CHAPTER-II

CRACK PROBLEMS IN ELASTODYNAMICS

Paper - 5 : Interaction of elastic waves with a
Periodiec array of coplanar Griffith

cracks In an orthotropic elastic medium.

Paper - 6 : Diffraction of SH-waves by a Griffith

crack in nonhomogeneous elastic strip.




INTERACTION OF ELASTIC WAVES WITH A PERIODIC ARRAY OF COPLANAR
GRIFFITH CRACKS IN AN ORTHOTROPIC ELASTIC MEDIUM

1. INTRODUCTION

In recent years, with the increased usage of'_macroscopically
aniéotropic construction materials such asl }ibre—reinforced
composites, the study of interaction of elastic waves with cracks
or inclusions in composite materials has gained much importance.
Recently, Kassir and Bandyopadhya (1983) have studied the
elastodynamic response of an infinite orthotropic solid containing
a crack under the action of impact locading and the elastddynamic
problem of a finite Griffith crack in an érthotropic strip under
normal impact was investigated by Shindo (1986). Problem involving
a ﬁoving Griffith crack in an orthotropic strip has also been
studied by De and Patra (1990). But perhaps, because of
ﬁathematical complexity, elastodynamic problems involving two or
more Griffith cr;cks in anisotropic materials have not yet
received much attention; The static problem of. QEtermining the
gtress distribution in an infinite transversely isotfopic'medium.
containing three coplanar cracks has been considered by Dhawan and ’
Dhaliwal (18978). Static stress distribution near periodic cracks
at the interface of two bonded dissimilar or{hotropic half planes
has been obtained by Garg (1981). Angel and Achenﬁach (1985) have
studied the problem of reflection and transmission of elastic

waves by a periodic array of cracks in an iInfinite isotropic
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medium. The steady state vibration of an infinite isotropic medium
with a periodic system of coplanar cracks has beén discussed by
Parton and Morozov (1978) using the method of the finite Fourier
transforms to reduce the relevant mixed boundary value problem to
the solution of a.pair of dual series ¥elations.

In our problem, the interaction of normally inclident time harmonic
elastic waves with a petiodic array of coplanar Griffith cracks in
an infinite orthotropic medium has been considered. Due to
geometrical symmetry the problem has been reduced to the solution
of the problem of a single crack in a strip whose bopndaries are
shear free and constrained in a wéy not to péfmit normal
displacement. Fourier transform has been wused to reduce the
problem to the solution of dual {integral ‘equations. By the
application of Abel’s integral the dual integral equations finally
has been converted to a Fredholm integral equation. Stress
1nteﬁsity factor at the ¢tip of the crack and c;ack opening
displacement have been derivgd in closed form. To display the
influence of the material orthotropy numerical values of sgtress
intensity factor aﬁd crack opening displacement have been found
out afﬁer solving the Fredholm integral equation numericaliy and

plotted against dimensionless frequency and distance respectively

for three sets of orthotropic materials.

2. FORMULATION OF THE PROBLEM

Consider an orthotropic, linearly elastic, unbounded solid

weakened by a periodic array of cracks of length 2a as shown in
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fig.if The period of the crack-array is 2h1. The cracks lie in the
plane xz=0 and extend éo infinity in the xa—direction which 1is
perpendicular to the plane of the figure. Let Ei’ uu and vu(i,j=
1,2,3) denote the engineefing elastic- constants of the material
where the subscripts 1,2,3 cor?espond~to the X 0 X 9 X _ directigns
thch coincide with the axés of haterial orthotropy.

We normalize all lengths Qith respect to a so that.xt/a=x, xz/a=y,
x3/a=z and h1/a=h. Let a time harmonic wave given by u=0 and
v=exp[i(kny/¥czz—wt)] where k_=wa/c_ and ce=(piz/p)‘/2, travelling
in the direction of positive y-axis be incident normally on the
crack faces so that the conditions in the plane of the cracks(y=0)
due to the » scattered field are Txy=0, Tyy= - Toe—uu, where
1-°=iwa1’c2'2/c9, on the crack faces and v=0 at points outside the

cracks in the plane y=0.

K]

By simple symmetry considerations, the displacement and stress
distribution due to the scattered field in the entire xy-plane can
be deduced by considering only the orthotropic étfip |x|$h‘with a
central crack~|x|5a s ¥y=0 ; the boundaries of the strip x=+h being
shear free and ;onstréined in a way not fo permit normal
displacement.

Therefore , substituting u(x,y,t).= u(x,y)e"um and vix,y,t) =

v(x,y)eqkn our problem reduces to the solution of the equéfions

2 2 : 2 2 2
c "-‘2‘+a:+ (1+c12)gx;‘ a® yu=0 (1)
1 5 3y ' y o2
-]
2 ' 2 2 2 2
and c 9V L2V L (44 HZT Y , 2 v =0 | (2)

w
22 ayz axz 12 axoy c:
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Fig. 1. Incidence of plane time-harmonic wave on a periodic

array of crdcks.
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subject to the boundary conditions

