-

INTRODUCTION

The theory of wave propagatibn in elastic solids possésses*_a-
-distihgﬁished histofy of nearly hundred years. The eminent
- mathematician Galileo Galllet paid his attention té the vibrations
of bendulums, the regonance phenomenon and the vibrétlons' éfﬁ
strings. The fifst stage-of the invest;gation on wave propagatipn
associated with the names of NAVIER, CAUCHY, HOOKE; POISSON,
STOKES, RAYLEIGH, KELVIN, GREEN, LAME and CLEBSCH is characterized
by development of thei extensive théory of elasticity to the

problem of wave propagation and vibrating bodies 1in elastic

material.

During the first quarter of this century the subject lbst much!of
its glamour and interest, perhaps because of a gép betﬁéen;thé

advancement of theoratical and experimental work, as there was nou

practical methods available 1in laboratory for observing

.passage of stress waves in elastic materials. But in the l,'

part of the century the interest in the study of elasfic wavesﬂu

been growing rapidly because of the application of the theory'in.‘

Seismology, Geophysics and in Engineering science. During the lasf'

three decades there has been a remarkable revival of intetest%in

this subject.

Most of the experimental works carried out on the wave propagatibn
of elasticity are concerned with studying propagation in specimens

of comparatively simple geometrical shape, the results of this



experiment could be compared directly with the exact or
approximate theoratical predictions. With increasing confidence in
the experimental techniques and in the interpretation of

observations, it is now possible to study more complicated

problems of elastodynamics.

All the elastic bodies may be divided roughly into two categories
(i>homogeneous énd non-homogeneous
(ii) isotropic and anisotropic
A homogeneous body is the body whose elastic properfies are the
same at different points and a non-hdmogeneous body hag different.
elastic proéerties at different points. If the elastic mé@p}i vary
from paint to point In a continucus Manner, the non-homogeneity
may also be termed continuous. If, hovever, the éléstic'modufi
undergo discontinuties in passing frpm‘ppint to point, for examﬁle
change abruptly, the non—hombgeneity.fs said to be discontinuous

or discrete.

An 1§otropic'body , with regard to its elastic properties , i3 one.

.in which these properties are the same for all directions drawn

through a given point. An anisotropic ﬁody has, in general,
different elastic properties for different directions drawn
through a given point. A body may be isotropic or anisotropic and
at the same time homogeneous or non-hohogeneous depending on {its

own structure.

In an unbounded: homogeneous isotropic solid, two types of elastic.

"waves may be propagated with two different wvelocities. These are



dilatational wave or longitudinal wave and distortional wave or
shear wave. Obv}busly longitudinal waves arrive earlier than shear
waves., In thév.case of the deformation of elast;c body, both
longitUAinal and diétortional-waves will normally be produced and
when a wave of either type impinges on the boundary ofvthé solid,.
two txpes'of waves. are generated. In addition to the exlstence of
these two types of waves of the body, a third type of wave may
ekist whose effects are confine& closely along the surface of the
body; this type of waves are known as Rayleigh-wave. Their effects
decrease exponentially with depth and thefir velocity of
propagation is smaller than the ofher types of élastic waves. They
are of great importance in seismic phenomena. Bullein (1963),_‘
Ewing et. al. (1957), Cagniard (1962) and Pilant (1579) have

discussed about seismic waves in their books.

Some importanf equations governing the motion éf a homogeneous,
isotropic, lihearly isotroplc elastic solid are listed below:
Consider a rectangular,cartesiaﬁ co-ordinate system with reference
to the co-ordinate axes x1(i= "1,2,3) and assume u, ‘to be the
components of the displacement vector field. The system of
displacement equationsg. of' motion {n indicial notation may be
. expregsed as

BU o F A u = p b : (1)

1y 4) Jait L

where A , “p;fére Lame’s elastic constants and p is the mass

density.

A plane displacement wave propagating in an arbitrary direction in..



an unbounded medium i3 represented by

= : - (2)
u fix, P, ,ct) d_L _2

where d. and p. are the components of unit vectors 1in the
L8 19

directions of motion and of propagation and x, are the components
of the position vector, p',‘x,L = constant represents a pIané normal
to the unit vector with components P, - Equation (2) represents a

plane wave whose planes of constant. phase propagate with veloqity

c. Substitution of equation (2) inté the displacemént equationiof

motion yields
(2 - pe2dd + O\ #+) (P d Op, = O (3)
R L

Since P, and dtdenote two different unit vectors, equation (3) may

be satisfied in only two ways:

(i) pfidi, consequently pf% = *1 and equation (3) yields
f = e = n2w/p - | ' (4)
(ii> If P, L dU both terms In equation (4) have to vanish

independently ylelding

2. 2 ' '
et = = 4/ and d. =0
Cp T HIP P,d, (5)

The displacement corresponding to transverse wave -whose yelocity
of propagation is given by (5) can have any direction in a plane

normal to the direction of propagation but usually the x14xz plane

) » ’
is chosen to contain the vector p and transverse motions are

considered in the.x«t-x2 plane or normal to the x ~x_ plane. These
1 < ’

are cal}ed "vertically"™ and "horizontally" polariged transve:s$

waves, respectively.



A convenient repreéentation of the disgplacement components 19'

= .
P

i
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where e ig the alternating tensor. Substitution of equation (6) .
ij
in equation (1) shows that .this representation satisfies the

displacemenf_equatiqns of motion, prpvided that

1 ae
¢,i.'\. = —'2-¢ (7.8)
c
L
and
- 1 ..
whﬁ = _:; 5 (7'b).
T

where ¢ and c, are given by equations (4) and (5) regpectively

and equations (7.a-b) are uncoupled wave equations.

When the field variablesgs are independent of one of the cartesian
co-ordinatesgs say xa{ wave motions wuncouple into anti-plane and
in-plane> motions. A displacement' .distribution .defined by
ua(x1;xit5 - describes anti-pléne strain : and u1(x1,xz,ti,

u, (%, %, t) defines a state of plane strain.

Since the x,y,2 co-brdinate system is more convenient to refer thé
motions, so the diéplacement components. are denoted by u(x,y,t),

vix,y,t) and wix,y,t) respectively and the components of the

stress tensor by rx(x,y,t), Txy(x,y.t) etc.

The two dimensional anti-plane motion governing the displacemehf

component: Wix,y, %) 1s

oy . = ] (B)
ax* z c? 2 s



The non-vanishing stress components are

T = g —  and T = = (9)

For the case of plane strain it is expedient to employ the

decomposition (65 and reduce the displacement components to

<
+
2

. % _
v = a—y Ix (11)

~

The functions ¢ and y satisfy the following two dimensional wave

equations

°¢ ,2¢ . 1 229 (12).
ax ay*® cz at? '
and’
2 2 2
. oy , ¥ .t d¥ (13)
'axz ayz c: at? '

where c, and c, are defined by equations (4) and (S5) respectively.

