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.E..'hASTIC STABILif! OF .A ~~IANGti,LAR . PLAfll PLACEal 
ON .ELAS~IC FOUNDAi'IO!;r~ • 
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st-!lbiltty of thin· elastic triangUlar plates can be 'iliv-estigateu with 
' ' 

the help of fin! to difi"orence method•· In this appro~imate method the 
I :I ' 

tU.tferantial equation is replae~a~ 'by its finite difference approximation, 

ra tbex:' ·than sa:t:tstying the aitf~roo.tial equation and the ~u.ndary 
conitltions at eNary point• !he· ditterence equation may ·bS sa tis tied at 

·the not1e poin:~s· of a st~,tH'fJrposed triangUla~ g.rid1 as has been done by 

· Bradley ( 1963)• &llvaaorl < l9SI it .Weinga~ten .( 1957 ); Timoshen.tto attd. Gere 

( 1961) solved ·these typas of prob~ems by other numerical metho~$h ~ 

obtain. acetua.te res\llts by thes·~ ~~tooas,. high order mat~ices are involved 
' . ... 

for. wb.ich the solution is t:lm.e ct:lnsttning~ taura. and Bhahady (1969) have 
' ' 

shown that complex vari~ble metllQd may be used £or .$olutit)n of such 
. i . ' . 

pro bl~s with lsss labottl"• · 

.·In tbis. !paper the eo~plex 'Variabl~ tnoory has b_een a~plied to 

investigate tb.o stability ·or a thin elastic caquilateral trlangul.a~ plate 

placed on an ol¢astie toun.aation wi'th ele.mpad ea.ges; and uru:ter the action 

of unifOrt!J compression parallel to one _o:r the edges~ 1'be given dotaid.n is 

• S:cepte4 to~ ,pub1_1cat1on. in the Jull.etin of Galc.utta. 
· H&themat1cal ,$1e1ety,_·.Qa1outta, .. Jndill.'·'· 
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eonf'omally tratu:;fonued onto the ~it circle :and soJ;ution has been 

obtainGd t-tith the help o.f error ~~~~ion~ fte foundation is assUtled 

to b~ of ths Winkler type<) 

' 

middle plane of a thin plate wi, th no lateral loading but with rorce 

resul t.-m ts in the middle plane :ls ( cf 9 T!maahenko and Krieger , ~ 19S9 · ) 

in which w denotes the deflection .of the middle plan~ of the plate ; 

N'x~ Ny ara the normal fo:!:ces per unit length in the middle plane of 

the plate, N~ is the sll.ear force per unit length in tile middle 

plana of the plata ; D, t.ha plata oonstantt. is defined by 

~•· (2o2) 

with E' denoti.'lg the modUlus of e.las~icity, b referring to the th1cknossp 

and ).) representing Poisson'$ .ratio ; and tha biharmonic OJ)erator v 4 

is giVfi!l"l by 

For a plate.; sholm in Figo 2ol, with a uniform comprossion parallel 

to the base, eq. (2.1) becomes·, 
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~ th.e casa of a clatnped eclga boundarY 

W - o "Ow _, =.~, 

0~ . 

If z == 'X--\- ..td '"Z:::: -x.-ld- ' we have 

E.__d d 0 ·. 6 d 
"Ox - ~ + oZ. -' ~ = ..t. ( o"Z. - o.Z.. J 

so that 

and therefore 
'2.. -a'- _Q'L.. 

'\]=-+---
. a"t."L. o'd'l.. 

Thus Gq•(2.3) changes into 

et•• (2.4) 

tat z == f(~) 
OQ!J. (2o4a) · 

be ~he an&ytie function which maps the give.11. shape in the z - plane 

onto a unit circle.~ the "f .... planGh Let the plate be placed on an 

elastie f6unda:t1~n having tha f'oundat:!on reactio.t''l k! per unit area 

· PGr unit deflection!:!· Substi~tt!on of: eq .. (2 •. 4a) in~ eqf> (2~:~4) yields 

"d4 W dz . dz ?;"3w ol2z dz (/'w d~ dz 
o~l.-at2. · ·~~ 'Jl -. 61~"dl · 0 {l.. J{- o;f·o' · df · 4 + 

2}-w J.?z J~ ~ [ "Ow d'z. ( dz f · 
-t- oto{' . or-: ~1l- + t) ~ 0~ . ~l--' df) + . 

