
CHAPTER. - II 

Note on the large deflection of a circUlar plate 

with clamped edge under symme:trical· load.* 

.PAPER- I 

N'omencla ture a · · 

!he following nomenclature·are used in this pape~. 

w = defle(rt1o~, no2m1al to . the middle . plane, 

~ = radial displacement, 

a. = radius of the plate, 

J) . = fle~ural_ rigidity or the plate = 
1L = thickness or the plate, 

o = Poisson's ratio, 

E = Young's modulus. 

Introduc'l(ios . : 

· .An approx1ma te method for investigating the large deflection · 
. . 

·or initially flat isotropic plates has been proposed by · B$rgeJ.' 

( 1955 ). ESsentially, the method is based upon neglecting the 
I , . . . , . 

second invariant of the middle surface strains in the expression 

~~ the total potentia~ ene~gy ot the system. !he application .< 

of variational technique on:the simplified energy expression 
- . 

yields approximate· equations of equilibrium or ·the plate. For 

•Accepted tor publication in the Bulletin ot th~ 
calcutta .Mathematical Society. 



.· 

·tne several cases .or static loading of initially ·flat plates 

investigated by Berger,· the app~oximate equilibrium equations 

are in an uncoupled form. Although no complete explanation or 
' . 

this method is set forth, the stres$es and deflections obtai-

ned· for· bath· :r,"ectangular and ··:·circular pia tes agree well with 
. . . . . . 

. .-those tognd . from more Precis~. an~lys:ls •.. An application· of · 
: •' ' • ' ' • 0 0 0 • • ' ' " • • •' .., 0 • • ' ' ' • ~ • r > 

thts technique to the case ·or orthotropic plates has been 
' . . . 

considered by Iwinski and ·Nowinski ( 19:;7 ) anti· furtho:r." bou.n-

·da:ey vaiue problems ·associated·with circular and rectangular 
' . . 

' . . 
· plates have been 1nve£Jtigated by lfow1.n8ki (1958).. }3asuli(l962) 

has shoWn ·that ·the large deflection 9f a.cylindrical· shell 

panel can ~lso be obtained quite elegantiy f'<>llowing Berger. 

Nash and· Modeer ( 1959 j have· shown ·that the method wtl1 

be accurate _for the problems 'tor' which there is a symmetry 

apout the axis and. for w~~h radial membrane stress · is ·appro-
~ " ' - . 

x1zna tely uniform• . However problems without s1mmet17" hav• alse> 

been treated _by B~rger (1955)1 'it'i.sh and Modeer (1957) ··and 

Sinha (1963)• They are found to be' in·good agreement with 
' ... :.. 

the results known earlier. 

The present author's endeavour is to find the large 
. '. . 

deflection or a ~lamped circular plate under symmetrical load •. 

The corresponding linear problem was due to .Sen (1935) • 

.. Analysis t 

Following Berger's ( 1955 ) method, the diff•rent:l,.al 
' . . 

equation. tor detlection takes the to~ 

2.4 

'\{~ ( v'-- o<') w == cP~'I\) = -H"-) ( say ) ••• ( I ) 

Where }_lh) is the lo~d function, 



. · · o( is a constant· given by the equation 

Let us assume 
= ' ' .. 

W - ~~A~ ~o(~-n.)- Jo(~o..~ 

It is evident that the foliowing bound~ry conditions are 

satisfied-by the above equatioris. 

W = ~~ = o · cJ 'll ;:: a 

Substituting equation ( ?> )·in equation ( 1 ) we 

have ~A/.5 ~ (o(\ ~);:r0 0~tt) -;::: J(cn.) 

eu( 2) 

.~.( 3) 

· If it is possible to expand :f ( h) in a series or 
~K Q n' 

Bessel :f'unctlala, we get j I A~ ~ (~2-t- q-j :r;-(~ n)iLaln. = J j{11_) *' (~ ~ iLM 
0~;::1 ' 0 

on ~ntegretion which-leads to~ 

~d-tt(~-To<~). :ro~~~~ = 1 t(~)r0 (~~iLcln 
. 0 

Hence At)= . 2,_ • j t(~) Jo o~ ll)ilcb_ ••• ( 4 ) 
c:t-~2. ~2...r~)· :t2(~'0. 0 . . 

. . f' 'L)Vz. -As· an example let us suppose that the lo~d varies.M \b'2.-if 

• over a concentric circular area or radius . b Z a.. . 

:tri this case j- ( 'h ) = C (l:f- 'tl'2.) y'l. when It L_ b /... CA. 

= o when b L.. 'h. ( Ct. 

where c is .a constant.-_ C\ 

N ( ) b A . 2 C · j J:f P-1t) (b'L_ ~~\_cb_ _ow equation 4 -_ eoomes Y.) = o.te;(~-ro;) :so~(}l.l&t) _ 0 o~~ J 

Putting iL-= b Sl.u 6 we have 
,~ . j?Y'll I J Jo ~'h.) (_b'l_- tr)V'Ln_ch_ == \i 

0 

.To~. b. csiM9) c_o~}-e · SW. G GlG 

0 



'; 'r 

t1sing the expansion for J"0 (B:.· b s~ e.) . and integrating 

term by term we have the right }?.and side as b3 P(~ b) 

where p ( R, b) ;:: _L (\ _ tt b- '* ~4 ~ _ . . . . J 
3 . z. s 2.?{.5.7 . 

