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INTRODUCTION 

The phenomenon of stress wave propagation in elastic solids offers 

us a rich v~riety of waves which was developed a cen~ury ago. Some 

pioneer theoretical workers in this line are Rayleigh, Love, 

Stokes, Kelvin artd others whose contribution in the· field of wave 

propagation in elastic solids and vibrating bodies extended the 

theory of e 1 ast i city. 1 n the first three decades of this century 

the subject lost its interest to the. research workers due to lack 

of sophisticated instrument, electronic devices like high-speed 

computer and practical methods for observing the passage of stress 

waves in elastic solids. But in the later ~ stage,several 

theoretical and e~perimental worker's keen interest in ~his _field 

made a large number of technical papers giving various 

information. 

During the past two decades, seismology has made a 

tremendous prog~ess, mainly because. of the advent of modern 

computers and improvements in data acquisition systems, which are 

now dapable of digital and analog recording of ground motion over 

a frequency range of five orders of magnitude. These teohhological 

developments have enabled seismologists to make jeasurements with 

far greater precision and sophistication than was p~eviously 

possible. As a result, far reaching advances in ou~ knowledge of 

the earth's structure and the nature of the earthquake have 

occurred. 

We here point out the milestones of progress in 

elastic waves in chronological order. 

1678: 

1760: 

1821: 

Robert Jiooke <England> established the stress.;.strain 

relation for elastic bodies. 

John Michell <England> recognized that earthquakes 

originate within the earth and send out elastic waves 

through earth's interior. 

Louis Navier <France> derived the differentia] equations 



,1828: 

1849: 

1857: 

1683: 

1885: 

1885: 

1899: 

1903: 

1904: 

1907: 

1909: 

1940: 

2 
of ~he theory of elasticity. 

Simeo-Denis Poisson <France) predicted theoretically the 

existence of l~ngitudinal and transverse elastic waves. 

George Gabriel Stokes <England> conceived the first 

mathematical model of an earthquake source. 

First systematic attempt to apply physical principles to 

earthquake effects by Robert Hallet <·Ireland>. 

Roei-Forel scale for earthquake effects published. 

C.Somigliana <Italy) produced formal solutions to Navier 

equations for a wide class of sources and boundary 

condition's. 

Lord Rayleigh <Englan.d> predicted the existence of 

elastic surface waves. 

C.G.Knott <England> derived the general equations for the 

reflection and refraction of plane seismic wav~s at plane 

boundaries. 

A.E.H.Love <England> developed the fundamental theory of 
. ' 

point sources in an infinite elastic space. 

Horace Lamb <Eng1and> solv~d the problem on the 

propagation of tremors over the surface of an elastic 

solid. 

Vito Voltera <Italy> pub1ished the theory of dislocations 

based on Somi~liana's solution. 

K.Zoeppritz and L.Geiger <Germany> calculated velooiti~s 

of longitudinal waves in earth's mantle. 

Sir Harold Jeffreys <England> and K.E.Bullen <Australia> 



1949: . 

1959: 

1967: 

a 

published travel time table~ for seismic waves in earth. 

Lapwood, E.R. first considered the distribution due to 

a line source in a semi- infinite elastic medium. 

Ar i Ben-Menahem <I srae 1 > discovered that the energy 

release in earthquakes takes place through a propagating 

rupture over the causative fault. 

Global seismicity patterns and earthquake generation 

linked to plate motions. 

In recent years the problem which mostly attract the researchers 

both theoretical and· experimental, in relation to the generation 

and propagation of waves in elastic medium are: 

<i> diffracti~n of propagating waves through the medium due to 

an obstacle, cavity pr a crack of any shape situated some 

where in the medium; 

( 1 1) 

( 11 i) 

( 1 v ) 

( v) 

(vi) 

wave motion generated' due to punch on same boundgd region 

of the medium; 

reflection and refraction .of a wave at a plane surt~ce of 

discontinuity; 

wave motion generated in a medium when a source of 

disturbance ts static or moving along the medium~ 

transmission and reflection 

topographical irregularities. 

of elastic waves by 

elastodynamic problems involving crack propagation, crack 

kinking and bifurcation. 

The solution of these problems need advance level of mathe~atical 

techniques, which may roughly be grouped into th• follow1~g 



categories: 

<a> Theory of analytic function 

<b> The Fredholm integral equation 

Cc> The singular fntesral equation 

<d> Integral transforms and Representations 

(e) Dual i~tegral and series equati6ns 

(f) Harmonic function. Potential theory 

<g> The Dirichlet and Neumann problems 

<h> Green's functions 

Ci> The Cauchy problem 

(j) Wiener- Hopf techni~ue 

<k> ~lemann- Hilbert probiem 

<1> The method of Matched Asymptotic expansi~n 

<m> Perturbation technique 

<n> Variational method, The Ritz method 

<o> The method of finite element 

<p> The method of boundary element 

and others. 

4 

The problem of propagation of elastic waves in the 

presence of topographical irregularities and also in the presence 

of variation ot material properties in the· horizontal direction 

have drawn the attention of many 1 nvest i gator s of the present 

time, due to their ~pplications in seismology. 

The problem of transient wave propagation in a 

ha 1 f -space ·composed of two e 1 ast i c quarter spaces of. d 1 f f erent 

materials was considered by Achenbach C1969L Dutta and ·Mitra 

<1974> considered SH-wave motion· in an elastic quarter space in 

welded contact with a uniform elastic layer of different material. 

The problems of SH-wave transmission across ah irregularity· were 

considered by Bose ( 1975), Chakraborty et. a l. < 1983). Wo 1 f < 1~67, 

1970>, Sinha <1980) considered the transmi~sion of Love waves 
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5 
across an topographical irre~ularity while sc~ttering of Rayleigh 

waves by a plane barrier in a shallow ocean was considered by Mann 

and Deshwal <1986>. 

of elastic 

topographical 

(1979, 1982, 

method. The 

A series of problems involving the scattering 

waves by two dimensional and three dimensional 

irregularities have been solved by Sanchez- Sesma 

1983, 1985> by using a newly .developed boundary 

diffracted fields are constructed with linear 

combinations of solutions which form c- complete families t~r the 

wave equation and boundary conditions are then satisfied in a 

1 east square sense. Adopting the representation theorem due to 

Knopof f < 1956 > Knopof f and Hudson < 1964 > studied the 

transmission of Love waves past a continental margin considering 

the crust to have an abrupt increase in the thickness on the 

continental side. Sate (1961) discussed the problem of propagation 

of Love waves in an elastic layer of variable thickness overlr'ng 

a semi- infinite elastic medium. Approximate expressions for the 

transmission and reflection factors are obtained by the 

application of a method based on Wiener- Hopf technique •• Abubakar 

<1963) also studied the effect of an irregular surface with an 

isolated irregularity like a tough or ditch on the incident P- and 

SV- waves using perturbation technique. 

Apart- from its academic interest, the propagation 

of elastic waves in layered media has important applications in 

geophysics and seismology. Since the propagation of characteristic 

of earth vary with depth, the first approximation to the actual 

problem can be achieved by regarding earth as formed of several 

layers in each of which properties are constant. The problem is 

very cumbersome as far as the mathematics is concerned. We mention 

the books by Brekhovskikh (1960>,Eringen and Suhubi <Vol 11,1975>. 

Recent 1 y, the prob 1 em of propaga t 1 on of waves 1 n 

layered elastic medium has been solved by Zaman et.al. (1987>. 

The prob 1 em of fracture is the centra 1 prob 1 em of 

the science of resistance ot materials • Fracture mechanics in the 
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6 
broad sense of this concept includes the part of the science of 

strength of its materials and structures which relates to a study 

of the carrying capacity of the body both with or without 

consideration of initial cracks and also to a study of various 

1 aws govern! ng crack dave 1 opment. 1 n genera 1 the f 1 r st stage of 

the investigation on fracture mechanics associated with the names 

of Robert Hooke, C.A.de Cqulomb, B. de Saint Ven~nt, Otto Mohr is 

characterized by extensive studies of def oi'ma t ion properties of 

solids and by th• development of various failure criteria termed 

strength theories. 

The dynamic process of fracture is made up of two 

stages, crack initiation and propagation, each of these stages 

following its particular law~. The criterion for the initiation of 

crack propagation, which forms the basis of fracture mechanics, 

does not follow from t-he equations of equilibrium and motion of 

continuum ~echanics. This is an additional boundary condition in 

the solution of the problem of limiting equilibrium of a cracked 

body. The limiting state is said to be reached if a crack-like cut 

can propagate. The cut then becomes a crack. 

Criterion for the initiation of crack propagation 

can be obtained on the· basis of both energy and force 

considerations. Historically, at first an energy frac.ture 

criterion was proposed by A.A.Griffith (1920) and G.R. Itwiri (1957) 

formulated a force criterion. 

Yaffe (1951> first investigated the propagation of 

a finite crack with a constarit speed through a stretched isotropic 

elastic solid. She showed that for small crack tip velocities the 

maK1mum tensile stress aots on the line e=O. Therefore, one may 

reasonably anticipate that the crack extends in a straight line; 

but at higher crack tip velocities, starting with 0.6c the line 
2 

on which the maximum tensile stress is acting begins to make an 

angle with the initial crack axis. The angle increases very 

rapidly with the crack tip velocity i.e. the crack tends to become 

curved at propagation velocities higher than O.Sc as shown in 
2 
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8 
Fig. 1: Yari at ion of Yaffe :function with e. 
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Fig.1. Complex variable technique to this case was latter applied 

by Radok <1956>. 

Indeed, it is now known that this variation is common to 

all crack tip stress distributions, as cam be verified form lrwin 

<1957>, Williams <1957), Ri.ce <1968>. The noted variation of 

circumf~rential distribution with crack speed was proposed as an 

explanation for crack branching or bifurcation. Whil~ it is likely 

that the distribution of stress around a crack tip during 

acceleration may ·provide a mechanism by which the crack searches 

out a 1 ternate fracture paths·, 1 t does not exp 1 a in why or how 

alternate paths are in 1fact executed. 

In later stage, Yaffe's concept was utilized 

extensively by Singh et. al. (1981>, Kassir and Tse <1983>, De·and 

~ Pa tra < 1990) • Three d i mens i ana 1 prob 1 em on moving crack was also 

solved by ltou <1979), 

Recently, Das <1992,1993> has extendetl Yaffe's 

moving crack problems to the cases of three moving cracks. 

The anti-plane problem of stress distribution 

around a semi-infinite crack moving with constant velocity in a 

strip of el·astic material was solved by Sih and Chen <1972). The 

problem was reduced to Reimann - Hilbert problem by application 

of Scwar t:z- Christoff e 1 transformation and the theory of coinp 1 ex 

functions.Closed form solutions were obtained for the two cas~s of 

practical importance: (i) the boundaries of the strip are clamped 

and displaceod in equal and opposite directions causing a tearing 

motion along the leading edge of the crack and (ii) the crack 

sheared longitudinally _by a pair of concentrated forces moving 

with the crack while the strip boundaries are free of tractions. 

In both the cases, the effect of the strip width on the dynamic 
~ 
~ stress was examined. 

Nilsson (1972) also solved the problem of a strip 

of material containing a moving semi-infinite crack using Fourier 



9 
integral transform and Weiner- Hopf t~chnique. 

Here we give some techniques which are genera 1 1 y 

used in moving crack problems in elastodynamics. 

1. Integral trans~orm tec~quez 

As the equations of motion in the theory of elasticity 

are partial differential 1,2quations which may be discussed with 

reference either to Helmholtz equation or to Laplace's equation, 

the method of integral transform is one of the most effective 

methods for solving such equations as application of this method 

to such equations results in the lowering of the dimension of an 

equation by one. There are severa 1 f o·rms of integra 1 transform and 

the choice of an integ~al transform depends on the structure of 

the equation and the geometry of the domain. 

The integral transform f(p) of a function f<x) 

defined on an interval <a,oo) is an expression of the form 

<XI 

f(p) = Ia f(x) K<x,p) dx (1) 

where a is a real number and p is a complex parameter varying over 

some region D of the complex plane. K<x,p) is called the kernel of 

the transformation. The transformation (1) becomes particularly· 

usef u 1 if it possesses inverse mapping. In that case one can 

express f(x) in terms of its integral transform by 

f<x>.; 2! 1· J f<p> M<x,p> dp 

r 
(2) 

where M<x,p> is a suitable function defined in a<~<<oo and peD and 

is called the kernel of the inverse transform, which is defined 

for all x in the interval <a,oo>. The complex parameter pis in the 

region D while r is a suitable path of integration in D. After 

reducing the governing partial differential equation, the reduced 



10 
problem can be solved for f(p). The solution of the original 

equation can be expressed in terms of the inverse integral, which 

may then be evaluated. The inversion from the the transformed 

space to the space of actual variables usually involved very 

complicated integrations. In many cases even the numerical 

integration can not be performed successfully because of the 

,. highly asci llato~y character of the integrands [ of Eringen and 

Suhubi<1975>, chap. 7; Achenbach (1975>, chap. 7J. In particular, 

mixed boundary value problems like the dynamic response of a punch 

on an elastic half-space and the problem involving the presence of 

a crack or a strip inside an elastic medium may be reduced to 

Fredholm integral equation of first kind or to dual integral 

equations. 

a. The factorization problem. The Wiener-Hopf technique& 

Let a function -<z> analytic in the interval y_<l~ z<y+ 

be defined in the plane of a complex variable z. It is required. to 

express ¢<z> in the form 

(3) 

where ~+<z> and -_<z> are functions analytic in the half -plane 

lm z > y_ and the hal~-plane lm z< y+ respectively. The problem is 

called factorization problem. In a more general case, it is 

required to define two functions ~ <z> and ¢ <z> which are 
+ -

analytic in the same half- planes respectively and which satisfy 

the following relation in the interval 

A<~>¢ <z) + B<z>¢ <z> + C <z> = 0 + -

where A<z>,B<z> 

interval. It is 

and C<z> 

obvious 

representation 

notation. 

(3) after 

are given 

that if 

analytic 

C<z> = 
the corresponding 

functions in 

0, we obtain 

changes in 

(4) 

the 

the 

the 

Let us assume that the function -(z) which is to be 

factorised does not have any zeros in the interval y <lm z<y and 
- + 
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tends to infinity as X --+ m. In this case, neither of the 

functions ~ + ( z) and 4>_ <z> will have any zero, . and we can take the 

logarithm of both sides ot the relation (3) 

log ¢<z> = log ¢+<z> + log ¢_ <z> (5) 

•' 

'The function F<z> = log ¢<z> satisfies the 

condition 

I F ( X + i y ) I < c I X I -p ' <p>O for x~ co) (6) 

and hence the relation (5) can always be solved with the help of 

the transformation 

F<z> = F +(Z) + F (Z) (7) 

Finally, we get 

¢< z) = Jl' (Z) Jl' (z) 
e + e - (8) 

• If the function ~<z> has zeros in the intervals we must consider a 

new function 

~ 

I 

¢ (z) 
~ N 

~ 

n 
i.=A 

(9) 

<z-z.>'\ 
\. 

where z. and ot. are .the zeros, their multiplicity in the interval 
\. \. 

N S N, where N is the total number of zeros, b><y ,y >. The factor 
1 + -

in the numerator of <9> ensures that the properties of auxi I iary 

functions are conserve~ at infinity. 

Let us now consider the relation (4) and carry out 

its factorisation into L+ and 1/L for the same i nterva 1 of the 

ratio A/B. The relation (4) can be represented in the t6rm 

( 10) 

The expression L_<z>C<z>IB(z) can be represented in 

the following form in accordance with <7> 
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where -.<z> and -_<z> are functions analytic in the half -plane 

y > y _ and the half-plane y < y + respectively. Taking this into 

account, we get 

( 11) 

It follows from the generalized Liouville's theorem that 

the left as well as right hand side of <11> represents the same 

polynomial .P <z> of nth degree. 
n 

3. Hilbert trans:form techniquef 

If p<y> e L (a,b), then the equation 
2 

J: X - y 
h<x> dx = np ( y > ' y e (a,b) 

has the solution 

h (X) = y p(y) d + ]
~/2 

a .x - y Y 

(12> 

c 
( 13) 

J<x-a><b-x> 

where c is an arbitrary . constant' and the fir 9 t term 

belongs to the class L <a,b>. 
2 

Using the above theorem, we find that· the solution to 

the integral ~quation 

Jb 2xh<x2 > 
dx = np<y>, 

2 2 
a x - Y 

y e <a,b) <14> 

<provided that p satisfies the conditions of the above theorem) is 

given by 

= ! [x:- a:]~/2 Jb 
n b - x a 

c 

J 2 2 2 2 <x -a > (b -x > 

where C is an arbitrary constant. 



: 

/ . 
~. 

l 
n=:l. 

4. Schmidt method: 

To solve for unknown constants c <(> occurring in 
n 

c <( ) F <( , X) 
n n 

= f (( , X) for x E <a,b> 

13 

( 15) 

where F C(,x> and 
n 

f ( (, x) are known functions, we adopt Schmidt 

method. 
Let H <(,x> be a set of. orthogonal functions which 

n 

satisfy 

b 

I H <( , X) H <( , X) d X = N c5 
n . m n nm a 

( 16) 

where (17) 

Then H <(, x>' s can be computed from the functions F <(, x> 
n n 

in the following way 

H <( , X ) 
n 

c. 
'l.n 

c 
nn 

F. <( , X ) 
'I. 

( 18) 

with c. as the cofactor of the e. in D which is defined as 
1.n Ln n 

e e e s: .t.t 12 in 
D = e e ...•..• e e = F (( , X) F (( , X) dx (19) 

n 21 22 Zn nm n m .............. 
e e ......• e 

n.t n2 nn 

Now in terms of the set of orthogona I functions H <(, x), the 
n 

function f<(,x> can be expressed. as 

f<(,x> = h. H.<(,x> 
'" '" 

<20) 

Substituting the values of H 
n 

(( ' X) from (18) in { 20), w.e obtain 

after some rearrangement 

00 00 00 
c 

l c <( ) F (('X) l F <( , )() i~n 
ni. 

h ( 21) = -
n n n c i. 

n=:~. n=t i.i. 
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Comparing t.he coefficients of F <t; , X) from both sides of 
n 

( 21 > we 

find 
Q) 

i~n 
c. 

n'l. 
h. c = 

n c .. ·'I, 

"" 
(22) 

where (23) 

This is in brief Schmidt method for determining the unknown 

coefficients c • 
n 

Recently extensive study on extension of crack in 

elastic solid has' been made. Several investigations on symmetric 

and non-symmetric extension of crack in its own plane in an 

infinite elastic medium have been carried out up-till-now. Broberg 

<1960) first considered the problem of symmetric extension of a 

crack in elastic solid. 

He con!i!idered ~.the extension of a crack in a 

brittlel1near elastic material using Fourier transform. He assumed 

that the extension of crack occurs in its own plane, The plane 

surface is subjected 

( i > to . a constant pressure, acting on an i nf i ni te 

strip, the width of which is symmetrically increasing from :zero 

with a constant velocity, and 

( 11) to a pressure outside the strip such that the 

normal displace~en~ of the surface outside the strip is zero. 

The m1 xed boundary va 1 ue · prob 1 em has been treated. 

The stresses in the solid 'and the normal displacement of the 

sur t ace have been sa 1 ved. The resu 1 t shows that the d i sp 1 acemen:t 

of the surface is elliptic, just as the corresponding static case. 

crack 

Since Broberg's investigation of the solution of a 

expand 1 ng symmetr 1 cal 1 y w 1 th cans tant ve 1 ac1 ty under 
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conditions of plane stress or strain in a homogeneous elastic 

field of spatially and-time invariant tensile stress, a number of 

papers have appeared analyzing different geometrical situations. 

Craggs (1963> later solved the same problem as that done by 

Broberg but he used the method of homogeneous function to obtain 

the solution, while Achenbach and Brock <1971> considered the 

corresponding anti-plane problem. Self-similarity technique, which 

is the most useful technique for treating extending crack 

problems, are used by Atkinson <1974), Brock and Achenbach <1974>, 

and others. 

Using camp 1 ex var lab 1 e technique Cher epa nov and 

Afanasev<1974), Cherepanov<1979) have solved some self-similar 

problems of dynamic theory of elasticity. They also used the 

functionally invariant method of Smirnoff and Sobolev <1932). 

Later, this technique .is us~d by Das <1993a) to solve the one way 

extension of a crack in an infinite elastic solid due to two 

non-parallel plane SH-waves. 

Indeed, non-symmetric extension at different 

velocities of the crack tips is common to the fracture of 

geophysical settings with pre-existing rupture planes. Problems on 

non-symmetric extension of a small flaw into a plane crack have 

been studied by B~ock <1975,1976>, Georgiadis (1991> and Das 

(1993~1993c> using self- similarity technique. 

Recently, problems on extension of cracks in 

cruciform paths have been solved by Brock and Deng<198S>, Ong and 

Srivastava (1985> and Georgiadis <1987). 

Here we add a few lines about self-similarity technique 

5.Selr-similarity techndquez 

A self-similar solution· of a physical problem can be 

inferred if eith'er the data of the problem involve no 

characteristic length or the only characteristic length is related 

to a parameter to which the solution is proportional. The 

principal advantage of this class of solution is that the 
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governing partial differential equations can be replaced by 

another set that contains one independent variable less than those 

in the original set. 

We begin with the homogeneous solution of scalar two 

dimensional wave equation 

which may be expressed as 

""2 = c 

q,<xlt,y/t) = 4> (r/t,e> 

<24) 

where r,e are polar coordinates in the plane. If we define a new · 

independent variable 

then polar form of <24) 

82¢ 

iJrz 

is transformed into 

-s 8¢ 
+ r 

Dr 

s = r/t 

(25) 

We point out that <25) 

slc<1 and hyperbolic 

is of mixed type, i.e., it is elliptic in 

in s/c)1. The domain of elliptcity and 

hyperbolioity of the differential equation thus correspond to the 

interior and exterior of the circle r.=ct centered at the origin of 

the coordinate system. Since the ~oefficient at 

s=c, the circle r=ct evidently represents a singular wave front· 

across which we may expect discontinuities in the s-derivatives of 

the wave function. We suppose, however, that ¢ . and 8¢/lle are 

continuous across the wave front. equation (25> can be reduced to 

the canonical form for s/c(1 through Chaplygin's transformation 

<26> 

which yields Laplace's equation in /3-e coordinates 



Similarly if slc>1, then the transformation 

-t c 
Cl = cos s 

reduced <25) to the equation 

= o. 
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(27) 

(28) 

(29) 

Recently, attention are being focused to the cases of 

crack extension which occurs under an arbitrary angle with it's 

own plane <which leads that a crack may bifurcate> as shown in 

Fig.2 and Fig 3 .• Because, it is expected that once the extension 

of crack has started, the primary crack often bifurcates into two 

or more branches e~ch of which may propagate over a short 

distance, and then again split into two or more new branches.Crack 

bifurcation occurs in a variety of materials, and under different 

external conditions. The phenomenon is, however, particularly 

present for essentially brittle fracture, when the speed of crack 

propagation becomes relatively large. Experimental observations of 

the magnitude of the speed of crack extension ~t branching suggest 

that elastodynamic .effects play a sufficient role.lt has been 

observed that the method of self- similar solutions provide a 

powerful tool for the analysis of elastodynamic skew propagation 

and crack bifurqation. 

A necessary condition for bifurcation can be determined 

by comparing stress prior to branching and after branching has 

taken p 1 ace. The comparison requires expressions for the 

elastodynamic fields near the crack tips of the branches. For 

symmetric bifurcation in anti-plane strain the near t~p fields 

were ana 1 yzed by Achenbach ( 1975). The propagation of a. crack 

which emanates under an arbitrary angle from a free surface, when 

the surface is subjected to anti-plane mechanical disturbances was 

considered by Achenbach and Varatharajulu <1974). Some cases of 

dynamic crack propagation in elastic medium are reviewed by 
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F 

A 

B 
Fig. 2r Pattern of wave :front and po-sition t'lf crack tip for skew 

crack propagation tn)der~ t.he influence of a step-stress wave. 
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F'i g .. · -3: Rapid propagation and bi fur cat. ion in al"lli -plane ~train 
of an edge crack. 
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Achenbach (1972;1976> and Freund<1976>. 

Duting the last decade, problems on Mode II I crack 

kinking and bifurcation have been ·studied by several 

investigators. Burgers and Dempsey <1982> solved the dynamic crack 

bifurcation in anti-plane strain for two special cases. Corrected 

results for Mode Ill kinking of a crack under an arbitrary angle 

was· given by Dempsey et.al. <1982). A numerical approach for the 

study of dynamic crack propagation of a kinked or bifurcated crack 

in anti-plane strain has been given by Burgers <1982). Achenbach 

et. a 1. < 1984) have deve I oped a method based on superposition 

principle to derive approximate expression for the elastodynamic 

stress intensity factors of the kinked crack. The problem of 

rapid tear.ing of a half-plane was also solved by Dempsey and Smith 

<1985). They considered that the surface of the half-plane is 

subjected to sudden anti-plane mechanical disturbance, crack 

initiation and subsequent crack instability are examined via two 

idealized problems; the first is concerned with instantaneous 

crack bifurcation and the second with instantaneol:ls skew crack 

propagation. In either problem, crack propagation occurs at a 

constant subs on 1 c ve 1 oci ty, under ari ang 1 e kn w 1 t h the norma 1 to 

the surface For various values of the angle of crack 

prdpagation, the dependence of the elastodynamic stress intensity 

factors on the crack propagation velocity is investigated. 

Recently, transient elastodynamic 

self-similar Mode III crack growth in brittle 

examined by Dempsey et. al. <1986>. The dynamic 

Chaplygin's transformation reduced the class 

non-p 1 amir 

materials is 

similarity and 

of 

considered to the solution of 

The Scwar tz-

Laplace's 

Christoffel 

equation 

problems 

in a 

semi-infinite strip. transformation is 

subsequently employed to map the semi-infinite strip on a 

half-plane. The theory of analytic functions are then used. 

Elastodynamic influences in the vicinity of a rapidly moving tip 

after branching are examined in a rather general fashion. 
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The thesis presented here consists of some problems on cracks and 

wave propagation. The work has been presented in three chapters. 

The first chapter deals with problems on moving cracks in infinite 

elastic medium and in infinitely long elastic strip. 

Problems on crack eMtension and bifurcation have been presented in 

the second chapier . 

The third chapter deals with the problems on wave propagation in 

the presence of topographical irregularities. 

The summary of the thesis is presented here chapter wise. 

The first problem of chapter 1 h~s been formulated as follows: 

We have 6onsidered the problem of propagation ~f two 

coplanar Griffith cracks moving steadily in infinite long finite 

width strip. We considei two cracks of finit~ width placed on X­

axis from -b to -a and a to b with reference to the rectangul_ar 

coordinate system <x,y,z) which referred to a fixed coordinate 

system CX,Y,Z>, is moving with constant velocity v along X­

direction within the strip of ~lastic material occupying the 

region ~h'~ Y ~h'. Employing Fourier transform and finite Hilbert 

transform technique, closed form solutions are obtained for two 

cases of practical interest. First,ly, the case when the rigidly 

clamped edges are pulled apart in opposite ·directions are 

considered. Secondly, we have treated the case when the lateral 

boundaries are subjected to shearing stresses. Exact expressions 

for the crack . opening displacement and the stress intensity 

factors have been derived in both the cases. 

In paper 2, we have considered the problem of two coplanar 

Griffith cracks moving along the interface of two dissimilar 

elastic media. Two oases of practical importance have b~en 

considered. Firstly, the case of two coplanar Griffith cracks 

moving along the interface of two semi-infinite dissimilar elastic 

media has been treated ; secondly, the problem ~f propagation of 
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two cop 1 a nat Griff it)) cracks a 1 ong the- interface of an 

layer overl¥ins a semi-infinite medium of d1tterent 

22 
elastic 

elastic 

properties has been considered.Emplo¥1ng Fourier transform we 

reduced these problems to solving a set of triple integral 

equations with cosine kernel weight functions. These equations are 

solved using finite Hilbert transform technique. In the second -· case, ana 1 ¥t i ca 1 expressions ar·e retained up to h where h is 

the thickness of the upper layer, for deriving the dynamic stress 

intensity factdrs and crack opening displacement. 

The problem of two coplanar Griffith cracks running 

steadily under three dimensional loading has been considered in 

the third paper of chapter 1. It is assumed that equal and 

opposite tractions which are triaxial in nature are applied to the 

crack surfaces. The two dimensional Fourier transforms have. been 

used to reduce the mixed boundary valtie. problem to the solution of 

triple integral equations. In order to solve the problem the 

transformed surface displacement is expanded in a series of 

Chebyshev polynomials which is automatically zero out side the 

cracks and also satisfies the edge conditions. Fina·lly, Schmidt 

method has been used to determ{ne the unknown coefficients 

occurring in the series. The expre~sion for stress intensity 

factors at the crack. tips and the crack opening displacement have 

also been derived for different values of the param~ters. An 

interesting feature of this paper is that there is the p6ssibility 

of curving or branching of the cracks at the outer edge at very 

I ow ve 1 oc it i es of the cracks whereallJ the cracks tend to become 

curved at the inner edge foi values of crack tip velocity about 

0.6c 
z 
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The dynamic in-plane problem of determining the stress and 

displacement due to three coplanar cracks moving steadily at a 

subsonic speed in fixed direction in an infinite, isotropic, 

homogeneous mediurn under normal stress and the static problem of 

determining the stress and displacement around three coplanar 

Griffith cracks in an infinite isotropic elastic medium have been 
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considered in the fourth paper of the chapter 1. In both the 

cases, employing F.ou:r·ter integral transform, the problems have 

been reduced to so 1 vi ng a set of four integra 1 equations. The 

integral equations have been ~olved using finite Hilbert transform 

technique and Cook's resu 1 t to obtain the exact form of crack 

opening displacement and stress intensity factors which are 

presented in the form of graphs. 

In the fifth paper of the chapter 1 we have treated the 

dynamic anti-plane problem of determining stress and displacement 

due to three coplanar cracks moving steadily at a constant speed 

in an infinite elasti6-strip.Employlng the same technique as that 

used in solving the problem considered in paper four, the problem 

when the lateral boundaries of the strip are subjected to shearing 

stress has been solved. Numerical results for stress intensity 

factors have been presented in the form of graphs. 

The dynamic in-plane problem of determining the stress and 

displacement due .four copla~ar Griffith cracks moving steadily at 

a subsonic speed in fixed direction in an infinite, isotropic, 

homogeneous medium under normal stress has been treated in the 

sixth paper of this chapter.The static problem of determining the 

stress and displacement around four coplanar Griffith cracks in an 

infinite isotropic elastic .medium have also been considered in 

this paper. ln both the cases,employing Fourie.r inte.sral 

transform, the problems have been reduced to solving a s~t of five 

integral equations. The integral equations have been solved using 

finite Hilbert transform technique to obtain the exact form of 

crack opening displacement and stress intensity factors which are 

presented in the form ·ot graphs. 

1·n chapter 2, the first problem deal~ with the 

non-symmetric extension of a plane crack due to plane SH- waves in 

a pre-stressed infinite elastic medium. We considered two 

identical plane waves defined by 



referring to coordinate system <x,y,z) where 

w+ = c t ± ysine +xcose ' 
- 2 0 0 

OSe ~n/z 
0 

and H ( > i s He a v i s i de ' s u n i .t fun c t i on , to p r o p agate 

infinite solid which is pre-stressed such that 

0 ()' = ()', 
y:z 
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through the 
; 

Fracture is assumed to initiate at a point a finite time 

after the waves intersect there and the crack is assumed to extend 

non-symmetrically alan• the trace of wave intersection. Following 

Cherepanov and Afanase'v <1974) and Cherepanov (1979> the general 

solution has been derived in terms of analytic function of complex 

variabl~. Numerical results have been presented to illustrate the 

nature of the variation Qf stress intensity factors and the rate 

of energy flux into the crack edges with the speed of the crack 

tips and also with the time after fracture initiation. 

ln the second paper of the chapter 2, we investig•ted the 

problem of non-symmetric extension of an infinitesimal flaw into a 

plane crack at a constant rate due to the action. of two 

non-para 1 1 e 1 p 1 ane SH- waves of d 1 f f erent amp 11 tude propagating 

towards each other' in an infinite isotropic elastic medium which 

is initially in a state of uniform anti-plane shear.A finite time 

after the crossing of the plane wave fronts, a fracture is assumed 

to initiate along the line where the wave fronts crossed and the 

crack is then assumed to trav~l non-symmetricall·y along the trace 

of wave intersection. Superposition considerations allow the 

original problem to be separated into three self-similar problems 

with <O,O>, CO, Uand <1,0> 'as the indices of self-similarity. The 

dynamjc similarity of certain field variable in each problem 

suggests application· of the method of homogeneous functions. 

Expressions for the stress intensity factors and the rate of 

energy flux into the extending crack edges of the crack have been 

derived. Finally, the nature of the variation of the stress 
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intensity factors at the crack tips and also the rate of ~nergy 

flux into the edges with velocities of the crack edges and also 

with the time after crack initiation have been depicted by means 

of graphs. 

The third paper of this chapter deals with the dynamic 
' 

anti-plane problem of biftircation.of a semi-infinite crack due to 

the incid~nce of two linearly varying plane· SH- waves with 

non-parallel wave fronts in an infinite elastic medium. The semi­

infinite crack is assumed to bifurcate when the plane waves 

intersect the crack tip. The P!Oblem has been solved using self­

similarity technique which is based on the. obs~rvation that 

certain field variables show dynamic similarities. The results 

include the expressions for shear stress in the planes of the 

cracks and the stress ·4ntensity factors at the crack tips.Finally, 

the variations of stress intensity factors with the angle of skew 

tor different values of the parameters have been depicted by means 

of graphs. 

ln tbe first paper of chapter 3, we have studied the 

transmission of time step SH- wave across a step like irregularity 

in the surface of an elastic half- space. Considering the incident 

wave in the form H<T-X/c) where H<> is the Heavlside's step 

function the problem is ·reduced to an integral equation by using 

integral transform and Green's function technique· and finally 

using Cagniard-Dehoop method of finding inverse Laplace transform, 

transmitted field at any ·distances from the step on the free 

surface have been determined using iterative procedure. Numerical 

results have been presented 1 n the form of graphs to illustrate 

the nature of transmission. 

Finally, we have qonsidered the propagation of SH- wave in 

a medium 

material 

consisting 

and having 

of 

a 

two 

step 

welded 

like 

quarter spaces of 

change in elevation 

different 

at the 

vertical interface. The problem is reduced to an integral equation 

by using the Fourier transform and Green's function technique and 
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tina 1 1 y, by applying the method of steepest descent, the 

transmitted and reflected fields at large distances form the step 

have been determined. To investigate the nature of the motion, we 

have evaluated numerically the increment in amplitude due to the 

presence of the step for both the transmitted and and reflected 

wave s which are presented in the form of graphs. 

With this brief discussion we now present the thesis 

chapter wise. An attempt has been made to include most of the 

references consiste-nt with the problems treated in this thesis, 

which have come to the author's knowledge. 
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CHAPTER I 

SOME ELASTODYNAMIC PROBLEMS ON CRACK PROPAGATION 

Two coplanar Griffith cracks moving in a strip under anti­

plane shear stress. 

Two coplanar Griffith cracks moving along the interface of 

two dissimilar elastic media. 

Problem of two coplanar Griffith cracks running steadily 

under three dimens.ional loading. 

Three coplanar moving Griffith cracks in an infinite 

elastic medium. 

Three coplanar moying Griffith cracks in an infinite 

elastic st.rip. 

Four coplanar -Griffith cracks in an infinite elastic 

medium. 



TWO COPLANAR GRIFFITH CRACKS MOVING IN A STRIP UNDER ANTI -PLANE 

SHEAR STRESS 

!.Introduction 

In fracture mechanics , the problem of diffraction of elastic waves 

by cracks of finite dimension in a strip of elastic material has 

been investigated by severa 1 authors. S i h and Chen < 1972 > 

investigated the problem of propagation of a crack of finite length 

in a strip under plane extension. The resulting mixed boundary value 

problem was reduced to the solution of a Fredholm integral equation 

of second kind which was solved numerically Closed- form 

solutions for a finite length crack moving in a strip under anti 

p 1 an e s hear s t r e s s w a.s a l so o b t a i ned by S i n g h e t a 1 . < 19 8 1 > • As . 

regards 

mainly 

the dynamic crack 

to the case of 

problem 

a single 

research has been restricted 

crack because of the severe 

mathematical complexity encountered in finding solutions of two or 

more cracks However using finite Hilbert transform techniques 

developed by Srivastava and Lowen grub ( 1968), Lowen grub and 

Srivastava <1968) sOlved the statical problem of di!;ltribution at 

stress in an infinitely long elastic strip containing two coplanar 

Griffith cracks .The scattering of time harmonic normally incident 

p 1 ane waves by two para 11 e 1 and cop 1 anar Griff 1 th cracks 

infinite elastic medium. has been studied by Jain and Kanwal 

and more recently by Itou <1980). 

in an 

(1972) 

In this paper we have considered the problem qf 

propagation of· two coplana~ Yaffe (1951> cracks moving steadily in 

an infinitely long finite width strip • Employing Fourier transform 

and finite Hilbert transform technique closed-form solutions are 

obtained for two oases of practical interest.Firstly, the case when 

the rigidly clamped edges are pulled apart in opposite directions 

are considered. Secondly , ~e have treated the case when the lateral 

boundaries are subjected to shearing stresses. Exact expressions for 

the crack opening displacement and the stress intensity factors have 

Published in "Journal Of' Technical Physics" Vol 32, No. 3-4,. 
pp 479-489, 1991. 
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been derived in both the cases .Finally numerical results for stress 

intensity factors are presented graphically to show its variation 

with crack speed for different values of the lengths of the 

cracks. 

2.For~ation Of The Problem 

We consider two cracks of finite length to be placed on the X-axis 

from -b to -a and from a to b with reference to the rectangu I ar 

coordinate system <x,y,z> which referred to fixed coordinate system 

<X,Y,Z> is moving with constant velocity. v along X. 

-direction within the strip of elastic material occupying the 

region -h' ~ Y ~ h' as shown in Fig.1 • 

In dynamic problem of anti 

non-vanishing component of displacement W 

Z-direction satisfies the equation of motion 

1 
2 c 
2 

p 1 sme shear, 

directed in 

the 

the 

( 2. 1) 

where c 
2 

= is the shear wave velocity and p is the. 

density of the material.The non-vanishing components of stress are 

aw 
0' = 1-l xz ax 

aw 
0' = 1-l YZ av 

(2.2) 

Using Galilean transformation x' =X - vt, y' = Y, z' = Z, 

t' = t, where <x' ,y' ,z' > is· the translating coordinate system shown 

in Fig.1 and next introducing the dimensionless coordinates x,y,z 

such that x• = xb, y' =yb~, z' =zb, h' = hb equation <2. 1) reduces to 

2 a2 w + a2 w 
0 5 = ( 2. 3) 

ax 2 ayz 

with 2 
1 vz /cz s = - ( 2. 4) 

2 
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y y 

~---·~\J.:::....t --~ 

X 

Fig 1. Moving cracks ~ a strip under antiplane shear. 
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3.Boundary Conditions 

We consider two basic problems of practical 

boundary conditions 

interest with different 

Problem I. The edges of the strip y = ± h are assumed to be rigidly 

clamped and displaced laterally in opposite directions by an equal 

amount w 
0

, where w 
0 

is a constant. .As a r esu 1 t, anti plane shear 

motion takes place in z-direction whereas cracks move in the 

x-direction and the boundary conditions are 

W<x,± h) = ± w -co < )( < co ( 3. 1) 
0 

0 (X,O) = 0 d<jxj<1 ( 3. 2) 
y:z: 

W<x,O> = 0 , O!:;j xj <d, I xj >1 (3.3) 

where d=a/b • 

In order to apply the integral transform technique it 

is necessary to solve a d if f.erent 

be obtained frotn the problem of 

crack> subject to a uniform 

condition on the crack are 

o <x,O> = 
y:;c: 

j.lW .o 

h 

and the displacement must satisfy 

w { )(, 0) ·- = 0 , 

W<x,± h> = 0 

but equivalent problem which can· 

a clamped strip <withC)ut any 

etrain The equivalent stress 

d<jxj<1 (3.4) 

(3.5) 

-oo < x < oo (3.6) 

Problem II. In this case uniform shearing stress p
0 

is applied to 

the upper and lower boundaries y = ± h of the strip.The equivalent 

problem in this case involves the application of the shear stress 
·. 

-p
0 

to the crack faces at y = 0. Accordingly the boundary conditions 

are 
o <x,± h> = 0 

y:z: 

o <x,O> = p y:z: - 0 

W<x,O> = 0 , 

-oo < x < oo (3.7) 

d<jxj<1 (3.8) 

(3.9) 
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4.Solutions 0£ The Problems 

Due to symmetry about <x,z>- plane we need consider the region 

O<y<h only. Employing 

F 0 [A(~ > ;~-+ x J = ~ J:A<~ > cos(~ x> ~ ( 4. 1) 

and (4.2> 

we obtain the solution of <2.3) as 

W<x,y> = F [A<<> exp<-z;ys> + A <~ > exp<{ys> ;{-+ x J 
c ~ 2 

<4.3) 

with 

CY <x,y>= iJSF [~<-A <~>exp<-~ys>+A <<>exp<<ys>>;~-+ x] 
yz C t 2 

<4.4> 

Problem I. Using the expression for W<x,y> given in <4.3) in (3.6) 

we get 

A <e > = 
~ 

A (~) = 
2 

A<{) 

1 - exp<-2z;hs> 

1 - exp<-2z;hs> 

where A<{> is to be determined. 
·-

From <3.4) and (3.5) we find that A<~> satisfies the set of triple 

integral equations 

F [{A<{> cthC~hs> c . 

F 
0 

[A<{ > ;I;-+ x ] = 0 

Let us take 

{-+ X ] = 
w 

0 

hs 
d<x<1 

OSx<d , x>1 

A<{) = f .f J~ g~ tT>Sech
2

(CT)sin<l;T) dT 

(4.5) 

(4.6) 

(4.7) 
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1 t is clear that the above choice of A<{> satisfies (4.6) 1 f and 

only 1 f 
1 J g ( T) sech2 <cT) dT = 0 
d £ 

(4.8) 

Equation (4.5) can be written as 

d w 
F . [A<{ > cth<{hs> ; e-. ) 

0 d<x<1 X = 
dx s hs 

(4.9) 

Inserting <4.7> in (4~9) and using the result tGradshteyn and Ryzhik 

(1965)) 

r: cth<{hsl sin <{T > sin<< x > th<cx>+th(CT > 
£ 

~ = - log 
< 2 th<cx>-th(CT > <4. 10) 

where c = n /2hs , we obtain 

( 
2 cg (T)Sech (CT) th(CT) w 

£ . dT 0 d<x<1 = 
th2 (cT) th2 <cx> hs 2 Sech <ex> 

(4.11> 

Substituting th<cT>=T, equation <4.11> is found to reduce to the 
t 

form 

T A ( T
2 > 

t t 

T2-x2 
t i.. 

dT = 
t 

w 
0 

2 hs<1-X ) 
t 

= F<X > <say>, 0 <X <I 
t £ £ t 

(4. 12) 

where 0 = th<cd>, = th<c>, X= th<cx> and A<~>= g <T>. Using 
£ t t :l £ 

finite Hilbert transform <1968>, the solutions of <4.12) is 

T2- 02 I I 2_ x2 X F<X > 
A<~>= 4 :l :l I o:l 

.. .. .. .. 
i. 2 12- ,.z r- 02 <X2 -~ > n 

£ :l :l £ :l t :l 

which can be simplified to 

0 t :l + g (T) = 
1 

2w ch<cd> ·~-rf 
nhs<1-T2 > ch<c> 12 - ,.Z 

£ £ :l 

K 
dX + :l 

:l J <T2- 02) ( 12- T2> 
i t· :l :l 

<4.13) 



Substituting the result (4.13> in (4.8) we obtain 

dT 

Whi.ch is si~plified with aid of the results 

and 

to K :1. = 
2w ch<cd) 

0 02 
nhs ch<c> :1. 

-
1

2
- X

2
. X dX 

:1. :1.. t t = n 
x2- o2 < x2-T2> 2 

:1. :1. :1. 

1
2

- r X dX :1. :1. :1. :1. 

X2 
- 02 

( 1 :... r ) 
:1. :1. :1. 

{ 1- n(;. ,q )tF<i-,q> } 
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X dX 
:1. :1. 

(4.14) 

z z :1./2 where q=<I -D) /I and FC4>,k>, n<¢,n,k> are elliptic integrals :1. :1. :1. 

of first and third kind respectively. 

The expressicns of d:l.iiplaGement and ahgtu' atr«HIEI on 
the plane of the crack are expressed as 

:1. 

W<x,o> =: J g:l<-r>Sech~(CT) d-r d<x<1 (4.15) 
X 

and 
1 z 2 

I 
g <-r>Sech (CT)th(CT)Sech <ex> 

o <x,o>=~sc :1. dT 
yz d t h 2 

( C X ) - t h 2 
( CT ) 

,OSx<d, x>1 <4.16> 

Now inserting <4.13>in (4.15) and <4.16) we obtain with the aid of 

the following results 



and 

T 2
- D

2 
dT 

:l :l :l 

12
- T2 1 -T2 

:l t ·:s. 

T dT 
:l t 

= 

W<x,O> = hs~ sh (c) F CA.' q> i-
wch<cd).[ [ 

+ 

+ 

ch
2 

( c > I z- Dz 

q ) ] ( A. 
:l t 

d<x<1 
ch2 < cd) 

n , 
12 

, , 
1 - :l 

12- r· 
where sinA. 

:l :l = 
12- D2 
:l :l 

IJW ch(cd> th
2

<cx>-D
2 

ch<c> [ et <x,o> 
0 :l + = 

th
2

<cx>-1
2 yz 

h ch(c) 

12- D2 } 
n (!!. • __ :s. __ :s._, q) 1 ~ <~2 , -q > 

. 2 12 < 1-Dz > 
:l :l 

et <x,o) 
yz 

= 1JW 0 ch(cd) [ 

h
1 

ch (c) 

ch(cd> 
:l 

o:sech
2

<cx> . ]• 

2 2 2 . 2 
J[th <cx>-D ][th <cx>-1 •l 

:l :l 

ch<c> 

ch(cd) 

12 _ 02 n } 0 = Sec h 
2 

< c x > . 

1 
.. 

[
Tl :l :l ) n -,----,q IF<-,q) ~ · . , 2 2 2 ·2 2 2 2 2 

.. I:l<1-D:l> · [O:s.-th <cx>HI:l-th <ex)] 
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(4.17) 

' x>1 

(4.18) 

o<x<d 

(4.19) 



where we have used the result 

= 

rr 

( 

2~ ( d2 - )(2 ) ( 1- )(2 ) 

o, 

-rr 

The stress intensity factor at x = 1 is given by 

S . = L t 1J 2 ( X- 1) 0' ( X ' 0 ) : 
11 x---. yz 

1-l w [ 

hSec~(cd) 

+- 1
2

- o
2 

}] n(~.-~-z-:-1---0-:-)-,q)/F<~,q) 
1 1 

, O<x<d 

d<x<1 

'- )( > 1 

and the stress intensity factor at x = d is given by 

s 
1d = 

X-+ d 

42<d-x) o Cx,o) = 
yz 

12- 02 } 
n(~.---1----1--,q)IF<~2'q> 

2 I z < 1-02 > 
1 i 

X 
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(4.20) 

(4.21) 

(4.22) 

Letting d = alb = 0 in the expressions for displacement , stress and 

stress intensity factors it can be easily shown that the results 

coincide with the cor~esponding expressions given by_ Singh et al. 

<1981). 

Problem II. In this case again we take the general solution of 

<2. 3) as 

\J (X, Y) = F [ C <e ) eX p ( -e y S) + C <e ) eX p <e y S) 
c i 2 

(4.23) 

and inserting it in <3.7> we find that 



c (~) = 
~ 

c (~) = 
2 
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D <~ > 

1 + exp(-~hs) 

0 (~ ) ex p ( - ~ h s ) 

1 + exp<-~hs) 

From (3.8> and (3.9) it is determined that D<~> satisfies the,­

following set of triple int~gral equation 

F [~ D<~ >th<~hs) ;~--+ x J = c 

F tO(~>;~-+ x J = 0 c 

d<x<1 

o:Sx<d ,x>1 

Proceeding as in problem 1 , we consider .a trial solution 

o<e > = f f J: 

(4.24) 

(4.25> 

(4.26) 

With this choice of D<~> equation (4.25) will be satisfied 

provided the unknown function g (T) in <4.26) satisfies 
2 . 

J
1 

g (T) cosh(cT) dT = 0 
d 2 . 

