~CHAPTER -1

INTRODUCTION
i.l Preliminaries

The intersection gfaph of a family of ééts-y = ¢ SVV} is the
graph with VEftices corresponding _to the ’sets. such .that two
vertices are-adjacent if and :only if  the corresponding sets
ihte;sect. Many classes of intersection graphs in which the sets
are restricted in some way. have .beén studied during the iast
thirty years; the best known class is the Interval graphs, fheée
are tﬁe.graphé with intersection representations in which & is a

family of intervals on the real line.

Dur;ng the éeventiés, mathematicians sgérted thinkiﬁg of
generating graphs by ways related to intersection model. In a
'contajnment rébfesehttation, edges correspond to containment of
getsiSu.c Sv or Su o> ‘Sv. In an. overlap representation,  edges
correspond to:pairs of sets that intersect wittht eitherA sét
containing the other. Q special isgue of Discrete Mathematics
£1983] is qevoted to the deduction of significaﬁt new results on
“interval graphs and .6ther relatéd classes of graphs. én

excellent survey -by Trotter [198B1 summarizes a variety of recent

results and open problems.

The area to study directed graphs (digraphs) from the view

point of intersection representation and. its exploration has



m

started only during the last decade. Since undirected graphs are
spetial types of ~directed graphs, .the problem of finding a
'naturél translation of the theory of interéection gfaphS’alongwith
its abundént‘ literature 1is very well worth’ investigating,
Pfeviously, intersection digraphs of a famiiy of ordered pairs pf
'interyals on the real line and of arcs of a circle, respectively
calied interval digraphs ;nd circular arc digréphs were studied
and their cHaracterizations obtainéd [Sen et al, 1989 a, bl énd

these results provide ‘the background materials for = this

dissertation.

Ih‘the second chapter, we introduce indifference digraphs, a
generalfzatibn of indifference graphs.‘ In our work, indifferencé
digraphs are Sho@n to be equivalent to two restricted classes éf
ihfefvél digraphs, unftAintehval digraphs and proper. 1nterﬁa1
digraphs-also‘intfodqced in this chapter. These digraphs are
characterized in terms of. their adjacency matrices aﬁd in terms

of a generalized concept of semiorder.

in chapter II1I, wé_study and obtain some more »reéults 6n
interval ‘digraphé. In particular, we. make aﬁ importanf‘
‘observation thaann interval digfabh is actually a generalized',
coﬁcept of an intérval gréph in the sense that a graph is an-
-intervaligraph if and only if the corresponding symmetricrdigfapﬁ-;

with loops is an interval digraph.

A model of containment digraph is introduced in Chapter 1IV.

The interval containment digraphs are precisely the  digraphs of
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Ferrers dimension 2 and the circular arc containment digraphs are
the complements of circular arc intersection digraphs. - The
Ferrers dimension of a digraph is the minimum number of Ferrers

digraphs whose intersection is the given digraph.

A'mddel of overlap digréphs for pairs of interwvals is -also
ihtroduced in the same.chaﬁté}. The unit ovérlap digraphs are
the indifference‘digraﬁhs and the adjacency mafrices of all
overlaﬁ digraphs - have a simple structural characterizations .

making their Ferrefs-dimension at most 3.

From thé study of different model representatiah of_digraphs
it is obserQed‘that fhéir ad jacency matrices have D's' rearranged
ih a definite péttern such as moving along the right and/ or
below and so on. D. B. Wést-is an explorer of this fiéld. of
stﬁdy and he poseq~the quesfibn of characterizing'a binéry matrix
whose O's are_such that corresponding to any 0 in the matrix, all
its positions along ét‘least one of the four directions are also
0's.  In the last chapter of this thesis we have called such a
matfix a 4—diréctable matrix and have character;zed it in terms
of the adiacency<matfix of .a digraph haVing an overiap base
interval reﬁresentation.A A base interval is an ordered pair
(S‘,-pv) whére SV is ’an interval ‘on the real line and P, ;S a

v

point of Sp.

In conclusion, we pose some of the problems that come

naturally as we proceed along.



1.1.1 Basic definitions i

The basic termindlogy ~about graphs, directed graphs and
felatidns that we have used throughout this dissertation are

.given below.

Given élgraph GCV,E), V = VfG) will denote its vertex set
and £ = E(G) wiil denote its edge set. A‘grapﬁ H is a subgraph of
a graph G(V,E) if VEH) < V(G) and E(G) < E(G). A subgraph H will
be éaid to be é generated subgraph or an indu&ed subgraph of G if
V(H) < V(G) and two veftices x and y are adjacent in H iff they
are adjacent in.ﬁ. The cémplement E(V,E)'of'a graph G(V,E). has
the same vertex set V énd two Qertices are adjacent iff they are

not adjacent in G.

A set of.vertices in a graph G is éaid_to be aﬁ Independent
set (or a stable set) of vertices-if no two vertices in the éet
are adjacent.:é bipartite.gréph is a graph 'G(V,EQ' whose ver tex
set V can be pértitioned into two stable séts. A Vcomplete
bipartite graph is a biparéite graph 6 such that 6 contains every
possible edge between two stable sets.. A complete bipartife
subgféph of a graph 6 is a subgraph B of 6 such that B is itself

a complete bipartite grapn.

e i rapt = and = J i
The union of two graphs 61 (VI,EI) nd 62 (VZ’EZ is

“another graﬁh 63(V3,E,) whose vertex set V3= VIU V, and edge set
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E3=’E1U E?. Likewise the interéectipn of graphs GIand. 62 is a
graph 63 consisting only those vertices and edges that are 1in
th .
bo _ GIand 62
The n-cube Qn is a graph thaving 2" points which have
 coordinates (ai,az{...an) where each a, is either O or 1 and

 two point of Qn are adjacent if their coordinates differ at

exactiy one place.

For any graph 6 = (V,E). and integer K 2 1, the graph GK “has
vertex set V and edges joining vertices u, v € V whenever
d(u.v) £ K where d(u.V)'is- the distance ~(1éngth of the shortest

path) in 6.between u and .

A directed graph (digraph) Drv;E) consists of a-noneﬁpty set
Vv of ﬁoints together with a collection £ of ordefed .pairs of
points. For a_digrapﬁ'é(v,g) an edge (arc) uv € E ié represented
by a line segment between u and v with arrow directed from u to
V. Somefimes we write u —> v to mean uv € £ and u %f» v to'meén 
uv & E. Ali throuéthtAwe will assume that a digraph may have

loops but no multiple edges.

‘The successor set of a vertex V is the set of vertices u
such that vu is an edge of the digraph D/ ,E). The -predeceésor
set of a vertex V is the set of vertices u such that ur is’ an

edge of the digraph D«V,E).



The digraph D(¢V,E) is an acyclic digraph (with no 1isolates)
when it contains at least one vertex with out-degree zero
(receiver) and at least one vertex with in—-degree zero

‘ (transmitter).

The concept of union and intersection of two digraphs is the

‘same as that of undirected graphé. The wunion of two digraphs

1

D and»Dz

is complete if every ordered pair of vertices (including

u = v) forms an edge in. at least one of them .

The adjacency matrix AcG) of 'a graph G (A(D) of a digraph D)
on vértex set-Vj= {}1.... vx} is the 0,1 matrix with a 1l in row
and column ; if and only if (vi,vj) is an edge in the graph

(digraph).

Other definitians on'graph theory will be given as and when
needed throughout the chapters. For all undefined terms one is

referred to Harary [19691, Roberts [1976] and Golumbic E1980];

Graphs, digraphs and :partial orders are - all binary
relations. A binary relation R on a set A is a subset of 4 x A. A
binary relation ¢4,RJ) is irreflexive if ~a R a for all a '« A.i A
binary relation (4,R) ‘is symmetric if a R b % b R a for all a

and 6 in A. An undirected graph is a symmetric related set. A

binary relation (A,R) is transitive if for all a, b, c € 4, a R b



and b R ¢ implies a R ¢. A binary relation R on A is a partial
order if R is irreflexive and transitive. We refer to (A,R) as - a
poset (partially ordered set). For more backgrouﬂd "materials on

. relations see Fishburn [19851.
1.1.2 Notations
In generai any graph theoretic notation is that of Harary

[1969]. For convenience, the most frequently used notations are

listed here.