Hence A/J =. 2- tic P(flb) 
OC ~ (~~C(J :So2(~c9. 

Combining equations ( 3 ) and ( ~) we baye 

DC' 

VJ == ]; ~ [ro (~ 11) - J0 (~.'0 J 

which is convergent. 

1o determine the displacement iL we have from ( 2 ) 

and ( 3 ) 

d.:u u _ o<"N _ 1. f dw)'2. 
vl 'h_ + 'TL - 12. 2. \_(l'h_ 

2.-h'l. eX! . 

== "'12. - i L_A~· ~~ :r,~(~h)- k 't [~·A~·~· r,· 'Ji(~~. J; (r~h) 
/.l=f. . O="i .'l'Y\"'1 1 .0.f W1 

K. being the constant of integration. 

.. ; .. 

••• ( S' ) 

••• ( 6 ) 

••• ( 7 ) 



Using 

fo determine o( we know that as 11----7-0., .U.....-:;>0 from symmetry, 

and then equation ( 7 ) leads to 

Putting ~ = 0 the. differential equation .( \ ) 

oorresponds to that of small deflection equation. Now as oc 

tends to zero, equation ( G ) leads to 

\N ~ 2 b' <: I:_ P(e, b) (3,(1?, '9 -J o( e, '0] 
~ a._L 6=1 ~4 ·-:roCCPo'9_ 

Q~ obtained by Sen (1935), 
' . . . 

where ~ e-t .. is the~ it\'. root of :r1 (ra.) == 0 

f.ne deflection will be maximum at tne cent~e of 

the ·plata. From equation (. 6 ) maximum deflection can be 

obtained by putting 'l\_= o as 

.· w· := ~ ~ - p l~b}~· . 11- -:To~ct)l ' 
o . t\)_. ~ r~{~~p Jo~ ~y L -~ 

whereas for small deflection W0 will be given by 

••• (__9)-

••• (to ) 

'-'l, = 
2~~ t ~~~~('<() c- Jo(~«J] •• .( 11) 

from either equation ( 9 ) or equation ( IO ). 

I~ figure (4 ) we/A has been plotted against ·be/A 
for both .large and small deflection assuming 6\. =. 2 b. 



' ~ ' 
''·. 

•• 
'. 

Discussion a 

S!nall deflection tneory ot a plat.e whicb as~umes 
' . 

the detlect1olUl small as compared w:1th tne ·thickness of , 

·the plate is based on.the neglect of middle surface strains. . . . 

Xn cases in which t~e detlections.are no lo:nget:.Slllall 1n 

comparison w'-th the thiCkness of the plate but. are .. :still 

sma·ll as compared with the other d1men$10ns, the analyst• 

ot the problem must-be extended to include the strain_ of 

. the· middle plane of the plate. For such problemEJt strain , 

displacement ~elations are non-linear. In the pr~•tsent 

problem the latte·r th~ory .is ·invest~iated. · · · · 

~e graph ·is plotted against c \f/-h tor central 

deflection w_o/ -h. In calculating the deflection one 'l_uls to 

start from equation ( ~ ) with an assumed value of"o(CA.leading 

to a particular Y:alue to~ th~ l~d function c.tf/-h. ~ 

These vaJ.ues of o(~ and . cb5/-h determ1neWo/hfrom 

eqaation ·(to )1 Here c(Ci\.. bas· been as~umed · tJ 2. ~ 3) ·· ·etc~ 

It is clear t~·t as o(a..... increases, the load 
. ' ' 

increases, also the central d.eflect1on• 

. For. small deflection, wf:!(k bas been ca~~ulated 

'trom equation ( l\ ) tor different values or c.b/-h. and has .. · 

been plotted-side by side tQr co~ar1son. 
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N9te on the large.detlection or a circular 
plate under conce.ntrated load* 

... 
PAP E R- II 

Nomenclature a 

Q.. 

w 

u,v 
h 
J) 

E 
() 

p 

' ·' 

The following nomenclature are used in this paper. 

= .. ) 

= 
--
= 

= 
--
= 
== 

radius of the plat~ · 
lateral displacement, · 

radial and cross•radial displacements, 

thickness of the plate, 

flexural rigidity of the plate = E.hy!2 Q- if-)) 
Young •s modulus, 

Poisson's ratio, 

concentrated load at a distance b from the centre. 

Introduction : · 

Vollowing Berger (195f)),many problems on the large deflec­

tion ot initially flat isotropic plates have been investigated. 

In this paper the large deflection or a 'clamped .. circular plate 

under a concentrated load at a distance from the centre has ' . 

been investigated. 

The corre,sponding problem with the load at the centre 

was obtained by Basuli (1961). 

. ·*Published :tn 
Indian Jo~rnal of Mechanics an~ Mathematics 
. Vol. IV, Ifo. l:t. 1966; · · 
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Fundamental Equations and Solution.or the.Problem·: 

Following Berg~r t_i9siJ, the deflection W of the 

plate (except at the load). sa.tisties,the equation 

·• .. 

\J, V being radial .and cross-radial displacements a~d o<. 

being supposed to be constant. 

