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Chapter 1

INTRODUCTION

A single valued function of one complex variable which is analytic in
the finite complex plane C is called an entire function. Let f be an entire
function defined in C. The maximum modulus function of f on the circle
|z| = r denoted by M(r, f) or by M(r) is defined as follows :

M(r) = M(r f) = 22 0f (2)]

Actually the maximum modulus function is a special growth scale which
characterises the growth of an entire function and the distribution of its
zeros. The properties of maximum modulus function are as follows :
(1) Since by Liouville’s theorem a bounded entire function is constant, it
follows that for nonconstant [ the maximum modulus function A(r) is
unbounded.
(1¢) It is known from Cauchy’s theorem {p.5,[43]} that the value M(r)
is attained by f on |z| = r, which implies that for an entire function f,
M (r) grows monotonically as r increases. This together with the uniform
continuity of f implies that AM(r) is a continuous function of r. Also M(r)
is differentiable in adjacent intervals {p.27,[43]}.
(#i1) In view of Hadamard’s theorem{p.20,[43]}, we can say that loghM (r)
1s a continuous, convex and ultimately increasing function of logr.

Again an entire function which has an essential singularity at the
point at infinity is called a transcendental entire function. In case of a
transcendental entire function f , M(r) grows faster that any positive power
of r. Thus in order to estimate the growth of transcendental entire functions
we choose a comparison function ¢*, k > 0 that grows more rapidly than
power of 7.
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More precisely f is said to be a function of finite order if there exists
a positive constant k such that log M (r) < r* for all sufficiently large values
of r ( r > ro(k) say ). The infimum of such &’s is called the order of f. If no
such k(> 0) exists, f is said to be of infinite order.

Let p (> 0) be the order of f . It can easily be verified that the order
p of f has the following alternative definition

log 1
p = lim sup 08 08 ]\1(7‘)‘
rosoc logr
The number los log M
A = lim inf 08108 M(7)
r—00 logr

is said to be the lower order of f. Consequently A < p and in particular if
for a function A = p,then f is said to be of regular growth. For example the
function €7, cos 7z are of regular growth.

With known order p (0 < p < o¢) the growth of an entire function can
be characterised more precisely by the type of the function. The number 7
given by

7 = lim sup~~~——-——1Og M(r)
700 rP
is called the type of f.

Between two functions of same order one can be characterised to be of
greater growth if its type is greater. The quantities p, A and 7 are extensively
used to the study of growth properties of f.

The idea of order and lower order are generalised in the following
way {cf.[27],[37]}, which are called respectively the generalised order and
generalised lower order :

log™™ M(r) logl*l A
pr (f) = lim supu and Ax (f) = lim inf——————og (r)

where
r—00 10g T T—00 log T

log 2 = log (bglk—ﬂ ;13) for k = 2,3, 4, ... and log!% = z.

Let f be an entire function. Then it has an everywhere absolutely
convergent Taylor series expansion

) =Y anlz=a),

n=0



about any point ‘a’ in the finite complex plane.
When the Taylor series expansion is taken about the origin it takes
the form
f(2) =ap+ a1z +a2® + ...+ ap2" + ..,

which is a natural generalization of the polynomials.

The degree of a polynomial which is equal to its number of zeros
estimate the rale of growth of the polynomial as the independent variable
move without bound. So the more zeros, the greater is the growth.

An analogous property that relate the set of zeros and the growth of
a function can be developed for arbitrary entire functions.

Establishing relations between the distribution of the zeros of an entire
function and its asymptotic behaviour as z — oo enriched most of the classical
results of the theory of entire functions. The classical investigations of Borel,
Hadamard and Lindelof are of this kind.

Again the terms |a,| in the Taylor series expansion of f ie., f(z) =
x
> an (z —a)” must approach 0. So that for each a, an index ng = ng(a)

n=0

exists for which |a,,| is a maximal co efficient. B. Lepson [23] developed the
idea of characterizing entire functions for which ng (a) is bounded, which he
[23] called functions of bounded index.

More precisely F. Gross [20] defined a function of bounded index as
follows.

