izt::t+1)
"0t
et S Z¢ (-
+ 8B Z AL Z Z“n% @] ==

Q1)

where

. (__ 1)1! (LP )4+2s+2n
Hn {(4 252 — m% -+ {(& + 25 1+ 2n)F — m%}

. (— 1" (iPy)+2s+2t
WS @ 2T —m% . {3+ 25 + 207 —m

a2m+2n+2t+2

¢ ~(2m-}-2n—}—2t-i—2)'n [t I'(m _n) T'm+1t+2)
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- , a4+2s+2n+2t+m .
¢ = @ +.2s +2n+ 2t +m) tTm~+t+1)

4+ 25 + 2n) a4+2s+2n+2t+m
A sy TS TR DN R A TR

(4 + 25 + 2n) gorestentebm
b= T I Tt a+mLTm T i)
a2m+4'n.
= @m + 4n) {n I'(m +n + 1)}"
a2m+2‘n+2t

¥ T C@mF2n 2t Tm+nt DL+ 1)7

&~
[

Pl —)O, P2—-)0

Equation (14) reduces to

_qa® 4y 1
=D Z {F mm (16 — m?) (4 — m?)

m=x, 3, 5, .. R

L. Fm  m 454 ’
a®™ mmr (16 — m® 2 +m) [m + 5 (1 + v)]
pmte m-+ 34+

avn+2 mr (4 + m) (4 — mz) [m + (1 F )]} sin m6

as obtained by Timoshenko! 'for the corresponding problem of small deflec-
tion without any elastic foundation.

4. NUMERICAL CALCULATION

™™ To obtain deflection for a given value of plate radius ‘@’ and founda-
tion modulus ‘ Kz’ one has to start from (21) with an assumed value of
‘o’ in order to obtain the corresponding value of the load function (ga*/Dh).

Once this relationship is obtained the corresponding deflection w/h can be

calculated by (14) with the help of (17) and (18). For @ = 80 mm, » = 0-3,

and K. = 350 deflections have been plotted in figure 2 for various values -

of load function (qa*/Dh). .
_ 5. DISCUSéon

On. éxamination of eq (14) it is clear. that the radius of symmetry
of the plate undergees' theé ‘fitaximum deflection with respect to other radii.

ek
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The expression for the deflection at a given point on the radius of symmetry
can be expressed in the form w = B (ga*/D), where ;8 is a numerical factor.
Deflections at various points on the radius of symmetry are plotted, in
figure 3 for a given value of load function. From figure 3 it is observed
that maximum deflection occurs at the centre of gravity of the plate.

ARED%”
20 / v ><<Q9’§5L_'53_5_Q

// ) \_LE"".H' K;=O

30

1'0 — /

V

100 200 300 400
: ob .
- %10
Figure 2, Deflection curve.
, ?
w o
ONE SMALL DIV.= 000t Br =¥
/'\\
S U
-
]
= N
3= N
° 1 % 3
4
A .
a .

Figure 3, Deflection curve.
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, Th’é.‘pllé'te ‘s subjécted t6 bending' moments in rddial andtangential
directions as well as to a twisting moment.’ ‘"The expressions for bending
and tw1st1ng moments are C T

' . o o - ’ 1
M, = Z —D I:A"’4"P1 {Im+2 (P1") + 21 (Plr) + I (Plr)} :

m=1,"3, 5, .00

< 2 n‘ I
=i BmP2 {Imie (Por) + 2In, _(Pz")_ + ]m:g (Pzr)}

+'V {AmPI mP2

[Im—l (Pl’) + Im+1 (Pl’)] +- Um- (Pz’)

N 2 .
+ Inaa (P)] — " [mlm (Pyr) + BT (P)]}

4 v A , . , .

s 7 veres ] Ssies, m ((Por) + z Ssres, m (IPar)
aDm (iP,) r

§=0 !

\

Y s, m (Par )}] sin mé - (22)

M, = Z —D LAmP1 4 {linae (Py1) + 2Im (Prr) + Im=s (Pll)}

Me1, 3,5, ..

+ BmP2 v {Im+2 (Pyr) + 2]m (Por) + Im—2 (P2’)}

<

+ {Im— (P1r) + Imsi (Plr)}

+

B ’gf im0 % I (P}

- SEL {Amlm (Pli) -I- BmIm (P2r)} + 7rDm Z (IP )“28

!

{VS 3+2s, m ({Pqr) + S 842¢, m (le’)/ -y

_ ';12 Sysas, m (z’Pzr)}] sin o © ()
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. X 4P, 7
Myy=(00—vD 152 m [ 5y Uma (Pur)+ Imaa (P}
- ' m=1,3,5,,.. ) ¥

Bmpz

+ {Ima (Pzr) + Iy (Pyr )}

1 -
T {AmIm (Prr) + Bumlm (Por)} +, me Z (lP )4+25

1 o
{ S 3+2s, m ({ByR) — Sa+2s m (lP of )}} cos mé. (24)

Eqgs (22), (23) and (24) show that the bending moments M, and M, are both
maximum on the radius of symmetry and:the twisting moment M, is maxi-
mum on the bounding “diameter.

- The bending moments can be expressed in the form

= Byqa®; M, = Byga® (25
Bending stresses can be calculated from the eXpressidn's '
6M. 6M, .
op = TJ 0y = —hT" - A (26)

Expressions for shearing forces can be obtained with the help of (14)

Of=—D’ Z [AmP13 I (Pir) '+ B P2 I3 (Pyy)
m=1, 8,5,

4q = ) o
+ 'TrD‘fn g (jPz)i+2s '5,‘3:*:2'- m (IPZI‘):I

5 [Am PELL (B + B PATL(P)

- dq °°.- As " . ]
T aDm [ (iPy)*% Sutsm (ll’.gr) .

\

=0

R (0-2 + :,-ng) [A.mP1 U'm (Pyr) + BmPyl'm (Por)

A+ "gin / ‘(1 Plgsq.i.zs X 8’3405, m (Por )]} sin mé @7

&=0
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Qy=,— %) Z m (Am]?izsl; (Pr) ’l‘Bmpz2 I, (Pz’.')
¢ m=1.3,5, .
-4q oo\x)\S: :5’.?\

+ 77)71 (1'—1’2’)%—23 a+2, m (1P21)

l ~ ,
v ‘J‘*(Ampl m(Plr)"l‘BszI (Pr)

ﬂ'Dm Z @ P )4+zs S s2sem (tP2r))

-—. (.OJ“? -l-?;) (Amlm (Plr) -+ BmIm (fl)z”) A

* >7rDm Z (,p )4+zs S342s, m (ler))] cosmb ..~ . (25)
The shearinig stresses can be calculated from the expreslsmns _
~ Trg = 624‘23-0, Trz= % Q/f Tg2= %% (29)
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ABSTRACT

. Large deflections of a unifor. mly loaded circular plate placed on elastic founda-
tion and supported at several points along the boundary have been analysed follow-

ing Berger’s method. A particular case, where the number of supports is two, has

been treated fully. Numerical results have been pr esented in the Sorm of graphs.

Key words : Large deflections, elastic foundation

INTRODUCTION

Small deflections of thin plates placed on elastic foundations have
been examined by S. Timoshenko and S. Woinowsky Krieger [1] and several
other authors on the assumption that strain due to stretching of the middle
surface of the plate is negligible. When the deflections are moderately large,
that is, on the order of thickness of the plate, then the forces in the middle
surface of the plate must-be taken into account. In the case of such large
deflections of plates placed on elastic foundations, three differential equa
tions for displacement and deflection may be written, but it is usually difficult
to obtain the solutions of these equations because of their nonlinear
character. - ~

On the other hand, various problems of large deflections of plates not
‘resting on elastic foundations have been examined by S. Way [2], S. Levy
[3] and many other authors. But the methods used by them involve and
require considerable computation. A simple and approximate, yet fairly
accurate, method of analysing large deflections of plates was suggested by
H. M. Berger [4]. The method uses the technique of neglecting the strain
energy due to the second strain invariant of the middle surface strains in

- 427
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analysing large deflection of plates having axisymmetric deformation.
Berger’s method reduces computation and although no complete explana-
tion of this method is offered in, the stresses and deflections obtained for
both rectangular and circular plates are in good agreement with those
found in practical analysis. Berger’s method has been japplied success-
fully by Nowinsk [5] to his plate problems and Nash and Modeer [6]
investigated the problems having no axial symmetry.

The technique of neglecting the second strain invariant in the expres-
sion corresponding to the total potential energy of the system has been suc-
cessfully applied by Sinha [7] to -determine large deflection of circular and
rectangular plates placed on elastic foundations and under uniform latera
loads.

In this paper large deflection of a circular plate placed on elastic
"foundation and supported at several points along the boundary has been
solved. The load is assumed to be uniformly distributed and the foundation
is of the Winkler type. A complete analysis of a particular case, where
the number of supports is two is given.

"FORMULATION OF PROBLEM

For moderately large deflections, the strain displacement relationships
and the strain energy of the middle plane of the plate are

@ =5 t3(5) 0}

o =2y o

yxy=§§+§—§j+§—f\f§—; e
—lzsz (V2w)? + ]261 —2( —9)

% {% ¢t Daicg) b:y‘;) - (ab;a;? )2}] dxdy )

in which e¢; and e, are the first and second middle surface strain invariants,
respectively.
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Neglecting e, and by adding the potential enefgy of the transverse load
and of the foundation reaction, K, the modified energy equation becomes

~
=—212‘, f[(vzw)‘z—{—%elz-Z(l — )

2wotw b2 2qw ,
{axz K bxby ) + ]d dy. ©)
Applying Euler’s variational method to eq. 5 the following differential
equations in polar co-ordinates are obtained [7] :

K
V‘-‘w—azvzvv—}—ﬁw:% (6)
where « is a constant given by
a?h® _ du | 1w 1w dW\2
7 =5 +3(5) +E+15+ g 50)
% 10 1 22 |
v? =yt ey T e (M

SOLUTION OF PROBLEM

Let the circular plate (Fig. 1,) be of radius a, supported at several points
along the boundary and placed on the elastic foundation. Let the centre
of the plate be the origin and a diamefer .as the initial line, § =0. The
general solution of eq. 6 is

=Wy + w; - ' 8)

in which w, is the large deflection of a plate placed on elastic foundation
and simply supported along the entire boundary and w, satisfies the equation

V4w1——azvzwl+§w1=0 (9

Eq. (9) can be written in the form

(V2= P (V= P)w, =0 (10
where )

P2+ Py = a? (11)

PP =%, | - (12)

D
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Considering the number of points of support is /, and denoting the con-
centrated reactions at these points N;, N, ... N; the expression for each
reaction N; is (1, P. 293)

]Xé [% + 2‘0 cos mﬂi] R (13)
=1
where 6; = 6 — i, ; is the angle defining the position of the. support i.

The intensity of the reactive forces at any point of the boundary is
then given by the expression.

Z i—\g [} + ;Jo cos mei] (13 @)

- M1
=1

in which the summation is extended over all the concentrated reactions.
Assuming that the plate is solid and considering that deflections and moments

FiGg. . Circular plate on foundation.
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at the centre must be finite, the appropriate solution of eq. 9 can be taken
in the form

Wy = Aoly (Pr) - Boly (Por) - °2° [Amlm (Py) + Bl (Py)]

X cos mf + é‘ [A' mIm (Py1) + B Iy (Por)]sin mb (14)

in which 7, is the modified Bessel function of the first kind and zero order.
and I, is of the first kind and mth order. For determining the constants
we have the following conditions at the boundary:

w =’O
=aq (15)
6=0,n
[bzwl n vawy | v 32"’1] =0 (16)
YL roor r2 202 g
12 — 1 M 1 S
ot = LBfrs Soma] @
. {=1
where ‘
Or =—D ;7 (72— a®) w,] (174

Mry=(1—o)D[L20 . L2l

S0 T 30 (170)

Consider a particular case when the plate is supported at two points which

are the two end points of the diameter taken as the initial line from which
# is measured. Then

1,/11 = 01 1/12 = 7.

Considering the above boundary conditions one gets after solving for the
conslants

Ao = 1B (@ (18)

B(_, = —ﬂ_—gaﬁ‘i[’o (a) ‘ - (‘19.)
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_— i X pm (@)
A = = D B @ i (@) — A @ 7 (@)} 20)
_ P Am (@)
Bn = B4 B @ i @ = dn @) 7 @) @)
Ap=0=8Bp (22)
where P = ma? g = total load on the plate
p [Am (@) Im (Py@) — pan (a) I'm (P10)]
= B (@ pm — (@) Am (@) nma)] X [y (P2ad) o (@) — Iy (P a) o (@)]
(23)
bo(@) = P32 1y" (Paa) +  Pohy (Paa) (24)
$0(a) = P21y’ (Pya) + = Pily (Pya) (239)
pm (@) = P2 I"m (Poa) + ng I'm (Pya) — Vm —5 Im (Poa) (26)

1m

B (@) = Pt Pul' (Pra) — (1 — ) {25 I (Pua) — 0 ' (Pra)} 20)

M (@) = Pt I (Pa) + 2 Py ' (Pra) — 20

1m (@) = P12 Py I'p (Poa) — (1 — v) {m I (Poa) — Zl—m
Thus the complete solution of eq. 6 is obtained in the following form
w = wy + Aoy (Pyr) + Boly (Pyr)

+ 5 [Amm (P) 4+ By (Por)] cos mb (30)

where
Wo =g+ Ay Iy (Py) + By Ly (Pyr) G1)

[Pzz 1" (Po) + Py L (o)
=Tk # (Pa) Gla

—5 Im (P10) (28

m (Paa)} (29)
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qI:Pl‘?Io”(PN) + Plpd[l(f)ﬂ)]»
K

B =% 8 (Pa) (31 h)
¢ (Pa) = {Io (P1a) P2 Iy" (Pya) — Iy (Poa) P2 Iy (Pya)}
+ z{ PoI (Poa) Iy (Pya) — PyIy (Pya) I, (Pya)} (31 ¢)

Substitution of the values of the constants A,’, By, Ay, By, Am and B,, into
+ eq. 30 yields

qat [ { [Plz 1" (Pa) + P, %Il (Pla)] Iy (Pyr)
/7 ( T T T é(Pa)

[ PRI (Poa) + Py 2 L, (Poa)] ] (Plr)}
N ¢ (Pﬂ)

+ [% { Bl (@) Iy (Pyr) — Bpo (@) Ty (Pyr)

o i [le_(a) I (Pir) — A (@) I (Pz")] cos 1770}] )

B (@) pm (@) — Am (@) nm (@)

m=2,4, G, ...
(32)
As P,—0 and P,—0, eq. 32 reduces to
14+ 2
w_w+2D(3+ ){210,,2—1+ 21g2—-2)
B i‘ [ L, 20+
m(m—1)  mm—1)(1—
m=2, 4, G, ..o
(rfa) 7\
~ aim 1)] (a) cos m@} (33

as obtained by Timoshenko [1] in the corresponding small deflection problem
for a plate supported at two points on the boundary.