••• 

Let the concentrated load P be placed at a di.stance b 

from the· centre of the plate and let the radius of the 

plate be Q • !o solve the problem let us ~ivide the plate 

by a concentric. cylindrical surface of radiue b passing 

through the load. 1'.aking the line joining the centre of 

the plate and the .load as the initial line and centre of 

the plate ~s pole, the equation ( \ ) can be written as 

As solutions of ( 3 ) we assume 

..:< ror it >b w ~ W1 = R0 + z: R111 Cos IM.8) 
' wt-=1 . 

' ~ f ' tor crt< b W = vJL::::... R.o -t- L tZWl C.osiMG , 
. 1-Y\==-1 . ' 

where 
I 

R._o > fZo J R__W)) \Z'h'l are functions of <Jl_ only. 

••• 

••• 

3\ 

( l ) 

( 2) 

( 4) 

( 6) 



... 
lfov subat1 tut!ng ( 4 ) in (. 3 ) ·and considering tl'le . contri­

butions ot R.0 and R'0 only; we· ase that they satisf7 the 

equation or the form 

32.. 

.... ( 6) 

!he solutions or ( 6 ) may be put in the torm 

tor <tt<.. b ••• 

where 10 ('<'9 , Ko (1(11.) ar~ the Modi:fied Bessel fW1ct1ona 

of the lst and 2nd ktnd ot o~er zero. 

It the boundary be clamped, 

( I(S) 

••• ( 9) 

AI the deflections, slope and bending moment will be 

continuous on the dividing circl•, we get, 

on· ll- b ••• (to) 

!heae contint\1 ty cond1 tions ensure the same o<. 

tor W1 and W2.. • ·!he equations ( 7 ) and ( ~ ) contain 

altogether six constants. ~d relations in (?) and 



( 10) are ·five 1n nwaber. !o get 'the sixth relation we 

shall have to· consider the shearing ror~e on the d1v1d1ni 

circle, and this is continuous at every·point of t~t 

circle· except at the ·concentrated load. 

Rep~esenting the load in ~he tor.M ~f an infinite 

series 

_f_ 1 .L + ~ Cos ~ e . ~ .· 
7\ b "\_Z l'fl=l J 

th• discontinuity in the $bearing force 1s given b7 

where .D la tlexural rig1d1 ty or the plate anc! 

=EVf'2..~-6~CJ1• Pois·son•:a ratio, E is Younc•s modulus, 

h · 1s 'thickness or the plate. SUbstituting equations 

( 7 ) and (8) !n ( :l ), ( IO) and (\I ) and solving tor 

A 12 1 . I 
o ' .vc ' Co J ]) o ) CQ , A 0 

we get, 

••• ( II ) 

~ =- p rlo~cry-+1o~b)~oc(i\l,lo(~lodoj~ 
. ' . 

0 2.7\D~~o...I,lO\~ L 

..;. 1o lt(191.\'( h) 1<, lo<'Y<("'-- Io(?\'9 -1, (o( ") K,(-<~!o(« li} o(~ 



. _.•' 

Row ttid.ng the equa tiona ( 3 ), (_ 4 ) · and ( 5 ) and 

contributions of RWJ J R~ onlJ we see that they 

satisfy the equation or the for.. 

I(:::: R.\'Yl-= A"" It-rt(o<?l)_ -t- B""ll(~ (~';) -t- Ch1 "rl_'h)-+ ])tt1 '7th\ 'TL ) b 

IZ :::- R'~::: A'wt I~ (tX.?l) + c'Vll tt~ 

where IIYJ (o<il)) ~ (t\.~ are .Modified Bessel functions 

of order vrt. Considering the equations ( 9 ), ( to ), ( II ) 

( 12.) and ( 13) and salving for the constants An,> :Bh'J) 

r r · we get 
.])"" ) A hi. ) chJ } 

0 • 

••• ( 12) 

••• ( 13) 



Therefore 
0(. 

w, = Ro-t ~1 IZnt Cas me , . 'h.. > b 

""2..= R'o -t ~ RVY! Cos Wl.Cl, "ll...(. b 

are determined. 

Tb tind the constant ~ , we have the following 

equation for o<. 

c~_?---h'L_ '0\J I (pW)'l. U \ oV I ('?W)2. . 
\2 - o"rl -r ~ \. 'd"n.. -+ '71. -+ 91. c,e -r 2.'tll. \. d0 

Let U, > V 1 be the radial,cross-radial 

displacements when il. > b and u2., v2 be those 

displacements for "11. <( b . 

Let 

oC 

U1 = U0 l~) -t ~~ U"I'Yl (~)Cos Yr\ G 

cC 

Vo l'tl.) -t- L vl'Y\ l'rt) Sl.111 ltY\ G 
h'\= I 

oC 

ul = u~ l'Tl) _,... ~~ u~ l'Tl) Cos W\ 61 

As we have no interest in the radial and cross-radial 

displacements u) v we eliminate them by multiplying 

the last equation by 'rule· dn. and integrating between 

the limits 6 to o... and 0 to 21\ • For the outer portion 



36 

we have, 
2.11 'l 2~ Q 211' 17(_ 

o(~;~ J j ~rhJe = J ) C)~~ 91chcle + f ( j "dUm~)'hC.OsWLGdnJQ 
a b d b W\=-1 ~ b o'll. 

which leads to 

+tj2Jtc~~>)dn_d_$ ••• (IS) 
0 b . 