Definition 1.0.1 An entire function f is said to be of bounded index 1f and
only if there exists an integer N , such that for all z in in the finite complex

plane
’ /V .7'
max <if1,!f<”’7 |f(2)|w: |/ )]> . UF.)‘

2!

forj=0,1,2,3, ..., where f) denotes the v th- derivative of f and f(© = f.
The smallest integer for which the above inequality holds is called the index
of f. For example the function e®* is of bounded index, the index being 1.
An entire function which is not of bounded index is said to be of unbounded
mdexr.

Let I, = L(r) be a positive continuous function increasing slowly i.e.,
L(ar) ~ L (r) as r — oo for every positive constant a.



Lakshminarasimhan [24] defined a function of L- bounded index as
follows:

Definition 1.0.2 f is said to be of L- bounded indezx if there exists a positive
integer M such that

- ( z+2 'f D L(J+2) If(])( )J

0<i<M

for all z belonging to the open complex plane C and j = 0,1,2,3, ..

The least value Ny of the integer M for which the above inequality
holds is called the L—index of f. Functions of the form f(z) = exp(az +
3), a, 3 being constants, are of [- bounded index.

Weakening the idea of a function of bounded index F. Gross [20]
defined a function of non-uniform bounded index as follows:

Definition 1.0.3 An entire function f s called a function of non-uniform
bounded index if there exist integers N; and an integer N such that

N

f92)| _ dlf9(z)
SMCIRILIE

=1

for|z| > N; (5 =0.1,2,3,...) and d is any fized constant.

With this definition he [20] investigates the relation between a
function of bounded index and that of non-uniform bounded index.

Let f be a meromorphic function in the finite complex plane i.e., a
single valued function whose only singularities in the finite plane are poles.

During the present century the most important occurrence in function
theory is the theory of meromorphic functions developed by Rolf Nevanlinna.
The revolutionary invention of his first and second Fundamental theorem
gave a new dimension to the value distribution theory.

The first Fundamental theorem provides an upper bound to the
number of roots of the equation f = a, while the second Fundamental theo-
rem solve the more difficult question of lower bounds for the number of roots
of the equation f = a. The main beauty of the second fundamental theorem
remains in the significant extension of Picard’s famous theorem that f must



assume all values in the complex plane with at most two exceptions. It turns
out that the number of deficient values is always countable.

From mathematical view point his first fundamental theorem is
essentially a rewriting of the Poisson -Jensen formula.

Now we state Poisson -Jensen formula { p.1,[21]} as the following
theorem.

Theorem 1.0.1 Let [ be meromorphic in |z|] < R(0< R < o0) and a,
(u=1,2,..., M) be the zeros, b, (v =1,2,..., N) be the poles of f in |z| < R.
Then if z = re (0 <1 < R) and if f(z) # 0,00 we have

¢ RQ _ T2
1 =— 1 (Re* d
o |f (2 / og|f (Re ‘RQ 2Rrcos (0 — ¢) + r? ¢

M N

R(z—a,) R(z—1b,)
+ log | ———2| — 1 -

;Og R? —a,z ;og RZ— b,z

The theorem holds good also when f has zeros and poles on |z| = R. For

z = 0 this reduces to Jensen’s formula

2m

log [f(0)] = /loglf Rew ld(Z)JrZ]og Z] l ’/l

0 p=1 =1

provided that f (0) # 0, cc.
If at the point z = 0, f has a zero of multiplicity A or a pole of
multiplicity —A such that f (z) = C\z*+ ... then we get from Jensen’s formula

log |Cy] = —/mg}j Re™) |dd>+Zl g

This modification becomes a bit tiresome to be recognized explicitly.
Hence in general we shall assume that our function behave in such a way that
no term of Jensen’s formula become infinite knowing that these exceptional
cases, if they occur, can be treated.

To rewrite Poisson-Jensen formula we need the following notions due
to Nevanlinna [21].



o ) =n(r,a) de-
note the number of a—points of f in |z < 7, counted with proper
multiplicities.

