CHAPTER - II

Note on the large deflection of a circular plate
with clamped edge under symmetrical load*

PAPER - I

meenclature z

The following nomenclature are used in thig paper.

= defleéﬁ;op,‘anma; to.the middle_plane,

)

radial displacement,

= radius of the plate, 4 ‘ 3
flexural rigldity of the plate = l;ﬂio?)°
thickness of the plate, ‘

it

Poisson's ratio,

m 9 3 9 P< s €
0

]

Young's modulus.

Introducsion : o
- An approximate method for investigating the 1arge defleetion ~

of initially flat 1sptropi¢ plates has been propgsed by -Berger
( 1956 ). Essentially, the method is based upon neglecting the
second invariant of the middle surface strains in the expression
qf the total potegtial energy of the system. Thé appllcation -
of Variational_Atechniéue ‘ohgthe_simplified energy  expression
yiélds ~ approximate e(iuations of eciui‘librium of the plate. For

iAcgepted for publication in the Bulletin of the
Calcutta Mathematical Soclety.
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 ‘the several cases of static loading of‘ﬁinitially'flat plates
investigated by Berger;'the approximate equilibrium equations
are in an uncoupled forms. Although no complete explanation of
Athis method is set forth, the stresses and deflections obtaie
ned for both rectangular and circular plates agree well with
jfthose found from more precise analysis.ﬂ An application °f'
this technique to the case of orthotropic plates has been
considered by Iwinski and Nowinski ( 1957 ) and~further boun-
dary value problems‘qssoéieted-with circular and rectangular
' plates have been investigated by Nowinski (1958). Basﬁii(iesz)
nes.shOWn that the lange deflection of a cylindfical' shell
panel can also be obtained quite elegantly following Berger.
' Nash and’ Modeer (1959) have shown that the method will

be accurate for the problems for' which there is a symmetry
about the exis and fon_whigh_radial'membrane stress is appro-
ximetely uniformg‘ﬂbnever probleme'without symmetry have also
been treated by Berger_(1955),sﬁhsn and Modeer (1957)lfend -
Sinha (léeé);’.They are found €0'be'in'good-agreement:‘ with
the results known earlier. o | | |

, The present author's endeavour is to find the large
deflection of a clamped circular plate under symmetrical load. -
The eorresponding linear problem was due to Sen (1935).

nAnalzsis
" Following Berger's ( 1955 ) method, the diﬁ‘erential

equation for deflection takes the fern

Y (V o<)w <f>(h) - §() (say ) ee(1)

Where (V) is the load functien,
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® 1s a constant given by the equation

du | by L8 SRS
dﬁl —Tﬁ— * 2( ) = . .
Let us assume W = ;'AA{?‘O(Q?Q.«UO(QOQJ | ' | eeel 3)

pa being the st root of 3 (pa) = O

It 1s evident that the following boundary econditions are
satisfied by the above equations. |

W = AV:L o ak n=a .

‘ Substituting equation (3 ) in equation (| ) we
have > AsE Pi):ro(bn) = o

If it is possible to expand JC (‘n) in a series of .
Bessel functions, we get jZAA G’ ra’) 3 (bn)‘no(n Jfr(“) Jo(l"")“&"-

on integretion which leads to

A or ‘"@ZWO(Z). Mj = JH@%(‘%G&)T‘-&“

Hence A, = - . J “H‘@%Gis@nabl el 4)
| m> |
. As'an example let us suppose that the load varie:saw(‘o2 ) "
w3 over a concentric circular area of radius bl Q.
In this case }(h)*C(bz ‘n)/z when ‘TLLb(Ck
: - 0 when b £ °YL.( A

where C 1s a constante,
’ l Y S 2C 2 o o\n
Now equation (4 ) becomes A, = 3@’“) b “) n
req 4 b Vs = QPZ(P “>TQ,Q)J (
Putting ¢ - bSiu® we have :

§ - (" ay 2g. S0 A8
. BIO@,‘?L)@L—W‘) ndn = bjo % (B b 2w®) Cos 6 St _
? I .
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Using the expansion for J, (\93- bSine) © and integrating
term by term we have the right hand side as bgP(‘%b)

o | 212 ' 4 4 :

where  P(hb) - 13.,[\ _ %‘; . _2\24%? DR ]

H@née A= 2 be P(Bb) | N ED
Y JCEEPRACT) | -

Combining equations (3 ) and (5 ) we have .

W = z As [jo(gn) Q:)‘O (ga)}

Y I )
a = R (‘%’f”()%@%cg T a

, - which 1s éonvergent. weel)

To determine the displacement U we haire from (2 )

and (3)

daw _ o (dw
dn +’f-,{ T e ”'2_“(?5)
2.02. o< : |
0< o o
"o LA BT EY -5 Y A bty (-3 ()

Integrating with respect to T, one gets

ﬁ%@l - “2;% b, [‘hﬁ jL(l p.lnz Z(l%h) +T (P‘h)ﬂ

45 S, p@{wk . 3 (5 2.6 ]
A=t M=) ,A:;em a P’L

TR - e (7)
K belng the constant of integration. .
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Using 4= a)t n=a

K = 4ZAA 2L 1@) "< - since T, (%) =0

To determine  we know that as 10, W —>0 from gymmetry,
and then equation (7 ) leads to

Lo g -

X NA — %%Aﬁt}"aljwogl | ) ";('8)
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Putting &= O the dii‘ferential equaﬁion {\ }
corresponds to tmt of small defleetion equation. Now as X
tends to zero, equation (6 ) leads to

’ z\nc AR GREA o
W= Z W | eee(9) -

as obtaine_d‘by Sen (1235),
where Q“ is the 4t root of I,(Pa)z@

The deflectio,n will be maximum at the centre of
the plate. From equation (. 6 ) maximum deflection can be

obtalned by putiing N=0 as

D}%’_&gbjﬁ)ﬂ UOQ"D} eee(10)

A=

whereas for small deflection wo will be given by '

e 2 () ;
Wo:' ar /5 ‘ g4 2(9_,@ D jo(b;)]

from either equation (9 ) or equation (10).
In j‘iéuré' (4 )Wyh has been plotted against hc/A

eee 1)

for both large and small deflection assuming A = 2b.
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| mgcussicm
Small deflection theory ef a plato which assumes

the deflections small as compared with the thiclmass of .
~ the plate 1s based on the neglect of middle surface strains.
In cases in which the defl‘o;etions‘ are no lqnggzj_ small in
comparison with the thickness of the plate but are.still
small as compared with t’h‘é other dimensions, the. arialysih
ef the problem must be extended to include the str#in "of
'the middle plma of the plate. For such problems, strain

‘ d:l.splacemont relations are nen-l:!.near. In the present

problem the latter theery 1s investigated. .