T (x,0) = - 1T e . |x|(1 (3)
Yy o
T (x,0) =0 , | x|<h (4)
S 4
v(x,0) =0 , 1= x|=h - (5)
T+ (xh,y) =0 , |y | <o (B
xy
u(zth,y) = 0 o |y|<w . 7)
Henceforth the time facfor e_i'wt which 1s common to all field

variables would be omitted in the sequel.
-The nondimensional pérameters c., arising iIn equations (1) and (2)
1) :

are relafed to the elastic constants by the relations

¢ =E /u (1- v* E /E )
11 -4 12 12 2 1

2 E /JE Y=c E /E (8)
14 2 1

c =E /u (1- »
2 2 a2 12 2" "1 1

2

2 ‘7 .
e _=sv E /u (1- »7 E/EJ)=» ¢ = v ¢
12 12 2 Ta2 12 2 1 12 22 21 14

for generalized pléne stress, and by

c =(E /Au Y(1- v v
41 1 12 23 32

¢ =(E /Au J(1- » »
22 2 12 13 91

c =E (» +
2 4 2

v v _E /E )/Au (9)
1 1 13 32 2 4 12

=E (» + v v E /E )/Au
2 12 23 31 1 2 12

v v v v v v v
23 32 34 413 12 23 314

"A=1-v

v v v v
12 21 19 21 32

for plane strain. The constants E, and » =atisfy the Maxwell's
. v 1)
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relation » /E = v  /E .
iy i v

The stresses are related to the displacements by the equatibns,

/ = c du + C a_v.
Txx Msz 11 X 12 Oy
3u | av
= —_ 4 —_—
Tyy/"l12 012 ax sz ay (103
T /“ = _qB + 22.

Xy 12 ay ax

The solutions of’equations (1) and (2) are taken as

2 | _71y -?’ZY .
ulx,y) = P [Ai(f)e + Az(f)e ]sin(fx)df +
. o

2 . : . ,
+ Efm [Aa(c)sinh(yax) + A4(()s1nh(y‘x)]cos((y)d(

o

(11)

where Ai(i=1-4) are_the unknowns to be solved, y:' ’ y: are the

roots of the equation

2

4 2 2 2} 2 2 .2 2 2. _
czzr + {(c‘z+2c12 Cx1czz)t +(1+czz)k9}y + (0118 kﬂ)(f ka) =0

(12)



and y: , y:'are the roots of the quadratic

4

2 2 2] =2
- +(1+ +
c, 7 + {(c1z+2c12 ci1c22)( 1 0*1)k9}7 (c2

a (i=1-4) occuring in (11) are given by
A"

C!. 1fz-k: ‘}’2
a = (T 7 (i=1,2)
12 L

(*-x2-c_ ot
and a = > : (1=3,4)
L (1+C )Y
12771
Therefore the stress components T and % are
. Ry
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t2-k*)y«?*-k*y = o
2 2 2
(13)

(14)

(15)

' c_ oy -r,y c oy -Y.y
_ 2 _ 22 44 1 _ 22 2'2 2
Tyy/F&z_'Elo[[cxzz ——7?——]A1(E}e +[szf ———————]Az(f)e ]x

o

4

x cos(¥x)d¥ +

= +
+ ﬁ[m[(01273 czzaa)Aa(C)cosh(ysx) + (c‘zy4+czza‘)A4(() x

x cosh(y‘x)]cos((y)d( ' (16)

' 2 K
= - - +
Txy/Fuz [(y1+a1)A1(E)g (yz+az)A2(E)e

vy

]sin(fx)dg -

4

a_y oy
- % [k’- z 3]A9(()sinh(73x) + B’-— 4 ‘]A4(() v

x sinh(y‘x)]sin(Cy)qi (17)
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3. DERIVATION OF INTEGRAL EQUATIONS

The boundary condition (4) implies

. y1 +o(1
Az(f) = - ﬁAt(E) y where B = 7 T (18)
2 2
From boundary conditions (3) and (5) , we obtain the following

dual integral equations
cC_ay c_aoy
22 4 1 22 2" 2
Io [[cng ——7?——) B[c12£ ——7r—~]]A1(f)COS(fX)df +

+ Jj[(cxzya+czzaa)Aa(()COSh(73X) + (c1zy‘+c22a‘)A‘(()cosh(y4x)]d(

nT

o v
= - s |x|<1 (19)
_ 2“12
and Lo -Ba_)A (Flcos(¥x)dE = O , 1= x|=h (20)
o E 1 2 1
ai—ﬁaz ﬁaz—a1 . o

Assumin A(E) = o™ A (F) = ———— A (¥)

g 4 o £ - IS4 (21)

equations (19) and (20) can be rewritten as

2 2
r [ Cs.zZ C22%:%, 3 szz €297 2 )
o

(d1-ﬁa2) ]A(f)cos(fx)df +

+.Jj[(cizy3+czzag)Aa(()cosh(ygx) + (cizy‘+c22a4)A4(()cosh(y4x)]dc

ﬂ'To
= - N F1EE! (22)
2“12
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and JmA(E)cos(Ex)dE =0 ,  1=|x]sh, (23)
o ,.

For large & the eqﬁation (12) takes the form

Py 2 2 2 4
+ + - + =
czzy (c:‘2 20‘2 01‘022)5 ¥ 011E 0 » (24)

Let the roots of the equation (23) be EzNi and EZN: , Where

N? = ! {c, c -c* -2¢ +[(cz +2¢ -c ¢ Y:-4c ¢ ]1/2} . (25)
1+ 2c 11 22 42 12 12 12 14 22 114 22 .

NZ = LI PN e _-c2 -2c -[(czi+2c -¢ e Y:-4c ¢ ]1/2 (26)
2 2022:» 114 22 42 12 12 12 . 11 22 114 22

Also for large £ , - a (i=1,2) and # given by (14) and (18)

respectively become

' Cxx—NL
ai. = z[__—(i-*c N ] ’ (i=1,2) (27)
12 1

and . _',—;=___‘_*_2‘_Wz ‘ (28)
. .