The normalised constant o can be determined from Eqs. 7 and 30.
Since we are interested only in the lateral displacement w, the radial and
cross-radial displacements # and v have been eliminated by choosing suitable
@xpressmns for » and v, compatible with their boundary conditions and
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integrating over the whole area of the plate. The radial and 01oss-1ad1al
displacements have been assumed in the forms

u= 2 U()cos mb ’ G4 -
4
v = 2 V(r)sin mo ' (35) ‘

subject to the boundary conditions U (a¢) = V (a) = 0. Multiplying Both
sides of the equation 7 by rdrdf and integrating between the limits 0 “to a .
and O to 2m, one gets :

a 2w a 2
f f rU’ (1) cos m0 drdf + f f U (r) cos m drd8
(3] 0 4] 4]
a Y d ‘ ' 1 a 27 ) o 2 §
4+ j‘ f mV (r) cos n1ﬁdla’0+-2 f f 7 (51—) drdf
0 4]
) 2
+ ff () /d0~f f“”,drda

After evaluating the integrals the following equation leading to o is obtained.

2 L2 2
e = — A Pra (G (Pa) + L (P

R T R ey
% {3 U (Poa) + L)Y — [1+ s | B2 (Pu0)]

ipo a
+ 24, B, P1P2P'—22__—Plz‘ [— % P, (P20) {1, (Py)

b 1 (P} + 3 Poly (Pra) {0 (Pot) + Ty (Pai}]

x>

—+ Z {Ang{Z {— é a® [}i Um—s (Pya) + 1 (Pya))?

m=2,4 G,e..

{1 + (lP 3 12) }Im (Pla)]

- é a? [Z {]m(Pla) + ]m+2A(P1")}2 - { + (n;)_i-ala) }
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X Ly (pla)] _,_% i—z (1_;1)2m+2n+2t . ¢} é

n7lt

T X {_- 1, [ {Im—s (Pott) + I, (Poa)}?
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where

) a2n:+2n+2t+2
R T ) BT 4 (IS o (SR )
a2m+4n

P0= @ F A (TG b o T DR

a2m+2n+2t

¢ T CemEt MmO [ Tm A n+ DI m+r+1)°

Thus the deflection, w is completely determined. The expressions for the
bending and twisting moment can now be determined.

My = —D[P2(4g + 40) Iy (Pur) + Py By + B Iy’ (Par)
+ i (P12 A" m (Pyr) + Po? Bpd"m (Por)} Tos mé
+ oD U+ AR B+ DBy + BO T (P
+ % i [Podml'm (Pyr) + PoBmI'm (Pyr)] cos mé
- ’l i‘ m® A (Pyr) - B (Pyr)] cos mo)}]
e .
My, =—D [y +4) L () + T2 By + B I ()
4+ ’l i {PyAmIym’ (Pr) + PyBmyl m" (Psr)} cos mb
— %2 i m? {Amlm (Pyr) + Bindm (Pyr)} cos mb
et

+ v (P Ay + 49 Iy’ (P) + Py By + B Iy (Py)
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o0

+ Z [P® AmIm" (Pyr) + Po?® Bpln" (Par)] cos mﬁ}]
m=2, 4, 6, ...

“ (38)

1 ¥ , ,
M'ra = (1 — V) D [—‘ '; Z m {PlAm[m (Pll') + PngnIm (.Pg")}

m=2, 4,6, ...
. 1y

x sinmb + 1, Z m {AmIm (Pyr) + Bl (Pyr)}

X sin me] ) (39)

The stresses can be calculated from the expressions

6M 6M, 6 My
Oy h—zr 5 Op = *hTB 5 Trg = *;;zw (40)

NUMERICAL' CALCULATION

To obtain deflection for a given value of plate radius ‘¢’ and foun-
dation modulus * K’ one has to start from the equation (36) with an assumed
value of ‘a’ in order to obtain the corresponding value of the load function
qa*/Dh. Once this relationship is obtained the corresponding deflection
wih can be calculated by eq. 32. Fora =50mm, 7 =0"75mm, v = (-3
and Ky = 80 deflections have been presented in Fig 2.

CONCLUDING REMARKS

An examination of the eq. 32 will reveal that the deflection (w/4) depends
on K, the plate radius ‘¢’ and on the value of the angle, 6. For a given
value of the load function eq. 32 can be written as

(;l_/v)’r=(\ =K ((%Zi:) ; }%))ua =& (%a/:) (41)

g=0 9=m/2

where K; and K, are two numerical constants, X, being greater than K.
Because of the reactive forces at the two points of support, ‘deflections on
the diameter at § = 0 will be less than those on the diameter at 0 — /2.
Maximum deflection will occur at the boundary at § = + 7/2. Deflections
according to the linear theory have also been plotted in Fig. 2 and it ig
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Fic. 2. Load deflection curve.

clear that the errors of the lincar theory increases as the joad increases.
In order to study the variation of moments, egs. 37, 38 and 39 are plotted
in Fig. 3 for various values of (r/a) and for the angles at which they become
maximum. It is observed that the maximum bending moments, their
magnitudes being unequal, are developed at » = 3a/4, 6 = 4 #/2 and the
twisting moment is maximum at r = a, 6 = - 7/4, + 3x/4.

As the plate must be in equilibrium on the supports, the foregoing
analysis for two simple supports represents the worst condition when the
deflections and stresses are maximum for a given load function. With
the increase in the number of supports, w; in eq. 8 decreases. For an
infinitely large number of supports, w in €q. 8 will approach to w, in the limit
and the point of maximum bending moments will shift to the centre of the
plate, (M )max being equal to (.M,ﬂ)mﬂ* in that case,
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The present study can be extended to an y number of supports, provided
the supports are so chosen as not to disturb the equilibrium of the plate.
For example, if three equidistant supports are chosen, J; =0, ¥, = 2n/3,
g = 4m/3, the differential equations together with the boundary condition
remaining unchanged. If the plate is clamped on the supports, the boundary
conditions and the concentrated reactions at the supports will change
totally demanding a separate investigation.
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NOTATION

The following symbols have been used in this paper:
a = plate radius '
Ay, Aoy By', By, Am, Bm = Constants

_ gy . ate o . BN

D = flexural rigidity of the plate = Za—
E = Young’s modulus
ey = first invariant of middle surface strains

= ez |+ ¢ in rectangular co-ordinates

= ¢ + ¢ in cylindrical co-ordinates

e, = second invariant of middle surface strains

= epey — %vs, in rectangular co-ordinates

= ¢reg in cylindrical co-ordinates in case ou circular symmetry
h = plate thickness _
I, Im = Modified Bessel’s function of the first kind and of the zero

order and mith order respectively.

K = foundation reaction per unit area per unit deflecton
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= dimensionless foundation modulus = b at.

= moment

= uniform lateral load

= polar co-ordinates

= radial and crossradial displacements
= strain energy

= deflection in z-direction
= direct stress

= ghear stress

= direct strain

= shear strain

= Poisson’s ratio

= Gamma function.’
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for a bonded composite material, it should be assumed that inter-
actions between constituents occur between congruent particles.
Since the constituents can undérgo individual motions, this as-
sumption implies that during any motion of the material, interac-
tions between constituents occur between material particles which
can occupy different spatial positions. This is in contrast to the
usual continuum theories -of mixtures, in which interactions be-

" tween constltuents are assumed to occur ‘between matenal parti-
cles which are spatially supenmposed [3].

In [2]; the interaction force vector b between constituents was
assumed to be a function of the relative displacement upm) = x(py
— X(m) between congruent particles. Assuming that it also depéends
upon the relative velocity ii(om) = X(p) — X(m) introduces an inter-
esting difficulty in that the component of the relative velocity nor-
mal to the line joining the congruent particles is not invariant
under imposed rigid body rotations and thus does not satisfy the
principle of material-frame indifference (PMI) {4].

Formally, consider motions of the constituents

Xim = XmXms Dy Xy = XXy, D) @

related to the motions (3) by
Xm = QX(m) + ¢,

where Q is an arbitrary orthogonal time-dependent linear transfor-
mation and ¢ is an arbitrary time-dependent vector. The PMI re-
quires that a vector-valued constitutive variable v associated with
the motion given by equations (3) be related to its value ¥ associ-
ated with the motion given by equations (4) by ¥ = @ v. If this is
‘satisfied, v is said to be indifferent.

The relative dlsplacement between congruent partlcles is indif-
ferent, -

i(p) = QX(p) +c (5)

Uiy = QUipm)> - ®

but the relative velocity is not.
Upm = Q&(bm) + QU .M

Let a decomposition of iypm) into indifferent (n'n(p,,.)T) and nohin-
different (d/pm)") parts be sought,? i Bipm) = U(,,,,,)T + u(p,,.) , _such
that

BpmT = Qpm™s  Uem” = QUum” + QUym »(8?
It is easy to show that equations (8) are- sat:sﬁed if Gpm)” and
pm)™ are the:components of Gm) tangential and normal to U(pm).
For, defining

B, 1 e '
[‘LL—SLL'" . ]u(p.m) if Uy * 0

[

Wippy i Upmy = 0

the t_rénsformation equation is

BT
T (Fm) {pm) -\ a = Qu (10)
u = (pm) (Pm) 7
om” [ u(Pm) *Wipmy I
and then

~ o w NS N -

Uom" = Bpm — Uem™ = QUem™ Quem. (11

It is also easy to see that the decomposition is unique. Thus'inter-
actions between congruent particles can depend only on the com-
ponent &ipm)T of lipm).

A physical picture which helps to clanfy this result is to imagine

1

3 This is similar to the familiar decomposition of the velocity gradient into
indifferent (deformation rate) and, nonindifferent (vorticity) parts.

Journal of Applied Mechanics

469-474, 567-568.

U,y .
T _ )
“(pm) — (pm .(Pm) (9).

4

o : BRIEF NOTES
the congruent particles of the two constituents to be corinected by
springs and dashpots. The dashpot (relative velocity dependent)
forces do not depend on the relative velocity components normal
to the lines joining the partlcles but depend only on the tangential
components. .

Assuming that the interaction force vector b and the stress ten-

" sor in the elastic material t;,) depend upon U(pmy, Brpm)T and ihe
“strain of the elastic material, the linearized isotropic three-dimen-

sional forms of equations (1) and (2) are, in Cartesian tensor form,

'aﬁu( . . 9%
P(,,.)_‘_l—at"z'k = Limrgs 7 by p‘"”TI( o o= —p,, (12)
where '
’ timrg = Ay Oi€mpmn T 2K (m@mns:
by = vy, + o;‘(pm)kT’ (13)
and :
Cimmpy = E(u(m)},J  Umygn)- (14)

For one-dimensional compressional or shear wave motion, equa-
tions (12)~(14) reduce to the form of equations (1) and (2). How-

“ever, for more complicated motions, including combined compres

sion and she_ar, it.is interesting to note that equations (12)-(14) are
intrinsically nonlinear due to the term tpmxT, constituting what

- might be called a geometric material nonlinearity. :
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Large Deflection of a Circular
Plate on Elastic Foundation

. Under a Concentrated Load at
the Center

™7

S. Datta’

Introduction

-For moderately large deflections of thin plates, solutions of the
differential equations for deflections and displacements become
difficult because of their nonlinear character. Neglecting the sec-
ond strain invariant of the middle surface strains, Berger [1]2
solved the large deflection of circular and rectangular plates under
uniform load with ease and sufficient accuracy. Following Berger’s
method many investigators [2-6] have solved various large deflec-
tion problems and have obtained satisfactory results.

Following Berger’s method the large deflection of a clamped cir-

1 Head, Department of Applied Mechani :s, Jalpaiguri Govt. Engmcenng
Co}lege, Jalpa\gun W-Bengal, India.
2 Numbers in brackets designate References at end of Note.
Manuscript. received by ASME Applied Mechanics Division, May, 1974;
final revision, January, 1975.
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cular isotropic plate resting on elastic foundatlon of the Winkler
" type has been investigated in this study fora concentrated load
applied at the center. The fesuits have been experimentally veri-
fied.

Analysis . .

