INTRODUCTTION

Tﬁe study ofA wave and vibration phenamena .has a distinguished
history of hundred years. The first mathematician to describe tﬁe
vibrations of pendulums, -the. resonéncel phenomenon and the
vibrations of_stbings was Galileo. Sp@e pfoneer workers in ‘the
field of ‘wave propagatioﬁ are Cauchy, Poisson; Ostrogradsky,
Green, Lame, Stokes, Navier,-Clebsch and Christoffel.

Some of the major developments in the area of wave propagation are

given below-in chronological order :

Robert Hooke formulated the law of proportionality between

1678
stress and strain for elastic bodies. This law forms the
basis for the static and dynamic thebry of elasticity.

1821 : Navier investigated the general equations of equilibrium
‘and vibration of elastic solids. Although not all of the
developments of ihe work met with complete acéeptance, it
represented one .of the most 1important develoﬁments in
mechanics. |

1822 Cauchy developed most of the gspects of the pure theory of
elagticity including the dynamical equations of motion for
a solid. ﬁ

1828 : Poisson investigated the probagation of waves through an

elastic solid. He found - that the two wave types,

longitudinal and transverse, could exist.



1862 : Clebsch founded the"generaf theory for the free vibration
of solid bodies using normal modes. .

i872 : J. Hopkinson performed the |first experiments on ﬁlaﬁtic
waves propagation in wires.

1883 : Saint Venant summarized the work on {mpact of earlier

investigators and presented his results on . transverse

{mpact.
1887 : Rayleigh investigated the pro%aga?ion of surface waves on a

sofid.

1904 : 'Lamb made the first investigation of pulse propagation in a

semi-infinite solid.

|
1911 : Love developed the theory of waves in a thin layer

overlying a solid and showed that such waves accounted for
certain anomalies in seismogram records.

1949 : Davies published an extensive theoritical and experimental

study on wavesg in bars. |
1955 : Pekeris presented the‘solutibn to Lamb'ifpréblem of pulse

prépagaﬁion in a semi—infinité solid.

. . |

During the first three decades of xlis century the subject was not.
‘given so much importance by Mathematiclans or Physicists., But in
the later part of the 19th century interest in the study of
waves 'in elastic solids attractéd the researchers because of
applications in the field of ge#physics. Since that time in

seismology the wave propagation has remained an interesting area

: l
because of the need for detalls information on earthquake

>



phenomena, prospecting techniques and the detection of nuclear .
explosions. Bullen (1963), Ewing et al (1957), Cagniard (1962) and

Pilant (1979) have discussed about seismic Qaves‘in their books.

During last 30-4Q years the developement of _theory of wave
éropagation in- elasticity ﬁas. been characterized by a detailed
investigatioﬁ of the cla;;iéal methods of mathematical analysis
and the trends to obtain specific results.

The solutions of many of the problems in elastodynamics, which
are frequently encountered in practice, have made a:signifioént
contribution to the development of the theory of wave propagation
as a wﬁole. While earlier 1investigations  in the theory of
glasticiﬁy were essentially péduced to the construction of
particular solutions, tﬁe invention of compater technology has lgd
to the deve)opement of general and quite universad methods of
solving the problems of this theory, namely, the boundary value
problems and initial bopndary value problems for systems of
differen£ial gquations haQing partial derivatives of a definite

structure.

In an unbounded isotropic sﬁlid, twq types of elastic waves may
be propagated. These are dilatational wave and distortional wave.
When a .solid . medium' is deformed, both distortionsl and
dilataiional waves will normally be pr;duéed; and when a wave of
'eitﬁer type impinges on a bouﬁdary of 'the solid, waves of both

types are generated. In addition to these two types of wave which



can: travel thréugh an extended solid'medium, elastic waves may be
ﬁropagated along the surface of a solid; these are known as
-Rayleligh Qéves, and the disturbances associated with fhem decay
exponentially with depth. Since these waves spréad only in two
dimensions, they fail-off more slowly with distance than the other
types of elastic wave. They a;e of 1importance 1in seismic
phenomena.

The propagation of waves in solids may be divided roughly into
three categories. The first is‘elastic waves; where the stresses
in the méferial obey Hooke’s léw. The two other main categories,
visco-elastic waves, where viscous as Qell  as elagtic stresses
éct, and plastic waves in whiéh the'yiefdastress of,the material
is exceeded. |

With regard to other works specially dealing with the propééation
of waves in elastic solids we mention the books by Kolsky (1863),
Brekhovskikh (1960), Achenbach (1975, Graff; (1873) ana Hudson
(1980).

In recent years problems of diffraction of elastic wavs are of
considereable 1mportanée in view of their applicat}on‘ in
Seismology and Geophysics. These types of problems can mainly be
classifed into two categories. Firsty, dfffractioﬁ of waves by
semi-infinite plane barr;ers or pfacks that are preéen{ 1nlthe
medium and secondly, the diffraction in the presence of inclusions
like wedges rigid strips, cones, cylinders, spﬁeres, spheroids,
ellipsoids or obstacle of any arbitrary shape. In bonding two

materials with different mechanical elastic properties, very often



it is not possible to obtain-a homogeneous perfect bond due to the
existence of entfaped imperfections, for example, in the joints
invalving ceramics and metals used in manufacturing electronic
devices and variéty of reinforced compositgs. In nature the
stratification = of the earth is another éxample af Dbodies
consisting of layered strucure. ]ﬁdeed in geophysical
stratifications, faults occur at the >interface while in
manufacturgd laminates imperfections occur at the interface of the
adjoiﬁing layers. |

The study of diffraction problems are associated with mixed

boundary value problems.

We describe> briefly the background of mixed boundary value

problems below :

Ve consider a deformed elas£ic body occupying an open region D,
whose boundary surface is S. It is assumed that S is piecewiée
smooth and the closure of D is D = D + S. The surface S is usually
qonsidered tovbg closed and bounded, having the region D ‘internal
or external to {t. Also é may be taken as open and extended to
infinity or lying entirely at infinity.

The deformation and the stéte -of stress. within D and on §
characterige the solution of the statical problem of elasticity.
We can obtain an elasticity field E = (u,e,T) where the elements
in the éarenthesis are the displancement figld, the strain field
and the stress field respectively. To ensure the uniqueness of the

solution, we have to prescribe on the surface S5 one from each



group. 6f the follawing :

n n L n
(U1,T1) , FUZ'TZ) , (Ua,_Ta)

N

wheree:i (i=4,2,3,) are components of the displacement u, Tt(i =

n

1,2f3ﬁ}are the components of the stress vectar T and n 1is the

cutward unit normal at an elementary area of the surface S. Thus

we have a class of problems called boundary value problems In the

,theory of elasticity (Knops é%d Payne ,1971).

k]

The beundary value problems-generally can be classified into three

types .

A.

(1)

(ii)

Traction boundary value probléms,

Values of_ the stress components are prescribed on the
boundary sﬁrface S.

Displacement boundary value. problems. -

values of éhe displacement components are prescribed on the
baundéry suface S

Vgxed boundary,valug problems.

vqrioﬁs types of mixed boundary conditions may be specifed on

S or on different parts of S..Some possible combinations of

o

‘thegse conditions are as follows .:

Tapgeﬁtial component of the stress and the - normal component

0f the digplacement are prescribed on S.

ﬁrspiacement field is prescribed. on a portion S1 of the
sarface S and the stress 1Is prescribed on the rémaining part

S. of S where S US = S.
2 1 2



(iii) Tangential component of displacement‘l and the normal
component of the stress are prescribed on S:
(iv) The linear combination Trn, +.Bui,is presciibed on . S, where

3
. TU are the components of the stress geﬁsor and B 1is a
.non—nagative function prescribed'oﬁ S. Tﬁis is the case of
so-called elaetié éupport cbndifion. |
(v) A mi;ed—mixed typé boundary value problem may be formulated

undef the conditioné-:

the shear stress component and the mnormal displacement
component being prescribed on ’51 and the normal stress
component and the shear stress componént heing prescribed on
5_. ‘

For problems - -on the half spaces, besides the conditions (1) - (v)

one has to impose the conditions at infinity as follows :

(a) that the difference of any two stress distributions is
bounded therein, together with the condition - (1)

(b) that the difference of any two displacement fields ‘is bounded

therein, together with the conditlions (11)-(v).