?lw Jz { d;z. \3 'Ow d?..z (_dz \'3 '· 
-t q~Z.. ~' ~ J - 0~ 'Jf2-' ~)-+ 
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.... (2.5) 

- -~ . ' ' 1.- >t..e . ; 't ·being the l~dius of ~tllt!f circle .. 

' ' ' . w ({) ~)· \: ~(~~~) 
h.=\ 

Method of' solution : 
~~--~~"'1, .. a I,IQ:IIl'llllliU• iP 

Since an a~a~t solution of eq. (2.5) is, at best, very d1f£ioult, 

it is convenient to use an approxima:te method to solVe it. Galerkin•s 

method is usad 1n this studyo The procedure is a.s .fo110t1S : W (1J 1) 
' ' 

.1s appr,oy~mated by a ~inear combination of.independent coordinate 

functions whieb identically satisfy tbe boundary con<tLt:J.ons, i.e. 

L<. . 

w c~J ~) ~ L BV) xY\ c~, ~) 
. \'\=\ 

• 4f. (2.7a) 

Substituting eq. (2 .. 7a). into eqo (2.5) results m/an'~rossion which 

does not vanish in general since eqo(2.7a) is not an exact aolution o£ 

the partial d!ffar~~tial equation. ~s nonvanishL~g ~ression is 

Usttally defined as the nerl'Qr" o1~ "residual function" ana· will be 

-.denoted by EY\ t1~ ~}· Galerkin's mathod requ_ires ~hat the rterror 

fu.netionn be orthogonal.with respect to ~ach co ... ord:tnate ftmction over 

the domain under conside::ra.tiot1., ioe~~ 



J E..,t1·D x\1 (1·1) ole: = o 
~ 

Eq..; ( 2•7b) gen¢rat~s a . ( K :r.t X ) ~etf3m1nantal Gquation. The ·lowes~ 

·root of. this equation is the cr1 tical buckling coefficient• In the 

·case of a Clamped plate it is convenient. to .talte· 

.... 
This tom of 't.f clearly oatisfies the clamped edge bount1a.:ry 

· conditions in eq. ( 2~~~6)v 

Appl1~atioh : 

In. ®rder to lllustrata the procodure for the det~l'lllination of 
. . ' ' . 

the critical buekiing oond.ition, an equilateral triangtaar plate with 
' I i • 

elamped ed$E:m, shown 1n Fir;~ a.1, with a uniform eompre~sion. parallel 

to one of the sides is considered• 

••• 

~r ti~st appro~iroa~ion, l~t 

K= \ 1.@., W = B 1 Q- 'l~l)'l. ··" 
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' . 
With the mapping function in eq.(2.8.), putting eq.(2.9) in. eq.(2.5) 

one : ge·t.s the following error function 
I 

E, (1J). . ~ 4 B1 (\.·13S2 «A.)
1 

( <P~ ~ 1 ~~ \fJ- 1 Cf,~} + 
1.. . -

.. -t 2.t?, (.\•\35"2.~) (211- \)<:?,'1', + 

-t ~~ ~ [2. (1' \3 S2.o..)4 
{ ( ~- 'f1 '-} q>,l¥

3 
-t 

+ li _, .. ~) t( <\'~ -t 12.'P If 3 -t i2'f3 'I'+ 

-t 2. (2 "if :__ l) '\'2-~'L}] T 
0 ' 

+ s,o·:!~<t) K, (1- ~ 1l<t>"'-y3 ••• (I;Mo> 

Let U:s now follo" Ga.lerk1n 1s procedure Biven in eq.(2.7b)~ 

~1Ulttplying eq.(2c.10) by (\ -1 ~ )"n.claJrt. and integrating· 

betnreen the limits o tO 2~ and 0 to 1, the critical buckling 

condition is obtained Q$ 

•• ,i 

.' 
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tn. t~rms of the altitude of tha plate, eq.(S.ll) gives th~ critical 

. buciaing condition aa 

-- (3.12) 

If the plate is considered without resting on th~ elastic foundation, 

;mq~<2~13) is _in exoelleut agree-ment with thf!> corresponding resUlt· 

obtained by Bradl~y L-et. Bradley (1963) p. 55 J as 

-x .. U...£_~ !7.. §_I o 1tA 
Tha analytical procedure presented is· straigbtforward. !rile same 

