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lbls. -thesis which contains fJ.ve cbaptere is concerned w1tb agme 
. . . 

linear and nQn-11nea~ problem~ of thin ~astic plates plae$d on tlaat1o 

taur.u.tation. 

fbe first cbapt$r contains oJ'le linear proble on. dynamieal . . . 

re~ponse _ot IU!. orthotJlOpic inf!rd .. te plate pl•ced on •last;!c toandat.1on 

and sub~eeted. to time dependant. concentrated fo:'ee. !ba first work on 

the ptoblf.DI of foundation cbancteJtization ltas done by Winkler ( iSa?) 

who assume.d the f'ountJ.atton to act like a fluid; the reaction at any 
' . 

. , . point be:tng directly propo:rt1onal to tho deflection at. that potnt. 

/ ...• 

But . in the ease of an elaet1c continuum sueh s. hn.>o thesis approxima tea 

~ut crudely the a~tual behaviour of the continuum. subseqaentlft llUillf 

investigators sueh a$ Vl•Gv (1949), Pastern~ (1954), a>klnikOtf (1956), 

Xerr (.1964), llel':tm&ml ·(l967J,. l'J.etchor (19'71) and otners· b&.ve p;!Oposed 

mo:re complicated foundation models in attempts to provide a more· 

r~l~:Jtie :representation o~ real materials. ~se ;investigators 

cons1dered stat1c loadillg and Qbs~ed ·that W1nkl•r type o£ .fo~dation 

coUld be aQ;Jnsted to give a .. ~tiSasonable .• ,tinlate· ot the maximta detleet1Gn 
• t ' • • . . 

~der the load point; but tqe shape Qt the ov•rall def~oct1on curve 
" . .. - - .·-

could not be "well .ttepre$ented• In the paper ot this chap tar ~lo 
.. 

loading 1~ con~id~red ~1th the·. foundation having the pJ.'Opertie& GJf a 

samt-1nt1nite· elastic body and a comparat.1ve studY has ·be6m made with 
·; - ' 

Winkler tJge of foundation. :It ;ts obsel1V<!!d tbat if1nkler typt! ot 
tbundation give.s a reasonable estimate of .maximum detlect1on and•r tbe 

load point in the case of dy.n~m:lc loading too~ Hence tor all tb.e 



. . . .. 

·' 

Probl$its in the subsequent c•pters, .analya!a b!Ul been made· for 

. :foundl).i;ions ot Winkler .type. 

!the second cbap·ter contains three ptoblems on el.astie 
. .. 

11 

stabUi ty o~ thin plate• of va.ri9us shapcts and under dUterent ·twes 

of loading. Stabtlt ty ot thin elastic plates havtng eomplicated 
. . 

shapes can bo investigated with the holp of' 'f-arlo~ts approximat• 

ftUm~r1~al teebnt~uos sttch as finite d1tterence metbcd1 tinlte 

elentent ineth.Gd etc,., For such ntaeJ.~ieal tecb.r.iiquu. retereneo m&y bt 

mad~ to th., works of salvador! .(1957), We1r1p~t.n .(19{)7 >t l;lradley _(l963. 

But tb.eee ntaer.ical methods are tiule cons&S~~&• On t~ other handt 

elastic otabil1ty pl'()bleas tor comp.Ucatea snapes C$n. •sUy be 
' 0 • ' ~ 0 0 0 0 ' .. • ••• L 0 • 0 • • 

W$stigated with ~-•se labour tollowl.ng ~J.- VQcl'14\ble met~d .giVen 

b7 La .. ·and ~babadf_ ( 1969) an"' the ~esal ts obta:lned ~1 dlffermt 
- . 

nt~ner'1eal _te~bn1q,ues $-ppli~ to bOundary value problGRs involving 

ir~•gUJ.'-r $bapea. ean also be _verified by this metmct. 
' - . . . ~ . 

!he.'f1rst Pfi.P~!' ot this chapter deals· with th$ or:1t1eal 

buckling ecnd1t1ona Cit· a tbin ela.$tlc.t equUatePl triangular plate 

pl•eed on ·elas:·t-1o fotintiation with ~ampet1· edgeflt and Under th(t ac,tt1on 

ot uniform eompressl~n parallel:. to one. ot tn• edge•• ft~• same problca 

without tho •las tic 'toundat1on wU. ·illvestigat~ brara~eir (3963) by 
' . ' 

fin~te dif'teJ'ence mf)tbod~ ln t~e· pr~s6nt papert thfii solu.tj.on ia 

obtained .by the use· ·Qf' oontouaal mappios and. Galer~ ~-B procedure. 

%n. the second pap&~ ot t~s chapter Qritical buckling qonditions or 
a no.Q!oohomogeneoua simply sUpported rectangular plate unde~- the actiOn 

ot uunb1ned bending and compr~:1iaion an~ pl~~ed on an elastic 

toun4atlon have been 1nvesti~te4 w~th- th£J help· of ermJf fUnction •. 
. ' .. . . . . ; . 
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Fer .the same problan ·Of hom.oaen<iQua r.ectangUlu plati.\$ without e-lastic 
. ~ ' 

£oun~~~n ~~terence ma;y be tnade to th~ wor'&s of Johnson and Noll (1953) · 

and !lmoshoo~ and C.re (1961.). the tbird pap• ot this c~pte11 ls 

devot.,a to the~al buek11tlg ot· tbin plates· placed on elasti~:. foW'ldation. 

·two ·aasea· are const.,ere«.-• a heated· equ1latctral. trian~~ ·plate and 

an ell1pt1c plate:;·. Assuming the tetnPerature d1et~il)ut;.ltJn· ·to 'be a 

~unct::i,or~ · ~f the platG · tbicknes~, the solution is obtair!ed by colllp:te 

va:riabl:fl thool'f•· Po~· thermal buckl:lng ·of ctrcUlar· &nd r~crtanguiar plates 
! ' . 

-ret0rence· ma,- be ~Qd$ tQ the works of IQ.o$ner and Forray (.19~58 ~. 

lfowacki (1962) ~d :~field (1964). 

!ehe :third chapte-r· contains s~ · non:-l1neu problems· of' thin 
' 

pl-tes of va1•.iot1S sha_pe$ and Wlder different typ"-s ot lo~ding. ln 
' . -

solving tb,el!u• larg~ deflection. p:r:obl~, the app:rox'-mate taetbtld pmpos•d 

b¥ Berger ( 1959.) ha$ be~ followed~ :eorger 1 s m.tJ'thod is ba$ed: '01'1 the 

nes;ect ot the $fCond stP.in ~variant rJt the .tn.iddle su.rtac• stratns 1u 

tbe _ezpr~a1o.n ~~llefJP.O.nding ~-the total ~ctential ene1:s1 of the 

. ~y~t·~- A1 tho~ no, complotca- explanation ot this mt!ltbod is given, tbe 
. . 

.r~SUl ts obtained so far f'or dift'erent proble:ns ,are 1n. good aar•$'!lent 
• ' c'' ~ 

witb thQse obtatned ~rQa practical. analysis• Following this appro~tmate 

~etbo~, many non,..lin~ar plato probles have been solved w1 th r$markable 

•ee by many :Lnve.ettgators such ~s Mnski and Ifowinskl (1981 ), 

iowlnski (.1958 ), Basil and Modeor (l9W ), Bas~i (19'61), iinha (1963), 

l.aner~es (.1967) and others. It is to be noted. thai; Berg$rtra metl»d ta 

still an ·int~igu1ng subaect •. ( e.g~ a vee$nt not'l in Jour;. o.f .-'PPl•, 

Meen., June, 1974, r. 5!1 )., 
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_,, ~·. f'1~st paper of tnt~·· Qb&pter ~~ . ttevoted ~-:- the· la~c• 
·· 4.e~~~on ot a uniformly loaded .circular plata plac~ ~n. &lastic 

: . _foWl dation atld sUpported at several pe1~ts alone ·the boUilda17'• tb.• 

Pi'Oblem$: ot c1rdular and reetangUla:ri platea witoo~~ ant· edge 
· '. d!soQntmutty weQ mves~ig~t<!d by Sinha (l963)~ In the preaent 

. . . _,.. ' ~ " . 
' ' '. 

pap~ tb~ aolttt1on is obtained i,n teas ot an 1nf1nite .. ser1es 
. ). .' . 

invclW.n~ Bessel is faneti~ns. A p$.rt1eular caee, where th& h.umber 

et .suppol'ts is two, baa been treated .tUlly. !he second paper d·e~i~ ... 

w!th the luge deflection o:t a clamped circular plate on elastic 

foundation under a concentrated load at the centre of the plate. · 

fhe corresponding proble without a!lJ elastic. foundation was treated 
. . 

by ~asul1 (1961) and the Jlroble o~ an ortbotrop.lo plate •as . 

investiaated by Baner~ee (~1967). ln the second paper, the detleotiona 

are obtained i&volViill Bessel's .ttunctions and tb.e theoret1oal ~e~Ul ts 

. have bet!n vel'if'ied ~or-imen:tally. fh.e ~ paper is d~voted to· the 

large defl•etions of a clamped circular plate ·oa. elastic foundation 
" 

and und~ sYQlmetrical loads. ib• corresponding preble without anr 
elastic toun.&lt!on was invest1._pted by~ Baner~e• (19ti?). file fOlU'th 

paper deals w1tb the larse d$flections of a simply suppo:rt&d se1 .. 

_circulal" plate p;tac~ on elastic toundation and subjected to a 
. . 

.Ul11torm. load!t fb$ deflections have been obtained ~ tGNS ot an 
infinite ser1el3 :involving Bessel 1s ftmcttons and Lommel•s runctiona• 

The fit-tb paper of tb1t chapter is concemetl with .the la~ge deflections 

of a simPly supported eqUilateral triangular ortl»trc>p£c plat• on 

elastiO. founda tton· and under untf'orm lead.. bilS,.near co-ord~ates &$ 

shown bf sen, B·. (~968) hae been used in aolutiaa ot tb1$. probl•• 
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. fU siztb ·pap(ir of this chapter -d~als with the large . . . . . 
4etletlt1on ot a hnte4 -cl&r~.~pf4d ellilltie plato p1ae~ Qn·-.Q~eatte 

I ,•,' . .' • , , • ' : ' ·, , . . . . . 

. . t&UllQt!Olh- Berger's t~hnique of neglecting the seconc;i 1n,.anant 
&t. the. ml,d<Q.e aur.taoe. •tm!nc .. ~, been extondfld by ~atilt. (JS6S) 

•• ··-.:. 4 

' . ·.' . . . . . · .. ,·-.· .. 

to th.e ·large deflection ·. probl._, oc heated rectangularl· ·circular 
. . . ' . . . ~ . . . . . 

and rtgh\i;.angloti trtansut•r-- plates without any elastic toilndation 
·- . . . . .. .. . . . . . 

and under un1fom pr~s$1.1M ~4. statioruuay teDperature · distr1bu.t1Qn •. 
' . . . ' ' 

Asstali1tig ·~rtationaJ:7 t$IJ&rature di$tribUtion til~ deflectio_n 1n the 

present p~eJt is ebtained ·m tel'm$ of Mathieu function of the 

firat ld.nd a.nd of ~·~ order. . . - ~ - .. 

. . ~e. fourth chapter contains 0!1ly one J!On-l~ea~ probls 
. . 

on large . detl.ections o~ elataped ell1p't1o p1a tes exhibiting rectilinear 
. . . ' 

ortmtropy. ~e plate ts· plaoed on an elastic· foundation .ot tho. 

Winkler type ~d is subjected. to uniform _loading~ the ir~:ve~t,.gatlon 

is ~sed· on von Karman'" (1910_)· ditferent~al equatiou ~tended to 
' 

rectilin~ar orthotroP¥• FOllow:tng von l'aman•s .•q•t1oQ Wl!:lU an.<.\ 

Ifelimarlt (l956l and Nash ~d Cooley (1900) 1nvost1gatea by_n._erieal 

methods th$. larse.detleet1ons ot isotropic ell1pt1q plates under 

un1tom load and without elastic foundation. In the pref8ent pape~ 
. . 

the stress· 1Wlct1on 1s fqund from the eompatib:Uity equation. and. tha 

.. fin~ solution t$ obtained ~V .Galerld.n•s aatbbd.,: ResUlts for. 1sotl'Opic 
. . . 

elliptic pls.tes and circutar.pl&taa ·bav~o been deduced·· f~m- tbose 

obta;J.ned for orthotreplc ellipt~c plate~,~~~.: ~ose result~: are .ln. - - . . . 

excellel).t agreemtant with th~ known .results for is()tropic p~ates. . - - - ' ' . . -: . . 

J'&r circular plates without elasttc toUrtd$tiQl reference may );)e made 
. - ·. . .' . . . ' ' •, . 

to the_ work$ otWay (1934.) ilttd Se_bli_dt (19.68). ·ibr circUlait plates 
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. vlth toundat1on/)reference maY be made to the WQrks ot Bolton (1972)., 

i'he· t'tttb. and the last chapter ot this thesiS. ·con~1Ga· onl)' 

on• p~ble· 9n la~c• amplitude free vlbrationLJ. ot 1rre&\llar ,Pl&t•• 
. . 

plaqed. on ~As tic toun4ation. V.llow111K Ber,er•a · equat1ona the _ 

approximate values ot tbe lowe~ n.atu:ral tl'eqtteney fer circui.ar• aquue, 

and cornered plates- with simply supported and clamped edge•. ar• 

tibta1ned by th• eontorm.al upp1n& t.cb.n1qu•• !heoret1oal resUl~s thu 

obtained have been. verit1ed ex;per!mentall7• !b.e same preble w1tbout 

elasttc toundatlon wu trfited by lfash and Modeer (1960) and Chu .an4 
. . 

Jle:r:~ (:W56) wbo ~oUowed Be:rg•J:.• • tecbn.1q,u.• and von Kannan '• 

equations .respectively. ·J'o~ non-linear vibration problems ot d1tterent 

eiasti¢_ plat~s refer•ce may be made to thCJ works of Now.tnskt. (1963) 

who tolloved -von Ka:auan's tield equa,t:tons to obtain ble results. 
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.D'!NAMICAL £tmPonst OF AN' QRTtlQ!l'ROPIC lriF.tNITS PLATS PLACED OR' 
ELASTIC FOUNDATIO!l Am> SmJ'ECtOO 7!0 !rDJE DEPEIWEft OONCEtf~ED 
FtlRCE• 

. i 

.Introduction : 

!he analysis of a 'thin elastic plate supported by a flexiblo 

elastic f'oqndation has numero~s engin~ering applications.- At tllo present 

tim~t i;he accepted method of approximate analya;t.s represents the 

supporting material as a Winkler (JS6'1) foundation. W;tnl4er approximated 

tha foundation by a ·$er1es oZ closely packed l$.near springs attached to 

a r!g~d: base. ~e ep~:J.ngs are assumed to act independently so that the 

tormdation a~.ts· 1.1ke ·a fluidt tne reaotion a.t any point being diractly 

propo~tional to the deflection a.t that: po~t. i3ut in the case of a 
., 

eohermt sQb~de su.e!l a bypo·tllesis appPox~tes but crudely the actual 
' - . . 

bE)b;aViQur of the sub~de •. 

The tlle.$t1c modUlus and Poisson's ratio ot tlta foundation 

mat~:r~ are often knOwn and a be·ttev approximation of t~& f'oun<tation 

reac:-t:ton can be obtain~~ on the assumption that tb.a foundation has the 
' 

properties of a sant-·infinite elastic body., Numerous !nvast1gators 

such as Ker~ ( 1964.), Herrmann ( 1967 ), Fl. etcher ( 1971) bav• a.tt~ ted 

to proVide a. mora real~stie representation of the b9haviour of the 

elastic corltitluum in tatms of the elastic constants or· the fol.Uldation 

m~terial•~ \ All these'·. (1nvest1gat9rs oonside~ed the 1oad1tlg tQ be s.ta.tic. 
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~e object of thiS paper is to study the dynamic response Of 

an ortbotropie infL'lita rectangUlar plate, suoh as ratnforeed eoncretEa1 
. . 

under the action o£ ~. time-depood~t concentrated f'orc.e and placed on 6J:l. 

elastic foundation, ~ese types o£ problans are. of pr~ctical importance 
. . 

for the des1gn of concrete paving slabs for roads~ a.iroraft .:unwa.ys, 

bed plates tor machine tool$, angibQs ·etc. L1vasley (Jg$3) bas 

d~seussad, the ~~a in whieh. the loading 1s static ana. ·the foundation 
' . 

reaction is direetlyproportional to the loeal plate deflection 1n . . ~ 

details !or both 1nftn1te and sem~infin;Lta ·rectangUlar plate of 

_various ootm.dary condi t1ons.. In this paper the foundation is assuned 

~ havG the properties or a sem:L-infinit&_ elastic bo~. Winkler ~e 

or flf.)undat!On is ~so C!Onsidered for comparison. ,(JwJ.ng to the 
. . 

complexities of mathm.aatics· involved; the problem bas been confined 
I . I • 

' .. 
to axial symmetrical cases•- :!l!be solutions are obtained by a s~1nvarse 

m~t'bf.?d "t<rith the help or Laplace arid Hankel t~ansforms. 

AnalYsis . ;: 

O:>ns1aer an .tnfinitely lllz-ge orthotropic plate in a state of 

axial sy;mietry,. The plate 1$ pl~eed on an elastic fol.2.11dation and 

· subj·ected to the action of a dynamic surface loading. Following 
0 I ' 

~ilrlosh<mko ~d Wo1l»wskr•'Krisgtlr (1900, P•365) th.e diff'erontUl . . . : ~. . ( ' . . ' ~ 

equation for 9taUUibr1um ot ~ element ~:r the plate .can be .written 
-

in ractangt4a7: co.ord:ina tes as 
~ . . - ' 

. . . I 

T'\ "04w +2H_94w + D~ o~~ ~,o.h_~:~ =CV(j(,~,-l)-p('X/'jjt) 
ux ~ ox.'-o~'2. o~4 ' vi.: . . . ••• <1·1> 

11k h3 
. wh.er~ Dx; = ....... · ..... , w is· the deflection in z - direction, 

12 

,· 



3 

B =......._-+- ·•; 
I 12 6 

\ ' . 
mateJ'!t:llt h = plate thiclmosst q (x,y1 t) denot$s. ·tne .giv~ surtac.~ 

loadint~t. p ( x, Y,t) the reaction of, th~ foundation. and Jfdc t a;. ' i" 

and G ··are elastic constants of the material• 
' ' 

For an orthotrop1c material· such as re;J.nf'oreed conc~et~ 

(
o'J.. o,_ )'2. & 
o"X.t'L. + a~t w . + :Dx. 

_ Pu.tt1ng x1 = r1 <»a. 91 

p(x,, ~.jt) 
:Dx. 

. ,: MUltiplying bc>th sides. of ~q.(l.3) b;r Dx :t1 30 .( o( l'J.. ) and 

integrating between the .lim~ts 0 to o<:. one gets 

-= -

••• (1.2) 

•• • (lo4) 

where w .= j w 1 J 0 ( rA.. r1> drl, J0 .denoting tl:u~ .Bessel, 
' 0 . . w . 
function of aero order ; the term K <: o( ) = P d~~end~ on tbe 

natura of subgr?J.de ; the tem Q ( o( ) ::: q .CI'l) = j qrl Jo( ~ "ll, )drl 
' 0 

depends on the i~tens!ty of l.oading ; and q = q ~i'J.) F (tl•· 

Eq. ( 1•4) cmn be written as 
a ... 

o w _.._ a· 2::. =· -"'-· ~ (t)· 
-o·t~"'- ..... "" "" ~ 



Dzct 4 X( ct ) + 1 

Phtc(c::z > 
; c = 

Q (Ol) 

Pb. 
•·kig the intensity or loading to ~periodic 

F ( ' ) :: Sin COo t 

the' ~~ltial' e~nd1t1ou are 
-. ·' w = 9 l!. -· =·· c · at· t.. ::: o 

at 

••• 

•••• • •• 
One. g~t:s trom eq •. ( 1.5) atter &ppiyillc Laplace. ~anilto:m methOd 

' . . . . ' . 

- a c._)o . ...: Sin UJO'I; 

W ·=;a:· cJ
0
2 ·I.;.. · wa · -· 

• • ~ ' r 

Sin at 
..,._..---J .... 

a 

It' the load·is eoneentrated_at.tbe· oriatn 

(i.?) 

' 
' Q ( ex_ ) = :1( . . . . . . . . ( 1~9). 

and a tllil· case of an isotro.Pic. sem1.,.inf1nite ·madit.a 1,.-Ref.SI P.aao_? · 
lt ( ex_ ). = , l • • • * • • ( lelO) 

·~o eX 

io being_ t~ ela_stie :co~stant of the medium d•tined by KQ=. ·. ~--
2 

, 
2(1- v 0 ) 

·Jib ba-Ulg the modUlUS of elasticity and Vo the Poisson 1s ratio of the 

medi~~n. 

90ns.tde~inl eqa. ( 1~9) and .( 1.10) and applying Hankel inversion ·theorem 

on& gets ··t.rom eq~(l.S) tor sem1•1nt1niw medium 

t.f ( t) p J OJ Gin wot ex_ .r0 ( cx_~)d oc. . .... rl,·.=- ... -
.. .•21\ Q. f?. 

stn ( f / f h)it (Ph)~ ex. f 0< ex_ r:s) 4oc 
J

Q) 

.
fU)D __ ._. 

21\ 0 tjlt_f3 

where ~ ~ llz. Q 
4 + 1£0 ct- P. h Wa

2 

. lf = l>x ex_ 4 ~ KoCX~ 

••• 



s 

. . 
ant tor ·w1ilkler typ~ ot founda.tion ~vinl t~ reaction !: per unit area 
P•~.-tuU.t deflection . ~ . . . ; 

w (~~,t) ·= .L:j~ 
. ' . .2~ 0 

. . ' \ . . . ~. . . , . 

- P Wo . ( Q) .. · 

I.Jt J 
0 . ~ -. 

' . . . 

Sin tJ1l t ex_ J0 ( q_ ~'l.) t1 ~ .... 
ftr · . 

Sln (Y{'/Ph,)it (Pb.)~Gt.To( ctr1 )4cx., 
t ... . lf', . ~ 

1be distribution of pressure · p ( r1, t) at &fl1' point 1s JrendUy obtained 

from eq.( U·) . 

.......P.....,·lt:......~ co . . ·sin W ft.t Q. a ~o ( cx.~1- )d ~ · - -
.p (1L~·t) = ..;...; '"IQ ""' 

. . . 21\ {3 . '' 
0 

·' 

After _integrati.l'll eqs.(l.ll);(l.l2.) and (1.13) numer.i.Qally one gete 

finally the follow in& resuJ. ts : 
• ' - • • ' I 

s:i.n(0.84 wnt) ·:J 
S.in w0 t 

Sin ( U,7 Ynt) 

sin w0 t j.J 

... 
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and for Winkle~ tbun4ation 
l = p· Sin ~ot ,- J0 (o.sa rJ( L) 

h a l\ ·g 12 n · 1 •. 1a .- fL a 

For an lsotropte int!ni te plate under tha concent~ated · load Pi at tn. 
origin; the maximum static derection is obtained from •q•(l.l4) 

. . . , lo . - . - --
w = 0•214 • b" · ••• ••• (lal?) 

compared to the corresponding Meul.t obtained by timosh•llkot 
' ' 

/..-Rat~ s, 11 .. 280 J 
••• 

atead7 state amplitudes at _the or1;1n tor various values ot 
. ' 

· . !req_1Jency ratio are celeul&.ted br;,th fol" semi-intinite med1.tln and Wtnkl•r· 

mtH1el by oqs.(l·l4) Md (1.15) respectively. Th.eso results arc presented . 

inns. 1-1. 
!'rom Fig.J..l it is observed that Winkler tounda.tion as well_ as 

somi-1ntinit• ttl~d.ium give praot1c&llr th$ sama dynamic ·response undel' . . ,_ . ' . ~ . ' . . . 

tllo load point when the disturbing frequency is h1gb$r than the first 

natural. frequency. ~ihen tha disturbing trequency is lowel:" than the tint 

natura;!. f'raquenor, Win.lti6:r model gives a. somewhat lower value of -

am.plitttde eompar~d to the semj,;.1nt1nite m'dium • 
. . 
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.E..'hASTIC STABILif! OF .A ~~IANGti,LAR . PLAfll PLACEal 
ON .ELAS~IC FOUNDAi'IO!;r~ • 

8 

st-!lbiltty of thin· elastic triangUlar plates can be 'iliv-estigateu with 
' ' 

the help of fin! to difi"orence method•· In this appro~imate method the 
I :I ' 

tU.tferantial equation is replae~a~ 'by its finite difference approximation, 

ra tbex:' ·than sa:t:tstying the aitf~roo.tial equation and the ~u.ndary 
conitltions at eNary point• !he· ditterence equation may ·bS sa tis tied at 

·the not1e poin:~s· of a st~,tH'fJrposed triangUla~ g.rid1 as has been done by 

· Bradley ( 1963)• &llvaaorl < l9SI it .Weinga~ten .( 1957 ); Timoshen.tto attd. Gere 

( 1961) solved ·these typas of prob~ems by other numerical metho~$h ~ 

obtain. acetua.te res\llts by thes·~ ~~tooas,. high order mat~ices are involved 
' . ... 

for. wb.ich the solution is t:lm.e ct:lnsttning~ taura. and Bhahady (1969) have 
' ' 

shown that complex vari~ble metllQd may be used £or .$olutit)n of such 
. i . ' . 

pro bl~s with lsss labottl"• · 

.·In tbis. !paper the eo~plex 'Variabl~ tnoory has b_een a~plied to 

investigate tb.o stability ·or a thin elastic caquilateral trlangul.a~ plate 

placed on an ol¢astie toun.aation wi'th ele.mpad ea.ges; and uru:ter the action 

of unifOrt!J compression parallel to one _o:r the edges~ 1'be given dotaid.n is 

• S:cepte4 to~ ,pub1_1cat1on. in the Jull.etin of Galc.utta. 
· H&themat1cal ,$1e1ety,_·.Qa1outta, .. Jndill.'·'· 
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eonf'omally tratu:;fonued onto the ~it circle :and soJ;ution has been 

obtainGd t-tith the help o.f error ~~~~ion~ fte foundation is assUtled 

to b~ of ths Winkler type<) 

' 

middle plane of a thin plate wi, th no lateral loading but with rorce 

resul t.-m ts in the middle plane :ls ( cf 9 T!maahenko and Krieger , ~ 19S9 · ) 

in which w denotes the deflection .of the middle plan~ of the plate ; 

N'x~ Ny ara the normal fo:!:ces per unit length in the middle plane of 

the plate, N~ is the sll.ear force per unit length in tile middle 

plana of the plata ; D, t.ha plata oonstantt. is defined by 

~•· (2o2) 

with E' denoti.'lg the modUlus of e.las~icity, b referring to the th1cknossp 

and ).) representing Poisson'$ .ratio ; and tha biharmonic OJ)erator v 4 

is giVfi!l"l by 

For a plate.; sholm in Figo 2ol, with a uniform comprossion parallel 

to the base, eq. (2.1) becomes·, 
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~ th.e casa of a clatnped eclga boundarY 

W - o "Ow _, =.~, 

0~ . 

If z == 'X--\- ..td '"Z:::: -x.-ld- ' we have 

E.__d d 0 ·. 6 d 
"Ox - ~ + oZ. -' ~ = ..t. ( o"Z. - o.Z.. J 

so that 

and therefore 
'2.. -a'- _Q'L.. 

'\]=-+---
. a"t."L. o'd'l.. 

Thus Gq•(2.3) changes into 

et•• (2.4) 

tat z == f(~) 
OQ!J. (2o4a) · 

be ~he an&ytie function which maps the give.11. shape in the z - plane 

onto a unit circle.~ the "f .... planGh Let the plate be placed on an 

elastie f6unda:t1~n having tha f'oundat:!on reactio.t''l k! per unit area 

· PGr unit deflection!:!· Substi~tt!on of: eq .. (2 •. 4a) in~ eqf> (2~:~4) yields 

"d4 W dz . dz ?;"3w ol2z dz (/'w d~ dz 
o~l.-at2. · ·~~ 'Jl -. 61~"dl · 0 {l.. J{- o;f·o' · df · 4 + 

2}-w J.?z J~ ~ [ "Ow d'z. ( dz f · 
-t- oto{' . or-: ~1l- + t) ~ 0~ . ~l--' df) + . 

?lw Jz { d;z. \3 'Ow d?..z (_dz \'3 '· 
-t q~Z.. ~' ~ J - 0~ 'Jf2-' ~)-+ 
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0 

.... (2.5) 

- -~ . ' ' 1.- >t..e . ; 't ·being the l~dius of ~tllt!f circle .. 

' ' ' . w ({) ~)· \: ~(~~~) 
h.=\ 

Method of' solution : 
~~--~~"'1, .. a I,IQ:IIl'llllliU• iP 

Since an a~a~t solution of eq. (2.5) is, at best, very d1f£ioult, 

it is convenient to use an approxima:te method to solVe it. Galerkin•s 

method is usad 1n this studyo The procedure is a.s .fo110t1S : W (1J 1) 
' ' 

.1s appr,oy~mated by a ~inear combination of.independent coordinate 

functions whieb identically satisfy tbe boundary con<tLt:J.ons, i.e. 

L<. . 

w c~J ~) ~ L BV) xY\ c~, ~) 
. \'\=\ 

• 4f. (2.7a) 

Substituting eq. (2 .. 7a). into eqo (2.5) results m/an'~rossion which 

does not vanish in general since eqo(2.7a) is not an exact aolution o£ 

the partial d!ffar~~tial equation. ~s nonvanishL~g ~ression is 

Usttally defined as the nerl'Qr" o1~ "residual function" ana· will be 

-.denoted by EY\ t1~ ~}· Galerkin's mathod requ_ires ~hat the rterror 

fu.netionn be orthogonal.with respect to ~ach co ... ord:tnate ftmction over 

the domain under conside::ra.tiot1., ioe~~ 



J E..,t1·D x\1 (1·1) ole: = o 
~ 

Eq..; ( 2•7b) gen¢rat~s a . ( K :r.t X ) ~etf3m1nantal Gquation. The ·lowes~ 

·root of. this equation is the cr1 tical buckling coefficient• In the 

·case of a Clamped plate it is convenient. to .talte· 

.... 
This tom of 't.f clearly oatisfies the clamped edge bount1a.:ry 

· conditions in eq. ( 2~~~6)v 

Appl1~atioh : 

In. ®rder to lllustrata the procodure for the det~l'lllination of 
. . ' ' . 

the critical buekiing oond.ition, an equilateral triangtaar plate with 
' I i • 

elamped ed$E:m, shown 1n Fir;~ a.1, with a uniform eompre~sion. parallel 

to one of the sides is considered• 

••• 

~r ti~st appro~iroa~ion, l~t 

K= \ 1.@., W = B 1 Q- 'l~l)'l. ··" 
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' . 
With the mapping function in eq.(2.8.), putting eq.(2.9) in. eq.(2.5) 

one : ge·t.s the following error function 
I 

E, (1J). . ~ 4 B1 (\.·13S2 «A.)
1 

( <P~ ~ 1 ~~ \fJ- 1 Cf,~} + 
1.. . -

.. -t 2.t?, (.\•\35"2.~) (211- \)<:?,'1', + 

-t ~~ ~ [2. (1' \3 S2.o..)4 
{ ( ~- 'f1 '-} q>,l¥

3 
-t 

+ li _, .. ~) t( <\'~ -t 12.'P If 3 -t i2'f3 'I'+ 

-t 2. (2 "if :__ l) '\'2-~'L}] T 
0 ' 

+ s,o·:!~<t) K, (1- ~ 1l<t>"'-y3 ••• (I;Mo> 

Let U:s now follo" Ga.lerk1n 1s procedure Biven in eq.(2.7b)~ 

~1Ulttplying eq.(2c.10) by (\ -1 ~ )"n.claJrt. and integrating· 

betnreen the limits o tO 2~ and 0 to 1, the critical buckling 

condition is obtained Q$ 

•• ,i 

.' 
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tn. t~rms of the altitude of tha plate, eq.(S.ll) gives th~ critical 

. buciaing condition aa 

-- (3.12) 

If the plate is considered without resting on th~ elastic foundation, 

;mq~<2~13) is _in exoelleut agree-ment with thf!> corresponding resUlt· 

obtained by Bradl~y L-et. Bradley (1963) p. 55 J as 

-x .. U...£_~ !7.. §_I o 1tA 
Tha analytical procedure presented is· straigbtforward. !rile same 

. . 
procedure may be followed for a v.nified treatment of 'elastic instabi- . 

lity problems in~olvin~ com~lic_ated bounda:t'Y shape, su,ch as regUlar 

polygonal shap~, aircUl€~1' boundar"/ with flat sides, epitrochoiqal -
I 

boundary etc.i)- since the e~ordinats fw1etion which satisfies ·the giv·en 
- . 

boundary conditione w:Ul ba the same feu.~ EU"'lY s~mpe. The CtPordinevte 

function used in this study satisfying th.e boundary eot.uiitions is s!mple. 
I • 

Only the first term approximation is found to yield fairly accurate 

result and thus minimises labour~» No other form of w can reduce the 

error so grea tl7 wi tb such minimum l_abour. 

It mus-t also be noted tnat "the accuracy of the results obtained 
' ... 

by different numerical techniques applied to bol!ndary value p~blems 

inVOlVing irregUlar Sh~pm;; can be Verified by the conformal mapping 

teorn11que exhibited in tP~s study. 
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BtrCKLitiQ OF . A NON-Bot;{OGEN11'0US 'llE~4L1GU'LAll PL.!~~Iit 

PLACED ON ELAS:fiC FOln'IDATlOli • 

PPJ'ER -II 

. ·. Or:i t:tcal. bucitlh1g cond:t tiona of. homosroooil$ thtn J.'WectanguJ.ar 

pl&tes sub3ected to flOmb1ned bending and compression ware Uive.~ti~ted. 

by ~shanko and Gere ·(1961), Johnson and Noe;l (1953) and oMy- other 
' 

tnvestiga:ton .... The ob,;ioot of tllis pape_r is to use orro;' ftL'lction to 

obtain the approximate solutions in ·the ease ot buclt".J.ins o£ a non­

oo.mogenaous ·thin reetan&Ulf.u:~ plate under the action of cotibined 

b'ooding and eom11resst.on 1n the middle, plane of tha plate. ~~ plat$ 
\ 

is pla~ed an an elastic foundation and is s.tm.ply ·.supported. 
•, ' 

D:fad,l~y ( 1963) ?.tsed finite differooa.e appro~imations t.D tile' gove:rning 

tifterent~l equ.a1:-i(;}ns to ln'V~$t:L~te stabllity of equi!atara.l 

triangttl~r platas• ~ere are other numerie~l metr.ods for the solUtions 

of these t~es ot buel'"J.ing problE'mS~ But these methods ars t.tms 
. ' 

con.sum!ng<i 

Since the gov~ming d1i?terent1a.l equation obtain~d in this 

paper cannot be exactly .solvoo, error function and QQle~td.n ts metoo'd 
. ' \ \ 

have be$n utilised to obtain an approximate solution of tbe d.ifteren- · 
. ~ ' , 
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mothod for the homogeneous plate not resting on foundation are in 

good asre9:nent with the known resUlts obtained by strain enermr 

met'bod. Flexural rigidity of the plate is . assumed . to vary 

exponentially and the foundation is ta!ten of the \'1iPJtler type-. 

Resul ts obtained have been presented in the tom of graphs_ .. 

<.bns1der a simply supported ree~ngular plate of' varying. . . 

·flexural rigidity 8...11.d along Whose aides X ::::. 0 and =lf = a (Flgo2c2) 

distributed forces, aeting 1n th.e middle plane of the plate, are 

applted, their int~,s1ty being.%1Va~ by the ~quation 

1$ the intensity of compressive. force at edge y = 0 

and .o( is a numerieal. factor~. Th0 plata is. placed on an· elastic 

foundation ha'IJ'tng the reaction, Kl per unit area per unit detleetion 

~d is subje~ted to a unifo:fl'a transve~se load~ q,~ 

The governing differential equation· ot eqt.lilibrium o£ an element 

'of the plate not resting on foundation is L-Timoshenko and. ~iGger 

(1900) P• 379 J 

where 

Mx. 

My -

M')ly = 

o'l.. o'"L 
- D (~1.. + v __!:!!. ) o">t , oY'l. 

(
?lw - .,_ 

-.D- +v~)· oy2. -ox~ 
'l.. 