G(V,E) A graph whise vertex set is V aﬁd edge set is £
Dcv,E) A digfaph'whose_vertex set is V and edge set is £
D B Complement of D
Zn ' Cycle of lengfh n

'Kn . A complete graph‘with n vertices
Km,n Compiete bipartite gfaph{ wth-size of the stable

sets are m and n.

Gk kth power of graph 6.
GIU 62 Union of GIand 62
L x| . Greatest integer =< x
7 '~ Least integer 2 x

|- s | Cardinality aof set:-S.



1.2 Intersection graphs

The study of intersection representations of graﬁhs is one
of the rich areas in graph theory. Given a finite family of sets
¥, a graph 6(V,E) is an iIntersection graph of tﬁe family F if
~there exists a function that assigns to eéch vertex v € V(6G) a

set SV € ¥ such that for all u, v € V(GJ,
uv € £ & Su n Sv z @

Note that Su and Sv may be equal even ifu=v., If G(V,E) is
.a graph that is (isomorphic to)‘the iﬁterseétion graph 6f F, then
5’isvcélied a représentation of 6. It was shown by Marczewski
£1945]1 that every graph 1is an intersection graph of some
collection. This can be done by taking SP to be .the set of all

édges in 6 incident to v.

AInferesting problems arisé.only when fhe sets of the family
F are restricted to some specifically defined family of sets. A
substantial part of this vast topic of Iintersection graphs Iis
devoted to énswering this quéstion when the sets in the family F
are restricfed to some collection such as subsets of a particular
host sgt. An excellent ihtroductiqn to the theory and problems of

intersection graphs is given in Golumbic [19801].



1.3 Interval greaphs
1.3.1 Interval graphs and their applications

Of all types of intersection graphs the first "one which
engaged. attention was interval graph. The idea was first
introduced by Hajos [19971. This partigu}ar type of intersection
graph.is best known and well studied. An fnterval graph is the
inferée;tion graph of a family of interQals on the real line. The
intervals may be oben, closed or half—opén. It can easily be seeﬁ
that every graph is not an interval graph. Here one may ask,
"Under what conditions each vertex v € V of a graph G(V,E) can be

associated with an interval IV on the real line such that
Y . 4 > ?
uv € £ & Iuh IV .¢

This area of interval graphs having a lbng history has
flourished due t@ intrinsic mathematical inferests and’ a wide
vafiety of app}icatibns. Benzer [19591], the renowned molecular
biologist, during hisg investigatiqn discovéred thé underlying
linear arrangements in the fine sfructure' of genes - through
overlaps caused by mutations. If the substfuctures studied in the
tests be_considered.as vertices.and edges correspond to pairs of
overlapping substructurés fhen_the graph Dbtained~is an interwval
‘graph. Since then interval graphs have been used in different

real world problems.



interval graphs have their applications in seriation by
Kendail £19713, Hubert [19741, in archéeology by Skrien [1984b1],
in developmental psychology by Coombs and - Smith ([19731. In
arriving at solutions to genefal traffic phasing Aproblems
Stoffers [19@8] and Roberts [1976, 1978, 1979c) used intefval
graphéi‘ﬁgother general type of problem whose soigtions have
incorporated intefvél graph 1is that of fleet maintenande
(Golumbic [1980], Opsut and Roberts [19801). Frequency assignmenf-
problem which is énother abplicatioﬁ of interval graphs was
. studied by Gilﬁert (19721 and . Pennotfi [19763. In the
ihfroduction to a special issu€ of Discrete Mathematics devoted
to interval graphs.and related topics Golumbic t1985] cites ten

‘applications of interwval graphs.

Nicholson 19921 épplied interval graphs to tomputing a
protein model. The augmented ribbonr model for é;dimensionai
protein structure is a_labeledAgraph. An intérval graph naturally
.arises in fhis model and provides an algorithm for effective

solution.
1.3.2 Some characterizations of interval graphs

Interval graphs have séveral well—-known characterizations.
Hajos [19537] showed that the interval graphs are necessarily
triangulated graphs. A graph is a triangulated graph (or chordal

graph) if every cycle of 1length strictly greater than 3
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possesses a chord. It is easy to verif? thaf the simple cycle of
length 4 for the complete bipartite_gfabh‘Kz’z) is the only foﬁr

point graph that is not an interval - graph. Lekkerkerker and
Boland [19621 first chéracter;zed interval graphs.with the help
-of an asteroidal triple. An asteroidal‘friple is a»collection of
tﬁreeAdist;nct vertices suchAthat each pair 1is joined by some

path having no vertex adjacent to the third.

Theorem 1.1 (Lekkerkerker and Boland [19621)
A graph G Is an interval graph If and only' if 6 is

triangulated and contains no asteroidal triple. .

In that paper they again provided a complete set of

forbidden subgraphs for. interval graphs.

The result of Lekkerkerker and Boland was‘generalized by R.

Halin [19821 to infinite graphs.

Another charécterization of interval _graphs was given by
Gilmore and Hoffmanlti964] in which they relate interval graph to
what is called a comparability graph. A digraph is transitive if
wheneyer there: is an arc. from u to v ahd. an arc Ffrom
v to w, u»# w, there is an arc from u to w. An orientation of 'a
. graph 6 is an aésignment of a direction to each of the edges of
thé g%éph to get.a digraph. A graéh has a transitive. ofiéntat;on

if there is an orientation of. its edges so that the resulting



digraph is transitive. Graphs which have transitive orientatiaons
are called compérabi!ity gfaphs..They are also known as partially.
orderable graphs. These graphs have been characterized by

Ghouila-Houri [19621.

Theorem 1.2 (Gilmore-Hoffman [(19641)
G is an Iinterval graph if and only'if it has no chordless

cycle and its Complement Is a comparability graph.

A clique of a graph is a set of vertices which forms a
compléte induced subgraph. A clique is called maximal .if 1t is
' not contained in any larger clique of the graph. An ordering:
n

kz,kz,...k of maximal-'cliques‘is consecutive if for p<g<r and

for any vertex v that belang ta kp aﬁd'kr, v belong to kq.

Theorem 1.3 (Fulkerson and Gross [19651)
G is an Interval graph If and only if the maximal cliques of
G can be linearly ordered such that for évery vertex v of G, - the

cliques containing v occur consecutively.

6 (0,1) matrix is said to have a consecutive 1°'s property
for rows if it is possib;e to permute the columns of fhe matrix
so that ones in each row appear consecutively. Ryser [194691
studied consecutive ones property and certaiﬁ-.generalizations.
,Tucker'[19723 &haracterized the consecutive ones probiem in terms

of forbidden cénfiguration.
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The vertex—maximal clique incidence matrix M = ¢ m. . J of a
_ _ : J
garaph is a (0,1) matrix whose rows and columns corresponds to the

vertices and maximal eliques respectively of -the graph and

_ {1 ,‘if the I th vertex belongs to the j th column
M.i = o , otherwise. ‘

In termes of this matrix M, the result qu Fulkerson and gross
£19651 can be stated as follows: a graph 6 Is an Interval. graph
if and only if its verfex—maximal.clique incidenced matrix has

the consecutive ones property for rows.

A matrix is said to be quaSi—diagona?izable if for
simul taneous ro@ and column permutations, consecu£ive ones éppear
in eacH row, starting at the main diagonal. Mirkin [19721 showed
that a graph is an interval graph if ahd only if. its augmented

adjacency matrix is quasi—-diagonalizable.

