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Chapter 2

MEROMORPHIC FUNCTIONS
AND THEIR RELATIVE VALIRON
DEFECTS

2.1 Introduction, Definitions and Notations.

Let f be a non-constant meromorphic function defined in the open complex
plane C. For a € CU {co} let n (¢, ; f) denote the number of roots of f = a
‘in |#| < t, the multiple roots being counted according to their multiplicities
and N (¢,; f) is defined in the usual way in terms of n (t,o; f). Similarly,

n(t,a; f) denotes the number of distinct roots of f = « in |2| < t and

N (t,q; f) is also defined in the usual way in terms of n (¢, @; f).
The Nevanlinna defect 6 (a; f) and the Valiron defect A (o f) of ‘a’ are
respectively defined in the following manner :

Y — 1 T N(Taa;f)_ .. m(r,a;f)
RS O N )
and A (¢; f) =1 —lim ian GLP) = lim sup—77M

rooo T (r,f) o T(rf)

Milloux [30] introduced the concept of absolute defect of ‘a’ with respect

to the derivative f. Later Xiong [46] extended this definition. He introduced
the term

N (ra f®
5g)(a;f)=1—lirrr18£p (T(T ]{) )

The results of this chapter have been published in Journal of Mathematics, see [8].
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for k = 1,2,3,.... and called it the relative Nevanlinna defect of ‘a’ with
respect to f(®). Xiong [46] has shown various relations between the usual
defects and the relative defects. Singh [36] introduced the term relative
defect for distinct zeros and poles and established various relations among it,
relative defects and the usual defects.

In this chapter we call the term

k) [ oy N (105 f®)
AR (o5 f) =1 llﬂgf T )
the relative Valiron defect of ‘a’ with respect to f® for k = 1,2,3,..... and
prove various relations between it and the relative Nevanlinna defect.
The term S (r, f) denotes any quantity satisfying S (r, f) = o{T' (r, f)} as
r— 00 through all values of r if f is of finite order and except possibly for a
set of r of finite linear measure otherwise. ‘

The following two definitions are well known. .
Definition 2.1.1 The order ps of a meromorphic function f is defined as

ps =lim sup——10g T(r, f)

)
T—00 IOgT N

where T(r, f) is the Nevanlinna’s characteristic function of f. When p; < o0,

" then f is of finite order.
Definition 2.1.2 The term Ag’"’) (o f) s deﬁn'ed as follows:

. N (ro; f®
Ag’ ) (o5f)=1-— hﬂglf T(('r, f(n)))

where k =1,2,3,... andn=1,2,3, ....

Forn =1 the above definition coincides with the relative Valiron defect of ‘a’

with respect to f® q.e.,

A (a5 1) = AP (a; ).

2.2 Lemmas.

In this section we present some lemmas which will be needed in the sequél.
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Lemma 2.2.1 [88] Let f be a meromorphic function of finite order such
that Y 0 (a; f) =1 and & (co; f) = 1. Then for any non-negative integer k,

aF#00 :

T (k)

i 200
AT )

Lemma 2.2.2 [88] Let f be a meromorphic function of finite order with

> 6 (a; f) = 6 (o005 f) = 1.Then for any «,
aFo0o
: (k))

5% a; f) = Iiminfm (T’a’f .

w D) =B )
Lemma 2.2.3 Let f be a meromorphic function of finite order such that
>>6(a; f) = 6 (o0; f) = 1.Then for any «,
a#oo '

n _m(ro f®
AG™ (a; ) = lim sup T((h f<n)))

where k = 1,2,3, w.andn=1,23,..

Forn=1
ARV (o5 f) = AR (o f) = liﬂi}ﬁm gf’((;;}c)(k))
Proof. In view of Lemma 2.2.1 we obtain that
s = 5D
ARy S
_ 1 —lim D% 1)
r—oo T (r, f®)
_ limesup™ 0% D)

r—00 T(’I",f(k))
m (r,0; f®) T (r, f¥)

. £(k)
= limsupm (T,a,f )

7—00 T (’l", f(n)) ’
This proves the lemma. m
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2.3 Theorems.

In this section we present the main results of the chapter.

Theorem 2.3.1 Let f be a meromorphic function of finite order. Then for
any two positive integers n and k with n > k,

AR (005 ) + AR (0:£) 2 67 (0,£) + 8 (a; ) + AR (003 ),
where ‘a’ is any non-zero finite complexr number.

