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Chapter 2 

ON THE GROWTH ESTIMATES 
OF DIFFERENTIAL MONOMIALS 
AND DIFFERENTIAL 
POLYNOMIALS GENERATED BY 
MEROMORPHIC FUNCTIONS 

2.1 Introduction, Definitions and Notations. 

For any two transcendental entire functions f and g dcfinrd in the opcu 
complrx plane C, Clunic [6] proved that 

1
. T(r,fog) d 

1
. T(r,jog) 

1m = oc an 1m = oo. 
r-~oo T( T~ .n r ~oo T( r, y) 

Singh [42) proved some comparative growth properties of log T(L fog) and 
T(r, f). He also raised the problem of investigating the comparative grmvth 
of log T(r. f o g) and T( r, g) which he was unable to solve. HmveveL. some 
results on the comparative growth of log T(r: fog) and T( r, g) are proved in 
[26]. 

Let f be a non-constant meromorphic function defined in the open complex 
plane C. Also let noj,nlj.· .. nkj(k > 1) be non-negative integers such that for 

k 

each j, L:;nij > 1. We call 
i=O 

Communicated 
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where T ( r, Aj) = S ( r, f) to be a differential monomial generated by f. The 
numbers 

k k 

rMJ = Lnij 
i=O 

and ruj = L:(i + l)nij 
i=O 

are called respectively the degree and weight of M1 [!] { [8], [38]}. The 
s 

expression P [f] = I: "~1j [f] is called a differential polynomial generated by 
j=l 

f. The numbers 

rP-= max {A!j and rp = max rMj 
1 <; j <; s . 1 <; _j <; s 

are called respectively the degree and weight of P [!] { [8], [38]} . Also we 
call the numbers rP = min rMJ and k (the order of the highest derivative 

__ l<;J<;s 

of f ) the lower degree and the order of P (f] respectively. If rp = {P, 

P [f] is called a homogeneous differential polynomiaL In this chapter we 
further investigate the question of Singh [42] mentioned earlier and prove 
some new results relating to the comparative growths of composite entire or 
meromorphic functions and differential monomials, differential polynomials 
generated by one of the factors. Throughout the chapter we consider only the 
non-constant differential polynomials and we denote by P0 [f] a differential 
polynomial not containing f i.e., for which noj = 0 for .J = 1, 2, ... s. We 
consider only those P [f], P0 [f] singularities of whose individual terms do 
not cancel each other. We also denote by l\1 [f] a differential monomial 
generated by a transcendental meromorphic function f. 

The following definitions are well known. 

Definition 2.1.1 The order P! and lower order AJ of a meromorphic 
function f are defined as 

l
. log T(r, f) d 

PJ = 1msup 
1 

an 
r-.x ogr 

, ~ 
1
. . flog T(r, f) 

/\f ~ Imm 1 . 
r~oo og r 

Iff is entire, one can easily verify that 

I
. log[2

] M(r, f) 
PJ = 1msup 

r-.x log T 

, ~ 
1
. . flog[2

] M(r, f) 
and /\ f ~ 1m m 

1 
, 

r~x ogr 

where log[k] x = log(log[k-J] x) for k = 1, 2, 3, ... and logfo] x = x. 
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Definition 2.1.2 The hyper order PJ and hyper lower order AJ of a 
meromorphic function f are defined as follows 

_ . log[2l T(r, f) d ,-
1
. . flog[2

] T(r, f) 
PJ = hmsup 

1 
an /\f = 1mm . 

r---->00 og r r-->oo log r 

Iff is entire, then 

- . log[3lAf(r,f) - .. log[3lM(r,f) 
PJ = hmsup and AJ = hmmf 

1 
. 

r-->X log T' T-->X Og r 

Definition 2.1.3 [29} Let f be a meromorphic function of order zero. Then 
the quantities pj and ,\ j are defined in the following way : 

,. . log T(r, f) 
p1 = hmsup [2] , 

r·__,x log r 
, * 

1
. . flog T(r, f) 

/\! = lffilll 
r---->00 logf2] r 

rr f 18 entzre then clearly 

'2] 
* ~ 

1
. logl A1(r, f) 

PJ - 1m sup [2] 
'* 

1 
.. flog[

2lM(r,f) 
/\f = lffi Ill [] 

. r~-+oo log 2 T r~oo log T 

Definition 2.1.4 The type O"f and loweT type r]f of a meromoTphic functzon 
f is defined as 

. T(r, f) 
a r = hm sup---

. r~->x rPJ 
and 

. . T (r, f) 
T}f = hmmf , 

r-->oo rPJ 
0 < PJ < oo. 

When f is entire, then 

l
. log J\1 ( r, f) 

af ·--:: liDSUp -
r-.oo rPJ 

d l
. . flog lvf ( r, f)() 

an TJJ-1mm , 
r-->oo rPJ 

< Pf < 00 · 

Definition 2 .1. 5 [ 1 0} The weak type Tf of a meromorphic function f of finite 
positive lower order ,\ f is defined by 

l
. . fT(r, f) 

TJ = lffilll A 
r-->x: r 1 

For entire f , 

l .. flogl\4(r,f) , 
T f =-=- 1m m 0 < /\1 < oo. 

r-->oo rAJ ' 
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Definition 2.1.6 Let 'a' be a complex number, finite or infinite. The 
Nevanlinna deficiency and the Valiron deficiency of' a' with respect to a mero­
morphic function f are defined as 

A( f) 1. N(r, a; f) 1. . fm(r, a; f) 
u a; =1- 1msup T( f) = Imln T( f) 

r--+oo r, r--+oo r, 

and 
A( ) . . N(r, a; f) 1. m(r, a; f) 

D a; f = 1- hm mf ( f) = 1m sup T( f) . 
r--+oc T r, T--+OC r, 

From the second fundamental theorem it follows that the set of values of 
o E CC U { oo} for which 8 (a; f) > 0 is countable and 2: 8 (a; f)+ 6 ( oo; f) < 2 

acfoc 

( cf. [21], p.43). If in particular, L 6 (a: f) + 6 ( oo; f) = 2, we say that f has 
a foe 

the maximum deficiency sum. 

Definition 2.1. 7 The quantity 8( a: f) of a meromorphic function f zs 
defined as follows 

( 
.) . 1V(r,a;f) 

8a:.f. =1-hmsup T( f) 
T--+OC r, . 

Definition 2.1.8 [46] For a E CCU {oo}, we denote by n(r,a;f I= 1), the 

number of simple zeros off- a in lzl < r. N(r, a; f i= 1) is defined zn terms 
ofn(r.n;f lc::= 1) in the usual way. We put 

. N(r,a;f I= 1) 
li1 (a: f) = 1 - hm sup T ( . f) 

T'--"'Y- r,. 

the deficiency of 'a' corresponding to the simple a- points of f z. e., szmple 
zeros off - a. 

Yang [45] proved that there exists at most a denumerable number of 

complex numbers a E CCU { oo} for which 81 (a; f) > 0 and L 81 (a; f) < 4. 
aE<CU{ oo} 

Definition 2.1.9 [28} For a E CCu{ oo}, let np(r, a: f) denotes the number of 
zeros off- a in lzl < r, where a zero of multiplicity < p is counted according 
to its multiplicity and a zero of multiplicity > p is counted exactly p times; 
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and Np(r, a; f) is defined in terms of np(r, a; f) in the usual way. We define 
the quantity bp( a; f) as follows : 

_ ( f) . Np(r,a;f) 
bp a; = 1- hmsup T( f) 

r->oo r, 

Definition 2.1.10 [3} P[f] is said to be admissible if 

( i) P[f] is homogeneous, or 
(ii) P[f] is non homogeneous and m(r, f)= S(r, f). 

Since the natural extension of a derivative is a differential polynomial, 
in this chapter we also prove our results for special type of linear differen­
tial polynomials viz., the wronskians. In this chapter we prove some new 
results depending on the comparative growth properties of composite entire 
or meromorphic functions and wronskians generated by one of the factors 
which improve some earlier theorems. 

To this end we give the following two definitions : 

Definition 2 .1.11 A meromorphic function a = a( z) is called small with 
respect to f if T(r, a) = S(r, f). 

Definition 2.1.12 Let a 1 , a 2 , .... ak be linearly independent meromorphic 
functions and small with respect to f. We denote by L (f)= W (a1, a2, .... ak, f) 
the ~Vronskian determinant of a 1 , a 2 , .... , ak, f i.e., 

a1 a2 ak f 
I fl 

ak 
I I 

a1 a2 

L (f)= 

(k) 'k) 
(Ll a\ 

2 

2.2 Lemmas. 

In this section we present some lemmas which will be needed in the sequel. 

Lemma 2. 2.1 [ 1} Iff is meromorphic and g is entire then for all sufficiently 
large values of r 7 

T(r, fog) < { 1+ o(l)} I Tt/) ) T(M(r, g), f) 
og r,g 
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Lemma 2.2.2 [2} Let f be meromorphic and g be entire and suppose that 
0 < J-L < Pg < oo. Then for a sequence of values of r tending to infinity,. 

T(r, fog) > T(exp(rll), f). 

Lemma 2.2.3 {3} Let P0 [f] be admissible. Iff is of finite order or of non­
zero lower order and L 8 (a; f) = 2 then 

afoo 

l
. T(r, Po [f]) _ r 
Im T( f) -- Pr.J. r--.CXJ r, 

Lemma 2.2.4 {3} Let f be either of finite order or of non-zero lower order 
such that 8(oo:f) = I: 6p(a;f) = 1 or6(oo:f) = L 6(a;f) = L Then for 

afoo afcx 

hnmnoP.nP.nus Pn f f1 . 
~ ~ .. - - .J - - - - -- - u L.J J 

l" T(T, Po [f]) _ 
1m T( f) -- rP0 • r--e,oc r, 

Lemma 2.2.5 {10}If f be a meromorphic function of regular growth i.e., 
AJ = p 1, then the following quantities 

( .) 1. T(r,f) ( .. ) 1 .. fT(T,f) 
. 1 a f = 1m sup · , zz TJ = 1m m A 

r---+cx rPJ r·--.cx T I 

. . . T (r, f) 
( 1.) ru =~ hm mf · , ( ) 

- . T (r, f) 
ii TJ=hmsup A 

r->c:)o rPI T-->CX T f 

are all equwalent. 

Lemma 2.2.6 Let f be a meromorphic function of finite order or of non zero 
lower order. rt I: e( a: f) = 2, then the order {lower order J of homogeneous 

ajrx; 

Po [f] is same as that of f. Also the type and lower type of Po [f] zs r Po tzmes 
that off iff is of positive finite order. 

Proof. By Lemma 2.2.3, lim logT(r,Po[f]) exists and is equal to 1. 
" r-->YV log T(rJ) 

1
. logT(r, Po [f]) 

PPo[f] = liD sup l 
r-+oo og T 

l
. log T(r, f) 

1
. log T(T, Po [f)) = 1msup . 1m 

r-->YV log r r-->YV log T( r, f) 

= PJ-1 = PJ· 



In a similar manner, Ap0 [!] = AJ. 
Again by Lemma 2.2.3, 

. T(r, Po [f]) 
O"p0 [f] = hmsup PR 

T-700 r oUJ 

l
. T( r, Po[!]) 