<4.27) 

Now equation (4.24> can be written as 

d 

dM 
F r o <~ > t h <~ h s > ; e--+ x J = s d<M<1 (4,28> 

1-JS 

Insertion of equation <4.26> in <4.28> and use of the result 

[Gradshteyn and Ryzhik (1965)] · 

I 

sh<cx)+sh(cr >I 
log · 

sh<cx>-sh<cr > 
(4.29> 

where c = rr I 2hs , gives 



1 

I 
C g (T) 5h(2CT) 

d S h 
2 ~ CT ) - S h

2 
( C X ) 

dT = 
2p 

0 

f..JS ch(cx> 
, d<x<1 
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(4.30) 

Substituting T = sh<cT) , I = sh(c) , D = sh(cd) and X = Sh<cx) and 
2 2 2 2 

proceeding as in problem I, we obtain the solution of (4.30) as 

g (T) =-
2 

+ 

where q' = < I2 -D2
J:f:/

2 
1 I 

2 2 2 

K 
,2 

q l I -' -

(4.31) 

q'. th<c> and using the result <4.31> 

in the condition ( 4. 27) the constant K is determined with the aid 
2 

of the result 

X dX 

as 

I2-D2 
Tl 2 2 

2' 2 ...2 I -T 
2 2 

12-D2 
Tl 2 2 -, 
2 1z_T2 

2 2 

, q• ') -F ( ~· q• •) l 

(4.32) 

The relevant displacement and stress components in the plane of 

the cracks may be written as 

t 

W ( X , 0 ) = : J g
2 

( T ) C h ( CT ) dT 

)( 

d<x<1 (4.33) 



and 

1 
1-JSC I g (T > sh<2c:r )ch<cx > 

o- < x, o) =-- --
2
----------

yz 2 d s h 2 
( c >< ) - s h 2 

( CT ) 

dT, o5x<d, xl>1 

Now using (4.31) in (~~33) and <4.34) we obtain 

1 
12-02 

x{n( [J 
2p 

s h
2 

< CT > - s h
2 

< cd > 
rr 2 2 

'q' ') \J ( )(' 0) =- 0 -, 
2 l2-T2 

Tli-J 9 ch(c) 
sh2 

( c > -sh2
(CT) 

X 

- F ( ~' q") 
) ] 

K F(A.', q') 
ch(CT) dT + -

2
--

cl 
2 

where sinA.' = 

X 

0' ( )(' 0) =-
. yz 

T dT 
2 2 

J 1 + r 
2 

0' ( )(' 0) =­
yz 

+ 
Tr/-IS ch<cx>K 

2 

0 
2 

J 2 2 2 2 2. <sh <cx>-1 ><sh <cx)-0) 
2 2 

D 
2 

2 2 

1 

. 2 
sh (ex) 

for x>1 

1 

39 

(4.,34) 

(4.35) 

<4.36) 



X 

T dT 
2 2 

J 1 + r 
2 

rq.1.s ch<cx)K 
2 

J 2 2 2 2 2. [I -sh <ex) l [0 -sh (ex) l 
2 2 

The stress intensity factor at x=l is given by 

S = LL ~2(x-1) 
2p 12- 02 

(X, 0) 
0 2 2 

0' = X 
2i X-+ 1 yz n cl ch(c) 

2 

ni-J s K 
+ 2 

2~c.th(c)[l 2 - 02) 
2 2 

40 

for o<x<d 

(4.37) 

F( n , q' , ) + -
2 

(4.38) 

and the stress intensity factor at x = d is given by 

- ni-J.S K 
2 (4.39) 

Again Jetting d = 0 in the expressions for displacement , stress and 

stress intensity factors we. obtain the corresponding results for a 

single crack as given by Singh et al. <1981). 

5.Numerical results 

ln this sectl6n we present the variation of stress inten~ity factors 

with ratio of crack speed v 

problems. The crack length 

to shear wave speed 

dependance of the 

c for both the 
2 

stress intensity 

factors and its variations with v/c have been shown in figures 2 -
2 

5. Figures 2 - 3 depict the fact that in problem I, the stress 

intensity factors at both the crack tips decrease with the increase 

in the distance between the cracks. 

But for the problem II, as seen from figures 4- 5, 

it is found that the behaviour of the stress intensity factors at 

the crack tips is of different nature as compared to the 

corresponding nature of problem I. . In the problem I, the stress 
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intensity factors at both the crack edges decrease with the increase 

in the value of v/c and 
2 

Problem II, the stress 

approaches to zero as 

intensity factors at 

v/c --+ 1. But in 
2 

both the edges 

increase gradually with the increase in the value of v/c and 
2 

approaches infinity as v/c --+1.' In problem II it is also found that 
2 

the stress intensity factors at both the edges decrease with the 

increase in the values of the separating distance between the 

cracks. The dashed line in fig.2 and Fig.4 corresponding to the 

stress intensity factors at the tip of a single crack as given by 

Singh et al. < 1981> for the case b/h' = 1. 
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TWO COPLANAR GR.I FFI TH CRACKS MOVING ALONG THE INTERFACE OF TWO 

DISSIMILAR ELASTIC MEDIA 

1 • I nlroducli on 

Scattering of elastic waves by cracks located in a homogeneous 

isotropic medium has important applications in geophysics and 

seismology. If the cracks are located at the interface of layered 

media, the study becomes more relevant. Scattering of an elastic 

wave from an interface crack under anti-plane strain was solved 

by Bostrom (1987>.Srivastava et al. <1980)solved the problem of 

interaction of an anti-plane shear wave by an 1.nterface crack. The 

problem of diffraction qf Love waves by a crack of finite width in 

the plane interface of a layered composite has been solved by 

Neerhoff C1979>. As regards the dynamic crack problem, research 

has been restricted mainly to the cases of a single crack b•cause of 

the severe mathematical complexity encountered in finding solutions 

of problems involving two or more cracks.The diffraction of an 

anti-plane shear wave by two coplanar Griffith cracks in an infinite 

elastic medium has been treated by ltou (1980>. Lowengrub and 

Srivastava (1968> treated the statical problem of stress 

distribution in the presence of two coplanar Griffith cracks in an 

infinite elastic strip .The scattering of time harmonic normally 

incident plane wave by two coplanar Griffith cracks was also solved 

by Jain and Kanwal (1972>. 

To the best knowledge of the authors, diffraction of elastic 

wa~es by two cracks moving along the interface of bonded dissimilar 

elastic media has not been investigated so far . In this paper, 

we consider the problem of determining the distribution of shear 

stress in the neighbourhood of the cracks, moving along the 

interface of the two bonded dissimilar elastic media. Two cases of 

practical importance have been considered here. Firstly, the ca~e of 

two coplanar ·Griffith cracks moving along the interface of two semi­

infinite dissimilar elastic media has been treated; secondly, the 

Published in •• Engineering Fracture Mechanics" Vol 41. pp 59-69. 
1992 
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problem of the propagation of two coplanar Griffith cracks along the 

interface of an elastic layer overlying a semi-infinite medium of 

different elastic properties· has been considered. Employing Fourier. 

transforms the problem has been reduced to solving a set of triple 

integral equations with cosine kernel and weight functions. These 

equations are solved using the finite Hilbert transform 

technique . In the second problem, analytical expressions retain up -· to the order h , where h is the thickness of the upper layer, for 

deriving the dynamic stress intensity factors and crack opening 

displacement. 

graphically. 

Numerical results have also 

2.Formulation Of' The Problem 

been presented 

Two cracks of finite width are considered to be placed along the X 

-axis from -1 to -c and c to 1 with reference to a rectangular 

coordinate <x,y,z) system which, referred to fixed coordinate system 

<X,Y,Z>, is moving with constant velocity v along X -axis, as shown 

in Fig.!. 

The coordinates are regarded as dimensionless, 

referring to the outer edge of the crack. In the dynamic problem of 

anti- plane shear ,there exists a single non-vanishing component of 

displacement in the Z -dir.ectlon W.= W.<X,Y,t>, i=1,2, 
L L 

where W and 
~ 

W are the displacemen't component along the Z -direction 
2 . 

in media 

Y>O and Y<O respectively In the absence of body forces the 

equation of motion is 

,,.l w. 8
2 w. 1 /JzW. 

L + L \, 
(1) = 

iJXz bY
2 b~ /Jt2 

l. 

where b. 
S/2 

the shear speeqs and = <1-J.Ip.> ,<i=1,2> are wave p, are 
I. I. \, \, 

the density of the materials and I-Ii. are the shear moduli. 

Using Gali~ean transformation x = X - vt, y = Y, z = Z, 

t' = t, where < x, y, z) represents the trans 1 at i ng coordinates sys tern 

f' shown in Fig.! eqn. <1> becomes independent of t and reduces to 
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8

2
W 8

2 W, 
2 I. + I. 0 ( 2) 9, = 
" 8x

2 8y2 

with 
z 

1 z 1 bz (3) s. = - v 0 

I. I. 

3.Boundary Condi~ions 

Problem I: 

In this case the cracks are placed along the interface Of two joined 

dissimilar elastic half- spaces and are moving along the interface 

of these media. The cracks are excited by a normally incident anti­

plane shear wave. The boundary conditions aTe 

[T <x,O)J = [T (x,O)] = -p , 
p ~ p 2 c<lxl<1 

[T (x,O)] = [T (x,O)] 
yz . ~ yz 2 ~~><I <c, I xl >1 (4) 

W <x,O> = W <x,O> 
i 2 ~lxl<c,lxl>1 

Problem now consists of solving equation <2> together with the 

conditions <4>. 

Problem II: 

In this case two coplanar Griffith cracks of finite width are 

assumed to be moving with uniform velocity under. anti-plane 

shear stress along the interface of an elastic layer kept in welded 

contact with a semi-infinite medium of different elastic.properties. 

The boundary condition• of this dynamic anti-plane problem are 

[T (x,O)J = [T (x,O)J = -p , 
yz ~ yz 2 c<lxl<1 

[T (x,Q)] = [T (x,Q)] 
yz · i yz 2 ~lxl<c,lxl>1 ( 5) 

W <x,O> = W <x,O> 
i 2 

~lxl<c,lxl>1 

[T <x,h>J = 0 
yz ~ 

-oo < x < co 

Problem II now consists of solving equation <2> together with the 



conditions <S>. 

4.Solution Of The Problem I 

Employing Fourier cosine transforms viz. 

f (~ ' y) c 

(X) 

=I f<x,y) cos<~x> dx, 
0 

f , )(, y > = ~ roo f <~ , y > cos <~ x > d~ 
1l J 0 c 

we obtain the so•ution of equation (2> as 

(X) 

and 

W <x,y>=~ J A .. <~>exp<-s .. ~y> .cos<~x>~ , 
1 n 0 • • . 

for y>O 

W <x,y) 
2 

co 

= 2 I A <~ > exp<s {y>cos<{x>~ 
1l 0 2 2 . 

for y<O 

so 

(6) 

(7) 

where s is the positive root of (3) and ~ <{> are unknown functioris 
i ~ 

to be determined. 

From (6) and (7) we obtain 

(X) 

21-Ji s iJ 
[T <x,y> J = - · {A<{ >exp<-s ~y) cos<~x)d{, 

yz 1 'll O i . i 

[T <x,y>J = 
yz 2 

2~-J s 
2 2 

'll 

(X) 

I {A <~ > exp<s {y> cos<~x>d~, 
0 2 2 . . 

Using <4a> and C4b) we get 

A <{) = 
2 

A < ~ > 
i 

for y>O 

for y<O 

The crack opening displacement Aw<x> is defined as 

(8) 

(9) 

(10) 
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Aw<x> = W <x,O+> - W <x,O-) 
~ 2 

2L 
(X) 

= Jo Ai <~ > COS.(~ X) ~ n 
c<x<1 ( 11) 

= 0 O:Sx<c , x>1 

where 

L = (12) 

From <8> and <4a) 

ll;A (~) cos(~x) d~ = Jo ~ 

pn 
(13) 

Let us take ( 14) 

Substituting <14> in <11) we see that this choice of A~e> leads to 

0 

Inserting (14) in <13> we obtain 

pn --, = c<x<1 
21-l.t s ~ 

Using finite Hilbert transform technique <1968> 

<16) is 

+ 

( 15) . 

( 16) 

the solution of 

K' ( 17) 

where the unknown constant K', determined from (15), is 

2 
K' = p,<c -E/F)/~J s . ~ ~ 

(18) 
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where F = F<n/z,q> and E = E<nlz,q.) are complete elliptic integrals 

of the first kind and second kind respectively and q = ~1-c2 

The relevant expressic:ms for the crack opening displacement and 

stress component at the interface are 

.t.w(X) • L r: h<t
2

) dt , (19) 

[T (x,O)J = 
y:z ~ 

(20) 

Substituting the value of h<t 2 > from (17) in (19) and (20) we obtain 

bW(X) [ E (A , q) - i F <A , q >] . ( 21> 

where 

(22) 

and 

[T (x,O)] 
yz ~ 

for x>1 (23) 

1 + ]• for x<c · (24) 
~ 2 z 2 <c- x ><1-x) 

where we have used 

n for O<x<c 

r: 
! 2 2 z 2 (c -x )(1-x ) 

= o, for c<x<1 <25) t dt 

-n 
for x>1 

J 2 2 2 2 <x -c )(x -1> 

The stress intensity factors at the tips of the cracks x=1 and x=c 



respectively are given by 

K f. =X~ l 1 I 2 ( X- 1 ) [ T yz ( X , 0 ) ] ~ = 

K c = Ll 

X--+ C 
[T (x,0)] 

yz . ~ 
= 

p<1-E/F) 

2 
p<EIF-c > 

J c ( 1-c2
) 

S.Solution Of The Problem II 
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<26) 

<27) 

E":~ploying Fourier cosine transform the solutions of is are sought 

in the form 

00 

W <x,y>=!. J [A <e>exp<-s ~y> +A <~>exp<s ~y>Jcos<~x>d~ , 
1 TC O ~ ~ 2 ~ 

for O~y~h 

(I) 

= 2 I A(~·) exp<s ~y> cos<~x> d~ , 
Tl 0 9 2 

for y<O (28) 

Using <28> we obtain the stress components as 

[T (x,y)] = 
yz ~ 

e [ -A ( e ) eX p ( - S ~ y ) +A ( ~ ) e X p ( s ( y ) ] coS ( e X ) de , 
~ ' ~ 2 ~ ' 

[T <x,y>l = 
yz 2 

21-l s 
2 2 

Tl 

00 

I eA <~> exp<s ey> cos<ex>~, 
0 3 2 

Applying <Sa>, (Sb> and <Sc> 

and. 

A ( ~) = 
9 

A <e> = A <~> exp<-2~hs > 
2 ~ 1 

for y<O 

The crack opening displacement Aw<x> is defined as 

(29) 

(30) 

(31) 



/ 

where 

.Aw<x> = W <x,0+> - W Cx 0-> 
~ 2 ' 

ZL 
= -1l 

= 0 

00 

I t <e > cos ce x > de 
0 

c<x<1 

OSx<c , x>1 

f <{ ) = A, <{ ) [ 1 
us - .. s ] 1""2 2 I""~ ~ 

+ expC-Z{hs~> 
II $ + lJ $ 
1""2 2 I""~ ~ ' 

... 
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<32) 

(33) 

Therefore,by <Sc> and <Sa> ,fC{> is found to be the solution of the 

following triple integral equations 

with 

00 

I .f<{> cos<{x> de = 0 
0 

00 J O { f C{) t 1 +M C{ h) l cos<~ x) d{ = 

M <e h> = 
1 - tanhC{hs > 

.t 

Assuming 

1 
f({) 1 

Jc·h(t2) sin<{t> dt = 
e 

it is found from (35) and (36) 

J1 
th<t

2
,>dt = ___E._ - Q<x> 

c t2- )(2 2p s 
:l .t 

where 

Q<y> 

and 

OSx<c,x>1 (34) 

<35) 

(36) 

(37) 
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Q) 

K
1

<y,t> = J0M<~h> cos<~y> sin<~t> de· (38) 

Now using Hilbert transform technique (1968) we find that h<x
2

) is 

the solution of the following Fredholm integral equation 

t' 
h < x 2 > + I ch < t z) 

2 2 K ( x , .t) d t = F (x ) , c<x<1 

satisfying the condition 

where 

2 
K ( x , t > =- I 1 ~ X _Y __ :_1_<_Y_2_' _t_> 

c JTT y- X 

dy 

and 

F<x2>=- --.::.....f32_ c~ J1Jg1-Y2 
Tri-J s 2 2 2 

11 1-x y-c c 

, , 

y dy 

2 2 
y - X 

+ 

, , 
K 

~ 2 2 2 <x -c )(1-x > 

(39) 

(40l 

( 41) 

<42) 

K being an arbitrary constant determined by condition · <40>. If 

h>>1 is taken, then by substituting n =~hand expanding cos<ny/h), 

sinCryy/h), it is possible to write (38> in the form 

I t I t 
K <y, t> 0 

+ 
1 ( t2+ 3y2) 0 ( h-cS, = - + 

1 h2 h" 
(43) 

where 

( -1) j 
Q) 

I Jo n~j h M <n > dn <j=O,U = 
j (2j+1)! 

(44> 

and hence 



..r 

where k2 = 1 -
2 c. 
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<45) 

Integrating both sides of <39) with respect to x 

from c to 1 and using <40> 

, , p 
K = (46) 

with 

2[ 1
0 t 2 

1
st {' 2 3 2 2 2 } <S K<t> = n 7 <E- c F) +~ <t- 2"k ) <E- c F>- c <E+F>+2E +O<h- > 

where E and F defined b~ E = E<rrlz,q>and F = F<rrh,q> with q = k are 

known as elliptic ~ntegrals of first and second kind respectively. 

Using the results <46) and <42) in the equation <38) we see that 

hCx 2
> must satisfy the integral equation 

1 

J 2 2 2 
+ c h<t > M<x , t> dt = S<x > (47) 

where 

K<t> 
2 2 M (X , t) = K ( x . , t )- = 

I 2 2 2 Fi<x-c)(1-x) 

(48) 

and 

(49) 

Since h >> 1, and jM<x 2 ,t) I < 1, the solution of <47> may be written 

in the form 



where 

with 

h ( x2
) = 

0 

2 E 
F 

.. C = z +Yc k} 
2 c F\ t- 2C 

0 

57 

(50) 

<51> 

(52> 

(53) 

The relevant crack 

the interface are 

o'pening displacement and stre~s component at 

1 

Aw<x> = L Jxh<t
2

> dt 

[T (X, 0) ] =-
yz i 

th<t2 )dt 

t 2 2 
- X 

where K <x,t> is given in <38>. 
~- --

1 

··s c h< t"lK• (X, tl dt], OSx<c, x>1 

Using (43> and equations <50)- (53) 

1 J c h ( t
2

) Kt ( x, t) dt 
pn [21 c 0 0 

2 
81-J s h 

i i 

c54> 

(55) 

(56) 



we get for O<x<c 

1 

Jc 

th<t2 )dt = 
t2 2 - X 

x{ 
3x• +C x2 +C .. 2 

X 
1 

and for x>1 

1 

Jc 

thC t 2 )dt 
= 

t2 2 - X 

X 

• 2 

{ 

3x +C x +C 
.. 2 

X 
2 

where 

2~s [{
1 

1 .. 

1+c2 

+ 3( -2-

2~ • .[ {1 

I C 
0 0 + 
2h 2 

+ X~ ) 

I C 
0 0 

2h 2 

58 

12 c2 2 E 
I c 

0 0 }x{ x-F 
+1}-

1 0 
X 

4h .. X 2h. 
1 

+ c.}] + Q(h-<S) <57) 

12 c2 E 2 

}x{ F X 

+1.} 
I C 

0 0 1 0 + + X 
4h. 2h. X 

2 

(58) 

Using equations <50) to <53) tne crack opening displacement is 

obtained from <54) after integration as 

pL I C 
0· 0 + 

I~C2 + 21 C CC- k•/2C > 
0 0 1 0 1 0 

.Aw<x> = 
2h 2 4h. 

x{ E <A, q l- iF <A, q l} -
2 :~~ 0 x~ ( 1- x

2 
l ( x

2
- c2 

l ] + 0 <h-., l 

where A is given by <22>. 

}x 

(59> 

Substituting the results obtained in <56>, <57> and 

(58) on the rl~ht hand side of (55) the stress in the plane of the 

crack can be derived and from it stress intensiy factors at the 

crack tips can be determined easily. 



The stress . intensity factor at 

N = L\Jz<x-U[T <x,O>l = 
1 X-+ · yz t 

J 

+ <3 + C + C ) ] + O<h-cs) 
1 2 

.1 

X = 1 is given by 

p c.[ C E/F-1>{ 1-
1 c 1 

2 c2 

0 0+ 0 0} 

2h 2 4h 4 

-

and the stress intensity fadtor at x = c is found to be 

N = LL Jz<c-x)[T <x,O>J = 
c X-1> C yz £ 

- P [cc2 -EIF>{1-

J c < 1-c2 
> 

S. NUMERICAL RESULTS 

59 

+ 

(60) 

(61) 

ln this section numerical results are presented for the stre~s 

i ntens 1 ty factors at the crack tips and <d so the crack opening 

displacement for different values of the layer thickness and the 

crack speed and for b /b = 0.6 .The crack opening displacement is 
:1 2 

found to increase giadua(ly with increase in the value of the crack 

speed. Further, for a fixed crack speed, the crack opening 

displacement increases with decrease in the ~alue of the separa~ing 

distance between the cracks. 

Vari•tion of the stress int~nsity factors at both 

the crack tips wit~ the crack speed is depicted in Figures 4 - 7. 

It is interestirtg to note that the stress inten~ity factors at both 

the crack tips increase very slowly at the onset with increase in 

·the value of v/b but change rapidly and goes 
t 

to infinity as v/b 
1 

approaches unity.This fact becomes prominent as the layer thickness 

·.becomes large. 
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PROBLEM OF TWO COPLANAR GRIFFITH CRACKS RUNNING STEADILY UNDER 

THREE- DIMENSIONAL LOADING 

1.Int.roduction 

Yof f e < 1951 > · considered the 

fixed length at a constant 

elastic solid of infinite 

prob 1 em of propagation of a crack of 

speed through a stretched isotropic 

extent. In recent years, Yaffe's 

investigation was extended to include different types of materials. 

and different material geometries. Sih and Chen <1972) considered 

the problem of uniformly propagating finite crack in a strip of 

isotr·opic elastic material. Recently, Kassir and Tse <1983) solved 

the plane stress probl~m of a moving crack in an infinite 

orthotropic stressed medium by using integral transform technique 

and the same techniqu~ has been employed by De and Patra <1990) to 

solve Yaffe's problem in an stressed orthotropic strip of finite 

thickness. 

However all the problems mentioned above have been 

solved using dynamic equation of elasticity in two dimension. But in 

most instance, cracks are subjected to a state of stress that is 

triaxial in nature. Cracks problems involving three dimensional 

loading have generally not been attempted so far. 

Recently, Angel and Achenbac~ <1985) derived the 

elastodynamic stress intensity factor for three dimensional loading 

of a cracked haJf- space. Freund (1971) also solved the three 

dimensional problem of the oblique reflection of a Rayleigh wave 

from the edge bf a semi- infinite crack employing a Wiener- Hopf 

technique. The problem of a uniformly propagating finite crack in an 

elastic medium has been solved by ltou <1979> using dynamic 

equations of elasticity in three dimension. 

Regarding the dynamic crack problem, research has 

Published in " International Journal Of Fractw-e" Vol 56, 
pp 279- 298, 1992 
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been restricted m~inly to a single crack because of severe 

mathematical complexity encountered in finding the solution of two 

or more cracks. Recently Jain and Kanwal <1972) presented the low 

frequency solution of diffraction of normally incident longitudinal 

waves by two coplanar Griffith cracks in an isotropic elastic 

medium. They used the finite Hilbert transform technique dev·eloped 

by Srivastava and Lowengrub (1968) to solve the mixed boundary value 

problem. Using a completely different technique ltou <1980) solved 

the diffraction problem of 'elastic waves by two coplanar Griffith 

cracks in an infinite elastic medium. 

propagation of 

with uniform 

In this paper, we have considered the problem of 

two coplanar Griffith cracks propagating steadily 

velocity under three dimensional loading. The 

application of two dimensional Fourier transform reduced this 

problem to that of solving triple integral equations in which the 

double Fourier transform of the crack opening displacement appear as 

the unknown. I n an attempt to so 1 v e the pro b 1 em the trans f or me d 

surface displacement has been expanded in a series of a function 

which is automatically zero outside the cracks. f:'inally, Schmidt 

method <1978) has been employed to solve the integral equations 

The dynamic stress intensity factors and the crack opening 

displacement have b~en evaluated numerically for various values of 

crack speed and distance between the cracks • 

• 
2.Formulation of the problem. 

Let <X,Y,Z) be a fixed rectangular coordinate system. Two coplanar 

Griffith cracks of infinite length but of finite width located in 

the xz- plane, '£he z- axis being in the direction of the length of 

the cracks, are, assumed to be moving steadily with velocity U in 

the direction of X- axis. lt is convenient to introduce Galilean 

transformation x = X-UT, y = Y, z = Z, t = T where <x,y,z) 

represents the translating coordinate system shown in Fig.1. 

Referred to this moving system of the coordinate the cracks are 

assumed to occupy the positions b<lxl <a,y=O,I zl ~. 
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y 

Fig.1: Geometry and coordinate system. 
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The equations on motion in the absence of body force are 

(au• av• aw• (12 82 82 ) • 8
2 

u • ·a ) ( o .. +f.l )- + + + 1.1 + + -- u = p 
ax ax aY az a'J?" ay2 a?! aT2 

(au• • • ( 
(12 (12 

82 ) • 
2 • a av · aw ) a v 

(),.+1-J )- + - + + 1.1 + + -- v = p 
bY ax bY az ar ay2 az2 

· bT2 

(au• av• • 82 82 82 ) • 8
2 w • a aw ) ( ( 2. 1) o .. +i-J )- t + + 1.1 + + -- w = p --

az ax aY az ar i}y2 az2 8T2 

where • • • u 'v 'w are the displacement components, ),. and 1-l 

Using 

are Lame's 

constants and p is the material 

transformation 

X = X - UT, y = Y, z = Z, 

(2.1) reduces to 

(A +J..l >!!.__ (au + av 
ax ax ay 

iJw 
+ 

iJz 

(A+i-J)-- + iJ (iJu + av ow 
iJz 8y ax ay 

). + ~ ( 

<A+i-J>~ (au + av + 
{Jz iJx ay 

aw ) + 1.1 ( 
IJ:z. 

density. Galilean 

t = T 

<2.2> 

where u,v,w are the displacement components in the moving coordinate 

system so that 

• u <X,Y,Z,T> = u<x,y,z> 

• v <X,J,Z,T> = v<x,y,z) . -
w <X,Y,Z,T> = w<x,y,z> 

The stress components for the three dimensional problem are 



(A.+ '2/-l ) au + A. ( /Jv + aw ) , ( au 
+ 

av ) 0' = T = 
)( llx ay xy lly ox az 

(A.+ '2/-l ) av + A. ( au + aw ) ' ( aw + av ) 0' = T = y ay llx liz yz ay IJz 

<A.+~) 
aw 

+ A. ( av + au ) , ( iJu + ilw ) 0' = T = z az ay xz az ax ax 

The boundary conditions are 

0' 
y 

/2~-J = -p<x,z>, for y=O, ~lxl~b, I z I <oo, 

v=O, for y=O, I xl >b, I xl <a, I zl <a>, 

T = 0 = T 
yz' for y=O, I x I <a> , I z I <a> • xy 

3.Solution of ~he problem 

Using Fourier transformations viz. 

g ( < , Y , { ) = ro ro g ( X , y 
1 

Z ) e 1 ( ~ X +( z ) d X d Z , 

J -Q) J -Q) 

and 

g( X' y' Z) = ( 2n) -z ro ro· g (~ 'y' ( ) e -1 (~X+( Z) ~ d( ' 
J -Q)J -Q) 

<2.2> reduces to 

{ d
2 

2 2 2 ··} - 2 dv 2 -- - <a -M )~ - u 1 Ca -1 )~ Ca-1>~{w 
dy2 dy 

2 du + {azd" (1-11'>{
2

- ··} 
- 2 dw 

- i <a -1 >~ v - 1 (a -1 >{ 
dy dy2 dy 
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( 2. 3) 

( 2. 4) 

( 3. 1) 

= o, 

= o, 

(3.2} 



71 
with 

Due to symmetry given in <2.4>, we need to consider the 

region y~O only. The solutions of (3.2> in the region y~O can easily 

be found to be of the form 

- A 
-ii~Y 

B 
-&2y 

u = e + e 
~ ~ 

-· y -a2y 
A 

~ 
+ B v = e e 

2 2 

A 
-a~y 

+ B 
-•2Y 

w = e e a a 

where 

s = ~ ( 1 - M
2 

I cl > ~ 2 
+( 

2 
~ 

s = ~ < 1-M2>e2+z;2 
2 

and 

A = i.!; A Is ~, A = i( A Is , B 
~ 2 3 2 ~ 

The transformed stress components 

<3. 3>, (3. 5> and <2. 3) are 

T 
xy I 2,-J = 

T 12,-J = 
yz 

- i{ A 
2 

-li~Y 

e 

-li~Y 

e 

2 = - i <.!; B +{ B > Is 
~ 3 2 

o, 
X 

o, 
y T ' xy 

T 
yz 

(3.3) 

(3.4) 

(3.5) 

obtained from 

(3.6) 

Using the conditions (2.4.3) B and B can be expressed in terms of 
~ a 
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A as 
2 

-2i~ s A 
B 

2 2 = .. < 2 _Mz >~z+2{z 

-2i( s A 
B 

2 2 (3.7) = 9 <2 -Mz >~2+2{z 

Hence we find that all the components of stress and displacement can 

be expressed in terms of the unknown function A<{,(>. Now insertion 
2 

of <3.5> and <3.7> in v given in <3.3) yields 

where v is 
0 

Usi.ng (3.7) 

a 
X 

I 2J;J = v 

I 2J;J a = v y 0 

the 

and 

A = 
2 

v 
0 

transformed displacement on 

(3.8) we obtain from (3.6) 

0 
[ { c 2-~ >~ 2 +2(

2
} {2+M

2 
< 1-21cl >} 

2 -a i. y 

y=O. 

-at. y 
e 

2M
2

s .. 

[ { <2 -Mz )~2+2(2} e - 2 (~2+(2) s 
2~s { 2 2 

.. 

T 
xy 

12j.J. = t(v 
0 

T 
yz 

12j.J. 

<3. 8) 

-azy 

] ' 2s e 
z Mz 

-a2 y 

] , e 

~ez 

( 3. 9) 

Using the conditions (2.4.1> and <2.4.2> we obtain the following 

triple i~tegral equati6ns 

a I 2t-l = ( 2rr) -t. . j> G ({ , ( ) e -i{ x d{ = 
Y J_oo vo -p<x,(>, for a<lxl<b 



and 

v 
0 

= ( 21l ) -t roo v 
J -oo o 

with 

G<t;,(> = 1 

-is:< X I e "' d{ :: 0, for I x >b, lxl<a. (3.10) 

(3.11> 

Taking p<x,z) as the even function of x, the solution may be assumed 

as 

= 0 , f or OS. I x I <a , I x I > b , 

where c <{} are the unknown functions to be determined. 
n 

(3.12) 

Applying Fourier tranformation on (3.12) and 

using the result 

Jb [ -t{a+b -2x}J · · asin n cos. b-a cos<l;x>dx = 

we obtain 

where J () are Bessels functions. 
n 

(3.13) 

Insertion of the expression (3.13> in the first equation 

of (3.10> yields 

for a<x<b. (3.14) 
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Using the following re~ults [Gradshteyn and Ryzhik <1965)] 

cos(a~) J (a~·)~= 
• n 2 

= 

and 

I sin<a~) J (a~)d~ = J 0 • n 2 

= 

cos ( n&) 

J a2- a2 
2 . .. 

for a >a >O 
2 • 

an s 1 n ·< nrr I 2 > 
2 

sin<n&> 
for a >a >O 

2 • 

a" cos<nn/2) 
2 

where -· & = sin <a /a > 

in <3.14> we obtain, 

a+b-2x 
b-a 

• 2 

, for a >a >O, 
• 2 

, for a >a >O, 
• 2 

-p<x,{>, 

<3.16) 



where 

Lt 
z;-+ Q) 

G<l; ,( > 
e 
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(3.17) 

. G <{ { > G <6 { > -z since the function {' - 0 ' behaves as z; for large z;, the 

semi-infinite integral on the left hand side of <3.16> can easily be 

evaluated by Filon's method. 

To solve C3.16> for unknown coefficients c C( > we 
n 

adopt the Schmidt method <1958> and write (3.16> as 

00 

E c <(> F C(,x> = -f<(,x>, 
n=1 n n 

for a<x<b, (3.18) 

where F C(,x> and fC{,x> = p<(,x> are known functions. Let H <{,x>'s 
n n 

be a set of orthogonal functions which satisfy 

r: H C( , x) H C{ , x) d x 
n m 

= N 6 
n nm 

where 
·z 

H C(,x> dx 
n 

<3.19> 

Then H C(,x>'s can be constructed from the functions F C(,x> in the 
n n 

following way 

H <(,x> = 
n 

00 c 
'C"' i.n 
w c-

i = 1 nn 

F.<(,x> 
I. 

(3.20) 

with C. as the c:ofactor of the element e. of D which is defined 
1.n 1.n n 

as 



e~~,e~z······ •• ••• e~n 

0n"' e2~'ezz''"''''''''e2n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
e 

nn 
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b 

e. =J F <( , x > F. <( , x > d x. 
'Ln n '1. a 

<3.21) 

Now in terms of the set of orthogonal 

function -f<{,x> can be expressed as 

functions H C{,x>, 
n 

the 

00 

- f<(,x> = E h. H. ( z:' X) 
i = 1 '1. 1. . 

(3.22) 

Substituting values of H <{,x> from (3.20) into .<3.22), we obtain 
n 

from (3.18> after some rearrangement 

00 co 
E c <{ ) F <{ ' X) = 

n= 1 n n . 
E 

n=1 
F ({ , X) 

n 

Q) c 
ni. 

E h. c 
i =n ·1. i.i. 

(3.23> 

Comparing the coefficients of F <{,x> from both sides of (3.23> we 
n 

f 1 nd 

where 

c = 
n 

h = 
i. . 

Q) c . 
E h m 

i=n i. ci.i. 
(3.24) 

1 Jb - f(( x> H.<(,x> dx 
Ni. a ' 1. 

(3.25) 

4.Stress intensity ~actors and crack opening displacement 

To evaluate the stress intensity factors at the vicinity of the 

crack ends we put x=b+rcose. y=rsine for the stress intensity factor 

at the outer edge and x=a-rcose, y=rsine for the stress intensity 

factor at the inner edge. 

= 0 

The required stress oe given by 

X 
cos2 e - 2T sine cose 

xy 

is to be evaluated for small values of r. 

( 4. 1) 
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· ( b-a ) Using asymptotic values of Jn -z- { f o r 1 a r g.e v a 1 u e of { , 

we obtain 

(2n+ 1) cos~ rr n 
[cos ~{stn<b-x>~-

J 4rr{ < b- a> 

sin<x-a){ 

+. (cos<x-a>~ - cos<b-x>e)tan(2"~ 1)} nn { sin2 cos(b-x>{ + cos<x-a>~ + 

+(sin<x-a)~ + sin<b-xH;)tan(2"~ 1)}]· 

Further using the following results [Gradhsteyn and Ryzhik <1965)] 

r ~-1 
J 0 X 

e 

e 

-{1x 
sin<ox) dx = 

-{1x 
COS(OX) dx = 

it is found that for small values of r 

J: -J 1-q
2 

{y [a+b nrr] ( b-a ) e sin -r ~ - 2 Jn -r { cos<{ x > d{ = 
0 

[cos<nn/2) 

0 + O<r >,for x>b 

(
2n+1) 

CDS --4- ~ 
X 

J 4r <b-a> 

(4.2) 



r-· 
\ 

= 
(2n+1) co~ --4- ~ 

~4r(b-a) 
[cos ( nn /z > 

C-1)ncose+ J1-q2 sin2 e 
2 2 

1 -q s 1 n e 
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-<-Uncose+ J 1-q2 sin2 e] o - sin ( nn /2) + 0 < r > , for x <a (4.3) 
2 2 1 -q sine 

and 

(
2n+ 1) cos --

4
- rc 

J 4r <b-a) 

X 1
0 

e-~ 1-q
2 ~ Y [a+b nrc] ( b-a ) J 0 sin ~ ~ . - 2 J n ~ ~ sin <e )( ) d~ = 

[cos ( nn /2) 

\ 

n I 2 2 
- (-1) cose+ -41-q sine -sin<nrc/

2
) < - 1 >nco se + J 1 - q 

2 
s i n 

2 
e] 

2 2 

= 
(2n+ 1) cos --

4
- rc 

!4-r<b-a> 

+ sin (nrc /2 > 

2 2 
1 -q sine 1 -q sine 

0 + O(r >,for x>b 

[ 

n r 2 2 
· -(-1) case+ -41-q sine cos ( nn /z ) 

2 2 1 -q sin e 
+ 

0 
+OCr >, for x<a 

( 4. 4) 

( 4. 5) 

Inserting <3.13) into <3.9) and taking inverse Fourier transform of 

(3.9> we obtain the stress intensity factor at x=b with the aid of 

<4.2)-(4.5) as 

(2n+ 1) = E _cos --4- n [ 

n=1 J b - a 

+{ 2 2 2 Q~ <2+M (1-2/at >>sine-

2M2J1-M2/cl 



- < 2 - M >cos e + 2 2 } 2~ 1-~ cos 2e Q + 
M2 2 

X -21t_1 roo 
J-co 

c < () e- i( z d( 
n 
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2-M
2 

] Mz < P £- P 
2 

) s in2e x 

and also the stress intensity factor at x=a is found to be 

x -2n_1 l 
J-co 

where 

and 

(2n+ 1) · = E cos --4- n[ 
n= 1 J b - a 

- iY Z c ( () e .., d( 
n 

qj, = J 2 -z 2 1-M <X sine 

q2 = ~ 1-M
2 

s i n
2

e 

(4.6) 

(4.7) 
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lt is to be noted that in <4.6> e 

-:~. = tan yl<x-b> whereas in <4. 7> it 
-, . 

is given bye = tan y/(a-x>. 

Taking Fourier inversion of (3.12> we obtain the crack 

surface displacement as 

v <x, z> 
0 

00 

= E 
n=1 

c <( > e- i( z d( 
n 

for ~lxl~b (4.8) 

5.Numerical discussions 

ln order to evaluate ~he stress intensity factors and crack surface 

displacement we take the function p(x,z> as 

where d governs the distribution of the applied for·ce and P is a 

constant. Numerical calculations have been done taking. k=~ and d=1. 

The semi infinite integral in (3.16) is evaluated by Filon~.s method 

as the integral converges rapidly because of the rapid dec~y of the 

function 

{
G<<,i2 _ G<o,(>} 

~ 15 

with the increase in ~· Adopting the first seven terms of the 

infinite series· given in the left hand side of <3.18> we used the 

Schmidt method to determine the coefficients c <( >. For the check 
n 

7 
of accuracy the va 1 ue of E 

n=1 
c (( ) F <( ' X) /Pb 

n n 
and -f<(,x>/Pb are 

given in Table 1 fdr (b = 0.0, 0.2, M=0.4 and for alb = 0.3, 0.4. 
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Table 1. 

7 
(b a/b x/b I: c C( >F C(, x)/Pb -f((,x)/Pb 

n= 1 n n 

0.3 -3.140993 

0.4 -3.140995 

0.5 -3.140993 

0.3 0.6 -3.140996 

0.7 -3.140991 

0.8 -3.140994 

0.9 -3.140993 

1.0 -3.140992 

0.0 -3.140994 
0.4 -3.140995 

0.5 -3.140994 

0.6 -3.140994 

0.4 0.7 -3.140994 

0.8 -3.140994 

0.9 -3.140995 

1.0 -3.140994 

0.3 -2.572111 

0.4 -2.572113 
0. 5 . -2.572111 

0.3 0.6 -2.572116 

0.7 -2.572110 

0.8 -2.572113 

0.9 -2.572108 

1.0 -2.572106 

0.2 -2.572113 

0.4 -2.572114 

0,;5 -2.572114 

0.6 -2.572114 

0.4 0.7 -2.572113 

0.8 -2.572113 

0.9 -2.572113 

1.0 -2.572113 
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Table 2. 

c <( ) ••••••••••.•••••••• c <( ) 
2 . . . . .... -7 -. ···•··· ...... ,., .... ,, ...... =·· .. ··· 

0.0 -o. tss87tx to'" 
4 -a 

-0.923569x10- ..••..... -0.759039x10 

0.2 -0. 135194x 10'" -0.734980x10-4 

0.4 -0. 109342x 10'" ~0.556495x10-4 ••••••••• 0.357814x10-6 

................................................................. 

.............................. · .................................. . 
-a -? -5 

3.0 --o~ 578-184>< 10 - .. ---0. 601254x10. • e • f • .. • ' • ' 0.114694>;1·0 ,. 

4.0 -0.182994x10-a 0.883491x10-7 ......... 0,659423x10-6 

5.0 -0.573139x10-4 0. 489839x 1 o'-? ......... 0.342023x10-6 

9.6 0.366305x10-5 -0. 816894x10-8 -0.907244x10-7 

9.8 0.362848~10-5 -0. 829789x 10 -a -o.9387s9x1o-7 

10.0 0.358409x10:-5 -a -0. 843117><10 . 
-? 

.. 0. 967438x1:·0 ... 

From Table 1 it is clear that the Schmidt method is 

carried out satisfactorily. The values of c <(> are given in Table 2 
n 

for M=0.4, alb =0.4. 

The variation of stress intensity factor at the outer edge 

and at the inner ed~e with M is shown in Fig.2. and F(i~a: 

respectively for e = 0°,18°,36° and a/b = 0.2, 0.3, 0.4. Flg.2 

depicts the fact that the value of stress intensity factor at the 

outer edge decreases with the increase ·in the values of alb, whereas 

from Fig.3 it is evident that the stress intensity factor at the 

inner edge is of an opposite character. It increases with the 

increases in the values of a/b. 

The v a r i a ti on s of s t res s i n tens i t y f acto r s b o t h a t the 

inner edge and outer edge with z have been presented in Figs. 4-7 

for different values of alb, M and e. The values of the stress 

intensity factor in. all the cases are found to decrease gradually 

with the increase in the values of z, which is expected from 
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physical stand point. 

The variation of stress intensity factor corresponding to 

the circumferential stress o
9 

given by <4.1> with e at both the 

crack tips has been shown in in Figs. 8-12 for different values of 

a/b and M. 

It is known that there are 

contribute to crack curving and branching. 

several factors which 

One factor, of course, is 

based upon the criterion that a crack may propagate in a direction 

normal to the maximum tensile stress and it is interesting to note 

from Fig.B and Fig.lO, there is the possibility of curving and 

branching of the cracks at the outer edge at very low velocities of 

the cracks whereas from Fig.9, Fig.11 and Fig.12 it is clear that 

for a/b = 0. 3, the crack tends to become curved at the inner edge 

for values of M about 0.65. 

Finally the crack opening displacement in the plane z=O 

has been shown by means of graphs in Figs. 15-16 for different 

values of a/b and M. The variation of crack opening displacement 

with z for some fixed values of M and a/b has been depicted in 

Figs.13-14. 
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THREE CO-PLANAR MOVING GRIFFITH CRACKS IN AN INFINITE ELASTIC MEDIUM 

1. Int-roduct-ion 

In fracture mechanics, scattering of elastic waves by cracks· of 

finite dimension in an infinite elastic medium has been investigated 

by several investigators.The problem of scattering of elastic wave 

from an interface crack was solved by Bostrom <1987>. Srivastava et. 

al. <1980> solved the problem of interaction of anti-plane shear 

wave by an interface crack. The problem of diffraction of Love waves 

by a crack of finite width in the plane interface ot a layered 

composite has been solved by Neerhoff <1979>. ltou <1980> solved 
" 

problem of diffraction of anti-plane shear wave by two co-planar 

Griffith cracks in an infinite elastic medium. The scattering of 

time harmonic normally incident plane wave by two co-planar Griffith 

cracks was solved by Jain and Kanwa l < 1972 >. I tou < 1978 > a 1 so so 1 ved 

the problem of stress concentration around two co-planar Griffith 

cracks in an infinite elastic medium. Yaffe <1951> considered the 

problem of propagation of a crack of fixed length at a constant 

speed 

extent. 

through a stretched isotropic 

The problem of diffraction of 

elastic solid 

horizontal shear 

of infinite 

waves by a 

moving interface crack has been solved by Nishida et. al. <1984). 

Recently Kass(r and Tse <1983) have solved the plane stress problem 

of a moving Griffith crack in an infinite orthotropic stressed 

medium by using int~gral transform technique and the same technique 

has been employed by De and Patra <1990> to solve Yaffe's problem in 

~ stressed orthot~oplc strip of finite thickness. 

As regards 

restricted mainly to the 

the crack problem, 

case of single crack 

research has 

or a pair of 

been 

cracks 

because of se~ere mathematical complexity encountered in solving the 

problems of three or more cracks. Recently, Dhawan and Dhaliwal 

<1978)solved the statical problem of determining the stress 

distribution in an infinite transversely isotropic medium containing 

three co-planar cracks 

Published in" International Journal Of Fracture" Vol 59,pp 291-306, 
1992 
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To the.best knowledge of the author, the problem of 

stress districution around three co-planar moving Griffith cracks in 

an infinite isotropic elastic medium has not been investigated so 

far. In this paper, two cases regarding stress. distribution around 

three co-planar Griffith cracks in an infinite homogeneous, 

isotropic medium }\ave been investigated. In the first case, cracks 

are assumed to be moving steadily along a fixed direction with 

constant velocity V. In the second case, the statical problem of 

determining the stress and displacement in an infinite homogeneous, 

1 sotrop i c med i urn weakened by three co-p I anar Griffith cracks has 

been considered. Using Fourier integral transform both the problems 

have been reduced to solving a set of four integral equations. 

Employing finite Hilbert transform technique <1968) and Cook's 

result (1970> the integral equations have been solved to derive 

crack opening displacement and stress intensity factors which are 

presented in the form of graphs. 

2. Statement Of' Problem I And Its Formulation 

Consider an infinite homogeneous isotropic material weakened by 

three co~planar Griffith cracks, moving steadily at a constant 

velocity V in the X- direction referred to a fixed coordinate system 

<X,Y,Z> as shown in .the Fig 1. In absence of body force equations of 

motion in terms of displacement are 

()..+2,u>[ u + v ] + .u [ u v ] = p u ( 2. 1) 
,)f.'U ,xv ,vv ,xv 1 TT 

()..+2,u>[ u + v l + .u [ v u ] = p v (2.2> 
,xv ,vv •"" , XV 1 TT 

where u,v denote the displacement components in X and y directions 

and Ao/-l are Lame's constants and u represents .partial derivatives 
'" of u with respect to X. 

~. For cracks moving with constant velocity V in 

the X- direction it is convenient to introduce the Galilean 

transformati-on 



y 

-c 

z z 

y 
VT-~) 

( ) 

b c 
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X = X - VT, y = Y, z = z, t = T (2.3) 

where <x,y,z) represents the translating coordinate system as shown 

in Fig 1. 

Let the positions of the co-planar Griffith cracks referred 

to translati~g coordinate <x,y,z) be -a<x<a, ~c<x<-b ,b<x<c on y=O. 

In the moving coordinates, The equations of motion <2.1) 

and <2.2)become independent of time and take the form 

(A.+2,u- p-?)u + (A.+~-J)V + 1-JU 
, XX 'xy 'yy 

= 0 

<2.4) 

The cracks are assumed to be moving steadily in an infinite 

medium subjected to a homogeneous stress such that the state of 

stress at infinity is given by 00 00 
Cl = p, Cl 

yy XX 

00 = ·a 
xy 

'= 0. 

For symmetry about the x- axis, only a half plane need be 

considered. 

The state conditions at y=oo can all 

superposing the simple static problem 00 
Cl 

YY 
= -p, 

be made 
00 

Cl 
XX 

00 = Cl 
xy 

zero by 

= 0. 

The boundary conditions of the resulting dynamic problem are 

in terms of moving coordinates. 

v = 0 

Cl = xy 

Cl = yy 

, 
0, 

- p, 

y=o, aS I xl!:ib 

I xI <oo 

lxl<a, b<lxl<c 

( 2. 5) 

In view of the symmetry of the proposed problem with respect to y~ 

axis, we introduce 

uscz;,y> = J:u<x,y) sino;x> dx 
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-v <e, Y > = J:v<x,y> cos<ex> dx 

c 

and u<x,y> 2 r: u <e, Y > sin <e)() de = Tr s 

v<x,y> 2 J: v c <e, Y > cos<{x> d{ = -Tr 

in equation <2.4> so that equations given by <2.4> reduce to 

IJ.U s,yy - e2 
<A.+2f.i - P~ >u = o s 

<A.+2J.J>v + e <A. +f.i >'u 2 2 -
0 - e <~-i - pV ) v = c,yy s,y c 

Elimination of u from (2.6) yields the s 
differential equation 

where M = V/c , k = c /c. 
2 2 j, 

( 2. 6) 

following ordinary 

<2.7) 

The solution of the differential equation given by <2.7>, 

for y ~ 0 , is 

v <e , y > =. A<{ > e c 
-e <2.8> 

where the unknown functions A<{> and B<{> are to be determined using 

the boundary conditions of the proposed problem. 

Employing (2.8> in equations <2.6> it can be shown that 

u <e , Y > = s 

Therefore, the stress components given by 

y~O <2.9) 



become 

o <x,y)= 
yy 

o - A,.(u ·+ v > + 2J.,Jv 
yy ,x ,y ,y 

0' = J,J(U + V ) 
xy 1 y 1 x 

104 

<2.10) 

.cos<~x> d~ 

"'•y<x,yl=- ~J:{[2A<{>e- {yJl-M"k
2

+<2-M">B<{le- {yJl-M"]sin<{xld{ 

(2.11) 

with 

:;::;2 I[ A<~> e 
u<x,y>= .. Jo 

0 J 1- M2 k2 

and 

2J[ ~yJ1-~k2+ B(~)e- ~yJ1-M2 ]cos(~x) d~ v<x,y) = rrJo A<t;> e .., .., .., (2.12) 

On account of ~ymmetry with respect to y-axis the boundary 

conditions <2.5> can be rewritten as 

v(x,O>= 0 , 

o <x,O> = O, 
xy 

o <x,O> = - p, 
yy 

x e I , I 
2 .. 

0( x (co 

x e I , 1 
t. a 

where 1 = <O,a>, 1 = <a,b), 1 = <b,c>, I = <c,co> 
1 2 a • 

(2.13) 

<2.14) 

(2; 15) 
.. ' 

Using the condition <2.14) in (2.11.2) it is found 

that A<e>,B<e> are related by 

8(~) = - 2 A<~> 
2- ~ 

With the help of the boundary condition (2.13), equation 

reduces to 

<2.16) 

(2.12.2> 



J: A ('~ ) cos (~ X ) d~ = 0, x e I , 1 
2 "' 
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(2.17) 

Substitution of <2.11.1) in <2.15) yields with the aid of <2.16) 

where 

fa~ A(~)cos<~x> ~ 

p = p 
K' 

= Pre 
2~-J , x e 1 , I 

1 3 

3.Method Of Solution 

<2.18) 

In order to solve the set of four integral equations given in 

equations <2.17) and (2.18) let.us take 

1 Ja ·1 Jc A<~ > = f 
0 

h < s) sin<~ s > d s + f b g < t
2 

> sin<~ t > d t ( 3. 1) 

where h<s> and g<t 2 > are unknown functions to be determined from the 

boundary conditions. 