The corresponding components of the stress tensor are

: .2 2 2 2 :
T'=K[z¢+a¢]+2y[z‘k+a"'] - (14)
XX 2 2 2
X ay X axdy
2 2 : 2 2 .
rw=’*[:f+~af]+2u[z¢-a”'] (15)
b4 Ay y axa
2 2 2 ’
3
T, = H [2 2. 2¥, ":‘] (165
oIxdy ax oy ‘



However, natural ‘or artificial materials in  our .

surroundings are generally inhomogeneous and anisotropic.

Since 1950 the theory of elasticity for anisotropié bodies hasg '
"been continually developed and enriched with new investigations of
both serious problems as a general nature and individual aspects
of these problems. Thus the general theory 'has begen placed on a ;
rigoroué écientific basis and a number of laws have been
establighed with the result that this theory, first worked out by

B.de Saint Venant and=PfV.Bekhterev (1926), has been revived.

0f great importance is the development and &onstruction of many
entirely new anisotropic materials which possesges a number of
advantages ‘over bfhose previously knqwn (for example,glass-fibre.
reinforced plastics). Thus, over twd or three decades this brancﬁ
of science has.madé'great progréss; bqth in a thebratiéal and a

purely practical way, i.e. in constructing new anisotropic

materials.

Now we recapitulate the fundamental principles of the theory of
elasticity and the general equations which will be used in what
follows fof the construction of solutions to specific problems bf

the theory of elasticity for anisotropic bodies.

In studying the states of stress and strain in anisotropic bodies
produced by an external load, we make a number of assumptions
fmposing certain restrictions. The most important of

asgumptions reduce to the following:

_these"3=



(1)

(39

(4)

A body is solid ( a continuous medium ), the stresses on any
plane within the body and on its surface are forces per unit
area. In otherwords, the couple stresses are neglected, as is

done in the classical theory of elasticity.

The relation between the components of strain and the
projectioné of displacement and their first- derivatives with

respect to the co-ordinates is !inear.

The stress-strain relations are linear, i.e., the materia)
follows the generalized Hooke’s law, the co-efficients 1in
thegse linear relations may be either congtant ( homogeneous
body ) or variable, i.e. functions of éosition, continuous or

discontinuous ( in the case of a non-homogeneous body ).

The initial stresses i.e. those exlsting without any external
load, including the thermal stresses are disgarded; specific

problems of dynamics are not considered.

Thus,'the theory of anisotropic elastic bodies can be studied from

the

classical linear. theory of ~homogeneous or non-homogeneods

elastic bodies.

The

are

and

The

stresses acting on planes normal to the co-ordinate directions
each resolved into three components: one normal(normal stress)

two tangential (shearing stresges).

deformation of a body in the neighbourhood of a point {s



characterized by the components of strain, viz three extensions

and three shearing strains.

The components of the displacement of a point on the axes of
cartesian co—ordihétes (X,¥,2) are denoted as u,v;w. Letsxand‘s

are the extensions of segments of unit length originally parallel

to x and vy, 7}y-is the - change In angle between sgegments whose

original directions are x and y.

The strain components at( i = 1,2,3) and % yu(j#i, j = 1,2,3)

constitute a symmetrical 'tensor of rank two. For a cartesion

system x,y,2, It can be written as in the matrix form

¥

o - 1 1
x 2 ny 2 sz
L s 1
-2 ny Yy 2 7yz
1 1 e :
2 sz 2 sz z

The relation between the components of

cartegian system are given-below:

£ = —a—‘i & = ov & = a_w
x N ' y oy ' z 0z
«“U7
= ?..Y. + gﬂ = ﬂ + 9_2 du + v
Y2 3z T 3y ' ¥z~ Ix 3z ey 3y ax
13 ¢ the strains are not small, the extensions and shears,
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y. . (ix3, j=1,2,3) are related to the
tj

(N o

s_(i=1,2,3),
L

displacements; by non-linear equation which are given as follows:

_ ' au du .2 av.z v,z _
‘, J Lr2ar Y G e C
' v 8u. .2 v .2 7 ow.2
= + 2 50+ (T 4 (SH% 4 (£52 -y
€y Irl 3y 3y 3y 3y
(18)
gu , 9v , 9udu  Iv Av  aw du
1 _ dy I ax dy 3x dy ax ady
N ¥y © CT+e (1 +e ) :

The other three components g, ry;, Y. 2are found from (18 by

cyclic permutation of the subscripts.

The corresponding stress components are in the matrix form

® Xy Xz
T ‘o T
xy y Yz
T T ‘o
Xz Yz z

In the general case of anisotropy each strain component 1is ;é
linear function of all six components. For‘ a homogeneous bod&
having anisotropy of the most general kind, . the equéilbﬁg

expresaing the generalized Hooke’s law for thig system are.



bd 14 x 12 vy 13 =z 14 yz 15 xzZ 16 Xy
& = + + +

Yy 24 x 22 vy 23 =z 24 yz 25 xz 26 Xy Lo
T T R R<Y
Y = a o + a o + a (=4 + a T + a T + a T

Xy (=7 S 4 G2 v ¢y =z G4 vz oD X2 SS ny

In the general case equations (19) contain 36 co-efficients a. |,
)
but actually they are always fewer; ;

!

Suppose that the B6th order determinent of the co-etficients a,L

R4

RS
written down successively, g not zero, amd hence equation (ﬁQ)

for o and T are solvable. The generalized Hooke’s law equations
for the general case are thus obtained in an alternatﬂhe'

equivalent form:

o = A £ + A & + A g -+ A ¥ + A ¥ + A ¥
X 14 % 12 vy 193 =z 14 yz 15" %z 16 Xy

.+ A + A 3
Y 214 x | 22 vy 23 =z 24sz 25yxz 267xy

f ot et e e e ettt e e e et ettt ettt et aa (200

® 4 o 6 8 8 4 8 & & s 4 e a2 @ s s s 8 s s & s s % 8 s s e a s s s a0 e st e st e a0 e

T = A £ + A £ + A £ + A ¥y + A ¥ + A ¥y
Xy (=X S 4 G2 vy 3 z G4 yz 65 Xz GG Xy

However if strain energy function V exists such that

) av ' _ oV

x s '’ y de xy ay
X b4 Xy

then differentiation of the stress components with respect to the

strain components yield

20 ao do ar .
= y x Xy )

de 5P ’ % - dc etc." .(g%j.
Y S Xy X
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[t fellows from the equalities of (21) and (20) that
A21 = sz’ Aa1 = Ata,.......................,A65 = A56

and, in general,

A, = A,, (1,3 =1,2,..,8) (22)

Solving equation (19), we obtain six expressions for £ and p in
which the co-efficients on the right hand sides are also

symmetrical:

a = a ( 1,3 = 1,2,...,6)

w

o we can write the generalized Hooke’s law equations in the

general case as

X 11 x 12 vy 16 xy
£ = a8 -0 + & o PSRN ct e et e +
Yy 12 x 22 vy 26 xy
e (23)
Y = a o + a (24 L R R I T - | T
xy 16 X 26 y SS Ry

or’
o = A &£ + A £ + C et e e e + v
x 11 X 12 vy 16 xy
o = A € + A g + ... c it e e e oot Y ;
Yy 12 x 22 vy 26 xy :
e e (24)
T = A £ + A £ +t Liiieiiersesssaset A ¥
%Xy 16 % 26 vy SS Ry

1j@

aijis 21, but among these the independent constants are fewer, .

