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Chapter 2

ON THE GROWTH ESTIMATES
OF DIFFERENTIAL MONOMIALS

AND DIFFERENTIAL
POLYNOMIALS GENERATED BY
MEROMORPHIC FUNCTIONS

2.1 Introduction, Definitions and Notations.

For any two transcendental entire functions f and ¢ defined in the open
complex plane C, Clunie [6] proved that

lim LY Og) =oc and lim—— = oc.

r-—00 T(T', f) oo T('I', g)
Singh [42] proved some comparative growth properties of log T(r, f o ¢) and
T(r, f). He also raised the problem of investigating the comparative growth
of log T(r, f o g) and T(r, g) which he was unable to solve. However, some
results on the comparative growth of log T(r, f o ¢g) and T(r, g) are proved in
(26].

Let f be a non-constant meromorphic function defined in the open complex

plane C. Also let ng;n;...nx;(k > 1) be non-negative integers such that for

T(r,fog)

k
each j, > n; > 1. We call
i=0

ML= A (e (F0) (1)

Nk

Communicated
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where T (r, A;) = S (r, f) to be a differential monomial generated by f. The

numbers
k k

VMG = Zni]’ and FJ\U = Z(Z + 1)”1’]’
i=0 i=0
are called respectively the degree and weight of M, [f] {[8],[38]}. The

expression P [f] = Y M, |[f] is called a differential polynomial generated by
j=1
f. The numbers

= max vy and TI'p= max ',
TP R T 1<j<s 7

are called respectively the degree and weight of P [f] {[8],[38]}. Also we

call the numbers ~vp = 1:goig vu; and k (the order of the highest derivative
— S 15 s

of f ) the lower degree and the order of P [f] respectively. If v, = ~p,

P|f] is called a homogeneous differential polynomial. In this chapter we
further investigate the question of Singh [42] mentioned earlier and prove
some new results relating to the comparative growths of composite entire or
meromorphic functions and differential monomials, differential polynomials
generated by one of the factors. Throughout the chapter we consider only the
non-constant differential polynomials and we denote by P [f] a differential
polynomial not containing [ i.e., for which ng; = 0 for j = 1,2,...s. We
consider only those P [f], Fy|[f] singularities of whose individual terms do
not cancel each other. We also denote by M [f] a differential monomial
generated by a transcendental meromorphic function f.
The following definitions are well known.

Definition 2.1.1 The order ps and lower order Ay of a meromorphic
function f are defined as

logT 1
pr = lim sup——————Og . /) and Ay = lim inf—82\oJ) i, f).
rooc log r r—o0 logr

If f is entire, one can easily verify that

log®® M logl? A
ps = limsup o8 (r. /) and Ay = liminf o8 (r. /)
0 log r r—oc logr

I

where log" z = log(logl*~! z) for k=1,2,3,... and log"z = x.
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Definition 2.1.2 The hyper order p; and hyper lower order )\_f of a
meromorphic function f are defined as follows

_ 2l - log? T
iy = s T a3 = i TR

If f is entire, then

~ log A7 - log® M (7.

Definition 2.1.3 [29] Let f be a meromorphic function of order zero. Then
the quantities p; and A} are defined in the following way :

1 T/ A 1- T/,M_. £\
p; = limsup—e— ) As = lim inf22 2L/

e logly r—oo Jogly

If | 15 entire then clearly

o log® M )
1= 1?1801clp log?r

B arir f
X; = liminf M7 /)

r-—00 1Og[2} T

Definition 2.1.4 The type o; and lower type ns of a meromorphic function
f s defined as
T(r,[)

T(r,
or = limsup (r, /) and ny = liminf pr 7 U <py<oo

P e 700 T

When [ s entire, then

log M (r, _ log M (r, f
of = lim SUP*?*g—f’('r;-—) and ny = liminf-28 2\ 7/ . f)

0, <pr<oc.
F—00 rPs r—0C rPf

Definition 2.1.5 [10]The weak type 75 of a meromorphic function f of finite
positwe lower order As is defined by

T
1y it T
For entire f
log A
v = liminf M) gy

r—00 A
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Definition 2.1.6 Let abe a complex number, finite or infinite.  The
Nevanlinna deficiency and the Valiron deficiency of a with respect to a mero-
morphic function f are defined as

N(r,a; f) m(r, a; f)

6(a; f) = 1 — limsup——— = liminf—"—=

r—oo T(r, f) r—oc  T(r, f)

and
.. Nr,a f) .. m(r,a; f)
Ala; f) =1 —liminf——=~ = lim sup———-=.
(o f) = 1= iminf =y gy = I sip=e )
From the second fundamental theorem it follows that the set of values of
a € CU{oo} for which ¢ (a; f) > 0 is countable and >~ ¢ (a; f)+ 0 (o0; f) < 2

a£0o0
(cf.[21],p.43). If in particular, > 6 (a: f) + ¢ (o00; f) = 2, we say that f has
aFoc
the maximum deficiency sum.

Definition 2.1.7 The quantity ©(a: f) of a meromorphic function f is
defined as follows

. . 1;\—7(7" a; f)
Oa: f) =1 — limsup—r—=—
( ' rooo (7, f)
Definition 2.1.8 [46] For a € CU {oc}, we denote by n(r,a; f |= 1), the
number of simple zeros of f —a in|z| <r. N(r,a; f |= 1) is defined in terms
of n(r.a; f |= 1) in the usual way. We put

hia: f)=1-— liﬁsupN(rf(z;rf)T 1)

the defictency of ‘a’ corresponding to the simple a—points of f 1.e., simple
zeros of f — a.

Yang [45] proved that there exists at most a denumerable number of
complex numbers a € CU{oo} for which é;(a; f) > 0 and Z o(a; f) < 4.

aceCu{oo}

Definition 2.1.9 [28] For a ¢ CU{oc}, let n,(r, a; f) denotes the number of
zeros of f—a in |z| <1, where a zero of multiplicity < p is counted according
to its multiplicity and a zero of multiplicity > p is counted exactly p times;
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and Ny(r,a; f) is defined in terms of ny(r, a; f) in the usual way. We define
the quantity d,(a; f) as follows :

Oplas f) =1-— liﬂi}p%.

Definition 2.1.10 [8] P|f] is said to be admissible if

(7) P[f] is homogeneous, or
(21) P[f] is non homogeneous and m(r, f) = S(r, f).

Since the natural extension of a derivative is a differential polynomial,
in this chapter we also prove our results for special type of linear differen-
tial polynomials viz., the wronskians. In this chapter we prove some new
results depending on the comparative growth properties of composite entire
or meromorphic functions and wronskians generated by one of the factors
which improve some earlier theorems.

To this end we give the following two definitions :

Definition 2.1.11 A meromorphic function a = a(z) is called small with
respect to f if T(r,a) = S(r, f).

Definition 2.1.12 Let ay,as,....axr be linearly independent meromorphic
functions and small with respect to f . We denote by L (f) = W (ay, ag, ....ax, f)

the Wronskian determunant of ay, as, .....ax, f i.e.,
a, ay . . . ar f
a, ay . . . a. f
L(f)=
alt! (L(Qk) S (I,E‘fc) fk)

2.2 Lemmas.

In this section we present some lemmas which will be needed in the sequel.

Lemma 2.2.1 [1] If f is meromorphic and g is entire then for all sufficiently
large values of r,
T(r,9)

mT(M(ﬂ 9), f)

T(r,fog) <{l1+o0(1)}



Lemma 2.2.2 [2] Let f be meromorphic and g be entire and suppose that
0 < p<pg <oo. Then for a sequence of values of r tending to infinity,

T(r, f o g) = T(exp(r*), f).

Lemma 2.2.3 [8] Let Py [f] be admissible. If f is of finite order or of non-
zero lower order and Y O (a; f) = 2 then
a#00
: T<T7 PO [f])
lim ———=~
PTG )

Lemma 2.2.4 [3] Let f be either of finite order or of non-zero lower order
such that © (oo: f) = > dpla; f) =1 ord(oco: f) = > d(a; f) = 1. Then for

a#oo a¥oc

:FPO‘

homogeneous Py |f],

""""""""" L Y

T, Rf]) _
TG

Lemma 2.2.5 [10]If f be a meromorphic function of reqular growth u.e.,
Af = pr, then the following quantities

- - T(rf) 3 T f)
(i) op = hlgsilp o (vi) 77 = hrnigf "y

, T (r. £ - . T(r f
(1) ny = liﬂglf 5;ff> (17) 7f = llﬂilp Ej\ff)

are all equivalent.

Lemma 2.2.6 Let f be a meromorphic function of finite order or of non zero
lower order. If > O(a; f) = 2, then the order (lower order) of homogeneous

at oo

Polf] is same as that of f. Also the type and lower type of Py|f] is Tp, tumes
that of f if f is of positive finite order.