Proof. Let us consider the identity

S a f(k)_.a f('n)
® " fm

where n > k.
Since m (r, ﬁ) <m (r, %) + O (1), we get from the above identity

m (r, i) <m (’r, %) + 80 f). (2.1)

Now by the relation T'(r, %) = T'(r, £)+O(1) and Milloux’s theorem {p.55, [19]}
it follows from (2.1) that

(k) _ p(k) _
m(r,#) ST(T,ff(n) a> _N(Iraf—f(n'_a’> +S(’I",f)

S (n) —
i.e., m (r,i)) <T T’ﬁkf)_—_a) - N (r,%) + S (r, ) +0(1)

I
| 1
’L.é., m (7‘, "m) 4 -
() ® _
<N (r, }UJ:)—_(J - N (fr, ff—(n)c_z) + S (r, f) + O(1). (2.2)
In view of the relation N (7‘, JJ‘T) _N (r, }t) =N ('r', %) N (r, f)=N (r, %) +

N (r, f) {p-34,[19]} it follows from (2.2) that

1
()

<N ('r', f(n)) + N (’l“, ﬁ) —N (Ir, f(k) - a) - N (’f', ﬁ)
+8(r, f)+0()
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1. ' fm ('f', _f%k))
i.e., liminf————%
r—oo T (r, f)

{ N(f®) N(s®) N(nh) }

T(r,f) T(r,f) T(rf) roo  T(rf)
N OIO) L N g®) N ()
SRETen EETen R TEn

i N (7‘, f(Tl—a)
imsup
=00 T (T7 f)

In view of Lemma 2.2.2 we obtain from above
o9 0:f) < {1- AP <oo- N}-{1-aP s} -{1-2% ©n}
+H{1-8 @ }

iie.y AY (003 £) AP (03 ) > 6P (0 f)+5(’“) (a; )+ A% (005 f) .

This proves the theorem. m

. N (’I", f(kl_a>
+ lim sup

< lim inf
7—00

Remark 2.3.1 The sign ‘ >’ in Theorem 2.3.1 cannot be replaced by ‘ >’
only which is evident from the following example.

Example 2.3.1

Let f =expz.
Then A(k) (00; f) = A(n) 0; f) = Ag) (00 f) =1
and 6g°) 0; f) = (oo;f) = 1.
So 6% (a; f) =
) =

Then AP (co; ) + AW (0; £) =2 = 6P (0; f) + 6¥ (@; £+ A (005 £).

Theorem 2.3.2 Let f be a meromorphic function of finite order such that
Y>> 6(a; f) =d(o0; f) =1. Then for any two posztwe integers n and k with

a7-00

n>k
AR (005 £) + AR (05 £) > 6% (0; £) + 6% (003 f).
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Proof. Since f*) (k) =f () £2 f(n) for n > k we get that

m (r, f(k)) <m (r, f(")) +m (r, ;—:—i) . (2.3)

Now by the relation T(r, ) T(r, £)+0O(1) and Milloux’s theorem {p.55, [19]}
we obtain from (2.3),

(1 1) () +7 () = (. £5)

i.e., m (r,'f(k?) <m ( f( )) +T< J;i:;) N (7‘, %) +0(1)

i.e., m (r, f(k)>

. (n) (k)
<m (7", fA(")) +N (r, %) —-N ( ;(n)) + 8 (r, f) +O(1). (2.4)

In view of the relation N ( L) —N ( f—) =N (r ( , %) _N(r,f)-N (’r, fl)+
N(r,f) {p. 34, [19]} it follows from (2.4) that

ner®) -
Sm(T’f(n))+N(r’f( ))+N( f(k)> | N (nf®)

N( >0 ) + S (r, f) +O(1)

. m(r, f®)
i.e., llﬂgfw | ' (
o NE ™ N e N na) |
Sh?ilo?f{ T(rf)  TrH  T@f)

r—00 T(T’ f) T(Ta .f) i

N7 2= (n)
+1imsup{ (f(k))+m(r’f )}
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L N@®) N ()
< minf—=nt = — minf—rs = — im it = e

N r, %) N (’f‘, %) (n)
— lim ll'lf—(f— + lim Sup—fk__ + lim Supm (’I’, f )

T—00 T ('r, f) r—00 T ('I‘, f) T—00 T (’I", f) .
By Lemma 2.2.2 and Lemma 2.2.3 we obtain from (2.5) that
69 (003 f) < {1- 8% (0, N} = {1-aF (00, N} - {1 - 27 0,1}
+{1-0P©0,n}+2P (o0, f)

i.e., AR (c0; f) + AR (0; 1) > 68 (0; f) + 6% (003 ).
Thus the theorem is established. m

(2.5)

Remark 2.3.2- Considering f = expz one can easzly verify that >’ cannot
be replaced by >’ only in Theorem 2.3.2 .

