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INTERACTION OF ELASTIC WAVES WITH A PERIODIC ARRAY OF COPLANAR 

GRIFFITH CRACKS IN AN ORTHOTROPIC ELASTIC MEDIUM 

1. INTRODUCTION 

In recent years, with the increased usage of- macroscopically 

anisotropic construction materials such as fibre-reinforced 

composites, the study of interaction of elastic waves with cracks 

or inclusions in composite materials has gained much importance. 

Recently, Kassir and Bandyopadhya (1983) have studied the 

elastodynamic response of an infinite orthotropic solid containing 

a crack under the action of impact loading and the elastodynamic 

problem of a finite Griffith crack in an orthotropic strip under 

normal impact was investigated by Shindo <1986). Problem involving 

a moving Griffith crack in an orthotropic strip has also been 

studied by De and Patra ( 1990). But perhaps, because of 

mathematical complexity, elastodynamic problems involving two or 

more Griffith cracks in anisotropic materials have not yet 

received much attention. The static problem of_ determining the 

stress distribution in an infinite transversely isotropic medium 

containing three coplanar cracks has_ been considered by Dhawan and 

Dhaliwal <1978>. Static stress distribution near periodic cracks 

at the interface of two bonded dissimilar orthotropic half planes 

has been obtained by Garg <1981). Angel and Achenbach (1985) have 

studied the problem of reflection and transmission of elastic 

waves by a periodic array of cracks in an infinite isotropic 
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medium. The steady state vibration of an infinite isotropic· medium 

with a peri ad i c sys tern of cop 1 anar cracks has been discus sed by 

Parton and Morozov <1978> using the method of the finite Fourier 

transforms to reduce the relevant mixed boundary value problem to 

the solution of a pair of dual series relations. 

1~ our problem, the interaction of. normally incident time harmonic 

elastic waves with a periodic array of coplanar Griffith cracks in 

an infinite orthotropic medium has been considered. Due to 

geometrical symmetry the problem has been reduced to the solution 

of the problem of a single crack in a strip whose boundaries are 

shear free and constrained in a 

d i sp 1 acement. Fourier transform has 

~roblem to the solution of dual 

way not to 

been used 

permit normal 

to reduce the 

integra[ ·squations. By the 

application of Abel's integral the dual integral equations finally 

has been converted to a Fredholm integral equation. Stress 

intensity factor at the tip of the crack and 

displacement 

i nf 1 uence of 

have been derived in closed form. 

crack opening 

To display the 

the material orthotropy numerical values of stress 

intensity factor and crack opening displacement have been found 

out after solving the Fredholm integral equation numerically and 

plotted against dimensionless frequency and distance respectively 

for three sets of orthotropic materials. 

2. FORMULATION OF THE PROBLEM 

Consider an orthotropic, linearly elastic, unbounded solid 

weakened by a periodic array of cracks of length 2a as shown in 
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fig.1. The period of the crack-array is 2h
1

• The cracks lie in the 

plane x =0 and extend to 
2 

infinity in the x -direction which 
3 

is 

perpendicular to the plane of the figure. Let E., J...l .. and v..<i,j= 
1. l.J l.J 

1-,2,3> denote the engineering elastic· constants of the material 

where the subscripts 1,2,3 correspond ·to the directions 

which colncide with the axes of material orthotropy. 

We normalize all lengths with respect to a so that x la=x, x la=y, 
1 2 

x la=z and h la=h. Let a time harmonic wave given by u=O and 
3 1 

where k =wale and 
&I &I 

1/2 
c = CiJ I p > , 

&I 12 
travel! ing 

in the direction of positive y-axis be incident normally on the 

crack faces so that the conditions in the plane of the cracksCy=O> 

due to the scattered field are T =0, T = 
xy yy 

-\.Wl 
T e 

0 
where 

T =iwa,lc · lc , on the crack faces and v=O at points outside ·the 
0 22 &I 

cracks in the plane y=O. 

By simple symmetry considerations, the displacement and stress 

distribution due to the scattered field in the entire xy-plane can 

be deduced by considering only the orthotropic strip lxl~h _with a 

central crack lxl~a , y=O ; the boundaries of the strip x=±h being 

shear free and constrained in a way not to permit normal 

displacement. 

Therefore , substituting u<x,y,t> -\.Wl = u<x,y>e and v<x,y,t> = 
-\.Wl 

v<x,y>e our problem reduces to the solution of the equations 

a 2 u a 2 u 2 2 2 

+ + <1+c >~· + a w 0 c u = 
11 ax 2 ay2 12 axay 2 c 

(1) 

li 

8 2 v a 2 v 8 2 u 2 2 

and 
a w 0 c + + ( 1+c >-- + v = 

22 ay2 ax 
2 12 axay 2 c 

(2) 

li 
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Fig. 1. Incidence of plane time- harmonic wave on a periodic 

array of cracks. 



subject to the boundary conditions 

<x,O) -i.wt. 

Henceforth the 

variables would 

T = -
yy 

T <x,O) = 0 
xy 

v<x,O) = 0 

T (±h,y) = 0 
xy 

uC±h,y) = 0 

. 