 The graph-is plotted against cb/h for central
dei‘lection wo/h. In caleculating the deflection o_ne I}as to
start from eduation (% ) with an assumed value ofé(a 1&«_11:’13
to a particular value for the load function cb/h

Thege values of Xa and cb/h detemine W,hfrom

equation {l0), Here oA has been assumed |, 2,3, ates ;

It is clear that as «a increases, the load
increases, also the central dsflection. | ‘

~ For small deflection, \w,/h has been calculated
from equat:lon (1) for different values of cb/h and has
been plotted side by side‘ for con;yarison. - o
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Note on the large. de,fleétian of a clrcular
plate under concentrated load x

PAPER-II

Nomesnclature 3

L

The following nomenclature are used in this paper.

- = radius of the plate -

lateral displaegment, '

<
0

radlal and cross-radial displacementé,
thickness of the plate, |

flexural rigidity of the plate = E’h / 2,( 0")
Young 8 modulus

]

Pois son' s ratio

]

i

concentrated load at a distance b from the ecentre,

Intrcduction 3

Following Berger (1955),mény ﬁroblemé 6n_tha large deflec-
‘$ion of initially flat 1sot£op1c plates have besn investigated.
In this paper éh@llargeAdefieeticn‘af & ‘clamped circular plate
under a cohcentrated load at & distance from the cehtre has |
~ been investigated. | |

. The corresponding problem with the load at the centre
'wr'.;s obtained by Basuli (1961)

‘ . *Published in
: Indian Journal of Mechanies and Mathematics
Vol, IV, Nc. 1, 196& _

—



31

Fundamental Equations and Solution of the.Problem s

Following Berger /79557, the deflection \w of the
 plate (except at the load) satisfies.the equation

.‘7\2<‘7\?~ oc'z)wz O e (1)

whers

"J}{" U . LV

v WY iee €2)
*z 'Sﬁ)**ﬁ'*“n ES+2‘%( >

U,V being vradiél and‘cros;:radial di'splacemenilzs and «
being supposed to be constanf.. |
Let the concentrated load P be placed at a distance b

from the centre of Ithe plate and let the radius of the
plate be &. « To solve the problem -let us divide the plate
by a conéentric, eylindrical surface of radius b passing
through the load. Taking the line joining the centre of
vtha plate and the load as the initial line and centre of

the plate as pole, the equation (1 ) can be written as'

As solutions of (2 ) we assmﬁe |
W=_V\:/(=Roj*%?\>mc5sm9; | o for N Sb  ees (4)
W= W = KICJ’*%'R’MCOSWQQ .for"n‘<b ves (5)

where Ro s K’o 5 Kw\ R K’m are functions of T only.

A
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Now substituting (4 ) 1n ( 3 ) and considering the contri-
butions of Ro and R only, we sse ‘that they satisfy tho
equation of the form

d* | 'dZR-; ) olR oy
ﬁz*{ﬁ) c|n2+*n Z{{'—X R)-’Z O wee ( 6)

The solutions of ( 6 ) may be put in the form

R=Ro = AL+ B K&+ Co+Dolog T, for M >b ees (7)
R= Rg= A’OIO(XTD-kCZ, , ' tor‘ ngb .;. (3)

where I @&7n)» K,(xn) are the Modified Bessel functions
of the lst and 2nd kind of order zero. ' -

, If the boundary be clamped,

le -A ‘ ea®e (9)
= —— = O, on M= ol
T odn S

As the deflections, slope and bending moment will be -

W

continuous on the dividing circle, we get,

AW dW, | FW, W,

WimND SR T s ST e OF TE B e ()

These continuity canditions ensure the same oC
for W, and WL. The cquations (7) and ( 8) contain

altogather six constants and relations in (9) and
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(10 ) are five in number. To get the sixth relation we
shall have to- éc;nsidor the shearing foree on the dividing
cirele, and this is continuous at every point of that
circle: cxcepﬁ at the ‘coneentrated load.

Representing the load in the form of an infinite

- series

.wb{ Z CosMGj

,tho discontinuity in the shearing force is g:lvon by
1D 1LY _2 S
ED?’“ 1(6“1 o T B “JW']M b

N R I YOI SR T B
- [Da‘n{b‘n”ﬁ on T ap o8 %}Wﬂmzb

srplE e Ceomef e
where jD is flexural rigidity of the plate and
:\Eh}{LQ—Gl),d iz Poisson's ratio, E is Young's modulus,
I 13 thickness of the plate, Substituting quuat.tons
(7)and (R) 4n (9), (i0) and (\\‘) and solving for

AO)BQ)CO)DO) ;,AIO ‘ ve get,

Ro= [1 €)= L L«@Logoyn

ZWDxaI@@
~1 Ko@l A w)m 10@@ -1 <°<«> Ko(«mlo(«b)a@



™
%: W) [I ("<n)+ INCOR Io(0<0k) oal, @69 logb/a
_0<0LI (4791 (o(ct)l(o@(b) T @(n)o(oLIO(o(b) K (0(@]
Now fsakins the equations (3 ); (4 ) and (%) and

contributions of K,,, R;,,, only we see that they
satisfy the equation of the i‘om

an ?lnztlﬁ nz)ﬂz (K R—ocR) 0

This equation is satisfied if

R=Rm= Am'IwQ’(h)* BmeG_(’D +Cm°fth+:D,,\°r{m7‘ "y b eee (12)