Booth and Lueker [1976] proved that infervai graphs can be
recognized in linear time (for linear - tihe algorithm see
sec.1.9). An extensive survey of algorithmic aspects of interval

graphs will be found in Golumbic [1980] and Méhfing £19851

Smadici £19871 defined a set N(G) corresponding to a graph G
as the set of all edges aof G with the praperty that far each end
vertex Df.SUCh an.edge there exists a vertex adjacent fb it and
non-ad jacent to other end vertex. He then Qsed this notien to

obtain yef another characterization of an interval graph.
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1.3;3. Notions related to interval graphs

When the basic Sfructural problems for interval-granhs were
solved, researehers began considering sets other than intekyals
for assignment to vertices. The sets used inciede' rectangles,
boxes, mulgiple—intefvals,.spheres, sebtrees of a tree, convex
sets etc. The use of more general bsete ;in intersection
representafion has led to the 'introducfion~ of parameters to
measure the difficulty in representing Aa graph, such as -by

minimising the dimension of the sets used in the representation.

There are several grephs which are related to interval
graphs in a natural way. One eech well—known genefaliiafion of
interval graphs arises when we associate to eech of‘the- Qertices’
not a sinéle interval but a finite set of intervals. This was
introduced independently by Trotter and Hanany [1979] and Gniggs
and West [1980]. A graph is called a t-interval graph 'if' it. is
the intersection graph of, at most, t—intervals (t is a positive
integer) on the real line. Any graph ie a t-interval greph for
~ some t. The interval number of a given greph G; denoted by 1¢6),
is the least t for which the given graph G is a.-t—-interval graph.
Note that a graph 1is "an interval graph if and only = if
i(6) = 1. BGriggs [1979]1 determined the sharp upper bound
[ E_:_l ] on the intervel number of a graph on n. vertices;

rn

Multiple interval graphs and interval numbers have also been
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studied by Harary and Kabell [19801, Hopkins and Trotter ([19811],
Scheinerman and West (19831, Hopkins, Trotter and West[19841,

Scheinerman [{1985a,b,1988]1 and Erdds and West [19851.

Cozzens [19811 defined a cointerval graph as the complehent

~of an interval graph and gayé a list of" fofbiadeh subgfaphs
chafactérizing cointerval graphs. The line gréph‘L(G) of a .graph
6 is the intersection graph of the family of edges'df G. Skrien
[15843'chafacter123d those graphs whose line graphs are- interval
graphs. Benzaken‘ et al. [1985]1 charécteri;ed the class: pf

interval graphs whose complements are also interwval graphs.

Harary and McMorris [1987]1 again studied‘graphs'and Sigraphs
having interval and co-interval propertie;. THey showed that both
. a graph G and its comblemént.a are interval graphs‘if~and only if .
G has no induced subgraph isomorphic to any of alisf' of seven

graphs. They also extended the question to bipartite graphs.

A more general family of interwval graphs iS'thét of Achordai
graphs, which are the grabhs with no chdrdleés cycle. Dirac
£1961]1 characterized chordal graphs. Buneman E1974],- Gavril
L1974] characterized chordal graphs as precisely those graphs
having_an interégction representation in which éach vertex 1is
éssigned a subtree of a host tree; this is called subtree
.rebresentation. Rose et.al [197&6] obtained an_efficient algorithm

. for these graphs. Scheinerman [1988bl obtained interval number of

LBETE Bn
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a chordal gréph. In-Jen Lin and West E1998] defined the leafage
L(G) of a chordal graph 6 to be- the minimum number - of leaves
(pendant verticeé) in the host tree in any subtree representétion
of G. The interval graphs are chprdal graphs with leafagg 2, so
this parameter is a measure of how far a.chorﬁé} graph is from
beihg an interval graph. They gave an algorithm to find the

leafage of a. chardal graph.

Wegner [1947] showed that -évery finite graph is
representable as-thg intersection graph of a famiiy of convex
sets in 3-dimensional Euclidean space RZ. Roberfs_ generalized’
interval graphs to higher dihensional intervél graphs . by
éonsidering boxes in an n—dimensionaliEuclideah space Rn. A box
is a cartesian product of » ihtervals for sdme fixed n. Hence
this is an intersection graph of a family of boxes with sides

parallel to the coordinate axes in R .

A familiar feal wofld.‘illustration bf box 1is -what is
frequently called in ecology the ecoiogica] niche of a species;
For ekample, the normal healthy éhVironment is determined by a
range of yalues of temperature, of light, of pH, of moisture and
so on. If there are n-factors in all, ;nd each defines an
interval of valugs then the box .corresponds to gcological niﬁhe

in n—-space.
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-Any graph 6 with n vertices is an n-dimensional interval
graph. This leads to consider the parameter boxicity of a graph G
(denoted by b(G)). Boxicity of G is the smallest integer‘k such

: : : k
that 6 is representable as an intersection graph of boxes in R .

Note that 6¢6J) < 1 iff 6 is an interval graph. The graph Zn is

not an interval graph and hence its boxicity'hust be larger than

1. It is easy to show that b(Zn) = 2, for all n 2 4.

Robérté [196%9b] showed that a graph 6 with n vertices has
quicity at most ‘[ g J. This result was redis&oyered by
Nittenshauséh [19807. Gabai.E1974j presented a number of bounds
on boxicity. Trotter [1979] chéracterized those graphs 6 on n
vartices such that b¢6) % [ g J. ‘Cozzens and Roberts ({19831
showed that:fhe problem of computing boxicity 1is NP-complete.
(see secfion 1.9) Scheinerman [19841] proved that every planar
graph has an intersection representation by sets, each of which
is the union of two boxes in the plane. Thoﬁassen' [1986]1 showed
that every planar gréph is the intersection gfaph'of a collection
of three dimeﬁsional boxes, with intersections occurring only in

the boundaries.of the boxes. Quest and Wagner .C1990] gave a

characterization of graphs with b6¢6) < 2.

Cohen et al. [19791 using exact analysis, asymptotic theory
and Monte Carlo simulation, estimated the probabilify of a random

graph to be an interval graph.
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The Iinterval count of an interval graph 1is the minimum
number of distinct 1lengths of intervals in = the interval
representation. Interval graphs with interval count 2 were

studied by Leibowitz et al. (i9821, Skrien [19841.

" Scheinerman [(1988al introduced two equivalent models of
random interwval graphs. Severél results. about the number of
edges, degféés,_chromatic number and other indices of almost all

interval graphs werE»also'established.

For each graph theoretic properfy, Mckee E199i] defined .a
corresponding “iptersectioh property", EQtivated by the- natural
relationship‘éf paths with interval graphé and of trees with
éhordal graphs. He then devoloped a simple formal language, based
on vertices and paths, which supports transfer of selected
information about fhe. original propertyv to 1its ihfersection
praperty. For instance, a simple description of paths produces

the asteroidal triple-chéracterizatioh of interval graphs.
1.4 Indifference Graphs

Within the‘ category of interval gfgphs there . has been
considerableA study of 'several classes . .meeting additiona;
restrictions; indifference graphs form one such class. This
notion .was introduced 'by Roberts [196%al as a model - for

nontransitive indifference. An undirected graph GeV,E) is an
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indifference graph if given & > 0, there exists a real valued

function f on the vertices of 6 such that the vertices u« and v

are adjacent if and only if | feu) -~ fevs) | £ & for all u, v € V.
Roberts [196%9al characterized indifference graphs as

equivalent to unit interval graphs and proper interval graphs. A

graph G is ' a unit Iinterval graph if it is the intersection graph

of a set of closed intervals of unit 1length (like interval
graphs, closedness and openmess is not arbitrary for unit
interval graphs and closed intervals are specified). A graph is a

proper interval graph if it can be represented by a family of
intervals on the real line such that nro interval properly

contains another.

Theorem 1.3 ( Roberts [1946%al). Suppose G is a graph. Then
the following 'statements are equivalent. .

(a) G is an indifference graph;

(b)Y G is a unit Interval graph.

(c) 6 1s a proper interval graph.