T e 
0 

-i.wt. 
time factor e 

be omitted in the 

I Y I <oo 

I Y I <oo 

which is 

sequel. 
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( 3) 

( 4) 

( 5 ) 

(6) 

C7) 

common to a 1 1 field 

·The nand i mens i ona.l parameters c arising in equations. (1) and (2) 
i.j 

are related to the elastic constants by the relations 

c =E 1~--J <1- v 2 E /E) 
~~ -~ ~2 ~2 2 ~ 

c =E li-J <i- v
2 

E /E >=c E /E 
22 2 ~2 ~2 2 ~ -~~ 2· ~ 

( 8) 

c =v E li-J <1- v
2 

E /E >= v c = v c 
J. 2 ~ 2 2 ~ 2 ~ 2 2 ~ . ~ 2 2 2 2 ~ ~~ 

for generalized plane stress, and by 

c = < E I 1:.1-J. ) < 1 - v v ) 
. ~~ ~ ~2 23 32 

c =<E 11:.~--J ><1- v v ) 
22 2 ~2 ~3 3~ 

c =E (v + v v E /E >11:.1-J 
~ 2 ~ 2 ~ ~ 3 3 2 2 ~ ~2 

( 9) 

=E <v + v v E /E )/1:.1-J 
2 ~2 2:9 3 ~ ~ 2 ~2 

·~:.=1-v v - v v - v v - v v v - v v v 
~2 2~ 23 a2 s~ J.a ~2 2a a~ ~a 2~ a2 

for plane strain. The constants E 
i. 

and v satisfy the Maxwell's 
i.j 
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relation v . . /E.= v .. /E .• 
I. J I. J I. . J 

The stresses are related to the displacements by the equations 

T IJ-.1. 
XX ~2 

T IJ-.1. = c 
yy t-2 t2 

T IJ-.1. 
au = ay + 

xy t-2. 

au 
ax 

au 
ax 

av 
ax 

+· c 
t-2 

+ c 
22 

av 
ay 

av 
ay 

The solutions of equations (1) and (2) are taken as 

(10) 

( 11) 

+ 3.[ ~[a A C()cosh(y x) +a A C()cosh(y x>]sinC(y)d( 
7T ... 3 9 B .C. .C. . .C. 

0 . 

where A Ci=1-4> 
i 

are the unknowns to be 

roots of the equation 

+ (c +2c -c c ){ +(1+c )k y 
{ 

2 2 2} 2 
. t-2 t-2 ~t 22 22 8 

solved, are the 

( 12) 
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and r: , r: are the roots of the quadratic 

c 'Y + (c +2c -c c >( +(1+c )k r + (c ( -k )(( -k ) = 0 4 { 2 2 2} 2 2 2 2 2 

ii i2 i2 ii 22 ii ~ 22 & a 

a (i=1-4> occuring in (11) are given by 
\. 

2 2 2 
c ~ -k -r. ii a 1. 

a = i (1+c i2)yi 
(i=1,2) 

2 2 2 
( -k -c r. 

and 
a i i 1. 

a = \. (1+c i2)y\. 
<1=3,4) 

Therefore the stress components T and T are 
yy xy 

(13) 

( 14) 

( 15) 

X C 0 5 ( l; X ) dl; + 

+ ~r[<c r +c a )A (()cosh(y x) + (c r +c a >A (() X 
1T . i 2 3 2 2 3. 3 3 i 2 "' 2 2 "' "' 

0 

X C 0 S h ( y 
4 

X ) ] C 0 S ( ( y ) d( 

-r Y] <r +a >A <~ >e 
2 siTi<~x>d~ 

2 2 2 

x s i n h < r x >] s i n < ( y > d( "' . 

<16) 

(17) 



3. DERIVATION OF INTEGRAL EQUATIONS 

The boundary condition (4) implies 

A <{ > 
2 

= - (3A <{> , 
i. 

where 
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y +a. 
i. i. 

y +a. 
2 2 

(18) 

From boundary cond it i ens < 3) and < 5) we obtain the following 

dual integral equations 

c Oty c a.y 
22 i. i.) ( 22 2 2) ] - { - (3 C i. 

2 
{ - { A i. ( { ) cos ( { x ) d{ + 

+ [[<c y +c 01 >A <{>cosh(y x) + <c y +c, 01 >A <{>cosh<y x>]d{ 
. i.2 g 22 g g g i.2 • 22 • • • 

0 

and [ 

Assuming A <e > = 
01 -(3a. 

i. 2 
. { 

= 

A <{) = 
i. 

rrT 
0 

2J-l i. 2 
I xI< 1 

A (~) 
2 

equations <19> and (20> can be rewritten as 

[ [ 
c { 2 -c a. y -n( c Jf

2 -c a. 'V ) 
£2 22 £ £ , J £2.. 22 2~ 2 ] 

<a. -(3a. > A<{>cos<ex>d{ + 
£ 2 

(19) 

(20) 

(21) 

+ [ ( ( c y + c 01 ) A ( { ) cosh ( y x ) + ( c y + c a. ) A ( { ) cosh ( y x ) ) d{ 
. i.2 g 22 g g g i.2 • 22 • • • 

0 . 

= 
rrT 

0 

21-l i. 2 
<22> 



and [A c e > cos c e x > de = o 

For large { the equation <12> takes the form 

2 2 2 
+ < c +2c -c c >e r 

~2 j,2 j,j, 22 
4 

+ c e = o 
~~ 

2 2 2 2 
Let the roots of the equation <23> be ~ N and ~ N , where 

~ 2 

{ 
2 [ 2 2 ] :l/2} c c -c -2c + (c +2c -c c > -4c c 

~~ 22 ~2 :1.2 12 12 :1.1 22 ~1 22 
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(23) 

<24> 

(25) 

(26) 

Also for large ~ ot, <i=1,2) and (3 given by (14> and (18) 
\. 

r~spectively become 

e [ 
c -N

2 

] :1.1 i. <1=1,2) 01., = 
\. (1+c >N 

12 i. 