Proof. By Lemma 2.2.3, lim log T(r.Polf]) evists and is equal to 1.
rono l0gT(r.f)

e log T'(r, o [f])
pPO{f} o lﬁsogp logfr
‘ logT(r, f) .. logT(r, By[f])
=1 — -]
”ﬁi‘.fp logr e log T(r, f)
= pr.1 = ps.
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In a similar manner, Ap,7 = Ay.
Again by Lemma 2.2.3,

) T(r,Py|f
Tp(f) = llisotlp”‘—_-( rppo?f][ )
T R[S T(r, f)
TR T ) et
== FPO.U'f-

Similarly np,s = I'p,.1y5.
This proves the lemma. =

Lemma 2.2.7 Let f be a meromorphic function of finite order or of non-zero

lower order such that © (co; f) = > dp(a: f) =1 ord(oo: f) = > da; f) =
a#0o aFo0

1. Then the order (lower order) of homogeneous Py |[f] and f are same. Also

the type and lower lype of Py|f] is vp, times that of f when f is of finite

positive order.

We omit the proof of the lemma because it can be carried out in the line
of Lemma 2.2.6 and with the help of Lemma 2.2.4.

Lemma 2.2.8 Let f be a meromorphic function of finite order or of non zero

lower order. If > ©(a; f) = 2, then the weak type of Py[f| is Up, times that
a#oc
of | aof f s of finite positive lower order.

Proof. By Lemma 2.2.3
Apyig) = As-
Again by Lemma 2.2.3

TRys] = lim inf————————T(T’ R /1)

=00 p)\Po[f]

. T(r, P A
- Jim S i T

= Fpon.

This proves the lemma =



Remark 2.2.1 If f be a meromorphic function of reqular growth i.e., \y =

pr and of finite order or of non zero lower order with Y O(a; f) = 2, then
aFx

the quantity Fpomis [Cp, times that of f where f is of finite positive lower

order.

We omit the proof because it can be carried out in the line of Lemma 2.2.8

and with the help of Lemma 2.2.5.

Lemma 2.2.9 Let f be a meromorphic function of finite order or of non- zero
lower order such that © (oco: f) = > dpla; f) =1 ord(oco: f) = > 6la; f) =

a#oo aso0
1. Then the weak type of Po[f] is yp, times that of f when f 1s of finite
posttive lower order.

We omit the proof of the lemma because it can be carried out in the line
of Lemma 2.2.8 and with the help of Lemma 2.2.4.

Remark 2.2.2 [f f be a meromorphic function of regular growth i.e. /\f =
ps and of finite order or of non zero lower order with© (oco; f) = >4 (a =

aFtoc

Lord(oc; f) = > dla;f) = 1, then the quantity ?poif]z‘s vp, times that of
a#no
f where [ is of finite positive lower order.
Lemma 2.2.10 Let f be a meromorphic function of finite order or of non-
zero lower order and > ©(a; f) = 2. Then the hyper order (hyper lower
a#oc

order) of Py|f] and f are equal.

We omit the proof of Lemma 2.2.10 because it can be carried out in the
line of Lemma 2.2.6.

Remark 2.2.3 The conclusion of Lemma 2.2.11 can also be deduced under
the hypothesis © (oco; f) = Y d,(a;f) = 1 or 6 (oo; f) = > d(as f)

aFoo a#oc
instead of > O(a; f) = 2.
a# o0
Lemma 2.2.11 [31] Let f be a transcendental meromorphic function of fi-
nite order or of non-zero lower order and Z 01(a; f) =4, then
aceCU{oc}
T(r,M

Tﬂx—m_ - FAJ - (Ff\] - 71\1)@(007 f) 3
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where

. N(r, f)
O(oc; f) = 1 — limsup——"--- .
) r—00 T(r, f)
Lemma 2.2.12 [f f be a transcendental meromorphic function of finite order
or of non-zero lower order and Z o (a; f) = 4, then the order and lower

acCu{ac
order of M|f] are same as those o{f j}“ Also the type, lower type and weak
type of M[f] is {Tar — (T — yar)O(00; f)} tz’mes that of f, v.e., puyyy =
pry Mg = Arsoonyy = {Tw — (T — ya)O(oo; flor . nary {F/u
(Tar — var)O(oc: f)ing when f is of finite positive order and TM = {I'n —
(Car — var)O(o0; f)}rp when f is of finite positive lower order.

. r .Ml . .
Proof. By Lemma 2.2.3, um %{D exists and is equal to 1. So

. logT (v, f) .. logT (r, M[f])

f7ey = Su N

P]\[{f, T'»‘v:op log T r—0C log T (7", f)
=prol=pr.

In a similar manner. Ay = Ay

Again
. T(r, M|f
TMif] = hff}igp-—_(ﬁmuz
+ MY T '
= lim M - sup (T7 f>
=00 T( f) r—oC e
=T = (Tar = ya1)O(00; f)}oy
In a similar manner, 15 - {Tar — (Tar = var)O(00: f) )y
Also

T(r, M)

Tagy = Hminf——srr
L T MIfD) L T )
B TN DR Y

= {Tar — (T — va1)O(00; f)}7s .

This proves the lemma. =
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Remark 2.2.4 In the line of Lemma 2.2.12 one can easily verify that for a

transcendental meromorphic function f of regular growth v.e., Ay = ps and of

finite order or of non zero lower order with Z 61(a; f) = 4, the quantity
aeCuU{oc}

Tai18 {0ar — (Car —yar)O(00; f)} times that of f where f is of finite positive

lower order.

Lemma 2.2.13 Let f be a transcendental meromorphic function of finite or-
der or of non-zero lower order and Z 01(a; f) = 4. Then the hyper order
a€CU{c}

(hyper lower order) of P[f] and f are equal.

We omait the proof of Lemma 2.2.13 because it can be carried out in the line
of Lemma 2.2.12.

Lemma 2.2.14 [32] Let | be a transcendental meromorphic function having
the maximum defictency sum . Then

CTELU) L e

Lemma 2.2.15 If f be a transcendental meromorphic function with the maz-
imum deficiency sum, then the order and lower order of L(f) are same
as those of f.Also the type, lower type and the weak type of L{f] is {1 +
k — k()(OO,f)} times that Of f, ’2.8., PLIfI — Pf; AL[f] = )\f » OL[f] =
L+ k—ko(oo; f))or, oy = {1+ k — ko (o0; f))}ny when f is of finite
positive order and 77 = {1 + k — ko (00; f)}7f when f is of finite positive
lower order.

Proof. By Lemma 2.2.14,

. logT(r,L(f))
A log T'(r, f)
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exists and is equal to 1. So

. log T'(r, L(f))
PUn = hl;riilolp logr
, logT(r, f) . logT(r,L(f))
- — 17 ]
h?l,s;}p log r a2 log T(r, f)
— pf.].

In a similar manner. Arjp = Ay
Again
T (r, M[f])

rPLif]
T M) Tr f)
TR
={l+k—ko(oco;f)}or.

Similarly 7 = {1+ k — ko (c0; f)) }ny

o) = limsup

Also
T M[f])
TL[fJ] - llﬂglf "[‘/\L[“
. T(r,M[f]) .. . .T(rf)
:rlggc T (r, f) hhfrig,lf rAs

={1+k—ké(oc0; f)}7s .
This proves the lemma. =

Remark 2.2.5 [n the line of Lemma 2.2.15 one can easily verify that for a
transcendental meromorphic function f of reqular growth 1.e., Ay = ps and
of finite order or of non zero lower order with the mazimum deficiency sum,

the quantity Trpis {1+ k — ké (oo; f)} times that of f.

Lemma 2.2.16 If f be a transcendental meromorphic function with the maz-
imum deficiency sum . Then the hyper order (hyper lower order) of L|f] and
f are equal.

We omit the proof of Lemma 2.2.16 because it can be carried out in the
line of Lemma 2.2.15.



Lemma 2.2.17 [35] Let f and g be two transcendental entire functions with
pg < 00, m be a constant satisfying 0 < n < 1 and o be a positive number.
Then

T(r,fog) +0(1) 2 N(r,0; fog)

1 N(M((nr)m‘,g),o,f) B
>log< ) [log]\l((n izx ot

1"'*‘
N
~—
Q
—~
et
~—

as r — oo through all values.

Lemma 2.2.18 [11]If f be any meromorphic function or entire function of
order zero. Then (i) p; =1 and (ii) A} = 1.

2.3 Theorems.

In this section we present the main results of the chapter.

Theorem 2.3.1 Let f. g and h be three entire functions such that p, < Ay <
pr < oo and pp < Ag . Also let Y O(a;f)= > O(a;g)=2. Then
a#oc a#00
_ {log T(r, f o h)}?
lim =
r—T(r, Po [f))T(r, Fo [g])

Proof. It is well known that for an entire function h, T(r, h) < log”™ M(r, h).
So in view of Lemma 2.2.1 we get for all sufficiently large values of r,

T(r, f o h) < {1+ o()}T(M(r, h), f)
i.e., logT(r, foh)<log{l+o(l)} +log T(M(r,h),f)
ie. logT(r. f oh) < o(1) + (pf +¢)log M(r, h)
i.e.. logT(r,foh)<o(l)+ (pf+e)r™*e. (2.1)
Also by Lemma 2.2.6 we obtain for all sufficiently large values of r,
T(r, Pylg]) > rOmi= = p=c (22)

Now combining (2.1) and (2.2) it follows for all sufficiently large values of r,
logT(r,foh) _ o(1) + (ps + )rP™e
< Py
T(r, Py [9]) e
, : logT(r,foh) o(1) + (py + )ror*e
i.e., limsup < limsu ;
r—00 T(T7 PO [gD T—»ocp 7"/\9*6

(2.3)
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As pi, < A4, we can choose € (> 0) in such a way that
pr+ €< Ag — €.