(d) G 1s an interval graph and does not contain K as a

generated subgraph.

The class of graphs which do not contain subgraphs of types
I - IV in fig 1.1 are called structured indifference graphs.
Wegner (19671 proved that unit interval graphs are the same as

the structured indifference graphs. Consequently Roberts [196%al
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FORRIDDEN OUBGRAPHS FoR INDIFFERENCE G RAPHS

Fila, 1.1



21

gave the following forbidden subgraph charécterization’ . of

indifference graphs.

Theorem 1.4 (Roberts [1946%al) A graph 6 1s an indifference
graph if and only if (G does not contain any of the graphs

depicted Iin fig I.1 as a generated subgraph.

Roberts ihtreduCed the notion of extreme | point and
charaCtefizéd indifferenee graphs in terms of this. Some other
cheractefiéatibns.of indifference gfaphs are‘ siﬁiler to the
results for interval graphs, viz., a reflexive graph 1is an
indiffefence graph if and aonly if there is a proper consecutive

linear ordering of its maximum cliques (Fishburn [19831).

An ordering'xl, xé.;.

X, of V6> 1is a compatible vertex

ordering iff I < j < k& and X X e E(G) =» xixj e E(G) and

xjxk € E(G%.
Theorem 1.5 ( Roberts [19711) G Is an indiffe(ence graph Iff

it admits a compatible vertex ordering.

Maehara [19801]1 also did some work on this 'class of graphs

under the name of time graphs.

Roychéudhury [1987] defined the Kth power of a graph as the

graph Gk with the vertex set V(Gk) =< Vir Voreeees Vo # and also



the edge set- E(Gk) -such that Vivj € E(Gk) iff the distance

dnlv;s vj) < k. She then proved that it "6k~ ig an interval

A o P )
(respectively unit  interval) graph then & is an interval

(respectively unit interval) graph.

Reﬁollect that Lekkerkerker and Boland.plqbal charéctEﬁized
interval graphs as chordal graphs which have no asteroidal
triple. Proper intervgl éraﬁhs can also be characterized 1in an
equivalent way. Three vertices x,y'anH z form an astral triple if
between-any two vertices there.exists.a ﬁathl P such that ' the
third verfex'dqes not belqng to P gnd no two consecutive vertices
on P are both adjacent. to 1it. -Jackowéki {19921 characterized
proper interval graphs as graphs which havg no astral triple.

A_grapﬁ is a ;— graph if we can  asssign a set of n
consecutive integers to each vertex so that eages correspond to

L™

pairs of sets which overlap. Every unit interval graph is an n-
graph for some positive integer »n andA-conversely every ; graph-
is unit interval. Sakai leQEvatudied the problem of finding
the minimumrn such that a given unit interval graph is an ;—

graph. He also gave a linear timé algorithm to compute this

number in a particular case.

There are plenty of applications of indifference graphs. One

of them is in the channel assignment problem in communicatian
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theory. A survey of this can be found in Hale [19801. Hubert -
£197413 applied 'indiffefeﬁce graphs in solving pfoblems in
seriation. Indifference graphs aléo have applicatioﬁs in
analeing judgements of similarity or matching 1in. psycholagy

(Roberts [19701, Fishburn [19701).

In chapter 11, we study indifference. representation of
" digraphs by using ordered pairs of real numbers and show how this
'toncept of indifference digraphs generéliies that of indifference

gréphs.
1.5 Relation and Graphs

There exists intimate connections between interval .graphs
and interval .orders, and between indifference graphs and
-semiorders. These cannections are made exblicit in the following

subsections.’
1.5.1 Interval order

Fishburn [1970] and Mirkin [1970] introduced independently
the concept. of interval orders, with the help of which they
obtained several characterizations of interval graphs. A binary

relation (A4,P) is called an interval order it for all a,b,c,d & A



the following conditions hold :
(81) P is irreflexive.
(82) aPb and cPd » aPd or cPb.

Every interval order is transitive and is therefore a poset.

- Fishburn characterized interval order and explored . the

close ‘relationship between interval graphs and interval orders.

Thearem 1.6 (Fishburn [19701) A-partial order  (V,P) Is an
"Interval order Iif and only Iif the elements Q e« V can be
represented by intervqls >Iv on the real .ljne such Vthat
uPv e I lies . entirely to . the 'z_eft Cof I, (I, < I)

Theorem 1.7 (Fishburn [19701) A graph G (V,E) is an interval

graph Iif and only iIf there exists a binary relation R on VG

such that (V,R) is an interval order and E = R U R ' where 6

(V,E) is the complement at the graph G.

A relation (V,R) is known as Ferrers relation it the sets of

successors S(v) = {f ueV /v ueR 2 v € V (ar equivalently the

sets of predecessors Pv) = ( u e V / v v e R 2y v & v.) are
4

linearly ordered by inclusion. Mirkin {12701 characterized

interval orders by Ferrers relation as follows:-



Theoraem 1.8 [Mirkin 1970] An Irreflexive relation 1s an

interval order if and only if it Is a Ferrers relation.

The digraphé corresponding to Ferrere relation are known as
Ferrers digraphs. As our work is vefy much related to the theory
of Ferrers digraphs we shall discussAthese‘digraphs in details in

section 1.8.
1.5.2 Semiorders

Semiorders, originally introduced by Luce (193613, are
gpecial type of interval orders. Scott and Suppes [1958]1 defined
sémiorder'in the fqilowing way: a binary félation ' '(A,P) is
called a semiorder if  for all g;b,c,d . € A (not

necessarily distinct), the following conditions hold:

(81) P is irreflexive;
(82) aPb and cPd » aPd or chPb
(8,) aPb and bPc » aPd or dPc

Note that by dropping the condition ‘(Sa) we get an interval
order. It muét be mentioned here that Luce ‘[1956]' treafed this
conéept of semiorder in soméwhat different.way. Scott and Suppes
£19581, Scott E¥964], Rabinovitch [1978] and Roberts [1979b]1 each
have different proofs of the following.celebrated repreéentation

theorém, which is called the Scott—-Suppes Theorem.



Theaorem 1.9 (Scott-Suppes Ci?SBJ) Suppose P Is a binary
relation on a finite set A and & is a positive number. Then there

is a real valued function f on A such that
xPy &% F(x) > fey) + & - ‘ S S
is satisfied if and only if (A,P) is a semiorder.

If a binary-relation P on a finite set A4 is in the above
form (1) for some positive number &, then it is representable 1in
the form (1) for any positive number &. In particular it is-

representable with &- = 1,

The relation (1) expresses P as a transitive orientation of
the complemént of an indifference graph, and so f is called a

co-indifference representation.

As an immediate consequence of the Scott-Suppes Theorem
£193581 on semiorder, Roberts rephraséd the follbwing

characterization of indifference graphs.

Theorem 1.10 (Robertsf1946%9al) A graph with edge-set £ is an
indifference graph if ‘and only if there is a semiorder P such
‘that £E = P U P_I where E Iis the complement of E and PEI Is the

digraph obtained by reversing the edges in P.



Interest in interval orders and semiorders in behavioral
s;iences arose from several sources such as preferehce
-comparisons in consumer economics. The name "“Semiorder" was first
used.and precisely axiomatized by Luce [1956]1. Nontransitive
in&iffereﬁce arises from "the imperfect power of discrimination-
of the human mind whereby the inequalities become recognizable
only when of sufficient magnitude." To use an example of Lucé's,
it is'feasonable to suppose that a person will be indifferént
between x and x + 1 grains of sugar in his coffee for x = 0,1...,

yét have a definite preference between 0 grains and 5000 grains.