. . 
procedure may be followed for a v.nified treatment of 'elastic instabi- . 

lity problems in~olvin~ com~lic_ated bounda:t'Y shape, su,ch as regUlar 

polygonal shap~, aircUl€~1' boundar"/ with flat sides, epitrochoiqal -
I 

boundary etc.i)- since the e~ordinats fw1etion which satisfies ·the giv·en 
- . 

boundary conditione w:Ul ba the same feu.~ EU"'lY s~mpe. The CtPordinevte 

function used in this study satisfying th.e boundary eot.uiitions is s!mple. 
I • 

Only the first term approximation is found to yield fairly accurate 

result and thus minimises labour~» No other form of w can reduce the 

error so grea tl7 wi tb such minimum l_abour. 

It mus-t also be noted tnat "the accuracy of the results obtained 
' ... 

by different numerical techniques applied to bol!ndary value p~blems 

inVOlVing irregUlar Sh~pm;; can be Verified by the conformal mapping 

teorn11que exhibited in tP~s study. 
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BtrCKLitiQ OF . A NON-Bot;{OGEN11'0US 'llE~4L1GU'LAll PL.!~~Iit 

PLACED ON ELAS:fiC FOln'IDATlOli • 

PPJ'ER -II 

. ·. Or:i t:tcal. bucitlh1g cond:t tiona of. homosroooil$ thtn J.'WectanguJ.ar 

pl&tes sub3ected to flOmb1ned bending and compression ware Uive.~ti~ted. 

by ~shanko and Gere ·(1961), Johnson and Noe;l (1953) and oMy- other 
' 

tnvestiga:ton .... The ob,;ioot of tllis pape_r is to use orro;' ftL'lction to 

obtain the approximate solutions in ·the ease ot buclt".J.ins o£ a non­

oo.mogenaous ·thin reetan&Ulf.u:~ plate under the action of cotibined 

b'ooding and eom11resst.on 1n the middle, plane of tha plate. ~~ plat$ 
\ 

is pla~ed an an elastic foundation and is s.tm.ply ·.supported. 
•, ' 

D:fad,l~y ( 1963) ?.tsed finite differooa.e appro~imations t.D tile' gove:rning 

tifterent~l equ.a1:-i(;}ns to ln'V~$t:L~te stabllity of equi!atara.l 

triangttl~r platas• ~ere are other numerie~l metr.ods for the solUtions 

of these t~es ot buel'"J.ing problE'mS~ But these methods ars t.tms 
. ' 

con.sum!ng<i 

Since the gov~ming d1i?terent1a.l equation obtain~d in this 

paper cannot be exactly .solvoo, error function and QQle~td.n ts metoo'd 
. ' \ \ 

have be$n utilised to obtain an approximate solution of tbe d.ifteren- · 
. ~ ' , 
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mothod for the homogeneous plate not resting on foundation are in 

good asre9:nent with the known resUlts obtained by strain enermr 

met'bod. Flexural rigidity of the plate is . assumed . to vary 

exponentially and the foundation is ta!ten of the \'1iPJtler type-. 

Resul ts obtained have been presented in the tom of graphs_ .. 

<.bns1der a simply supported ree~ngular plate of' varying. . . 

·flexural rigidity 8...11.d along Whose aides X ::::. 0 and =lf = a (Flgo2c2) 

distributed forces, aeting 1n th.e middle plane of the plate, are 

applted, their int~,s1ty being.%1Va~ by the ~quation 

1$ the intensity of compressive. force at edge y = 0 

and .o( is a numerieal. factor~. Th0 plata is. placed on an· elastic 

foundation ha'IJ'tng the reaction, Kl per unit area per unit detleetion 

~d is subje~ted to a unifo:fl'a transve~se load~ q,~ 

The governing differential equation· ot eqt.lilibrium o£ an element 

'of the plate not resting on foundation is L-Timoshenko and. ~iGger 

(1900) P• 379 J 

where 

Mx. 

My -

M')ly = 

o'l.. o'"L 
- D (~1.. + v __!:!!. ) o">t , oY'l. 

(
?lw - .,_ 

-.D- +v~)· oy2. -ox~ 
'l.. 

