SOME BOUNDARY VALUE PROBLEMS IN
LINEAR ELASTODYNAMICS .

THESIS SUBMITTED FOR -THE DEGREE OF
. DOCTOR OF PHILOSOPHY ( SCIENCE )

OF THE
UNIVERSITY OF NORTH BENGAL

o w18 M
. AR I
agps NANESEEEPES

by |
Apuba Narayon Das
DECEMBER, 1993



o L, VERF

STOCK TAKING - 2011 f

Ref.
53\.3%%2
§229%



ACKNOWLEDGMENT

I would.like to express ‘my réspeét and gratitude to my Supervisor
"Prof. M. L.Ghosh, Department of Mathematics, North Bengal University
for his valuable guidance and inspiration throughout the whole

process of research work.

I wish to thank Dr. P.K.Chaudhui, Reader in Mathematics, North
Bengal VUniversity, for his helpful discussions on numerical

calculations of several research papers.

For giving me all the facilities required to complete my research
work, I wish to express my sincere gratitude to the Head and other
teachers and staffs of the Department of Mathematics, North Bengal

Univeféity.

Further, I am thankful to all my colleagues in the department as
well as in the scholars-hostel. Ndrth Bengél University.

Finally, I am grateful to U.G.C., India for awarding me junior

research fellowship durinQ the tenure of thls work.

CE&&.

Depar tment of Mathématics ) Apurba Narayan Das
North Bengal Uni versity

Darjeeling_-.734 430

India.' |

December, 1993.



CONTENTS

Page

Introduction e . 1

Paper

Paﬁer

:paper

Paper

Paper

" Paper

Paper

Paper

1:

7

8:

, CHAPTER I |
SOME ELASTODYNAMIC PROBLEMS ON CRACK PROPAGATION

Two coplanar Griffith cracks moving in a strip under anti-

plane shear stress. 28

Two coplanar Griffith cracks moving along the interface of

two dissimilar elastic media. ‘ : A6

Problem of two coplanar Griffith cracks running steadily

under three dimensional loading. ' _ 66

Three coplanar moving Griffith cracks in an infinite
elastic medium. ' o a9

Three coplanar moving -Griffith cracks in an infinite

elastic strip. ' 122

Four coplanar " Griffith cracks in an infinite elastic

medium. » S _ ' 142
CHAPTER I1I.

EXTENDING CRACK PROBLEMS IN ELASTODYNAMICS.

Non- symmetric extension of a plane crack due to plane SH-

.waves in a pre- stressed ihfinite elastic medium. 174

Extension of a crack due to plane SH- wave in a  pre—

stressed infinite elastic medium. . ' 196



Paper 9: Bifurcation of a crack due to plane SH- waves in a pre-

stressed infinite elastic medium. ' 224

CHAPTER III

PROBLEMS ON PROPAGATION OF ELASTIC WAVES IN THE PRESENCE
OF TOPOGRAPHICAL IRREGULARITY

Paper 10: Time step SH- wave transmission acro#s a rectangular step.

’ 239
Paper 11: SH- wave propagation across a'vertical'step in two joined

elastic half- spaces ' 252

Bibliography. , ' 267



INTRODUCTION
The phenomenon of stress wave propagation in elastic solids offers:
us a rfch‘variety~of waves which was developed a century ago. Some
plioneer theoretical workers iIn this 1line are Rayleigh, Love,
Stokeg, Kelvin and others whose contribution in the field of wave
- propagation in elastic solids and vibrating bodies extended the
"theory of elagticity. In the first threeAdecades of this century
tﬁe subject lost its 1nterest to the research workers due to lack
of sophisticated'instrumént, electronic devices like high-speed
compﬁter and’practical ﬁethods for observing the passage of stress
waves in elastic sollids. But in the .latér : gtage,several
theoretical and experimental worker’s keen interest in this:field

made a large number of technical.  papers giving various
information. V

Dﬁring the ﬁast two decades, seisﬁoldgy has made a
tremendous progress, mainly because.  of the advent of modern
computers and improvements in data acquisition:systems, which are
now capable of digital and analog recording of ground motion over
a frequency range of five orders of magnitude. These technological
developments have enabled selsmologists to make measurements with
far greater precisioh and sgophistication than was ‘pfeviously'
possible. As a'resuit, far reaching advances in’our knowledge of
the earth’s sgtructure and tﬁé nature of the earthquake have
occurred.