Ducamp and>Fa1magne.E1969] introduced a generalization of
semiorder, cailed biéemibrder.' A éisemiorder is a .quadruple
(S,E,R,T) where S and £ are two disjoint setgs and R and T are two
binary relations on S-U E, both R &€ 6§ x &€ and T &£ S x €&
satis%ying certain‘axipms; it was shown that it is equivalent >to
finding-funcﬁions‘s-ﬁ S — Rand e :t E — R and two positive

numbers & ,56, ( & > 62) such that for all a € 5, 6 € £

aRrR b & S(a)'>e(b)+<51

aTb & 'S ca) > e (b) + éé

The funcfibns s and e provide a generalization of the

guttman scale on two relations (Guttman [19441). Ducamp [12781]
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.

using a method developed by Scott [1964] gave an alternate ' proof

of the represehtation theorem for bisemiorders.

Cozzens anq Roberts [19821 discussed aouble semiorders as a
pair of binary relation P1 and P2 on the same set A and
obtained necessary and sufficient conditions for the existence of
a real valued function f on A and two positive numbersv

S 62( 61, 62) so that for all x, v € A.

1,
X Piy & fFix) > fiy) + 61

X PZY & Fix) > fiy) + 62

hold. For a graph theoretical version of the above problem, they
again introduced the notion of double indifference graph, a
hultiéraph (a pair of graphs with the same vertex set) of certain
‘type. Translating the results of double semiorder they
gharacterized double indifference gréphs and obtained results

analogous to Roberts [126%1].

In Chépter II we will introduce genéralized seﬁiordef and
abtain semiorder (as defined by Scott and SQppes L1958]) as its
particular case. Then we'will characterize indifference digraphs
in terms of this generalized semiarder. In doing so we will

generalize the celebrated Scott and Suppes theorem [19581].
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1.4 Notions related to Unit interval graphs

The analogue to unit intervals in higher diménsional space
is the unit boxes with sides parallel to co-ordinate asxes.
Precisely, a unit box In R" is the n-certesian product ;(JL)’
where JLIS are unit intervals (open, closed or half-open) ;;1 the
real line. The cubicity of a graph G, denoted by c(G), -is .the
least integer & such that G is the intersection graph of unit
boxes ip Rk. Noté that 6 is the inteféection graph of unit boxes
in Rk iff 6 is the. intersection of K unit interval graphs.
Roberfs [1969b] first introduced the notion of cubicity and
proved that cubicity is wéll—defined for any graph 6. In fact,
he showed that if C(G) denote the cubicity of a graph 6, then
C(6) = lﬁn/sj, where n is the number of vertices in 6. It can be
seen that b(G) < c(G) where b(G) denotes the boxicity of 6 (see

section 1.3.3). Cozzens [1981] gave methods of calculating the

cubicity of some classes of graphs.

Again one could extend unit intervals :to unit spheres in
Euclidean space R". Havel and Kuntz £1980]1 defined the (unit)
sphericity of a graph 6 to be the least integer K such that 6 1is
the intersection graph of closed unit spheres in K dimensional
space. Havel [1982] showed that there are graphs of sphericity 2
with arbitrary large cubicity whereas Fishburn [1983] showed that

there are gréphs of cubicity 2 and 3 with sphericity larger than



cubicity. Maehara, [1984a, 1984bJ] used the term space graph to
descirbe intersection graphs of spheres and derived certain

bounds aon the sphericity of several classes of graphs.

Sen [1984] studied intersection graphs ofisubcubes of a unit
cube Qn and proved that any graph 6 is the intersecticﬁ graph of
a family of subcubes of a unit cube Qk. He introduced - the
caoncept of n—-index of 6 'analogous to boxicity, which 1is the
minimumrk such that'the graph 6 is the intersection graph of
subcubes of Qk. He also proved that n—-index .of a graph 6 1is
equal to the minimum number of Compiete bipartite subgraphs of & -
whose union is &. This is analodous to fhe works on boxicity by
Cozzens and Roberts [19831 who p%oved~ that the boxicity of a
graph 6 is equal to the minimum number of interval graphs whose
intersection is G. In terms of the complement, this means fhat
boxicity of a graph & is equal to the minimum number of
cointerval graphs whose union is- &. = Seh £19841 has replaced
these cointerval graphs by complete bipartite subgraphs- in his
_work and this provides a setting in which n-index of a .graph is

perhaps more natural than boxicity.

Cozzens and Roberts (19891 introduced the notion of a
dimensional property of graphs. A dimensional property of graphs

is a property P such that every graph 6 is the intersection graph
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having propérty P. For a dimensional property P, they described g
general metHod for computing the least integer K so that 6 is the
intersection of-K graphs having property ~P. They then gave
simple applications of the methed to compdte the boxicity, the

cubicity and a number of such other dimensions of a graph.

Analogous to the work done by Griggs £1979]1 . on interval
number of multiple graphs, Andreae [1990] ‘Dbtained results on.
unit-interval number. " The wunit Interval number denptes the
mini&um number t such that one can assign to each vertex of a
simple graph 6 a collection of at most t-unit intervals on the
real line.where two vertices v and w in 6 are adjacent if and
only if some interval for v intersects .some interval for w.
Andreae pbtained the extremal graphs by devising ‘an elaborate
construction using fewer intervals for non-extremal grabh%. Far
n = 2k 2 6, the unique extremal graph is the star K while"

"1 ,2k—1

for n = 2k+ 12 7, the extremal graphs are those that contain an

"fnduced K .
Ta,2k-1

1.7 Circular arc graphs
Geometrical interests extend the class of interval graphs to

another useful class of intersection graphs which. is known as

circular arc graphs. A graph is a circular arc graph if 1t is



the intersection graph of a family of arcs on a circle. chker
(1971, 1974, 1978, 19801 did extensive work on circular arc
graphs to solve the prcblemsvof characterization and recognition
algorithm. 'He-also‘obtajned a étructure theorem for some special
types of circular arc graphs, viz, unit circular arc grapﬁs in
which the arcs are of unit length and proper circular arC»_graphs
in whjch no arc properly contains angther. It 1is to be noted.
that these two concepts do not caincide here as they -would for

interval graphs.

Gavril [19741 definedvsomé subclasses of circular .arc graphs
and succeeded ih characterizihg these classes, viz, A-Circular
arc graphs.and e:cjrcular arc'graphs. A graEhA is a VA—circular
arc graph if it is the intersection graph of a family of arcs on
a circle; so that for three arcs, if every pair. intersects then
the intersection Qf tHe three arés is non-empty. A gFaph is a
e;circular arc graph_if fof every c}idue, the intersection of the
arcs corresponding to the'vertices of thé-clique is non-empty.
Note that a e-circular arc graph is a A-circular érc graph but
the converse is not true. Moreover, she pfcvided efficient
algorithms for recognizing these two classes and for finding a
max imum clidue, a maximum independent set and a minimum covering

by cliques of circular arc graphs.



As in the case of interval graphs, circular-arc-graphs were
also generalized in n-dimensional space R". Feinberg t1979]
showed that any graph 6 is the interrsection graph of the
products of arcs on a sphere, called ‘patches' on a sphere. ‘He
then used the notion of Circular dimension of a’graph G as the
least integér K such that 6 is the intersectioh'graph of patches

on K-spheres.

Maehara [19%90] considered the asymptotic behaviour of the
intersection graph G of n arcs as n — ® and finds the threshold
functions for connected subgraph, for complefe subgraph, for

isolated vertices and for connectivity.v

Circular arc graphs have important applications in testing
for circular arrangement of genetic molecules ‘(Stahl (19671), in
designing traffic signals _ (Stoffers [19681) in circular
indifference situations such és colour'wheels‘and musical <tones

(Luce [19711, Hubert [19741).