The boundary value problems stated above correspond to the
elastostatic c¢asge. In 'élasfodynamics it 1is also required to
specify the di}iacement'and the velocity of the. points .throughout .

the region D at - time\ t = t i.e.,” at the commencement of

o

atraining. This additional. rfequirement together  with the

conditions A,B or C constitute initial boundary value problems.



Boundary value problems are intimately connected_with the theory
of existence and uniqueness of solutions consistent with the laws

of elasticity and geometrical configuration of the region D.

We now discuss a certain type of}mixed boundary value problems
thch‘are‘known as coﬁtact'ﬁroblgmé in ;he'theoéy of elasticity.
The contact'problem is formulated as a. problem about the influence
of a rigid bédy or an_elastic body. As a rule,'the initial contact
takes place at one point and a contact surface is formed oﬁly when
contacting bodies become nearer to each other. Generally, this
contact‘ gsurface increases- Iin size. Therefore, we naturally
introduce a»festriction héQiﬁg,a physical meaning : the stresses

glong the contour encircling the contact surface are finite.

Eet us assume that a surface boUndiﬁg a ;igid or an elastic body
is piecewise smooth{ In this case, the size of the contact surface
may iﬁcrease only within the limits of the smooth region, right up
to its edges. Consequently, for a gsufficiently large value of
compressive force, we caﬁ find the contact surface and this leads
to the wmixed  boundary value prdblem. Naturally, the values of
stregs at such pints of the contact gurface lying on the edge may
be unbounded.  In all cases with the sole exception of the casé of
complete coupling, it should be remembered that’ the contact
pressure must be dompressive.- Otherwise,, a cavity 1s formed
between an elastic and a rigid body, leading to quite appareﬁt

modifications in the formuiation of the problem.



There are two distinct @lasses of problems felating to indentation
by a frictionless punch. In.the first kind of indentation, called
complete penetration, there is complete contact between the punch
énd the half-plane over a specified contact region, in the sense
that the normal displacement of the hélf—plane at .the boundary
matches the profile of the puhch. Such pbgblems are charaterisgd
by a contact pressure which has'a,singﬁlarity (square root)_at_the
ends of the contact region. In the second kind, called incomplete
penetration, the extent of the contact region, i.e. the extent of
the region over which theAnormal dispiacement of the half p(ane
matches the profile of the punch, is initially unknown. Caseslof
incomplete penetration are charabter;zed -by a contact ‘pressure
. which is’ zero at the ends of the contact region.

Contact problems for the;.elastic half-plane, 1.e. problems in
which one bodj is a punch and the other’aﬁ'elastic.half-plane,
fall into the class of brbblemS‘freatéd>byvthe clégsical theory of
elasticity. This 'théory was,‘largelg‘.dgvelgped in ihe 1ch
éenturyénd is fully aescribed with,historical references -in Love’s

(1944) treatise.

The literature on contact.probléms has been reviewed by a number
of authors. Shtaerman (1949), Ga}tn (1861), Ufliand (1865),
Rvachev (1967) and Abramian (1971) are concerned mostly with the
Soviet literaturé. Muskhelishvili’s treatise (1953) is the basgls
of much of the Russian work, particula?ly that using complex

variable methods.
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There are number of areas of research which fall within: the

general scope of ’classical’ ‘contact problems. Some of these are

ligsted below briefly.

1.

Problems associated with loading over a°region of the surface
of the half-space whiéhiis»neithef circular nor elliptic.
Foremost here is the work of Kalker (1972), (1977) on
"elastic line" contact. This relates touléading over av long
slender region, and has practical importance for rolling
contact. Panek and Kalker (1977), in particular, present a
simple apbroximate solution for the deformation produced by a
narrow rectangular punch with rounded ends.

This problem 1is related to ihdse for a strip;shaped puﬁch

discussed by Borodachev (962) and Protsenko (1874).

The qontact problem for a flat -facéd,puﬁchrof rectangular
cross-section, with particulér\refqrenceJto the nature of the
singularities on the edges and at the. corners, has been
studied Qy Borod;chev (1976). Extensive 'analytical and
numerical resﬁlts f&r:both frictionless and adhesive cases

may be found in Brothers, Sinclair and Segedin (1977).

Contact problems for an elastic rectangle have been treated
. L

by Abramian (1957), Prasad and'.Chatterjée (1973), Dundurs,

Kiattikomol and Keer (1974), Prasad and Dasgupta (1975).

Problems asgsociated with the compression of a rigid or
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elastic body between two half-planes, strips, half-gpaces or

slabs have been considered by Okubo (19%1), Alblas (1974).

5. Contact'problems'for a sphere‘dr a spherical shell. This 1is
the subject of many research papers, among which we mention

following.'Abramian, Arutiunian and Bablolan (1964), Goodman

and Keer (1965).

6. Problems associated with a block or cylinder embedded in a
semi-infinite elastic medium, for which the references are

Poulos and Davis (1968), Dhaliwal, singh. and Sneddon (1979).

Another type of contact problems that is éncouétered in practice

is the study of the dynamic response of an elastic solid to moving -

loads or to 6scillatioq‘of rigid punch and inclusions. The>moving

load or moving punch problems which have been studied may be put

into fhree categories :

(i) Sfeady wave potion due to a load or punch moving with
constant velocity fﬁr all time.

(i1) Transient wave motiomn due to .a load or pupph which begins to
act:at certain instant and then_mbves with constant velocity.

(1ii) Traﬁsient wave motion due to a-load or punch which begins to
act at certéin instant and ﬁhen movés in some direction with
nonunifom speed. |

The steady motion of.a line load on the surface of an elastic

half~-space was studied by Sneddon (1952), Cole and Huth (1958),
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Adams (iQ?B), J.M.Golden (£982), Sve and Keer (1968), Alblas and
.Kuipers (1971,1971), Suhubi (1972).

The transient problem of a line load, which suddenly appears on
the surface and then moves with constant velocity is of type (i)
and has been studied by Ang (1960).

As a representative of the third kind of problem we'refer to the
study of Freund‘(1972). An analytic téchnique'was developed by
Freund (1972) which made it poséible to' obtain an'exact solution

of ‘a particular problem in category (iii).

Vibratory motion of a b;dy on an elastic half-plane was treated by
Karasudhi, Keer and Lee (1968). They considered the verticél,
horizqntal and rocking vibrations of a body on the surfécé ﬁf an
otherwise unloaded half-plane. The ‘problems were formulated so
thgt shearing stress vanishes over the entirg surface, andiron
oscillating displaéémeﬁt ié prescribed in the loaded region. The
problems were mixed with respect to. the prescribed displacement
and the.remain}ng stregss. Each cage led to a mixed boundary vélue
problem represente& by dﬁal integral équations which Qere reduced
tao a single Fredholm integral equatiqn{

Wickham (1977) studied the problem of the forced two dimensional
oscillations of a rigid strip in smooth contact with a
semi-infinite elastic solid. He reduced the mixed boundary value
problem with the help of Green’s function to Fredholm integral
‘equation of the first kind involving displacement boundary

conditiona. Using Noble’s (1962) method, this equation was reduced

Bl
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to Fredholm integral equatfon of the second kind with a kerne!
which was small in the low frequency_ limit. Then applying the
method of iteration} .A simple exblicit'flong-wéve asymptotic
formula for the normal stress in 1térm§ of the prescribed
displacemeﬁt‘ and dimensionless Qave number K was rigorously
dérived. |

Rocking motion of a rigid strip on a semi-{nflnite elastic medium
has been studied by Ghosﬁ and Ghosh (18985) by using a. different
technique. The foréed rocking 0f>the strip about the horizontal
axis has been reduced to a solution of a dual ;ntegral equation.
Follbwing Tranter’s (1968) method the-dual 1n£egral equation was
‘solved for low fregquency oscillations by redﬁciﬁg the equation to

a aystem of linear algebraic equations.

In case of low frequency oscillations Noble's (1963) method of
solving dual integral equations, Tranter’s (1868) technique for
salving dua} integral equations, Matched Asymptotic Expassion,‘and
variational pyiﬁc;ple are found to be very“useful techniques.

Suppose that a mixed Bouﬁdary value- problem 1is formulated by
éuitable integral transform so as to be governed by a set Qf dual

integral equations of the form

fm x"C[1HKO0]S (0T (rx)dx = £(r) , 0<r<a
FO 4 v

Im's<x>Jv(rxodk = g(r) , 1r>a
(o]
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4

where the functions K(x), f(r) and g(r) are known.