R= K{m: AIMIM(D(n)'i‘ Clmmm) - ‘)’Léb | ess (13)

where T, (A7) ;K.(An) are Modiflied Bessel functions
of order in Considering the equations (9 ),(10),(1)
(12) and (13) and solving for the constants A, Bm,

f - we get
Cm :D\'q ) A/hq > C’rr] ) &

_p AL m'_o@l ) Ko (@) Lo (x7)
= e (7 o

T €KY AT &) + {Im( 581 95
* (—— 02(31 I*'m( )_]

’ by I @Dk, abaal NSy
= @ @ [n (&)™ @ -

«
1, T ) K @) ot () {I €8+ () T )

~(E)y"dat, ‘@@}J



Therefore _
o
W= Kot R Cosimd > n>b
Wo= Rp+ ¥ Ry (osd, MLb

are determined.

To find the constant « , we have the following

equation for £

N aw)‘ U
—_— ay ';\'- -+

U (oW LoV 4 aW)z_
2~ oM 2\ oM n 08 ' 2T\ 06

Let U , V| be the radial,cross-radial
displacements when T >b and U,,Vv, be those
displacements for <« b. R

Let

U, = Yp() + 2 Un@) Cos 0
| nyb
Vi = V) + 37 V() Stw M0
m=1|

’ <
U, = Yo () + 2::_‘ U (M) Cos MO
n<b
. o
V, = Vo) + 3 v () Stumd
2 m=\ C
As we have no interest in the radial and cross-radlal

displacements U \/ we eliminate them by multiplying
the last equation by NdOdn and integrating between

the limits b to A and O to 2/. For the outer portion

35
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we have,

a

;‘S%fé J‘nolmol@ _j J _Qfﬁ‘-)?\oRJLA.Q +i 5 Jbum@’hcosmednolo

=1

2

)

a

U-o(h)olnqls + D}Cj 5 Ju;n(h) Cosw8dnde

o b m=| o ‘b
23 @ S 4 . :
+|75 J ') nolm[e+ S 3 %’é‘)oln&s
0 ’b o ’b .
o< 2R o
+ ) W‘J Jvm(‘h)Cos meobuis
™= oA :
which 1§ads to
'LJAIK o bt . ,
OS———}&—*) = Z‘N@Uo(a)—.-buo(b—)]

2A

+ H bw’)m\no{e + 4 j f aw’)O‘nJe eea (14)

Similarly for the inner portion we h%ve,
2

T’?{L S J‘notealr\ :fbl_ zﬂon(b)—r ZJ } awz)*holnole

2R b .

+12:JJ @leobwle e ()

, o b
Now, on T=b, Uy(a)=0, Uy(b)= Uy(b) « Using these in
equations (14) and (($) and adding together we get on
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subgtitution the expressions for W, and w, }

‘o('f--ﬁz 0; A [‘i}z {1.2 (<o) - ]:(a(og} + @, @) ;O(KQ)
- %bf {1:(,( b) -T2 b)J ~b1, () LEB)
C 2B S - G ) - <okl
- S ) - K] + <KD on)]
+ 207 log - — 4458, [ {1, (€a) ¥, @) + To(@®) Ko(d“)j
- —‘Zf ) {Il (Kd) Ko ("(“9 -1 Q‘“) K, (*UL)}_ .
S R LD
T, «b) K,@cb)ﬂ‘+‘- 4 Ao, [1, @9 - Ty b):]
+ 432[l 6 - Ky ]

+ 242 [5E {r'e® - Ij(agb)) + 1 «b T, («b) L,@b):l

C e : _ '
+3 2 " ke [T - 71, («5)]
I, ) m |
t ) 2mA (B L, «b) |

m=\ A '

Cot % 2m B, Cp [ot" Kim (4R) _ b”‘\<,,, (a(b)]

l

3 2mB, D, [k @BE - Km(«ﬁ)i""]
m=\ . .
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{
ol
. ¢ - L
A 1{& |
e [2-0( * Lme *a) + (M+D°(OL.[M (KO‘)IM_H("(“)
!

K

_"”/1 oy - b1 mﬂ@b)—(vn+oo<b1m@<b>1ww@<b)+42:°<291;@<§)
+v%|:8 °(OLK (p(a) (m+)°(a‘KmQ<09Km+‘@<GL) (O( 'LK )

—g b kz (&b + (M) b Ky (48 Ko (o) + 5 « szm@“’)]

M+

+ 2 AI'Z"'[ % bj—mﬂ(Kb)*‘(mﬂ)"(blw\@(alm-ﬂ(”(b) : Kzg_ll @(b)]

m=\
+:Z=‘W\A [I u«) [ Q:(b)] ZMAZ I, &b
f : 2 (K, - Km@b)]

!

+Z 2mA,B, Ll &) K, @(q) Im(o{tgk.,\@b)]

'"Z # A [ SURIOTMEY +1M@<«)me>}
() B o 9 Ko ) = T Ko ()

"l. ] Lo ) K () 7 T ) i)}

b %{1,“\ @) K (b) - IMW)KM\W’)}]

o 2. ; ol
+5 mD | Bim am 2. [ 2m  2m
2 m2, ;:.-Ok:‘—y%mcm[a —b]

(

/
19 '
+ Z mG, Z"‘+2W\2CmDmL°ﬂ 'bac]

eee (16)
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where

P
=\ | =1, &b) K () xx
o= szo(ackll@(”L)(—- (b))«

PLEE)
27 D x?