‘Also these graphs have found important applications in
computer science for designing a compiler or any other basic

software system (Tucker [19781).
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1.8  Ferrers digraphs and Ferrers dimension

A particular class of digraphs, known as Ferrers digraphs,
was introduced independently by Guttmen 19443 and Riguet [19511].
Riguet defined Ferrers digraphs to be a digraph D(V,E) in which
for all x, v, z and w € V,

Xy, Z& € £ &» xw € E Or zy € £ (inclusive) (vertices need
not be distinct). Riguet 19511 characterized Ferrers digraphs
es thoee whose successor. sets (equivalently predecessor sets) are
linearly ordered by inclusion. In other words, if the rows of
the adjacency matrix are indexed by vertices in decreasing order
of out degree and the columns by vertices in decreasing order of

indegree, then the rearranged adjacency matrix takes the form

Fig. 1.2

The representation of 1'S (or O's) in the above form

will be referred to as a Ferrers diagram. Riguet showed that D is



a Ferrers digraph if and only if its adjacency matrix A(D) has no

2 by 2 sub matrix that is a permutation matrix.

Threshold graphs were introduced by Chvatal ana Hammer
[19771. A graph G(V,E) is a threshold graph if there exists a
real mapping f:X —— R and a threshold t € R such that for every
.S < X

S is stable & E V X) =t

' x € S

‘For an excellent surnvey of these two topics of Ferrers
digraphs and threshold graphs see Cogis [1982a]. These two
concepts look completely different, still they are related to
each other in a peculigr way. ' Cogis [1982a} again discovered
that the underlying graphs of symmetric Ferrers digraphs aré
précisely the fhreshold graphs. For each characterization of
Ferrers digraphs, there is a corresponding characterization of

threshold graphs and vice-versa.

Aintersectioh of Ferrers diéraphs was studied by Bouchet
[1971]'and‘he showed that any digraph D is the intersection of a
family of_Ferrers digraphs containing D. This 1induces one to
introdqée the important notion of Ferrers dimension.The‘ Ferrers
dimension (F.D) of a digraph D is the minimum number of Ferrers
digraphs whose intersection is D. Bouchet [1971, 19841 also

obtained several interesting results on Ferrers dimension.



The digraphs with F.D.2 were characterized independently by

‘Cogis (1979, 1982b1 and also by Doignon et al [19841. Another
characterization of digraphs with F.D.2 was given hy Sen et al.

L1989 aJ'in terms of their adjacency matrices.

Theorem 1.11 (Cogis [1979], Sen et al [198%al)

‘The following conditions afe equivalent :

(A) D has Ferrers dimension at most 2.

(B)Y The (ows-and columns of A(CD) can be (Independently) permuted
so-that no 0 has a | both below 1t and to ité right.

(C) The graph H(D) of couples In D is bipartite.

The order dimension of a partial order was introduced by
Dushnik and Millér [1941j. "It is the minimum number of linear
orders whose intersection is 6. Bouchet [1971] showed that the

notion of Ferrers dimension of a Ferrers digraph is an extension

of the order dimension of partial order. Cogis [1982al gave
another proof of this result for finite graphs. ‘Doignon et al
[1984] extended this result to 1infinite graphs. Yannakakis

[19821 showed that the problem of designing efficient algorithhs
for order dimension éxceeding 2 1is NP-Complete, althougﬁ

2-dimensional posets are polynamially recognizable.

A very good summary of the notion of order dimension and
analogous parameters for graphs and directed graphs such as

boxicity, threshold dimension and Ferrers dimension to name only
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a few is to be found in a review paper by West [1985].

In Chapte IV we will introduce containment digraphs and show
that this class of digraphs is again equivalent tao digraphs of

Ferrers dimension 2.
1.9. Efficiency of algorithms

The concept of an algorifhm is one of the basic concepts 1in
Mathematics. An algorithm is a finite set of.rules, which gives
a sequence of operations for solving a specific type of problem.
The time complexity is a measure of time required to execute an
algbrifhm. For. a given graph theory problem it would be

;desifable to have an algorithm which guarantees a solution in an
execution timé proportional to some constant power of n or e (as
usual, n and e are the number of vertices and edges respectively
in a given graph). If an algofithm processes inputs of size n in
time cf(n) for some constant c, then the time complexity of that
algorithm is said to be D(f(n)). An algofithm whose computation
time is bounded by a poalynomial in np or e is called a pol}nomia]
bounded algorithm. Note that the bounds in terms of e and n are
convertible into each other. The class of problems solvable by

‘polynomial algorithm is usually denoted by P. There are graph
theoretic problems for which it is simply not possible to have
polynomiai bended algorithm. Again there is aﬁother category of

problems for which so far no polynomial bounded algorithms have
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been discovered nor has it been possible to show that polyndmial

bounded algorithms do not exists for these problems. The class

of these problems is denoted by NP.

There is a subclass of NP called NP—compIeFe' problems. The
theory'of NP - completeness was initiated by Stephen Cobk [19711
and after that Richard Karp {19721 presented a large collection
of NP - complete problems.A These problems have the property that

all known algorithms for solving them require exponential time.

NP - Complete problems are important because these problems have
the property that if a polynomial - bounded algorithm exists for
one, polynomial - bounded algorithm can be found for the others,

whereas if it can be proVed that no polynomial algorithm is
possible for any of them, then the same will be frue for all of
them. Indeed the collection of NP - Compléte problems is growing
regularly with time. A aetailed discussion on complexity theary

may be found in Garey and Johnson (19791, Stinson [19831].

Below we indicate oniy a few recent results in this areé of~ -

grapﬁ algorithm and complexity.

The isomorphism problemvfof chordal graphs is' as hard as
that for simple undirected graph. However, it can be solved
efficiently when restricted 'to the following classes among
séverél others : .trees, planar graphs and interval graphs.

Veeraraghavulu et al. [1991) introduced a new sub - class of
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chordal graphs and developed a linear time isomorphism testing

algorithm.

Very recently, Damaschke [19931 provided a foundation for
obtaining polynomial algorithms for several problems ﬁoncerning
paths in interval graphs and interval models, sﬁch as finding
hamiltonian paths and circuits and partitions into paths. As a
main fesult, he created an algorithm for finding Hamiltonian

paths in circular arc graphs which runs in time 0O (n-).

Shih et al. [1992]1 however presented a more efficient
algorithm for Hamiltonian cycle problem on circular arc graphs

running in D (n® log n) time.

1.10 Intersection representations for digraphs

1.10.1 Interval Catch digraphs

The concepts of intersection graph and interval graph have -
been well studied for undirected graphs. Now the family of  5ets
in intersection graphs are replaced by a family of pointed sets

{(si, b2 with a distingushed base point b, e S, for each

1 £i <n. Then we get the family of catch graphs which also

have ¢ v ,v_.......v_/ as vertex set, but now v. and v _  are
17 2 n b J

adjacent if and only if either bi = SJ or bj & Si. But it seems

more natural to study catch digraphs by a suitable restriction of

the above condition.



Catch digraphs were studied by Maehara L[1984]. Let
F = {(Sx,px),x e.V } be a family_of pointed sets. The catch
digraph of 3;15 the digraph where two distinct vertices x and Yy
are joined by an edge iff Py & S*. When fhe sets are replaced by

intervals on the real line we get interval catch digraph. He

also studied the catch digraphs of pointed convex sets, poinfed
boxes and pointed (solid) spheres in Euclidean space. Prisner

'[19B9] characterized .interval catch digraphs in a 'way which 1is

quite analogous to Lekkerkerker - Boland [19621 characterization
of interval graphs. As x-y chain is called =z- avoiding if no
initial end point of an arc of the chain precedes z. Three

verticesAa{ ay, a, belonging to V form a diasteroidal triple if
for every permutation Il of {1,2,3> there 1is a e avoiding

a - a chain in D. With this definition of diasteriodal
TT2) U

triple he obtained the following result :

Theorem 1.12 (Prisner [19891) A digraph 1s an Interval

catch digraph If and only if it has no diasteriodal triple.

Fo; any digfaph D = (VTA) one can obtain the underlying
graph of "D denoted by U?b) where

veb) = v, xy/xy or yxe€ AJ. dien and Roberts [19701
showed that a symmetrit finite digraph D is an interval catch
digraph if and only if its wunderlying graph Uc¢D) is an

indifference graph.
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1.10.2 Interval digraphs.