J>'l- v) ow 
.\: ox:oy 



:1:" 

17 

Sabst1-tuting Er~a0 (2.16) and (9.17) in Eq.(2~.l6) and observing ·that 

tha i'loxt!ral r.igidi ty is a function of the cO.. ordinates x and y, one 

gets .the differential equation of equllibrit~a £or a plate ra$ting on 

elastic foundation in the followin~ f'fJ:rm 

O'"LW 02 o'l.J) O'LW ·a'l..D ?:lw l 
'\7

2 (Dv:Lw) - (1- v){-~)yL of,_- 2 ollO::J · Oll'O) + oya· Ox'-J + 
·,;I 

••o (2ol8) 

For simply sUpported edges the defl.action can ba represented by the 

double ssries 

W::::. 

As the flexural rigidity .ts variable, ·let 
')(. 

J) = :Do e2o(,Q 

Where Do and c(1 are c;!Onstants~-

••o {2"].9) 

·~· 

E.q. (2.;19-) is an approximate solution ot Eq. (S.JB) and therefore 

substitution, or Eq.,:(2ol9) into aa~(2.18) results the tollowin.g error 

funet1on, 

E -. c . D ,[J r _m 1f)'2... r _Y) 7!. \?-}2.- 4o<,2.{ r M 71)2.. vl \1lf)2}J x 
Cx;~) - Vl'\Y\ o 1.\0\ -+ ~~/ ~ \ <J\. T \::·b j 

-2o(3_· - ' . 
y n I Q c · · WI II K c · l'l 7f Y : --. r 'C.- .::. \..U -cc- _:) w b -\- -. : . 

-1- I" . k (' . WllfX. (J • Vllf y 9t 
\ L~~ I ::;:.Lu- ~l.u _ - -

·C\_ b 
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According to Oalerldn ~s princip.J.e, the follo~,,iiJ·g oonuit1ons are 

impos~d on· tb~ erroi, tunetion,· !tt. g y ) · · · · · 
. . ' ' . . ' .. '·. . ·. .. ''. 

~ ~ b . . 

1 J E tx., "') 'vJ l>t, '') d.x d J "" o • • • .(>Mae) 
0 0 

\} 
=-4 

for .-L == .1 

= 0 for l...=f j and -l -:t t an even 

nttnber 

4~ -l-J 
= - 7\l- 0-1.- jj2. fort ,C j ana 

{ 1:. j an odd number 

One gets the following 

:::. 0 



W?are the nondimcnsioual .foundati?n modulus,· 

K CA.4 ' ' I 

K F = _j_ and n ± -t · - is {:l;lways odd" 
- J>o --

Tald.ng )'):::.t , the deflection, W is obtained from Eq.(2.23) 

4 0<:. oC 

w == \C..'\IQ L L-'- s.:.u ~i\)( ~l.u hTrY X 
:Do., - h'\==-1 ""~' _htf\ . . <A.. . b 

From Eq~ (2.23) the critical bnqkling condition is obtained when 

.L •otil 
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~e plate may buckle in. such a. wa.y tlia~ th.ere can be .several halt-

' \<Y:.tves in the direction ef comprGssion but only ·one half-wave in the 
. . 

pe~endioular direction. Fo~ ona half wave buclti!ng m = 1, for two 

half .... 1·ra.ves buc~ling m = 2 anti ~o on. 

I£ 'the plate buckles in one half-wave~ one gets f~m Eq~(2.25) 

by tai~ing m = 1 a s;ys tem of' equa ticns. of tha f'ollotd.ng kind. a 

' ' 

0 

where /::"' lNo)e.n. 
uc.n = +t ; -h. being tho plata thiclmess~ 

!~!he :Lo-.,:est root of the determ1nantai. ettU.ation thus :formed will determine 
. ' . . 

the critical buckling loado Fi'a!n tha first appr-oximate lor.vest root onG 
• ~ !' 

gets by taking n = 1 
I 

f 6te'" == K 1f-Do 
1\. if--h. •• C> 

where 

thus the bucitling load is a. f.unctit.')n o£ ~ alld tlle foundation 

modtilus, \<F :~ 

Fo~ o\ = 0 , the ori tiea.l OO.ckling load. · Oc.n is obtained from 

Eq ~ ( 2. 25) by taking n ::; l 

••• (2 •. 28) 
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\<f b'l... 
+ _,_L_._ 

1\~ m'l- ct2- l W\ = l, 2., 3, - .. . . . ) 

Fbr 11t:>moge.¥leoUs material, 1)0 4]) tv-hen o( 1~0 · Q Setting. o(,~ o in 

Eq~a(2.27) one gets tllG crit:lc~.J. buckling load for a homogeneous plata 

on elastie foundation for one half-wave buckling 

\( : _I _ [ ( b ({ _'\1.. '<'F bl. J 
\ -o$12.. \ G\ + b) -\- 7\4 ' C\ L 

F\n? KF= o , Eq.(2.30) is the result obtained by 1'1mosne.'1.ko and Gere. 

Fo1, m Pal:f,.waves bu.ckli!lg, K in Eq~(2•30) can· be expr~ssed as 

The ratio ~ for.whieh Oen... becomes a. minimum for un1~orm 
compression is obtaL'rled from Eq. ( 2~29) and denoting this ratio by 

\.-i;}n. , one gets for a hoaoge.neotts plate·· 

f_'t .:\ - J_ ( k -t- l' ~~\'Itt 
\: \:l)e.l\.- 1\ ~ F } • 4? 0 (2.32) 

~nd for a nonhomogene6Us plats 



. ' 

fhe ratio ~ at W'h~ch the transition from m to m+l h.alf-waves bttekling 

occur.can also he computed from .Eq. (2.~ ). · Fo~ homogeneous pla~e under 

unitom compression, transition from one to two_ half•-w1aves ·-occ~rs when 

a.!!!d tmnsi t1on :from two to·. three half .... waves occurs when 

-i; = (_3b- ~~ )'14 

Eq.(2.27) gives sat1s1'aetory resUlts for small values of o( • An 

improved result is obtained by taking two equations of the system 

Eq,( 2.26) t>r!th coefficients C11 and C,~ and setting the determinant . . v 

equal in zem. ThUs for one half...,l<Tave ·buckling 

. ,·. 
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·~· (2.35) 

' . 

'bEmd.ing for a homogenoou.s plate fo1~ one h~lf...,14ave bucltling 
'2.. . 

Cc:n. K ~t 

Form half-wave buckling \'( 1n rsq.(2.36) ean be written as· 

I . \o'l... [ 'L 0.. 'L 'L ( !L 40..'L)'L K. ~ t::·) .. .-r- '2.'77 l.\.'1..- c~ + bllo-) h\ + bl.- -r 

v o • (2o3'7) 

The presence of the foundation. modul.us,. Kp in Eq.(2G)24) reduces the 

deflection, TH and hence the banding str{!Jss. Therefore &i.;o(2"'34,al735 

' and a,.-36) ~esul ting from · 'teAO term approJtima tio:D. of Eq • (2e a6) mat be 

.nf~.l!k~L .Alto $tQN.~t!§tOI;f§. 

NUmerical resUlts are obtained ror t-..ro cBSes a a) when. the plate . . 
j.s under uniform compression, and b) when it is under pure bancling. Fozt 

uniform compression ot a homogeneous plate, the values of k are 



cal.c~ated for dUferent values of ~ with the h~p of Eq.,(2.30) 

to~- one half-wave buclrJ.1ng, taking kF = 7\4 , alfd v( == o · • Uor two 

half ... waves· and throo hal-f.-.wa.ves. bueklillg Eq.{2.3l) is used with the 

. ·same ·v~iue ·ot \<F • These results are presen.ted in. the t.o'rm. Qf graph$ 

''111 Fig. 2·~3.o: For a non-homogeneous plate under 'unifom aomprassion, 

tha values of K. are.'calculated· for one ~lt•wave,· tvo. and three 

halt-··:v~ves buckling by taking the same value_ of kF ana o\1 == o· 1 

in Eqo(2.~ h These ~estllts are presented in F1g•2•4•- Th<a_ values of 
.. . . '' . . ' . ' ' ' . ' 

k. when _the plates a:re not on the foundation are also .presented in . ~ . ' ' . . . 

Fig(l 2e.3 an~ 2.4 ·for compl?-l"ison. 
. . . 

. :, For· pure bending -of a homogeneous plate Eq~ (2"37) is used for: 

calculation of' K foz: different values of ~ taking Kr = 114 and the 

results are present~d. in Fig. 2ct5o In the same figure th~ corresponding 
I 

fesults forK without foundation are also presented for comparison. 

F~'m the £oregoing analysis and from Figa. 2.3,2.4 and 2.5 the 

follo~;rL'llg · cpnelusions may be drawn t 

1) Jrounea. t:ton :tncreas es the bttc1dil'lg load 

11) Res:l.stanca offered by th.e foundat.iott is ·more for one half'.,.wave 
'· 

buckling compared 'tp multiple halt-'t.raves bucltling. tfuen bt.lckling 

is ;ln moi"e than one half•l/ave, the foundation resistance remain$ 

pract~cally constant. 

i~~) Foundation increas~s the (~)~7t. ratio and reduees the 1 ratio 

at wh:leh t~ansition. takes place as compared to a plate not 

resting on toundationa 

!v) A .non..~mogeneous plata will h.a.va .lat'ler bucltling load as compared 

to a homogenoous plate~ 
· v) Us~ o£ e~ror function reduces_ labour considerably compared to 

· any other numerical method. 
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·mEilMAL BUCKLlliG OF SOME I-IEATED PLATF.S PLAt."'ED 
Oif ELAStiC FOUNDA~lorJ '1, 

PAPF,R- :III 

Thermal Buckling of thin elastic plates is of much practical 

importance in modarn engineeringe !iovtae.'ti (1962) has discussed the 

thermal buckling of a. rectangUlar plate tm.der diffel"eilt boundary 

cond.i t:Lons. l·fansfiald ( 1964 ) r..as invGs tig~ ted the buckling and curling 

of a. heat~d ~bin circUlar plate of constant thickness.- Klosner and 

Fb~ray (1958) have studied thQ · thermal buckling of simply~· supported 

pl~tas under s~strical tempa~ature distri~ution. 

In this papGr themal buokling of a heated· equ1la.t$ra.l tria.'lgUlar 

plate of simply .. su,pported edges and a clam!Jed elliptic plate placed on 

~lastie foundation has been investiga:tedct Th.e foundation is assumed' to 

be o£ the v11nkler typo. Tbe bou.ndaey has been transformed contci111D.ally 

l)nto the unit eircle and the stabil.ity criterion has been obtained with 
' 

l(tAccepted for publication in th.e Defence .saience Journal,_ 
Government of India, New Delhi~ · 

(Pu..t~~J., vc).'20, No.~, 197G,) / 



'· 

Le·t us consider,a plate of thickness, h, subjected to a 

temp~ratura distribution. ~ which is independent o£ x a.··ui y, bUt 
' . . . . . 

Tha plate is subjected to no extemal load and mot1on.o£ all suppol!ts 
' 

in the plane ot -the plate is prevented •. It jus.tif1es th.en, that undsr - . . 

the abovtS cond1tiort there -are no displacements in the plane or the 

·_plate, i.e,, · 

u = v = 0 

On· the a'J»ve propositions the ditf'.erential equation i'or the· 
' ... ... 

displacement t_ Boley and Weiner~ I 9 b 7 _l is 

For a plate placed on alas tie foundation having the f'ounda.tion 

,r~ction,. rc1 , Eq. (2m38) b~comes 

0· 

. \ 



'.,. 

' . 
I 

1n wbich 

.. ·...:. . ·. 

·and· 
-t~z.. 

· ·· N1 == 0( E J 1 dz 
-Yz.. 

o( baing the coefficient or· thermal expansion. 
. ' . 

' . 

• ·- ( 2.44) 

Let Z = f ( ~ ) be. the analytic f'u.nction l-thich maps the; given shape 

in th.a "'f plane onto a· unit ci?cle~ 

ThUS Eqo ( 2q44) t:ransfOl'mS into -

.·. o4 w. dz di -· clw ~ ~- 7?w ~2-~ + 
cr;l.o~·'l. ~ df 0~1.01 d,,_ d"f of·o~ a1 d1 ..... 

a"-"!. d"-z dl.z -t (r,\r~) r~zy-r ~~)'l- ?]-w_ -t 
+ o{o~ ~.,,_c.\~~ 4 ~ ~1 . '?r{oi, 

,_ ,\.,_r:-c* )\%f )\v 0 

••• (2.45) 
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oc 

W= L_Brr[!~C~~)ll] 
n=t. 

Clearly the aoove form or ti satisfies the edge cotldit1on 

t'l = 0 at r = l • Eq.(2.46) !s an admissible function for the simply 

supported edge condition in.the sense that this satisfies the 

ltinenatic bountlacy til = o at r ·= 1, but does not satisfy th~ .forqe 

boundary cond.ition ·M11 = 0 ., Putting Eq .. (2.46) 1n Eq~~(2o45) one gets 

the· error function, E.n)e • Galerldn 's procedure requires that· the 

Sl"ror function. to be orthogOnal over the domain, 1.eo, 

j ~Ml1t)wtH)de = o l 1'\= 1' l,· · · · ~ 
~ . 

Th1s generates ( K x K ) detarm:i.nantal equation. The lwest root ot 

this gives the critical buckling temperatura. ' 

A.· Ls:t tls consider a s:tmply-supportoo equilateral triangUlar plate 

of ·side 2 J3 0.. placed on an elastic foundation. 

To solve the differential equation for W let us put 

. w == w, -+ w2-
From Eq.(2~40) one·gets 

l v2-+ r,'L) w, == o 

( "l. -t r;_) w ~ -==-·o 
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it>~ the edge cnndit1on W ::: 0 aJ,.ong the boundary, let 

. K k 

w2. == L s., D- \1~)"'] = L" B~ ('-"-'V\) 
n=' rt=l 

" ••• (2.51) 

For 1st term approximation ·it 1s sufficient t? solve e:t.tilsr &,lo(2•43) 

or Eqo(2.50). Changing .either of the two Eqs .• (2.49) and (2r.50) .iri tb.e 

complex coordinates one gets 
I ' 

_7 

.. maps an equilatl$ral ~riang_ular plate into a unit eircle. iri the 1 - pl&ie. 

With th.is mapping function, putting Eq.(2.5l) in Eqe(2.52) and 

rmembering ., = rfeie one gets the ·required error function., Attar 
I . 

evaluating ttte in tegml given .by Eq. ( 2Ci 47) an{l. taking K :::; \ one gets 

where ~ 
x~ == P~~(,·1ssia) · 

From ·Eqo(2o53) one gets the follot>Ting critical buckling temperature 
. . 



T 

~-

~rsss:iJ:tg _this value in terms ·or the ·altitude h of tile triangle 

one gets· 
.... 

(N-r)~"- = ~ D lt-v) 

trrhich agrees well with the resul.t obtained by :Banerjee (1975) ~Jho used 

tri-litlear CC);.ord:inates. to obtain the resttl ts for the corresponding 

problem without elastic foundation~ 

B. Let us consider an elliptic plate having centre at the origtn. 

Let h be the thickness of the p+ate. 

For cl~ped edge boundary condition let us take w 1n the following 

f'om 

Clearly the above form of ti satisfies the elan)ped edge conditions 

ow w = 0 ,_ =o at r = 1 

., 

No"; :t'o r the ellipse 

'L >'2... 
')l ---;---4 4 
3 s 
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_7 

.. ' 

·~!}. (2.66) 

Which maps. the above. ellip.se ¢t unit eirele in. th.e 1 ... plane~ With 

this mapping function, putting Eq.(!~.55) in Eq.(2.4:5) and r~membering . . 

-;=neLS one t1ets the required error function. After evaluating the 

integral. g1Ve."l by &:!• ( 2.47 ). and taking K = 2, the f'olletti~ det~rminant 

is obtained~ 

'l'\.. 
3 2. 2. Q~ '1.- ... ~ x, ,..1-
--- '"1;-1\l- ;- -3 3 10 

where 
~~ == ~1. ( o· 99b)1. 

1\~ ~ r:- (o·9 9 ~1.-

0 •.. (2.57) 

Solving Eqo( 2 •. 57) for the lowest root, the critical bu.~kling 

tempax:atura is obtained as 



solutions obtai.."led :ln tbis stUdy are only appro~imate, because 

only th.o first term o'f the mapping ftmction is considered and K is taken 

to bll' 2o !-tore accurate results are obtained by considering th~ remaining 

terms of the mapping· function and ta.ldng K more tb.an 2., Solu.tion or the 

eigenvalue problem governing the stability of the tbtn elo.st:i:a plates 

- having various configurations, sueh as regUlar polygon~ shape, circular 

boundary t-lith nat sides, epitrocP..oidal boundary etc, is easil;y 

accomplished with the help of the complex variable theory appliad in 

this stuay. 



36 

CI!APTlli'1 -.III 
Qllt~ • ,. • dE ~ 

LARGE DEFLEc;riON O.F A CIRCtJLAR PIJ1.TE ON ELAS~IC FOUlllDAfiOrl 

ArfD SUPPORTED AT SEVERAL POINTS ALONG !fHE BOUln>ARY '-~ 

Int:roduetion : 
.._.....~ 

Sl!sll deflections of thin plates plaeed on elastic foundations 

have been examined by s .. T1moshenko_ and s~ Woinowsky ... Kriegel"' (1959) 
,-

·. 

and ·sevt1ral other aut!'l.J.'):r.S on .the asstwption that strain. due to 

s tretch:tng of the middle surface of the pla·tt9 is uegl1gib1e. When the 

deflections· are moderately lst,ge~· that is, on the order. of the 

thiclmess of the plate, then the forces in· the middle surface o£ tb.e 

. _plate. must be taken in·oo account. In the case of such large deflections 

of p~a·tes, three differential oquat:tons for displacements a,.9).d 

de~lecrtions may be written14 but it is usually difficUlt to obta;Ln the 

solutions of these e~lations because or thai~ nonlinear charaoter9 

On the other nand, v.a:t~ious problems of large deflections of 

plates not resting on elastic foundations have' been examined by s. tl/ay 

( 1934), s. Levy ( 1942) .a11d many other authors. -Bttt the methtH.\s uned 

by them require considerable oomputationo A simple and approximate, 
~ . -
yet fairly acaura.te, metrlPd o£ analysing large deflections o£ plates 

was su.ggested by H. r.f. Berger (1955). fhe metbod uses the teahnique 

----·-~------·--·--~-----·~-M-ft--.~-------)-U----------------------------------------, 
* PUblished in the Jour:nal ot the Indian Ins'ti tu te of 

Science, ·aangalol·a, India, Vol. 57 t .No. 10, :W75. 
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of neglecting the second strain invariant df the m:f.d~a surface 

strains in the expression corresponding to the tota~ potential energy 

of ·the systems. ·Berger's method reduces ·oomputa·tion -and althottgh no 

completa eXPlanation of th.t's method is offered in~ the stresses and . . . 

deflectiom} obt;ainGd for both rectangular and cit-~Ular plates are in 

good agreement ~rith t~1oss found in pr-actical analysis. This approxima·te 

method 11as been appl.ied successfullY by Nowinski (1958) to his plate 

pmblailS• Nash a'l.d Modeer (l9~) investigated the 1n~oblems having no 

~1 s;vmraetey fol.lat.P:ing this metoo.d~ 

~e technique of_ negleet~ng the secoi'ld strain 1nva1,1ant has 

been su.ceesstully applied by Sinl'l£1 ( 1963) to .determine large deflection 
. . ' ' 

of circUlar and rectangUlar plates . placed on elastic foundations and · 

ttnder.uniform lateral loads •. 

In th:ts .paper large deflection of a ·eirculal.' plats placed on 

elastic f?undation a~d supported at several points along the boundary 

has beGn. solVedo The load is assumea to be uniformly tU.stributed _&nd 
' ' 

the ~o_unoatio-? .is of the t.J1nkl.ar type. A complete analysis of a . . 

· li1onnula.tion of probiem i 

For moderat~ly ·largo deflections, the ·strain displacement. 

· ;s.,eiationships a~d ·the strain ene.rgy of' the ·middle plana of tb.e plata 

a"'- . .L low)2, 
E~ == 1)i + 2. :'?i'i , 



... __ 

-.,...-:-
/ I 

' . ' 

]) J ( rr 2 ,)2.. \ ?_ ~ ft ,, 5 '2._ . ' 
T J L\~W; + ite.,~2~-~Jl_~Le.2..+_ 

'L 2. . 

(~x~Y) })dxd) 
. I 

invariants, respeotivelye Neglecting eg and by adding the potG&'ltial 

energy of the transverse load a~d of the foundation reaction~ K the 

modified energy 0qtta tion becomes ,-Sinha ( l9G3) J o. 

< 

f cfw )'L}. · k 1- 2q;w J d d 
- \'oxoY - _ -r J)w- T .x y 

.Applying ·EW.er's variational method to· Eq~(31!15l the i'ollm-ting 

d.ifi'e:rential ·equat:i.ons in polar co ... ord:tna·tes are obtail'led 

~ . ~ ~- . K -
'\/ W-o<\JW-t--W ' :D 

-~rhere · o( is a.- constant given by 
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Solution .of problem ~ 
~; . . ... , 

Let the e:l.rcUlar plata (Figs Bel) be ·or radius. a, sft!)ported at 

several points along the boundary and placed on th.e elastiQ -·foundation. 
. . . 

Let the centrG of th~ plate be the origin and a diameter a~ thG 

initial l:In.e, 9 :: 0 ... tet the general solution of EqQ-(3.6) b~ 1n the 

w q. •· (3.9) 

.in t·rt1icb ':No is the large deflection of a plate placed on .~la.stic 

.foundation an(\ simply suppo1•ted along th€ €:£'\tire bOu.rtdary m1.d· w, 
sat.isfie.s the equation 

4 '2.. '2.. K 
. \J w\- o< v w, ;- .:D w\ -== o 

0 

. . K. 
==]) !Ia • (3el2) 

·Considering the numbe:t~ .of points o£ suppor·t is .:1.2 ~"ld den.oting the 

conc~ntrated rca.e.tions at these .points r~1 , !i2,- .... I'!:h the t:)A'Pl .. ession 

f'o~ caeh reaction · N.L is 
. oG 

~ r -k -r I_ c.tn W\ e.i.l L Vl'l~l LJ 
wher(;) G.t_ = G -~-i_ , 'VIi.. is the angle defin:L"lg the position of the 



The i.i!ltensily of the reactive forcos at any. point of tile boundary is 
I 

the..Yl t5iven by the exp~ession 

. 
.A oC 

r_~(~+ Ie~Wla~J . 
..t= I WI~\ 

1.'t1 1-rhicb. the summa:cion is extend~d over all the concent:r.ated reactions$ 

Assuming that the platG is solid and consid~ring that deflectio~s and 

monents at the centre mttst .be finit.e~ the appropriat(J) solution ot 

Eq~(3o9) can be taken in the form 

W\ = A~I0 l~n) -t Bolo (g_IL) ;-

+ t [ Aw;trn lP, n) -t Bm lm lfl,_n.)] C..cn W\S -t 
VI'\ = \ 

-;- ~ . [ A'W\ 1m l~ n) -r S"11M lPlt)Js \.u W\S . 
m:\ Pi)O (3~14) 

in ~1hich 10 is the modified Bessel function of the fi:rst !tind and 

I 

For det;ermining the constants we ~1.ve the follo'ttring conditions a·t 
' 

the boundary .. 
\ 

0 

0 

.... 



.~ 

-.....L .. r ·· .. / 

~. 

·' 

' ' 

~~ = -]~ Lc~2:_o<~)wJ· 

. 'l. 

, t.A\o\~ = '1-v)D [j_· () w, -_I ow,l . 
'y'•t\7 '- '1 onoe "1,_ os J 

consider a particular case when the p~ate is supported at ~~o: points 

which are the tt-to end points ot th.e diameter· talten as the initial line 

from whieh. S is measured-~~ fhen 

~, -= 0 J lV2 = 7\ 

OOnsidering the above bound~ry conditions· and remembering that 

deflection is zero at these tvo points of support one gets ·after 

solving tor the eot1stants 

· . P 9 t."h ra..) 
B = -- r 'o' 0 . 7\l)ct . 

BW\= 
p Am(cA) -· (3.21) 1\DlA. f3t'r) lQ0rnl'0- A~l'91mL'\) 

. .;. .. 

A'W'\ ::: . o B~ ·-· (3.22) 

I 



to tal load on the plate 

• u (3.29) 



-

+ 

Tht1S the complete solution of Bq.(3.6) is obtained 1n the f'ollcnving 

fom 

~ . 

. + L [A~ Im (Yt7L) -t Brr,lm (Pl-n) J C.Os K-\S 

W\ -::: ~} 4) ') . . . " 

where 

••• (3.31) 

. . 
• 41., (3.3~a) 

••• (3.31b) 



-

·--4.-
1' . / 

St!bstitut:tng the ~alnes of the constants Jl~ , B~ , A0 , D0 , Am, and 

13m into Eq~(31!30) one gets taking.~= ~a4 

[P:r:(P,_G\);- P2.~ I, (P:a.G\)] Io(P.h) l + 
cplPG9 - J . 

as obtained by ~imosbenko (1999) in the corresponding small· deflection 

pl'Oble:~~.l for a p1ate w~J;hontt:·foJ:Indation and supported at two points on 

the bo unda~y •. 
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fb.a t'lormalised constant o( can be .determiru-ld £rom Eqs.(3 .. 7) ru&d (3.~ 

Since we are ~1terested only in the lateral displacar4e~t w, the radia 

and cross radial displacements u and v have baen eliminated by choosb 
' . . 

~taitable ~xpxoessions for u and v, compatible _~tJith their boundary 

conditions aild integl'*ating over the 1<1hole area of the plate •. ~e radii! 
I ' • ~ • • 

.... (3~25) 
f 

su.bj ect to the boundary oondi tions · U l '9 =. V ( '0 :::: · 0 

!·iul t:tp lying beth sides or the EC]:II ( 3 9 7) by n. dn. dG . atld in tegl.'"a ting 

between the lj.mi ts 0 to at and 0 to 2 7\, , one ge·ts 

~ ' 2.7\ C\ 2Ti . 

Jo ~0 ll u' ( n) CJI> WI & J.n.d.a . -f 1 Lull\) e.O> WI s J.n_ J.e 

. C\ 2.7f 

+ J):vl':)~W~&Jn.ole + ~J)/l(~fchuh 
0 0 i 



Mte~ ~looting the integrals the following equation leading too( 1s 

obtainodQ 

oc 

+ L' [A~ ~l-{-~~~[~\In)-2.LftC\)+ It\1 Cftq)}2.-
Wl= 2.A1 '~ .. . 

' ' 
oc oc:. iWI-t2.Y\+2..t 

t!to~ol4-)·<P J~+ 
\'\ t:.t ,' 



' . 

- to..l~{r.., {!iQ)-t 1.,~,_lP,_o.)}\ { 1-r t~~~} r~ .. , (r,o.>] + 
. . 

-\- 2A,B,{ t t l~f+>n(:~:)"'+~\y} ~':] -
l'l=O t=-() 

l'l-:ft 

47 



ivn -r 2.n-r 'l.t. + 2.. 

·cp - G\. 

. ~-
\ 

2..W'I + 2..n -r 2. t Gl. . 

Thus· the defleet1on, w is completely dete~m1ned. The GJq>ressions tor 

tile bending and twisting moments a.re 

't f_ [P,,A,.;t;;.lr.'ll) -t p~ r-,,.,1~ (_P,n)] e..n 1116 

h"\=2.,4)" 

J oC ' 

·+ -k '[[P.Am1~lPth)-r P:l-B~I~(._Pl.'n)] e.tn mS 
h'r== 'l. J4 J (, 

••• (3 .. 37) 



oc . ' 

- ~'1. L w)l. [A~rtn lP.n) -r B\")!tt~ (Pl.n)] C.cr.HY\& 
~=2.,4,G 

oC ' 

-t L [P.'l.Atnl~ (.P,n) + p~2-Bw.l~lPl.'9~ ~ W\f) £ 
\'Y\=1,4,, 

(3,.38) 

oC 

. T ~'l. L WI [AMih\ l~'L) +. Bh) 1m (f:Ln)] s~ h1 s 1 
l"t\:.2.~4~'-

~"!;I (3.39) 

~e· stress·es due to t1"- >Me amd M"-9 can be calcUlated from the 

expressions 



-~ 
. ·.._ !' 

~~-
' ,_,. 

. ' 

c . • . 6 

To· obtain deflection tor a g1vm ·value or. plato. radi~s· •a.• and 

tound~tion modulus 'l(F' one bas to -start fmm the. ~~(~•-36> with .an 

assooaeu value of ., · o( ' .in order to o~tain tho ~rre$oncU.ng ·value of' 

t!Uf load :l.'lll1<:tion - '~t • ck.c<:! this :relationship 1s obtaina\'1 the 

corres}Jonding deflection _ .... -l·r· ~- be calcUlated frcrn ~;)(39~2)• FOr 
a.· :. 50 mm, h e o·. 75. mm, V t: 0.3, Md t{p ::: SO deflections ie.V~ been 

p~_sented in' F.ig., . a. a. 
. . . ~ ~!nation or the ~.3.$2 will raveal that -the deflection 

a..tt8].e, 9 " Pt>r· a given value of the :toad- function Eq.(3.32) can be 

wr1 tten as · 

·(\jJ) 
~ 'tt=~ 

. e = 1\f2-

wb.er4) Kt and K2· are two numer!ca.l constarf:ts, K2 being greater than ttl.• 

Bec~use. of tb.a reactive forces at the tw-o points of support, deflactlohl 

on the aimneter at G = 0 will b.a l~ss th.a~ those O$l the diameter 
~ •. 

at· 9 .:..._ 1\,/2. ~ ltsximutn tiefleetion w~l occur at. the b~Uil()a1'7 

at S = ± 7%_ •. Deflections aet::ording to the lix&ear theory have also 

bean plotted in F!g.s. 2 ana it ts clear that the er1<0;rd ot the linear 

theoey increases as the load increases-. In o~aar to study the 

~a1,1a tion of moments,_ Eq•• ( 3G~37 )0·. (a. as) and ( 3.39 > -ar.e plotted in 
' 

Fts;.3 •. 3 for" various values of ( 1:~a) and fol' the angles at whiQh they 
- ! • ' ' ' - . 

·; 
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their magnitudes being unequali · are ae-~eloped at n= 3o..(4 ... e = :t 1\"/2. 
I • ' ' ' 

a..t.\d ·_the. twi£:rting moment is m$lt1mum at If = a, e = :t o/4 , .:!:' 311"/4 . 

As .tbe pJ.at~ must bG ill ~Utltl)rtum on the _supports, the 

fo~a&tO!ng analysis· for two s!.mple s~ports represen~ ·th~ w'orst· 
• •• • < • •• • •• • ' 

.· ' 

condi t1on wben. the deflections ~d stresses $re_ maxim~ for a giy-en . .. . ~ ~ ' . . . 
' . 

loa.d function• _With _the m~rease_ ill thG numb~&- or snpportsi:. w1 1n 

Eq.s.s ddcreases• Fo~ an inf:in1tel1 large number of s~ports, t-1 1n 
. . . ~ ~ . . ' 

·Eq.3•8 will approach to w0 in tb.e limtt and the point of maximum 
' . . . . ' ' ' 

·bending moments 'tf'Ul shift to the centre· of the plate. (Mr>max. being 
• . ., ,· . ' 11: . . l ' . • • ' ' ' .• 

equal to (Ma >max. in that casth 
. . .~ . 

The present stuoy can be ·extended to any number of s~pports, 
' , • ' I ,., . ~ . . 

provided the suppottts are so cht>sen as not to disturb the eqUU1.br1um 
\ . . ' 

., ' 

of tba plate. Fo~ example, ·it three · sqttid!stant sUppo~ts are 
. ' ; 

(, ~ '. 

ohot,;;en ~ ~ o, '412... = 12oo ·, Y'3 = 2-4o' , the· ditferSl'ltial equations 

tog0ther w~th the boundary con~itiQtUl remain1ng unctum.ged. lf' the 

plata is c;Lart1pe_d on the s~pports, the boundary conditions and .the 

concentrated .reactions at· the eilpports wUl change to tall)' demanding 
' . - . . . ~ 

a separate investigation~ · 

. / 

. \ 
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In this pap ex- the large defleotion at a ~wnped circular plate 

on elastic fourulat!on ot Winkler type under a concentrat~d load at tne 

c~trt.t of the plate has been in'Q'est.igated follow:ing Berger's app;ooximata 

methOfh The detlecti_.ons are obtained inVolving Bessel•s f'uziet.tans arld 

ths theoretical rssu.lts ba~e been V'erifled experimentallfo Gra.phs ar& 

plotteti. both for theoretical and experimental. ValllG:? for a. giv<m value 
,•, 

ot: foundation modulus. fne theoretical resUlts have been compared with 

othe~ ~own re$Ults. 

f!)~qL~l,Q.N., .o?, PROBlf.lt! 

·. ID:>r maderat~ly large deflections ot plates unde.r a concentrated 

load. Eq.,(3.4). is modified to 

D Jf - 2 2 12 .. 2 
v ·=a. L'" w> +V ·~ . { 'o2w ' 

tQ a c 1 .. )) > - 2 ..... ox 

•Published in the Journal of Applied t.fechanics, Trans. 
A·S•t·!•E·~ Vol• 42~ tro* a, 1975. 
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' 

Applying. EUler's variational .. method to. Eq.(34t42) a.n.d using polar eo.. 

ordinates the following differ~ntial .equations have been obtain~ 

where 

2 
\1 

( 2 \1 ..... 
~ K 

o( ') w +- w = 0 except at the load 
D· point •. 

u au dw 2 - + __... +i(--) --r dr 

. 2 . a2 ' 

v =- + . ' . dr2. 

dr 

l d· --·-r dr 

o(2h2 

12 

and 

o( ·= a constant given by Eq.(3~t44) 

tbnsidering tile .IQdiaJ. st~ess and shearing stress on a concentric 

cirtmlar area of radilus r, ·the concentrated load P at the centre, and 
dW since u and- al~e both zero at the centre. ona gets ' . . dl't ~ 

SOLUTIO:t-1 OF ~.RP}3JJH, 

To solve the problem for .a circUlar plate ot .radius ta,t and 

thickness •n• solution of Eq.(3.43) can be taken in the i'ollowing 

convenient f'orm 

w = A Io <Pir> + B Io ~·Pa r)+ c L-IO(P1r> '"". Ko(Par) J ., .... (3.46) 

h ·n2 + n2 ~2. w are. r ,. = "' l 2 c.iio (3 .. 47) 

- .K --v ••• (3.49) 
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A, Bl) and C are constant$ to 'be determined from the boundary cond1 tion• 

Boundary condi t1ons for clamped edge are 
dw 

(W) = 0 = ( - ) 
r=a · dr r:.::a 

Imposing Eq~(3.45) on Eq.(3 •. 43) one gets 
. ' . ' . 

p 

Consi.dering Eq.(3"'46} and Eq,.(3~4B) one gets 

A :.: 
_-it - Ki(P1a)P1IotPaa) ... lfo(P1a)Pgi1<Paa) _ 

CL . . . ·.· . - . J 
•• Q (3.51) 

P:ei1(Pga)l'o(P1a) .. P:ti1(P1ali00'~) 

+ 

1 
i -liQ(Pga)P1 :£1(PJ,a) • K1(Pga)Pg$)P21o(P1ai) 5 

10 
(P~) 

P2I1(P~)I0(Pla)- PJ.Il(P1a)lo(Pg9-) . 

..1;! (3.53) 
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Satting r ---7 0 in Eq.(S.~) one gets the maximum deflection at the 

centre of the plateo 

If P1--7-7- o, P2.--::; et.: or ~l ___;BC.t · P 
2

---7 o, ot1e gets the eor·l"esponding laJ:ga 

deflection for isotropic circular plate not resti.ng on elastic 
• o • • • M 

toundation a.s obtained by Basttli (1961) -in the form 

w :.a~ 
___ P_.;:;.--_______ . L-:ro ( o( a) - l. ... lQ ( o( r ) + 

2 tr D o( 
3 ai1 ( 0\ a ) -

-X o( a. Il ( o\ a )../ . • •• (3~55) 

ib dstermi.vte t.~e displace:!lent u, onG gets from E:J,~(3 .. 44) 

Ill' = -· . ' r B ... * ( - ) rdr + K-
o( 2n2r2 J dw a . ...1 

24 . · dr . 

where r. is the constant of integration. 



'--i. 
-._-. 