Now, for large ¥

e, E%-c ,Ale £i-c, o)

12 221 2222

1*Ba2?f

(c® +¢ -c c, )(c N N-¢ )-¢ c N? N te, (N2+NN +Nz)]
12 12 11 12 1 2 11 22 12 1 1 4 2 2

c (1+c (N +N))
11 12 1 2

8 (say) (29)
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Therefore we find that

z z_
Hg) = Ct TC% 7, Blc XL czzazyz) _ 4 (30)
(ai-ﬁaz)fe ]

tends to zero as ¥ tends to .
Using (30) in equation (22) we finally obtain from (22) and (23)

the following dual integral equations for the determination of the

unknown function A(F) : °
_ rz[1+H(f>’]A<z)cos(gx)dz = p(x) , [ x]<1 (31)
° .
JaA(E)cos(Ex)df = 0 , 1<) x|=<h (32)
° \
Tl"l'o 1
where p(x) = - 27 & 8 [(ciéy3+c22a3)Aa(()cosh(yax)'+
12 [a)]
+(c12y‘+czza‘)A4‘(()cosh(y4x)]d( , (33)

The boundary conditions (6) and (7) yields

%a?3 oy
Jj [[C - 4 ]Aa(()sinh(yah) + Pj - c_]A‘(()sinh(y‘h)]sin((y)d(

(r,*ta )E -ry (¥ to IR -y y
_ 1 1 7 2 2 2
y | [ o, a7 © Ba_—a ) © ]"‘“Si“‘f“)df (34)

and jm [Aa(()sinh(yah) + A‘(()sinh(y‘h)]cos(cy)d(
o .

¢ v,y ¥,y
= | e [ e - e ]A(Z)sin(fh)df (35)
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Applying Fourier sine and cosine inverse transforms in equations

(34) and (35) respectively, we get

aéya : a4y4 ‘ , 2
[L’- z ]As(()sinh(yah)+[(-— T ]A4(()sinh(y‘h) = EJ‘:g‘(f.,()A(E)dE

(36)
_ 2 e |
and Aa(()sinh(yah) + A4(C)sinh(y4h) = EJjgz(E,()A(E)dE (37)
_ EC(71+G1) » b ‘ 1 '
where g (8,0) = - - ]sin(fh) (38)
1 3ot —a 2,2 2, 2
2 1 0 +r, 0+,
7 r. By
g (£,0) = —2% [ SN 2 ]sin(fh) (39)
Bt Ba -—a 2, 2 2, 2
2 C+r, {7, :

> .

Solving the equations (36) and (37), the unknown functions Aa(C)

and A‘(() can be found to be related to A(f) as :

ALY = fi(c>Jjg‘(f,(>Ac:)g: + fz(()Jjgz(E,()A(f)dE‘
(40)
A ) = fg(()Jjg1(E,()A(E)df + f4(()Jjg2(E,()A(E)df
where f (L) = 2
T L) = AD(L)sinh(z_h)
. oy
£ (L) = 2 Ll
2 "D(Z)sinh(z_h) T
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-2
nD(C)sinh(y4h)

£(L) =

R . _ oy
£ () = 2 a'a -t
+ nD(()sinh(y‘h) [4

o Y‘ _aays

D(;) = z

41 .
Now, substituting the values of ai(i=1,2) and 3 given’by'(ia) and

(18) and using the relations

2, 2 1 2 2 ‘ : 2
= - + -
71*72 c22 {(°12 2c’2 Cxxczz)f +(1+c22)k9}
2.2 _ 1 2_,2 i_ 2

7172 = 5 (¥ ka)(c11t ks) (42)
22 .

2, 2 2 2 c11 e2, 2 é 2

44 +71)(C +72) = E;; 94 +YS)(E +Y4) y

g‘(f,() and gz(f,t) from (38) and (39) finally can be 6btained as:

2 2
_ Y29, qz ¥,9,79% | sin(¥h)
gl(g'() =L 2 2 .2 =2 2 2
T +r I +r v, v
. 3 < + ‘23
(43)
2 2 >
Y9379, Ye9379 sin(fh)
gz(f’() =7 2. 2 * 2 2 2
" +y £ +y r e
a . 4 ‘3
-2 k" (c +c_ )
where q = 14 22 12 q = - 12 22
1 C. ' 2
11 11
(44)
c c C2+c k*
. _ _s=2 . =22 12 o
9, c ! 9, c



203

4. METHOD OF SOLUTION

equations (31) and (32) to a

In order to reduce the dual integral

single Fredholm integral equation, we assume

nT
(45)

] o
A = - 5 Jm£¢(n)Jo(gn)dn
12 (o]

so that equation (32) is automatically satisfied.

Next substituting the value of A(¥) from (45) in Aa(() and A‘(C)

given by (40) and using the result (Gradshteyn and Ryzhik, 1965)
£sin(Eh)Jd (£t) '
Jm ° g = T ™ 1 (tp)
2, 2 2 o
o § +r

°A3(() and A‘(C) can be written in terms of @(t) as

2
A (L) = - " o Ji[ Cf ((){(yzq -q )1 (y t)e-yah—(yzq -q_ )%
3 4‘_‘ 6(?’2_},2) o 1 . 9 "4 2 [o] 3 4w1 2
12 <4 a3 .
x 1 (r the Yl } + fz((){—(rzqg‘q4)Io(rat)e—y9b+(riqg'q4)x
, o .
x 1 (r tre « }]t¢(t)dt (46)
and )
TZZTO . 2. '—y3h 2
A‘(() = - E[ (fa((’){(;vaqt—qz)lo(yat)e —(y‘qi—qz)x

T 2 ¥t 2
+ - - -—
} f4((){ (yaq3 q‘)l (yat)e +(y‘q3 q4)x

_}/h

4
x 1_G te }]t¢(t)dt (47)
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Substitution of the values of A(¥), Aa () and A4 (L) in terms of
¢(t) from equations (45), (46) and (47) "respectively in (31)
yields the following Fredholm integral equation of second kind for

the determination of ¢(n):
_ 1 , o
p(n) + J t{Kt(n,t) + Kz(n,t)} p(trdt = 1 (48)
o T