1
. T( r, f) 

= 1m . 1msup 
r-.oo T( r, f) r-<>o rPJ 

= fPo.O"J. 

Similarly TlPo[f] = r Po.77J. 

This proves the lemma. • 
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Lemma 2.2. 7 Let f be a meromorphic function of finite order or of non-zero 
lower order such that 8 (oo: f)= 2: 6p(a: f)= 1 orb (oo: f)= L o(a; f)= 

af=oo af=oo 

1. Then the order {lower order) of homogeneous Po [f] and f are same. Also 
the type and lower lype of Po[!] is !Po times that off when f is of finite 
positive order. 

We omit the proof of the lenuna because it can be carried out in the line 
of Lernma 2.2.6 and with the help of Lemma 2.2.4. 

Lemrna 2.2.8 Let f be a meromorphzc function of finite order or of non zero 
lower order. If 2: 8( a; f) = 2, then the weak type of P0 [f] is r Po times that 

ac/x 
off zf f zs of finite positive lower order. 

Proof. By Lemma 2.2.3 

Again by Lemma 2.2.3 

l. . fT(r, Po [f]) 
Tp0 [f] = 1m Ill ). 

T-700 p Po[!] 

l. T( r, Po [f]) 
1
. . fT( r, f) = lm . lm In --c----

T-?XJ T(r, f) r--+XJ r>.f 

= fp0 Tj. 

This proves the lemma • 



Remark 2.2.1 Iff be a meromorphic function of regular growth i.e., AJ = 
PJ and of finite order or of non zero lower order with 2: 8(a; f) = 2, then 

a#oo 

the quantity T Po[!] is r Po times that of f where f is of finite positive lower 
order. 
We omit the proof because it can be carried out in the line of Lemma 2.2.8 
and with the help of Lemma 2.2.5. 

Lemma 2.2.9 Let f be a meromorphic function of finite order or of non-zero 
lower order such that 8 (oo: f)= 2: bp(a: f)= 1 or 6 (oo: .f)-= L b(a: f)= 

afXJ afoo 

1. Then the weak type of Po [f] is rPo times that off when .f is of finite 
positive lower order. 

We omit the proof of the lemma because it can be carried out in the line 
of Lemma 2.2.8 and with the help of Lemma 2.2.4. 

Remark 2.2.2 If .f be a meromorphic function of regular growth i.e., AJ = 

Pi and of finite order or of non zero lower order with 8 ( oo; .f) = 2: bp( a: f) =-'"' 
afx 

1 or 6 (oo; f) = L 6(a; f) = 1, then the quantity Tpo[JliS rPo times that of 
afx 

f 'Where f is of finite positive lower order. 

Lemma 2.2.10 Let .f be a meromorphic function of finite order or of non­
zero lower order and 2: 8 (a; f) = 2. Then the hyper order (hyper lower 

afx 

order) of Po [f] and f are equal. 

We omit the proof of Lemma 2.2.10 because it can be carried out in the 
line of Lemma 2.2.6. 

Remark 2.2.3 The conclusion of Lemma 2.2.11 can also be deduced under 
the hypothesis 8 ( oo; f) = 2: bp( a; f) 1 or 6 ( oo; f) = 2: 6( a; f) = 1 

afoo afoc 

instead of 2: e (a; f) = 2. 
a#oo 

Lemma 2.2.11 [31} Let f be a transcendental meromorphic function of fi­

nite order or of non-zero lower order and '2.::: (h (a; f) = 4, then 
aECU{oc} 
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where 
-

. N(r, f) 
8(oo;f)=l-hmsupT( f) 

r-<XJ r, 

Lemma 2.2.12 Iff be a transcendental meromorphic function of finite order 
or of non-zero lower order and L 51 (a; f) = 4, then the order and lower 

aE<CU{ x} 

order of 1\l[f] are same as those off. Also the type, lower type and weak 
type of M[f] is {fJJ- (CH- rM)8(oo;f)} times that off, i.e., Plvi[f]-= 

p1 , \M[!J = AJ, a-Ailfl = {rM- (rAJ- rM)8(x;f)}a1 , 'r/Ar[fJ = {rM­
(CH -- rA/)8( oo: f) }ru when f is of finite positive order and TM[J] = {C~J -
(fA1 - rM )8( oo; f) }rJ when f is of finite positive lower order. 

P f B T 0 " '3 ]· log T( r.A:f[f]) . t. d . l t 1 S roo . y .-_lemma .:..-'""'·· , nn_1 1 T(. f) ex1s s an 1s equa o . o 
r->x og r, 

, _ 
1
. log T (T, f) 

1
. log T (r, .t\1[f]) 

PMffi - lm_sup l . lm l T ( f) 
' . r--->X og T T->X og T,. 

c:__ PI . 1 :::: PJ . 

In a similar manner, AM[JJ = AJ· 
Again 

. T (r, ,,;f[f]) 
aM ffl ..::.: hm sup _c___--.-::.~ 

, r ->00 rPM[f] 

l
. T (r, l\1[1]) r· T ( T, f) = 1m · 1msup 

r---.oo T ( T, f) r-->x TP! 

= {fM -- (fM- ~IM )8( oo; f) }af -

In a similar manner, lJM[fJ -=- {Cu- (rM- rM)8(oo: f)}ru. 
Also 

. . T ( T, J\1[1]) 
TM [.f 1 = lun mf -'--:-.\ --.-:.____c._ 

r----.x T M[f] 

l
. T (r, M[f]) 

1
. . fT (r, f) 

= lffi · lffi Ill --:---'-
r---.oo T (T, f) r----x rAJ 

= {fM- (fM- rM )8( oo; f) }Tj . 

This proves the lemma. • 
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Remark 2.2.4 In the line of Lemma 2.2.12 one can easily verify that for a 
transcendental meromorphic function f of regular growth i.e., >.. f = P! and of 

finite order or of non zero lower order with L (h (a; f) = 4, the quantity 
aECU{oc} 

TM[J]is {r M- (rM -I'M )8( oo; f)} times that off where f is of finite positive 
lower order. 

Lemma 2.2.13 Let f be a transcendental meromorphic function of finite or­
der or of non-zero lower order and L 61 (a: f) = 4. Then the hyper order 

aECU{ oc} 

(hyper lower order) of P[f] and f are equal. 

We omit the proof of Lemma 2.2.13 because it can be carried out in the line 
of Lemma 2.2.12. 

Lemma 2.2.14 {32} Let f be a transcendental meromorphic function having 
the maxzmum deficiency sum . Then 

. T ( r, L (f)) k _ . 
1 

.. 
hm T ( f) =-==- 1 + : - ko ( oo; ) . 

r---.x r, 

Lemma 2.2.15 Iff be a transcendental meromorphicfunction with the max­
imum deficiency sum, then the order and lower order of L(f) are same 
as those of f.Also the type, lower type and the weak type of L[f] is {1 + 
k- k6(oo;f)} times that off, z.e., PL[f] = Pf, AL[f] =- AJ, aL[f] = 

{l+k-k6(oo;f))}af, 77L[fJ = {1+k-k6(oo;f))}17J whenf is of finite 
positive order and TL[f] = { 1 + k - k6 ( oo; f) }Tf when f is of finite positive 
lower order. 

Proof. By Lemma 2.2.14, 

1
. logT(r,L(f)) 1m ____ -,-'--'-

r--.oo log T( r, f) 



exists and is equal to 1. So 

I
. logT(r, L(f)) 

PL[f] = Imsup I 
r-too og r 

I
. log T( r, f) 

1
. log T( r, L(f)) 

= 1msup . 1m 
r-too log r r---->oc log T( r, f) 

= PJ·l 

=Pi· 

In a similar manner, ,\ L[f] = ,\ J. 
Again 

. T ( r, J\!1 [!]) 
aL[f] = hmsup PL 1 r 7()() r [!, 

=c= lim T (r, A1[f]) . lim sup T (r, f) 
r >x T ( r, f) r-.oo rPJ 

{ 1 + k- k8 ( oo; f) }a.r . 

Similarly 7JLtJJ - { 1 -t k: - k:t5 ( oo; f)) }ru 
Al::Jo 

l' . f T (r, A~I[f]) 
TL[fJ -- 1~~ r>.Lifl 

l
. T ('r, A1[f]) 

1
. . fT ( r, f) = 1m . · 1m Ill --,---

r--.:x; T (r, f) r-7:x; rAJ 

= { 1 t k - kt5 ( 00; f) }TJ . 

This proves the lemma. • 
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Remark 2.2.5 In the line of Lemma 2.2.1.5 one can easily verify that for a 
transcendental meromorphic function f of regular growth i.e., ,\ f = p f and 
of finite order or of non zero lower order with the maximum deficiency sum, 

the quantity TL[f]is {1 + k- kt5 (oo; f)} times that of f. 

Lemma 2.2.16 Iff be a transcendental meromorphic function with the max­
imum deficiency sum . Then the hyper order (hyper lower order) of L[f] and 
f are equal. 

We omit the proof of Lemma 2.2.16 because it can be carried out in the 
line of Lemma 2.2.15. 
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Lemma 2.2.17 (35} Let f and g be two transcendental entire functions with 
p9 < oo, TJ be a constant satisfying 0 < TJ < 1 and a be a positive number. 
Then 

T(r, fog)+ 0(1) > N(r, 0; fog) 

>log ~ N(M((ryr):+a,g),O,j) _ 0(1) 
[ 

1 ] (J log M((ryr)ri<>,g)- 0(1) 

as r -+ oo through all values. 

Lemma 2.2.18 [11}If f be any meromorph·ic function or entire function of 
order zero. Then (i) pj = 1 and ( ii) A j = 1. 

2.3 Theorems. 

In this section we present the main results of the chapter. 

Theorem 2.3.1 Let f, g and h be three entire functions such that Ph < AJ < 
P! < 00 and Ph< /\g . Also let L e(a; f)= L e(a; g)= 2. Then 

nix alx 

lim {log T(r-, f o h) } 2 = 0 
r~oc T( r, Po [f])T( r, Po [g]) . 

Proof. It is well known that for an entire function h, T(r-, h) <log+ AI(T, h). 
So in view of Lemma 2.2.1 we get for all sufficiently large values of T 1 

T(r-, f o h)< {1 + o(1)}T(!VI(r, h), f) 

1.e., logT(r, f o h)< log{1 + o(l)} + logT(M(r-, h), f) 

1.e.. log T(T, f o h) < o(1) + (PJ + t:) log 1\l(T, h) 
1.e.. logT(r, .f o h)< o(l) + (PJ + c)rP~t+<. (2.1) 

Also by Lemma 2.2.6 we obtain for all sufficiently large values of r, 

T(r, P0 [g]) > r-(>-PufgJ-t) = r>..9 -E. (2.2) 

Now combining (2.1) and (2.2) it follows for all sufficiently large values of r, 

log T(r, f o h) < o(l) + (p1 + t:)rP"+E 
T(r, P0 [g]) - r>-9-f 

l
. logT(r,foh) . o(1)+(p1 +t:)rPh+f 

z.e., 1msup T( [ ]) < hmsup >- t 
r->oo r, Po g r->X r 9 -

(2.3) 



As Ph < >..g, we can choose E (> 0) in such a way that 

Ph + E < Ag - E. 