In general case of anisotropy the number of elastic constants.A
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NOVOZHILOV (19586)» statesg that, ali cog~ordinate

eqpivaleht in Geometry, neverthless as regards the elastic and in

general, physical properties symmetry may be observed even in the

most general case. Consequently, even in the most general case the

number of independent elastic constants 1is

not 21, but fewer,
namely 18.

By changing the notation for the elastic constants and stress

components, we may write the generalized Hooke’'s law equations in

an extremely simple form. Let the elastic constants be denoted by

"a" with four subscripts and setting

(1) a, ., = a if 1,3 = 1,2,3 ( all possible cases where j=i
i mnkl
are included )

(2) a. = 2a 1f either of the two subscripts, i or j 1s 4,5,6.
ij mnkl

(3 a, . = 4a if both subscripts i,j = 4,5,6.
i mnkl

The six equations (23) are then written as a single one:

= i = : (25)
si.j ai.jkLokL C i,3,k,1 1,2,3 )

The number of all constants aiﬂl with four

but, when grouped, they reduce to 21 «

subscripts 1is 81,

of these 18 constants are

independent ) elastic constants.

The generalized Hooke’s law

equations, solved tfor the stress

components, are of the foim

sygtems are-



The notation for the elastic constants "a" and "A" with four

subscripts has been used by Malmeister, Tamuzh and Terters (18972)

in their book.

[f the structure of an anisotrbpic body has some kind of symmetry,
the elastic properties also exhibit symmetry. The elastic symmetry
is expregsed in the fact that at ea¢h point there ‘are symmetrical

directions equivalent as regards the elastic properties.

F.Neumann (18858, estabiished the relationship between @he

structural symmetry and the elastic symmetry for crystals, which

may be stated as tollows:

With respect to its physical properties ( including the elastic
properties ), a material exhibits the same kind of symmetry as its
.crystallographie form or more perfect symmetry. The principle is
also extended to bodiés that are nof orystéls, but have structural

symmetry ( wood, plywood, glass fibre reinforced plastics ).

[f there i3 gymmetry of the elastic;properties (elasticsymmetry)
in an anisotropic body, the zeneralized Hooke’s law equations for
it are simplifiedesince some of the co-éfficients ar are zerd,
while among others there are linear relations.

The following four cases of elastic symmetry are the .most

important, and these will now be discussed below:
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(1> PLANE OF ELASTIC SYMMETRY: —

Suppose a plane paséing through each point of a body possesses

the following property:

Every two symmetric directions with respect to this plane are
equivalent as regards the elastic properties. A direction norma;
to the plane of elastié symmetry will be termed the principal
direction of elasticity. In this case only one principal»direction

passes through a point of the body.

If the z-axis is taken normal to the plane of elastic symmetry and

the other two axes lie in this plane, we conclude‘that 8 elastic

constants must be .zero, namely

a = a = a = a = a = a = a = a = 0
14 24 34 45 15 2% as 56
and the number of elastic constants a . reduces to 13 which are
. L :
given below
& a a 0 0 a
11 12 13 - 16
a - a 0 6] a
22z 23 20
a . 0 -0 a
a3 as
a a 0 ’ (27
44 45 -
a 0
5%
a
66

HOATH BBHCGAL
jgge Tniverstiy Lo iraly
Qoja Rameivkeanss
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For arbitrary directions of the axes, these equations contain 13

strain co-efficients a . not explicitly related in any way.
J

(2> THREE PLANES OF ELASTIC SYMMETRY ( ORTHOGONAL BODY )

If through each point of a body there pass three mutually
perpendicular (orthogonal) planes of elastic symmetry and the like
planes of elastic symmeéry are parallél at each point, then,
taking the co;ordinate axes normal to thé planes of elasfic
symmetry (along the principal'direcfions) we find, in addition t§
8-elagtic constants of the preceeding case, there are 4-moré

constants equal to zero:

The generalized Hooke'’s law equations and the Schematic expressioﬁl:

for the elastic potential in terms of the constants a , take the:
19

form

£ = a o + a o + a o
b 14 % 12 vy 19 =z
£ = a [o4 + a o + a o
Yy 142 % 22 vy 23 =z
&£ = a o + a o + a8 o 1 ‘
z 13 % 23 vy 33 =z (28)
rd = a T = a T =
Yz 44 yz' sz 55 xz' ny addey
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a a a 0
11 12 13

a a 0
z22 23

a 0
33

a

44

Introducing the engineering constants

can be rewritten in the following form

o + o 32
e = - - —
E
Y E1 X Ez 4 a
v v
c _ 13 o - 23 o + 1
- E E E
z , E oy 3
EI '% = L ¢
Y, * : AT
RZ
vz ng vz xZ ‘s

35

0 (299

v equation (28)
J .

(30).

A body having three orthogonal planes of elastic symmetry at eagh:

point is said to be orthogonally anisotropic or in short%

orthotropic. The principal directions at a given péint may not ﬁé

equivalent. O0f the 12 elastic constants entering into equatiods

(30) only 8 constants are independent. By virtue of the symmetry:

of

the generallzed Hooke's law,

we always have

the matrix of the right hand side of the equations expressing



Ev  =Ev _, E» _=Ewv _, Ewv _=Euv (31

It is important to note that no further re¢duction of the elastic
constants is possible here since, in contrast to the case of‘é_
pléne symmetry, a _ from equations (28) or EL’ Gti’ vtj from:

v _ ] o

equations (30) are invariant constants themselves. They are

alternatively called the principal constants.

(3> PLANE OF ISOTROPY C AXIS OF ROTATIONAL SYMMETRY O

(3ad TRANSVERSELY ISOTROPIC BODY.

Suppose a body possesses the properties that through all points
there pass parallel planes of elastic symmetry 1in which all
.directions are elastically equivalent ( planes of isotropy ).'A

body with such properties is said to be transgsversely isotropicl

Considering the z-axis to be taken normal to a plane of isotroby,
with the % and y axeg arbitrari{ly in this plane, the generalized

Hooke’s law equations with the 5 independent elastic constants are

then written as

X 14 X 12 vy 13 =z
I> = a o + a o + a o
b4 12 x 11 vy 13 =
i
€ =a (o+o0) +a o K
z 13 x Yy 893 =z (?2)
¥ = T = a T = 2¢( -
va sa'yz' ¥z 44 xz’ ny 417 %42 ’Txy
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In some cases a transQersely isotropic material 1is called, in

short; transtropic.