J>'l- v) ow 
.\: ox:oy 
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Sabst1-tuting Er~a0 (2.16) and (9.17) in Eq.(2~.l6) and observing ·that 

tha i'loxt!ral r.igidi ty is a function of the cO.. ordinates x and y, one 

gets .the differential equation of equllibrit~a £or a plate ra$ting on 

elastic foundation in the followin~ f'fJ:rm 

O'"LW 02 o'l.J) O'LW ·a'l..D ?:lw l 
'\7

2 (Dv:Lw) - (1- v){-~)yL of,_- 2 ollO::J · Oll'O) + oya· Ox'-J + 
·,;I 

••o (2ol8) 

For simply sUpported edges the defl.action can ba represented by the 

double ssries 

W::::. 

As the flexural rigidity .ts variable, ·let 
')(. 

J) = :Do e2o(,Q 

Where Do and c(1 are c;!Onstants~-

••o {2"].9) 

·~· 

E.q. (2.;19-) is an approximate solution ot Eq. (S.JB) and therefore 

substitution, or Eq.,:(2ol9) into aa~(2.18) results the tollowin.g error 

funet1on, 

E -. c . D ,[J r _m 1f)'2... r _Y) 7!. \?-}2.- 4o<,2.{ r M 71)2.. vl \1lf)2}J x 
Cx;~) - Vl'\Y\ o 1.\0\ -+ ~~/ ~ \ <J\. T \::·b j 

-2o(3_· - ' . 
y n I Q c · · WI II K c · l'l 7f Y : --. r 'C.- .::. \..U -cc- _:) w b -\- -. : . 

-1- I" . k (' . WllfX. (J • Vllf y 9t 
\ L~~ I ::;:.Lu- ~l.u _ - -

·C\_ b 
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According to Oalerldn ~s princip.J.e, the follo~,,iiJ·g oonuit1ons are 

impos~d on· tb~ erroi, tunetion,· !tt. g y ) · · · · · 
. . ' ' . . ' .. '·. . ·. .. ''. 

~ ~ b . . 

1 J E tx., "') 'vJ l>t, '') d.x d J "" o • • • .(>Mae) 
0 0 

\} 
=-4 

for .-L == .1 

= 0 for l...=f j and -l -:t t an even 

nttnber 

4~ -l-J 
= - 7\l- 0-1.- jj2. fort ,C j ana 

{ 1:. j an odd number 

One gets the following 

:::. 0 



W?are the nondimcnsioual .foundati?n modulus,· 

K CA.4 ' ' I 

K F = _j_ and n ± -t · - is {:l;lways odd" 
- J>o --

Tald.ng )'):::.t , the deflection, W is obtained from Eq.(2.23) 

4 0<:. oC 

w == \C..'\IQ L L-'- s.:.u ~i\)( ~l.u hTrY X 
:Do., - h'\==-1 ""~' _htf\ . . <A.. . b 

From Eq~ (2.23) the critical bnqkling condition is obtained when 

.L •otil 



20 

~e plate may buckle in. such a. wa.y tlia~ th.ere can be .several halt-

' \<Y:.tves in the direction ef comprGssion but only ·one half-wave in the 
. . 

pe~endioular direction. Fo~ ona half wave buclti!ng m = 1, for two 

half .... 1·ra.ves buc~ling m = 2 anti ~o on. 

I£ 'the plate buckles in one half-wave~ one gets f~m Eq~(2.25) 

by tai~ing m = 1 a s;ys tem of' equa ticns. of tha f'ollotd.ng kind. a 

' ' 

0 

where /::"' lNo)e.n. 
uc.n = +t ; -h. being tho plata thiclmess~ 

!~!he :Lo-.,:est root of the determ1nantai. ettU.ation thus :formed will determine 
. ' . . 

the critical buckling loado Fi'a!n tha first appr-oximate lor.vest root onG 
• ~ !' 

gets by taking n = 1 
I 

f 6te'" == K 1f-Do 
1\. if--h. •• C> 

where 

thus the bucitling load is a. f.unctit.')n o£ ~ alld tlle foundation 

modtilus, \<F :~ 

Fo~ o\ = 0 , the ori tiea.l OO.ckling load. · Oc.n is obtained from 

Eq ~ ( 2. 25) by taking n ::; l 

••• (2 •. 28) 
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\<f b'l... 
+ _,_L_._ 

1\~ m'l- ct2- l W\ = l, 2., 3, - .. . . . ) 

Fbr 11t:>moge.¥leoUs material, 1)0 4]) tv-hen o( 1~0 · Q Setting. o(,~ o in 

Eq~a(2.27) one gets tllG crit:lc~.J. buckling load for a homogeneous plata 

on elastie foundation for one half-wave buckling 

\( : _I _ [ ( b ({ _'\1.. '<'F bl. J 
\ -o$12.. \ G\ + b) -\- 7\4 ' C\ L 

F\n? KF= o , Eq.(2.30) is the result obtained by 1'1mosne.'1.ko and Gere. 