(27) 

<c +c N2) N 
and (3 

11 12 1 2 = N 
<c +c N2 > 1 

(28) 

11 12 2· 

Now, for large ~ 

c "'
2
-c ot -n(c "'

2
-c ot ) 12"' 22 1 r 1 'J 12"' 22 2r 2 

(ot -{301. )~ 
:l 2 . 

= 
2 [ 22 2 2] < c +c -c c > < c N N -c ) -c c N N +c <N +N N +N > 
12 12 ~1 22 12 1 2 1 1 22 12 1 2 11 1 1 ;z 2 

c (1+c HN +N > 
11 12 1 2 

= e (say) (29) 
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Therefore we find that 

H <~ > = 
c ~ 2 -c a r -(He ~ 2 -c a r > 

£2 22 £ £ £ 2 22 2 2 

<a -~a >~e 
s. 2 

- 1 (30) 

tends to zero as ~ tends to oo. 

Using <30) in equation (22> we finally obtain from (22> and <23> 

the following dual integral equations for the determination of the 

tinknown function A<~> 

[ ~ [ 1 + H < ~ >) A < ~ > cos < ~ x ) d~ = p < x > 

where p<x> = rrT [ 
=--0--::.- - e.!_ [< c · r +c a >A <(>cosh <r x > + 
2~ e 12 3 22 3 3 3 . 

12 0 

+ < c r + c a > A _< ( > cosh < r x >] d( 
£2 • 22 • • • 

The boundary conditions <6> and (7) yields 

= [ [ 

and [ 

<~a -a ) 
2 1 

<r +a >e~ 
2 2 

(~a -a ) 
2 1 

-y2y ] 
e A < ~ ) s i n < ~ h ) dl; 

[ A <(>sinh<r h> +A <(>sinh<.y h>]cos<(y>d( 
3 3 • • 

=- [ (a -~a ) 
1 2 

[ e-r 1y ~e 2 A<~>sin<~h)d~ 
-r Y ] 

( 31> 

(32) 

(33) 

(34) 

(35) 
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Applying Fourier sine and cosine inverse transforms in equations _ 

C34) and (35> respectively, we get 

(36) 

and A <(>sinh<;v h) +A <(>sinh<;v h> = ~rg C{,(>A~{>d{ 
3 3 4 4 n 2 

0 

(37) 

{( <r +01 > 
( 1 1 

)sin<.e-h> where g <.e-,(> t. t. = 
t. {301 -01 (2+ 2 (2+ 2 2 t. . ;vi ;v2 

(38) 

g ({, () .e- ( yt. (3;v2 
)sin<{h> = 2 {301 -01 (2+ 2 (2 + 2 2 t. yt. ;v2 

<39) 

Solving the equations <36> and (37>, the unknown functions A <(> 
. 3 

and A<(> can be found to be related to A<~> as : 
4 

where f (( ) 2 
= rrDC()sinh(y h) l 

3 

f (( ) 2 . ( 014Y4 
-( ) = 2 rrD<(>sinh(y h> -(-

3 

<40) 



f <() = 
a 

D <( > = 

-2 
rrD<(>sinh<r h) .. 
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(41) 

Now, substituting the values of a.<i=1,2> and~ given by (14> and 
\. 

<18) and using the relations 

g <~,() 
j_ 

where 

-- (c +2c -c c )~ +(1+c )k 1 { z 2 . 2} 
c t.2 i-2 t.t. 22 22 a 

1 
c 

22 

22 

c 
2 2 2 2 t.i. . 2 2 2 2 

<( +"" > <( +r > = <~ + > <~ + > 

and 

'"t. 2 c ra r. , 
22 

g (~,() from (38) and 2 

2 

g (~ , ( ) = ~([ raqt.-qz 
t. 

t [ -g (~,() = 2 

2 c c ~-c t.i. 22 i-2 
c. t.i. 

c t.2 

~2 + 2 ra 

2 
raqa-q• 

~2 + 2 ra 

(39) f ina 1 1 y can be 

2 
r • qt. -q2 ] sin<~ h) 

+ 

~2 + 2 2 2 

r. r
4
-r

3 

2 
r • qa -q. ] sin<~ h) 

-2 2 2 2 
~ +r .. r_.-r

3 

k
2 

( c + o ) 
s t.2 22 

c i.t. 

2 z 
c ( +c k 22 t.2 e 

c 
j_j_ 

(42) 

obtained as: 

(43) 

(44) 
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4. METHOD OF SOLUTION 

In order to reduce the dual. integral equations <31> and <32> to a 

single Fredholm integral equation, we assume 

A(~) = (45) 

so that equation <32> is automatically satisfied. 

Next substituting the value of A<~> from (45) in A <{> and A <{> 
3 • 

g·iven by (40) and using the result <Gradshteyn and Ryzhik, 1965> 

__________ o _____ d~ = n e-hy I <ty> 
[ 

~sin<~h>J <~t> 

0 ~2 +y2 2 0 

~A <{> and A <{> can be written in terms of ¢<t> as 
3 • 

A <{) = 
3 

and 

A <{ > = • 

2 
n T 

0 

2 2 
4J..I e <r -y > 

~2 • 3 

-y.h } 
x I <r t> e + 

0 • 

2 

-4-J.-1--e-:-r-:-~-r-2-> l [ 
~2 • 3 

-y h 

x I <r t > e 
4 

·} + 
0 • 

-'V h 

{ 

2 • 3 2 
{ f ({ > <r q -q >I <r t> e - <r q -q ) x 

~ . 9 ~ 2 0 3 • ~ 2 

-y h 

{ 

2 9 2 f <{> -(y q -q >I <r t>e .+(y q -q >x 
2 3 3 4 0 3 • 3 • 

-y h ] 
x I 

0 
< r 

4 
t > e • } t¢ < t > d t (46) 

. . -y h 

{ 

2 . 3 2 
{f <{> <r q -q >I <r t>e -<r q -q >x 

3 3 ~ 2 0 3 • ~ 2 

_.,. h 

{ 

2 •a 2 
f <{ > - <r q -q >I <r t > e + <r q -q > x 

• 3 3 4 0 3 4 3 4 

-r h ] 
x I 

0 
< y 

4 
t ) e • } t¢ < t > d t (47) 
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Substitution of the values of A<{>, A <(> and A <(> in terms of 
3 .. 