+ 

'--­·,r 

After evaluating tbe integrals and usins the boundary condition 

u ~ 0 as r ~ a, the :following squation (lete:rmin.ing u is obtailletl. 
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.. 

<.:) ~ ai (P~):t1(P2a) "" 2 . 2 -
+ .~c.p2 L- 0 

;

2
. · + ~ I~<P2a)a(J ... i I0 <Paa)a -.7 + 



Al.so as 1:·--?- o, u--? 0 from· sflllmetry. ~hus the equation for o( is 

given by 

61 
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-

If P1 -7 0~ ~2--7 o( or P1-70(, Pg ~ o, Eq.(3.59) leads to 

L.P a:_72=Jf~<~q--~a .• )a _______ ~~~-----------------
"A Dli ·L-y + loge ~ -.. I 0 ( o( a) + o(e. K1( o( a) -2 

2 
o(. a I1 ( q a ) 

= t j I 0 ( · o( a) ·""' 1 } 2 _
7 

\. I1 E o( a) 
• • • (3.60) 
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The above result was obtained by Basul:t (1961) in determining 

tne large deflection of a clamped circular plate under a ~~noentrQt$d 

load at the. centl.'e ~qithout any. elas·tic foundation. 

hf'lection vr.as measured ~xperimentall,. by an apparatus shown in 

F1g.3.4. The thin circUlar mud· steel plate (A) of 0.75 rrt"n thickness 

"rns placed bat,qeen t-wo wasners and rigidly clamped ov~r the base (B) b7 

m.eans of eight bolts and a thick mild steel ring 01) or 6.0 mm thickness, 
J'' • .• - "" 

the diameter of the cavity (H) being 160 ,mm. Load was applied at the 

eentrG of the plate through the load spindle, (C). The. load spindle was 

accurately finished and made to move vertically through the bush (D) 

which was closely fitted at the centre of the frame (E)• The lower fa.ce 

of the load spindle collar (F) was accurately ground and polished. 

Load.~ were applied over the load. pan ·(G) and tl'le corresponding 

def'leotion was measured by means of the dial indicator (J) placed 

a.gai..Ylst. the lower. face of the collar. The ~¥11 indica tor tlSed can read 
' ' 

uyto 12 mm with an accuracy of o.Ol25 mm~ The :readings ware t-~lten first 

with the caVity empty and these readings ·correspond to IT :::; Oo The 

cavity was then eomple·tely filled .:tn with sand and th~ experiment was 

rapeated. Th~ value of the nondimensional modulus tor sand used b'1ls 

dst~,~rnnined ·0>:;perimentallY to be KF = 430. 

1b calculate deflections for plates resting on el?stic 
. K; 

founda:~ion one has to start from Eq.(3~59) with assumed values C!f'T 

and o\ leading to the corresponding values of the load f~~ction. 



Once the load f~ction is obtained,. the deflection is dete~ined t~ 

Bq,(3~54), file thoo~etical resUlts f'o:r ·plates with eJ.ast1~ foundation 

and witb)~t elastic found$tion hav~ been vex-if'ied by th~ experimental 

:results*, ~ha corresponding g~phs are shown in the Fi~h s.s. ResUlts 
. . ..._ 

11
_ ,~ · Cl959,P.4l5) (1968) . 

according w ~.~.~uos.,.enkQ and Ktrege!tand SeliiU.a.:;corresponding to 1\F=O 

have also been .Presented for compa~son in the same graph. 

lt is obse~~d from Fig. 3.5 that the deflections calcUlated 

both for plates with and vrithout any· elastic foundation are in good 

agreement 'lith the values obtained e~erimentally. fh1~ .Jtist:ttiss tl'le 

assumptions Berger madG that the second strain invariant of the middlE~ 

plane can be neglected f'or practical purposeo lt is also observed that. 

the dClviation of th.e e~eriraental curve trom the theore~ioal onG is mo. 

with bigb.er 'Values of the load function~ lrb1s 1s dUe to the fact that 

tlla esat.Wption o~ :K: to be proportional· to the deflection is not 

str.1ctly co~~~t ae K varies noriltnearly with the deflection a.t the 

b.igb.er values o£ loa.ds~ 

~ @quation tor bending moment 1s given by 

Mr = • D L-A Pi fo (P1r} +- BP~ I0 .~P2r)- (1...,)) ) .~ · AP1I1(P1r)­

""' (l ... ).) ):~ EPg l1(P~) + c{ :P~· Ko<P1~) • ;p: Ito. U)g'f') 

••• (3.61) 

Bendin~ moment at a point not very close to the cantre of tbs plate 

may be calcttlatetl with th~ help of Eq..(3 .. 6l) and the cox·responding bendin 

.stress iS given by 

••• (3.62) 



I -+ 
··-

65 

On ~amina.t1on of the 'Pk!.(3.-6l) it is obsel"Ved that the bending moment 

becomes infinite at the centre of the plate. Hence Eq.(3.6l) cannot be 

used to· determi..vu:! the max1JnWn bendinS stress which occurs at the centre 

of the plate. The concentrated load P at the ·cantre of tile plate may be 

assumed· to be uniformly distributed over a con. centric circUlar area of 

a very small rad.i us, o. The shear stress is given b7 

Q = Shear force 
.· d - 2 

=~»-L (\J• 
dr 

g. . 
o( >J' w. 

From the theory at bending o£ rectangular beams ( 'T )r.z 1s zero on 

the outer surf'ac$S of the plate. The m.ax1mum compressiv.e stress at the 
. . . 

centre of th:e upper face of tho plate is then given by 

where 6', is the bonding stress calculated by Eq.(3o62) for points very 
2c 

close to the load point and ~ is a numerical factor depending on h' 
the ratio of the diameter of the loaded area to the thickness of the 

plate L- Thtoshanko (1959 ), · Pc70 _7, The m~imum tensile stress wUl 

occur at the centre of the inner surface or tbe plate and its value will 

be less than the compressive stress at the corresponding point on the 

Upper surface. There will be a high concentration of .stress surro.unding 

the load pointo 
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LAROE DEFLECTION OF A CIRCULAR PLATE ON. BLASTIC 
' 

FOWfDATION UNDER ~~1ETRICAL LOADS ~ 

P APF;R .... III . 

Following Berger; s- approximate. method, large deflections of 

elamped circular plates on elastic foundation and subjected to some 

special· t~es or symmetrical transverse loads, which are functions 

of the distance fl'om the centre of the plates, distril)uted over a 

conc.entric circUlar pot>tion ot the .plates have been investigated in 

this paper. Deflections, bGD.ding_.nwments ana bendi.n~ stresses are 

caleUla ted. for. difter~nt values of foundation modUlus. and. these_ are . . . ' . . 

.•, . 
. '·: 

J!O&u;r!ON Of PI\OBlJH 

t·et Us consider- a clamped circular plate of r~u:11l1S •a 1 • The 

~ent.~~ of_ the plat~ -_is. tr.~.kan_·.a$ the :ol_'igith: For .moda~te1y large 

deflection of plates the governing differential equations in polar co;. 

ordinates ~re .' 

"\/4W - o(?..'V'l.W-+ ; w i: 
ll d..tA. 1 r_dw)2. _ o<~t. 
""K + d.n. + 2 \_~- -· [i"· 

•• 41. (3.65) 

$Published :in .tournai of Structural Mechanics, University or 
1llmois, t141 S•A•t Vol4)3(4) No.~ ooo-ooo» .1974;..75. · 
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where 

If there be a symmetrical distribution of tr~verso load varying 

as ('J--~·?)" , (7\ >-0 over a concentric circular area of radius. b <. a , 

= 0 

Eq.(~.-65) now is written as 

< v 2 ... ex 2 ) v 2t·r. + ...=..- w = r (r) 
D 

when b < r .(a 

The boundary conditions for clamped edges are 

. -o-, eM>. (W) r ==a ...,. · - ......._. . ~ r-a 

Let us ass\lne the deflection t>J in the following form 

c.a 

W ~ L As ,- Jo (Ps~> - Jo (Psa) J 
S= I 

where J 0 

.... (3.67) 

••• (3.68) 

• ... (3.69) 

••• (3.70) 

is the Bessel function of the first kind and aero order &~d Ps ts the 

&a th root ot 31 (Pa) = o, J 1 being tha Bessel function of the first 

kind and first order • 

. ·It is evident that the boundary conditions for ·clamped edg~ 

are satisfied by the above configurations ot w. 



Since 
l 

: + ~------
r 

d 2 --J Jc)(Psr_) =- P J 'i(P r) 
d~ s _0 s ' 

t As !.."1>1 JotPil + ~2 1": .10 (l'sr> + ·.! • { J(,U'sr>• 
S=l 

'70 

••• (3.71) 

It it is poss1ble- to eXJ}and f(r) in a series of' Besse~ function, 

one ge·ts, 

J
a. -;...2 2 2 2 , , · K .. ·As L Ys (Ps + o( ) Jo (Psr) +As D . 
0 - ' 

I . ·' 

f(r) X 
( ' ' ! ~ 

.... 
Putting X" = b ·sin 0 and t( r,)' = c (b~ r2)1\. in the integral of' 

Eq .. {3~-72), one gets 

' . .,. ' 

= Cb2< A.. +ll f 2 sine 
0 

,.._ 2/1. +1 
vvS E). X 

Jo (Psb Sine ) de 

(3.7~ 
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?\. +1) .., 

This is a special tol"'lil of' ~on~ine•s first definite integral containing 

Bessel f"ttn.ction L'11atson ( 1952) _ J ~ where f.../ ~ J... 

SUbs·tituting the valu,e obtained· from Eq.(3•73) in Eq.(3o72) one gets 

after sL~plif1cat1on 

. ?\ +l 
C( 2b) _ ~+l ( Psb) \ ( ?\. +l) 

. As = o•• (3.74} 

fhus 
~+l 

C{ ab )' . l { 1\. +1. ) . 
'' 

2 a 
·W = 

. ' 

is . completely determined. ..... (3.75) 

The de:flection T.>11ll be maximt'tm at the centrsij!. From. Eq.(3~75) maximum 

defleation is obtained putting r'= o. 
Thus 

--

••• (3.?6) 

.. To detei'Iiline the displacement u, one gets from Eq.(3.G6) and. Eq ... (3.70) 

du u · o<. %2 dw · 2 
- ..,. -= -tc- > dr r :ta . dr · 
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. . 

X J 1 (Psr) J1 <Pmr> ••• (3.77) 

J(.dJt-

Mult1plying Eq.(3.77) by t. and integrating with respect t.o r, 

one gets, 

o<.2h2 rg . 
u rt = - . . - i 

'' . 

24 

+ K .. ~ •••••••• -......... Eq.{3.?8) where K is the constant of integration. 

Boundary c:onc1it:i.on imposed on tt is-

(u)r = a = o 

. Q) 2. 2 2 2 
K = t L A P a J' 0 (_P s a) -

B=l s .a 

AlSO as P-7 o, u -7 o, :f"rom s~etry. 

Therefore the equation to detemine o( leads to 
o(~2 a2 C» 
---~- = 2: A2 p2 a2 J2 (P ·a) 

- 6 . S=l s s o s 

••• (3e:79) 

• '. (3.80) 



7'-= t t K=O 

~~t':? deflection W is given by, 

w = 2!)3c ~ P(Psb~ c;c.<Psr> - J0(P~a).) 
a2 &:::l· P.s Jo (P sa.) . . . 

'?3 

- .. . J 

Eq.-(3.82) is the resUlt obtained bf Sen (1935) in his eorrespondlng 

small deflection p roblen~. 

Let us examine another typa of transverse loatl function varying as 

( r4 .. b4) ov-t:r a Concentric CircUlar a.~ea of b <a. 

!~-~~: __ Qase t(r) =Jc (r"\. b4) · ~ ( o: < K < -b~<c:tj~ 
.· - (-cJ----:1 · ·c b ~ /(.. < a.. ) . • •• cavss> 
. ·. I . 
:. " 1 ~ '( 

i \ 
. --.·--:------ ..... -_- ..... · .lt..~-----...---- ~ -;--_- .._. ___ -! 

·EXPanding f(:Ji) in· the series or Bessel functi.on and proceeding 1n the 

same manner one gets·, 
32ba (4- P~ b2 > J1 (Psb) . • •• (3.84) 



-+ 

W= 

is· eomplate~il datermined~ Deflection is maxL"!lUrn at the e~tre• 

The ce.."ltral deflectton is obtained putting ~ = o• 
fhus 
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(3eS5) 

••• (3.86) 

By substituting the &1•(3.84) ·in Eq •. (3.78) and Eq.(a.so) one gats the 

equation for u and o( respeotively for the type of load funotion 

in Eqt (3.83). 

The equation .for bending moment is given by 
' 

. . 

ow. +..1... 
or . r2 

Since n is a function of r only~ the equation. for be.."'ltling moment 

becomes 
. '2 __ dW l dw ·_ 

n L ~ + v c-- ·. . .. ·l J 
d r""' r dr 

•••• (3.88) 

<bnsider!ng Eq.(3.75) and Eq,.(3.88) the value for bending mo:nent ror th$1 

type of, leading 1n Eq~tC3.67) is obtained as 
. J\.·)ol . . . . • 
DC(2b) r ( 7\ ofol) m Ps v l\. +l (Psb) 

Mr = . a2 . . ~ l.--P-s~"'.,;;.~-a(•-P•;---+·o<.~a~)-+_P.,..;.._,.._+_l _____ ~_,-J ___ J-.:~=-(-Ps----a'!W")-
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~-

For el.amped edge the balllding moment wUl be maximum at the centre. 

Thus ..... 
DC(2b) i'"+l r ( 'A + 1) 

••• (3.90) 

The maximum bend.ing stress is given by . 

·( 6 r) = ·-maxo ••• (3.91) 

For the load function given by Eq.(3~67), the ma,cimum. deflections, . . . . 
maJd.till:RJl bending moments and ma,xlnltml bendi<."lg stress for?\ = 1 are given 

as f'ollO'!.;s s 

¥-
' ~~· (3-.92) 

.... (3.93) 

---

;..,.~ 
'-· 
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If o(-7 0 and !C = o, the corresponding results for small defl~ctions 

problems are obta1ned4 

Thus fo'l! snwJ.l d.eflections 

= ·-· RJ. ": .... 

a2 

o:> Ja <Ps b) 

Ll. p4 . ~2 (·P.. .. } 
s;: ·s"o sa 

- )) .-1 -l 1 + -· 0 IT g,.; 
- 2 _, 

••• (3.96) 

••• ( 3.96) 

•••• 

The above results will be utilised ror numerical computations and for 

sid~ by side comparison. 

n E s u .l£ ~ i · 

Num.erical rettll ts ara· p1•eser.t.ted here for the case of tho 

circular plates with c_lampad edge. The type of load function consi·dsred 
' .. 

is as in Eq .. ( 3.67) and the value o£ ?\. is assumed to be l:t r-adius ot 

thG plate bai..'lg a = gb. 'lhe maximum deflections, maximum banding 

stresses are calcUlated f'or various values o.f the load. functions and .. . . 

for various values of" ·the fou..Til.d.atipn !nOdl\lus$ ·These ~re presented in 

the form of gl'tlphs. Central deflection a.."ld maximum bending stresses 

are also calcuJ.e,ted fo.r small deflec~ions and these are also presfl..nted 
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tn the tc:an of gr&pbs for' comparison~. vartation 'ot the bending moment 
• • \ t 

&long ·the radius ~s a;so .caJ.ctU.ated both for small deflection and. lat~se 

deflec_~io~·~, 

. L1tl calcuJ.at.ing the c_ent~ deflection, one has to start from 

.Eq.(3 .. 80) with.an a::isumed v~iua ot ( c( a) leading to a p~rtioUla:r 

VAit'I.Ei of tb.e load. fUnction., One~ this re~a tionsb:lp · 1s obtAined the 
. .. 

~a.~imQ!l valus of the deflection oan .be obtained frotn ·gq.(3.9e) for 

various values of the toundat.ion modUlus. !besa l!astJl,ts are presented. 
•, ' ·, ' 

1n Fig~3.6: to 3~9~ on e~ination of the Eq.(s.9a),· it is r~~ed 
• • ' <-

that as tlla radius or th$ _plate inc~eases, the central defleg~ion .. 

also increases for a given val"e of' the load .tanction.. For small 

defleetion Eq.(3.95) is to be used for calcUlation ot the central 
. . ' . . 

~ . . . ' 

deflectian. 

lh calculating _the· b.ending ~oment £or various· ·values of' (.! )• 
Eq.(3.,89) is to be used putting the value ot 1\ ~ l• fhe variation of 

• , ' • ' • ' I • 

t~e bend;l.ng moment . along -the ~adiUs of tpe plate is pres en ted 1n . . 

Fig •. 3.10.-Variation of the bending moment along. the rad1us according 
. . . . . . . . . 

to_ the ;tin~a~ theory· can be .calc~ated .~itb the help of the Eq.(3.89) . . . 

putting the val_ue or o<. = 0 and . A = l. !he max1mtrn bending stresE:H~S 
. . ~- .. ·. ' . . . . .. ' . . ' . '' . ' . ... . 

both for large and small detlection and for :uarious values of 
•I ' I I I lo ' 

foundation modulUS are presented in the. Fig.~ 3 .. 11. 
. ' ' 

For ·the type· of loading in Eq.(3.83) the central deflection for 
- . ' 

various values of load function and foundation modulU$ can be ealeulatea 

witt~ _the hel,P. ot Eq.( 3•86) :.tn· eonjunction with the eozsrespond1rig 

eqqation for o( • Vaiuea of the bend1n~ moment and bending stresse'f 

·can also be easily calculated. 



From Bq .. (3.92) it :l.s observ~d that the central deflection of 

tb~ circUlar plate depends on the radius 1a.' of the plate ancl on the 

value of the foundation modUlus. But tor a given value of the 

foundation modttlus, deflection increases mainly due. to inc~ease ot 

radiUS, bGeause the ~ffect ot the value of P~ • · ~ is little in 

comparison with other terms when the plate radius is increased.. for 

a givm valua of. the plate radius, as the foundation modUlus increases 

the Eq.(3.,5S) behaves as the linear equation or the t~e 

4 "' ~ K W . o//'"'·.· "l w -.:- D = -r. u •• 0 (3.98) 

This is also seen from the Fig.3.6 through 3.9 where the detlsction 

curves for higher values ef the foundation InQduJ.us KF tend toward:; 

linearity •. The nature of the curves of the F1g.3.6 through 3.,9 tor 

KF = 0 are !l'l good agreement with tb.ose as :found by other authors. 

For value of ?\. = i in EQ..(3.67) and for KF = o, the deflection curve 

1s presented in Fig. 3.,12. This is i,n good agreement \-11th the resUlt 

o bta.ined by Banerjee B L-( 1967 )~ 5 J . 
· to 3.9 

From the ·Eq •.. ( 3.9_2.:"): and also from tha F1g.3.§/1t is seen that 

with the increase o£ foundation. modulus, the deflections of th.a plates 

decrease,. This is expected. Beeauso bettor foundations will give larger 

upwa.rd pressures to reduce the ~ffect or applied loads. 

For the type or loading in Eqo(3.67), the load on the. plate 

at r = !. b is zero and the deflected shape of the plate is show in 

the F1g.3"l3. From the. F1g.3ol0 it ~s seen that the bending moment 

varies from + iva to - . ive value along the raclius .• _ fhe deflection of 
!1 ' • • • / 

the plat~ along the radius ttTill be as shown in Fig.3.l3. ~his sbows that 
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:11-
. -- < 

the direct. stresses in- the· Upp·e_r_. ana loilrer. f1bras of tho plf;ltGs will 
. - ' ~ ' 

change. 'tirbtli t.~sil$ to compressive with th~a: va~ue of -aero $tress at 
- . . . .... . . . ' ' ,.,, ' . .. 

-the· po:1nt' of ·oo d.efl$ction. ·Ma.:¢1mum.- bending -~tress -will occur at the . . .. . . . . . .. ' 

·centre of the :pl'ate. WitQ: the increase ot. lqad maximum ben~ing stresaes 

~iil vary' linearly w1th ·the ioad·-and the stra~ses will-~~ ·-nonlinearly 
. . .. ' . . .~ . ' 

with the · detlectlon~ The effect -of: the foWld~ t.ton · modQl.U$ 1_s to redttce . . ' . . 

th~- ben,din.g ·stresses.· Errors in :the results -ot the deflection ob~ined 
. . . . ,·· .' 

from the· WO apprOXimate equations (?.65) ~d (3.66) WUl be less- for 
- . 

tha values of KF other than zeroll But the resUlts for the bend_tng 

moments and bending stresses w1ll not be as accurate as the,.~efl~ction 

beqauae their -values dspend on ·the derivative of the d1splacEm1ent 
•. . . . ' ' . 

an~ deflection~ 
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LA..llGE PEFLEC_TION OF, :A' > SWI• CIRCtitAR' PLATE ON ·ELAS~IC: 
F()tlNDA!lON UNDER A U!liFOllM LOAD* 

' ' 

' ' 

.· 

liil'g$ detlect1on of a $1tzipllf' .supp.ori;ed . sanicircular pl.a te piaced 

on elastic t'oundation of: W~er t)?p~- and SUb3ected tO 'a uniform 'load 

bas. been investiga teti following Betger 's approxitnat& metbOd~ Exprossio.ns 

for the deflections' and bendibg moments a~a' obta'ined and tne 'theoretical 

·resUlts bPl.ve .been p~es.entatt in the form ot g~pbs. 
,·· . 

· ~et us take_.a Pfat~ in_. the form.ot_~ s~iotrcle, F1g.3.14 and 

l~t tt_ be .s_:tmp~y suppo~t~ and placed on an elastic. foundation ha.v:l.nc 

.thE). ree..~~~n. :tt. pe,. W11t area .per-unit deflection. Let the centre be the 
• ; '. . ' •• • • I I ·' ' . . . 

Qrlg!n, t4~ ~ttnding .cU.ametar b$ the .. 1n1t1al fine ~nd the. plate b~ 
I ' ,· '• ' ' • ' I ' • f • 

4 2 2 K ,.. ·q v,""' ct. "' w + -.-.w .. = -
· D "; · D 

*Accepted tor publicatio~ in tha proceedings of the 
Ind1tin. Academy o-r Sciences, Sangalo:re,. ~dia. 

,{PUt~ ~J v~.t~_xxx Ill,. ~.A, rv.o,f_, tq 76), 

••• (3.99) 



where o( is-~ cons~t given by. 

2g 
_o<.h ·-' ........ 

12 

' . . . 

' ' ~ ~ ' 

.,· . 4q . Cb sin me . : · · :·/. · . 
q = ... >:, -~ ~ ' . ; ' . : .· .. · . . :' ·.::. 

"A ·· !:-'. · .. :- rn · · · · . . . m-1,3,.5.. ·: 

1G Sin me 

Ov 
. , eYe 

. ··, ; 

... 

(3.101). 

~ u ~ • • 
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where an is a function of r only, and substitut.ing mq.(3"104) and 

( 3•105 >. in ( 3.l0i) one gets 

'd 

dr 

~q 
= ·-· 5 .... 

Am» 

·~e 'appropriate solutio~ of Eq.(S.lOl). is given or 

w ' 
w. = L L-Am J;n. <P1J.-> + Bmlm<Par> + ;i; x 

m=1,31 6. · 

(X) 

SS+2s,m(i P2r) = ~ 
n=O { 2 2\ 1 · 2 2l (4 + 2s} - m J- .. l (4+2s+2n} •m J 

1s the tomme1 1s ~ction which is vnifor.mly convergent. 

The required boundary conditions are 

(u)r=a = o 

1)' .1 ow 
+ --1! or 

••• 

••• (3.100) 



C>nsidering eqs.(:·J.l07);(3.10S) and (3•109.) and solving for the 

constants M1 and .8m one gets 

.. Q) /(19 
- Im<Pga) 1 a~ . '"' s'' (1 P2&) + l. L ( 1· p .... )4+2s. 3+2s,m 

s=O · ?; 

·-

{ 
m As 

'!"'_ ~(P1a) . a 2:. . .. 
s=O (1 Pg)4+2s 

R 
S (1 P~) + 
3+2s,~· 

•••• 

91 

• it e' (3elll) 
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where dashes represent differentiations with respect to 11 •· 

Since we· ara inte~ssted only 111 the- lateral d1splac$nent w,: let us 
. . . ' ~ . . . 

dete~ine o( ~J' f.i)liminat.in~ -~.and v fro~ Bq.(3ttl00) .... ':.·· 

tet ·. 

. ••• <a.ua> 

. v = ~ \}(r) Sin m6 

Mnlt1pl¥inf: aq,(3.100) by ·rdadr $!1d integrating witbin the limits o to 

a and 0· . ·w 7\ one .gets 

.~.' . 
•' 

·'-

ll:· ' ·;r ' 

• J J z::: 11(z:1 <»11 !lie 
Q ·. 0 . 

'' 

a -,-

de dJ.' + J .· (L m V(r) eos me 46 dl' + 
0 0 

a n. 

J L " d6 dJ.' 0 o. 

' . -

After evalt18.tilig . th~ integrals~ the following Qquation l_~c.U.ns to o( is 

obtaine~., 



-~· 'I . 

·.~-

. .. (~) 
!t ~.- 2: . n=O 

A%<4i-2$+3'1)a a.8+4s+4n. 
+ 

S+4s+4n 

93 
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~·· 

' . .... .... . 

(2n+2n+2t+4) Ln (.t l (m~+2) I (m+t+2) 

Pl. nP1+2n · ... P2 m+1+2t . 
+ c:p ~ ( 2 - ) <-g . ) ' . ' + 

. m 
. A p ·q v-+ ·~ ~ _. 1 f P ... 8!R17 ~ 

- · .~ Dm s=O 



. .'' 

' 

X { 

().) CiO 

+ ~Aml\n I: L 
n=a t=O 

J1:t:t 

C) 
0 q. + 0 .1!..... ........ L. .. 

'""m 7\ Dn ~ =0 

q : 
+ s ~ _7\_])n_ 

co 
L 
s=O. (1Pa) 4+2s 

9·5 

+ 

<:p 1 (:~. ) m+2t 
'2 

~·· (3.ll4l 



where 

-t 

¢= 

cpl::: 

\.\l = l 

(i?ln+2n+2t+2) {..n Lt /(m+n) /(rn+t+2) 

(4+2S+2n.+2t-tm) Lt /tm+t+l) 

( 6+2s+2n+2tim) Lt /(m+t+2) _ 

2I\+4n a . . 

96 
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< an+at+at > 1..J1 t..t /fm+n+l > /tm+t+l > · 
. ' 

m+S+).)· -·- ...... 

m+3+ 0 

--------------~------~----·------- }shtme m 7r(4~·)(4-m2> L-~ + i (. :L + l.l ) _/ 
--

as :obta!ned by Timoshen!to ( 1959) tor the corresponding problt:m of small 

deflection with6ut ~ny elastic foundation. 

RESUJ,TS ....... -- .. . -
ib ~btain d~flGctton for &.. given value of plate radius 'a' and 

' foundation modUlus •KF' o~e has to sta~t from· Eq.(3 .. ll4.) with a~ assumed 

value of ' . o( • in order, to obtain the eorrespobaing value of the load 
~4 ' 

function ( .. J ). once this relationship· is obtained the corresponding 
Dh 



·~ 

• ·,~ :·.: J• ,- -
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deflection <-f-> can be calcUlated from Eq.(3.107) with the help of 

Eq;:. ( 3.·110) and ( 3o 111 >'· Pbr a.:::aomm, 1) = · • a, and .Kp' = 350 deflections 

have been plotted in -l?ig.S.lS :tor variot;tS valUes of load function <is~). 
On examination of tlle Eq.(3.107), it is clear ·that the r•d1\lS 

. . . . . 

of s~"lleti, of the plate undergoes the maximum deflection witb. respect 

·to othet.- radii. The. expression for the de:fl~tion at. a giyen ~oint on 
·-t: the radtus or sYnmietry ·can ba axpressed in the form w ~ f ~~ ... ,. whare 

f3 ·:ts a numerica.~ ·factor. Deflections at various points on the radius 

of symmetey ·are plotted in Fig•3-l6 for a given value of load .function• 

From Fig.3.16 it is observed that mrucimUlfi deflection occurs at the 

eentre of gravity of the platei! 

The pla. te is su.bj ected to bending moments in radial an.d 

tangential direet1ons7 as wsll a$ to a twisting moment~ 2!he moment• can 

be easily compu~aa, 'because the deflection w is known. 'rho expressions 

for bending and .t?.rtisting. moments ara 
\ 

Mr " [: - DC ~L { :IQ'I'2(P1r>+ 2lm0'tl')+ ~~P1r> } + 
m=1,3,5 



.. ;.j,.,__ 
: T· 

• 

+ . ' . 

2:.-

.4.Q. 
+-"'-

7ltm 

.k Bm. P.a { ·~ Jtn-.1<Jr.Ar) + 
2r G 

!:f 

+ ~+l(Pgl?) r 4> ~: { ~ Jin (Plr) +lim. 3fa (P2r) }. + 

+ 
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., 

·4q 00 f\..s { 1 ' +- :~ L • ~ sa+as m.<1 Par) .. 
~D~ (iP )4+28 r 

. f. 
s=o s 

, •• (3.117) 

' 
1-fe are both maximum on the roa1us of s~otry, tho twisting moment 

·~G · ·is ~a.x~urn on the 'bounding dit.Uiloter. fh~ bending moments can be· 

axp res sed in the to• 



•.• _«;\ 

Expressions for shearing ·f'orcos ca.l'l be obtained with the l'J.alp cr 
~.(3~107) r~ the ·expressions 

D = , .......... 
r 

x Sin ms 

101 



D 
eye = ~ .---. 

. r. 

4,q .,. - ....... 
A' »a 

As 
Jf r &. •••• • ..-. e-
(1P.2y1+2S 

fhe shearing stresses can be calcUlated from the ~ressions 

6 lire 3 Qtc_ 3 Qe 
1 ~a = - ha ' '~rz = a il'"' '~ez = "a• -r;--

102 . 
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t~'lGE D2FLECTIOrl OF A tRiiJiGULAR O~UOfOOPlC 

PLATE ON ELt1STIC l?OUNDA'ilOlf"' 

''f'ianguiar re1.~forced concrete slabs are sometimes used as botto. 
. ' ' 

·slabal of bunk(!rs• Thus the des:ign of tbis type of struetw:-e is of 

p~actieal tntorest for Defenceo !bes~ slabs ~Y. r~st t~ealy on aoil or 
sand and generallf are sub~eeted to a unifom load. lf the thickness Qt 

tho slab 1s .$mall com.,oared to. the o thor dim ens ions; then. 1 t may b8 

rega~ed a$ a thin ortllotropic plate ~esting on elastic foundation and 

suba.eeteu to n. ~ito~ load. Following 13erger•s mGtbbd nm1erous, 1sotrop1• 

plat$ problans ~v0 been solv~d. with ~s$ anc! accuracy. Iwinstr.t and 

·Nowinski (19.57;) senetoa.lised tbG procedure of :aerger to Ortl¥>trop1e plat• 
. ' 

and ·f'o~tiJ.:·.·.2.:le uotleetio11s of' circuJ.a.r and r0ctans!llar pla.tas under 

uniform load,zunaar various· bo~dary ·conditions. 

In tbl$ Paper large t1etlect1on of an equUateml triangUlar 

ortlotmpio plate, sueh as remtorcod conerete, resting on elastic 

:f'ot'Uldatiort has been solved following :Serger•s methOdo !be plate :ls undet' 

uniform· load and the: :foundation is a.ssumGd to be such that its reaction 

is prl)po·rtional to the <lotlect:J.on o£ the pla,te. 

iW .•.• .., •. .;.,-.... Ji::itill''-ill .. 1 'uaz eii (I! l . W l ·,A I; i . L. ··~ 1· \1. b M fi!:-a:&-1.' 

*Pu.bl1$hed in the Defence se1enee Journal, , \bvt. of Ind!a, 
. Uev_., Delhi, Vo1.25, flow3~ 1975~ , 



For. mode-tel)' la~,ge ~·tteetioi'llt· the stra1n 4:isp1aocumt 

rtaa t:1onshtpa area 

· Neglecting the seec;na .middle s'ur.race stl'l:lin invariant., ·the svaln 

m•rgy due tQ. bending and stl'etcbing. ot the m1dt!le surface or the 

pla. te of tht(lknees., b,: ean be written as 

. . ' 

••• (3.124) 

in whiell 

E' h3 E' h3 E" h3· 
D.z a ,x ,,_ t Dy· a -~ u • J)l • • ·' ••• t 1\:y = 

12 12 ·12 12 

ow 2 
(..anT SRI IF ~ ) 

ou-



,........J 

\ 

-~ 

' '10? 

t .t n . 
. . an~ -~ * Ey, 1 , and G ar~ const®.ttt to characterise the elastic 

. /~ ' 

pl')perties Qt the material. ay addlng the potont1al energy(£ the 

· .. unifo~- ~~Ql loa6,. q, and of the foundation. reaction, K, to the 
' . . . . . \ 

' ' . 
et'lergy a"tPress!on ot !q~3-l24) the moatt!ed oo.0r-g expr•sion is 

: obtained ~s r._.,llowa • 

' ' 

• »x ~~2 -~ jdXIi~ • s r 'fit ~df •• If K ..,r~ dXdV 

·-. . 
According; 1;() the p;i_JJ1ci!;i~ ot l!lintm.tl!n potential e..11ergy, thG · 

d1splacene:nts satisfying ~· eqU1_1ibr1ll'll conditions ma~-. the po_tential. 

~erg, _v, mlni!=stl!lt In orcter tor t.be'1ntegral. ot Sq~3J.~lto be an 

«ct!."(IU_tl!lt 1ts . .tnteg~dt ~'• must. satisfy. the ~lJ.QvL'lg EUler's 

vari~tional pr1ne1pie _: 

011' 
( ow,. ) + 

OF 
'I ±Ja ) C 0 
OWxy . 

•• • (3olS'/} 



lOB 

-----

tftiC 

0 
) (3.130) o:~· < al = 0 ••• 

!i\~s 
"' 

el tr: c ~ IJ \Ill. '(3.131} 

a nea~e11eed constant of integration to· be determined\) Applying 
. . 

Eq.(3.126) to F.q.(.S$1~5) emu cort .... '11t1ering Eq.(3.131) one ge·ts 

2(D1+ 2 D ) x.r +· ,.. - tifa .. 

D,; 



·r 

:Fbr a slab with two irr~7 reinforcement :tn the d:J.ract1ons x and y, 

H can be ta.keri as (..- T'~os henlro ( 19.£9) , P. 366 J 

Introducing now 

D.. J.. -"'!"'.o...,._.,._ \li' ·n , 
y 

•• it (3.134) 

Bq~3.133) is reduced to the form 

1."1. which 

o<a - l2C - h2 

and oa ()2 
~ = +. 'V<'* •• ··------ox? oy2 

l 1 
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'lb solve equation -~3.135) tri-linea~ QO-ordinatlis. as shown 

b7 s~, n. (1968.) has been used, Lot the~ plate be in tbe f>rm ot an 

equUateml triangle, ABC (F1:g•3•l7) having f.Jacb side ot length,2a. 
. . . 

Let tha ~trotd, o,_\ be the origin, X- '-~is and Y .. wt1s porpcdlcul.o 

- and pate.llel t!) the base ac, respectively. It x1, f'
1 

be the 

cartesian ·co-o~dinatas oT any pointt P, vithtn tha trianglot _ P1,P2,P3 
I 

be the ·tnrae perpendicUlars trom ~ on CA,. AB, _ a.Yld Be resp~etivel,., 
. . 

and. ~1 tha radius .. ot th~ inscribed eirele8 than 

- x, 
Pl=t-+......._. 

ana -

ft -
'Q 

, ./3 
.1_ -- ,- .... t 

a 



_j 

\ 

-~ 

lU 

Using the trUinea:r co-ordinatas ( P1 , P2 , P3 ) the deflection, w can 

be take..'11 :1n the form 

••• (3.136) 

wher~ 

An = a constant. 

Tb.E!l above form of" \~ ·.satisfies the following boundary conditions ot 

simply supported edges : 

,, 

w "2.. :;: o ~at· .Pl. = o, P 2 = o. 1? 3 = 0 
::::::1 W-=..c. j 
Expanding the transver:Ja unifom load, _q, into Fciuriox- sine series 

IH• (3*!137) 

and subst1tutine Eqs .. (3.136) and (3.131) into Eq.(3.l35) one gets 

G!Q 

An ~ [ n .. ;~~· ~---~-:r2n_tr __ ~4-~c-~"'~ .. 2 I K ·...;· 
II ""X <..,.. '1, ) +0( 1 o ?_·::IIC . ) + -;:;:- J 

n=l . Kg n.-" -x 
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To d.etQmtne o( , Bq.(3.12~b) is tl!anstormed :lnto x1 , 1J. co-oro,1nates 

in th~ following form 

The boundary ct)ndi t1ons on u an(,\ . v are · 

u = 0- ••o 

The follovring. forms of u arul v satisfJ the above boundary condition&• 

.... 

in wh:i.Gl:h Um is a. e·tnis tan t •. 