(4> ISOTROPIC BODY: -
[f all directions in a body are elastically equivalent and

principal, then the generalized Hooke's law for an isotropic body

ot Young's modulus E, Poission’s ratioc v, and shear modulus G, ié

e = l o -v (o + o ]

x E X Y z
) .

e ==[lo v (o +o 1
v E y x z

g = l f o - v (o + o )] (33)
z E z Y

- 1 T = _1_ T = _—1_— T
?/yz G vz sz G xz ny G Xy

In recent years problems of diffraction_of elastic wavesbby
cracks or by inclusions have attracted considerable attention in
view of their application in Seismology and Geophysics. Cracks or

inclusions are preéent in esgentially all structural materials

either as natural defects or as a result of fabrication processeé.

Moreover, in many'cases the cracks or inclusions are .sufficiently

small so that their presence does not significantly reduce the

strength of the material. In other casesg, However, the

imperfections are large enough through fatigue, stress corosion

¢racking ete., 8o that they must be taken into account in

determining the strength.

[ETNY
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From the standpoint of engineering applications it has been the

macroscopic theories based on the notions of continuum solid '
mechanics and classical thermodynamics which have pfovided the

quantitative working rtoois for dealing with the fracture ofi
Astructural materials. in the >macroscopic—éontinuum approach to}
fracture it is implicitly aséumed that the material contains some;
macroécopio flaw which méy act as fracture nuclei and that the
medium is a homogeneous continuum in the sense that the size of‘
the macroscopic tlaws is large in comparison with th%%
characteristic microstructural dimension of the material. Thé:
problem is then to study the effects of the applied loads, the'

flaw geometry and the environmental conditions on the fracture

process in the solid.

Fracture mechanics is concerned with the analysis of the stabiliﬁ§
of cracks. A fracture criterion can subsequently be employed ta

determine the conditions for crack propagation, both stable and

unstable, and for crack arrest.

Fracture mechanics problems that have to be treated as dynamic

problem may be classified in two types:
(1> Cracked bodles subjected to rapidly varying loads

Bodies c¢ontaining rapidly propagating cracks.

both the cases the crack tip is an environment disturbed by
wave motions.
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lmpact.and vibration préblems'fall into the first type of dynamic
" problems. It is often found that at inhomogeneities in a body the
dynamic sfresses are higher than the stresses computed from the
correséonding problem of‘static equillibrium in the analysis of

this type. .ot probiem.

The second type of problem is equally important. There are severai
kinds of large engineering structures e.g., gas transmiss;on
pipelines, ship-hulls, aircraft fuselages and nuclear reactor
components, in which rapid crack growth is a definite possibifity;
The study of earthquake mecha;isms is the another area to whicﬁ:

the analysis of rapidly propagating cracks is relevant.

Recently, there have been a number of comprehensive articlesiihg
the general area of fracture mechanics. Some references are thpée'

ot Achenbach ( 1972,1976 ) , Freund ( 1875,1976,1990 ) énd‘

Kanninen ¢ 1978 ). ' ; 7;

Engineering structures " requiring protection against tﬁé?
possibility of large scale catastrophic crack propagation aré,:
howevgr, generally constructed of ductile,  tough matériajél;
Current progress in this area, and a starting ‘point for ;thé
development of a2 dynamic plastic propagating crack tip analysii

have técently been presented by Achenbach and Kanninen.

A problem of central importance in dynamic fracture mechanics ig

that of predicting the way in which a' crack will grow in é-

[T

deformable solid, given the geometrical configuration‘ ot iéhé
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solid, a «characterization of the material, the applied load
"distribution and suitable initial conditions. In the
interpretation of laboratory data on rapid crack propagation, a
problem of equal importance is that of determining the values of
fracture characterizing parameters frém measurments of the crack

motion and applied load distribution.

In order to determine an equaticn of motion for a crack tip, two
main ingradienté are essential. The first of these is a crack
propagation criterion thch must be stated as a fundamenta(
physical postulate, distinct from the postulates dealing with bulk
material behaviour and momentum balance. Generally these later
postulates can be satisfied for any motion of the crack tip. It is
the role of the fracture criterion to select the motion of the

crack tip from the class of all such dynamically admissible 

motions.

The only geometrical contiguration for which exact solutions of
'the elastodynamic field equations, wvalid for nonuniform crac&
motion, have been found 1is a semi-infinite crack moéion in an
otherwise unbounded solid or configurations which can be shown to
be equivalent to this b; linear superposition arguments. Thé
solution for anti -plane deformation was preséntedby Kostroy
(1964, 1266) and Achenbach (1970) and for in-pl;ne deformation b?,
Freund (1973), Burridge (1976) and Kostrov (19755.’A1though these

solutions have been of major importance in addressing certain.

fundamental questions on rapid crack propagation, they have "beet'
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found to -‘be 1inadequate for describing some dynamic fracturej
processes of practical importance.
The shape of the cracks which have been studied uptil now are as

tollows:

(i) Semi-infinite plane cracks
{ii) Finite Griffith cracks
(iii) Penny shaped and annular cracks

(iv) Non-planer cracks

A transient problem 1in whfch a semi-~-infinite <¢rack appears
suddenly in a stretched elastic sheet was solved by Maue (1954)
and was aiso discussed ‘by Ang (1958) as his dissertation. Baker
(1962) solved +the problem of a semi-infinite crack suddénlx
beafing and growing at a constaﬁt velocity in a stretched pody. A
steady state problem‘in which 2a semi—infinitevcrack extends at
constant gspeed through an elastic sheet was solved by Craggs
(1960). Using the method of matched asymptotic expansion the
problem {nvolving diffraction of plane elastic waves by a

semi-intfinite boundary of finite width was solved by Viswanathan

and Sharma (1978) and by Viswanathan, Sharma and Datta (1982).

The diffraction problem of a semi-infinite crack has been solved

by the Wiener-Hopf (1958) technique.

In 1921 Griffith considered the problem of a fracture of a glass
containing crack like defects. Griffith's work presented a theory. .

of fracture. Among other workers investigating ecrack problemS“are"
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Drowan (1948), Sack (1846), Irwin (1957) etc. A number of crac%
problems in the theory of classical elasticity can be found in £he
literature [e.g. Sneddon and Lowengrub (1969); Sih (1972)1.

Yoffe (1951i) considered the inplane problem of propagation of é'
finite Griffith crack of fixed length at a constant speed in aﬂ
isotropic elastic solid of infinite extent. Other references
treating elastodynamic problems'iﬁvolving a gsingle finite Griffith
crack are of Sato (18961), Williams (1957,1961), Karp.and KafglA

(1962)>, Ang and Knopotff (1964), Loeber and Sih (1968), Sih én;'

Loeber (1868, 1969, 1870, IWillis (1967), Atkinson and Esheb{Q'.
(1968), Mal (1970a,1970b,1972), Hilton and Sih (1971)’. Cﬁaﬁg
(1971, Thau and' Lﬁ (1971)>, Sih, Embley aﬁd Ravera (1972,
Kanninen (1974), Chen (1978), Sih and Chen £1980),'Takei, Shiﬁdq
and Atsumi (1982), Ueda, Shindo and Atsumi (1983), Shindo (198§)5‘;
Some other retferences are of Srivastava, Palaiya and Karéulfa

(1980a, 1980b), Sfivastava, Gupfa and Palaiya (1981), Ergdven

(1987).