Fo1, m Pal:f,.waves bu.ckli!lg, K in Eq~(2•30) can· be expr~ssed as 

The ratio ~ for.whieh Oen... becomes a. minimum for un1~orm 
compression is obtaL'rled from Eq. ( 2~29) and denoting this ratio by 

\.-i;}n. , one gets for a hoaoge.neotts plate·· 

f_'t .:\ - J_ ( k -t- l' ~~\'Itt 
\: \:l)e.l\.- 1\ ~ F } • 4? 0 (2.32) 

~nd for a nonhomogene6Us plats 



. ' 

fhe ratio ~ at W'h~ch the transition from m to m+l h.alf-waves bttekling 

occur.can also he computed from .Eq. (2.~ ). · Fo~ homogeneous pla~e under 

unitom compression, transition from one to two_ half•-w1aves ·-occ~rs when 

a.!!!d tmnsi t1on :from two to·. three half .... waves occurs when 

-i; = (_3b- ~~ )'14 

Eq.(2.27) gives sat1s1'aetory resUlts for small values of o( • An 

improved result is obtained by taking two equations of the system 

Eq,( 2.26) t>r!th coefficients C11 and C,~ and setting the determinant . . v 

equal in zem. ThUs for one half...,l<Tave ·buckling 

. ,·. 
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·~· (2.35) 

' . 

'bEmd.ing for a homogenoou.s plate fo1~ one h~lf...,14ave bucltling 
'2.. . 

Cc:n. K ~t 

Form half-wave buckling \'( 1n rsq.(2.36) ean be written as· 

I . \o'l... [ 'L 0.. 'L 'L ( !L 40..'L)'L K. ~ t::·) .. .-r- '2.'77 l.\.'1..- c~ + bllo-) h\ + bl.- -r 

v o • (2o3'7) 

The presence of the foundation. modul.us,. Kp in Eq.(2G)24) reduces the 

deflection, TH and hence the banding str{!Jss. Therefore &i.;o(2"'34,al735 

' and a,.-36) ~esul ting from · 'teAO term approJtima tio:D. of Eq • (2e a6) mat be 

.nf~.l!k~L .Alto $tQN.~t!§tOI;f§. 

NUmerical resUlts are obtained ror t-..ro cBSes a a) when. the plate . . 
j.s under uniform compression, and b) when it is under pure bancling. Fozt 

uniform compression ot a homogeneous plate, the values of k are 



cal.c~ated for dUferent values of ~ with the h~p of Eq.,(2.30) 

to~- one half-wave buclrJ.1ng, taking kF = 7\4 , alfd v( == o · • Uor two 

half ... waves· and throo hal-f.-.wa.ves. bueklillg Eq.{2.3l) is used with the 

. ·same ·v~iue ·ot \<F • These results are presen.ted in. the t.o'rm. Qf graph$ 

''111 Fig. 2·~3.o: For a non-homogeneous plate under 'unifom aomprassion, 

tha values of K. are.'calculated· for one ~lt•wave,· tvo. and three 

halt-··:v~ves buckling by taking the same value_ of kF ana o\1 == o· 1 

in Eqo(2.~ h These ~estllts are presented in F1g•2•4•- Th<a_ values of 
.. . . '' . . ' . ' ' ' . ' 

k. when _the plates a:re not on the foundation are also .presented in . ~ . ' ' . . . 

Fig(l 2e.3 an~ 2.4 ·for compl?-l"ison. 
. . . 

. :, For· pure bending -of a homogeneous plate Eq~ (2"37) is used for: 

calculation of' K foz: different values of ~ taking Kr = 114 and the 

results are present~d. in Fig. 2ct5o In the same figure th~ corresponding 
I 

fesults forK without foundation are also presented for comparison. 