~(t) from equations (45>, (46) and <47> ·respectively in <31> 

yields the following -Fredholm integral equation of second kind for 

the determination of ~<n>: 

(48) 

The kernals K <n,t> and K <n,t> are given by 
~ 2 

(49) 

and K <n,t> = [{s <(>I <r n>I <r t>+S <(>I <r n>I <r u + 
2 ~ 0 3 0 3 2 0 3 0 .. 0 -

where 

s (() = 
~ 

s (() = 
2 

S- <() = 
9 

s (() = .. 

+S <( > 1 <r. n> 1 <r u +S <(>I <r n> I <r u}c~( 
3 0 .. 0 3 .. 0 .. 0 4 

rr(c r +c 01. ) 
~2 3 22 3 

2 2 2<r -r >e 
.. 3 

rr(c y +c a ) 
~2 .. 22 .. 

(f (()(y q -q )-f (()(y q -q) 
{ 

2 . 2 } 
~ .. ~ 2 2 4 3 .. 

-y h 
4 

e 

'· .. , 

<50) 

(51) 
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It is to be noted that the kerna l K <n, t) represented by the • 
semi-infinite integral given by equation <49) has a slow rate of 

convergence. In order to make the numerical analysis easier, the 

iemi-infinite integral has therefore been conv~rted to finite 

integrals, details of which have been given in the appendix. 

5. . QUANTITIES OF PHYSICAL INTEREST 

The normal stress T <x,y> in the plane y=O in the neighbourt10od 
yy 

of the crack can be found from equation <2.~6) and i~ aiven by 

2J.l e 
[ e A < e > cos < e x > d~ (X, 0) 

j,2 
0 { 1) x>l T = + 

yy n 

d 

s: 

n¢<n>dn o<l> x>l = -T dx + 
0 

{X 
2 2)j,/2 

-n 

= -TO ~x[..;.{x2-1)j,/2¢{1) + x¢{0) + s:¢' (T}){)(2-r]2)j,/2~ry]+ 

= 
T x¢ < 1) 

.o + 0 (1) x>1 

Defining stress intensity factor by 

K = Lt 
x-+j,+ 

it is found that 

1/2 
T <x,O)(x-1> 

YY 
T 

0 

K = 1¢~~) I 

+ o<l> x>l 

(52) 

{53) 
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Next the crack opening displacement ~v<x,O>=v<x,O+>-v<x,O-) on the 

surf ace of the crack has been obtai ned with the he 1 p of the 

equation (45) in the form 

~v<x,O) = ~r:A(~)cos(~x)d~ 

= 
( 2 2 ,~/2 T1 ~x 

dr, 

6. NUMERICAL CALCULATIONS AND DISCUSSIONS 

I X I < 1 (54) 

The method of Fox and Goodwin (1953) has been used to solve the 

integral equation (48> numerically for different values of 

dimensionless frequency k and h, the separating di5ltance of the 
Iii 

cracks. The integral in (48> has been represented by a quadrature 

formula involving values of the desired function 4> at pivotal 

points in the range of integration which leads to a set of 

algebraic linear simultaneous equations. The solution of the set 

of linear algebraic equations gives a first approximation to the 

required pivotal values of ¢ which has been improved by the use of 

difference-correction technique. The kernal K <r,, t> 
1 

has been 

transformed into two finite integrals and have been evaluated by 

using Gauss-quadrature integration formula. The second kernal 

K <r,,t> has been evaluated by simpson's method. After solving the 
2 

integral equation <48) for different values of engineering 

elastic constants of several orthotropic materials listed in table 
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1, the stress intensity factor K given by (53> has been plotted 

against k for di~ferent values of h <Fig.2-Fig.4> C~.nd the crack 
• 

opening displacement ~v<x,O>~ IT given in <54) has been plotted 
. .2 0 

against dimensionless distance x (05x51) <Fig.5-Fig.7). 

The nature of crack opening displacements which have been plotted 

for three different orthotropic materials for different values of 

the separating distance h is found to show two maxima within the 

·range <05x51) one near x=O and the other near x=1, the maximum 

value near x=O being the greatest. 