Carrier (1946) studied the propagation of waves in ortﬁotropic

medium. Achenbach and Bazant (1875) considered the problem of

elastodynamic near-tip stress and displacement fields for rapidly
propagating cracks in orthotropic meterials. Kassir and Tse (1983)

also solved the problem of moving a Griffith crack 1in én

orthotropic material.

The problem of diffraction of finite Griffith crack alohg the

interface of two dissimilar elastic media have been solved B

Goldshtein (1968.1967), Brock and Achenbach (1973a,1973b,1974).-
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Atkinson (1974), Matczynski (1974), Brock (1975), Srivastava,
Gupta and Palaiya (1978), Neerhotf (1978), Srivastava, Palaiya'and
Karaulia (1980), Bostrom (1987,. Bostrom (1987) solved the two
dimensional scalar problem of scattering of elastic waves under
anti-plane | strain from an interfacecrackbetweentwoelastiq
halt-spaces. The problem of interaction of anti-plane shear waGes
by a Griffith crack at the interface of two bonded dissimilar

elastic halt-spaces was concsidered by Srivastava, Palaiya and

Karaulia (18380).,

The transient streés and>displacement fields arround an embeddedi
crack in the shape of a circle were first investigated by Embleg'
and Sih (1971) for extensional impact and by Sih and Embley (1971M;
for torcional impact. Their method of solution invblves.isolatfné?
the singular portion dynamic stresses‘ in the Laplace transfo;@
domain gsuch that the dynamic stress intensity  factor. can ibe 

obtained by direct application of the Laplace inversion theorem;!

Some other references are Mal (1968,1970.d),0lesiak and Sneddon

(1959), Pal and Sridharan (1980.a, 1980.b), .Arwin. and Erdogan .

(18713, Green (1949), Dhawan (1973), Krenk and Schimidt (1982),;

Robertson (1967 ) solved the problem of diffraction of a plane

longitudinal wave by a penny-shaped crack.

We now didecusg a certain type of mixed boundary value problems

which are known as contact problem in the theory of elasticity.

The contact problem is formulated as a problem about the int luence

of a rigid body or an elastic body.
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Hertz investigated the punch problem in 1882. In his time many
researchers followea his_work. Chaplygin (1850) collected a number
ot puﬁch problems worked out during the 19th century. Many authors
such as Glagolev (1942), Mushkelishvilli (1953,1983),1Mossakovski
(1958), Ufliand (1956), Spence (1968,1975) investigated punch

problems. In the literature (e.g. Gladwell (1980)) a variety of

punch problems can be found.

The problem of diffraction of anti-plane shear wave by one or more
finite rigid strip at the interface has been treated by Palalya
and Majumder (1981),Singh and Dhaliwal (1884), Tait and Moodie
(1981, Mandal and Ghrsh (1992a, 1992b). Palaiya and Majumder
(1981) considéred the problem of diffraction of anti-plane shear
wave by a finite rigild strip at the‘ intefface of two bonded
dissimilar half spaces. The problem of diffractionlof anti—p}ane
shear wave by a pair of parallel rigid strips at the interfacé of
two bonded disgsimilar elaétic media was solved by Mandal and Ghosh

(1992a2). De Sarkar (1985a,1985b) solved the punch problem on a

micropolar elastic solid.

Different techniques have been adopted by many authors to solve

these type of crack and inclusion problems. From these standpoint,

these problems may be divided into two categories:

(1) One for low frequency oscillation of the source or long, K wave

scattering or transmission and

for high frequency oscillation or short wave

gcattering or trangmission in the medium.
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The term long and shor£ are used in comparison to the region of
thé source of disturbance or the size of the crack or strip etec.
inside the medium to.the wave length of disturbance. In case of
low frequency oscillations Noble's (1963) method of solving‘dua{
integral equations, Tranter's (1968) technique for solving dual

integral equations, Matched asymtotic expassion, and Variational

principle are found to be very usetful techniques.

NOBLE'S METHOD :

Suppose that a mixed boundary value problem 1is formulated by

suitable integral transform so as to be governed by a set of dual

integral equations of the form

Q0
x"‘[1+K(x>]scx)J (rx)dx = f(r) , O<r<a
Jo v
0
S(x)JD(rx)dx = g(r) . r>a
J O

where the functions K(x), f(r) and g(r) are known.

Acenrding to Noble (1963, when »>- %

~ o

. 12« ¢ as2 4 veas2
Siny = l*E‘{J?'t 9(t)Ju_1/2(xt)dt + Jm t G(t)Jv_i/z(xt)dt
(=}

where &6(t) satisfies the Fredholm integral equation

1 [ , _ -
f(t) + = J M(r,t)8(rrdr = t UF(t) - H(t) (0<t<a) ' (3&Y -
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in which Mit,t) = nvtt Jj xK(x)Jp_ /2(Tx)J _ /Z(tx)dx
d t v+ 1 2 2. -1-2
Fet) = .CTEJ f(r)r (t"-r") dr
o

Hetr = ¢*272 XK (x)J (xtrdx| EYT*7%GEn ) (x€ ) dE
o v-1-2 a v-1.-2

G(E) = Jm gror Ut (p2-g2%y7172% gy
g

The integral equation (34) can he solved for €(t) iteratively for

low frequency and consequently S(x) can be determined.

Singh and Dhaliwal (1984) solved thé closed form solutions of
dynamic punch problems by integral transform method. The mixéd
boundary wvalue problem was reduced to a set of dual integral
equations- with trigonometrical kernels, The solutions wéfe
obtained by using Hilbert transform technique { Srivastava aﬁd

Lowengrub (1968)]1. We now discuss the Hilbert transform technique

as follows.

HILBERT TRANSFORM TECHNIQUE :

Using the theorem (Tricomi, 1951), if p e Lz(a,b), then thé

equation

1 h(x) - :
= J X -y dx = p(y) , y € (a,b)
- QA
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Vo

has the solution

) 1 X-a 1.2 o b-y 1,2 p(Y) C
hix) = - = 5% v=a v - x dy +
n X 4 y Yix-a) (b=x)

where C is an arbitrary constant and the first term belongs to the
class L ta.b). Srivastava and Lowengrub (1968) found that the
2

solution of the integral equation

T

b 2
! J gﬁbﬁi—i.dt = ply) , .Yy e (a,b)

a tz—yz

(provided that p satisfies the conditions of the above theorem)

is’ given by

2 _2.1-2 b 2 2,12
- - 2yp(y) . C

2 2 2 2 2 2
I(t -a%) (p*-t5H

a yz—az yv -t

where C is an arbitrary constant.

Using Hilbért transform technique problems involving palir ébf'
cracks or strips can easily be solved. Using Hilbert.transf&rm
technique and alsoc applying the modified Tricomi (1951) theonemébf
Singh (1973) Singh and Dhaliual (1084) obtained a closed form

solution of dynamic punch problem involving two moving punches.