According .to Noble (1968), when w>- %

S(x) = lgl‘{[a t* 20 (t)J (xt)dt'+'Jm't”*"2G(t)J’ '(xt)dt}
T . V-4,2 a . V~4/2

o

where 8(t) satisfies the Fredholm integral equation

o(t) + % IG M(r,t)8(t)dr = t YF(t) - H(t)  (0<t<a) (1)
o
in which M(t,t) = nvTt xK(x)J (tx)J (tx)dx
o V-1/2 v-41/2 ’
. a t ' _ P
F(t) = 2o J fer)rP Tt (t%-r%) "% gy
L5

Hot) = t*7%]  xk(x)d (xt)dx| &gY**7 %Gy (x£)dE
° . v-1-2 o v-1/2

G(F) = Jm g(r)r Pt (p2-¢%)"*72 gy
'q

The integral equation (1) can be solved for 6(t) and consequently

S(x) can be dépermined.

The ptoblem'of Hif}raqtioﬁ of normally incident plane acoustic |
wave by two.coplanér, infinite, parallel, perfectly soft or rigid
strips was cpnsiaered by Jain and'Kanﬁﬁi (1972). The problem was
solved by integral equation methods. The‘ problem for the soft

strips led to a Fredholm integral equation of first kind while
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that of rigid gstrips gave an Integro-differential equation. Those
equations were solved by the regular perturbation technique

(Kanwal, 1971).

At the same time Jain and Kanwal (1872) so{ved the problem of

diffraction of normally incident longitudinal and an£iplane shear

elastic waves by two parallel and coplanar rigid strips of finife‘
width embedded in an infinite, isotropic and hoﬁogenéous elastic

medium. The mixed boundary value problem wés redchd to a set of

dual integra} equations with trigonometrical kernel. The soclutions

were obtained by using an integral equation perturbation technidue

(Kanwal, 1971) and Hilbert transform (Srivastava and Lowengrub,

1968). Using the theorem (Tricomi, 1951),

if pe L (a,b), then the equation

b
1 hix) : . -
;Jx_ydx=p<y) y . Y € (a,b)

a - . Co
has the solution
1/; .b 1/2
hix) = - % [%:%] I. [Eféi _BéX% dy + C
n a V¥ 4 : Y(x=a) (b-%)

whefe C ig an arbitrary constant and.the first term belongs to the

-

élass' Lz(a,bl, Srivastava and Lowengrub (1968) found that the

solution of the integral equation

b 2
1 J 2th(t) 44 = pyy
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(provided that p satisfies the conditions of the abave theorem)

is given by

h(t?) =

Al

2 2,.1/2 b 2 2. 1/2
[t a] J' [b -y] 2yp(y) dy + D

2 2
y -t l(t%-a%) (b%-t%)

where D is an arblitrary constant.

Tai; and Moodie (1981) 'have studied the problem of dynamic
response of an elastic strip and that of pair of punches moving
along the lateral boundaries of the strip and opening a crack
along the mid surface. The problems were sloved in clpsed form by

complex variable methods.

Diffraction of elastic waves by a rigid circular disc was
considered by Mal, Ang and Knopoff (1868).

‘Low frequency diffraction by a elliptic disc have been studied by
Sleeman (i967) and Roy and Sabina (1983).

Stallybrass and Scherer. (1976) considered the prblem.of forced
vertical vibration of a rigid frictionléss gllibtica) disc on the
éurface of an elastic half—épace. The mixed boundary value problem-
wag reduced to a (two-dimensional) 1itegral equation énd an
approximation was obtained for the displacement of the disc by

using variational procedure.

Arobinda Roy (1968) studied the dynamic response of an elliptical

footing in frictionlesge contact with a homogenecus elastic
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half~space. Both vertical and horizontal vibrations were treated.
Now we discuss the contact between }1éid axisymmetric punch and an
elastic half-~-space. Such contact problems méy be clagsgifed
according'to;fhe type of punch, 1.e. whether 1t 1Is circular or
annulur and whether 1its face is flat or curved; the type of
indentation, i.e., whether it is a rotation or a translation about
ane or other of the(axes,'the type of contact, i.e., whether i£ is
frictionless, adheéive, or in .limiting friction, and if

frictionless whether the contact is cdmplefe or incomplete.

Following Gladwell (1968) it may be assumed that the type of
iﬁdentbtipn, specified bythe displacement of the punch, is either
1. a rotation about Z-axis »

2. a translatiaon in the Zfdirection

3. a rotation about the Y-axis

4, a translation in the X-direction.

Each of cases (2)-(4) gives rise to two distindt'extreme problems
in which the contact is assumed to be either completely adhesive
or completely frictionless. The frictionless versgsion of (i) 1is

trivial in the sense that the half-space is not deformed at all.

England (19617 considered the axially symmetric indentation af =a
tranasversely isotropic layer resting on a rigid foundation. The
problem of oscillations of a semi-infinite elastic solid by =a

gmooth rigid circular disc on the free surface, performing small
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ogcillations normal to its plgne, without loosing contact with the
surface of the sollid has been studied by S.K. Bose (iQSf). The
method of ‘solution consists in introducing Hankel transforms and
reduction to dual,integral.equations whicﬁ ﬁéve been solved by
" Tranter’s method. Using Noble'’s (1963) method, Gladwell (1868)
solved the problem of tdngential and. rotatory vibration of a -

rigid circular disc on a semi-infinite solid.

All the axisymmetric contact problems may be solved by wusing.
Hankel transforms and they then reduce to the solution of a number
of sets (or pairs) of dual integral equatfons.ATo solve ihese dual
i%tegral equations there are various methods one of .which 1;1
Tranter’'s method. Here we discuss bfiefly the_éethod of Tranter
(1986) method. | |

The sgolution of certain'physical problems inVolv}ng axisymmetric’
contact can be reduced to the detérminat}on of F(p) from so called—

dual integral equations of the form

Jm G(p)Fkb)Jv(rp)dp = £(r) , 0<r<t
o)

(2)

fm pF(p)Jp(rp)dp =0 y 1<{r<w
o

where G(p) and f(r) are known functions.
A solution F(p) of the above 1ntegfal equations as a series of

Bessel functions can be found by setting

(3)

-k ® .
Fip) = p > ava+2m+k(p)
m=0
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where k is at present an arbitrary parameter, and proceéding as

follows..

Substituting from (3) and changing the order of integration and

summation, one gets

o
Im _ |Dn 1-k -
pF(p)Jv(rp)dp = T a P Jv(rp)JV¥2m+k(p)dp (4)
o ) m=0 . (o)

Provided »>-1 and k>0, the formula

Jv(at)iy(bt) b2 s & - g L 4
l(v,l-i’)\’a’b)‘r'_r dt = :
o tk ZKaM-X+1r(“+1)r(} + E.- g + %)

T T A-ptl
x zFi[ e B e

mn“ﬁ
——

shows that all the integrals on the right of (4) vanish when r>1
(because of the faétor F(-m) in the denominator of the term
‘multiplying the hyﬁérgeometric function) and héence the seriles in
3 automatica]iy satisfies the secopd of the dual equationg (2).

The coefficients a_ have now to be chosen so thét the series in
(3) sati-sfies the first of the dual ‘equations (2). For this’

purpose we need the result

X ' : F(p+n+l) 1 2. k-1
Y+2n+k

pJ (p) = —— 2t (-2 TF (k+v,0+1,12) X
2°'r(u+1)M(n+k) Jo : n

x J_ (pr)dr (5)
v

where n is a positive Integer or zero and
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F (a,7,x) = F (-n,a+tn;iy;x) ) (68)
n 2 41 N .

is Jacobi’s polynomial,.