From fig.2-fig.~ it may be noted that the stress intensity factor 

increases with the increase in the values of frequency k , attains .. 
maxi~um value and then decreases for all orthotropic materials for 

O<k 51. The stress intensity factor is found to decrease with the 
II 

increase. in :the values h, the separating distance of the cracks 

~nd also decteases sharply after the maximum value is attained. 
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APPENDIX 

EVALUATION OF THE KERNAL )( Cry, t.) s 
j, 

The kernal K (ry,t) given by equation (49) is 
j, 

where H<{> is given in equation (30> 

214 

<AU 

To evaluate the integral CA1> we consider two contour integrals 

w.here 

8 = 
j, 

8 = 
2 

1 
c 

22 

1 
c 

22 

( 2 ) 
M < { , y , y > J < ~ t > H < ry~ ) d~ 

j, 2 0 0 
ry>t 

(c +2c ~c c )~ +(1+c >k { 2 2 2} 
j,2 j,2 j,j, 22 22 g 

and C , C are the closed contours .defined in Fig.8. 
j, 2 

(A2) 
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fig. 8. ContouTS of integration for integral 

in equation (.A 1) . 
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TAB~E - 1 

ENGINEERING ELAsTIC CONSTANTS 

Materials E (psi> E (psi> 1.1 (psi> v 
~2 ~ 2 ~2 

Boron-Epoxi 32.5x106 1.84x106 
:: 0.642x106 0.256 

composite 

Graphite-Epoxi 2.22x106 22.93x106 ·C:S 0.8x10 0.033 

composite 

Steel-Mylar 26.28x106 4.1x106 0.9x106 0.44 

composite 
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Assu~ing the relation 

{

<c2 +2c -c c )(1+c) 
12 12 11 22 22 

2 
c 

22 

2 2 
2<1+c >} {<c +2c -c c ) + 11 - 12 1 2 11 22 -

c 2 
22 c 

22 

X 
{

(1+c ) 2 

22 

2 c 
22 

- c 4} <O 
22 

4c } 11 
- .. -X 

c 
22 

<A3> 

it is noted that the branch points e =A.. ( i = 1--4) corresponding to 
1. 

the roots of the equation 8
2

-48 =0 are always comple~. 
1 2 

Now the branch points corresponding to the roots of the equations 

are ~=±k and {=±k ;rc- respectively, where it is as~umed that 
a 8 22 

c c -c2 -2c > 1+c 
11 22 12 12 22 

<A4> 

and 

Most of the orthotropic materials satisfy the relations <A3) and 

<A4>. Therefore under the above conpition, e =±k /~ and e =±k 
8 22 8 

are the branch points of r and r respectively. 
1 2 

The integrals in equation ( A2) are found to be zero on the 

contours AC and AC (fig.8) around the branch cuts from A. and ~ . 
1 2 1 2 

Thus integrating the integrals I and I along the contours C and 
1 2 1 

C (fig.8) we obtain 
2 



for contour C 
:1 

- - <t> M (.~, iy , iy ) J <t; t) H . Cry{) d{ + 
:1 2 0 0 ' -

I I (:1) 
M < ~ , y , i y > J < t; U H ( nt; > dl; + 

:1 2 0 0 

( :1 ) . 
M < t; , y , y > J < t; U H < nl; > d{ + 

:1 2 0 0 

" 

_I -~ C:l> 
MCiy,iy ,iy )J <iyUH <iYnldy = 0 

:l 2 0 0 

and for the contour C 
2 

- - ( 2) 
M (t;,- iy , - iy > J <t; t > H <nt; > dl; t 

:1 2 o· o 

• • ( 2) 
M <~, r , - iy > J <e t > H <ne > dt; + 

:l 2 0 0 

( 2 ) 
M < t; , y , y > J < t; t > H < n~ > dl; -
. :l 2 0 0 

I 

n>t 

M <- i y - iy- - iy , :l , 2 
( 2 ) 

>J <-iyt>H <-iYn>dy = 
0 0 

o , n>t 
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<AS> 

<AE;J> 



where 

, 
B = 

2 

= 1 
c 

22 

-<c · +2c -c c >y +(1+c >k { 2 2 .· . 2}'' 
t2 t2 tt 22 ·. .22 &I 



Using the relations 

J < - i y t > = J < i y t > an d H ' 
2 

> < - i Yn > = =- H ' j, > < i Yn > 
0 0 0 0 

CAS> can be written as 

2 [ M < ~ , y , y > J < { t > J < ~ n > d~ -
i 2 0 0 

0 

' - - (j,) M <~ , - iy , .... iy ) J <~ t) H <n~ > d~ -
j, 2 0 0 

~ 

, , (j,) 

M<e,r ,-iy >J <et>H <n~>d~-
j, 2 0 0 

-r ( j, ) 
M < ~ , y , y > J < ~ t > H < n~ > d~ + 

j, 2 0 0 

, 
M<-iy -i~ -i~ 

, •j,, '2 
( j, ) 

>J <iyt>H <iyn>dy = 
0 0 

Adding <AS> and <A7> and using 

; 

M<-iy -i~ -i~ 
' '1' '2 = -M<iy,iy ,iy 

i 2 

o , n>t 

the kernal K <n,t> for n>t can be finally written as 
j, 
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<A7> 



[J
ka/~ . 

K < n , t> = - i [x r -x r ) J < z; t > H < s. ) < z; n > dl; + 
f. ts. 22 0 0 

0 

( X, y, ) J < l; t > H < .t ) < l; n > dl; ] , 
2 2 0 0 

n>t 

where 

x = 
f. 

x ·= 
2 

, 
X = 

2 

[ 
2 2 2-2] 2 2 --2 c ( 1 + c ) ~ - c ( c l; - k +y ) ( c l; - k - c y ) 

s.2 t 2 22 t t a t tt ra t2 2 

2 2 -2 -2 
<c l; -k ><1+c ><r -y >e 

t :t. 8 t2 t 2 

[ 
2 2 2 -2 ] 2 2 -2 c < 1 + c > z; - c < c ~ - k +y > < c z; ·- k - c r > 

:t.2 :t. 2 2 2 t :t. • 2 :t.:t. Iii :t.2 t 

2 2 -2-z' 
< c z; - k > < 1 + c > < r -r > e 

t t 8 t2 t 2 

2 2 z '2 2 2 ;2 
[ c < 1 + c > l; - c < c l; - k +y >] < c l; - k + c y ) 

t2 :t. 2 2 2 t :l ra 2 ; :l.t sa .t2. .t 

2 2 '2 '2 
< c z; - k > < 1 + c > < r +r > e 

.t .t II .t2 .t 2 

2.21 

<A6i> 

<A9> 

<A10) 

<AlU 

The corresponding expression of K <n,t> for n<t follows from <AB> 
f. 

by interchanging n and t. 