So in view of ( 2.3) we get from above that 

l
. logT(r,foh) 

0 1msup = 
r-.oo T(r, Po [g]) 

30 

. . log T ( r·, f o h) 
1 .e., hm T ( R [ ]) = 0 . (2.4) 

r->oo r, 0 g 

Again in view of Lemma 2.2.6 we get for all sufficiently large values ofT. 

log T( r, Po [f]) > ( Ap
0
[J] - E) log r 

· Ti n r -rl \ '> .>..J-f 7.e., \T,tutJJJ::_r - (') ::; \ __ .,! 

Since Ph< Af: we can choose ( (> 0) in such a way that 

Ph + E < ).. f - c 

Now combining (2.1) and (2.5) it follows from above for all sufficiently large 
values of r, 

logT(r, f o h) < o(l) + (PJ + c)rPh-+( 

T(r, Po [f)) - r:>,J-f 

. logT(r, f o h) 
z.e" h~::_.~p T(r, Po[!]) = 0 

. . logT(r, f o h) 
I.e., }~~ T(r, Po[!]) = 0. (2.6) 

Therefore in view of (2.4) and (2.6). we obtain that 

I
. {log T(r, f o h)F 

1
. log T('r, f o h) 

1
. log T(r, f o h) 

1m = 1m · 1m ---,----::--::-:--
r--+oo T( r, Po [f))T( r, P0 [g)) r->x T( r, Po [f]) r->x T( r, Po [g]) 

z.e., lim {logT(r,foh)}
2 

=O 
r--+ooT(r, Po [f])T(r, Po [g]) . 

This proves the theorem. • 

Remark 2.3.1 The conclusion of Theorem 1 can also be deduced under the 

hypothesis 8(oo;f) = 2: 8p(a:f) 1 or 8(oo;f) = 2: 8(a;f) = 1 and 
afoo afx 
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8 ( oo; g) = L t5p( a; g) = 1 or t5 ( oo; g) = L <5( a; g) = 1 instead of L 8( a; f) = 
afoc afoo afoc 

2 and L 8( a; g) = 2 respectively. 
afoo 

In the line of Theorem 2.3.1 and with the help of Lemma 2.2.1 and Lemma 
2.2.12 we may proof the following theorem. 

Theorem 2.3.2 Let f, g be two transcendental entire functions and h be any 
entire function such that Ph < AJ < p f < oo and Ph < A9 . Also let f, g be 

transcendental with L <51 (a; f) = I: <51 (a; g) = 4. Then 
aECU{ oc} aECU{ oc} 

lim {log T (r, f o h)} 
2 

= 0 . 
r--.ooT (r, l'v1[f]) T (r, "~f[g]) 

Proof. In view of Lemma 2.2.12 we obtain for all sufficiently large values of 
r, 

T(r. ,H [g]) > rP'AI[g:-f)- TA9 -r. (2.7) 

Now combining (2.1) and (2.7) it follows for all sufficiently large values of r. 

log T(r, f o h) < o(1) + (PJ + E)rPh t£ 

T(r, "~1 [g]) - rAg-E 

l
. logT(T,foh) 

1
. o(1)+(Pt+t:)rPh-h 

lffi sup . . < liD su p__:__;___;__-;-A ---'------
7'-"00 T(r.l\f[g]) r---. 00 r g-E 

As Ph < )..9 , we can choose c (> 0) in such a way that 

Ph + E < Ag - f. 

So in view of (2.8) we get from above that 

l
. logT(r,foh) 

0 1msup = 
r->oo T (r, M [g]) 

. . log T (r, f o h) 
1.e., }~~ T (r, M [g]) = 0 · 

(2.8) 

(2.9) 

Again in view of Lemma 2.2.12 we get for all sufficiently large values of r, 

log T(T, l\1 [!]) > (AM[fl -E) log T 

i.e., T( T, l\1 [!]) > rAJ-c:. (2.10) 
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Since Ph < AJ, we can choose t: (> 0) in such a way that 

Ph + t: < ).. f - t. 

Now combining (2.1) and (2.10) it follows from above for all sufficiently large 
values of r, 

logT(r,joh) < o(1)+(Pt+t:)rPh+t 
T(r, A1 (!]) - rAJ-f 

. logT(r,foh) 
't.e., h~~p T(r, lvf [!]) = 0 

. . logT(r,foh) 
z.e., }2_.~ T(r, IV! [f]) = O. (2.11) 

Therefore in view of (2.9) and (2.11), we obtain that 

lim {log T(r, f o h)J2 = lim log T(r, f o h) . lim log T(r, f o h) 
r->cxT(r, 1\1 [J])T(r, 1\f [g]) r-->oo T(r, ]\;{ [!]) r-•cx T(r, 1'1 [g]) 