Theorem 2.3.3 Let f be a meromorphic function of finite order and a,b be
any two distinct finite complex numbers. Then for any two positive integers
n and k with n > k, ’

AP O:)+ AF (001 ) > AP (001 1) + 6 (@5 ) + 360 (3 ).

Proof. Considéring the identity

b—a . f® f® —q  fE _pY)
B —q  f® _a{ Fo T ) }

with n > k we obtain in view of Milloux’s theorem{p.55, [19]}
m (”" ) a) =m (7"’ 7 ) AN ) +5(rJ)
>, ~ b—a &) —gq - f®—q
.., M (T,m) S T (’I‘, T’"’)—_ A— N T, f(n)

(k) — (k) —p
.+T<’T,IWL)—b)—N('r,ff(n) )+5( . (26)
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Since m (r,ka%_—a> <m ( ‘ f(k) ) +0@Q) and T (r, f) = ( ,%) +0(1), it
follows from (2.6) that :

1 £ 8 _g
" <7~, 7B a) =N (’"’ 7B a) - (’"’ i )

. @ &) —p
- (T-’ = b> - (r’ 2 )

+S(r f)+0@1). : (2.7)
In view of the relation N (r, f) ( T, N( %)—N (r,f)—N (7“, %)-i—
N (r, f) {p-34,[19]} we get from (2.7),

) =
| m(“ﬁ“)lté)g +N(""f(k> )‘N(""f(k)_“)
- ( ) N (r, f0) + N ( f(k)l— b)
—N(r,f(k)—b)—N(r f()>+5(7' f)+0Q).

m(’f‘,f—(;_‘a)’

i.e., liminf

rooo T'(r, f)

< 2lim inf {N (rnf™) N ("" 3‘%) _N(r, f¥) }

7—00 T ('I", f) T (’l", f) T (’I",‘f)

HEERIED)

TwH T

| (m) N (7, = TA?
<2 {lim inf—]v—('rL) - liminfw — limian (T’ f ) }

+ lim sup

r—00

r—oo ]’ ('T', f) r—oo T (Ta f ) rooo T (’I", f )

+1 N (T’ ka%:Z) + 1 N (r’ f(k%"b)
. iimsup 11m sup .
r—00 T (T7 f) T—00 T (Ta f)

By Lemma 2.2.2 we obtain from above that

e <a{1- 9 s} -3{1- 50 0.0}
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—2{1-aP o N} +{1-08 @)+ {1-68 b )]
iy 20 (a3 ) < 20 (0 )20 (001 1) =28 (005 =62 ()
iy A (0.1)+ A (001 £) > A (00; )46 (a: )+ 208 (1 ).
This proves the theorem.. m

Theorem 2.3.4 Let f be any meromorphic function of finite order and n,p
be any two positive integers. Then for every integer k with 0 < k < min {n,p}

AP (001 f) + AP (01) 2 A (001 1) + 6 (@1 /) + 817 (@i f)
where ‘a’ is any ﬁmte non zero complex number.

Proof. From the identity

1 1{ fO g g }
FP—aTa\f-a @ -

and by Milloux’s theorem {p.55, [19]} we get,

(p) — .
m (T‘, ﬁ) <m (r, -JC—I}(;L)—Q) +S(r,f). (2.8)

Now by the relation T(r, %) =T(r, f) + O(1) it follows from (2.8) that

(® _ ()
o) () )
| 1 Wi f? —a
1.., M (T‘, M) <T (’I", m) - N (7', f(n) >

+ S (r, f)+0()

' 1. : f(n) f(p) —a
i.e.,m (r —f("’) = a) < N ( )T = a) — N (r, Q) )

+S(r, f) + O(1). (2.9)




In view ;)f the relation NV (7", ?) —N (7", }f—,) =N (r, %) —N(r,f)—N (r,

N (r, f) {p-34,[19]} we obtain from (2.9) that

m (r,- ﬁk)lTa)
N (r, f(n)> + N (r, }‘%—a) - N (r, £ a) —N ('r, -f(l—n))