Beineke and Zamfirescu [1982) and Sen et al. [198%a] studied
in different contexts a natural analogue of intersection models
for digraphs. In case of digraphs the distinction between bheads
and tails of edges is crucial. Thus they coﬁsidered a family of
ordered pairs of sets and to each ordered pair assigned a vertex.
An Intersection representation gf a digraph D = (V,E) is a family
14 (Su, Tu): u eV ? of ordered pairs of sets, such that (u,v) € E
if and only it Su M TV # @. Su is called the source set and> Tu
the sink (terminal) set for ue V and D is the infersection
digraph of the family. Here loops are allowed but not mulfiple
arcg. Every finite directed graph ié an intersection digraﬁh of
finite sets. Recall that analogous result also exiéts for
intersection graph, (Marczewski [1943]). Also the intersectién

number of digraphs has an analogous characterization obtained

earlier by Erdss et al. [1966]1 for intersection graphs.

An Interval digraph is an intersection digraph of a family
of ordered pairs of intervals on the real line. These digraphs
were characterized by'Sen et al [198%9bl A generalized complete
bIpartite subdigraph (abbreviated GBS) is a subdigraph generated
by vertex sets X,Y-whéée edges are all xy such that x @ X, v eVY.
.It is called generalized because X,Y need not be disjoint, which

Y ) > be a collection

means that loops may arise. Let 8 = ( (Xk, &
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"of GBS's whose union is b. The vertex—souhcé Incidence matrix
for B (abbreviated V,X-matrix) is the incidence matrix between
the vertices and the source sets {Xk}. Similarly, the
vertex—terminus incidence matrix for B (abbreviated ‘V,Y—ﬁatrix)

_is the incidence matrix between the vertices and the terminal
sets ( Yk Y. A characterization for interval digraph which is

analogous to the Fulkenson and Gross [1965] characterization for

interval graph is given below.

Theorem 1.13 (Sen et al.[198%al. D 1s an interval digraph if
and only if there is a numbering of the GBS'é in some covering B
of D such that the ones in rows appear consecutiVer'for both the

V,X-matrix and V,Y-matrix of D.

'As a particular ;aée of interval digraphs they introduced
.interval—point digraph. An Interval-point digraph isvan interval
digraph where terminal intervals are singleton points. A digraph
is an interval-point digraph if and only if its adjacency matrix
has the consecutive ones property for rows. This résult extends
the corresponding result for interwval catch digraphs by Maehara
£1984] where the terminal point has been restricted to be a

“"member of the source interval.

Sen et al. [1989al again gave a characterization of an

interval digraph as follows:
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Theorem 1.14 (Sen et al [198%9al) For a digraph D, the
following sfatéments are equivalent:

1) D 1s an Interval digraph;

2) D is the union of two disjoint Ferrers digraphs where D
Is the complement of D.

3) the rows and columns of ACD) can be permuted
Independently so that each 0 is labelled by an R or C in_ such a

way that every position to the right of an R Is an R and every

posiiion below a C 1s a C.

An adjacency matrix satisfying condition 3) above is called

Zero—-partitionable.

Recall that the Ferrers dimension of D is the minimum number
of Ferrers digraphs whose intersection is P. The above theorem
implies that an interval digraph is necessarily of F.D. at most
2. But this is not a sufficient conditioh. Sen et al in the same
paper presented a 7-vertex digraph of Ferrers dimension 2 that is
not an interval digraph, and thereby showed tﬁat interval
digraphs are properly contained in the ‘set of digraphs with

Ferrers dimension at most 2.

In order ‘to characterize a digraph D of Ferrers dimension 2,
Cogis [197%] associated an undirected graph H((D) with » in a

suitable way, the vertices of H(D) corresponding to the zeroes of
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the adjacency matrix of D. He proved that D has Ferrers dimension

at most 2 if and only if H(D) is bipartite.

Das and Sen [1993] introduced the notion of interior edges
of the two Ferrers digraphs whose union is D. Depending on the
characterization of Cogis they used this concept of interior edge
to obtain some propefties of a digraph of F.D 2 and then showed
how the notion of interior edges 1is related to an interval

digraph.

In-Jen Lin et al [preprintl] proved that any digraph has a
subtree representation. This induced them to define and work on a
"new parameter, L(D)Ithe leafage at D. The leafage of a digraph is
the minimum number of leaves (i.e.pendant vertices) in a host
treefT in any subtree representation of a digraph. To be noted
.that , the interval digraphs"are 'pfecisely the digraphs with

leafage 2.

A subclass of interwval digraphs is interval nest digraph. An
Interval nest digraph is an interval digrapﬁ where each terminal
interval is contained in the ccrresponding source interval. Note
that when all the terminal intervals afe-.singleton points, an

interval nest digraph becomes an interval catch digraph.

A subset K of a vertex set V of a digraph D is called

independent it for any two vertices x,y € K (x # y), neither xy



nor yx is an edge. An independent set K is called a Kernel of D
it for any other vertex Z < V \-K y there is some edge from Z2 to
sohe vertex of K._D, is called Kernel-perfect 1if any induced
subdigraph has a Kernel. Baleuna-Sanchez and Neumann—-Lara [1984]
had somé results on Kernels. Prisner L[preprintl proved that
finite interwval nest digrapﬁs and reversals of finite interval
nest digraphs are Kernel—-perfect and Kernels can be found 'in
D(nz)_tiﬁe if a representation is given. This reésult is no more

true for interval point digraphs.

Based on powers of digraphs, Prisner(persoral communication)
obtained a theorem which holds good for interval nest . digraphs

and interval catch digraphs.

Theorem 1.15 (prisner L[preprintl) for any Integer K = 2 “and
every digraph D = (V,A), If Dk—l Is an Interval nest digraph
(interval catch digraph’) then Dk Is again an Interval nest

digraph'(interval catch digraph).
1.10.3 Circular arc digraph

Circular arc graph is a natural topological extension of
intervalAgraph. Sen et al [198%b] introduced"and characterized
the digraph representation of circular arc which can also be

viewed as a normal extension of interval digraph. A digraph is a
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circular arc digraph if it is the intersection digraph of a

family of ordered pairs of arcs on a circle.

A O,l1-matrix has the circular ones property for rows
[lcolumnsl if its rows [columnsl can be permuted so that the 1's
in each row [columnl are circular. By 1's being "circular" it
means that their pésitions are ;onsecutiVe when one views the.
ﬁbsitioné as a cycle, with the first row (or column) following
fhe_1ast._8tair_partition and generalized circular ones property
are additional concepts required to characterize. circular aré
digraphs. A stair partit;on of a matrix is a partition Vof its
positions into two sets (L,U) by a polygonal path from the upper
left to the lower right, sugh_tﬁét the set L iév closed"undér
leftward or downwérd mévement, qnd the set U is closed under
rightward or upward movement. Next let a O,1-matrix A4 and a stair
partition (L,U) is.givén. Also let v, [Hj] be the 1's in row i
[célumn j 1 that ‘begin at the stair and continue rightward
‘fdownwardl (around i% possible) until the firét 0 is reacﬁed.:
Then A has the generalized circular dnes_property if it has a
-stair partition (L,U) such that the Vi‘s and Nj{s together cover
all 1's of A. The following fesult for circular arc digraph is
analogous to Tucker's characterization of circular arci graph -

using guasi-circular ones property.
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Theorem 1.16 [Sen et al 1989bl A digraph is a circular arc
digraph it and only'if the rows and columns of 1ts adjacency
matrix éan be permuted indepehdenfly so that the resulting matrix

has the generalized circular ones property.

Recall the definition of Ferrers digraphs and Ferrers
dimension éiven in section 1.8. It has been already stated tﬁat
all interval digraphs Have ?errers dimension at most 2. However
there is no such Equnds for circular arc digraph. In fact there
exists circulér . arc _digraphs of arbitrarily high Ferrers
dimension. On the other hand there exists digraph of Ferrers
dimension 2 that is not circular arc digraph. They proved that
the complement of any digraph with Ferrers-dimension at most 2 is
a circular arc digrapﬁ but the complement of a circular arc

digraph need not be a circular arc digraph.