All the axigymmetrical contact problems may be solved by usfng
Hankel transformg and they then reducé to the golution of a number

ot sets tor pairs) of dual integral equations. To solve these dﬁal
. A RN
integral equations there are various methods one of which . iis.

i
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Tranter’s method. We discuss briefly the method of Tranter

(1968) in solving axisymmetric problems.

TRANTER’S METHOD :

The solution of certain physical problems involving axisymmetric
geometry can be reduced to the determination of F(p) from S0 -

called dual integral equations of the form

Q0
G(p)F(p)Jv(rp)dp = f(r) , 0O<r<1
4O B .
(35)
- :
pF(p)Jv(rp)dp = 0 ’ 1<r <
Jo :

where G(p) and f(r) are known functions.

A solution F(p) of the above 1integral equations as a,sefies ot

Bessel functions can be fcund by setting

F(p)

-x 2 ' !
p L amJl)+-2m+k(p) ' (3‘6)
m=0 ‘

where k 1is at present an arbitrary parameter, and proceeding as

follows.

Substituting from (36) in the second equation of (35) and changihg

the order of integration and summation, one gets

© .
e = 1~k ’ . .

I pF(p)Jv(rp)dp PN a ‘ p Jv(rp)Jv’2m+k(p)dp (37>

o m=0 o

Provided »>-1 and k>0, the formula
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, I, at)d (bt pir & - ; =
l(v,u,A,a,b) = I” dt =
o e AaH M e s B H
2 2 2 2
2
vHu-A+l peA-L+l . b
* zF1[ 2 ' 2 pourl o "2
, a
shows that all the 1integrals on the right hand side of (37)°

vanish when r>1 (because of the factor Fk-m) in the denominator of
the term multiplying the hypergeomet}ic function) and hence the
series in (36) automatically satisfies the second of the dual
equations (35). The coefficlents a_ have now to be chosen so that
the series in (36) satisfies the first of the dual equations (35).

For this purpose we need the result

1

_ +n+ -

pk s +k(p) - k--11"(1) n+i) A J rv+1(1~r2)k tg (k+v,v+1,r2) <
Ten 2'ru+ 1M (n+k) Jo n
x J_ (pr)dr . (38)
v ; :
where n is a positive integer or zero and

Fn(a,y,x) = 2F1(-n,a+n;y;x) (39)

is Jacobi'’s polynomial.
Substituting from (36) in the firgt of (35), multiplication by

P (1-r2) kTR (kw041 12,
4]

integration with regpect to r between O and 1, interchange of the

order of integrations and use of (38) give

[0 o)
. -2k L
E .[j G(p)p Jv+&m*(p)Jv+2n+k(p)dp = E(v,n, k) (407 i

where
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1
Etv,n,k) = ” [wrn+i) J firor  t(1-r2)k tF (k+v,v+1,r2)dr
2'r o+ 1M n+k) Jo n
(41)
Equation (40) with n=0,1,2,3,....... gives a set ot simultaneous

equationg for the determination of the coetficients a . These
m
simultaneous equations can be rewritten in a more convenient form

by making use of the formula

) 5 0 , m=n '
Jj P Jv+2m+k(p)JV+2n+k(p)dp B 1 _ (42),

(2v+4n+2k) ~ , m=n

this being the form taken by equation

J (at)J (at) re€ s
r : H dt 2
Q

t or(1 + 2 - Byrer 4
2 2

+

NiTIN|T
N

(L - 2+
2

Nrc

5 sin%(u-v)n
— (43)
n 2 2

Mo ow

when g and v are replaced respectively by »+2n+k, »+2m+k and when

‘at' is replaced by p. We find in this way

a + YT L ah = (2v+4n+2K)E(p, n, k) (44)

L = (2wran+2k) (prp* 2k - -
m.n prans 2k Jm [G PP 1fp Jv+2m+k(p)Jv+2n+k('p)dp

o

€45)

The iterative solution of the simultaneous equatlions (44) is

a = FE - E +E - ....... ‘ C48)
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where
E = (2v+4n+2k)E(,n, k)
(A}
’ @ ”" e8] ’
E = L E ’ E & Y L E 47>
n m,n m n m,n m
m=0 m=0

and so on.

Equations (38), (4B), (47), (45) and (42) provide a theoratical
solution of the dual integral equations. For a practical solution

it is necessary to be able to choose the parameter k so that the

expression [Q(p)pbak ~ 1] , which occurs in the formula (45) for

L , is fairly small.
m,n

Low frequency diffraction due to dise, cone and rigid cylinder

have been studied by Asvestas and Kleinman (1970), Senior (1971),
Datta (19743, Roy (1982a,18982b,1982¢c), Sleeman (1967), Roy and
Sabina (1882). Datta (1970) considered the problem of»diffradtioﬁ

of a plane compressional elastic wave by a rigia circular disec.

The problem of diffraction of elastic waves by two or more

co-planar Griffith cracks are very few in number. As regards the

dynamic crack problem, research has been restricted mainly to the

case of a 3single crack becaugse of the severe mathematical

complexity encountered in finding solutions for two or more

cracks.

Itou (1978) solved the problem of dynamic stress concentration

around two co-planar Griffith cracks in an infinite elastic
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medium. ltou (19802,1980b) also considered two different problems
involving two finite cracks. The problem of determining the
transient stress distribution in an infinite elastic mediun

weakened by two coplanar Griffith cracks has been reduced to the

following equation

3 B
: ‘ L a+b nn b-a
Y c¢c (s)|- Jm g(s,fgsin[——— & — ——}J [——— E]cos(fx)df
noy k2s%b Jo 2 2] n| 2 ' _

= - Po (bs) ,  a<dx<b (48)
with
[ Ez+k252/(2cz)]z— Ezy1y2
g(s,f) = (49)
Lr,

where locations of the cracks are a<|x|<b, |y|<o , z = 0,
+ o2 ' : 1.2 :
c = H] ’ c_ = [g] ’ k = ¢c /c and ¢ (s8) are the
L = T LT n :

unknown coefficients.

To determine the coefficients ¢ (s) by Schmidt’s method (1958}
b2l

equation (48) can be rewritten as

o g
T cnls)En(s,x) = ~ u(s,x) a<|x]|<b (50

™
where Eh(s,x; and u(sg,x) are known functions and the coefficients

cnts) are unknown,

A set of functions Pn(s,x) which gsatisfy the orthogonality

condition
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b
I F (s,x)P (s,x)dx = N & , N = Jb P? (s, x)dx
m n a n )

n mn . 1a)
o

can be constructed from the function, En(s,x), such tﬁat

© Mi.n
Ph(s,x) = T M Ei(s,x)
n=41 n"nn
where M, is the cofactor df the element 4, af D
(9 o [Ba) n
defined as
d d  c..... d
14 12 ian
d
21
D = .
1al
d S «
ni nn

d = I E (s,x)E (s,x) dx
n L n
a .

Using equations (50> and (51) one can obtain

o® Mnj
cn(s) = .E ,qj o
i=n 7 )]
L
with q. = - N-J- u(g,x)P (s,x) dx
i . 3

J a

(513

, Which 1isg

(53)

(84>

(55)
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In case of high frequency oscillation Wiener-Hopf (Noble,

1958) technique and Keller's (1958) geometrical theory are found

to be most suitable. We now briefly discuss these methods.