We here point out the milestones of progress in

elastic waves in chronological order.

1678: Robert Hooke (England) established the 5tress4straih
relation for elastié bodies.

1760: John Michell (England) recognized that earthquakes
originate within the earth and send out elastic waves

through earth’s interior.

1821: Louis Navier (France) derived the differentia] equations



1828:

1849:

1857:

1883:

11885:

1885:

1899:

1903:

1904:

1807:

1909:

1840:

of the theory of elasticity.

Simeé—Denis Poisson (France) predicted theoretically the

existence of longitudinal and transverse elastic waves.

George Gabriel Stokes (England) conceived the first

mathematical model of an ea;thquake source.

First systematic attempt to applyfphysical principles to
earthquake effects by Robert Mallét (Ireland).

Rosi-Forel scale for earthquake effects published.

C.Somigliana (ltaly) produced formal solutions to Navier
equations for a wide class of gources and boundary

conditions.

Lord Rayleigh (England) predicted the existence of

elagtic gurface waves.

C.G.Knott (England) derived the general equationsg for the
reflection and refraction of plane selsmic waves at plane

boundaries.

A.E.H.Love (England) developed the fundamental ﬁheory of

poini sources in an infinite elastic space.

Horace Lamb (England) solved the problem on the

propagation of tremors over the surface of an elastie

- gollid.

Vito Voltera (Italy) published the theory of dislocations
based on Somigliana®s solution.

K.Zoeppritz and L.Geliger (Germany) calculated velocities

of longitudinal waves in earth’s mantle.

Sir Harold Jeffreys (England) and K.E.Bullen (Australia)
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. published travel time tables for seismic waves in earth.

1949:; Lapwood, E.R. first considered the distribution due to
a line source in a semi- infinite elastic medium. '

1959: Ari Ben-Menahem (lsrael) discovered that the energy
release in earthquakes takes place through a propagating

rupture over the causative fault.

1967: Global seismicity patterns and earthquake generation
linked to pléte motions.

In recent years the problem which mostly attract the regearchers
both theoretical and'éxperiﬁental, in relation to the géneration

and propagation of waves in elasti¢ medium are:

1) diffraction of propagating waves through the medium due to
an obstacle, cévity.or a crack of any shape situated some
where in the medium; ' '

(1) wave motion generated due to punch on some bounded region
of the medium; o '

(11 reflection and refraction of a wave at a'prane:sﬁrface of
discontinuity; '
v wvave motlion generated in a medium when a source of

disturbance is static or moving along the mediunm.

(v) ‘ transmission and reflection of elastic waves by
topographical irregularities.

(vi) elastodynamic problems involQing crack propagation, crack
" kinking and bifurcation. ‘

The solution of these problehs need advance level of mathematical

techniques, which may roughly be grouped> into the following .
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categories:

(a) Theory of analytic function

(b) The ngdholmrintegfal equation

(¢) The singular integral equation

(d) Integral transfdrms and Representations

(e) Dualviﬁtegral and seriés equations

(t) Harmonic'fﬁnction.'Potentfa) ﬁheo}y

(g) The Dirichlet and Neumahn:proplems'

th,Green's functions

(1) The Cauchy problem

(ji Wiener- H;pf techﬁigue

(k) Riemann- Hilbert problem

(1) The méthod of Matched Asymptotic expansion

{(m) Perturbation technique |

(n). Variational method, The Ritz method

(o)AThe method of finite element |

.(p)AThe method of boundary efeﬁent

and others.