Subst{tuting from (3) in the first of (2), multiplication by

rv+1(1—r2)k'1Fh(k+v,v+1,r2),
integration with respecf to r between O and {, Interchange of the

order af integrations and use of (5) give

w© ,
; -2k _
mgoam lo G(p)p wazm+k(p)Jv+2n+k(p)dp -.E(v,nfk)

where

4 . . B
f(r)r”*‘(1—r2)“"Fn(k+u,v+1,rz)dr

(o] °

E(v,n, k) =

r(pr+n+1) J
2N (L+ 1) (n+k)
(8)

Equation (7) with n=0,1,2,3,....... gives a 'set of simultaneous
equations for the determination of the coefficients a . These
simultaneous equations can- be rewritten in a more convenient form

by making use of the formula

r ) . . ) 0 , mEn .
pt (p)J (p)dp = - 9
o V+2m+k V+2n+k (2v+4n+2k) 1 y M=N '

this being the .form taken by equation

Jm J,(at)d (at) _ r(g + £
dt = q
© t 2r(1 + = - g)r(1 ¥ ; + g)r(1 -2+ 5

4
sin-(u-vin
= %-___3______ (10)

[T Y
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when u and » are replaced respectively by »+2n+k, »+2m+k and when

‘at’ is replaced by p. We find in this way

N m

w . '
a + Y, Lmn a (2v+4n+2K)E (v, n, k) (11)
m=0 .

where

L = (2v+4n+2k).r [G(p)p“‘”‘
m,n o

. -4 :
1]p Jv+gm+k(p)Jv+2n+k(p)dp

(12)
The iterative solution of the simultaneous equations (11) is
a =E - E +E - ....0.. (13)
n n n n
where
En = (20+4n+2K)E(, n, k)
¢ o ” @ ’
E = L E , E = ¥ L E B (14)
n m,n m n m,n m
m=o0 m=0 .

and so on.

Equations (3), (13), (14), ‘(12) and (8) provide a theorétfcal
solution of the dual integral equations. For a practical salution
it is necessary to be able to chooge the parameter k so that the
ko _

expression [?(p)pbq 1] , which occurs in the formula (12) for

L , is fairly small.

m.n
Now we consider another axisymmetric contact problem involving
annular punch and torsion.of an elastic half-space. These type of
prpbleﬁs are three part boundary value problems. Triple integral

equation method may be wused to sqlve these problems. Sohe



22.

rgferences afe' Tranter (1860).Cooke (1963), W.E.Williams (1963)
aﬁa sneddon C(1966). Gubenko and qusakovskii (1960) 'solvgd the
annular punch problem by using different téchntque. Olesiak (1965)
attempted to solve the punch problem by reducing it to a series of-

dual integral equations and solved by successive approximations.

B.M. Singh, T.B. Mo;die and J.B. Haddow (1880) considered also the
problem of torsion by an annular disk of an elastic cylinggr
embedded in and bonded to an eiastic half-sécé; The‘prob]em-ﬁas
reduced to the‘solution Qf a Fredho}m 1ntégraI equation which was
then analyzed by the methaod of:Wiiliams (1963). D.P. Thomas (1965)
discussed the problem of diffraction.of a general acoustic wave by
a soft annular disc. Torsional oscillations of an eLaSﬁic
' half~gpce due to an annglar disk has been studied b& Jain and
Kanwal (19705. Following Williams (19é3) the probiem was convefted
to a set of integral equaﬂions which were solved by iterative
schemes when the outer radius of the disk is puch larger than the

inner radius.

A“general formulation was given for the first time to the
nonaxisymmetric annular puhch problem. by V.I1. Fabrikant (1891).
The problem was reduced to a two dimensional Fredholm integral

equation with an elementary kernel which was solved numerically.

We describe here briefly the solution of a general class of

bﬁuhdary value problem by Willlams's (1963) method.
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Consider the general t&pe of 1h£egral equation

Jc tO[ Ko, t) + K (o, 1) ]_at = ¢(p). , b<lp<a (15)
b . .

lntegra} equations of the genefal fBrm of equétion (15) occur in
boundary value problems which can in some sense be regarded as
perturbations ;n the electrostatic broblem for the annulus.
Examples of such problems are the diffraction of an acoustic wave

by a soft annulus and the electrostatic problem for an annulus in

a circular cylinder.

' @
Assuming - o) = 1% a P

we oan write

The 1integral equation (15) 1is thus equivglent to the pair of

equations

00 oo
f (LK, t)dt = ¢ (p) - £, (K (p,t)dt ; O<p<a (16)
Jo 1 1 Jo : _
rQ0 - [® o : ‘
£ (£)K(p,)dt = ¢_(p) - £ (LK (p,)dt , p>b (17
Jo 2 JO
where £(p) ='f _(p) + f_(p) , b<p<a

and £ +f =0 , 0<p<b , pda (18)
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Further the integral equations (16) and (17) can be reduced to

2n - _ 1
fol S‘(p) = gi(p) Z Jj Si(t)M‘(p,t)dt y 0<p<a (19

-2n

S (o) = g, (p) -'% r S_(OM_(p,)dt ., p>b (20)
(o) .

where S‘ and S2 are defined by

-Nn

£t f (t)dt
S (o) = r — , 0<p<a
p (t"-p7)
o t" t,(t)dt
S (p) = I L — , pP>b
2 o (p2 t2)£/2

The functions M1 and Mz are defined by the relationshlps

{ O b M (.u,v)dudv
K1(p,t) = 2_ 2.4/2 .2 2 vz (21
(pt)n JoJo (p -u™) (t"-v™)
. . D 00 M (u,v)dudv
K (p,t) = (ptO)" (22)
2 2 2. 4-2, 2 .2 4-2
Jpodt (U -p) (v -t7)

Next, assuming two new functions ht(p) and hz(p) as

-nNn

| t™" £ (t)dt
h (p) = fm ’ p>a
1 o (tz—pz)‘/é
o t"t .(t)dt ,
h, ) =J -——z—m » O<p<b
o (p2-t%)
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and using (18) the equations'(ig) and (20) finally can be written

as
N5 () = g, () - = S ()M (p é)dt“+ L h, (£IM (p, t)dt
P ML 1 4 1 2 77 4 1 s 1 77
Jo a .
, 0<p<a (23)
-2n T i
S, () = g, * g Io h (DM (o, t)dt - 2 Ib 5, (DM, (o, trdt

It can be

{(p)

and

hz(p)

respectively

replaced

with equations

sy P>b (24)

shown that h1 and h2 will satisfy the equations

nt —2n b whz(w) 1 3 w2
py=msur el B J—Z—TF[E"'"'"*i'—z]d”*-
r F(n+=) o (o -w") Pos
wg (w) 2 2
d - 2 n+i n 3 4p™ w :
s 17 7z e © z7-» gtl oy Mg, 2. 2.2 dw
P b (p +w) e (" +w™)
, p>a (25)
nt 2n+1 h’.(W) 1 2
e —— F] 5, n, nt= , = dw -
‘ 3 2 2 2 2
v Fn+=y a (W =-p%) W
W (w) 2 2
d g, n+1 n 3 40°w '
@ 1° RN 7 3tttz 2, 2.2 dw
P o (p2+w)H" . (02 +vw®)
y 0<p<b (26)
provided g, and g, in these -equations are now
by S1 and S2 respectively.v These equations together
(23) and (24) thus glive a set of four Fredholm
integral eqdations.for the functions h f h, §S, S
: 1

2 1 2°
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Now we pass on to the most interesting branch of Elastodynamics
i.e. the diffraction of elastic waves by éracks which 1s of recent
interest. Cracks are present in esseﬁtially all structural
méterials; either as natural defecfs or as a result of fabrication
processes. In many cases, the cracks are sufficiently smallhéo
that their presencevdoes not significantly reduce the strength of
the material. In other cases, however, the cracks are large
enough, or theymay become large enough through fatigue, stress
corrosion cracking, etc., sd that they mﬁst be taken into account
in determining the strength. The body of knowiedge which has been
developed for the analysis of stresses .in cracked solids isg known
generally as fracture mechanics. Aln recent years problems of
diffraction of. elastic waves by c¢racks are of considerable
importance in view of their application in seismology and
geophysics. Indeed in geophisical stratifications, faults occur at
the interfaces while in ménufactufed laminates imperfections occur
at the interface of the adjoining iayers. This stress singularity
near £he edge of finife crack at tﬂe bimaterial interface 1is
importaﬁt in view o} itsApractical application. Also the resgults
of research on dyn;hic crack propagation are relevant in numerous
applicétions. For example, a primary objective in engineering
séructures isto'avoid a running fracturé, or at least to arrest a
running crack once it is initiated. Indeed there are several kinds
of large engineering struc£ures in which rapid crack grswih 1s-a
définite possibility. In earth science, study of the elastic fiéld

near about the propagating fault is also important from the stand



27

point of earthquake engingering.