Nov, on 'T\=b) U0 lo...)::::O) U0 lb)= \J~lb) '! Using these in 

equations (\4) and (IS) and adding together we get.on 



37 

aubet1tut1on th~ expressions for · W1 and w2 ; 

. cx'-!2.<k
2

:: '2A~("'~~~\I~(e<o.)- :r:C«00j-t~o..I,\c(C>t.)lfJlo<.Q.) 

- ()(;~ {I~(oo<.b)- ~~b) J -c:(bl1(o<.b) 10 (<\b)] 

+ z e; c~~"'?. t I<~{~GI.)- \(~ L<\a.) J -t\~k,(«'Y ko(<t") · 

· ~ _ ..ct { ~<~ lo< b) - i<f (o< b)} + o<b 1<, ~IV ko l"-b~ 

-t ZJ>: lo(j ~ - 4 A0B0 \fo(tcl{I1 (c<o_) k, (<(~ + Io(t;(q_)Kc,LI(~j 

- ~· (I( !A){ 11~oC ~ k0 (o( t9 - 10 (I( C\) 1<1 ("( G\.) J 
- ~-tt2:b2.{I1 ~b) K1 (~b) + 10 ~b)Ko~bJj -rt.c<b{I,(,;(b)\<ol~.~· 

-Jo~b)K,~)j]·+ 4Ao])o[IolG(c0-l0(~b)] 

. -t ~]o])o[Ko~~~- k~(o(b~, 

.;- 2 A't ~ tr,\~b) ~ I~(,;(b~ -t- g o(b,It(c(b)l0~~ 
' "' 
+ L. z W\ Al'r) cl'r\ r fA.W\ rWJ lG('0 ~ .. bW\lW\ l o<..b)l 

tvt=' L: :.J 
o(. ' 

+ L 2.. \IYl A' c bl'r)I 1G(b\ ' 
I'V\ ~ 1'11~ '/ ' wt=l ' ' 

~ ' ' 

+ L 2.h'l ~C..\'r [~ KWJ(t('0- b"'\<n, lo(b~ 
' ~~t ' 



ex:: 

-t-~ 2.. m A"':Bw~ ~h\lc<~ K~(oe'Y- I"'(o\!V ~h\(_<\.b)] 

· -1;, 2. A..,:B"' ~~ ~·<>'{r.,,}<( ":)I(.,~ ,l-< "-) -. 1.., l-< "0 K..., (<><. ".)} 

-~:t+v ?{rh)+l~oy KMlo\~- 1"n)~~ Km~' lo(~) 

- ~ ,;l-b'L{_r~-t' ~b) K~-tl (0\tV --t II"<) lo<.b) \<.1"1\(:\h) J 
+ ~>rt+9 ~ {r..,~, (o<~ K.,l"-b) -I..,~IYI\"'_,_' (e\b))j 

-t !;\ W\ ::D~ [bfrY\- ~LY>\J -\- t Vr\ (~ r c;("I'Yl- \ih'JJ 
/ ht~l l 
; 

+ t r h1 c ~ttl\ -\- z. ~·.-?-~:n~ log ..12..] ~=I ~ · U Q 
j 

••• ( 16) 



where 

B = l'r\. 
p 1.., (o\.b) 

- l(j) 0(_2. 

Now the large deflection of the plate under a concentra­

ted load at the centre can be obtained trom w, b;y 

making b tend to zero evecywhere in the fora (Basuli (l"'ll 

39 



Alao the value of the constant ~ under a concentrated 

lGad at the centre can also be obtained from ( l6) 

taking limit as b~o in the fora 

z 1(o<.a./) 
(:~~) ~ ---------------

~-~- L, c{ct _ \,(&(~+<\ctK 1 (1!(Cl_)-2_ _.L)!o~o..)-IJ~ 
d Z o\ctl, (c(C\) 2. \._ 11 (t.\tt] 

Euler's constant. 

The deflection is obtained for a plate with ~~2. 

. tor various loads. ~e figure shows the deflection (~)'tl=b 
pc(-

against AD~ • In calculating the deflection one 

bas to start trom equation ( 16) with assumed value• 
' . 

or o(IA.. and '( b leading to the particular value tor 
Pa..'2. 

the load fuaction 7I.Dh. • 1'bese· values of c;(U\. and tK.b 
. 2 

together with :;h determine corresponding l ~)n.::::: b. 
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. Note on the large deflection of an ortho,trop~c . 
' • , ' ' J 

circular ~late under a oqncentra~ed load.• 

. ·PAPER ·- III · 

Nomenclature 1 

' 

The following nomen~lature ·are uaed in this paper. 

p ·=·.concentrated load at the.csntre, 

1A. --
w = 

Q = 
+t = 
~ --

61\., 0!: = 
' ·l<,.._ &'t 
-~ 

rad.ia~ dis placement, 
0 ' ' • o I 

deflection;, norma.l to the. plane, 

radius or the p+at.e, 

thickness ~f the piate, 

average flexural rigidity or the plate, 
... ' 

Poisson•~ rati~s correspo~ing to radial 

and cross - radial direc.t1ons. 