DIFFRACTION OF SH-WAVES BY A GRIFFITH CRACK I~ NONHOMOGENEOUS 

ELASTIC .STRIP 

1 • INTRODUCTION 

The natural or artificial materials are usually inhomogeneous; so 

in recent years a great attention has been given in the study of 

diffraction of· elastic waves by .cracks or bbstacles in 

inhomogeneous medium in view of .their application in fracture 

mechanics. Many problems have been solved involving one or ~Qre 

cracks in an infinite homogeneous elastic medium. Loeber and Sih 

(1968) and Mal <1970) have studied the problem of diffraction of 

e 1 as t i c waves by a G r i f f i t h crack i n an i nf i n i t e me d i u m • 1' he 

problem of finite cracl< at the interface of two ~lastic t)alf 

spaces has been discus sed by Srivastava et a 1 ( 1980) and Bas tram 

01987>. Singh et al ( 1977' 1980) considered the probl~~ of 

scattering of SH-wave by cracks or strips in nonho~og~neous 

infinite elastic mediu~. Papers involving crack or strip in 

infinitely long elastic strip are very few. The problem at an 

infinite elastic strip containing an arbitrary numbdr of une~ual 

size Griffith cracks, 1 oca ted para 1 1 e 1 to its surf aceqs and opened 

by an arbitrary interrtal pressur~ has been treated by Ada~s 

( 1980). Finite crack perpendicular to the surface of t.he 

infinitely long elastic strip has been studied by Ch~n <+978) for 

impact load and by Srivastava et al (1981)> for normally incidi;!nt 

waves. Recently Shindo et al <1986> considered· the problem of 



impact response of a finite crack in an orthotropic sttip. 

In our paper, the diffraction of norma 1 1 y incident SH-waves by a 

Griffith crack situated in an infinitely long inhomogeneous 

elastic strip has been discussed. The shear modulu!?<.u> and the 

density(p) of the material have been assumed to v~ry both in 

horizontal and vertical directions. Applying Fourier transform the 

mixed boundary value problem has been converted to the solutimn of 

dual integral equations. The dual integral, equations final ~Y has 

been reduced to a Fredhoitn integral equation of second kltiq by 

applying Abel transform. Expressions for stress intensity fact~r 

and crack opening displacement have been derived. the numerical 

values of stress intensity factor and crack openinS .displace.~nt 

have been depicted by means of graphs to show Up~ effect of 

material inhomogeneity. 

2. FORMULATION OF THE PROBLEM 

Considei;' the problem of diffraction of SH-waves bY a Griffith 

crack in an inhomogeneous elastic strip of width 2h .. The crack is 
:1. 

located 

a 1 1 the 

z /d=z, 
:1. 

-1~x~1, 

in the region -d~x ~d, 
:1. 

-oo<y <oo, 
:1. 

lengths with respect to d and 

h /d=h it 
:1. 

is fpund that the 

z =O<fig.U; 
:1. 

Normalizing 

putting x /d=x · y /d:::y, 
:1. ' :1. 

location of the crack is 

-oo<y<oo, z=O ·referred to a cartesian co-or!!:ti nate SY!:!teni 

(x,y,z). Let a plane harmonic SH-wave originating at z=-oo impinge 

on the crack normally to the x-axis. The variation pf the ~near 

modulus ,u and the density pi~ taken in both the v•ttical<?) and 
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. h. -t l h 
-=~~~~~:o==~--~~~------~x, 

'3. 

1 r 
Fig. 1 crack ih the inpomogeneous S1rip 
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horizontal<x> directions in such a manner that the shear velocity 

j,/2 
(1-J/p) is constant. 

The only non-vanishing y-component of the d"isplacem~nt which is 

independent of y is v=v<x,e,t>. 

The equation of motion is given qy 

If we consider v<x,z,t> in the form 

v<x,z,t) = V<x,y,t> 

equation <1> takes the form 

Putting V<x,z,t> = . -i.wt. 
F<x>G<z>e and 1-J(X,z)= 1-l f<x>g(z), 

0 

0> 

( 3} 

p<x,z>= 

p f<x>g<z> 
0 

in equation <S>. where 1-J
0

, p are constants, 
0 

such that 

j,/2 
(J..l lp ) =c is the shear wave velocity, it is found that F<x> 

0 0 2 

and G(z) satisfy the following equations 

a.z F 
+ n2F 0 ( 4) = 

c1x2 

Dz G 
+ (d2~2 2 b2 2)G 0 (5} - a - -n = 

Dzz c 
2 

provided f<x> and g<z> are of the form 



226 

2 2 - .!_eU /f) + 1 (~/f) 2 = a 
4 ax 2 8x2 

(6) 

2. 
1 (a2 

) - .!.(8g I g) + - __ g /g = b2 
. 4 az 2 az2 

(7) 

where n; a and b are constants. 

Equations (6) and <7> are of similar typ~. We rewrite the equation 

< 6) as 

d 
d7 [ ( 8f 

ax 

Integrating the above equation we obtain 

where a is a constant. 
:1. 

Again integrating (9) it can be shown 

x + a 
2 = ± ~I 

where a is another. constant. 
2 

df 

Now, we consider the following three possible cases 

Case - 1 a = 0. 
:1. 