Using polar coordinates the governing dlfferentlal equation for a
circular plate of radlus a, witha concentrated 16ad P, at the center
is given by .

vi’-(vz‘ - atw + %w = 0 (except at the load point) (1)

where « is a constant determined from

v du |1 div_)z o’h?
-+ & o[22 —_ X
y 2 \dr 12 @
and ' ’
L 92.= W ;'d—r ; w= displacement

along z-direction;"K = foundation reaction per unit area per unit
defléction; D = (Eh3/12(1 — ,,2), E being the modulus of elasticity;
_h is the plate thickness,-and » is Poisson’s ratio.
‘Considering the radial stress and shearing stress on a concentnc
circular area of radius r, the concentrated load P at the center, and
_ since y and dw/dr are both zero at the center one gets .

d e _
lim. Dr [(V a)]w o

-0

Solutnon of equation (1) can be taken in the followmg convement
form s

W = AL(Py) + BIO(Pgr) + C[K.,(P,r)

. {3

K(Pn] (4)

. in whlch Io is the modified Bessel function of the first. kmd ‘and .

zero order and Ko is the modified Bessel function of the second
kind and zero order R
K

P+ p2 a?; PP} =

A, B, and C are constants to be determined from the boundary
_conditions. Clamped edge boundary conditions are

o . dw h
Wyay = 0 = (—) (5)
| (10)0 ar)... @
¢ Considering equations (3) and (4) one gets
. P
=l
¢ \ ZTTD(Pz - Pl)

" . Considering equations (4).and (5) one gets

1 1 .
A C a_ ’ B C a_ h
n o 177 . P
where ' .
¢ = Ky(Pha) Pilo(Pza) ~ Ko(Pia) P211(Pza)
© g = Paly(Paa)lo(Pya) — PIy(Pia)oPaa)
S = Kol Poa) Paly (Paa) — Ky(Paa) Palo(Pra)
‘Thus
1 1.
a . a 3
=C - I{Pyry + L{(Py)
+ {Ko(Py) — K(Pyn} | (6)

is determmed completely.
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Sett_ihg r — 0 in equation (4) one gets the maximum deflection

w o, at the center of the plate,

wy,=A+ B + cxdge(gf) (7

T§ determine the displacement u, one gets from equation (2)

o

N\ 2
% —%I(%) rdr + K*

where K’.is the constant of integration. After evaluating the inte-
grals and using the boundary condition u — 0 asr — g, the equa-
tion determmmg u may be obtained. Alsoas r — 0, u — 0 from
symmetry. Thus the equation for « is obtained as

(8

ur =

oh’a?
" 12

="-A_2P,:2‘[‘-_‘—’ﬂ(—l131"—;,1@—)ﬂ) + l1 Z(Pia).az - %Ioé(P,a)a.?]
o+ 13,2_19;,é [“—’01529—1&@ + 12(P2a)a - —Ioz(Pza)a]
; "C'Z{é',-z E%izzl{ﬁ('})la)- - —?:K(,’(P,a)a"’ - Eko(p,a)x,(Pla)]
+ b%g'_[%&zx;?(i)za) —%KOZ(Péa)az - %Ko(Pza)K,(Pza)]'
Al - P (Pa)i(Pa))

- PzKl(P,a)Kp(P.za)]

[P,1(Pa)K\(Pya) + P.K,(Pya)l(Pa)]

Bep,P
—"E’Tlﬁzg_ [PI(P)Ky(Pya) + PpK,(Pia)I,(Pya))

+:BCIP2aML(Pa)K (Pya) + L(Pa)Ky(P,a)}
— Py {[{(P,a)Ky(Poa) — L{P,a)K(Pa)}]

— ACIPa{I(P@)K,(Pia) + Ij(Pia)Ky(Pya)}

= Pa{l(Pa)Ky(Pa) - I(Pa)K,(Pua)}]

IfPy —0,Py—~caorPL~—~a,Py— 0,~one gets from equation (6)

R
m2Da’al (oa)

v
+ L{ar aaK (aa) + aal (aa) log, (;)

w = — [Io(da) -1- Io(a'r)

+ Ky(ar) aal,(aa)] 10

and equation (9) also reduces to

[ Pa?
nDh

l(aa)"

: 3
] = aa  L(oad) + caK (ca) — 2
v + log, 5~ 2 aal,(aa)

_ %{Io(aa) - 1} 2

I/ (aa) (11)
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A—TEST PIECE.

+ B—LOAD SPINDLE,
C—LOAD PAN,

D—DEFLECTION GAUGE.
€ —GLAMPING BOLTS.

o o,
T '
e e Y

Fig. 1 ~ Experimental apparatus for load deflection test’

Equations (10} arld_( 11).are the results obtained by Basuli {5].-

Experlmehtal and Theoretical Results
Deflections of a 0.75-mm thick mild steel plate-were measured

_ expérimentally using sand as foundation material. The sketch of

the apparatus used is shown in Fig. 1 and is self-explanatory. The
value of the nondimensional foundation modulus, Kr = (K/D)a*
for sand used was determined experimentally to be 430.

The theoretical results according to Berger’s approximate meth-
od and experimental results both for Kr = 0 and Kr = 430 have
been presented in Fig. 2. Results according to Timoshenko and
Krieger (7] and Schmidt [8] corresponding to Kr = 0 have also
been presented for comparison in the same graph. It is 'observed
that results obtained from Berger’s method spprosdch more closely
toward the practical values and the error increases progressxvely
thh the i inérease of load functlon
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Motion of a Stretched String
. Loaded by-an Acceleratmg
Forcel

s .

M. J. Sagartz2 and M. J. Forre‘staI? .

The use of explosives to simulate distributed impulse loads. on
various structural shapes has recently motxvated several analytical

solutions for the response of structures to moving forces travelmg'

‘at & constant velocity. Solutions are available for stretched strings
[1-3},3 beams [4, 5], and circular rings [6]. A recently developed
rocket-propelled trolley facility at Sandia Laboratories, Albuquer-

que motivated this analyms ‘Unlike the problems which have fore- -

es moving at constant velocity, the trolley is propelled at nearly
constant acceleration along a steel cable’ suspended between two

1This work was supported by the U. S. Atomic Energy Comm:ssion

2 Shock Simulation Department, Sandia Labomtones. Albuquerque, New '_

Mexico. ,Mems. ASME

3 Numbéers in brackets designate Reférences at end of Note.

Manuscript received by ASME Applied Mechamc:s Division, December,
1974; final revision, February, 1975.

mouritain peaks. In order to estimate the cable motion, a wave so-
lution for the response of a pinned end, semi-infinite stretched
string loaded by a force moving at constant acceleration is derived.

* Analysis

A wave solution is obtained by employing Laplace and Fourier
transform techniques, and the definitions for the integral trans-
forms given in [7] are adopted. For purposes of analysis the string

s considered infinite, and an image load is included in the equa-

tion of motion to satisfy the pinned end boundary condition. The
equation of motion is

paly/al I Taly/ox? = Polx — at’/2) — P&y + al’/2)
' 1

!
where p is mass per unit length, T is tension, y is deflection, ¢ is
time, x is the axial coordinate measured positive to the right, P is
the force magnitude, a is the constant acceleration, and'5 is the
Dirac délta function. The response is evaluated for positive x, and
the second term on the right-hand side of equation (1) is the image
load. The transformed solution is

‘ \"‘(E Sl 1 fo

exp [-s@a/a) (e " — ¢i¢%)
Ga/a (s v om0 @
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THERMAL BUCKLING OF SOME HEATED PLATES PLA_CED ON ELASTIC FOUNDATION
‘ ‘ S. Darta -
‘ Jalpaiguri Goverhment Engineering College, Jelpaiguri
(Reccived 2 December, 1974)

Thermal bucklmg of a heated equilateral triangular plate and & clamped elliptic plate placed on elastic Youndation .
has been investigated. The boundary of the plate is transformed conformally onto the unit circle. The critical buoklmg i
temperature is obtained with the help of error funetion.

Thermal buckh'ng of thin elastic plates is  of much practical importance in modern’ engineering.
Nowacki® has discussed the thermal buckling of a rectangular plate under different boundary conditions.
Mansfield? has investigated the buckling and curling of a heated thin circular plate of constant thickness.
Klosner & Forray® have studied the thermal buckling of simply supported plates under symmetrical

temperature distribution.

Stability of thin elastic plates having exotic boundaries sub]ected to hydrostatic m—plane loading can
easily be investigated with the help of approximate techniques such as collocation, finite difference, finite
. eloments; ete. Laura & Shahady4 have shown that it is convenient to conformally transform the given
domain onto a simpler one, i.e., the unit circle and the boundary conditions can then be satisfied identically.

In this paper thermal buckling of a heated equilateral triangular plate and a clamped elliptic plate
placed on elastic foundation has been investigated. ‘The foundation is assumed to be of the Winkler type.
The boundary has been transformed conformally onto the unit clrcle and solution has been obtained with.

«the help of error function. S -
- ’ NOTATIONS
The following notations have been used in this paper : ' . . 3
By, B, = constants ;

L Fo _
D = flexural rigidity of the plate = m .

B =jYoung’s modulus;

- h = plate thickness; .- _ . ‘ ~
_’b . . . [ )
Np=qoFE f 8 Tdz,
3
e :
- T ='temperature ; - ‘e
4, v = displacement in « and y direction respectively ; . O
W = deflection normal to the middle plane of the plate; . ' ) N

K, = foundation reaction per unit area per unit deflection ;
a = cosfficient of linear thermal expansion.

. THEORY - ) r

Let us consider a plate of thickness, k subjected to a temperature dlstnbutlon T which is mdepen-
dent of » a,nd ¢, but-varies arbitrarily through the thickness, i.e.,

T=T(@ . - v .

The plate is subJected to no external load and motion of all supports in the plane of the plate is pre:
vented. It justifies then, that under the above condition there are no dlsplacements in the plane of the
plate, ie., _ - .. - .

‘ =0 =0

Ly
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- On the above propositions the diffsrential equation for thia'displacement5 is e o

—0": )

Fora plate Diacpd on elastlc foundatlon hawng the foundatlon reactmn Kl, (1) becomes

DYAW 4 s N ww+m o e

- VEq. 2) masr*be.written‘ajs:' - { oo T : . , _
’ '/Y ' T:.“ - (vz‘—{—.Plz)'(V:z.,-l—»P‘f).W':‘ 0 . g . (3)

inwhiech . . o~ T T

BTt S

Do e e R
R YRS TR S e
. Ifz=a;-|- iy,,%_-: z =1y Eq. (3 )changes into o | ' |

o ) I o e

'~i‘ ‘ .,', K (4-%” +P2)( gza +P2). 0 \ (ﬁ)

B

N ’ T Let 2= f (g) be the analytlc function Whmh maps, the glven shape in the f-plane onto a umt circle.

. .

- Thus (6) ’rransforms into- complex co- ordmates as

S e e rea=

“Eq. (7)is Writfj&_h. as. - S . . )
o \”.* (VL+MHVL+&)W@,Y= O
©inwhich |, 5 T e -

Alz = P1 d z/d§)2 )\22 = P 2 dz/alg

veSaheen] e
Clearly the above form of W satisfies the edge condltlon W= 0atr=1. Puttmg (9) in (8) one
gets the error funection,, r,0 Galeriin’s procedure requlres that the exrror function-to be orthogonal over

-

the domain, ie., . : S L

S fc.ﬂwﬁnvwado—o =Lz KT . o

"_'Let“ C

Thls genera/tes (K X K) determlnantal equatwn -Tne lowest Toot of this nges the crltmal buck]mg
' temperature ) , .

-

APPLICATIONS S

(I ) Let us cons1der an equllateral triangular plate of side, 20, and plaeed 'on an elastlo foundatlon.

)

o

To solve the dlfferentlal (8) let us put o R ) R
R R W=me2 - Sy
. ,,4120 ,' » _ - - ___. - - r,.. . ) : - :_' _: :;'.- - . L i -

’.J”
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V2+2al Wy =0 (12)
‘ . (V2 4+ 23 Wy =0 S (13)
For the edge condition W = 0 along the boundary, let

. . ' K . K |
‘/ - Wz i~ ZB.n [ 1— (¢ ‘f_)” ] = ZBn (1— 7‘2”") . ' (14)
' Cm=1 o .

From (8) one gets

n=1

It is sufficient to solve either (12) or (13). The mapping function

' 1 5,0, 4
z=113562 0 [§+ 5 &t §7+ﬁ§’°] ‘ (15)

maps an equilateral triangular plate a unit circle in the ¢-plane.

With this mapping function putting (14) in (155) and remembering ¢ = feif one gets the re-
quired error function. After evaluating the integral given by (10) and taking K=2, the following deter-
minant is obtained. . - .

\

A2 ' BA2 4 .

6 1! o T3 o
BA2 4 42 0 =0 (16)
, 26 3 B
Solving (16) for the lowest roob, ons gats the critical buckling temperature.
- - 5-8 K, (1-1352 o2
D)y == 1— _ 1
, (Np)or= D ( v) [ (1-1352 a2 5-8D ] (17)

(II) Let us consider an elliptic plate having centre at the origin. Let 7 be the thickness of the Dlate.
For clamped edge boundary condition let us tale Win the following form. _

?V-= iBn[1~(£E)”]é o ' (18)

=1
Clearly
| ' 7 -
For the elli - i
or the ellipse 73 + i5) =
mapping function ‘ ) N ¥
' 2=10:99b (£ +0-12 £ 4-0-03 £ - 0-01 £7) - (19)
maps the above ellipse a unit circle in the ¢-plane. . With this mapping function putting-(18)
in (8) and remembering ¢ = rei one gets the required error function. After evaluating the
integral given by (10) and taking K = 2, the following determinant is obtained.
32 - 2 2 9 AR X22 ﬁ i 2 _ 2 33 s
T_?(Al + A )‘}‘T B B A2 Ay —I—Tm—/\l A2
Cloase 4 29 .., 5632 4 197 N

S a2 2 A /\ —_— )\2 A2 et 2 .
15 5()‘1 T )+ 576 - % 105 3 ( t +v-"')+ 375 M A (20)
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Solvmg (20) for the lowest root the crltlcal buckhng temperature is obtalned as

(NT)or—D(l—v) [ 446 +0-09¢ b2~11§

o _r29-2 2K1 /‘41{‘2—;«--- ) S
B i

-

e . CONCLUSION e

o

Solutlons obtamed in thls study are only approximate, because only the first term of the mappmg .
function is considered and K is taken to be - 2. More accurate results are obtained by considering the
remaining terms of the mapping functién and taking K more than 2. Solution of- the eigenvalue problem
governing the stability of the thin elastic plates having various conﬁguratlons such as regular polygonal
shape, circular boundary with flat sides, epitrochoidal boundary etc is easily accomphshed with: the help.
of the complex varlable theory apphed in th.ls study
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LARGE DEFLECTION OF A TRIANGULAR - OBTHOTROPIC PLATE ON ELASTIC FOUNDATION
R " 8.Darma : =
" " JTalpaiguri Govefninént"Engineering College, Jalpaiguri
(Received 30 July 1974)

“ Large deflection of an equilateral triangular orthotropic plate, resting on elastic' foundation has been solved for a
uniform load throughout the plate. General expressions for deflection and bending moment at a particular point
have been obtained and the limiting values of the theoretical results have been verified with the knowr results for

. small deflection and without any elastic foundation of the corresponding isotropic plate. Theoretical results have also
been presented in the form of graphs, - ) - - ) o

Triangular reinforced concrete slabs are sometimes used as bottom slabs of bunkers. Thus the design’
of this type of structure is of practical interest for Defence. These slabs may rest freely on soil or sand and
generally are subjected to a uniform load.- If the thickness of the slab is.small compared to the other dimen-

“sions, then it may be regarded as a thin orthotropic plate resting on elastic foundation and subjected to a
uniform load.  Within the elastic limit, the deflection of such plates may be large, i.e., the deflection is on
the order of the thickness of the plate. When a plate undergoes large deflection, three differential equations

for displacement and deflection may be written, but it is usually difficult to obtain solutions of these equa- -

tions because of their non-linear character,

. Various problems of large deflections of thin plates not-resting on elastic foundation have been examined
by Wayl, Levy2 and many other authors. But the methods used by them involve and -require
considerable computation. Berger® suggested that the strain energy due to the second strain invariant
of the middle surface strains may be neglected in analysing large deflection of plates having axis symmetric
deformation. Berger’s method reduces computation and -although no complete.explanation of this method
is offered in, Berger has shown that the deflections and stresses obtained for circular plates under uniform load
are in good agreement with those found in practical analysis. Since then numerous problems have been

solved with remarkable case and satisfactory approximation by using this method. Iwinski and Nowinskis -

generalised the procedure of Berger to ‘orthotropic plates and found out the deflections of cireular and
rectangular ple tes under uniform load and various boundary conditions. By using this approximate method
_BanerjeeS obtained deflections of a circular orthotropic plate under a concentrated load at the centre,

Berger’s technique of neglecting the second strain invariant in the middle plane has been applied by
Sinha’ to determine large deflection of circular and fectangular plates urider uniform load and resting
on elastic foundation. ' o : .