(= W [L&b) - Lo (%) + «al ((&)Loaﬂ]
28 DX

By = -

P

D= -

S B DA@(@I‘W) K, (ab) - ¥4 1@ KIG(@]
07 27Dl @m)

C'o /) [ 1, (4b) — T, (&4) - —xa ]« Log ]

27D T, (KA
= ’ b ~ ol («b) Km-u(o(a)
Am= mi& " )
— PL,«b)
Bm= -~ ZDad
SRS &)
m+
" ADed L, @)
Pb
"7 AD2m
MR UL
" AR AL @)

: — Iy (”(b) Km+| (KQ)O(C\J
! P CL <
= sy e D (5) 88 T2
M
Lb) T~ ((o(ok)]

Now the large deflection of the plate under a concentra-
ted load at the cenire can be obtained from w, by
making b tend to zero everywhere in the form {Basuli (24)}



p
" 2rbedal, ()

[}m{m (#a) L) + K& 1, (@) j
L CONELY Log% ~ Io(é(‘?'l) + L@ “\j] ;

Also the value of the constant « under a concentrated
load at the centre can also be obtained from (16)

taking limit as b .o 1in the form

6
P2 56
(ﬂ Dh) B .
¥+ L"éﬂ | L) dak@®)-2 [ Tdaw)-r (2
& ol (<) 2\ T, |
where Y = Euler's constant.

The deflection is obtained for a plate with %—=a

. for various loads. The figure shows the deflection (\%)mb

Pal
~Dh

has to start from equation (\6) with assumed values

‘against . In caloculating the deflection one

of «a and «b leading to the particular value for

. bR
the load fumction 7%;,_ « These values of Xa and «b

2
together with L& determine corresponding (%)‘n:b'

DA

40
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Note on the large deflection of an orthotropic

cireular plate unﬁer a concentrated load.-

- _PAPER - III

bemenclature H
o The following nemenclature are used 1n this paper.

= concentrated load at; the centre,,

= radial displacement,

P
/U“ . .
W deflection, normal to the plane, '
A = _raﬁius of the plate,
h = thickness of the nlate,
. Pn = average flexural rigidity of the plate,
O G = ,Poissonfg ratios ¢orrespon@ing to radlal

~ and cross - radial directions.

| Introduction H

Fbllowing Berger's (1955) apbroximafé methéﬁ,numérous
problems have been solved with remarkable gase and satisface
tory results. ' _

| Iwinski and wainski (1957) generalized the procedure

}of Berger to orthotropic plates and found out the deflec -
tions of eircular and rectangular plates under
uniform - load with different boundary conditions. In this

* Published in Bulletin De LfAcademlic Polonaise Des
Sciences Serie des Sciences techniques -

vol. XV, no. 12, 1967



paper the above method has been applied in the cage of

an orthotropic circular plate under & concentrated load

at the centre.

Analysis 3

In the case of circular symmetry if . is the

A3

thickness of the plate, W the displacenment perpenﬂicﬁlar

to the middle piahe, AL the radial displacement in the

middle plane under a concentrated léad at the centre,

' then the aifferential equation for

( Iwinskl and Nowingki, 1957 )

dw

and

dw 2 dw
dnd N An?

K= olLW'M iz
T \dm T M an) T i

( dw.

w

12

and W will be

% s

= QO

except at the load.

eea( 1)

eee(3)
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Again considering the radial stress and shearing stress
on a concentric ciréular ring of radius %, the concen-

trated load P at the centre, and since « and ‘i_‘;’L are

both zero at the centre, we have,

2
D Lu...L X w tdw  Gdw dw
n -0 N Cln'b + N dn 2 AN 7\1 er'ﬁ

\ | ' - L oo.( 4 )
Solviﬁg‘ (2) we have
€ = Cn , ()

Hence we hava the following differential equation for w

4 oy + d\w
‘T\Siﬁ 23125[—(1“; 'n@ 7& K+'> QJ} x\&n‘“)——d
= o . ees( 6)
2 e
where X = _J;FC

After changing the variables the equation takes the form

3
= QO eee( 7))

The above equation can be put in the form

Qgﬁ;iﬁ)[%%*‘ = (chl Ko ‘)] =0 .\...(g).



This equation can be rspresented by a system of two

differential equations,

&2; eldz_ (@itn )z = R

%%%f-k P! = o

Solving (10) we get

Hence squation (9 ) is equivalent to

‘L%L—Z“—\rﬁa_/ (K 7& K+\>Z _ C_'J)ch

‘Solving (12 ) the deflection v can be put in the

form
27\‘11\;»K ' K \-;K
"C(ﬂ 1““ K )+C2[T 2\7:33 > -
K =K
—_ Q N
/Q{T—‘K—— -X }:I"‘ C3
whers . “K \TK
é‘— = "“P \'\~K>(7\) (‘\—‘&>

AS

eae{2)

a0 o'( \O)

eoef 1))

eee(12)

sse( 13)

~

and ] and K represent Phbdified



Begsel functions of first and second kind,

Boundary condiﬁions on W are |

: dw’ .
W_—I{,_o N=a

Considering eqguations (4 ) and (\3) we have

" .lP

C = - |
2 /4‘27§7\ZD<31

Combining equations(13), (14} and (15) we have

-

K 2A0
‘ AG K.(Z_KK( YT )—/A
C\ = (, -——-—-t”“.&g(_”
A 7\°‘K12K GA& )
R W

L~ o
1 T 2AR
1(12 IAGE > =)
i

To determine the displacement 1. we have from

equation (2 )

- | ) K-t (i\/\/

46

...( 4)

.o .((5)



. Substituting the expression for W from ((3) amd
- golving for ‘i one gets,

) &

; I + 2{7\ KZK( ‘) 2&’\2 - 27\/"\ Kak (2>31 }

K R

;\'ZC-\QL%(“?\% I?-K (2‘) KILK (= 0 KzK (2 } O%‘L

l—\-K " K _ Ttk
wh ' ZAn =
e Z., =
| ( Y kK

After evaluating the integrals -wg have,

‘ L
W = _Z\_qu\‘z-rfk__ l-\-K {[ ii.g'):l [\+ el KJ

IR .