Within the framework of a cgntinuum model, such as the
homogeneous, ‘isotropic linearly elastic continuum, the classic
analytical broblem of fracturg 'mecpanics congists of the
computation of the fields of stress and deformation 1in ‘the
vicinity of the tip of a crack, togéther with the_application of a
fracture criterion. In a conventional analysis inertid:.. (or
dynamic) effects are 'neglected énd the analytical wérk is
quasi-static in nature.

Because of locading conditions and material characteristics,
h;wever, there are many fracture mechanics prbblems which cannot
be viewed as being quasi-static and for which éhe inertia of the
material'must'be_taken into account. Alsolineﬁtia effects become
of importance if the propagation of the crack is. gso fast, as for
example in essentially brittle fractufe,‘that rapid motions are
generated in the medium. The label "dynamic loading" 1is attached
to the effects of inertia on fracture due to hepidly applied
loadé,

There are th bro;d clésses.of fracture mechanics problems that
have to be treated as dynamlic problems. These are concerned w{th
1. cracked bodies subjected to rapidly varying loads,

2. bodies containing rapid{y propagating cracks.

In both'cases the crack tip ig an environment disturbed by Qave
motions.

Inpact and vibration-problems fall into the first class of dynamic

problems. In the analysis of such problems it is often found that
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-at inhomogeneities in a body the dynamic stresses are higher than
the stresses domputed from‘ the corresponding' préblem of statlic
equilibrium? This effect ‘ocecurs when a propagating mechanical
disturbance strikes a cavity. The dynahic stress "overshoot" 1g.
eébecially pronounced if the cavi{y contains a sharp edge. For a
crack tﬁe iﬁtensity of the stress field 1h the vicinity of the
crack tip can be significantly affected by.dyﬁamic effects. In
view of the dynamic amplification, 1t 1s conceivable that there
are cases for which fracture at a crack tip does not occur under a
gradually applied system of loads, but where a crack does_indeed
propagate wheﬁ the same system of loads 1is rapidly applied, and
gives rise to waves which strike the crack tip.

The second class of problems is equally important. In&eed, there
are several kinds of large engineering structures in which rapld
crack growth is a definite possibility. 'Examples are gas
transmission pipelines, ship hulls, alreraft fuselagesa and nualear
reactor components. Dynamic effécts affect the siress fields near
rapidly propagating cracks, and hence the conditions for further
unstable crack pro%agation or for crack arrest. Another area to
which the analysis of rapidly propagating cracks 1is relevant is
the study of earthquake mechanisms.

There have been a number of compréhensive review articles In the
general areé of elastodynamic'fraqture mechanics. Some references
are Achenbach (1972), Freund (1975), Achénbach (1976), Freund

(1976) and Kanninen (1978).
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At present, dynamic fracture mechan%cs solhtions_ are largely
confined to conditions where linear elastic fracture mechanics
(LEFM) is valid. These are appropriate when the plastic
deformation attending the crack tip 1is small enough to be
dominated by the elastic field surrounding it. Problems of crack
growth initiation under impact loads and of rapid unstable crack
propagation and arrest can be treated with LEFM by using
dynamically computed fields of stress and deformation. Engineefing
structures requiring protection against the possibility of
large-scale catastrophic crac# propagation are, howevef, generally
constructed of ductile, tough materials. For the initiation of
crack growth, LEFM procedures can give only approximately correqt
predictions far such materials. The elastic-plastic treatmenﬁs
required to give preéise results have not yet been developed in a
comﬁletely acceptable.manner, even‘undér static conditions.

The shapes of the cracks which have been studied uptil]l now are as
follows : |

(i) _Semi—infinite plane cracks.

(11) Finite Griffith cracks.

iiii) Penny shaped and annular cracks.

(iv) Non-planar crack=. -

A  transient problem involving the sudden appearance of a
semi-infinite crack in a stretched elastic plate was consideréq by
Maue (1954). Baker (1962) studied the problem of a semi-infinite

crack suddehly appearing and growing at constant velocity in a
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gstretched elastic body. The mixed boundary value problem is solved
by transform methods including the wéiner—Hopf and Cagniard
techniques. Atkinson and List (1878) considered the steady state
semi-infinite crack éropagation into média with spatiaily yafying
elastic ﬁrbperties. The quasi-static problem of an infinite
elastic medium , 6 weakened by an infinite ngmber of semi*infini}e,
rectilinear, pafallel' and' equally spaced craéks which are
subjecﬁed to identic loads satisfying the conditions of antiplane
state of stfain was solved by Matczynskj (1973). Sarkar, Ghosh- and
Mandal (1991) studied the problem of scattering of horizaentally
ﬁolarized shear wave by:a_semi—infinite crack running with uniform

velocity along the iIinterface of two dissimilar semi-infinite

elagtic media.

The powerful technique to solve the diffraction problem "of

&)

gemi-infinite crack is the Wiener-Hopf,(lgse)_téchnique.

fhe in-plane Prdb}em of finite Griffith crack propagating at a
coﬁstant velocity under.é uniform load was first solved by Yoffe
(1951). Sih (1968) has alsc provided a Riemann-Hilbert formulation
of the same problem where both in-pyane extensional and antipléne
shear loads were considered.

Other reference treating elastodynamic problem involving a single
finite Griffith crack are Loeber and Sih (1967), Ang and Knopoff
(1964), Mal (1970, 1972) E€hang: ((1971), Kaésir.and Bandyopadhyay

(1983), Kassir and Tse (1983). Loeber and Sih (1967) solved the
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problem of diffraction of antiplane shear waves by a finite crack
by wusing integral transform method. Kassir and Bandyopadhyay
1983 ;onsidered‘ the problem of impact response of a cracked
orthotropic medium., Laplace and Fourier transforms wére employed
to reduce the transieﬁt problem to -the solution of standard
integral equation in thé Laplace tfansfon.plane and was solved by‘

Laplace inversion technique (Krylov et al, 1957); Miller and Gyuy,
1966 .

The problems of finite Griffith crack lying at the interface of
twvo dissimilaQ efastic- ﬁedia have been . studied by Srivastava,
Palaiya and Kafaui1a (1980), Nishida, Shindo and Atsumi (1984) and
Bostrom '(198%). Bostrom (1987) wused phei method of Krenk and
Schmidt (1982) to solve Athe two—diménsional“?scalar problem of
scattering of elasfic waves under antiplane strain from an
interface c¢rack between two elastic hglf-spaceé. ‘Sih and Chen
(1980) analyzed thé dynamic response of a layered éomposite

containing a Griffith crack under normal and shear impact.

The Problems of diffraction of elastic . waves become more
complicated when boundaries are present in the medium. Chen (1978)

considered. the problem of dynamic responée of a centralAerack in a
finite elastic strip. The crack was assumed to appear suddely when.
the strip is being stretched at 1{ts twoaends. The problem was.

solved by Laplace and Fourier transform technique. Some other

references are Srivastava, Gupta and Palaiya (1981), Srivastava,
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Palaya and Karaulia (1983), Shindo, Nozaki and Higaki (1986), De

and Patra (1990).

Different techniques have been applied by.many authors to tackle
these type of craéki problems. From .these stand point, these
probléms may' be divided 1into two‘ categories : one for low
frequency oscillation of the source 6r long wave scattering or
transmission and the other for high frequency oscillation or short
wave scattering or transmiésion in the medium. The term long and
short are used iIn comparison to the region of the source of
disturbance of the size of the crack or striP etc. inslide the
medium to the wave length of disturbance. Théauseful techniques
for low’frequency‘scattering-due to . Noble (1963) at Tranter (1968)
have been digcussed ° earlier. In case of high frequenéy
osciilations Wiener-Hopf . (Noble;'1958) technique and Keller's
(1958) geometrical theqry are found to be most suitable. Here we

briefly discuss the methods.

Wiener -Hopf Method ‘3

The typlcal problem obtained by applying Fourier transforms to
partial differential equations is the foliowiﬁg. One shall have to

find unknown.functions §+(a), it(a) satisfying
ACa)E () + Bla¥_(a) + Cla) =.0 (27)

Where this equation holds in a strip 7 < T < T, s ~© <o < w

of the complex «-plane, §+ is regular in the half-plane = > ,
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¥ (o) is regular in 7 < 7, and certain information which will be
specified later 1s avallable regarding thé behaviour of these
functions as a tends to infinity in appropriate.half4planes. The
functions A(a), B(a), C(a) are givén function of a, regular in the
strip. For simplicity let us assume that A, B dre also non-zero in
the’strip.