F~'m the £oregoing analysis and from Figa. 2.3,2.4 and 2.5 the 

follo~;rL'llg · cpnelusions may be drawn t 

1) Jrounea. t:ton :tncreas es the bttc1dil'lg load 

11) Res:l.stanca offered by th.e foundat.iott is ·more for one half'.,.wave 
'· 

buckling compared 'tp multiple halt-'t.raves bucltling. tfuen bt.lckling 

is ;ln moi"e than one half•l/ave, the foundation resistance remain$ 

pract~cally constant. 

i~~) Foundation increas~s the (~)~7t. ratio and reduees the 1 ratio 

at wh:leh t~ansition. takes place as compared to a plate not 

resting on toundationa 

!v) A .non..~mogeneous plata will h.a.va .lat'ler bucltling load as compared 

to a homogenoous plate~ 
· v) Us~ o£ e~ror function reduces_ labour considerably compared to 

· any other numerical method. 
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·mEilMAL BUCKLlliG OF SOME I-IEATED PLATF.S PLAt."'ED 
Oif ELAStiC FOUNDA~lorJ '1, 

PAPF,R- :III 

Thermal Buckling of thin elastic plates is of much practical 

importance in modarn engineeringe !iovtae.'ti (1962) has discussed the 

thermal buckling of a. rectangUlar plate tm.der diffel"eilt boundary 

cond.i t:Lons. l·fansfiald ( 1964 ) r..as invGs tig~ ted the buckling and curling 

of a. heat~d ~bin circUlar plate of constant thickness.- Klosner and 

Fb~ray (1958) have studied thQ · thermal buckling of simply~· supported 

pl~tas under s~strical tempa~ature distri~ution. 

In this papGr themal buokling of a heated· equ1la.t$ra.l tria.'lgUlar 

plate of simply .. su,pported edges and a clam!Jed elliptic plate placed on 

~lastie foundation has been investiga:tedct Th.e foundation is assumed' to 

be o£ the v11nkler typo. Tbe bou.ndaey has been transformed contci111D.ally 

l)nto the unit eircle and the stabil.ity criterion has been obtained with 
' 

l(tAccepted for publication in th.e Defence .saience Journal,_ 
Government of India, New Delhi~ · 

(Pu..t~~J., vc).'20, No.~, 197G,) / 
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Le·t us consider,a plate of thickness, h, subjected to a 

temp~ratura distribution. ~ which is independent o£ x a.··ui y, bUt 
' . . . . . 

Tha plate is subjected to no extemal load and mot1on.o£ all suppol!ts 
' 

in the plane ot -the plate is prevented •. It jus.tif1es th.en, that undsr - . . 

the abovtS cond1tiort there -are no displacements in the plane or the 

·_plate, i.e,, · 

u = v = 0 

On· the a'J»ve propositions the ditf'.erential equation i'or the· 
' ... ... 

displacement t_ Boley and Weiner~ I 9 b 7 _l is 

For a plate placed on alas tie foundation having the f'ounda.tion 

,r~ction,. rc1 , Eq. (2m38) b~comes 

0· 

. \ 



'.,. 

' . 
I 

1n wbich 

.. ·...:. . ·. 

·and· 
-t~z.. 

· ·· N1 == 0( E J 1 dz 
-Yz.. 

o( baing the coefficient or· thermal expansion. 
. ' . 

' . 

• ·- ( 2.44) 

Let Z = f ( ~ ) be. the analytic f'u.nction l-thich maps the; given shape 

in th.a "'f plane onto a· unit ci?cle~ 

ThUS Eqo ( 2q44) t:ransfOl'mS into -

.·. o4 w. dz di -· clw ~ ~- 7?w ~2-~ + 
cr;l.o~·'l. ~ df 0~1.01 d,,_ d"f of·o~ a1 d1 ..... 

a"-"!. d"-z dl.z -t (r,\r~) r~zy-r ~~)'l- ?]-w_ -t 
+ o{o~ ~.,,_c.\~~ 4 ~ ~1 . '?r{oi, 

,_ ,\.,_r:-c* )\%f )\v 0 

••• (2.45) 
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oc 

W= L_Brr[!~C~~)ll] 
n=t. 