Inserting the value of A<{> from equation <3.1) in 

equation <2.17) and using the following result ( Gradshteyn and 

Ryzhik <1965)] 

sin<l;x>cos<{y> d~ = 
~ 

'{ n

0

,!z, 
TC/4, 

x>y>O 

x=y>O 

y>x>O 

it is found that th1s choice of A<{> leads to the equation 

(3.2) 

Further substitution of A<~> from equation <3.1) in (2.18.1) and use 

of the result (Gradshteyn and Ryzhik <1965>1 



j sin<{ x >sin<{ u > d~ __ 1 I u+ xI Jo e .. 2 log u-x 

yields 

Rewriting this equation as 

J: h < s ) 1 o g I : ~ : I d s = rr F ( x ) , 

where F<x> = 

and using Cook's result <1970) it is found that 

2 s ---
rr ~ a2-

where the result 

r: 
has been used. 

rrP 
1-J 

x. E I 
:l 

1 
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X E I 
:l 

(3.3) 

Substituting the value of h<s> from (3.3> in <3.1> 

and using the resulting value of A<{> in the boundary condition 

<2.18.2> and using the results 

and 1 -

J .. ~ .2]' 

1 

for x e 1 
3 
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it shown that 

2 
is solution of can be g ( t ) ' the singular integral 

equation 

J: ~ t2- 2 nP a g ( t2) dt = 1 
2.1-J 

, )( E 
t2- 2 3 

)( 

Using finite Hilbert transform technique (1968> the solution of this 

integral equation is obtained with the aid of the result 

= 

as 

1l 

2' 

t c .. 

for x e 1 
3. 

(3.4) 

the constant C is to· be determined using the condition given by .. 
equation (3.2). 

Next substituting the value of g<t2 ) from <3.4) in equation <3.3) 

and finally using the following results 

Jb

c ~ t dt 

~~ (t2- 52) 
=;[1-f:g] 

c- s 

J: t dt 

h<s> is derived in the form 

= 

s c 
i 

1l 

Now insertion of (3.4) in condition (3.2> yields 

for s e I .. 

( 3. 5) 
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where 

c = 
1 

F < ¢, 1 > and E <¢, 1 > are 

second kind respectively and 1 

The relevant displacement and 

elliptic integrals of first 

=f:g 2 2 c- a 

stress components in the 

crack can now be shown to be given by 

v<x,O> = r: h<s> ds , OSxSa 

:: J: g ( t2) dt , b:S x:S o 

and 

[ 
0 yy < x ' 0 > ] a < x < b 

21-lK [I: sh<s ) 

ds - J: tg<t 2 > dt] = n 2 2 t2 2 
X - S - )( 

[ o <x,o>] > 21-lK [I: sh<s ) 

ds + J: tg<t 2
) dt] = 

yy X C n 2 2 )(2- t2 )( - s 

Insertion of the values of h<s> 2 and g < t > 

( 3. 6) 

kind and 

plane of 

<3.7> 

<3.8) 

as given 

by the equations <3.5) and (3.4> in the expressions <3.8> yields 

after some algebraic manipulation, 

[ 0 yy ( X ' O ) ] a ( X ( b = 

[ C1 ( X, 0 >] ) 
yy )( c 

= 

where 

[ 
F <x>-F <x>+F <x>-F <x>-F <x>] 

1 2 3 5 6 

[ 
F <x>-F <x>+F <x>-F <x>+F <x>] 

1 2 • 5 6 . 
(3.9) 
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rr 

I: [ p 2u
2

- b
2

-
2 

] 
g <u,x> 

F (X) ( c2 -bz) c c :l 
du = 

2 i-J .. b2 2 2 2 
- u c- u 

I p [J~- 1] 
c .. J F ( X ) = + :l no 

9,4 ~ C- X ~ ( 02- )(2) (b2- dc2
-

2 
a 

t a·n -1j _<_c_2 ____ x_2_>_<_v_2 ____ b_z_>] d v 

( bz _ x2 ) ( 0 2 _ vz ) I 
i < vz _ a2 )9 

tan 
-1 (u2- b2) ( x2- c2.> 

a
2C I: (c2- uz) ( )(2- b2) 

F ( X ) 
:l = 

<S 

~ ( 02_ xz) ( bz _ )(2) J ( u2- a2 )9 

g Cu,x>= 
u 

u•J 
-1 u 

sin <- > 
X 

tan 
-1 

a 
:l ~ ( b2- ~ xz-uz) ( cz- 2 

a 

The dynamic stress intensity factors are given by 

N = Lt a 

N = 
c 

x -+ a + 

Lt 
X -+ b -

Lt 
X -+ c + 

J2<"x-a> [ o- <x,o>] 
YY a<x<b 

~ 2<b-x > 
[ 

0' (X, 0 )] 
YY a< x <b 

~2<x-c> [ o- <x,o>] 
YY x>c 

du 

( )(2- az) u2 ] Caz- uz) xz 

(3. 10) 

(3.11} 
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Employing <3.9) in <3.11) it can be shown that 

~~ E<nlz, I) 
N = a bz-'- a2 F (n /2, 1 ) 

p~ [ 
ECn:/2, l > 

- <b2-a2>] 2 2 
Nb = <c.-a ) 

J ( c2- bz ) ( b2- a2) F(n:/z, 1) 

~~[1- ECn:/z, 1) ] N = c cz- bz F(n:/z, l) 

2 Now using the values of h<s> and g<t > from (3.5) and (3.4> in the 

expressions given by equations (3.7) displacement on the cracks are 

obtained as 

[v<x,O>]b· < < 
-X-C 

where 

2 [E<n:lz,l) E<(3,1>] 
a F <(3, 1 ) -

F C n Ia , 1 > F <(3, 1 > 

a
2 FC:>.,I>[ 

E <:>..., 1 > E(n:/z, 1 > ] 

FCn:/z, 1) F <:>..., 1 > 

sin:>.. = ~ ·and 
~~ 

It is ·interesting to note that the crack opening displacements 

depend on the crack velocity V but in the plane of the cracks th~ 

stresses and stress intensity factors are independent of the 

velocity of the moving cracks in an infinite elastic medium. 
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4.Statement ot Problem II And Its Formulation 

In this case, consider an infinite homogeneous isotropic material 

with three coplanar Griffith cracks, located at Y=O,-~~a, b::SIXI::Sc 

and subjected to uniform internal pressure q. In absence of body 

force equation of equi I ibrium in terms of displacement are 

(;>.. +~) [ u + v ] t 1-l [ u v ] = 0 ,MM ,MY ,YY ,MY 

and <A.+~) [ u + v,VY ] + 1-l [ v u ] = 0 ( 4. 1 ) 
,MY ,MM ,MY 

Since the problem exhibits a state of symmetry about y = o, 
attention can be given to a single half-space occupying the region 

y~ 0. 

The equations <4.1) are to be solved subject to the boundary 

conditions 

v<X,O> = O, 

o <X,O> = 0, MY 

o <X,O> =- q yy 

<4.2) 

-Q> < X < Q) <4.3) 

I XI ::Sa, b::S I XI::Sc ( 4. 4) 

In view of the boun~ary conditions, appropriate integral solutions 

of equation <4.1> are 

and v <X, Y > = ~ r: [ C <{ ) + Y D <{ >] e- { y cos<{ X) d{ 

Therefore, 

o <X,Y> = yy 

( 4. 5} 



o <X,Y> = 
XV 
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(4.6) 

It ma>' be noted that the displacement and stress 

components given b>' <4,5> and <4,6> can not be derived from the 

corresponding expressions of the d~namic problem given in <2.11) and 

<2.12) on setting M = 0. 

The functions C<{ )and D<{) are to be determined from 

the boundar~ conditions <4.2>-<4.4>, which ~ield 

C<{> = 

and the following set of four integral equations 

J: c < e > co s < { x > d{ 

where 

= o, X e I , I 
2 4 

Q.n = X E I ' I 2J..J' 1 a 

(4.7) 

( 4. 8) 

(4.9) 

n = <>..+ 2J.~) q and I (j=1,2,3,4> are the intervals defined 
"" 2<>--+J.i) j 

earlier in problem r. 

5.Method 0£ Solution And Quantities 0£. Physical Interest 

Integral equations given b~ (4.8) and <4.9> are fo~nd to 

be the same as given b>' equations (2.17> and <2.18> with the 

exception that P is replaced b~ Q. Therefore, the same technique as 

that used in problem I ·can be emplo~ed to obtain 

2 [E <n /z, 1 ) E <(1' , I >] 
a F <{1' , 1 > -, 

FCn/2, 1 > F<~', 1 > 



[ 

E (A, I , 1 ) 

( v < X , 0 >] b~ ~ c = _9: ~ c 
2 

- a 
2 

F CA.' , 1 ) 
~ . F<A-',1> 

E Cn /z, 1 > ] 

F<nlz, I> 

where siAA' • ~ and slfV'' = J::=; . 
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( s. 1) 

Stresses in the regions a<X<b, X >c· are found to be the same 

as that given in (3.9>, the only change being that P is to replaced 

by, Q. 

6.Numerical Results and Discussions 

Numer·ical results for the stress intensity factors and crack opening 

displacement, defi'ned as f1v<x,O> + -= v<x,O >- v<x,O >, for different 

values of the parameters and A = 1-l are presented in this section. 

Numerical calculations have been carried out 

and static problems. As the crack velocity 

wave velocity, it is reasonable to take the 

0.9194 . 

for both the dynam 1 c 

is less than Rayleigh 

value of M less than 

Problem 1: Variations of crack opening displacement for different 

values of crack speed, crack lengths and the separating distance 

between the crack~ have been plotted in Figures 2-4. lt is 

interesting to note from the Fig.2 that crack opening displacement 

on both the cracks decreases with the increase in the value of M at 

the onset and takes its minimum value at M=0.7415 ,after which it 

increases with the increase in the value of M. lt has also been 

depi~-:ted in figures 3-4 that on each of the cracks,crack opening 

displacement decr~ases as the crack length decreases. 

I t has been mentioned earlier that the stress 

intensity factors at the crack tips are independent of crack speed 

and are found to depend on the crack lengths and the separating 

distance between the cracks. Variation of stress intensity factors 

with alb for different values of c/b, and that with b/a for 

different values c/a are plotted in Fig.S and Fig.6 respectively. 
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It has been found form these graphs that when the 

separating distance between the'inner crack and outer pair of cracks 

decreases the variations of stress intensity factors at the tips x=a 

and x=b become more prominent than that at the edge x=c. Fig. 7 

shows that the stress intensity factors at the edges of the inner 

crack and outer pair of cracks indreases as the length of the outer 

pair of cracks increases keeping the separating distance between 

the inner crack and cuter pair of cracks fixed. 

Problem II: Fig.S shows the variations of crack opening displacement 

for different values of the parameters alb, c/b, They exhibit that 

cracl< opening displacement on a crack of fixed length increases with 

the increase in the length of the other crack as expected from 

physical. stand point. 
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THREE CO-PLANAR MOVING GRIFFITH CRACKS IN AN INFINITE ELASTIC STRIP 

1. Introduction 

In fracture mechanics, the problem of diffraction of elastic waves 

by cracks of finite dimension in a strip of elastic material· has 

been investigated by several investigators. Sih and Chen <1972) 

investigated the problem of propagation of a crack of finite length 

in a strip under plane extension, Closed-from solutions for a finite 

length crack moving in a strip under anti-plane shear stress was 

obtained by Singh et. al <1981>. Using finite Hilbert transform 

technique deve I oped by Srivastava and Lowengrub < 1968), Lowen grub 

and Srivastava <1968) solved the statical problem of distribution of· 

stress and displacement in an infinitely long elastic strip 

containing two co-planar Griffith cracks. 

As regards the crack problem, research has been restricted mainly to 

the case of a single crack or a ·pair of cracks because of severe 

mathematical complexity encountered in solving 'the problems of three 

or more cracks. Recently, Dhawan and Dhaliwal <1978) solved the 

statical problem of determining the stress distribution in an 

infinite transversely isotropic medium containing three co-planar 

Griffith cracks. 

To the best knowledge of the author; the problem 

of ~tress distribution around three co-planar moving Grlftlth cracks 

in an lnfinite elastic strip has not been in.vestigated so far. In 

this paper, the problem of propagation of three co-planar Gr·itfith 

cracks in a fixed direction with constant velocity V in. an 

infinitely long but of finite width elastic strip has been 

considered. Employing Fourier integral transform the problem,when 

the 1 a tera 1 boundar 1 es are subjected to shearing s tress, has been 

reduced to solving a set of tout iritegral equations which are solved 

using finite Hilbert transform technique and Cook's result <1970> to 

derive the exact form of stress intensitY, factors and crack opening 

displacement. Numerical results for stress intensity factors are 

Published in " Archives Of' Mechanics" Vol 44, pp 465- 476, 199~. 
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presented graphically to show its variations with crack spee~, crack 

lengths and the separating distance between the cracks. 

2. Statement ~ The Problem 

Consider an infinitely long elastic strip occ~pying the region 

-hSYSh ,weakened by three co-planar Griffith cracks moving steadily 

at a constant velocity V in the X-direction referred to a fixed 

coordinate system <X,Y,Z> as shown in the Fig.!. 

In dynamic problem of anti-plane shear, the 

non-vanishing component of displacement W directed in the 

Z-directlon satisfies the equation of motion 

w ,xx + w 
1 YY = w 

,TT 
( 2. 1) 

:1./2 
where C =(~/p) is the shear wave velocity, p is the material 

2 

density and W represents partial derivatives of W with respect to ,x 
X~ 

For cracks moving with constant velocity V in the 

X-direction it is convenient to introduce the Galilean transformation 

x = X - VT, y = Y, z = Z, t = T 

where ( x, y, z) represents 

system as shown in the Fig.!. 

the translating 

(2.2) 

coordinate 

Let the positions of the co-planar Griffith cracks referred to 

coordinate <M,y,z> be -c<M<-b, -a<x<a and b<M<c on y=O, and let the 

uniform shearing stress p be apllied to the lataral boundaries y = ± 

h of the strip. The equivalent problems involves the application of 

shear stress -p to the crack faces at y=O. Accordingly, the boundary 

conditions of the proposed problem are 
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cY <x,O> = -p, 
yz 

cY <x,±h> = 0, 
yz 

W<x,O> :: 0 , 

jxj<a, b<jxj<c 

-oo< x <oo 

a<l xl <b, I xl >c 
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<2.3) 

(2.4) 

(2.5) 

In the moving coordinate S¥stem , the equation of motion 

becomes independent of time and takes the form 

sz w + w = 0 <2.6> ,xx ,yy 

with. 

s :: !1 Vz/Cz 
2 

<2.7) 

Due to the symmetry about x-z plane we need to consider the region 

O<y(h only. ~ntrodu~ins the Fourier transform 

W <{ ,y>=r<»W<x,y>cos<{x>dx 
c Jo -

<2.8> 

in equation <2.6>, tho solution of equation C2.6> is obtained as 

with 

o <x,y> 
yz 

<2.9) 

(2.10) 

Using the expression for cY <x,y> given in C2.10> in equation <2.4> 
yz 

it has been found that 



:0:·. 

c (~) = 
~ 

where the unknown function C<~) is to be determined. 
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From conditions <2.3) and <2.5) it is determined that C<{> 

satisfies the following quadruple integral equations 

and 

roo ec<e )th({hs)cos<{x>d{ = J 0 . 

roo C<~>cos<{x)d~ = 0, Jo 

np 

2,us 
, X E I , I 

~ 3 

X E I , l 
2 " 

where 1 =<O,a), 1 =<a,b), 1 =<b,c), 1 =<c,oo> 
~ 2 9 4 

3.Me~hod Of Solution 

(2.11) 

<2. 12) 

In order to solve the quadruple integral equations given by 

equations (2.11> and <2_.12>, let us take 

1Ja 1Jc · CC{ >= f O h<u>sin<t;u>du· + l; bgCv.
2

>ch<ev>sin<{v>dv ( 3. 1) 

2 . 
where h<u> and g<v > are the unknown functions to be determined from 

the boundary conditions of the proposed problem. 

Substituting the value ot co: ) given by(3 .. 1) in <2. 12> 
l 

and using the well known result 

00 n/2, x>y>O ) l sin<{x>cos<~y> dl; = n/4, x=y>O 
0 ~ 

0, y>x>O 
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it is found that this choice of C<~> leads to the condition 

Rewriting equation <2.11.1> as 

~x· r: C<~>th<{hs>sin<~x>~ = np 
21-Js 

, X E I • 

<3.2>. 

( 3. 3) 

and inserting the value of CC{ > from equation (3.1> in (3.3> it is 

found that h<u> is. the solution of the following singular integral 

equati.on 

J
a sh<ex>+sh<eu> 

h<u>log_ du = 
· 0 sh<e;c>-sh<eu) 

nf<x>, x E I • (3.4) 

with f.<x> = Jox [E..,~ ~Jc eg<vz>ch<ex' >sh<2ev>dv]dx' 
1-fS n b sh2 <ev>- sh2 <ex'> 

where the following result CGradshteyn,LS. and Ryzhik;LM.<196S>l 

has been used 

J: 
sh<ex>+sh<eu> 

. thC{hs>sinC{x~sin'C{u>d{ =}log 
0 . . sh<ex>-sh<eu) 

n 
e = 2hs 

<3.5) 

Now using the Cook's result <1970>, the solution of (3.4) has been 

obtained with the aid of follow~ng result 

Ja !sh
2

<ea>-sh2 <ex> e ch<ex> dx· = 
2 z 2 z 0[sh <ex>-sh <eu>j[sh <ev>-sh <ex>l 

fT 

2shCev> 

!sh
2

Cev>-sh
2

Cea> 

sh2 (ev>-sh 2 <eu> 

tor u e 1 and v e 1 , 
• 3 
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[ 

ar 2 2 · 
h < > ='--;=-=e=s=h=< =2=e=u=)==- LJ i s h < ea > - s h < ex > d x + 

U 1<4S 2 _ 2 
n~ shz <ea>-shz <eu> . 0 sh <ex> sh <eu> 

cf z · 2 

J sh <ev>-sh (ea)x 
2 2 

b sh <ev>-sh <eu) 

(3.6) 

Substituting the resulting value of C<{ >, obtained using equation· 

<3.6> in equation (3.1>, in condition <2.11.2> and making use of 

the following results 

J
a 2 

e sh ~eu>ch<eu> du . . 

0 2 2 2 2 ~ 2 2 tsh <eu>-sh <ex)J[sh <ev>-sh Ceu>J sh <ea>-sh <eu) 

:: 

sh<exl ] 

Ja e sh2 <eu>ch<eu> du = 
0 2 2 2 2 f2 . 2 

tsh <eu>-sh·Cex>Hsh <ey' >-sh <eu>J.otsh <ea>-sh <eu> 

2 2 I · 2 2 
2tsh .<ex>-sh <ey' >·J iSh <ex>-sh Cea> 

sh<ex>· , for x,v E l and y' E 1 a ~ 

:: n 

. '2 
it can be shown that g<v > is the solution of the following singular 

integral equation 

J: np [ !sh
2

<ex>-sh
2

<ea) 
1-4 s ..:.... __ s_h_.;...C_2_e_x_>_____ + 

al 2 2 ' ] +!I iSh2(ea>-shz<ey > dy' , for x e Is. 
0 sh <ex>-sh <ey') 

<3.7) 
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Using finite· Hilbert transform technique (1968> and the following 

result 

2 2 sh <ec>-sh (ex> sh<2ex> dx = 2 2 2 2 . 2 2 
sh <ex>-sh (eb> [sh <ex>-sh <ey' >Hsh <ex>-sh <ev>l 

= 
2 2 n sh (ec>-sh <ey' 

2 2 2 2 e[sh <ev>-sh (ey' >] sh <eb)-sh <ey' 

the solution of equation (3.7) is found as 

sh<ev>~ sh
2 

<ev>-sh
2 

<eb) [ Jbc sh
2

<ec>-sh
2

<ex> -----------------x 
I 2 · 2 2 z 
i[Sh <ev)-sh (ea)][sh <ec)-sh <ev> sh2 <ex>-sh2 <eb) 

c, sh<ev) 
+-.:... <3.8> 

.fts h2 
( ev)- s h2 C ea ). ] [ s h2 ( ev)- s h~< eb) J [ s h2 ( ec) .. s h 2 ( ev) ] 

Next substituting the value of g<v2 > irom equation <3.~·> in equation 

<3.6> and finally using the following result 

2 2 .· 
sh Cev>-sh (eb> sh<2ev> dv = 2 2 2 2. 2 2 
sh <ec>-sh Cev> i [sh <ev>-sh <eu> Hsh <ex' >-sh <ev> l 

sh2 <eb) -sh2 <eu) 

sh
2

<ec>-sh
2

<eu> 

2 2 
sh Ceb> -:-sh <ex' 

sh
2

<ec>-sh
2

<ex' ] ' 
for u, x'e 1 

:l 



h<u> is derived in the form 

h<u>= - 2ep 
J.ATr s 

eh<eu>sh<eu> sh <eb>·sh <eu> J ..f 2 2 [ a 
. 2 2 . 0 ~tsh2 <ea>-sh2 <eu)Jtsh <ec>-sn <eu) 

C sh(eu>ch(eu> 
' 
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sh2 <ea)-sh2 <ey' > 
--~2--------~z--~--x 
sh <eb>-sh (ey' > 

( 3. 9) 
~ 2 2 2 z 2 2 [sh <ea>-sh <eu>Hsh <eb>-sh <eu>Hsh <ec>-sh (eu>l 

Substitution of the value of 

condition <3.2) yields 

c = 
' 

z g ( v ) from equation (3.8) in the 

n{~,sh (ec>-sh <eb>;q}/F(~,q)+l dx+ sh <ec>-sh <es>~sh2(ea>-shz<es> z 2 , } Ja 2 z 
2 2 2 2' 2 z 

sh <ec>-sh <ex> · 0 sh <eb>-sh <es> 

<3.10) 

where F<<t>,q> and n<</>,n,q> are elliptic integrals of first and third.· 
I 

kind respectively and q = 
2 2 

sh <ec>-sh <ea> 

sh
2

<ec>-sh2 (eb> 

Th• relevant displacement d · 
an stress components in the plane ot the 

crack can now be shown to be given by 
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W<x,O> = J: h<u>d~ 
= J: ... g < v

2 
> c h < e v > d v , b~x~c (3.11) 

and 

a c 

[ q z <x, 0 >] = 
Y a<x<b 

~SU 
0 

eh<u>sh<eu> du -J eg<v
2

>sh<ev>ch<ev>dv]ch<ex> 
2 2 2 2 . 

sh <ex>-sh <eu>. bsh <ev> - sh <ex> 

[ ()' z<x,o>] 
. Y x >c 

=~sua eh<u>sh<eu> du +Jc eg<v
2

>sh<ev>ch<ev>dv]ch<ex> 

. n 0 sh2 <ex>-sh2 <eu> b sh2 <ex> - sh2 <ev) 

(3.12)· 

Now insertion of the values of h<u> and g<v2
) as given by equations 

<3.9> and <3.8>. in the expressions <3.12·> yields after some 

algebraic manipulations 

2 2 a [0' z<x,o>] = 2:e[- sh
2 

(eb)-sh
2 

<ea) sh(ex) u F
2

<u,x>du + 

Y a<x<b sh <ec>-sh (ea> JshzCex>-shz<ea) 0 

x F <O,x,u> du + J°F <v,x>dvJa F <c,u>F <v,x,u> du} + ~s 
a b. 2 0 • a ep 

I 

C { !!_ X 
• 2 



( 
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t e[shz<eb)-sh
2

(ea>lff°F (v' ,x>dv•J°F (a,v)F <v' ,x,v>dv+JaF <u,x>du x 
n 1Jbz b"' c:s 0 2 

JcF <a,v>F <u,x,v>dv- shz<eo>-shz<eb>JaF<u x>duJaF <c u; >F <u u' >du'} 
2 2 ... ' "', p, 

b "' 
6 

· sn < eb >- sn < ea > o o 

pe 
·~c!!. 
X 2 ... 

sh<ec) z Jc 
+ e sh <ea> b F

7
<x,v> 

I z · z 
'iSh <ec>-sh <ea> 

and 

[ 0 z(x,o>] 
Y x>c 

= 2~e[- sh:<eb)-sh:<ea) sh<ex) 
sh (ec?-sh (ea) r 2 2 iSh <ex)-sh (ea) 

+ JcF <v,x>dv} 
b 2 

x F < o, x, u > d u + Jo F· c v, x > d v Ja F · < o, u > F < v, x ~ u > d u } + ~-'- 5 

a b z 0 "' a . ep 

X + eJaF <c,u>F <u,x>du}-
0 "' !5 I 2 . 2 z z 

iCsh (ec>-sh <ea>Hsh (eb>-sh <ea>l 

e[shz<eb>-shz<ea>~ffcF <v' ;x>dv'JcF <a,v>F <v' ,v,x>dv 
fl . lJb 2 b"' 8 



where 

F <u,x> = 
.f. 

F <v,x> = 
2 

F <v,x,u> = 9 

- . 
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2 . 2 
sh <ec>-sh<eb> -----------------x 
sh

2
<ec>-sh

2
<ea> 

(3.13) 

sh(eu> 

sh2 < ec> -sh2 < ev > ! sh2 < ev > -sh2 
( ea) 

sh2<ev>-shz(eb> shz <ev>-shz <ex> 

) -sh<ex> -1[ sh<eu> 
2 2 

tan 
sh <ex>-sh (ea> 

~sh2 <ex>-sh 2 <ea> 
sh<ex> 

sh
2

<ea>-sh
2

<eu> 

sh<ev> -1 sh(eu> 
. 2 2 

tan sh <ev>-sh (ea> { ) ~ 2 2 . 
sh<ev> 2 2 

sh <ea>-sh <eu> sh <ev>-sh <ea> 

F <w, u )' = 
4 

ch<eu> sh<eu> 

· ~ 2 z a 2 -z [sh <e~>-sh <eu> l [sh (eb>-sh <eu) l 



xlog 

F <u,x,v> :: 
d 

sh<ex> 

~ 2 2 sh <ec>-sh <ex> 

X 

s h < e x > f s h 
2 < e c ) - s h

2 
< e v > + s h < e v > f s h 

2 
< e c > - s h

2 
< e x > 

s h < e x > J s h 2 
< e c > - s h

2 
< e v > - s h ( e v > J s h 2 

< e c ) - s h 
2 

< ex > 

x log sh<eu>Jsh
2

<eo>-sh
2

<ev>+sh(ev>Jsh
2

<eo>-sh
2

<eu> 

sh < eu l~ s h
2 

( ec >- sh
2 

< ev) -sh < ev >~ sh2 
( ec >- sh2 

< eu > 
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sh<eu> 

~ 2 . 2 sh <ec>-sh (eu> 

F <x,v> 
7 

= tan-•(Jsh
2

<eo->-sh
2

<ex> Jsh
2

<ev>-sh
2

<eb>] oh<e-u> 

Ish
2

<eo>-:-sh
2

<ev> ~sh2 <eb>-sh2 <ex> J [sh2 <ev>-sh2 <ea)J 3
· 

F<u,v,x> = 
8 

2sh<ex> 
tan -·( sh<ev> sh

2
<ex>-sh

2
<eo> 

sh<ex) sh2 <eo>-sh2 <ev> 

sh<eu> 
+ ~=========== 
Jsh

2
<eo>-sh2 <eu> 

1 0 
g s h < e u ) J s h2 

< eo > - s h 
2 

< e v > + s h < e v > J s h 
2 

< eo > - s h 
2 

< e u ) 

sh ( eu >~ sh2 (eo>- sh2 < ev)- sh < ev >~ sh2 (eo>- sh2 < eu > 

F<u,u') 
p 

and 

sh<eu) rsh2 (ea)-sh2 <eu' )+sh<eu') 1sh2 <ea)-sh2 <eu) = 1 og i i 

sh<eu>fsh
2

<ea>-sh
2

<eu' >-sh<eu' >Jsh
2

<ea>-sh
2

<eu) 

I 2 z 2 2 X = i[sh (eb>-sh (ex)][sh <eo)-sh <ex)) • 

The dynamic stress intensity factors are defined by 

(3.14) 
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Lt J2<x-c> 
x -.. c+ 

[ q <x,o>] > yz X C 
(3.15> 

Substitution of the results given by equations (3.13> in expressions 

(3.15> yields 

N a 

N c 

+ 

IJS C a. ] 
~ 2 2 2 2 [sh <eb>-sh (ea> l [sh <ec>-sh <ea> l 

IJS C 
~ 

~ 2 2 . 2 2 [sh <eb>-sh <ea>Hsh <ec>-sh <eb>l 

IJS C 
. i 

Jsh<2eb> 
e· 

] (3.16> 
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2 

Again insertion of the values of h<u> and g<v >,given by equations 

<3.8> and <3.9>,in the egpressions for displacements gi~en by 

equations <3.11> yields 

[ ] 
p [ 2[sh

2 
<eb)-sh

2 
<ea> l { Jc {"' sh

2
<ev>-sh

2
<eb> } w ( X , 0 ) OS X~ a= - I Jn s n "- , 2 2 , q X 

,... I 2 · 2 b sh <ev>-sh <ea) 
iSh <ec>-sh <ea> 

dv sh
2

<ec>-sh2 (ev> 
X 

sh
2

<ev>-sh
2

<eb> Ja {A s h 
2 

< e b > - s h 
2 

< e u > } - n , 2 2 ,q x 
I 2 · 2 · 0 sh <ea>-sh <eu> 
iSh <ev)-sh <ea) 

sh
2

<ec>-sh
2

<eu> du 
X 

sh
2

<eb>-sh
2

(eu) I 2 2 
iSh <ea>-sh <eu> 

and 

}] -
C F<A, q> 

£ 

[ ] [ 
2 p [ Je s h 

2 
< e c > - s h 

2 
< e v > 1 2 . 2 { 

W < x , 0 > b< x< 
0 

= ;-;-n s. b 2 . 2 i s h < e v > - s h < e a > F <A' , q > + 
- - ,... sh (ev>-sh <eb) 

J sh2 (ea>-sh2 <,eu>{F<A', q>- sh:<eb>-sh:<eu>n{A', sh:<ec>-sh:(eb>, q}}du]+ 
sh <ec>-sh <eu> sh <ec>-sh (eu) 

+ 
c 

£ 

e FCA',q>]:======i======= 

· Jsh
2

<ec>-sh
2

(ea> 

(3.17) 



where ,sin>..'= 
sh2 <ec> -sh2 <ex> 

sh2 <ec>-sh2 (eb> 

n<¢,n,q> and q have been defined earlier. 
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and F <¢, q >, 

On putting b=c and simplifying, it may be noted 

that, the results <3.16.1) and <3.17.1> become those given by 

equation (4,16> and <4.19> of Singh et. al <1961> and for a=O the 

results given by <3.16.2>,<3~16.3> and <3.17.2> coincide with those 

given by equation <4.36>, <4.~9) and <4.35) of Das and Ghosh <1991>. 

4.Numerical Results and Discussions. 

Numerical results for stress intensity factors at the tips of the 

cracks for different va 1 ues of ct-ack speed, crack 1 engths and the 

separating distance between the cracks have been presented in this 

section. The crack len~th dependence of the stress intensity factors 

and its variations with VIC have been shown in Figures 2-5. It has 
' 2 been depicted 1 n Fi guz-es 2-3 that stz-ess intensity factors at the 

edges of ·the cz-acks have a prom 1 nent val' 1 at ion when V /C - 1 and 
2 

variations of stress intensity factors at the edge x=a become more 

prominent than that at the tips x=b and x=c when the length of the 

inner crack inez-eases. 

Variations of stress intensity factors at the edges of the 

cracks with a/b foz- different values of c/b and that with b/a for 

different values of c/a are plotted in Figures 4-5 respectively. lt 

has been found that when the separating distance between the inner 

crack and outer paiz- of cracks decz-eases the stress intensity 

factors at the tips x=a and x=b become greater than that at the edge 

x=c. 
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FOUR CO-PLANAR GRIFFITH CRACKS IN AN INFINITE ELASI"I C MEDIUM 

1. Int.roduction 

ln fracture mechanics,· scattering of elastic waves by cracks ot 

finite dimension in an. infinite elastic medium has been investigated 

by several investigators.The problem of scattering of elastic wave 

from an interface craok was solved by Bostrom <1987).Srivastava et. 

al. (1980) solVed the problem of interaction of anti-plane shear 

wave by an interface crack. The problem of diffraction of Love waves 

by a crack of finite width in the plane interface of a layered 

composite has been solved by Neerhoff (1979). Itou <1980) solved 

prob 1 em of diffraction of ant 1-p 1 ane shear wave by two co-p 1 anar 

Griffith cracks in an infinite elastic medium. The scattering of 

time har~onic normally incident ,plane wav~ by two co-planar Griffith 

cracks was solved by Ja'in and Kanwal (1972>. Itou (1978) also solved 

the problem of stress concentrat-ion around two co-planar Griffith 

cracks in an infinite elastic medium. 

As regards the 

restricted mainly to the case 

crack pr.ob 1 em, research 

of single crack or a pair 

has been 

of cracks 

because of severe mathematical complexity encountered in solving the 

prob 1 ems of three ·or more cracks. Recent 1 y, Dhawan and Dha 1 iwa 1 

<1978) solved the statical problem of determining the stress 

distribution in an i.nfinite transversely isotropic medium containing 

three co-planar cracks. 

To the best knowledge of the authors, the problem of 

stress distribution around four co-planar Griffith cracks has not 

been investigated so far. -In this paper, we consider two cases 

regarding stress distribution around four co-planar Griffith cracks 

in an infinite homogeneous, isotropic medium. In the 'first case, 

cracks are assumed to be moving steadily along a fi:xed direction 

with constant velocity v. In the second case, the statical pt·oblem 

of determining the stress and displacement in an infinite 

homogeneous, isotropic med i urn weakened by four co-p 1 anar Griffith 

Published in " Engineer~ng Fractw-e Mechanics " Vol 43, pp 941-955, 

1992. 



cracks has been considered. Using Fourier integra 1 trans farm both 

the problems have been reduced to solving a set of five integral 

equations. 

integral 

Employing finite Hilbert transform technique <1968> the 

equations have been solved to deriye crack opening 

displacement and stress intensity ·factors which are presented in the 

form of graphs. 

2.Statement 0£ Problem I And Its Formulation 

Consider an infini~e homogeneous isotropic material weakened by tour 

co-planar Griffith cracks, moving steadily at a constant velocity V 

in the X- direction referred to a fixed coordinate system <X,Y,Z> as 

shown in the Fig 1. In absence of body force equations of motion in 

terms of displacement are 

<>--+Z.U>[ 

and 

u ,xx 

u ,xv 

+ v ] ,xv + J.J [ 

+ v ] ,YY 

u ,YY 

v ,xx 

v,xv] 

u,XY] 

= p 

= p 

u 
,TT 

v 
,TT 

<1a,b> 

where u,v denote the displacement components in X and Y directions 

and A,J.J are Lame's constants and u represents partial derivatives ,x 
of u with respect to X. 

For cracks moving with constant velocity V in 

the X- direction it is convenient to introduce the Galilean 

transformation 

X = X - VT, y = Y, 2 = Z, t = T (2) 

where <x,y,z> represents the translating coordinate system as shown 

in Fig 1. 

In the moving coordinates, The equations of motion <1> 

become independent of time and take the form 

<>--+Z.U- pVZ>u + C>-.+1-J)V + J.JU 
,xx , xy , yy 

= 0 

<>--+Z.U>v + CJ.J- pVZ>v + <>--+J.J)U = 0 
,yy ,xx ,xy 

C3a,b> 
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y 'I 

~--------VT--------~ 

0 d ' X 
v 

Fig._ 1. Geometry and coordinate sy~tem. 



Introducing us<e,y> = 

v c ~~ , )') = 

and u<x,y> = 

v<x,y> 

J: U( X')') sin <e )() dx 

J:v<x,y> cos<~ x> dx 

2 r: rr u <e , >' > s sin <ex> d< 

v <{,y> cos<ex> ~ c 

in equation (3)_ we obt•in 

1-JU s,yy e <).. +1-J >v c,y 

<).. +21-J >v + e <).. +1-J >u - e2 <1-l - p'./- >v = o c,yy s,y c 
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<4a,b> 

<Sa,,b> 

(6a,b> 

Elimination of u· from s (6a,b> yields the fol lowins ordinary 
differential equation 

where M = V/o , k = 
2 

c /c . 
2 ~ 

v 
c = 0 ( 7) 

The solution of the differential equation given by <7>, 

for y ~ 0 , is 

v <l; , y > = A<{ > e c 
( 8) 

where the unknown functions A<{> and B<e> are to be determined using 

the boundary conditions of the proposed problem. 

Employing (8) in equations <6a,b>, we obtain . 



., 

~ 

u (~ 'y) = s 

Therefore, the stress components given by 

become 

o <x,y>= 
yy 

with 

and 

o = A.(u + v > + 21-JV 
yy ,x ,y ,y 

0' = t-J(U + V ) 
xy , y , x 

v ( x , y) = ~ J: [ A (l; ) e 
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y~O ( 9 ) 

<10a,b> 

• c 0 s ( { )( ) d{ 

<11a,b) 

C12a,b> 

Let four co-planar Griffith cracks of finite length located along 

X-axis be moving steadily with velocity V in the direction of X axis 

so that their position referred to translating coordinate Cx,y,z) 

are a~lxl~b, c~jxi!Sd on_y=O. 

The boundax-y conditions of the proposed problem 

on account of symmetry with x-espect to y-axis are 
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v<x,O>= 0 ·' x e 1 ,,13,15 <13a-c) 

o- <x,O> = o, O<x<oo ( 1 4 ) 
"Y 

0' <x,O) = - p, X e 1 , 1 (15a,b> 
yy 2 .. 

where 1 = <O,a>, 1 = <a,b), l = (b,c), 1 = <c,d), 1 = <d,co) 
' 2 9 .. 5 

Using the condition <14> in <11b> we find that 

A<(>, B<( > are related b;y 

B<(> = 2 A<(> 
2- t? 

( 16) 

With the help of the boundary condition <13>, we obtain from <12b> 

X E l , l ' I 
.l 3 5 

(17a-c) 

Substitution of (11a> in (15) yields with the aid of (16) 

fa< A<(> cos<~ x.) d{ 
Prr = 21-1 ' 

xel,l 
2 .. 

<1Ba,b> 

where p = p K ,. 

3.Method Of Solution 

ln order to solve the set of five integral equations given in 

equations <17) and <18> we assume 

A<{ l = f r: h ( s
2 

l sl n <e ~ l ds + f r: g ( t
2 

l sIn<~ tl d t (19) 

2 and g ( t ) are unknown functions to be determined from 

the boundary conditions. 
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Inserting the value of A<{> from equation <19> in 

equation .<17> it is found that this choice of A<{> leads to the 

equations 

<20a,b) 

Further ~ubstituting A<{> from equation (19) in <18a>, we obtain 

Rewriting this equation as 

where 

Jb sh<s2 > n 
ds = -

2 
F<x>, 

2 2 
a s - x 

·p 
F (X) = tg<t2

) 

t 2 2 - )( 

dt 

nP 
2~-J ' 

X E I 
2 

x e I 
2 

and using finite Hilbert transform technique <1968>, w~ obtain 

where we have used 

The constant C is to be det~rmined from equation <20>. 
:1. 

(21) 

Substituting the value of h<s2 > from <21> in <19) 

and using the resu 1 t i ng va 1 ue of A<{ > in the boundary condition 

(18b) we obtain, ~sing the resul·ts 



~ 
I 

and s: s ds = 

the singular integral equation 

Jd j t2- b2 t g ( t 2 ) - 1l [ p 
dt - - - + 

2 2 2 2 2 
c t - a t - x 1-l' 

c 
~ . 

2 2 x- a 

1t 

] ' )( E I .. 

14B 

1 

for x e I .. 

Again using finite Hilbert transform technique [9J, we obtain 

+ I dz- a2 
2 2 c- a J < t 2- . a 2 > < t 2- b 2 > < dz- t 2 > 

c 2 

+ 

+ 
2 ! t2- a <22) 

!ce- b2) (t2.:... c2) <dz- t2) 

where we have used 

r Jd:- ·: X dx 1t ~ 1 = 2 < x2- a2) < xz- t2) 2 t2- 2 
C X- C c- a a 

and the constant C is to be determined using the condition given by 
2 

equation < 20). 

. 2 
Next substituting the value of g<t) from <22) in 

equation <21) and finally using the following results' 

1 
2 2 
s- a 
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r: t dt = rr for s e I 
2 

h<s
2

> is derived in the form 

C we 
2 

obtain 

where 

To determine the values of the unknown 
2 2 

substitute g<t > and h<s > given by <22> and 

Kc,d 1
a,b 

+ Ka,b Jc,d 
p 

~ 
a,b c,d c,d a,b 

c = a 
~ 

l c,d •
1
a,b Jc,d Ja,b d J.J - a + 

a,b c,d a,b c,d 

Ka,b 1
c,d Kc,d Ja,b 

p c,d a,b a,b c,d 

c = 
2 

I c,d I a,b Jc,d Ja,b + J.J 
a,b c,d a,b c,d 

r: J )(2-
2 dx I r , e r = 

p,q 
~ ( x2-

2 2 2 2 x2) p ) ( )( - q ) ( 5 -

constants C 
~ 

< 23 > in ( 20 > 

<23> 

and 

and 
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=-I: dx 

The relevant displacement and stress components in the plane of 

crack can now be shown to be given by 

V (X, 0) h ( s 2 
). d s , = Jb)( a::; xs b 

d. 

= I X g ( t2) d t , <24a,b) 

and 

. [ 
0 yy ( X ' 0 ) ] b ( X ( C 

[ a YY ( x , o ) ] >< > d 

= 

= 

= .2.uK 
n 

[ r: 
[I: 

[I: 

ds - s: 
ds + Jd t g ( t 2 ) d t] 

2 . 2 
C X - t 

<2Sa-c) 

2 2 
Insertion of the values of h<s > and g<t > as given 

by the equations <22) and <23) in the expressions <25) yields after 

some algebraic manipulation, 

[ o <x,o>]o< .-
YY X ,a = 

[ 
F (x)+F <x>+F <x>+F <x>+F <x>+F <x>]. 

t 2 9 • 6 7 

[ 0 yy ( X, 0 )] b (X ( C = 2,uK [ F (x)+F <xl+F <x>+F lxl-F <x>-F lx>] 
n a 2 3 · • 5 a 

[ [ a YY ( X ' 0 ) ] X) d = ~K F <xl+F <x>+F lx>+F <x>-F <x>-F <x>] 
rr 1 2 3 4 6 7 

<26a-c) 
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where 

F, < x> • [ ~ <c2-a2 > - C2][ 1- Jg] fl 

F ( x) 
2 

[ 
p 2 2 

F 
3 

( x ) = "j:i ( c -a ) + C i 

F (X) .. 

= 1T r;;z:-:z [ 
2~~ 

S <u,x> 
i 

du 

·~] [ 1-~ ]----;::::' ===fl====== 
C- a d- X f 2 2 2 2 

a.,b 

r;;z:-:z 
~~ c- a 

C c,d 

2-4<c- a ><c- b > 

g ( U, X ) 
2 

du 

F (X) L (X) + 2 L (X) ?,o 

g <u,x) = 
1 

g <u,x) = 
2 

c 1 d 

u 

u 

X a.,b 
2 

[ r:g~- x2 -1 
tan 

b
2 2 

- X 

[I@. 

< a2 _ xz) ( b2 _ u2) 

(b2- x2> (u2- a2) 

- tan -1fg2

- u
2

] 
2 2 

u- a 

- tan -1pg2

- u
2

] 
2 2 

u- c 



( u2- 2 . 2 
( s2- :r2) u tan -1 p )(x-

2 r u2) ( x2 _ Lp, q (X) = ( q-
r,s 

~ (52-. p u2 ,a< r2 _ u2 ) 

4.Stress Intensity Factors: 

.The dynamic stress intensity factors are given by 

N = Lt a 
X .... a -

Nb = Lt 
)( ... b + 

N = Lt c 
)( ... c -

Nd ::; Lt 
X ... d + 

Employing (26) in 

,uKC 
N 

:1 = a 
~a ( b2- a2) 

= ,uK [ ,u 

J 2 <a-x) [ o <x,o>] 
YY o<x<a 

J 2 < x-b) [ o <x,o>] 
· YY b<x <c 

!2<c-x> [ o <x,o>] 
YY b<x<c 

J2<x-d) (o <x,o>] · 
YY x>d 

<28> we obtain 

+ c 
s. 

q2) 

p2) 
du 

<27a-IO 

<28a-d) 



,uKC 

~ N 
2 = a 

c 
~ c ( d

2
-

c- b c2) 

Nd J.~K [ p ( d2- a2) ( d2-
= ,u d ( d2- b2 ) 

c2) 
+ c 

~ 

( d2- c2) 
2 . 2 2 

d<c- a )(d- b2) 

+ c 
2 
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+ 

(2.9) 

lt is interesting to note that the crack opening displacements 

depend on the crack velocity V but in the plane of the cracks the 

stresses and stress ln~ensity factors are independent of ·the 

velocity of the moving cracks in an infinite elastic medium. 

6.Statement 0£ Problem II And Its Formulation 

In thls case, we consider an'1nfin1te homogeneous isotropic material 

with four coplanar Griffith cracks located at Y = 0, aS\X\Sb, 

cS\X \Sd and subjected to uniform interna·l pressure q. ln absence of 

body f~rce, the equations of equi I ibrium 

are· 

and 

0-.+2.u>[ u ,xx + v ,xv ] + .u [ u ,vv 

(;\+2,u>[ u + v ] + J.J[ v 
, KY , YY ,xx 

in terms of displacement 

v 
,KY 

] = 0 

u ] = 0 ,xv 
C30a,b) 

Since the problem exhibits a state of symmetry about Y = O, we can 

restrict our attent~on to a single half-space occupying the region 

y ~ 0. 

The equation's <30> are to be solved subject to the boundary 

conditions 
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v<X,O> = 0, I Xl~a, b~ I Xl~c, I Xl;:::d C31a-c> 

0' <X,O> = 0, -oo 
XV < X < 00 <32> 

. 
0' <X,O> = - q , ~IXI~b, c~ I Xl5d (33a,b) 

VY 

In view of the boundary conditions, appropriate integral solutions 

of equation <30> are 

and 

Therefore, 

0'. CX,Y> = yy 

0' <X,Y> = 
XV 

(34a,b) 

It may be noted· that the displacement and stress 

components given by (34> and (35) can not be derived from the 

corresponding expressions of the dynamic problem given in (11) and 

<12) on setting M = 0. 

The functions C<t; )and D<t; > are to be determined from 

the boundary conditions (31)-(33>, which yield 

c < e > = (36) 

and the following set of five integral equations 

= o, X E I , I 'I 
1 3 5 

C37a.-c) 



"' 

where 

~~ C<~>cos<~X> d~ Jo . 

Q = (>...+2/-1) 
2 (>.., +1-l) q and 

= Q.rr 
2j:i' 

X E I , I 
2 4 

.. 
l ' 

J 
(j=1,2, .• ,5) 

15f) 

<38a,b> 

are the i ntel'Va l s 

defined earlier in problem I. 

6.Me~hod Of Solution And Quan~i~ies Of Physical Interes~ 

Integral equations given by <37) and <38) ar-e found to 

be the same as given by equations (17) and <18> with the exception 

that P is replaced by Q. Therefore, the same technique as that used 

in problem I can be employed to obtain 

=J:[ Q 
1-l 

Q < s2- a2) < c2- 52) 

1-' < b2- sz·) < dz- 52> 

( t2- az) ( tz- cz > 
+ ,e_ b2) ( d2- t2) 

+ 

+ J d2- a2 
2 2 c- a 

~ 2 J ( t2-c- a 

c ! t2- 2 
:1 c 

a 2 ) < t 2- b 2 > < d2-

a.SX.Sb 

+ 
t2) 

c.SX.Sd 

(39a,b) 

Stresses in the regions O<X<a, b<X<c, X >d are found to be 

the same as that given in <26>, the only change being that P is to 

replaced by Q. 
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Amount of en,erg:y in opening the cracks a~!XIs;b, o:::iiX!:s;d are 

given by E = 2E 
s 

+ 2E , 
2 

where 

E 
1 

= 2! f ~ ( o vv <X, 0 > v < X, 0 >] d X 

<40a,b> 

Equations <40) can be simplified, with the aid of t33) and <39), to 

E = 
s -2q~ 

E =2q[~ 
2 J..J 

where 

L = 
s, 2 

r = 

[ <hc
2 

l ~ 

~ (d2-

n{:. 

+ C I dz- az 
s 2 2 

c- a 

b2) ( c2- az) 

2M 
r , Iii 

p,q 

~ 2 2 2 2 (d - c ) <c - a ) 

+ c.] 

2 

=C I z 2 2 z 
i <z-p >tz-q > tz-r >ts- z> 

and F<¢,r>,n<¢,n,r> are the elliptic integrals of first and third 

kinds respectively. 

7.Numarical Results and Discussions 

Numerical results for the stress intensity factors and crack opening 

displacement, defined as Av<x,O> + = v ( )( ' 0 ) - v ( )( ' 0- ) ' for different 

values of the parameters are presented in this section. Numerical 

calculations have been ~arried out for both the dynamib and static 



158 

problems. As the crack velocity is less than Rayleigh wave velocity, 

it is reasonable to take the ·value of M less than 0.9194 ~ 

Problem I: Variations· of crack opening displacement for different 

values of crack ·speed, crack lengths and the separating distance 

between the cracks have been plotted in figures 2-4. It is 

intereeting to note fr·om these graphs that cr·ack opening 

displacement on both the cracks decreases with the increase in the 

value of M at the onset and takes its minimum value at M=0.7415 

,after which it increases with the increase in the value of M. It 

has also been depicted in figures 3-4 that on each of the 

cracks,crack opening displacement decreases as the crack length 

decreases. 