So in view of (2.3) we get from above that

logT (r, foh)

lim su =0
el T (r, Pylg))
log T (r
ie. lim—2 (rfoh) 4 (2.4)

r=sc T (r, Py |g])

Again in view of Lemma 2.2.6 we get for all sufficiently large values of r.

1€, T\r Pylf
Since pn < Ay, we can choose ¢ (> 0) in such a way that
pn+ e < Af — €.

Now combining (2.1) and (2.5) it follows from above for all sufficiently large
values of r,

log T(r, foh) _ o(l) + (ps + €)r*
T(r, R [f]) — rAs—e
1.€.. 1i?1?p10ﬁ5(;0ﬁ;¢) =0
g log T(r, f o h)
.€., r—00 T(’I“, PO {f])

Therefore in view of (2.4) and (2.6). we obtain that
3 2 e . >
o {ogT(rfom)y | logT(nfoh) . logT(rfoh)
r=oT(r, B [fNT(r, Bolgl)  r=x T(r,R[f]) r=x T(r, Rlg)

. {logT(r, f o h)}?
A o B PV o la])

This proves the theorem. m

= 0. (2.6)

1.€., =0.

Remark 2.3.1 The conclusion of Theorem 1 can also be deduced under the
hypothesis © (oo; f) = 25 (a:f) = 1 ord(oo;f) = Y d(a;f) =1 and

aFoc
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O(00:g) = Y. d,(a;9) =1ord(oo;g) = > d(a;g) = 1 instead of Y O(a; f)
aFoc a#00 aFoo
2 and ) O(a;g) = 2 respectively.
a# o0
In the line of Theorem 2.3.1 and with the help of Lemma 2.2.1 and Lemma
2.2.12 we may proof the following theorem.

Theorem 2.3.2 Let f, g be two transcendental entire functions and h be any
entire function such that p, < Ay < py < oo and pn < Ag. Also let f, g be

transcendental with Z o(a; f) = Z 01(a;g) = 4. Then

a€CU{cc} aceCu{oc}
o flogT(r fol)}
SRT (R MUDT (r Mg))
Proof. In view of Lemma 2.2.12 we obtain for all sufficiently large values of
T,
T(r. Mg]) = rPue=9 = pAa=c, (2.7)

Now combining (2.1) and (2.7) it follows for all sufficiently large values of r,
log T'(r, f o h) < o(1) + (pg + e)rPnte
T(r,Mlgl) — A€

. , log T(r, f o h) _ o(1) + (py + €)rerte
t.e., lims <1 |
" e T(r.Mlg]) — P rhee

(2.8)

As pp < A,4, we can choose ¢ (> 0) in such a way that
ph €< Ag — €.
So in view of (2.8) we get from above that

lim suplog T(r.foh)
r—oe T (T’, M [g])
_ . logT (r,foh)
1.e., lim
r—oo T (r, M [g])

Again in view of Lemma 2.2.12 we get for all sufficiently large values of r,

log T(r, M [f]) > (/\M f] —¢)logr
te, T(r,M[f]) >rVe (2.10)

=0

~=0. (2.9)
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Since pp, < Ay, we can choose € (> 0) in such a way that
prpt+e < Af — e

Now combining (2.1) and (2.10) it follows from above for all sufficiently large
values of r,

logT(r,foh) _ofl)+ (pf+ e)rr*e

<
T(r, M[f]) — oy
‘ . logT(r, foh)
1.e., limsu =0
YT, M)
ie. lm8Tnfon) 4 (2.11)

r—oe T(r, M [f])
Therefore in view of (2.9) and (2.11), we obtain that

, {logT(r. foh)}> . logT(r,foh) o dog T(r, foh)
TG MM g) o TG M) o T A [g])

i.e.. lim log TU’ J o h”? _ =0 .
r=xT(r Mf))T(r, M [g])
This proves the theorem. m
In the next theorem we establish a result parallel to Theorem 2.3.1 consid-
ering f and g to be two transcendental entire functions having the maximum
deficiency sum.

Theorem 2.3.3 Let f and g be any two transcendental entire functions
having mazrimum deficiency sum and h be any entire function such that

P < Ay < pr < o0 and pp, < A,. Then
_ 2
lim {log T (r, foh)} ~0.
r—ooT (r, LIf)) T (r, L{g])

Proof. In view of Lemma 2.2.15 we obtain for all sufficiently large values of

T,

Tir, L{g]) = rdss=9 =y (2.12)

and
Tlr, L{f]) = rPun=o = g (2.13)
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As pp < Ay, we can choose € (> 0) in such a way that
Pht€ < Ag — €.

Now combining (2.1) and (2.12) it follows from above for all sufficiently large
values of 7,

logT(r,foh) _o(l)+ (ps+ e)rPrte

IN

(L [g) R
o legT(hfoh) _ . oll)+ (p 4 e
1.€., limsup < lim sup —
PRI L) S P
 logT(r,foh)
1.e., limsup =0
r—oc  T(r,L[g])
) (v foh)
ie. lim 8T IoR) (2.14)

=2 T (r. L[g])

Since py < A;. we can choose ¢ (> 0) in such a way that
Pr e < Ap —c.

Now combining (2.1) and (2.13) it follows from above for all sufficiently large
values of r,

logT(r, foh) < o(1) + (py + €)rPrte
L) S
, _ log T(r, f o h)
1.C., h?}f;?p T, L)
1.e.. lim log T(r, /o ) =
R AT)
Therefore in view of (2.14) and (2.15), we obtain that

. Alog T(r, foh)}? . logT(r,foh) .. logT(r,foh)
lim =1 - i
PTG L) o T L) s 70 L [g))
lim 108 T(r, fo)}*
r—ooT'(r, L [f])T(r, L g])

This proves the theorem. m

0. (2.15)

1.€.,

Theorem 2.3.4 Let f be meromorphic and g be entire transcendental such
that py = 0 and ) ©O(a; fog) = 2. Then ppjjog = 1t where 0 < p1 < py.

aFtoc



Proof. In view of Lemma 2.2.6, and for 0 < pu < p, we get by Lemma 2.2.2

that

: log T(r, f o g)
PRifog) = Pfog = IO SUP——7 =

i
> Jim inf 28 L&), f)
700 logr
> Timinf 28PN 108 2(]exp(r ) J)
F—0d log r r=e logPl(exp(rk))
log r#

= liminf
r—oo  logr

:/1.-/\}.

Thus in view of Lemma 2.2.18, the theorem follows from above. =

Remark 2.3.2 The condition p < pgy in Theorem 2.3.4 1s essential as we see

wn the following example.

Example 2.3.1 Let
f=2zand g=expz.

Also let s = 1. Ay = 1 and

nyg =1, fori =1

=0, fori# 1.
Then
Polf ogl = expz
and
Z@(aﬁfo(J):Q 3 /)f:O 5 A;: 1 andpg:pfog:.:l .
a#too
Also let
u=2.
Therefore
pAy =2,

which is contrary to Theorem 2.3.4.
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Remark 2.3.3 The conclusion of Theorem 2.3.4 can also be deduced under

the  hypothesis © (oo; f o g) = > olasf o g) = 1 or
a#£00
d(oo;fog)= S d(a;fog) =1 instead of > Ola;foyg)=2.
aFoo aF#x

Theorem 2.3.5 Let f be meromorphic and g be transcendental entire such

that ps = 0 and Z 01(a; fog) =4.. Then pyyifeq = p where 0 < p < py.
aeCu{oo}

The proof is omitted because it can be carried out in the line of Theorem

2.3.4 and with the help of Lemma 2.2.2 , Lemma 2.2.12 and Lemma 2.2.18.

Theorem 2.3.6 Let f o g be transcendental meromorphic function having
mazimum deficiency sum such that py = 0 . Then pyijog = p where 0 < pi <
Pg-

The proof of the above theorem is also omitted because it can be carried
out in the line of Theorem 2.3.4 and with the help of Lemma 2.2.2 | Lemma
2.2.15 and Lemma 2.2.18.

Remark 2.3.4 The condition j < pg in Theorem 2.3.6 15 essential as we see
mn the following example.

Example 2.3.2 Let
f=zandg=expz .

So
fog=expz.
Also let
u=3.
Then
pr=0, X =1.pg=pfog =1 and Z Ola; fog)+ o(oc; fog)=2.
aFoo
Taking a; =1, a3 = .. =ax =0 and k = 1 in Definition 2.1.12 we get that
L(fog)= (1) ::(gi = exp z.
Therefore
pAy =3,

which is contrary to Theorem 2.3.6.
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Theorem 2.3.7 Let f be a meromorphic function and g be an entire function
with 0 < Ap < py < 00, pg < 00 and Y, O(a; f) = 2. Then for any « ¢

(_Oo‘l OO)’ 7
i Loe{T(r, f o g)log M(r, g)}]'™
r—oc T(exp T, P() [f]) .