Clearly the aoove form or ti satisfies the edge cotldit1on 

t'l = 0 at r = l • Eq.(2.46) !s an admissible function for the simply 

supported edge condition in.the sense that this satisfies the 

ltinenatic bountlacy til = o at r ·= 1, but does not satisfy th~ .forqe 

boundary cond.ition ·M11 = 0 ., Putting Eq .. (2.46) 1n Eq~~(2o45) one gets 

the· error function, E.n)e • Galerldn 's procedure requires that· the 

Sl"ror function. to be orthogOnal over the domain, 1.eo, 

j ~Ml1t)wtH)de = o l 1'\= 1' l,· · · · ~ 
~ . 

Th1s generates ( K x K ) detarm:i.nantal equation. The lwest root ot 

this gives the critical buckling temperatura. ' 

A.· Ls:t tls consider a s:tmply-supportoo equilateral triangUlar plate 

of ·side 2 J3 0.. placed on an elastic foundation. 

To solve the differential equation for W let us put 

. w == w, -+ w2-
From Eq.(2~40) one·gets 

l v2-+ r,'L) w, == o 

( "l. -t r;_) w ~ -==-·o 
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it>~ the edge cnndit1on W ::: 0 aJ,.ong the boundary, let 

. K k 

w2. == L s., D- \1~)"'] = L" B~ ('-"-'V\) 
n=' rt=l 

" ••• (2.51) 

For 1st term approximation ·it 1s sufficient t? solve e:t.tilsr &,lo(2•43) 

or Eqo(2.50). Changing .either of the two Eqs .• (2.49) and (2r.50) .iri tb.e 

complex coordinates one gets 
I ' 

_7 

.. maps an equilatl$ral ~riang_ular plate into a unit eircle. iri the 1 - pl&ie. 

With th.is mapping function, putting Eq.(2.5l) in Eqe(2.52) and 

rmembering ., = rfeie one gets the ·required error function., Attar 
I . 

evaluating ttte in tegml given .by Eq. ( 2Ci 47) an{l. taking K :::; \ one gets 

where ~ 
x~ == P~~(,·1ssia) · 

From ·Eqo(2o53) one gets the follot>Ting critical buckling temperature 
. . 



T 

~-

~rsss:iJ:tg _this value in terms ·or the ·altitude h of tile triangle 

one gets· 
.... 

(N-r)~"- = ~ D lt-v) 

trrhich agrees well with the resul.t obtained by :Banerjee (1975) ~Jho used 

tri-litlear CC);.ord:inates. to obtain the resttl ts for the corresponding 

problem without elastic foundation~ 

B. Let us consider an elliptic plate having centre at the origtn. 

Let h be the thickness of the p+ate. 

For cl~ped edge boundary condition let us take w 1n the following 

f'om 

Clearly the above form of ti satisfies the elan)ped edge conditions 

ow w = 0 ,_ =o at r = 1 

., 

No"; :t'o r the ellipse 

'L >'2... 
')l ---;---4 4 
3 s 
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_7 

.. ' 

·~!}. (2.66) 

Which maps. the above. ellip.se ¢t unit eirele in. th.e 1 ... plane~ With 

this mapping function, putting Eq.(!~.55) in Eq.(2.4:5) and r~membering . . 

-;=neLS one t1ets the required error function. After evaluating the 

integral. g1Ve."l by &:!• ( 2.47 ). and taking K = 2, the f'olletti~ det~rminant 

is obtained~ 

'l'\.. 
3 2. 2. Q~ '1.- ... ~ x, ,..1-
--- '"1;-1\l- ;- -3 3 10 

where 
~~ == ~1. ( o· 99b)1. 

1\~ ~ r:- (o·9 9 ~1.-

0 •.. (2.57) 

Solving Eqo( 2 •. 57) for the lowest root, the critical bu.~kling 

tempax:atura is obtained as 



solutions obtai.."led :ln tbis stUdy are only appro~imate, because 

only th.o first term o'f the mapping ftmction is considered and K is taken 

to bll' 2o !-tore accurate results are obtained by considering th~ remaining 

terms of the mapping· function and ta.ldng K more tb.an 2., Solu.tion or the 

eigenvalue problem governing the stability of the tbtn elo.st:i:a plates 

- having various configurations, sueh as regUlar polygon~ shape, circular 

boundary t-lith nat sides, epitrocP..oidal boundary etc, is easil;y 

accomplished with the help of the complex variable theory appliad in 

this stuay. 