WIENER- HOPF METHOD:

The typical ﬁroblem obtained by applying Fourier transforms to
partial differential equations is the following. One shall have to

find unknown functions §+(a), Qt(a) satisfying

Ala)® (&) + BT () + Cla) = O . (56)
+ - B

where this equation holds 1in a strip T_ < T < T, v "® < o < m®

of the complex «-plane, §*(a) ig regular in the half-plane ~ >T_
y ¥ la) is }egular in 7t < T, and certain: information which wifl
be specified later is availabye-regarding the behaviour of these
functions as a tends to intgnity in appropriate half—planes.>The

functions A(a), B(a), Cla) are given function of a, regular in the

strip. For simplicity let us assume that A, B are also non-zero in

the strip.

The fumdamental step in the Wiener-Hopf procedure for solution of

this equaion is to find K+(a) regular and non-zero in v > T_ ,

K (a) regular and non-zero in t < T, such that

o
W

Ala)/B(a} = K*(a)/K_(a) (87)
Use (87) to rearrange (56) as

Kf(a)ﬁ*(a) + K_(Q)W_(a) + K_(a)C(a)/B(a) = 0

(88)
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Decompose K (a)C(a)/B(a). in the form

K (a)C(at)/Blax) = C¢(a) + C () (59)

.

where C (&) is regularAin >r , C (&) is regular in T<T+.
- -

With the help of (59) rearrange (58) so as to define 'a function

J(x) by

Ja) = K (a)§+(a) + C+(a) = - K (a)¥ (o) - C () (60
. _ -

So far this equation defines J(a) only in the strip T_ < T < T, .
But the sécond part of the equation is defined and is regular in
£ > 7 , and the third part is definéd and is regular in 7 < 'r;.

Hence by analytic continuation J(a) must be regular in the whole .

a-plane. Then by the extended form of Liouville’s theorem J(a) 1is

a polynomial p(a)
K (a)® (a) + C ta) = pla)
+ + +

(61):*

K (a)® (o) + C () = - pla)

These equations determine §+(a) s, ¥ () to within the arbitrary
polynomia! pta), i.e. to within a finite number of arbitrary

constante which must be determined otherwise.

KELLER’S GEOMETRICAL METHOD :

Keller”s  theory of geometrical diffraction applied: to

-

elastqdynamics states that the two conical surfaces of diffracted

rays are generated when an incident ray strikes an edge. The

surface of the inner cone consists of rays of longitudinal motion,
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while the surface of the outer cone 1is composed of rays of
transverse motion. The half-angles of the cones are related by”
Snell's law. Fig.1 shows the cones generated by an incident:
longitudinal ray. For this case the diffracted longitudinal réyé
make the same angle ¢L with the tangent to the edge as the.
incident ray, and the diffracted rays of transverse motion are
under an angle ¢T with the edge; where CL cos¢T = CT cos¢L.

For a straight diftfracting edge, and an incident longitudinal ray,

the diffracted displacement fields are related quantitatively to

the incident field by ©
iws /c ~ iwls ,c -t)
= e f R s rs /RHTM* D 1% A e ° v
d 1 1 L L L
. tmszch _1/2] Ad' ALw(soxcL—L)
A = e [ s, (t+s_/R )] D i€ A e
d ' 2 2 d T T

Here Aexp[iw(SQ/CL~t)] defineg the .amplitude and the phase of
the 1ncident field at the po#nt of diffraction, and DL and DT aré
diffraction coefficents which relate the diffracted field to thér
incident field. Also S1 and S2 are the smaller of the principall

radii of curvature of the diffracted wave' front, or equivalently

thé distances along the diffracted rays from the points of

diffraction to the observation point. The unit vectors ii and ;:
relate the directions of displacement of the diffracted field to

the direction of displacement of the incident field. For a

-straight diffracting edge R; ig the radius of curvature at the

point of diffraction of the curve formed by the intersection .of

the incident wave front and the plane which contains the incident-
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incident
ray

F1G. 1. Cones of dilfracted lc.mgltudlnal and transverse rays
for an incident longitudinal ray.
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ray and the edge, and

sin ¢r tan ¢T

= R .
4 i sin ¢L tan ¢L

In the thesis presented here we have studied some mixed boundary
value problems in elastodynamics involving punches, inclusions and -
"cracks. The work has been presented in three chapters. The first
chapter deals with the diffraction problems in elastic media by
propagating semi-infihite cracks. The second chapter deals with
the diffraction probleﬁs‘in {sotropic media involving finite width
Griffith cracks when the boundaries are present in the medium. The-
last chapter 1i.e. chapter [I] deals with diffracfion problem of
elastic waves in an infinite orthotropic elastic medium in
presence of strips or crécks of finite width. Here we give th%i

summary of the thesis chapterwise.

In the first paper of the chapter-I, we have considered tﬁe
"problem of a series of semi-infinite, parallel and equally spaced
cracks subjected to identic lSads satisfying the conditions of
anti-plane gtate of strain and steadily bropagating in én infinifé
inhomogeneous medium. Cracks are assumed to move steadily in the:
direction of modulus variafion, it being assumed that the moduﬂi

vary exponentially. We further assume that the medium possesses

constant elastic wave speeds. These assumptions are necessary for

o+

he gteady state solution to exist. We assume that the loading fs“

such that Mode 11! conditions prevall. Mode 11l is the simbleé{l
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modeAto analyze mathematically. This problem has been salved by
.the application of wienér~Hopf technique. We have solved the
problem for two types of anti-plane loading. Firstly, the case
when the crack édgeS' are loaded at fixed distance from the
crack-edgé'by a concenﬁrated force of constan£ magnitude has been
solved. Secondly, the crack propagation in the pase of congtant
strain'dn the crack edgesvhas been treaﬁed. In both the cases
ekpressiﬁns of the stress intensity factor and the crack opening
displacement have been derived in closed form and the effect of

inhomogeneity of the medium has been shown by means of graphs.

In paper-2, we have considered the problem of the diffraction of a
plane hérmonic SH~wave by a semi-infinite crack running uniformly
along the interface of two dissimilar semi-infinite elastic media.
‘Wée have applied Féurier t;ansform and Wiener-Hopf technique (1958)
to solve fhe mixed boundary value problem. The reéultiﬁg integrals
have been evaluated asymptotically to obtain the displacement and
étress—fiéid near abou£ the crack-tip. The effect of different
values of the‘ material parameter, the angle of 1incidence of
incident wave and the crack‘propagation velécify on the stress

intensity factor have been illustrated graphically.