The fundaméntal‘step in the Wiener-Hopf procedure for solution.of
this equaion is to find K+(a) regular and non-zero in T > T_

K_(a) regulayr and non-zero in T < T, gsuch that .

~

A(a)/B(ax) = K+(a)/K;(a) o (28)

Use (28) to rearrange (27) as
K, ()& (o) + K_(a)W_(a) + K_(a)Cla)/Bla) = O (29)

Decompose K (a)C(a)/B(a) in the form
K_(a)C(a)/Bla) = C_(a) + C_(a) (30)

where C (a) is regular in 7>7r_, C_(a) is regular in 7<7 .
With the help of (30) rearrange  (29) so as to define a function

J(a) by

Jta) = K (a8 (o) + C (o) = - K_(e)¥_(a) =~ C_(a) (31)

So far this eqﬁation'defines J (o) oﬁly in thelstrip T_ < T X< %+.
But the second part of the equation is defined and is regular in
T > T_, ana the third part is defined ané is regutar in T <« T,-
Hence by analytic continuation J(a) must be regular in the whole

a-plane. Then by the extended form of Liouville’s theorem J(a) is

a polynomial p(a)
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K (a)® (a) + C (&) p (o)
+ + +

(32)

K ()W (a) + C_ (o) - pla)

These equations determine §+(a) :'EL(q) to Qithin the arbltrary
polynomial p(a), i.e. to within a finite number of arbitrary

constants which musf be determined otherwise.

Keller’s geometrical method :

Keller'’s theory of geometrical diffraction applied to
elastodynamics states that the two eonical surfaces qgf diffracted
rays are generated whén an incident ray strikes an edge. The
sufface of the inner cone consists'of rayé of longitudinal motion,
while. the surface of the outer cone 15° composedj of rays of
transverse motion. The half-angles of the cones are related by
Spellis law. Fig.1 shows -the cohes generatedz by an 1Incident
longitudinal réy. For this case the diffrabted longitudinal rays
make tﬁe same angle .¢L with the tangent to the edge as the
incident ray, and the diffracted rays of transverse.motion .are
under an angle ¢T with the edge, where CL cos¢T = C'r cos¢L.

For a straight diffracting edge, and an Incident longitudinal ray,
the diffracted displacement fields érg relatedrquant{tatipely to

the incident field by

1S rcC
L 1
u

L ) i.uxso/cL-t)
= g [s (1+S /R, )]
.1 1 L

1./2 N
D i A e



incident
10y

FIG. 1. Cones of diffracted lc;ngltudlnal and transverse rays
for an incident longitudinal ray. :

35
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iws_ra ~ ius sc -

AT = e T [s,a+s, /RN D15 Aae %"

Here Aexp [iw(So/CL;t)] defines the amplitude and the phase of
the. incident field at the point of diffraction, and D; and DT'are
diffraction coefficents which refate fhe diffracted field to the
incident field. Also S1 and Szbare the smaller of the principal
radii of curvature of the diffracted wave front, or: equivalently
the distances along the diffracted rays° from the points of
diffraction to the observation point. The unit vectors ;i and ;:
relate the directions of displacement of the diffracted field to
the direction of displacement of the incident field. For a
straight . diffracting edge Ri is the radius of curvature at ﬁhe
point of diffraction of the curve formed by the intersection of

the incident wave front and the plane which contains the incident

ray and the edge, and

- sin ¢T tan ¢T
d i sin ¢L tan ¢L

Papers involying the diffraction éf gléstic waves by two cqplanar
Griffith cracks:are very few. ﬁesearches haveAbeen restricted to
those of a sing]é crack, because of the severe mathematical
complexity encountered in finding solutions for two or more
cracks. At first Jain and Kanwal (1972) overcame the difficulty

and presented the solution for the diffraction problem of normally

~



incident iongitudinal and"antiplane sheéar waves by two symmetrical
coplanar Griffith. cracks located in an infinite, isotropic and
homogeneous elagtic medium. However, they presented an
.approximate solution which is valid for low-frequency. ltou (1978)
also studied the dynamic problem for an infinite elastic medium
weakened by two cqplanar Griffith cracks in which a -
self-equilibrated system of pressure is varied harmonically with
time. To solve this problem, the author has expanded the surface
displacement in a series of functions which is aufomatiCally zero
outside the cracks and has uéed the Schmidt method. ltou
(1980, 1980) also solved +two different problems 1involving two
finite cracks. The problem of determining the transfent gstress
digtribution 1In an infinite elastic medium weakened by two
coplanar Griffith c¢racks has been reduced to the following

integral equation

403

® .
r cn(s)[— - fm g(s,f)sin[a;b ¥ — E%JJn[E%E E]cos(fx)df]
=4 ’

kzszb o

N

= - Pc (bs)' , a<x<b . (33)

with .
[ fz+kzszl(2cz)]z- Ezy172
g(s,) = (34)

) E;_v‘ .

where locations of‘the.cracks are a<|x|sb, |y|<wo , z = O,
+2 1/2 » 1/2
c = F P] ’ c_ = [;—‘] ’ k = c /¢ and ¢ (s8) are the
L o T L T n

unknown coefficients.
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To determine the coefficients cn(s) by Schmidt’s _method (1958)

équation (33) can be rewritten as

L ¢ ($)E (5,x) = - uls,x) , a<|¥|<b (35)

where En(s,x) and u(s,x) are known functions and the coefficients
cn(s) are unknown.
A set of functions Pn(s,x) which satisfy the orthogonality

condition

n mn n

Jb P (s,x)P (s,x)dx = N & , N = Jb P? (s, x)dx (36)
o m i n a n .

o

can. be constructed from the function, En(s,x), such that

=

in

e 4

®
Pn(s,x) = g

R 4 ]

Eés,x)“ ’ (a7

1. nn

where M iz the cofactor of the element d, of Dn » which is

n n

def ined aé

d d ceses. d

11 12 . in

d

21
D = . ' ‘ : (38)
n

........... d -
n1 ' nn

~d’ = Jb E (s,x)E (s,x) dx .
\.h_ a L n



Using equations (35) and (36) one can obtain

@ Mnj
= (39)
cn(s) _E U M
i=n 3 .
with qj =N J u(s,x)Pj(s,x) dx (40)
J a

Recently, Verma and Jain (1990) have studied the .problem of
diffraction_qf obliquely incident longitudinal waQes by two equal,
parallel, and coplanar Griffith crack; located in an infinite,
fsotropic and homogeneous elastic medium. bsing Green'’s functions
the solu;ipn“of this pnbblem'was first reduced to that of—a pair .
of similar Fredholm-integral equations aof the first.kind. When the
wavelengths are large compared to the distance between the two
outer . edges of the two crackg, each integral equation of this pair
was transformed to a set of Fredholm integral equations of the
first kind with a simple kernel, which was so[véd by the inversion

formula (Lowengrub and Srivastava, (1968).

Problems involving more than two finlte cracks i.e. periodic array
of coplanér finite cracks have been studied by Angel and Achenbach
(1985), De Sarkar (1983), Garg (1981), Parihar and Lalitha (1987),

Parton and Morozov (1978).

Another type of crack called cruciform crack has been studied by

Brock and Deng (1985), Ong and Srivastava (1985).
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Now we discuss the diffgaction problem dué to penny-shaped or
annular cracks. |

The transient stress and displacement fields around an embedded
crack in the shape of a circle were first investigated by Embley
and Sih (1971) for extensional impéct and by Sih and Emb}eyA(1971)
for tarsional-imﬁact. Their method of solution involves isolating
the singular portion of the dynamic gstresses in the Laplace
transform domain such that the dynamic stress Iintensity factor can
be obtained by direct apblication of the Laplace 1inversion
theorem. A penny shaped crack with its plane normal to the
stretched direction of the elastid solid expanding at a consgtant
Qeiocity was donsiderédv by a ngmbe; of 1nvestigators,. namely
Craggs (1966), Kostrov (1964) and Atkinson (1968). Sih and Loeber
(1969) solved the problem of normal comppession and radial shear
waves impinging on a penny shaped crack. Other references are Mal
(1970), Krenk and Shmidt (1982), Arin and Erdogan (1971), Ueda,
Shindo and Atsumi (1983). ﬂ

Krenk and Schmidt (1982) solved the problem of écattering of waves
Sy a circular crack in‘an elastic medium by a- direct 1nte§ral
equafion method; The solution method was based on expansion of

stresses and displacements on the crack ‘surface 1In terms of

trigonometric functions and orthogonal polynomials.