In this paper large deflection of an equilateral triangular orthotropic plate, such as reinforced concrete,
resting on elastic foundation has been solved for a uniform load throughout the plate. Foundation isassumed
to be such that its reaction is proportional to the deflection of the plate.

- - NOTATIONS '
@ = one-half of the length of each side of the plate:
e; = first invariant of middle surface strains ] .
&+ E,.in recta,ngular,_cdordjnates.: S
h = plate thickness ' o o
. K = foundation reaction per unit area per unit deflection-
- K

'Ky = non-dimensional foundation modulus = - at

g = uniform lateral load . . .
u;v =, displacement along x and y direction respectively
V,V, = strain energy C ‘ N T .
w = deflection in z-direction ) ' - '
€ = direct strain ' '
y = shear sfrain
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'FORMULATION OF‘PROBLEM -

For moderately large deflections, the stram dlsplécement relationships are

i o o gfw 2 e e e .
. . o0 \2 | _
€ = —.J +ua—2~ (-—37 ) e @) -
and ' .“ ' - ' '
| ad o w gw -
Yoy = T 5y T 2w oy - &)

Neglectmg the second mrddle surface strain invariant, the - ‘strain energy due to bendmg and
stretchmg of the middle surface of the plate of thlckness hy can be written as . e

22w - 9%w 2w ?;_( o
.”[ ( )+D132+D(ay)+4p””v('aw-ay)+/ .

in:;vl;ich | N . ' . - ‘
'61'_%% 1K, 2_;’_!__;_( ZZ_ )2_*__1%_(%)_)2 : 3 - ' (.6:)":

and B, , E'y, E, a'nd“G are> constants to characterise the elastio properties of the mdterial

By adding the potentlal energy of the uniform normal load; ¢¢’ and of the foundation reactron K
to the energy expression (4)s the modified energy expression is obtained as follows :

C oy a2w 2 ' :'02@0- 2 .
V*——ff[ (3902) + 2D 593—2"+DJ( ay® ) + 4Dy (ax ay) e
+ D,;lbf 31] dady —ff qu dwdy-'—i“ ff K'w2 dwd« ' . '(g)

Accordmg to the principle of minimum potentlal energy, the dlsplacements satisfying \the eth_
brium conditions make the potential energy ¥V minimum. In order for the integral of equation (8)
tobean extremumn, its integrand F, must satisfy ‘the followmg Euler’ s variational prmcrple

2F of _a_w(___) ' z‘( aF) i (2 ), @ (aF)

aw .—3—5( )— Y \ Wy + 32 \ 3y T 3y \ awy, T Y \ JWey =00
‘ 3a: (3%0‘) = O' o _ B (10)

and o S ‘ o |

.3 aF‘) o o -
Y ( vy . ) (11)
Applying (10) and (11) to- (8): respectively, we get . L .?- N _
: N ) i '

—a—w' (31) = . ‘ - _‘_ ___ :. . (‘2)
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o () = 0 : o L (13)
Thus

€y = 0/ . (14)
a normalised constant of integration to be determiped. Applying (9) to (8) and considering (14), we get -

o o 2Dy +2D) _g'w 130 (.3%0 L W) | K g
R A s Y TD Tp W

Introducing the notation o
R H = Dl + 2 'D.‘l'y
Equation (15) can be written as

2t w s tw CH gt w 120(32w 3%0) K _ ¢ 1
- . e e — L (0" _— _ = i 6
aot ThO 7y T, a2*ay? W\ g o Yay) T S b, (¥
For aslab with two-way reinforcement in the directions z and ¥, H can be taken ag?
H = (.Da) -Dy)%
Introducing now
=
D, \t
h=y ( -DT,) an
Equation (16) is reduced to the form '
K q . ’
2 ___ 2 2 - = =
(V3—0a?) V2 w 4 D, "=, , (18)
A in which o2 = % '
and o ‘
2 2 4 &
S az%  ayp®
/ ' SOLUTION OF PROBLEM
' ~ Let the plate be in the form of an equilageral
¢ “triangle, 4BQ (Fig. 1) having each side of length 2a,
™ © Let the centroid  be the origin, X-axis and Y-
3 ‘ " axis perpendicular and parallel to the base BO res
L pectively. Ifz,, 4, be the cartesian coordinates of any
' point, p, within the triangle p, Pz ps be the threo
X perpendiculars from P on 04, AB and BC respec-
® | ¢ tively, and » be the radius of the inscribed circle, then
2 ' B Hhvd
x ' : Co N

Fig. 1~ Equilatera] triangular orthotropic plate. 2 .2 2 o
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P =7 —&,
Py + Py Py=3r=4/30= K2 = constant,
and
® 2

22— — . -
9 ' gy
_32+32+32 * 9 8
aP? ' gPg2 ;.)P2 3P18P2 3P, 3P, aP; 9P,

Using the trilinear Coordinates® pl, Doy p; the deflection w can be taken in the form’

Z‘” . 2n7r P, ommP, 2n1rP3]
[ + sin x, -+ sin K, (19)
n=1 ) -

where A, = a -constant, - .
The above form of w satisfies the following-boundary. conditions of simply supported edges :.
" w=08t P,=0, P,=0, P,=2

Expanding the transverse uniform load ¢, into Fourier Sine series

XN 2 [, Py . 2mPp | . ZanP,
_Z n—"[‘sln T:{— smv K, -+ sin K, ] (20)

and substituting (19) and (20) into (18), we get

2 ‘ R |

[+
e Z o | |
nwDy [(_2__’n7r) R (277,71' K (21)
n=1 KZ + o K2 + —D‘“ ] ‘
-To determine «, Equamon (6) is tra,nsformed into gz, 3, ocoordinates in the following form
a2h2 3 oo 1 ow \2 1 o0\ '\,\\‘.\ ,
12 . T T (e—wf) Ty ( amn ) (22)
The boundary condlthns on % and v are _ ’ \ )
%=0at Py =0 (23)
S ),
V3v+u=0atP,=0 N (20)
o : V3o—u=0atP =0 e T )
The following forms of w and v satisfy the above bo&ndar}ébﬁaiti'onél T "
: T 2 P P I: ’ | N '\,
W u= zvsBﬂ.[ n e Bt Dy g 2"‘”(P¥+P3) ] (26)
. K, K; )
: m=1 ; S : e
. . .
. P, + P,) . 2w (Py 4 Py)
- B [ 2 ( 3 m 2 3 ] o7
? Z \/ B kK, ™ K, - @0

'

in which B,_,', ;s a constant;
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Substituting the expressions for u, » and w into (22) and integrating over the whole area of the plate,
the following equation-determining o is obtained:

27,2 2.2
ock _z 3A,L ne (28)

 Thus w is completély determined in the following form in z, ¢ coordinates

) 1 T 1 T
w= A, [ 2 sin 20 (? 4+ -2—(/%) cos _‘,———VKI?/ 4 sin 2 @ (—3— -5 )] (29)

If Dy=D,= D,a->0,and K = 0, (19) and (21) give the deflection equation for an isotropic plate not

resting on the elastic foundation in the following form :

[o2] : . .
. Z' gKL [ . 2nmP . 2na P, . 2nmwPy
w = S SD [sm ——K2 - sin K, ~+ sin K N (30)
n=1 -

The corresponding equation as obtained by S. Woinowsky-Krieger for 2 plate having each side of length

—IS ~

Vs
q 3 9, 2 2 \ 4 3 4 2 2 2
W= e w—3ym——a(m-+y)+7a o @2y (31)
At the origin (P = Py= P,), w is given by (30) as '
' 27qa* a*
= 87751) Z ”;’LF sin = -0J9 qD ’ (32)

which is numerically equal to that obtained from (31) for the plafe having each side of length 2a as

_ qa4 L qall
), o= Tosp = 95

NUMERICAL CALCULATION
To caleulate deflection atany point within the plate, we have to start from (28) with an assumed value of

4
D Once thisrelationship is obtained, the
x
borresponding deflection can be obtained from (19) with the help of (21).

(« @) leading to the corresponding value of the load function

At the origin maximum deflection is obtained and is given by

sin ___2n il :
() 2, :
=—\ 53 1 2 2 A2 2
h P D2 S n[ 167-; 7 + 47 n3oc i +KI«‘] (33)
in which the non-dimensional foundation modulus '
K at
K = D, (34)

For Kp ='0 and K = 100 graphsare plotted in Fig.2 showing the deﬂection—z at the centroid

of the plate against the loads, Fig 2.. also contains a graph plotted according to the linear theory.
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"CONCLUSION - v

From Fig. 2 it is clear that design calculations
should be made according to the non-linear theory,
becatise deflections calculated sccording: to small de- -
flection theory will be far from the actual values for -
higher values of load function. The effect of the foun- -
dation is to reduce the deflection for a given value of
load function. : &

Because the deflection, w, has been -deteriniﬁed,
bending moments and stresses can be computed easily,
The bending montents -M, and M, at the céentroid

—— r x ; r ,  of the plate are obtamed as -
100 300 - 500. 700

c’a/Dx, ‘ i - . o
Fig. 2- Doflection curve, T . .- o _ _
. Ca— -
' . 2n ar e
’ ® ° 7 sin —5
My = & (14 v ge? z [ 16 =% 5t 4 4}:2 n2 o2 g2 x ] " . - (35)
e n=1 9 5 . , | ,

v, 1s the Poisson’s ratio for concrete.
For is-obropic pla,te'without elastic foundation and undergoing small deflection ~ », — v, B = 1,

Ky =0, o~ 0 and for a plate having each side of length 35 and (36) Jead to"

V—J

qa2

My = M, = (1+ ») (37)

which is the same result obtained by Timoshenko?. L
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Buckling of a non-homogéneous réctangular plate on

elastic foundation

S. Dattax

Critical buckling conditions of a non-homogeneous éimply supported rectangular plate l‘mder the action of
combined bending and compression and placed on an elastic foundation are investigated with the help of the

error function. Results obtained are presented in the form of graphs.

Critical buckling conditions of homogeneous thin
rectangular plates subjected to combined bending
" and compression were investigated by Timoshenko
and Gere', Johnson and Noel?, and many others.
The object of this paper is to use error function to
obtain the approximate solutions in the case of
buckling of a mon-homogeneous thin rectangular
plate under thke action of combined bending and
compression in the middle plane of the plate. The
plate is placed on an elastic foundation and is simply
supported. Bradley® used finite difference approxi-
mations to the governing differential equations to
investigate stability of equilateral triangular plates.
There are other numerical methods for the solutions
of these types of buckling problems. But these
methods are time consuming.

Since the governing differential equation obtained
in this paper cannot be exactly solved, approximate
solutions have been sought with the help of error
function and by applying Galerkin’s principle. It is
observed that the results obtained from this method
for the homogeneous plate not resting on foundation
“are in good agreement with the known results obtain-
ed by strain energy method. Flexural rigidity of the

plate is assumed to vary exponentially and the foun-

- dation is taken of the Winkler* type. Results obtain-

ed have-been presented in the form of graphs.

ANALYSIS

‘Consider a simply supported rectangular plate of'

varying flexural rigidity, and along -whose sides
x =0and x = « (Fig. 1) distributed forces, acting
in'the middle plane of the plate are applied. The
intensity of the forces are given by the equation

)
Ny (1 —as )
where Ny is the intensity of compressive force at edge
y=0and « is a numerical factor. The plate is
placed on an elastic foundation having the reaction,
K, per unit area per unit deflection and is subjected
to a uniform transverse load, g.

N

(N

The governing differential equation of equilibrium
of an element of the plate not resting on foundation
is (Timoshenko and Krieger?)

Pw
ox>

°M,
Ox*

02 My
oxdy

02M. [
Bt (+qu

) @

*Assistant Professor and Head, Department of Mechanical Engineering; Jalpaiguri Government Engineering College,

Jalpaiguri.
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: ' ‘otw - Pw
where Mx = — D(sz-i-v 5})—2\) )
, . 2w 22w R
i Pw !
My, = D(1—v) o9y

D being the flexural rigidity, v the Poisson’s ratio, and -

w the deflection in z-direction. - Substituting Eq. (3)
in Eq. (2) and observing that the flexural rigidity is a
function of the co-ordinates x and y, one gets the

. differential equation of equilibrium for a plate resting

on elastic foundation

(2D o2 o*w 2D  w
Vz (Dv2w) ~ (1—v) ia o T 3xdy 8‘68}1
2D Pw e
3Faﬂ}+mw—q+m @

For simply supported edges the deﬁectlon can be
represented by the double series - :

o0 i E L
W = z 2 C,,,,, sin mmx sin nzy ) 5
m=1

As the ﬂexural rlgldlty is varlable, let
D = Dy g2y xla o ’ ()
whre Do and oy are éoﬁstaﬁts.;: : »

Eq. (5) is an approximate solution of Eg. (4) and
therefore substitution of Eq. (5) into Eq. (4) results
in 'thé following eiror function, Ex,y)

’ 292
E(x,y) = Cmn Do [{( TZ’/’T) + (_];1—1' ) }
" 4af ma\® [ am\2)] o
S Y] e
‘ nwy

Cun K1 sm Tsin 5 9

. mnx .' nw
X sin e sm% +

. 2
- C,,,,,No(n%r) (1 ——% y) sin ’% sinn—zy
.