Substituting the express.iotlS for U;. V' anti w into 1?4•(3.133) anc.l 

integ.t>atH~g over the whole arQa. of tha plate, the following Qf!}Uation 

de'termi.'fling o( is obt~1nad. 



· .. 2 2 
e('b 

-•nu .± : 

12 
•.!ll ~- U i_ II( • II I lti:J. 

thus v1 is eo:npiQt$11' detemirled in the following rom in x,y 

e~ordL"La.tes 

' I 
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If ~ = Dy = D,o(~ o, and lt::;: o,· ~th(3.l3$) and (3.139) give tho 
; 

~all deflection result tor an 1aotrop1c plate not resting on the 

elastic foundation in tho ~ollowing fo~ : 

i'be corresponding equation as obtai~ed by s •. WoinovskF ... Krieger 

l..-3900, P.313 Jtor a ·plate having each s~ae ·o.£ length~ :la 

.... (3.147&) 



W tl a4 
w $: «MII111 iVGe 8W~ 

a "A 0 D 

(» . 

\ t · ... 2n7\ L --a s.n ... · = 
n=l tl 3 
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vhieh is n.u.~er1eall)f •qual to that .obtai.Jieu· t.rom ~.(3.147a) tat ·the 

plate having each s!d:e or· ltmgth.. 2a as 

4 
• tv'!C;. . _qa .. 
~-~:;; .......... 

J) 

1b ea.leUlat$ daf.lection at atlY point within. tha plnte_. one bas 

to start i':O:e! Bq.(3.116) -with Wl assumed vnlu.e ot ( o< a) leading to the 

oorre5pondling value" of the land function bs~:. Onee ·thts relationship 
X ·.~ . 

is obtained, the corl'tGsponding deflection ean be obtained fr.:::;m, tho 

'&to(3,.l.-'3G} and w-ith the help of f.q;t(3.13S)e 

At the origin ma~L'llttri deflectir)n is obtained. a:ttl is given b1 · 

I "r;.ti4-!IID .C ~ 

h 7\" 

1n 't!thich tile ni:>ndiLlionl!'iona.l rount1attou modUlus 

Ka4 
Kg f:l ~ 

Dx 
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Po~ x, -~ o aru1 ~ = aoo grap~UJ ·ar~ plotted 1n Fts.s.1s anovma the 

deflect!on tr1 at the, centrotd of the plate against tile loa4. r1a.3.~ .. ·-· .. h . . - ' . 
also eonta!ns a graph plotted. according to thtJ linear theo~ • 

. ~m ns•3·1i :lt h Clear tbat ~eaj.gn caleulat!ons smu.ld b• ma4e 

acccaung to the nonlinear theo~Jt,. bec-.use d~ecti<na calculate4 

aaeo!din'S .. 1» smsll d.tl~t1on theory will be fa~ fronl th$ actual Yal.Ues . . . . . . 

tor · bighet Values ot load f•ction. b Gtteet ot tb.e .foundat.1on 1& 

to r•dUce tha dtttlectlon tor a give value ot load ·fmct1on. 
- . 

l;}ecause til~ detlectton, w~· has been detennined, bandlni1Hilents 

and l9ti'GSSO$ can be coBJPUted eao!;I.V• ~ bendtng moments ~, ana H, 
at tbe e~trotd of .the plate _a~· obtalneti 8$ 

1n which. v0 Is tba !'oicson•Q ratio tor concrete. 
. . . 

ltlr toott\'>pl.o plato vithotlt -elastic -touneat1Qll om.d undergoing ~1 

det'leCt_i(;ll 'Vc = )) ·• x1 = 1, Kp e o, -o(~ 0 and to~ 1\ pl11te. ba~lnC 

.. •c~·si_de ot.lensth : , 81•(3 •. 1~) and (3.160) l$ad to 

- .. . a 
Mz = •1,- ~ < 1 +. )) ) ~4· ,. •• (3.151) 

vhtcb !s. tbe same·result obta1n$d by W1moshenlto·L,.-39S9;. P. 314j. 
. . 
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:t,ARG~, l)EFLEC!fXOH OF A HEATED SL~lPfiC PLA~E 

ON ELAS'liC. i'QUNDATION. * 

.. . 
In recent years there ·has been a rapld development ot 

118 

thermoelast!cit;y stimulated by various eng~eering sciences. In the 
..... - . ,__ . .,._ - ' ' 

field o:f ~act:t~e struc~~~es_, .~a~~~ witb air-craft, steam and gasturbinea 

and in chemical ~d ~uele~~ _engineering, thermal stresses play"an 

ilfiportant and frequently even a pr1mal'Y' role •. Determination t)f .thermal 
. . .- - . . . 

deflections or plates, .~s~ac~ally .. o:r thin plates; is of vital importance 

in the design of machine structures, because excessive deflections may 
. . . . .. . . . .... 

~a.use heavy und~sirab~e ~he~al stresses. 

FOllowing Be~ger many non-linear plate problems have been stived 
•• •• ·-· • • • ,, j 

I 

under various edge conditions and d:U'terent types ot loads. BE:lrger•s 
' .. -··. ~{' -. . . . . 

technique of neglecting the second inva;riant of the middle surface 
. ' ..... · . .; •.,..,, .. ;~ '. .. .. ~ ;. .... ·~ ~ . . ' . . . ' . . . 

strains bas 'been extended bY ·aasul1 (1968) to the large Q.eflection 
"".- ·.>'- , .... \. . . -- .··- ~ .,.,._ •' ·- ·- • .-- ... ' . "' . 

' ' 

prob;tems _of heated plates to obtain the large deflections of heated 
"• ~·'•7" •-'>' """.-'"" • , '• ··1- " · · ' • ... ..,. I ,. . "' . • _- · - · . " • 

rectangular,. circular and right-angled triangUJao plEtes without any 
··.·-J·--· •'·.··-·.·'. ····· '-·· '~ 

. elf:As~'f!ic .. ~otm(ia.tion, and tmder uniform load ·and ,_s~~t;"~ temperature 
·~ ~ . 

' ' . 

'* ~ublished in the Journal of the Indian Insti tuts of 
. SCience, Bangalore, Vol. ss; N0.5, l976e 
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dlstribttUon. Sinha L'il63.] baa extendld tbh atQtbQd of' Be•pr to 

invest1S4te the lara•· aetleot1ona of clroUlu an« JteetanCU].a:r pl.&.ttll 

on elastic foundation ot W1nkle:r t1P•• 
In ·tbia ·paper the autho%' hu applied the aetbld of »asull U4 

Slnba to mvestigato the larg• cletlec·tion ot an ~lipt1c plat• pl&e04 

on •lut1c f'oundatlon and heated mde~ atat1onary 'tempeature 

distribution. ·fbe detle.ction 1s obtained 1n temaa ot' Mathieu tunctlon 

o.f the fl:rat ldnd. and or zero ord•r· [ ~eri~al results have been)~ 
'}. - . ____ , ,-

jpresente~ i~t!:_!__~rm·~-f -~-:ap~~~-- · . . · : : . . . 
·----- -~-- -. - --~- - . . - - - ----.--- ------....:. -----~ 

fU strain .nergy du• to bending _and •tretch1ng. or the· m1ddl• 

" su.rtaea ot the plate 1e given by · 

,.· 

??w '2..}] ( ) dxdy - OXO)I 

cb:ab!ftiac th8 potential energy of tb& foundation reaction a!'lt1. also the 

potential energ du<t to heating v.1tb t;q.(3.162) and neglecting eg, tb4t 

rao41f1ed energy express ion for the total ene•g beooaea 



in wh.ioh t' is the tempe:ra.ttli'$ .distribution a.t any point 8iven 

. b7 L-~Ul.1, Cl96S) J 

-f,j2. 

) z slz.)dz ~ j(~ 
-~/'1--

• 

-+ twjdxd:~ - SJ~ {Tae,h -1(-JYTv'w}dxd~ 

••• (S.l5S) 



Acet~~ing to ~··thfl prlnc~le of mlnb:nllll pctentl&l ••~gy,. t~(t 

41splae«!Qnts that satisfy the ~u.Uibr1uet con41tion• matt~. the pottnttel 

fl'UJt:ift v, sd.nklua; X!l order tor the tntegral of Bq.(3.15S) to lle an 
a:t~«All!·, the irite;l'ltnd, :r, atuat sat1s~ th• f'o11ov1ng EUler•• 

.;ql.i$t1ons ~'t .tbe calculue ot va-riation 

.Ap~lication ot the lqs. (3a-167a), (S.l57b) and (3.157e) to lct•(3.lfS6) 

7!G'lds 

••• (3.169b) -

4 \2.{ ( u'\o(-r.\. 1 · K Eo<.f(-f.JV'l.T - 0 ••• (3.loao) 
"\/ W- ~2. € 1- H· / loJ'\7 W+ ])W + -:D(I-'U) -



~'l.. 
e 1 -(H·~o(To • constant = f3l2. 

!n whleb f is a noa&lisGd. c;on•tant ot intearatioa• and 

-e. = ~ ()y _L cow)'l. 1 (_dw)l. 
I . ox + ~ + 2 @ -T 2:\.~ 

•••• 

t•t us take an elliptic plate of th1ctn•ss, h· the centr• at 
the pl•te J.n tho middle surface 1s taken as tho origin. and the z - u.ts 

downwards. 

lf there is no source of heat inside ths plata the following 

differ~tial equations must be satisfied for stationar; tempc~ture 

dietr!bution L~waokl ,( 1962 >J 



1ft vhioh e, and 6!2. denote tciap8ra.turea at tho app~r and lower ••1& 
ot the plate reapect1Vel7• 

••• (3.163) 

/.l 'l. ( ). 12. 
1~1 = I+E ~ 

franat•nmc to elliptic eo-ordinate• ( ; , 'rJ ) d•tined by 

)( -t \.y == d c.o.s~ (-; + l ~) t where 2d is the tntertocal dis tanc& of tt.. 

.••• (3.165) 

Solation ot Eq~(3.16S) can be taken in the following toa 

o<Z 

L C2m Le2.m c~ ,-!") fe"l~Yl (~,-'V) 
111=0 

function and ordtna~ Mathieu f'unctton ot the first kind and or ord•r 

2 vYl NSPC)Cttve:ly, and 

··~· 
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while ao1vS.ag a probla ot bentling ot a plate vitb an e1~1ptic ~le, 

b7 taking • sinal• Mathieu .function ot the aecoi\4 oftlezr m•tead er 
t$ktns H&tbieta functions ot all orae:rra, lfaabd! (1955) baa. ebowa tb.a' 

tho resUlts are aat;tstactoq for laJ~gO»' ellip-tic bQlel~ In thlst pap•r 

also sb!Uar approxw•tion :le madtt by taking Matb!eu tunot1on •t suo . . 

HUlt1pl11ns Bq.(a •. l,$) by ~C>(~>-'lj and in.tecJ:attng w1th nspectt 

'W ~ tl'O»l o to 2if and 11siha the orthosonal!ty relat1Gll ana. 

mt=al1sat1on t_'ild.acblan j one get• 

' 

.in. wb1eh A~) 1s the first Fourier coef':t1c1ent in. the ex.Pa:n8ien 

ot Jleo (~,- '0 ., 



·~ .... •· •.• (3.171) 

.S.S detGmlne4. 

Cbe.ng:tnc ;q.(S.160) tp elllptlc, co-o:r41nntea an.4 subst1tut1q tho 

.x,p.ress1Qn tor 'Y2.T one cots 

1n which 

'l.. 

- "•'•f ••• (3.113) 

- K - -'D 
••• (3.174)· 

•n• • (3.l?S) 

••• (3~176) 

w • 



P.,1 d l.. '1-d l.. 
Or )' .Q~ -- g_LI v,.= T v2.- ' 

••• (3.110) 

lt the outer boundarr of the plate 4 = 4o be elampGd, the boun.daq 

eol)d!tt~na are 

Using Sq. (3.181) in BQ.• (3.180) one gets tne follav1ng two condi t!onal 

•quations 



____ \ 

· Multiplying Eqe.(3.18a&) and (3.l.S2b) by ~eo{~,- CV0 and intesrat!q 

·vttb respeot to ~ hom o to 2.if and us1ne the orthogonal1'J 

:relation and- ~oxma11sat1on f)n• seta 

-(.o) 
A2.Jt. J 



- __ j 

!he oonstllnts 130 and :DC) thus o·etng determined, th& deflection. W 4.1 

Jtnowrs. 

r..t "To = eon.s~t "hich is clearly solution of the <.\itferential 

equ.e.tion (3,.161). 

to determine tb.e constant /.32. , Rq •. (3.tm) 1s ·transf"oaed into ell1pt1• 

co-ordinates 1n the fora 

~n·whi.cb 

"..{, I : ~ 2. =: -.---;==1 ;:::;=::===:;;: 
d Js(M~'l.i-t s~'2.1 

!ho boundar¥ eonCJ1t1~ns tor lA~ and u.~ are 

0 :::: 

Let 

oC . 

lA.; - ·LP(1) L.os2.Vl~ 
n=o 

oC 

I_ ~(-;)~~2-Y\1 
Yl= l 



·~ 

.· . .. 

SUbstituttns Bqs.(9.1SO), ·($.18?) an4 (3.taa.) in Bq.(a.taS) and 

!ntsgratinc over the eurtace ot the plate em•·· nt• 

. n~·{ l%'ft-+ c~n dqd, 

= d'" 1~;:-+ 2 (t+") -<•·} n f( sW.'1 + s<..'-1) J1 ~ 
l 0 0 

After .-.aluati.~a the mtegrele the follow1ns tq•t1on 1-.din& 

to j3 .ts obtained• 
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~· 

o<: oC. o<:· 

;- ~~~~)o/4 +±~~I;=~~'\-~~ A:t;;_ A";; If's J] + 
'h":f:.A 

oc:! ~ 

+~ LL / 

~\ 1.):::: I 

'1'*,.6 



___ _j 

~ c;<:. 

+ L L lM ~~)~(-O~ .A';! ·a.;~~} T 
~=I ~=I 3 

)\:fl.. 
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. o(. o<. . 

+ -I'[ 1. \4C:-9~ a.~ (~'f, ~ J -1-

'r\::j=h 
\ 

••• (3.190) 



I~ 

· in vhtcb 

to) /(o) 
al.h, , A 2..tl ,.,1!\td A"(o) an.· ... ,..6 Fo=lor coe.tf1ctenw in ttl• ~ana1ou wl!. '2.)\. uuw ~ 

"Vl -
S"""'-~ .!l}t ~o ~o . 

8h. - 2:." ) 

S.L....h ih=2h 1o 
~Ul-Lh ' 

~ - S~t,4A.~0 ~0 - ;- - ) 
~n l. 

S.~~ .l)l+l.& 1o . <;~~ 2tt-2.,6 ~0 
~s -- -;- 2'1-2.~ l.h.~lb 

~ .find the deflection at a given pomt• one bus to atal't 

t~om, 14•(3.~0) with an UIU.'Hd value ot (3 l.ad1ns to the ooz-r••pqnd1n. 
Wllu. of Eo<.:H-40 k, . • Witb tbis value ot Ea<f(-ty k, · aQ4 

. 'Dlt-'>') . J>(t-"))) 

consitt•r.tns JJqa. ( 3.183) and ( 3.194) ttie detl.eetion wlll be obta:!M4 

f!'ont Eq.(3.lSO). 

Fo:t nt~avical calculation the t'ollowina valt.J.M h~v• been 

assQIU4~ 



I 

~-

•', 

d
2 . = 2.. 57 h =-I 7 . f (h) =- h, 

\ 0 0 :J E = 0 . 0 3 ' V.:::: 0 . .3 ' ol To ::::. 2. 5 X l 0-3 

2he 1n.to:rtoaa:t dist&Uee bGills ••••d ~the v&las ot J3
2 

,·. zf aa4 

PI -~ knol'IQ1 tne ov(llues of '1; , . Cft, ~d . cy:z. an 4et•rm1M4. 

a, , ev, , and CV 2.. 'be ina known ths eorrespcnainc value• ot tbtl . router 
-~ I . 

eoett4.o1e1lta •s nll as those· of Mathieu functiona· aH «stemlned• 

b. mu.tmqa ~fl•et;ion Wo is obtained at tba cen-tre· ot the plate. 

files~ deflections at&· grapbieallJ ppsented 1ft. nr. 3.» in whicb. ~0 

to~ i;r = o and x1 = 100 are p~otted agfltnst the nondlmensional load 

tunet1onJ\. B)' sot tins ;9 --'7' o the detlect1ona according to the 11nea~t 

th~ory ls obtain.Qtl~ For comparlson 11&.3.19 also tnclu48s a 
st:rug~tl;t.n• vhi.ch represents small dotlect1ons fo~ ~ ~ o. !be 

resUlts ob~!Md ln. this study cotald not be compared in abaenoe 

of ~ lt.mwn r~aults.· 

~· fie• 3.19 it is obsened that tbs e:rNr aoco.rdinl to the 
' . 

liMU tb.flory inorliase$ prog"ssivel.f with the lnerease 1ft load 

tunct1on" ;,n. e:olution pNpoaed in tbis stui51 111 rapit)17 convercent 

and no eoraput.ationfil o.uta.c~tr ot~r than computational •:etort ia 
itlvolve~ twa pa~aneteJ: q, tor' th• stri•s .£..e_ (r:~~ cv) mq ba r&l\1 ~­

Jma&~ and t.he corrS$POrtdint; coefficients can be eomptited ·:with 

~c~aq. file nQAerical. resUlta pt'esented in this sttldi' are obtune4 

bJ takillS . the. t"lrat W<t terms oC tbe a~u.-1es anc1 autt':lc.!ent fo.~ 

p~acticai. PIU'.POi&8o Since tho deflection at an¥ point. 1• knoW t!w' 

coJ-raBPOnding stNsses can now be E.ta81ly ost-bu~t•«. 
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LABGJ DEI-'tt~!CWS OX' BLMIC p~, i.Wf.fal,ltfG . 

ttme'!ILL'IBAn· ORiliOfMPl' _. 

~reatmcu ~:r the l..arse defl~ctiont ot orthQtJ10plc ctll1pt1c platoa 

placed on elaat~c foundations ar• ~t toun4 iQ. 11ton:tur•• OrllV a 'fiN 

treafilUents of the luge aotl$ction2J ot uotfOp.t.c eU1p·t1C plataiS are 

tountt 1n literat.tU-o and they a~e due to Perry L-19So j, WttU an4 

M'awn&ark £.-l.qSG J ·and Na;h and ·eooleJ l.,-lSfB j. bse · tnve$t1gawra 

GmP107ed var1QU$ n•or1eal .mo~~ds to&? ao1.ut10ll ot th& pJ'Obla vitbout 

asoeZ'tatntni thG e.ppropr.ta te atresc fUnction •. 

·lb!e paper tl!Qals. with tho 1ar£6-&mpl1tuo.e detlecttons and lndU.CM 

~tr~sees tn a clampd edge thin orthotreplo ellip.tic pl•te una•r tmlfol'ia 

load a.nd placed .on an elastic roundat1on ~r th~; _ Winkler t1P•h the 

tn.vee·t1gat1on 1c bas(ld on Von mlrmana ~ttat1ona cene&iaed to ~ 

rectU1n-.t:tl1 orthot~p!c eu~~. Arter- postul•tlng the shape ot the 

d"tl~ctioQ surtaoa, the s t~ss funct-.oll 1a toMcl f'ront the oompa:t1bWty 

equa.UoQ~ fbe tinai solution tor ~ef'leation 1s obtained bt appl:rin& 
, . ' I ~ 

•Ace•pte4 tor publication 1n the Joarnal ot -tppll<ht Mec~lca, 
.A• S.M.B.,. tr.S.Jt, · · · 

( PuL~h£J_ J vo-e. 43, No.4~ 1Cf 76) 



I _._ 
O.lvkin•s method~ ResUlts for 1sotroplo Glllpt1c antl c1r.eUlar plates 

. have betm deduced f'%'011) tt»ae obtained tor ortbatropie eUlptto plata. 
. . 

~ese NSUlta are presonted 111 the fom o~ g~pb8 and compared with · 

ot~r bow raUlts. file results obtrdned ~or the isowopte case are 
. . 

more accurat@ tban the othe~ known resUlts and •" m ex~elltnt 
aar.ement with the preotteal values g~:ven by Hash ~4. Cooler L~S j. 

. . 

'lhe results ob1:&1ned for the ortbotroplc case coUld not be cmopal'ed -

absGnce or any· known reS:ult• 

AD'~YS!t ...... , - .. · I' 

Consider a t1a.t elliptic. reotU!nearly o~thotropic etastlc plate 

with ~~aJor ana a. and minor axias 2b. Let ~":to origin 0 ot a ~artea·.tan 
j • • ' 

rectan~ar .o-erdin,ate 17$tG x, 1t z b.e. loc~ted at the ·c.~tre o~ tU 
. . 

. plat.., O!ms1de.r tl'$t the plate ~s cl~ped along tbe botmdarf ~d · 
. . 

st.tb3eote4. to a unifom load or intonsit;y q. . ~e. plate 1~ placed ou, 

an -elut-lc totlld4t1on ot the Winkler type h!\Ving the towu1at1on . 

. · roact:ton k1 p.-r un.tt area por unit fief'leotlon.. 'lt't\nsv~rso detlect:lone 

ot the plat& a,e eon$1«'!eted to ?;)e larBt'f•· that !s ct the ardar ot 
. . •' . . . 

ugalitwltt of the pla.·t• ~'lietmess, b. L.-t the tlaural' &.'let torsional 

rigid! ties of' th$ plate be ~tmQted by D1, Da :7 and »a. re8p.~ot1vely, 

I 

h3 . '• 
whera. I = 1a t ~ = Cl.ta 1, BJ. 'antl Jia 4eno-te the Youns ·~ modall 

1n the x and y directions ~-p~tlvelt~. Gu 4enntu the sh~aJt mo4ul.lhr, 



I 
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lJ, ~r••enta the. (t!)rttraction .ln the 7. ~lrec~lon . il'I~'Oerlctd b~ tb• 

ta.loa 1n tb.e. x dlr•etton and ))2... · ~a· g1Vtfl b7 t.u. tadlialt'. tttlaUon 
' • • ' ' I ' ,•, • ' '• 

~· 11 "'Vl-_ • ~- ~, • •"• Zrl wll&' tollows th• foUowlns aJabollaa v111 b• 

u•nts.c, 
''· 

J ~. • • . 

•·•• (•.a> 
. . . . t ' 

·wttb t~e atK)v• notattone, tb.~ t&mUU~t von taman equa.t1ona &tru.tr&l.iaed. 

to rectUiruwtrl.r ortbotJ:Dpic oase tak• the tollowma zoa t 

.••• (4.3) 

I . 
where v :1s t.'be. transverse detlect1on of th.e :n1ddle plana of the 

»law, cp $e t1la sues&. fuuotlon b7 m~s ot wbi.ch the memb~attG toroe• 

are r•presented in the customary 1\:Jrm : 

o~q> · ·• : 0 aq,·. • · 0a~ 
lx 'lll= b 

0 
. t w..,. b .· ;1 , l'.v • b . . . . 

)?2 . ., . 0 .· .,.,.., . ox 07 



-~ 

L•t the detle~tlon fUnction v (~, J) be taken ln the tollov!ns tons 

aatufllrtg tne elamptld. e4&• boundarY con41Uons 

••• (4.6) 

• • • (4.G) 

A$ a sol~tioD. ot_ Eq.(4.6), the stress rmet1on, ¢ (x~yl 1s ·.,ten in · 

tho toUoving tom . 



. fbe 14 co-ef't1~1enta, AJ_, "a' Aa etc. in Bq.(4o?) are to 1). 4etarmln•d 

from Eq, ( 4.6) and. the presel'1bed boundai,7 con<l1t1ats. Dr .vi~tu• ot 

lq•(4.6) the tollol11lii six relations e:ist. t 

whers 



for the iaMnrabl·• edges, the iftplane t11aplao&vmte u. and y vanub 

on the boundai'J' 1 ••• 
. ~ 1 . . 

· x 2> ¢ "o¢ 1 

~= J3L\~~:~~~~~]- ~(t) }Jx = o 
')(.1... ') '1..... 

()K- -r- -=-I 
Ol'L- b..._ 

't --::..'l. 'I d <? . ,, 0 (.\J 

1 { [ E1Qi1.- E ~LJ I (~W)L.} J . 
V =. E

1
E.l.-(E')l- .- 2... \..o~ ~ = O 

0 ~ '1..... 

X ';J 
~--r-=1 

. G\. 'L- b'\.--

Bq.(4.9) wlll yield the following eight addit~onal conditions : 



... 

••• (.4.104.) 



e Atl1 ... a st. b2 4 •ff a ·As!\ . 11 b• a rl' 
....... -+»11. .· · .... - J+ ~ +·StL-- ...., • J + 
525 ' - 31& •a 16?6 4fi a.s a2 • .. 

tlJ 
...... :; 0 .,e 

0 .... (4.101) 
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t'bAJ tquattona ~ (4.9) and (4.10) ar~, 14 1ft nQlb•~· Mt•JI 

••lviftc thea• touhcl s!r.wltanet.W eqtt&tioris ene set= the toUoviq 
nlun et the toutec Ul'lk.Qew ooutant, t 

;=. 

vhere 

-I ••• .(4.11) 

A [(~,13, +c(,_f3s) (_P,-t 'P~P)- ( ~~ +bo<,_p~0~h+f',p~J 
[(fib +£;1:~-r) (!-33f6 +P4Ps)- (_fo,Pb+P~P.V~,Kl_-t b}~ r)J 

•• • (4.12) 

E" b4 Bl , b6 - a" e'l.. bG 
(33 • ....... ................ - + ............. .....,...._ .......... 

84 a4 1000 a6 1260 }c2 a$ 



J.45 

s a• 
o( 1 I c ·. + 1.1-. 

. 810 •• 210 

••• (4.13) 

·+ 
••• (4.14.)' 

Aa 
)\ p'L.. Ba (4.1&) i'l -&a - .... 

k~ b4 
.. 
~· K2 t3 . 

••• (4.i6) 
~ <1'4 - cp2- cp3 

~ ( o<4 4', - o(3 <f>2.) - ( N <P, - M ct'2.) . -·. . . 
••• (4.17) 



!a a6 a 'OJ ·4 ... p'l..ao £a ..a2 
/Jr.., ¢ = a B -+- - ··- - ...... 

I . 60 tlS . l(J ~· 60. ·'],6 GO 1.(9 ,a 

a• k2 &' ba ·sa a2 E.tt K2. p'2. 

cp3 . D ....... ........ -- ---.-.. ......._ 
60 ~ 10 ba 60 60 k2 

a . 11 
A illo4 · · •" a2 . . . _ .. Eft a ll -.E ... ,. a 

+ Dft t:. . ....: ~· ... ......... . J- a3 L- ......:: · -
Q 493 b~ 1050 . . . 35 Vi"'~ 70 '"bi .J 



~ 

'As 

6 2. ... - BJ. 1) +BeL-- ·~ 4m a6 lOS 

b4 . 
4j- Bat..-• 

p'L 
+ ~-=-) 

k• 

lP<P8 - ~¢7) -ts(o<b¢7-o(s_<:Pg) 
'l>s 'l>s - ¢(; <P7 

···~· I;~ .. 
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gft ba 4Ja b4 
j ..... :r•- -?0 .. 35 a4 

. .. , .... ) 
. • •• (4.10) 

.... (4.8)) 
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!his eompletes the deteN11:latton et the stnss tunotlon cp ('C,y). 

We MY &pplJ' the procedun of Galerkin tQ ebtain tb.• dfJfteotien 

hnction w (Xf7)• AtJ a final result of • leDcttw ~eulatlen w• 
obtain the tollov:ln& cubic equation 4eteaintns the "entral 

detleQtion w0 

~ 9 (131 aSJ. + Ba ®S) + 70 (Bl &~ + lfa ab6 l • 1$.7 Ba&~3 + 

.+ 29G. B4 a:Jb3 • 415· (Pl f +!'a #>j, * ·cy 



~Z~me•~1 ~•st4tB· &M p:r:esented fol' · two ~-1 notten: ~a~.te14&1s 

(pl~ and •letta product) bavtns J'Cttllbl7 the· teUow!ns el.aatio 

picpert~es t,.,_!Qwwld. (1963) .]. and tald.ns a= a b tor .the 4t11tpse. 
0 

, 1 • • • ) ' 

1 1 1 X 10° 
' 2 .• 1 X 10f5 
' 3 ' B , 

l - ·I f. · l . . . t . 2 I · ,'L . l t.,'l-

J 'Sa • f.b.g 11 '))' * "l)2.. 5 k • L , r 
f J 1 I Jt t' I It 1 . - 1! =r· • ·.r !d ., ;j. . ! 1 . . r ft 8 ~ . 'i .• l .. it 'f' 

t 0.Sz;a.()6 I o.J%10$ t ().Ql). 0e025 t o.s '0.223 t 6 
,. f . f • f ' t ' 

• o.o1x1oS•· o.osx1oS' o.a • o.-01 • ~os•o.lOS' 1 
t t · 1 t ·•· o· t 

' E ' G. • o.a ... o.a . · . • 1 '· . 1 · : •·· a 
.• f . ' • . • • • 

' ' 1 • t . • f 

4 
( A -AI!! A 0., '/#' ) (. W0 ) A ( llo )3 c·· o/ lJ ) vt·£59 -+ va> u,: S"~.F - ·.. + v•O'l'/ ..,...;. . ~ ;:_ • ••:.1 

h . ·. ·b. -.~. " 
••• (4.26) 

· where f;be nond1llieit!!lional toundat;ion ;.,dulu. Kp = ~ ~4 •. 

For a wttaker an1sct!.'DpJ (BJ .t 11 = i-> Bq.(4~25) redttows tea 

. . 4 
< 1.2 • o.om 1fp > < 4~ > + o.os. c. •i• )3. = ( ..'r., bl , . > 

·n n BJ. -h4 . · 

ii1,ll$tlonc c.•••> an4 (4.27) are p~onted m W.g.~l· Bquat1on (4.aJ) 

ts aloo prasented in the sam• f1p~ tor: .comp4\r1aoQ. ~· stceta ti.Ulcttot-
. ' 

an4 the dofl~t!Gn fwlctton be~g knc~ !l«<lbt'ane and· ~fllding atnss•c 



·-+ 

-~ 

at &nJ _pojnt in the plate can be easily compUted. !rb.e peak at~eaa 

0ccurs ln. tb.e out•r tibeg at the &ds of tile mtiMr a'tla ot the 

•11lP$•· 1n tu direction ot that axts,. and the sum •t the d!m.ms:tonleas 
' ' 

!l'ltmbftlte and bending stl:'esses at that point bJ the the.o17 of the 
.· I . 

p:resent writer is sl»Wn !n 11ig•4~8• 

. Aa a, check·on. the accuracy or the· data tor- .def'lect1ons and 
' . '. ' . . . ' . . 

streas•s tor ·the •lllptte p.lat•• the aetleet1ontt and the tatal· 
' ' . . . 6' . 2 
no~eru.d.onal .m~l;tr4)lru; and bending stresses, . ( · . ; ~2 .. ) obtaitlat;t. ~Qlt · 
1sotrop1c case are presented in rs, • .a.a. and 4.4 r•spectlvely for 

COJl!P,.a:l.'1~~~. wit}) the eorr•pontttng resui ta obtained b,. ,,~11 and 
. ' - . . . 

lff!WS!ark ( JSUSG > e.nd N'SJJh and Ololey ( 1960) J.; Xt 1s observed tbi& t the 

detlfJetlona obtalnsd b7 the prttent wnter . are 1n aaell:t~Ut as•eeaent . 
. ' I ~ 

witb th.e elq)erimental values. But tho ·a,rasau are at varlanc• with 

those ·olrtatnaa 1>7 L- Mash and COOlf.J7 :;·. · 

:b a tu:rtbb;r check on the accurat)J of the data tbr deflection 
. . ' . I 

with founila'\rion. gq.(4.a5) :l.s re6ucmt r.l* cireul&l' ~undal"J' and 1$ot¥Gpr 

to the following. $(l\7ati9n 

. . .. ·. . Wo . - · W. . 8 o/ &4 cs.ae + o.oss Kp) ( ~) • 2 .• ?8 (.......a-) = (CO!IPB.rlllill) 
. - ~- -~. -~ ••• 

Bquat~on (4,ZJ) is presented !n F1g .. 4.5 .tor eomparisen vith the 

eorreapon(l.1n·g rssultn· obta·ined by wav (.DMJ and Bolton I..,"Bl?a.]. Jt -11 

.obf)erved t'l'()m J'tg.4.5 that the detl~tlo.ns obtained tor ltp = o to» 

' circUlar boundar,y. are 1n excellent ag:reement with an --.ct solution 

, obtaltut4 by wa,- '"BJ34j and A£"$ VU1/ veU w1th those. restdta ob•:f.ned 

b7 Sol~n (..~?aj aven to11 blghGz:r valu•a of load tunction. Fer Kr ~ o 
. . . . 

the results ot na:.4.s asree v•ry weli with those obtatn8d bJ Bolton 
. ' 
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anct Sinha 1,)963.] .• lbnd!m~s!ond ••bran• stresses, .~:~)!2·) tor 
CiNUl&r ·bounda!'J an •1• ordctll•te4 and they are pHaented 1n ftg •. 4.G •. 

It is obsewoti tba't. the •treen;ea obt•.tn.ed a~• in uc•llent asream.nt 
wtth the exact solution obtained b7 vay L.,D34j . ., 

I . . . • 

h re•u.tta obtained to"Z 1sotttoi)1fl elliptic and cii'C\tlar plat.~ 

are more aoct12:ate than the ~eaUlts obtained bJ' ott.r mveaticatora. 

!h!s. 1s du.a ·to tbe tact that the. streaa function• tor the .:l11pt1c 

plate have b~Jen dete•.tn.ed ••r.v accurately. aut the reaUlta obtain•« 

·~· et11l approximate because 'the. def'leotion. fUnctions bave 'been 

d•t•rminri witll tn• b..tp Clalerkin'• prooedllr•• 
< • 

1•7. 
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t.allQI AMPLXfUlm FJ.Um VI814f1- 9r· Imui$Aa ,J:.A.fta 
PLACD ,_, ILAS!tiC i'OtiiDA,lOf * -

·An $pproximat• ~tetbtlel for tnvestlgattng tue larg• deflection et 
1~1ttau,- ·flat isotropic plates ha.s beM propos•u by Berg$!" (1.955). ,an 

appli~tion o~ this tech1'11qtttt bas been •de to the vibratton pro'blirla 

by Nash artd Modeer (1960) W'b:t :tound tbe l$rge antplitUde free V1br&t1~ru 
• r . . ' 

o_r reetanglllar r;md c1rc\1la.r pla tu. 

In tbia paper a ttnitied_ method for d&temin!ng tho lower ~ turel. 

t:requenq oE larse amplitude tree 1ribrat.:tons or thin ela,sti~· plates •t 
any .sbap« .and placed on elastic foundation ts given. Following Berger•~ 

metilod a s!lnple t'ourth ordet.- Cliftc.\renttal eq~t1on coupled with a 
. . . 

$«Jeend orde» nonlinear equation l.$ .obte.bukt. xt the bounda~7 qt the 

plate is a qurvo natural to tmf •t the ~n coordinate eptea, the 
' . 

solution ot the differl!ntial e·quation. can be ~n:ptessed 1..'l. tetms of 

knoWn functions. l?ol" mon ..,exot1ett. bomda:r1•a, the na.ttWal co.ol'dinat• 

must first be 4etemd.ned and atte:r th:la j,J.S don.$• the solttt1ott wuld 

· · 1nev1 tabir 1nvo:l.ve some t1Qf$D11l.1ar ftltl.ctio01l. ~· · cleterminatl.on ot 
' . 

ll$t_um h•quenaies m this cu• wUl then b~ very eompJ.J.cat,d. 

1'beretore a comm.on co-crd~a.~e system ad 'o asaoct1at$i ,.l®c~lon is 
Used_ for· the_ C$-se. ot plates with oomplicatad boundaries.' 