It has been mentioned earlier that the stress 

intensity factors at the crack tips are independent of crack speed 

and are found to depend on the crack lengths and the separating 

distance between the cracks. Variation of stress intensity factors 

with alb for different values of c/b, d/b and that with c/b for 

d i f f e r en t v a 1 u e s a I b , d l'b a r e p l o t ted i n f i g u r e s 5 - 8 and t i g u r e s 

9-12 respectively. 

It has been found that the effeQt of variation of 

the length of either the inner or the outer pair of cracks is more 

prominent on the stress intensity factors at the edges of the cracks 

whose 1 engths are varying compared to its ef feet on the stress 

iritensity factors at the tips of the cracks whose lengths are kept 

fixed. 

Problem I 1: Figures 13-15 show the variations of 

displacement for different values of the parameters 

They exhibit that crack opening displacement on a 

length increases with the increase in the length of 

as expected from physical stand point. 

crack opening 

alb, c/b, d/b. 

crack of fixed 

the other crack 
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CHAPTER II 

EXTENDING CRACK PROBLEMS IN ELASTODYN~CS 

Paper 7: Non- synunetric extensipn of" a plane crack due to plane SH­

waves in a pre- stressed inf"init.e elastic medium. 

Paper B.: 

Paper 9: 

Extension of" a crack due to plane SH- wave in a pre­

stressed infinite elastic medi~ 

Bifurcation of" a crack due to plane SH- waves in a pre­

stressed i nf" i ni te elastic medium. 
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NON-SYMMETRIC EXTENSION OF A PLANE CRACK DUE TO PLANE SH-WAVES IN A 

PRE-STRESSED INFINITE ELASTIC MEDIUM 

1. Introduction 

Since Broberg's <1960> investigation of the solution of a crack 

expanding symmetrically with c.onstant velocity under conditions of 

plane stress or .strain in a h6mogeneous isotrOpic elastic medium in 

a field of spatially and time invariant tensile stress, a number of 

have papers 

Craggs 

but he 

solution. 

appeared analyzing different geometrical ~ltuations. 

later Rolved the same problem as that done by Broberg <1963) 

used the method of homogeneous function to obtain the 

Achenbach and Brock <1971) considered the wave motion 

generated by a uniformly extending shear crack in a body in a state 

of uniform anti- plane shear. The case of a crack expanding in an 

anisotropic medium was considered by Atkinson (1965). This work was 

later extended by 'Burridge and Willis <1963), who solved the problem 

of a crack with elliptical cross-section expanding symmetrically 

with uniform speed in an anisotropic medium. AI I the problems 

mentioned above are however self-similar ones with index <O,O> and 

are concerned with symmetric expansion of cracks. 

Problems involving non~symmetric extension of 

cracks under uniform loading along the crack surface are not found 

much in the literature perhaps due to severe mathematical complexity 

encountered in solving such problems. Following the method of 

homogeneous funct 1 ons deve I oped by Craggs < 1963) non-symmetric 

extension of a small flaw into a plane crack under polynomial form 

of loading was ~olved by Brock <1976). Following the same 

procedure, Brock <1975) also solved the problem of non-symmetric 

extension of a crack due to incidence of plane dilatational· 

waves.The probjem of determining the dynamic stress field due to a 

plane dislocation moving in an infinite elastic medium was 

formulaled by Ang and .Williams (1959) in terms of Fourier integral 

equation and solved in closed fot-m. Recently, Georgiadis (199Uha.s 

developed an integral equation approach to self-similar plane 

Published in " International Journal Of' Fracture" Vol 61~ pp 361-377 

1993 
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elastodynamic problems. H·e considered the elastodynamic problem of 

an expanding crack under homogeneous pol ynom ia l farm loading and 

reduced it to the solution of a Cauchy integral equation. 

In this paper, non-symmetric extensio.n of an 

infinitesimal flaw into a plane shear crack at a constant rate due 

to the action of two i dent i ca 1 non-para 1 l e l p 1 ane SH-waves 

propagating .towards each other in an infinite isotro_pic elastic 

medium which is initially in a state of uniform anti-plane shear has 

been treated. A finite time after the crossing of the plane wave 

fronts, a fracture is assumed to initiate along the line where the 

wave fronts crbssed and the crack edges are then as~umed to tra~el 

~on-symmetrically with different constants speeds. Superposition 

considerations allow the original problem to be separated into three 

self-similar problems with <0,0>,<0,1> and <1,0> as the index of 

self-similarity. Following Cherepanov <1979), Cherepanov and 

Afanas'ev <1974> the mentioned self-similar problems have all been 

formulated as some problems of Riemann and Hilbert for half-plan~, 

w hi c h are so l v e d' e as i l y. Out of a 1 l the ex i s t in g s i nii l a r i t y 

techniques, the method· of Smi rnov -Sobo 1 ev (1932) which has been 

used extensively by Cherepanov <1979>, Cherepanov and Afanas'ev 

<1974> being themost elegant and straight forward has been used t6 

solve our problem. Analytical ·expressions for the dynamic stress 

intensity factors at the crack tips and also the rate of.energy flux 

into the crack edges· have be~n derived. Finally, the nature of the 

variatlon of the stress intensity !actors and the energy flux rate 

at the crack tips with the velocities of the crack edges and also 

with the time after crack initiation have been depicted by means of 

graphs. The development of a crack initiating at ·a point being a 

physically realistic model from the point of view of model! ing of 

earthquake sources, this problem also has got application in 

seismology. 

2.Formulation Of The Problem 

Let two identical plan~ waves defined by 

(La, b) 



176 
referring to coordinate system <x,y,z) where 

w+ = c t ± ysine + xcose, O!:;e~rr/2 
- 2 0 0 0 

and H<> is Heaviside's unit function, propagate throughthe infinite 

solid which is pre-stressed such that 

0 
Cf = Cf ' yz 

<1c> 

Let us assume that at t=O the non~parallel plane waves 

intersect at x=y=O. A_ micro crack is assumed to appear at t=t at 
0 

x=y=O which starts to extend bilaterally along the trace of the wave 

intersection with uniform vel~cities v and v . The expanding crabk, 
~ 2 

the circular wave front associated with its motion and the plane 

wav~ front are shown in Fig.l<a>. 

In effect crack extension occurs by removing the 

stresses which would be generated in the crack plane by the combined 

applied static ~nd dynamic fields if no crack~ were present. 

Accordingly, both the crack faces are subjected to 

shear tractions equal to - et - 2A <c t + xcose >. 
0 2 0 

The anti-symmetry of this loading about the crack 

plane implies that , it is s~fficient to consid~r the half-plane y>O 

with bounding surface y=O. The boundary conditions for this 

~- half-plane are then given by 

y=O, 

y=O, 

-v t' <x<v t' : 01 = - q·-2A c t -2A (c t• +xcose > 
2 ~ 

x>v t', x<-v t' 
~ 2 

yz o· 2 o o 2 o 

: w = 0 

where t' = t-t . 
0 

<2a,b) 

Equation <2a> shows that invoking superposition principle the 

proposed problem can be divided into three separate problems of a 

constant shear traction, a shearing stress 1 inearly varying with 

time and a shear linearly varying with distance along the crack 

plane. 
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B 

, 
0 v, t 

I 

Fig. J(u). The expanding crack and the'pallcrn of wave front. 
I ~ 
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3. Constant Shear Traction On The Crack Faces. 

The wave motion generated by constant shear ·tractions on the faces 

of the crack defined by y=O, 

section and for simplicity 

boundary conditions are 

-v t<x<v t has been considered in this 
2 ~ 

t i n s tea d o f t' has been us e d . The 

y=O, -v t<x<v t : o = -p 
2 ~ yz o 

y=O, 

where p = o+2A c t 
0 0 2 0 

x>v t, 
~ 

x<-v
2
t, W = 0 

The displacement W which satisfies the 

o2
W + o2

W 1 a 2
W = --

iJx2 ay2 2 
at

2 c 
2 

is to be determined subject to the boundary 

From the boundary conditions we observe 

< 3a,, b > 

wave equation 

( 4) 

conditions given by <3>. 
aw 

that at shows dynamic 

similarity and is a homogeneous function of degree zero in x/t and 

ylt. Therefore, by the functionally invariant method of Smirnoff and 

.Sobolev (1932) we can write 

aw 
Re ¢0 ( z ) 

at = 

<il 

where t - xz + ~ -2 2 = 0 y c -z 
2 

The sign of the radical is to be fixed by the condition that 

as z ·-+ oo , J -2 2 c -z 
2. 

= i z +0 ( z -~) 

( 5) 

., 

(6) 

(7) 

Equation <6> maps the semi-circular region of the cylindrical Maves 

defined by OABCDE to the lower half of the complex out z-plane given 

by 

z = 

as shown in Fig.1(b). 

I 2 -2 2 2 
X t - i y~ t - C ( X + y ) 

2 

2 2 
X + y 
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' 
Im z-

- -1 -1 -v -c 
2" 2 Re z 

0 E 0 c A 0 

0 

Fig. l(b). Mapping of the interior of the semi-circle OADCDE in x-y plane on the lower half of the complex :-plan~-



In view of the equations (5) ~nd <6> we find 

so that 

iJo <x,O,t> 
yz 

ar-

. I 

= ~ Re[ 
~ -z 2 -1-l z¢' ( z ) c - z 

0 2 

180 

] (9) 

Therefore the boundary conditions <3> are converted to the following 

conditions in z-plane 

lmz=O, 
-:~. -:~. 

-v <Rez<v , Re ¢ <z> = 0 
2 1 0 

Imz=O, 
-:1, -:~. 

Rez<-v ,Rez>v , Im ¢' <z>=O 
2 ' :1. 0 

1 n order to determine the analytic function ¢ <z> subject 
0 

conditions <10>, <11> it 1 s necessary to know the behavior 

(10) 

'( 11> 

to i the 

of the 

function ¢ <z> when 
0 

-:~. -:1, ' 
z--v ,-v and z--oo .The infinite point of the 

:1. 2 

z-plane corresponds to the origin of the coordinate of the physical 

plane where the displacement W is limited. Hence taking the 

representation <5> into account, we obtain 

Re ¢0 <~> = 0<1> as z--oo (12) 

Further the condition <11> after integration with respect to z may 

be put in the form 

lmz=O, 
-:~. ..;.1 

Rez<-v , Rez>v , 1m ¢ < z > =0 
2 :1. 0 

(13> 

Moreover, the displacement derivative iJW!iJt near the crack tips x = 

v t, -v t should show square root singularities so that at z --
1 2 

-1 -1 
v

1 
,-v

2 

4> < z > = 0 < 1 I J z - v -:~. . > , 0 < 
0 1 

respectively. 

( 14) 

The above boundary cond it i ens given by < 10) and < 13 > 

together with the consideration <12> and (14) suggest that 



rp <z> = 
0 

Az + B 

~ -- --(z-v ) (z+v > 
• 2 

where A and B are unknown constants to be determined. 
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<15> 

Integrating <9> with respect to t it can be easily shown 

that for x>O 

-1' Re{ r ¢
0 

< z )~ c;• -z2 

t/x t/x 2¢ <z>dz } o- (x,O,t> ] + I ·-1. 

() 
= 

y:z 
-::~. J -2 2 c c c - z 
2 2 2 

-t/x -t/x 
z¢ <z>dz 

<-x,O,t> -I' Re{ [<~> < z )J c -• - f ] + I 0 
0' = 

y:z 0 . 2 J c 2--- -:~. 2 -c -c z 
2 2 2 

Next using the boundary conditions that 

0' <x,O,t> = -p, 
yz 0 

0' <-x,O, t> = ·-p , 
yz o 

cn:;x<v t 
:1. 

-v t<-x~O 
2 

} <16a,b> 

in equation <16a,b> respectively we 6btain two linear equations in A 

and B viz; 

where 

The stress 

l><l=vzt,y=O 

-:~. -::~. -:~. -:L 
AI <v ,v > + Bl <v ,v > = 

2 :1. 2 1. :1. 2 

-:~. -:~. -:~. -:~. 
A I < v , -V ) - B I ( v , v ) = 

2 2 :1. :1. 2 :1. 

I <u,v> 
p I 2 · 2 (z -c > <u-z> <v+z) 

2 

intensity factors at the crack tips 

defined by 

~ x-v t N = l t 0' <x,O,t> 
0::1. v t+ ::1. . yz 

)(--+ 
::1. 

Jx-v
2

t N = 1 t 0' <-x,O,t> 
02 t+ yz 

X-+ v 
2 

(17a,b) 

(p =1,2> 

I ><I =v
1 
t, y=O and 
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respectively are obtained wft.h the help of the equations <15> and 

<16> as 
2 2 c -v 
2 ~ 

v +v 
~ 2 

2 ·2 
c -v 

2 2 

v +v 
~ 2 

< A+Bv > 
~ 

<A-Bv > 
2 

C18a,b) 

The rate of energy flux into the extending crack edges defined by~~ 
is given by Achenbah and Brock (1971> 

1 dE 
2 dt =J_: 0' 

yz 
oW dx 
at 

( 19) 

which is obtained with the aid of <5>, <15> and :.<16) for this case as 

dE 
j_ 

Cit = 
J.Jn t 

c <v +v > 
2 ~ 2 

(20) 

where while carrying on the integration <19> the following result 

(1972> 
H<v> H<-v> 

.fV Fv 
n = 2 6<v> (21) 

has been used. 

· 4.. Problem Of' Linearly Increasing Shear Traction With Time On The 

Crack Faces 

For the case of shear tractions on the faces of the crack increasing 

linearly with time, the boundary conditions are 

where p = 2A c . 
1 0 2 

y=O, 

y=O, 

-v t<x<v t : o = -p t 
2 1 yz i 

x>v t, 
i 

x<-v t, W = 0 
. 2 

o2
W 

The second order derivative now ae 

<22) 

(23) 

shows dynamic 

similarity which can be taken as the real part of the analytic 

function¢ (z) so that 
i 



which implies 

= Re 4> < z > 
~ 

2 
iJ o- <x,O,t) 

yz = 
1 

Re[ t 
~ -2 2 -J..l z¢' < z > c - z 

:1 2 ] 

where z is given by (8) and 4> (z) satisfies the conditions 
:1 

lmz=O, 
-;1 -;1 

-v <Rez<v , Re 4> (z) = 0 
2 ~ ~ 

-~ -~ 
lmz=O, Rez<-v ,Rez>v , lm ¢' <z> = 0 

2 ~ ~ 

Integrating <24>, we obtain 

·W 

so that 

2 
( z-T) </>' <T> dT 

i 

= ~
2 

Re J v :~ . 2 < z -T > 

~ 

¢ <T> dT 
:1 

{ w2} = 
X 

Re 4> <z> 
~ 
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<24) 

(25) 

<26> 

<27) 

<28> 

(29) 

(30) 

Taking into considBration the facts that near the crack tips 

x=v t -v t· 
1 ' 2 ' 

y=O the displacement W varies in direct proportion to 

the factors Jv t-x ,Jv t+x respectively and that as Z-4 oo, 
:1 2 

Re ¢ < z > = 0 < 1 > 
~ 

we have in ·view of the conditions (26>, <27> and also the equation 
' 

(30), the result that 

(31) 

where the constants C,D are to be determined from the condition that 

on the crack surface stress o- = -p t. 
yz :1 

From <25> after integration, we derive for x>O 
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t/x { T(t/x-T) } 0' <x,O,t> = -1-l x Re J -t 

~ -z 1"2 + 4J (T) dT c -
yz 2 ! -z 2 

t. 

c C - T 
2 2 

-t/x 

{ T ( t I)( +T ) } <-x,O,t> 1-JX Re J J -2 2 
r:/J (T) dT 0 = c - T 

yz 2 J -z 2 
1 

-s. 
-c C - T 

2 2 

Therefore, using the boundary conditions that 

o <x,O,t> = -pt, 
yz t. 

o <-x,O,t> = -pt, 
yz t. 

OSx<v t 
t. 

- v t <- x:S 0 
2 

we obtain by the help of C32a,b) after simplification 

-s. . -1 
CJ < v , v > 

:1 :1 2 

-1 -s. 
+ DJ < v , v > 

2 t. 2 

p:l 
= 

1-l 

<32a,b) 

-s. -1 
CJ < v , v > 

1 2 1 

-1 -1 
- DJ < v , v > 

2 2 1 
<33a,b) 

where 
-s. 

-1 -:~. 
J (V ,v ) 

1 :l '2 = (J { 

_, -1 } 8T+3Cv -v >. 
2 1 . 

-:l -s. 
M<-r,v ,v > 

:l 2 

-s. -1 
+ N<-r,v ,v >. 

:l 2 

c 
2 

-1 

-:1 -:t, 
J (v ,v ) 

2 :l 2 =tJ 
with 

c 
2 

-1 -1 
M(T,V ,v ) = 

:l 2 

{ 2 -:t, -:t -1} ] • 4T + 3T ( V - V ) - 2 ( V V ) 
2 1 1 2 

+ N ( T , v ' v ) 2T + ( v - v ) . dT -:~. -, { - :l -:~. } ] 
:l 2 2 :l 

J -1 2 -2 2 (T +v ) C-r -c > 
2 2 



TV [ -j_ -:t . j, 

N<T,V ,v )= 
j, 2 

~ 2 -2 ~ T -c 
2 

3 ~ V -
1 

-T ] 

(T:V -1 )3/2 
2 
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The stress intensity factors at the crack tips defined by 

N 
1:t 

N 
12 

are found to be 

N 
i-1 

N 
12 

= 

= 

= lt 
X-+V t+ 

1 

= 1 t 
X-+ V t+ 

2 

1-lt 

2c 
2 

2c 
2 ~ :t 2 

~x-v ta (x,O,t> 
:t yz 

rx-v to <-x,O,t> 
i Z, yz 

v 2 > (v + v ) 
1 1 2 

<C+Dv ) 
1 

V
2

) (V + V ) z j, 2 
( C-Dv > 

2 
<34a,b> 

and in this case the rate of 
dE 

z 
energy flux dt into the crack edges 

defined by (19> is obtained ~s 

dE 
2 

CIT = 
3 

TCi-J t ( V + V ) 
1 2 

4c 
z 

2 -:t~ 2 (C+Dv ) +v c -
1 :t 2 

2 2] v <C-Dv > 
2 2 

(35) 

where while carrying on the integration (19> the use of the result 

<21> has again been made. 

5.Problem 0£ Linearly Varying Shear Traction With Distance Along The 

Crack Plane. 

Consider the initially undisturbed halt-space y~O subjected to the 

she a r tract i on - p x over y = 0, - v t < x < v t . T h.e boundary con d i t 1 on s are 
2 2 :1 



y=O, 

y=O, 

where p = 2A case . 
2 0 0 

-v t<x<v t : o = -p x 
2 i yz 2 

x>v t, 
:l . 

x<-v t, W = 0 
2 

186 

(36a,b) 

In this case, 

we take keeping <8> in mind, 

shows dynamic similarity. So 

with 

Re ¢ <z> 
2 

I -2 2 ] z¢' < z )~ c - z 
2 2 

where ¢ <z> satisfies the conditions 
2 . 

lmz=O, 
-t -t 

-v <Rez<v , Re ¢ < z > 
2 :l 2 

= 0 

lmz=O, 
-t -t 

Rez<-v ,Rez>v , lm ¢' <z>=O 
2 i 2 

From equation <37a> after integration it is found that 

w = 

so that 

2 d 
-z dz { 

1 aw 
t Dt } = 

¢ ('{") 
2 

Re ¢ <z> 
2 

dT 

<37a,b) 

(38a,b) 

Since 

also 

aw 
at near the crack 

since Re ¢ <z>= 
2 

tips shpuld show square root singularity and 

0( 1 > as Z-+ oo, we have in view of the 

conditions (38) 

¢ <z> 
2 

... q 
where the constants R,L are to be determined. 

(39) 



Equation (37b) can be integrated to obtain for x>O 

o <x,O,t> 
yz 

t/x { 
= J..lX Re I 

-:l 
c 

t 
2 

XT 

r -2 2 
i c - '( 

2 
+ 

t -

xJ c ~­
z 2 

R{:~~{ t + TX 
0' { - X , 0 , t ) =J..l X 

t J -2 2 c - '( + 
yz 2 . 2 xJ c -2

-
XT 2 

T 
2 2 

r. (T )dT 

So using the boundary conditi~ns that 

o tx,O,U - -p
2

x, 
yz 

o <-x,O,t> = p x, 
yz 2 

~x<v t 
s. 

-v t <- x:S 0 
2 

it is found. by the help of equations <39), t40) 

where 

K · ( v -:t v -:t > 
:l :l , 2 

-:l -:t 
K < v , v > 

2 :l 2 

-~ -:t, LK -RK < v , v > + 
t :l 2 2 

-:t -:t. LK RK < v , v > + 
1 2 1 2 

-:t, -:t 
P<-r,v ,v > 

:l 2 

dT 

<v 
-:t, 

:l 

(v 
-:t, 

2 

-:t -:t, 
PCT,V ,v ) = 

:l 2 

v -·) 
p2 

= -, z J..l 

-:l Pz 
, v ) = jjt :l 

dT 

J -:t 2 -2 
(T+V )(T -c ) 

2 2 
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<40a,b) 

( 41> 



and 

2 
T 

~ 2 -z T -c 
.2 

In this case, the stress intensity factors are obtained as 

N = 
2:1. 

It 
X~V t+ 

:l. 

( Rv2 +Lv > 
:l. :l. 

N = It 
22 

lx-v to <-x,O,t>= 
V t+i 2 yz 

2 

2 2 c -v 
2 2 

v +v 
:l. 2 

The rate uf energy flux 

to be 

·dE 
3 

dt into the extending crack edges 

dE 
3 

dt 0 
yz 

aw · dx = 
at 

9 ,urrt 

c <v +v > 
2 :l. 2 

where the result <21) has beeri used. 

2 2] • ( Rv -Lv > 
2 2 

6. Particular Cases v = v 
i. 2 

If we set v = v = v 
i. 2 

in a 1 I the cases so I ved above, 

results are obtained 

(1) Fot' the case at constant traction o 
yz 

taces,we find from ;<17> that 

B = 0, A = where 

= 

E<q> is 

the 

on 

the 
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] 

<42a,b) 

is found 

(43) 

toll owing 

the crack 

complete 

Elliptic integral of 

vpo 
,uE<q> 

second kind and q Equations (18> 

yield the stress intensity factor at the crack tips as 
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AJ-I.ft I¥ N = N = N =' 
v 

0 0~ 02 
c v 

2 

Also from <20> we obtain 

dE 1-JTl t 
:l J cz- 2 A2 

dt = v 
c 2 

2 

< i i > For the case of shear traction o = -p t on the crack faces 
yz ~ 

increasing linearly with time, it is found from equation <39) that 

p v 
D = 0, C = 

1
_/ 1 

where 

2 2 < v+c ) < v -c > 
= 2E ( q >- F < q) + 

2 2 

2 
F<r>,n<r ,r> are complete Elliptic integrals of first and third kind 

,~espectively and r =<c -v)/(c +v). 
2 2 

In this case, the stress intensity factors and the rate of energy 

flux into the extending crack tips given by (34> and <35> can be 

simplified to 

and 

N 
~ 

dE 
2 

CIT 

= N 
:U 

= 

= N 
~2 

a 
1-JTl t 

c 
2 

CJ-1 t 
=·--

c 
2 

<iii) For the case of shear traction o = -p x on the crack faces, 
yz 2 

it is obvious from equations <41> that 

pzv 
= 

1-l J 
R = 0, L 

where 
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and it is found ftcm equations <42>, <43> that stress inte~sity 

f a c to r s a t ·the crack t i p s and the rate o f en e r g y f 1 u x i n t c the 

extending crack edges 'in this case are given by 

-~-JtL w J c2- 2 
N. = N = N = v 

2 2:l 22 2 c 
2 

dE 
a 

3 
1-JTl t J c2- 2 L2v2 and dt ' = v 

c 2 
2 

7.Numerical Results And Discussions. 

The solution of the original crack problem is obtained by taking 

p =o+2A c t , p =2A c and p =2A cose and superposing the resu 1 ts 
o o·2o :t o2 2 o o 

obtained in sections 3-5 with the stress fields given by <1>. Taking 

together the results obtained in the sections 3-5 it is possible to 

write the stress intensity factors at the edges of the crack and the 

rate of energy flux into the extending crack edges as 

s = 
1 

s = 
2 

and 

N +N +N 
01 :U. 2:i 

N +N +N 
02 :&2 22 

0' ~ v t :i 0 

~-JH+ (U , u ,-r) 
:i 2 

1-JH (U ,u ,T) 
- 2 :l 

2 

(44a,b> 

En= 1-J ~(E +E +E)= -dt :i 2 9 

TlU J.l [ 
~+ G+<u ,u ,T > u u :l 2 

+ 
u 

:l 

u 
2 

G <u ,u ,-r>] 
- ' 2 :l 

<45) 

where 

H+ ( u 'u 'T) = 
- :l 2 

:l 2 

+ AT 

u case ( :l 0 ± 
p2 ' 

o) -

L 
c u 

2 1 



A )2 
o ± Bus + 

2 

2 

{

(u +u ) 
<~T)z s 2 ( ~ ± 

. 2 2 0 
4p u 2 

i 2 

and the parameter = { -1 is the non-dimensionalized time after 
0 

crack initiation and ~ = 
2A c t 

0 z 0 

0 
is the ratio at x=y=O at initiation 

of the crack plane stress due to the plane waves and the pre-stress. 

given by 

Also u, u are the ·non-dimensional 
i 2 

u = v I c and u = v I c • 
:1 :1 2 2 2 2 

crack tip velocities 

The variati .. ons of stress intensity factors and energy 

flux rate given by <44) and <45> respectively with 

<1> v lc for different values of v /o and 
:1 2 2 2 

< i i> T f or d i f f e rent v a 1 u e s ·o t v I o and ~ 
i 2 

have been presented in Figs. 2-4. lt has been shown in Fig.2 that 

Stress intensity factors at the edge 

increase in the values of v /o but 
:1 2 

x=v t' , y=O decreases with the 
:1. 

increases w 1 th the i nor ease 1 n 

the values of v /c and tor v lo <0.45, 
2 2 i 2 

the stress intensity factor· 

at the edge x=v t', 
2 

y=O increases 

v lc >0.45, the variation .of 
:1. 2 

stress 

as v /c increases but for 
2 2 

intensity factor at that edge 

shows an opposite'character. It has also been depicted in Fig.2 that 

the value of energy flux rate IEnl increases with the increase in 

the value of v lc, shows maximum at v /c = 0.8 after which it 
1 2 :1 2 

decreases with the increase in the value of v /o • :l 2 

In Fig.3. the variations of 5
1
,5

2 
and jEnl with T tor 

various, va 1 ues of v I c :Sv I c have been depicted. It may be 
i 2 2 2 

observed from this figure that S:l,S
2

, !En! all increase rapidly with 

the increase in the value of T. It may be noted further that for 



fixed value of v /c, values 
2 ~ 

of. stress intensity 
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factors at the 

crack tips decrease with the lncrease in the value of v /c whereas 

energy flux rate 

value of v /c . 
:1 2 

lEn I 
j_ 2 

increases with the gradual increase in the 

In Fig.4, S
1

,S
2 

and IEnl are again plotted vs T but 

in this case, crack tip velocities are kept fixed whereas A is 

assumed to vary. It may be seen that increase in the values of A 

produce marke~ 

fixed value of T. 

increase in the value of S:l,S
2 

and IEnl foi- any 
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EXTENSION OF A CRACK DUE TO PLANE SH WAVE IN A PRE-STRESSED INFINITE 

ELASTIC MEDIUM 

1.Introduction 

Since Broberg's (1960> investigation of the solution of crack 

expanding symmetrically with constant velocity under conditions of 

plane stress or strain in a homogeneous isotropic elastic medium in a 

field of spatially and time invariant tensile stress, a number of 

papers have appeared analyzing different geometrical conditions. The 

problem of Broberg <1960) was also solved by Craggs C1963>using the 

method of homogeneous function and the corresponding anti-plane 

problem was examined by Achenbach and Brock (1971>. All the problems 

mentioned above are however self ·similar ones with index <O,O> and 

are concerned with symmetric'extension of a crack. 

Problema involving non-symmetric extension of cracks 

under uniform loading along the crack surface are not found much in 

the 1 iterature perhaps due to severe mathematical complexity 

encountered in solving such problems. Following the method of 

homogeneous function Brock <1976,1975> solved the problems of 

non-symmetric extension of a small flaw into a plane crack. Recently, 

the elastodynamic problem of non-uniform expansion of a crack under 

homogeneous poI ynom"ia I form loading has been so 1 ved by Georgiadis 

<1991> by m·eans of complex variable method. 

The problem of non-symmetric extension of an 

infinitesimal flaw into a plane crack at a constant rate due to tHe 

action of two non-parallel plane SH-waves having different amplitudes 

propagating towards each other in an infinite isotropic elastic 

medium which is initially in a state of uniform anti-plane shear has 

been analyzed in this paper. A finite time after the crossing of the 

plane wave fronts, a fracture is assumed to initiate along the line 

where the wave fronts crossed and the crack is then assumed to extend 

Accepted :for publication in .. International Jotirnal O:f Engineering 

Science"~ 1993. 
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non-symmetrically along the trace of the wave intersection. 

Superposition considerations allow the original problem to be 

separated into three self-similar problems with <O,O> <0,1> and <1,0> 

as the index of similarity. The dynamic similarity of certain field 

variable in each' problem suggests application of the method of 

homogeneous functions. Expre:ssions for the stress intensity factors 

and the rate of energy flux into the extending crack tips have been 

derived. Finally, the nature of the variation qf the stress intensity 

factors at the crack tips and also of the rate of energy flux into 

the crack edges with velocities of the crack edges and also with the 

time after crack initiation have been depicted by means of graphs. 

2.Formulation Of The Problem 

Let two identical plane waves defined by 

<1a,b) 

referred to coordinate .system Cx,y,zl where 

W = t ± ysine /c + xcose /c ± 0 2 0 2 

and HC> is Heaviside's unit function, propagate through the infinite 

solid which is pre-stressed su~h that 

0 
0' = 0' ' yz 

<2a,b> 

Let us assum~ that •t t=O the non-parallel plane wave~ 

intersect along the line y=O. A micro crack is assumed to appear at 

t=t at x=y=O which starts to extend bilaterally along the line y=O 
0 

with uniform velocities V and V • The expanding crack, the circular 
R L 

wave front associated with its motion and the plane wave fronts are 

shown in Fig. 1. 

In effect crack extension occurs by removing the 

stresses which would be generated in the crack plane by the combined 

applied static and dynamic fields if no cracks were present. So, both 

the cr·ack faces are subjected to shear tract i ens equa 1 to - a -

<5 +5 )t 
+ 

<5 +S >xcose /c 
+ 0 2 



1 ~JB 

" t =t- t 
0 

8 

Fig.1; The x-y plane. 
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The anti-symmetry of this loading about the crack 

plane implies that, it is sufficient to consider the half-plane y>O 

with bounding surface y=O. The boundary conditions for this 

half-plane are then given by 

y=O, - V t' < >< < V t' : o = -o - ( S + S > t - ( S + S > t' - < S + + S ) >< o o se I o 
L R yz + - 0 + - - o 2 

y=O, x >V t', x < -v t' 
R L 

where t' =t-t 
0 

w = 0 <3a,b> 

Equation (3a> shows that invoking superposition 

principle the proposed problem can be divided into three separate 

problems of a constant shear traction and a shearing stress linearly 

varying with time and a shear linearly varying with distance along 

the crack plane. 

The two dimensional wave equation in polar coor-dinates 

r ,e and t wher-e r = ( >l+y2 )~/2 and 
-~ 

for field e = tan <yl><>, a 

variable ¢<r,e, t> is 

1 ~ {r 
8¢ } + 1 82¢ 1 82¢ 

<4> = 
81' 

2 8e2 2 
8t

2 
I' 8r I' c 

2 

where c = (f .. Jip >~ /z' 1-J is the s)'lear modulus and p is the material 
2 

density. 

The absence of the char-acteristic length in the 

formulation of the problem suggests that the solution of <4> will be 

dynamically similar i.e. depends on r/t and e rather on r,e,t 

separately. Introducing the variable 

s = r/t 

we see that ¢<s,e> satisfies the equation 

( 5) 

For s<c, the Chaplygin's transformation 
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{1 = cosh <cis> ( 6) 

reduces <S> to Laplace equation 

82¢ + 82¢ = 0 (7) 
8{1

2 
8e

2 

and maps the interior of semi circular region in the upper half of 

the physical plane into a semi-infinite strip in e-{1 plane. 

A convenient method to solve the equation (7) is to 

express ¢<s,e> as the real part of an analytic function and to 

construct an appropriate analytic function of the complex variable 

(Hie. Superposition in <3a) is invoked to consider the problems 

separately in next three sections. 

3.Constant Shear Traction In The Crack Faces. 

The wave motion generated by constant shear tractions on the faces ot 

the crack defined by y=O, 

section and .for simpl ic1ty 

boundary conditions are 

-V t<x<V t has 
t. R 

t instead of 

y = 0, -v t<x<V t : u = -p 
t. R yz o 

y = 0, x<-V t, 
L 

where p =a + <S +S >t 
0 - + 0 

x>V t : W = 0 
R 

been 

t' 

considered in 

has been used. 

this 

The 

<8a,b> 

aw aw aw 
From the conditions <8> we observe that ax' ay and at show 

aw 
dynamic similarity .. we can choose at to take place of¢ in <4>- <7>. 

Considering y~O, the boundary conditions 

converted to the following conditions in {1-e plane 

e = o, v <s<c . O<s,e> = 0 . 
R 2 

e = rr, -c <s<-V ·: CHs,e> = 0 
2 L 

e = o, O<s<V 
OO<s,e>_ 

0 
R ae -

e = rr, -V <s<O 
OO<s,e>_ 

0 
L 8e -

(8) are 

<9a-d> 
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aw 

where at = CHs,e> and s is related to (1 by <6>. <10) 

aw 
Further, Dt vanishes at the wave front, r = c t, which yields 

2 

s = c, ose~n, n<s,e> = 0 <11> 

aw 
The derivativ.e at may be written as real part of an analytic function 

which can be obtained. by mapping the interior of the strip in e-(1 

plane, see Fig.2, on the lower half-plane of the (-plane by means of 

th~ conformal transformation 

( = e+in = Sech<[1+ie> (12> 

The mappings of the various points are indicated in Figs 1-3. 

ln the (-plane we take 

8\J - = Re ¢ <(> at o 
(13) 

ln view of <12> and <13> we find 

Do ( x , 0 , t ) [ r · ] 
atyz = ~ l m ( ~ 1 - (2 ¢~ (() (14) 

Therefore, the boundary conditions given by <9> and <11> are 

converted into the following conditions in complex (-plane 

T1 = 0, -oo <e < - V I c , V I c <l; <oo : R e¢ ( ( > = 0 
. L 2 1\ 2 0 

n = o,-v /c <e<v Jc 
L 2 R 2 

l m ¢' <( > = 0 
0 

<15a,b> 

ln order to determine the analytic function¢<(> subject to 
0 

the conditions <1S) it is necessary to know the behaviour of the 

function¢<(> when ( -+ -V /c ,V /c and (-+oo.The infini.te point in 
0 ·L 2 R 2 

the (-plane correspbnds to the p~int x=O, y=c t in the physical plane 
2 

where oW/at is limited. Hence taking <13> into account, we obtain 

Re ¢ <(> = 0(1> as(-+ oo 
0 

<16> 

Further, the condition (15b) after integration with respect to ( may 
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c 
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f3 

Fig.2: Thee-{~ plane. 
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be put in the form 

n = 0,-V /c <{<V /c 
L 2 R 2 

I m ¢ <( > = 0 
0 

<17> 

Now from <13> we obtain 

( 18) 

Taking into the consideration the fact that near the 

crack tips x = -v t,v t, 
L R 

y = 0 the disp~acement W varies in direct 

proportion to the factors Jv t- x and Jv t+ x respectively we have in 
R L 

view of the equation <18), the result that 

¢ <() = 
0 

A( +8 ( 19) 

J<v /c- (><V /c + (> 
R 2 L 2 

where the constants A and 8 are to be determined 

Integrating <14> with respect to t_ it can be easily shown 

that for x > 0 

o <x,O,t> 
y:z: 

1 

= l:!. l m [ J 1 - (z_ ¢ <( ) + 
0

2 ( 
0 

. xI c t 
2 

-:1 

1 

I xlc t 2 . 

-1 

~2 1m[ Jl 
(2 

I-xlc t 

¢ <() 
o <-x,O,t) ¢ <() + 

0 = yz 
( 

0 
-x/c t (2J 1 - (2 2 

Next using the boundary conditions 

o <x,O,t> = -p
0

, 
y:z 

o <-x,O,t> = -p
0

, 
yz 

2 

~x<V t 
R 

-v t<-x~o 
L 

d' ] 
<20a,b) 

in equations <20a,b> respectively we obtain two linear equation in A 



~ 

and B viz; 

where 

A 11 ( 

-At 1 ( 

I <u,v) 
p 
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v v v v czpo R 'CL) + Bl ( ~ 'CL) - = c 2 c 
2 2 2 2 /..l 

v 

~:J + 812( 
v 

~R) cz Po L L <2la,b) c' o' = 
2 2 2 /..l 

=r 
u ! ( 1-

z-p dz 

<p=1,2) 

z2 
> < z - u ) < z + v > 

The stress intensity factors at the crack tips 

= 0 and lxl =VLt, y = 0 defined by 
I X I = v t, y 

R 

N = Lt 
0~ x -+V 

R 

N = Lt 
02 x -+V 

L 

fx 
t+ 

fx 
t+ 

V t a <x,O, t> 
R yz 

V t a <-x,O,t> 
L yz 

respectively are obtained with the help of equations 

(02- v2 
> t 

[ A + B 
c ] N t:!. 2 It 2 = v 0~ c v + v 2 R 

R L 

2 v2 
> t 

[- A ] <c - 0 

N t:!. 2 L + B 
2 = v 02· c v + v 2 L 

R L 

<20a,b> as 

<21c,d> 

The .rate of energy flux into the extending crack edges defined by 

dE/dt is ~iven by Achenbach and Brock l1971J 

1 dE 
2tft = 0' 

yz 

aw 
at dx <22) 
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which is obtained with the aid ot <13>,<19) and <20> tor this case as 

1 dE 
s 

2 dt = 
, . .m t 
2c V +V 

2 R L 

(23) 

where while carrying on the integration (22> the following result 

(1972> 

H<v> H<-v> 

.fV Fv 
n 

= 2 6( v) (24) 

has been used. 

4..Linearly Increasing Shear Tract.ion Wit.h Time On The Crack Faces 

For the case of shear traction on the crack faces increasing linearly 

with time, the boundary conditions are 

y = 0, -v t<x<V t : o = -p t 
L R yz S 

y = 0, x<-::VL t, x>VR t w = 0 

a2 w The second order derivatives 

<25a,b) 

8
2 

W it
2

W , --2,--
Dy 8xity 

D
2

W now show dynamic similarity. We select to take the place of¢ in 
Dt2 

<4>-<7>. Accordingly we assume 

so that 

020' lx,O,t> 
yz . 

Dt2 

where ¢ <( > satisfies 
:1. 

D2 W = 
Dt2 

= 1-l Im 
X 

Re ¢ u:) 
s 

[ ( J 1 -(2 

T1 = 0 , -oo <~ < - V I c , V I c <~ <oo 
L 2 R Z 

¢~.<(>] 

Re ¢ <() = 0 
s 

<26) 

<27> 
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n = 0, -v 1c <e <V /c Im ¢' <() = 0 <28a,b> 
L 2 R 2 £ 

From (26) we find that 

aw ! Re fv 
</J£ (T_) 

dT = 
at c 2 

2 T 
R 

c 
2 

so that 

d (-
c aw l Re ¢ <{) {2 2 <29> = d( - at i. )( 

S inc e· iJW I at near the c r a. c k t i p s s h o u 1 d show square root s in g u 1 a r i t y 

and also since Re ¢ <{> --. O<U as{--. oo we have in view of the 
. . .t 

Oonditions <28) and the equation <29) 

c ( -

J < V /c-
R 2 

+D/( 

{><V /c + (> 
L 2 

) (30> 

where the constants C and .D are to be determined ftom the condition 

that on the crack surface o = -p t. 
y:z .t 

Integrating <27>, we derive for x>O 

o <x,O,t> 
yz 

0' <-x,O,t> 
yz = 

1-1x Im 
2 c 
2 

J.lX Im 
2 c 
2 

-1 

I-xlc t [ < 2(·--r >J 1 

{T 3 

2 

Therefore, using the boundary condition 

T 

o <x,o,u = -p t, 
yz 1 

2 

(T -{) 

(T -(). 

(TJ 1 - T2 

OSx<V t 
R 

J </J (T) dT 
:l 

<31a,b> 



a <-x,O,t> = -p t, 
yz ~ 

-v t<- x~O 
L 
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in equations (31a,b) respectively we obtain after simplification 

where 

J1( 
v v 

R 
'cL) c 

2 2 

J2( 
v v R ,2:) -c ·C 

2 2 

with 

~ v 
CJ (-.-!. ~) + 1 c 'c 

2 . 2 

~ v 
DJ ·(~ 2::.) = 2 c 'c 

2 2 

= J 1 

V /c 
R 2 

I 
1 

= 

V /c 
a 2 

v v 
M(T, OR 'cL) dT 

2 2 

T -f. [ 
v v 

M(T'cR 'cL) 
2 2 

2V 
R ---

2 
C T 

z 

- V /c 
R 2 

+ 

~ ( 1 -T 
2 

) ( ~ + v I c . ) 
L 2 

v v 
+ N ( T ' c R , c L) ] dT 

2 2 

1 

The stress intensity factors at the crack tips defined by 

N = u. 
Lt Jx 

X -+V t+ 
R 

V t a <x,O,t> 
R yz 

< 32a ,. b J 

+ 



are found to be 

N = 
i2 

N = ii 

N = 
i2 

' _;. . ~ .. · 

Lt J x 
X--+Vt+ 

L 

~ts/z 

v c 
R 2 

v c 
L 2 

v + v 
R L 

v + v 
R' L 

V to <-x,O,t> 
L yz 

<CV +De > 
R 2 
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(33a,b> 

1 dE 
2 

and in this case the rate of energy flux 2 dt into the crack edges 

defined by <22> is obtained as 

1. dE 
2 

2df = (34) 

where while carrying on the integration (22> the use of the result 

<24) has again been made. 

5.Problem Of Linearly varying shear Traction With Distance Along The 

Crack Plane 

Consider the initially undisturbed halt-space y~O subjected to the 

shear traction - p ;x over y=O, 
2 

V t<x<V t. The boundary conditions 
L R 

are 

y = 0, 

y = 0, 

-v t<x<V t 0 
yz L R 

x<-V t, 
L 

x>V t : W = 0 
R 

where p = (5 +5 Jcose /c 
2 + - • 0 2 

(35a,b> 
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a2 w In this case we select to take place of¢ in <4>-<7>. So we 

take 

with 

ax at 

= Re ¢ <( > 
2 

where ¢ <( > satisfies 
2 

O'xclt 

T1 = 0 , - V I c <{ < V I c 
L 2 R 2 

From (36a> we have 

aw 
at 

= c t Re r< 
z Jv 

so that 

Re ¢ <( > = 
2 

R 

c 
2 

Re cp <( > = 0 
2 

1m ¢' <( > = 0 
2 

¢ (T) dT 
2 

( 

1 aw 
c t 8t 

2 
) . 

<36a,b) 

<37a,b> 

(38> 

Taking into consideration the fact that near the crack tips x =V t 
R ' 

-v t 
L ' 

y=O the displacement derivative oW/at varies in inverse 

proportion to the factors Jv t- x, Jv t+ x respectively and as ( ~oo 
R L 

Re ¢ <(> = Ot1). We can take, keeping <37)and <38) in mind, 
2 

¢ (() = 
2 

<R(+L> ( 

=( (------------------------------
. l<v le­

a 2 
(><V /c + (> 

L 2 

where the constants R and L are to be determined. 

) (39) 
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Equation (36b> can be integrated to derive for x>O 

1 
(J1 

Ixlo t [ 
2 (T -() ] tx,O,tJ ~Jt Im - T ¢ (T) dT 0' = 

y:z 2 

~ 1 - T
2 

2 
T 

2 

-1 

I-xlo t [ (J1 2 (T -( ) ]¢
2

(T) et t-x,O,tJ ~Jt Im - T dT l40a,b) = y:z 2 

J1 - T
2 T 

2 

Therefore, using the boundary condition 

o <x,O,t> = -p
2

x, 
y:z 

o C-x,O,t> 
y:z 

= p X 
2 ' 

O!;x<V t 
R 

-v t <- x:SO 
L 

in equations t40a,b> respectively we obtain after simplification 

where 

with 

VL). + 
' c 

2 

( 
v v ) ( v V0R) 

RK1 oL' cR ·+ LK2 oL' 
2 2 2 2 

v IO 
R 2 

= I 1 

V lc 
R. 2 

= 

= l41a,b> 

dT 

1 
+ 

~ l 1-T 2 
) ( T - v I c ) ( T + v I c ) 

R 2 L 2 
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= 
- V /c 

R 2 

~ < 1 --r 
2 

> < T + V /c > 
· L 2 

+ 

2J < 1 --r 
2 > < T + V I c > 8 

L 2 

In this case, the stress intensity factors at the crack tips are 

obtained as 

N 
2:1 

= Lt J X 

x-+Vt+ 
R 

N = Lt 
22 

)( --+ v t + 
L 

V to <x,O,t> 
R yz 

V to <-x,O,U 
L yz 

2 
c-

2 

v + v 
R L 

= f.JtiJ/z c:- v~ 
c v + v 

2 R L 

<RV +Lc > 
R 2 

<RV -Lc > 
L 2 

<42a,b> 

' and in this case the rate of 
1 dE 

2 
energy flux 2 dt into the crack edges 

d~fined by <22> is obtained as 

dE 
3 

dt = f.JTr 

c 
2 

v +V 
R L [ ~ ~ c c 

2 2 2 2 2 2 
V ( RV +Lc > - - 1 + V < RV -Lc > - - 1 ] 

R R 2 V2 L L 2 _ V2 

R L 

(43> 

where while carrying on the integration <22> the use of the result 

<24> has again been made •. 

1 f we set V =V =V 
R L 

6.Particular case - I : V =V 
R L 

in a 1 l the cases solved above 

results are obtained 

the following 

(i) For the case at constant shear traction o = - p on the crack 
yz o 

faces, we find from (21a,b> that 

Elliptic integral 

A=O,B = 
Vmp 

0 

,uE<q> 
,where 

of second kind and m = VIc , 
2 

is the complete 

Equations 
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l21c,dl yield the stress intensity factors at the crack tips as 

N = N = N = 1-1B-It ~ 
0 01 02 v 

Also from <23> we obtain 

dE 
:1 2 2 

"dt = - n~-1tqB /m 

< i i) For the case of shear traction o = -p t on the crack surface 
y:z 1 

increasing linearly with time, it is found tram equation <32) that 

where 

C = 0, D = - p c /1-11 
1 2 

2 2m
3 

{ • 2 + m F<q.>-
2 

zn<r ,r > 
<1-m )(m+U 

2 "" 2 F<r >,nlr ,r) are the complete Elliptic integral of first and third 

kind respectively and r = f<1-ml/l1+ml • 

In this case the stress intensity factors and the 

rate of energy flux into the extending crack edges given by <33) and 

l34) can be simplified to 

N 
1 

and 

= N 
11. 

= N 
12 

= 

.dE 
2 

"dt. = 9 2 2 
- n~-tt qD /m 

<iii> For the case of shear traction o = -p x on the crack faces, it 
yZ 2 . 

is obvious form equation (41) that 

where 
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and it is found from equations (42>, (43> that the stress intensity 

factors and the rate of energy flux into the extending crack edges in 

this case are given by 

N = N = -N = 
2 2~ 22 

and 
dE 

dt 
2 = 3 2 2 

ni-Jt qL c 
2 

7.Particular Case - IIz v = 0 ,v 
L R 

lf we set V = V 
R 

following results 

and V = 0 in 
L 

are obtain!=!d 

a 1 1 the cases 

=. v. 
solved above the 

(i) For the case of constant shear traction o = 
yz P on the crack 

0 

faces, we find from <21d> that 

where 

1 
~ 

B=O,A = 

t21c,d) yield the stress intensity factors at the crack tips as· 

N = ,L,lAq~ 
0~ 

N =- 1-l~ 
02 

Also from <23> we obtain 
dE 

dt 
~ 2 = - TCi-JtqA 

.<iiJ For the case of shear traction o = -p t increasing linearly· 
yz ~ 

with time on the crack surface , it is found from equation <33b> that 

D = O, C = 
where 
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8 Im+1 

J .-- E<r> 
j, 3 m 

+ m-8 F<r> 

~ 

In this case the stress intensity factors and the 

rate of energy flux into the extending crack edges given by (33) and 

(34) can be simplified to 

and 

<iii) For the case of shear traction o = -p x on the crack faces, it-
yz 2 

is obvious form equation <41) that 

where 

K = m 
:1. 

with 

G<m> 

L = O, R = p V/J-lK 
2 j, 

•[ 2 2 sn<r ,r)+2n<-r ,r) 

a /z 
)( 

dx 

- SF<rl] - G<ml 

and it is found fi·om equations <42), (43> that the stress intensity 

factors and the rate 6f energy flux into the extending crack edges in 

this case are given by 

and 

N = 
2:1. 

N = 0 
22 

dE 
2 

dt = 3 2 2 
nJ-l t qR v 
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8.Numerical Results and Discussions 

The solution of the original problem is obtained by taking p = o + 
0 

(S++S >t ,p = <S++S) p = <S++S )case /c and superposing the results 
-o :1. - 2 - o 2 

obtained in sections 3-5 wi~h the stress fields given by (1) and <2>. 