In this case equation <10> takes the form 

= _+ 
2
1 I df x + a2 aT 

which ori integrat.ion yields 

<a> 

~9) 

(10) 



f (X) = c 
~ 

where C is a constant. 
:1. 

Case - 2 a = 0. 

±2a.x 
e 

Putting a=O in equation <10> we get 

x + a 
2 

= ± 

from which we get 

where c 
2 

Case - 3 

2 = a a 
:1. 2 

is a constant. 

a ~ 0 , a ~ 0. 
:1. 

In this case (10> yields 

df 

-l<a f) 
:1. 

f(x) = C cosh2 Cax + a) 
3 3 

where C = - ·a /a-z, a = aa 
3 :1. :a 2 
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( 11) 

(12) 

<13) 

Equation (13) gives the general solution of equation <Bi when bdth 

the constants a and a are non zero. 
:1. 

In view.of the above results, we assume the forms of fCx) and g(z) 

as 

f<x> = cosh
2

<ax> and g<z> = cosh
2

<bz> <14> 

so that equations (6) and (7) ~re automatically satisfied. 

Now the shear modulus ~Cx,z> and density of the medium pCx,z> are 



2 2 
~=~ cosh <ax)cosh <bz) 

0 

2 2 
p~p cosh <ax)cosh (bz) 0 . 

( 15) 

The displacement component 
( i. ) v ()(,z,t) and stress 

( i. ) 
T · <x,z,t) due 

to incident waves are given by 

( i. ) 
v <x,z,t> = 

A e 
0 

i. < k z -wl > 2 . 

~ cosh(ax)cosh<bz) 

i.<k z-Wl> 

and 
( i. ) 

T (x,z,t) 
yz 

= A
0
-/il;, cosh<ax) (ikcosh<bz>-bsinh<b#>]e 2 

· 

where A is a constant and k =wd/c • 
0 2 . 2 

Henceforth the time 

seque 1 •. 

factor -i.wl 
e w i l 1 be 

Using (8) and <2>, equation < 1> takes the form 

whose solution is 

where (>k 

Now displacement v<x,z) and stresses T <x,z) 
yz 

(17) 

suppressed in the 

( i9) 

t>k 

T <x,z) due to 
xy 



scattered field are 

+ [ C ({)cosh Ccd<l sin( zd(] + ~ coshCax)coshCbz) x 
0 ' 

+ [cc(lcoshCdxlsin(zd(] 

where B (~) = 1 

-1/J 
0 

B <~ > 
~ 

The boundary conditions are 

c ({) = 

+ ~ cosh<ax)cosh(bz) x 
0 ' 

1 

-1/J 
0 

c ({) . 
~ 

T <x,O> = -T cosh<ax> 
y:z 0 

22g 
, .. : 

(20) 

(23) 



v·< x, 0) = 0 

and T <±h,z) = 0 
xy 

where T =ik ~ • 
0 2 0 

2 'JO 

(.2.4) 

I z I <oo C2S> 

From the boundary condition <25). CC(> is found to be express~ble 

in terms of B<e> as follo~s: 

c (() = . 2( [ 
nF (at, h, a> 

2 0 

F <e,h,a>s<e> 
t 

where F <~,h,a> = asinh(ah>cos<~h) + ~cosh<ah>sin<~h) 
t 

and F Cat,h,a) = atcosh<ah>sinh<ath> - asinh<ah)cosh(~h> 
2 

<26> 

(2,7) 

<2S> 

Next, the use of <26> in the boundary condition cg3> and (24> 

yields the following dual integral equat.ions from which the 

unknown function B<e> is tQ be determined: 

and 

where 

[e[l+MC~>]B<e>cos<~xld~ = p<x> 
0. 

J:sc~>cos<ex>de ~ o 

p (X) = 
2 ( cosh <atx) 
F <at,h,a) 

2 

dt:J: _F_1 _<_e_,_h_,_a_>_s __ <_e_> 

(32 +( 2 

<30) 

<32> 



3. METHOD OF SOLUTION 

In order to solve the duai integral equations <29> and <30>, a<{> 

is taken in the form 

(33) 

so that equation (30) is automatically satisfied. 

Substitution of the value of. B<{> from <33) in <ZSL yi~lds a 

Fredholm integral equation of second kind 

¢< t) + r: u [L ~ ( u • t) + L
2 

(u, t>]¢<u)du = 1 

w.here L <u,t) 
~ 

L <u, t) 
2 

K <(, u) 

= [ e M < e > J < e u > J < e u Ci~ 
0 0 

0 

2 -~r 1 (atU( K<(,u) 
0 = F ( 01., h, a) 

2 

= _[ _F_;_~_~_e_._h_,_a_>_J_0_<_e_u_> 
(32 +t; 2 

d{ 

d( 

Using the results ( Gradshteyn et ~1, 1965) 

[ 

cos<{h>J <~u) 

0 ----{~2-+-0t-:----

rr -Oth 
d{ = 2 e 

rr -Oth 
d~ = 201 e 

I ( UOt) 
0 

I ( UOt) 
0 

~34) 

(37) 