* Accepted fo~ publication in the Internation~Uournai of 
~nlinear Mechanics, Massachusetts, U.s.. A. 

(Pu..t~kd.. 1 vaf.f!, fct7b) 

r I F • .... 



:tn ort1•R to satisfy the prescribed boUAary cond1 tiontt ·the 

aDmaln is contoraallJ tranaf'omed onto • unl't c1ro1•· one• ·the 

tmns~omat1on tunctt.on is klwwn, thQ probl• is redttoed: t& the 

soltttl.on ot tb.e trattsfo.t't!ed c.U.tteNnt1·al syste:.1 .• In t"r~a. pa_po:r· 

GrAetkin 'e tn\it"Wd is used to solve the tnuutformod ~uat1on. 

~ae :r4t1o ot: tinle periods ~or o1ftn4ar, •quare and: eo~ered 

plates ·plaeed on elastic toundat1on ttave been determined under simplJ' 

attppor.t.ed and. clamped edge bound&%7 conditione. fh• :toa"'ldatioti 1a 

aJatt~ett to he ot the Winkle:r tJpe. Jrperlmental valun are &lao 

o~t&lfted. to%' circular tu"ld e~uare pla tea W'lder both tn• bo.unda:t · 

eondltiona• The r-esUlts· are z)ll'ea.-lt~ed 1n ·tne tom ot ~;pbs and thq 

are e:oatpand with otb.er Imown ruttl'tJ• 

.r.ttt us ~onside, th<J le~se ampl1 tUde :tr•e vib~ationa o~ a th1ll 

~aattc plat• placed. on an elastic tounattcn ha~1n& the fMc;tion, i' 
per untt ar• per ta1lt detl~ct1on. 

8J' adtt!ns. :the pottntta1. M•ro ot the toundat!cn r~tion to the 

~GrQ exprestd.on, wd.na ~milwn•s pl'!n.ciple ~ Euior•s variational 
. . . 

•ctuations one gets the .tolloving .tw· t11tferontt•1 •qtlntf.~n~,~ ~t·t&w 

nefl;eet1ng en and the inertia •tf~cts 1n. the plane of the plate 

~-,..aeb end Modeer (1960) j 

't 
1. '- 12. ow K' '74W - o( FL(-l)~ \Ai -r -T w - 0 

"' vv ~"Lc; I 0 P· 1) 

••• (6.8) 

'' 



f"( t) betnc .tqtal to F 'l ( -t.) 

Let w = W ('X}~) F(t) 

. ' 

COmbtnmc Bqe.(S.l) nn4 (5.5.) o• sets 

4 2. 3rJ · '2. \2. dF · k 1 
- · 

F(l) 'Y W- o\ F Li)VW + ~2 • ae-·W -+ :D w F(t) = o 
·n JO . 

A eolution ot Bq.(S.7) is possible 1t 
'4 

''J w ' .=: 1<4 
w 

l 
'V .W· ::: - kl.. 

w 
1ft whi-ch k is a. eonatant. 

- . 

=0 

.... (8.6) 

••• (8.8) 
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fb.eretore a solution or aq,.(S.?) can be obtained bT J&tlsf)'.tns ~q.(S-lQb). 

1\J se.t1&f'l the prescribed boundaQ' conditions tor platae ot ar17 
. . 

il.'resutar shape let the emain· be c~ntol'm&lb' ttanatcrmed onto a. unit 

Clftle• It Z • X + 171 i a X • 17-, lq.(S.l.Ob) changes into 

· ow 'L L\ .-t-KW==O . ozoz 
Let a = t ( ~ ) be tho analytic function vhich maps the boun.d&Z7 t.UICler 

con,1der&t1on in the l • plane onto a unit circle• Whtas B.q,.(fi•U) 

trenatol'lla : into· complu co.ordtnat•s " 

or · · 

'l..G 
T = rte , 

oC 

- w ~ L B~[l-(~~)h] 
'V'\=1 

ex: \") 2 

w ~ L Btl [1,-(~~) J -
t'l=J 

.... (6_.12) 

•nordlna to ·the preaor1b&tt boundaxv eond1t:tona. Bq.(S.l3&) 1• an· 

adm1ss11Jle function f•r tn• simply et.tpported edge con.d1t1on in the 
( 

a-..t tbat th1s sat18f1u the k11l.-t1c oouna...q eon41t1on v • oat 



_..... 
_, 

. ~-. ' 

!he tell* ot v m aq.(&-,13b) t.uA'tist1114 w = 0 = ~ :1- at· '· ~. ~~ •a 
c• be tat• as. -. adlnf.sslbl• fmlc~n tf>JJ tb• cluapea 008., $.ac.U*J.o.a-­
aul2•t1tut1n& ~q.(a,.-laa> •• -.(e .. Ub> .snto ·--cs .. lal .nat4~ ·ttA• .,.~' 

tunottoll, E]\,e, v~oh ~·• t10t v.n1•b, 1n ca.e~at, .•a~e ~~·(&..~.> 
~ "J • 

o~ ~q._c s .. l3b) &s Mil an .-ot nl.t~tion. <lalt~ld.n•a PllO_O•dDM .r•q•_...,. · 
. . . . . -

tbat, tb• ·~li funct1~. E,.,t)) \a. btl ortbogon&l e~ve tllf.f._dom&m. Udu 

considt:ra tion : 1. ••, 

j E)l,al~~) w (t ~)de= o (.., =- 1,2,3, ..... N) ..... (&.1.4) . 

c 
holll Eq .. (S.l4) a homogenltOUS syatem of linefn' ·~Wlt1ona b obtalfted• 

l'..toh a s1etem 031\ bave nontrtvlal solutions ul'll7 tt ~btl d<tterm:.l.nant 

-ot the· coettle1«lts ot thft tl%11mGvns va.rd.sbe• ·1c1cm.t1cally. h-om tJUe. 

c.t~temintai. equation.. the values ot ~., kJ. • ·~• k= ·caii 0. solved... 

VOJr the ttma.••tal frequency the low-.t Yaltte or Jta u to· be taken. 

CODtbinini liqs.( s. ?),. (tieS .l and (5.9) tll• tollovma dU:t•~t.lal 

e,\lation of' or. dete~ '8 ( t) is obtained •. 

f ( o) :::: 1 ~ F (o) -::::: o 



' ' .. 

'l. 

?\2.. -

to- 4•temi!}e: o( -~cs.a') 1s· transto-•ed into complex co-ortl.inatu bV 

tbe t:ranatonatioa • _• x + ty,_ i Xi x ·.. iJ"t -us ene ceta 

~~ tht mappitls tmottoa • = t ( 1 ) b•· !nt1'04uced, Sq.(s.aa) 

recl\1..- tt> 

o(~t?...d:z .d~ f (-t) ==- d'\A d~ -t d'k dz 
12 ~~- ~~ ~'4 + 

\ 

rrow ·tne no-.lts.ed. conotant o( can be detNmlned £• IQ..(S.~3&') •• 
I 

(6.13b) Qd (5.23) b7 intspatina Eq.(&-23) over the cycl• 2 .7\". !b• 

t•••· tnw1vmc u end Y em b• ee.atlv et!minate4 ( •tnce ta and v 

att•· f>t little Szaportant:e- in thtt ease ot la»ge qpl1tu.de vibration) 



b7 ecnts1dR12li· aut table txl).resatona ro~ \'A M.d .,. · OQJ1pattbl•· v1th 

tbi bQWldal'f con4111ont• ftll~l-1 _the foll~1~ ~te~ v111 

d•tortaine o( · 

.• 

7-'htis baV1n,z deteliftlitled k and o( , the nonl.irteal'. fr4tqueno7, · w, · ;- · 
. . . 

is completel7 det•mined. 'l'ne nonlinear pericdt T1, 1s given b:t· 

Jt being tile compl•te ftlliptic tnte;ral ot: th• tint kind~ !he linaat 

peri0d, ta, to at:va b7 

F(t:) + 7\,F(t) - 0 

m tbe tom 

1 



. ~ 

•· Let UtJ apply the proeedur• explained above to the eaae ot a 

clamped cornered plate.. !he mapping fUnction 1s c1nn bf 

. 25 .. ~ 1 :S's z a . 48 ., ( l - 25 l .) 
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Using lq.(5 •. 13b} witb n :: 1. ~ JWproxtmate value of ~ .it{-obtal.ne4 

:tNm Bq,(S.l4) 

_lb 7eterm1ne ct: tb• following functions tor u and Y an taktll, 
·~ .. . . ____ ; _..;_ 

- .··.·-
oa 

L u"' (it) e~ W\8 F'\-t) 
h'l= I, 3...,S, •.. 

oC 

v = L_ VW\ ln) ~~ W\S f
2

(1:) 
W\= 1,3~5, ... 

. St.lbat1tutitl8 l'ile~~>(5.32) ~ (5.33) 111 Btl•(S.23) one gets BQ..(5.M) 

·. determininc ·~ is'e d•termine thtt vaJ.ue of o( for: the tund6)mental treque.c7, 
- . - --- -- -- ------ I· .' 

. the val:ue of -n 1n Sq,.(5,.13b) Is tak•n to be l• Subat1t'ltin& 

Bq •. (S.l3b) with n • 1, and Eq.(S.OO) 1n iq.(5.24) the :toUow!ng value 

ot' o( co'respondmg to tn. lowes·t rreqa«nCJ' is obt&inod,. 

'l. B·. 2 
o( 1 -= m•g; 

,.~hr ••• cs.M) 



' ' 

1n •btt#h the ttondimen.stonal. .tounaatton modaiws, .Xir , 1-a i1Ven by 

.... _ :1e .. 
~ =--a 

D 

!be apptn1 function ot ·a sqtiare plate la givm b,-

Bains lq.(l5.13b) with n = 1 antl pl?Oc$64lnl .tn the ~· mannt~ as 

bt~t'<n'O on• s•ta tor a o16lDlped square plate 

z· c a 1 

T1 2!t 
'i =· ~ • 

1 
.. . a 
,-,_. ~. ·( 
~· ha-. 

.-••. (S.37) 

••• (8.38) 

••• (6.3il) 
.·' ' 



b. f.et \15 consider tha ease ot a aimpl.¥ anpported c1rct4a~ plate. 

tratns 1Jq~~(s.l3&) with n • 1 aQd pzoc-.dtng m the sam• manner •a ,, 
befbM one. gets the at.to • tS •• , 

Ja . 

ax 1 
I j "". ... 1. J 1. •. . . 't . " ·.it I I c·. .II• 

7f ... D · · · ta · > _ . .., .. ;1, £ l~ .:&.. ( ..... · ..-...--...- J .. 
b8 56 + lfr· 

2X 1 ..... --......... ~-----7\ . . . Ba .. 1. 

, ' ,-1+2 ..:l. j· • 
. ha . 

%. -· ~a 

1M ~rre•pon41nl re•Ul' tor tn• clttcuta.r · plat• · obtaine4· b7 M~sh au.4 . 

Ho4et:r C 1960) ie 

rt. -. 'a 
1 

••<it-• II!JCiJr ·~ • i · • . r·. · • .., • a n ••• 

..;.. f.B a . ·. !-
C. 1~ -;a 11 (lta)j 

.if 

vhera 10 ( 8) u o, .a be tnt the ttdiU.s ot tru. circle~t: 
tor. ._. s:faJ)17 supported squar• plate osut · cots 

ax 1 
T • --·•-•-• ..,.. ~.-.~~~.~IP-. -·-·· ~--· -· a•.•n-·-• -·-···. 

- liJ"' 61.1 _.t. I:. 1+ -:t' ... ( ).j"fC 
n- 36+1.S? EB -. 

. . \ 

••• (6.43) 



~-

. . \ 

. --·~!mental· ve»J.tteat~na. wer• ·ad• Wl·tla Olftttlar and eqtar• 

platee unaer simplp sUppo,-ted m')d clamped eaae bQmt.'lr.u.-,. cond1tton••· 
fh• ei~culaJ.- plates were l5t) rom cU.aiietcm and ~he quare. plates w1th 

l.SOa· side,.· Plate material ·was mUd steel ot· 0.?6 a thlokn:oas. 
' ' ' - ' . ' . . . . ' . ' ~ 

Pree t~svor$0 vib~tlons ct different m~plltttd\ls and t're~u.&clea 

v•~e ·mitiatea· 1n tluJ appaatll$ snow!\ 1n l'i.g .. s.1 .. - ·In$. t•at piece,. 

1', ~as staticall'y deflected by_ ·the load spindle, L ana the eentt*l 

d~tleet:ton wae measured by the dial indieatott ~~ Attar gttr:tng a 

pr•tf)mined c.entw deflsot.ion ·tile spindle, L, wae lUted q~tlwtly· 

by tbc r$l.as$ sprt.~~ttg,_ ·B, and the corresponding trequenq vas meaau~ 

1ft a vi~ration meter,· M, vi tb. th• help ot a noncontaet type o~ 

Vibration pick Up, p., Simpli suppolrte:t4 edge conditiou were real!aed 

by·pl.-c1ng the edge~ of the plates over a kntfe edge plaoed arounct 

tho per1pht;t7 ot the eavlty, eft the ahnpe ot which _eontoD~Ild the ah&p• 

ot. the niat•s us.a..· Clamped <idee c-onditions war• acl'lteve« i>y-cl6lll.Pini 
. . ' . ' 

the dies ot the plates·· r!g1clly b7 -ans o:r etgbt bolts, Bt td th the 

base o~ the ~ppaatu~ ~eritltmts wo:fe ca:rried o\lt' rtr:et with the 
• # • ' ' ' = 

' ' 

cavtty,, _spty and n~t b_7.Plar:1ns th.$ platQ.s ovor e1g~t tree hft11Cil. 

sp~inf:$J s, .-cb sprlng b.trl& located at the c•ntre of Gtsht •qual 

u-.s ot th~ pla.tu. the co11bined ~tion Qt th~ spr:t.np. ws,$1 waa 

aotc;t~m1n~td oxp~r1tlen~~lf to be Xp lillt e~_a. · Care was takiQ ln '· ' · .. 

sel_ect1ng the st1Un&ss or the sprins, · a, so tb.tat the spin<U.e, L. waa 

r.ol&as~ qutclrJ.)r hom· the plate without obs~ruotin& tile upward J&tOtlon 

e>f th'l pla tea. 

I. 
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btr1cal •• vell as experimental r•sul ts tor the case of almplJ' 

suppo:-ted o:J.routar and aqua:re plates without foundation baYe o.en· 
p:.aesenttSd 1n Fig.s.a·and 5.3 :vgspect1vely. tbe eo~respondinc restll'ta 

obtl.i~~d by Nash and Mode.~:r (1960) ::a~ tba circular and a.quare ~-latea 

and the. r&sults obto.!nad by (;hu and He~l'D!ann · (1955) tor t..l1e square 

plates. ha.ve alao be.n· presonte.d tor eompa.riJlon. Zf~aerical and 

$XpGI'!me..'lta.\ results to-; clamped e1rcUJAI' and aquar• platea both vlth 

and w1th~ut tQundation have been pren$Uted in F1g.S.4 and 5.6 

respeotively. 

laovsst natural tre<tttenc1es of lar-t:e Bl!plitUde treti vibr&tiont ot 

tbin pla.t•s ot any shsp$ can rodily be calcula.t;ad b7 the eonfor'QU 

mapping technique use.t in th1$ study, U' the ~appina tun~t1ons ar•· 

knQ'W'll• · ho:n F1gs.S,.4~ and 5.5 it is ·obsened that the cet\.llb obta~d 

with on~ tom appro~tion ot the trial· ftinct:.tert Bq.(5.13b) for the 

clamp~ ad.ge boun.d&r~ con.Q1t1ons are 1n ao•ll.m; asr•••nt with the 

pact1oal values. !'or tba s!mply aUppo;rted edge conditiona the 

theoretical results givC'l 1n Fig.s.a and s.a ar• in somwhat poc>l'er 

agreeen:t with the values' ohtt\1n.ed experim.Qntally., ·By wsing higher 

term appro~imations of· the triel. functions Eq.(5 •. 13a) and (5.130) and 

w.ith ~moothened mapping tunet1ona the ro&Ults for bGth s1mpl.7 aup;orted 

and clamped edge boUQdary conditione will bo refined. int this, w.Ul 

involve additional numerical computations. 

tn~ periods fo~ rectane~~ar plates dbtained b¥ Cbu and Herraann 

is d~endoo.t ott the aspect ~t,.o or the plate• whereaa the ct.u:rospond1DC 

roeutts· obtained by Nash end Modeer a..re. 1ndepGndent o~ that ratt•• Jht 

mapping tu:Aot1ona tor rGctari.cular pla.tea Vlth ditte.ron.t a•pect :rat1• 



. ..._ 

wUl b$ 41tterent and tb•r•for• th• pl.'esent •tw17 truU.oatu that. ihe 

pe~ode wiil dcaarld Oil the aspect ~&tlo •. Xt ohoUld oo pointed -ou.t tat 
tbo theorY used in this atuur allowa the· sol.utton ot ·tile eissnv&lue 

p~bl• untie~ consider.a.~iOA -~a ·UO.uied point or viw since tile 

t~~ functions uae4 are tho : aaae :tor au allapes. conaidetins the tact 

tna t oue tea approxtaatj,on :reduces considerably the cospu:ta.tional 

etro.:rt• ~be resUlts obtained 1n this study are ·con~;ideHO. excellent. 

tor pra~t1cal. PtU'POsea• 
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FJ6. 5'2 SIMPLY SUPPORTED' CIR_CUL~ PLATE. 
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FIG.5~ CLAMPED CIR.CULAR PlA.TE. 
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FIG. 5'5 CLAMPED SQ..UAR.E PLATE. 
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fhs tollovlns s,_bols are uae4. 1n this tbettia ·• 

. Dha 
D ;a flxuzal r1a!.<11t7 o'f a plat;•. ~ : , ... · · , 1 J 

· . l.2(l•v) 

a = modlll"tJS ot e.last1citT in tension and com,reaaiQil J 

et • first 1nvarunt ot m1ddle surface stratns 

= c x + c 7· 1n roctan~ar coordinates 

• c r + c e · 1n crl1fldr1cal coo»dtna.tea J 

ea = second invariant of middle s~race strdns 

• c z E 11 • t Yx~ 1r1 ~•ctancUJ.ar eoodina:te• 

G • m.o.t\Ulua og lilast1o1 tr 1n sn•ar ; 

h • thtckneaa ot a pla·t• 1 

I • modified lleaa~ • a tunct1on 1 
/ 

J · • !e$Bctl tunetton ot tlre t ldnd ; 

&r • nond1JJ~ioD&l foundation S!'!Odulus 1 

H_, M , Mr • nd1&1, tansontifil· and tvicttnc moments per 
unit length ot sections or a plate m polu 
eoord1natea, 

Bcr • crf.tie&ll value ot m1ddle plane torce t 

b 

If.: • buckling temperatue = o<_ B 1 'fr<!z 
-t 

l7S 

i 



lfx , lfy , lf~ . no mal tbrce reslll tants per unit l~a;tb. 1n 
mtddle plane ot a plate 1 

Jl • s1ngle eoneentated load, ! 

Q . = ohearlng tone per unit length of" a section or a plate J 

q = intensity ot n oonttnuousl7 41atJt1buted load J. 

S = tommel 's £unction J 

' u tempera~• J 

u, v,w • displaceclt 1n Xt ,-, and a d1rect~n• l'eap.ctiv•lY ·f 

x,r1a · • r•ctangUlar c»ordtnates 1 

6" • d1reet a treas J 

(o)c:tt..• critical bue.kltnc etNSJa ·' 

~ • shear atresa 1 

e • 41reet atra1n 1 

· E a = error function in Qalerk1n • • ~tethod ; 

y • $he&r strain ; 

P • densiq ot plate material ; 

v • Poisaon•a ratto ; 

r ~ ~ ftmct1on ' 

g • i' 8 1 e ~a a complex quantit7• 
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Large deflection of a semi-circular plate on 
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.. MS re~ei~ed l5" J~ly : t97S ; 

' . ABST_RAC:r· 

Large deflet.tion of a simply supported semi-circular plate placed on 
elastic foundation'' and wbjected to a uniform !<;>ad has been investigated 
following Berger's approximate method. Expressions for the deflection:> 
and bending moments are obta-ined anq the theo'reticaJ results have been 
presented in the form of grarhs. " · 

1. INTRODUCTION 

SMALL deflections of thin plates on elastic fo~ndati~n haYe teen examined 
by Timoshenko and Woinowsky~~rieger1 and several other ~uthors on 
the assumption that the 'strains of the mid.dl~ piane of. the ,pl~te can be neg­
lected. But when the deflection is moderately large, that is, of the order of 
the thickness of the plate, then thy strain of. the middle plane should te-
1c~nsidered. Thus for moderately large deflection~,· solutions of differential 
equations for deflections and displacements become difficult because of their 
non-linear character ... Way~-. and many other authors have examined mode-· 
rateiy. i~rg~ d~fle,~tio~:s of plates not resting ori:eiastic foun'd~t{qns arid the-

- • • I ... I I - • • ~ .. • • • • - ••• ' • ,.) - •• 

methods used by· them involve. considerable computation. Berger3 sug-
gested that the strain e~wrgy due to tbe seco~d. ~train invariant of the middle 
surface strains- may'· be neglected ·in· ana]ysing moderately large· deflection. 
of plates having axisymmetric deformatipn. Berger's technique of neglect­
dn.g the second strain i_nv,~p-i:a,nt'fil the .~xpre~sib~ corre~ponding to the total 
potential energy of the s.ystem 'ieduces c'8mputati'on·· and although no com­
plete e_xplanation of this methqd is offere~, the stresses a~d deflections obtained 
'for· both ·H::2tangu1ar ancf circul~r· 'p1itesqare 'in: good ·agreemeht: with. those 
found in practical analysi~. BergeP~-method has· ·b~en applied -s-uccessfully 
by Nowinski4 to his different plate PI;,Qblemsi't Nash and Modeer5 investi­
:gated the problems having no axial ~~~mmetr:y using ·Berger's: technique. 

. 21 
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Berger's technique of neglecting the second strain invariant in the middle 
-pl~me has been applied by Sinha6 to determine large deflection of circular 
and rectangular plates placed on elastic foundation an4 under uniform lateral 

• .. . • . - . • .. ~ .. . - J . ' 

lo~d. ·:··, · · 
. • I • .,. ' ..... : • • : ~ 

· In this .paper ·large static _deflection of a· simply supported semi-circular 
jsotropic plate placed on elastic foundation and under a uniform load has 
beeri solved. 'Foundation is assumed to be such that its reaction 'is pro­
portional to the deflection of the plat~. 

2. FO~MULATION ,OF PROBLEM 

For moderately large deflections, the strain displacement relationships 
and the strain energy of the middle· plane. of the plate are: 

llu 1 ("w) 2 

£z = llx + 2 llx (1) 

(2) 

llu llv llw llw 
r:y = lly + llx+ llx lly (3) 

V1 . ~ J J [ (\7 2 w) 2 +·~; e1
2

- 2 (1 - v) {~; e2 

--- -- dxd ()2 w ()2 w (()2 w )2}] + ()x2 ()y2 ()x()y. . . y (4) 

Neglecting e2 and qy adding the potential energy of the transverse load and 
of the founqatioQ. reaction the modified energy equation becomes 

'. :· . . . 

. D ff [ 2 )2+ 12 2 2 (1 ) {()2 w ()2 w y = 2 ( V w h2 el - . - v . ()x2 lly2 

- cllw )2} + ~ w2- 2qw] dxdy 
, .. ()~()y D. . D 

(5) 

Applying Euler's vari~tj(m~l metho~ fo (5) the foilowi~g ditf.e~~ptial ~q~~:-
~ions . in pol~r q~-qr~hp.ates ¥e ~b~med : ~ . . · . 

f6) 

i 
I 
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where a is ·a constant given by 

(7) 

and 

3. SOLUTION OF PROBLEM 

Let the plate be in th.e form of a semicircle (figure I) and simply sup­
ported. Let the centre be the origin, the bounding diameter be the initial 
line and the plate be uniformly loaded. To solve equation (6) let us put 
it in following form: 

where 

-.1' 
I 

I '' : . 

Figure 1. S~mi~circula! _plat~ on ·round!ltion. 

. (8} 

(9) 

(10) 
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Expanding the load into the appropriate Fourier series, 

00 

4q ,, sin me 
q = ---;- LJ -11-l - (11) 

and assuming 

00 

IV = E Rm sin me 
m"""1,3,5 

(12) 

where Rm is a function of r only, and substituting (11) and (12) in (8) one 
gets 

(
.d2 + !_ d _. n!2 

_ p 2) (r!__ + !_ d _ m2 
_ p 2) R __ 4q 

dr 2 r dr ,.~ 1 dr 2, r dr r2 2 m - r.Dm 
·' - . / (13) 

The appropriate solution of (8) is given by 

00 

W = L I Amlm (P1r~ + Bmlm (P2r), 
m=l, a. 5 

00 

+ r.~~ .L: (iP~~2s Sa+2s, m (iP2r) J sin me (14) 
s-o 

where 

and 

is the Lommel's function which is uniformly convergent. The required 
boundary conditions are 

(w)r=a- = 0 (15) 

[~2 w v (! ~w !_ ~z w)J = ~ 
~r2 + r ~r- + 1"2 ~8 2 r-a • 

. (16) 

~~ 
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Considering equatio~s (14), (15) and (16) an~ solving for the constants Am 
and Bm one gets 

00 

[ {aP2
2 1~ (P2a) + vP21; (P2a)} I: (iP~)4+2s Sa+2s, ~ (iP2a) 

•= l 
co 

-lm CP2a) _{a [ (iP~~+2s S"a+2s,m (iP2a) 
•=O . 

00 

4 
+ v [ (iP~!+ 2s S'a+2S, m (iP2a)} J 

Am :- TT~n • [/m (P2a) {aP1 2I~ (P1a) + vP1I~ (P1a)} . 

. - lm (PJ..a) {aP2
2 1;. (P2a) + vP21~ (P2a)}] 

(17) 
00 

[ {aP1
2 I;; (P1a) + ·vP1I~ (Pta)} ..L: (iP~~+ 2~ S3+2s,m(iP2a) 

•-o 
co 

- Im (Pia) {a I: (iP:)~+2S s;+2S, m (iP2a) 
•=o 

Oo 

+ v [ tzP:)~+2s S'a+2s, m (iP2a)} J 
4q •=o , . 

Bm =- TTDm • Um (P2a) faP1
2 I,;; (P1a) + vP1!,~ (P1a)} 

- Im (P1a) {aP2
2 I;. (P2a) + vP21~ (P2a)}] 

(18) 

Tq determine a, let 

u = E U(r) cos mB (19} 

v . E r:Cr)sinme · (20) 

· subject to the boundary conditions U (a) = V (a) = 0. 

Multiplying (7) by rdedr and integrating within the limits 0 to a and 
0 to 7T one gets 

a 1T' a 1r J J r [ U' (r) cos me dedr + i. J J r (~~) 
2

' dBdr 
0 . 0 0 

a 7r a ·7r 

+·sf ..L: U(r) cos me dedr + f f [; mV(r) cos me dedr 
0 . o ·o · 

. ' 



~· DATTA 

After ·evaluating. the integraJs the following equation leading. to~ a 

i'l obtained: -"* 
00 • -,;L _ [A!,. Pi ( ~ ~

2 g [/m-2 (P1a) + Irn (P1a))2 

_ [-l' + (m + 1)2J. r (P )} -+ ~ f' f' -L (p1)2m+2n+zt) 
. p 2 a2 - m+t la ' 2 L..J L..J 't' 2 

- - - - - 1 

fi=O t=J 
r~#t 

s==o n=o 

n~::~~u t=o 
11#1 

f' ~ fLnf.Lt (4 + 2s + 2n) (4 + 2s + 2t) aB+4S+
211+2tJ} 

+ w W 8 + 4s + 2n + 2t 
n=o t=o 

n~t 

(p m-H+2n (P )m+l+2t -j J · . -f a2m+2n+2t+4_ -

+ (2m + 2n + 2t + 4) /~ I!_ rem + n + 2) rem + t + 2) 

+ + ( ~:) ~•+'n ( ~· r'"'" + + ( ft r·H+'" ( ~· r->+•' ]} 
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·n=o t=o 
n#l 

n~o t=o 
n#l 

s=o n~o t=O 
. ,-., n#t_-

n=O 

(
p 1)2m+4n 

~2 2 

n=o 

I=() 

f' · 2 S+4S+4n \ ~ f' 11-nlkta8+4s+2n+2t } 

X { w (+ :s + 4n + w W 8 + 4s + 2n + 2t 
n=() .tt.::O f=O 

n#l 

+ 8~m 1T~I1l t (iP~~+2S t t P-nrfo1 (~1)m+2t 
s=o n=o t=o 

n#l 

11-n = {(4 + 2s) 2 ·- m2} • • • {(4 + 2s + 2n) 2 
- m2

} 

1-'t = {(4 + 2s)2 - ~2} ••• {(4 +2s + 2t) 2
- m2

} 

tP =(2m+ .2n. +2t --1:" 7> ~~ 1£ F(m + n) F(m + t +2) 
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. cz4+2S+2n+2t+m ~ 

c/>1 = -t 4-+....,)-=-.s-+~2-n.'.+-;2t + m) 1 ~ r (m + t + 1 > 

(4 + 2s + 2n) cf+2S+2n+2t+m 

if; = (4 + 2s + 2n + 2t + m) I~ T(m + t) 

(4 + 2s + 2n) a6+2s+2n+2t+m 

o/1 = (6 + 2s + 2n + 2t + m) I!. r (m + t+ 2) 

a2m-t4n . 

if;2 =(2m+ 4n) {I~ F(m + n + 1)}2 

if;3 =(2m+ 2n + l.t) 1~ [!_T(m + n-+; 1) l'(m + t + 1) · 

As 

Equation (14) reduces to 
00 

m=:(, 3, 5, , •• 

ym m + 5 + v 
+·am: mrr (16 - m2) (2 . ....:.+--,---.n--:1),-;[,---m-+--,--2'1 " (1-+-;---v"")] 

y'1l+2 m+3.+v } . e 
- a>n+ 2 1117T (4 +in) (4-m 2

) [m + t (1 + v)] sm 
111 

as obtained by Timoshenko1 'for the corresponding problem of small deflec­
tion without any elastic foundation. 

4. NuMERICAL CALCULATION 

To obtain deflection for a given value of plate radius 'a' and founda­
tion modulus 'KF' one has to start from (21) with an assumed value of 
'a' in order to' obtain the corresponding value of the load function (qa4fDh). 
Once this relationship is obtained the corresponding deflectio-9- wfh can be· 
calculated by (14) with the help of (17) and (18). For a= 80 mm, v = 0·3 . . , 
and KF = 350 deflections have been plotted in figure 2· for various values . 
of load function (qa4/Dh). 

• ,!' 

5. DISCUSSION 

On examination of- eq: "(1,4);· it is clear. that the radius of symmetry 
·of the· plate. undergcd·1 ·'tne :ffiaxirhuin deflection With respect to other radii. 
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The expression for the deflection at a given point on the radius of symmetry 
can be expressed in the form w. = f3 .(qa4/D), where ~ is a numerical factor. 
Deflections af various points on the radius of syffimetry are plotted. in 
figure 3 for a given value of load function. From figure 3 jt is· observed 
that maximum deflection occurs at 'the centre of gravity of the plate. 

v 
0 

Figure 2. Deflection curve. 

ONE SMALL DIV. = 0'001 ~t 1i 

v """ ....... 

v 
I 
4 !l.. 

a 

"" ~ ~ 
}. 
4 

Figure 3. Deflection curve. 
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. The plate ·is subj¢cted to bending· moments in radiaL and· tangential 
directi_ons. as well ·as to a.· twisting moment.' The expressions for .bending 
aQ.d 'twisting mo'iH~nts are· ' 

r: .: . 

00. 

I: 

' . 

+ v {A2;l:[fm~1 (P1r) + Im+I (P1r)] +·Birp2 [Im_1 (P2r) 
. . ' 

00 

. + 7T~~ L (iP~~+2S { s;+2f, m (iP2r) +; s~+2S, m (iP2r) 
s=O 

. . 
+ Bm~22 

v {Im+z (Pzr) + 21m (P2r) + -Im:2 (P2r)} 

+: A2,~1 {/m-1 (P1r) + Im~1 (Pir)} 

+ B2.;2 {Im-i (P2r) +: /~+1.C~2r)} 
- ---·--· 00. 

I 
I 

~ 
I ., 

I 

_:__ ~~~
2 

{Amlm -~~11~) + !_rr,~m ~~P2r)! +- 77~~ L :(iP~~ 2s _ 
_ .-· ; . i· ____ : _____ ·<:···"'."'. (-

' ' . 

-- X { vS''3+;s~- ~ (iP;-r) +j}s3+2~;ni (iP;_r>·--~~<,, 
. . '\• ::-- •' 

- o/:2~ Sa+zs, :n (iP 2r)} J s_in i1;0 . (23) 
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+ B2_;2 {lm_1 (P2r) + lltl+l (P2r)} · :. ·,. . ' '. ' ~ 

00 

- \ {Amlm 0\r).+ Bmlm (P2r)}.+ ~q I: ('P ~~23 r . · '7Tnl, 1 2 
1•0 

Eqs (22), (23) and (24) show that the }?ending moments Mr and M 9 are both 
m"aximum on the radius of symmetry a11g· the twisting moment Mro is maxi­
mum on the bounding-diameter. 

· The bending mome11:ts can. be expressed in the form 

Mr = f31qa2; M 9 = {32qa2 (25) 

Bending stresses can be calculated from the expression's 

(26) 

Expressions for shearing forces can be obtained with the help of (14) 

00 

Qi·= -D. ·2: {[ AmP13 l~' (P1r) + !Jm P2
3 !~~ (P2r) 

m=l, a, 5, •.. 

•-o 

. ~ ( a2 -t ~~) [ A~P1 I'm (P1d + ~mP2l'm (Pi) 
. . ... : . . 

00 

-+ 7Tt~ L(iPJi+2s X S'a+2S,m (iP2r) ]} sill mO. (27;) 

•-o 
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00 

Qo' :-:-;- f- E m r AmP?~I: (Plr) + .. 'BmP/ I: (P2~) 
1.$ m;::l, a, 5, •.• 

•=o 

(28) 

The shearing stresses can be calculated from th~ .expressions 
•: t', .1•-"! 1•',: · , r 

(29) 
: ( _. ~ . 
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ABSTRACT 

Large deflections of a uniformly loaded circular plate placed on elastic founda­
tion and supported at several points along the boundary have been analysed follow­
ing Berger's method. A particular case, where the number of supports is two, has 
been treated fully. Numerical results have been presented in the form of graphs. 

Key words : Large deflections, elastic foundation 

INTRODUCTION 

Small deflections of thin plates placed on elaftic foundations have 
been examined by S. Timoshenko and S. Woinowsky Krieger [1] and several 
other authors on the ·assumption that strain due to stretching of the middle 
surface of the plate is negligible. When the deflections are moderately large, 
that is, on the order of thickness of the plate, then the forces in the middle 
surface of the plate mu~t ·be taken into account. In the case of such large 
deflections of plates placed on elastic foundations, three differential equa 
tions for displacement and deflection may be written, but it is usually difficult 
to obtain the solutions of these equations because of their nonlinear 

~', character:. 

On the other hand, _various problems of large deflections of plates not 
:resting on elastic fmmdations have been examined by S. Way [2], S. Levy 
[3] and many other author:<. But the methods used by them involve and 
require considerable computation. A simple and approximate, yet fairly 
accurate, method of analysing large deflections of plates was suggested by 
H. M. Berger [4]. The method uses the technique of neglecting the strain 
energy due to the second strain invariant of the middle surface strains in 

427 
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analysing large deflection of plates having axisymmetric deformation. 
Berger's method reduce~ computation and although no complete explana­
tion of this method is offered in, the stresses and deflections obtained for 
both rectangular and circular plates are in good agreement with those 
found in practical analysis. Berger's method has been ;applied success- \ 
fully by Nowinsk [5] to his plate problems and Nash and Modeer [6] 1 
investigated the problems having no axial symmetry. 

The technique of neglecting the second strain invariant in the expres­
sion corresponding to the total potential energy of the system has been suc­
cessfully applied by Sinha [7] to ·determine large deflection of circular and 
rectangular plates placed on elastic foundations and under uniform latera 
loads. 

In this paper large deflection of a circular plate placed on elastic· 
·foundation and supported at several points alo!lg the boundary has been 
solved. The load is a.ssumed to be uniformly distributed and the foundation 
is of the Winkler type. A complete analysis of a particular case, where 
the number of supports is two is given . 