The kernals Ki(n,t) and Kz(n,t) are given by

K (n,t) = Jm%H(E)Jo(Et)JO(En)dE (49)
o]
and K (n,t) = Jj{si(()lo(yan)Io(yat?+52(()lo(ran)lo(y4t) +
+Sa(()lo(y‘n)Io(yat)+S4(C)Io(y4n)lo(y‘t)}d( (50)

where

n(c ¥y +c_ o)
12°3 "z22 3

S () = Cf (L) (p%2q -q )-ft (L) (3%q -q ) 7a
1 2 2 ' 1 ¥39,79, 2 £ Y3979, } ?
2(y‘-y3)8

h

: R(01273+szaa) 2 L., 2 L
s ({) = - 2 {?fi(()(y‘q1—q2)-f2(t)(y4q3-q‘)} e *
2(y  -y7)86
+« ‘a3
(51)
: mle ¥ *C, %) 2 2 “¥ah
S_({) = _a {Cfg(()(yaq‘—qz)-f‘(()(yaqa—q‘)} e
2(y -y )8
« '3
n(c y +c__a -¥ h

) .

_ 12° 4 22 4 2 _ 2 .
S‘(() = FORCINC I {:L’fs(()(y4q1 qz) f4(()(y4q3 q‘)} e
Y%, ’
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It is to Se noted that_ the kernal K1(n,t) represented by the
semi-infinite iIntegral given by equation (48) has a slow rate of
convergence. In order to make the numerical analysis easier, the
semi-infinite integral has therefore . been converted to finite

integrals, details of which have been given in the appendix.

5. QUANTITIES OF PHYSICAL INTEREST

>

The normal stressATyy(x,y) in the plane y=0 in the neighbourhood

of the crack can be found from equation (2.16) and is given by

2y129
T (x,0) = | EA(E)cos(Ex)dE + o(1) ’ x>1
Yy T Io
a [* #(n)dn ’
= -7 J _NeNM 4 a1y, x>1
o dx 2 2. .4i/2
(x" - )

_ d [ , 2 12 1 2 2. 1,2 .
= T, EY[_(X -1 (1) + xp(0) + J;¢ (n)(x,—n ) dn]f

+o(1) , x>1

T x$(1)
= 2 4 o), x>t (52)
.(x2_1)1/2

Defining stress intensity factor by

T

T (x,0) (x-1)'"%
Yy
(o]

it is found that

K = |2$%l| (53)



206

Next the crack opening displacement Av(x,0)=v(x,0+)-v(x,0-) on the
surface of the crack has been obtained with the help of the

equation (45) in the form

Av(x,0) = gJéA(E)cos(Ex)df
o .
2T '. J_ ;o
= - °‘|’l 200 4y, |x|<t (54)
u e 2 2. .12 : :
12 x (p ~-x7)

6. NUMERICAL CALCULATIONS AND DISCUSSIONS

The method of Fox and Goodwin (1953) has been used to solve the
integral eqﬁation (48) numerically for different values of
dimensionless frequency RB and h, the separating distance of the
cracks. The integral in (48) has been represented by a quadrature
formula involving values of the desired function ¢ at pivotal
points 1Iin the range of Integration which leads to a° set of
algebraic linear simultaneous equations. The sgolution of the set
of linear algebraic equations gives a first approximation to the
required pivotal values:of ¢ which has been improved by the use of
difference-correction technique. Tﬁe kernal 'Ki(n,t) has been
transformed into two finite integfa)s and have been evaluated by
using Gauss-quadrature 1integration formula. The second kernal
Kz(n,t> has been evaluated by simpson’s method. After.solving the
integral equation (48) for different wvalues of engineering

elastic constants of several orthotropic materials listed in table
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1, the gstregss intensity factor K given bx (53) has been plotted
against k' for different values of h (Fig.2-Fig.4) and the crack
opening.displgcement Av(x,O)p12/ro given in (54) has been plotted
against dimensionless distance x (0<x<1) (Fig.S—Fig.?j.

The nature of crack opening displacemenﬁs which have been plotted
for three different orthotropic materials for differént values of
the separating distance h is found to show two maxima within thé
rangé (0£x<1) one near x=0 and the othér near x=1, the maximum
value near x=0 being the greatest.

From fig.2-fig.4 it may be noted that the stress intensity factor
increases with the increase in the valuesvof frequency k‘, attains
méxjmum value and then decreases for all orthotropic materials for
Q<k951. Thevstress intensity factor is found to decrease with the
increase in ‘the values h, the separating disténce of the cracks

and also decreases sharply after the maximum value is attained.
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Fig. 2. Dynamic stress intensity factor K vs. dimensionless

frequency kg for Boron- Expoxi composite.
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Fig. 3. Dynamic stress intensity factor K vs. dimensionless

frequency kg for Steel- Mylar composite .
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Fig. 4. Dynamic stress intensify factor K vs. dimensionless

frequency kg for Graphite- Epoxi composite .
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Fig. 5. Crack opening displacement vs. dimensionless

distance for Graphite - Epoxi composite.
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Fig. 6. Crack opening displacement vs.dimensionless distance

for Boron- Epoxi composite.
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Fig. 7. Crack opening dispiacement vs. dimensionless

distance for Steel- Mylar composite .
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APPENDI X

EVALUATION OF THE KERNAL K1Cn,t) H

The kernal K1(n,t) given by equation (49) is

K, (n, t) =J<:z}‘uf).lo(:t),lo<fn)dzf (A1)

where H(¥) is given Iin equation (30)

To evaluate the integral (A1) we consider two contour integrals

_ (1)
L -J M 7,7, EOH S (grdz ot
C
1
(A2)
R (2>
I -I MG,y ¥ ) EORZ mgrar >t
C
2
where
c £2-ay c- - f3lc E2-ay c )
Mg y = A4 471 22 12 20 2%22 e
N (ai—ﬁaz)e

- [L (-5 +2-48 272}
Y, _2 1 1 2 ]

1/2

B = 2 {(c2 +2c o e EZ+(1+c )kz}
1 Cc 12 142 14 2 2 -]
22
_ 1 2 2 2 _,2
B,= o €K e, 17

2

" and C1, C2 are the closed contours defined in Fig.8.
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A Im3

Fig. 8. Comtours of intebo*ration for integrél

in equation (A1) .