Proof. If 1 + a < 0, the theorem is obvious. So we suppose that 1 + a > 0.
In view of Lemma 2.1.1, we have for all sufficiently large values of r,

log{T\(r, f o g)log M (r, 9)}
<logT(r,g) +log T(M(r,g), f) + log{! + o(1)}
i.e., log{T(r, fog)log M(r,g)} < (p,+ €)logr + (ps + )’ + o(1)

i.e., log{T(r, fog)log M(r,g)}

+e)logr + o1
2 )7.,)_9%6 : )} (216)

< pPete {(_pf +€) +
Again in view of Lemma 2.2.6, we get for all sufficiently large values of r,

log T(expr. Py [f]) = (Ap,s — ¢) log (expr)
ie.. T{expr. Py [f]) = exp{(A; —e)r} . (2.17)

Now combining (2.16) and (2.17) it follows for all sufficiently large values of
r,

Apgte)(1+ o) (py+e)logr-to(l) 1+a
log{T(r, f © g)log M(r, g)}te _ 7" ){(Pf 1 ¢) + leateoer }

' <
T(expr, Py [ f]) = exp { (N — )]
I+a
i.e., lim Sup[lOg{T(r, fog)log M(r,g)}]
T T(expr, Py [f])
from which the theorem follows. =

=0,

Remark 2.3.5 If we replace > O(a; f) =2 by © (co: f) = > dpla; f) =1
a#oc aFoo
or d(oc; f) = > d(a; f) =1 and the other conditions remain the same then
a#oo
also Theorem 2.3.7 is valid.
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Remark 2.3.6 The condition p, < oo in Theorem 2.3.7 1s necessary as we
see in the following example.

Example 2.3.3 Let
f=expz,g= exp[g] z and o = 0.
Alsolets =1, Ay = 1 and

ng =1, fori =1

0, fori #1.
Then Fy[f] = expz
and
Y O(af)=2. Ap=p;=1, py=cc.
aFtx
Now
1 r
. > A —
T(r.fog) > 3logM (5. f og)
; 1 r
e T(r.fog) > - logexpl! (2
i.e., T(r,fog)> 31obe:><p 2)
. 1 5 (T
P .t o oo (T
ie., T(r,fog)> 3exp J <2>
and
log M(r, g) = log M(r, exp? z) = exp!¥ 1.
Therefore,
1 ' o M(r g)ilita ,
ree T(expr, o [f]) s T(expr,expz)
LexpBl (L (2]
> lim inf log{; exp'® (§) .exp® r}

r—oc {eery

— OC
which s contrary to Theorem 2.3.7 .

Theorem 2.3.8 Let f be meromorphic and g be entire such that 0 < X\, <
pg < 00, py <00 and Y O(a:g) = 2. Then for any a ¢ (—oc,0),
a#ox
i [og{T(r, fog)log M(r,g)}]'*e
T T(expr. Fy[g])

=0
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Proof. If 1 + a < 0, the theorem is obvious. So we suppose that 1 +a > 0.
In view of Lemma 2.1.6, we have for all sufficiently large values of r,

logT(expr, Py lg]) > (Apyg — ¢)log (expr)
c

xp{(A — )} . (2.18)

Now combining (2.16) and (2.18) it follows for all sufficiently large values of
T?

Z
i.e., T(expr. Pylg]) 2

a1 +a (pyte)logrto(1) | '+
log{T(r. f 0 g)log M(r g e _ 771" {{py + )+ttt

T(expr, Po[g]) - exp {(Ag — €)r}
. [log{T(r. f o g)log M(r, g)}]'*®
i.e., limsu : =0,
et T(expr, Polg))
from which the theorem follows. =

a/oc a#oo
or § (00; f) = Y. d(a; f) =1 and the other conditions remain the same then
aFoco
also Theorem 2.3.8 1s valid.

Remark 2.3.8 Considering

f=exp®z g=expz,
s =1, Al =1 and
ng =1, fori=1

=0, fori#1

one can easily verify that the condition p; < oo in Theorem 2.3.8 is essential.

Theorem 2.3.9 Let f be a transcendental meromorphic function and g be

an entire function with 0 < Ay < p; < 00. pg < o0 and Y. di(a; f) = 4.
aceCuioc}
Then for any o € (—oc, ).

. Llog{T(r, f o g) log M(r, g)}J* 2
T T(expr, M[f])

=0.
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Proof. If 1 + o < 0, the theorem is obvious. So we suppose that 1 + a > 0.
In view of Lemma 2.1.12, we have for all sufficiently large values of r,

(Anrpy) — €) log (expr)
exp{(A; —e)r} . (2.19)

Now combining (2.16) and (2.19) it follows for all sufficiently large values of
T?

logT(expr. M| f
ie., T(expr. M U‘]

|\/ l\/

(1 ta g +¢)logr+o lt+o
log{T(r, f o g)log M(r,g)}]'+® g o e (it ){(Pf +o)+ (pg+ ipﬁf (1)}
T(expr, M [f]) B exp {(A — )r}
log{T(r, f o g)log M(r, g)}]**®

1.e., limsup =0

r—0oC T(exp T, M [f]) 7

from which the theorem follows. m

Theorem 2.3.10 Let f be meromorphic and g be transcendental entire such
that 0 < Ay < pg < 00, py < o0 and Y, 61(aig) = 4. Then for any a ¢

aeCloc
(_OO’ OO)’ |
o Los{T(r f o g)log M(rg)}]'™
r—— T(expr. M [g])

Proof. If 1 + a <0, the theorem is obvious. So we suppose that 1 + a > 0.
In view of Lemma 2.1.12, we have for all sufficiently large values of r,

log T(expr, M [g]) = (Apyg — €) log (expr)
i.e., T(expr.Mlg]) > exp{(Ag —€)r} . (2.20)

Now combining (2.16) and (2.20) it follows for all sufficiently large values of
.

i

)(1+a, g +e)log r+o(l Tta
log{T(r, fog)log M(r,g)}' plpate)(lta) {(pf+€) L et Lz%f ( )}

T{expr, M g)) = b (N — 7}
. log{T(r, f o g)log M(r,g)}]'t*
T T ) "

from which the theorem follows. m
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Theorem 2.3.11 Let f be a transcendental meromorphic function having
mazimum defictency sum and g be an entire function with 0 < Ay < py < o
and pg < oo . Then for any a ¢ (—oc, 00).

i [0B{T(7 £ 2 9) 108 M (1, 9)

A Tlexpr. L1J) -0

Proof. If 1 + o < 0, the theorem is obvious. So we suppose that 1 + « > 0.
In view of Lemma 2.1.15, we have for all sufficiently large values of r,

log T(expr. L{f]) > (Ary — ¢) log (expr)
ie., T(expr.L{f]) > exp{(A; —e)r} . (2.21)

Now combining (2.16) and (2.21) it follows for all sufficiently large values of

T,

) 1+o
Tl s M o rlestOlte) fg L) 4 (pg+€)£og+f+0(l)}
Jog{T(r, o g)log M(r, )} _ {lor +0+ 5
T(expr, L [f)) - exp {(A; — r}
L log{T'(r. f o g)log M(r, g)}]'**
1.e.. 1 =0 .
e TP T(expr. L[f]) |

from which the theorem follows. m

Remark 2.3.9 The condition p, < o0 in Theorem 2.3.11 is necessary as we
see in the following example.

Example 2.3.4 Let

f=expz,g= expw z and o = 0.

Then
AN=pr=1. py=00 and > &(a:f) +d(co; f) = 2.
aFEX
Takingay =1, ay = ... = a; = 0 and k = 1 in Definition 2.1.12 we get that
1 expz |

= expz.

Lif) - ]

0 expz |



41

Now
1 r
T(r,fog) 2 logM (5.f o 9)
, 1 |
ie., T(r,fog)> =logexpl (f)
7 ? 3 2
1 T
' Ty f ~expld (2
ie., T(r,fog)> 5 XP (2>
and )
log M (r, g) = log M(r, explt 2) = expl 7.
Therefore,
. log{T(r, f o g)log M(r,g)}]'""* .. log{T(r, [ og)logM(r g)}
lim = lim
rooc T(expr, L[f]) r—00 T(expr,exp z)
> Jim log{ £ exp (3) . exp® r}

P {expr}
T

- OO?
which 1s contrary to Theorem 2.3.11 .

