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2

ESTIMATION OF GROWTH OF
COMPOSITE ENTIRE AND
MEROMORPHIC FUNCTIONS OF
ORDER ZERO ON THE BASIS OF
SLOWLY CHANGING FUNCTIONS

2.1 Introduction, Definitions and Notations.

We denote by C the set of all finite complex numbers. Let f be a
meromorphic function and g be an entire function defined on C. In the sequel
we use the following notation:

log[k] T = log(log[k_l] x) for k=1,2,3,...and log[O] T =z
We recall the following definitions:

Definition 2.1.1 The order py and lower order A¢ of a meromorphic func-

The results of this chapter have been published in International Journal of Mathematical Analysis,
see [19].
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tion f are defined as
s log T'(r, f)
ps = limsup log 7

and Ay = lim i1_1f l—o—g—lf—g(gﬁ.

If f is entire, one can easily verify that

s 108 M(r, f)
pr= hIrI}_,Sogp logr
logl?
and Ay = lim inf og” M(r, f).
r—00 logr

Definition 2.1.2 The hyper order 6; and hyper lower order Xf of a mero-
morphic function f are defined as follows:

log? T
p; = limsup o8 1 (r, /)
r—00 ogr
- logld T
and %y = liminf 8L S).
r—00 logr
If f is entire then
e log® M f)
Pr= h’fii?p log r
_ logl®]
and Ay = liminf og” M(r, f).
r—00 logr

Definition 2.1.3 [46] Let f be meromorphic function of order zero. Then
P;: Ay and %, As are defined as follows:

p} = lim sup M;’_f)’
00 log[ T
1
i = it PETS)
2l
and py = lim sup log J;(T’ /) :
r—00 log!? r
— logl?
X, = liminf %6 2(":/)
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If f is entire, then clearly

e log® M(r, f)
Pr= lngisgp log[2]r ’
logl¥ M
A% = lim inf 8 [2](T’ f)
r-oc log"“ r
L ) logm M(r, f
and py = h?fgp logm(r )
(3]
X = = lim inf log ]\g](r’ f)
r—00 logt“ r

Definition 2.1.4 The type o; of a meromorphic function f is defined as

T
os = limsup (r, f),O < pf < 0.
r—00 rfs
If f is entire, then
log M (r,
o = limsup -—ng—(};—’f—),O < py < 00.

r—00

Somasundaram and Thamizharasi [63] introduced the notions of L-order
and L-type for entire functions where L = L(r) is a positive continuous
function increasing slowly i.e., L(ar) ~ L(r) as r — oo for every positive
constant a. Their definitions are as follows:

Definition 2.1.5 [63] The L-order p} and the L-lower order X} of an entire
function f are defined as follows:

- log® M(r, f)
L=1 ’
Py = 2P ToglrL(r)]

2]
and \¥ = lim inf log™ M(r, f).
r—oo log[rL(r)]

When f is meromorphic, then

log T'(r, f)
=1
s f lﬁigp log[rL(r)]

)
and )\L = liminf —-—-=2 log T(r, f)
r—oc loglrL(r)]



Definition 2.1.6 [63]. The L-type a}* of an entire function f with L-order
p’; is defined as

log M
af :limsup—oi——g’—{—)-,O < plf‘ < 0.

P00 [TL(T/)]pf

For meromorphic f, the L-type Uf becomes

T ‘
oj‘f’ = lim sup ———QA——J-C—)——

,0 < pf < oc.
r—co [rL(r)]PF’ Pf

Similarly one can define the L-hyper order and L-hyper lower order of
entire and meromorphic f.The more generalised concept of L-order and L-
type of entire and meromorphic functions are L*-order and L*-type. Their
definitions are as follows:

Definition 2.1.7 The L*-order, L*-lower order and L*-type of a meromor-
phic function f are defined by

. logT('r f)
L* __
P = s o e
. logT(r, f)
L* _
A = B et
T(r, f)

and o¥ = limsu 2,0 < pf < .
f T——*OOp [reL(T)]pf‘l Ps

When f s entire, one can easily verify that

A log® M(r, f)
L )
Pt = hr::sogp log[reL(m)

. log!!
)\L — lim inf —2 M(r f)
r—oo  log[rel(r)]
. log M(r, f) .
and o = limsu 22 0 < pt < .
f r~~»oop {TBL(T)]'OI; pf o0

In this chapter we intend to establish some results relating to the growth
properties of composite entire and meromorphic functions on the basis of L-
order and L*-order improving some previous results.
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2.2 Lemmas.