TABLE - 1

ENGINEERING ELASTIC CONSTANTS

216

Materials Ei(ps1) Ez(p51) pﬁz(psi) LI
Boron-Epoxi 32.5x10° 1.84x10° . 0.642x10%°  0.256
composite

Graphite-Epoxi 2.22x10° 22,93x10° 0.8x10° 0.033
composite

Steel-Mylar 26.28x10° 4.1%10° 0.9%x10° 0.44

composite
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Assuming the relation

{Uf +2c -¢ ¢ J(i+c ) 2(1+c )]f {(c-+20 -¢c ¢ )? 4c }
12 12 11 22 22 + 11 . 12 12 114 22 _ 11 x

2 c 2 ¢
c 22 c 22
22 22

(1+e ) 4y -
x 2 - 1 <0 ‘ (A3)
c 22 _

22

it is noted that the branch points E=Ki(i=1’4) corresponding to
the roots of the equation B:-4Bz=0 are always complex.

Now the branch points corresponding to the roots of the equations
-B_+(B*-4B )*7%*=0 and- -B_-(B%-4B_)'"%=0
1 1 2 1 1 2

are t=i'ka and E=ik°/¥czz respectively, where it is assumed that

2
c ¢ -¢ =-2c¢ > 1+¢c s
11 22 12 12 22

(A4)

and c +2c +¢ > Q
12 12 11

Most of the orthotropic materials satisfy the relations (A3) and
(A4). Therefore under the above condition, E=tk./¥3:; and E=ika
are the branch points of y1 and yz,respectively.

"The integrals in equation (A2) are found to He zero on the

contours AC_ and AC_(fig.8) around the branch cuts from A, and Xz.
Thus integrating the Integrals 11 and Iz along the cohtﬁurs C1 and

Cz (fig.8) we obtain
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for contour C1

x ~VYc
° 1 e e (1)
Jo M, i7,, 17 )J EOH T (frde +

k
8 ’ ¢
+ j M(z,y‘,1y2)JD(ft)H;"(nz)dg +
k Ve
s 14

+ [m M(E,yi,yz)Jo(Et)H;1)(n{)df +
k
-]

- = (1)
+ 1J: MUy, 1¥  , 17, )J_(iytIH

(iynddy = 0 , n>t  (AB)

and for the contour C2 :

k Ve
] 11 _ _ (2>
J; _ M(E,-iy‘,—iyz)Jogft)Ho (ngrds +

® 4 '.
(2)

+ j M(E,yi, iyz)Jo(ft)Ho (nEH)dE +

k ~VYe

@ 11

{2)

+ Ir M, 7, 7,03 (EIH 2" (ngrdg -

E-]

- iJo M(-iy, -1y ,-iF, )Jo(—iyt)ng)(—iyn)dy =0, ot (AB)
o 0]
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where

"= [t (B +B2+an 22}
Y2 2 1 1 2 )
C1:I. 2 2l k: 2
S E
22 14
B = 1 [-(c® +2¢ - c )yz+£1+c ) k2
1 C,. 12 12 441 22 T2 2
c kz‘
=7 _ 1t f 2 .2 2 %
RS o (AL | O
22 117



Using the relationé

(2

= : y - _y‘
Jo(—iyt) J0(1yt) and H0 (-iyn) .Ho Ciyn)

(A6) can be written as

2 E M(Z, 7, 7,0 I (E8)I (Enddr -

k /Ye
™ 11 ' _ _ (15
- J M(E,—iyi,-iyz)Jo(Et)Ho (pE)d¥ -

° 3
k

2 ‘ ’ (1)

- J M(f’y1'-iyz)Jo(Et)Ho (nE)d¥ -

x Ve

e 11

- r M(f,yi,yz)Jo(Et)H:’“(nf)df +
k

2

- - (1)
+ 1J: M1y, -17, ,-17, 2 Uyt H Y dynmdy = 0, a>t

Adding (A5) and (A7) and using

4

_' _' _l —
MC-iy,-iF ,-1¥, ) = -MUy, 1y ,i7, )

the kernal Ki(n,t) for >t can be finally written as
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(A7)



x ~Ye
® u . Cis
K (n,t) = -i L [Xiyi—xzyz]Jo(Et)Ho (n)df +

Xk .