We define the function N (r, a) as follows:

For a complex number ‘a’, finite or infinite let n (r

| —n(0
N(r,a):/n(t’a> t“( D gt 4 0 (0.a) log r
0

and N (r,oc) = N (r, f).
Obviously if f has no a—points at z = 0 then

N(r,a) E/

Then from Riemann-Stieltjes integral it follows that

N R .
R n(, :
Stog| |~ [l wim,p
= oyl . t
= 0
and
M i 1
R nit 1
Zlog —| = /~—(——~f—>~dt* N(R,=).
= a, A t f

Next we define

logtt =logx if x > 1
=01 0< <],

Clearly the function satisfies the following properties :
(i) logt x> 0if x>0

(i1)logt z > logz if z > 0

(i1i)log" z > log' yif x >y

(iv)logx = log" & —log" L if x > 0.

The function m (r, f) deﬁned as

27

m(r, f) = él;/log* |f (rew)l do

0
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is called the proximity function of f.

Clearly m (r, f) is a sort of averaged magnitude of log |f (z)| on arcs
of |z| = r where |f (2)] is large.

The sum function T (r, f) = m(r, f) + N (r, f) is called Nevanlinna’s
Characteristic function of f {p.4,{21]} and it plays an important role in the
theory of meromorphic functions as the function M (r, f) plays in the theory
of entire functions.

Now with the above notations Jensen’s formula becomes

log|f (0))=m (R, f)—m (R,%) +N(R,f)~N<R,%)

e, T(Rf) =T (R7 lf) +log |f (0)].

AN J S

In case of dealing with only one function f at a time it is usual to
write T'(R) for T(R, f) and for finite ‘a’, M(R,a), N(R,a), n( R, a) instead of
MR, ). N(R.#). n(R.£5) and M(R.50). N(R.o0). n(R.0) instead
of M(R.f). N(R.f). n(R.f). On the other hand to distinguish between
several functions under consideration at the same tome, we will write T(r, f),
N(r,a: [). m(r,a; [) etc.

Since for any positive integer p and complex number a,,.

p p
log” Ha,,, < ZIOPf la,| and

vel =

2 p
1 F y < 1 1 . y B / . 1
i Za =08 (p ,max | 1) = };Tlog la,| +logp |

it 1s easy to show that {p.5, [21]} for p meromorphic functions

fi (Z)an(Z)v"'fp(Z)



and so
T (hZﬂ(Z)) < ST £ (2)) +logp

Now we express Nevanlinna’s First Fundamental theorem in the
following form:

Theorem 1.0.2 {p.6, [21]}If f is a meromorphic function in |z| < oo and
a is any complex number, finite or infinite, then

m(r,a)+ N(r,a) =T, f)+0O(1) .

This result indicates the symmetrical behaviour exhibited by a
meromorphic function relative to different complex number a, finite or in-
finite. for different values of a. the sum m (r, a) + N (7, a) maintains a total,
given by the quantity T (r, f) which is invariant apart from a bounded addi-
tive term .

The first term m (r, a) of this invariant sum treated as the mean of

log ™ ;}{-a on the circle |z| = r, contribute remarkably for those arce on the
circle where the functional values are very closer to the given value a. The
magnitude of the proximity function can thus be considered as a measure for
the mean deviation on the circle |z| = r of the functional value f from the
value a.

The term N (r, a) measures the density of the average distribution of
the roots of the equation f = a in the disc |z| < r. This counting function
for a — points grows faster with r if the number of a — points is large.

If the a — points are relatively scarce for a certain ‘a’, relatively slow
growth of the function N (r,a) as r — oo are found and in the extreme case
where f # a in |z| < oo ( ie., ‘a’ is a Picard’s exceptional value of the
function), N (r,a) is identically zero. But in this circumstance the function
deviates in the mean slightly from the value ‘a’ in question; the corresponding
proximity function m (r, a) then be relatively large, keeping the sum m (r, a)+
N (r, a) invariant, reaching the magnitude T (r, f).

If f is an entire function, N (r, f) = 0 and T (r, f) = m (r, f). For an
entire function f the study of the comparative growth properties of T (r, f)
and log M (r, f) is a popular problem for the researchers.