Taking together the results obtained in the sections 3-5 it is 

possible to write the stress intensity factors at the crack edges and 

the rate of energy flux into the extending crack edges as 

and 

En 

where 

s 
:1. 

s 
2 

H+ ( v , v 'T ) = 1::. 
- :1. 2 c 

2 

N + N +N 
O:t :1. :1. 2:1. = 
0' ~ c t 

2 0 

'N + N +N 
02 :1.2 22 = 

'T' ( 1-v: ) [. 1 + 

< v +v ) 
:1. 2 

= H+<v:,v ,T) 
:1. 2 

= H <v ,v ,T> 
- 2 :1. 

case 
0 

2 cos e 
0 

<44a,b) 

(45) 



and the parameter T = :t/t - 1 
i 0 
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is the non-d.imensionaliied time ~fter 

crack initiation and ~ = S+t
0

/o is the ratio at x=y=O at initiation 

of the pI ane waves and the of the crack plane stress due to one 

pre-str>ess and S = S_/S+ is the ratio of the stresses due to plane 

waves. 

Also 

V /c 
R 2 

are the non-dimensional crack tip velocitie·s 

given by v = 
1 

, v = 
2 

V /c • 
L 2 

The varia.tions of stress intensity factors and energy 

flux rate given by (44) and (45) respectively with (i) V /c 
R 2 

for 

for different values different value~ of V /c ,S and with (11> V /c 
L 2 L 2 

of V I c have been presented in. Figs. 4-6. It has been shown 1 n Fig. 4 
R 2 · 

and Fig.5 that the stress intensity factor at the edge x = VRt, y = 0 

increases slowly with the increase in the values of V /c , shows 
R 2 

maximum at 0.4 after which it decreases gradually with the increase 

in the values of V /c and also increases with the increase in the 
R 2 

values of V /c 
L 2 

while the stress intensity factor at the other edge 

increases with the increase in the values of V /c, V /c. It has 
R 2 L 2 

also been depicted in Fig.4 & 6 that jEnj increases with the increase 

in the values of V /c , showing 
· R Z 

after which it decreases with the 

variations shown in Fig.4 & 5 

its maximum value at V /c = 0.8 
R 2 

increase in the value of V /c • The 
R 2 

are expected from physica 1 stand 

point. Fig.6 shows that S
1
,,S

2
• and jEnl 

increase iri the ~al~es of S. 

also increase with the 

In Fig. 7, the variations of S
1

,S
2 

and I En! with T 

for various values of ~ have been depicted. It may be obser~ed from 

this figure that S
1
,S

2
, !Enl all increase rapidly with the increase 

in the value of T. It may be noted further that for fixed value of T 

values S
1

,S
2 

and IEnl increase with the increase in the values h.. 

In Fig.8, S
1
,S

2 
and IEnl are again plotted Vs T but 

in this case~ ~ is kept fixed whereas S is assumed to vary. It may be. 

seen that increase in the values of S produces marked increase in the 

value of S
1

,S
2 

and IEnl for any fixed value ofT. 
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9.Conclusions 

Up-to-now the Chaplygin's technique is the most simple 

and descriptive formulation among different similarity techniques and 

has been employed in sever~l Elastodynamic problems on 6rack 

extension. However, this technique presents some di.sadvantages, 

especially in the plane-stress strain cases, during the final steps 

of the analysis where the appropriate form of the complex functions 

are sought to accomplish the solution. 

But the method of determining the complex tJnction 
I 

presented in this paper is the correct one and ,therefore, there is 

no possibility of losing fe.tures of the solution. 
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BIFURCATION OF A CRACK DUE TO PLANE SH•WAVES IN AN INFINITE ELASTIC 

MEDIUM 

Several 

crack in 

investigations 

its own plane 

on 

1.Int.roduction 

symmetr i 6 or 

in an infinite 

non-symmetric extension of 

elastic medium have .been 

carried out up-till-now. But when the extension of the crack nc~urs 

under an arbitrary angle with its own plane which leads that a 

primary crack may bifurcate> the study becomes more relevant. 

Solutions for dynamic crack bifurcation in anti-plane strain for two 

special cases were so 1 ved by Burgers and Dempsey < 1982 >. Corrected 

results for mode Ill kinking of crack under an arbitrary angle was 

given by Dempsey et. al.<1962). A numerical approach for the study of 

dynamic propagation of a kinked or bifurcated crack in anti-plane 

strain and also t~e dynamic kinking of a crack in plane strain have 

been given by Burgers<1982,1983). Recently, Achenbach et. al. <1984) 

have deve 1 oped a method based 

approximate expressions for 

factors of the kinked crack. 

on superposition principle to derive 

the elastodynamic stress intensity 

In this paper,the dynamic anti-plane problem of 

bifurcation of a semi-infinite crack due to the incidence of two 

linearly varying plane SH-waves with non-parallel wave fronts in an 

infinite elastic ~e~ium has been considered. The semi-infinite crack 

~- is assumed to bifurcate w-hen the plane waves intersect the crack tip. 

For constant crack tip velocities the shear stress and ~article 

velocity are self-similar which allow Chaplygin's transformation to 

reduoe the problem to the solution of Laplace equation in 

semi-infinite strip containing a slit. The Schwar2-Christoffel 

transformation is employed to map the semi-i~finite strip on a 

half-space.Expressions for shear stress .in the planes of the cracks 

and stress intensi~y factors in the vicinity of the crack tips have 

been derived. Finally, numerical results for stress intensity factors 

have been presented graphically to show its variations with angle of 

~ skew for different values of the angle of incidence and the crack tip 

velocity. 



2. S~a~emen~ ~ The Problem 

Let two identical plane waves defined by 

± w. 
~one 

referred to the coordinate system <r,e,z> where 

T+ = t + rcos<e+e )/c, 
- 0 

~e ~n/2 
0 
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(1) 

and H <) is the Heavlside step function, strike the tip of a 

stationary semi-infinite crack at t=O and causes the crack to 

bifurcate symmetrically from the tlp under an angle kn with the plane 

of the crack and each of the branches starts to extend with velocity 

v < < c > • Thus ,· at t i me t > 0 , crack t i p s are de f 1 ned by r = v t , e = ± kn • The 

expanding crack, the ~lrcular wave front associated with its motion 

and the plane wave f~ont~ are shown in Flg.1.The shear stress 
0 . 

component aez corresponding to incident waves is 

(2) 

Superposing the fields due to incident waves and scattered 

wave we see that the conditions on the cracK faces due to the 

scattered wave are 

e=±rr; r>O : o~ = -2o sine H<t-rcose /c) 
""""' 0 0 

e=±krr; O~r<vt o = 2a sine cos kn ez o (3a,b> 

The shear traction given by <3a) generate the plane waves 

with constant particle velocity, i.e., of magnitude +2co/~.Since 

stresses and velocities are continuous across the cylindrical wave 

front, on the cylindrical wave front the conditions in particle 

velocity are 

and 

n-e <e<n, r=ct : w = -2co/~ 
0 

-n<e<-n+e , r=ct : w = 2co/~ 
0 

-n+e <e<n-~ , r=ct 
0 0 

w = 0 <4a-c) 

The problem is obviously anti-symmetric about x- axis with respect to 
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particle velocity, so only a half-plane need be considered. 

In polar coordinate <r,e>; the two dimensional 

anti-plane wave motions are governed by 

( 5) 

where w<r,e,t> is the displacement in the z- direction and c=~~/p is 

the velocity of transverse ·waves. 

Absence of any characteristic length in the 

geometrical configuration of the problem and the bo~ndary conditions 

C3>, C4> suggest that the particle velocity w is self-similar, 

implying thereby that depends on r/t,e rather 

separately. 

Introducing the variable 

s=r/t 

it is found that w<s,e> satisfies the equation 

than on r, e, t 

(6) 

Within the half-circular region ~BEMDCA, see Fig.1, the . 
boundary conditions on w<s,e> are 

. 
e=n, s~o 

iJw 
8e = 0 

rr-e <e<rr, s=c 
0 

O<e<n-e , s=c 
0 

e=O, O~s~c: 

w = 

w = 0 

w = 0 

e=kn±c, O~s<v: iJw = 0 
iJe 

For s<c, the Chaplygin's transformation 

(7a-e> 
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/ 

)( 

Fig.1: Pattern of incident, reflected and diffracted waves. 
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y 

Fig.2: Pattern of waves for the superposition problem. , 
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-j. 

(1 =cosh <cis> (8) 

reduces equation (6) to Laplace equation 

= 0 ( 9) 

and maps the interior of the half-circular region [O~e~n,s~cl of the 

physical plane into a semi-infinite strip [O~e::;n,<r.::~<coJ in e-~ plane 

as shown in Fig 3 . 

. A convenient method to solve the equation (9) is to express 

w(s,e> as the real part of an analytic function and to construct an 

appropriate analytic function of the complex variable (1+ie. 

The domain in the y-plane can be related to the upper 

half-plane of the (-plane by means of Schwarz-Christoffel 

transformation 

y =w ( ( ) , ( =~ + i if 

An appropriate transformation is 

u du 
+ in (10) 

where C is an arbitrary complex constant. The (-plane is shown in 
0 

Fig.4. The transformation given by <10> implies that the points E,A 

and D are mapped into (=1,(= -1 and (=0 respectively. 

Equation (10) may be integrated to yield 

y = 

~ N +~c 

+ in <11) 

e w +~ c 
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Considering the change in imaginary parts in M and C, we obtain 

= 1-k ( 1.2) 

and 

= k <13) 

respectively.Thus the result (11> becomes with the aid of <12) and 

<13> 

y = k [ 1 n{ ~ < 1-l; ~ ) < 1-( 
2 

) + t: l; c + 1} - 1 n <t: +l; c ) ] + < 1-k) [ 1 n{ ~ < 1 -{: > ( 1 -( 
2 

> 

(14) 

Comparing the coordinate of the point D in they-plane and (-plane we 

obtain 

-~ c r = cos h + i krr = k I n 
D V 

+ (1-k)ln 
1 +I 1-e z 

M + i krr (15) 

Comparison of the coordinate of the point B in y- plane and (- plane 

results in the relatinn 

= rr 12 -e 
0 

( 16) 

Equations <12),(13) <15> and <16> can be used to solve tor 

CO,{M,{C, {B. 

The boundary; conditions given by <7a-e) turn into the following 

conditions in the (-plane 
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n=o, -oo<~~ -~ w = 0 

c 

n=o, -~ <~ < 1 
aw 

0 
ih) 

= 
c 

n=o, 1~~:5~ 
2co 

w = --a J..l 

n=o, ~ <~<oo . w = 0 <17a-d> . 
B 

Before we proceed to construct an analytic function which satisfies 

the conditions <17a-d>, we will investigate the relations between 

small distances from the point D in the physical plane, in the y­

plane and in the {- plane. ln the physical plane we consider the 

distance r-vt in the crack plane e=krr. For (r-vt>lr<<1 we easily 

establish that 

r-vt Cos~) --r 

In the{- plane we find for IZ: I <<1 

i.e. ' 

where 

w = k 
0 

r-r 
D 

~ 1-~2 
c 

= ..! w (2 
2 0 

+ (1-k) 
4 1-~ 2 

N 

Equation· <16> has been derived 
2 

maintaining terms of O<{ ). The terms O<{> 

to vanish with the aid of the results <12>, 

<16) suggests that {=in 

<16) 

( 19) . 

by expanding (14) and 

in the expansion is found 

<13>.Further the equation 

Mhere [
2 ( J -s/z c r- v t ] 1 12 

n = wo 1-v2/c2 v --ct"" <20> 

Next, if we take w =Re F<( > then in view of the conditions 
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given by <17> it is found convenient to work with F' <('>.Accordingly, 

we consider 

where 

and 

F' < C > = F'<C> + F'<C> 
~ 2 

F' <t; > = 
~ 

F' <{ > = 
2 

A 

<c; -e >J < 1-c > <c; +e > 
B C 

1 

! ( 1-( ) <( +{ ) 
c 

(21) 

<22> 

(23> 

Integrating <21> with respect to ( and using the condition that w 

possesses a jump discontinuity at {={
8 

as seen from (17c) and (17d) 

we find that 

A = 2~<e +e ><e -1> 
TlJ..l B C B 

(24) 

Integrating <23> ~e obtain 

F <c; > = e -i. [- cc -t J <c +e > < 1-c > 
2 c c 

(25) 

Since the term involving logarithm gives rise to a logarithmic 

singularity at {=0 which is not acceptable, we require 

B = ( 1-{ > C/~ 
c c 

(26) 

The shear stress at r>vt, e=kn can be obtained using the relation 

iJw = . -I m. [ F' <t; > ~ ] 

as 
t 

T ....,__ = - t=_ I mJ F' ( { ) ~ d t 
.......... r r/c wr 

<27) 
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As for all values of k, ( can not be expressed in 

terms of t explicitly. Hence for k ~ 0 the integration (27> is to be 

carried out numerically. 

In order to 

integration of 

follows 

F' <( > 
2 

extract the singular 

over . t in < 27 > to an 

12 = - ~ lm J sinh 

r 

/1 <'t; > F' <( > cit;" 
2 

term we change the 

integration over ( as 

<28) 

where r is the corresponding contour in the (-plane. 

Integrating <28) by parts and then changing the variable in the 

integration over F' <(> and F <t;> to the variable s we obtain from <27> 
~ 2 

where 

with 

and I = { -~ I m 
• a J: 

I= I +C I 
3 .. 

( -~ J <( +{ ) ( 1 -( ) 
a 

·-

F <( > - J.J I 
2 

<29> 

<30) 

(31) 

ds <32) 

2J 2 2 s 1-s /c 

The stress intensity factor N, at the crack tip defined by r=vt, e=kn 

is obtained using <20>, <25> and <29> as 

N = r.:! v t J 2n < r - v t > -r ez = -[ 
rrw 

0 

vc 
(33> 

From the asymptotic analysis of the deformation field about a 

dynamically extending crack tip,we see that if Tez -+T as r-..vt-0 on 
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e=kn, then the regu 1 ar term in T ez as r-+ vt+O,e=kn shou 1 d a 1 so be 

equal toT. So, we require 

I I +C I I = a a=v 4 s=v 
2o sine coskn 
IJ 0 

(34) 

where I and I are given by <31> and (32) respectively. Equation <34> 
a • 

gives the value of C. 

3.Numerical Results and Discussions 

In this section numerical results for the dimensionless 

stress intensity factor S where S = N/a~ and N is defined by <33> 

have been plotted in Fig.s versus the parameter k which defines the 

angle of skew, for .different values of v/c and e . It has been shown 
0 

in Fig.S that for fixed value of v/c the values of S decreases with 

the increase in the value of k and as the value of v/c increases the 

values of S is found to decrease which is expected from physical 

stand point. Again it is to be noted from Fig.4 that the values of S 

increases with the increase in the value of the angle of incidence of 

the plane waves. 
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CHAPTER III 

PROBLEMS ON PROPAGATION OF ELASTIC WAVES IN THE PRESENCE 

OF · TOPOGRAPHICAL IRREGULARITY 

Paper 10: 

Paper 11: 

Time step SH- wave transmission across a rectangular step. 

SH- wave propagation across a vertical step in two joined 

elastic hal£- spaces 
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TIME STEP SH- WAVE TRANSMISSION ACROSS A RECTANGULAR STEP 

1. Introduction 

ln recent past, several papers have appeared on 

elastic wave ·in materials with free surface having 

Wolf <1967> studied the propagation of Love wave 

propagation on 

irregularities. 

in layers with 

i r r e g u I a r bound a r ,i e s us i n g p e r t u r b a t i on me t hod . Adopt i n g the 

representation ~heorem due to Knopoff (1956) to obtain a perturbed 

solution of the problem, Knopoff and Hudson (1964) studied the 

transmission of Love wave past a continental margin considering the 

crust to have an abrupt increase in thickness. on the cant i nenta 1 

side. A series of problems involving the scattering of elastic waves 

by two dimensional and three dimensional topographical irregularities 

have been solved by Sanchez- Sesma <1979, 1982, 1983, 1985) by using 

a new 1 y deve I oped boundary method. The diffracted wave fie Ids are 

constructed with linear combinations of solutions which form c­

complete families for the wave equations and boundary conditions are 

then satisfied in a least square sense. Bose (1975> was also solved 

the transmission of SH- wave across a step like irregularity in the 

surface of an elastic half- space by a different method. He 

considered a time harmonic plane SH- wave in the form exp{i(wt-kX)} 

propagating in. the directio.n per.pendicular to the step and solving 

the resulting integral equation asymptotically, transmitted wave at 

distance far away form the step was obtained. Dutta and Mitra <1974) 

have presented the SH- wave motion in an elastic layer of different 

shear wave velocity. 

transmission of 

In 

time 

this 

step 

paper, we 

SH- wave 

studied the 

motion across 

problem 

a step 

of 

like 

irregularity in the surface of an elastic half- space consisting of 

along the common 

form HCT-X/c) where 

two quarter spaces' of same material joined 

boundary. Considering the incident wave in the 

H<> is the Heaviside step function the ·problem is reduced to an 

integral equation by using integral transform and Green's function 

technique and finally using Cagniard- Dehoop's method of finding 

inverse Laplace transform, trahsmitted field at any distances form 

the step on the free surface has been determined using iterative 
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procedure. Numerical results have been presented in the form of graph 

to illustrate the nature of transmission. 

2.Formulation Of Problem 

The transmission of SH- wave across a step like irregularity in the 

surface of an elastic half-space consisting of two quarter spaces of 

same material joined along the common boundary X=O has been 

considered here. We introduce the axes of coordinates as shown in 

Fig.l. Denoting the coordinates of a point in the X-Z plane by <X,Zl, 

we take the incident plane SH- wave as H<T-Xlc>, where H<x> is the 

Heaviside' s step funct;ion, so that the propagation is from higher 

side to the lower side of the step. 

Let V ,V be the Y- components of the displacement in· 
:1 2 

the two media I and ll respectively. The field equations are wave 

equations in two media and boundary conditions are that the shearing 

stress vanishes everywhere on the outer boundaries Z=O,X<O, ;X=O,O~~H 

and Z=H,X>O the displacement and stress are continuous on the 

interface X=O,Z>H. 

Tak 1 ng Lap 1 ace trans farm of these wave equa.t ions and 

boundary conditions with respect to time T<with parameter p), we get 

[ il2 il2 2 ] + -- E... v = 0 (!) 
ax?- iJZz 2 :1 

c 

[ a• ilz 2 ] -- + -- E... v = 0 (2) 
IJX2 iiZ2 2 2 

c 

[ ::-]Z=O = 0 for X<O 

[ ::·]z=H = 0 for X>O 
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X< 0 

Fig. 1: GE-ometry and coordi nat..e c;yc;tem. 
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for ~~H <3a-c) 

for Z>H 

V <O,Z> = V <O,Z> 
2 ~ 

for Z>H <4a,b> 

where H is the height of the step. 

We represent transverse displacement in two domains X<O 

and X>O in the form 

V = H<T-X/c) + H<T+X/c) + V' <X,Z,T>, 
2 2 . 

X<O, Z>O 

V = V <X,Z,T>, 
~ ~ 

X>O, Z>H. ( 5) 

Obviously V' 
2 

which is Laplace transform of V' <X, Z, T > 
2 

satisfies the 

the equation 

+ V' = o 
2 

3. Reductio·n to integral equation and its sol uti on 

(6) 

We introduce Green's functions G <X,Z:R,S> and G <X,Z:U,W) in medium 
~ 2 

I and II respectively such that G <X,Z:U,Wl is the solution of 
2 

= -4n6<X-U>6<Z-W> (7) 

for medium II with vanishing normal derivative at X<O,Z=O and at X=O, 

Z>O. Similarly, G <X,Z:R,S> defined with reference to medium 1 is the 
~ . 

solution of 

+ G <X,Z:R,S> 
~ 

= -4n6<X-R>6<Z-S> ( 8) 
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and satisfies the vanishing of normal derivative at X>O,Z=H and at 

X=O, Z>H. 

Now multiplying equation (7) by V' and equation (6) by G, 
2 2 

then subtracting the resulting second equation from the first, we 

obtain 

G TV' = - 4n V' <X, Z) 6 <X-U ) 6 ( Z- W ) 
2 2 2 

where ~z is the Laplacian operator in the X-Z plane. 

Integration of this over the region of medium II yields 

where r is 

- 4n V' < U, W) = 
2 

= 

the boundary of 

II ( 

I [ V' 
2 

r 

the 

G TV' ) dX dZ 
2 2 

8G 8V' ) 2 
G 2 dr 

an 
2 an 

medium I I and n is outward 

normal to it. 

-The ref ore, 4n TJ• <U,W> = l 
z J H 

dZ 

and a similar application of Green's theorem to medium 1 yields 

4n V,<R,S> =- r: aTJ 
G~<O,Z:R,S> ( axi)X=O dZ 

drawn 

(9) 

( 10) 

Substitution of <9> and <10) into the equation (4b> yields with the 

aid of <4a> and <5> the integral equation 

av 
( a/) X=O dZ = - Brr/p ( 11) 
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To evalua-te the Green's Function for the medium and I I Fourier 

cosine transform with respect to Z has been taken. With this 

application of Fourier cosine transform, equation (7) reduces to 

ordinary equation viz 

where 

G
0 = I G ex' z : u ' w ) c 0 s ( ot z ) d z . 
2 J 0 2 

Solution of the above differential equation can be taken as 

= A cosh<(3X> (3U e , ~u 

= A cosh<(3U> (3X e , X5U 

where the unknown constant A is determined as follows 

A(3e(3U [sinh<(3U> - cosh<(3U)J = -4rr cos(cxW> 

or A = 4rr cos(cxW)/{3 

Hence taking inverse Fourier cosine transform. we find 

02::~U 

roo e(3X = 8Jo ~ cosh<(3U> cos(cxW> cos(cxZ> dot -oo<~U C12> 

where· 2 2 2 2 (3 = ex +p /c • 

Again introducing Fourier cosine transform defined by 

G0 = roo G <X,Z:R,S> COScx(Z-H> d(Z-H> 
1 J 0 1 

in equation (8), we obtain, 
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I -(3R 

G
1

<X,Z:R,S> = 8Jo e(3 cosh<(3X> cosa<S-H> cosa<Z-H> da 

I -(3X 
= 8Jo e~ cosh<(3R> cosa<S-H> cosa<Z-H> da RSX<oo <13> 

On substitution of these values of Green's functions in the integral 

equation <11>, it takes the torm 

[( aavx1
) x=o dZ [( 

cosa<W-H)cosa<Z-H> 
~ + 

cosaW cosaZ 
(3 

- nip t14) 

"'· Substituting W=wH, Z=zH~ we obtain form <14> 

r ci'J [ ( 1) co sa H ( w- 1 ) co sa H ( z- 1 ) 
H 1 ax X=O dz 0 (3 da = 

r av 
- rr/p- Hj1( a/)x=o dz 

xro cos<aHw> cos<aHz> da 
. J 0 (i 

On inversion with respect to a, it takes the form 

cosaH<z-1) dz 
(3 

=- 2 H [cosaH<w-1) dw- 2~~( 
p 1 n J1 

xJ: co~~~~z) dT [ cos(THW) cosaHCw-1) dw <15) 

where (3(T) is obtained form (3 by replacing a by T, 

Next using the results 

[ cosaHCw-1> dw = rr6(a)/H <16) 



and J: sinaH<w-1) dw = 1/aH 

it can be easily shown that 

where o(K) is the dirac 6- function. 

Using equation (18) 

simplifaication it reduces to the for~ 

[ 
av 

H 
1 

( axto) X=O 
cosa.H < z-1) 

(1 dz = 
n6<a.> 

p 

[ 
av [ H ( to) cos < T Hz > s i n < T H > 

+ Ti 
1 

ax X=O 
0 

2 z 
{1 (T) (T - CA. ) 

in equation 

·4. Evaluation of' Displacement 
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(17) 

T sin(TH) 

H(T2- 0.2) 

(18) 

<15) and on 

sin<a.Hz>sin<a.H>d 
(1 z 

(19) 

Substitutins the value of G <O,ZIR;S> form equli\tion ct3> in equation 
1 . 

<10> we obtain 

- r: -(iX 4rrV <X,S> =- SH e cosa.H<s-1) to 0 

cosa.H(z-1) 
(1 dz 

where S=sH. Inserting the result <19) in the above expression we find 

V <X,S> 
1 

-pX/c J: 
= 9 _ ~ e-(iX cosa.H<s-1)da. 

p rr 0 [ 
av 

1 
( ax') X=O 

c 0 SOl H ( z - 1 ) 
(3 

dz + 
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2H
2 r: e-~x + cosaH<s-1) 

2 
n 

r: cos<-rHw> cosaH<w-1) dw x 

cos<-rHz>dz (20) 

We can compute V <X,S> form equation (20) by iterative process. We 
t 

take the first iterate of (20) as 

iJ <X,S> = 
1 

-pX/c 
e 

p 
( 21> 

av 
Deriving ( a/)x=o form <21> and substituting it in the 

second term on the right hand sioe of <20>, the second term, with the 

-pX/c 
aid of (16> becomes _e~----

2p· 

Similarly, with the aid of (16) and <17>, the third 

term on the right hand side of <20> becomes 

-pX/c 2 r J: r: e + 2
2
H dw . e-~X cosaH(s-1>cosaH<w-1>da 

0 
cos<THw>cos<TH>dT 

2 p n C 1 0 T~(T) 

Thus the second iterate is 

-pX/c 2 I I 
Vt<X,S> = e p + =~c J

1 
dw Jo e-~X cosaH<s-1>cosaH<w-1> da x 

COS(THW)COS(TH)dT 
T~ (T) 

(22) 

In order to find the displacement on the free surface, the next task 

is to put s=1 and obtain Laplace inversion of the right hand side of 

<22). 



Now j cosC-rHw)sinC-rH>dT = 
J 0 -r(H-r) 

where T = pv. 

1 
4ip 
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ipHCw+l)v ipHCw-1>v 

roo _e ---;::, ::;2=====-e 2--­
ViV+1/c 

dv 

De f o r m i n g t he path o f i n t e g rat 1 on to t he pat h par a I I e I 

to the imaginary v- axis round the branch point v=1/c, the above 

integral can be reduced to the form 

[ <w-1> f e-pT dT 
<w+!l f 

H(w-1>/c H<w+U/c 

(23) 

·Further 

r 2 -2 r: -p[~u +c X- iuH(w-1)] 
-(3X 1 

e · co SOt H ( w- 1 > dOt = 2 p e 

-oo 
du 

which by the well known Cagniard- Dehoop transformation reduces to 

the form 

dT C24> 

where 

Substituting the results (23> and (24) on the right hand 

side of <22> and taking the Laplace inverse transform, we obtain 

V CX,H,T> 

" 
= HCT-X/C) + XH

2 
[ 

2 
rr c 

w-1 
dw x 

R2 
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T-RIC 

<T-o> do 
H(T X+2H) X - - c 

Htw-Uic 
~ 2 2 2 2 . .2 2?. o [(T-o> -RIC Ho -H <w-1> lc J 

T-RIC 

X 
w+1 dw 

Rz I ( T-&) do 

H<w+l>lc 
~ 2 2 2 2 . .2 2 2 o [<T-o> -R /C Ho -H <w+U lc J 

<25> 

which represents the displacement due to transmitted wave in the free 

surface of the medium l. 

Introducing X=Hx, T=Htlc, o=Ho' I c and writing 

A=t+4x 2 +<w-1> 2
, B=t-!x 2 +<w-1) 2 

, D =w-1, E =-D so that A>B>D>E; 

get from <25> 

where 

V <x,l,t> 
i 

= H<t-x> + 

w+1 

2 2 
l+t -x 

2t 

;. [ H<t-xl L w-1 
X 

( 
2t t 
D n ( Tl 12 ' -6 2 I (3 2 ' q2 ) - ( D + 1 ) X 

we 
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A-D = ot ~, B-E = (3~ '· A-E = T ~, B-D = 6 

~ 

A-D = ot B-E = (32 A-E = T B-D = 6 
2' 

, 2, 2 

1=1,2 

and ~~~ are obtained from D,E respectively by replacing w-1 by w+1 

and n<¢,n,k>, F<¢,k) are elliptic integral of third and first kind 

respectively. 

5.Numerical results. 

To show the nature of the motion, we have evaluated numerically the 

displacement curve for transmitted wave. The results shown in Fig.2 

depict~d the variation of transmitted wave versus dimensionless time 

t f or d if f e r en t va 1 u e s of x • Due to the p r e s em c e o f t he s t e p , t he 

value o.f the displacement is found to increase initially at the 

arrival of the displacement an abrupt decrease after a small interval 

of time. Also, as expected from physical stand point, the initial 

increament in the value of the displacement is forund to decrease 

gradually with the increase in distance from the step. 
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Fig. 2: Variation of· transve-rse displacement with ti m€". 
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SH WAVE PROPAGATION ACROSS A VERTICAL STEP IN TWO JOINED ELASTIC HALF 

SPACES 

1. Introduction 

The problem of propagation of elastic waves in the presence of surface 

irregularities has been studied by several investigators. Abubakar 

(1963) studied the effect of an irregular surface with an isolated 

irregularity like a tough or d'itch on incident harmonic P- and SV­

waves. Propagation of Love wave in an elastic layer having an 

irregular boundary overlying a rigid half-space has been treated by 

Wolf <1967) using perturbation technique. The transmission of elastic 

waves across a step like irregularity in the surface of an elastic 

half-space is of great importance in seismology in connection with the 

propagation of waves from ocean basins to continental regions and vice 

versa. Knopof f and Hudson < 1964) studied the transmission of Love 

waves past a continental margin considering the crust to have an 

abrupt increase in thickness on the continental side. The transmission 

of SH-waves across a step like irregularity in the surface of an 

elastic half space was also considered by Bose <1975). Sato (1961) 

discussed the problem of propagation of Love wave in an elastic layer 

of variable trickness overlying a semi-infinite elastic medium. 

Appro x i mate ex pres s-1 on s f or the trans m 1 s s 1 on and ref 1 e c t i on factors 

are obtained by the application of a method based on Wiener-Hopf 

technique. 

In this paper, we consider the propagation 

of SH- wave in a medium con.sisting of two welded quarter spaces of 

different materials and having a step change in elevation at the 

vertical interface. The problem reduces to an integral equation by 

using transform and Green's tunction method and finally applying the 

method of steepest descent, transmitted and reflected fields at large 

distance from the step have 
this connection that the 

half-space composed of two 

been determined. It may be mentioned in 
problem of transient shear ·wa~e in a 

joined elastic quarter spaces of different 

Published in II Journal 01' Technical Physics 11 Vol 33_, 3-4_, pp 411-420., 

1992. 
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materials are subjected to time varying shear tractions at the free 

surface, parallel to plane of juncture has been solved by Achenbach 

l1969). Datta and Mitra <1974) also considered SH-wave propagation in 

a composite elastic medium consisting of an elastic quarter space i~ 

welded contact with a uniform layer of different shear wave 

velocity. 

2.Formulation Of The Problem 

We consider two quarter spaces of different materials joined along the 

common boundary X=O in such a way that there is a step change in 

elevation at the free surface. We consider the axes of coordinate as 

shown in Fig 1. Denoting the coordinate of a point in the X-Z plane by 

<X,Z>, we take the i-ncident plane SH-wave as exp[i<wt-K X>J where 
2 

K =w/c, so that the propagation is from higher side to the lower side 
2 2 

of the step. 

The boundaries Z=O, X<O; Z=H,X>O and X=O, 0:5Z5H 

are assumed to be stress free. Omitting the time factor exp<iwt), let 

V <X,z>,V <X,Z> be the SH-wave displacement component in two media <I> 
1 2 

and <I !)respectively in Y-direction which is perpendicular to the 

plane of the paper. 

The field equations are wave equations in the two 

media and boundary conditions are· that (i) The outer boundary is 

stress free and <1i) the dtsplacement and stress are continuous on the 

interface X=O, Z>H. J..l,p,c are assumed to be the modulus of rig.idity, 

density and shear wave velocity with appropriate suffix for- each of 

the two media. 

Introducing the dimensionless quantities 

)( = X 
H' 

z 
z = H 

We get from the wave equations and boundary conditions 
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X<O 

, X>O 
I 

J.J, .g,.c, 

F'ig. 1: Geometry and coordinate syst.em. 
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[ a2 
+ 

az 
+ k2 ] = 0 v 

ax
2 iJz2 j, j, 

[ az 
+ 

a2 
+ k2 ] 0 ( 2. 1) v = 

a x2 iJz2 2 2 

av 
2 

=0 for O<z<1 I-J2 
ax x=O 

av 
2 

=0 for x<O (2.2) 
I-J2 

az z=O 

av 
j, 

=0 for x>O (2. 3) 1-li 
az z=1 

av iJv 
j, 2 

=0 for z>1 1-Ji = I-J2 
ax x=O ax x=O 

v <O,z> = v <O,z> 
j. 2 

for z>1 (2.4) 

where H is the height of the step and kz__ 2 • .2 1 2 
W H C., 

\. L 
V. <X,Z>=v. <x,z>, 

I. I. 

1=1,2. We represent transverse displacement in the two domains x<O and 

x>O in the form 

v~ = 2cosk
2

x + v; Cx, z) x<O,z>O 

v = v <x,z) 
1 1 

x.O,z>1 (2.5) 

3. Reduction To Int·egral Equation and Its Solution 

We introduce Green's functions G <x,z:r,s) and G <x,z:u,v) ·for the 
1 2 

medium <I> and Cl!) 1·espectively such that G <x,z:u,v) is the solution 
2 

of 

G <x,z:u,v> = 
2 

-4rrb < x-u)b ( z-v) ( 3. 1) 

for medium <I I) with vanishing normal derivative at x<O, z=O and at 



x=O,z>O. Similarly, G <x,z:r,s) 
~ 
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is the solution of 

- 4n6 < x- r ) 6 < z- s ) <3.2) 

and satisfies the vanishing of the normal derivative at x>O,z=i and at 

x=O,z>L 

From equation <2.1b) and <3.1) we obtain by applying 

Green's theorem to the medium <II> and using appropriate boundary 

condition 

4n v' ( u, v) 
2 =[ 

8v' • 
GCO,z:u,v>[.::o

2
] _ 0 2 · uX X-

dz (3.3) 

and similar application of Green's theorem to the medium <I> yields 

4TT v ~ ( r ' s ) = - r G ~ ( 0' z : r , s ) [ :: ~ ] X = 0 d z (3.4) 

Substitution of (3.3) and (3.4) into the equation (2.4b) yields with 

the aid of <2.4a> and equation (2.5> the integral equation 

8v 

[ ~ ] d z = -en ax- x=O 
<3.5) 

The expression of the Green's function for the medium <II> will now be 

derived using Fourier cosine transform with respect to z; which 

reduces the determination of G <x,z:u,v) to that of a Green's function 
2 

for an ordinary differential equation. Accordingly taking Fourier 

cosine transform defined by 

Gc = r G <x,z:u,v)cos(az)dz, we obtain from the equation <3.1) 
2 J 0 2 

- 4rr co s ( 01 v ) 6 C x - u > 

from which we obtain in a straight forward manner 
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aJ: 
~ u 

2 

G <x,z:u,v) e 
cosh<~ x)cos<~v)cos(~z) dot = 

~2 2 . 2 

(3.6) 

aJ: 
~ X z 

e 
cosh(~ u)cos<~v)~os(~z) d~ = 

~z 2 
-oo<x5u 

where (32 2 Jl = ~ -
2 2 

Again introducing fourier cosine transform defin~d by 

Gc = ro G <x,z:r,s)cosot<z-1)d(z-1), 
i J 0 i 

we obtain from equation <3.2) 

- ( ~ 2 
- ll ) Gc = - 4n co s~ ( s - 1 ) 6 ( x - r ) 

t t 

from which we obtain easily 

G <x,z::r,s) 
i 

-~ r 
i e 

~1 
cosh(~ x)cos~(s-1)cos~(z-1) d~ 

t . 

( 3. 7) 
-~ X 

:l e 

(3i 
cosh(~ :r)cos~<s-1>cos~(z-1) d~ 

i 
r5 x5oo 

2 2 2 
where ~ = ~ - k 

1 :l 

On substituting the values of G <O,z:O,v> 
i 

and G CO,z:O,v) 
2 

equations <3.7) and (3.6) in the equation <3.5) we obtain 

av 
i 

ax 
cos~<v-!)cos~(z-1) 

~-

cosa(v~1)cosa<z-1) 
dot 

~. 

+ 

= - n: - fJ :l r [ a v •] d z >< 
,u

2
J 1 ax x=O 

cos(av)cos(az) 

~2 

-n 

dot 

from 
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Taking Fourier cosine inverse transform with respect to a, we get 

~ JWCOS(Tz) r ,... dT 
1

cos<TV) cosa<v-1) dv 
.ot1z<T> 

(3.8) 

where ~2 (r) is obtained from ~2 by replacing a by T . 

Next using the results that 

S: cos~<v-1> dv =no<~> 

I: sin~<v-1> dv = ~ 

it can be easily shown that 

where 6<x> is the Dirac 6-function. 

Using these 'results and after a 

T S i nT 
2 2 

'l' - a 

(3.9) 

(3.10) 

(3.11> 

little algebraic 

manipulation it can be easily shown that equatidn (3.8) reduces to the 

form 

>< sin(az)sina dz + 

2n f..l ~ f1 6 < 01 > 
. 2 t 2 

(3. 12> 
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~.Evaluation Of Displacement 

Substituting the value of G CO,z:r,s) from equation <3.7> in equation t. 
(3.4) and then using the result (3.12>, the displacement in the medium 

is obtained in the form 

v ex, s) 
t. 

2 -~ X . 

- --- da x 
1-J:t.r:e :t. co sod s-1·) · 
11 0 J.Ji~ :t. + J.J2~2 

[ 

T COS(Tz)sinT 
dT 

2 2 
~ (T) (T - a ) 

2 

( 4. 1) 

We can compute v Cx, s> iteratively solving equation (4.1> and using t. 
asymptotic values of integrals arising in the right hand side of <4.1> 

for large values of x. 

The first iterate is 

v Cx,s> = 
:1. 

2!-l k 2 2 . 

u k +u k 
,...i :t. ,...2 2 

e 
-ik X 

:t. (4.2) 

which is obviously the displacement in medium (I) in the absence of 

step change in elevation. 

Deriving ~~t.] from the first iterate given in Lax x=O 
(4.2> and using thi.s in the right hand side of <4.1) with the aid of 

! 

(3.10) it can be easily show that second term in the right hand side 

of <4.1) takes the for~. 

1 
i 

= 
2ik k 1-lf-l 

:l 2 t. 2 

n CJ.J k +J..J k ) 
:t. :t. 2 2 [ 

-(3 )( 
i e co sa ( s-1) 

sin2a da (4.3) 
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Which, for large values of x, can be evaluated asymptotically by the 

method of steepest descent. therefore, for large x, we find 

4u k u k 
,...:1. :1.,...2 2 

[ 

k ]s./z 
--

1
- exp<rri/4 

2nx 
i k X) 

s. 
( 4. 4) 

S 1m i 1 a r 1 y, w 1 t h t.h e a 1 d of C 4 • 2 ) and the res u 1 t g 1 v en 1 n ( 3 , 9 ) , the 

third term in the right hand side of <4.1) reduces to the form 

I 
2 = 2 

n (f-J k + 1-l k > 
:1. :1. 2 2 

[ 

sin2-r 

o-(3-2-,--r-> 
( 4. 5) 

In order to evaluate asymptotically for large values of x, integrals 

of the type 

we have to take into account the residue at the singularity a = T in 

addition to the int~gral along the steepest descent. Thu~ we get 

I I 

:1. 

rri f(T) 

2-r 
e 

-. 
-(3 (T)X 

:1. . 

Using this result in(4.5>~ for large values of x, we obtain 

I 
2 

where 

[ 

~] 
1 

/z M ex p ( n 1 I 4 . - i k x ) 
2n x 

1 

(4.6> 

(4.7) 
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2ik 
2 [ :!n2

T M = dT 
1l 

OT (12 
(T) 

(4.8) 

2 I: s i n2 k t 2i [ s i n2 k t 
2 dt + 

2 dt = rrk rrk 
2 

t
2 ~ 1 - t2 2 t 2 ~ t

2
- 1 

= J - iY 

Following Bose (1975) it can be shown that 

J
zk 

J = 2 
J < z) dz 

0 0 
J ( 2k > and 

1 2 J
2lc: . 

Y = 2 
Y < z > dz - Y ( 2k > 

0 0. 1 2 

1 
rrk 

2 

Thus from <4.1), <4. 4> and <4. 7>, the second iterate, for large x; is 

v<x,z) = 
1 

2 2 21-J. k [ - i k X e :1. (4.9) 

If we neglect terms of order 1/x, the higher order iterates yield the 

same expression. 

Now in order to find out displacement component due to reflected wave 

in the medium <I I>, we rewrite the equation <3.12> with the aid of 

equation <2.4a> and <2.Sa> as 

f.[ :>1 x=OCOS<X ( z-1) dz = 

x sin(az)sina dz ~ 
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Taking inverse Fourier cosine transform with respect to z, we get 

iJv'~ 

[ a/] x=O = 

2 iJ-1 k k s. s. 2 

nk +uk 
r-:1 :1 r-2 2 

r: T COS(T.U)sinT 
X. 

0
-------- dT 

(3 (T') (T2 _ CJ.2) 
2 

(4.10) 

Thus substitution of equation <4.10) in equation (3.3> with the aid of 

equation <3.6> yields 

v' <x,v>= 2 . 

- 2J-l k i k )( 
--:---:1.;_:1~ ~ + 

k + k e 
fJ:l :1 J-12 2 

~ )( 
2 e cos(av>sinoc 

cosCav) 

(3 )( 

411-l k k [ ~2)( 
:1 :1 2 e cos<av>sina 

n <1-1 k + 1-1 k > · n 
:1 :1 2 2 0 01 (J2 

da 

sin<au> du - f: x 
2 

Tl 

iJv' 
2

] sin<a'u>du + ~ x=O 

r> iJv' 
CiT J 

1 
[ iJX z] X= O COS ( T U) d U-

1 . 

- 8::1[01. e 2 cos<ocv)sina 
[

' (3~(3~ doc' [ T s 1 nT 
da ---------------dT X 

Tl 0 
. 2 2 2 2 

0
<1-1 (3' +J-l (3') <oc- oc' ) 0 (3 {T) (T - oc' ) ' 

:1 :1 2 2 2 
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(4.11) 

where ~, and ~,·are obtained from~ and ~ by replacing a by a' 
1 . 2 1 2 

.Now to solve equation. (4.11> iteratively, we take the 

first iteratibn as 

-21-1 k 
1 1 v' ( x, v > = e k + k 2 1-11 1 1-12 2 

av' 
i.e., [ a/]x=O = 

ik )( 
2 + 

4i~J k k [ ~2)( •. 
1 1 2 e cos(av)slna 

n (1-J k + 1-i k > !') 
1 1 2 2 

0 
a ,,

2 

2ik1-Jk 
2 1 1 

uk+uk 
,... 1 1 ,...2 2 

dOt (4.12) 

(4.13) 

The asymptotic evaluation of (4.12> for large values of x by the 

method of steepest descent yield the first iterate as 

-~ k [ { 2k r· eni/4 ] 
ik )( 

v' Cx v>= 1 1 2 2 

2 ' k +' k 1 - e 
1-11 1 1-12 2 -n x 

(4.14) 

The second iterate is obtained by inserting the value of [::~] x=O 
given in the equation (4.13) on ·the right hand side of equation (4.11) 

and using the results 

[ sin(az) dz = COSO! 

a 
and [ cos(az) dz = 

sina 
rro(a) -

and then evaluating the integrals on the right hand side of <4.11> by 

the method steepest descent for large value of' x. Thus we obtain the 

second iterate as 

v' Cx v)= 
2 • 

- 2~--J k [ ( ( 1-M) 1-i k ) { k }
1 12 

11 i I 4] i k x 
1 1 1- 2 1- 1 1 __ 2_ 2 

IJ-...,.k-+-1-J-=-k 1-i k + 1-i k e e 
1 :1. 2 2 :1. 1 2 2 - 2n x 

(4. 15) 
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where M is given in (4.8) 

Thus from equation <2.5a) and <4.15) we get 

v <x,v>=e 
2 

- i k )( 
2 <1-M >1-ls. ks.) ~2 rr i/4] i k2 x 

---.k--+-..-k- --·- e e 
1-ls. s. l-l2 2 - 2rr x 

(4.16) 

5.Nurnerical Results and Discussions 

To investigate the nature of the motion, we have evaluated numerically 

the increment in amplitude due to the step for both transmitted wave 

and ref 1 ected waves. The resu 1 ts are shown in the farm· of graph!=l 

showing the variation of ~~V with k for different values of 11 /11 
1.T 2 r-2 r-1. 

in Fig.2 for ·transmitted wave and 

Fig.3 for reflected wave, where 

= vs. I -
21-1 k 

2 2 and 

the variation G ~V 
2R 

~v 
2R = 1- v 

2R 

II k -IJ I< 
r-2 2 r-1. 1. 

with k 
2 

u k +u k 
r-1. 1. r-2 2 

- 1-l k +1-l k 
. 1. 1. 2 2 

where v is the reflected part of v 
2R 2 

in 

The value of rx ~V is found to increase gradually 
- S.T 

with the increase in the value of 1-l Il-l and for all values af·l-l Il-l s.' 
2 1. 2 . 

it is found that the maximum value of..[: ~V occurs at k = 0.75. It 
_ IT 2 

is also observed from Fig.2 that..[: ~V is positive for all values of 
S.T 

k
2 

and l-l
2

//-l
1

, that is the amplitude of transmitted wave is always 

greater than that of transmitted wave in the absence of of the step. 

Moreover, with the increase in the va 1 ues of 

undulating character with decreasing amplitude. 

k the 
2 

graphs show an 

, From Fig.3, we see that the value of ~ ~V gradually decreases with 
2R 

the increase in the value of "Ju and shows a gradual increase as the .r-2 r-1 

value of k increases. 
2 
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TWO COPLANAR GRIFFlTH CRACKS MOVlNG IN A STRIP 
UNDER ANTIPLANE SHEAR STRESS 

A. N. DAS and M. L GHOSH (DARJEELING) 

I. Introduction 

In fracture mechanics, the problem of diffraction of elastic waves by cracks of finite 
dimensions in a strip of elastic material has been investigated by several authors. Srh and 
CHEN f 1] investigated the problem .of propagation of a crack of finite length in a strip 
under plane extension. The resulting mixed bounadry value problem was reduced to the 
solution of a Fredholm integral equation of second kind, which -was solved numerically. 
Closed form solution for a finite length crack moving in a strip under antiplane shear 
stress was also obtained by SINGH et al. [2]. As regards the dynamic crack problem, 
research has been restricted mainly to the case of a single crack because of the severe 
mathematical complexity encountered in finding solutions of two or more cracks. However, 
using finite Hilbert transform techniques developed by SRIVASTAVA and LOWENGRUB [3), 
LOWENGRUB and SRIVASTAVA [4] solved the statical problem of distribution of stress 
in an infinitely long elastic strip containing two coplanar Grillith cracks. The scattering 
of time-harmonic normally incident plane waves by two parallel and coplanar Griffith 
cracks in an infinite elastic medium has been studied by JAIN and KANWAL [5) and more 
recently by ITOU [6]. The problem of diffraction of elastic waves by two coplanar cracks 
moving steadily along the interface of two bonded dissimilar elastic media has recently 
been studied by DAS and GHOSH [7] using Hilbert transform technique. 

In this paper we have considered the problem of propagation of two complanar 
YOFFE [8) cracks moving steadily in an infinitely long finite width strip. Employing Fou­
rier transform and finite Hilbert transform technique, closed-form solutions are obtained 
for two cases of practical interest. Firstly, the case when the rigidly clamped edges are 
pulled apart in opposite directions is considered. Secondly, we have treated the case when 
the lateral boundaries are subjected to shearing stresses. Exact expressions for the crack 
opening displacement and the stress intensity factors have been derived in both the cases. 
Finally, numerical results for stress intensity factors are presented graphically to show 
their variation with crack speed for different values of the lengths of the cracks. 

2. Formulation of the Problem 

We consider two cracks of finite lengths placed on the X -axis from -b to -a and from 
a to b with reference to the rectangular coordinate system (;t·, y, .:) which, referred to a 
fixed coordinate system (X. Y, Z), is moving with constant velocity u along X-direction 
within the strip of elastic material occupying the region -h' ::; )·· ::; h', as shown in Fig. l. 

In dynamic problem of antiplane shear, the non-vanishing component of displace-
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ment IV directed in the Z-direction satisfies the equation of motion 

o2 W 02 W 1 tJ2W 
<2·1) oX2 + oY2 = c~ W' 

where cz = (11/ p) 112 is the shear wave velocity and p is the density of the material. The 
non-vanishing components of stress are 

(2.2) 

y y' 

f----v_t --'"i 

0 x·--x 

z 
<' 

Fla. 1. Moving cracks in a strip under antiplanc shear. 

Using Galilean transformation x' = X - vt, y' = Y, z' = Z ,. t' = t, where (x', y', z') 
is the moving coordinate system shown in Fig. 1 and, next, introducing the dimensionless 
coordinates x, y,:: such that x' = xb, 'y' = yb, z' = zb, h' = hb, Eq. (2.1) reduces to 

cJ2W 82W 
(2.3) sz-8 2 + -8 2 = 0, 

X y 

with 

(2.4) 

3. Boundary Conditions 

We consider two basic problems of practical interest with diiTerent boundary condi­
tions. 

PROBLEM 1. The edges of the strip y = ±h are assumed to be rigidly clamped and 
displaced laterally in opposite directions by an equal distance w0 , where wu is a constant. 
As a result, antiplane shear motion takes place in ::-direction, whereas cracks move in the 
x-direction and the boundary conditions are 

(3.1) W(x, ±h)= ±wu, -oo < x < oo, 
(3.2) CTyz(x,O)=O, cl<l:~:l<l, 

(3.3) W(x, 0) = 0, 0 S lxl < d, IJ:I > 1, 

where d = afb. 