In this section we present some lemmas which will be needed in the
sequel.

Lemma 2.2.1 [14] If f and g are two entire functions, then for all suffi-
ciently large values of r

MEM(L,5) ~19(0)], 1) < M(r, fog) < M(M(r,g), f).

8

Lemma 2.2.2 [62] Let f be entire and g be a transcendental entire function
of finite lower order. Then for any ¢ > 0,

M(r**®, fog) > M(M(r,g), f)(r 2 ro).

Lemma 2.2.3 [29] Let f be a meromorphic function and g be transcendental
entire. If Ajog < 00 then Af = 0.In the line of Lemma 2.2.5 we may state the
following lemma without proof.

Lemma 2.2.4 Let f be a meromorphic function and g be transcendental en-
tire. If )\fog < oo then /\f: =

Lemma 2.2.5 [31] Let f be meromorphic and g be transcendental entire. If
Pfog < 00 then pr = 0.

Lemma 2.2.6 Let f be meromorphic and g be transcendental entire. If
Py < 00 then pf = 0.

Lemma 2.2.7 Let f be a meromorphic function and g be transcendental en-
tire. If \7,, < oo then X§" = 0.

Lemma 2.2.8 Let f be meromorphic and ¢ be transcendental entire. If
Pfoy < 00 then pf” = 0.

Lemma 2.2.9 Let f be entire and g be tmnscendental entire with /\L
00. Also let pf,, = 0.Then *ps *N} <* pk < *py *pk.
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Proof. By Lemma 2.2.2,

@ pg(pi+o
ot = limup M. fog)
T—00 10g[ ][’I"L(T)]

2 Af (M log®? M
s oy EMOL0.0.1) o o0
r—00 log[]M(’r,g) r—co  JogtlrL(r)]

Again by Lemma 2.2.1,

logl?!
*p?og — hm sup Og ?4(7‘7 ng)
roco logPl[rL(r)]
log M(M(r,g), f)

log? M(r, g)

< limsu lim su
- r——>oop log® M(r, g) r——»oop log®rL(r)]
=0} "pg-

From the above two inequalities we get that p} *)\5 <* p-’fog <p}’ ng . n

Remark 2.2.1 The second part of Lemma 2.2.9 is also valid under the same
conditions for meromorphic f and entire g.

Lemma 2.2.10 Let f and g be two entire functions such that pr‘ = 0 and
A_g < 0. Also let g be transcendental entire. Then

* L L x L
Py < Pfog < PfPg-

Proof. In view of Lemma 2.2.1, we get that

L .
=]
Pfog “ﬁ,s;}p log[rL(r)]
2] (2]
T-—00 log[ ] M(?‘, q 700 1Og[TL(T)]
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Also from Lemma 2.2.2 it follows that
L s OB M, fog)
Prog = 'r——»oop log[rL(r)]t+9

 log® M(M(r,9), f) .. log¥ M(r, g)
> lim inf 122207 limsu
- log® M(r, g) T.ﬁooplog[rL(r)]“”‘s
* L
= AjPy-

Now combining the above two inequalities we obtain that
NiPg < Plog < P1Py-
|
Remark 2.2.2 Under the conditions of Lemma 2.2.10,
PING < Pfog < P7PG-
Lemma 2.2.11 If f be an entire function and g be transcendental entire with

Mo =0, A} < 0.

* \ L ~, * Lx\L
Then ™ Af,y 2 " AFTAS

Proof. By Lemma 2.2.2,

los® A(r1+e £
' /\?og = lim inf 08 2 (r ™, f .Og)
r—oo logll[r L(r))1+e
logl® M 2l
> liminf 128 M09 1) iy i 108" M(r,9)
700 lOg[ ]M(’f‘ (}) r—00 lOg[ ][TL(’I')]
AL

This proves the lemma. =

Lemma 2.2.12 Let f be entire and g be transcendental entire with A\L" < co.
Also let p%g = 0. Then

* *x\ L™ * L* L*
PIAG <" Prog <7 PPy -
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Proof. By Lemma 2.2.2,

e logP M, fog)
Prog = TP log®?[rek(r)]
2] logld M
> lim sup log M2(M(7°, 9) ’f).liminf o8 7 (.9)
* %\ L*

Again by Lemma 2.2.1,

B i g 1080 M (1, fog)
Prog = TSP log @ [relr)]

< limsup P MM (r,9), f) 1 Tog” M(r,g)
T oo log® M (r, g) rooo loglrel)]
= P} Py

From the above two inequalities we get that

* * L* L*
Py *)‘5 < Pfog S iy Py -

This proves the lemma. =

Remark 2.2.3 The second part of Lemma 2.2.12 is also valid under the same
conditions for meromorphic f and entire g.