=---= 0 

l.C .. 
r {logT(r, J o h)F "' 0 _ 
~~~T(r, 1\f [f])T(T, 1\f (g]) 

Thi~ proves the theorem. • 
In the next theorem we establish a result parallel to Theorem 2.:3.1 consJd­

ering f and g to be two transcendental entire functions having the maximum 
deficiency sum. 

Theorem 2.3.3 Let f and g be any two transcendental entire functions 
having maximum deficiency sum and h be any entire function such that 

Ph< Af < PJ < oo and Ph< Ag- Then 

lim {log T (T, f o h)} 
2 

= 0 
r-.ooT (r, L[j]) T (r, L[g]) . 

Proof. In view of Lemma 2.2.15 we obtain for all sufficiently large values of 
r, 

(2.12) 

and 
(2.13) 



As Ph < A.9 , we can choose E (> 0) in such a way that 

Ph+ E <Ag-E. 
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Now combining (2.1) and (2.12) it follows from above for all sufficiently large 
values of r, 

log T(r, f o h) < o(1) + (PJ + E)rPh+{ 
T(r,L[g]) - r>.g-f 

l
. logT(r,foh) 

1
. o(1)+(p1 +c)rPh+c 

1.e.. 1msup ( [ ]) < 1msup >. { r-·-?X T r, L g T---->X r g-

1.e., lim sup log T (r, f 0 h) = 0 
r-.x T (r, L [g]) 

1og T r1, f ~ h\ . 
1
. I \ l u ) 

L e., 1m _ ( [ ] ) - 0 . T->X T T, L g 
(2.14) 

Since Ph < A.r. we can choose E ( > 0) in such a way that 

Ph + E < Af - c. 

Now combining (2.1) and (2.13) it follows from above for all sufficiently large 
values of r, 

log T( r, f o h) < o( 1) + (p f + E )rP" f ( 

T(r, L [f]) - r/\J-E 

. logT(r,foh) 
z.c .. hm sup ( [ ]) - 0 

r-•x T r, L f 
. . logT(r, f o h) 
1.e .. hm T( [ [f]) = 0. (2.15) , ____ ,oo r . .) . 

Therefore in view of (2.14) and (2.15), we obtain that 

1
. {log T('r, f o h) P 

1
. log T(r, f o h) 

1
. log T(r, f o h) 

lm = Im . Im -----=~-
T---->xT(r, L [j])T(r, L [g]) r---->x T(r, L [f]) r---->oo T(r, L [g]) 
r {logT(r,Joh)p 

~.e., r~~T(r, L [f])T(r, L [g]) = 0 · 

This proves the theorem. • 

Theorem 2.3.4 Let f be meromorphic and g be entire transcendental such 
that Pi= 0 and L 8(a; fog)= 2. Then PPoffog] > 11 where 0 < fL < Pg· 

afx 



Proof. In view of Lemma 2.2.6, and for 0 < J-L < p9 we get by Lemma 2.2.2 
that 

. log T( r, f o g) 
PPo[fog] = PJog = hm sup l 

r->oo og r 

l 
.. flogT(exp(r~t),f) > 1mm------

_ r->oo log r 

l 
.. flogl2l(exp(r~t)) 

1 
.. flogT(exp(r11 ),f) 

> 1m m · 1m m ----::-=-;-------
- r->oo log T r-->oo logl2l ( exp( rti)) 

. . log rJ.L * 
= hmmf 

1 
· >.1 r--->oo og T 

=J-L·>.j. 

Thus in view of Lemma 2.2.18, the theorem follows from above. • 

Remark 2.3.2 The condition p < p9 in Theorem 2.3.4 is essential as we see 
in the following example. 

Example 2.3.1 Let 

Also let .s - l. /1 1 = 1 and 

Then 

and 

f -- z and g == exp z . 

nil = 1. for i = 1 

= 0, fori ¥- 1. 

Po[! o g] ==-- exp .z 

~8 (a; fog)= 2 , PJ = 0 , >.j = 1 and p9 = PJog = 1 . 
af-x 

Also let 

J-L=2. 

Therefore 

J-LA j = 2, 

which is contrary to Theorem 2.3.4. 



Remark 2.3.3 The conclusion of Theorem 2.3.4 can also be deduced under 
the hypothesis e (oo; fog) 2: 6p(a; f o g) 1 or 

a=/=oo 

6 (oo; fog)= 2: 6(a; fog)= 1 instead of 2: 8(a; fog)= 2. 
~00 ~00 

Theorem 2.3.5 Let f be meromorphic and g be transcendental entire such 

that Pi= 0 and L 61 (a; fog)= 4 .. Then PM[fog] > f1 where 0 < f1 < p9 . 

aECU{oo} 

The proof is omitted because it can be carried out in the line of Theorem 
2.3.4 and with the help of Lemma 2.2.2 : Lemma 2.2.12 and Lemma 2.2.18, 

Theorem 2.3.6 Let f o g be transcendental meromorphic function having 

maximum deficiency sum such that Pi =- 0 . Then PL[fog] > f1 where 0 < 11 < 

Pg· 

The proof of the above theorem is also omitted because it can be carried 
out in the line of Theorem 2.3.4 and with the help of Lemma 2.2.2 , Lemma 
2.2.1.5 and Lemma 2.2.18. 

Remark 2.3.4 The condition J1 < p9 in Theorem 23.6 is essential as we see 
in the following example. 

Example 2.3.2 Let 

f = z and g = exp z . 

So 
fog= expz. 

Also let 

Jl = 3. 

Then 

P! = 0, ,\.f = L {Jg = {Jfog ::c_ 1 and L b(a; fog)+ b(oo; fog)= 2. 
a=/=oo 

Taking a1 = 1 , a 2 = ... = ak = 0 and k = 1 in Definition 2.1.12 we get that 

L(f o g)= 

Therefore 

1 expz 

0 expz 

flA j = 3, 

which is contrary to Theorem 2.3.6. 

= expz. 



Theorem 2.3. 7 Let f be a meromorphic function and g be an entire function 
with 0 < AJ < PJ < oo, p9 < oo and 2: 8(a; f) = 2. Then for any a f 

afx 

( -oo, oo), 
lim [log{T(r, fog) log J\1(r, g)}p+a = 

0 
r~oc T( exp r, Po[!]) · 

Proof. If 1 + o: < 0, the theorem is obvious. So we suppose that 1 + o: > 0. 
In view of Lemma 2.l.l. we have for all sufficiently large values of r, 

log{T(r, fog) log J\J(r, g)} 

< logT(r, g)+ logT(A1(r, g), f)+ log{l + o(l)} 

t.e., log{T(r·, fog) log Af(T, g)} < (p9 +c) log r + (p1 + c)rPg+c + o(l) 

7.c., log{T(r. fog) log .A~f(r, g)} 

{ 

.. 1 (p9 + c )rl·Po9g+·~.· + o( 1)} . :S Tp'i h (p j + [) I ' (2.16) 

Again in view of Lemma 2.2.6, we get for all sufficiently large values of r, 

logT(expr. Po [f]) > (.APo[fl- c) log (expr) 

i . e. , T ( exp r, Po [ f]) > exp { (). f - f) r } . ( 2 .1 7) 

Now combining (2.16) and (2.17) it followt> for all sufficiently large values of 
T, 

1 • .(pq+t)(l+a) {( ·t· ·) + (p9 +c)logrto(l)}Ha 
tlog{T(r, j o g) log J\1(r, g)}]l+n < ~ · Pi c r·Pg+' 

T( exp r, P0 [f]) exp { (). f - c )r} 

: 
1
. [log{T(r, fog) log M(r, g)}p+a _ 

0 t.e., 1msup [ ]) - , 
r~oo T( exp r, Po f 

from which the theorem follows. • 

Remark 2.3.5 If we replace L 8(a; f)= 2 bye (oo: f) = L r5p(a; f)= 1 
afx afoo 

or r5 ( oo; f) = 2::: r5( a; f) = 1 and the other conditions remain the same then 
afoo 

also Theorem 2.3.7 is valid. 
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Remark 2.3.6 The condition pq < oo in Theorem 2.3.7 is necessary as we 
see in the following example. 

Example 2.3.3 Let 

f = exp z ·' g = exp[3J z and o = 0. 

Also lets =~ 1, A1 = 1 and 

nll = L for ·i -- 1 

- 0, fori t 1. 

Then Po[!] = exp z 
and 

I:e (a; f) = 2 , AJ = P.r = 1 , p9 = oo. 
a-f•x 

Now 

T(r, fog) > ~log J\1[ (!:_.fog) . . . . -- 3 2 . 

'I.e., T(T, fog)>~ logexp[·!J (~) 

L e., T ( r, f o g) > ~ expl3l ( ~) 
and 

Therefore, 

l
. [log{T(r, fog) log !vl(r, g)} jl l-a 

1
. . f log{T(r, fog) log M(r, g)} 

lffi = lffilll 
r-•x T( exp r, P0 [.f]) r->x T( exp T, exp z) 

. . log{ l expPl ( ~) . exp[2l r} 
> hm mf 3 ~ 
- r~x { ex!r} 

=X, 

which is contrary to Theorem 2.3.7 . 

Theorem 2.3.8 Let f be meromorphic and g be entire such that 0 < A9 < 
p9 < oo, Pi< oo and I: E>(a: g) · 2. Then joT any o: r ( -oo, oo), 

afx 

lim [log{T(r, f o g) log JU (r, g)} ]l+a = 
0 

r--.x T( exp r, Po [g]) . 
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Proof. If 1 +a< 0, the theorem is obvious. So we suppose that 1 +a> 0. 
In view of Lemma 2.1. 6, we have for all sufficiently large values of r, 

logT(exp r, Po [g]) > (Ap
0
[gJ- t) log (expr) 

i.e., T(expr, Pu [g]) > exp{(,\9 - t:)r} . (2.18) 

Now combining (2.16) and (2.18) it follows for all sufficiently large values of 
r, 

.. . (p9 +t)(1+a) { 1 . ) (p9 +t)logr+o(l)}l+a 
[log{T(r, fog) log J\1(r, g)}jl ta < T ~PJ + E + rPg+< 

T( exp r, Po [g]) - exp { (,\ 9 -- t )r} 

. 
1
. [log{T(L fog) log M(r,g)}]1+a ___ ( 

z.e., tmsup T(· . n [ ]) ·-), 
r_.oc exp r. ro g 

from which the theorem follows. • 

Remark 2.3.7 If we replace I: 8(a;f) = 2 by 0)(oo:f) = I: 6p(a;f) = 1 
ajx afXJ 

or 6 ( oo; f) = I: 6( a; f) = 1 and the other conditions remain the same then 
a foe 

also Theorem 2.3.8 is valid. 

Remark 2.3.8 Considering 

f - expl3
J z, g = exp z. 

s = L A1 = 1 and 

n11 - 1. for i =--= 1 

-- 0, for i -1- 1 

one can easily verify that the condztion Pi < x ·in Theorem 2.3.8 is essential. 

Theorem 2.3.9 Let f be a transcendental meromorphic function and g be 
an entire function with 0 < ,\ f < p f < oo. p9 < x and L 61 (a; f) = 4. 

aEICU{ oc} 

Then for any a c ( -oo, x L 

l
. [Iog{T(r, fog) log A!(r, g) }]l+a 
lm = 0 

r-~x T( exp r: l\1 [!]) · 
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Proof. If 1 + a < 0, the theorem is obvious. So we suppose that 1 +a > 0. 
In view of Lemma 2.1.12, we have for all sufficiently large values of r, 

log T( exp r. Af [j]) > (A.M[f1 - E) log ( exp r) 

i.e., T(expr.l\1 [f]) > exp{(\r- E)r} . (2.19) 

Now combining (2.16) and (2.19) it follows for all sufficiently large values of 

r, 

.(p
9
+d(l to:) {( ) (p9 +t)logr+o(l) }l+o: 

[log{T(r, f 0 g) log 1\1(r, g)}p+o: < r . Pt + E + rPg+< 

T(expr,Af[j]) - exp{(AJ- E)r} 

Le., l
. [log{T(r, fog) log A1(r, g)}p+o 
1msup = 0 
r~rx T( exp r, A1 [f]) 