Introduction : 

Following Berger's (1955) approximate method, numerous 

problems have been solved with remarkable ease and satisfac-

tory results. 

Iwinski and Nowinski (1957) generalized the procedure 

of Berger to orthotropic plate$ and found out the deflec -
' ., 

tions of circular and rectangular plates under 

Ulliform · load with different . boundary oondi tions. In this 

* Published in Bulletin De L'Academic Polonaise Des 
Sc1ences_§_~r1e des S_9~ence~-- teclmiques/ · 

volo xv, no. 12, 1967 



paper the above method has been applied in the ease or 
an orthotropic circular plate under a concentrated load 

at the centre. 

Anal:x;sis J 

In the case or circular symmetry it -h is the · 

thickness of the plate, vv the displacement perpendicular 

to the middle plane, ~ the radial displacement in the 

middle plane under a concentrated load at the centre, 

· then the differential equation for vv and ~ will be 

( Iwinski and Nowinski, 1957 ) 

::. 0 •.• (I ) 
. 

except at the.load. 

and 

::::. 0 . . . ( 2.) 

where ••• ( 3 ) 



Again considering the radial stress and shearing stress 

on a concentric circular ring of radius ~, the concen­
dw trated load P at the centre, and since ~ and ctn. are 

both zero at the centre, we have, 

J)'h... L:....._._ il--70 'll \9-~w +_I £w - ~t dw - 1'2. "" Jwl 
L:cin'1> 'J1. cbt'2. '12. d.h. N e., · d..<tt. j 

Solving (.2 ) we have 

1<.-l 
(_'ll._ 

::: 
p 

27\ 

Hence we have the following differential equation tor w 

113J.
4
w 2.'T\..'2.J\.v _ 'h.(K.2.+i;{·-+')d2.w + (K_'l- I\\<. 'fl.."+') dw. 

cbt4 + . ~ \: '" · djl2. \....: · d'n. 

0 

· where X...'L.= 12.C 
N .. 

••• ( 4 ) 

••• ( 6 ) 

After changing the variables the equation takes the form 

d3z. 2.'il'd~ -l"l2.fK~x.~"~''\dz +-rt3fK~XK.'h.~+t)z. 
d'I\:?J + d'1).'2. ~ / Cl'i1 \: / 

==o ••• ( 7 ) 

The above equation can be put in the form 

- ••• ( s) 



This equation can be represented by a system of two 

differential equations, 

Solving ( 1 o) we get 

I 

Pt_ c3 
- 'h. 

0 

Hence equation ( 9 ) is equivalent to 

I 
P.("n.) 

''Solvir:tg ( 12) the deflection v..; can be put in the 

form 

1: 1-K 'h_H\ }] 
-/4l~-K - l=\< + C3 

where 
\- '2J<. '2.K 

/~ = k r ~~~)0-) ~~K G~~,T~ 

••• ( 9 ) 

•• •< 10) 

• • • ( I I ) 

••• ( l'2. ) 

••• ( \3) 

and I and K represent ~dified 



Bessel functions of first and second kind. 

Boundary eondi tions on w are 

· dw· 
W:::. ~= o Cl.'h.. ' 

Considering equations ( 4 ) and ·( 13) we have 

p 

Combining equations( 13 ), ( 14) and ( 15) we have 

To determine the displacement ~ we. have from 

equation ( 2 ) 

4G 

••• ( \4) 

• • • (t s) 



St.lbstituti~ the; expression tot: w ~On\. ( 13) and. 

· ·solving tor U... one getft 

H-K 
Zi\'70=" 

\-tK 

'L 'L . ' . 

· ~ KA. 7\{ '2.K. 1 2. [*~+K{[ Q' 2... Q K2... -1-k.J 
J L \A.._ =: - iL - 2. c:, - Ill( lc.~ \ + ""iL '1l 

24 K. \+1<. 1-t-k. ,, ' 

47 



+ \<\ 

Using the boundary condi t1on il--7 o.. , 1A. ~ o 

integration constant K
1 

can be evaluated as 

••• ( 16) 

the 



. where 

To determine the constant A we shall use the 

condition tha.t -4.----?o 0/.) '1L-70 • Thus we have 

0 

49 
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As ~-?\ , equation (13) reduces to the corresponding 

deflection for isotropic plate under a concentrated load 

at the centre as obtained by Basuli (1961) in the form 

replacing '?\. by o( 

Also in the above case, equation (l$) to determine q 

reduces to (Basuli l96l) 

~(A_ '2. )'2... 
~'D-h . = 

~ ~Euler's constant. 

Numerical calculation : 

Let us take 

Putting all these va.lus ;n ( 1 g) we get the load. 

tWlction in the form 

P. to"1 
~ 7£''1 

27\}\~ 

For this value of the load function the maximum 

deflection (deflection at the centre} is given 

from (/3) in the form, 

so 



Large deflection .. of a semi-circular plate 
under a uniform load.-* 

PAPER IV 

Nomenclature : 

The following nomenclature are used throught this 

paper : 

cy = uniform lateral load, 

{,.,_ ~~ = 
h --
.D --
E --
0 = 
Q = 

w = 

radial and cross-radial displacements, 

thickness or the plate, 
E-h3> 

flexural rigidity ot the plate = \2 Q-<J:z.) ' 
Young's modulus, 

Poisson's ratio, 

radius of the plate, 

lateral displacement. 