The problem of propagatibn of elastic waves in the
presence of topographieal irregularities and also in the'presence
of variation of material properties in the'hbrizonta{'direcﬁion
have drawn the attention of ‘many Iinvestigators of tﬁe present
time, due to their applications in seismo]ogy. '

The problem of transient wave propagatiph ,15- a
half-space 'composed of two nelastic quarter spaéés -of,.different
matérials wags considered by Achenbadh (1968). Dutta and -ﬁiira f
(}974)rconsidered SH-wave motion in an elastic quarter spacé in
welded contact with a uniform elastic layer of different material.
The problems of SH-wave trangmission across an irregularity were
considered by Bose (1875),Chakroborty et. al. (1983). Wolf( 1987,
'1970), Sinha (1980) considered the transmission of Love waves
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acrosg an topographical irregularity while scattering of Rayleligh
waves by a plane barrier in a shallow ocean was considered by Mann
and Deshwal (1986).

A series of problems 1involving the séattefing
of elastic waves by two dimensional and three dimensional
topographical irregularities have been solved by Sanchez- Sesma
(1979, 1982, 1983, 1985) by using a newly .develbped boundary
method. The diffracted fields are constructed with linear
combinations of solutions which form ¢- complete families for the
wave equation and boundary conditions are then satisfied 1in a
least square sense. Adopting the representation theorem due to
Knopoff (19586) ’ Knopoff and Hudson (1964) studied the
trénsmission of Love waves past a continental margin considering
the crust to have an abrupt increase in the thickness on the
continental side. Sato (1961) discussed the problem of'propagatidn
of Love waves in an elastic layer of variable thickness-overlying
a semi- infinite elastic medium. Approximate expressions for the
transmission and reflection factors are obtained byv the
application of a method based on Wiener- Hopf technique.. Abubakar
(1963) also gtudied the effect of an {irregular surface with an
isolated irregularity like a tough or ditch on the incident P- and

SV- waves using perturbation technique.

Apart- from its academic interest, the propagation
of elastic waves in layered media has important applications in
geophysics and seismology. Since the propagation of characteristic
of earth vary with depth, the first approximation to the actual

problem can be achieved by regarding earth as formed of several

layers in each of which properties are consgtant. The problem s
very cumbersome as far as the mathematics is concerned. We mention

the books by Brekhovskikh (1960),Eringen and Suhubil (Val 11},1975).

Recently, the problem of propagatioh of waves in.

layered elastic medium has been solved by Zaman et.al.(1987).

The problem of fracture 1s the central problém of

the science of resistance of materials . Fracture mechanics in the
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broad sense of this concept includes the part of the science of
strength of its materials and structures which relates to a study
of the carrying capacity of the body both with or without
consideration of initial cracks and also to a study of various

laws governing crack development. In general the first stage of

‘the investigation on fracture mechanics associated with the names

of Robert Hooke, C.A.de Coulomb, B. de'Saint Venant, Otto Mohr is
characterized by extensive studies of deformation properties of
solids and by the development of various faillure criteria termed

strength theories.

The dynamic process o? fracture is made up of two
stages, crack initiation and propagation, each of these stagés
following 1t§ particular laws. The criterion fdr the initiation of
crack propagation, which forms the basis of fracture mechanics,
does not follow from the equations of equilibrium and motion of
continuum mechénics. This is an additional boundary condition in
the solution of fhe problem of limiting equilibrium of a cracked
body. The limiting state is said to be reached if a crack-like cut

can propagate. The cut then becomes a crack.

Criterion for the initlation of crack propagation

"can be obtained on the. basis of both energy and force

congiderations. Hisiorically, at first - an energy fracture

criterion was proposed by A.A.Griffith (1920) and G.R.Irwin (1957)

formulated a force criterion.

Yoffe (1951) first investigated the propagation of
a finite crack with a constant gspeed through a stretched isotropic
elastic solid. She gshowed that for small crack tip velocities‘the
maximum tensile stress acts on the line e=0. Thereforé, one may
reasonably anticipate that the crack extends in a strafight line;
but at higher crack tip velocities, starting with O.Gcz the line
on which the maximum tensile stress 1s acting begins to make an
éngle with the 1initial crack axis. The angle 1increases very
rapidly with the crack tip velocity i.e. the crack tends to.become

curved at propagation velocities higher than 0.602 as shown in
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Fig.1. Complex variable technique to this case was latter applied
by Radok (1986).