from which the theorem follows. • 

Theorem 2.3.10 Let f be meromorphic and g be transcendental entire such 
that 0 < Ag < p9 < oo, PI < oo and L (h(a;g) = 4. Then for any a E 

aECUoo 

( -00, 00 ), 

. [log{T(r, fog) log 1U(r, g)}]I+o: 
hm = 0. 
r--.x T( exp T, 1\1 [g]) 

Proof. If 1 + a < 0, the theorem is obvious. So we suppose that 1 + a > 0. 
In view of Lemma 2.1.12, we have for all sufficiently large values ofT, 

logT(expr,JH [g]) > (Ap
0
[g]- E)log(expr) 

i.e , T( exp r. Af [g]) 2: exp { ( Ag - E )r} . (2.20) 

Now combining (2.16) and (2.20) it follows for all sufficiently large values of 
r, 

[log {T( r·, f 0 9) log M ( r, q)} I' '" < rlp,+<)(l+o) { (Pt t (.) + (p, h~;~~;+o(l) r +o 

T(expr,Af[g]) - exp{(.A
9

-E)r} 

i.e., limsup[log{T(r, fog) log M(r, g)}p+a =c-c 0, 
r-+rx T( exp r, 1\1 [g]) · 

from which the theorem follows. • 
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Theorem 2.3.11 Let f be a transcendental meromorphic function having 

maximum deficiency sum and g be an entire function with 0 < A f < p f < oo 
and p9 < oo. Then for any o: ( (--x,oo). 

l
. [log{T(r, fog) log Af(r, g)} Jl+a 
liD = 0 
r~x T( exp r, L [f]) · 

Proof. If 1 + o: :::; 0, the theorem is obvious. So we suppose that 1 + o: > 0. 
In view of Lemma 2.1.15, we have for all sufficiently large values of r, 

logT(exp r. L [f]) > (ALfJJ- E) log (expr) 

i.e., T( exp r, L [!]) > exp { (AJ- E)r} . (2.21) 

Now combining (2.16) and (2.21) it follows for all sufficiently large values of 
r, 

, . (p9 +f)(lia) {(· ) (pg+t)logr+o(l)}l+a: 
[log{T(r,fog)logl\ll(r,g)}jl' 0 < r PJ+E + rPg+' 

T(expr, L [!]) - exp{(.A.r- ()r} 

,. 
1
. [log{T(r,fog)logAf(r,g)}Jl+n __ 

t.e., 1m sup T( [!1 ) - 0 . 
r--+x exp T. L I 

from which the theorem follows. • 

Remark 2.3.9 The condition p9 < oo in Theorem 2.3.11 zs necessary as we 

see in the following example. 

Example 2.3.4 Let 

'4] f = exp z , g = expl z and a= 0. 

Then 

.A1 =p1 =1. p9 =oo and Lo(a;f)+o(oo;f)=2. 
af=x 

Taking a1 = 1 , a2 = ... -= ak = 0 and k = 1 in Definition 2.1.12 we get that 

L(f) =: 1 exp z =--= exp z. 
· 0 exp z 
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Now 

1 (r ) T( r, fog) 2 31og M 2, fog 

z.e., T(T, fog)>~ logexpl5
1 (~) 

1 (T) z.e., T(r, fog) > 3 expl4l 2 

and 
log flvf(r, g) =log Af(r, expl4

J z) = expl3l r. 

Therefore, 

. [log{T(r,fog)logJU(r,g)}]lrn 
1
. log{T(r,fog)logl\1(r,g)} hm = 1m --=-~...::...._.::...____::_:_--=_...::...._::....:....::.. 

r-+x T( exp r, L [f]) r-.oo T( exp r, exp z) 
. log{ l expl41 (!:.) . expl3l r} > l 3 2 - /.~ { e;rf . 

= x, 

which is contrary to Theorem 2.3.11 . 

Theorem 2.3.12 Let f be a meromorphic function and g be a transcendental 
entire function having maximum deficiency sum with 0 < Ag < p9 < oo and 
PJ < oo . Then for any o: E ( -oc. oo), 

. [log{T(r,fog)logllf(r,g)}]l+n 
hm = 0 
r-+x T( exp r, L [g]) . 

Proof. If 1 + o: s; 0, the theorem is obvious. So we suppose that 1 + o: > 0. 
In view of Lemma 2.1.15, we have for all sufficiently large values of r, 

logT(expr, L [g]) > (AL[g]- E) log (expr) 

'I.e., T( exp r, L [g]) 2 cxp { (>.9 - t)r} (2.22) 

Now combining (2.16) and (2.22) it follows for all sufficiently large values of 

T, 

[log{T(r, fog) log lvi(T, g)}jl 1 nc r(Pg+t)(l+a) { (pj +E)+ (pg+E~~~~~+o(l)} l+a 
"'---_.:__;______,.-'------___:_.:.._____c:_::_ ·- < 

T ( exp r, L [g]) ·- exp { ().. g - E) r } 

. . [log{T(r,fog)logl\f(r,g)}]lta 
z.e., hm sup ( . . [.]) =:= 0 , 

r-+oc T exp r, L g 

from which the theorem follows. • 
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Remark 2.3.10 The condition PJ < oo in Theorem 2.3.12 is essential as we 

see in the following example. 

Example 2.3.5 Let 

f = cxpl3l z , g = exp z and cr = 0. 

Then 
AJ = Pt = oo, p9 == 1 and L c5(a;g) + c5(oo;g) = 2. 

a;ix 

Taking a1 = 1 
7 

a2 = .. = ak = 0 and k == 1 in Definition 2.1.12 we get that 

1 exp z j 
L(g) = = exp z. 

0 exp z 1 

Now 

and 

T ( r, f o g) > ~ log 1\1 ( ~ , f o g) 
J,.e., T(r, fog) > ~log expl4

] (~) 

Le .. T(r, fog) > ~ expl:3] (~) 

log .~I(r, g)= log ~H(r, exp z) = r. 

Therefore, 

lim [log{T(r, fog) log 1U(r, g)} p+a == lim log{T(r, fog) log Af(r, g)} 
r--.x T( exp r, L [g]) r--->oo T( exp r, exp z) 

. log{ 1. expl3l (~) .r} 
> hm 3 ~ 
- r~x { cx:r} 

which is contrary to Theorem 2.3.12 . 

Theorem 2.3.13 Let f be a meromorphic function and g be an entire func­

tion with 0 < ).. f :::;: PJ < oo, p9 < x and '2: 8( a; f) = 2. Then 
a/YV 

l
. [log{T(r,fog)logAI(r,g)}jl+(x . _ 1 
lm . l = 0 2f 0 < 1 + 0 < -. 

r·~x log T( exp T, Po [fj) p9 
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Proof. If 1 +a< 0, the theorem is obvious. So we take 1 + o: > 0. 
In view of Lemma 2.2.6 we obtain for all sufficiently large values of r, 

logT(expr, Po [j]) > (Ap
0
[!]- r) log (expr) 

l.e., logT(expr, P0 [f]) > (AJ- r)r. (2.23) 

Now from (2.16) and (2.23) it follows for all sufficiently large values of r, 

( '(1+ J{( + )+(Pg-'-t)logr+o(l)}l+u 

[log{T(r,jog)logA1(r:~g)}jl+et < Tp9
+tJ et Pic rPq+' . (

2
_
24

) 

logT(expr, Po [fJ) - P•J- E)r 

Since 1 + o: < 1_, we can choose f (> 0) in such a way that pg 

( Pg + r) ( 1 + o:) < 1 

Thus the theorem follows from (2.24) and (2.25). • 

(2.25) 

Remark 2.3.11 Theorem 2.~).13 zs stzll valid under the condition 8 (oo; f)= 
2::: 8p(a; f)= 1 or 6 (oo: f) =--c 2::: 6(a; f)=::: 1 instead of L 8(a: f)= 2. 

af=oo o foe a#oc 

Remark 2.3.12 The condition 0 < 1 +n < l_ is essential in Theorem 2.3.13 
Py 

as we see in the following example. 

Example 2.3.6 Let f =- g "'=· exp z and o: = 0 . 

Then 

AJ = PJ = A9 = p9 =:c 1, Le(a:f) = 2 and fog cc= expl2lz. 
a-foe 

Also let s = 1, A1 = 1 and 

Then P0 [f] = exp z. 

Now 

nil = 1 for 1 ::= 1 

=== 0 for i ¥ 1. 

log T(r. foq) = log T( r, expl2l z)) 

{ 
expr } 

rv log , 1 ( T ~ 0C) 
(2w3r) 2 

1 
= T -- 0 log T + 0 ( 1 ) ( T ~ DC) 
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and 
log !U(r; g) c= log !lf(r, exp z) = T. 

Therefore, 

lim [log{T(r, fog) log A1(r, g) }]l+n = lim log{T(r, fog) log M(r, g)} 
r_,oo log T'( exp r, Po[!]) r--+x log T( exp r, exp z) 

. logT(r,fog)+logl2lAf(r,g) 
== lnn __ :._,_________,---------,--

r-+x log T( exp r, exp z) 
. 7·-~logr+logr+0(1) 

= lnn { exp r } 
r-·_,X log -'!r-

1
. T + ~ log r + () ( 1) 

= liD 
r--x r + 0(1) 

o:cc. 1. 

which is contrary to Theorem 2.3.13 . 

Theorem 2.3.14 Let f be a transcendental meromorphic function and g be 
an entire function with 0 < AJ < PJ < oo, p9 < oo and 2::: J1(a: f)= 4. 

aECU{x} 

Then 

l
. [log{T(r, fog) log A1(r, g)}]l+·a 

0 
.f 

0 1 
1 

liD = /, < + 0: < - . 
r->oo log T( exp r, A~![f]) p9 

Proof. For all large values of r we get from (2.19) that 

log T( exp r. 1H [!]) > ().. f -- t:)r. (2.26) 

From (2.16) and (2.26) it follows for all sufficiently large values of r, 

, . { (pg+t)!ogr+o(l) }l+n 

[log{T(r, Jog) log 1\f(r, g)}jl+a < rlPg+t)(l+a) (pJ+c)+--,~- . (
2

.
27

) 

logT(expr, A1 [f]) - (AJ- f)r 

Thus the theorem follows from (2.25) and (2.27). • 

Theorem 2.3.15 Let f be a transcendental meromorphic function having the 
maximum deficiency s11.m and g be an entire function with 0 < AJ < p 1 < oo, 
p9 < oo . Then 

1
. [log{'T(r,fog)logllf(r,g)}]l+o ·r 1 
liD . = 0 l () < 1 + 0: < - . 

r->oo log T( exp r, L[.f]) · Pg 
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Proof. From (2.21) it follows for all large values of r that 

log T( exp r. L [f]) > ()..! - f )r. (2.28) 

From (2.16) and (2.28) it follows for all sufficiently large values of r, 

{ }

l+u . + '(l+ + +(pg+<Jlogr+o(l) 

[log{T(r,fog)logA1(r,g)}p+a < T\Pg E) a) (pj t) rPg+< 

log T( exp r., i\1 [f]) _: ().. f - E )r 
(2.29) 

Thus the theorem follows from (2.25) and (2.29). • 

Remark 2.3.13 The condition 0 < 1 + C\' < J._ is essential in Theorem 2.3.15 
Pg 

as we see in the following example. 

Example 2.3. 7 Let f = g := exp z and o = 0 . 
Then 

AJ = P! = A9 = p9 = 1 , L 6(a; f)+ b(oo; f)= 2 and fog= exp[2
] z . 

afx 

Taking a1 = 1 : a2 = ... = ak == 0 and k = 1 in Definition 2.1.12 we get that 

Now 

and 

1 exp z 
L (f) = 

0 
= exp z. 

expz 

logT(r,fog) = logT(T.expf2lz)) 

r-v log -. --. 1 ( T ----7 oc) { 
exp r } 

( 2Jr3r) 2 

1 
= r- -logT + 0(1) (r----? x) 

2 

log Af(r. g)= log AI(r, exp z) = T. 
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Therefore, 

. [log{T(r,fog)logJ\f(r,g)}]l+n 
1
. log{T(r,fog)logM(r,g)} 

hm = 1m --=.....::...._..:......-----'-----:--___;:__ 