Introduction : 

Approximate equations governing the non-linear 

behaviour of the plates ( flat ) have been given first by . 

Berger (1955). Following Berger, a large number of no~ 

linear problems have been solved qy different authors. 

The present author•s attempt is to apply this method to a 

semi-circular plate, simply-supported along the bounding 

diameter. 

*Published in Bulletin De L' Academie Polonaise Des 
Sciences Serie des sciences techniques volume XV, 
No. 3 - 1967. 



Analzs1s .. a 

Let us consider a plate in the form or a sem1c1role, 

simply-supported· along the boundary. · . 

· · .. Let us talte the centre as pole and the bounding dia­

meter as initial line. Following Berger, the differential 

equation satisfying ·the lateral displacement W is 

52. 

... ( \ ) 

where c( is a. constant given by · 

~and.ing the load into the appropriate Four:f.e~ series 

we have 

Now, assuming 

••• ( 2. ) 

••• ( 3 ) 

where Rm 1s a !Unction of !J1, only and substituting the 

expressions for cy and W ( Equa.t~.ons ( ~ ) and ( 4 ) ) into 

. 5quat1on ( 1 ) we get 

••• (S) 



!he.solution of the above equation can be written in the 

form 

where J"hl a;nd · Y'rrl are the Bessel functions of 1st a,nd 
' 

2nd kind of order 111 and 

3-t\+2.Y1 

. . ) ) o;~ t-i) l..locn) - -s l.{O\ en. ' == '-:-----;:;---:' :-;----~-~---;:o 
~,"r\1 _ . . 'f\~o {l~+.02._m~j · "{l3~1+2".)'L~"mJ 

is the Lommel function. 

The solution satisfying the boundary condition along,the· 

diameter is 

••• ( 7 ) 

I-

He~ce, 

.~.(~) 

, In: the case of a simply-supported plate, boundary conditions 

are as follows- : 

••• ( 9 ) 

• • • ( fO) 



S4. 

Combining equations ( 8 ), ( 9 ) and ( 10). and. solving for the 

constants, ve get 

AW'I = • • • ( \I ) 

d:' [CJ~O( J~ U-o(t9 - ti(l_J~ lL'(o) J -J~ ( LG(a.) o,__"rrl-2_ l 'YYt ~Tit --\-'0\ a) 
••• ( 12.) 

fo det~rmine 0( , · let us assume ~ 

-'\9 ::: ~ V ('\) Sl4 m0 
' ' 

••• ( 14) 



Multiplying eqnatton ( '2. ) by n.d.e ~mid integ:rat!nl within 

tho limits o to <A ancl 6 • f\ we have, 

· ·.\G\\;Iu'(7t)Los'MSdech.-r f~I_u(~Cos""~ckd~. 
' 0 0 I . 0 0 

~ ~-~·· . 

+ J: 1 pn v~~) eos m& cWck + ± i t (~~)\dediL 
. . 

Atter evaluating .the 1nt:egra1s, we obtain the tollO"r.ttlnl 
' . . ' ' 



as obtained by . T1moshenko and Woinaw~Krieger ( 1959) 

for the corresponding problem of small deflections. 

S6 

... (1:) 



The deflection is obtained for a plate with 0....= \o, o= o·2s 

- ~ . C\ at t9 - Lf , "lL = T for various loads. 

The -figure shows the deflection w /.1f-t. against· cy.to 'lli"D -h. 
In calculating the deflection one has to start from 

equation ( \S) with an asstmled value of Lc<. leading to a 

, particular value tor the load runotion cy: tOfl\D-h . 

~ese values of LO( and 'Y-10
4/il D n determine the oorrespon-

. 
ding w /-h frO!ll equatiOJ.?. ( 8 ). Here the values ot La( 

have been assumed to be equal too' 1, 0'2. ~ etc. 
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FIG. 6 

Graph showing ·deflection$ for. r.a.riotts values of the 

load .function ·1'· to&t .......... ~ 
JC, l).k, 



Note on the J.ar~e deflection or elliptio plates.• 

PAPER- V 

Bomenelature 1 

'he following nomenclature are used in this paper. 
'2. 0'2. Q'l. 

v, == 'Clx2. -r · o'J'L , 

D = r~lexural rigidity of the plate = · E~
3 

, 
12(1-o-) 

-h~ thickness or the plate J 

E= Young•s modulus, 

rs = Polason•a ratio, 

't= lird.torm load, normal to the plane~ 

w~ deflection, nor-.;nal to the plane, 

1A ;19=dieplaeem,nts corresponding to X and. y axes. 

ifitroduction !. 

Following Berger's (1955) approJtimate method ror large 

deflection, an attempt has been made to investigate the large 

deflection or &ll1pt1c plates with clamped edges. fbe general 

solution is obtained in terms ot Mathieu functions or. zero ,and eYen 

or<lers. Rota1n1ng only zero order, the deflection is obtained 

and with usual limlting process the known results tor corres­

ponding circular plates bave also ))een deduced. 