Indeed, it is now known that this variation {s comman to
all crack'tip‘streés distributions, as cam be verified form Irwin
(1957), Williams (19857), Rice (1968). The noted variation of
circumferential distribution with crack speed was proposed as an
explanation for crack branching 6r bifurcation. While it‘ié likely
that the distribution of stress arcund a crack tip during
acceleration may provide a mechanism by which ihe crack searches
out alternate fracture paths, it does not éxplain why or how

alternate paths are in fact executed.

In later stage, Yoffe's concept was wutilized
extensively by Singh et. al. (1981), Kassir and Tse (1983), De and
Patra (1880). Three dimensional problem on moving crack. wag also
golved by ltou (1979).

Recently, Dasg (1982,1993) has ektended.'Yoffe’s

moving crack broblems to the cases of three moving cracks.

The anti-plane problem of stress dist;ibutioh'
around a semi-infinite crack moving with constant velocity'in a
strip of elastic material was solved by Sih and Chen (1972). The
problem was reduced to Reimann - Hilbert ‘problem by application
of Scwartz- Christoffel transformation and the theory of éomplex
functions.Closed form solutions were obtalned for the two.caBES ot
practical importance: (1) the boundaries of the strip are clamped
and displacecd in equal and opposite directioné causing =a teéring
motion along the leading edge of the crack and (ii{) the crack
sheared longltudinally by a palr of concentrated .forces movihg
with the crack while the strip boundaries are free of tractions.
In both the cases, the effect of the strip width on the dynamic

., 8tress was examined.

Nilsson (1872) also solved the problem of a strip

of material containing a moving semi-infinite crack using Fourier



integral transform and Weiner- Hopf technique.

Here we give some techniques which are generaliy

used in moving crack problems in elastodynamics.

1. Integral transform technique:

As the equations of motion in the theory of elasticity
are partial differential equations which may be discussed with
reference efither to Helmholtz equation or to Laplace’s equation,
the method of integral trénsform is one of the most effective;
methods for solving such equations as application of this method
to such equations regults in the lowering of the dimension of anf
equation by one. There are several forms of integral transform and
the choice of an integral transform depends on the structure of
the equation and the geometry of the domain.

The 1integral transform f(po) of a function f(x)

defined on an interval (a,w) s an expression of the form

[+ o)

T = J £(x) Kx,p) dx (1)
a

where a is a real number and p is a complex parameter varyiﬁg over
some reglon D of the coﬁplex plane. K(x,p) iIs called the kernel of
the transformation. The £ransf0rma£10n (1) becomes particularly’
useful if 1t possesses inverse mapping. In tﬁat case one can

express f(x) in terms of its integral transform by

f(x) = E%T I T(p) M(x,p) dp (2)
- .

where M(x,p) is a suitable function defined in a<x<w and peD and
is called the kernel of the inverse transform, which isg defined
for all x in the interval (a,m). The complex parameter p is in the
region D while f is a sultable path of integration in D. After

reducing the governing partial‘differential equation, the reduced
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problem can be solved for T(o). The solution of the original
equation can be expressed in terms of the inverse integral, which
may then be evaluated. The inversion from the the transformed
space to the space of actual variables wusually involved very
éomplicated integrations. In many cases even the numerical
iniegration can not be performed successfully because of the
highly oscillatory character of the iIntegrands I cfvEringen and
Suhubi (1975), chap. 7; Achenbach (1975), chap. 7]. In particular,
mixed boundary value problems like the dynamic regpongse of a punch
on an elastic half-space and the problem involving the presence of
a crack or a strip inside an elastic medium may‘be'reduced to
Fredholm integfal equation 'of first kind of to dual integral

equations.

2. The factorization problem. The Wiener-~Hopf technique:

Let a function ¢(z) analytic in the interval y_<Im 2<y+'
be defined in the plane of a complex variable 2. It 13 srequired. to

express ¢(z) in the fornm

P2y = ¢+(z>¢_(z) ) (3)

where ¢ (z) and ¢ _(2) are functions analytic in the half -plane
lm z > y_and the half-plane Im 2z< Y, respectively. The problem is
called factorization problem. In a more general case, {t |is
required to define two functions ¢,(z) and ¢_(z) which are
analytic in the same half- planes respectively and which gatisty

the following relation in the interval
A(2)¢+(z) + B(2)¢ (2z) + C (2) = O (4)

where A(z),B(z) and C(z2) are .given analytic functions 1in the
interval. It 1is obvious ¢that 1if C(z2) = (0, we obtain the
representation (3) after the corresponding changes in the

notation.