Here we note that for a meromorphic fiunction f, T(r, f) is an
increasing convex function of logr {p.9, [21]}. Also by the Hadamard’s



there circles theorem for an entire function f, log M(r) is an increasing con-
vex function of logr and this is one of many respects in which for entire
functions T'(r, f) and log M (r) have similar behaviour, even though they are

different.
Relating T'(r, f) and log M (r, f) the following inequality is the f

undamental one.
Theorem 1.0.3 {p.18,[21]} .If f is reqular for |z| < R then
R+r

&

T(r, f) <log" M (r, f) < T(R,f), 0<r<R.

Now we state the following definition.

Definition 1.0.4 {p.16,[/21]} .Let S be a non-negative real valued function
increasing for ro < r < oo, ro > 0. The order k and lower order A of the
function S (r) are defined as

log S (r)

log S (r
k = lim sup and A = liminf —Q—g——(j—)
r—nc lOgT r—oo logr

respectively.

Let k be finite and positive. If ¢ = lim sup 2232 ( L2 ) then we have the following

possibilities: o
(a) S (r) has minimal type if c = 0 ;

(b) S (r) has mean type if 0 < ¢ < +oo;

(c) S (r) has maximal type if ¢ = +oo

(d) S (r) has convergence class if f T )dt converges.

o

The following theorem is trivial.

Theorem 1.0.4 {p.18,[21]} .If f is an entire function then the order k of
the function Sy (r) =log™ M (r, f) and So (r) = T (r, f) is the same. Further
if 0 < k < o0, Sy (r) and S2 (r) belong to the same classes (a), (b), (c) or

(d).

Here we note that S; (r) and S; (r) have the same lower order.
A function f meromorphic in the plane is said to have order p ,
lower order A\ and minimal, mean, maximal type or convergence class if the
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function T (r, f) has this property. For entire functions these coincide by the
above theorem with the corresponding definition in terms of M (r, f) which
is classical. For a meromorphic function of finite positive order p, the term 7

defined by
7 = lim sup—-—~————10gT (r, /)
r—oc rP
is called the type of f.

Here we also note that like an entire function , a meromorphic function
f and its derivative are of same order.

After the knowledge of the remarkable symmetry exhibited by a
meromorphic function f through the invariance of the sum m (r,a)+ N (1,a),
it is natural to study more carefully the relative strength of two terms in the
sum namely the proximity component m (r,a) and the counting component
N (r, a) .Some individual results in this direction are the following{p.234,[21]} :

1. Picard’s theorem shows that the counting function for a non-constant
meromorphic function in the finite complex plane can vanish for atmost two
values of a.

2.For a meromorphic function of finite non-integral order there is atmost
one Picard’s exceptional value.

3. That the counting function N (r,a) is in general i.e., for the great
majority of the values of ‘a’, large in comparison with the proximity function.

We now state Nevanlinna’s Second Fundamental theorem.

Theorem 1.0.5 {p.31,/21]}. Suppose that f is a mnon-constant
meromorphic function in |z| < r.Let f(0) # 0 , oo and f (0) # 0.Let
a, az, ...a, where ¢ > 2, be distinct finite complex numbers, 6 > 0 and suppose

that
la, —a,| >0(0<d<1) for1<p<v<q.

Then

m (r,00) +» m(ra,) < 2T (r, f) = Ny (r) + S (r),

v=1

where N, (r) is positive quantity given by

Ni(r) =N ( 1,) YON(r f) = N (r, f’)

Ty =
f



]

!

and S (r)=m (r,{;) +m{r,z-(7—im} +qlog+%g

v=1

1
+log2 + log 7 0]

The cases f(0) = 0 or co , f (0) = O can be dealt with suitable
modifications.

The quantity S (r) will in general play the role of an unimportant
error term. The combination of this fact with the above theorem vields the
second fundamental theorem.

The following theorem gives an estimation of S (r).