,..., 
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[ 
{sin({h>J <{u) n 0 

d~ COS(Ol h>J ( Uct, ) = 2 ~2 2 ~ 0 ·~ 
-Ot 

~ 

[ cos<{h>J <{u> 

2
rr sin(Ot h)J and 0 

d{ (Ot u) = -
{2 2 Ol ~ 0 i -Ot ~ 

~ 

K<{,u> takes the form 

K <{, u > -
rr
2 

[ as i n h ( a h ) ] Olh = + cosh<ah> e- I <uOt) 
Ol 0 

{>k 

, 

= ;[ cosh<ah)cos~~~h> -
asinh(ah)sin<a h> 
_________ :~._ ] J < ua > , ·c < k 

Ol 0 ~ 
:l 

where a = < k2 
-{

2 >i/Z. 
i 

Using contour integr-ation technique < Srivastav~ et a.l; 1980 

the infinite integral arising in the kernel 

converted to finite inte~ral and is given by 

Now F (Ot,h,a> 
2 

d{ 

(q8) 

(39) 

(40> 



where 

F (a,h,a> = acosh(ah>sinh<ah) - asinh(ah>cosh<ah> 
2 

= -[a cosh<ah>sin(a h) + asinh<ah>cos(a h)]. 
1 1 1 I 

I 

(>k 

Using the value of K <(, u > from (38) and 
I Z 2 2 

putting ( =k ( 1-y > 

2 2 2 ( =k (l+y ) in first and $econd integrals of (40) respeetiv~ly~ it 

is found that 

L (u,t> 
2 

(1-y2 > 1 ' 2 ~~ycosh<ah>cos(kyh>- asinh<a~)~in<kyn>J 
kycosh<ah>sin(kyh} + asinh<ah)cos(kyh) x 

-[ 

x J <kyu>J <kyt>dy -
0 0 

(1+y2 >1
'

2 [asinh<ah> + kycosh<ah)Je-kyh 
kycosh(ah>sinh<kyh)-a~inh<ah>cosh(kyh) x 

x I <kyu> I <kyt>dy ] 
0 0 . 

4. STRESS INTENSITY FACTOR AND CRACK OPEN! NG DI SPLACE~NT 

From (15) the stress T on the plane z=O can be written as 
y:z 

<41> 

Substituting the value of C<(> and B<~> from <20> arid <27> the 



expression for the stress finally can be deduced as 

T <x,O> = 
yz 

T xcosh<ax> 
0 

¢<U + o(1) 

~efining the stress intensity factor T by 

l
<x-1>./2

T <x,O> 
T = Lt yz 

x-H.+ T . 
0 . 

we obtain, 
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1 
T = - cosh<a> 14>< PI (4.2> 

-{2 

Now the crack opening dl~placement Av<x,O>=v<x,O+)-v(x.O-> can be 

obtained from <20) as 

which on substitution of the v~lue of B<{>· from (3q> takeSi t.h~ 

form 

Av<x,O> = 
2T 

0 

1-l coshtax) 
0 

8. NUMERICAL RESULTS AND b!ScUss.:t:ON 

Using the method of Fox 13-nd Goodwin (1953)" the Fredholm 

u~3> 

inte~ral 

equation given by equation <34) has been solved mJtnerically fCilr 

different. values of material inhomogeneity parameters. In this 



method the integral in (34) at first has ,been represented by a 

quadrature formula involving values of the desired fun¢t1on ¢,(t) 

at pivotal points insioe the specified range of int¢~rp.tion and 

then converted to a set of linear algebraic s i mu 1 tahec.w$ 

equations, solving which the first approximation to the requireq 

pivotal values of ¢<t) has been obtained. Applying ditferenee-

correction technique thE? fir!3t approximations has b~en improved. 

The kernel Lt (I.J, t> given by (39) and the first int~~qll of th¢ 

ke"rnel L <u,t) given by (41) have been evaluated n4merically by 
2 

using Gauss quadrature integration formula. The secqnd infinite 

integra I of the kerna I L
2 

< u, t) has been eva 1 ua ted by Simpson's 

method. After solving the integral equation (34) numerically• th~ 

stress intensity factor T and the crack opening di~place~$ht 

21-l v(x,Q)/T 
0 0 

have been calculated numerically and plotted 

separately against di~ensionless frequency k 
2 

<O<k51.5> 
2 

anq 

dimensionless distance x <05x51) respectively for different val~es 

of material inhomogeneity parp.meters a, b and strip w~dtn 2h. 

In fig.2, the effect of the width of the strip on the stras~ 

intensity factor when the material is assumed to b .e homog~heous 

has been shown where as the effect of inhomogeneity of the 

material on the stress intensity factor for different Width of the 

itrip has been depicted in fig.3-fig.5. 

ft is found that the effect of the strip width incre~ses 

prominently with the inc~ease of tha frequency ~~ere as the 

inhomogeneity parameters a and b have no remarkable !=ffect on tne· 

stress intensity factor for a fixed value of the strip width 2h. 



In fig.6-fig.9 the crack 

dimensionless distance x for 

opening 

different 

displacement 

values of 

236 

against 

material 

inhomogeneity parameters a, b and the strip width 2h have been 

il 1 ustra ted by .means of graphs. In each case the maxi mum va 1 ue of 

the crack opening displacement-is found to occur at x=0.08 and 

then after a few oscil 1 at ions it gradua 1 1 y decreases to zero at 

x"=L It is also to be noted that the magnitude of the crack 

opening displacements increases with the increase in the value of 

the dimensionless frequency k the increase being more prominent 
2 

in the case of the presence of lateral inhomogeneity. 
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Fig. 3 Slress intensity factor T vs ."dimensionless frequ¢ncy k 2 . 
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Fig. 4 Stress intensity factor T vs. dimensionless frequency kz . 
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Fig. S. Stress intensity fac1or T vs. dimensionless frequency kz . 
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1 

Fig. 6. Crack opening displacement vs. dimensionless distgnce ~ 

(a=o,b=o). 
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