. FORMULATION OF PROBLEM 

For moderately large deflections, the strain displacement relationships 
and the strain energy of the middle plane of the plate are 

= ou +! (~w)2 

E"x ox 2 ox (1) 

(2) 

ou ov owow 
Yxy = oy + ox + ox oy (3) 

V1 = ~ J J [ (\72 w)2 + ~1~ e12- 2 (1 - v) 

{
12 ozwozw ( 02w)2}] 

x h2 e 2+ ox2 oy2 - oxoy . dxdy (4) 

in which e1 and e2 are the first and second middle surface strain invariants, 
respectively. 
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Neglecting e2 and by adding the potential energy of the transverse load 
and of the foundation reaction, K, the modified energy equation becomes 

D ('f[ 12 V = 2 J (\72 w)2 + h2 e12- 2 (1- v) 

X {o2 w o2 w - (o2 w l2) + !S-_ . 2- 2qw] d d 
. ux2 oy2 oxoy f D 1v D x y. (J) 

Applying Euler's variational method to eq. 5 the following differential 
equations in polar co-ordinates are obtained [7] 

(6) 

where a is a constant given by 

a
2 h2 ou 1 (ow)2 u 1 ov 1 (ow)2 

12 = or + 2 or + r + roO + 2r2 oO 

(7) 

,,. 
SOLUTION OF PROBLEM 

Let the circular plate (Fig. l) be of radius a, &upported at several points 
along the boundary and placed on the elastic foundation. Let the centre 
of the plate be the origin and a. diaineter .as the initial line, () = 0. The 
general solution of eq. 6 is 

W =Wu + W1 (8) 

in which w0 is the large deflection of a plate placed on elastic foundation 
and simply supported along the entire boundary and w1 satisfies the equation 

(9) 

-i Eq. (9) can be written in the form 

where 

(\72 _ p12) (\72 _ p 22) w1 = o 

p12 + p22 = a2 

p12 p22 = ~. 

(10) 

(11) 

(12) 
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Considering the number of points of support is i, and denoting the con­
centrated reactions at the&e points N1 , N2 ••• Ni, the expression for each 
reaction Ni is (1, P. 293) 

N· [ oo J ____] ! + E cos m()i 
7Ta m=l 

(13) 

where ()i = () - lfii, 1/ri is the angle defining the position of the. support i. 

The intensity of the reactive forces at any point of the boundary is 
then given by the expression. 

(13 a) 

in which the summation is extended over all the concentrated reactions. 
Assuming that the plate is solid and considering that deflections and moments 

I 

LOAD. 
PLATE. 

I"IG. J. Circular plate on foUndation. 

. ~~ .. 
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at the centre must be finite, the appropriate solution of eq. 9 can be taken 
1n the form 

00 

W1 = A0/ 0 (P1r) +Bolo (P2r) + E [Amlm (Plr) + Bmfm (P2r)] 
m-1 

00 

X cosmO+ E [A'mlm(P1r) + B'mlm(Pw-)]sinmO (14) 
m=l 

in which / 0 is the modified Bessel function of the first kind and zero order, 
and I m is of the first kind and mth order. For detetmining the constants 
we have the following conditions at the boundary: 

1V = 0 

r=a (15) 

e = o, 7T 

(16) 

• 
[ 1 o J ~ Ni [ 1 = J Qr - - - 8 Mro = - - z· + E cos m0-1 

r Cl r=a 7Ta m=t 
(17) 

l=1 

where 

(17 a) 

[ 
1 o2 w1 1 ow1 J !Ylr = (! -- v) D - ---- - .., - . o ,. oroO r· oO (17 b) 

Consider a particular case when the plate is supported at two points which 
are the two end points of the. diameter taken as the initial line from which 
0 is measured. Then 

Considering the above boundary conditions one gets after solving for the 
constants 

p 
Ao = Df3rfo(a) (18) 7T a 

p 
(l9) Bo = - [)' f3cfoo (a) 

?T « 
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_ P t-tm (a) 
- - TTDa {f3m (a) t-tm (a) - Am-(,-ca),---'YJ_m_(~a"'"')} 

_ · P Am (a) 
- TTDa {f3m (a) /.Lm (a) - Am (a) 'YJm (a)} 

A'm = 0=B'm 

where P = TTa 2 q =total load on the plate 

Thus the complete solution of eq. 6 is obtained in the following form 

w = W 0 + A0l 0 (P1r) + B0l 0 (P2r) 

00 

m=:!,4, G, ... 

where 

(20) 

(21) 

(22) 

(24) 

(25) 

(26) 

(28) 

(31) 

(31 a) 
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Bo' = !1 [P1
2 

lo" (P1a) + P1 * /1 (P,a)] . 
K cp (Pa) 

(31 h) 

cp (Pa) = {/0 (P1a) P2
2 10" (P2a)- 10 (P2a) P1

2 ! 0" (P1a)} 

Substitution of the values of the constants A 0', B 0', A 0, B0, Am and Bm into 
eq. 30 yields 

~ = (qc.ht4) [__!__ {l + l:Y!~~~~1(~~--~-~1 * /1 (P1a) J Io (P2r) 
n D KF cp (Pa) 

_ [P2
2 ! 0" (P2a) + P2 * /1 (P2a) J /0 (P1r)} 

cp (Pa) 

I:oo [fl-m (a) Im (P1r) - i\m (a) Im (P2r)] oJ J --- cos 111 
f3m (a) fl-m (a) - i\m (a) 7Jm (a) · 

m=2,4,G, •.. 

(32) 

As P1 -+0 and P2 -+0, eq. 32 reduces to 

Pa 2 1 { 1 + v ( nz) 
IV = W0 -f:- 2nD (3 + v) 2log 2 - 1 + 1 _ v 2log 2 - T2 

00 

\' [ 1 2 (1 + v) 
W m (m- 1) + m2 (m- 1) (1- v) 

m=2, 4, G, ••• 

(rfa)2 J (r)m } - ( + l) - cosmO m m a. 
(33) 

as obtained by Timoshenko [1] in the corresponding small deflection problem 
for a plate supported at two points on the boundary. 

The normalised constant a. can be determined from Eqs. 7 and 30. 
Since we are interested only in the lateral displacement w, the radial and 
cros~-radial displacements u and v have been eliminated by choosing suitable 
~xpressions for ~ and v, compatible with their l?oundarr conditic;ms ~ng 

I 
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integrating over the whole area of the plate. The radial and cross-radial 
displacements have been assumed in the forms 

u = E U(r) cos m8 

1) = £ V(r) sin mO 

(34) 

(35) 

subject to /the boundary conditions U (a) = V (a) = 0. Multiplying )5oth 
sides of the equation 7 by rdrd8 and integrating between the limits 0 to a 
and 0 to 27T, one gets '-

Ja J.,. rU' (r) cos m8 drd8 + j f.,. U (r) cos m8 drd8 

0 0 

a 21r a 211" 

+ f f 111 v (r) cos me drd8 + ~ J f I' G~Y drd8 
0 

a 2rr 

1 f J 1 (vw) 2 +- - - drd8 = 
2 • r v8. f a r~rr a2 h2 

. l2 rdrd8. 

After evaluating the integrals the following equation leading to a is obtained. 

00 

+ 1: [ A 2mP1 2 l- ~ a 2 U {lm-2 (Pla) + lm (P1a)}2 
Jll= 2. •J (;, ••• 

,) 

·'-"k.­''r 

I 



Large Deflection of .a Circular Plate 

X 1!+1 (P1a)] + ~ I: t (~1y1ll+2n+2t • ~} • ~ 
n==O[ C=O 

"#e 

+ ~ ~ t ( ~2yrrt+2n+2t • ~} ~ + ~ AmB~P1P2 
n=oo t=o 

n#t 
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oo oo [ (P )m+2n-l (P )m+2t-l .[: L . •l T a2m+2n+2t 

X n=O.....Lt=o (2m+ 2n + 2t) I~!£.. F(m + n) F(m + t) 
n-,-t 

____! ___g a2m+2n+2t+2 (
p )m+2n+I (P )m+2t-1 

1 2 2 
T (2m+ 2n + 2t + 2) I~ It r (m + t) r (m + n + 2) 

n=o t=o 
n#t 

00 00 00 

2 r'f"(P2)2m+4n '\' '\"(p2)2m-12t1+2t } m2 
+ B m 1 LJ 2 cfl + W W 2 o/ 2 

n=O n=o t=o 
n#t 

{I:oo I:oo (p1)m+2n (p2)m+2t } m2J 
+2AmBm - - ·1• -. 2 2 ..,.. 2 

~I , .... :. -· ' 

(36) 
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where 

a2m+2n+2t+2 

cp =(2m+ 2n + 2t + 2) I~ I~ F(m + n) F(m + t + 2) 

a2m+4n 

c/>1 =(2m+ 4n) {I~ F(m + n + 1)}2 

a2m+2n+2t 

ifi =(2m+ 2n + 2t) I~ I~ F(m + n + 1) F(m + t + -1) · 

Thus the deflection, w is completely determined. The expressions for the 
bending ~nd twisting moment can now be determined. 

00 

+ L {P12Aml"m(P1r) +P2
2 Bmi"m(P2r)}cosm8 

tn=2 I 4:, G, ••• 

00 

+ ~- I.: [P1Ami'm (P1r) + P 2Bmi'm (P2r)] cos m8 
tn=2, ·1, r., ... 

1 

m=2,4, G, ••• 

(37) 

00 

+}. L {P1Am;lm' (P1r) + P2Bmlm' (P~r)} cos m8 
m=:!, 4, o, .•. 

00 L m 2 {Amlm (P1r) + Bmlm (P2r)} cos mB. 
M=2, 4, G, ••• 

t 
I 

{ 

/ 
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+ r [P1
2 Amlm" (P1r) + P 2

2 Bmlm" (P2r)] cos me}] 
tn=2, 4, 6, ••• 

(38) 

= 
Mr 0 = (1 - v) D [-}. L 111 {PIAmlm' (P1r) + P2Bmlm' (P2r)} 

m=2. 4,G, ••• 

00 

X sin me+ ~2 L m {Amlm (Plr) + Bmlm (P2r)} 

x sin me]. (39) 

The stresses can be calculated from the expressions 

(40) 

NUMERICAL. CALCULATION 

To obtain deflection for a given value of plate radius 'a' and foun­
dation modulus 'KF' one has to start from the equation (36) with an assumed 
value of 'a' in order to obtain the corresponding value of the load function 
qa4/Dh. Once this relationship is obtained the corresponding deflection 
w/h can be calculated by eq. 32. For a = 50 mm, h = 0 · 75 rum, v = 0 · 3 
and AF = 80 deflections have been presented in Fig 2. 

CONCLUDING REMARKS 

An examination of the eq. 32 will reveal that the deflection (wjh) depends 
on AF, the plate radius ' a ' and on the value of the angle, e. For a given 
value of the load function eq. 32 can be written as 

(w (qa4) (w) (qa4) 
h \=(' = K 1 Dh ; Ji r=a = K 2 Dh (41) 

0=0 IJ=7r/2 

where K1 and K2 are two numerical constants, K2 being greater than K
1

• 

Because of 1:be reactive forces at the two points of support, deflections on 
the ·diameter at e = 0 will be less than those on the diameter at e = TT/2. 
Maximum deflection will occur at the boundary at e = ± TT/2. Deflections 
accordin~ to the linear theory have als<;> "Peen :plotted in Pi~. 2 an<;l it i§ 
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Fro. 2. Load deflection curve. 

clear that the errors of the linear theory increases as the load increases. 
In order to study t)le variation of moments, eqs. 37, 38 and 39 are plotted 
in Fig. 3 for various values of (rfa) and for the angles at which they become 
maximum. It is observed that the maximum bending moments, their 
magnitudes being unequal, are developed at r = 3aj4, e = ± TT/2 and the 
twisting moment is maximum at r = a, 8 = ± TT/4, ± 3TTj4. 

., 

As the plate must be in equilibrium on the supports, the foregoing ·:~ 
analysis for two simple supports represents the worst condition when the 
deflections and stresses are maximum for a given load function. With 
the increase in the number of supports, W1 in eq. 8 decreases. Fo~ an 
infinhely large number of supports, win eq. 8 will approach to w0 in the limit 
and the point of maximum bending moments will shift to the centre of the 
plate, (Mr)max being equal t? (Me}max in that case, 
. . 

' "\..._ 
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u = 0"3 
I( = 80 r:: 
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FJG, 3. Moment curve. 

The present study can be extended to any number of supports, provided 
the support& are so chosen as not to disturb the equilibrium of the plate. 
For example, if three equidistant supports are chosen, z/!

1 
= 0, !f

2 
= 2rr/3, 

z/!3 = 4rr/3, the differen6al equations together with the boundary condition 
remaining unchanged. If the plate is clamped on the supports, the boundary 
conditions and the concentrated reactions at the supports will change 
totally demanding a separate investigation. 
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NOTATION 

The following symbols have been used in this paper : 
a = plate radius 

A0 ', A0 , B0', B0, Am, Bm =Constants 

D = :flexural rigidity of the plate 

E = Young's modulus 

e1 = first invariant of middle surface strains 

Ex + Ey in rectangular co-ordinates 

Er + Eo in cylindrical co-ordinates 

e2 = second invariant of middle surface strains 

h 

l 0 , lm 

K 

Ex€y- h!u in rectangular co-ordinates 

- €r € 9 in cylindrical co-ordinates in case 01 circular symmetry 

= plate thickness 

= Modified Bessel's function of the first kind and of the zero 

order and mth order respectively. 

= foundation reaction per unit area per unit deftectton 

··~ 
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Large De/lecdon o/ a Circuiar Piate 

KF ==== dimensionless foundation modulus = ~ a4
• 

M =moment 

q = uniform lateral load 

r, () = polar co-ordinates 

u, v = radial and crossradial displacements 

V1 = strain energy 

w = deflection in z-direction 

T 

€ 

y 

= direct stress 

= shear stress 

= direct strain 

= shear strain 

v = Poisson's ratio 

r = Gamma function . 
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for a bonded ·composite material, it should be assumed that inter­
actions between constituent!!" occur between congruent particles. 
Since the constituents can ~ndergo individual motions, this as-' 
sumption implies that during any motion of the material, interac­
tions between constituents occur between material particles which 
can occupy different spatial positions. This is in contrast to the 
usual continuum theories ·of mixtures, in which interactions be­
tween constituents are assumed to ·occur .between material parti­
cles which are spatially superimposed [3). 

In [2); the interaction force vector b between constituents was 
assumed to be a function of the relative displacement U(pmJ ;, X(pJ 

~ X(mJ between congruent particles. Assuming that it also depends 
upon the relative velocity U(pm) = X(p) - X(mJ introduces an inter­
esting difficulty in that the component of. ~he relative velocity nor­
mal to the line joining the congruent particles is not invariant 
under imposed rigid body rotations and thus does not satisfy the 
principle of material-frame indifference (PMI) [4). 

Formally, consider m~tions of the constitue11ts 
- .. 

= X(ml(X<mP t)' X(p> x<P>(x,P>, tl (4) X(m) 

related to the motions (3) by 

Xtml = QX(m) + c, x<P> = Qx<P> + c (5) 

where Q is an arbitrary orthogonal time-dependent linear transfor­
mation and ci is an arbitrary time-dependent vector. The PMI re­
quires that a- vector-valued constitutive variable v associated with 
the motion given by equations (3) be related to its value ii associ­
ated with the motion given. by equations (4) by ii = 0 v. If this is 
·satisfied, vis said to be indifferent. · 

The relative displacement betw~en congruent particles is indif­
ferent, 

(6) 

but the relative velocity is not. 

ii(Pml ':" Qfi<Pml + Qu<Pml · . (7) 

Let a decomposition <;~f il(pm) into indifferent (urpmJT)_ imd nonin­
different (il(pm)N) parts be sought,3 U(pm) = U(pm)T + U(pm)N, stich 
that · · 

It is easy to show that equations .(8) are· satisfied if U(pml and 
U(pm)N are· the: components of U(pm) tangential and normal to U(pm)· 

For, defining 

l [:::::: ~~~:)] U(pm) if U(pm) 

U(pm) if U(pm) 0 

* 0 
' T u(l>ml = . (9) 

the transformation equation is 

(1~) 

and then' 

htpm/ = Utpm> - btpml T = Qu<pm/ + Qu<Pml. (11) 

It is also easy to see that the decomposition is unique. Thus inter­
actions between congruent particles can depend only on the com­
ponent U(pm)T of U(pm)· 

A physical picture which .helps to clarify this result is to imagine 

3 This is similar to the familiar decomposition of the velocity gradient into 
indifferent (deformation rate) and, nonindifferent (vorticity) parts. 
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the congruent p~rticles of the two constituents to be connected by 
springs and dashpots. The dashpot (relative velocity dependent) 
forces do not depend on the relative velocity components normal 
to the lines joining the particles, but depend only on the tangential 
components. 

Assuming that the interaction force vector b and the stress t<m­
sor in the elastic material l(mJ depend upon U(pm), U(pm)T ·and ihe 

·strain of the elastic material, the linearized isotropic three-dimen­
sional forms of equations (1) and (2) are, in Cartesian tensor form, 

a2.z~m)k -. . 
Ptm> at2 . - f <rn>kJ.J + bk, 

where 

and 

f (m)kJ = ;\.(m)likJe(m)nn + 2Ji<m>Gmi~J' 

bk ·= !IU(pm)k + (] U(f>m)k T' 

(12) 

(13) 

(14) 

For one-dimensional compressional or shear wave motion, equa­
tions (12)-(14) reduce to the form of equations (1) and (2). How­

. ever, for more complicated motions, including combined com pres 
sion and shear, it_.is interesting to note that e'quations (12)-(14) are 
intrinsically. nonlinear due to the term ilrpm!kr, constituting what 

· might be called a geometric material ponlinearity. 
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Large Deflection of a Circular 
Plate on Elastic Foundation 
Under a Concentrated Load at 
the Center · 

Introduction 

. For moderately large deflections of thin plates, solutions of the 
differential equations for deflections and displacements become 
difficult because of their nonlinear character. Neglecting the sec­
ond strain invariant of th~ middle surface strains, Berger [1]2 
solved the large deflection of circular and rectangular plates under 
uniform load with ease and sufficient accuracy. Following Berger's 
method many investigators [2-6] have solved various large deflec­
tion problems and have obtained satisfactory results. 

Following Berger's method the large deflection of a clamped cir~ 

1 Head, Departfl\ent of Applied Mcchani :s, Jalpaiguri Govt. Engineering 
College, Ja!paiguri, W -Bengal, India. · 

2 Numbers in brackets designate References at end of Note. 
Manuscript. received by ASME Applied Mechanics Division, May, 1974; 

final revision, January, 1975. 
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BRIEF NOTES 
cular isotropic plate resting o~ elastic foundation of the Winkler 
type has been investigated in this study for ·a concentrated load 
applied at the center. The l'esults have been experimentally veri­
fied. 

Analykis ·. 
Using polar coordinates the governing differential equati_on for a 

circular plate of radius a, with a concentrated load P, ·at the center 
is given by . · : _ · 
. . K . 
. v 2(v2· -: a2)w + D w = 0 (except at the load point) (1) 

where a is a constant determined from 

(2) 

and 
d2 1 d. . 

. v 2 · = ....,....,.. + - • - · w = displacement 

. dr' r dr '· 

along z-direction.;·K =. fou~dation ~eaction per unit area per unit 
deflection; D = (EJi3/12(1 :,.. P2), E being the ~odulus of elasticity; 

.h is the ph!te thickness,.and ;, is Poisson's ratio. 
·consid:Cring the radial stress and shearing stress on a concentric 

circular area of radius r, the concentrated load pat the center, and 
since ~ and dw/dr a~e both zero at the center one gets 

' d [ 2 "2 1° p lim. Dr-d (V -a) w = -
2 r~o · r 11 

(3) 

s"olution of equation (1) can lie ta!Wn in the following convenient 
form 

. w = Al0(P1r) + BI0(P2r) -+ C[K0(P1r) - K 0(P2r)] (4) 

in which Io is the modified Bessel function of the fiz:~t kind::and 
zero order and Ko is the modified Bessel function of th,e ~~c~>nd 
kind and zero order 

P1 2 + p2- a.2· p2p2 
2- •_1.2 

·K 
D 

A B · ~nd C a~e ,constants to be determined from the boundary 
_ c~ndlticins. Clamped edge boundary conditions are · 

. · . (dw) 
(w), •• = 0 = dr ,,. 

Considering equations, (3) _and (4) one gets 

Consid.ering equations (4) and (5) one gets 

--'I' -- 1/J ~ ''~· . ~1 J A~CT;B=C~-
where 

>!- = K1(P1al Pl/o(Pza)- Ko(Pla) Pzll(Pza) 
•/• = PzltU12a)lo(Ptal - Ptl1(P1a)loP2a): 

.. .j-1 = Ko(P2alPtll(Pln)- Kt(P2alP2lo(P1a) 

-Thus 

is determined completely. 
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(5) 

(6) 

Setting r -+ 0 in equation (4) one gets the maximum deflection 
w o, at the center of. the plate, 

(7) 

To determine the displacement u, one gets from equation. (2) 

a2h2r2 lJ (d;,o) 2 ur = --- - - - rdr + K' · . 24 2 dr (8) 

where I\'c is the con~tant of integration. After evaluating the inte­
grals a!ld using the boundary condition u -+ 0 as r ..... a, the equa­
tion determini~g-·u· may be obtained. Also as r -+ 0, u -+ 0 from 
symmetry. Thus the equation for 01 is obtained as 

a.2h2a2 
'12 

== A2pt.2[aloCP,a)I/Pla) + _21 lt2(Ptal~2 - _21 Io2(Ptala2] 
. . Pt. 

-+-n2p·2:falh(Pza)It(Pza> + .!1 z(p) 2 _ ! 1 2(P > 2l 2·l .P2 2_t_2aa 2o 2aaj 

' + C2p'i2 [ia21{1 2(P;a)·- ~K02(P1a)a 2 - ;
1 
K 0(P1a)K1(P1a)] 

+ _c2p/[~~2K1 2(P2a) - -~K02 (P;a)a2 - ;
2 
K0(P2a)Kt(P2a)J 

w 

+.. ~~B;~~~~· [P2:1:r(P1a)/0(P2a) - P 1I1(P2a)/0(Pta)) 

. -2Clp·p· .· · . 
""'_ .P;2 }·p12 (?1K 1(P2a)K0(P1a) .- PzK1(P1a)K9(P2a)] 

~.'::~f~1~21 [P211(P1a)K0(P2a) + P1K 1(P2a)/o(P1a)] 
. '\...-}<:• . 1· ---~~F:~~:~ [P1/ 1(P2a)K0(P1a) + P2K 1(Pta)I0(P2al] 

, +:.:B¢fP2
2a 2{11(P2a)K1(P2a) + 10(P2a)Ko(P2a)} 

- P2a {I1(P2a)K0(P2a) - 10(P2a)K1(P2a)}] 

-:-.AC[P1
2a 2{I1(P1a)K1(P1a) + /0(P1a)K0(P1a)} 

P 1a{/1 (P1a)K0(P1a) - / 0(P1a)K1 (P1a) }] 

+ 2ACP1~ + 2BCP2
2 + AC _ BC 

p22 - pt2 Pz2 - P/· 
2 r Pz

2 + P1
2 !:.1.] - c r + p2 2 - p12 log. p2 (9) 

If p 1 -+ 0, Pz -+ 01 or P1 -+ 01, P2 -+ o: one gets from equation (6) 

r ( /J0(a.a) - 1- lo(a.r) 
1r2 D a a/1 aa L 
+ J0(ar)a.aK1(a.a) + a.a/1(a.a) log • .(~) 

+ K0 (a.r)a.al1 (aa~ (10) 

and equation (9) also reduces to 

[ ~Dah2 l 2 = t-y-+-----;.~:,(_a,a...,)6-;---::--;;;--;-..,---,---;:; ., J log a.a _ I 0(a.a) '+ a.aK1(a.a) - 2 
e 2 a.a/1 ( a.a) 

·_ ! {Io(a.a) - 1} 21 (ll) 
2 /1(a.a) J 
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A- TEST PIECE. 
, 9- LOAO SPINil.f. 

C-lOAD PAN. 
0-0EFLECTION GAUGE. 

0 

Fig. 1 · Experimental apparatus lor load deflection leal 

Equations (10) a~d(ll) are the· results obtained by Basuli. [5J. · 

Experlmeit~al and Theoretical Results 
. Deflections of a 0. 75-mm thick mild steel plate were measured 
experimentally using sand ·as foundation material. The sketch of 
the apparatus used is shown in Fig. ·1 and is self~explanatory. The 
value of the nondim.ensional foundation modulus, KF = (K/D)a4 

for sand used was determined experimentally to be 430. 
The' theoretical.results according to Berger's approximate meth­

od and experimental results both for KF = 0 arid KF = _430 have 
been presented in Fig. 2. Results according to Timoshenko and 
Krieger [7) and Schmidt [8) corresponding to KF = 0 have also 
been presented for comparison in the same graph. It is -observed 
that results- obtained from Berger's method approach more closely 
toward the practical values and the error fncreases progressively 
with the intrease of load function. . 
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Motion of a. Stretched String 
,:..oaded by an Acc~~erating 
Forc~1 · · -

M. J. Sagartz2 aild M. J. Forrestal2 

The use ·of explosives to simulate disiributed impulse loads ~n 
various structural shapes has recently motiv~ted several an\llytical 
solutions for the respon1;e of structures ~o moving forces traveling· 
·at a constant. velocity. Solution_s are avaiiable for str~tched strings 
[1-3],3 beams [4, 5], and ·circular· rings [6]. A recently developed 
rocket-propelled trolley facility at Sandia Laboratories, Alb~quer­
que motivated this analysis. Unlike the problems which have forc­
es moving at constant velocity, the trolley is propelled at-nearly 
constan_t acceleration along a steel cable_· suspended between. two 

1 This work was supported by_ the U._ S. Atomic_ Energy Commission. , . 
2 Shock Simulation Department, Sandia_Laborlltaries, Albuquerque, New 

Mexico. . Mems. ASME · · 
3 Numbers in brackets designate References at _end of Note. . 
Manuscript received by ASME Applied Mechanics Division, December, 

1974; final revision, Februa_ry, 1975. 

·Journal of Appli~d Mechanics 

--- - -:-EXPERIMENTAL CUI'lVE. 
_.:._ ___ BERGER. 

r·s ------TIMOSHE NKO. 

I SCHMIDT, 

t·o~~~ 

.':, 

References. > :·. 1• _. . . _ . . •. . . -' ... 

·1 Berger, H. M., "A. ~~\v··~ppr<!ll~h :(p: the. Ana,lysi~ ~f La~gibc'n~ctibns 
of Plates;·~ JOU.RNA~ OF·:APPLll!:D·· MECHANICS Vol. 22· h'RANS. 
ASME,Vol.-77,1955,pp.'.465~72,··,: .· . . - '. .<' ·'. · 

2 Iwinski; T., and Nowinski,.J~, '"The Problem·· of_ t.arge De'flections or 
Orthotropic Plates," Archiw,uiri Mec~cuiiki Stosq!lJanej, Vol. 9,' i957, pp. 
593-603. .,_. ' ··--. •. ' . . . ' . . 

3 Nash, W. A., and:Ma'de!!rj n:;•·c!lrtairi .1\pp~oximate A~.ilysis'of the 
Nonlinear Behayior·of_l,'laies.af!d Shallow Shells,"- Proceedings of ilie,Sym­
posium of tl}e TheorY: o{:Th,in Elastic 'Shelli; Internatioriol-Union.-of~Theo­
retical and App,li~d_. Mechanics; 1959, North _Holland }>ublishing Co., Am-
sterdam, 1960,-pp. 331-354. · · · , , .. ·. ·. · 

4 Banerje_e,- ·B., "Large_ .I;Ieflection of aii. O,rt!totropic Circula~ Plate 
Under a. Concentrated Load;" Bulletin DeL' academic Polonaise Des Sci-
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357-362. 
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mountain peaks. Ip order to estimate the cable motion, a wave so· 
lution for the response of a pinned end, semi-infinite stretched 
string loaded by a force_ moving at constant acceleration is derived. 

·Analysis 
A wave solution is obtained by employing Laplace and Fourier 

transform techniques, and the definitions for the integral trans­
forms given in [7) are adopted. For purposes of analysis the string 
is considered infinite, and an image load ls included in the equa­
tion of motion to _satisfy the pinned end boundary condition. The 
equation of motion is 

pa2y/&t?- _::. T& 2y/&x2 = P{J(x- at2/2) ·- Po(x + aP/2) 

(1) 

where p is mass per unit length, T is tension, y is deflection, t is 
tiroe, .:t is the axial coordinate measured positive to the right, P is 
the force magnitude, a is the constant acceleration, and' o is the 
Dirac delta function. The response is evaluatec;l for positive x, and 
the second term on the right-hand side of equation (1) is the image 
load. The transformed solution is 

- -PJ~ exp·[-s(2a/a))(e· 11a- e 11 Q) 
y*(~, s) da 

- P .a (2a/a)t12(s2 + c2E2) 
(2) 
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THERMAL BUCKLING OF SOME HEATED PLATES PLACED ON ELASTIC FOUNDATION 

s. DATT;A 

Jalpaiguri Gove~nm~nt Engineering College, Jalpaiguri 

(Receivea 2 December, 1974} 

Thermal buckling of a heated equilateral triangular plate· and a clamped elliptic plate placed on elastic foundation 
has been .investigated. The boundary of the plate is transformed conformally onto the unit circle. The critical buckling 
temperature is obtained with the help of error f~nction . 

C' 

Thermal buckl.ir).g of thin: elastic plates is . of much ·practical importance in moder~· engineering . 
N owackil has discussed the thermal ~uckling of a rectangular plate under different boundary conditions. 
Mansfield2 hgs investigated the buckling and curling of a heated thin circular plate of constant thickness. ' 
Klosner & Forray3 · have studied the thermal buckling of simply supported plates under ·sYJilmetrical 
temperat'ure distribution. · \ . 

· Stability of thin elastic plates having exotic boundaries subjected to hydrostatic in-plane lo~~;ding can 
e:tsily be investigated with the help of approximate techniql):es such as colloaation, finite difference, finite 

~ ebments; etc. La lira & Shahady4 have shown that it is convenient _to conformally transform the given 
domain onto a simpler one, i.e., the unit circle and the boundary oonditio:ns can then be satisfied identically. 

a 

· .in this p~per thermal buckling of a ~eated equilateral .triangular plate and a clamped elliptic plate 
placed on elastic foundation has been investigated. ·The foundation is assumed to: be of t·he Winkler type. 
The boundary bas been transformed conformally onto the 'lmit· circle and solution has been obtained with. 
~the help of error function. · .. 

NOTATIONS 

The following not~tions have been vsed in this paper : 

Bn, Bm = constants ; 

D -:- flexural rigidity pf the plate = 

E =lYoung's moduius; 
h . plate thickness ; .· 

h 

Np = rlEJ?: Tdz; 
--2-

T --:-·temperature ; 

12 (1- v2) ' 

u, v = displacement in x and y direction respectively ; 
w = deflection normal to the I?Jiddle plane of the plate ; 
K1 = foundation reaction per unit area per unit deflection ; 

ct = coefficient or'lineam thermal expansion. ' 

TH-E OR~ 

Let us consider a plate of thickness, h, subjected to a temperature 
dent of x andy, bu~ varies arbitrarily through the thickness, i.e.,, 

distribution T which is indepen-

I i=TW ~-, . 

The plate is subjected to no external load and motion of all supports ·in the plane of the plate is P!'~; 
vented. It justifies then, that, under the above condi~ion there are no displacemen,ts in the pla~e of the 
plate, i.e., · 

~ ...:__ v.'·_: 9 •.;, 
H9 

/ 



I~ 
I 

· . On the above propositions the difft\rential equation for the displace;ment5 is 

D \74 W + N_P \72 W = 0. 
1-v 

- .-r 

For a plate pl~ced.' ~n elastic !ound~ti~n--having-th~ fo~'ud~tio~ re~ction, K1, (1 )-~eco:nies 

Eq. (2} ;may _be written as 
.I 

!·· 

.ri_v4 W.+ ·,ivp 'v~~+-K1 w o 
_ · · · 1--v ,. - ·· . _:·: ·. 

P 2 p. 2 ---"-·. K1 . 
1_2:- D. 

P 2 + p2- · Np · 
. 1:- - 2 -- ·n (1- v). 

' -

· If z = :v + iy, z ·= x /" ifF Eq. (3) changes into 
I • • • ~ -, • 

[I 

: { 4 . 2z
2 

.. :z- ·t _p~2-)(r -a;2a~~ _+Pl)~- - o 

~ 

, --· 
' 

~ (1) 

(2) 

(3) 
' 

.., 

{~) 

(5) 

,.._. 

W) 

. c- Let .z _ -f.( g) be the analytic fin1ction which maps_ the given shape in the e-~laqe onto a uni~ circle.· . 
• -

0 
0 

• •, ' ! I 0 ' • 

0 

• 0 

0 
: 

0 
0 , 

0 
' ~ , '- o l' J 

0 

. ::Thus (6) trahs~or1Il;s. into :comple~ eo-or~inates as · :: , , ·-

!} ... 

(7) 

.- Eq. (7) is wr!ttep.. as. 

.(8) 

iri which 

~ . ! Bn [r - (g l)n l. ,--

·~ : :. (9) 

n=l 

Clearly the above form of W satisfies -the edge condition W =· 0 at r == 1. Putting_ (9) in (8) one 
gets the error function,-,Er,O. Galer.kin's proce~ure nrquires that th,e·error function to be orthog~nal over 
the domain, i.e., 

(n-: 1, 2, ...... . K). (10)-
'·' 

. 

. . . " ' 

· · This · gener_ates (K_ X K) determinant,a~ equapion, Tne lowest root of this gives the critical bt~ckling · 
'tem-perature. · · - , . . , . .' . . · · 

. . - ' ., ~ ' ~ -· •" 

_(I) Let U.s consider. a~ equUateral triangular plate 9f.side, 2a,- and plaQed :ov an eJasti9 foundation.·_.· 

· To solve the differential· (8) let, us put ,, . 

. (11) . 
. . l2Q 

'.:! _ .. 

: .L /: . '· .• 
..· 

,•'I 

l • .. 

;:~'{" 
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,· 

From (8) one gets 

(v2 + >.I
2

) wl = o 
(\7 2 + .\22) W2 = 0 

For the edge conditio:~?- W = 0 along the boundary, let 
' K . K 

W2 ~ 2 Bn [ 1 :____ •(g [)n l = 2Bn (1 -- r2n! 
n=l . n=1 

It is sufficient to solve either (12) or (13.). The mapping function 

. [ 1 5 4 J z = 1·1352 a g + - g4 + - e + - glo . 6 63 . 81 

maps an equilateral triangular plate a unit circle in the g-plane. . ' ' 

(12) 

(13) 

(14) 

(15) ' 

With this mapping function putting (14) in (13) and reme;q:thering g = ·f'eiiJ one gets the re­
quired error function. After evaluating the integra] g"iven by (10) and taking K=2, the following deter­
minant is obtained. . \ 

5.\22 4 
~-3 

4.\22 - 2 
15 . 

=0 '(16). 

S?lving (16) for tb.e lowe3t roJt, on<:l g<3ts th'} cribical buckling temperature. 

_ 1 _ v [ 5 · 8 Kr(1·1352 a)2 J 
(N'l'b- D ( ) (1·1352 a)2 - 5·8 D (17) 

(II) Let us consider an e_llipt_ic_ plate ~-aving ce~tre at the o~igin. Let h he the thickness of the plate. 
For clamped edge boundary conditiOn let us take W m the followmg form. 

K , 

W= 2Bn[1-(gg)ny . (18) 
n=1 

Clearly 

For the ellipse 

mapping function \, 

(19) 

maps the above ellipse, a unit circle in the g-plane. ·With this mapping function putting~(18) 
in (8) and remembering g = 1·ei8 on~ gets the required error function. After evaluating the 
integral given by (10) and taking K. · 2, the following determinant is obtained. 