r->oo log T( exp r, P0 [.f]J r->oo log T( exp r, exp z) 
. log T(r, fog) + log[2

J J\;f (r, g) 
= lun ------:------:--

r~~x log T( exp r, exp z) 

. T - ~log T + log T + 0(1) 
= hm {expr} 

T·->X log --:;-

. r+~logr+O(l) 
= hm ---=------

r->oo T + 0(1) 

=c 1. 

which is contrary :to Theorem 2.3.15 

Theorem 2.3.16 Let f be meromorphic and g be entire such that 0 < Ag < 
p9 < oo, PJ < oo and 2:": 8(a; g) = 2. Then 

ai-x 

. [log{T(r,fog)logAf(r,g)}]l+n .f . 1 
hm - = 0 /, 0 < 1 + a < -. 

r->oo log T( exp r: Po [g]) p9 

Proof. For all large values of r it follows from (2.18) that 

log T( exp 1·. P0 [g]) ~ ( )..9 - E )r. (2.30) 

From (2.16) and (2.30) it follows for all sufficiently large values of r, 

[log{T( T, f o g) log A1 ( T, g)}]' '" < ,.tP, +<)(l+al{ IPJ+<l+ '" '';;;•.: '"' t" . 2.31 
logT(expr.P0 [g]) - (>..9 -E)r ( ) 

Thus the theorem follows from (2.2.5) and (2.31). • 

Remark 2.3.14 The condition 0 < 1 + o < .l zs essentzal in Theorem 2.3.16 
Pq 

as we see in the following example. 

Example 2.3.8 Let f :-= g = exp z and ct =c 0 . 

Then 

AJ = PJ = /\ 9 = p9 = 1. Le(a;g) = 2 and fog= exp[2l z. 

ac/oc 



Also let s = 1, A 1 = 1 and 

Then Po[g] = exp z. 

Now 

nil == 1 for 1 = 1 

== 0 for i f: 1. 

logT(r. fog)= log T(r, expl21 z)) 

rv log . 1 ( T ~ 00) { 
expr } . 

( 21r3r) 2 

1 
- T - :)log T + 0( 1) ( T ~ X) 

"" 
and 

log AI(r. g)=== log AI(r, exp z) = r. 

Therefore, 

. [log{T(r, fog) log A1(r, g) }jl to 
1
. log{T(r, fog) log M(r, g)} 

lim = 1m---------
r->oo logT(expr, Po [g]) r-~x logT(expr.expz) 

= lim log T(r, fog)+ logf2l A1(r, g) 
T-·>x log T( exp r, exp z) 

. r - ~ log r + log r + 0 ( 1) 
= lim {expr} 

r--->x log -7f-

. T + ~ log T + 0 ( 1) 
= hm ---=-----

7'·->x T+O(l) 

::::::: 1 

which is contrary to Theorem 2.3.13 . 
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Remark 2.3.15 Theorem 2.3.16 zs still valid under the condition 8 (oo; g)= 
L o~(a;g) = 1 or.5(oo;g) ·= L o(a:g) = 1 instead of L G(a:g) = 2. 
afx afx afx 

Theorem 2.3.17 Let f be meromorphic and g be transcendental entire such 
that 0 < Ag < Pg < oo, PJ < 00 and L ol(a:g) = 4. Then 

aECU{ oc} 

. [log{T(r,fog)logAf(r,g)}]lto 1 
hm = 0 'if 0 < 1 + n < - . 

r->oo log T( exp r. Af[g]) p
9 
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Proof. For all large values of r we get from (2.20) that 

log T( exp r, l\I [g]) > (>.9 - E )r. (2.32) 

From (2.16) and (2.32) it follows for all sufficiently large values of r, 

( ){
- ) (pg+<)logr+o(l) }l+a 

(log{T(r, fog) log .~1(r, g)} P +a < .,Jpq+t) l+n (PJ+c + ,.Pg+' . (

2
.
33

) 

logT(expr, M [g)) - (,\ 9 - E)r 

Thus the theorem follows from (2.25) and (2.33) . • 

Theorem 2.3.18 Let f be meromorphic and g be transcendental entire with 
maximum deficiency sum such that 0 < :\9 < p9 < oo, PI < oo . Then 

l
. [log{T(r,jog)logA/(r,g)}]lta .

10 
_ 1 

Im = 0 l < 1 + o: < - . 
r-.oo log T( exp r. L[g]) p9 

Proof. For all large values of r we get from (2.22) that 

logT(cxpr. L [g])? (:\9 -- f)r. (2.34) 

From (2.16) and (2.34) it follows for all sufficiently large values of r, 

· l ){( )+(Pg+r)logr·ro(l)}ltn 

[log{T(r,fog)logA1(T,g)}]l-+o < T(pgtt)( to: Pr+·t ,.PF' 

logT(expr, L [g]) - (>.9 - f)r 
(2.35) 

Thus the theorem follows from (2.25) and (2.35). • 

Remark 2.3.16 The condition 0 < 1 + G < J... is essential in Theorem 2.3.15 
Py 

as we see in the following example. 

Example 2.3.9 Let f ~- g cxp z and cv -- 0 . 
Then 

AJ = P! = A9 = p9 = 1, L t5(a;g) + t5(oo;g) =::. 2 and fog= expl2l z. 
af:x 

Taking a1 = 1 , a2 =: ... = ak = 0 and k = 1 in Definition 2.1.12 we get that 

[ ( 
, 1 exp z 

" g) = 0 exp z = exp 2 · 



Now 

and 

Therefore, 

log T( r. fog) -= log T( r. expl2l z)) 

rv log < l (r ---7 oc) { 
expr } 

(27r3r) 2 

- r - ~log r + 0( 1) (r ---7 oc) 
2 

log 1H(r, g) =log 1\!(r, exp z) = r. 

. [log{T(r, fog) log 1\f(r, g) }]l+a 
1
. log{T(r, fog) log M(r, g)} 

hm = 1m--=---------
r-oo log T( exp r, Po [g]) r---.x log T( exp r, exp z) 

. log T(r, fog)+ log[z] A1(r, g) 
= hm --~----~~-

r--.x log T( exp r, exp z) 
. r - ~log r +log r + 0(1) 

= hm {expr} 
T->X log -:;-

" 
. r + ~ log r 0 ( 1) 

= lim---=----
r->x r+O(l) 

-- 1 . 

which is contrary to Theorem 2.3.18. 
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Theorem 2.3.19 Let f be rational and g be a meromorphic function such 

that 0 < AJog < PJo.q < oo and 0 < Pg < oo. Also let b (oc; g)= 2:::: b(a; g) = 
a=Jx 

1. Then for any positwe number A. 

~ [2] T' j' ) - l [2] T( f ) 
1
. . f 10g (r, o g PJog 

1
. og r, o g 

1mm <- < 1msup . 
r-.x logf2l T( rA, P0 [g]) A{)q r_,x logf2l T( rA, P0 [g]) 

Proof. From the definition of hyper order we get for all sufficiently large 
values of r, 

logl2l T(r, fog) < (Pjog + t) log T. (2.36) 
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Again in view of Lemma 2.2.10 and Remark 2.2.3 we have for a sequence of 
values of r tending to infinity. 

logl2
J T(r.A~ Po [g]) > (PPo[g]- c) log rA 

z.e., logl2
J T( rA ~ H1 [g]) > A(p9 - c) log r. (2.37) 

Now combining (2.36) and (2.37) it follows for a sequence of values of r tend­
ing to infinity, 

logf2l T(r, fog) (pfog +E) logr 
--~--------·< ~~------
logf21 T(rA. RJ[g]) - A(p

9
- E) logr 

Since E ( > 0) is arbitrary. it follows from above that 

Also for arbitrary positive c and for all sufficiently large values of r, 

logf2
J T(rA. Po [g]) < (PPo[g] +c) log rA 

z.e , logl2l T(rA, Po [gJ) < A(p
9 

+c) log T. 

Again for a sequence of values of T tending to infinity~ 

(2.38) 

(2.39) 

(2.40) 

Now from (2.39) and (2.40) we obtain for a sequence of values of r tending 
to infinity, 

logl21 T(T, Jog) > CPJog- E) log r 

logl2l T( rA. Po [g]) - A(/]
9 

+ t) log r 

As c (> 0) is arbitrary~ we have from above that 

[2J . r , log T(T, j 0 g) Pjog 
1msup [21 >-
r-~x log · T(rA. Po [g]) Ap

9 

Thus the theorem follows from (2.38) and (2.41). • 

(2.41} 
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Remark 2.3.17 The conclusion of Theorem 2.3.19 can also be drawn under 
the hypothesis I: 8(a; g) == 2 or 8 (oo: g) ~-~ I: bp(a; g) 1 instead of 

afoo afoo 

6 (oo: g)= 2: 6(a: g) = 1. 
a.foo 

The following theorem can be proved in the line of Theorem 2.3.19 and in 
view of Lemma 2.2.13. 

Theorem 2.3.20 Let f be rational and g be a transcendental meromorphic 
function such that 0 < A fog :::; p fog < x and 0 < p9 < x. Then for any 
positive number A. 

1 
.. flogf2lT(r,fog) PJog 

1
. 1og[2lT(r,fog) 

1m m < - < 1m sup-.,-.---· 
r->oo logf2l T( rA. L[g]) - Ap9 - r-tx 1ogf2l T(rA, L[g]) 

Theorem 2.3.21 Let f be rational and g be a transcendental meromorphic 
function having maximum deficiency sum such that 0 <~fog < PJog < oo and 
0 < p

9 
< oo. Also let I: 61 (a; g) == 4. Then for any positive number A. 

a.ECU{ x} 

l [2i T( j' .) - 1 l2l T( f ) 
l
. . f og r, o g . p fog 

1
. og r, o g 

1mm <- < Imsup------
r->oo logf2l T( rA, AI[g]) - Ap9 - r-->oc logl2l T( rA, .~f[g]) 

We omit the proof of the theorem because it can be carried out in the line 
of Theorem 2.3.19 with the help of Lemma 2.2.16. 

Theorem 2.3.22 Let f be ratzonal and g be transcendental meromorphic 
satisfying the following conditions: 

(i) 0 < {Jg < oo, (ii) C!y < 00. ('iti) Pfog = {Jq, (iv) 0 < C!jog < 00 and (v) I 

L 8(a; g) = 2. Then 
afoo 

1. . f T(1·, fog) < C!jog < 
1
. T(r, fog) 

1mm 1msup . 
T-->OC T(r, Po [,q]) - rPo·O'g - 7'-->0C T(r. Po [g]) 

Proof. By the definition of type, we have for arbitrary positive E and for all 1 

sufficiently large values of r. 1 

T(r. fog)< (a-jog+ E)rPfoy . 
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In view of Lemma 2.2.6 we get for a sequence of values of r tending to infinity, 

T(r, Po [g]) > ( O"p
0

[g] - E )rPPol91 

z.e., T(r: Po [g]) > (fp0 .0"g -- <:)rP9 . (2.43) 

Since PJog = p9 , from (2.42) and (2.43) it follows for a sequence of values of 
r tending to infinity, 

T(r,jog) < (aJog+f) 

T(r, ?0 [g]) - (r f\
1
.a9 - E) 

As f (> 0) is arbitrary, it follows from (2.44) that 

l 
.. fT(r,jog) O"jog 
Imm 1 < -~­
r-->X T(r, Po [gr) - rPo. O"g 

Again for a sequence of values of r tending to infinity: 

T(r.fog) '2 (ajog--f)rPfog. 

Also for all sufficiently large values of r we get by Lemma 2.2.6 that 

T(r: Po [g]) < (anl[gj + E)rPPofgJ 

'l.e .. T(r, Po [g]) < (r'p
0 

• a9 + E)rP9 • 

(2.44) 

(2.45) 

(2.46) 

(2.4 7) 

Now in view of condition (zii) we get from (2.46) and (2.47), for a sequence 