According to Galerkin’s principlé, the following con- '

dition is imposed on the error function, E{x,y)

a b

jjmmwmm@@%q @®

00 —

-

Substituting Eq. (5) into Eq (8) and observing that

» .

ysin®™ sin LV gy = Ppori— i —
Iysm 5. sin < dy = 4_forx-—j—
1] . . . . :

0 for
i # jand i 4 j an even number
4 i
2 (l 2)2

and 7 + j an odd number

for i#j

one gets the following

6 . 2% \2
gal (1—6"2“ ) z EC,,,,,[ 772(17’1 + nb‘: )
m=1 n=l .
4“‘( "t b? )] (mm? o)

’ 00 00 . 16 4noo
2 __‘1“_
R S ECM - E Emn

me=1 n-=1

o0

_—Eﬂa mC —-— m C .
o 1 n= = '

) me=

L6 R R
B % zzcmt (_ng'_,iz)z}] =0 )
n=l i ) o

Where the nondimensio‘nal foundation -‘modulus,

Kr = K1Da and n + iis always odd
~’0
. Taking n = the deﬂectxon W is obtained from
Eq‘ (9) ‘ oo
1600 X N> 1 1
y — 2099° 2 gin X my o«
W De 2 — sin® p sin B X i

m=l n=l

where,

- [£5ES S

m=l ‘n=l

n2a2)

: ’ 2 42 2
]\ro’.rrda2 - & 5 o ’
— 22N (“T) , (10)
m=1 . A
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From Eq. (9) the crmcal buckling condition is obtain-
ed when

RIS Sre 130 (3e
m=l np= m=l
16 O o -
ni
gt 2 Ecml (nz_iz)z}]
n=1 i

e | —e—2a zoo Eoo 242 \ 2
. ( e 1) C nea )
- mn bz

me=l N1

.— 4t (m2+v ' )] e

5 ]| @+ od)

0 o0
Cmn

m=1 n=1

4+ Lk (11)
T .

The plate may buckle in such a way that there can be
several half-waves in the direction of compression
but only one half-wave in the perpendicular direction.
For one half wave buckling m = 1, for two half-
waves buckling m = 2 and so on.

If the plate buckles in one ‘half-wave, one gets

from Eq. (11) by taking m=1 a system of equations
of the following kind

(l—e 2x.) n"’az) _
.C“"[ S e 7 (1)
n*a* - Ky a*h( «
(1 +v B )}+ —T’_T'—/O'crﬂ_z—Dn kl”_ ) )]

a%h ni
25 ghn o o

—8occ,,.,

where oo = (No)er/h, h being the plate thickness.

The lowest root of the determinental equation thus
formed will yield the critical buckling load. From
the first approximate Ilowest root, one gets by
taking n = 1
2
oo = KT Do

b*h (13)

where

1—e™3

K= 1_2/2 [ 2a1(7® +a2) {

) b? . Kr b?
— 4u.§ (—a?-{- v)} ﬂ_f v :I

Thus the buckling Iéad‘is a function of a/b and the
foundation modulus, Kr.

a

For a = 0, the critical buckling load, o., is obtained
from Eq. (11) by taking n = 1 -

D,
Oor = K 75 (14)
where ‘
. 1—e~2y b a\?
K= 2a1(w2m2+a§){"2 (’"2 a ™t E)
b® Kr b*
— 4a1(m’ —5 -+ v)}—{— "Tn:z E
m=1,2,3,.) (15)

For homogeneous material, Do — D when a«; — 0.

Setting a3 — 0 in Eq. (13) one gets the critical buckl-

ing load for a homogeneous plate on elastic founda-
tion for one half-wave buckling

2D
Ger = K’; 3, (16)
1 b, a\* K b?
where K =17 [(?z + 5) T a‘"]
For Ky=0, Eq. (16) is the result obtained by Timo-

shenko and Gere!. For m half-waves buckling, K in
Eq. (16) can be expressed :

b a-2

2
asK:%_z(mz\_*__)_*_ Ke 1 b

.n.d. m! aZ (17)
The ratio.a/b for which o, becomes a minimum for
uniform compression is obtained from Eq. (15) and
denoting this ratio by (a/b)er, one gets for a homo-
geneous plate

:

|5 )c,= - (Ke + it (18)
and for a nonhomogeneous plate -
ay m‘,- + Kr -2a1(112m2+a§)_ 4atm? 1/4
b Jer asm? (1 —e?*y) w2
B (19)

The ratio a/b at which the transition from m to m--1
half-waves buckling occur can also be computed
from Eq. (15) For homogeneous plate under uniform
compression, transition from one to two half-waves
occurs when

a KF 1/4
B o
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and transition from two to three half-waves occurs
when ’
Kp \13_ e
— (36— Ke ) -
ki

Eq. (13) gives saﬁsfactory results for small values of
. An improved result is obtained by taking two equa-
tions of the system Eq. (12) with coefficients Cy; and

g
b

Ciz and setting the determinant equal to zero. Thus
for one half-wave buckling
2D
o = K220 ’;2 = (20)

where

{0 _('1‘ 5)
) + [-0013 ot — -041( 1—% )z]
oot BT

_ (1—a/2) (B + 2KFr/7*) ]

1
K = [{0065a2—2(1

2Kr

(B+

2064 o — 2 (1—a/2)? a*
gmd
I l;]'_e—2oz 2
4= {'2‘—u1(w2+a§>} i (1 +55)

e o+ )
e (140

_ 1___3—2u1 2 a2 . LA}\
= Zu(@Tal) {” (” 10 -+ 174 )
‘ 2
— 4 a§(2 SVF)}

For pure bending when « = 2 Eq. (20) reduces to

’;,f"[z 77b—(A+B ZF 4 or KF )/] @1)

CGer =

Setting a1 - 0 in Eq. 21 one gets the buckling load

under pure bending for a homogeneous plate for one

half-wave buckling

2
o_”:K'n'D

T (22)
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where

. b2 a2 2 4a2 2
K=27722[(l+b—2~)‘(1 %)
K 1/2
+(2+10 +17b4)ﬂ4+ F] »

For m half-wave buckling K in Eq. (22) can be writ-
ten as

1 b? L a* \? 4a®
2 172
+ (2m4+ 10m22—2+ 172 ) Fy KF ]’
(23) -

The presence of the foundation modulus, Kr in
Eq. (10) reduces the deflection, w and hence the
bending stress. Therefore Egs. (20), (21) and (22)
resulting from two term api)roximation of Eq. (12)
may be tzken as fairly accurate.

RESULTS

Numerical results are  obtained for two 'cas.es~ (a)
when the plate is under. uniform compression, and
(b) when it is under pure bending. For uniform com-
pression of a homogeneous plate, the values of K are
calculated for different values of a/b with.the help of
Eq. (16) for one half-wave buckling taking Kr = =%,
and « = 0. For two half-waves and three half-waves
buckling Eq. (17) is used with the same value of KFr.

These results are presented in-the form of graphs in
Fig. (2). For a non homogeneous plate tinder uniform
compression, the -values of K are calculated for one
half-wave, two,. and" three half-waves buckling by
taking the same value of Kr and «1=0"1 in Eq. (15).

“These results are presented in Fig. 3. The values of

K when the plates are not on the foundation are
also presented 'in Figs. 2 and 3 for comparison.

i
ol .
< | _ v X
N\, Y
b s 7
. K-
Yo ¥y
- Y
FIG. 1 RECTANGULAR PLATE
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FIG. 2 HOMOGENEOUS PLATE UNDER UNIFORM
COMPRESSION
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BENDING

Foundation increases the buckling load

Resistance offered by the foundation is more for

one half-wave buckling compared to muitiple

(iii)

(iv)

half-waves buckling. When buckling is in more
than one half-wave, the foundation resistance
remains practically constant. -

Foundation increases the (a/b).r ratio and reduces
the a/b ratio at which transition takes place as
compared to a plate not resting on foundation. .

A non-homogeneous plate will have 10wér‘
buckling load as compared to.a homogeneous’
plate.

ole
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FIG 3 NON-HOMOGENEOUS PLATE UNDER UNI-
FORM COMPRESSION

-~For-pure bending of "a“homogenebus plate
Eq. (23) is used for calculation of K for different

values of a/b taking Kr = #! and the results are

" presented in Fig. 4. In the same figure the corres-
ponding results for K Wlthout foundation are ~also
presented for comparison. A

v

CONCLUSIONS

From the foregoing analysis and from Figs. 2, 3 and
4 the following conclusions may be drawn:

104
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NOTATION
al b Length anzl bréadth of the plate respectively
D Flexural rigidity of the plate = B

N 12 (1—v?)
E Modﬁlué of elasticity ‘
h Plate thickness

A numerical factor )

q Léteral distr@b_uted load
W Deflection in z-direction )

-
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x,y  Cartesian co-ordinates ' REFERENCES

Dy Flexural rigidity of the plate at the edge x=0
1. Timoshenko, Stephen P., and Gere, James M.,

K F Ound'fltlon reaction 129_1'@5'1“.@@ area per unit ““Theory of elastic stability”, McGraw-Hill Book Co.,
deflection Inc, New York, N. Y. Second Edition, 1961, p. 373.

. i K
- Kr -Non-dimensional foundation modulus =— a*
F - v Dy 2. Bradley, W, A.; “Stability of equilateral triangular

N.  Normal force resultants per unit length in Plates’, Journal of Engineering Mechanics Division,
* - p gt ASCE, Vol. 89, No. EMI, 1963, pp. 37-56.

middle plane of the plate

No Intensity of compressive force at the edge y=0 3. Winkler, E., “Die lehre von der -elastical und festi-

o, &3 Numerical constants gkeir”, Prague, Dominicus, 1867.

No)er Critical buckling load o :

(‘ Wer . . & 4. Timoshenko, S. p., and Krieser, S. W., “Theory of

Oer Critical buckling stress plates and shells”, McGraw-Hill Book Co., Inc., New
York, N. Y., 1959, p. 379.

v Poisson’s ratio
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Large Deflection of a Circular Plate on
Elastic Foundation under Symmetrical

Load
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ABSTRACT

The large deflection of a clamped circular plate on elastic foundation under

" nonuniform but symmetrical loads has been investigated following Berger’s

approximate method. The deflections are obtained in the form of an infinite

series involving Bessel functions. Graphs are plotted for deflections, bending

moments, and bending stresses for various values of foundation modulus and
load functions.

INTRODUCTION

Timoshenko and Woinowsky-Krieger [1] and several other authors have
examined small deflections of thin plates on elastic foundations on the as-
sumption that the strains of the middle plane of the plate can be neglected.
When the deflection is moderately large, that is, on the order of the thickness
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of the plate, then the strain of the middle plane of the plate must be con-
sidered. In that case the analytical solution of the differential equations be-
comes difficult because of their nonlinear character. Way [2] and many other
authors have.examined moderately large deflections of plates not resting on
elastic foundations, and the methods used by them involve considerable com-
putation.

Berger [3] has suggested that the strain energy due to the second strain
invariant of the middle surface strains may be neglected in analyzing moder-
ately large deflection of plates having axisymmetric deformation. Berger’s
technique reduces the computational effort considerably, yet the stresses and
deflections obtained for both rectangular and circular plates are in good

" agreement with those found by exact analysis. Berger’s method has been
extended by Nowinski [4] to the case of orthotropic plates. Nash and Modeer
[5] have investigated problems without axial symmetry by using Berger’s
technique. The same approximate method has also been applied by Sinha [6]
to determine the moderately large static deflections of circular and rectangu-
lar plates resting on elastic foundations and under uniform load distribution.

In this paper we study moderately large static deflections of circular plates
on elastic foundation and subjected to special classes of symmetrical trans-
verse loads, which are distributed over a concentric circular portion of the
plate. Deflections, bending moments, and bending stresses are calculated for
different values of foundation modulus, and these are presented in the form of

graphs.

FORMULATION OF THE PROBLEM

For moderately large deflections the total potential energy of the system is
given by

V= Ejj[(VZW)Z + ;z‘ie% - 2(1 - V)(Wxnyy - ny + h_zez>

K _, 2qW
+DW > ]dxdy (D

in which the last two terms in the integrand represent the potential energy of
the foundation and of the applied load, respectively, and e, and e, are the first
and second invariants of the membrane strains. If, following Berger [3], e, is
neglected, then the variation of V" with respect to the in-plane displacements
leads to the drastic simplification that e, is constant.
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In polar coordinates, and under the assumption of circular symmetry, the
governing equations become

de u  1/dW\? o?h?
elEE+;+§W =1—2=COIlSt (2)
K q
4 22 — = =
VW — PV + W = @)
in which
d* 1d
2 . —_—
v =dr2+rdr “)

- To these equations must be added a suitable set of boundary conditions. As
has been observed in a recent note by Nowinsky and Ohnabe [10], the present
simplified method leads to acceptable results if these boundary conditions
involve fixity against in-plane displacements. This assumption has been
adopted in the following examples.