Lemma 2.2.13 Let f and g be two entire functions such that p? = 0 and
)\5* < 00. Also let g be transcendental entire. Then

« L* L* « L*
g S Prog < PPy

Proof. In view of Lemma 2.2.1, we get that

c log™ M(r, fog)
L o )
Pfog = lim sup log[rel ]
< limsup log™ M(M(r.g), f) \. - sup log® M(r, g)
T oo log®® M(r, g) roo  log[rel(n)]
= pipy .




Again from Lemma 2.2.2 it follows that

log®” M (r'*?, fog)

pf;g = lim sup

. log[rel(n]1+é
(2] logl® M
r—00 log® M(r, g) rooo  log[rel(n)]1+
= \5pt

Pg -
Now combining the above two inequalities we obtain that
Nipy S Plog S P1PG -
Thus the lemma is established. m
Remark 2.2.4 Under the conditions of Lemma 2.2.13,
PN < Pfog < P7PY
Lemma 2.2.14 If f is an entire function and g be transcendental entire with

/\jLe;g =0, )\SI;* < 00.

Then
«\L* s\ L* *\L*
Afog = TAF Ay
Proof. By Lemma 2.2.2,

. 2] 149
*)\fog = lim inf log™™ M(r*", fog)
r—00 10g[2] [T‘@L(T)] 1+6

2 2]
> liminf 28 MM0), 1) T M, 9)
r—o0 log®? M(r, g) =00 Jogllrel(n)]
= X5 AL

This proves the lemma. m

2.3 Theorems.

In this section we present the main results of this chapter.



Theorem 2.3.1 Let f be meromorphic and g be transcendental entire such

that \%,, > 0. Then for every positive number A,

. logT(r, fog) _ "N
hfgglf Tog T(rA. F0)) < A*)\’f:’ where k =0,1,2,3, ...

Proof. Case (a). If A%, = 0o, the theorem is obvious.
Case (b). If Ak < oo, then by Lemma 2.2.4, A¥ = 0 and the theorem

fog
follows. m

Theorem 2.3.2 Let f be meromorphic and g be transcendental entire such
that p%,, = 0. Also, let 0 < *A7, < *pf,, < 00 and 0 <* A\f <* pf < co. Then
for any positive number A,
*AL *AL
fog S hm lnf log T('r’ ng) S fog
Arpk 7 Troco” logT(rd, f) = A*AZ
log T(r, fog) _ "Pfog
rooo logT(r4, f) = A*XY

Proof. Since p{:og = 0 < 0o by Lemma, 2.2.6, pf: = 0. Now from the definition
of *p% and *\¥ we have for arbitrary positive ¢ and for all large values of 7,

log T(r, fog) > ("N}, — €)log®)[r L(r)] (2:3.1)
and log T(r*, ) < A(*p% +¢) log®[rL(r)]. (2.3.2)
Now from (2.3.1) and (2.3.2) it follows for all large values of r,

log T(r, fog) . Aoy — ¢
log T'(r4, f) = A(*p} +¢)

As (> 0) is arbitrary, we obtain that

*/\L
lim inf log T(r, fog) > _fog

= TogT(r.f) = Aph (239

Again for a sequence of values of r tending to infinity,

log T'(r, fog) < (*Aﬁog + ) log®[rL(r)] (2.3.4)
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and for all large values of r,
log T(r4, f) > A(*A? — &) log®[rL(r)). (2.3.5)

Combining (2.3.4) and (2.3.5) we get for a sequence of values of r tending to

infinity, "
l0g T(r, fog) _ "N+ ¢
log T(r4, f) — A(*A\; —¢)

Since (> 0) is arbitrary it follows that

logT(r, fog) _ "Moo

lim inf : 2.3.6
e logT(r4, f) — A*)\If ( )

Also, for a sequence of values of r tending to infinity,
log T(r*, f) < A("Af +¢) log@rL(r)). (2.3.7)