Theorem 2.3.12 Let [ be a meromorphic function and g be a transcendental
entire function having mazimum deficiency sum with 0 < Ay < pg, < oo and
ps < oo . Then for any a € (—oc. 00),

log{T(r. f o g)log M(r, g)}]'*®

! =0,
am T(expr, L[g])

Proof. If 1 + a < 0, the theorem is obvious. So we suppose that 1 + a > 0.
In view of Lemma 2.1.15, we have for all sufficiently large values of r,

log T'(expr, L {g]) > (Apjy — €) log (expr)
r.e., T(expr, Lig]) > exp{(A; —€)r} . (2.22)

Now combining (2.16) and (2.22) it follows for all sufficiently large values of
r

)

. rlpgte)(l+a) (pgte€)logr+o(l) 1t+a
[log{T(r, f og) log ]V[(?“, g>H1m _ rlpgr(lta) {(pf + f) + £ rpg%»c }

T(expr, L l9]) N exp {()\q _ E)T"}
. . log{T(r, f o g)log M(r,g)}]***
t.e., limsup
e Tlexpr, L[g])
from which the theorem follows. =

22207
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Remark 2.3.10 The condition py < oc wn Theorem 2.3.12 1s essential as we
see in the following example.

Example 2.3.5 Let

f=exp?z, g=expzand a=0.

Then
Af=pr=00, pg=1 and L é(a; g) + o(oc; g) = 2.
a#Fx
Taking a1 =1, ay = ... = ax = 0 and k = 1 in Definition 2.1.12 we get that
11l expz|
L{g) = ’ 0 exp: | = exp z.
Now
/ 1 r
T(r. > ~log M (—,
T(r.fog) 2 3logM (5.f o)
1 A
ie, T(r,fog)> glog expl® (%)
A | q /T
e T f o> Lo ()
and
log M(r,g) =log M(r,expz) =r.
Therefore,
i Ho8{T(r, f o g)log M(r g)}1'™ . 10g{T(r, f o g)log M(r,g)}
roc T(expr, L[g]) P00 T(expr,exp z)
1 r .
> lim log{4 expl® (%) .r}

Foc { expr }
m

proo DC_
whach 1s contrary to Theorem 2.3.12 .

Theorem 2.3.13 Let f be a meromorphic function and g be an entire func-
tion with 0 < Ay < py < 00, pg < o0 and Y O(a; f) = 2. Then

a# oo

 [log{T(r. f o g)log M(r. g)}] !0
r—oc log T(expr, Py [f]) Pg
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Proof. If 1 + a < 0, the theorem is obvious. So we take 1 + a > 0.
In view of Lemma 2.2.6 we obtain for all sufficiently large values of r,

log T(expr, Py |f]) = (Mg — ) log (expr)
te., logT(expr. By[f]) = (Ar —e)r. (2.23)
Now from (2.16) and (2.23) it follows for all sufficiently large values of r,

n (pil_LE) log r’—:»o(]l } Lo

llog{T(r, f o g)log M(r,g)}]"** < PPyt a){ (o) + AR
log T'(expr, Polf]) - = oOr

Since 1 + a < pi, we can choose ¢ (> 0) in such a way that

. (2.24)

(pg +)(14a)<1 (2.25)
Thus the theorem follows from (2.24) and (2.25). m

Remark 2.3.11 Theorem 2.3.13 s still valid under the condition © (oc; f) =
Y oplaif)=1o0rd(oc; f)= > 0d(a: f) =1 instead of Y O(a: f) = 2.

aFo0 asoc a#oc

Remark 2.3.12 The condition 0 < 1 +o < pl 18 essential in Theorem 2.3.13
as we see in the following example. ‘

Example 2.3.6 Let f =g = expz and o = 0 .
Then

Ap=pr=Ag=pg =1, Z@(a: ) =2 and fog = exp? z .

aF#o0

Also let s =1, Ay = 1 and

Ny = 1 fO?“'i =]

Then Fy[f] = expz.
Now

log T(r. fog) = log T(r, exp? 2))

expr |
~ lo [ T — 00
¢ { (2n%r)’ } = )

=r-; logr + O(1) (r — oo)

i
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and
log M(r,g) = log M(r,expz) =r
Therefore,
- Dlog{T(r. f o g log M(r.g)}}** _ | 1og{T{r.f o)log M(r.9)}
r—00 log T'(expr, Po[f]) r—oc log T(expr,exp z)

_ i 18T (1 f og) +1log™ M(r,g)

- log T'(expr, exp 2)

ES el
- log { =B~

o T+ %log7'+()(1)

=z }_

which is contrary to Theorem 2.3.13 .

Theorem 2.3.14 Let [ be a transcendental meromorphic function and g be
an entire function with 0 < Ay < py < 00, pg < oo and Y. di(a: f) =4

aeCU{x}
Then

lim llog{T(r, f o g)log M(r, g)}]' ™

1
=01f0<]l+a<—.
r—o0 log T(expr, M|[f]) 4 Pg

Proof. For all large values of r we get from (2.19) that

log T(expr. M [f]) > (A; —€)r. (2.26)
From (2.16) and (2.26) it follows for all sufficiently large values of r,

1+o

(p.+e (pgte)logrroll)
Jog(T(r o glog Mir g} _ ooy
log T(expr, M [f]) - (Af—e)r - (2

Thus the theorem follows from (2.25) and (2.27). =

Theorem 2.3.15 Let f be a transcendental meromorphic function having the

mazimum deficiency sum and g be an entire function with 0 < Af < py < o0,
pg < oo . Then

i L08{T(r, f o g)log M(r, g)}]"**

1
-~ log T(expr, L[ f]) fo<ltas Pg
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Proof. From (2.21) it follows for all large values of r that
log T(expr. L|f]) > (Af —¢)r. (2.28)

From (2.16) and (2.28) it follows for all sufficiently large values of r,

, vy (pg +¢)log r+o(1) l+a
e +e)(l+a { +e +—-‘7—5——}
g)}]l Fa T_Wg v )< (py+e) e

log{T'(r, f o g)log M(r -
B (Af— €)r

log T(expr, M [f]

. (2.29)
Thus the theorem follows from (2.25) and (2.29). m

Remark 2.3.13 The condition 0 < 14+ o < —pi— 18 essential in Theorem 2.3.15
as we see in the following example.

Example 2.3.7 Let f =g=expz and a =0 .
Then

Af=pr=XA=p;=1, Zd(a;f}+5(oo;f) =2 and fog = exp? z .

atac
Takingay =1, as = ... =ap =0 and k =1 in Definition 2.1.12 we get that
L(f) = l (1) eXp 2 i = exp z.
exp 2 |
Now
log T(r, fog) = log T(r, exp! z))
expr
~ log { (27r37*~)*§} (r — oc)
=7 — é—logr +O0(1) (r — x)
and

log M(r.g) =log M(r,expz) = r.
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Therefore,
log{T(r, f o g)log M(r )} _ | log(T(r: f o.g)l0g M(r,a)}
5o log T'(expr, Py [f]) r—2 log T(expr, exp z)

. logT(r,fog)+ log® M(r, g)
= lim
e log T'(expr, exp z)
1 —3logr+logr +O(1)
= lim expr
te'e log {“‘75—}
_ r+ilogr+0O(1)
= lim ;
00 r+ 0(1)

- r
=1
which 1s contrary to Theorem 2.3.15 .

Theorem 2.3.16 Let [ be meromorphic and g be entire such that 0 < Ay <
py < 00, pr<ooand Y Ola;g) = 2. Then

a#oc
T( : ] M 1o 1
i 108t fog)log M) ™ ey o b
r—00 10g T(eXp r. P(] (QD Pg

Proof. For all large values of r it follows from (2.18) that
log T(expr, Pylg]) > (A; — €)r. (2.30)
From (2.16) and (2.30) it follows for all sufficiently large values of r,

(pg+cilogr—oll) } l+a

[log{T(r, f o g)log M(r.g)}'** _ +* R
logT(expr, Py[g]) - (Ag — )7

Thus the theorem follows from (2.25) and (2.31). =

(231)

Remark 2.3.14 The condition 0 < 1+ < ;L 15 essential in Theorem 2.3.16
as we see in the following example. '

Example 2.3.8 let f =g =expz and o = 0 .
Then

Af=pp=Ag=pg=1, Z@(a;g) =2 and fog = exp? z .

a#oc
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Alsolet s =1, Ay =1 and
;1 = 1 fO?” 11— 1

=0 fori# 1.
Then Polg] = exp z.
Now
log T(r. fog) = log T(r, exp? z))
expr ,
~ log < - - (r —oc
° { (2m3r)2 } )
1
=7 = 5logr +O(1) (r— )
and
log M(r,g) = log M (r.expz) = 1.
Therefore,
- Hog{T(r, f o g)log M(r,g)}]' e lm log{T(r, f o g)log M(r, g)}
r—o0 log T'(expr, Py [g]) P log T(expr.exp z)

i, 1087, £ 0 g) +log® M(r, g)
Tk log T(expr,exp z)
r—slogr+logr + O(1)

= lim

e e (%)
o r+ slogr + O(1)
= 1.

whach s contrary to Theorem 2.3.13 .