SOLUTION OF PROBLEM

Let us consider a clamped circular plate of radius a, with the center of the
plate taken as the origin. Let there be a symmetrical distribution of transverse
load varying as (6> — r3*, (A > —1), over a concentric circular area of radius
b < a. Hence

q finy=Cc@®*-r» (r<b<a)
4 - 5
D {0 b<r<a) ©)
and Eq. (3) now becomes
(V2 — )V W + —gW = f(r) ©)

The boundary conditions for clamped edges are
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Let us now assume the deflection W in the form
w =S;AS[J0(PJ) — Jo(Pa)] (S)

where J, is the Bessel function of the first kind and zero order and P; is the
Sth root of J; (Pa) = 0, J, being the Bessel function of the first kind and first
order. '
This automatically satisfies the boundary conditions for clamped edges.
Since

&P 1d ,
[‘F + ;d—r:lfo(f’sr) = —PgJo(Py)

substitution of Eq. (8) in Eq. (6) leads to
y ASI:P;‘JO(Psr) + > P2Jo(Pr)
S=1
K
+ 5 Uo(Per) — Jo(Pa)} | = f(r) e
or, by expanding f(r) in a series of Bessel functions,
@ a2 N ™ ¢
A 7| PL(BS + &8) + 5| Jo(Psa) = | fr)Jo(Pyr)r dr (10)
0
Setting » = b sin 8 and f(r) = C(b* — r?)* in the integral of (10) one obtains

E * A o(Par)r dr = 'r Cr(p* — r)AJ,(Py) dr
0 1]

/2

= Cp*¢+D j sin § cos>**1 9 Jo(P,b sin 0) db
o

_CRPO L (PHA+ D) 1

- (Psb A+1 R ( )

This is a special form of Sonine’s first definite integral containing Bessel
function [7], where 4 > — 1. Finally, with the value obtained from Eq. (11)
used in Eq. (10) one gets, after simplification,

4 = C@BY 3 1 (PHTE + 1) (12)

§ K
@ P1ar + o) + P e
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and hence

CERHMTA+ 1) i Ji0 1(PBWIo(Pyr) — Jo(Psa)]

W = az K (13)
s=1 |:P“3(P2 + a?) + PA+1 :IJO(P a)

Except for the as yet unknown value of « this determines the deflection
curve W(r), including the maximum deflection

CEBY*IT(A + 1)

Wmax = W(O) = a2

i i1 (PD)1 — Jo(Psa)]
s=1 I:P‘”(Pz + o?) + P! ﬁ]]%(Psa)

(14

To determine the displacement u we obtain, from Egs. (2) and (8),

A2P2J2(P r)

._.
(%

NI —
Ms

1 @D o0
- 5 Z Z___ AsAmPstJl(Psr)Jl(Pmr) (15)
S+

(16)

. [ {PSJZ(Psr)Jl(P }r)g _ll")le(Psr)Jz(Pmr)}] + K

where K’ is the constant of integration, whose value is determined from the
boundary condition

@)= =0 {n
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Thus

© 2h2 2 .
Y A2P2a2Ji(Pa) - S =0 (18)
& st ol 2

Bl

K'=

where the second equality follows from the regularity condition

(=0 = 0 19)
Hence
212 © .
= 3 Aea @)

determines the value of «. For example, let
A=4% K=0 : 1)

then the deflection W is given by

W =SZ:1AS[JO(Psr) — Jo(Pa)]

_wC g o2b)
=7 X PN + O3 Pa)

Jo(Pyr) — Jo(Psa)] 22

in which

1 P2b? Pib*
Q(P’b)=§[l_2x5+2x4x5x7_”']

As is common in Berger’s approximation the large deflection effect is con-

tained entirely in the value of «. With « = 0, Eq. (22) agrees with the result

obtained by Sen [8] for the corresponding small deflection problem.
Another type of transverse load function to be considered is given by

Cr*—-bY (@O=r=b<a

0 (b=sr=ga

10 =4 @

Expanding f(r) in a series of Bessel functions and proceeding in the same



a0

Circular Plate Deflections 337

manner we find

4 = 32bC(4 — PZb*)J,(P.b) 4)

s K
azl:PZ (P2 + o®) + P} B:IJ 2(Pa)

or
32bC i 4 - szz)Jl(P,b)[Jo(P r) — Jo(Pa)] 25
§=1 [}ﬂ()?2 +a®) + P ] 2(Pa)
The central deflection is obtained putting r = 0, that is,
W - 326C & (4 — P2b?)J,(P)[1 — Jo(Pa)] 6

2
@ 5= I:P7(P2 + a?) + P} K]JZ(P a)

Once again, u(r) and « are found by substituting Eq. (24) in Eqs. (16), (18),
and (20).
With W a function of r only, the radial bending moment is

M, = —D[%VTV+ v(%-‘%y):l (27
Coﬁsidering Egs. (13) and (27) the value for the behding moment for the type
of loading in Eq. (5) then becomes
DCBY*TU + 1) & PJ, . (PD)
a s=1 I:P;” (P2 + o) + PIH %]J?,(Psa)

M, =

x [PJO(Psr) +0- 1)}J1(Psr)] 28)

For clamped edges the bending moment is a maximum at the center, that is,

DCRBYHTA+1) 1+
3 X
a 2
< P4 1(Ph)
K
s=1 |:P“3(P2 +a?) + P}T 5 ]JO(P a)

(Mr max =

x (29)
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The maximum bending stress is given by
6

(0',. max = Zi (Mr)max _ (30)

Hence, in summary, the maximum deflection, bending moment, and bending
stress for A = 1 are as follows:

W = 4I(>;C 2 Jo(PHL — Jo(;sa)] 6D
F [ pier + ) + PG |3Ra)
2 Cbz Jo(P
M =2 49 ¥, AF D 32)
=t [PZ(PZ + a?) + ]J%(Psa)
12DCh> & Jo(Pb
o = — 21 4 F PH) @)
= [Pzwz +o?) + ;,—] J3(P.a)
For small deflections (¢ = 0) and for K = 0:
40°C & J(PH) — Jo(P,a)]
o = 8 B S o
200" | & Jy(P
(M) max = +v) Z P4j(()(},)‘1) (35)
12DC5* | P
(O )max = — &z +v) 2 P42( (f)a) (36)

The results are now used for the numerical computations and evaluation.

NUMERICAL RESULTS

Numerical results are presented here for the case of the circular plate with
clamped edge. The type of load function considered is as in Eq. (5), with
A = 1 and a = 2b. The maximum deflections and bending stresses are calcu-
lated for various values of the load and for various values of the foundation
modulus. These are presented in the form of graphs. Central deflection and
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maximum bending stresses are also calculated for small deflections, and these
are also presented in the form of graphs for comparison. Variation of the
bending moment along the radius is also calculated both for small deflection
and large deflection.

In calculating the central deflection we start from Eq. (20), with an assumed
value of (xa) leading to a particular value of the load. Once this relationship
is obtained the maximum value of the deflection can be obtained from Eq. (31)
for various values of the foundation modulus. These results are presented in
Fig. 2. An examination of Eq. (31) reveals that as the radius of the plate in-

- a |
| \/ 13

Fig. 1 Deflected plate shape.

I\J// | A =1, @ =s,a=2b
[

=0, =0.

/ K =50. o =o0.
1SN

~Ke =100, o =o0.

50

3
/) =150, X = 0.
/ //// \;K: =200, A =0 /";’
y gl —
| S
/ %/, ><\ _
K. =0
i BZZZSSNE=
7 < N—F
MRAX /// \\_KF =109
h = \\ K =150
N K =200
cbé 350 loo 150 200 250
h

Fig. 2 Deflection.
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creases, the central deflection also increases for given load. For small deflec-
tion Eq. (34) is to be used for the calculation of the central deflection.

In calculating the bending moment for various values of (r/a), Eq. (28) is
used, with A = 1. The variation of the bending moment along the radius of
the plate is presented in Fig. 3. Variation of the bending moment along the
radius according to the linear theory can be calculated with the help of Eq.
(28) by letting« = 0 and A = 1. The maximum bending stresses both for large
and small deflection and for various values of foundation modulus can be
calculated with the help of Eqgs. (33) and (36). These values are presented in
Fig. 4.

For the type of loading in Eq. (23) the central deflection for various values
of the load and foundation modulus are calculated with the help of Eq. (26) in
conjunction with the corresponding equation for «. Values of the bending

4
\ A=l MOMENT  SCALE”
S V=13
1 SMALL DIVISION = 0%¢
\,
2
/_I_(F = 0.
‘ KF = 50.
|
MR
H=
0. ) Y 3 8 10
\ | J/_L(F:.-.O, A =
N K = =
NS
N
N
\\

Fig. 3 Bending moment.
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moment and bending stresses can also be calculated from equations similar
to (28), (32), and (33).

The results obtained are in good agreement with those found by other
authors (where applicable). This includes the case of 1 = 1/2 (see Eq. (5)) and
K = 0 as shown in Fig. 5, which was previously treated by Banerjee [9].

APPENDIX—NOTATION

The following symbols have been adopted:

radius of the plate
a constant less than a
a constant
3

flexural rigidity of the plate = 1————2(1 )

B O as=.

Young’s modulus

e, first invariant of middle surface strains

e, second invariant of middle surface strains

h thickness of plate

Jo Bessel function of the first kind and zero order
J1 Bessel function of the first kind and first order
J, Bessel function of the first kind and second order
K foundation reaction per unit area per unit deflection
q load

r, 8 polar coordinates

u radial displacement

V  strain energy

W deflection of plate in Z-direction

X,y rectangular coordinates

¢ strain in middle surface

K
K foundation modulus = 5 a*

v Poisson’s ratio
I" gamma function
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Abstract—A unified method for determining the lowest natural frequency of large amplitude free
vibrations.of thin elastic plates of any shape and placed on elastic foundation is given. The conformal
mapping technique is introduced and Galerkin’s method is used to calculate approximate values of
the lowest natural frequency. Time periods for circular, square and cornered plates placed on elastic
foundation have been determined for simply supported and clamped edge boundary conditions.
Practical values have also been determined experimentally. The results are presented in the form of
graphs and they are compared with other known results.

-INTRODUCTION

An approximate method for investigating the large deflection of initially flat isotropic
plates has been proposed by Berger [1]. Essentially, this method is based on the neglect
of the second invariant of the middle surface strains in the expression corresponding to
the total potential energy of the system. An application of this technique to the. case of
orthotropic plates has been offered by Iwinski and Nowinski [2] and further boundary
value problems associated with circular and rectangular plates have been investigated by
Nowinski [3]. Sinha [4] applied this method to investigate large deflections of circular
and rectangular plates placed on elastic foundation. Nash and Modeer [5] found the large
amplitude free vibrations of rectangular and circular plates by applying the technique
offered by Berger.

In this paper a unified method for determining the lowest natural frequency of large
amplitude free vibrations of thin elastic plates of any shape and placed on an elastic
foundation is given. Following Berger’s méthod a simple fourth-order differential equation
coupled with a second-order non-linear equation is obtained. If the boundary of the plate
is a curve natural to any of the common coordinate systems, the solution of the differential
equation can be expressed in terms of known functions. For more unusual boundaries, the
riatural coordinates must first be determined and after this is done, the solution would
inevitably involve some unfamiliar functions. The determination of natural frequencies in
this case will then be very complicated. Therefore a common coordinate system and its
associated functions is used for the case of plates with complicated boundaries.

In order to satisfy the prescribed boundary conditions, the domain is conformally
transformed on to a unit circle. Once the transformation function is known, the problem
is reduced to the solution of the transformed differential system. In this paper Galerkin’s
method is used to solve the transformed equation.

The ratio of time periods for circular, square and cornered plates placed on an elastic
foundation have been determined for simply supported and clamped edge boundary condi-
tions. The foundation is assumed to be of the Winkler type. Experimental values are also
obtained for circular and square plates under both boundary conditions. The results are
presented in the form of graphs and they are compared with other known results.

THEORY

Let us consider the large amplitude free vibrations of a thin elastic plate placed on an
elastlc foundatlon having the reaction k' per unit area per unit deflection.

337
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The strain energy V4, due to bending and stretching of the middle surface of the deflected
plate, may be written in the Cartesian coordinates in the form [6]

D[ ([ + 2t —aqom {12, 4 D20 (20

in which D is the flexural rigidity of the plate given by Ek®/12(1 —v?), E being the modulus
of elasticity, h the thickness of the plate, v Poisson’s ratio, and w the deflection in the
direction normal to the middle plane. Also, ey, the first invariant of the middle surface
strains, is defined by the relation

PRI 1) ST S
LEETH T T 2\ax) T 2\5y

6u “1 <6w>
&y = +
0x

(3
_@+1@ v
%= % T 2\ay '
e2, the second invariant, is defined by
€2 = g8y~ 1% o “@
du v ow ow S
®)

vxy=0_y+a+6x ay’

and u, v are the displacements in the x and y directions, respectively.
By adding the potential energy of the foundation reaction to equation (1) and neglecting
e; one gets

D( ) 12 *w 2w [9*w\2) K
V=5”H(V w)® + Pel} 2(1— ){— W‘(@) }+Dw }dxdy. (6)

The kinetic energy, T, of the vibrating plate is

P
= ‘-’2— ”(u2+02+w2)dxdy )
in which p 1s the den31ty of the plate material and 4,0, w are denvatlons with respect
to time.

Neglecting the inertia effects in the plane of the plate and applying Euler’s variational
equatlons to’ equations (6) and (7), one gets the following differential equation for w [5]

12 Pw K

V w— CFA)Vw + hz 2 5 + = oY= 0 | o o (8‘)
in which
_ h3 2p? ' ' 4
=8 TfO=en, and  JO=F). . o
Let C
w=wix, y)F(t) T e )
Comblmng equatlons (8) and (10) one finds |
12 - d*F kK
4. 2pdeag2,, £ r o K _
F(t)V w—a’F(t)V*w + P dr w DwF(t) 0. 1y

Equation (11) may be written as

Viw K i 2w 12 d?F
——=0. 12
(W )F(t) @ F2(t)— ta az =0 (12)
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A solution of equation (12) is possible if

4 ,
| | V_Ww_ = k* (13a).
and . et _ '
| = -k (13b)
1n which k is a constant. From equation (13a)
(V2=k2)(V*+k*)w = 0. (14a)
From equation (13b)
(V2 +k*w = 0. (14b)

Therefore a solution of equation (12) can be obtained by satisfying equation (14b). To
satisfy the prescribed boundary conditions, let the domain be conformally transformed on
to a unit circle. If z = x+1iy, Z = x —iy, equation (14b) becomes

2

020z

Let z = f(&) be the analytic function which maps the boundary under consideration in the
¢-plane on to a unit circle. Thus equation (15) transforms into complex coordinates as

2 2 d 7
[V +h (dé) }w(éé) —0 (16)
in which & = re®® & = re” ' :

'The solution of equation (16) can be expressed in the form

+ k*w =0. ) (15)

if

wa 3 Bnl1—E@ (172)
or . " )

w R "21 Bn[1—(£&y]? _ (17b)

according to the prescribed boundary conditions. Equation (17a) is an admissible function
for the simply supported edge condition in the sense that this satisfies the kinematic
boundary condition w =0 at = 1, but does not satisfy the force boundary condition

= (0. The form of w in equation (17b) satisfies.w = 0 = dw/dr at r = 1 and can be taken
as an admissible function for the clamped edge condition. Substituting equation (17a) or
equatlon (17b) into equation (16) yields the error function, ¢, g, which does not vanish, in
general, since equation (17a) or equation (17b)is not an exact solution. Galerkin’s procedure
requires that the error function, ¢, ¢, be orthogonal over the domain under consideration, i.e.