Theorem 1.0.6 {p.534,[21]}. Let f be a mon constant meromorphic
| < Ry < oo and that S (r) = S (r, f) s as in the above theorem.

foion Ata y
function in |z

Then

(i) If Ry = +oc, S(r, f) =0 {logT (r, f)} + O(logr), as r — oo through
all values if f has finite order and as r — oo outside a set F of finite linear
measure otherwise

(i) f 0 < Ry < +o00, S(r,f) = (){log*’]’(r, f)+log Rolar} as 1 — Ry

outside a set I such that fﬁ%’;—; < 00.

Further there is a point 7 outside F for which p < r < p provided
that 0 < R —p < e (R~ p).
As an immediate consequence the next theorem follows :

Theorem 1.0.7 {p.41,/21]}. Let f be meromorphic and nonconstant in
lz| < Ro. Then %—:—% — 0 (A) as r — Ry with the following provisions:

(a) (A) holds without restrictions if Ry = +o0c and f is of finite order in
the plane. :

(b) If f has infinite order in the plane, (A) still holds as r — oo outside a
certain exceptional set Fy of finite length. Here Fy depends only on f.

(¢) If Ry < +o00 and limsupl——zlr—’{—)—} = +00, then (A) holds as r — Ry
r—oo OBy Fy-7)
through a suitable sequence r,, which depends on f only.

This theorem points out the role of S(r) as an unimportant error
term.
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Let f be a non constant meromorphic function in the plane. By
S (r, f) we shall denote any quantity satistying S (r,f) = o{T (r, f)} as
7 — oo possibly outside a set r of finite linear measure.

Now we shall present an interesting consequence of Nevanlinna's
second fundamental theorem.Precisely it is a second version of Nevanlinna’s
second Fundamental Theorem which is less informative but may sometimes
be more easily used. To do this we need the following definitions :

Definition 1.0.5 . For a complex number ‘a’ we put

N(r,a)

da)=0d(a; f) = liﬂi@gf m,lgg;?) =1- lixisc)lclp o)

The quantities d{a: f), ©(a: f) and O(a; f) are called respectively the
deficiency, the ramification index and the index of multiplicity of the value
‘a’. Evidently d(a; f) is positive only if there are relatively few roots of the
equation f(z) = a. Maximum value of deficiency is 1 when the roots of the
equation f(z) = a is very sparsely distributed, in particular when the value
‘a’ is a Picard’s exceptional value. In general 0 < m(r,a; f) < T(r, f) so we
have 0 < 4(a; f) < 1. Thus the quantity gives us a very accurate measure
for relative density of the points where the function f assumes the value ‘a’.
We shall call a value normal if §(a: f) vanishes. Again 8(a; f) is positive only
when f(z) = a has relatively many multiple roots.and

. _Nra;f)
O(a; f) =1 h?}ifp T )

where N(r. a: f) is the counting function for distinct a-points of f.

Also _
N(r,a; f) — N(r,a;

0(a; f) = limin (r.a Q(T)ﬁ("”/”
The quantities 6(a) is called the deficiency of the value ‘a’. Evidently 6(a)
is positive only if there are relatively few roots of the equation f = a. If
the value ‘a’ is a Picard’s exceptional value.i.e., a complex number which is
not assumed by the function f , then N(r,a) = 0 and so 6(a) = 1.In any
case since 0 < m(r,a) < T(r) we have 0 < 6(a) < 1. Thus the quantity
d(a) gives us a very accurate measure for relative density of the points where
the function f assumes the value ‘a’ in question. The larger the deficiency
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is, the more rare are latter points, We shall call every value of vanishing
deficiency d(a), a normal value in contrast to the deficient values for which

6(a) is positive.
Next we have the following analogous definitions.

Definition 1.0.6 .

Wwf@wﬁkib4@§p¥g?;

where N(r,a; f) = N(r,a) is the counting function for distinct a-points.

Definition 1.0.7 .

s

[—V . \ AT/ i 3\
6(a) = ©(a: f) = liminf ~ ‘;j(ﬁ }é“‘ @)

The quantity O(a) s called the indexr of multiplicity of u. Clearly O(a) 1s
positive if there are relatively many multiple roots.