° ¢ ! C1)
+ I [Xzyz]Jo(Et)Ho ({‘n)d{‘] , ot

k ~Ye
S 14

where

2 2 .2, —2 2 .2 —2
- [C1z(1+c12)t sz(c1af k°+71)]('cul,’ ka cxzyz)

X
1 2 .z —2 —2
(e, &2~k (1+e ) G2-70r0
2 z_ 2 -2 : 2 2 - —2
7 [c12(1+c‘2)£ c,,tc, &k k’+;v2)](c“t'~ k? c ¥,
2 2 2 —2 —2 ‘ 3
(e, E5-K)(1+e ) (¥i-Fi)e
z_ 2_,2 'z 2_2 _ '2
o [c12(1+c‘z)f c e, L -k tr, )J(cuf k=+c12vy1 )
2 ' z, °

2 .2 ! 2
(c1lf ka)(1+c1z)(y1 +yz )e

The corresponding expression of Ki(n,t) for n<t follows from

by interchanging »n and t.
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(A8)

(A9)

(A10)

(A11)

(A8)



DIFFRACTION OF SH-WAVES BY A GRIFFITH CRACK IN NONHOMOGENEOUS
ELASTIC STRIP

1. INTRODUCTION

The natural or artificial méte?ialé are~usually inhomogeneous; so
in recent years a great attention has Seen given in the study of
aiffraction of elastic waves by cracks or obstaclés ~in
inhomogeneous medium in view of <their application 1iIn /fracture
‘mechanics. Many problems have been solved involving one or more
cracks in an infinite homogeneous elastic medium. Loéeber and Sih
(1968) and Mal (1970) have studied the problem of diffraction of
elastic waves by a Griffith crack in an infinite medium. The
problem of finite crack at the interface of two éelastic half
épaces has been discussed by Srivastava et al (1980) and Bostroﬁ
(1987). Singh et al 1877, 1980) considered the problen of
scattering of SH-wave by cracks or. strips in nonhomogeneous
infinite elasfic medium. Papers 1involving crack or strip 1in
infinitely long elaétic strip are very few. The problem of an
infinite elastic strip containing an arbitrary numbeér of uneqUal
size Griffith cracks, located parallél to its surfaces and openhed
by an arbitrary internal pressuré Ahas been treated by Adams
(1980). Finite crack perpendicﬁlaf to the surface' of the
infinitely long elastic strip hés been studied by Chen (1978) for
impact load and by Srivastava et al (1981} for normally incident

waves. Recently Shindo et al (1986) considered thé problem of



impact response of a finfte crack in an orthotropic strip.

In our paper, the diffraction of normally incident SH-waves by a
Griffith'_crack situated in an infinitely 1long inhomogehneous
elastic strip has beén discussed. The shear modulus(u) and the
density(p) of the material have'_been assumed té vary both in
horizontal aﬁd vertical directions. Applying Fourier transform the
mixed boundary value.problem has been converted to theé solﬁtién of
dual integral equations. The duél integrall equations finally has
been reduced to é Fredholm integral equation of second kind by
applying Abel transfofm. E*pressions for stress intensity factor
and crack opening displacement have been derived. The numerical
values of stress intensity factor and crack opening displacement
have been depicted. by means of graphs to show the effect of

material inhomogeneity.

2. FORMULATION OF THE PROBLEM

Consider thé:aﬁféblem of diffraction of SH—waves By a Griffith
crack in anV{ﬁhomogeneous-elastic strip‘of width 2h1' The crack is
iocated in the regionv-d5x1$d, —m<y1<m, z1=0(fig.1); Normalizing
all the lengths with respect to d énd putting xi/d=x,‘ yi/d=y,
zi/d=z, hi/d=h it is foﬁnd that the location of the crack 1isg
-1$x51, -aoy<mw, 2z=0 ‘referred to a cartesion co-ordinate sysﬁem
(x;y,z). Let a plane harmonic SH-wave originating at z=-o impinge
on the cragk normélly ta the x-axis. The variation pf the shear -

modulus u and the density p is taken in both the vértical(z) and
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A 2|
—h, L1t h,
: —40 7X,

._Fig.l Crack in the inhomogeneous strip
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horizontal (x) directions In such a manner that the shear veldeity
(;.¢/p)1/2 is constant.
The only non-vanishing y-component of the displacement which is

independent of y is v=vix,z,t).

The equation of motion is given by

a (ov) , 2 (,aV) . 2V 1)
axlax) T szlMaz) T Pz ; -

If we qonsider vix,z,t) in the form

vix,z,t) = M (2)
Yu(x, z)
equation (1) takes the form
2 2 2 - 2 R 2 "2
N N (R O R T
Ix oz “H ' az*d - ot
Putting V(x,z,t) = F(x)G(z)e ™™ and p(x,z)= p B g(2), plk,2)=

bbf(x)g(z) in equation (3) where H,s» P, are constants, such that

(4 /p Yy %=¢ is the shear wave velocity, it is found that F(x)
o (o] 2 .

and G(z) gatisfy the following equatiaons

2
a.: +_n2F = 0 ‘ (4)
ax
2 2 2
°8S ., [d © . az-bz—nz]G =0 - (5)
F] 2
oz <,

provided f(x) and g(z) are 6f the form
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2 2

at 1(a°f 2
{57 /f] . E[ ! /f] = a , (6)

Bl

2 2

_ 1(ag 1" ¢ = K2 :
‘ 2(55 /g] + 5[ /g] b 7

where n, a and b are constants.

Equations (6) and (7) are of similar type. We rewrite the equation

(6) as
d af _ 2 .
3IF [ [ 3% ] /f ] = 4a (8)

Integrating the above equation we obtain

df

S_ =+ 2a%t% + a £)¥? ' (9)
dx 1
where a1 is a constant.
Again integrating (9) it can be shown
x + az = + % J ) df (10)
(a’f?+ a1f)1/2

where az is another consﬁant.

Now, we consider the following three possible casges

Case - 1 : a = 0.