* Acel!tpted tor publication $n the J'ournal of Physical 
Society of Japan. 
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·@lalJ!iS # 

Following Berge:r (1955) the deflection W of. an elastic 

plate satisfies the differential equation 

where . o( 1s a . constant g1 ven by 

A particul~r integral W0 o~ ( I ) is given. by 

1'ransfetrr.1ng to elliptic oo-ordinat~s ( "€, rt ) defined by 

_x-r·L~ = J.~(l+'-1) , where 2d.. is the interfocal distance 

Qf the ellipse, 

th~ particular i~tegral becomes 

For 'the complementary fUnction let us assume W ::::. W1 + W2.. 

such that 

• • .( I ) 

... ( ~) 

••• ( 3) 

••• ( S') 



Cbanging to elliptic co-ordinates we have 

Period1~ ~olutiom of ( 6 ) and ( 7 ) which are symme~ric 
' 

about tbe centre can be represented by 

oC 

W 1 :::: [ C2"" c_~ 2.Yrf( . CRI3 '2.'11\1 
'IT\==0 

·oc. ' 

W2_ = ~o ~2tlj ee,_Yrl ( L -q] Ce2)T) ~ 1 ~~cr). 

function and ·Modi tied ·Mathieu funetion o£ the first kind 

or order ~ ~. and 

b\ 

••• ( 6 ) 

••• ( 7 ) 

.... ( 8 ) 

• •• ( 3 ) 

Combining equations( 1 ), ( '3) and ( J ), the general' solution· 

can be written ar.; · 

oC 

w::::: 'L c~hl c~2.tn l· U0'2.'rr)1 
W\=0 



While solving a problem of bending of a plate with elliptic 

hole, instead of taking Mathieu function of all orders,. 

b2 

taking ~ single Ma.thieu function of second OI"der, Naghdi (1955) 

has shown that the results cibtained are satisfactory for larger 

elliptic hole. In our present problem we also make similar 

approximation by taking a. single Mathieu function ot.'order zero. 

Hence on this approximation equation ( lO) reduces to 

If the outer boundary of the plate. f_ = [
0 

be clamp~d, 
aw · we have W == _ = o ·when [,-=. t.o _ 
at ' · 

.••• ( ll ) 

••• ( 12) 

Using ~he above boundary conditions, the equations to determine 

the contstants will be 

Multiplying tnese equations by C~00,-cv) and integrating 

w.n.t. ~ from o to 2~ and using the orthogonality 

relations and normalization (Mclachlan; 1947, P-24), 

we get 

• • • ( I 3) 

••• ( \4) 

• •. ( rs-) 



being the first two fourier co-. . 

e:ffi~ients in the expression or c e_0 ( ~) _ ~) • Hence 

deflection is given by 

!to determine o( . we know that 

In ellip~ic co-ordinates,· the above equatian reduces 

to 

- ·IL 
where .{

1
::::: ~ = I· · ·. 

.. . . d....j s·~"J.o-1.-+ s.~1--.., 

Boundary eondi tio.n s for 'Lt.t_ and 1A.\ are 'k t = o = t.1 
~ 't= fo 

b3 

••• ( 16) 
I 

••• (t7). 



... 

. ·. 

.. 

.. "~ 
\ .,· ' ' 
I' ,· 

, ~tegrating equation ( 17l.over the surface ot t.he plate · 

we have 

OR, 

~sf \~~(!-.-4) c_~( v<tV*~ ~~ 2t dt ct1 + 

o)o · 

. ... ( (~) 

/ 



After evaluating the integrals, we get th~ equations to 

determine 0( in the form 

• • • ( IJ) 



' . . 
. ,_ ', 

.(.• )·; _., " 
-. . 

X ( ll. s ~to 2.M., ent, z 7t'i.0 - /.> ~ i...i, .._'it\~ 2A 1_
0

) J] 
qJ-d4s~ + V ~fo 

G 4 n 2.(;(4 

.I 

In the limiting case, when an elliptic plate or semi-major 

••• ( .20) 

axis CL tends to a circulate plate of radius a...) e-?oe_, d.--ro. 

Hence 

e,eo(1o,-q}) --? Io (<X:~ ) (!eo (t-cr) Io (q'h-) 

Ce~(t,-'f) ~Xc:tl~(oe~ ee6lt-~) ---7 o(h I6(d~) 
arid ceo(llr9·)~ k / Ao(O)~h) A2(o)-? 07 d2.si..o1'2l-7 2r1~ 

A2.~o) ~ o o..M.ol Cos.h 2:id1. ~ 2 'k-cht 
fben the equation ( \6) reduc.es to 

which gives the large deflection of a uniformly loaded 

circular plate of radius OL . 

'· 

••• ( 21) 



Also the equation to determine ~ reduces to in the limiting 

case 

91 '2. 0.. II (oCI).) Io (E<.o.) 

2 D2.o( r; ((o..) 

.. 01. 

'V2. t'l\ 1~~'0 ck 
-t-

2. D2l~(c<~ 

2. .l 'V Gt 12. (o(t:\) 

4 ])~ s-II (o<a.) 

which is the equation tor ~ in the case of uniformly loaded 

circular plate. 

Numerical Calculation : 

Putting and ~ = 7f /t 

in equation (2o), the value of the. load function is 

found in the form 
I04 cy 
'Dh. ==: 110.12. 