Let ¢ be any arbitrary positive quantity. Then from the above
definitions we have for sufficiently large values of r

N(r,a)— N(r a) > {0(a) — YT (r. f),
N(r.a) < {1l —=o(a)+e}T(r, f)

and hence

N(r.a) < {1 = d(a) — 0(a) + 2e}T(r. f)

so that

©(a) > é6(a) + 0(a).
The quantity

.. N(rja) .
Ala; f)=1-1 f = —_—
) = 1=t gy ~ B T
gives another measure of deficiency and is called the Valiron deficiency, Clearly
0 < da: f) < Alas f) < 1.
Now we introduce Milloux’s theorem which is important in studying
the properties of derivatives of meromorphic functions.
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I
Theorem 1.0.8 {p.55, [21]} Letl be a positive integer and ¥ = 3. a, f).
v=0
where T(r,a,) = S(r, ), v=20,1, ..,l. Then

m (n %) = st

and T(r,) < ({+ V)T(r, f)+ S(r, f).

Milloux showed that in the second fundamental theorem we can replace
the counting functions for certain roots of f = a by roots of the equation
1 = b where v is gives as in the above theorem . In this connection we state
the following theorem.

Theorem 1.0.9 {p.57, [21]} Let f be meromorphic and non-constant in
!

the plane and ¢ = a, fW) where 1 is a positive integer, be non-constant .

1=0
Then

T(r, f) < N(r, f) + N(r, }];) + N{r, 7 i N

. 1. y ,
— No(r,—) + S(r, f),

U

)

where 1n Ny(r, 5’—,) only zeros of V' not corresponding to the repeated roots of

v =1 are to be considered.

Here we note that this results reduces to the second fundamental
theorem if ¢/ = f and q = 3.

Apart from Chapter 1 the thesis contains six chapters which are
structured as follows:

e In Chapter 2 we study the comparative growth of composite entire or
meromorphic functions and differential monomials, differential
polynomials generated by one of the factors which improves some ear-
lier results. Since the natural extension of a derivative is a differential
polynomial, in this chapter we also prove our results for special type of
linear differential polynomials viz., the wronskians.
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e In Chapter 3 we establish some theorems on the generalised growth
estimates of the composition of entire and meromorphic functions. Some
examples are also provided to show that the conditions in the theorems
are essential. The results of this chapter have been published in News
Bulletin of Calcutta Mathematical Society, see [13].

e In Chapter 4 we study some growth properties of composite functions
analytic in the unit disc. Some results related to the relative order (rela-
tive lower order ) | relative Nevanlinna order (relative Nevanlinna lower
order) and relative Nevanlinna hyper order ( relative Nevanlinna hyper
lower order) of an analytic function with respect to an entire function
are also established in this paper. The results of this chapter have been
published in Wesleyan Journal of Research, see [19] and in Inter-
national Journal of Contemporary Mathematical Sciences, see
[14].

e In Chapter 5 we extend a few results of Datta and Jha [9]. Also we
generalise a result of Datta and Jha [9]. The results of this chapter have
been published in International Mathematical Forum, see [16] and
International Journal of Mathematical Analysis, see [17].

e In Chapter 6 we consider several meromorphic functions having
common roots and find some relations involving their relative defects. The
results of this chapter have been published in International Journal
of Mathematical Analysis, see [18].

e In Chapter 7 we prove several results on the deficiencies of differential
polynomials considered by Bhoosnurmath and Prasad [4].The results
of this chapter have been published in International Mathematical
Forum, see [15].

From Chapter 2 onwards when we write Theorem a.b.c (or Corollary
a.b.c etc.) where a, b and ¢ are positive integers, we mean the c-th theorem
(or c-th corollary etc.) of the b~th section in the a-th chapter. Also by
equation number (a.b) we mean the b-th equation in the a-th chapter
for positive integers a and b. Individual chapters have been presented in
such a manner that they are almost independent of the other chapters. The
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references to books and journals have been classified as bibliography and are
given at the end of the thesis.

The author of the thesis is thankful to the authors of various papers and
books which have been consulted during the preparation of the entire thesis.