·. 
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In order to apply the integral transform technique it is necessary to solve a different but 
equilvalent problem which can be obtained from the problem of a clamped strip (without 
any crack) subject to a uniform strain. The equivalent stress condition on the crack are 

JlW() 
(3.4) CTyz(x,O) = -h, d < lxl < 1 

and the displacem~nt must satisfy 

(3.5) 

(3.6) 

W(x,O) = 0, 0 ~ lxl < d, lxl > 11 
W(x 1 ±h)::::;: 01 -oo < x < oo. 

PROBLEM 2. In this case uniform shearing stress p0 is applied to the upper and lower 
boundaries y = ±h of the strip. The equivalent problem in this case involves the appli­
cation of the shear stress -p0 to the crack faces at y = 0. Accordingly, the boundary 
conditions are 

(3.7) 
(3.8) 

(3.9) 

O"yz (;r, ±h) = 0, -oo < X < oo, 

O"yz(x, 0) = -pu, d < I xi< 1, 

W(x,O) = 0, 0 ~ lxl < d, lxl > 1. 

4.Solutions of the Problems 

Due to the symmetry about (x, .; )-plane we need to consider the region 0 < y < h 
only. Employing 

( 4.1) 
!200 

Fc[A(O: ~ ~ x] = V; J A(~)cos(~x) d~, 
() 

and 

(4.2) F,[A(~): ~--. x] = {g fA(Osin(~x)d{, 
() 

we obtain the solution of Eq. (2.3) as 

(4.3) W(x~ y) = Fc[AI(O exp(-~ys) + Az(O exp(~ys): ~- x] 1 

with 

(4.4) uy:(x~y) = JtsFc[~{-AI(Oexp(-~ys) + Az(Oexp(~ys)}: ~---> x]. 

PROBLEM l. Using the expression for W(x 1 y) given in Eq. ( 4.3) in Eq. (3.6) we get 

A(~) 
AI(O = 1 ( ~I ) I - exp- zs 

Az(O ::::;: -A.(O exp( -~hs) 
1- exp( -~hs) 1 

where ..!(0 is to be determined. 
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From Eqs. (3.4) and (3.5) we find that A(~) satisfies the set of triple integral equations 

(4.5) Fc[eA(e)cth(ehs):e--x]= 
1

1
v0

, d<x< 1, 
IS 

(4.6) Fc[A(e): e __. x] == 0, 0 ~X< d, X> 1. 

Let us take 

I 

A(O = ~ q J gi(r) Sech2 (cr) sin(er) dr, e \1 ~ d . 
(4.7) 

It is clear that the above choice of A(O satisfies Eq. (4.6) if and only if 

(4.8) 
1 

J [JI(r)Sech2 (cr)dr = 0. 
d 

Equation (4.5) can be written as 

d w0 
(4.9) -d F,[A(O cth (ehs): e--. x] = -h ' d <X< 1. 

X S 

Inserting Eq. (4.7) in Eq. (4.9) and using the result [9] 

(4 .10) Joo cth(ehs)sin(er)sin(ex) de= !log I th(cx) + th(cr)l 
e 2 th ( CX) - th ( CT) 1 

() 

where c = « f2hs, we obtain 

I 2 

J cg1(r)Sech (cr)th(cr) dr __ wo 
d<z<l. 

d th2 (cr)- th2 (cx) hsSch2 (cx)' 
(4.11) 

Substituting th (cr) = T~o Eq. (4.11) is found to reduce to the form 

(4.12) 

where D1 = th(cd), I1 = th(c), X 1 = th(cx) and .A(Tt) = g 1(r). 
Using finite Hilbert transform [3], the solution of Eq. ( 4.12) is 

(4.13) ( ) _ A(T2 ) _ 2wo ch (cd) 
!/1 T - I -

«l1s(l- Tl) ch (c) 

rz- D2 
I I+ 

If- Tt 

+ l\1 
[(TI2- Df}(lf- 'fn)l/2' 

where the constant J\ 1 determined from Eq. ( 4.8) is found to be equal to 

(4.14) 

d < T < 1, 
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where q = Ur- Dt) 112 / I1 and F(¢ 1 k), JI(¢~ n, k) are elliptic integrals of the first and 
third kind, respectively. 

The expressions of displacement and shear stress on the plane of the crack are expres­
sed as 

1 

(4.15) W(x,O) =; J 9t(r)Sech2 (cr)dr, d<x<1 
r 

and 

(4.16) . (·O)- J1
g1(r)Sech

2
(cr)th(cr)Sech(cx)d 

Uy: X, - JlSC 
2 2 T 1 

d th (ex)- th (cr) 
0 :S X< d, X > J 

Now, inserting Eq. (4.13) in Eqs. (4.15) and (4.16), we obtain 

(4.17) IV(.t:,O) = _woch(cd) F(>., ) 1- []2 1- Jl 2' If(l- Dt)'q + 
[ { ( 

( 1r I[ - Dt ) ) } 
hscsh(c) q 1 F(;,q) 

where 

(4.18) 

Sin>. = 

+ ch
2 

(c) Jl (:.. I[- Dr )] 
ch2 

( cd) 
1 

1 - I[ 
1 

" ' 

I[- th2 (ex) 
I[- D[ 

th2 (ex)- Dr ch (c) ----.,::-'--'----'- - -- + 
th2 (ex)- I[ ch (cd) 

d <X< I, 

X> 11 
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where we have used the result 

1 . . 12J(d2- :2)(1- x2)' 

J. 1 t dt - 0 
d J(t2- d2)(1- t2) t2- x2 - , -7r 

· 2j(x2 - d2)(x2 - 1)' 

( 4.20) 

0 <X< c/, 

d <X< 1, 

X> 1. 

The stress intensity factor at x = 1 is given by 

(4.21) _ · V _ Jtwo · [ If- Dt Dt(l- It). 
811- hm2(x -I)uy:(a:,O)- hS h( d) 1 + J · 

x-t . ec c c 1 cft(Ir _ Df) 

. 1- II z' Ir(~- Dt), 'I , 

[ 

. ( 1r It - Dr ) ]] 
F(2,11) 

and the stress intensity factor at x = d is given by 

(4.22) 
JHVI)J Di(l - If) 

Std = lim j2(d- x)uy:(x,O) =- J · 
·x-d h c(Ir- Df) 

. [
1

- n(~. 1!!1~ ~o,q)]· 
F(i,IJ) 

Letting d = a/b = 0 in the expressions for displacement, stress and stress intensity factors, 
it can be easily shown that the results coincide with the corresponding expressions give'n 
by SINGH et a/. (2 ]. 

PROBLEM 2. In this case again we take the general solution of Eq. (2.3) as 

(4.23) W(x, y) = Fc[Ct(O exp( -~ys) + Cz(~) exp(~ys) : ~ ~ x ], 

and inserting it in Eq. (3.7) we find that 

_ D(O 
Ct(O- 1 t exp(-~hs)' 
Cz(O = D(€) exp( -~hs). 

1 + exp(-~hs) 
From Eqs. (3.8) and (3.9) it is determined that D(O satisfies the following set of triple 

integral equation 

(4.24) 

(4.25) 

Fc[~D(~).th(~hs):~~.z:]= ]lo, rl<x< I, 
II' 

Fc(D(O: ~ _.... x] = 0, 0 '5J < d, x > I. 



7im cuplauar Griffith cmckJ moviug 

Proceeding as in problem 1, we consider a trial solution 

I 

D(O = ~ t; J gz(r)ch(cr)sin(~r)dr. 
€V2d 

(4.26) 

4!!5 

With this choice of D(~), Eq. (4.25) will be satisfied provided the unknown function g2(r) 
in Eq. ( 4.26) satisfies 

(4.27) 
I 

J gz(r)ch(cr)dr = 0. 
d 

Now Eq. ( 4.24) can be written as 

(4.28) d Pu 
-d F,[D(O th(~hs): ~ ~ x] = -, d < x < 1. 

X Jl• 

Insertion of Eq. ( 4.26) in ( 4.28) and application of the result [9] 

J
c-:; th (~hs) sin(~r) sin(€x) I 1 1 I sh(cx) + sh(cr) I (4 2 9) c & = - og -.,...-:--.:;-.....---,-...;---7 

· • ~ "' 2 sh(cJ:)- sh(c·r) ' 
ll 

where c :;::;. « /2hs! gives 

I J cgz(r) Sh (2cr) dr = Po d < x < 1. (4.30) 
d sh2 (cr)- sh2 (cx) JlSCh(cx)' 

Substituting 12 = sh (cr), !2 = sh (c), Dz = sh (cd) and X 2 = Sh (ex) and proceeding as 
in problem 1, we obtain the solution of Eq. (4.30) as 

. 4po 
(4.31) gz(r) = --1-

rr•Jts 4=~ ~ RHI· ~~=~J.q") -F(;:.q")] + 

1\2 
+ ' 

v<T1- DD(If- rn 
where q' = (I~- Dn112/h q" = q' · th(c) and the constant K 2, as determined from 
Eq. ( 4.27), is 

J, 
f{ 

2 
= · 4po th (c) j 

« 2JisF ( ;. q') D2 

T}-Di(Il(~ Ii-D~ ") -F(~ ("))dT. 
I z _ T2 'J • 1z _ yz • q 1 • 1 2 

2 2 - 2 2 -

(4.32) 

The relevant displacement and stress components in the plane of the cracks may be written 
as 

I 

(4.33) W(x,O) = -i J gz(r)ch(cr)dr, d <X< 1, 
r 
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and 

(4.34) 
I 

(
. O) = ILSC I U2(r)sh(2cr)ch(cx) L 

rr yz X 1 ? ~ 2 ( T 1 

- d sh~ (ex)- sh (cr) 
0 :5 J~ < dl X> 1. 

Now using Eq. ( 4.31) in Eqs. ( 4.33) and ( 4.34) we obtain 

2po [II (4.35) W(x 1 0) = - h ( ) 
7r /LS C C 

:r 

{ n(~I~-D~ ")-F(~ ")} h( )d] 1\zP(>.'~q') x 2 I I~ - Tf 1 q 2 I q c cr T + c/2 1 

where 

sin>.' = 

(4.37) (" O) _ 2puch (ex) 
CTy: X, - - 71' • 

2 2 /, 
D2 - sh (ex) I. 
I£- sh

2 (ex) D
2 

rrps ch (ex )f{ 2 
for 0 < x <d. 

The stress intensity factor as x = 1 is given by 

( 4.38) ::h1 == lim V2(x - I )cry• (x, 0) = 2Pu I! - Di x F (~ r/') + 
:r-1 1r clzch(c) 2' 

+ 1r/LSf{z 

2Jc th (c)[/~- D~] 

and the stress intensity factor at x = d is given by 

(4.39) 

Again letting d == 0 in the expressions for displacement1stress and stress intensity factors, 
we obtain the corresponding results given by SINGH eta/. [2]. 

' 
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5. Numerical Results 

In this section we present the variation of stress intensity factors with ratio of crack 
speed v to shear wave speed c2 for both problems. The crack length dependence of the 
stress intensity factors and its variations with vjc2 have been shown in Figs. 2-5. Figures 2 
and 3 illustrate the fact that in Problem 1, the stress intensity factors at both the crack 
tips decrease with the increase in the distance between the cracks. 

a/h =0 ------------------
07 

30 

~0.6 

........... 
..... 

' \ 
' \ 

~- ~----------------------------------- \ .c: 
0.5 

0.1, 

03 

02 

0.1 

blh' =I 

\ 
\ 
I 
I 

FIG. 2. Stress intensity factor at the outer edge vs.ufc2 for Problem I. 
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FIG. 3. Stress intensity factor at the inner edge us.usfc2 for Problem 1. 
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FIG. 4. Stress inten.~ity factor at the outer edge us. u / c2 for Problem 2. 
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FIG. 5. Stress intensity factor at the inner edge tls.v/c2 fm l'roblcm 2. 

13ut for the Problem 2, as seen from Figs. 4 and 5, it is fo~nd that the behaviour of the 
stress intensity factors at the crack tips is of difi'erent nature. In the Problem I, the stress 
intensity factors at both the crack edges decrease with the increase in the value of uj1~ 2 
and approach zero as ujc2 ~ l. But in Problem 2, the stress intensity factor ~Y:the ~ 
edge5increaset gradually with the increase in the value of t•/ c2 and approaches infinity as 
u/c2 i' ~~~·henHI!i the c'>rrespo~JciiRg vah:te Bt lRil iRRer edge gecrealles graduall)· to ;6ere 
with the ine1 ea5e in the valYil gf vje~. The dashed line in Fig. 2 and· Fig. 4 corresponding 

+ O.s Comj:>o.Y~d to the. C.'<ll'r42Spcn·'ld:"Y!9 'V'\Cl.h...c..Ye.. of problem I. 

~"' .!'Y) p"'"'bl-e~ ][. ·~ ~ fou.."'nd ma.t- lr).e, 1()\.,-ers: \Y)l.ell.siJi fo..clo'Ys 
~t- bo\1- ~ .e.o:iq-es c(ec:re.o..~e (.(Jjj~ lhe. ·,.,c.veo.~e ,·n 1\-)e.. vO\.ILtes o.f 
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to the stress intensity factors at the tip ·af a single crack as given by SINGH et a!. [2] for 
the case b/h' = L. 
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RUG! DWOCH WSPOI:.LINIOWYCH SZCZELIN GRIFriTHA W l'ASMIE 
W WARUNKACH ANTYI'I:.ASKIEGO STANU ODKSZTALCENIA 

Rozwazono przypad~.:k ustalonego ruchu dwoch szczclin o jcdnakowych dlugosciach b - a i wzajcmncj 
odlcglosci 2u poruszai<lcych sit; z ustalonq pn;dkosciq w plaszczyinic symctrii y = 0 pasma sprt;:Zystcgo ogra­
niczoncgo plaszczyznami y = ±It'. Rozwa:lono przypadki, gdy pi<L~ZL'Z)'Zny tc Sil utwicrdzonc lub swobodnc od 
napn;zcri. IRozwi<jzania uzyskano w postaci zarnknh;tcj. Pr7.cdyskutowano i zilustrowano wykrcsami zalcznosci 
wsp{>lc7.ynnikuw intcnsywnosci napn;zenia w wicrzcholkach szczelin od prcdkosci ich propagacji i paramctrc\w 
gcomctrycznych 7.adania. 

Pe3JoMe 

JIHVI/1-\1·:111-H: JIB:>' X J..:OJIJIVIIH~APilbiX TPF:IIIVIII I'I'VI•I><I•Wl'A H IIOJI<:E 
B :-,:cJIOBV!JIX AIITVIIIJIOCKOI'O 1U:•l•OPI\H11'01:lAIIIIUI'O COCTOIIIIVIH 

Pac<:Mil'I'IHIUaJJCH CJJy<tai:1 tjJHKCHpouanuoro ~llH>KCIJYI11 ~uyx TPCll.\YIIl o~HIIilKouol1 ~JJYIIIbl b-et 
H paCIIOJIOmCiillbiX llil paCCT01111YIH 2a, nepe~UYJrili011.\HXC11 C OllpC~CJICIIIIOH CKOpOCTIO ll 11110CKO­

CTYI CYIMMI1eTpHH y = 0 ynpyroro uonca, orpauYJ<teuuoro IIJIOCKOCTH~ll1 y = ±h'. PaccMaTpYJuancH 

CJI)'4it.it, t\OI".U.a. ~TH UJIOCKOCTl1 3aKpcnJICIIbl ~-tJU1 cso6o)l.ltbl oT uaiiJHiit\CIU1H. Pcn~eiiHH 61HnH no­

.!I,)""H~llbJ. B :Jil:\11-\II)'TOl\1 Ul~)l,C. 3aUHCl1MOCTh KOC1Pcfl111VICIITOU HIITI~IICHUIIuCTl-1 lli:LIIJHin<t:IIHH U IH11:p-

1U.IIIIilX TpL'II~IIIl OT CKOpOCTYI YIX pacllpOCTpil11CIII111 H l'COMOCTpHLJCCKYIX llilpi\~ICTpOD 3il~il411 IIO,LJ.­

Jiel'aJiit o(icymJICIII110, H111110CTpl1pOililJiilCb rpatjltjJYJKilMI1. 

IJEI'ARTMfXr OF M,\TIIf.MATICS 
NOKTJI UI:I"J;,\1, liNI\'J;KSIH' ll.\IUf:t:I.ING, Wt:ST Dt:NG,\1., INill.\. 
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TWO CO·PLANAR GRIFFITH CRACKS MOVING 
ALONG THE INTERFACE OF TWO 

DISSIMILAR ELASTIC MEDIA 

A. N. DAS and M. L. GHOSH 

Department of Mathematics, North Bengal University, Darjeeling, West Bengal 734430, India 

Abstract-In this paper, the distribution of stress and displacement due to propagation of two 
parallel and co-planar Griffith cracks with constant velocity under antiplane shear stress at the 
interface of two dissimilar elastic media arc presented. In the first case, cracks are assumed to 
propagate along the interface of two dissimilar infinite elastic half-spaces. In the second case, the 
problem of propagation of two co-planar Griffith cracks with uniform velocity at the interface of 
a layered composite has been treated. Cracks are assumed to be moving at the interface of a layer 
of thickness h and a semi-infinite substrate of different material. By the use of Fourier transform 
the problems have been reduced to the· solution of a set of triple integral equations which have 
been solved by using the finite Hilbert transform technique. In the second problem, analytical 
solutions up to the order h- 4

, where h ~I, have been derived for both the crack opening 
displacement and the stress intensity factors. Numerical results are also shown graphically. 

1. INTRODUCTION 

ScATTERING of elastic waves by cracks located in a homogeneous, isotropic medium has important 
applications in geophysics and seismology. If the cracks are located at the interfaces of layered 
media, the study becomes more relevant. Scattering of elastic waves from an interface crack under 
antiplane strain was solved by Bostrom[\]. Srivastava et a/.[2] solved the problem of interaction 
of an antiplane shear wave by an interface crack. The problem of diffraction of Love waves by 
a crack of finite width in the plane interface of a layered composite has been solved by Neerhoff[3]. 
As regards the dynamic crack problem, research has been restricted mainly to the cases of a single 
crack because of the severe mathematical complexity encountered in finding solutions of problems 
involving two or more cracks. The diffraction of an anti plane shear wave by two co-planar Griffith 
cracks in an infinite elastic medium has been treated by ltou[4]. Lowengrub and Srivastava[S] 
treated the static problem of stress distribution in the presence of two co-planar Griffith cracks in 
an infinite elastic strip. The scattering of time harmonic normally incident plane waves by two 
co-plam1r Grinlth cracks was abo solved by Jain and Kanwal[6]. 

To our knowledge, the diffraction of elastic waves by two cracks moving along the interface 
of bonded dissimilar elastic media has not been investigated so far. In this paper we consider the 
problem of determining the distribution of shear stress in the neighbourhood of the cracks, moving 
along the interface of two bonded dissimilar elastic media. Two cases of practical importance have 
been considered here. Firstly, the case of two co-planar Griffith cracks moving along the interface 
of two semi-infinite dissimilar elastic media has been treated; secondly, the problem of propagation 
of two co-planar Griffith cracks along the interface of an elastic layer overlying a semi-infinite 
medium of different elastic properties has been considered. Employing Fourier transform we 
reduced these problems to solving a set of triple integral equations with cosine karnel and weight 
functions. These equations are solved using the finite Hilbert transform technique. In the second 
problem, analytical expressions are retained up to the order h -4, where h is the thickness of the 
upper layer, for deriving the dynamic stress intensity factors and crack opening displacement. 
Numerical results are also presented graphically. 

2. FORMULATION OF THE PROBLEM 

We consider two cracks of finite length to be placed along the X-axis from -1 to -c and 
c to I with reference to a set of rectangular coordinates (x, y, z) which, referred to a fixed coordinate 
system (X, Y, Z), are moving with constant velocity v along the X-axis, as shown in Fig. I. 

59 
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y y 

vt 

-1 X 

Fig. I. Geometry and coordinate system. 

The coordinates are regarded as dimensionless, referring to the outer edge of the crack. In the 
dynamic problem of anti plane shear, there exists a single non-vanishing component of displacement 
in the Z-direction, W, = W,(X, Y, t), i = I, 2, where W1 and W2 are the displacement components 
along the Z-direction in media Y > 0 and Y < 0 respectively. In the absence of body force the 
equation of motion is 

(1) 

where b, = (JL;/p;) 112 (i = I, 2) are the shear wave speeds; p, are the densities of the materials and 
JL; are the shear moduli. 

Using Galilean transformation x =X- vt, y = Y, z = Z, t' = t, where (x, y, z) represents the 
translating coordinate system shown in Fig. 1, eq. (1) becomes independent of t and reduces to 

with 

Problem I 

2 alw, a2w,- o 
s, ox2 + oy2 -

3. BOUNDARY CONDITIONS 

(2) 

(3) 

In this case the cracks are placed along the interface of two joined dissimilar elastic half-spaces 
and are moving along the interface with constant velocity v. The x-axis is taken along the interface 
of these media. The cracks are excited by a normally incident anti plane shear wave. The boundary 
conditions are 

[ty:(x, 0)] 1 = [ty,(x, O)h = -p, 

[ty:(x, 0)]1 = [ry:(x, O)h, 

W1 (x, 0) = W2 (x, 0), 

c<jxj<l } 

O~lxl<c, lxl>l .. 

0 ~ lx I< c, lx I> I 

Problem I now consists of solving eq. (2) together with the conditions (4). 

Problem II 

(4a-c) 

In this case two co-planar Griffith cracks of finite width are assumed to be moving with 
uniform velocity under antiplane shear stress along the interface of an clastic layer kept in welded 
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contact with a semi-infinite medium of different elastic properties. The boundary conditions of this 
dynamic antiplane problem are 

[t,,(x, 0)]1 = [t1,(x, O)h = -p, 

[t;,(x, 0)] 1 = [t,,(x, O)h, 

W1(x, 0) = W3(x, 0), 

[r,,(x, h)]1 = 0 

c<lxl<l 

O~lxl<c, lxl>l 

Oll!iilxl<c, 1~1>1 

-oo<x<oo 

Problem II now consists of solving eq. (2) together with the conditions (5). 

4. SOLUTION OF PROBLEM I 

Employing Fourier cosine transform, namely 

l<X> 2J<X> fc(e,y)= f(x,y)cos(~x)dx and f(x,y)=- .fr(e,y)cos(ex)d~, 
0 7t 0 . . 

we obtain the solution of eq. (2) as 

for y > 0 

for y < 0 

where si is the positive root of (3) and Ai(e) are unknown functions to be determined. 
From (6) and (7) we obtain 

2ttiSI lex> [r,,(x,y)]l = --- eAI(e)exp(-sley)cos(ex)de, for y >0 
' 7t 0 

Using (4a) and (4b) we get 

A2(e) = _lllSl A1(e). 
J.l2S2 

Therefore, the crack opening displacement Aw(x) is obtained as 

Aw(x)"= WI (x, o+)- W2(x, o-) 

= 
2
L f<X> A 1 (~)cos(ex)de, 

7t Jo c~x~l 

for y < 0. 

=0, O~x <c, x > 1 

where 

From (8) and (4a), 

Let us take 

EI'M 41/1-E 

L = lllSl + lllSl. 

.Jl2S2 

(Sa-d) 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 
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Substituting (14) in (11) we see that this choice of A 1(~) leads to 

f h(t 2
) dt = 0. 

Inserting (14) in (13) we obtain 

pn 
2JJaSa, 

c<x<l. 

Using the finite Hilbert transform, the solution of (16) is 

where the unknown constant K', determined from (15), is 

K' = ...!!.._ (c 2 - E/F),· 
IJaSa 

(15) 

(16) 

(17) 

(18) 

where F == F(n/2, q) and E = E(rc/2, q) are complete elliptic integrals of the first and second kind 
respectively and q ==(I - c2) 1i2• 

The relevant expressions for the crack opening displacement and stress component at the 
interface are 

Aw(x) = L f.: h(t2
) dt, c < x < I (19) 

[ ( 0)] _2JJ1S1J1 th(t 2)dt 
'tyz X, I- 2 2 ' 

TC c X -t 
0 ~X< C, X> 1. (20) 

Substituting the values of h(t2 ) from (17} in (19) and (20) we obtain 

Aw(x) = Lp [E(A., q)- ~FF(A., q)], 
IJaSa . 

(21) 

where 

~ sin ). = V }::""C"2 (22) 

and 

(23) 

for x < c, (24) 

where we have used 

for 0 < x < c 

for c < x < 1 (25) 

for x > 1. 
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The stress intensity factors at the tips of the cracks x = 1 and x = c respectively are given by 

. p(l-EJF) 
K1 = hm vf2(x - 1)[-r,,(x, 0)]1 = J1=? 

....... 1- c2 
(26) 

(27) 

5. SOLUTION OF PROBLEM ll 

Employing Fourier cosine transform the solutions of the problem are sought in the form 

W2(x, y) = ~ f«> A3 (~)exp(s2 ey)cos(ex) de, 
7t Jo 

Using (28) we obtain the stress components as 

for 0 ~y ~ h 

for y < 0. 

2p1s1 i«> [-r,,(x,y)], =-- ~[-A,(e)exp(-s,ey)+A2(e)exp(s,ey)]cos(ex)de, for O~y ~h 
7t 0 . 

Applying (Sa), (Sb) and (Sd) we obtain 

p,s, AJ<e> =- [A2<e>- A, <e>J 
Jl2S2 

and 

We define the crack opening displacement ~w(x) as 

Aw(x) = W1(x, O+)- W2(x, o-) 

for y < 0. 

(28) 

(29) 

(30) 

(31) 

= 2£, f«> t<e)cos(ex) de, 
7t Jo . C ~X~ 1 (32) 

=0, O~x ~ c, x > 1 

where 

(33) 

Therefore, by (Sc) and (Sa), /(e) is found to be the solution of the following triple integral 
equations: 

fo'"' /(e)cos(ex) de = o, 0 ~X< C, X> 1 (34) 

f«> lf(e)[I + M(eh)]cos(ex) d~ = 
2
pn , c < x < 1 Jo Jl1~ 

(3S) 

with 

(36) 
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Assuming 

(37) 

it is found from (35) and (36) that h(x 2) is the solution of the following Fredholm integral equation: 

h(x 2) + f h(.t2)K(x 2, t) dt = F(x 2 ), e < x < 1 (38) 

satisfying the condition 

(39) 

where 

(40) 

with 

(41) 

and 

(42) 

K" being an arbitrary constant determined by the condition (39). If we take h P. I, then, by 
substituting '1 = eh and expanding cos(qy/h), sin(qy/h) we may write (41) in the form 

( ) 
/ 0 I /1 t 2 2 _ 6 ) 

K 1 y,t =hf+J;i(t +3y )+O(h (43) 

where 

. (44) 

and hence 

(45) 

where k 2 = I - e2
• 

Integrating both sides of (38) with respect to x from e to I and using (39), we obtain 

K" = L [c 2
- ~] +.!. f1 

h(t 1 )K(t) dt 
fJlSl F F r 

(46) 

with 

K(t) = ~ [~: (E- e1F) + ~: {(t 1
- ~k 2 )(E- e1F)- c2(E+ F)+ 2E}J + O(h- 6

) 

where E and F defined by E = E(7t/2, q) and F = F(7t/2, q) with q = k are known as elliptic 
integrals of the first and second kind respectively. 

Hence, h(x 2
) must satisfy the integral equation 

(47) 
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where 

M(x2, 1) = 2t [/~ (x2- ~)+I~ {<t2 + !k2)(x2- ~) 
7tJ(x2 - c2)(1- x 2 ) h F h F 

+ 3x2 (x 2
- 1) + ~ + c2

-
2c; £}] + O(h - 6 ) (48) 

and 

Since h ~ l, and IM(x 2, t)i < 1, the solution of (47) may be written in the form 

where 

with 
. E 

C0 =I +c2 -2-
F 

C1 = k4/4C0 - (l + c2
) 

The relevant crack opening displacement and stress component at the interface are 

Aw(x)=L f h(t 2)dt, c ~x ~ 1 

2f'ISI [fl th(t
2) dt fl 2 J [r,,(x, 0)]1 = --.- · 2 _ 2 + h(t )K1 (x, t) dt , 

7t r I X r 
0 ~X< C, X> I 

where K1 (x, 1) is given in (41). 
Using (43) and eqs (50)-(53), we find that 

(49) 

(50) 

(54) 

(55) 
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Using the results given by (25), we get for 0 < x < c 

and for x > 1 

f
1 
th(t

2
)dt =.J!!!._[{t-/0 C0 + /~C~} x {E/F-x

2 + t}+ I,Co 
c t 2

- x2 2141.s1 2h2 4h4 X2 2h 4 

x {Jx4+i;2+c2_3C~c2+x2)-c.}]+o<h-6), <ss> 

where 

Using eqs (50)-(53) we obtain from (54), after integration, the crack opening displacement as 

A ( ) = pL [{t _loCo I~C~ + 211 Co(C1 - k
4
/2C0)} 

l.l.W X Jlt.St 2h2 + 4h4 

h/b = 2 
1.0 alb= 0.26 

b/b2. 0.6 
0.9 

v/b1 • 0.8 

0.8 

0.7 

0.6 
.!;!: 
:E s 0.5 
<1 
:I: 

0.4 

0.3 

0.2 

0.1 

00.28 0.3 0.4 0.6 0.8 0.7 0.8 0.9 1.0 

X 

Fig. 2. Variation of crack opening displacement with x for 
problem II. 
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::I: 
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X 

Fig. 3. Variation Qf crack opening displacement with x for 
problem II. 
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1.0 hlb = 2 

0.8 

0.6 
alb= 0.2 Q. 0.4 -... z 

0.4 0.6 

0.2 

0 0.2 0.4 0.6 0.8 1.0 

v/ b1 

Fig. 4. Variation of stress intensity factor at the outer edge with vfb1 for problem II. 

where 

(1=X2 
sin,l. =.y~· 

Substituting the results obtained in (56), (57) and (58) on the right hand side of (55) the stress in 
the plane of the crack can be derived and from it stress intensity factors at the crack tips can easily 
be found. 

We find that the stress intensity factor at x = I is given by 

N1 =lim J2(x- 1)(-r,.,(x, 0)]1 ...... 

1.0 h/b = 2 

0.8 

0.6 

.e: alb= 0.2 u z 
0.4 0.4 

0.6 
0.2 

0 0.2 0.4 0.6 0.8 1.0 

Fig. S. Variation of stress intensity factor at the inner edge with v{b1 for problem II. 
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0.8 
h/b. 6 

0.8 

Cl. 8/b. 0.2 ./ -z 0.4 ..1 
..I 

0.4 f- ·o.e 

0.2 ...._ __ __.. ___ _._ ___ ...._ __ ____.. __ __......, 

0 0.2 0.4 0.6 0.8 1.0 

v/b1 

Fig. 6. Variation of stress intensity factor at the outer edge with vfb1 for problem II. 
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V/ b1 

0.8 

J 

1.0 

Fig. 7. Variation of stress intensity factor at the inner edge with vfb 1 for problem II. 

and the stress intensity factor at x = c is found to be 

N, =lim J2(c- x) [ty:(x, 0)] 1 
.'C .... t 

6. NUMERICAL RESULTS 

In this section we present numerical results for the stress intensity factors at the crack 
tips and also the crack opening displacements for different values of the layer thickness and the 
crack speed and for b1 fb2 = 0.6. The crack opening displacement is found to increase gradually 
with the increase in the value of the crack speed. Further, for a fixed crack speed, the crack 
opening displacement increases with the decrease in the value of the separating distance between 
the cracks. 

Vari11tion of the stress intensity factors at both crack tips with crack speed is depicted 
in Figs 4-7. It is interesting to note that stress intensity factors at both the crack tips increase 
very slowly at the onset with the increase in the value of vfb 1 but change rapidly and go to. 
infinity as v fb1 approaches 1. This fact becomes prominent as the layer thickness becomes 
large. 
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Abstract. In this paper. the three-dimensional problem of two coplanar Griffith cracks propagating uniformly in an 
clastic medium has been considered. Equal and opposite tractions which are triaxial in nature arc applied to the crack 
surfaces. The two-dimensional Fourier transforms have been used to reduce the mixed boundary value problem to the 
solution of triple integral equations. In order to solve the problem, the transformed surface displacement has been 
expanded in a series of Chebyshev polynomials which is automatically zero outside the cracks and also satisfies the 
edge Cl)nditil)ns. Fim1lly Schmidt method has bi!"en used to determine the unknown constants occurring in the series. 
Nllmericul cah:ulutions urc curried uut tu ubtuin the crack opening displacement and also the stress intensity factors 
for different values of the parameters. 

1. Introduction 

Yoffe [I] considered the problem of propagation of a crack of fixed length at a constant speed 
through a stretched isotropic elastic solid of infinite extent. In recent years, Yaffe's investigation 
was extended to include different types of materials and different material geometries. Sih and 
Chen [2] considered the problem of a uniformly propagating finite crack in a strip of isotropic 
dastic material. Recently Kassir and Tse [3] solved the plane stress problem of a moving 
Grit1ith crack in an inllnite orthotropic stressed medium by using integral transform technique 
and the same technique has been employed by De and Patra [4] to solve Yo!Te's problem in a 
stressed orthotropi~.: strip of finite thickness. • 

However all the problems mentioned above hav~·· been solved using the dynamic equations 
of elasticity in two dimensions. But practically in most instances, cracks are subjected to a ·state 
of stress that is triaxial in nature. Crack problems involving three-dimensional loading have 
generally not been attempted so far. 

Recently Angel and Achenbach [5] .derived the elastodynamics stress intensity factor for 
three-dimensional loading of a cracked half-space. Freund [6] also solved the three dimensional 
problem of the oblique reflection of a Rayleigh wave from the edge of a semi-infinite crack employ­
ing a Wiener-Hopf technique. The problem of a uniformly propagating finite crack in an elastic 
medium has been solved by Itou [7] using dynamic equations of elasticity in three dimensions. 

Regarding the dynamic crack problem, research has been restricted mainly to a single crack 
because of severe mathematical complexity encountered in finding the solutions for two or more 
cracks. Recently Jain and Kanwal [8] presented the low-frequency solution of diffraction of 
normally incident longitudinal waves by two coplanar Griffith cracks in an infinite isotropic 
clastic medium. They used the finite Hilbert transform technique developed by Srivastava and 
Lowcngrub [9] to solve the mixed boundary value problem. Using a completely different 
technique IIou [10] solved the diffraction problem of clastic waves by two coplanar Grillith 
cracks in an infinite clastic medium. 
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In thi:> paper we have considered the problem of propagution of two coplanar Griflith cracks 
propagating sll:aJily with uniform velodty under three-dimensional loading. The application of 
two-dimensional Fourier transforms reduced this problem to that of solving triple integral 
equations in which the double Fourier transforms of the crack opening displacement appear as 
the unknown. In an attempt to solve the problem the transformed surface displacement has been 
expanded in a series of a function which is automatically zero outside the cracks. Finally the 
Schmidt method [II] has been employed to solve the integral equations. The dynamic stress 
intensity factors and the crack opening displacement have been evaluated numerically for 
various values of crack speed and distance between the cracks. 

2. Formulation of the problem 

Let (X, Y, Z) be a fixed rectangular coordinate system. Two coplanar Griffith cracks of infinite 
length but finite width located in the XZ-plane, the Z-axis being in the direction of the length of 
the cracks, are assumed to be moving steadily with velocity U in the direction of the X -axis. It is 
convenient to introduce Galilean transform x = X - UT, y = Y, z = Z, r = T where (x, y, z) 
represents the translating coordinate system shown in Fig. I. Referred to this moving system of 
the coordinate the cracks are assumed to occupy the positions b < lxl <a, y = 0, izl < oo. 

The equations of motion in the absence of body force are 

(2.1) 

y 

I 

/ 

Fi1J. /. 
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where u*. t'*, w* arc the displacement components, ;, and Jl arc Lame's constants and p is the 
material density. Using Galilean transformation 

X = X - UT, y = Y, z = z, t = T 

(2.1) reduces to 

. a (au cJll a~\.') (a 2
w o2

w o2 w) 2 a2
w 

(1. + Jll7" -::;-- + 7" + ""7"" + Jl -a 2 +-a z +-a 2 = pU -a 2' 
<': ex l'Y c: x y z x 

The stress components for the three dimensional problem are 

iJu (au ow) (au vv) 
a.c = (i. + 2JL)- + i. -:::-. + -;1 ; Txy = Jl :>y + :>.X , 

i"~x c•y oz u u 

- ( . ') iJv . (iJu OW)· (ow ov) 
rJ_,. ·- I. + -Jl) ~ + I. :1 + :>_ ' !>'= = Jl oy + az ' cy ~x u: 

(J = = v + 2Jl) C\1' + i. (av + au); r.¥: =. Jl (~liZ + Oa\xV)· cz C)' OX u 

The boundary conditions are 

(J)' 

2
- =- p(x,:), for y = 0, a~ /x/ ~ b, /z/ < oo, 
ll 

v = 0, for y = 0, /x/ > b, /x/ <a, /z/ < oo, 

<xy = 0 = '>·=· for y = 0, /xi< oo, /z/ < oo. 

3. Solution of the problem 

Using Fourier transformations viz. 

(2.2) 

(2.3. I) 

(2.3.2) 

(2.3.3) 

(2.4) 
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and 

I J"" I"' y(x, y, z) = (2nf - ''· - w g( ~' y, () e-i({x+~=l d~ d(, (3.1) 

· (2.2) reduces to 

{ 
c/

2 
2 M' -2 r2}- '( 2 1 ).I' dv ( 2 I ).I'Y - 0 -, - (~ - ~ )~ - ':. U - I IX - '>- - IX - '>':.IV = , 

~~ ~ 

1- . { cJ2 } d-·• ' til 2 2 2 2 • · 2 • IV -l~(::r-1)-+ IX --(1-M)~-( V-l(IX -l)c;-=0, 
dy dy2 dy 

(3.2) 

, t•r· . 2 I)Ydv {d2 (I M2);:2 2r2}· 0 -(:x-- ).;., ll- l(et - ':.- + -- - <, -IX <, IV= , 
dy dy 2 

with CJ:
2 = (i. + 2f1)/f1, {3 2 = p/fl and M 2 == {3 2 U 2

• 

Due to symmetry given in (2.4), we need to consider the region y ~ 0 only. The solutions of 
(3.2) in the region y ~ 0 can easily be found to be of the form 

(3.3) 

where 

(3.4) 

and 

(3.5) 

The transformed stress components Ox, Oy, i'xy, i'yz obtained from (3.3), (3.5) and (2.3) are 

(3.6) 
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Using the conditions (2.4.3) B 1 and B3 can be expressed in terms of A2 as 

(3.7) 

Hence we find that all the components of stress and displacement can be expressed in terms of 
the unknown function A 2 (~, (). Now insertion of (3.5) and (3.7) in v given in (3.3) yields 

(3.8) 

where i:0 is the transformed displacement on y = 0. 
Using (3.7) and (3.8) we obtain from (3.6) 

(3.9) 

Using the conditions (2.4.1) and (2.4.2) we obtain the following triple integral equations 

~Y = ~f-'" foG(~,()e-i~xd~ =- p(x,(), for a< lxl < b 
-II _n: - ,._ 

and 

ro =- fo e-i~., d~ = 0, I I" 
2n: - "'-

for lxl > b, lx/ <a (3. 10) 
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with 

(3.11) 

Taking p(x, z) as the even function of x, the solution may be assumed as 

~ .• _ ~ . , {- 1)"+ 
1 

• [ _ 1 {a+ b- 21xl}] 
lo(X,~)- L. £ 11 {1,) SID IICOS · b- , 

11=1 II Cl 
for a ::::; I xI ::::; b 

= 0, for 0::::; lxl <a, lxl > b, (3.12) 

where c,.(() are the unknown functions to be determined. 
Applying Fourier transformation on (3.12) we obtain 

~ (. r) 2n ~ (Y) . (a + b); nn) (b - a);) Vo <,, ~ = 7 ,.'::1 Cn ~ SID -2-.,- 2 J,. -2-., ' (3.13) 

where J ,.( ) are Bessel functions. 
Insertion of the expression (3.13) in the first equation of (3.1 0) yields 

2 .. t c.,(() t"J G(~, ()sin (a; be- l~1t)Jne; a e) cos(ex) cte = - p(x, (), for a< X< b. 
(3.14) 

Using the following results [12] 

a~ sin(nn/2) 
= ~====~~~~===-Jar- a~ [a1 +Jar- aD"' (3.15) 

and 

a~ cos(mr/2) 
=-r"7'==i-__;_~~==-

Jar- a~ [ai +Jar- a~]"' 
for a1 > a2 > 0, (3.15) 

. where 
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in (3.14) we obtain, 

L.,_ . [I"- {G(~. ') G(b, ')}[ (117t){ . (a + h + 2x ¢) .· (cl + b - 2x ~)} (. (<) --------- -- --- COS - Sin + Sin 
"~ " (j 2 2 2 ,~I 0 <, 

_ . ('m){ (a+ b + 2x ) (a+ b- 2x J:)}]J (~;:) ctJ: G(b, 0 s~n 
2 

cos . 
2 

~ + cos 
2 

., " 
2 

., ., + () 

-X [(~J/[ J(a + ~+2xy _ e; ay {a+ b
2
+ 2X 

J(a + b +2x) 2 (b- a) 2
}"] • { • _ 1(a + b- 2x) nn}/ + - -- + sm 11 Sin - -

2 2 b-a 2 , 

(3.16) 

where 

(3.17) -

Since the function G(~. W~ - G(b, Wb behaves as ¢- 2 f~r large ~. the semi-infinite integral on 
th~1 left hnnd side of (3.16) cun eusily be cvnluntcd by Filon's method. 

To solve (3.16) for unknown coefllcients c11 (') we adopt the Schmidt method [II] and write 
(3.14) as 

X' 

L c,(()F.((, x) = - /((, x), for a < x < b, (3.18) 
n=l 

where F 11 ((, x) and /((, x) = p((, x) -'are known functions. Let H.((, x)'s be a set of orthogonal 
functions which satisfy 

where 

N, = r H~((, x) dx. (3.19) 

Then 11,.(,, x)'s can be constructed from the functions F,((, x) in the following way 

(3.20) 
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with Ci, as the cofactor of the element ein of D,. which is defined as 

(3.21) 

err!• .......... e,, 

Now in terms of the set of orthogonal functions H,((, x), the function - f(C, x) can be expressed 
as 

IX> 

- /((, x) = L 11 1H1((, x). (3.22) 
i= I 

Substituting values of H,.(C, x) from (3.20) into (3.22), we obtain from (3.18) after some 
rearrangement 

(3.23) 

Comparing the coefficients of F,(C, x) from both sides of(3.23) we find 

(3.24) 

where 

(3.25) 

4. Stress intensity factors and crack opening displacement 

To evaluate the stress intensity factors at the vicinity of the crack ends we put x = b + r cos 0, 
y = r sin 0 for the stress intensity factor at the outer edge and x = a·- r cos 0, y = r sin 0 for the 
stress intensity factor at the inner edge. 

The required stress a0 given by 

(4.1) 

is to be evaluated f~r small values of r. 
Using asymptotic values of 
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for large values of ~. it is found that for small values of r 

' 
cos(-2n_+_1)n 

foo >=;;'7 • (a+ b nn) (b- a ) 4 e-.,;l-q ~y sm -e-- Jn -e cos(ex}de = - ----;~~=-
0 2 2 2: j4r(b- a) 

and 

. (ll1t) +sm 2 

. (111t) -sm 2 

( -1)" cos 0 + j1 - q2 sin2 0 
1- q2 sin2 0 

- (- I)" cos 0 + j I - q
2 siri 2 0 J O( 0 ) 

1 2 • 2 0 
+ r , for x > b 

- q sm 

(- 1 )" cos 0 + J 1 - q 2 sin 2 0 
1 - q2 sin2 0 

- ( - 1 )" cos 0 + J 1 - q2 sin 2 0 J ( 0 

1 2 • 2 0 
+ 0 r ); for x < a 

- q sm 

-( -1)" cos 0 + Jt - q2 sin2 0 
1 - q2 sin2 0 

. ·('m) ( -1)" cos 0 + j1 - q2 sin
2 

0 ]· 0 ) - sm -
2
. + O(r for x > b 

· 1 - q2 sin2 0 ' 

. ('l1t) +sm 2 

-( -1)"cos 0 + j1- q2 sin 2 0 
I - q2 sin 2 0 

(-l)"cos0+Jl-q2 sin 2 0] · 0 

1 2 • 2 0 + O(r ), -q sm 
for x <a. 

(4.2) 

(4.3) 

(4.4) 

(4.5) 
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Inserting (3.13) into (3.9) and taking inverse Fourier transform of (3.9) we obtain the stress 
intensity factor at x = b with the aid of (4.2)-(4.5) as 

and also the stress intensity factor at .x = a is found to be 

2 2 } 2j1 - M 2 cos 20 2- M2 
+ + . J -(2-M )cos 0- 2 Q2- 2 (P 1 -P2)sm2e · M · M 

where 

Qr = [ cos('~n) Jq; + ( -1)" cos e ± sin('~n) Jq;- (-I)" cos 0 ]/ CJ; l 
(i = I, 2) 

N = [ cos('~n) JcJ;- (-I)" cos 0 ± sin('~n) Jq; + (-I)" coso]/ 'i; 

and 

(4.6) 

(4.7) 

It is to be noted that in (4.6) 0 =tan- 1 yf(x - b) whereas in (4.7) it is given by 0 =tan- 1 

y/(a- x). 
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Taking Fourier inversion of (3.12) we obtain the crack surface displacement as 

-r- (-l)•+l [ {a+b-2\x\}] 1 I"" . l'o(x,:) = L sin ncos- 1 - c.(()e-·~=d(, 
n; 1 ll b - Q 21t - ::c 

for a~ lxl ~ b (4.8) 

5. Numerical discussions 

In order to evaluate the stress intensity factors and crack surface displacement we take the 
function p(x, z) as 

p 
p(x, z) = 1 + d2 z2, 

where d governs the distribution of the applied force and P is a constant. Numerical calcul­
ations have been done taking A.= p and d = 1. The semi-infinite integral in (3.16) is evaluated 
by Filon's method as the integral converges rapidly because of the rapid decay of the 
function 

{G(~. 0 G(c5, ()} -----
~ c) 

with the increase in e. Adopting the first seve·n terms of the infinite series given in the left hand 
side of (3.18) we used the Schmidt method to determine the coefficients c.((). For the check of 
accuracy the values of r.J; 1 c.(() F.((, x)/Pb and - f((, x)/Pb are given in Table I for (b = 0.0, 
0.2, M = 0.4 and for afb = 0.3, 0.4. 

From Table 1 it is clear that the Schmidt method is carried out satisfactorily. The values of 
c,(() are given in Table 2 for M = 0.4, afb = 0.4. 

The variation of stress intensity factor at the outer edge and at the inner edge with M is shown 
in Fig. 2 and Fig. 3 respectively for 0 = oo, 18°, 36° and a/b = 0.2, 0.3, 0.4. Figure 2 depicts the 
fact that the value of stress intensity factor at the outer edge decreases with the increase in the 
values of afb, whereas from Fig. 3 it is evident that the stress intensity factor at the inner edge is 
of an opposite character. It increases with the increase in the values of afb. 

The variations of stress intensity factor both at the inner edge and outer edge with z have been 
presented in Figs. 4-7 for different values of afb, M and 0. The values of stress intensity factor in 
all the cases are found to decrease gradually with the increase in the values of z, which is 
expected from the physical standpoint. 

The variation of stress intensity factor corresponding to the circumferential stress a0 given by 
(4. I) with 0 at both the crack tips has been shown in Figs. 8-12 for different values of afb and M. 

It is known that there are several factors which contribute to crack curving and branching. 
One factor, of course, is based upon the criterion that a crack may propagate in a direction 
normal to the maximum tensile stress and it is interesting to note from Fig. 8 and Fig. 10, there 
is the possibility of curving and branching of the cracks at the outer edge at very low velocities 



290 A.N. Das am/ M.L. Ghosh 

'/i1/l/,• /. 

:1• a/• x'b L c.,(~)F.t;. x)Pb · ((~. x)'l'h 

"'" I 

0 .. 1 . :1.14ll'JIJ:I 
0.4 -1140\1\15 
0.5 -3.1409\13 

0.3 0.6 -3.140996 
0.7 -3.140991 
O.H -3.140994 
0.9 -3.140993 
1.0 -3.140992 

0.0 3.140994 
0.4 -3.140995 
0.5 -3.140994 
0.6 -3.140994 

0.4 0.7 -3.140994 
0.8 -3.140994 
0.9 -3.140995 
1.0 -3.140994 

0.3 -2.572111 
0.4 -2.572113 
0.5 -2.572111 

0.3 0.6 -2.572116 
0.7 -2.572110 
0.8 -2.572113 
0.9 -2.572108 
1.0 -2.572106 

0.2 ---------------------2.572113 
0.4 -2.572114 
0.5 -2.572114 
0.6 - 2.57:!.114 

0.4 0.7 -2.572113 
0.8 -2.572113 
0.9 -2.572113 
1.0 -2.572113 

'/ilhf,. !. 

;11 !'d;J c,(() .. ,,;, 
0.0 -0.165871 X 101 -0,923569 X 10- • -0.759039 X 10- 8 

0.2 -0.135194 X, 101 -0,734980 X 10-• 0.10563S X 10- 1' 

0.4 -0.109342 X 10 1 -0.556495 X 10-• 0.357~14 X 10- 6 

3.0 -0.578184 X 10-J -0.601254 X 10- • 0.114694 X 10- ~ 

4.0 -0.182994 X 10-J 0.883491 X 10- 7 0.659423 X 10- I> 

5.0 -0.573139 X 10- • 0.489839 X 10- 1 0.342023 X 10-b 

9.6 0.366305 X 10- 5 ...:.0.816894 X 10-" -0.907244 X 10- 7 

9.8 0.362848 X 10- 5 -0.829789 X 10- 8 -0.938769 X 10- 7 

10.0 0.358409 X 10-S -0.843117 X 10- 8 -0.967438 X 10- 7 

of the cracks whereas from Fig. 9, Fig. II and Fig. 12 it is clear that for ajb = 0.3, the crack 
li.!IH.Is lo b~.:come curved at the inner edge for values of M about 0.65. 