The general problem of two semi-infinite elastic media .with
different properties bonded to each other along a plane and

containing a series of concentric ring shaped flat cavities was
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considered by Erdogan (1965), Using Green’s functions for the
semi-infinite plane, the problem was formulated as a system‘of
gimultaneous singular integral equations having cauychy type
singularities. Shindo (1979,1981,1881) has studied different type;
aof problem in elastodynamics involving flat annular crack. The
problem of éiffraction of normally incident torsional waves by a
flat annular c¢rack embedded .1n an infinite, isotropic, and
homogeneous elastic medium was studied by Shindo (1979). The
problem was reduced to that of solving the following triple

integral equation

Jm aZA(a)Jﬁ(ar)da =.fm ag(a)A(a)J1(ar)da + (Pao/u)(r/b) , a<r<b
o o

Jm aA(o)] (ardde = 0 O0<r<a , bsr - , (41)
(o] .

Where g(a) = o =p(a) in which the function g(a) has the order ot
for large «. It is convenient to write the integral transform A(a)

in tterms of the finite integral given by
aAla) = - r t¢(t)J-z'<at)dt (42)
a i

where Jz is the second-order Bessel function of the first kind. On
substitution of (42) in (41) ylelds the .following singular

integral equation of the first kind :
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1 1 b 3b 2(t-r)
% Ji T ¢(t)[ T Zr l°g'TTLE°3b

+ m (r,t) + m (r,t)]dt
(o] 1

=-P_/u , alr<b (43)

in which the Fredholm Kernels mo(r,t) and mi(r,t) are bounded in

closed interval a < r, t 2 b and are given by

m (r,t) = b (r/t) _ 2 E(t/r) + (r/t)E(t/r) - 1 + 4K (t/ 1) +
o r+t r t-r r
3 2(r-t)
Y oox l°g|TT?§—TE|] S
[«
= b 1 .2t E(o/t) + E(r/t)y - 1 + 2tK(t/r)
t+r 2 t-r 2
r r
3 2(r-t) ]
+ 5 l°g|TTTE_TEi] ’ t>r (44)
o
‘ nt’p ' 3
m(r,t) = - Jm gladJ (at)J (ar)da (45)
1 . r : 2 1

o]

Here K and E are the complete elliptic integrals of the first and
second kind respectively, and a = a’b is'the radius ratio of the 5
ahnular crack. From the second equation of (41) and the definition

(42) it is clear that the integral equation must be solved under

the following single valuedness condition

b 1 . .
I T ¢(t)dt = O _ (46)

a
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Subatituting
R =r/b=2%(1-a)s +2 (1 + &)
2 o . 2 ) o
1 41
T = t/b = =(1-a )r + =(1 + a )
2 o 2 o ]
(47)
P = bp/cT

B(t) = @(t)/[(t/bY(p /)]

the revised singular integral equation to the first kind (43) énd

single valuedness condition .(46) are shown as

1 1 1 3(13ao) 1-36 )
— J—i Q(T?[ T_sv- R nglT'S| + —§—~,[Mo(s,r) + ﬂi(s,r)]]dr

= - 1° : (48)

1 ) .
J &(t) dr = O : (48)

in which the Fredholm Kerﬁels Mo(s,r) and Mi(s,r) are obtain by
substituting (47) in (44) and (45) respectively. Thus the problem
was reduced to the solution aof the singular integral equation (48)
under additional condition (49).

Following Erdogan (1873, 1963) the-equation; (48) énd (49) has

been solved by'assuming
AT (1) ] : (50)
n n .

where Tn(r) are Chebyshev polynomial of the first kind and An(n=0,
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i, 2, ...) are unknown constants. .

Bostrom and Olsson (1987) treated the problem df scattering of
elastic wavesg by non-planar cracks. The method employed was a
modification of the null field approach (T matrix method) where a
fictitious surface was added to the surface of the crack so as to
obtain a2 closed surface that should preferably be as sphere-like

as possible.

- Like elastic waves, diffraction of viscqgiastic waves by crack or
By inclusions are of considerable importance in Jiew of thelir
appliéation of Seismology and Geopﬁysics. Also the problems
involving the motion of a punch on the surface of a viscoelastic
half-space ﬁr on thé free boundaries of long strips are
extremely impbrtant in view of their .application in road
construction technology. Considerable studies had been made in'the
case of homogeneous media. But natural or artificial materieals
are generally inhomogeneous. In addition, 1if the materials be
dissipative, that effect. can well be taken 1into account by

considering the material to be viscoelastic.

Interest in the propagation of' mechanical disturbances in
yiscoelastié media is .comparatively recent Iin origin. The
behaviour of extended anelastic 'struétures under conditions of
dynamic stressing is a’ development of the last fifty years. This
situation contrasts with that obtained in the related field of

linear elasticity iIn which techhological requirements (e.g. the
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behaviousr o«f brigdes under moving loads, the stresses involved 1In
reciprocating mechanisms and the response of metals to shock
loading) has stimulated. much research 1into. dynamical problems
throughout the last hundred years. Pe}haps the most important
.reason for the- failure of " a formal m;thgmatical theory of
viscoelasticity to;develope sfems=from the lack of just.suqh‘a
practical stimulus, Traditionafly, eng1neering design has made use
of materlals whose prope%ties are adequately described 1in the
working range by the laws of classical elasticity. However, with
the gradual introduction of .engineering cqmﬁ?ents fabricated from
the new synthetic plastic materials, it séems probable that the
study of dynamic viscoelasticity will become a subject of

increasing importance.

Other pertinent reasons *contr1but1ng 'to' the léck- of a formal
theory of dynamic viséoelastici£y~are lhe yelaiive complexity of
ihe equations describing.the fundamental mechanical¢propertfes of:
.anelastic s;l;ds and .a, lack of kngwlédge of tﬁese propeftles for
many of the common ma£éfials._Fortunately, with the intrgduction
of integral transform] techniques by Gross (1947), a major
simplification has been effected }n handling the mathematical
aspects of the subject. At ;he same time mﬁch experimental work,
mostly dating from the publication. of ‘a pape;iby Alexandrov and
Lazurkin (1940) on the mechanical prdpertieé of rubber, has been

devoted to elucidating and classifying the behaviour of many of

the rubber and polymer type materials. Here we give some
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references of papers on experimental investigation of some solids.
Nolle (1949) (work on rubbers), Zener (1948) (metals), Sherby and
Dorn (1958) (perpex) and Leadermann (1943)(silk, rayon, nylon). A
géneralized viscoelastic solid is specified by. the existence of a
functiuonal equation of state connectiné stress (o), strailn (é),
time (t) and temperature (T). ’
Flo,s,t,T) = O..

Presupposition of the existence of such a relation which may
include time differential’Aand integral operators of arbitrary

order, immediately excludes problems associated with the plastic

deformation of metals and the fracture of solids.

_The siﬁpieéi examples of linear viscoelastic solids are well
known, e.g. Voigt solid, Méxwell solid, standard Ilinear solid,
Burgers'solidr:Newtonian fluid, etec. Diégrémé aof sohe models are

shown in figure 2.

Récently and extengive study on bouhdary value problems in linear
viscoelastic;ty has beep.made by Golden and Graﬁam }1988) in their
book, The problem of a rigid cylinder rolling -on the surface of a
viscoelastic half-spacé has been splved by Hunter (1961). The
contact p}oblem of rigid cylinder rolling slowly on a thin
viscoelastic layer has been treated by Alblgs and Kulpers (1970)
assuming that the layer thickness is small compared to the width
of the contact region of the cylindep."some contact punch problems

in viscoelastic medium have been studied by Golden (1977, 1979,
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(a) (b) l )

Models of visco-clastic aolids. (a) Voigt aolid;
-(b) Maxwell solid; (c) moro goneral solid.