Le",g(ﬁf)w(éf) de=0 :(n=12.3,...,N). - (18)

From equation (18) a homogeneous system of linear equations is obtained. Such a
system can have nontrivial solutions only if the determinant of the coefficients of the
unknowns vanishes identically. From this equation, the values of kZ,k%...k% can be found.
For the fundamental frequency the lowest value of k2 is to be taken.

Combining equations (12), (13a), and (13b) the following differential equation for
determining F(t) is obtained:

FO+MF@)+pF3() =0 ' (19)
in which , ‘ .
1 . 2,2 ’
A= - <k4 >h (20)

B = 1zo?k?h?c. 21)
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Equation (19) is to be solved subject to the initial conditions

F0)=1, F@©0)=0." (22)
The solution of equation (19) can be taken in the form I
F(t) = calwt, Aa) - (23)
in which w, and A, are positive constants given by
1 K
@i= (1 TeT Dk“) Wk @4
M= ! (25)

k2 k/
(e E )

and ¢, is Jacobi’s elliptic function. To determine «, equation (9) is transformed into
complex coordinates by the transformation z = x+iy, Z = x—iy. Thus one finds -

o%h? o 0 o 0 ow ow
Y SCAIAR PAIPY (AN M Sk tiAil 2
TR <az+az>“+’<az 32>U+262 oz (26)

If the mapping function z = f(¢) be introduced, equation (26) reduces to

o’h’dz dz  _Ou dZ Ou dz {60 dz  dv dz} dw ow

2V et et e

Now the normalised constant « can be determined from equation (17a) or (17b), and (27)

by integrating equation (27) over the cycle 2z. The terms involving u and v can be eliminated

(since u and v are of little importance in the case of large amplitude vibration) by

considering suitable expressions for u and v, compatible with the boundary conditions.
Finally the following integral will determine «:

o*h? dz dz ‘ ow 8w

Thus having determined k and e, the non-linear frequency, w; is completely determined.
The non-linear period, T, is given by

(27)

4K .
Ti="", (29)

K being the complete elliptic integral of the first kind. The linear period, T3, is given by

2r _
T = o (30)

in which w; is to be detérmined from the equation

FO)+MF(@©)=0 | _ (31)

in the form w3 = A;.-Thus the ratio of the periods, T;/T, is obtained as
2.2
L_2K, PRI (32)
Lom L
D -

APPLICATIONS

. (a)- Let us apply the procedure explained above to the case of a clamped cornered
plate. The mapping function is given by

z=Ha(E—AE +...). (33)
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Using équation (17b) with n = 1 an approximate value of k? is obtained from equation

(18), viz.:
. 24.55

k2 = ot (34)

With n = 2, an improved lower value of k? is obtained

21.71
K2 ==5 (35)

To determine o the followmg functlons for u and v are taken,

U= Z Um(r) cos mOF%(t) (36)
m=1,3,5,.

v=. OZO: Vm(r) sin moF(z). (37
m=1,3,5,...

Substituting equations (36) and (37) in equation (27) one gets equation (28) for determining
o. To determine the value of « for the fundamental frequency the value of n in equation
(17b) is taken to be 1. Substituting equation (17b) with n = 1, and equation (33) in equation
(28) the followmg value of « corresponding to the lowest frequency is obtained:

B2
0 = 2928 . (38)
Thus Ti/T; is obtained from equation (32) as
T, 2K 1
‘ (39)

Tow [ Bi[ 66 \T
W \471+Kr

" . in which the nondimensional foundation modulus, Ky, is given by Ky = (K'/D)a*.

The mapping function of a square plate is given by
= 1.08a[ ¢ —1o&° +...]. (40

Using equatlon (17b) withn=1 and proceeding in the same manner as before, one gets
for-a clamped square plate
T, 2K 1

Fz;?'[l +B_%< 157 | )}1/?. (41)
' h* \400+12.3Kf
The mapping functioﬁ- fora cifcular plate is given by ,
o | L zZ=a @2)
and for a clamped circular plate one finds
Ty 2K 1 3)

72=7"1+§§ 30 \[7*
1% \400+9K;

(b) Let us consider the case of a simply'supported circular plate. Using equation {17a)
with n = 1 and proceeding in the same manner as before, one gets the ratio T1/T5,

i 2K 1

5 L ELET “
h? \36+Kr
For Ky = 0, equation (44) becomes ‘

oo x| B - (45)
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The corresponding result for the circular plate obtained by Nash and Modeer [5] is

h_2K__ - 1 ' (46)

T T 42 1/2°
L [1+6iJ%(KR)_J

h2

where Jo(KR) = 0, R being the radius of the circle. For a simply supported square plate

one finds
. 2K ' 1

T, =z . B.f 615 iz
T+ 2=
L T W \36+137K;

EXPERIMENTAL VERIFICATION

@)

Experimental verifications were made with circular and square plates having either
simply supported or clamped boundary conditions. The circular plates were 150 mm dia
and the square plates had 150 mm side. The plate material was mild steel 0.75 mm thick-
ness. Free transverse vibrations of different amplitudes and frequencies were initiated by the
apparatus shown in Fig. 1. The test piece, T, was statically deflected by the load spindle, L,

Fig. 1

and the central deflection was measured by the dial indicator, D. After giving a pre-
determined central deflection the spindle, L, was lifted quickly by the release spring, R,
and the corresponding frequency was measured in a vibration meter, M, with the help of a
noncontact type of vibration pick-up, P. Simply supported edge conditions were realised
by placing the edges of the plates over a knife edge placed around the periphery of the
cavity, C, the shape of which conformed to the shape of the plate used. Clamped edge
conditions were achieved by clamping the edges of the plates rigidly by means of eight
bolts, B, with the base of the apparatus. Experiments were carried out first with the cavity
empty and next by placing the plates over eight free helical springs, S, each spring being
located at the centre of eight equal areas of the plates. The combined reaction'of the
~ springs used was determined experimentally to be K = 6.2. Care was taken in selecting the
stiffness of the spring, R, so that the spindle, L, was released quickly from the plate without
obstructing the upward motion of the plates. )
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RESULTS

Numerical as well as experimental results for the case of simply supported circular and
square plates without any foundation have been presented in Figs. 2 and 3 respectively.

10
B
~ N Experimental
N
N
ool N
AN
AN
AN
0.8
= Eq{45), Ke=0
Nash and Modeer

07+

06—

05 — l ] |

02 0.4 0.6 0.8 1.0
B
h
Fig. 2. Simply supported circular plate.
1.0
————— Experimental
ool
0.8
Eq(47),K=0
e L
I 07 Nash and Modeer.
Chu and Herrmann.
0.6
0.5 1 [ | |
[o] 0.2 0.4 0.6 0.8 1.0

B,

h

Fig. 3. Simply supported square plate.

The corresponding results obtained by Nash and Modeer [5] for the circular and square
plates and the results obtained by Chu and Herrmann [7] for the square plates have also
been presented for comparison. Numerical and experimental results for clamped circular
and square plates both with and without foundation have been presented in Figs. 4 and 5
respectively.
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Fig. 5. Clamped square plate.

CONCLUSIONS

Lowest natural frequencies of large amplitude free vibrations of thin plates of any shape
canreadily be calculated by conformal mapping techniques used in this study if the mapping
functions are known. From Figs. 4 and 5 it is. observed that the results obtained with a one-
term approximation of the trial function, equation (17b), for the clamped edge boundary
conditions are in excellent agreement with the practical values. For the simply supported
edge conditions the theoretical results given in Figs. 2 and 3 are in somewhat poorer agree-
ment with the values obtained experimentally. By using higher approximations of the trial
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functions, equation (17a) and (17b) and with smoothed mapping functions the results for
both simply supported and clamped edge boundary conditions will be refined.

The periods for rectangular plates obtained by Chu and Herrmann [7] is dependent on
the aspect ratio of the plate, whereas the corresponding results obtained by Nash and
Modeer [5] are independent of that ratio. The mapping functions for rectangular plates
with different aspect ratios will be different and therefore the present study indicates that
the periods will depend on the aspect ratio. It should be pointed out that the theory used
in this study allows the solution of the eigenvalue problem under consideration from a
unified point of view since the trial functions used are the same for all shapes. For a
oné-term approximation the results obtained in this study are considered satisfactory for
practical purposes.

Acknowledgement—The author wishes to thank Dr. B. Banerjee of Jalpaiguri Govt. Engineering College for his help
and guidance in preparation of this paper.

REFERENCES

1. H. M. Berger, A new approach to the analysis of large deflections of plates, J. Appl. Mech., A.S.M.E. 82, pp.
465-472 (1955).

2. T. Iwinski and J. Nowinski, The problem of large deflection of orthotropic plates (1), Archwm Mech. Stosow
9, pp. 593-603 (1957).

3. J. Nowinski, Note on an analysis of large deflection of orthotropic plates, MRC Technical Summar 'y Report
No. 84, p. 17, Mathematics Research Center, U.S. Army, University of Wisconsin (1958).

4. S. N. Sinha, Large deflection of plates on elastic foundations, J. Engng Mech. Div., A.S.C.E. 89, No EM]1,
pp. 1-24 (1963).

5. W. A. Nash and J. R. Modeer. Certain approximate analysis of the non-linear behaviour of plates and shallow
shells, Proc. of the I.U.T.A.M. Symposium on the Theory of Thin Elastic Shells, North-Holland, Amsterdam,
pp- 331-354 (1960).

6. S. Timoshenko and S. Woinowsky-Krieger, Theory of Plates and Shells. McGraw-Hill, New York, 2nd edmon

(1959).

7. H. Chu and G. Herrmann, Influence of large amplitudes on free flexural vibrations of rectangular elastic plates,

J. Appl. Mech., A.S.M.E. 23, pp. 532-540 (1956).

RESUME

On donne une méthode unifiée pour déterminer la plus
petite fréquence propre pour, des vibrations Tibres de
grande amplitude de plaques €lastiques minces de forme
quelconque placées sur un support elastique. On intro-
duit la technique de transformation conforme et on utilise
1a méthode de Galerkin pour calculer la valeur approchée
de la plus petite fréquence propre. On détermine les
périodes de plaques circulaires, carrées et en coin placées
sur un support glastique pour des conditions aux limites
en appui s1mp1e et encastrées. Les valeurs prat1ques ont
ega]ement été détermindes expérimentalement. On présente
les résultats sous forme graphique et on les compare avec
d'autres résultats connus.

Zusammenfassung:

Eine einheitliche Methode fir die Bestimmung der niedrigsten
Eignefrequenz von frei, mit grosser Amplitude schwingenden’
diinnen elastischen Scheiben beliebiger Form mit elastischer
Lagerung wird gegeben. Das Verfahren der konformen
Abbildung wird eingefiihrt und die Galerkinsche Methode wird
zur Berechnung von Naherungswerten der niedrigsten
Eigenfrequenz benutzt. Die Schwingungsdauern fur kreis-
formige, quadratische und eckige Scheiben auf elastischer
Lagerung wurden fur die Randbedingungen der frei aufliegenden
und eingespannten Kanten bestimmt. Praktische Herte

wurden experimentell bestimmt. Die Resultate werden in

Form von Diagrammen dargestellt und mit anderen bekannten
Ergebnissen verglichen.
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ABSTRACT

Following Berger’s method the large deflection of a heated elliptic plate with
clamped edges and placed on elastic foundation has been investigated under stationary
temperature distribution. The deflection is obtained in terms of Mathieu function
of the first kind and of zero order.

Keywords: Berger’s method; Mathieu function; Elliptic plate; Elastic foundation.

INTRODUCTION

In recent years there has been a rapid development of thermoelasticity
stimulated by various engineering sciences. In the field of machine Structures,
mainly with aircraft, steam and gasturbines and in chemical and nuclear
engineering, thermal stresses play an important and frequently even a primary
role. Determination of thermal deflections of plates, especially of thin
plates, is of vital importance in the design of machine structures, because
excessive deflections may cause heavy undesirable thermal stresses.

The classical large deflection of thin plate probléms usually lead to non-
linear differential equations which cannot be exactly solved: H. M.
Berger [1] has shown that if, in deriving the differential equations from the
expressions for strain energy, the strain energy due to second invariant in
the middle plane of the plate is neglected, a simplé fourth order differential
equation coupled with a non-linear second order equation is obtained.
Although no complete explanation of the method is set forth, the stresses
and deflections obtained by Berger himself for rectangular and circular plates
agree well with those found from more precise aralysis. This approximate
method has been extended to orthotropic plates by Iwinski and Nowinski [2]
and further boundary value problems associated with réctangular and circular

185
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plates have been solved by Nowinski [3]. Thein Wah and Robert Schmidt {4]
and Nash and Modeer [5] obtained satisfactory results following this method
Basuli [6] has éxtended this approximate method of Berger to problems under
uniform load and heating under stationary temperature distribution.

Berger’s technique of 'neglecting the second invariant of the middle
surface strains has been applied by Sinha [7] to circular and rectangular
plates placed- on ‘elastic foundation and under uniform transverse load.

In this paper the author has applied the method of Berger to investigat®
the large deflection of an elliptic plate placed on elastic foundation and
heated under stationary temperature distribution. The foundation is assumed
to be such that its reaction is proportional to the deflection. The deflection
is obtained in terms of Mathieu function of the first kind and of zero order.