Now from (2.3.1) and (2.3.7) we obtain for a sequence of values of r tending
to infinity,
x\L
log T(r, fog) "My =
log T(r4, f) = A(*M;+¢)

As g(> 0) is arbitrary, we get that

g T(r, fog) | "Afog
1 > Jon.
s Tog T(rA, f) = AWML

(2.3.8)

Also for all large values of r,
log T(r, fog) < (*pfs, +€) log®lrL(r)]. (2:3.9)
From (2.3.5) and (2.3.9) it follows for all large values of r.

log T(r, fog) _ Piog T €
logT(r4, f) — A(*Af —g)

Since e(> 0) is arbitrary, we obtain that

lim sup log T(r, fog) < *p%"g
roo logT(rd, f) — A*)\’}"

Thus the theorem follows from (2.3.3), (2.3.6), (2.3.8) and (2.3.10). =m

(2.3.10)



Theorem 2.3.3 Let f be entire and g be transcendental entire satisfying the
following conditions

(i)pfog =0 and )\5 < 00
(18)0 <* Afpy < PFog < 00
and (111)0 <* A} <* pf < o0,

Then
*)\L* )\L *)\L 2] *)\L
F 2 < 2% <liminf 8 [le(T’ fog) Lo
Atpp T Ay T e logf M(rA, f) T AT

10g[2]M(7’,f09) < p?og < Ps Pg
roo logfl M(rd, f) T AWXp T AN

Proof. In view of Lemma 2.2.11 and the second part of Lemma 2.2.9, The-
orem 2.3.3 follows from Theorem 2.3.2. =

Theorem 2.3.4 Let f be meromorphic and g be entire such that pfog = 0.
Also let 0 < *)\ﬁog < *pffog < o0 and 0 < *pj]? < 00.Then for any positive
number A,

. logT(r, fog) _ "Plog _ .. log T(r, fog)
1 f < J < )
e log T(rA, f) = Aok = 7% log T(r4, f)

Proof. In view of Lemma 2.2.6, p%,, = 0 implies that p7 = 0.From the
definition of L-order we get for a sequence of values of r tending to infinity,

log T(r4, f) > A(*pfc‘ —€) logm [rL(r)). (2.3.11)

Now from (2.3.9) and (2.3.11) it follows for a sequence of values of r tending
to infinity, ’

log T(r, fog) _ "Pfoy+€

log T(r4, 1) = A(pk— <)

As e(> 0) is arbitrary we obtain,

* L
lim inf BT f09) Py

r—oo logT(r4, f) — A*p?'

(2.3.12)
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Again for a sequence of values of 7 tending to infinity,
log T'(r, fog) > (*plfog — &) log®rL(r)]. (2.3.13)
So combining (2.3.2) and (2.3.13) we get for a sequence of values of r tending
to infinity,
* L
log T(r, fog) _ Pl — ¢
log T(r4, f) ~— A(*pf +e)

Since (> 0) is arbitrary it follows that

g T(r, fog) | "Peg
> : 2.3.14
lim sup log T4 ) = Arpk (2.3.14)

r—00

Thus the theorem follows from (2.3.12) and (2.3.14). =

Theorem 2.3.5 If f be an entire function and g be a transcendental entire
function satisfying
(z')p?og =0 and /\5 < 00,
(i1)0 <* Afpy <* phog < 00
and (4i1)0 < p? < o0, then

r—oco  log

I
lim sup [
]
[

and lim inf 5 :
r—oo  logl® M(r, f)

Proof. In view of Lemma 2.2.9 we obtain from Theorem 2.3.4 for A =1,

log? M(r, fog) _ "PF N _. s

]
lim su =
o log® M(r.f) — *p% g
and lim inf —2 2M(T’ fog ) < i Lp £ =*pl.

Thus the theorem follows from the above two inequalities. The following
theorem is a natural consequence of Theorem 2.3.2 and Theorem 2.3.4. =
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Theorem 2.3.6 Let f be meromorphic and g be entire such that p’;og =
0.Also let

0 < *)\fog < *pfiog < 00
and 0 <* /\j}“ < pf < 00.

Then for any positive number A,

. dogT(r, fog) . Ny ‘P
lim inf i < fog  Frog
e log T(r4, f) —mm{A*Ag’A*pg
*\L * L

< max { Afog “Pfog

ANE” Axpf
: log T'(r, fog)
< WS e T (AL f)

The proof is omitted.