Finally the crack opening displacement in the plane: = 0 has been shown by means of. graphs 
in Figs. 15 16 for di1Terent values of a/h and .l\•1. The variation of crack opening displacement 
with: for some fixed x for different values of A1 and a//1 has been depicted in Figs. IJ-14. 
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Three co-planar moving Griffith cracks in an infinite elastic medium 
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Abslrucl. The dynamic in-plane problem of determining the stress and displacement due to thn;e co·plmwr Grillith 
cracks moving steadily at a subsonic speed in a fixed direction in an infinite. isotropic, homogeneous medium LUH.ler 
normal stress has been treated. The static problem of determining the stress and displacement around three cu-plamar 
Griffith crucks in un infinite isotropic clastic medium has also been considered. In both the cases. employing Fourier 
integral trunsfllrlll, the problems have been reduced to solving a set of four integral equations. These integral equations 
have been solved using finite Hilbert transform technique and Cook's result [16] to obtain the exact form or crack 
opening displacement and stress intensity factors w,hich arc presented in the form of graphs. 

I. Introduction 

In fracture mechanics, scattering of elastic waves by cracks of finite dimension in an infinite 
clastic medium has been examined by several investigators. The problem of scattering of clastic 
waves from an interface crack was solved by Bostrom [1]. Srivastava et a!. [2] solved the 
problem of interaction of an anti-plane shear wave by an interface crack. The problem of 
diffraction of Love waves by a crack of finite width in the plane interface of a layered composite 
has been solved by Neerhoff [3]. Itou [4] solved the problem of diffraction of an anti-plane 
shear wave by two co-planar Grilfith cracks in an infinite clastic medium. The scattering of a 
time hurmonic normally incident plane wave by two co-planar Grillith cracks wus solved by 
Jain and Kanwal [5]. Itou [6] also solved the problem of stress concentration around two 
co-planar Grillith cracks in an infinite elustic medium. Yoffe [7] considered the problem of 
propagation of l.\ crack of fixed length at a constant speed through a stretched isotropic clastic 
solid of infinite extent. The problem of diffraction of horizontal shear waves by a moving 
interface crack has b~en solved by Nishida et a!. [8]. Recently Kassir and Tse [9] have solved 
I he plane stress problem of a moving Griffith crack in an infinite orthotropic stressed medium 
by using integral transform technique and the same' technique has been employed by De and 
Patra (10] to solve Yoffc's problem in a stressed orlhotropic strip of finite lhickness. Several 
problems on two moving co-planar Grillith cracks have been solved by Das and Ghosh 
[ 11-13]. 

As regards the crack problem, research has been restricted mainly to the case of the single 
crack or a puir of cracks because of severe mathematical complexity encountered in solving the 
problems of three or more cracks. Recently, Dhawan and Dhaliw~tl [14] solved the statical 
problem of determining the stress distribution in an infinite transversely isotropic medium 
containing three co-planar cracks. 

To the best kn;owlcdge of the author. the problem of stress distribution around three 
co-planar moving Griffith cracks in an infinite isotropic clastic medium has not been inves­
tigated so far. In this paper, two cases regarding stress distribution around three co-planar 
Gritflth cracks in an infinite homoge.neous. isotropic medium have been investigated. In the 
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first case, crucks arc assumed to be moving steadily along a fixed direction with constant 
velocity V. ln. the second case, the statical problem of determining the stress and displace­
ment in an infinite homogeneous, isotropic medium weakened by three co-planar Gritnth 
cracks has been considered. Using Fourier intergral transform both the problems have 
been reduced to 'solving a set of four integral equations. Employing finite Hilbert trans­
form technique [15] and Cook's result [16] the integral equations have been solved to derive 
crack opening displacement and stress intensity factors which arc presented in the form of 
graphs. 

2. Statement of Problem I and its formulation 

Consider an infinite homogeneous isotropic material weakened by three co-planar Grillith 
cracks, moving steadily at a constant velocity V in the X -direction referred to a fixed coordinate 
system (X, Y, Z) as shown in the Fig. I. In the absence of body force equations of motion in 
terms of displacement are 

(i. + 2Jl)[u,xx + v,xr] + Jl[U,rr - v,xr] = pu, rr. (2.1) 

(i. + 2Jl)[u,xr + v.rr] + Jl[V,xx - u.xr] = pv, n• (2.2) 

where u, v denote the displacement· components in X and Y directions and i., Jt arc Lame's 
constants and u.x represents partial derivatives of u with respect to X. 

For cracks moving steadily with constant velocity V in the X -direction it is convenient to 
introduce the Galilean transformation 

X = X - VT, y = Y, . z = Z, t = T, (2.3) 

where (x, y, z) represents the translating coordinate system as shown in Fig. I. 
Let the positions of the coplanar Griffith cracks referred to the translating coordinates (x, y, z) 

be -a < x < a, - c < x < - b, and b < x < c on y = 0. 

y y 
~VT----? 

-c 

z z 
Fig. I. Geometry and coordinate system. 

>­
X 
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In the moving coordinates; the equations of motion (2.1) and (2.2) become independent of time 
and take the form 

(i. + 2JI- pV 2
)11 .. u + (1, + Jl)V,x)' +Jill,)')'= 0 

(i. + lJI)V,yy + (Jl - {J V2 )V,xx + (i, + Jl)ll,xy = 0. 
(2.4) 

The cracks are assumed to be moving steadily in an infinite medium subjected to a 
homogeneous stress such that the state of stress at infinity is given by a>;. = p, q;,, = a:;. = 0. 

For symmetry about the x-axis, only a half-plane need be considered. 
The stress conditions at y = oo can all be made zero by superposing the simple static problem 

a;)· = - p, a.:X = a:;. = 0. 
The boundary conditions of the resulting dynamic problem arc in terms of moving 

coordinates. 

l' = 0; y = 0, a~ Jxl ~ b, Jxl ~ c, 
a,,_,.= 0; y = 0, Jxl < oo, 

a,.).= -p; y = 0, Jxl <a, b < lxl <c. 

In view of the symmetry of the proposed problem with respect to y-axis, we introduce 

lis(~. y) = f"' u(x, y) sin(~x) dx, 
0 

rAe. y) = t"' v(x, y) cos(~x) dx 

and 

u(x, y) = ~ f "- u.(~, y) si.n(~x) d~, 
n o 

, r~ 
t·(x, y) = ~ J 

0 
i!,(~. y) cos(~x) d~ 

in (2.4) so that equations given by (2.4) reduce to 

Jliis.J'l'- ~(i. + JI}V,,y- ~ 2 (i. + 211- pV~)iis = 0, 

(i. + 2/t)f,.)'y + W. + Jl)iis,y- ~ 2 (J1- pV 2 )V, = 0. 

Elimination of ii., from (2.6) yields the following ordinary diiTcrcntial equation 

(2.5) 

(2.6) 

(2.7) 
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' 
The solution of the differential eqpation given by (2.7), for y ~ 0, is 

where the unknown functions A(~) and B(~) arc to be determined using the boundary conditions 
of the proposed problem. 

Employing (2.8) in (2.6) it can be shown that 

Therefore, the stress components given by 

a.\'.1' = i.(ll.~- + V,y) + 2JLV._1., 

a.~y = Jl( II,J' + v ··') 

become 

with 

and 

(2.9) 

(2.10) 

(2.11) 

(2.12) 

On account of symmetry with respect to the r-axis the boundary conditions (2.5) can be 
rewritten as 

1'(.\', 0) = 0, .\' E /2, J ~. (2.13) 

Ux_1.(.\', 0) = 0, 0 < X < Cf.J, (2.14) 
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Whl:I"C /1 = ((), tl), f2 = (a, i>), /.1 = (/1, C), /4 = (C, I. ). 

Using the condition (2.14) in (2.11.2) it is found that A(~). /J(.;) arc related by 

' B(~) = -2 _-M2 A(~). (2.16) 

With the help of the boundary condition (2.13), Eqn. (2.12.2) reduces to 

(2.17) 

Substitution of (2.11.1) in (2.15) yields, with the aid of (2.16) 

f 
I. _ _ _ _ Pn 

.;A(.;)cos(.;x)d.; = -
2 

, 
0 Jl 

(2.18) 

where 

3. Method of solution 

In order to solve the set pf four intcgrul equations given in (2.17) and (2.18) let us take 

A(~)= ~I" il(s)sin(~s)d.~ + ~ rry(r 2 )sin(~r)dr, 
s 0 ~Jb 

(3.1) 

where il(s) and y(tl) are unknown functions to be determined from the boundary conditions. 
Inserting the value of A(~) from (3.1) in (2.17) and using the following result [ 17] 

f 
1 

sin(¢x) ~os(~.\') d~ = 
(I .. {

!n, x > y > 0 

he, x = y > 0, 

0, y > .\ > 0 

it is found that this cjloice of A(~) leads to the equation 

f y(rl) dr = 0. (3.2) 
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Further substitution of A@ from (3.1) in (2.18.1) yields 

d fa Is + X I d ir I t + X I rrP - ll(s) log --· ds + -d y(1 2
) log --· dl = -, 

dx 0 S - .X X b . I - X II 

Rewriting this equation as 

fa IS+ X I ll(s) log ·-.- ds = nf(x), x e I 1 , 
o S- X 

where 

IX [p 2 fd fg(£2) J 1 f(x) = - - - 2 ,2 dt dx , 
oJl1lci-X 

and using Cook's result [ 16] it is found thnt 

(3.3) 

where the result 

has been used. 
Substituting the value of ll(s) from (3.3) in (3.1) and using the resulting value of A(~) in (2.18.2) 

and using the re~ult 

it can be shown that g(t 2
) is the solution of the singular integral equation 

Using finite Hilbert transform technique [15] the solution of this integral equation is obtained 
as 

12 (1 2
- b2

) tC 1 

(tz _ az )(c2 _ c2) + j(t2 _ az )(tz _ bz )(cz _ 1z)' 
·(3.4) 

the constant C 1 is to be determined using the condition given by (3.2). 
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Next substituting the value of y(/ 2 ) from (3.4) in (3.3) and linally using the following results 

ic~2 _ b2 rdt [ H2
- s

2
] -,--, ' = !n I- ---, 

b c· - r· (t· - s2
) c2 

- s· 

h(sl is derived in the form 

(3.5) 

Now insertion of (3.4) in condition (3.2) yields 

(3.6) 

where F(¢, I) and E(cj>, I) arc elliptic integrals of first kind and second kind respectively and 

I= .J(c2
- b2 )/(c2

- a2
). 

The relevant displacement and stress components in the plane of the crack can now be shown 
to be given by 

v(x, 0) = J: li{s) ds, 0 :;;:; x :;;:; a, 

(3.7) 

and 

2JtK [f" sh(s ) ic ty(t
2

) J [<TYI'(X, O)]a<x<b = -- 2 2 ds - -,--2 <.It , 
· 7t 0 x - s b r· -.x 

(3.8) 

2JtK [fa sh(s } ic tg(r
2

) J 
[<Tyy(X, OlJ.oc = -- .2 2 ds + 2 2 de . 

7t o·" -s bx -1 

Insertion of the values of h(s) and y(r 2
) as given by (3.5) and (3.4) in the expressions (3.8) yields 

after some algebraic manipulation, 

(3.9) 
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where 

[ J[J 
....... ,. --· J 

. P 1 1 x- n -
f 1 (x) = -(b- - cr)- C 1 1 1 - I ,.....,-----

1 
, , , 

Jl x-- cr 2,j(c·- a-)(/J·- a·) 

_ f"[P ,l 2 2u
2
-b

2
-c

2
JYI(li,X) F 1 (.x) = -(c - b ) - C 1 b2 1 1 2 d11. 

- 0 JL · - u- c· - 11 

i'[ j;-b' {;-' ---, J-·:;····· :,··-;·. -,-;·] .1 P ' I! - • - - x· (c" - x- )(!'" - r) ur 
F~(x} = -a2 tun_, 1 - , 1 tan_, -1 --.,----,---,-- ·-· ------==, 

· 11 h c2 - v· c· - x· (lr - x- )(c· - r·) vi(? _ a2 ).1 

(3.10) 

Th!! dynamic stress intensity factors are given by 

Na = Lt j2(x- a)[t1n(x, O)]a<x<b• 
x-a+ 

(3.11) 

Employing (3.9) in (3.11) it can be shown that 

N. = J (. F- az [I - ~·(~_rc,/)J 
, I v c '-.} ~- bz F(~rc, /) . 
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Now using the values of h(s) and g(t 2
) from (3.5) and (3.4) in the expressions given by (3.7) 

displacements on the cracks arc obtained as 

· P 2 2 [E(1n, I) E(/J, I)] P J(cT- x2)(c72 -=--:x 2
) 

[v(x, O)]o.;;x.;;a =-J C - a F(fJ, I) F(l /) - F(f7 I) + - / 2 .2 ' 
J1 21t, ., J, fl . '\ b - .\" 

. . P J 2 2 ; [E()., I) E(-!n, I)] 
[r.{:~:, O)]h.•-<r = Ji c -a F(~o, I) F()., f)- F(!n, /) , 

where 

It is interesting to note that the crack opening displacements depend on the crack velocity V but 
in the plane of the cracks the stresses and stress intensity factors are independent of the velocity 
of the moving cracks in an infinite elastic medium. 

4. Statement of Problem II and its formulation 

In this case, consider an infinite homogeneous isotropic material with three coplanar GriiTith 
cracks, located at Y = 0, -a~ X~ a, b ~ lXI ~ c and subjected to uniform internal pressure'/· 
In the absence of body force equations of equilibrium in terms of displacement are 

(i. + 2JJ) [u,xx + v,xr] + J1[U,rr - v,xr] = 0 

and 

(i. + 2J1)[u,xr + V,rr] + J1[V,xx - U,xr] = 0. (4.1) 

Since the problem exhibits a state of symmetry abut Y = 0, attention can be made to a single 
half-space occupying the region Y ;;l!: 0. 

Equations (4.1) arc to be solved subject to the boundary conditions 

v(X, 0) = 0, a~ lXI ~ b, lXI ;;l!: c, (4.2) 

O'xr(X, 0) = 0, ;_ oo <X< oo, (4.3) 

an(X,O) = -q, IXJ ~a, b ~ lXI ~c. (4.4) 

In view of the boundary conditions, appropriate integnll solu lions of (4. I) urc 

2f""[ { I).+ 3ft}] u(X, Y) = ~ 
0 

C(e) + D(e) Y- ~ }. + J1 e-~r sin(eXJ de 
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and 

2 foo · v(X, Y) =- [C(~) + YD(m e-~r cos(~X) d~. 
1t 0 

(4.5) 

Therefore, 

4tl foo [ { ;: i. + 211} ")] ·r . ·x d. axr(X, Y) = -- 'C(') + Y.,-:- -.-- D(r; e-, sm(r; ) r;. 
1t 0 I.+JI 

(4.6) 

It may be noted that the displacement and stress components given by (4.5) and (4.6) can not 
be derived from the corresponding expressions of the dynamic problem givcp in (2.12) and (2.11) 
on setting M = 0. 

The functions em and D(e) are to be determined from the boundary conditions (4.2H4.4), 
which yield 

C(~) = ! ). + 211 D(~) 
~).+II 

and the following set of four integral equations 

(4.7) 

(4.8) 

(4.9) 

where Q = ((). + 211)/2(). + ll))q and I 1 . (j = I, 2, 3, 4) are the intervals defined earlier in 
Problem I. · 

5. Method of solution and .quantiti!!s of physical interest 

Integral equations given by (4.8) and (4.9) are found to be the same as given by (2.17) and (2.18) 
with the exception that P is replaced by Q. Therefore, the same techniq~e as that used in 
Problem I can be employed to obtain 

[ . J _ Q J 2 2 ., [E().', /) E(1n, /)] 
l·(X, 0) b~Xo;;c- j; c -a F(.,'., [) F().', f)- F(~n, f) , (5.1) 
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where 

.. , Jc2-X2 ~ sm A. = 2 b2 and sin {J' = . 
c -

Stresses in the regions a <X < b, X > c are found to be the same as that given in (3.9), the 
only change being that P is to be replaced by Q. 

6. Numerical results and discussions 

Numerical results for the stress intensity factors and ·crack opening displacement, defined as 
.1.v(x, 0) = v(x, o+)- v(x, o- ), for different values of the parameters and i. = /1 are presented in 
this section. Numerical calculations have been carried out for both the dynamic and static 
problems. As the crack velocity is less than Rayleigh wave velocity, it is reasonable to take the 
value of M less than 0.9194. 

Problem 1: ·Variations of crack opening displacement for different values of crack speed, crack 
lengths and the separating distance between the ·cracks have been plotted in Figs. 2-4. It is 
interesting to note from Fig. 2 that crack opening displacement on both the cracks decreases 
with the increase in the value of Mat the onset and takes its minimum value at M = 0.7415, 
after which it increases with the increase in the value of M. It has also been depicted in Figs. 3-4 
that on each of the cracks, crack opening displacement decreases as the crack length decreases. 

It has been mentioned earlier that the stress intensity factors at the crack tips are independent 
of crack speed and are found to depend on the crack lengths and the separating distance 
between the cracks. Variation of stress intensity factors with ajb for different values of cjb, and 
that with bja for different values cja are plotted in Fig. 5 and Fig. 6 respectively. 

It has been found from these graphs that when the separating distance between the inner 
crack and outer pair of cracks decreases the variations of stress intensity factors at the tips x = a 
and x = b become more prominent than at. the edge x = c. Figure 7 shows that the stress 
intensity factors at the edges of the inner crack and outer pair of cracks increases us the length of 
the outer pair of cracks increases, keeping the separating distance between the inner crack and 
outer pair of cracks fixed. · 

Problem 11: Figure 8 shows the variations of crack opening displacement for dillcrcnt values of 
the parameters ajb, cfb. They exhibit that crack opening displacement on a crack of fixed length 
increases with the increase in the length of the other crack as expected from the physical stand­
point. 
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Three coplanar moving Griffith cracks in an infinite 
elastic strip. 

A. N. DAS (DARJEELING) 

THE DYNAMIC anti-plane problem of determining stress and displacement due to three coplanar 
Griffith cracks movmg steadily at a subsonic speed in an infinite· elastic strip ha.' been considered. 
Employing Fourier integral transform, the problem when the lateral boundaries are subjected to 
shearing stres.~. has been reduced to solving a set of four integral equations. These integral equations 
have been solved using finite Hilbert transform technique and Cook's result (9] to obtain the exact 
form of crack opening displacement and stress intensity factors. Numerical results for stress intensity 
factors have been presented in the form of graphs. 

I. Introduction 

IN FRACTURE MECHANICS, the problem of diffraction of elastic waves by cracks of finite 
dimension in a strip of elastic material has been investigated by several investigators. Sib 
and Chen [ 1] investigated the problem of propagation of a crack of finite length in a 
strip under plane extension. Closed-form solutions for a finite length crack moving in a 
strip under anti-plane shear stress was obtained by SINGH et al. [2]. Usirig finite Hilbert 
transform technique developed by SRIVASTAVA and LOWENGRUB (3], LOWENGRUB and 
SRIVASTAVA (4] solved the statical problem of distribution of stress and displacement in 
an infinitely long elastic strip containing two coplanar Griffith cracks. Several dynamic 
problems of determining stress and displacement due to two coplanar moving Griffith 
cracks have been solved by DAS and GHOSH [5-7]. 

As regards the crack problem, research has been restricted mainly to the case of a 
single crack or a pair of cracks because of severe mathematical complexity encountered 
in solving the problems of three or more cracks. Recently, DHAWAN and DHALIWAL [8] 
solved the statical problem of determining the stress distribution in an infinite transversely 
isotropic medium containing three coplanar Griffith cracks. 

To the best knowledge of the author, the problem of stress distribution around three 
coplanar moving Griffith cracks in an infinite eiastic strip has not been investigated so 
far. In this paper, the problem of propagation of three coplanar Griffith cracks in a 
fJXed direction with constant velocity V in an infinitely long elastic strip of finite width . 
has been considered. Employing Fourier integral transform, the problem when the lat­
eral boundaries are subjected to shearing stress, has been reduced to solving a set of 
four integral equations using finite Hilbert transform technique [3] and COOK'S result 
(9] to derive the exact form of stress intensity factors and the crack opening displace­
ment. Numerical results for the stress intensity factors are presented graphically to show 
their variations with crack speed, crack lengths and the separation distance between the 
r.;racks. 
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2. Statement of the problem 

Consider an infinitely long elastic strip occupying the region - h ::; Y ::; h, weakened 
by three coplanar Griffith cracks moving steadily at a constant velocity V in the X­
direction referred to a fixed coordinate system (X, Y, Z) as shown in the Fig. 1. 

y 

VT 

0 

---c==~==>---<==::r------
0 b c X X 

FIG. 1. Geometry and coordinate system. 

In dynamic problem of anti-plane shear, the non-vanishing component of displacement 
W in the Z-direction satisfies the equation of motion 

1 
(2.1) W,xx + W,YY = C! W,1'1', 

where C2 = (p,f p)112 is the shear wave velocity, p is the material density and W,x 
represents partial derivatives of W with respect to X. 

For cracks moving at constant velocity V in the X -direction it is convenient to intro­
duce the Galilean transformation 

(2.2) . X = X - VT, y = Y, z = Z, t = T, 

where (x, y, z) represents the moving coordinate system as shown in the Fig. 1. 
Let the positions of the coplanar Griffith cracks referred to the coordinates (:r, y, z) 

be -a < x < a, -c < x < -band b < x < con y = 0, and let the uniform shearing 
stress p be applied to the lateral boundaries y = ±h of the strip. The equivalent problem 
involves the application of shear stress -p to the crack faces at y = 0: Accordingly, the 
boundary conditions of the proposed problem are 

(2.3) O'yz(x, 0) = -p, lxl < a, b < lxl < c, 
(2.4) O'yz(x, ±h)= 0, -oo < x < oo, 

(2.5) W(x, 0) = 0, a< lxl < b, I xi > c. 
In the moving coordinate system, the equation of motion becomes independent of 

time and takes the form 

(2.6) 

with 

(2.7) 
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Due to the symmetry about x, z-plane we need to consider the region 0 < y < h only. 
Introducing the Fourier transforms 

(2.8) 

00 

W c(~, y);:: J W(x, y) cos(~x) dx, 
() 

2 Joo_ 
lV(x,y) =; ll'c(€,y)cos(€:r)d€, 

n 

in Eq. (2.6), the solution of Eq. (2.6) is obtained as 

(2.9) 
2 oX> 

W(x, y) = ; J [Ct(~)e-{ys + C3(~)e~ys] cos(~x) d~, 
II 

with 

(2.10) 

Using the expression for O'yz(x, y) given by Eq. (2.10) in Eq. (2.4), it has been found that 

C c - C(() 
!(.,) - 1 + e-2~hs I 

C - C(€)e-2~hs 
J(O - 1 + e-2~hs , 

where the unknown function C(() is to be determined. From conditions (2.3) and (2.5) 
it is found that C(~) satisfies the following quadruple integral equations: 

(2.11) 
00 7r]J J ~C(~hs) th(~hs) cos(~x) d~ = -, x E I~, I3 , 
o ~s 

and 
00 

(2.12) J C(~)cos(~x)d~ = 0, x E !2,!4, 
() 

where 

It = (0, a), h = (a, b), h = (b, c), I4 = (c, oo). 

3. Method of solution 

In order to solve the quadruple integral equations (2.11) and (2.12), let us take 

1 a, 1 ~. 

(3.1) C'(() =- j h(u)sin(~u)du +- j g(u2)ch(cv)sin(~v)rlr•, 
~ II ~ b 

where h(u) and g(v2 ) are the unknown functions to be determined from the boundary 
conditions of the problem considered. Substituting the value of C(O given by Eq. (3.1) 



466 A. N. DAS 

into Eq. (2.12) and using the well-known result 

2' 

Joo sin(xe) cos(y{) d{ = 1r 

() ~ 4' 
o, 

X> y > 0, 

X= y > 0, 

y>x>O 

it is found that this choice of C({) leads to the condition 

c . 

(3.2) J g(v2)ch(ev)dv = 0. 
II 

Rewritting Eq. (2.11 )1 in the form 

d 00 'TI'p 
(3.3) -d J C({)th({hs)sin({x)d{ = -.-·, x E It 

x 0 ~8 

and inserting the value of C(~) from Eq. (3.1) in (3.3) it is found that h(u) is the solution 
of the following singular integral equation: 

(3.4) J h(u)loglsh(ex) + sh(eu)ldu = 1rj(x), x E It 
0 

sh(ex)- sh(eu) 

with 

f(x) = j [y_ _.!. J eg(v
2
)ch(ex')sh(2ev) dv] dx', 

11 J.LS 7r b sh2(ev)- sh2 ~ex') 

where the following result (10] has been used: 

(3.S) j th({hs) sin(~x) sin({u) d{ = ~log I sh(ex) + sh(eu) I• 
" . e 2 sh(ex)- sh(eu) 

7r e=-. 
2hs 

Now using the Cook's result [9], the solution of Eq. (3.4) has been obtained with the aid 
of the formula 

a Jsb2(ea)- sh2(ex) e ch(ex) dx . 1r Jsb2(ev)- sh2(ea) ! [sh2(ex) - sh2(eu)][sh2(ev)- sh2(ex)) = -2 sh(ev) sh2(ev) - sh2(eu) 

for u E / 1 and v E /3, 
r--.:----~-

sh2(ea) - sh2(ex) dx 

sh2(ex) - sh2(eu) 
(3.6) h(u) = -e sh(2eu) [y_ J 

' 11'Jsh2(ea)- sh2(eu) J.I.S u 

J
c, Jsh2(ev)- sh2(ea) 2 . ] 

+ 2 2 g(v)ch(ev)dv. 
b sh (ev)- sh (eu) 

Substitute now the resulting value of C({), obtained by inserting Eqs. (3.6) into Eq. (3.1), • in condition (2.11)z, and make use of the following results: 
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J esh2(eu)ch(eu)du 

u [sh2(eu)- sh2(ex)][sh2(ev)- sh2(eu)JVsh2(ea)- sh2(eu) 

1r [ sh(ev) sh(ex) ] 

= 2(sh
2
(ev)- sh

2
(ex)] Jsh2(ev)- sh2(ea) - Jsh2(ex)- sh2 (ea) '. 

J e sh2(eu) ch(eu)du 

u [sh2(eu)- sh2(ex)][sh2(ey')- sh2(eu)JJsh2(ea)- sh2(eu) 

1r sh(ex) ·. = 2 2 , for x, v E h and y' E / 1. 
2[sh (ex)- sh (ey')] Jshz(ex)- sh2(ea) 

It can be shown that g(v2) is the solution of the following singular integral equation 

J
c Vsh2(e·v)- sh2(ea) 2 1rp [ Jsh2(ex)- sh2(ea) 

(3.7) eg(v )ch(ev)dv =-
b sh2(ev)- sh2(ex) jlS sh(2ex) 

1 Ja Jsh2(ea)- sh2(ey') ] . 
+- dy' , for x E IJ. 

1r 
11 

sh2 (e:~:)- sh 2(ey 1) 

Using finite Hilbert transform technique [3] and the formula 

J 
b 

sh2(ec)- sh2(ex) sh(Zex)dx 

sh2(ex)- sh2(eb) [sh2(ex)- sh2(ey')][sh2(ex)- sh2(ev)] 

sh2(ec)- sh2 (ey') 

sh2(eb)- sh2(ey')' 

the solution of Eq. (3.7) is found to be 

2 2ep sh(ev)Jsh
2
(ev)- sh

2
(eb) [ Jc 

(3.8) g(v ) = ----;================ 
• jl7rS )lsh2(ev)- sh2(ea)][sh2(ec)- sh2(ev)] b 

sh2(ec) - sh2(ex) 

sh2(ex)- sh2(eb) 

Jsh2(ex)- sh2(ea) a shz(ec)- sh2(ey') Jsh2(ea)- sh2(ey') ] 
x dx- J dy' 

sh2(ex)- sh2(ev) 
11 

sh2(eb)- sh2(ey') sh2(ev)- sh2(ey') 

. cl sh(ev) 
+ . 

V[sh2(ev)- sh2(ea)][sh2(ev)- sh2(eb)][sh2(ec)- sh2(ev)] 

Next, substitution of g( v2) from Eq. (3.8) in Eq. (3.6) and finally application of the formula 

J 
b 

sh2(ev)- sh2(eb) sh(2ev)dv 

sh2(ec)- sh2(ev) [sh2(ev)- sh2(eu)J[sh2(ex')- sh2(ev)] 

= 1r [ sh2(eb)- sh2(eu) 
e[sh2(eu)- sh2(ex')] sh2(ec)- sh2 (eu) 

sh\ eb) - sh2
( ex')] 

sh2(ec)- sh2(ex 1) ' 
for u, x' El /1 

I 
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yields h( u) in the form 

2ep ch(eu) sh(eu)/sh2(eb)- sh2(eu) [ ja, 
(3.9) h(u) = -- · 

J.£1rS /lsh2(ea)- sh2(eu)Jlsh2(ec)- sh2(eu)] u 

sh2 (ea) - sh2(ey') 

sh2(eb)- sh2(ey1) 