32 - _2 ( \ 2 + \ 2 ) + .\I2 
.\2

2 
256 4 ( \ 2 -1- \ 2 ) 33 

3 3 "I " 2 10 15 - - 5 "I -, /\2 + 70 .\l .\,l 

~- __!_ '(· .\ 2 + ,\ 2 ) + ~ .\ 2 .\ '2 
5632 

- _!_ ( .\ 2 + .\ 2) + __!__?_'!__ .\ 2 ,\ 2 
15 5- I ' 2 576 1 2 105 3 I ' 2 315 I 2 

=0 

(20) 
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Solv1u'g (20) for the lowest r~ot, the cr!tical buckling temperature is o,btained as 

\' 

(21) 

. c o:Nc.L us.xo.N· ·- '·~ 

· Solut~~ns obt~in~d in this ~tudy- are only approximate, because only the first term of the mapping 
function is considered and K is taken to be. 2. More accurate results are· obtained· by conside;ring the 
remaining terms ·of the mapping function and taking K more than 2. Solution _of the eigenvalue J?robiem 
governing .. the stability of the thin elastic plates having various configurations~ such as regular polygonal 
shape, circulB:r ,boun9:ary with .fla,t sides, epit:r;ochoidarboundary etc. is easily accomplished withjhe help. 
of the complex variable theo~y applied in this study. · · 

' ' . . '. --. . ' 

· · The author _wishes to th~nk Dr~ B. -B~~erjee 9f the Ja1paiguri Governm~nt Engine~ring College; J alpa'i­
guri for his help and guidance in preparati~n ~f this paper. · · · . ' · · . . . . . . . _ 
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LARGE DEFLECTION OF A TRIANGULAR ORTHOTROP_IC PLATE ON ELASTIC FOUNDATION . . 
S. DATTA 

·Jalpaiguri Governimint- Engineering College, Jalpaiguri 

(Receivetl 30 July 1974) 

· Large deflection of an equilateral· :triangular orthotropic plf!-t'e, resting on elastic· foundation has been solved for a 
uniform load throughout the plate. General expressions for deflection and bending moment at a particular point 
have been obtained and the limiting values of the theoretical results have been verified with the knowri results for 
small deflection and without any elastic foundation of the corresponding isotropic plate. Theoretical results have also 
been presented in the form of graphs. , · _ · 

- , . I 

Triangular reinforced concrete slabs are sometimes used as bottom slabs of bunkers. Thus the design· 
of this type of structure is of practical interest for Defence. These slabs may rest freely on soil or sand and 
generally are subjected to a uniform load.· Ifthe'th~ckness of the slab is.small compared to the other dimen-

_· sioris, then it may be regarded as a thin orthotropic'plate resting on elastic foundation and subjected to a 
uniform load. Within the elastic limit, the deflection of such plates may be la:J;ge, i.e., the deflection is on 
the order of the thickness of the plate. When a plate undergoes large qeflection, three differential equations 
for displacement and deflection may be ~ritten, but it is usually difficult to obtain solutions of these equa- · 
tions because of their non-linear character. - · 

. Vari~us problems ofla~ge deflections of thin plates not-resting on, elastic foundation have been examined 
by Wayl, Levy2 and many other authors. But the methods used by them involve and -require 
considerable computation. Berger3 suggested that the strain energy due to the second ~train invariant 
of the middle surface strains may be neglected in analysing large deflection· of plates having·axis symmetric 
deformation. Berger's method r~duces computation and although no complete.explanation of this method 
is offered in, Berger has shown that the deflections ari.d stresses obtained for circular pia tes under uniform load 
are in good agreement with those found in practical analysis. Since then numerous problems have been 
solved with remarkable case and satisfactory approximation by using this method. Iwinski and Nowinski4 . 
generalised the procedure of Berger to 'orthotropic plates and found out the de:fl.ections of circular and 
rectangular plr tes under uniform load and various boundary conditions. By using this approximate method 
. Banerjees obtained deflections of a circular orthotropic plate under a concentrated load at .the centre. 

i- Berger's technique of negleching the second· strain invariant in the middle plane has been applied by 
Sinha6 to dehermine large deflechion of circular and rectangular plates urider uniform load and resting 
on elastic fol'mdation. - -

In this paper large deflection of an equil~teral triangular orthotropic piate, such ~s reinforced concrete, 
resting on elastic foundation has been solved for a uniform load throughout the plate. Foundation is assumed 
to be such that its reaction i!> proportional to the deflection of the plate. 

N 0 TAT I .0 N s -. 
a -~ one-half of the length of eaoh side of the plate­
e1 = first invariant of middle surface_ strains 

. = e;u + E9 .in rectangular.coordinates.~.. ·: 
h :.__ plate thickness :-, · 

K = foundation reaction per unit :'!rea· p~r -g.nit _deflection-

. KF = non-dimensional foundation modul~~ = ! . a4 

q = uniform lateral load , 
U 0 V =.displacement along X andy direction_ respectively 

v, vl ·= strain energy 
w = deflection m z-dixection 
e = dixect strain 

r = shea~ straiJ:l 

' . 
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FORMULA~ION OF PROBLj~ 

_For moderately large deflections, the strai~ displacement relationships are ) ~ . 

. - :_ .-__?!!:_ + .. __!__ ( ~ )2· 
· e,. · · a a!' · . 2 · (fx · 

. ~--

(1). 

Ey_-_· -. -~~;. +,~ + c :; r (2) 

and 

au· av aw 
ay + ax + ax· 

(JW ·--oY -'YX~J. = (3) 
.. , 

Neglecting the second middle surface strain invariant, the 'strain energy due to bendi:rig and 
stre~hing_ of the middle surface of the plate of thickness, h, can be written as , . . , . , . 

' . . .. ' . . . . ( 

in"which 

. v_l = .! JJf Dx ( ::~. Y+2D~. ~~ .+ Dy ( ~~ r + 4 Dxy ( 3:
2

~y 'f+ / 
• r < "' • 

-K2- Dy 
1 -. Dm 

' . 

,_ 

and E'~ , E'1J• E", and G are constants to ~haracterise the elastic proper~ies of the material. 
' . 

. c(5) 

(6)' 

. (7). 

By adding the potential energy of the uniform normal load; 'q' and of the foundation reaction, K 
to the energy expression (4), the modified energy expression is obta~ned as follows: _ 

V = + f f[ Dx ( ~:~-r + 2Dt . ;:~~ +Du c ~; r + 4Dxu ( 3;
2

; y ;t- ~ 
. + J?x ~; e2

1 J dm~ ~ J J qw' _dx4y.+ + JJ K w2
_ dxdy .(8) 

According to the principle of minimum potential energy, the displacements satisfying '-the equili­
brium conditions make the potential energy V · minimum. In 9rder for the integral of equation (8) 
to be an extremum, its integrand_ F, must satisfy'the following Euler's. variational principle·: 

! • ',. 

- 3F a ( aF ). aJ( aF )· · a2 
( aF ) a2 

( aF )- - a2 
-( ali' ): 

{3W -·()X 8W" - CJY ()Wy + (JW2 C!Wa::~: . + 3Y2 3Wyy_ + 8XiJY . CJW~~:!I =. O (9) 

.. 2_ .. ·( aF) := o (10) 
a.x . (J'Ua;' . 

and 

(ll) 

Applying (10) and (11) to. (8) · respectively, we get 
. - \ .. 

:x (el) = 0 (12) 
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Thus 
' (13) 

e1 = 0, (14) 
a normalised constant of integration to be determined. Applying (9) to (8) and considering (14), we ~et 

\15) 
Introducing the notation 

Equation (15) can be written as 

a
4 

w +K 2 a
4 

w + 2 · H" ~ w 12 a ( a2 w 32 w ) 11. q 
a.x

4 1 
iJ y4 DJ; • ax2 CJy2-~ 8 x2 · +K1 - CJY2 + Dx ~·jjx 

For a slab with two-way reinforcement in the directions x andy, H can be taken as7 

Introducing now 
H= (Dr» Dy)! 

Equation (16) is reduced to the form 

(
Dill )t Yt = Y -Dy {17) 

(\72 - ct.2) \72 w + ~ w = __!£_ 
Dz · Dz (18) 

in which 2 120 . ' 
(X=-

. h,2 
and 

SOLUTION OF PROBLEM 

Let the plate be in the form o£ an equilateral 
·triangle, A.BO (Fig. 1) having each side of length 2a. 
Let the centroid 0 be the origin, X-axis and Y­
axis perpendicular and parallel to the base BO res­
pectively. If xv y1 be the cartesian coordinates of any 
point, p, within the triangle p1 p2 p

3 
be the three 

perpendiculars from P on CA., A.B and BO respe9-e--------;-------.._,c tively, and 'f be the radius of the inscribed circle, then 

aca 
P _ ... + :_1 _ Yt V 3 

. l-• 2 2 

X 

Fig. 1- Equila.teral triangular orthotropic plate. p = r + ~ +Ytv3 2 
2 2 '· 

. ll7 



. Pa = "- ml' 
P1 + P 2 + P 3 = 3r = y3a = K2 = constant, 

and 

Using the trilinear Coordinates8 p1, p2, p3 the deflection w can be taken in the form· 

00 

_ ~A [ 0 2n7T P1 0 2n7TP2 0 2n7T P3] 
w - ~ 11 SlU K2 + Sill K2 + SID [{2 

n=l · 

where An = a ,·oonstanto · 

The above form of w ·.satisfies the :following-boundary conditions of simply support~d e~ges :. 

w = 0 at P1 = 0; _P2 :-:- 0, P3 = () 

Expanding the transverse uniform load q, into Fourier Sine series 

q! 
n=l 

and substituting (19) and (20) into (18), we get 

·To determine cto, Equation (6) is transformed into x1 , y1 coordinates in theJollowing form 
. c.. /\ 

r:t.
2h2 

(}U ! 3V 1 ( ~W ) 
2 1 ( (JW ) / '\ _, 

12 = ax1 + (Kt) 'JY1 + 2 2Xt + 2 2YI · . ,· .. 

The boundary conditi~ns ~ri u and v are 

. ' 

u = 0 at P 3 = 0 

v3 v + u = 0 at p2 = 0 

v'3 v- u = 0 at P1 = 0 

I 

'· "' ......... 

The following forms of u and v satisfy the above borlndary_c~~ditions: :· ---

m which :B~ ~s a const~nt; 

II~ . 

f. 

(19) 

' ; . 

(20) . 

(21) 

(22) 

(23) 

. (24) 

(25) 

' (2~) 

(27) 

t 
t 
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Substituting the expressions for u, v and w into (22) and integrating over the whole area of the plate, 
the fpllowing equation,determining oc is obtained: 

00 

oc2'h,2 = ~ .. 3 An2 n2 7T2 

12 ~ K 2
2 (28) 

n=l 

Thus w is completely determined in the following form in x, y coordinates 

[2. (1 x) 2n7Ty . w = An _Sill 2n 7T --:--3 + -2 . 1 - cos '"l 177 + Sill 
v3a -vK1 a J'sa ) J (29) 

If D,; = Dy = D, oc-+ 0, and K = 0, (19) and (21) give the deflection equation for an isotropic plate not 

resting on the elastic foundation in the following form : 

' 
2n 7T P2 +sin +sin 

K2 
(3f) 

The corresponding equation a.s o':>tainecl by S. Woinow3ky-Krieger for a plate having each side of length 

2a . 
V3 IS 

w = _q_ [ xs -3y2x -a (x2 + y2) + __!.._ aa J ( 49 a2-x2-yz) 
64aD 27 

At the origin (PI= P 2 = P 3), w is given by (30) as 
Oo 

27 q a4 ~ 1 . . 2n 7T 

w = -87T5D ~ ns Sill -3-
n.=l 

qa4 
·OJ9-

D 

(31) 

(32) 

which is numerically equal to that obtained from (31) for the ]J!ate having each side of lengbh 2a as 

qa4 qa4 
(w)x=y=O = 108D = ' 009 D 

N U ME R I C. A L C A L C U LA T I 0 N 

To Cl).lf'ulate deflection atany point within the plate, we have to start from (28) with a.n assumed value of 

4 

(ot a) leading to the corresponding value of the load function b:h . Once this relationship is obtained, the 

corresponding deflection can be obtained from (19) with the help of (21). 

At the origin maximum deflection is obtained and is given by 

. 2n 7T 

4 ~ sm-3-

~ ! · ( · b".h ) .~ n I 16 ~ n' + h' n; oc'a' 

in which the non-dimensional foundation modulus 

K a4 

K =-­
D,. 

(33) 

(34) 

For KF =' 0 and KF - 10(l graphs are plotted in Fig. 2 showing the deflection ~ at the centroid 

of the' plate against the loads. Fig 2. also contains a graph plotted according to the linear theory. 
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Fig. 2-· Deflection curve. 
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CONCLUSION 

From Fig. 2 it is clear that· de;ign · calc~u~tions. · 
should be ma~e according to the non-linear theor;t', 
because deflections calculated according· to sirudl de~- ·, 
:flection theory will be far from the actual-values for 
higher values of load function. The effect of the foun­
dation is to reduce the deflection for a given value of . 
load function. .Gt' 

Because the deflection, w, has been deterini~ed, 
ben¢ling moments and stresses can be computed easily. 
The bending moments ·Mx and My at the centroid 
of the plate are obtained as 

. 2n 1T 

c . .-:,·-­
'-:.· 

oo · nsm-3 
4 (1-1- •J qa' 6 [ _1.6----o~-4 _n4_ + 4 172 n; r~.2 a2 M,)J= 

+K J (35) 

My= K 1 M"' (36) 

vc is the Poisson's ratio for concrete.· 

For isotropic plate'witho.ut elastic foundation and undergoing sm'1ll deflection vc v, K 1 _ 1, 
-- . -

KF = '0, r~. -+ 0 and for a plate having each side of length~~ , (35) and (36) lead to' 

M(JJ = My . (I + v) 

which is the s~me result obtained by Timoshenko7• 
. ' . 

q a2 
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Buckling of a non-homogeneous rectangular plate on 
elastic foundation 

.S. Datta* 

' Critical buckling conditions of a non-homogeneous simply supported rectangular plate under the action of 
combined bending and compression .and placed on an elastic foundation are h.vestigated with the help of the 
error function. Results obtained are presented in the form of graphs. 

Critical buckling conditions of homogeneous thin plate is assumed to vary exponentially and the foun­
rectangular plates subjected to combined bending •. \lation is taken of the Winkler"' type. Results obtain­
and compression were investigated by Timosbenko ed have been presented in the form of graphs. 
and Gere1, Johnson and Noel2, and many others. 
The object of this paper is to use error function to 
obtain the approximate solutions in the case of 
buckling of a non-homogeneous thin rectangular 
plate under tLe action of combined bending and 
compression in the middle plane of the plate. The 
plate is placed on an elastic foundation ~nd is simply 
supported. Brad1ey3 used finite differenc~ approxi­
mations to the governing differential equations to 
investigate stability of equilateral triangular plates. 
There are other numerical methods for the solutions 
of these types of buckling problems. But these 
methods are time consuming. 

Since the governing differential equation obtained 
in this paper cannot be exactly solved, approxin1ate 
solutions have been sought with the help of error · 
function and by applying Galerkin's principle. It is 
observed that the results obtained from th1s method 
for the homogeneous plate not resting on foundation 
·are in good agreement with the known results obtain­
ed by strain energy method. Flexural rigidity of the 

ANALYSIS 

·Consider a simply supported rectangular plate of 
varying flexural rigidity, and along ·whose sides 
x = 0 and x = a (Fig. 1) distributed forces, acting 
in the middle plane of the plate are applied. The 
intensity of the forces are given by the equation 

Nx = No ( 1 - a: i ) (1) 

where No is the intensity of compressive force at edge 
y = 0 and <X is a numerical factor. Tl1e, plate i; 
placed on an elastic foundation having the reaction, 
K1 per unit area per unit deflection and is subjected 
to a unirorm transverse load, q. 

The governing differential equation of equilibrium 
of an element of the plate not resting on foundation 
is (Timoshenko and Krieger5) 

rPMx _ 2 ~Mxy + rPMy = _ 
ox~ axoy 8y2 ( +qNx ~;~ ) (2) 

------------~~--~~------~~------~----~~~~---------
*Assistant Professor and Head, Department of Mechanical Engineering;- Jalpaiguri Government Engineering College, 
Jalpaiguri. 
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~· 
I 
I 
I 

J 

(3) 

D being the flexural rigidity, 'I the Poisson's ratio, and 
w the deflection in z-direction.- Substituting Eq. (3) 
in Eq. (2) and observing that the flexural rigidity is a 
function of th~ co-ordinates x and y, one gets the 

. differential equation of equilibrium for a plate resting 
on elastic foundation 

. . f iJ2D iJ2w iJ2D azw 
V

2 
(D\7

2
w)- (1-'1) i_ax2. ~- 2 oxoy ";Bxoy 

c2D B2w} , ·a 2w + ByZ ox2 - + Klw = q- + Nx ox2. (4) 

For simply supported edges the deflection can be 
represented by the double series·, 

00 00. 

w ""' "'-' c" ' .. m'Trx . n·ny = ~ ~ rnn Sill -c;-sm-b-
m=l n=l 

. ··. 

As the fie1uial rigidity is variable, -ief :-

D = Do e-2"'1 xta 

where Do and -~1 are co~sta~ts. ~ . . .. , ... 

... , · .. ,,.:' 

(5) 

-~ . 

(6) 

Eq. (5) is an approximate solution of Eq. (4) and 
therefore substitution ofEq. (5) into Eq. (4) results 
in the .foiiowing eiTor function, E(x,y) 

, [{( m-rr)z ( ll7T )2}z E<x,y>. = Cnn Do _ a + b 

. m7TX . I17TY C K . m-rrx . nrry 
X Sill a Sill~+ mn 1 Sill -;-sm b-q 

·_ Cmn No(:'" r (I - ~ y) sin m;x sin n~y 
(7) 

Acco"rding to Galer kin's principle, the following con­
dition is imposed on the error function, £(",.,,1 

a b 

f f E(x,y) W (x,y.) .. dx dy =· 0, 
0 0 : : ·-.. · -~ 

(8) 

Substituting Eq. (5) into Eq. (8) and observing tha~ 

b 

f 
. . b2 

y sin z~y sin 1~Y dy = 4 for i = j = Ofor 
0 

i =I= j and i ± j an even number 

4b2 ij ' . .. 
= - - 2-(-:z---.. 2) 2 for r-=F 1 

.. 7[ .l -1 

and i ± j an odd number 

one gets the foiiowing 

I6'~o:' · ,s· 

00 

- . -~ ni · }] 
2 . . .. Cml . ( 2 . ·zu ·= 0 
.7f . . . . . n -:-1 "J 

(9) 

n~l i · 

Where the r;tondimensional founda,tion :tnodulus, 

KF = Kb:4 

and n ± i is al~ays ~dd. 

Taking n = i, "the deflection, W js obtained from 
Eq. (9) 

00 00 

W = I6qa
4 

"" '"' I 
Do L. L_.mn 

·.m-1 n~l 

where, 

S!·n.m7T~ . n-rry ----a- sm b-x 

(10) 
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From Eq. (9) the critical buckling condition is ob_tain­
ed when 

~ [ i n2a2 )2 ,L. Cmn 7T
2 \m2 + V 

n-1 

(11) 

The plate may buckle in such 'a way that there can be 
several half-waves in the direction of compression 
but only one half-wave in the perpendicular direction. 
For one half wave buckling m = 1, for two half­
waves buckling m = ·2 and so on. 

.· If the plate buckles in one half-wave, one gets 
from Eq. (11) by taking m=l a system of equations 
of the following kind 

(12) 

where acr = (No)cr/h, h being the plate thickness. 

The lowest root of the determinental equation thus 
formed will yield the critical buckling load. From 
the first approximate -lowest root, one gets by 
taking n = I 

, 1r2Do 
t1cr = K-b2h- (13) 

where 

K = I-~/2 [ 2~t0~::1i) {1r2 
( ~ + ~ r 

- 4«i ( :: + v)}+ :~ ~: J 

Thus the buckling load·is a function of a/ban<;{ the 
foundation modulus, Kp. 

For or. = 0, the critical buckling load, acr is obtained 
from Eq. (11) by taking n = I 

(14) 

where 

For homogeneous material, Do ~ D when oi1 - 0. 
Setting or.1 ~ 0 in Eq. (13) one gets the critical buckl­
ing load for a homogeneous plate. on elastic founda­
tion for one half-wave buckling 

(I6) 

I [( b !!. )z Kp ~] where K = I,-or./2 a+ b + 77, a• 

For Kp=O, Eq. (16) is the result obtained by Timo­
shenko and Gere1 . Form half-waves buckling, Kin 
Eq. (I6) can be expressed 

(17) 

The ratio. a/b for whi~h crcr becomes a minimum for 
uniform compression is obtained from Eq. (15) and 
denoting this ratio by (a/b)cr, one gets for a homo­
geneous plate 

(18) 

and for a nqnhomogeneous plate · 

(
.!!:...) - [m4 + KF . 2ocl(7T2m2+or.i)_ 4or.~~]lf4 
b cr- 1r6m2' (1-e 2"'1) 772 

(19) 

The ratio afb at which the transition from m tom+ 1 
half-waves buckling occur can also be computed 
from Eq. (I5). For homogeneous plate under uniform 
compression, transition from one to 'two half-waves 
occurs when 

..!!._= (4 - KF )114 
b 7T4 
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and transition from two to three half-waves occurs where 
when 

Eq. (13) gives satisfactory results for small values of 
ex. An improved result is obtained by taking two equa­
tions of the system Eq. (12) with coefficients C11 and 
C12 and setting tlie determinant equal to zero. Thus 
for one half-wave buckling 

where 

and 

7T
2Do 

Cicr = K b2h 

( 
. ·a2 )}{ I' 4a2 )2 - 4oci r + v b2 . 7T

2 \1 + 1)2 

- 4 ex i (2 + 5 v :: ) } 

(20) 

For pure bending when ex = 2 Eq. (20) reduces to 

(21) 

Setting ~1 -+ 0 in Eq. 21 one gets the· buckling load 
under pure bending for a homogeneous plate for one 
half-wave buckling · 

(22) 

b2 [( a2 )2( 4a2 )2 
K = 2·11 a2 I + fj2 . I + b2 

+ 2 + IO ~ + I7 !!...._ ___!:.. + _F_ ( 
z 4 ) ·K K

2 
]112 

b2 b4 7T4 7T8 

For m half-wave buckling Kin Eq. (22) can be writ­
ten as 

The presence of the foundation modulus, Kp in 
Eq. (10) reduces the deflection, w and hence the 
bending stress. Therefore Eqs. (20), (21) and (22) 
resulting from t\vo term approximation of Eq. (12) 
may be tr.ken as fairly accurat_e. 

RESULTS 
. ., 

Numerical results are . obtained. for two. cases- .(a) 
when the plate is under, uniform compr~_ssion,. anQ 
(b) when it is under pure bendin_g. For uniform c~np.­
pression of a homogeneous plate, the vaiues of x are 
cal_culated for differ~nt values of afb with the: help of 
Eq. (16) for one half-wave bucklingtaking KF , .. 7T~> 
and ex = 0. For two half-waves and thre.e h.alf-w~ves 
buckling Eq. (17) is used with the same value of .K,p. 

These result~ are presented in-th.e forTii of graph~ .in 
Fig. (2). Po_r a non homogeneous plate uu"der unifo~ 
compression, the ·values of K are calculated for one 
half-wave, two,, and· three half-waves buckling by 
taking the same value of Kp and ex1=0·1 in Eq. (15). 

-These results are presented in Fig. 3. The values of 
K when the plates are not on the foundation are 
also presented in Figs. 2 and 3 for comparison. 

. a 

ol" "'I 
f
~--~r----------------+.-~-r---X 
'~, ~-/ 

b 

L"--+---~ 
.y 

FIG. RECTANGULAR PLATE 
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WITH FOUNDATION 

m•1 
~ • • WITHOUT FOUNDATION 

\ 

'\ m~: ,/ mel 

'"" 
.', ,/ m=' 
>~~ -1- -~ w ;v 

2 

-

--

0 3 
a 
b-

FIG. 2 HOMOGENEOUS PLATE UNDER UNIFORM 
COMPRESSION 

,. : 
WITH FOUNDATION .. 

• 0 • WITHOUT FOUNDATION 

6 m•l -\m-2 
l \ 

.. 
/ 

~\j:: 
0 -· m=3 ~ •. ... 

' .... _, ,_,,.,.*" ,m:4 ----·~ -- -

5 

t 4 

3 

_2 

' 

0 . 2 4 

FIG. 3 NON-HOMOGENEOUS PLATE UNDER UNI­
FORM COMPRESSION 

· .. · -For.:-pure bending of--a, iwmogeneous plate 
Eq. (23) 'is used for calculation of K for different 
values of a'jb taking KF = 1r

4 and the results are 
presented in Fjg. 4. In the same figure the corres­
ponding re~ults for K without foundation are also 
presented for.comparison:·- ·- - ·- · · · '· 

CONCLUSIONS 

From the foregoing analysis and from Figs. 2, 3 and 
.4 the following conclusions may be drawn: 

36 

vV:TH FOUNDATION 

~ WITHOUT f:OUNOATION 
.:aJt.W".P::z-:...._, 

m=l 

.lo: 281---

20 ~------~------~~------4-------~ 

16 ~------~-------L------~------~ 
0 0·5 1·0 1·5 2·0 

.2.--
b 

FIG. 4 HOMOGENEOUS PLATE UNDER PURE. 
BENDING 

(i) Foundation increases the buckling load 

(ii) Resistance offered by the foundation is more for 
one half-wave buckling compared to multiple 
half-waves buckling. When buckling is in more 
than one half-wave, the foundation resistance 
remains practically constant. 

(iii) Foundation increases the (afb)cr ratio and reduces 
the a/b ratio at which tr~nsition takes place as 
compared to a plate not resting on foundation. / 

(iv) A non-homogeneous pJate will have lower 
buckling load as compan;:d to. a homogeneous 
plate. · · 
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NOTATION 

a; b 

D 

E 

h 

Length and breadth of the plate respectively 

Eh 3 

Flexural rigidity of the plate= 12 (I -v2) 

Modulus of elasticity 

Plate thickness 

K A numerical factor 

q 

w 
Lateral distributed load 

De:fl.ection in z-direction 
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x,y Cartesian co-ordinates 

Do Flexural rigidity of the plate at the edge x=O 

K1 Foundation reaction . ~!~~~! area per unit 
deflection 

KF ·· Non~dimensional foundatiqn modulus = ~: a4 

Nx Normal force resultants per unit length in 
middle plane of the plate 

No Intensity of compressive force ·at the edge y=O 

~. «1 N'\lmerical constants 
(No)cr Critical buckling load 

Cicr C:ri~ical buckling stress 
v Poisson's ratio 
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Large Deflection of a Circular Plate on 

Elastic Foundation under Symmetrical 

Load 

S. Datta 

DEPARTMENT of APPLIED MECHANICS 
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JALPAIGURI, w. ;BENGAL, INDIA 

ABSTRACT 

., The large deflection of a clamped circular plate on elastic foundation under 
·- nonuniform but symmetrical loads has been investigated following Berger's 

approximate method. The deflections are obtained in the form of an infinite 
series involving Bessel functions. Graphs are plotted for deflections, bending 
moments, and bending stresses for various values of foundation modulus and 
load functions. 

INTRODUCTION 

Timoshenko and Woinowsky-Krieger [I] and several other authors have 
examined small deflections of thin plates on elastic foundations on the as­
sumption that the strains of the middle plane of the plate can be neglected. 
When the deflection is moderately large, that is, on the order of the thickness 

331 
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332 S. Datta 

of the plate, then the strain of the middle plane of the plate must be con­
sidered. In that case the analytical solution of. the differential equations be­
comes difficult because of their nonlinear character. Way [2] and many other 
authors have.examined moderately large deflections of plates not resting on 
elastic foundations, and the methods used by them involve considerable com­
putation. 

Berger [3] has suggested that the strain energy due to the second strain 
invariant of the middle s·urface strains may be neglected in analyzing moder­
ately large deflection of plates having axisymmetric deformation. Berger's 
technique reduces the computational effort considerably, yet the stresses and 
deflections obtained for both rectangular and circular plates are in good 

· agreement with those found by exact analysis. Berger's method has been 
extended by Nowinski [4] to the case of orthotropic plates. Nash and Modeer 
[5] have investigated problems without axial symmetry by using Berger's 
technique. The same approximate method has also been applied by Sinha [6] 
to determine the moderately large static deflections of circular and rectangu­
lar plates resting on elastic foundations and under uniform load distribution. 

In this paper we study moderately large static deflections of circular plates 
on elastic foundation and subjected to special classes of symmetrical trans­
verse loads, which are distributed over a concentric circular portion of the 
plate. Deflections, bending moments, and bending stresses are calculated for 
different values of foundation modulus, and these are presented in the form of 
graphs. 

FORMULATION OF THE PROBLEM 

For moderately large deflections the total potential energy of the system is 
given by 

(1) 

in which the last two terms in the integrand represent the potential energy of 
the foundation and of the applied load, respectively, and e1 and e2 are the first 
and second invariants of the membrane strains. If, following Berger [3], e2 is 
neglected, then the variation of V with respect to the in-plane displacements 
leads to the drastic simplification that e1 is constant. 
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In polar coordinates, and under the assumption of circular symmetry, the 
governing equations become 

du u 1(dW) 2 
rx

2
h

2 

e! = dr + r + 2 (f; = u = const (2) 

V4 W- rx2V2 W + !5_ W = !!._ 
D D (3) 

in which 

d 2 1 d v2 =-+--
- dr 2 r dr (4) 

To these equations must be added a suitable set of boundary conditions. As 
has been observed in a recent note by Nowinsky and Ohnabe [10], the present 
simplified method leads to acceptable results if these boundary conditions 
involve fixity against in-plane displacements. This assumption has been 
adopted in the following examples. 

SOLUTION OF PROBLEM 

Let us consider a clamped circular plate of radius a, with the center of the 
plate taken as the origin. Let there be a symmetrical distribution of transverse 
load varying as (b2 

- r 2
)\ (..1. > -1), over a concentric circular area of radius 

b <a. Hence 

!1. = {f(r) = C(b2 - r2);. 

D 0 

and Eq. (3) now becomes 

(r < b <a) 

(b < r <a) 

The boundary conditions for clamped edges are 

(W)r=a = 0 = (ddW) 
r r=a 

(5) 

(6) 

(7) 
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Let us now assume the deflection Win the form 

00 

W = L A.[J0 (P.r) - J0 (P .a)] (8) 
S=l 

where J 0 is the Bessel function of the first kind and zero order and P. is the 
Sth root of J 1 (Pa) = 0, J 1 being the Bessel function of the first kind and first 
order. 

This automatically satisfies the boundary conditions for clamped edges. 
Since 

substitution of Eq. (8) in Eq. (6) leads to 

8
t

1
A.[P;J0(P.r) + a?P?J0 (P.r) 

+ ~ {J0(P.r) - J0(P.a)} J = f(r) (9) 

or, by expandingf(r) in a series of Bessel functions, 

a 2 2 2 2 2[ KJ J" A. 2 P. (P. + ct ) + D J 0 (P.a) = 
0
f(r)J0(P.r)r dr (10) 

Setting r = b sin 0 andf(r) = C(b2 - r 2Y' in the integral of (10) one obtains 

J>(r)J0 (P.r)r dr = J: Cr(b2 - r 2);.J0(P.r) dr 

J
7t/2 

= Cb2<J.+ l) 
0 

sin() cos2J.+ 1 () J 0 (P.b sin 0) d() 

Cb2<J.+1> JJ.+ 1(P.b) 2;.(2 + 1) 

(P.b)J.+ 1 (11) 

This is a special form of Sonine's first definite integral containing Bessel 
function [7], where }.. > -1. Finally, with the value obtained from Eq. (11) 
used in Eq. (10) one gets, after simplification, 

A = C(2b)J.+ 1JJ.+ 1(P.b)r(J.. + 1) 

• a2[p:+3CP? + a2) + p:+l ~] JMP.a) 

(12) 
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and hence 

Except for the as yet unknown value of a this determines the deflection 
curve W(r), including the maximum deflection 

To determine the displacement u we obtain, from Eqs. (2) and (8), 

du + ~ = a.
2h2 

_ ~(dw) 2 

dr r 12 2 dr 

1 co co 

- ls~l m~l,AsAmPsPmJl(P,r)Jl(Pmr) (15) 
S~m 

and, by multiplying Eq. (15) by rand integrating with respect tor, 

(16) 

where K' is the constant of integration, whose value is determined from the 
boundary condition 

(u)r=a = 0 (17) 
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Thus 

1 00 2h22 
, ~2222 oc a 

K =4 ~ A.P. a J 0 (P.a) -~ = 0 
S-1 · . 

(18) 

where the second equality follows from the regularity condition 

(19) 

Hence 

(20) 

determines the value of oc. For example, let 

A.= t. K=O (21) 

then the deflection W is given by 

00 

W = L A.[J0(P.r) - J0(P.a)] 
S=l 

in which 

1[ p2b2 p4b4 J 
Q(P,b) =- 1 - -•- + • - · · · 

3 2x5 2x4x5x7 

As is common in Berger's approximation the large deflection effect is con­
tained entirely in the value of oc. With oc = 0, Eq. (22) agrees with the result 
obtained by Sen [8] for the corresponding small deflection problem. 

Another type of transverse load function to be considered is given by 

(0 ~ r ~ b <a) 

(b ~ r ;:a; a) 
(23) 

Expanding f(r) in a series of Bessel functions and proceeding in the same 



Circular Plate Deflections 337 

manner yve find 

A = 32bC(4- P;b2)J1(P/J) 

• a2 [PJ(P; + ot
2

) + P1 ~]JMP,a) 
(24) 

or 

W = 32~C f (4- P;b2)J1(P/J)[J0(P,r)- J0(P,a)] (
25

) 

a S= 1 [ PJ (P; + ot2) + p_; ~] JMP,a) 

The central deflection is obtained putting r = 0, that is, 

Once again, u(r) and at are found by substituting Eq. (24) in Eqs. (16), (18), 
and (20). 

With W a function of r only, the radial bending moment is 

M = -D[d2W + v(~ dW)] 
r dr 2 r dr 

(27) 

Considering Eqs. (13) and (27) the value for the bending moment for the type 
of loading in Eq. (5) then becomes 

_ DC(2b).a+ 1 r(A. + 1) f P.J.a+t(P/J) 

M, - a2 S=l [p;+3(P; + ot2) + p;+r ~]JMP,a) 

. x [P.J0(P,r) + (v- 1)~J1(P,r)] (28) 

For clamped edges the bending moment is a maximum at the center, that is, 
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The maximum bending stress is given by 

(30) 

Hence, in summary, the maximum deflection, bending moment, and bending 
stress for A. = 1 are as follows: 

(31) 

(32) 

(33) 

For small deflections (oc = 0) and forK= 0: 

(34) 

(35) 

(36) 

The results are now used for the numerical computations and evaluation. 

NUMERICAL RESULTS 

Numerical results are presented here for the case of the circular plate with 
clamped edge. The type of load function considered is as in Eq. (5), with 
A. = 1 and a = 2b. The maximum deflections and bending stresses are calcu­
lated for various values of the load and for various values of the foundation 
modulus. These are presented in the form of graphs. Central deflection and 
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maximum bending stresses are also calculated for small deflections, and these 
are also presented in the form of graphs for comparison. Variation of the 
bending moment along the radius is also calculated both for small deflection 
and large deflection. 

In calculating the central deflection we start from Eq. (20), with an assumed 
value of (oca) leading to a particular value of the load. Once this relationship 
is obtained the maximum value of the deflection can be obtained from Eq. (31) 
for various values of the foundation modulus. These results are presented in 
Fig. 2. An examination of Eq. (31) reveals that as the radius of the plate in-

~.. Q ·I 
~ ~~~ 

Fig. 1 Deflected plate shape. 

Fig. 2 Deflection. 

:>.. = 1., a.. = s,a.=zlt 

Ol =o. 
Ol. = o. 
0(. = o. 
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creases, the central deflection also increases for given load. For small deflec­
tion Eq. (34) is to be used for the calculation of the central deflection. 

In calculating the bending moment for various values of (rfa), Eq. (28) is 
used, with A = ·1. The variation of the bending moment along the radius of 
the plate is presented in Fig. 3. Variation of the bending moment along the 
radius according to the linear theory can be calculated with the help of Eq. 
(28) by letting IX = 0 and A = 1. The maximum bending stresses both for large 
and small deflection and for various values of foundation modulus can be 
calculated with the help of Eqs. (33) and (36). These values are presented in 
Fig. 4. 

For the type of loading in Eq. (23) the central deflection for various values 
of the load and foundation modulus are calculated with the help of Eq. (26) in 
conjunction with the corresponding equation for IX. Values of the bending 
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moment and bending stresses can also be calculated from equations similar 
to (28), (32), and (33). 