NOTATIONS

The followmg notatlons have been ‘used in the paper:

"o RSP Eh® . _ -
-'D = Flexural rigidity of the plate = 0=
E,v,a = Young’s modulus, {Poisson’s ratio and Coefficient of thermal

.. . expansion reSpectlvely
b = Thickness of plate.

- stplacement along the x and y -axis respectlvely

. ﬁ,'fb =
W = Lateral displacement
- e; = First strain invariant;
= ‘a‘xﬂ—ﬁz( ) + 2(2;4;)
e, = Second strain invariant.
K == Foundation reaction pe1 unit area per unit deﬂectlon
vV = Laplacian operator.

" . FORMULATION OF PROBLEM

The strain energy due to bending and stretching of the mlddle surface
of the p]ate is given by: :

5B LS [ fe=20-) e
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bzw 22w
bx2 * by bxby

]dxdy o o L)
Combmmg the potential energy of the foundation reaction and also the

potential energy due to heating with Eq. 1 and neglecting e,, the modified
energy expression for the total energy becomes;: ,

=§ff [(V2w)2—]——1h—22e1 =21~ v){bx;vb:yw_

hiz

EoT".
(bxby) } ]dxdy ff f 11—
ta.—hi2
X (ey — zV*2 w) dxdydz ) o (2)
in which 7" is the temperature distribution at any pojnt giygn by (Basuli [6])
T »2)=Txy+g@ Tk, 3
and
hi2 iz
T aw@a=re; | s@d=0 @

Combining Equations 2, 3 and 4 one gets

“2 [ [ 200 (B
(bxay) } + %Wg] dxdy

= JJ 725 @weh =0 790 as. ®

According to the principle of minimum potential energy, the displacements
that satisfy the equilibrium conditions make the potential energy, ¥, minimum.
In order for the integral of Eq. 5§ to be an extremum, the integrand, F, must
satisfy the following Euler’s equations of the calculus of variation:

W 2 OF ‘ -
ﬁt—ﬁ: E)— ﬁz buy)— (6 a)

av' (aalf;) ay aTy)"—'O E l(ébl)'
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F 2 DF) 2 )+ 22
W dx\ dwg W bwy 2 bwm)

\ 32 ) 22 AF N

Apphcatlon on the Egs. 6 a, 6b, and 6 ¢ to Eq. 5 ylelds:

{31_ (I + v)aTo} =0
b—ay for— 1+ ) oTF =0.

v4w_—_{e1-—(1—l—v)aT0}V w+D

g grr—o.
Eqgs. 7a, and 7 b prove that: »
{e; — (1 + v) aTg}
is independent of x and yand therefore

‘32 h2

e, — (1 + v) Ty = constant = v

in which B 1s a' normalised constant Qf integration, and -

o=y 2 +2(°W) +2( .

Con51der1ng Eq. 8 a, Bq. 7c reduces to

. v‘z (sz _ Bz) w + 2= — DEEllf-Eh)y) V2 T

SoLUTION OF PROBLEM

60

(74

(75)

(7¢)

@ a)

(89)

®

Let us take an elliptic plate of thickness, 7. The centre of the plate in

the middle surface is taken as the origin and the Z-axis downwards.

If there is no source of heat inside the plate the following differential
~equations must be satisfied for- stationary temperature distribution

(Nowacki [8])
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V2T0_. ET[)=— %—)(01+ 62)

cvr-2aygr=— 200 Cy

in which 6, and 6, denote teﬁlperatures at the upper and lower media of”
- the plate respectively. :

If 6, = 6,, Eq. (11) becomes : ;-

VAT — BT =0 ' ' T Taey

In which ‘

I »‘)

pr=Q+9m @

Transferring to elliptic co-ordinates (£, 7) defined by x4 ij/ — d 60sh.
(€ + i), where .24 is the interfocal distance of the ‘ellipse, Eq. 12 reduces to:

22 22 1A

\;21-}— T ﬁl (c osh 2¢ — cos 29) T = 0. 0 (14)
Solution of Eq. 14 can be taken in the following form

T= m{oczm Ceom (6, — @) Ceam (0, — @) . (15)

in which Ceamn (£ — q) and ceam (4, — q) are modified Mathieu function
and ordinary Mathieu function of the first kind and of order 2 respectively,

and

g=PZ | @

While solving a problem of bending of a plate with an elhptlc hole by taklng
a single Mathieu function of the second orcer instead of taking Mathieu
functions of all orders, Naghdi [9] has shown that the results-are satisfactory
for larger elliptic holes. In this paper also similar approximation -is made
by taking Mathieu function of zero order and on this assumption Eq.15
reduces to .-

T=CoCoolbs — o =) - - - . . (1]

g

The following boundary condition is 1mposed on T

T = Constant = K; on ¢ = fn |
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with the above boundary condition Eq. 17 yields E
K:L = CoCeo (£0» — q) Ceo (£, — q) (18)

Multiplying Eq. 18 by ceo (i, = ¢) and integratitig with respect to n from
0 to 27 and using the orthogonality relation and normalisation (Mclachlan
{10]) one gets

24,9 K, ‘ )
Ceo (€0 — 9) : (19)
in which 4, @ is the first Fourier Coefficient in the expansion-of czo (,—¢)
‘Therefore

Co=

24,9 K, '
r= @7((357—_1?) Ceo (&, — ) ceo (9. — §) < 20)

1s determined.

Changing Eq. 9 to elliptic Co-ordinatés and substituting the expresion o
V2T one gets

(V2 — P2 (VE— Pp®) w = ACeo (£, — ) Ceo (n; — §) (20
' in which , .
P2 Pt = — B2 | (22)
K _ _ -
P2 P2 = 5 . (23)

E“f (h) 2[3122‘10(65 K

=— 24
A== 50— ) Coo G — @) @4)
2 22 22 :
V= B (cosh 2 — cos 29) [agz T3 ] (25)
Co'mplimenta.ry function of Eq. 21 is given by
. W= ByCeo (£, — g1 ceo (1, — g0
' F DoCeo (£, — g) Ceo (1, — o) _ (26)
in which ‘ :
2,72 - p2ge ' T
G = Pz s de =" X))

éiéarly the particular integral of Eq. 21 is

Bz — Pzz),}ﬂf - }’)12) Ceo (f, " GI) feo (9, — Q) (28)
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Thus the complete solution. of Eq. 21 is , , ,
W = ByCeo (é; = ) Ceo (1, — 92) + DyCeo (€, — qo) Ceo (ns + g2)

A e e Ne (% e A . v
+ BE— 15 (BE— P Ces (€, g)Ceo (i — §) (29)

If the outer boundary of the plate ¢ = £ be clamped, the boundary, conditions
are " o

= ' 30
go (bf é= go ( )
Using Eq. 30 in Eq. 29 one gets the following two conditional equations

ByCeo (§0, — 1) Ceo (9, — q1) + DCeo (€0, — ¢2) Ceo (1, — g2)

A . B
—+ BE— P (B2 — P2 Ceo (§9p — @) Ceo (0, — @) =0 (31 a)_

ByC'eo (€0, — q1) Ceo (1, — g1) + DoyC'eo (€0, — g2) Ceo (77= — )

A ! —_—
+ (B — P,) (B — P Ceo (€0 — ) Ceo (1, — @) =0 (319

Multiplying Egs. 31 a and 31 b by ceo (7, — g¢y) and integrating with respect
to 5 from 0 to 2= and using the orthogonality relation and normahsatlon
one gets

By = — —Aﬁ { Ceo (£0, — q2) C'eo (€0, — q) — Ceo (&4, — q)

C'eo (50: —q)} ) (32)
Dy = ‘/’95.,95 2 { Ceo (§es — q1) Ceo (£, — 9) -

— Ceo (§0, — @) C'eo (§0, — g1 } . (33)

in which

= (B2 — P (B2 — P®
by = 249 A9 + 2 A Zés’

by = 2/1(0) A(o) + ZvA(o) A(o)

. f—l

¢ = Ceo (€or — 42) C'eo (fa; —. 4 — Ceo(’fm — 1) C eo (€0 — q2)
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49, A‘°) and 49 are the Fourjer Coeiﬁments in the expansion of
Ceo (779 ql)’ Ceo (1, — q2) and ceo (1, — q) respectively.
To determine the constant 82, Eq. 8 is transformed into elliptic- Co-ordinates

in the form

i 1308 + 5 () + 3w d2) + ()}
) |

%f (LT (34)
inl which “
S —
= R= d+/ sinh® £ + sin®y
The boundary conditions for ug and uy are
'u4=0-—u,, at f—fo (35)
Let ‘
ug= 3. P (§) cos 2m (36).
(37

= 3 G (&) sin 2m

n=1
subject to the conditions

. PE)=G(E)=0 o
Substituting Eqgs. 29, 36, and 37 in Eq. 34 and integrating over the surface

of the plate one gets

ff (Ga) + () aean

2
=d2{ﬁ—26h— +20 4+ v)aT, ff(smh §+Sm2n)d§d~q

(38)

After evaluating the integrals the following equatmn Ieadmg to B is, obtamed.

.oE[(2-{A$°’}2+[:§' {419 { z 4r2{Az‘°’}2¢ e

=1
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+ ¥ Z 2s(— 1y (-
r=1'.?ésa=1

8

15 A, 4, g}

=1

HCE 4 AP (U to+ 49 5 A0 = 17,
+ E 4D Y+ S

rvé

I (= 1 (18 448 4 )]

+ Dz [(2 {A(o)}z + 2 {A (o)}z) { 2 4p2 {A"(o)}z ¢1
+ 33 oms(— 1 (—

r=1 g=1
rts

1 A0 450 oo}
+(F 4 A2 {40 &+ 49 5 AL =17 s

5 2 (= D" (= 1 4, 4, )]

r;éﬂ

-+ :“o A0y + %
r=1

28D [QA AP + T AD AD) £ 5 42 AL £y,
r=1 Y r=1

+ 22 2rs(— 1) (—

r=1 8=1

1) AL A0 g}
r#%s

+(x 4,,2142) Ag‘,’)){A;(‘” A;(o) o +A:(°’ E- (= DT "k°)¢

+ A;“’) S;.o ( 1)1' A ”{0) Sl’s + 2 A"(o) A (o) ‘/’

r=l . r—1

+ 2 2 (_ 1)1‘( l)s "(o) A (0) r.,b }]
ZBOA (0) F(0) et (o) A(o) s 4 2 4 (o)

+ _l‘b— [(2Ao Ao + ré:. Azr A2r) { ré?l ¥ A a2r ’)L'

+ T T 25 (— D (= 1 AP0y + (5 4 4D A)
r-—-1 8=} o] .

X {a(o) A’(o) & + a(o) 2( )‘r A;(,o’_‘:ba 4 A'(O) 2 (__ 1)7' a(o)¢
r=1

+ 2 a(o) A (o) 1/14 + % 2 2 (— T (_ l)s a(o) At} z/; }]
< fml - I—rl;:—l -
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2_1)_“&(,;_[(2!“9) I+ 5 A9 AN £ 4 40 a s

=1 r=1- .

+ 3 2 2rs (= 1) (= )" 450 a2 o} + ( 2 4r2 A A(o))

r=1 a=1 rel
r7#8

X @ A b+ 0 T (= 17 A0 + A4 Z (=17 a) s

yaml =1

+z ag) A1y + % 2 > (= D7 (= 1)% a9 479 )]

~ o
2 o0
+-5Z—2 [(2 {4®)2-+ { {A2) § %11 4r2 {a®)2
+ 5 3 (=17 (= 100 a@ @} o+ ( T 4 {49
=1 s=1 21, g £ o1
r5és

X {(al)2 &, + a(°) Z’ a(")( - I)T s “l‘ 2 61(0) 51’4 ‘

+3 E E‘ (= 1) (= 1) afg ol 4l
— % {3 20 + va To)} sinh 2 & ‘ (39)
where R
4 — Snh 4, &
1= gy 2
Jy = SERZ T &, __ Sinh Y% &
2T T r - 2s 2r—2s
4y — Sinh I Sinh 2r — 2r &,
3 2r + 2s - r—2s
b = go . SinhAré, Slnh 4r§0
_ 2
‘/’5 = "Smljlzrr fo
and

a®, A"®, and 4"’ are the Fourier Coefficients in the expansions of

Ceo (&, — q), Ceo (¢, — q), and Cep (€, — 'g) respectively.
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Smce B is determmed w 1s determmed completely

et ' NUMERICAL CALCULATION

: To find - the deﬂec’uon at a-given pomt one has to start from Eg. 39;
with an assumed value of B leading to the correspondmg value of A. With.
this value of A and conSJdermg Eqs. 32 and 33 the deﬂectlon will be obtamed

from Eq. (29).

For numerical calculation the following values have been assumied:

,g_o p=12,6=3, d2—25 h=1, f(h)—h

KF=]_) £,4 = 100, e_003 y=0-3, aT(,_25><10~3

The interfocal distancé 2d belng assumed and the values of B2, P.% and P,? \
bemg known, the values of g, ¢, and g, are determmed g, 4, and g, 2 bemg

l 6

Fig, 1. Load-Deflection Cuive
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known-the corresponding: values of the Fourier Coefficients as-well .as those:
of Mathieu functions are determined. The maximum deflection W, is.
obtained at the centre of the plate. These deflections are graphically pre-
sented in Fig. 1 in which W,/A for Kr = 0 and K = 100 are plotted against
the rion-dimensional load function A. By setting 8 — 0 the deflections accord-
ing to the linear theory is obtained. For comparison Fig. 1 also-includes:
a straightline which represents small deflections for Kz = 0. The results
obtained in this study could not be compared in absence of any known
results.

CONCLUSIONS

From Fig. 1 it is observed that the error according to the linear theory
increases progressively with the increase in load function. Te solution pro-
posed in this study is. rapidly convergent and ne computational difficulty
other than computational effect is involved. The parameter g for the series
ceo (¢, q) may be real or imaginary and the corresponding coefficienits can
be' computed with: accuracy. The numerical results presented in this study
are obtained by taking. the first two terms of the series and sufficient for
practical purposes. Since the deflection at any point is known the corres-
ponding stresses can bew be easily estimated.
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