Remark 2.3.15 Theorem 2.3.16 s still valid under the condition © (c0; g) =
Y 0plaig) =1 ord(oo;g) = > d(a:g) =1 instead of > Ola:g) = 2.

a#0S a#x a¥x

Theorem 2.3.17 Let f be meromorphic and g be transcendental entire such
that 0 < Ay < py < o0, py < o0 and Y, d(a:g) =4. Then

a€Cu{x}

. [log{T(r, fog)log M(r,g)}' . 1
Iim / =0 1f0<l+a< —.
r—09 log T(expr. M|g]) / Pq
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Proof. For all large values of r we get from (2.20) that
log T(expr, M [g]) > (Ay — €)1 (2.32)

From (2.16) and (2.32) it follows for all sufficiently large values of r,

: pg +e)log r+o(l lta
log{T(r, [ o g)log M(r,g)j]-ve _ s {irees st
log T(expr, M |g]) - (Ag —€)r
g

Thus the theorem follows from (2.25) and (2.33). =

. (2.33)

Theorem 2.3.18 Let f be meromorphic and g be transcendental entire with
mazimum defictency sum such that 0 < A\, < p, < oo, py < oo . Then

. |log{T(r, f o g)log M(r, g)}]l ba | | :
= log T(expr, L{g]) if0<l+tac< .

Proof. For all large values of r we get from (2.22) that
log T(expr. L{g]) > (A, — )r. (2.34)
From (2.16) and (2.34) it follows for all sufficiently large values of r,

) pg+e)log rto(l) i+a
[log{T'(r, f o g)log M{r.g)}]' ™" _ (ot (py vy Tz
log T(expr, L{g]) < T

. (2.35)

Thus the theorem follows from (2.25) and (2.35). m

Remark 2.3.16 The condition 0 < 1+ o < ;)l« 18 essentral in Theorem 2.3.15
as we see 1n the following example.

Then
A=pr=Ag=pg=1. > 6(aig) +8(oc;g) = 2 and fog = exp? 2 .

Taking ay =1, a9 = ... = ay = 0 and k = 1 in Definition 2.1.12 we get that

\ 1 ex
L(gir; exp 2 = exp z.

0 expz
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Now
log T(r. fog) = log T(r, expd 2)
{ exp r } r o o)
273r)
~7~—2—10g7 +0(1) (r — o)
and
log M (r,g) = log M(r,expz) =1

Therefore,

o llog{T(r./ o g)log M(r,g)}]""* . Tog{T(r, f o g)log M(r,g)}

r—o log T(expr, Fy(g]) r—x  logT(expr, expz)

_logT(r, f o g)+ log¥ M(r, g)
= lim
r—0oC ].Og T(eXpT €Xp Z)
_ r~—~logr+logr+0()
= lim perees
r—2 lOg{ p }
r+slogr+ O( )
= lim
FesaC r -+ O(l)

which s contrary to Theorem 2.3.18.

Theorem 2.3.19 Let f be rational and g be a meromorphic function such

thaz‘0<)\foq<pfoq<ooand0<pq<oo Also let d (007 g) = > d(a; g) =
a#oc
1. Then for any positive number A.

o log!2 T(r.
i wﬂm<hm Sup 0%] Ir.fog)
r=oe Jog T(r4, Py lg]) qu r—x log® T(r4, P, l9])

Proof. From the definition of hyper order we get for all sufficiently large
values of r,

log? T(r, f o g) < (ﬁfog + ¢)logr. (2.36)
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Again in view of Lemma 2.2.10 and Remark 2.2.3 we have for a sequence of
values of r tending to infinity.

log™ T(r*. Py [g]) 2 (pp,q — ) logr”"
i, log® T(r* Pylgl) > A(p, — ¢)logr. (2.37)
Now combining (2.36) and (2.37) it follows for a sequence of values of r tend-

ing to infinity,

log® T(r.fog) _ (proytc)logr
log® T(r4. Py “) A(p —¢)logr

Since € (> 0) is arbitrary. it follows from above that

log” T(r, Do
lim inf —2 r.fog) < Lo (2.38)

T=+00 logm T(?‘flg P() {gD - A;)gA

Also for arbitrary positive ¢ and for all sufficiently large values of r,
log” T(r™. Py [g]) < (ppyjg + <) log r”
i, log? T, Pylgl) < Ap, +¢)logr. (2.39)
Again for a sequence of values of r tending to infinity,
log™! (1, fog) = (prog — ) logr. (2.40)

Now from (2.39) and (2.40) we obtain for a sequence of values of r tending
to infinity,

{T(r, fog) (/)foq ¢)logr
log!? T(r*‘ P()K]D 1(,09 +e)logr

As ¢ (> 0) is arbitrary, we have from above that

&y, g ;
lim sup log T(r’fog) >pf°g

e og? T(rA Bylg]) = ap, |

Thus the theorem follows from (2.38) and (2.41). m !
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Remark 2.3.17 The conclusion of Theorem 2.3.19 can also be drawn under

the hypothesis > O{a;g) = 2 or © (o0 = Y- éylarg) = 1 wnstead of
aFoo a#Foo
§(0019) = ¥ b(ag) ~ 1
aFoc

The following theorem can be proved in the line of Theorem 2.3.19 and in
view of Lemma 2.2.13.

Theorem 2.3.20 Let | be rational and g be a transcendental meromorphic
function such that 0 < Xjoy < P, < o¢ and 0 < p, < oc. Then for any
positive number A.

log? T(r, fog) _ Preg .. log®T(r fog)
liminf < =< , .
r= log T(ra Llg)) = AP, T rex log? T(r4, Lig))

Theorem 2.3.21 Let f be rational and g be a transcendental meromorphic
function having mazimum deficiency sum such that 0 < Arog < Droy < 00 and
0<p, <oc. Alsolet 3 &(a;g) =4 Then for any positive number A,

aeCu{x}

log” T(r, f o g)
DT < —2 < limsup & )
r= log T( M [ ) T APy T s log® T4, Mg))

We omit the proof of the theorem because it can be carried out in the line
of Theorem 2.3.19 with the help of Lemma 2.2.16. ‘

Theorem 2.3.22 Let f be rational and g be transcendental meromorphic |
satisfying the following conditions: !

(1) 0 < py < 00, (ii) 0y < 00. (it1) prog = pg, (iv) 0 < 040y < 00 and (v)
> O(a;9) = 2. Then |

a#EOC |

T(r,fog) _ o, r.fog)
hm lﬂf < g 1 oo e
P Tl Bylgl) ~ Tpooy = Ti?ﬂn%[n |

Proof. By the definition of type. we have for arbitrary positive ¢ and for all
sufficiently large values of r. |

T(r. fog) <(apeg+e)rPles (2.42'
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In view of Lemma 2.2.6 we get for a sequence of values of  tending to infinity,

T(r, Pylgl) = (opjg — )Pl
i.e., T(r,Pylg]) > (Tp.04 —€)r . (2.43)
Since pfog = pg, from (2.42) and (2.43) it follows for a sequence of values of
r tending to infinity,

T fog) o (dre+ 1)
T(r. Polg]) — (Tpog—c)

(2.44)

As ¢ (> 0) is arbitrary, it follows from (2.44) that
T(r,fog) . _Ose

lim inf - '

e T(r Po [qw) . FP@ "0g -

(2.45)

Again for a sequence of values of r tending to infinity,
T(r.fog)> (Oog — €)riiee . (2.46)
Also for all sufficiently large values of » we get by Lemma 2.2.6 that

T(r. Fylg]) < (opg + ¢)rfnld
)

<
te., T(r.Polgl) < (Tp, -0, -+ €)rfe . (2.47)

Now in view of condition (iii) we get from (2.46) and (2.47), for a sequence
of values of r tending to infinity,

T(r.f 0g) _ (07—
T(r. g9) FPU "Ogt € '

Since € (> 0) is arbitrary, we obtain from above that
T(rfog) | oy
lim su — > 7z
Fx (- Ralgl) = T, o
Thus the theorem follows from (2.45) and (2.48). =

(2.48)

Remark 2.3.18 Theorem 2.3.22 remains true with yp, instead of Tp, if we
replace the condition ) ©O(a:ig) = 2 by O (ocig) = Y. dy(a;g) = 1 or
aF#o0 a#00

0(c0ig) = > d(a:g) =1 and the other conditions are same.

a#oc



a3

Remark 2.3.19 Considering

5 = 1, /41 =1 and
ng =1, fori=1
=0, for:#1

one can easily verify that the sign ' < ' can not be replaced by ' <’ only in
Theorem 2.3.22 .

Theorem 2.3.23 Let f be rational and g be transcendental meromorphic
sotisfying the following conditions :
(1) 0 < pg < 00, (it) 04 < 00, (1i) prog = pg, (iv) 0 < 0y < 00 and
(v) > bi(a;g)=4. Then
aeCl{ oo}
S T(T,ng) o O fog < 1 T(T:fog>
R M) = T = Ty — )00 g1y~ P aTg)

The proof of the theorem can be established in the line of Theorem 2.3.22
and with the help of Lemma 2.2.12 and therefore is omitted.