sh2(ec)- sh2(ex) /sh
2
(ex)- sh

2
(ea) ] 

~~~--~~~~------~--dx 
sh2(ex)- sh2(eb) sh\ex)- sh2(eu) 

C1 sh(eu) ch(eu) 

Substitution of the value of g(v2) from Eq. (3.8) in the condition (3.2) yields 

(3.10) 2ep [ c c1 = -- f 
7r J.£8 b 

where F(¢>, q) and II(¢>, n, q) are elliptic integrals of the first and third kind, respectively, 

sh2(ec) - sh2 (eb) 
and q = 

sh2(ec) - sh2(ea)' 
The relevant displacement and stress. components in the plane of the crack can now 

be shown to ~e given by 

a 

(3.11) . W(a:,O) = f h(u) clu, 0 $ x $ n, 
:r; 

c 

= J g(v2)ch(ev)dv, b $X$ c, 
:r; 

and 

. ZJ.Ls [ fa eh(u) sh(eu) du 
[O'yz(x,O)]a<x<b = 7 h2( ) _ h2( ) -

. 0 s ex s eu 
J eg(v

2
) sh(ev) ch(ev) dv] ch(ex), 

b sh2(ev)- sh2(ex) 

(3.12) 

[ ( 0
: )] _ 2~ts [fa ¢?h(u)sh(eu)du . Jc eg(v2)sh(ev)ch(ev) l] h( ) 

O'yz x, x>c- - ., 2 + 2 2 ( v c ex . 
7r 

11 
sh .. (ex)- sh (eu) b sh (ex)- sh (ev) 

'Now, insertion of the values of h(u) and g(v2), as given by Eqs. (3.9) and (3.8), in the 
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expressions (3.12) yields (after some algebraic manipulations) 

2pe [ sh2(eb)- sh2(ea) sh(ex) 
· [ay~(x,O)]"<.z:<b =-:;;:- - 2 2 . 1 

,. sh (ec)- sh (ea) V sh2(ex) _ sh2(ea) 

{ 
a. c } 2e[sh2(ec)- sh2(eb)] { " . a j Fz(u, x)du+ J Fz(v, x)dv - · J Fz(u', x)du' J F4(c, u)' 

I) b 7r I) () 

xF3(0, x, u)du + J 1•2(v, x)dv J 1·4(c, u)l;3(v, x, u)clu} + I~·~ C 1 { ~ 
I> 11 cp 2 

. 1- sh(ex)/.jsh2(ex)- sh2(cn) j"· . } 
X · +e l4(c,u)Fs(u,x)du 

.j[sh2(eb) - sh2(ea)][sh2(ec) - sh2(ea)] o · 

e[sh2(eb)- sh2(ea)] { c c a 
+ J F2(v',x)dv' J F4(a,v)F6(v',x,v)dv+ J F2(u,x)du 

7r b b () 

c sh2(ec)- sh2(eb) " ~ } · 
x J F4(a,v)F6(u,x,v)dv- 2 2 · J F1(u,x)du j l~(c,u')J~(u,u')du' 

b sh (eb) - sh (ea) 
11 0 

· 

J.LS C { rr sh(ec) c }] 
----

1
- +esh2(ea)jf<1(x,v)dv ch(ex), 

pe X, 2 Jsh2(ec)- sh2(ea) b , 

2pe [ sh2(eb)- sh2(ea) sh(ex) 
(3.13) [ayz(x,O)]:v>c = - -

. rr sh2(ec)- sh2(ea) jsh2(ex)- sh2(ea) 

{ 
" c } 2e[sh2(ec) sh2(eb)) { a a 

, X J F2(u, x) du+ J F2(v, x) dv - rr- J Fz(u', x) du' J F4(c, u) 
I) b () () 

c " · } J.LS { tr xF3(0,x,u)du + J F2(v,x)dv J F4(c,u)F3(v,x,u)du + -C1 -
2 . b u ( ep . 

1- sh(ex)/.jsh2(ex)- sh2(ea) Ja } 
x +e F4(c,u)F5(u,x)du 
· .j[sh2(ec) - sh2(ea)][sh2(eb)- sh2(ea)] u 

e[sh2(eb) sh2(ea)] { c c " - ; J Fz(v',x)dv' J F4(a,v)~H(v',v,x)dv+ J F2(u,x)du 
· . b b II 

c sh2(ec)- sh~(eb) a a . } 
x J F4(a, v)F11(u, v, x)dv+ 2 2 J F1(u, x) du J F4(c, u1)F9(u, u')du' 

b sh (eb) - sh (ea) 0 11 • 

J.LSCJ { rr sh(ec) Jc } + -y - + e sh2(ea) F7(x, v)dv -
pe '1 2 Jsh2(ec)- sh2(ea) b 

sh2(ec)- sh2(eb) 
sh2(ec) - sh2(ea) 

sh(ex) { a c }] 
X J F2(u,x)du + J F2(v,x)dv ch(ex) . 

.jsh2(ex)- sh2(ec) u b . 
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In the above formulae 

Fz(v, x) = 

sh2(ec)- sh2(cu) sh(eu) 

sh2(eb) - sh2(eu) sh2(ex) - sh2(eu)' 

sh2(ec)- sh2(ev) Jsh2(ev) - sh2(ea) 

sh2(ev)- sh2(eb) sh2(ev) - sh2(ex) ' 

D ( ) sh(ex) _1 { sh(eu) sh2(ex)- sh2(ea)} 
-"3 v,x,u = tan -- 2 2 vsh2(ex)- sh2(ea) sh(ex) sh (ea)- sh (eu) 

sh(ev) _1 { sh(eu) sh2(ev)- sh2(ea)} 
- tan ----

..jsh2(ev) _ sh2(ea) . sh(ev) sh\ea)- sh2(eu) ' 

D ( ) _ • ch(eu) sh(eu) 
.l'4 w,u - ' 

· V[sh2(ew) ... sh2(eu)]3[sh2(eb) - sh2(eu)] 

(3.14) Fs(u, x) = [2sh2(eu)- sh2(ec)- sh2(eb)]{ sin- 1(sh(eu))- F3(0, x, u)}, 
sh(ea) 

F. ( ) 
_ sh(ex) 

6 U 1 X 7 V - --;===i:=='=== 
Jsb2(ec)- sh2(ex) 

I 
sh(ex)..jsh2(ec)- sh2(ev) + sh(ev)jsh2(ec)- sh2(ex) I sh(eu) 

x log - -;:::========= 
sh(ex)\jsh2(ec.)- sh2(ev)- sh(ev)jsh2(ec)- sh2(ex) jsh2(ec)- sh2(eu) 

I 
sh(eu)..jsh2(ec)- sh2(ev) + sh(ev)..jsh2(ec)- sh2(eu) I 

X log . , 
sh(eu)Jsb2(ec) - sh2(ev)- sh(ev)Jsh2(ec) - sh2(eu) 

_ 1 (jsh2(ec)- sh2(ex) Jsb2(ev)- sh2 (eb)) 
F7(x, v) = tan 

· ..jsh2(ec)- sh2(ev) .jsh2(eb)- sh2(ex) 

ch(ev) 
X ' 

V[sh2(ev)- sh2(ea)p 

D ( ) 2sh(ex) _1 { sh(ev) sh2(ex)- sh2(ec)} 
-"H u v x = - tan · ----

, '. ..jsh2(ex) _ sh2(ec) sh(ex) s~2(ec)- sh2(ev) 

I sh(eu) ........ , sh(eu)jsh2(ec)- sh2 (ev) + sh(ev).jsh2(ec)- sh2(eu) I 
+ log , , 

vsh2(ec) - sh2(eu) . . sh(eu)vsh2(ec) - sh2(ev)- sh(ev)vsh2(ec) - sh2(eu) ' 

l
sh(eu)jsh2(ea)- sh2(eu1) + sh(eu')Vsh2(ea)- sh2(eu) I 

F9(u,u') =log --.L,:======-------'~===== 
sh(eu)..jsh2(ea)- sh2(eu1)- sh(eu')Vsh2(ea)- sh2(eu) 
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and 

Xt = Vlsh2(eb)- sh2(ex)][sh2(ec)- sh2(ex)]. 

The dynamic stress intensity factors are defined by 

Na = lim Jz(x- a)[ayz(x, O)]a<x<b• 
r-+a+ 

(3.15) Nb = lim - lz(b- x)[ayz(x,O)]a<x<b• 
X-+b- v 

Nc = lim Jz(x- c)(O'yz(x, O)]x>c· · 
x-c+ 

Substitution of the results given by Eqs. (3.13) in expressions (3.15) yields 

N a = J sh(2eea) [- sh2(eb) - sh2(ea) 2pe { j F2(u, a) du+ J F2(v, a) dv} 
sh2(ec)- sh2(ea) 1r 

0 11 

JJ.SGt ] 

+ J[sh2(ec) - sh2(ea)][sh2(ec) - sh2(eb)] . 

Again, insertion of the values of h(u) and g(v2), given by Eqs. (3.8) and (3.9), in the 
expressions for displacements given by Eqs. (3.11) yields 

[W( O)] _ _ _I!_ [2[sh
2
(eb)- sh

2
(ea)] { Jc ll{.\ sh

2
(ev)- sh

2
(eb) } 

x, u::;x::;a - -I , 2 2 I q 
J.L1rS V sh2(ec)- sh2(ea) b sh (ev)- sh (ea) 

sh2(ec)- sh2(ev) dv _ Ja ll{, sh2(eb)- sh2(eu) } 
X 2 2 "• 2 2 'q sh (ev)- sh (eb) Jsh2(ev) _ ~h2(ea) 0 . · sh (ea)- sh (eu) 

X sh:.(ec)- sh:(eu) du }] _ _ C1F(.\, q) 
1 

sh (eb)- sh (eu) Jsh2(ea)- sh2(eu) eJsb2(ec)- sh2(ea) 

and 

. [ 2p ( c 
[W(x, O)]b<x<c ~ - J 

- - J.L1r s b 

sh2(ec)- sh2(eu) . 
·sh2(eb) - sh2(eu) 
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where 

sin>. = sh2(ea)- sh2(ex) 

sh2(eb) - sh2(ex)' 
sin>.' = sh2(ec)- sh2(ex) 

sh2(ec)- sh2 (eb) 

and P(¢,q),J7(¢,n,q), and q have been defined earlier. . 

A. N. DAS 

On putting b = c and simplifying, it may be noted that the results (3.16) 1 and (3.17) 1 
become those given by Eqs. (4.18) and (4.19) of SINGH eta/. [2], and for a = 0 the results 
given by Eqs. (3.16)z, (3.16)3 and (3.17)z coincide with those given by Eqs. (4.38), (4.39) 
and (4.35), of DAS and GHOSH (5]. 

4. Numerical results and discussions 

Numerical results for stress intensity factors at the tips of the cracks for difl'erent values 
of crack speed, crack lengths and the separating distance between the cracks have been 
presented in this section. The dependence of the stress intensity factors on crack lengths 
and their variations with V /C2 have been shown in Figs. 2-5. It is seen in Figs. 2-3 that 
stress intensity factors at the edges of the cracks increase rapidly when V /C2 ---> 1,· and 
variation of stress intensity factors at the edge x = a is greater than that at the tips x = b 
and x = c when the length of the inner crack increases. 

Variations of stress intensity factors at the edges of the cracks with a/ b for different 
values of cfb and that with bfa for different values of c/a are plotted in Figs. 4-5, 
respectively. It has been found that when the distance between the inner crack and the 
outer pair Of cracks decreases, the stress intensity factors at the tips x = a and x = b 
become great~r than that at the edge x = c. 

• 
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t'IG. J.. Variations ot stress intensity factors with V /C2 . 



1.4 

' ---------......-:: 

"afpva ·-·-· 

Nb/p..fb ----

t{jpYc' ---

FIG. 3. Variations of Sires.~ intensity factors with vI c2. 

0 

~/pYa'·-· 

NbjpViJ -- • l' 
~/piC- / fl 

I I 
./ II I 

./ II I 
./ /.'1 l 

~·'/ I ,,.... ,_., V/Cz=>O.'l 

1 b/h= 1 

I c b;'l / 

,./ 

I I I 
0.2 0.4 0.6 0.8 

,_ 
1.0 o/b 

FIG. 4. Stres.~ intensity factors Vs. a/ b. 

FIG. S. Strc5.~ intensity factors V5. bfa. 

(473) 

Nafpva·-·-· 

Nbjplii ---



474 A. N. DAS 

References 

I. G. C. SJH and E. P. CHEN, Crack.\' propagating i11 a ~·trip of material 1111der plane extemiu11, Int. J. Engng. 
Sci., 10, 537, 1972. 

2. B. M. SINGH, T. B. MOODIE and J. B. 1-lAooow, C/o:;ed-foml .volwiot~v for /illite lengtlr crack moving in a 
.vtrip under ami·plane .1·/tear stre.tv, Acra Mcchanica, 38, 99, 19111, 

3. K. N. SRIYAS'TAYA and M. LoWENORUD, Finite Hilbert tramfoml teclmique for triple integral equutiOitf witlr 
trigonometric kemels, Proc. Roy. Soc. Edin., 309, 1968. 

4. M. LoWENGRUD and K. N. SRIYAS'TAYA, 7Wo copla11ar Gtilfith crack.v i11 an infinitely long elastic ,\·trip, Int. J. 
Engng. Sci., 6, 625, 1968. 

5. A. N. DAS and M. L. GHOSH, 7Wo coplanar Griffith crack.v nwving in a strip wrcler anti-plane slrear .~tre.1:1·, J. 
lech. Phys., 3l, 3-4, 165, 1991. 

6. A. N. DAS and M. L. GHOSH, Tho coplanar Griffith crack.\' movi11g along tire imerface of two di.vsimilar ehrstic 
media, Engng. Frac. Mech., 41, 1, 59, 1991. 

7. A. N. DAs and M. L. GHOSH, Problem of two coplanarGriffitlr crack.~ nmning steadily under tlrree-climemional 
locrding, Int. J. Frac., 1992 [in pres.~}. 

!!. G. K. DHAWAN and R. S. DHALIWAL, On tlrree coplanar Griffith crack.v in an infinite tran.wer.>ely isotropic 
medium, Int. J. Engng. Sci., 16, 253, 1978. 

9. J. C. CooK, Tile solution of rome integral equclliCJII.~ and their connection with dual integral ecJuutiom cmd 
t1igonumetric serie.1·, Gla.~. Math. J., 11, 9, 1970. · 

10. [. S. 0RAOSHTEYN and I. M. R.YZHIK. Tables of integm/.1·, .ven·e.~ a11d product.1·, Academic Press 1965. 

DEPARTMENT OF MATHEMATICS 
NORTII BENGAL UNIVERSilY, DARJEELING, WEST BENGAL, INDIA. 

Received July 16, 1992. 



E11ginrering Fracture Meclrani" Vol. 43, No.6, pp. 941-955, 1992 
Prli1ted in Great Britain. 

0013· 7944/92 $5.00 + 0.00 
© 1992 Pergamon Press Ltd. 

FOUR CO-PLANAR GRIFFITH CRACKS IN AN 
INFINITE ELASTIC MEDIUM 

A. N. DAS and M. L. GHOSH 

Department of Mathematics, North Bengal University, Darjeeling, West Bengal 734430, India 

Abstract-The dynamic in-plane problem of determining the stress and displacement due to four co-planar 
Griffith cracks moving steadily at a subsonic speed in a .fixed direction in an infinite, isotropic, 
homogeneous medium under normal stress has been treated. The static problem of determining the stress 
and displacement in an infinite isotropic elastic medium has also been considered. In both cases, employing 
the Fourier integral transform, the problems have been reduced to solving a set of five integral equations. 
These irllesrul equations have been solved using the finite Hilbert transform technique to obtuin the exact 
form of crack opening displacement and stress intensity factors which are presented in the form of graphs. 

INTRODUCTION 

IN FRACTURE mechanics, scattering of elastic waves by cracks of finite dimension in an infinite elastic 
·medium has been investigated by several investigators. The problem of scattering of elastic waves 
from an interface crack was solved by Bostrom [1]. Srivastava et al. [2] solved the problem of the 
interaction of an anti-plane shear wave with an interface crack. The problem of diffraction of Love 
waves by a crack of finite width in the plane interface of a layered composite has been solved by 

· Neerhoff [3]. ltou [4] solved the problem of diffraction of an anti-plane shear wave by two co-planar 
Griffith cracks in an infinite elastic mecJium. The scattering of n time harmonic normally incident 
plane wave by two co-planar Griffith cracks was solved by Jain and Kanwal [5]. Itou [6] also solved 
the problem of stress concentration around two co-planar Griffith cracks in an infinite elastic 
medium. Problems on two co-planar Griffith cracks moving along the interface of a layered infinite 
half-space have also been solved by Das and Ghosh [7] recently. 

As regards the crack problem," research has been restricted mainly to the case of a single crack 
or a pair of cracks because of the severe mathematical complexity encountered in solving ·the 
problems of three or more cracks. Recently, Dhawan and Dhaliwal [8] solved the static problem 
of determining the stress distribution in an infinite transversely isotropic medium containing three 
co-planar cracks. 

To the best knowledge of the authors, the problem of stress distribution around four co-planar 
Griffith cracks has not been investigated so far. In this paper, we consider two cases regarding the 
stress distribution around four co-planar Griffith cracks in an infinite homogeneous, isotropic 
medium. In the first case, cracks are assumed to be moving steadily along a fixed direction with 
constant velocity V. In the second case, the static problem of determining the stress and 
displacement in an infinite homogeneous, isotropic medium weak~ned by four co-planar Griffith 
cracks has been considered. Using Fourier integral transform both problems have been reduced 
to solving a set of five integral equations. Employing the finite Hilbert transform technique [9], the 
integral equations have been solved to derive crack opening displacement and stress intensity 
factors, which are presented in the form of graphs. 

STATEMENT OF PROBJ:_.EM I AND ITS FORMULATION 

. Consider an infinite homogeneous, isotropic material weakened by four co-planar Griffith 
cracks, moving steadily at a constant velocity V in the X -direction referred to a fixed coordinate 
system (X, Y, Z), as shown in Fig. 1. In the absence of body force, the equations of motion in terms 
of displacement are 

and 

(), + 2jl )[u XX+ V XY) + Jl [u yy- L' XY] == pu TT 
' ' ' ' . ' 

(). + ~Jl)[U,xr + v,rr] + Jl[V,xx- u,xr] == PU,rr 

941 

(Ia, b) 
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where u and v denote the displacement components in the X- and Y -directions, A. and Jl are Lame's 
constants and u x represents partial derivatives of u with respect to X. 

For cracks 'moving with constant velocity V in the X-direction it is convenient to introduce 
the Galilean transformation 

X = X - VT, y = Y, z = Z, t = T (2) 

where (x, y, z) represents the translating coordinate system as shown in Fig. I. 
In the moving coordinates, the equations of motion (I) become independent of time and take 

the form · 

Introducing 

and 

in eq. (3) we obtain · 

(), + 2Jl - p V2)u,xx + (). + Jl)V,xy + JlU,yy = 0 

(A. + 2JL)V,yy + (Jl- P V2)V,xx +(A. + Ji)u,xy = 0. 

u.(~. y) = tX:) u(x, y)sin(~x) dx 

vA~. y) =f., v(x, y)cos(~x) dx 

2 fao . u(x, y) =- ii,(e, y)sin(~x) d~ 
7t 0 

v(x,y)=""' ti,(~,y)cos(~x)d~, 2 fao 
7t 0 

JlUs,yy- ~(A.+ JL)ii,,y- ~ 2(). + 2Jl- pV2)ii, = 0 

(A. + 2JL)Vc,yy +~(A. + Jl)Us,y- ~ 2(p - p V 2)ii, = 0. 

Elimination offi, from (6a, b) yields the following ordinary differential equation: 

[ { :;2 - (1 - M2k2)~ 2 }{ d~2 - (I - M2)'2} J ti, = 0 

where M = V/c2 , k = c2/c,. 
The solution of the differential equation given by (7), for y ~ 0, is 

ti,(~, y) =:=A (~)e-{rJ<I- Mlk2J + B(Oe-~rJo,.. M2> 

(3a, b) 

(4a, b) 

(5a, b) 

(6a, b) 

(7) 

(8) 

where the unknown functions A (0 and B(~) are to be determined using the boundary conditions 
of the proposed problem. 

y y 

~-------VT--------~ 

0 -d d X X 
v 

Fig. I. Geometry and coordinate system. 
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Employing (8) in eqs (6a, b), we obtain 

u(c; )= A(c;) e-~yJ<I-M2k2J+.j(l-M2)B(c;)e-{YJ<I-M\ y~O. (9) 
• 'y .j(l - M2k2) 

Therefore, the stress components given by 

Uyy = A.(u,x + V,y) + 2~V,y 

u .. Y = ~(u,y + v, .. ) (lOa, b) 

become 

(I Ia, b) 

with 

and 

(12a, b) 

Let four co-planar Griffith cracks of finite length located along the X -axis be moving steadily with 
velocity V in the X -direction so that their positions, referred to translating coordinates (x, y, z ), 
are a~ lxl ~ b, c ~!xi~ don y = 0. 

The boundary conditions of the proposed problem on account of the symmetry with respect 
to the y-axis are 

v(x, 0) = 0, x e / 1 , /h / 5 

a .. y(x, 0) = 0, 0 < x < oo 

ayy(x;O)= -p, xe/2,/4 

where / 1 = (0, a), /2 = (a, b), / 3 = (b, c), /4 = (c, d), 15 = (d, oo ). 
Using the condition (14) in (lib) we find that A(;) and B(O are related by 

2 
B(e) =- 2 _ M2 A(e). 

With the help of the boundary condition (13), we obtain from ( 12b) 

fo'.o A(c;)cos(ex)de =0, xe/1,/3>/5 • 

Substitution of (lla) in (15) yields, with the aid of (16) 

where 
p 

P=-. K' 

fiX) . Pn 
Jo eA(e)cos(;x)de= 2~, 

( 13a--c) 

(14) 

(15a, b) 

(16) 

(17a-c) 

(18a, b) 
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METHOD OF SOLUTION 

In order to solve the set of five integral equations given in eqs ( 17) and (18), we assume 

. 1 fb 1 fd 
A (0 = ~ a h(s 2)sin(~s) ds + ~ c g(t 2)sin(~t) dt (19) 

where h(s 2) and g(t 2) are unknown functions to be determined from the boundary conditions. 
Inserting the value of A(O from eq. (19) in eq. (17), it is found that this choice of A(O leads 

to the equations · r h(s 2
) ds = 0 and f g(t 2

) dt :;::; 0. (20a, b) 

Further substituting A(O from eq. (19) in (18a), we obtain 

Rewriting this equation as 

where 

f
b sh(s2) fd tg(t 2) '_ nP 

2 2 ds + 2 2 dr - 2 , 
aS-X cl-X ll 

f
b sh(s 2) n 
- 2--2ds =-F(x), x e/2 

aS -X 2 

F(x) = ~ - ~ Id tg(t2) dt 
ll 7t c t2- x2_ 

and using finite Hilbert transform technique [9], we obtain 

, pJ(s2- a2) 2 J(s2- a2) fd J(t2- b2) tg(t2) C1 

h(s-)=/i b2-s2 -; b2-s2 c t2-a2 t2-s2dt + J[(s2-a2)(b2-s2)]' (21) 

where we have used 

fb J(b
2

- x
2
) x dx n J(t

2
- b

2
) 1 

a x2- a2 (s2- x2)(t2- x2) = 2 12- a2 12- s2. 

The constant C1 is to be determined from eq. (20). . 
Substituting the value of h(s 2

) from (21) in (19) and using the resulting value of A(e) in the 
boundary condition (IS b) we obtain, using the results 

fb.J(s
2 
._ a

2
) s ds . 7t [J(r2

- a
2
) J(x

2
- a2)] 1 

a b2- s2 (s2- x2)(t2- s2) = 2 12- b2 - x2- b2 t2- x2 

and 
1T. 

for x e/4 , 

the singular integral equation 

f d J(e _ b2) rg(r2> 7t [P c. J -2--2 -2--2dt = -
2 

- + 2 2 , x e/4. 
r I -a t -X /l X -a 

Again using the finite Hilbert transform technique [9], we obtain 

, . p J[<t2- a2) (t2- c2)] J(d2- a2) c. J(r2- c2) 
g(t·) = -;i (t2- b2)(d2- 12) + c2- a2 J[(r2- a2)(t2- b2)(d2- r2)] 

C2J(r2- a2) 

where we have used 

f J(~: = ;:) (x2- :2)d(:2 _ 12) = -~ J(~: = ::) 12 ~ a2 

and the constant C2 is to be determined using the condition given by eq. (20). 
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Next, substituting the value of g(t 2) from(22) in eq. (21) and finally using the following results: 

(23) 

To determine the values of the unknown constants C1 and C2 , we substitute g(t 2) and h(s 2) 

given by (22) and (23) in (20) and obtain • 

K'·d Ja.b + Ka.b J'·d p J(c2 _ a2) C _ a,b c,d c,d a,b _ __ 
J - J<,d JO,b + J<,d Ja,b 11 d2 _ Q2 

a,b c,d a,b c,d r 

Ka,b J<.d _ K'·d JG.b p C _ c,d a,b a,b c,d 
2 - J<.d JO,b + J<.d JO,b -;; 

a,b c.d a,b c.d r 
where 

(24a, b) 

and 

(25a-c) 

Insertion of the values of h(s 2
) and g(t 2) as given by eqs (22) and (23) in the expressions (25) 

yields, after some algebraic manipulation, 

2J.lK 
[cry,(X, O)]o<x<a = -- [F1 (x) + F2(x) + F3(x) + F4(x) + F6(x) + F7 (x)] 

1t 

(26a-c) 
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· u [J(c2- x2) _1 J[<c2- x
2
)(d

2
- u

2
)] _1 J(d3

- u
2
)] 

g2(u, x) = y'[(u2- b2)(u2- a2)] d2- x2 tan (d2- x2)(u~- c2) -tan u2- cl 

X 1 = y'[(x 2
- a 2)(x2- b 2)] 

xl = y'[(x2- c2) (x2- d2)] 
(s2- r2)u tan_, J[<u2- p2)(x2- q2)] 

rq . (q2- u2)(x2- p2) 
L~.nr) = J" y'[(s2- u2)J(r2- u2)] du. (27a-k) 

STRESS INTENSITY FACTOR 

The dynamic stress intensity factors are given by 

N. = lim y'[2(a- x)][uyy(x, O)Jo<x<a 
. x-a-

(28a-d) 

Employing (26) in (28) we obtain 

}-lKC1 
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(29a-d) 

It is interesting to note that the crack opening displlicements depend on the crack velocity V, but 
in the plane of the cracks the stresses and· stress intensity factors are independent of the velocity 
of the moving cracks in an infinite elastic medium. 

S'I,'ATEMENT OF PROBLEM II AND ITS FORMULATION 

In this case, we consider an infinite homogeneous isotropic material with four co-planar 
Griffith cracks located at Y = 0, a ~ lXI ~ b, c ~.lXI ~ d and subjected to uniform internal pressure 
q. In the absence of body force, the equations of equilibrium in terms of displacement are 

(,l. + 2Jl}[U,xx + V,xr1 + Jl[U,rr- V,xr1 = 0 

and 
(). + 2Jl)[U,xr + v,rr1 + Jl[V,xx -'u,xrl = 0. (30a, b) 

Since the problem exhibits a state of symmetry about Y = 0, we can restrict our attention to a single 
half-space occupying the region Y ;;;, 0. 

The equations (30) are to be solved subject to the boundary conditions 

v(X, 0) = 0, lXI ~a, b ~ lXI ~ c, lXI ;;;, d 

O'xr(X, 0) = 0, -oo <X< oo 

urr(X, 0) = -q, a~ lXI ~ b, c ~ lXI ~d. 

In view of the boundary conditions, the appropriate integral solutions of eq. (30) are 

u(X, Y) = ~ f'' [ C(~) + D(e) { Y- ~ ).). : 3
:} ]e-~r sin( eX) de 

and 

Therefore, 

O'yy(X, Y) =-~ f" [~C(~) + { Y~-).: J.l} D(e)J e-~r c~s(~X) de 

(3la-c) 

(32) 

(33a, b) 

(34a, b) 

Uxr(X, Y) ='=-~ t" [ ~C(e) + {Ye-A.). :
2
:} D(e)J e-~r sin( eX) de. (35a, b) 

It may be noted that the displacement and stress components given by (34) and (35) cannot 
be derived from the corresponding expressions of the dynamic problem given in (11) and (12) on 
setting M = 0. . 

The functions C(e) and D(e) are to be determined from the boundary conditions (31)-(33), 
which yield 

(36) . 

and the following set of five integral equations 

t" C(e)cos(ex) de = o, x e / 1 , / 3 , Is (37a-c) 

roo Qrr Jo eqe)cos(eX) de = 2Jl' X E /2, /4, (38a, b) 

where Q = (). + 2Jl)/2(A. + J.l)q and~ (j = 1, 2, ... , 5) are the intervals defined earlier in problem I. 
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::i.l~>o 

0.6 

0.8 

0.7415 

0 0.4 0.6 0.8 1.0 

" "ii 

Fig. 2. Variation of crack opening displacement with x/b on the crack of the outer pair for problem I. 

METHOD OF SOLUTION AND QUANTITIES OF PHYSICAL INTEREST 

The integral equations given by (37) and (38) are found to be the same as those given by eqs 
(17) and (18) with th.e exception that P is replaced by Q. Therefore, the same technique as that 
used in problem I can be employed to obtain 

(39a,b) 

Stresses in the regions 0 < X < a, b < X < c, X > d are found to be the same as that given in 
(26), the only change being that P is replaced by Q. 
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The amounts of energy in opening the cracks a~ lXI ~ b, c ~ lXI ~ d are given by 
E = 2E1 + 2E2 , where 

£ 1 = 21f [urr(X, O)v(X, 0)] dXI 

E2 = 2lf [O'yy(X. O)v(x. 0)] dxl. (40a, b) 

Equations (40) can be simplified, with the aid of (33) and (39), to 

where 

II 

b 

Fig. 3. Variation of crack opening displacement with x/b on the crack of the inner pair for problem I. 
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Fig. 4. Variation of crack opening displacement with x jb on the crack of the inner pair for problem I. 

NUMERICAL RESULTS AND DISCUSSION 

Numerical results for the stress intensity factors and crack opening displacement, defined as 
~v(x, 0) = v(x, o+)- v(x, o-), for different values of the parameters are presented in this section. 
Numerical calculations have been carried out for both the dynamic and static problems. As the 
crack velocity is less than the Rayleigh wave velocity, it is reasonable to take the value of Mas 
less than 0.9194. 

Problem I 

Variations of crack opening displacement for different values of crack speed, crack lengths and 
the separating distance between the cracks have been plotted in Figs 2-4. It is interesting to note 
from these graphs that the crack opening displacement on both the cracks decreases with increase 
in the value of Mat the onset and takes its minimum value at M = 0. 7415, after which it increases 
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Fig. 5. Stress intensity factor vs a/b at the edge x =a. 
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Fig. 6. Stress intensity factor vs a/b at the edge x =b. 
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Fig. 7. Stress intensity factor vs a fb at the edge x =c. 
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Fig. 8. Stress intensity factor vs ajb at the edge x =d. 
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Fig. 9. Stress intensity factor vs c /b at the edge x ~a . 
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Fig. 10. Stress intensity factor vs c/b at the edge x =b. 

t· 0.2 

{-•0.4 

1.4 1.8 2.2 2.6 
c 
b 

Fig. II. Stress intensity factor vs c /b at the edge x =c. 
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Fig. 12. Stress intensity factor vs c/b at the edge x =d. 
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3.0 

with increase in the value of M. It has also been depicted in Figs 3 and 4 that on each of the cracks, 
crack opening displacement decreases as the crack length decreases. 

It has been mentioned earlier that the stress intensity factors at the crack tips are independent 
of crack speed and are found to depend on the crack lengths and the separating distance be­
tween the cracks. Variation of stress intensity factors with ajb for different values of cjb, djb 
and that with c fb for different values of a/b and dfb are plotted in Figs 5-8 and Figs 9-12 
respectively. 

It has been found that the effect of variation of the length of either the inner or the outer pair 
of cracks is mote prominent on the stress intensity factors at the edges of the cracks whose lengths 
are varying compared to its effect on the stress intensity factors at the tips of the cracks whose 
lengths are kept fixed. 

0.6 

0.4 

0.2 

0 0.2 

..£... 2 
b 

-- :. 0.2 

-- ~ = 0.3 

ll 

b 

Fig. 13. Variation of crack opening displacement with X /b on the crack of the inner pair for problem II. 
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Fig. I 4. Variation of crack opening displacement with X fb on the crack of the inner pair for problem II. 

Problem II 

Figures 13-15 show the variations of crack opening displacement for different values of the 
parameters ajb, cjb and djb. They show that crack opening displacement on a crack of fixed 
length increases with increase in the length of the other crack, as expected from the physical 
standpoint. 
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Fig. I 5. Variation of crack opening displacement with X Jb on the crack of the outer pair for problem II. 
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Abstract. In an infinite isotropic clastic medium :initially in a state of uniform ·anti-plane shear, the problem of 
non-symmetric extension 'of an infinitesimal flaw into a plane shear crack due to two ide~!ical linearly varying plane 
SH-w~ves with non-parallel wave fronts has been analyzed. Fracture is assumed to initiate .~t a point a finite time after 
the waves intersect there and the crack is assumed to extend non-symmetrically along the tr·~ce of the wave intersection. 
Following Cherepanov [10], Cherepanov and Afanas'ev [II] the general solution ·of the problem has been· derived in· 
terms of analytic function of complex variable. Numerical results have been presented 'to illustrate the nature or' 
variation of the stress intensity factors and the rate of energy flux into the crack edges wit!{ the speed of the crack tips 

· and also with the time after frac(ure initiation. 

1. Introduction 

Sinee Broberg's [1] investigation· of the solution of a crack expanding symmetrically with 
constant velocity under conditions of plane stress or strain in a homogeneous isotropic elastic 
medium in a field of spatially and time invariant tensile stress, a number of papers have 
appeared analyzing different geometrical situations. Craggs [2] later sobed the same problem 

. as that done by Broberg but he used the method of homogeneous hnction to obtain the· 
solution. Achenbach and Brock [3] considered the wave motion gcm·ratcd by a uniformly 
extending shear crack in a body in a state of uniform anti-plane shear. The case of a crack 
·expanding in an anisotropic medium was considered by Atkinson [4]. This work was later 
.extended by Burridge and Willis [5], who solved the prob!'em of a crack with elliptical 
cross-section expanding symmetrically with uniform speed in an anisotropic medium. All the . 
problems mentioned above arc however self-similar ones with index (0, 0) and arc concerned 
with symmetric e)\pansion of cracks. 

Problems involving non-symmetric extension of cracks under uniform loading along the 
crack surface.-are seldom found in the literature perhaps due to severe mathematical complex­
ity encountered in solving· such problems. Following the method of homogeneous functions 
developed by Craggs [2], non-symmetric extension of a smitH flaw into a plane crack 

. under polynomial form of loading was solved by Brock [6]: Followin~; the same procedure, 
:Brock [1] also 'solved the problem of non-symmetric extension of a crack due to incidence 
of plane dilatational waves. The problem of determining the dynamk stress field due to a. 
plane dislocation moving in an infinite elastic medium was formulated by Ang and Williams 
[8] in terms .. of Fourier integral equation and solved in closed form. Recently, Georgiadis [9] 
has developed an integral equation approach to self-similar plane elastodynamic problems. 
He considered the elastodyna~ic problem of an expanding crack urider homogeneous poly­
nomial form loading and reduced it to the solution of a Cauchy integral equation. 
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In this paper, non-symmetric extension of an infinitesimal flaw into a plane shear crack at a 
constant rate due to the action of two identical non-parallel plane SH-waves propagating 
towards each other in an infinite isotropic elastic medium which .is initially in a state of uniform 
anti-plane shear has been treated. A finite time after the crossing of the plane wave fronts, a 
fracture is assumed to initiate along the line where the wave fronts crossed and the crack edges 
are then assumed to travel non-symmetrically with different constants speeds. Superposition 
considerations allow the original problem to be separated into three self-similar problems with 
(0,0), (0, 1) and (1,0) as the index of self-similarity. Following Cherepanov [10], Cherepanov and 
Afanas'ev [11] the mentioned self-similar problems have all been formulated as some probleins 
of Riemann and Hilbert for half-plane, which are solved easily. Out of all the existing similarity 
techniques, the method of Smirnov-Sobolev [12] which has been used extensively by 
Cherepanov [10], Cherepanov and Afanas'ev [11] being the most elegant and straight forward 
has been used to solve our problem. Analytical expressions for the dynamic stress intensity · 
factors at the crack tips and also the· rate of energy flux into the crack edges have been derived. 
Finally, the nature of the variation of the stress intensity factors and the energy flux rate at the 
crack tips with the velocities of the crack edges and also with the time after crack initiation have 
been depicted by means of graphs. The development of a crack initiating at a point being a 
physically realistic model from the point of view of modelling of earthquake sources; this 
problem also has application in seismology. 

2. Formulation of the problem 

Let two identical plane waves defined by 

(I a, b) 

referring to coordinate system (x, y, z) where 

and H( ) is Heaviside's unit function, propagate through the infinite solid which is pre-stressed 
such that 

(!c) 

Let us assume that at c = 0 the non-parallel plane waves intersect at x = y = o: A micro crack 
is assumed to appear at c = c0"at x = y = 0 which starts to extend bilaterally along the trace of 
the, wave inter~ection with uniform velocities Vt and v2. The expanding crack, the circular wave 
front associated with its motion and the plane wave front are shown in Fig. l(a). 

In effect crack extension occurs by removing the stresses which would be generated in the 
crack plane by' the combiqcd applied static and dynamic fields if no cracks were present. 

Accordingly, . both the . crack . faces arc · subjected to shear tractions cq ual to 
-a- 2A 0 (c2 t + x cos 00 ). 

The anti-symmetry of this loading about the crack plane implies that it is sufficient to 
consider the half-plane y :> 0 with bounding surface y = 0. The boundary conditions for this 
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B 

Fiy. /(a). The expanding crack and the pattern of wave front. 

lm z 

-1 -1 -v -c 2 2 Re z 

0 E D c B A 0 

.o 
Fio. l(h). Mapping of the interior of the semi-circle OABCDE in x-y plane on the lower half of th: complex z-planc. 
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half-plane are ~hen given by 

~~ 

y = 0, -11 2 t' < x < v1 t'; a,..= -a- 2A 0c 2 t0 - 2A 0 (c 2 t' + xcos00 ), 

.1'=0, x>u 1 t', x< -v2 t'; W=O, (2a,b) 

where t' = t - 10 • 

Equation (2a) shows that invoking superpos1t1on principle the proposed problem can 
be divided into three separate problems of a constant shear traction, a shearing stress 
linearly varying with time and shear linea·rly varying with distance along the crack 
plane. 

3. Constant shear traction on the crack faces 

The wave motion generated by constant shear tractions on the faces of the crack defined by 
y = 0, - v2 t < x < v1 t has been considered in this section and for simplicity 1 instcud oft'· has 
been used. The boundary conditions are 

y = 0, -v2 t"< x < V 1 t; ay= = -po, 

y = 0, X > V1l, X < - V2 l, W = 0, . 
where p0 ==a+ 2A0 c2 t0 • 

The displacement W which satisfies the wave equation 

(3a,b) 

(4) 

is to be determined subject to the boundary conditions _given by (3). From the boundary 
co11ditions we observe that DW/8t shows dynamic similarity and is a homogeneous function of 
degree zero in x/t and y/t. Therefore, by the functionally invariant method of SrnirnoiT and 
Sobolev [12] we can write 

(5) 

where 

t - x:: + yJc2 
2 

- z2 = 0. (6) 

The sign of the radical is to be fixed by the condition that 

as::--. x., Jc2 2
- ~ = iz + O(z- 1

). (7) 
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Equation (6) maps the semi-circular region of the cylindrical waves defined by OABCDE to the 
lower half of the complex cut z-plane given by 

(8) 

as shown in Fig. l(b). 
In view of (5) and (6) we find 

i')(Jr [ i)z] ----:,-= = 11 Re ¢0(::)-:;--- , 
1'1 t·.l' 

so that 

C(Jy: • I - I J -2 2 -~-(x,O,I)=-Re[-11.:.¢0 (::) c2 -z]. 
ot . t 

(9) 

Therefore the boundary conditions (3) are converted to the following conditions in z-plane 

Imz = 0, -v2 1 < Rez < v[ 1
, Re¢0 (z) = 0, (10) 

lmz = 0, Rez < -v,2 1
, Rez > v[ 1

, lm </J'o(z) = 0. (II) 

In order to determine the analytic function ¢ 0 (z) subject to the conditions (I 0), (II) it is necessary to 
know the behavior of the function ¢0 (z) when z-+ v[ 1

, -vi 1 and z-+ oo. The infinite point of the 
::-plane corresponds to the origin of the coordinate of the physical plane where the displacement W 
is limited. Hence taking the representation (5) into account, we obtain 

Re ¢ 0 (z) = 0(1) as :: -HFJ. (12) 

Further the condition (1·1) after integration with respect to z may be put in the form 

Im:: = 0, Re:: < -1'2 1
, Rez > v[ 1

,_ lm qJ 0 (z) = 0. (13) 

Moreover, the displacement derivative oW/ot. near the crack tips X= v, I, -[l2 I should show 
square root singularities so that at ::-+ v! 1

, - v2 1 

(14) 

respectively. 
The above boundary conditions given by (10) and (13) together with the consideration (12) 

and (14) suggest that 

(15) 

where A and B are unknown constants to be determined. 
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Integrating (9) with respect to t it can be easily shown that for X > 0 

{ J _2 2 rtx f''x z¢o(z)dz } 
CTy:(x, 0, t) = -1-l Re [¢0 (z) c2 - z 1 2• + J _ , 

r:;' c2 2 - zl 

· { I -rtx 7 (·1. (~) d 7 } • _ 2 2 -rtx - f'O "- -
CTy:(- x, 0, t) - --1-l Re [¢0 (z)j Cz - z ] -ci' + J _ · 

-c:;' c2 2 - z2 
(16a,b) 

Next using the boundary conditions that 

CTy:(x,O,t)=-p0 , O::::;;x<v 1 t, 

CT)..(-x,O,t)= -p 0 , -v2 t< -x::::;;O, 

in (16a, b) respectively we obtain two linear equati'ons in A and B viz; 

t I ( - 1 - 1) ·+ BI ( - 1 - 1) Po f 2 V1 , IJ2 1 V1 , ll2 = -, 
. ll 

AI ( -1 -1) BI ( -1 -1) Po zV2 ,vl - 1Vz ,vl =-, (17a,b) 
1-l 

where 

fu zP dz 
I p(u, ll) = . , 

r;' j(z2 
- Cz 2 )(u - z)(v + z) 

(p =I, 2). 

The stress intensity factors at the crack tips lxl = P1t,y = 0 and lxl = 1• 2 t,y = 0 defined by 

respectively arc obtained with the help of ( 15) and ( 16) as 

d- vf 
--(A +Bvi), 
r 1 + Vz 

The rate of energy flux into the extending crack edges defined by dE/dt is given by [3] 

~ ~E = f·x. CTy: a~ dx, 
2 I - I. (I( 

(18a,b) 

(19) 
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which is obtained with the aid of (5), (15) and (16) for this case as . 

(20) 

where while carrying on the integration (19) the following result [13] 

H(r') H(- v) n . 
---=-c)(u) 
Jv ~ 2 

(21) 

has been used. 

4. Problem of linearly increasing shear traction with time on the crack faces 

For the case of shear tractions on the faces of the crack increasing linearly with time, the 
boundary conditions are 

(22) 

y=O, x>v 1 t, x<-v2 t, W=O, (23) 

where p1 = 2A 0 cz. 
The second order derivative 82 WjiJt 2 now shows dynamic similarity which can be taken as the 

real part of the analytic function c/J 1(z) so that 

which implies 

:1' I 
u-(J)': , J 2 2 
-~ (x, 0, t) = ·- Re[- Jrzc/J 1 (z) c2 - z ], 
(](- I . . 

where: is given by (8) and c/J 1(z) satisfies the conditions 

Im:=O, -r:2 1 <Re.:<v!\ RecjJJ(z)=O, 

lm: = 0, Re: < -,-v:J 1
, Rez > uj' 1

, Im c/J'1(z) = 0. 

Integrating (24), we obtain 

W = h: 2 Rc r= (: - d¢'1 lr) dr, 
f •. 1 

• I 

(24) 

(25} 

(26) 

(27), 

(28) 

(29) 
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so that 

(30) 

Taking into consideration the facts that near the crack tips x = v 1 I, - P2 t; )' == 0 the displace­
ment W varies in direct proportion to the factors jv1t- x, Jv;t+~. respectively and that as 

Re ¢ 1(z) = 0(1), 

we have in view of the conditions (26), (27) and also (30), the result that 

(31) 

where the constants C, D arc to be determined from the condition that on the crack surface 
stress ay: = -p 1t. 

From (25) after integration, we derive for. x > 0 . 

· I -rfx { _ r(t/x + r) ·} a,~.=(-x,O,t)=f1xRe _ Jc2
2 -r2

- J· 
2 2 

¢ 1(r)dr. 
' -r,1 {2 - r 

(32a,b) 

Therefore, using the boundary conditions that 

a ... =(x,O, t) = -p 1t, 0 ~ x < v1t, 

ay=(-x.O,l) = --p 1t, -v2 t < -x ~ 0, 

we obtain by the help of (32a,b) after simplification 

CJ ( - I - I ) DJ ( - I - 1) pI 
1 v1 , v2 + 2 v1 , v2 = -, 

fl 

CJ ( - I - 1 ) DJ ( - I · - 1) pI 
1 V2 ~ Vt - 2 V2 , Vt = -, (33a,b) 

f1 

where 

I
, .. 

J 1(r!'.r2 1l= _: [{.8r+3(v2 1 -cj" 1)}M(r,vj" 1,u2 1)+N(r,r! 1,F2 1
)· 

c, 
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with 

The stress intensity factors at the crack tips defined by 

are found to be 

(34a,b) 

and in this case the rate of energy flux dE2fdz into the crack edges defined by ( 19) is obtained as 

(35) 

where while carrying on the integration (19)"the use of the result (21) has again been made. 

5. Problem of linearly varying shear traction with distance along the crack plane 

Consider the initially undisturbed half-space y ~ 0 subjected to the shear traction - p2 x over 
y = 0. -u2 1 < x < v1t. The boundary conditions arc 

.\' = 0, -Vzl < .'\ < V1/; ay= = -p2X, 

y=O, x>v 1 t, x< -v2 t, W=O, 

where p2 = 2A 0 cos 00 . 

(36a,b) 
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In this case. ('1 2 W/c1x c"Jt shows dynamic similarity. So, keeping (8) in mind, 

with 

where cp 2 (z) satisfies the conditions 

Im: = 0, -!•2 1 < Rez·< v\ 1
, Re¢ 2 (:) = 0, 

lm:=O, Rc::< -v2 1
, Rc:>t'l', lmrj/2 (z)=0. 

From (37a) after integration it is found that 

so that 

2 d {I aw} -z - -- = Recp 2(z). 
dz t at 

(37a,b) 

(38a,b) 

Since C.W/ct ncar the crack tips should show square root singularity and also since 
Re cp 2 (z) = 0(1) as:-+ :x;, we have in view of the conditions (38) 

where the constants R, L ure to be determined. 
Equation (37b) can be integrated to obtain for x > 0 

f tf.< { t ( - !X } 
cr,.=(x, 0, t) = JIX Re ~ J c2 

2 
- ! 2 + J _, , ¢ 2 (•) d!, 

r;-' X! x c2 - - ,-

So using the boundary conditions that 

cr,Ax, 0, I) = - p2 x. 

ar=(- x, 0, I)::::: p2 x, 

0 ~X.< v1t, 

-· lJ 2 ( < - X ~ 0, 

(39) 

(40a, b) 
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it is found by the help of (39), (40) 

(41) 

where 

-1 -1 -1 -1 -1 -1 -1 f 
.. ,. 

K 1(v 1 ,L'z )= ,.,. [P(r,v 1 ,t• 2 )-r Q(r,v 1 ,v2 )]dr, 

and 

In this case, the stress intensity factors arc obtained as 

(42a,b) 

The rate of energy Oux d£ 3 /dt into the extending crack edges is found to be 

(43) 

where the result (21) has been used. 
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6. Particular case: v1 = 1•2 

If we set v 1 = L' 2 ~ u in all the cuses solved above, the following results are obtained 

(i) For the case of constant traction a,.: = ·- p0 on the crack faces, we find from ( 17) that 

B = 0, 
VPo 

A=--, 
JlE(q) 

where E(q) is the complete elliptic integral of second kind and q = )1 - v2/d. Equations 

( 18) yield the stress intensity factor at the crack tips as 

Also from (20) we obtain 

dE1 lint J 2 . 2 2 
-= -- c2 -v A. 
dr c2 

(ii) For the case of shear traction a>"== -p 1t on the crack fac'es increasing linearly with time, it 

is found from (39) that 

D = 0, 

where 

2d ' 
I= 2E(q)- F(q) + ( . -2 2 ) {2vll(r2

, r) + (P + c2 )F(r)}, 
v + c2)(v - c2 

F(r), ll(r2
, r) are complete elliptic integrals of first and third kind respectively and 

r = (c 2 - v)/(c 2 + v). 
In this case, the stress intensity factors and the rate of energy flux into the extending crack 

tips given by (34) and (35) can. be simplified to 

and 

dt 

3 
tmr J .2 2c2 - ·- ,, - v . 

c·z -
d£2 ·---- = 
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(iii) For the case of shear traction u y: = - p2x on the crack faces, it is obvious from (41) that 

p, tJ 
R = 0, L = ,;f' 

where 

2c 2 

J = 2
, , '{2vn(r2

, r) + (v + c2 )F(r)}- E(q)- F(q) 
(v + c2 )(v- - c2) 

and it is found from (42), (43) that stress intensity factors at the crack tips and the rate of 
energy flux into the extending crack edges in this case arc given by 

and 

7. Numerical results and discussions 

The solution of the original crack problem is obtained by taking p0 = u + 2A 0 c2 t0 , p 1 = 2A 0 c2 

and p2 = 2A 0 cos 00 and superposing the results obtained in Sections 3-5 with the stress fields 
given by (I). Taking together the results obtained in the Sections 3-5 it is possible to write the 
stress intensity factors at the edges of the crack and the rate of energy flux into the extending 
crack edges as · 

(44a,b) 

and 

(45) 
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where 

11 1 cos 00 ( L · )}] - ±-+R , 

24 

8 

P2 C2llt 

A= 1 
. 8 =60° 

0 

1:= 3 

/ I 
I . I . I 

I/. I 

/ 

I 
I 

0.2 

3S~---

3S2---- -

2IEnl-·-·-·-·-

0.4 

Fiy. ~. Variati<lllS of nun-dimensional stress intensity factors S.,S 2 and energy Ilu.\ rat.: jL11j with non-dimensional speed 
r t c~. 
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and the parameter r = (tjt 0 )- I is the non-dimensionalized time after crack initiation and 
!'!. = 2A 0 c1 r0 /rr is the ratio at x = y = 0 at initiation of the crack plane stress due to the plane 
waves and the prestress. 

Also llt,ll 1 arc the non-dimensional crack tip velocities given by lit= Vt/c 2 and 

liz= Vz/c2. 
The variations of stress intensity factors and energy flux rate given by (44) and (45) 

respectively with 

li) l't/Cz for different values of Vz/Cz and With 
(ii) r for different values of Vt jc2 and !'!. have been presented in Figs. 2-4. 

It has been shown in Fig. 2 that stress intensity factors at the edge x = v1 t', y = 0 decrease with 

the increase in the values of v1/c 2 but increase with the increase in the values of v2jc2 and for 

Vt/Cz < 0.45, the stress intensity factor at the edge x = v2 t', y = 0 increases as 11 2 jc2 increases but 

for t' t /c 2 > 0.45, the variation of stress intensity factor at that edge shows an opposite character. 
It has also been shown in Fig. 2 that the value of energy flux rate 11::n1 increases with the increase 

14 I 
v 
__£_03 I c - . 

2 

v, = 0.1 
c2 

10 

11= 
0 

80=60 

8 

6 

s1 
4 s2 -----

2IEnl-·-·-·-·-·-

2 

o~~---J-------L-------L------~----~ 
0 2 3 4 5 

"t---~ 

Fi!l· 3. Variali<HlS ,,r non-dirm·nsional stress intcnsily ractors S 1• S, and energy !lux ralc ~""I with non-uirncnsionallirnc 
artcr rracwrc initiation T. · 
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I J 

i I 
I 

2 3 

s~---­

s2-----
21Enl-·-· -·-·-

4 

1:----; 

5 

Fi(). 4. Variations of non-dimensional stress imcnsily factors S 1, S2 and energy nux rule lEn I wilh non-dimensional lim~ 
after fracture initiation r. 

in the value of r 1/c2 , shows maximum at v1jc2 = 0.8 after which it decreases with the increase in 
the value of vtfc2 . 

ln Fig. 3, the variations of S ~> S 2 and lEn! with r for various values of t' 1 jc 2 :::;; v2 jc 2 have been 
depicted. l t may be observed from this figure that S 1, S 2 , lEn! all increase rapidly with the 
increase in the value of r. It may be noted further that for fixed value of v2 jc 2 , values of stress 
intensity factors at the crack tips decrease with the increase in the value of l' 1 /c 2 whereas energy 
flux mtc JEnl increases with the gradual increase in the value of ~> 1 /q. 

In Fig. 4, S 1 , S2 and I En! arc again plotted vs. r but in this case, crack tip velocities arc kept 
fixed whereas !!. is assumed to vary. It may be seen that increase in the values of !!. produce 
marked increase in the value of S 1, S2 and I En I for any fixed value of r. 
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SH-WAVE PROPAGATION ACROSS A VERTICAL STEP 
IN TWO JOINED ELASTIC HALFSPACES 

A. N. DAS and M. L. GHOSH (DARJEELING) 

A SH-wave propagates in a medium consisting of two welded quarter-spaces of different materials and 
exhibiting a stcp;like change in elevation at the interface. The transmitted and reflected waves at a large 
distance from the step are determined by reducing the problem to an integral equation, using the Green 
function method and applying the method of stcepc.~t descent. 

1. Introduction 

The problem of propagation of elastic waves in the presence of surface irregularities 
has been studied by several investigators. ABUBAKAR [ 1) studied the effect of an irregular 
surface with an isolated irregularity like a trough or ditch on the incident harmonic P­
and SV-waves. Propagation of a Love wave in a elastic layer having an irregular boundary 
overlying a rigid half-space has been treated by WOLF [2] using the perturbation technique. 
The transmission of elastic waves across a step-like irregularity in the surface of an elastic 
half-space is of great importance in seismology in connection with the propagation of waves 
from the ocean basins to continental regions and vice versa. KNOPOFF and HUDSON (3] 
studied the transmission of Love waves past a continental margin considering the crust 
to have an abrupt increase in thickness on the continental side. The transmission of 
SH -waves across .a step-like irregularity at the surface of an elastic half-space was also 
considered by BOSE [4). SATO [5] discussed the problem of propagation of Love waves in 
an ,elastic layer of variable. thickness overlying a semi-infinite elastic medium. Approximate 
expressions for the transmission and reflection factors are obtained by the application of 
a method based on the Wiener-Hopf technique. 

In this paper, we consider the propagation of S H -wave in a medium consisting of 
two welded quarter-spaces of different materials and having a step-like change in el­
evation at the vertical interface. The problem is reduced to an integral equation by 
using the Fourier transform and Green's funct~on methods and, finally, by applying the 
method of steepest descent, the transmitted and reflected fields at large distance from 
the step have been determined. It may be mentioned in this connection that the prob­
lem of transient shear wave in a half-space· composed of two elastic quarter-spaces of 
different materifils which are subjected to time-dependent shear tractions at the free sur­
face, parallel to plane of junction, has been solved by ACHENBACH [8]. DATIA and 
MITRA [7] also considered the 8/J-wave propagation in a composite elastic medium con­
sisting of an elastic quarter-space welded to a uniform layer of different shear wave vel­
ocity. Recently, DAS and GHOSH [8] have solved the problem on transmission of time 
step S H -wave across a rectangular step using integral transform and Green's function 
technique. 
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:Z. Formulation or the Problem 

We consider two quarter-spaces of different materials joined along the common bound­
ary X = 0 in such a way that there is a step change in elevation at the free surface. We 
consider the coordinate axes as shown in Fig. I. Denoting the coordinates of a point in 
the X-Z plane by (X, Z), we take the incident plane SH-wave as exp[i(wt-l\2X)] where 
K2 = wfcz, so that the propagation proceeds from the higher side to the lower side of 
the step. 

FIG. I. 

The boundaries Z = 0, X < 0, Z = JJ, X > 0 and X = 0, 0 ~ Z ~ Hare assumed 
to be stress-free. Omitting the time factor exp(iwt) let V1(X, z), V2(X, Z) be the SH-wave 
displacement component in two media (I) and (II), respectively, in Y -direction which is 
perpendicular to the plane of the paper. 

The field equations are wave equations in the two media and boundary conditions are 
the following: (i) - the outer boundary is stress-free, and (ii) - the displacements and 
stresses are continuous on the interface X = 0, Z > H. Jl, p, c are assumed to be the 
modulus of rigidity, density and shear wave velocity with appropriate subscript for each 
of the two media. 

Introducing the dimensionless quantities 

X 
X=­

H' 
z 

z =­
H' 

we get from the wave equations and the boundary conditions 

(2.1) [ 
{)2 ()2 ) 

(Jx2 + (J;;2 + kf v, = 0, 

[
02 az ] 

{)xZ + ();;Z + k~ Vz = 0; 

(2.2) Ovzi · 1'2 -{) • = 0 for 0 < z < 1, 
X z=IJ 

OVz' Jtz/h' = 0 for x < 0; 
:coO 



(2.3) 

(2.4) 
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for z > 1; 

where II is the height of the step and ~~f = w2 H2fcr, ~';(X, Z) = u;(:r:, z). We represent 
transverse displacement in the two domains x < 0 and x > 0 in the form 

uz = 2coskzx + vHx, z), x < 0, z > 0, 
(2.5) 

v1 = v1(x,z), x > 0, z > 1. 

3. Reduction to Integral Equation and Its Solution 

We introduce Green's functions G1(x,::: 7', s) and G2(x, z: rt, u) for the medium (I) 
and (II), respectively, such that G2(x, z: u, v) is the solution of 

[::2 + ::2 + ki]Oz(x,z: u,v) = -47nS(x- u)li(z- v) 

for medium (II) with vanishing normal derivative at x < 0, :: = 0 and at :r = 0, z > 0. 
Similarly, 01 (a:, z : 7', s) is the solution of · 

(3.2) [::2 + :z2

2 + kf] Ot(x, z: 7', s) = -4;r6(x- r)6(z- s) 

and satblit:s the condition of vanishing of the normal derivative at x > 0, z = 1 and at 
X= Q, Z > 1. 

From Eqs. (2.1)2 and (3.1) we obtain, by applying Green's theorem to the medium 
(II) and using appropriate boundary condition 

(3.3) Joo [ov'] 4;rv~(u., v) = G2(0,:;: u, t•) F ch; 
I J: .r=ll 

a similar application of Green's theorem to the medium (l) yields 

(3.4) J~ [{)vi] _4;rv1(r,s)=- Or(O,z:r,s) To dz. 
I J: .r=ll 

Substitution of Eqs. (3.3) and (3.4) into Eq. (2.4)2 yields, with the aid of Eq. (2.4), and 
Eq. (2.5), the integral equation 

00[ . ][ ] Jlt au, J 01(0, z: 0, v) + -Oz(O,::: 0, v) ~ d:: = -8;r. 
I Jl2 UJ: .c=ll 

(3.5) 

The expression of Green's function for the medium (II) will now ·be derived using the 
Fourier cosine transform with respect to z; this reduces the determination of Gz( x, z : u, u) 
to that of a Green's function for an ordinary diiTerential equation. Accordingly, taking 
the Fourier cosine transform ~efined by 

00 

02: J Gz(x,::: u,u)cos(a::)d::, 
(I 
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we obtain from Eq. (3.1) 

dlGc 
--2 - (a2 - k~)Gz = -47rcos(at•)6(x- u) 
clx2 . 

from which we obtain in a straightforward manner 

J
~ ePzu . 

(3.6) G2(x,z: u,v) = 8 /h"cosh{lhz:)cos(av)cos(az)da, 
II 

U ~X~ 0, 

oo ePz"' . . 
= 8 J -

13 
cosh(.Bz u) cos( av) cos( a z )da, 

II 2 
-oo < x ~ u, 

where 

.Bi = o 2
- k~. 

Again introducing the Fourier cosine transform defined by 
00 

cr = f Gt(x, z: r·, s) cos a(.:- 1) cl(::- 1), 
() 

we obtain from Eq. (3.2) 

d
2ar 2 2> , > < dxl -(a - k1 G1 = -47rCOSa(s- 1 6 x- r), 

from which it follows that 
00 -13tr · 

(3.7) Gt(;z;, z: 1', s) = 8 J =---a- cosh(.Bix) ooso·(s- 1) cosa(z- 1) da, 0 ~ X ~ 7' 
II 1-'1 

oo e-Pt"' . . 
= 8 J ~ cosh(.B1 r·) cosa(s- 1) cosa(z- l)da, r· ~ x ~ oo, 

() 1-'1 

where 

f3t = a 2
- kf. 

On substituting the values of Gt(O, z : 0, v) and Gz(O, z : 0, v) from Eqs. (3.7) and (3.6) in 
Eq. (3.5), we obtain 

J [~tit] dz j [cosa(v- 1)cosa(z -1) + Pt cos(av)cos(a:)] da = -71', 

1 
x ,_., 

0 
.81 P2 .Bz 

J [~:1] dz ] cosa(v- 1)cosrx(z- 1) da = -71' _ Pt ] [~:~] dzx 
I . .:-o 0 f3t Jl2 I .r=U 

Joo cos(ov)cos(oz) d 
x f3 a. 

() 2 

Thking the inverse Fourier cosine transform with respect to a-, we get 

(3.8) J [OVJ] cosa-(z-l) dz = -2 j cosrx(v-l)dv- 21' 1 ] [OVJ] dz 
ox .r-o .Bt 1rpz ox :r=u · 

I I I 

00 ( ) . 00 . x J c~(~; dr J cos(rv)cosa-(u- 1) dv, 
II I 
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where ih(r) is obtained from iJz by replacing a by r. Next, using the formulae 

(3.9) 

(3.10) 

co J coso(v- l)dtl = 7rb(o), 
1 

co 1 J sino(v- l)dtl =-
. a 

' 
it can be easily shown that 

00 • 

(3.11) J 11" T~T 
cos(rv)coso(v -l)dv = 2 cosr[6(r + o) + 6(r- o)]- rZ _ 02 , 

I 

where 6( x) is the Dirac 6-function. . 
Using these results and after a little algebraic manipulation it can be easily shown that 

(3.8) reduces to the form 

(3.12) J[OVt] cosa'(.:-l)dz=-271"Jlzf31/h6(o)+ 

1 OX r•ll Jllf3t + 1'2/h 

· + (3/JtPt (3 j [~t11 ]_ sin(oz)sinodz+ 
Jll I + Jlz 2 I (IX r•ll 

2JJif3tf32 Joo [ov1] l Joo rcos(r:)sinr d. + - (Z T. 
7r(Jllf3t + 1'2/h.) ox z:an /3z(r)(r2- o2) 

1 II · 

4. Evaluation or Displacement 

Substituting the value of G1(0, z: r, s) from Eq. (3.7) in Eq. (3.4) and then using the 
result (3.12), the displacement in the medium I is obtained in the form 

( ) 
· 21'2k2 -ik,z 21'1 Joo e-IJ1r cos o(s- l)d 

VJ x,s = . e -- ox 
/llkl + l'2k2 11" l'tf3t + /J2/h . - u 

(4.1) 

.J00 [8v1] '( )' d 4JJIJ
00

{3ze-/3szcoso(s-l)d. x - sm o:: sm a :: - -, ox 
1 

OX. z•ll 11"" 
11 

/ll/31 + Jl2P2 

j [ov1] dz J rcos(rz)sinr dr. 

1 
ox "'"" 

0 
[32(r)(r2- o2) 

We can compute v1(z, s) iteratively solving equations (4.1) and using asymptotic values of 
integrals appearing the right-hand side of Eq. (4.1) for large values of x. 

The first iteration yields 

(4.2) 

which is obviously the displacement in medium (I) in the absence of step change in 
elevation. 
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Deriving [~v~] from the first iterate given in Eq. (4.2) and using this at the right-
vJ. r=U 

hand side of Eq. (4.1) with the aid of Eq. (3.10) it can be easily shown that the second 
term at the right-hand side of Eq. ( 4.1) takes the form 

(4.3) 

For large values of x it. can be evaluated asymptotically by the method of steepest descent; 
therefore, for large x we find 

[ ] 

1/2 
4ftJkJJ12kz /.:1 . . 

II ...... ( k k r -?- exp(11"1/4- tkla:). 
JIJ "I + Jl2 "2 • -11"X . 

(4.4) 

Similarly, with the aid of Eq. (4.2) and the result given in Eq. (3.9) the third term on the 
right-hand side of Eq. (4.1) reduces to the form 

I 
BiJIJkzttzkz J00

sin2
r

1 
Joo f3ze-h''coso(s-1) 

1 2 = --( T CCI' 
11"2(J1Jk1 + Jtzk2) f32(r) (J1J#t + Jtzfh)(a2 - r 2) · 

() () . 

(4.5) 

In order to evaluate asymptotically, for large values of x, integrals of the type 

I' = Joo f(o:) e-f31xdo: 
I (o:2-r2) • 

() 

we have to take into aceount the residue at the singularity (} = r in addition to the integral 
along the steepest descent. Thus we get 

(4.6) I( ...... 11"J(r) e-fJ1(r)x- 1!"1.: 1 f(O) exp(11"i/4- ik1x). 
[ ] 

1/2 

2r 2x r2 

Using this result in Eq. (4.5), for large values of x, we obtain 

1r 
4JtJkiJtzk2 [ 1..~1 ] • . · h - ( k k )2 -?- M exp(;rr/4- 1k1:J.:), 

Jll "I + Jl-2 '2 -iTX 
(4.7) 

Following BOSE [4] it can be shown that 

() 

2k ... 

and Y = r }(,(z)dz- Y1(Zk2)- +· 
0 

;r ·z 

2k2 

J = J Jo(z)dz- lt(2k2) 

Thus from Eqs. (4.1), (4.4) and (4.7), the second iterate, for large'· .r., is 

(4.9) ( . ) 2Jl2k2 [
1 

2(1- AJ}J11k1 { l.-1 }I/Z 1ri{J.] -ik 1x 
VJ X 1 :; = + - C C • 

J11k 1 + Jtzkz . J1Jk1 + 11zk2 2;r.r . 

If we neglect terms of order 1/x, the higher order iterates yield the same expression. 
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Now, in order to find the displacement component due to the reflected wave in the 
medium (II), we rewrite Eqs. (3.12) with the aid of Eqs. (2.4)t and (2.5)t as 

J
oo [av~] coso(z _ l)dz = 21TJ1tf3t/3z6(a) + lttf3t Joo [ovz] x 

ax ···ll Jl1P1 + Jtz/3z llJ/31 + /12/32 a;v it'•ll I ~ . 1 

• . 2Jt1/3t/32 j~ [0112] · Joo rcos(rz)sinr 
sm(o:z)smadz+ ( /3 /3) 7r dz /3( )( 2 2/r. 

7T J11 1 + Jl2 2 uX .r~U 2 T T - 0 
I U . 

Taking the i~verse Fourier cosine transform with respect to z, we get 

(4 .10) [ov!.] 2i111k1kz 2 Joo Jtt/31 a: it'"'U = - J11k1 + J12k2 + ; Jlt/31 + Jlz/3z X 
. I) 

xcosa(z-l)da] [~~z] sin(au)sinadu+ 
I X x=ll 

+ 4, Joo Jltf3tf3z cosn(z -l)da Joo [clv2] . du Joo rcos(ru)sinr dr. 
7T~ I) (pt/31 +pzf3z) 1 ax :r.~n (l /3z(r)(r2-a2) 

Thus substitution of (4.10) in (3.3) with the aid of (3.6) yields 

( 4.11) 

00 . 00[!}'] · rsm r uv2 
x J /3 ( )( 2 _ ,2) dr J a: cos(ru) du, 

() 2 T T 0' 1 X. it' .. () 

' 
where /31 and /32 are obtained from /3t and /3z by replacing a· by a'. 

Now, to solve equation (4.11) iteratively, we take the first iteration as 

(4.12) 
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(4.13) i.e.,· 

The asymptotic evaluation of Eq. (4.12) for large values of x by the method of steepest 
descent yield the first iterate as · 

(4.14) , ( ) _ -2J..It k1 [1 { 2k2 } 
112 

>ri/4] ikz:z: v2 x, v - - -- e e . 
1J1k1 + J..1"1.k2 -'lrX 

The second iterate is obtained by inserting the value of [~v~]· given in Eq. (4.13) on 
X :z:=() 

the right-hand side of Eq. (4.11) and using the results 
00 00 • 

J coso J sm o sin(oz) dz = -
0

- and cos(az) dz = 1rh(o)- ---;--
1 1 

and then evaluating the integrals on the right-hand· side of Eq. (4.11) by the method 
·steepest descent for large value of x. Thus we obtain the second iterate as 

(4.15) v2(x,v)= -2~J1k1 [t-2(1- (1-M)!J1k1){~}1/2e7fi/4]eik2"', 
1J1k1 + J..12k2 J..11k1 + J..12k2 -2n: 

where M is given in Eq. ( 4.8). 
Thus from Eqs. (2.5) and (4.15) we get 

(4.16) 

S. Numerical Results and Discussion 

To investigate the nature of the motion, we have evaluated numerically the increment 
in amplitude due to th~ step for both the transmitted and reflected waves. The results 
are shown in the form of graphs showing the variation of .;':tLl VtT with k2 for difl'erent 
values of 1'2/ /JI in Fig. 2 for the transmitted wave, and the variation J=XLl V2n with k2 
in Fig. 3 for the reflected wave, where 

. ' 2~J2k2 
LlV1T = jvJ!- k + k 

1'1 1 1'2 '2 
and 

and l'2R is the reflected part of v2• 

The value of fiLl V1T is found to increase gradually with the increase in the value of 
Jtz/JlJ, and for all values of J-12/1'1 it is found that the maximum value of JXLlVtr occurs 
at k2 = 0. 75. It is also observed from Fig. 2 that .;':tLl V1T is positive for all values of 
k2 and JLd Jt~o what means that the amplitude of transmitted wave is always greater than 
that of the transmitted wave in the absence of the step. Moreover, with the increase in 
the values of k2 the graphs show an undulating character and decreasing amplitude ot the 
motion. 

From Fig. 3 we see that the value of .;:=i' ~ V2n gradually decreases with the increase 
in the value of p.2flt 1 and shows a gradual increase as the value of k2 increases. 

/ . 
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