The results obtained are in good agreement with those found by other 
authors (where applicable). This includes the case of A. = 1/2 (see Eq. (S))and 
KF = 0 as shown in Fig. 5, which was previously treated by Banerjee [9]. 

APPENDIX-NOTATION 

The following symbols have been adopted: 

a radius of the plate 
b a constant less than a 
C a constant 

D flexural rigidity of the plate = 12(~~ v2) 

E Young's modulus 
e1 first invariant of middle surface strains 
e2 second invariant of middle surface strains 
h thickness of plate 
J0 Bessel function of the first kind and zero order 
J 1 Bessel function of the first kind and first order 
J2 Bessel function of the first kind and second order 
K foundation reaction per unit area per unit deflection 
q load 
r, () polar .coordinates 
u radial displacement 
V strain energy 
W deflection of plate in Z-direction 
x, y rectangular coordinates 
e strain in middle surface 

KF foundation modulus = ~ a4 

v Poisson's ratio 
r gamma function 
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Abstract-A unified method for determining the lowest natural frequency of large amplitude free 
vibrations.ofthin elastic plates of any shape and placed on elastic foundation is given. The conformal 
mapping technique is introduced and Galerkin's method is used to calculate approximate values of 
the lowest natural frequency. Time periods for circular, square and cornered plates placed on elastic 
foundation have been determined.for simply supported and clamped edge boundary conditions. 
Practical values have also been determined experimentally. The results are presented in the form of 
graphs and they are compared with other known results. 

·INTRODUCTION 

An approximate method for investigating the large deflection of initially flat isotropic 
plates has been proposed by Berger [1]. Essentially, this method is based on the neglect 
.of the second invariant of the middle surface strains in the expression corresponding to 
the total potential energy of the system. An application of this technique to the. case of 
orthotropic plates has been offered by Iwinski and Nowinski [2] and further boundary 
value problems associated with circular and rectangular plates have been investigated by 
Nowinski [3]. Sinha [4] applied this method to investigate large deflections of circular 
and rectangular plates placed on elastic foundation. Nash and Modeer [5] found the large 
amplitude free vibrations of rectangular and circular plates by applying the technique 
offered by Berger. 

In this paper a unified method for determining the lowest natural frequency of large 
amplitude free vibrations of thin elastic plates of any shape and placed on an elastic 
foundation is given. Following Berger's method a simple fourth-order differential equation 
coupled with a second-order non-linear equation is obtained. If the boundary of the plate 
is a curve natural to any of the common coordinate systems, the solution of the differential 
equation can be expressed in terms of known functions. For more unusual boundaries, the 
natural coordinates must first be determined and after this is done, the solution would 
inevitably involve some unfamiliar functions. The determination of natural frequencies in 
this case will then be very complicated. Therefore a common coordinate system and its 
associated functions is used for the case of plates with complicated boundaries. 

in order to satisfy the prescribed boundary conditions, the domain is conformally 
transformed on to a unit circle. Once the transformation function is known, the probl\ml 
is reduced to the solutiori of the transformed differential system. In this paper Galerkin's 
method is used to solve the transformed equation. 

The ratio of time periods for circular, square and cornered plates placed on an elastic 
foundation have been determined for simply supported and clamped edge boundary condi­
tions. The foundation is assumed to be of the Winkler type. Experimental values are also 
obt~ined for Circular and square plates under both boundary conditions. The results are 
presented in the form of graphs and they are compared with other known results. 

THEORY 

Let us consider the large amplitude free vibrations of a thin elastic plate placed on an 
elastic foundation having the reaction k' per unit area per unit deflection. 
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The strain energy Vt. due to bending and stretching of the rp.iddle surface of the deflected 
plate, may be written in the Cartesian coordinates in the form [6] 

vl = ~ j'J[{cv2w)2 + 12 e:r}' -2(1-v){12 e2 + a2w. a2. w- (a2w )2}]dx dy (1) 
2 h2 . h2 . f}lff.» ;oy* oxoy 

. ..;I'll! 

in which Dis the flexural rigidity of the plate given by Eh3 /12(f-v2), E being the modulus 
of elasticity, h the thickness of the plate, v Poisson's ratio, and w the d'eflection in the 
direction normal to the middle plane. Also, e1. the first invariant of the middle surface 
strains, is defined by the relation 

e1 = Bx+By = :~ + :~ + ~(~:Y + ~(~;y (2) 

Bx = :~ +~(a_a:Y} 
By=:~+ ~(~;y 

(3) 

e2, the second invariant, is defined by 

(4) 

(5) 

and u, v are the displacements in the x and y directions, respectively. 
By adding the potential energy of the foundation reaction to equation (1) and neglecting 

e2 one gets 

(6) 

The kinetic energy, T, of the vibrating plate is 

T= I!_ (ti2+t?+w2)dxdy hff' ' 
. . 2 

(7) 

in• which' p is the density of the plate material and ti, v, w are derivations with respect 
to time~ · · 

Neglecting the inertia effects in the plane of the plate and applying Euler's variational 
equations to equations.(6) and (7), one gets the following differential equation for w [5] 

i2 82w k . 
V4w-o:2F2(t)V2w + -··- + -w = 0 (8) 
. . · h2cff ot2 D 

in which 

' ph3 
c-2=-· 

p • 12D' · 
and f(t) = p2(t). (9) 

Let 

w = w(x,y)F(t). ' (10) 

' ' 

Combining equations (8) and (10) one finds 

. . 12 · d 2F k' 
F(t)V4 w-o:2F 3(t)V2w + h2 ~·-d 2 w +-wF(t) = 0. 

Cp t D 
(11) 

Equation (11) may be written as 

(
V4 w k') . V2w 1:2 d2F -+- F(t)-o:2F3(t)-+-·-=0. 

w D · · w h2cff dt2 (12) 

t ( 

' ··~ 

' 

'
" 

' 
'>j. 
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A solution _of'equation (12) is possible if 

and 

in which k is a constant. From equation (13a) 

(V2 :._k2)(V2 +P)w = 0. 

From equation (13b) 

339 

(13a) 

(131?) 

(14a) 

(i4b) 

Therefore a solution of equation (12) can be obtained by satisfying equation (14b). To 
satisfy the prescribed boundary conditions, let the domain be conformally transformed on 
to a unit circle. If z = x+iy, z = x-iy, equation (14b) becomes 

a2w . 2 

azaz + k w = 0. (15) 

Let z = f(~) be the analytic function which maps the boundary under consideration in the 
~-plane on to a unit circle. Thus equation (15) transforms into complex coordinates as 

[ V
2
+k

2 (~~J]w(~~) = 0 (16) 

in which~= reiB, ~ = re-iB . 

. The solution of equation (16) can be expressed in the form 
00. 

w ~·I Bn[1-(~mn (17a) 
n=l 

or 
00 

w ~ I Bn[1-(~~n 2 (17b) 
n=l 

according to the prescribed boundary conditions. Equation (17a) is an admissible function 
for the simply supported edge condition in the sense that this satisfies the kinematic 
boundary condition w = 0 at r = 1, but does not satisfy the force boundary condition 
Mn = 0. The form of win equation (17b) satisfies.w = 0 = dw/dr at r = 1 and can be taken 
as an admissible function for the clamped edge condition. Substituting equation (17a) or 
equ~tion (17b) into equation (16) yields the error function, e,, 8, which does not vanish, in 
general, since equation (17a) or equation (17b) is not an exact solution. Galer kin's procedure 
requires that the error function, e,,o, be orthogonal over the domain under consideration, i.e. 

·(n = 1,2,3, ... ,N). (18) 

From equation (18) a homogeneous system of linear equations is obtained. Such a 
system can have nontrivial solutions only if the determinant of the coefficients of the 
unknowns vanishes identically. From this equation, the values of ki, k~ ... k'fv can be found.· 
For the fundamental frequency the lowest value of k2 is to be taken. 

Combining equations (12), (13a), and (13b) the following differential equation for 
determining F(t) is obtained: 

(19) 

in which 

1.( 4 k') 2 2 Al = 12 k + D h Cp . (20) 

(21) 
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Equation (19) is to be solved subject to the initial conditions 

F(O) = 1, F(O) = 0. 

The solution of equation (19) can be taken in the form 

F(t) = Cn(OJtt, 22) 

in which w 1 and 22 are positive constants given by 

2 1 ( . C/.
2 

k' ) 2 2 4 
wl = 12 1 + k2 + Dk4 h cPk 

Al ~ ( k: k' ) 
2 . 1 + rx2 + Drx2 k2 

and en is Jacobi's elliptic function. To determine rx, equation (9) is transformed 
complex coordinates by the transformation z = x + iy, z = x- iy. Thus one finds · 

rx
2
h

2 (a a) (a a) aw aw u f(t) = az + az u+i az- az v+ 2 az 0 az. 
If the mapping function z = f(~) be introduced, equation (26) reduces to 

rx2h2 dz dz au dz au dz {av dz av dz} aw aw 
u d( d~f(t) = a~· d~ + a( d~ + i az · d~- az · d~ + 2 az · az · 

(22) 

(23) 

(24) 

(25) 

into 

(26) 

(27) 

Now the normalised constant rx can be determined from equation (17a) or (17b), and (27) 
by integrating equation (27) over the cycle 2n. The terms involving u and v can be eliminated 
(since u and v are of little importance in the case of large amplitude vibration) by 
considering suitable expressions for u and v, compatible with the boundary conditions. 
Finally the following integral will determine rx: 

f f rx
2 
h

2 
dz dz · I f aw aw 

s U d( d~ dS = 2 s 8[. a~ dS. (28) 

Thus having determined k and rx, the non-linear frequency, w~ is completely determined. 
The non-linear period, Tt, is given by 

(29) 

K being the complete elliptic integral of the first kind. The linear period, T2·, is given by 

2n 
~=- ~ 

W2 

in which W2 is to be determined from the equation 

F(t) + 21F(t) = o 

in the form w~ = 21. Thus the ratio of the periods, TdT2, is obtained as 

i, ~ 
2: ·I I~ (I + k:':'~ J 

APPLICATIONS 

(31) 

(32) 

(a) Let us apply the procedure explained above to the case of a clamped cornered 
plate. The mapping function is given by 

z =~a(~ -..ft~ 5 + ... ). (33) 

t ' 
' 

P
'• 

.. 

·:·' 
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Using equation (17b) with n = 1 an approximate value of k2 is obtained from equation 
(18), viz .. : · 

2 24.55 
k =-z-· 

a. 

With n = 2, an improved lo~er val~e of k2 .is obtained 

k2 = 21.;1. 
a 

To determine ex the following functions for u and v are taken, 
00 

u= I Um(r)cosmOF2(t) 
m= 1,3,5, ... 

00 

v = I Vm(r).sinm(}F2(t). 
m=1,3,5, ... 

(34) 

(35) 

(36) 

(37) 

Substituting ~quations (36) and (37) in equation (27) one gets equation (28) for determining 
ex. To determine the· value of a for the fundamental frequency the value of n in equation 
(17b) is taken to be 1. Substituting equation (17b) with n = 1; and equation (33) in equation 
(28) the following value of ex corresponding to the lowest frequency is obtained: 

2 Bi ex = 29.28 a2 h2 . (38) 

Thus T;/T2 is obtained from equation (32) as 

T1 2K 1 
~Bi-,---( ---:-::-:636-----)~]1 12 

1 + h2 47l+KF 

= (39) 

i11 which the nondimensional foundation modulus, Kp, is given by Kp = (K'/D)a4
. 

The mapping function of a square plate is given by 

z = l.08a[e--tue5 + .. .J. (40) 

Using equation (17b) with n = 1 and proceeding in the same manner as before, one gets 
for -a clamped square plate 

T1 2K 
T

2 
= --;-. """[

1
-.-. -B-=-I -------4-57-------)]'""'1-=12 . 

· + h2 400 + 12.3Kp . 

1 
(41) 

The mal_)ping function for a circular plate is given by 
. . 

Z=a~ (42) 

and for a chmiped circular plate one finds 

T1 2K 1 

T2 = --;-. [ BT ( 480 )]1
1
2 

· 1 + h2 400+9Kp 

(43) 

(b) Let us consider the case of a simply supported circular plate. Using equation (17a) 
with n = 1 and proceeding in the same manner as before, on~ gets the ratio TdT2 , 

T1 2K 1 

n [ m( n )]112· 1 
+ h2 36+KF 

For KF = 0, equation (44fbecomes 

T1 
T2 

(44) 

(45) 
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The corresponding result for the circular plate obtained byNash and Modeer [5] is 

T1 . 2K 1 

Tz = --;-. [ 1 + 6 ~: J[(KR)J
12 

' 

(46) 

where J0(KR) = 0, R being the radius of the circle. For a simply supported square plate 
one finds · 

Tt 2K 1 

Tz - --;-1 r + :!· (36 :~::7 KJ J'z. (47) 

EXPERIMENTAL VERIFICATION 

Experimental verifications were made with circular and square plates having either 
simply supported or clamped boundary conditions. The circular plates were 150mm dia 
and the square plates had 150mm side. The plate material was mild steel 0.75mm thick­
ness. Free transverse vibrations ofdifferent amplitudes and frequencies were initiated by the 
apparatus shown in Fig. 1. The test piece, T, was statically deflected by the load spindle, L, 'l 

f. 

Fig.l 

and the central deflection was measured by the dial indicator, D. After giving a pre­
determined central deflection the spindle, L, was lifted quickly by the release spring, R, 
and the corresponding frequency was measured in a· vibration meter, M, with the help of a 
noncontact type of vibration piCk-up, P. Simply supported edge conditions were realised 
by placing the edges of the plates over a knife edge placed around the periphery of the 
cavity, C, the shape of which conformed to. the shape of the plate used. Clamped edge 
conditions were achieved by clamping the edges of the plates rigidly by means of eight 
bolts, B, with the base of the apparatus. Experiments were carried out first with the cavity 
empty and next by placing the plates over eight free helical springs,· S, each spring being 
located at the centre of eight equal areas of the plates. The combined reaction· of the 
springs used was determined experimentally to be KF == 6.2. Care was taken in selecting the 
stiffness of the spring, R, so that the spindle, L, was released quickly from the p\ate without 
obstructing the upward motion of the plates. 
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RESULTS 

Numerical as well as experimental results for the case of simply supported circular and 
square plates without any foundation have been presented in Figs. 2 and 3 respectively. 

0.9 

- - - - - - Experimental 

0.2 

Eq(45), KF=O 

Nash and Mod ee r 

0.4 0.6 

81 
h 

Fig. 2. Simply supported circular plate. 

0.8 

- - - -- Experimental 

Nash and Modeer. 

Chu and Herrmann. 

81 
-h-

Fig. 3. Simply supported square plate. 

1.0 

The corresponding results obtained by Nash and Modeer [5] for the circular and square 
plates and the results obtained by Chu and Herrmann [7] for the square plates have also 
been presented for comparison. Numerical and experimental results for clamped circular 
and square plates both with and without foundation have been presented in Figs. 4 and 5 
respectively. 
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81 
h 

Fig. 4. Clamped circular plate. 

Fig. 5. Clamped square plate. 

CONCLUSIONS 

Lowest natural frequencies of large amplitude free vibrations of thin plates of any shape 
can readily be calculated by conformal mapping techniques used in this study if the mapping 
functions are known. From Figs: 4 and 5 it is· observed that the results obtained with a one­
term approximation of the trial function, equation (17b), for the clamped edge boundary 
conditions are in excellent agreement with the practical·values. For the simply supported 
edge conditions the theoretical results given in Figs. 2 and 3 are in somewhat poorer agree­
ment with the values obtained experimentally. By using higher approximations of the trial 
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functions, equation (17a) and (17b) and with smoothed mapping functions the results for 
both simply supported and clamped edge boundary conditions will be refined. 

The periods for rectangular plates obtained by Chu and Herrmann [7] is dependent on 
the aspect ratio of the plate, whereas the corresponding results obtained by Nash and 
Modeer [5] are independent of that ratio. The mapping functions for rectangular plates 
with different aspect ratios will be different and therefore 'the present study indicates that 
the periods will depend on the aspect ratio. It should he rointed out that the theory used 
in this study allows the solution of the eigenvalue problem under consideration from a 
unified point of view since the trial functions used are the same for all shapes. For a 
one-term approximation the results obtained in this study are considered satisfactory for 
practical purposes. 

Acknowledgement-The author wishes to thank Dr. B. Banerjee of J alpaiguri Govt. Engineering College for his help 
and guidance in preparation of this paper. 
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' ' RESUME 

On donne une methode unifiee pour determiner.la plus 
petite frequence propre pour des vibrations libres de 
grande amplitude de plaques elastiques minces de forme 
quelconque placees sur un support elastique. On intro­
duit la technique de transformation conforme et on utilise 
la methode de Galerkin pour calculer la valeur approchee 
de la plus petite frequence propre. On determine les 
periodes de plaques circulaires, carrees et en coin placees 
sur un support elastique pour des conditions aux limites 
en appui simple et encastrees. Les valeurs pratiques ont 
egalement ete determinees experimentalement. On presente 
les resultats sous forme graphique et on les compare avec 
d'autres resultats connus. 

Zusammenfassung: 

Eine einheitliche Methode fur die Bestimmung der niedrigsten 
Eignefrequenz von frei, mit grosser Amplitude schwingenden 
dunnen elastischen Scheiben beliebiger Form mit elastischer 
Lagerung wird gegeben. Das Verfahren der konformen 
Abbildung wird eingefiihrt und die Galerkinsche Methode wird 
zur Berechnung von Naherungswerten der niedrigsten 
Eigenfrequenz benutzt. Die Schwingungsdauern ftir kreis­
formige, quadratische und eckige Scheiben auf elastischer 
Lagerung wurden fur die Randbedingungen der frei aufliegenden 
und eingespannten Kanten bestimmt. Praktische 1-Jerte 
wurden experimentell bestimmt. Die Resultate werden in 
Form von Diagrammen dargestellt und mit anderen bekannten 
Ergebnissen verglichen. 
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ABSTRACT 

Pol/owing Berger's method the large deflection of a heated elliptic plate with 
clamped edges and placed on elastic foundation has been investigated under stationaJy 
temperature distribution. The deflection is obtained in terms of Mathieu function 
of the first kind and of zero order. 

Keywords: Berger's method; Mathieu function; Elliptic plate; Elastic foundation. 

INTRODUCTION 

In recent years there has been a rapid development of thermoelasticity 
stimulated by various engineering sciences. In the field of machine structures, 
mainly with aircraft, steam and gasturbines and in chemical and nuclear 
engineering, thermal stresses play an important and frequently even a primary 
role. Determination of thermal deflections of plates, especially of thin 
plates, is of vital importance in the design of machine structures, because­
excessive deflections may cause heavy undesirable thermal stresses. 

The classical large deflection of thin plate problems usualiy lead to non­
linear differential equations which cannot be exactly solved, H. M. 
Berger [1] has shown that if, in deriving the differential equations from the 
expressions for strain energy, the strain energy due to second invariant in 
the middle plane of the plate is neglected, a simple fourth order differential 
equation coupled with a non-linear second order equation is obtained. 
Although no complete explanation of the method is set forth, the stresses 
and deflections obtained by Berger himself for rectangular and circular plates 
agree well with those found ftoril mote precise analysis. ThiS approXimate 
method has been extended to orthotropic plates by Iwinski and Nowinski [2] 
and further boundary value problems associ~ied with rectangular and circular 
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-plates have been solved by Nowinski [3]. Thein Wah and Robert Schmidt [4J 
and Nash and Modeer [5] obtained satisfactory results following this method 
Basuli [6] has extended this approximate method of Berger to problems under 
uniform load and heating under s-tationary temperature distribution. 

Berger's technique of 'neglecting the .second invariant· of the middle 
surface strains has been applied by Sinha [7] to circular and rectangular 
-plates placed· on ·elastic foundation ~nd under uniform transverse load. 

In this paper the author has applied the method of Berger to investigate 
the large· deflection of an elliptic plate placed on elastic foundation and 
.heated under stationary temperature distribution. The foundation is assumed 
to be such that its reaction is proportional to the deflection. The deflection 
is obtained in terms of Mathieu function of the :first kind and of zero order. 

NoTATIONS 

The following notations have been ·used in the paper: 

. Jj . = Flexural rigidity of the plate = 12 (f~ ~2) 
E, v, a = Young's modulus, lPoisson'.s ratio and Coefficient of thermal 

efCpansion rl,'!spectivel)' . 

. h. = Thi~kness. of plate. 

u, _v = Displacement along the x and y axis respectively~ 

w ·_ Lateral displacement 

e1 - First strain invariant; 

= (Ju + ov +! c(Jw)2 + ! ("w)2 
. (Jx oy 2 ox 2 oy. 

_e2 - Second strain invariant. 

K ~- Foundation reaction per unit ·area pe~ unit deflec~ion ... 

\1 = Laplacian operator .. 

. FORMULATION OF PROBLEM 

The strain energy due to bending and stretching 'qf the middle surface 
of the plate is given by': 

· D JJ [ 12 . · '{'12 vl _:_ 2' (\12 W)2 + h2 e12- 2 (1 - v) 1.h2 e2 

,! 

b 
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+ ~:~ ~ 0q~r ~ (g~o; fs J c{~dy. (1) 

<;og1bining the potential energy gf t]i~ foung~ticin refl,ctioPr. and also the 
p~tential energy due to heating with Eq. l and n~glecting e2, the modified 
energy expression,· fgl:' th~ total ene.n?¥ be9op1~§;, 

V-DJJ [<\72 )2+ 12 2 2 (1 · ){o2wo2w - 2 v w h2 el .,.. . ·" ,..,.,., !! .• o.x:a oyll 

hl2 

(
02 w)2} K J ff J EaT!. - -- +- w2 dxdy - -·---oxoy . D · 1- v 

w.-h/2 

(2)' 

iiJ. which T' is the temperature distributjgn p.t aqy _p.aint ~iy!;"l.q by (Basuli [6]) 

T' (x, y, z) = T0 (x, y) + g (z) T(x, y) (9) 

and 

h/2 

f zg (z) dz =;: f(h); 
-h/2 

Combining Equations 2, 3 and 4 one gets 

V - n ff [c\"7~ "!1 _L 16 2 2 (1 ) {q2w ()2 w -2 'v· wJ~"~" 1i2el~=. = v,. ox2 oy2-

JJ Ea · · 
- l _ v ('l'qe1h- f(h) T\l 2 w) dxdy. (5)' 

According to the principle of minimum potential energy, the displacements 
that satisfy the equilibrium conditions make the potential energy, V, minimum~ 
In order for the integral of Eq. § to be an extremum, the integrand, F, must 
Sfl.ti~f¥ th~ follo"Yin~ ·E;yJer'~ equat!o,11s 9f th~ ca~culgs of va:riation: 

(6 a) 

(6 b) 
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·. +~-(~)+~·c oF)-o 
. oy2 owyy oxoy owa:y - · 

Application on the Eqs. 6 a, 6 b, and 6 c to Eq. 5 yields: 
0 . 

ox {e1_:- (1 + v) aT0} ='0 

0~ {e1 -_y _+ v) aT0}'= _o. 

12 K. 
\l4 w- h2{e1 - (1 + v) a T0} _\7 2.w + D w 

· . ~+ Eaf(h) \7 2 T- 0· 
· " D (1 - v) v - ' 

Eqs. 7 a, and 7 b prov~ that: 

{e1 - (1 + v) aT0} 

is• independent of x and y= ·and therefore 

[32 h2 
e1 - (1 + v) aT0 = con~tant = ---u-

in which [3 is. a· n,ormalised constant of i~tegration, and 

e = ou +·ov +!(ow) 2 +l(ow) 2 

1· ox oy 2 ox 2 oy _ 

:~pnsidering Eq. 8 a, Eq. 7c reduces to 

\72 (\72- [32) w + [S w . - Ea.f(h) \72 T 
. . . D D(1- v) 

SoLUTION OF PROBLEM 

$$$$4 .•. 

(6 c) 

(7 a) 

(7 b) 

(7 c) 

(8 a) 

(8 b) 

(9) 

Let us take an elliptic plate of thickness; h. The centre of the plate in 
the middle surfa~e is taken as the origin and the Z-axis downwards. 

If there is no source of heat inside the plate the following differential 
-equations must be satisfied for stationary temperature distribution 
{Nowacki [8]) 
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\l2To- eTo = - ~o (81 + BJ 

12 . 12e 
\l2T- h 2 (1 +e) T=- h3 (81 -.BJ (11)' 

in which 81 and 82 denote temperatures at the upper and lower media _or: 
· the plate respectively. 

If 81 = 82, Eq. (11) becomes 

·~J2T- ~12T= 0 

In which · 

{312 = (1 + e) h~ (13} 

Transferring to elliptic co-orclinates (e, 7]) defined by X+ iy = d cosh 
(g + iYJ), where .2d js .the interfocal distance of the ·eliipse, Eq.12 reduces tO' 

02T 02T f3 2d2 ---- + - - - 1
- (cosh 2g - cos 27]) T = 0. (14)· ae2 . 07]2 2 

Solution of Eq. 14 can be taken in the following form 

00 

T = E C2m Ce2m ce, - q) Ce2m (7],- q) (15) 
om=o 

in which Ce2m (g, - q) and Ce2m (7J, - q) are modified Mathieu function 
and ordinary Mathieu function of the first kind and of order 2m· respectively,. 

and 

(16) 

' . -' 

While solving a problem of bending of a plate with an elliptic. hole, by taking 
a single Mathieu function of the second orcer instead of taking Mathieu 
functions of all orders, Naghdi [9] has shown that the results -~re satisfactory 
for larger elliptic holes. In this paper also similar approximation is made 
by taking Mathieu function of zero order and on this_ as~umption Eq.l5 
reduces to -

T= Co Ceo ce, - q) Ceo (g,...,...., q) - . - _(1~ 
' _.1 

The following boundary condition is imposed on T . 

T = Constant = K1 on g = go - ·• . i 
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with the above boundary condition Eq. 17 yields. 

Kl. = CoCeo ego, - q) Ceo (g, - q) (18) 

Multiplying Eq. 18 by ceo (?J, -= q) and. integrating with respeCt to 7J from 
,0 to 27T and using the orthogonality relation and normalisation (Mclachlan 
.[10]) one gets 

(19) 

i:ti Which A 0 <o> is the first Fourier Coefficient in the expansion.of Ceo (7],-q) 

Therefore 

2A 0 <o> K1 . ··· 
T = Ceo (go, _ q) Ceo (g, - q) Ceo (7], - q) (20) 

is determined. 

Changing Eq. 9 to elliptic Co-ordinates and substituting the expresion fo 
'\j2T one gets 

(\72 - P1.2) ('\72 - P 2
2)_W :_ 'ACeo (g, '-- ij) Ceo (7J;- q)· (21) 

in which 

p12 +Pz2 =- (32 

K 
p1z Pz2 = D 

A=_ Eaf(h) 2~12Aotoi K1 
D (1 - v) Ceo (go, - q) 

2 [ ()2 ()2 J 
\1

2 
= d2 (cosh 2g- cos 27]) og2 +07) 2 

Complimentary function of Eq. 21 is given by 
. . 

. · W = BoCeo (g, - qJ Ceo (7J, - qJ 
+ DoCeo (g, - qJ Ceo (7J, - qz) 

in wh1ch 

p 2d2 p 2d2 
q1=+; q2=-T 

' Clearly the particular integral of Eq .. 21 is 

A 
((3

1
2 _ p

2
2) ((3

1
2 _ p 1z) Ce~ ~g; ~ ~)~eo (7J,- ~) 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 
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Thus the complete solution. of Eq. 21 is 

191 

W = BoCeo (g, --=- qj) Ceo (ry, - qi) + DoCeo cg, - qJ Ceo C'YJ; + qi) 

+ (p~2 -~ Pz-2)-~{312 - p12) Ceo a, ____;, q)Ceo C'iJ, -'--' q) C29) 

If the outer boundary of the plate e =:eo'_be clamped, the boundarY. conditions 
are 

C30) 

Using Eq. 30 in Eq. 29 one gets the following two conditional equations 

BoCeo ceo, - qj) Ceo C'YJ, - ql) + DoCeo ceo, - q2) Ceo C'YJ, - q2) 

A . - . 
+ Cf312- p22) Cf312- p12) Ceo ceo,- q) Ceo C'YJ,- q) = 0 C31 a) 

BoC' eo ceo. - qj) Ceo C'YJ, - qj) +DoC' eo ceo, - q2) Ceo C'YJ, - qz) 

+ Cf312- p22) ~[312- p12) C'eo ceo,- q) Ceo C'YJ,- q) = 0 C31 b) 

Multiplying Eqs. 31 a and 31 b by Ceo ('YJ, - qj) and integrating with respect 
to 'YJ from 0 to 27T and using the orthogonality relation and normalisation 
one gets 

Bo = - 7T1J
3 

{ Ceo Ceo, - qz) C' eo Ceo, - q) - Ceo Ceo, --'- q) 

C' eo ce 0• - qz) } C32) 

Do = !fi~:J1 { Ceo Ceo, - qj) C' eo Ceo, - q) 

C33) 

in which 

- = 0": - = 
-1-. = 2A!o) A(o) + E A Co) A(o) 
'1'1 o 0 2r 2r 

• .:l 

r==l 

. . 50 .. 
-1-. • 2Alol jf!o) + E .J!o) A<o) 
'1'2 o o 2r 2r 
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.J<o> , Aio> and A<o> are the Fourier Coefficients in the expansion of 
2r 2r 2r 

Ceo(~, -q.J,- Ceo(~.- q2) and Ceo(~,-· q) respectively. 

To- determine the-constant {3 2, Eq. 8 is transformed into elliptic Co-ordinates 
in the form 

hl~2· { o~g (~!) + o0?] (~:)-} + ~ hlhd ( ~gr + ( ~~rJ 
f32h2 

= l2 + (1~+ v) a T0 

·-
in' which 

1 
. hl = h2 = 4 y sinlt 2 g t_ sin 2 ?7 

The boundary conditions for u~ and u11 are 

- t!~ .:_ 0 = u11 at g = go 
Let 

00 

u~ = 2- P (t) cos 2n?J 
ncO 

00 

u11 = E G (t) sin 2n7J 
n=l 

subject to the conditions 

P(to) = G(to) = 0 

(34) 

(35) 

_(36). 

(37) 

Substituting Eqs. 29, 36, and 37 in Eq. 34 and integrating over the surface 
of the plate one gets 

2'1T t. s s {(~gr + c~~rJ dtd~ 
0 0 

211" t. . . 

= d2 
{ f3~h

2 

+ 2 (1 + v) aT0} f f (sinh2_g+ ~in2 ,?J).dgdTJ 
0 0 

(38) 
After evaluating the integrals the following equation le~ding ~~ f3 is.obtained. 

I 
') 

i 
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oo oo·- · + E }} 2rs ( ~ 1 Y ( ~ l)s A~~ol A~!ol ,P2} 
r=l s=l · · · 

r =fo a 

oo· . . co . 

+ ( E 4r2 {A~~}2) {(A~<ol)2 go+ A~<o> E A~~o> (--l)r !fs 
r=l r=l 

00 00 00 + E A~~o> if;4 + ! E E (- lY (- 1)8 A~!~> A~~o> ifa}] 
r=l. r=l s=l · · 

r":>=• 

= 00 -- 00 ' + Dg [(2 {A&o>p + E {A~~> )2) { E 4r2 {A;:o>}2 ,P1. · 
r=l r=l 

+ E E 2rs (- lY {- 1)8 A;:o> A;,co) ,P2} 
r=1 s=l 

r #=s 

00 00 00 

+ E A;:o> ,P4 +! -E .E (- IY (- 1)8 A;;o> A;;o>_ !fa}] 
r=l r-1 s=l. 

r,r.a 

+ 2B D [(2ACo) _A.co) + ; _A<ol .A_Co)) {· ~ 41.2 A.'(o)- A" Co),/, 
0 0 0· 0 ...., 2r 2r · "--' 2r 2r 't'l 

r=l t-t r=·l 

00 00 + E'E 2rs(-l)r {-1)8 A~~o) A;;o> if;~} 
r=l s=l. 

r;6s 

I:9J 

~ = ~ . . + ( E 4r2 A!~> A;~>) {A~<o> A~<o> go+ A~<o> E (- 1): A;~o> ,P5 
r-1 .. . r=l -

00 00 

+ A'(o) ~ (- l)r A"(o) ,/, + ~ A"(o) A'Co) ,/, 
0 "--' · 2r '1'5 · "--' 2r· 2r '1'4 

r=l. 8=1. 
r #s 

r=l 

00 00 . -+ E E 2rs (- l)T (- 1)8 A~~, a~~> ,P2 + ( E 4r2 A~~> A;~>) 
r=l s-1 fEll 
r~s 

r=l. r=l 

"..l oo oooo : 

+ E a~~l A~~> lfl4 +! E E_ {- l)r (- 1)8 a~~> A~C.o> !fa}] 
~ r~l r=ll='f-!J=l. 

r#s 
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where 

~!l,Q 
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. . . .PO . . 00 

X {a~ol A~Q go+ a~o> E (~ lY A;~o) if15 + A~~ol E · (- l)r a~~> !fos 
r-1 r=l 

00 00, Q8 

:+ 1J. E fYS (-= l)T (""""'" l)ll (?~~l_{lw if;~} :1= ( 4 4r2 {A~~l}2) 
r=l s=l ~~~ 

r#s 

r=l 

co oq 

+ ! E t (-;:" 1 }T (- D11 ~w aW 1P a}l 
- r=ls~l 

r~l ·· 

d2 {f32h~ . . } . 
= 2 6 + 2 (1 + v) a T0) stnh 2 g0 

if1 _ Sinh 2r 4- 2s go Sinh 2r=- 2s go 
z- 2r+2s - 2r-2.s 

rp = Sinh 2r + 2s go + Sinh 2r=2r go 
3 2r+~~ 'J.r-2s 

•1• = go + Si®Argo 
'~'4 2 8r 

- - Sinh 2r go 
!fos = 2r 

r=l 

(39} 

a~~~, A'~~>, and A"~~~ are the Fo~rier Coefficients in tlw expansions of 

Ceo (g,- q), Ceo (g,- q1), and C~p a, :.._·qz) respectively. 

··;-~ .. 
'"·~ . 

C-
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~iP.ce [3 is. deter~i~ed:·· w . is determined completely. 

NUMERICAL CALCULATION 

195~ 

.- T~ find the deflection_ :at a· given point, one has to start from Eq. 39.-: 
with a~ assumed value of [3 leading to the corresponding vaJue of .:\. With . 
this valu~ or".:\ and considering Eqs. 32 and 33 the deflection will_ be obtained. 
f~o~ Eq. (29)~ _ - ·- - · · 

For numerical calculation the following values have been assumed: 

{; = 0 'l1 = ~ /:. = 3 d2 = 2·5 h = 1 f(h) = h . ~ . '. -~ 2 ~ s-o '· . _ '. : , . . , 

. K - - , - - .- -
KF = D gu4 = 100, E= 0·03, V = 0·3, aT0 =-2·5 X 10-3• 

The interfocal distance 2d being assum.ed ~nd the values of [3 2, P1
2 and P 2

2 

being known, the values of q, q1 and q2 are dete~mined. q_, q1 and q2 being 

t 
w .,...£ 

-. h' 

,.~ 

·a 

··4 

0 

I 

\ I 
.. , . I 

, I 
. ,, KF :=0 

I '\....:!::.. -
I 

I 

Fm. 1. Load-Deflection Curve · 

- . -----

60 
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known ·the corresponding· values of the Fourier Coefficients- as ·well.as those· 
of Mathieu functions are determined. The maximum deflection W0 is. 
obtained at the centre of the plate. These- deflections are graphically pre~ 
sen ted in Fig. I in which Wof h for KF = 0 _and KF = 100 are plotted against 
the rion-diinensionalload function,\. By setting {J -+ 0 the deflections· accord­
ing to the lfnea:r theory is obta-Jned. For comparis'qn Fig. 1 also includes: 
a straigb.tline· which represents small' deflections for KF === 0. The· results. 
obtained in this study could not be compared in absence of' any known: 
results. 

CoNcLusioNs 

From Fig. I it is observed that the error according to the linear theory 
increases progressively with the increase in load function. Te solution pro~ 
posed in this· study· is. rapidly conver.gent and n0 computational difficulty 
other than computational effect is involved. The parameter q for the series 
ceo (s, q) may be rear or imaginary and the corresponding coefficients can: 
be· computed with; accuracy. The numerical results presented- i.n this study 
are obtained by taking. the :first two terms of the series and sufficient for 
practical purposes. Since the deflection at any point is known the corres­
ponding stresses can bew be easily estimated. 
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