K

47



B T e 8- e

2 \-k
G o =

e L K
2O M T MG K (@) — GG A7, (2)
\<-H

K\

c o R
+ GG AL [1%@.) K By @)k, (=)
K

1+K

-

._\—-

11 KZK (Z\) 12\( (Zl) - 12K @) KZK (ZO}]

+ K,

Using the boundary condition N—->a, UW—o0 the

integration consgtant K, ean be evaluated as

= R B ] T el )

A2

ees{16)
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& " iy
2 + = 2
i (e [‘ - Do) H

v i- ' \K -‘-—2‘5
L & 9‘——K/~ v GO Ky (22) + QMR T (2

= W

- C Cz 7LQ 12K (Z?) Kok (Z2) + L.K - (z2) sz (7—2)

I+ K TR TR

,L
x

P i @)l @) — T @Y )]

e [T

292 )
AR 2K ~ ees(lT7)
— 24K & ' . , 17
,\325
where  z, = 2A0

To determine the constant Z\ we shall use the
condition that U -— g as n>p » Thus we have

K-{

= ’ Kﬂ
/aclczu—'f—:a A \—»«)

?.K'*L
2-2K Th

Grxp@Ew) [RRe T |y =0 )

B Q‘SU&KK_H ) V‘(* K—H)
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4s K-s | o equation (|3) reduces to the corresponding
deflection for isotropic plate under a concentrated load

at the centre as obtained by Basuli (1961) in the form

- P
W " T DAt {o@x %\ (el ;0 &) + Ko (W) 1\@@}

+ OCQI\@(CQLOEY% ~ T &) + T, - ‘}

!

Teplaclng A -by %

Also in the above case, equation (|§) to determine o
reduces to (Basuli 1961)

6
fj':z_ z: . (%)
nDh ) X*Lbéo% _ LEp+aake)-2 | (T a@)- )

a1, () 2\L &

)g = Bulepr's canstént.

Numeriecal caleulation :

Let us take A= U5, A=10, K=VYs

Putting all these valus in ([g) we get the load

funetion in the form

P 1o
L = ¢
2R Dy 764
For this value of the load funetion the maximum
deflection (deflection at the centre) is given
from ((3) in the form,

Wo oo 214

=



Large deflection of a seml-circular plate
under a uniform load.*

PAPER IV

Nomenclature 3

. The following nomenclature are used throught this
paper 3
uniform lateral load,
radial and cross-radial displacementsg,
-thickness of the plate,

& L

~

<
i

>
E
flexural rigidity of the plate = Ti(Fi%?§’

Young's modulus,

Poigson's ratio,

radius of the plate,

£ 9 gmy
i

lateral displacement.

Introductiqn :

Approximate equations governing the non-linear
behaviour of the plétes ( flat ) have been given first by .
Berger (1955). Following Berger, a large number of non-
linear problems have been sblved by diffafont authorse.

The present author'é_attempt is to apply fhis methéa to a
semi-~circular plate, simply-supported along the bounding

diameter.

*Published in Bulletin De L' Academie Polonaige Des
Sclences Series des selencés techniques volume XV,
‘Nos 3 - 1967, -
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Analysis 1

Let us consider a plate in the form of a semicirecle,
simply-supported along the boundary. - o | |

. Let us take the centre as pole arai the bounding dia-
meter as initial line. Following Berger, the differential
aquatﬂ.on satisfying ‘the lateral diaplacement W 1s

Vw - W = X et
. . -I D ’ '
where o is a constant given by

o

_,g,*___k_‘?_h/ Mo _LBB Bw ; eeal2)

Expending the load into the appropriate Fourisr serias

we have

— AT — Swmg. o
JCV-"‘ T ;;:‘———'—Sm | | ’ ‘ -lot(sv)

Now, assuming
W = z RTY] Slmb : ; eee(4)
wvhere R, 1s & function of N only and substituting the

expressions for 9 and W ( Equatlons (3 ) and (4 ) ) into
Bquation (| ) we get

. 2. ' ~ )
i—@. ‘;"L;E ":‘L) ‘ &Rm %%_Rm"'o(Rm>-— ﬂ -on(.?)



&3

The solution of the above equation can be written in the

' form

' m -~ . . ‘ ' \
R = Apl + Byl 4 Gon (A 0) 4+ DY, (k) 4 A¥Saml, (6
meom ™ I ')+Dy’"‘(_ >+mwm“(z’m§( )
b where Im gnd' Ym are the Bessel functions of 1st and
2n§ kind of order m and ‘ |
| S 3+\+2n

L e )
S.S,m QLOCTL)‘ :l; {(3-07‘ m’j {(3“-&2797‘ M)

is the Lommel funetion.

The solution satisfying the boundary condition along the

diameter is

e Ao oy AT
Rm" Amt +C’“JW‘.W(,)-+ mADRH (2%-m) 7

Hence,

‘o

« ..‘
=Z [Amﬁ —\-Q-w\3m(vi°() 4CVS3MQ\ 71) Swumb (%) |

™ rADR A (2> =mt) |
wy

xl

1,3,

In:thé case of a simply-supported plate, boundary conditions

are as follows :

(V%qu(yonga

0es(9)

I

'2_ 71_ ‘
'a?\ Eﬁl ‘nzzae n=a
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Combining equations (2 )y (9 ) and (10) and solving for the
gonstants, wo gob

A T (1) TSy smma)
wnD (2°-m*") a3 )
49 Sz,m () | ~°ﬂ 3! (A% ~ 7T, @m]
T omaDxA(2Em) L A M( ) =% I (1)

B ™ [?_‘_!’L JMQWOD =3, Q.O(O\)] I i) a " (’W\L—W\—\-’"\‘Oj

0!’( \\ )

Am

43/93,m@°(q) [ m- ?‘Qm m—\—W\Gﬂ

MADAA (2% m
) ava . [oi8ymlea) <y m(w@]
T maADEM) aos

L] T s

To detsrmine X , lebt us assume :

Cw\= qp‘n.('l)

W=7 Uy Cosme | | ._ ceel 13)

@z‘Zv(n)su;v\w@’ o veo(14)
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 Multiplying eqution (2) by NdodLand integrating within
m limits O to ‘& and O to A we have,

ﬂ

.+ j jzm \/(n) coswt@cisc{n + 4 S S @”{)hdedn

TLZU (n)cosms&sdn J SZu(n)usme&@dh.