+ S (r, f) +0(1)

)
i.e.,limin
BT )

Ny Ny N (n)
Shr“ii?f{ T(rf) T@mf)  T(nf

N (’r’ _(:)l_—a)
+ lim sup { A

=200 T (T7 f )

o ( ﬂ%)
i.e., limin
N o) S N) N ()
iminf———* — liminf———* — liminf ——~~*
rooeo T(r,f)  roeo T(r,f) row T(rf)
+ I N (T’ ﬁ)
im sup
r—oo . T(r, f)
In view of Lemma 2.2.2 we get from above that
5% (a; f) )
<{1-ap (oo-f>} ~{1-aP @i} - {1- 2% @5}
+{1- 62 (a; f) }

ie., AP (00; )+ A (0; f) > A (003 f) + 62 (a3 f) + 85 (a; f) -
Thus the theorem is established. m

26
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Theorem 2.3.5 Let f be a meromorphic function of finite order such that
> 0 (o f) = 0 (o0; f) =1, ‘a’ be a finite complez number and b’, ‘c’ be two

a#00
distinct non zero comple:z: numbers Then for any two positive integers n and

k withn > k,
AP (0 ) + 0% (6 ) + 0% (e f) < 2.

Proof. Since f(k} — f{;()n)a 7oy for n >k, by Milloux’s theorem{p 55, [19]}
we obtain that
_ 1

Now by the relation T'(r, %) =T(r, f) + O(1) we get from(2.10) that

m(yﬂéz>STOUW><NG?%>+SMﬂ+Om; (2.11)

Now by Nevanlinna’s second fundamental theorem it follows from (2.11) that

()
e o) o) )

'NGT )+S@n+0m (2.12)

Since N( (n)> N {r, —(1—) <0, we obtain from (2.12),

T
m( f(’“)—a)

N<fM_J+N<fJ')+Smﬁ+mU

,: 1
1.€., m(r, m)

1 1 1
<T( f<>—b) m(r’f(")—b>+T(r’f<”>—C)

Zin (r f(n)l_ C) +S(r,f)+0(1)

IN
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1 N 1
i.e., m (r, 7O = a,) <2T (r, f ) m (r, o = b)

—m(gﬁ%:)+smn+om

1
m (7“, f(n)—b)

m (r —1—> T ( (n)
. . ) f*)—a . 7, f ) s .
i.e.,limsup < 2limsup———* — liminf
T—00 T (’I“, f) r—00 T ('r, f) r—o0 T (7’, f)
\ 1 .
_ liminfe (T’ d (")_c) (2.13)
roco T (r, f) |

Now by Lemma 2.2.1 , Lemma 2.2.2 and Lemma 2.2.3 we get from(2.13),

AR (a5 ) <260 (0 ) = 65 (c: f)

ie., Ag) (a; f) + 5%1) b f) + 51(%1) (e f) <2

This proves the théorem. W

Theorem 2.3.6 Let f be a meromorphic function of finite order satisfying
>>d(a; f) = Land 6 (o0; f) = 1.Then for any two positive integers p and k
a#0o

with p > k

09 (0, 1) + AP (e f) < 1.

Proof. Consiciéring the identity

f& T F® T T fm

forn>p>k
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we get in view of Milloux’s theorem{p.55,[19]} and by the relation
T(r, %) = T(r, f) + O(1) that

p)
m( f%)><m<'r,ff(n )-i—S(rf)

@ _ P _
eim(r5) 57 (72 (- 552) st
1 ) @) — o
’e’m(r’ﬁk‘>ST( f<p>—a)_N(“ I )

+8(r, f) +0Q)
(i) <0 () 0 (5)

+S(r, f) +O(L). (2.14)

In view of the relation N (r, fTI) —N (r,' %) =N (r, %) —~N(r,f)—N (T‘, %) +

N (7, f) {p-34,[19]} it follows from (2.14) that

I\
m ()
n 1 1
SN(r,f( )) +N<T’f(pT&> —N(r,f(p)—a) —N(T,W)
S(r, f)+0(1)

1.€.,mM (’I‘, T(la)
¥ (g=s) V() V) - )}

+ .5 (ﬂf) + 0(1)

z'.e.,m( f%)) < N(r a; f(p)> + (n — p)N(r, fy+S(r, f)+0(1). |
Since 4 (oc0; f) = 1, it follows that