of values of r tending to infinity, 

T(1·, fog) > (ajog- E) 
T(r,g) - fp

0 
• a

9 
+ f · 

Since f (> 0) is arbitrary. we obtain from above that 

l
. T(r, fog) > a fog 1msup ___ .::__:::__ 

r <x T(L Po [g]) fp0 · a-9 

(2.48) 

Thus the theorem follows from (2.45) and (2.48). • 

Remark 2.3.18 Theorem 2<3.22 remains true with /Po instead of fp
0 

if we 
replace the condition 2: 8( a: g) == 2 by 8 ( x: g) = L Jp( a; g) = 1 or 

a=ftx a/oo 

6 (oo: g)= L J(a: g)= 1 and the other conditions are same. 
acjx 



Remark 2.3.19 Considering 

f - z, g = exp z, 
,<; = 1, A 1 = 1 and 

llil =::c 1, fori ==c 1 

= 0, fori f 1 
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one can easily verify that the sign 1 < 1 can not be replaced by ' <1 only in 
Theorem 2.3.22 . 

Theorem 2.3.23 Let f be rational and g be transcendental meromorphic 
satisfying the following conditions : 
(i) 0 < p9 < 00, (ii) ag < oo, (1ii) Pfog = (Jg, (iv) 0 < Gfog < oo and 
( v) I: (h (a; g) = 4. Then 

aECU{ oo} 

1 
.. fT(r,fog) <!" Gjog . T(r,fog) 
Im m ( [ )) -..... { ( -8( )} < hm)-~~PT(r, A1[g]) . r--->oc T T, A1 g -- rM - Cu - /:1!)- oo; g ag -·""-" 

The proof of the theorem can be established in the line of Theorem 2.3.22 
and with the help of Lemma 2.2.12 and therefore is omitted. 

The following theorem can also be proved in the line of Theorem 2.3.22 
and in view of Lemma 2.2.16. 

Theorem 2.3.24 Let f be rational and g be transcendental meromorphic 
having maximum deficiency sum satisfying the following conditions : 
(i) 0 < p9 < oo, (il) a9 < oc. ('iii) Pfog = p9 . and (iv) 0 < afog < oo 
Then 

l .. fT(r,foq) Gjog 
1
. T(r,fog) 1m m . · r " < ___ ___::._:::____ < 1m sup_.:___:____::;_:_ 

r->x T(r. L1g]) {1 k- k6 (oo; f)}o-9 r-'x T(r, L[g]) 

The proof is omitted. 

Remark 2.3.20 Let us consider 

f = z, g = exp z . 

Taking a1 = 1 , a2 .::: ... = ak = 0 and k = 1 in Definition 2.1.12 we get tha, 

1 expz 
L ( q) = = exp z. 

· 0 expz 

I 
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Now one can easily verify that the sign ' ~ ' can not be replaced by ' <' only 
in Theorem 2.3.24. 

Theorem 2.3.25 Let f be rational and g be transcendental meromorphic 
satisfying the following conditions: 

( i) 0 < pg < 00 1 (ii) T}g < CJg < 00, (iii) Pfog = pg, ( iv) 0 < T}fog < CJ fog < 00 

and ('u) L 8( a; g) = 2. Then 
af:x 

T}Jog <l .. fT(r,fog) < T/jog <l' T(r,fog) < CJjog 
---=-~ _ 1mm _ _ 1msup _ . 
rPo·CJg T-->00 T(r: Po [g]) rPo·''lg T->:X T(r, Po [g]) rPo·TJg 

Proof. By the definition of lower type, we have for arbitrary positive E and 
for all sufficiently large values of r 

T(r, fog) > (l]jog- drPfog . (2.49) 

Since PJog = p 9 , from (2.47) and (2.49) it follows for all sufficiently large 
values of r that 

T(r,fog) > (T}fa9 -f.) 
T(r, Po [g]) - (fn1 .o-9 - r) 

As c (> 0) is arbitrary, it follows from above that 

l 
.. fT(r,fog), T}fag 
lffilll , r /> 
r-~x T(r, Po l.9]) -- rPo. CJg 

Again for a sequence of values of r tending to infinity, 

T(r. fog)< (r]Jog + c)rPfog . 

Also for all sufficiently large values of r we get by Lemma 2.2.6 that 

T( r, Po [g]) ~ (rJPo[g] - c)rPPo[gJ 

z.e., T(r, Po [g]) > (fp
0 

• T}g- c)rP9 • 

(2.50) 

(2.51) 

(2.52) 

Now in view of condition (ii7) we get from (2.51) and (2.52), for a sequence 
of values of r tending to infinity, 

T(r:fog) < (71.fo9 -c) 
T(r. Po [g]) ~ fB; · T}g + c . 



Since c (> 0) is arbitrary, we obtain from above that 

l
. . f T(T, j 0 g) < T}Jog 
lmm----

T->OC T(T. Po [g]) - r Po . T}g 
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(2.53) 

Also for a sequence of values ofT tending to infinity we get by Lemma 2.2.6 

that 

T(r. Po [g]) < ('r/Po[g] + t:)TPPol91 

r.e .. T(r, P0 [g]) < (fp0 .TJg f)rP9 • (2.54) 

Since Pfog = p9 , from (2.49) and (2.54) it follows for all sufficiently large 
values of r that 

T(r,jog) > (T/fog-E) 

T ( T' Po [g]) - ( r Pu . 1)g + E) 

Choosing E ~ 0 we get that 

l
. T( r, f o g) 1/jog 
1msup > . 

r--•oc T(T. Po [g]) rPn·Tlg 
(2.55) 

Again from (2.42) and (2.52) and in view of condition (iii) it follows for all 
sufficiently large values of r that 

l
. T(r, jog) , (a jog-- t:) 1msup .> _...:...__::_· __ 
r-<rc T(T.Po[g]) (fp0 ·rJ9 +t:) 

As c (> 0) is arbitrary, we obtain from above that 

l
. T(T,jog) rJjog 
Imsup > · . 
r-.oc T(r.Po[g]) fp

0
·l]g 

(2.56) 

Thus the theorem follows from (2.50). (2.53), (2.55)and (2.56). • 

Remark 2.3.21 TheoTem 2.3.25 remains tTue with /Po instead of fp0 if we 
replace the condition L 8(a: g) = 2 by 8 (oo; g) = L 6p(a: g) = 1 or 

a/coo afoc 

6 (oo: g)= L cS(a: g)= 1 and the other conditzons are same. 
afoc 

The following two theorems can be proved in the line of Theorem 2.3.25 
with the help of Lemma 2.2.12 and Lemma 2.2.15 respectively and so their 
proofs are omitted. 
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Theorem 2.3.26 Let f be mtional and g be transcendental meromorphic 

satisfying the following conditions: 

(1) 0 < p9 < 00, (ii) T]g < a9 < OC~ (iii) PJog = p9 , (iv) 0 < 7/jog < (Jfog < 00 

and (v) I: 61(a;g) = 4. Then 
aECU{oo} 

TJ J oq 

{ f M - ( f M - "(i'vf) 8 ( 0C; g)} . a9 

< r . f T( T. f 0 g) < Tl.fog 

-
1~~ T(r, Po [g])- {fM- (Cu- rM)8(oo:g)}.r79 

l
. T(r,jog) _ (Jfog < lffi sup . < , ___ _:__.:;___ __ ---:-c-_. 

r-.oo T(r, Po [g]) {C"! - (C\/ - (M )8( oo: g)} ·Tlg 

Theorem 2.3.27 Let .f be mtional and g be transcendental meromorphic 
having maximum deficiency sum sat'lsfying the following conditions: 

(i) 0 < p9 < oc, (ii) 179 < a9 < XJ, (iii) Pfog = p9 , and (iv) 0 < 7JJog < 
a fog < oc . Then 

'T] Jog ,/ 

{1 + k- k6 (oo: f)}.a
9 

_2 

l .. fT(r,fog) < TJ.fog <l. T(r,fog) < 1mm _ _ _ Imsup _ 
r--+x T(r~ Po [g]) {1 + k- k(i (oo; f)}.7]9 r-•x T(r, Po [g]) 

rYJog 

{1 + k- k6 ( oo: .f)}.r;g. 

The following theorem is a natural consequence of Theorem 2.3.22 and 
Theorem 2.3.23. 

Theorem 2.3.28 Let f be rational and g be transcendental meromorphic 
satisfying the following conditions: 

(i) 0 < Pg < OC, (ii) l]g < rYg <X. (iii) Pfog = p9 , (iv) 0 < TJJog < rYJog < 00 

and (v) I: 8(a;g) = 2. Then 
afx 

l .. fT(r,fog) < . { 'T}jog rYJog }< 1m m _ mm , _ __,;;__ 
r-.oo T(L Po [g]) rPo·TJg rPo·(Jg -

{ 
T}jog rYJog } < 1. T(r, fog) max · , _ 1m sup . 

fPo·TJg fp0 .rYg r-·x T(r, Po [g]) 
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Remark 2.3.22 Theorem 2.3.28 remains true with 1Po instead of r Po if we 
replace the condition 2::: 8( a; g) =, 2 by 8 (ex:; g) = I: 6v( a; g) = 1 or 

a/=CXJ af=oo 

6 ( oo: g) = 2::: 6( a; g) = 1 and the other conditions are same. 
a/=oc 

Analogously one may state the following two theorems without proof. 

Theorem 2.3.29 Let f be rational and g be transcendental meromorphic 
satisfying the following conditions· 

( i) 0 < Pg < oo, ( ii) lJg < ag < oo, (iii) p Jog = pg, (iv) 0 < l]Jog < a Jog < oo 
and(11) 2: 61(a;g)=4.Then 

aECU{ oo} 

l
. . fT(r, fog) 
Imm----
r--+CXJ T(r, Po [g]) 

< min { llfog . (J fog } 

- {rM - (Cu -1M )8( oo; g)} .r79 · {Cu - (r M -1M )8(oo; g)} .a9 

< max { T/fog . (J fog } 
- {ru- (rM -1M)8(oo:g)}.179 {rM- (rM -1M)8(oo;g)}.ag 

T(r, fog) 
<lim sup _ · . 
- r-"'oc T( r, Po \g]) 

Theorem 2.3.30 Let f be rational and g be transcendental meromorphic 
having maximum deficiency sum satisfying the following conditions: 

(i) 0 < Pg < oo, (ii) l]g ~ ag < X, (i·ii) Pfog = Pg and (iv) 0 < 17Jag < 
afag < oo . Then 

l 
.. fT('r,fog) 
lilllll " 
r--">oc T(r, P0 [gi) 

< . { f/jog rJjog } min { . 
- 1 + k - h5 ( oo; f)} .TJ 9 {1 + k - b5 ( oo; .f) } . a9 

< { llJ og _______ a_::_fo_::_g ___ } 
_ max { . . ( ) . -:-

1 + k- kb oo; f }.179 {1 + k- kb (oo: f)}.a9 

. T(r, fog) < hmsup ., · · _ 
- r-4oo ?(r,AJ[g]) 
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Theorem 2.3.31 Let f be rational and g be transcendental meromorphic 
satisfying the following conditions: 

(i) 0 < Ag < oo, (i·i) Tg < oo, (iii) AJog = Ag· (iv) 0 < Tjog < 00 and (v) 
I: 8(a; g)= 2. Then 

afoo 

l
. . f T(r, fog) < Tjog < 

1
. T(r, fog) 

lffi Ill :J l - - lffi sup ( [ l) . 
r-.oc T('r,Io[g) f1~)·Tq r-.oo Tr,Pog 

Proof. By the definition of weak type, we have for arbitrary positive E and 
for all sufficiently large values of r, 

(2.57) 

In view of Lemma 2.2.8 we get for a sequence of values of r tending to infinity, 

T(T. Po [gj) < ( TRJ[g] + c )r.\PolgJ 

1.e.. T(r. Po [g]) < (fn.Tg + E)T:>.9 • (2.58) 

Since Afog = Ag, from (2.57) and (2 . .58) it follows for a sequence of values of 