In this case equation (10) takes the form

which on integration yields
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+
£ = C, @ 2 (11)
where C1 is a constant.
Case - 2 : a = 0.
Putting a=0 in equation (10) we get
x + a = * % J S
V(aif)
from which we gei
X 2 o
f(x) = C [ 1 + — ] (12)
2 a .
2 7 .
where C = aa> 1is a constant.
2 1 2 -
Case - 3 : a= 20 yoa, = Q.
In this case (10) yields
f(x) = C3 coshz(ax + aa) 13)
where C = -'a /a*% , a = aa
3 1 3 2

Equation (13) gives the general solution of equation (8) when both

the constants a and a1 are non zero.

In view of the above results, we asgsume the forms of f(x) and g(z)

as

t(x) = cosh®(ax) and g(z) = cosh®(bz) (14)

so that equations (6) and (7) are automatically satisfied.

Now the shear modulus u(x,z) and density of the medium p(x,z) are
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u=yocosh2(ax)cosh2(bz) , p=pocosh2(ax)coshz(bz) ' o (15)

The displacement component v(t)(x,z,t) and)stress T(L)(X,Z,t) due

to incident waves are given by

i (kzz-(.ot)
- Aoe .
vit T ix,z,t) = (ie

f“o cash(ax)cosh(bz)

. ) wk z-wt>
and T''’(x,z,t) = A YQ cosh(ax) [ikcosh(bz)-bsinh(bz)]e
Yz o o
(17)
where A is a constant and k =wd/c .
(o] 2 2
Henceforth the time factor e "™ will - be suppressed in the
sequel .
Using (8) and (2),»eqﬁation (1) takes the form
2 2 -
oV, 9V, v =0 , k2= (k2-a%-b?) (18)
2 2 2
ax oz '
whose solution is
vix,z) = JmBi(f)e'ﬁ?cos(Ex)df + Jmc1(C)cosh(ax)sin(Cz)d( ‘ (19
o : (o]
where a = (L2-x*H*"?% , >, B = (F2-x**"% | ¥>k
=-i(k*-r5H Y, ek, =-i(k*-g*)*7% gk

Now displacement v(x,z) and stresses Tyz(x,z) y T (x,z) due to
xy
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scattered field are

- 1 | » -3z ' : ;
V‘x'z"cosh(ax>cosh(bz)[£:5<f>e cosg xdg + Jj6<c>cosh<ax>s1ntzdc]

(200

T, (¥»2) = -p beosh(ax)sinh(bz) fwB(E)e_ﬁzcosfxdt +
. o]

+ JmC(C)cosh(ax)sin(zd( + yocosh(ax)cosh(bz) x
’ o

x -Jmﬁe(f)e'ﬁ‘coszxdt + JE%C(()cosh(ax)cos:zd(] (21)
o o

Txy(X,Z).= -poasinh(ax)cosh(bz)[[mB(E)e_ﬁzcosfxdf +
(o]

QD
+ C(L)cosh(ax)sinlzd[ | + pocosh(ax)COSh(bz) %
Jo :

% —JmEB(f)e'ﬁzsinExdE + Jm;C(()sinh(ax)sin(de] (22)
‘Jo o

where B(F) = —>_ B (Z) , C«&) = L c (@

I YH,

The boundary conditions are

T (x,0) = -t cosh(ax) , |x|51 (23)
Yz o N
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vix,0) = 0 , 1< x|=h (24)

and T (*h,z) = 0 , | 2| <0 (2B)
xy

where T =ik Yu .
o 2 "o ) _
From the boundary condition (25) C([) is found to be expressible

in terms of B(f) as follows:

Cor Fi(f,h,a)B(E)
cH = #F _(a, h a)]-oo 2 .2 dz (28)
2 ’ 1 o B +C
where F‘(E,h,a) = asinh(ah)cos(¥h) + fcosh(ah)sin(fh) - (27
and Fz(a,h,a) = acosh(ah)sinh(ah) - asinh(ah)cosh(ah) (28

Next, the use of (26) in the boundary condition (23) and (24)
yields the following dual 1iIntegral equations from whicﬁ the

unknown function B(¥) is tp be détermined:

Jmf{1+M(?;’)]B(E)cos(fx)dE = p(x) |x|s;'1' ' (29)

o

and JmB(E)cos(Ex)dE = Q , 1$|x|$h (30)
o]

where Mcg) = [ ? —1] (31)
T 2 F (¢,h,a)B(&)

p(x) = -2 + 2 r tFC?Sh;":; dCJm T d¢ (32)

He T lo 2 o R+
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3. METHOD OF SOLUTION

In order to solve the dual integral equations (29) and (30), B(¥)

is taken in the form
: T 1 ) _
B(¥) = L J tap(t)J (¥Ft)dt (33)
“o o °

so that equation (30) is automatically satisfied.
Substitution of the value of B(¥) from (33) in (28}, yields a

Fredholm integral equation of second kind

. o
Pt + J;U[Li(u,t) + L_(u,)]a(wdu = 1 (34)

where L, Cu,t) = JGEM(:)JO(fu)JO(:t)d: (85)

L]
o lo(at)CZK((,u) :
Lytu, ) = - Ejm F,(a,h,a) dag (36)
. ) Fi(f,h,a)Jo(Eu) .
KL, ) =r ShRA bttt Bl (37)
o 32 4L - |

Using the results ( Gradshteyn et al, 1865)

fm Esin(fh)Jo(Eu)
R

3
g% 40

cos(Eh)Jo(Eu) o - n e‘ah L Cuos
° 200 o ¢

2
£%+a®
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Esin(Eh)Jo(Eu) o

Jm df = z cos(a h)J (ua,)
2 2 2 1 o i
L) & ~a
1
cos(Eh)J (Fu)
and d¢ = - =% sin(a h)J (o uw)

° 2a1 1 o 1

K(L,u) takes the form

KL, u) —oh

n asinh(ah)
2

= + cosh(ah)]e Io(ua) y >k

asinh(ah)sin(a h)

[ cosh(ah)cos{at h) - ]J (uad ) , T<k
: 1 o 1

N} A

ol
1

(38)

where ai=(kz—(z)1/2.