N (r, /)
AT~
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So from above we get that

.m (’I",O;f(k)) . NN (r,a;f(P))
lim inf < lim inf
roo T (r,f) ~ roeo  T(rf)

i.e., 650, f) <1- AP (o)
i.e., 0% (0, f) -l—Ag’) (a5 f) £ L.
Since >, d(a;f) = 6(oco;f) = 1, by Lemma 2.2.3 we note that
a#£00 ,

AP (a; f) > 0.
This proves the theorem. m

Remark 2.3.3 The inequality in Theorem 2.3.6 is best possible in the sense
that ‘<’ cannot be replaced by ‘<’ only which is evident from the following
example.

Examplé 2.3.2
Let f=expz.
So 6¥(0;f) =1
and 52 (0; f) = 6% (o0; f) = 1.

Now by Nevanlinna’s secOnd fundamental theorem and in view of above we
get '

(1 9) < 8 (rs 1) . (r 10) <7 (19) 5 (1)

T (r, f(p)) N (r,,a; f(p)) S (r, f(p)) T (r, f(p))
“Twp S Twh T @) T
< T (7", f(p)) N S (r, f(p)) T (7«, f(p))
T TS T(nf®) T(f)
By Lemma 2.2.1 it follows from above that

N (r,o; f®) .

lim
rooo  T(r, f)

Therefore Ag) (a; f) =0.
Thus 6%” 0; ) + A%) (a5 f) = 1.
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Theorem 2.3.7 Let n and k be any two positive integers such that n > k
and ‘a’ be a finite complex number. Then for any meromorphic function f of
finite order satisfying Y. 6 (a; f) = (o0; f) =1,

aFoo

AP (a; f) 5% (a; ) + 0% (0; 1) .

Proof. Let b # a be a finite complex number.

Since
a—b f&) f —p  f) g
g fw_g)| f® @ J orn>Fk

we obtain in view of Milloux’s theorem{p.55,[19]} and by the relation
T(r, %) = T(r, ) + O(1)

— (k)
m(nss) <m (=) #5600
» 1 : A (k) , (k)
1.., M (7", f(n) _ G,) <T (Ta f(,,{; _a) - N ( f(,,{; __ ) +S(T7f)
- (n) _ (k) :
! “)—N( f(f)k )+S(r,f)+0(1)

k)
i.e.,m (r, ———f-(n) — a) <N ( T, (  Fmy = a,)
S(r,f)+0Q (2.15)

In view of the relation N (r, f) ( ) ( ) N (r, f)— ( 7 )+
( ,f) {p. 34 [19]} it follows from (2. 15) that ,

| 1
m(?", f(n)—a> | ‘
o) H ) o)

+ S (r, f) + O(1)

-~
]
S
N
)
il
2
—_
|
Q
N—
IA
~
/N
3




. . o1
o m (T,m)

- Thus by Lemma 2.2.2 it follows from (2.16) that

i.e.,lirn_1)g1f T )
[ N@E) Ny N(nms))
Sh”ng‘l’gf{T(r,f) I R ACT R e
_1
ie., liﬂglfm Err( : “};‘J
CONEY N N(ngds)
ST R T p
N (7,
- limsup T<:r,f})))'
Since ¢ (o0; f) =1,
LON@f) . N@f)
TILI?OT(T, 7) ‘,«llf?oT(r, -
and so
N (r, f®) N (r, f) N (r, f)
Sy = My R lim n =0.
Similarly,
N (r, f®) _
,!E&W‘O'

32

N (r, ﬁ)

T@f)

(2.16)
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67 (@ 1) < AP @ f) -1+ {1- 6P 0 )}

ie, AD (0 f) > 0% (a; f) + 6% (0 f) .
Thus the theorem is established. =

Remark 2.3.4 The condition that ‘a’is a finite complex number in Theorem
2.3.7 is essential as we see in the following example.

Example 2.3.3

Let f=expz,n=2,k=1anda=00.

Then » 8 (c; f) =0(c0; f)=1.

aF£oo
Also A (a; ) = 6% (a; f) = 6P (0, f) = 1.
Therefore Ag) (a;f)=1#2= 5%”) (a; f) + 61(4“) ;1) ,

which is a contrary to Theorem 2.3.7 .