+"zﬂ:'t 6»_9 d@_dﬁ' — __ﬁ_‘ j shdedh

0 0 4 00

After evaluating the :.nwgmls, we obtain the z'cncswine
equatmn datemming X

A mo&erCVZn e Jm@m)m:r QU(O\)— Jmﬂ(&oca)_‘_
+ (M4 Ty AXQ) Jm@o@] 4 2MACn @ Ty (A5 +

BAMY X S, (Lx9) gt
A D (2°-m) e e (2 mz)

(40() (4+2_v9 o 47‘
X‘: Z {(’\'4“)(:(‘\”7“) {QHM) m} 2 T
s |
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62N+24 F+2N+12A

AR (e (4r2)-a ﬂ
* e T @ ) (]

oo ( . @s—mn B
"D (?- ~mi)™ (8"‘4“)[(4 m) i(“-tm) —mlﬂ

7_”'\-2./5
8‘\‘2_![*\-2/3 8'\‘

(‘5—\—2'11—%2/:)&4——77\) {(4 +27) = Y@JK —m) {(ar28)= m"&] B
% &) (M) T (qeay. H |
mﬂ)o("C‘ L)[ i@ =) {(4 ,H,Dvg ,mo_} X Jm @0“9 -
P ) D & 5 )5,
L‘{l 'mL {G +2.n) -m). }]

oL Ll) (AKK)[@—‘"ZY\-\QQ)—JM@KQ) SZ—th ""1—( Kq)
N RCm YV { ~ T (dxa) - Sy m@o@)]
mADL Q— ’”\) (4= “mq‘) {(41_179 ”ml ]

L ‘l_’e‘\ ’
< | - (19
As (—> 0 equation (g ) reduces to
W o= X z [ ‘nw‘ M-St 5
OH wm@ m)(é m) oM w\ﬁ(z—tm)(e m)(m_g_* )
. cnm—\-?— M+3+ 6 ] e
AL mp @—Hm)@ n?~)(m+L+ 2,.) St

" as obtained by . Timoshenko and Wolnowsky-Krieger (1959)
for the corresponding problem of small deflections.
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The deflsction is obtained for a plate with Qa =10, 6= 0"2¢

at 0=Z,n=3 for various lcads.

The figure chows the deflection W/ against %lo‘*/ﬂ)?\,
In caleulating the deflection one has to start from
equation (15) with an assumed value of (X leading to a
partieular value for the load function %161 /ADh.

These values of X and ‘Vloq/ﬂDh determine the correspon;
ding w/Jh from equation (8 ). Here the values of X

have be2en assumed to be equaltoo’i 02, eic.
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Grapfl showing deflections for various' values of the
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Note on the large deflection of elliptic plates.

PAPER - V

Houenelature 3

The following nomenclaturs are ussd in this paper.
ifi gizﬂ-ggi 3

D= flexural rigidity of the plate = ré(ifgi) ,

h= thickness of the plate, ’

E= Young's wmodulus,

0= Poisgon'a ratio,

uniform load, normal to the plane,

S

deflectiony normal to the plane,

uUp=-displacements corresponding to X and Y axes.

Following -‘E%ergor;s {1955) approximate method for large
deﬂectian, an attempt haé been made to invegsiigate the large
deflection of elliptie plates with clamped edges. The general
solution is obtained in terms of Mathieu functions of zero and even
orders. Hetaining only zero order, the deflection is obtained
and with usual limiting process the known results for corres-
ponding circular plates have 8lsé been deducad.

*&coepted for publication in the Journal of Physical
Soclaty of Japen. _
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1 ig ¢

\

Following Berger (1955) the deflection W of an elaatic
plate saﬁisfies the differential equation

C T - | |
i7‘ (v|"'0( )W’— D . | snal 1)
é;mre X ':Ls‘ a constant given by

=N m | H -
.—Dx ) — —1—2—: ‘ ’ 9*9(2)

A particular integral W, of (| ) is given by

A S . |
WO ‘—" - 4:D0<Z (x_\._'éj ioé( 3)
Transferring to elliptic co-ordinates ( €.," ) defined by

Nty = OQQM\(HL»D 3 where ch is the interfocal distance

of the allipee,

the partﬁ.gul&r integral becomes

oo _ ad (c&shzi%c‘“?’]) - cerl4)

8 D>
For ‘the complementary function let us assume W = W +W,

. 3“0;3 that (7‘7-\/\/I =0 MOL mlwz—-o(.lw?_: O ' Dlt( 5’
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Chenging to elliptic co-ordinates we have

| i@i _ : | ' ’ . 000(6)
.,aii—\-faqo,)\/\f\ = O ‘, | \
fanc; »(%—y%—swz_ <><0Q (cmlzg Cmerz_q - eeel{7)

Periedie solutions of ( 6) and (/) which are symmetric |

about the céntz'e ean be represented by

W Z sz Cﬂ”’\'t’-”hi 062"1"‘ | | ese( 8) |
m=0 : ‘ : :
- = l o o ol | | | ‘ NN % )
vh= 2 CnCem(e-9) Cemle) B
where  (Cym (n-7)  and Ceam(E-9) are Hathieu |

,funeticn and Pfodii‘ied Mathﬂ.au functien of the first kind
of order ;Lm and .
cv’ . 0<10f.L

4
Combining eduat:tans( 42 & 8 ) and ( 9), the general solution
~ can be written as
<C

W= ) C,, (eshoamt. leww‘
m=0

-+ %__—; E cezm(ﬁé cf/)(ﬁzmQ\, @ 8])0( Mzi*@ eou(10)
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While sblving a problem of.bending o: a plate with elliptic
hole, instead of taking Mathieu function of all orders,

taking a single Mathieu fuﬁction of second order, Naghdi (1955)
has shown that the resultsbobtaineq are satlsfactory for 1afger
elliptic hole. In our present problem we also make similar
approximation by taking a single Mathieu function of order zZero.