Putting this value of the load fUnction in ( 'b) we get the 

deflection in the torm 

b7 



Large deflection of ari isoceles right-angled 

triangular plate. * 

PAPER- VI 

Nomenclature : 

The following nomenclature are used in this paper. 

qr = uniform load, 

1A, ~ = displacements along · )< and . ·y axes, 

W = . · deflectio.q., normal to the middle plane, 
. ' '. 

Cl = equal sides of. the plate,. 

E,, E2· = Young •s modulus corresponding to the 
directions · of y, and y , 

~, 62_ = Poisson·~ ratios corresponding to the 
directions of y. and y, 

-h = thicl'"illess of the plate, 

]), = av·erage flexural rigidity 

~L = average flexural rigidity. 

:D.3 ::::: -k'(ot]),_ ;- Cf:a.]).) + 2.D K , 

J)~ = average torsional rigidity' 

1.:- ~ .D3/D1 , 

K. 2.. :::: :D2/D1 
Introduction : 

__fill, 
) 

1- 6j62. 

= (El)2.. 
1- <r.Oi ) 

Following Berger's approximate method for large 

deflection, · ~ good number of problems have been solved • 

*Accepted for PUblication in· Indian Journal or 
· - Mechanics and Mathematics. 



Iwinski and NorA1nskl ( 1957 ) exten(led this method _to the 

case ot orthotropic plates and arrived. at the satisfactor,y 

res\Uts. The present author•~ attempt is to apply this 

method to the case ot orthotropic isoceles right • angled 

triangular plate. ~e ccn:•responding deflection or isotrotl!l' 

plc triangular plate bas also been deduced. 

A.11alysi~ t 

Let us aonsider·an isoceles right • angled triangular 

plate of equal sid~s C\ • The equation governing the 

' b9 

deflection of an orthotropic plate in oartesian co-ordinates 

can be \{ritten as ( IvinS~~· and Nowinski, 1957 ) 

. . . ( ' ) 
where 

e,. = Ex-t- E:.y 

Let the .boundary be simply .. supported w1 th the following 

edge oond1t1ons. 

1L= 0 

••• ( 3 ) 

where 



Assumi-ng the deflection in the f"orm 

where m is an odd integer,. An, being constant, the 

boundary conditions on vv can be satisfied identically. 

Sabst1 tuting ( 4 ) in ( l ) we have J 

where 

Now the load can be expanded in the tom 
} 

Multiplying both sides or equation ( 7 ) by 'cm Sw~- s.~.:~"""A~ 
~ a_ Q. 

and integrating over the 

surf'aee or tha plate 

we have 
1 

3 2 cy (cn1 +:Om) 

3 Yw\~2.~~ -t- ])0 

70 

(s) 

(7) 



7\ 

SUbstituting ( 8 ) antl ( 7 ) in ( s-) T.fe have 

••• ( 9 ) 

•• • ( lo ) 

is known. 

1'o determine the eons tant c__) we know from ( 2. ) 

The boW¥iary condi t1ons -'l\. = o at )l= o , JL9- = o 

at 'j = o and 1\A. --r- '\J- =- o 

are satisfied by the functions 

• • • ( II ) 

••• ( 1'2..) 

where .:BI'I 1s a constant. 



Integrating ( 2. ) w~th respect to x and ':J. ove;r the 

surface of the plate we have 

72 

0... 0..-"j . ' . . . . . 

uo ~~ "; l UJ;I\~X . em, 't~ -t s~ 2~x ~ ~ ""-'1:~l d_x_d~ 

0... CA.-~ 

;1: . K ) ~ J>" ~ L em~~ · 0t1 
11~ 

0 0 

After evaluating the integrals we have 

I A~0-~-'9~1\L = 8~"1..,__ ••• ( 14) 

. If the plate be isotropic, we have 

K== L=-1 ]), =}) - ])3 - })) 
} 2-

G;= ~::: ~ E, E.2_ EJ C.= 
o<'L{'L 

~ -
12.... 



,/ 
,. 

/ 

" 

In that case .the· di.f'teretltial equation ( l ) reduces to 

'n14 {§m7f'L oeY 
Cut1- + Y 

~e corresponding equation to determine c( rooueos to 

73 

••• (It;) 

••• ( 17) 

If o( -7 o , we get tha corresponding small detleet!o.n for 

isotropic right - angled isooeles triangUlar plate ~!th 

simply • supported edges in the form, 

••• (\'6) 

\>lhich is numerically equal to that obtained hy T!moshe.nko. S 

and s. l'lo1nwsky-Kr1eger (1959) in the form 

w 



The deflection is obtained tor a plate at the point 

- = 

The graph is ploted showing the dnflect1on {( or the 
. 1 

isotropic plate against ~~;-h . In calculating the 

detlection one has to start from equation ( l7 ) with an 

assumed value ot t(CA.. leading to a particular value tQr 
. c::y~·'l 

the load function 
4 

-it 
4 . ~ .:p 

71Y~-h. determine corresponding * from equa. t1on 

• These values of «:ct and 

( l' ). Here c:(ct has been assumed 1_, 3_. ~ z 9 etc. 

. 7L\; 
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