47
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198271. Lraclk propagation in viscoelastic medium has been studied
by Willis (%972), Atkinson and List l(1972), _cbussy (1987) and
others. Willis (1972)* considered steadyjstaie Mode 11l crack-
propagation for a stanqefd linear solid under generai type of
loading on the crack surfaces. Atkinsoﬁ and List (1972) studied
nonsteady SH-wave type craek propagationleterting at t = 0 and
moving with a constant velocity 1n the ’Maxwell gsolid? or using
ehe viscoelastic model suggested by Achenbach and Chao. Sills and
Benveniste ¢(1981) and Coussy (1887) studied,‘eteady state creck
propagation of SH-type at the 1nterfece betweenltwo visco-elastic
medie.

Recently, the transient elastodynamic strees Iintensity factor wae
determined for a cracked linearly viscoelastic body under impact
by Georgiadlis, Theocaris  and Mouskos (19891). The body was
considered to be infinitevcontaining a finite crack. The solution
was obtained by correspondence principle >and the wuse of the

Dubner-Abate-Crump Laplace-transform inversion technique.

In the thesis presented here we have studfed some mixed eoundary
value problems in elastodynamics involving punches, inclusions and
cracks. The work has been presentedkin three chapters. The first
two chapters I and 11 deale with diffraction problems in elastic
medium and the third chaﬁler deals with diffraction.preblems in
viscoelastic medium. Here we give the summeryof the thesis chaﬁter

wise.
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In chapter-1, problem-1 contains vertical vib;élioh of two rigid
sterips in smooth.contact with a semi-infinite é}asiic medium. 1t
ié assumed that motion is forced by prescribed displacement
distribution vce—um normal to the two strips located in the
region -a £ x £ -b, b £ x < a, y= 0, |Z| <w, -where v 1s
constant. The resulting‘mixed boundary‘value praoblem 1is reducgd.to
the solution of a triple integral eduation which hag further been
reduced to the solutioﬁ of an integro;differential equation.
Finally iterative solution wvalid for low frequency has been
obtained. The integral eguation was solved in.a manner similar to
thaf employed by Lowengrub and Srivastave (1968) in solving static
problems for two caplanar cracks in an igfiﬁite elastic medium.
From the solution of the integral equation, we have found out
stresses just below‘the strips and alsa the vertical displacement
at point outsjde thé strips on the free 'surface. Low frequency
solution due to antiplane ﬁotionlbf two sitrips on a semi-infinite

elastic medium has also been derived.

In paper-2, we have c&nsidered the problem of diffraction of

elastic waves by a apair ,of coplanar rigid strips betﬁeen two
homogeneous elastic half spaces fornihe caSe“of‘antipiane strain.
The‘resulting triple integral equétion has been reduced to the
solution of an iIntegro differential équation faﬂd approximate
éolutlon has been obtained. These solutions have been used to

obtain approximate values of the displacement fleld and also the

gstress intensity factoré"at the edges of the strips.



50"

Mak1ng the digstance between the inner edges of the strips tend to
zero, the diffraction problem for a'single rigid strip has been
obtained. Even this result of the limiting case appears to have

been presented here for the first time.

In third paper of this chapter we have studied the two dimensiﬁnal-
problems of diffraction of elastic waves by four coplanar parallel
rigid strips moving steadily on the _free surface of a
semi~infinite isotropic elastic medium. Qy Fourier transform the
five part mixed boundary value problem -has been reduced to the
solution of a set of four integral equations. Following the
technique, devélpped by' Srivastava and Lowengrub (1970), >tﬁé
quadruplé'iﬁtégral equations'have'been solved..The normalLstfess
under the strips and diéplacement outside £he strips are derived
in closed form. The effeét of‘stress intensity_facfors at the
edges of the strips 1s shown by means of graphs. Also'letting’the
strip vglocify tend to zero the resul}s for statical problem have

been presented in this paper as a particular case.

In the last problem, i.e., papef-a of chapter-1, we investigated
.the diffraction of torsional wave by a-rigid annular disc at the
interface of two bonded dissimilar élasfic media. Here we have
' : , i.kz(z-czt)
assumed that an antiplane shear wave given by ere ,
where Q is‘a constant, Kk _=w/c_ and c_=¥(u_/p ), fhe shear wave
} 2 . 2 2 2 2 T2

velocity in medium 2, be 1incident normally on the annular rigid

disc of .inner and outer radii b and a respectively. Applying the
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method >developed by Williams (1963) and usea» sﬁbsequently by
Tkomas £1965) and Jéin et al (1970), the three paft mixed bounéary
value problem has been reduced to the solution of a set of
integral equations. The solutions of these integral equations are
obtained iteratively for low frequency and small values of tﬁe
¥atio of the inner and outer radii of the disc. These solutions
are used to determine the jump Iin stresses écross the annular disc
- and stress intensity factofs‘at both the edges of the disc. Torque
aﬁd far'field amplitudes in both the media have also been deduced.
The effect bf normallzed »frequéndy, umaterial properties and
geometric parameters in‘.stréSs intensity afactors and far field

amplitude are shown graphically.

First problem of chapter-11 deals with the interaction of no}mally
incident time harmonic. elastic wéves with a periodic array of
coplanar Griffith cracks in an infinite orthotropic medium.'Dué to
geometrical symmetry the problem has been reduced to the'soiution
. of the problem of a single crack in a strip whose boundaf&es are
shear free ' and constr;in;d in a way not to permit normal
dispiacement. Fourier transform has been used fo reduce the
problem to the solution of duall integral eqhations. By the
applicétioﬁ of Abel’s. integral the dgalbintggfal‘equations finally
ﬁas been converted to1 a Fredholm ‘ihtegral equation. Stress
intensity féctor at the tip of the crack and crack ;pening_
displacement have vbeen. derived in closed form. To display. the

influence of the material orthotropy numberical values of stress



intensity factor and crack opening displacement“have been derived
in c¢losed form. To display the 1influence of the materlal
orthotropy numerical values of stréss 1ntensity factor and crack
opening displacement have been fdubd‘ out after solving the
Fredholm integral equation numerically and plotted againsgt
dimenslonaless frequency, distance respectively for three 'sets of

orthotropic materials.

In the second paper of chapter Il we have studied the diffraction
of normally incident SH-waves by a Grif}ith crack siiuated-in an
infinitely long.inhomogeneous’elaStic st;ip. The shear modulus
() and the density (p) of the material have been assumed to vary
both ip» horizontal and vertical directiaﬁs. Applying Fourier
transform the mixed boundary value ﬁroblems has been.converted to
the solution of dual iptegral equations. The dual integral
equations finally has been ruduced to a Fredholm integral equation
of second kind by applying Abei transform. Expressions for stress
intensity factor ana crack opening displacement have'been,derived..
The numerical values of stréss‘intensity factor and craék -opening
displacement h;ve been depicted by means of graphs to show the

effect of matefial_inhomogeneity.'

In chapter-111, farst paper deais w{th(the énélysis of the stressj
and displacement field produced gy a long punch ,hoving -on the
ﬁoundary of a semi-i;fintie viscoelastic medium and producing
Hérizqntal Shear wavgs.'lTwo types of viscoelastic models viz.

Maxwell Solid and Standard Linear Sollid have been conslidered and
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loading in assumed to be such that Mode IIl conditions prevaill.
The mathematical technique which is employed here consists of the
application of integral _transforms and the solutfon of the
resulting Wieher—Hopf equations for the transformed unknown
varlables. Both the steady and nonsteady solutions of the problem
~ have been derived. Displacement and stress on the free surface and
-at points below tﬁe punch havé been derived analytically ;nd thé
nature of their'variations with the vefocity of ‘the moving punch

has been shown by means of graphs.

The last paper of the this chapter' COnfains‘ the analysis of
éteady and nonsteady cases of Mode'lLI cr;ck propaéation in an
inhomogeneoué viscoelasgtic medium. Two types of viscoelastic
models, néﬁely Maxwell ;olid and Standard Linear solid have been
considefed. Material properties have been‘ assumed to wvary
exponentially ‘in the direction perpendicular to the direction of
cyack propagation. The problem has Dbeen solved by |using
_Wiener-Hopf technique. We havé :stgdied h?w the ' material
inhomogeneity.affeéts the stress ihtensityvféctor and also the
crack opening displacement when a Mode 111 type crack propagateé

through the inhomogeneocus viscoelastic medium.

With this much of introduction, we now present the thesis
chapterwise. References given in the thesis do not include all the

previous workers in this line. But attempt ‘'has been made to

include most of them.