The following theorem can also be proved in the line of Theorem 2.3.22
and in view of Lemma 2.2.16. |

Theorem 2.3.24 Let f be rational and g be transcendental meromorphic
having mazimum deficiency sum satisfying the following conditions : |

(1) 0 < pg < 00, (ii) 05 < 0. (i) prog = pg. and (iv) 0 < 0f5y < 00 .
Then ,
.. T(r, fogq) 0o , T(r,fog)

lim inf -2 g < SUP—— L |
X T Egl) S Tk ke (sor e, = MU Ta T ,

The proof is omitted. ‘

Remark 2.3.20 Let us consider ,

f‘:Z7g:eXpZ‘ |

Taking a1 =1, az = ... = a3, = 0 and k = 1 in Definition 2.1.12 we get thq‘
1 expz |

[/ == = ) . |

IR e B |
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Now one can easily verify that the sign’ < ' can not be replaced by ' <’ only
in Theorem 2.3.24.

Theorem 2.3.25 Let f be rational and g be transcendental meromorphic
satisfying the following conditions:

(1) 0 < pg < 00, (11) 1y < 0g < 00, (1i1) prog = Pg, (1) 0 < Nog < Tfog < 00
and (v) > O(a;g) = 2. Then

a#oc

TIfOQ <hm]nfT(7’fOQ) < Tfog < lim su T(T,ng) < Ufog .
FPO'OQ oo T(T’, P [QD B FPU~”79 B T"xpT(Tﬂ P [(]]) B PP@'”Q

Proof. By the definition of lower type, we have for arbitrary positive ¢ and
for all sufficiently large values of r

T(r,fog)> (g —e)rir . (2.49)

Since pfog = pg, from (2.47) and (2.49) it follows for all sufficiently large
values of r that , ‘

T(r.fog) . (g =)

T(r. Fylgl) = (Tp.og—c)

As ¢ (> 0) is arbitrary, it follows from above that

T feg) e
1 f—— > . 2.50
7 Tlr Py lg]) ~ Ty o -

Again for a sequence of values of r tending to infinity,
T(r.fog) < (nfeg+e€)rfre . (2.51)
Also for all sufficiently large values of r we get by Lemma 2.2.6 that

T(’I", 0 [(JD > ("]Po[g] o €>TPPO{95
ie., T(r,Pylgl) > (T'p, - ng — €)rPe . (2.52)

Now in view of condition (ii7) we get from (2.51) and (2.52), for a sequence
of values of r tending to infinity,

T fog) _ (igeg =
T(r.Pylg]) = Tp,-mg+ec

e
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Since ¢ (> 0) is arbitrary, we obtain from above that

.. T(r,fog) Nfog
lim inf —— < : (2.53)
r—0C T(.Tﬁ Po [(]]) FPU "Ny

Also for a sequence of values of r tending to infinity we get by Lemma 2.2.6
that

T(r. By lg]) < (npyg) + €)rPho

<
e, T(r.Pylg]) < (Cp.ng +e)rfs (2.54)

Since pfog = pg, from (2.49) and (2.54) it follows for all sufficiently large
values of r that

T fog) . (npa—o)
T(r.Pylg]) = (Tpmy+e)

Choosing ¢ — 0 we get that

) T(7'~ Jo g) Tfog
1 . ’ > .
PT0 P lgl) = Trng

Again from (2.42) and (2.52) and in view of condition (i) it follows for all
sufficiently large values of r that

T(rifog) | (07— 0)
B (FPO '779+€> '

(2.55)

lim s
T Polgl)

g

As ¢ (> 0) is arbitrary, we obtain from above that

. T(T? f © g) Ufoq
lim su > — .
r»ﬁocpT(r-, Polgl) ~ Tp, - g

Thus the theorem follows from (2.50). (2.53),(2.55)and (2.56). =

(2.56)

Remark 2.3.21 Theorem 2.3.25 remains true with vp, instead of U'p, if we
replace the condition Y ©(a:g) = 2 by O(oc;g9) = . dyla;g) = 1 or
a#oc a# o0
d(0c0ig) = > d(a;g) = 1 and the other conditions are same.
aFox
The following two theorems can be proved in the line of Theorem 2.3.25
with the help of Lemma 2.2.12 and Lemma 2.2.15 respectively and so their
proofs are omitted.
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Theorem 2.3.26 Let [ be rational and g be transcendental meromorphic
satisfying the following conditions:

(1) 0 < py < 00, (12) 1y < 0g < 00, (111) Prog = Pg, (10) 0 < Npog < Tpog < 00
and (v) > di(a;g) =4. Then

aeCU{o0}
Tfog

{Ty = (Tar — var)O(00; 9) } 0y
T(r.fog) Mfog

< lim inf <

r—00 T( Py I(/} - {r’t[ - (FM - 'VM)Q(OO; g)}'779

T(r °

< limsup L foy) T fog

rooo 1(7r, Pylg]) = {Tar — (Tar — ym)O(00: g) }omg

Theorem 2.3.27 Let f be rational and g be transcendental meromorphic
having mazximum deficiency sum satisfying the following conditions:

(1) 0 < pg < 00, (i) 1 < 04 < 00, (111) Prog = pg, and (iv) 0 < Npog <
Ofog < 00 . Then

Tlfog <
{1+k—kd(oc: flyop,
T(r, fog) Nfog T(r,fog)
lim inf < - < limsup———"—4% <
P Rl = Tk ko (oo Ny~ ST Byl

Tfog
{1+k—kd (oo f)}my

The following theorem is a natural consequence of Theorem 2.3.22 and
Theorem 2.3.23.

Theorem 2.3.28 Let f be rational and g be transcendental meromorphic
satisfying the following conditions:

(1) 0 < pg < oc, (it) g < 0y < 00, (i) Prog = pg, (10) 0 < Nfog < Ofog < 00
and (v) > O(q; q) = 2. Then

aFoC

T ; .
hm1nf—————-(, /9) < min{ lfeg ~_Ifog } <
r—oo T(r. Py[g])

o)
max{ /o9 : 1oy }ghmsup—*———(rfog
Fpn.ng FPQ-U_(]
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Remark 2.3.22 Theorem 2.3.28 remains true with vp, instead of I'p of we
replace the condition S O(a;g) = 2 by O(ocig) = > dpla;g) = 1 or

aF#00 a#00
0 (oc0:g) = ; 8(a; g) = 1 and the other conditions are same.
aFoc

Analogously one may state the following two theorems without proof.

Theorem 2.3.29 Let f be rational and g be transcendental meromorphic
satisfying the following conditions:

(1) 0 < py < 00, (11) g < 04 < 00, (181) Prog = Pg, (1) 0 < Nfog < Tfog < 00
and (v) Y, 61((1‘ g) = 4. Then

aceCU{ec}
e
Nfog 0 fog
< min
{{ Lar = (Par — 7a0)O(00: ) g {Tar — (Far — M/)@(OO;Q)}-%}
Tfog Ofog
< max .
{{FM — (Tar = man)©(o0; ) by {Tar — (Tar — %U)G(OOJQ)}-UQ}
T(r,fog)
< limsup—r—-—=-
ST By la])

Theorem 2.3.30 Let [ be rational and g be transcendental meromorphic
having mazimum deficiency sum satisfying the following conditions:

(2) 0 < pg < 00, (i) 0y < 0y < oc, (iUl) prog = pg a0d (iv) 0 < 150y <
Ofog < 00 . Then

T(r, foyg)
lim inf
r—x T(r, Py [g )

< min{ '/ff)g : , 91
{1+k—=Fkdo(oc: f)yng {1 +k—kd(oc;f)}.a,

Nfog Ofog
= max { {1+ k.‘— kﬁ(oo;f)}.n! {1+k- ké(oo:f)}.ag}
< lim sup= Tir,fog)

r—oo T(r, Fulg])
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Theorem 2.3.31 Let f be rational and g be transcendental meromorphic
satisfying the following conditions:

(i) 0 < Ay < 00, (i1) Ty < 00, (1) Afog = Ag. (iv) 0 < Tpoq < 00 and (v)
> ©(a;g) = 2. Then

aF oo

T(r,fog) _ Tjog T(r,fog)
im it ol < Thom, = hﬁi‘jpT(r Bl

Proof. By the definition of weak type, we have for arbitrary positive ¢ and
for all sufficiently large values of r,

T(r,fog) 2 (T — €. (2.57)

In view of Lemma 2.2.8 we get for a sequence of values of 1 tending to infinity,
(, Polgl) < \ng ()r/\P(n[ al

1.€., T P(){QD Fp Tq+€) . (258)

Since Aoy = Ay, from (2.57) and (2.58) it follows for a sequence of values of
r tending to infinity,

T(rfog) o (77— )
T Pofa) = Trorg o)

As € (> 0) is arbitrary, it follows from above that

T(r.fog) . T

mﬁilpT(r, AP . (2.59)
Again for a sequence of values of r tending to infinity,
T(r.fog) < (Tjog + )r . (2.60)
Also for all sufficiently large values of r we get by Lemma 2.2.6 that
T(r. Polgl) > (7pyg — €)r i
ie., T(r.Pygl) > (Tp, -7y — ) . (2.61)

Now in view of condition (ui7) we get from (2.60) and (2.61), for a sequence
of values of r tending to infinity,

T(rfog) _ (Tjegt o)
T(r Polgl) = Tryorg—c




Since ¢ (> 0) is arbitrary, we obtain from above that

. T(T? fO_g} Tng
1 3 ' < .
PT( P lg)) = Th 7,

Thus the theorem follows from (2.59) and (2.62). =

Remark 2.3.23 The conclusion of Theorem 2.3.31 remains valid with ~yp,
instead of U'p, if we replace the condition > O(a;g) = 2 by ©(o0;9) =

aFoc
S opla;g) =1 or 6(o0ig) = >, 0(aig) = 1 and the other conditions are
a#oo a#oc
same .