In the second chapter of the thesis, we have considered three
probliems -invoiving the diffraciion of elastic waves by finite
width Griffith cracks in a strip and also a problem of diffraction

ot elastic waves by a series of periodically placed Griffithv
. - i

cracks in an isotropic elastic medium.
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First probiemtof chépter 11 deals with the diffraction of elastic

SH-waves by'a:Griffith crack in an infinitely long inhomogenedus
elastic sﬁrip. The shear modulus <(u) and density (p) of -the
material have been assumed to vary Iin the vertical direction.
Appfyiﬁg the Fourier transform, the miked boundary value problem
has been réduced to the solution of the dual integral equations.
The dua | integral eﬁuatibns have beén finally redubed‘ te ‘a
Fredholm integral equation of second kind by applying the Abéf
transform. The numerical values of stfegg 1nténsity factor ah§,5
crack openihg displacement have been 1illustrated graphically ﬁb.

show the effect of inhomogeneity of the material.

In the second paper of. this chapter we have studied the tgo
dimensional pyoblems of diffraction of longitudinal waves by fa
series of periodically spacéd co-planar Griffith cracks in én
infinité, iédtropic elaéﬁic medium. Due to the periodicity ot téé
geometry, the problém can be reduced to the problem with a éingle
crack in a strip with boundaries such that shear stress and normal
displacement are zero on them. On use of Fourier transform fhél
mixed boundary value problem for a typical strip has beeh-reﬁuded

to the solution of dual integral équations and'finally to that of

Lo
!s

a Fredholnm {ntegral equation of the second kind by épplying Abe

transform. Expressions for the stress intensity factor and crakk

fopgning displacement have been derived in closed form. Numerichal

values of stress intensity ~factor and the crack openfng

displacement have been plotted graphically.

Paper 3 deals with the dynamic antiplane problem of determining
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streés ’and vdisplacement due to three copianar Griffith cracks
moving:steadiiy at a subsonic speed in aﬁ intfinite elasgtic stfip;
EmpioYing Fouiief integral transform,'the problem when the rigidly
.clamped eAges on the étrip are pulled apart In opposite directions
has Seeﬁ reduced to solving a set of fpur integral equatiohs;
These integfal equapions have beén solved ﬁsing the finite Hilbert
transtorm technique and Cook's result (1970) to obtain the exact
torm of crack ﬁpening'displacement and stress ihtensity féctors{
Making the length of the.inner crack tend to zero, tﬁe diffraction
problem for two cracks have been obtained.

Again, letting the distance between the edges of the inner and
outer  cracks tend to zefo, the diffraction problem for a single
crack haé also been deriyed. Numerical results of stress intensify

?

factors are.présentedvin'the torm of graphs.

In the last problem, 1{i.e. in paper 4 ;of qhaﬁter. I, iwe'
investigated the problem Vof determining. the antiplane dynami;
'stréss distributions around four coplanar finite length Griffitﬁ_
cracks moving steadily with cdnstant veldcit? in $n infinitely
long finite wiath strip. The two—diménsional Fourier transform4ﬁas
been used to reduce the mixed boqndary vélue pfoblem to ;the
solution of five integral equations. These integral eéuatiohs ﬁave
been solved using the finite Hilbert transform technique to obgain
the analytical form of ecrack opening - displacement and -stfeés
inténsity factors. Numeriéal results for the stress intensity

factors at the crack tips have also been depicted_graphicauhyi:

Letting the distance between the inner cracks tend to zero, ‘the -
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corresponding solution of diffraction problem in the presence of

three cracks has been derived.

Chapter 11l deals with some contacf problems and.qrack problems in
eiaStodynamics in an orthotropic elastic medium.

In ﬁhé first problém'of chaptér [I1, the elastodynamic’responsélofJ.
a pair of parallel rigid strips  embedded {n an. infinite
orthotropic medium due to elastic waves incident normally onvthé
strips has been investigated. The resulting mixed onndary vané
problem is reduced to the solution of a triple integrai equation
which has further been reduced to th; solution of an intégfb;
differential équation..ltératibe solution valid for low frequency
has been obtained. From ﬁhe sol;tion of the integral equation,?we
have found- outr thé normal stress and .vertiéal disp}écehent,iaf
points in the plane of the strips.' Finally; choosing éhg
engineering elastic coﬁstaﬂts of the orthotropic material suitapli
the results for isotropic materiﬁl have been deduced and cqmpaéea.
with thevresults obtained by Jain and Kanwal (1972.b) Numeriéaf
values of the stress intensity factor§ at inner and;outer edges{oﬁ
the strips for several orthotropiec mate?ials have been'calculaéed

and plotted graphically to show the effect of material orthotropy{

Problem 2 of this chapter deals with the problem of diffraction of
normally ‘incident elastic waves by two coplanar Griffith crabks'ﬁ

situated in én_infinite orthotropic medium.. Fourier and Hilbert.

transform techniques have been used to solve this mixed boundary

value problem. The resulting triple integral equation has been
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reduced to the solution of an 1integro-differential equation: and
approxiﬁate solution has been obtained. These solutions have been
Qsed to obtain approximate analytical results for stress intensity
factors and crack ppening displacements when the wave lengthsiare
large compared to the crack length., Making the distance between
two cracks zero, the corresponding results for a single crack has
been pregented. Finally, choosing the engineering elaéiic
constants of the orthotropic material suitably the results .for
isotroéic material have been deduced and compared with the results
obtained by Jain and Kanwal (19724) To display the influence of
the material orthotropy numerical wvalues of stress iIintensity

factors and crack dpening displacements have been plotted for

several orthotropic materials.

In paper 3, we have considered the problem of dynamic response of
three coplanar Griffith cracks in an infinite orthotropic medium’

due to elastic waves incident normally on the cracks. Fourier

s
|

transtorm technique has been used to reduce the elastodynamic
problem to the solution of a set of four integral equations. These
1nteéral equations have been &golved by using finite Hilqért
transform technique and Cook’'s result. The analytical forms; of
crack opening displacements and stress intensity factors hgve been
deriQed for low frequency vibration. Making the length of the
central crack tend to =zero, the corresponding results for ‘two
Griffith cracks have been obtained; Numericalvresults for stress
intensity factors and crack opening displacements have beén?

plotted against dimensionless frequency and distance respectively:
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for difterent orthotropic materials which have been shown

graphically.

The last problem éf this chapter deals with ‘the problem of
diffraction of normally incident elastic waves due to four
COplanar' Griffith c¢racks in an iInfinite orthotropic elastic
medium. The taces of eéqh of tge cracks do not come into contact
during small deformation of the solid beéause a small distanée are
assumed to be separated. By the use of the Fourier integral, the
mixed boundary value problém has been reduced to solving a set of
five integral equations which have beén solved by finite Hilbert'.
transforﬁ tEthique.'This enables us to obtain'apprdximaté valiue
of the crack opening displacements aﬁa stress intenéity factors at
the crack tips,_Thé eftect of gtress iﬁtensity factors and crack
-openiﬁg displacements at the edges of the “cracks'wfot_'séverél
orthotropic materials have been calculated and plotted by heaﬁs'bf
graphs. Also letting the distance of the inner cracks tend to

zera, the corresponding results for three «cracks have been

obtained.

With this ﬁuch of introduction, we now present the thesis

chapterwise. References given in the thesis do not include all the

previous "workers in this line. But aftempt has been made to

incYﬁde most of them.