In chapter IV we define containment digraph and shaow that
complement of a circular arc digraph is in fact a circular arc
containment digraph and this answers the question raised in the

earlier papef.
1.10.4 Interval acyclic digraph

Harary, Kabell and McMorris [1990] introduced another model

for obtaining digraph from sets. Their definition yields only the



48

acyclic digraphs but allows for very simplé characterizations
when representing sets are intervals. Let S, ........ ) be the
subsets of a poset P (X,<) for which Inf (Sj) exists for all
I = 1,....n. The intersection acyclic digraph is the digraph

D= (W,A) where V =1+{ v v_ A and v. v e A it and

grreee n i J
only if Si’ﬁ'Sj # ¢ and Inf (Si) < Inf (Sj)' They showed that a
digraph is acyclic if - and only if it is an intersection acyclic
digraph. When the partially ordered set is -the set. of real
nu@bers with the usual ordering and each set Sj is an open
interval, then the corresponding intersection acyclic digraph is
an 1ﬁterval aé?clic digraph. They proved that a digraph 1is ‘an
interval acyclic digraph if and only if fhere- exists a
labelling of the verﬁices VyreeoV, such that v, vj € A then I (,j
fof all £ with I < k& < j,vivk < A. If all the intervals in an
interval acycliﬁ digfaph -are of unit length then it is a

unit—interval acyclic digraph. They studied these- digfaphs and

obtained forbidden subdigraph characterization.

.In a separate paper they again characterized those digraphs
that are the acyclic intersection digraphs of subtrees of a
direéted tree. Instead of taking directed trees, ﬁCMDrris and
Mialder [prépriht] started with subpaths of a -direcﬁed tree and
proceeding siﬁilarly, they characterized digraphs that are called

subpath acyclicvdigraphs.
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1.11 Overlap graphs and Containment graphs.

It is not very difficult to conceive thaf intersection is
only one type of interaction between.several objeéts of similar
type (from the real world). So several graph theorists started
thinking of other type of interactions‘ which mighf oroduce
different classes of graphs and their corresponding theories. In
this section graphs obtained by interactions other than
intersection willvbe discussed. It is to be noted that some of
these graphs eventually become intersection graphs of certain

families.

Eth and Itai (19711 introduced the concept of overlap
graphs. A graph G(V,E) ié an overlap graph if its vertices can be
put into a one—-one correspondence with a collection of intervalé
6n the real line in suéh a way .that two vertices are adjacent if
the corresponding intervals intersect but neither contains the
othér. Overlap graphs were studied by Gavril (19731, Fournier
[19781 and Buckingham [19801. It turns out, nevertheless, that
this class 5f graphs is exactly tHe same as the class of circle
graphs, the infersection graphs of a finite tolle;tion of chords

"on a circle.

Golumbic [1984,1983] studied another type of graphs called

containment graphs. Let F be a family of non—-empty sets. A simple



finite graph 6 = (V,E) is a containment graph - provided one can
assign to each vertex v, € V a set Si € F such that vy v, € £ if

: J

and anly if Si C-Sj or Sf > S .. The function f: v @— F which

J
assigns sets of F to elements of V by f(vi) = Si is called a &
containment representation for 6. Golumbic and Scheinerman [1985]
defined containment graphs in terms of partially ordered sets and

showed that the class of containment graphs is equivalent to the

class of all comparability graphs.

As in the case of intersection graph one can restrict the
family of sets & to a certain type (such as intervals on a 1line,
circles in a plane, paths inm a tree etc) and then aék for
characterizing the nature of dgraphs so obtained. Dusknik and
Mﬁller (19411 characterized interval containment graph -and

obtained the following result.

Theorem 1.17 (Dusknik and Miller (19411) The following
conditions are equivglént
| (i) A graph G is a containment graph of intervals on a line. .
(iii G Is a tomparabiljty graph Of a poset of dimension at
most 2.

(iii) 6 and its complement GVare both comparability graphs.

The graphs which satisfy the preceeding theorem are equivalent to
the class of permutation graphs (Even et al £19721). For

permutation graphs see section 1.12.



A box cqntajnment graph in d-space is a cantainment graph of
rectilinear boxes ?with sides parallel to the axes) in
d-dimentional Euclidean space. Golumbic and Scheinerman [1985]
proved the analogue of above theorem and showed that 6 is a
containment graph of boxes in d-space if. and only if 6 is the
intersection of 2d-I interval containment gfaphé. As a corollary
they showed that every cbmparability graph on n vertices 1s the

n

containment graph of boxes 1in r - ] dimensional Euclidean

space.

Mckee [1992al] showed that large parts of graph theory can be
devoloped in terms of intersection grapHs or other families of
graphs (containmént gfaphs amonglothers) which have properties
reéembliné those of intersection graphs. He introduced a notion
called "connection graphs" and examined how much of the

resemblance can be captured by this general notion.

In chapter IV , we study the naéure of digraphs by choosing
models other than intersection. We Iintroduce the notion of
containment digraphs and overlap digraphs and ‘characterize them
coﬁsidering'the_sets to be intervals on a line DT. arcs of a

circle.

In Chapter V , we use the notion of a base intervalj it is

an ordered pair (Sv , pv) where Sv is an interval on the real



line and P, is a point of Sv' We associate with every vertex an
ordered pair of base intervals. Relying heavily on this notion we
obtain an analogous concept of intersection and overlap

representation and characterize these'digraphs.
1.12. Miscellaneous.

An undirected graph 6 = (V,E) on V = {v

Cesaaes v_ > is called

1 n
a permutation graph if there is a labelling lsv —s 1,2...... n A
and a permutation 7 of 71,2..... .n 7 such that Vv, € E if and

only if I(Vi) < I(vj) and l(vj) preceeds z(vjv in . The function
!l is called a permutation labeiling of 6 and n 1is called the
defining permutation. Permutation graphs- are comparability graphs
of posets of dimensioﬁ at 6ost two. Permutation graphs Have many
known characterizations and efficient recognition algorithms

(Spinrad £19851).

Golumbic and Monma [1982] introduced the concept of measured
interaction and defined tolerance graphs to generalize both
interval graphs and permutation graphs. A graph 6d/,E) 1is a
tolerance graph if there exists aésignment'of intervals Iv and

"tolerance tv to each vertex v such that

uv € £ & | Iu n Iv | 2 min < tu’ t 3,

[ 74
where | I | is the length of the interval I. They noted that the
requirement of equal tolerances for all -vertices vields,
precisely, the interval graphs, while requiring ¢ = | Ix |

X



vields the permutation graphs- (Golumbic et al.[1984b1) .
Algorithms to compute the stability number, the chromatic number
and the clique cover number of a tolérance graph were presented

by Narasimhan and Manber [19%2].

The gquestion of "unit® and "proper" intersection
representations also arise with (interval) tolerance
representations. By analogy with interval graphs, proper

tolerance graﬁhs have tolerance representations in which no
interval contains another and the unit tolerance graphs have
tolerance representations with intervals of equal lengthl Any
unit tolerance graph is a proper tolerance graph and any proper

tolerance graph is a bounded tolerance graph.

Bogart et al.[1992] proved that the class of proper interval
tolerance graphs is not equivalent to the class of unit interval
tolerance grabhs. In fact they presented a proper interval

tolerance graph that is not a unit tolerance graph.

Competition graphs were introduced by Cohen [1968]1 The
competition graph 6 of a digraph D = (V,A) has V(G) = V(D) and
xy eVE (6), (x # y) iff for some 2z in V(D), xy and vyz & A(D).
t.undgren et al. [(1993] obtained a necessary and sufficiént
conditién for.the competition graph of a loopless symmetric

digraph to be an interval graph or unit interval graph.