Hence on this appreximation equation (lO) reduces to

W= Clca)({,"‘v') cé, Q‘)"‘Vl> 8D0(L(C2WQ12{+ Ce@'l‘r( + Cy eeef t1)

If the outer boundary of the plate £= €  be clamped,

we have 2%\% -0 ,  when f-¢, | ees( 12)

Using the above boundary conditions, the equations to determine
the contstants will be

C‘ceO@o,—ﬂ{D\ceo@ - (Cﬂfb'?r\ f +%9—T\ +C9—"O oo-( '3)

8DK

(’2 wceo(q W) 430(1_ 25 = O. " | eee( 14)

Multiplying these equations by <:eo@, 7) and 1ntegrating
WLt n from o to sx and using the orthogonality
- relations and normalization (Melachlan, 1947, P-24),

we get

\ DO(L cer t{o Q/) . >

Cp=. — WJLEMN&”@ ) _ ‘Cervﬂ.zi,,JrLM?)] e s((5)

D\ € (g, %
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- Acle) and A,(0) Dbeing the first two fouriqr co -
efficients in the expression of (e, (n,~g) « Hence
deflection is given by

§ = T T20) skt , |
W‘ 4Do? [m" Ceo(f;q/) ceo(q,-qf)

_ E“*h?fétﬁ%(?ofxﬁ> .
-Ce’o(f;,,m/) ot i‘,:Cw?\Zio—

_ L AG .
T A -z (ki +"-"32’D] :
oeo(lé)
To determine o< ~ we know that
BM*-—*ArLM?‘ C(oWNE oCh
ox oy T EX +—~g«5) = T2
In elliptic co-ordinates, the above eciuaticm reduces
to o By . | .
D (e D [y ( DWN-, (DW\-
205 35 () |+ £ G G)
= oCh | ees(17).

. |
-
where h=*h =
. > . OLV S‘-“J\-i -+ Sw M
Beundary conditions for {"i and 'bw\ . are h{ =0 = hy,

ak €= £,
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Let us assume that

eee{ (B)

)““ézoi F(‘é)%zml
‘ ,‘»4,4_:' Z%@)Swzm‘ }

- subject %o the conditions 9(«50) G(&) - o o

‘ Integrating aquation (l7) over the surface of tbe plate :

S [ )Ja@ii - MLJ J (sm%z»rsw)“oeuﬂq

OR,

0

4l bt

' ?o'z

4L fo (M ottt OL«;_A j g az_éf‘_&}ﬂratgot
: lS'SW ) ), et 7‘

. .
S \c'e”@ 9)ee ’@41»0( ket JMV\

0 ‘o
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€ on
+C‘Jo Soc%(f )Ce 41) 2 [
zlllc(zj S (su W] . ngﬂ.g>o&cﬁw] | o S e

After evaluating Athe integrals, we get the equations to
determine « in the form |

od” . ‘
T [t avssarea v

o< J
_L o -
w1 a0 E LT;Ll szg)—)z Ay )Su\)q anf, — A (°)A ©) (%.) \

L {A (0)}‘715“4\4712 +Z Z (- (——1) A G)Az(g) 43'1/5
N=1 A=) AE
?L#A

% {‘h Sihang coshasg — 4 Si‘%%i%&z’lﬁ}

o 2
L ey e 25
- T - =)

£ 2405 (i smt S S el
SOOI L

=1 A=
Y
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X (n suh 24§ Cshont, F?S sidy Q“é‘#w 241, ) ﬂ

Yd'suhqt,
64 D4

B T ML | | -
T T S eee(20)
In the iimit;ing case, when 'ar; elliptic plate of semi-major

éx:l‘s- ‘a_ tends to a circnlate plate of radius q') € o, d-so.

H;ﬁce - -
ceo( e (8-9) | I.@w Ce.(£-9) T, (@0
€6 ) T wne ’ ges ) W)

and
& (1‘ GV)—%”_ AO@"h’r > A0 o, OLSUJ\‘ZEO——) QOL
A (°)~——> 0 oumd Coshotds — 2
Then the equation (|¢) reduces to

(N

W _—_—_ m@ [I (0(71) I (o(QS} -+ :sz Ot—h?') T ees(2))

‘whiech gives the large deflection of a uniformly loaded
circular plate of rddius o |



Also the equation to determine X reduces to in the iimiting

case
2 .
oL @ I, @) -9 Lﬁ L&) dn Yo’
2 DX 17 () 2Dy | 8D
@ 6,2
't 2 P
- —— % dn =
OKDzI‘ (a(OL) So I‘(a(‘h) | 2
Lp2 9 2 9 2 9
OR, LKo" . o E&{l = }
24 7 D) - LED - Tl m["(m)]'(m]
N Va1, (4)
+ 2 q . 2 5 o
32D 4DA° T, ()

which 1s the equation for « 1n the case of uniformly loaded
cirecular plate,

Numerieal Calculation 3

Putting d=3, = 2/7,¢€,=3, £=22 and n = n/4

in equation (20), the value of the load function is

found in the form
4

09 _ :
Dh = H1or12

Putting this value of the load function in ( \¢) we get the
deflection in the form

\_A_/— = 23
.h

67/



lLarge deflection of an isoceles right-adgled

triangnlar plate, *
PAPER - VI

Nomenclature 3

The following nomenclature are used in this paper.

9 = uniformlload, '

U, = disp;acémentgélong‘ X and Yy vaxes,

‘W = deflection, normal to the middle plahe,
A = edual sides of the plate,

E\ By = Young's modulus corresponding to the
- direections of X and Vv,

)
S)
]

Poisson's ratios corresponding to the
directions of x and Y,

’ 41 = thickness of the plate,'

Dy = average flexural'rigidity.:: (ED, i
I- 6,03

D, = average flexural rigidity - _(ED>
-6

- Ds = J;:'(OT-])z—t-G;ZD,)JrzDK;
Dy = average torsional rigidity,
1> = —DB/D) )
K™ = D/ .
Introduction 2

Following Bergeris approvimate method for large

deflectlon, a good number of problems have been solved .