r tending to infinity, 

T(r, f o g) > ( Tjog - E) 
T(r, RJ[g]) - (rR,.T9 +E) 

As E (> 0) is arbitrary, it follows from above that 

l
. T(r, fog) Tfoy 
lffi SUp r > -.--'·:____;::__ 

r--+:>0 T( T, Po lg]) r Po . Tg 

Again for a sequence of values of r tending to infinity, 

T(r, fog) ~ (Tjog + c )rAJ=g . 

Also for all sufficiently large values of r we get by Lemma 2.2.6 that 

T(r. Po [g]) > (TPoiYl - c )r>,Po[gJ 

i.e., T(r·, Po [g]) 2 (fp
0 

• T9 - t)r:>.9 • 

(2.59) 

(2.60) 

(2.61) 

Now in view of condition (iii) we get from (2.60) and (2.61) , for a sequence 
of values of r tending to infinity, 

T(r, fog) < (TJog +c) 
T(r. Po [g])- rP.J. Tg- ( 
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Since E (> 0) is arbitrary, we obtain from above that 

. T(T, f 0 g) Tjog 
hmsup < --. 

T->OC T( r, Po [g)) r Po . Tg 
(2.62) 

Thus the theorem follows from (2.59) and (2.62). • 

Remark 2.3.23 The conclusion of Theorem 2.3.31 remains valid with /Po 

instead of r Po if we replace the condition L 8( a; g) c=: 2 by 8 ( oo; g) = 
atx 

L:bp(a;g) = 1 orb(oo:g) == L:b(a;g) = 1 and the other conditions are 
a-/=oo ai=x 
same. 

Theorem 2.3.32 Let f be rational and g be transcendental meromorphic 
satisfying the following conditions: 

(i) 0 < Ag < oo, ('ii) Tg <ex;, (iii) AJog = :>..9 , (iv) 0 < Tjog < 00 and (v) 
L br(a;g)=4.Then 

aECU{x} 

1. . f T(r, f o g) < Tfog < 1. T( r, f o g) 1m m ,- _ . · . _ 1m sup . 
r--.oo T(r, Po [g]) {f.~~,! - (f.H - rlv! )8( oo: g)}. T9 r__,x T(r, Po [g]) 

The proof of the theorem can be established in the line of Theorem 2.3.31 

and with the help of Lemma 2.2.12 and therefore is omitted. 

The following theorem can also be proved in the line of Theorem 2.3.31 
and in view of Lemma 2 2.1.5. 

Theorem 2.3.33 Let f be rational and g be transcendental meromorphic 
having maximum deficiency sum satisfying the following conditions : 
(i) 0 < )..9 < oo, (ii) T9 < oc, (iii) AJog = >.. 9 , and (iv) 0 < TJog < oo . Then 

1 .. fT(r,fog) <. TJog <l" T(r,fog) 1m m ~ _ · · , _ 1m sup . 
r-.x T( r, Po [g]) { l + k - ki'J ( oc: .f)} .T9 r-.x T('r, Po [g]) 

The proof is omitted. 

Theorem 2.3.34 Let f and g be two entire functions satisfying ( i) 0 < )..
9 

< 
p9 < oo, (ii) AJ > 0, (iii) b.(O;f) < 1 and (iv) 8(oo;g) = L bp(a:g) = 1. 

a-/=XJ 
Then 

lim log T(r, fog) = 
00 

r-->xlog T(rA, P0 [g]) . 

where A is a real constant. 
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Proof. We suppose that A > 0 because otherwise the theorem is obvious. 
For given c (0 < c < 1 - L1(0; f)), 

N('r, 0: f) > (1- L1(0; f)- c)T(r, f) 

for all sufficiently large values of r. So from Lemma 2.3.17 we get for all large 
values of r, 

T(r, fog)+ 0(1) 

1 ( 1 - L1 ( 0: f) - E) T { A1 ( 1rr) Ite> , g), f} 
> (log-) . 1 - 0(1) . (2.63) 

TJ Jog flf ( ( TJT) l+n , g) -- 0 ( 1 ) 

Since for all large values of r·, log Af(r, g) < rPg+(, it follows from (2.63) that 
for all sufficiently large values of r, 

logT(r, fog)+ 0(1) > O(logr) + logT { Af((ryr) 1 ~u.g), f} 

+ og 1 - -------------=-l 

r 
log!lf((TJr)J;n,g)O(l) J 

( 1 - L1 ( 0: f) - E) T { Af ( TJT) l L, ' g)' f} 
Since f is transcendental, it follows that 

l
. logA!((TJr)1~a,g) 
lm = 0. 

r-->x T {III ( (rJr) T;", g), f} 
So from above we get for all large values of r, 

log T(r, fog) > O(log T) +log T {III ( (r]T) 1 ~"', g), f} + o( 1) . (2.64) 

Also we see that for all large values of r. 

1\f(r, g) > exp { (r)(112)>.g} 

log T(r, .l) > ~>.1 log r 

and T(r, Po [g]) < rPPoiqJ +l = Tpg+l , by Lemma 2.2.7. 

So from (2.64) we obtain for all sufficiently large values of r. 
,\ 

logT(r,jog) O(logr) >.1 (1rrP(lLl 
> +-. +o(1) 

log T(rA, Po [g]) A(1 + p9 ) log r 2 A(l + p9 ) log r ' 
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which implies that 
. logT(r, fog) 

hm . = oo. 
r_.oolog T( rA, Po [gj) 

This proves the theorem. • 

Remark 2.3.24 The conclusion of Theorem 2.:3.34 can also be deduced un­
der the hypothesis I: 8( a: g) = 2 or J ( oo; g) = L <5( a; g) = 1 instead of 

afoc afoo 

8(oo:g) = I: 6p(a;g) = l. 
afoc 

Remark 2.3.25 If we replace the condition ~(0; f) < 1 by J(O; f) < 1 and 
the other conditions remain the same then Theorem 2.3.34 is still valid with 
'limie replaced by 'limit superzor'. 

In the way of Theorem 2.3.34 and in view of Lemma 2.2.12 we may state 

the following theorem without proof. 

Theorem 2.3.35 Let f and g be two transcendental entire functions satisfy­
ing (i)O < >..9 < p9 < oo. (ii)AJ > 0, (iii)~(O: f)< 1 and (iv) I: 61(a; g)= 

aECU{oc} 

4. Then 
lim log T(r, fog) =:ex:) 
r-~oolog T( rA, AJ[g]) ' 

where A is a real constant. 

Remark 2.3.26 If we change the condition ~(0; f) < 1 by 6(0: f) < 1 and 
the other conditions remain the same then Theorem 2.3.35 is still valid with 
'limit' replaced by 'limit superior'. 

Analogously one may state the following theorem without proof because it 
can be carried out in the line of Theorem 2.:3.34 and with the help of Lemma 
2.2.15. 

Theorem 2.3.36 Let f and g be two transcendental entire functions where 
g has the maximum deficiency s·um satisfying (i)O < >..9 < p9 < oo, (ii)>-.1 > 0 
and ( iii)~(O; f) < 1 . Then 

lim log T(r, fog) ··:c:: 
00 

. 

r-->CX) log T( rA. L[g]) 

where A is a real constant. 
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Remark 2.3.27 If we change the condition ~(0; f) < 1 by 6(0; f) < 1 and 
the other conditions remain the same then Theorem 2.3.36 is still valid with 
'limie replaced by 'limit superior 7

• 

Remark 2.3.28 If we consider PJ > 0 instead of AJ > 0 then Theorem 
2.3.34, Theorem 2.3.35 and Theorem 2.3.36 remain true for 'limit' replaced 
by 'limit superior). 

Now we state the following theorems without proof. 

Theorem 2.3.37 Let f be rational and g be transcendental meromorphic 
satisfying the following conditions: (i) 0 < Ag < oo) (ii) T_r; < oo (iii) AJog = 
A9 (iv) 0 < TJog < oo and (u) L 8(a:g) = 2. Iff o g and g be both of 

regular growth then 

l
. . fT(T, jog) < Cfjog < 

1
. T(r, fog) ('i) 1m m _ · _ 1m sup--:----:-7-:-

r-_.oo T(r. Po [g]) rPo·O'g T-->X T(r, Po [g]) 

(ii) l' . f T(r, f 0 g) < Tfog < r T( T, f 0 g) 
1;!::~ T(r. Po [g)) - fp0 .~9 -

1~~PT(r. Po [g]) 

( 
... ) 

1
. . fT(r, fog) < CTJog < 

1
. T(r, fog) 

zzz 1mm T( '. n [ )) _ _ _ 1msupT( [ ]) 
r---+oo . 7. ro g fp, CJ r--->x T. Po g 

(). g 

... T(T,fog) < Tjog <. T(r,Jog) 
and (zv) hmmfT A []) _ _ _ hmsupT(· [ ])' 

r--->oo ( r l 0 q r T T---> X T . Po q 
L • Pu· g ' · 

Remark 2.3.29 The conclusion of Theorem 2. 3. 37 can also be drawn with 
[p0 instead of f~l under the hypotheszs 8(oo;g) = L6p(a;g) = 1 or 

ofXJ 
6 (oo: g)= 2::: 6(a: g)= 1 and the other conditions remain the same. 

afoc 

Theorem 2.3.38 Let f be rational and g be transcendental meromorphic 
satisfying the following conditions: (i) 0 < Aq < oo, (ii) T_q < CXJ (iii) Afog = 
A9 (iv) 0 < Tfag < CXl and (u) L 61(a;g) = 4. Iff o g and g be both of 

aEICU{ x} 

regular growth then 



( i) lim inf T ( r' f 0 g) < a.r og _ . 

r-.oc T(r,P0 [g]) {r,,r- (rM- lu)8(oo,g)}.a9 

l
. T(r,fog) < lm sup----,----:---:-:-

- r-.oo T(r, Po [g]) 

(ii) liminfT(r,fog) < Tjoy 

r~2JO T(r,Po[g])- {f;\I-(Cu-/M)8(oo;g)}.Tq 

1
. T(r,fog) 

< Im sup---::---:-:­
- r~oo T( T~ Po [g]) 

T(r Fog)' a1 (iii) lim inf ,J < ----=-
0

-=-9 
-----

r-.oo T(r, Po [g])- {f:u- (rM- /M)8(oo;g)}.ay 

l
. T(r,fog) 

< lm sup ----,----::---:7 
- r--.oo T( r, Po [g)) 

T(r, fog) Tjog 
and ( iv) lim inf , < · _ _ 

r-.oo 7 (r, Po [g]) {fAI -·-- (Cu- /M)8(cx:J;g)}.T9 

. T(r, fog) 
< b~_.s~pT(r, P0 [g]) · 
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Theorem 2.3.39 Let f be rational and g be transcendental meromorphic 
satisfying the following conditions: (i) 0 < Aq < oo, (ii) Tq < oc (iii) A Jog= 

)...9 (iv) 0 < TJog < oo and ( v) g have maximum deficiency sum. Iff o g and 
g be both of regular growth then 

C) r . f T( r, f 0 g) < . (J fog 
2 1~~ T(r, P0 [gj) - { 1 + k:- k6 ( oo; g)}.a9 

( .) 1. . fT(r, Jog) < Tjoq 
11 Imm ' 

r--.oo T(r,Po[g])- {1 +k-k6(oo;g)}.T
9 

. T(r,fog) 
<bmsup---­
- r-.oo T( r. Po [g]) 

l
. T(r,fog) 

< 1m sup~--=---:7 
- r-.oo T( r. Po [g]) 
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C5jog 
. T(r, f 

0 

9) < - , . ) } .;T 
(iti) li~~fT(r, Po [g]J - { 1 + k- kO ( oc, g 9 T(r, fog) 

< li~~PT(r, Po [g]) 

Tfog 
.. T(r,fog) < (oc:g)}.r, 

and (iv) h;ll,~fT(r,Po[g]) {l+k-kJ ·· T(r,fog) 

< limsupT(r, Po [g]) 
T->X 

---X-----