Theorem 2.3.32 Let [ be rational and g be transcendental meromorphic
satisfying the following conditions:

(1) 0 < Ay < 00, (11) Ty < 00, (i1i) Afog = Ag. (10) 0 < Tfoq < 00 and (v)
S di(a;g) = 4. Then

aeCu{oc}

. T(r,fog) Tfo . T(r.fog)
lim inf —— - < g — < limsup———2£.
r—oc T(r, Folgl) = {Tw — (T — v )O(00: g) b7y ~ rﬂxpT(ﬁ Py lg])
The proof of the theorem can be established in the line of Theorem 2.3.31
and with the help of Lemma 2.2.12 and therefore is omitted.

The following theorem can also be proved in the line of Theorem 2.3.31
and in view of Lemma 2.2.15.

Theorem 2.3.33 Let [ be rational and g be transcendental meromorphic

having mazimum deficiency sum satisfying the following conditions :

(1) 0 < Ay <00, (it) T4 < 00, (i11) Afog = Ag, and (iv) 0 < 77, < 0o . Then
. T(r fog) _ Tfo : T(r,fog)
liminf—12—22 < 29 : < lim sup——o—2~
= T(r Rolg) =~ {U+ k= k8 (o0 flkr, = e T(r, Fo[g])

The proof is omitted.

Theorem 2.3.34 Let f and g be two entire functions satisfying (i) 0 < A\, <
pg < 00, (1) Ay > 0, (127) A(0; f) < 1 and (iv) ©(oc;9) = Y. dy(a;g) = 1.
a#30
Then log Tlr foq
r—xlog T(r4, By [g])
where A is a real constant.
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Proof. We suppose that A > 0 because otherwise the theorem is obvious.
For given ¢ (0 < ¢ < 1 — A(0; f)),
N(r,0: f) > (L= A(0; f) = )T(r, f)

for all sufficiently large values of r. So from Lemma 2.3.17 we get for all large
values of r,

| (1= A0 f) =T { M), ), £}
> (1Og_) , T
U log M((nr)==,g) — O(1)

Since for all large values of r, log M(r, g) < r*o*<, it follows from (2.63) that
for all sufficiently large Valueb of r,

~0(1) . (2.63)

log T(r, f o g) + O(1) > O(log ) + log T {M((nr)rl—u, 7). f}

R ()

Since f is transcendental, it follows that

+log |1 —

i 0B M) )
T { M) 9). f |

So from above we get for all large values of r,
log T(r, fog) > O(logr) +log T {]\:f((m)ﬁi?,/ 9), f} +o(1) . (2.64)
Also we see that for all large values of 7.
M(r.g) > exp{( Y120 }
logT(r, f) > %/\f log r
and  T(r, Pylg]) < rPmlat! = p2otl by Lemma 2.2.7.

So from (2.64) we obtain for all sufficiently large values of r.

Ag

logT(r, fog) O(log r) . 2\_[ UEGD .
log T(r4, Pylg]) ~ A(T+ pglogr = 2 A(l+ pglogr )




b1

which implies that
YY)
m ; -
reelog T(r 4, Py [g])
This proves the theorem. =

= X0 .

Remark 2.3.24 The conclusion of Theorem 2.3.34 can also be deduced un-
der the hypothesis Y O(a;g) = 2 or d(o0;9) = ) d(aig) = 1 instead of

a#0c0 a#oc

O (001 g) = > dplasg) = 1.

aF#oc
Remark 2.3.25 If we replace the condition A(0; f) < 1 by §(0; f) < 1 and
the other conditions remain the same then Theorem 2.3.34 is still valid with
‘imit’ replaced by ‘limit superior’.

In the way of Theorem 2.3.34 and in view of Lemma 2.2.12 we may state
the following theorem without proof.

Theorem 2.3.35 Let [ and g be two transcendental entire functions satisfy-
ing (1)0 < Ay < pg < o0, (1)As > 0,(ii0)A(0: f) < Land (iv) Y. d&faig) =

aeCi{oc}
4. Then )
. logT(r,fog)
lim =

r—oclog T(r4, M|g]) o
where A 1s a real constant.

Remark 2.3.26 If we change the condition A(0; f) < 1 by 6(0; f) < 1 and
the other conditions remain the same then Theorem 2.3.35 is still valid with
‘imit’ replaced by ‘limit superior’.

Analogously one may state the following theorem without proof because it
can be carried out in the line of Theorem 2.3.34 and with the help of Lemma,
2.2.15.

Theorem 2.3.36 Let f and g be two transcendental entire functions where

g has the mazimum deficiency sum satisfying (1)0 < Ay < py < 00, (ii)Af >0

and (111)A(0; f) <1 . Then
YY)
r—oclog T(Y‘A. L[g])

where A 15 a real constant.

'::OO{’
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Remark 2.3.27 If we change the condition A(O; f) < 1 by 6(0; f) < 1 and
the other conditions remain the same then Theorem 2.3.36 is still valid with
‘limit” replaced by ‘limit superior’.

Remark 2.3.28 If we consider py > 0 mnstead of Ay > 0 then Theorem
2.3.34, Theorem 2.3.35 and Theorem 2.3.36 remain true for ‘limit’ replaced
by ‘limit superior’.

Now we state the following theorems without proof.

Theorem 2.3.37 Let [ be rational and g be transcendental meromorphic
satisfying the following conditions : (1) 0 < Ay < 00, (i1) T, < 00 (i11) Afoq =
Ag (1) 0 < T < o0 and (v) > O(arg) = 2. If fog and g be both of

a#ox
reqular growth then

. . T(r fog) Ofo : T(r,fog)
1) liminf ’ < I < limsup———1<t—2~
O R = Troy = PTG A lg)

T(rfog) o Trog po Tl fog)
lim inf < >~ < lim sup——-—--
( ) P00 T(T PO{ D - FPU.TQ - r—»oopT(T? PO [g])

T( fog) &fo . T<7‘~ fOQ)
(#44) liminf < 2 <limsup————%
L7000 T( P() [g]) FP(;'(}Q P T(T P() L(/])

T(r.fog) _ Tr . T(r.fog)
and lim inf < < limsu ‘ .
W BT R < Ty 5, S RSP Ryl

Remark 2.3.29 The conclusion of Theorem 2.5.37 can also be drawn with
Yp, nstead of T'p under the hypothesis © (o0;g) = 3 d,laig) = 1 or

a#00

d(00:g) = > d(a:g) =1 and the other conditions remain the same.
aFx

Theorem 2.3.38 Let f be rational and g be transcendental meromorphic

satisfying the following conditions : (i) 0 < Ay < oo, (it) 7, < oo (iii) Afog =

Ag (1) 0 < 709 <00 and (v) > d1(a;g) =4 If fog and g be both of
acCl{x}

reqular growth then
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(4) liminf LS 29) OJes
r—oc T(r, Palg]) = {Tw — (T = vir)O(2c: g) } .04
. T(r,fog)
< lim sup——-—--
o r—+ocpT(7"~, PO [QD

e T fog) TIoy
BTG R lgl) = T — (T — w1000 )] 7

. T(r,fog)
< limsup———+=%
= 2T Rulg))

T(r, f og) 7 /o
(i) liminfT(T’ ;)"9) < oy -
r—oo T(r, Pylg]) {Ty — (Tar — yar)O(00; 9) } .0y

. T(r, fog)
< limsup——-—=%
roo T(r, Polg])
T(r, f Tre
and (iv) liminf ,(T’f °9) < ‘ T fog _
r—oo ] (7"; P l(]]) {FM — (FM — ﬂy,M)@<OO; g)}ng
T(r,
< limsup (r.fog)

r—2C T(T, PO {g]) '

Theorem 2.3.39 Let f be rational and g be transcendental meromorphic
satisfying the following conditions : (i) 0 < A\, < 0o, (i1) 7, < oc (1) Afoq =
Ag (10) 0 < Trog < 00 and (v) g have mazimum deficiency sum. If f o g and
g be both of regular growth then

L T(rfog) oo

i) liminf—- < g

W) B R o) < T F = o (oo 17,

__T(rfog)
<1 N
= NPT Ry lg))

e . T(r fog) Tfog
17) liminf < -
(1) lim g T(r, Polgl) = {1+ k= ko (c0;9)}.74

T(r,fog)

< i — L
= T Rg))



(i) timinf L °9) L -
e T(r Bolgl) ™ 414 k= ké (0c:g)} 0,

< 1i
= T By g])

and (iv) liminf T,/ o9) < S -
reo T(r Polgl) ™ {14 k — ké (o001 9)}.7,

T "
< limsup 7./ 09)

== T(r.Py[g])

T(r,fog)
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