#ccepted for publication in Indian Journal of
Mechanics and Mathematiecs.
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Twinski and Nowinski ( 1857 ) exteziﬂed this method to the
ease of orthotropie plates and arrived at the satisfactory
pesults.s The present author's attempt is to apply this
mef_;hod to the case of oi'thotmpic isoceles right -~ angled
triangular plates, The corresponding defleation of isotroe
ple triangular plate hag also been deduced.

&ﬂaixsie
" fet us consider en isoceles right - angled triangular

pla.te of equal sides QA .« The eguation govemmg the
deflec‘cim of an orthowopic plate in eartesian co-ordinates
can be written as ( Iwinski and Nowinski, 1957 )

B“W 2{3—54\/\/ zB“w \2C (a\l\! W _ I see (L)
= :D‘

oA T oyt Y ova T 3 ot o

where * = - ; 9 ven
e‘=ex+\<,ey=%i\_):+v\a«; %¥)+§%¥ _c vee (2)

Let the boundary beé simply - supported with the following
edge conditions. ’

o,

'{k’: W = ;é_)-\z/;_: 0O d— L= ©

where 2. _1 (o
2Y T \orx v &y



Assuming the deflection in the form

W=7 A, CS«‘M QW‘OZ“‘ Stu S Sia 2T gy, *“1")

where 'm 1s an odd integer, Ay, belng constant, the

boundary conditions on w can be satisfied identically.

Substituting (4 ) 4in (1 ) we have,

. : Y . 2MAY L. 7
ZAM<Cm§mglna7D—(-Sw'm—Z§’ -+ D\mgw—ai—.Swu rm;{“): _?_g__

where

4.4 A
Cm:m;‘ (KZ+8&2+16) |2c mn (4‘*@

Dm— ~m47‘4 (6K 8{+)+ e M@K—r ')

Now the load can be expanded in the form,

— co 2MAN o.My C2mAY o MAKN
Y = E Yy (oS I i |, sy o

70

@

C

©

@

Multiplying both sides of equation (7 ) by [C,Su. 278X ¢;may

“ Dmngmm i mx] and integrating over the

surface of the plate

we have,

329 (Ci+ D)

W= S

(®
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Substituting (8 ) and (7) in (%) we have

Am: BZW(CY”—‘—:DM) . see (9)
3”“L(CM+LD”‘>:D ‘

Hence w:ZAm(sﬁlﬂU.sw“ﬁgZ + Sin 2’”7“7 . Qi m) vee (10)

15 known.

To determine the constent < we know from (2 )

D1 21 | (oW K {OW
Sx T KTy M)* w)‘

The boundary conditions M=0 at =0 4, 9 =0
at Y=o and MU+V =0 &bt ALY =
‘ara satisfied by the funetions

e |
.M
AU = Y Bpowll (a4 s’ — 7 ves L11)
n=1,3,5,.-
< ' . (XX ((9-.)
A9 = B S W(c«wgguswyﬂg)
n=1,2,5,-

VR

where E,\ 1s a constant.
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Integrating (2 ) with respect to X and \ over the

surface of the plate we have

LA A~y o ' '
&&EB ECM““’( L +5w2nwx,_n_;g%vmx dacdy

a0~y , -
: ng | . MAX MNAY oo 2NTY MR e WY oy d
A e TR 3l e
o 0 " | o

A ey |
K 2mrYy WMAY
[T e sz s
o ‘o : L - ‘ |

a ) 2YV\7Y) SWMKX] Ol_KOR’j

2MAX W\?\\/ WV ZW‘K
A ’z". m

cga%a—)o‘“@ | | | . (13)'.

o “o

After evaluating the Integrals we have

o | 2.
ZA:Q)rK)m"“ﬂL = -%%3 sse (14)
If the plate be isotropie, we have
K=L=1, D, =D, = D, =D,

, o(?—’P\L
6=6,=6, E,=E,=E, _C: (2
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In that case the differential eguation (| ) reduces to

AT S N}
V(W X)N“J) Qs)} V:g)—@-\-'%sm_

Corrésponding deflection is given by
_ c2MAA . MRY Co2maAy o A
W=7 By, (St =75 st TR e sl =5 Sl m)

2VTTX wwry mey ™A

_ 32‘1/019_ (S‘“ Sim + Sim P S Ta eos (16)
~ \sDAA4 Sm

\5Dn m4( o + « )

where
2 \
CYR g
Bm:

The eorresponding equation to debtermine o veduces to

EBEX W\Lﬂz — K%?\LQL | see (\7)

If X—>0» We get the corresponding small deflection for
igotropice right - angled isoceles triangular plate with
simply » supported edges in the fom;

3‘2_°Va 2maAYx 2wy mTx vee <
= ZW@( ESRALYA —\—gw »Siu 0\) ee (%)

75DA¢

Which is numerically equal to that obtalned by Timoshenko. S
and Se Wolnowsky-Krieger (1959) in the form

. MK mry
\6‘1/0\ [oc oc 'ng‘“’”“ SR
n=1,3 .




74

ol ol AN g, A

g ™ S a. A
4 e & oo (Y
h’érl,‘\, . ?\;) 3. n (’*ﬂ‘tn‘)(&n‘*—\-ﬂ“) (.. )

The deflection is obtaf.ined for a plate at the point

..1(—'- = — = '25-
OL .

The graph 1= ploted showing the deflection %~ of the
. o

| A1Dh

deflection one has to start from equation (7)) with an

isotropie plate against

« In calculating the

assumed value of AA leading to a particular value for

zt .
the leoad function 7‘:(; y » These values of XA and
ot 3 , W '
FADR determine corregponding - from equation

(16)s Here qa has been assumed 1,3 5,7 9 etc.
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