Using contour integration technigque ( Srivastava et al; 19880 )

the infinite integral arising in the kernel Li(u,t) can be

converted to finite integral and is given by

¢
L, (u,t) —ikzj (1-93)*72%3 (knt)H“’(knu)dn , udt

o

(39)

, .
—ikZI <1—n2)"230<knu>H;"(knt>dn ,  u<t
o

of > Io(at)CZK(Z,u)
Now L(u,t) = - = J + Jm e — ¥ (40)
o k 2
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where

Fz(a,h,a)

acosh(ah)sinh(ah) - asinh(ah)cosh(ah) >k

—Eaicosh(ah)sin(a‘h) + asinh(ah)Cos(alhjj , E(L

Using the value of K(Z,u) from (38) and putting [2=kZ(1-y%)

(2=kz(1+y2) in first and second integrals of (40) respectively; 1t

is found that

L (u.t) = K2 (1-y2)1/2(kycosh(ah)cos(kyh)- asinh(ah)sin(kyh)]
2 ' ° kycosh(ah)sin(kyh) + asinh(ah)cos(kyh)

x Jo(kyu)Jo(kyt)dy -

[® (1+y*>*”*tasinh(ah) + kycosh(ah)le ¥ g
kycosh(ah)sinh(kyh)-asinh(ah)cosh(kyh)

p'e Io(kyu)lo(kyt)dy (41)

4. STRESS INTENSITY FACTOR AND CRACK OPENING DISPLACE“ENT

From (15) the stress =t on the plane z=0 can be written as

Tyz(x,O) = pocosh(ax)[—ImﬁB(E)cosExdE + Jm£C(()co§h(ax)d(]
o o

Substituting the value of C([) and B(f) from (20) and (27) the

>
»
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expression for the stregg finally can be deduced as

T xcosh(ax)

o ‘ .
T, (%2 0) = T pC1) + o(1) ,  |x|>1.

Defining the stress intensity factor T by

(x-)Y2%x  (x,0)
yz

T = Lt :
X >4+ T
o
we obtain,
T = -2 cosh(a) |¢(1) | | (42)
. 2 Co

Now the crack opening displacement Av(x,0)=v(x,0+)-v(x,0-) can be

obtained from (20) as

Av(x,0) = 2 ij(f)cos(Ex)dg s leﬁi
o

cosh(ax)

which on substitution of the value of B(f) from (33) takes the
form

2T
Av(x,0)

[(1-x2)1/2¢(1) - J4<t2—x2)‘/2¢'kt)dt]
b4 -

pocoshtax)

y |Xl$1 (43)

5. NUMERICAL RESULTS AND DISCUSSION

Using the method of Fox and Goodwin (1953)" the Fredholm integral
equation given by eQuation (34) has been solved numerically f@r

different values of material inhomogeneity parameters. In this
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'méfhod the integral in (34) at firgt has .been represented by a
quadrature formula involving values of the desired function #(t)
at pivotal points inside the specified range of inteégration and
then canverted to a set aof linear aigebraic simul taheous
equations, solving which the first approximation to the required
éivotal values of @(t) has been obtained. Applying difference-
correction technique the first approximations has beéh improved.
The kernel Li(u,t) given by (38) and the first 1ntégral’of the
kernel Lz(u,t) given by (41) have been evaluated numerically by
using Gauss quadrature integration formula. The second infinite
Integral of the kernal Lz(u,t) has been evaluated by Simpson’s
method. After solving the integral equation (34) numerically, the
stress intensity factor T and the crack. opening displacement
2u°v(x,0)/ro ﬁave bgen calculated numerically and plotted
seﬁarately .against dimensionless frquency k2 (O<k251.5) and
dimensionless distance x (0=x=<1) respectively for different valdes
of material inhomogeneity parameters a, b and strip width 2h.

In fig.2, the effect of the width of the strip on the stress
intensity factor when the material is assumed to bhe homogphEGUS
has been shown where as the effect of 1nhomogeneity of the
material on the stress intensity factor for’different width of the
étrip.has been depicted in fig.3-fig.5.

ff is found that the effect of the strip width increasss
prominently with the {Increase of the frequency wbere as the
inhomogeneity parameters a and b have no remarkable effect on the’

stress intensity factor for a fixed value of the strip width 2h.



236

In fig.6-f1g.9 the crack  opening displacement against
dimensionlesg distance x for different values of materlal
inhomogeneity parameters a, b and the strip width 2h have been
{llustrated by,méans of graphs. In each case the maximum value of
the crack opening displacement -is found to occur at x=0.08 and
then after a few oscillations it gradually decfeases to zero at
x=1. It 1is also to be noted that £he magnitude of the crack
opening displacements increases wifh the increase in the value of
the dimengionless frequ;ncy kz 3 the increase being more prominent

in the case of the presence of lateral inhomogenelity.



Fig.2 Siress infensity factor T vs. dimensionless frequency K,

for homogeneous medium (a=0, b=0).
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Fig. 3 Siress intensity factor T vs..dimensionless frequency k.
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Fig. 4 Stress intensily factor T vs. dimensionless frequency k;
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Fig. 6. Crack opening displacement vs. dimensionless distance x

* (d=0, b=0) .,
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Fig.7 Crack opening displacement vs. dimensionless distance x

(0=O,b=0.2).. »
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Fig. 8

Crack opening displacement vs. dimensionless disfance x

(a=0,32 , b=0)
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Fig. 9. Crack opening displacement ys. dimensionless distance "x

(a=0.12,b=0.2).