Let us assume that the functlion ¢(z) which i1s to be

factorised does not have any zeros in the interval y_<Im z(y+ and
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tends to infinity as x — o. In this case, neither of the
functions ¢+(z) and ¢ _(2) will have any zero, and we can take the
logarithm of both sides of the relation (3) '

log ¢(z) = log ¢+(z) + log ¢_(2) . (5)

‘The function F(2) log ¢(2) satisfies the

conditlion

|Fex+iy)| < e|x| P, (p>0 for x— o) (6)

and hence the relatlon (5) can always be solyed with the help of
the transformation

U

F(z) F, (z) + F _(2) (7

Finally, we get

F (20 _F ()
e + e -

¢(2)

(8)

If the function ¢(z) has zeros in the intervals we must consider a

new function

2 2 Nr2 .
_ (z"+b") P (2) -
¢ (2) = —— (9)
Y o(z-z
. '—1’. Z i i

where z, and a, are .the zeros,‘their multiplicity in the interval
N1S N, where N is the total number of zeros, b>(y+,y_). The factor
in the numerator of (8) ensures that the properties of auxiliary

functions are conserved at infinity.

Let us now consider the relation (4) and carry out
its factorisation into L, and 1/L_ for the same interval of the

ratioc A/B. The relation (4) can be represented in the form
L+(z)¢+(z) + L (2)¢_(z) + L (2)C(z)/B(z) = 0O _ (10)

The expresgsion L _(2z)C(z)/B(z) can be represented in

the following form Iin accordance with (7)

E (z) + E_(2)
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where ¢+(z) and ¢_(z) ére functions analytic 1in the half -plane
y > y_ and the half-plane y < vy, regpectively. Taking this into

account, we get
L,(2)¢ (2) + E _(2) = - L _(z2)¢_(2) - E_(2) (1L
It follows from the generallzed Liouville’s theorem that

the left as well as right hand side of (11) represents the same’

polynomial,Pn(z) of nth degree.

3. Hilbert transform technique:

If ply) € Lz(a,b), then the equation

B hx) ’ '
I ¥ -y dx = nply), y  (a,b) (12)
a ,

has the solution

12 b 1/2
1 [x - a b -y pl(y) C.
T [5_3_7] Ia [y - a] -y ¥ (13
ka-a)(b—x)

h(x)

where C is an arbitrary constant, and the first term

belongs to the clasgs Lz(a,b).

Using the above theorem, we find that the golution to

the integral equation

b 2
J 2xh(x ) dx = np(y), y e (a,b) , (14)
x =Y

a

(provided that p satisfies the conditions of the above theorem) is
given by '

2 2412 b 2 212 .
nix?y = L [x__&_] J [b_v] _2ypyd ., c
2 2 2 2 2 2 .
114 y - & X

b - x -y
a d(x%-a%) (b2-x3)

where C is an arbitrary constant.



4.Schmidt method:
To solve for unknown constants cn(C) occurring in

c (L) Fn((’,x) = £({,Xx) for x € (a,b)
n

n=1

(15)

where F ([,x) and f((}x) are known functions, we adopt Schmidt
n ) .

method. _ .
Let Hn((,x) be a set of orthogonal functions which
satisfy
b
Ja an(vX)Hm(:'X) dx = Nnénm (16)
b 2
where N = J H (L, x) dx (17)
1} a . n

Then Hn((,x)'s can be computed from the functions Fn(C,x)
in the following way

a
c,
H (L,x) = 2 =2 F (L, %) , (18)
n 124 “nn *

with ﬁm as the cofactor of the %m in Dn which is defined as

e . e
14 a2 in b o
Dn = ez‘ €, "t ezn. ’ e = Ia Fn((,x)Fm((,x) dx (19)
e €  taiiien .e
nt na nn

Now in terms of the set of orthogonal functions H (,x), the
. n
function f({,x) can be expressed. as ’

a

£(L,x) = 2 h H. (L, x) (20)
i=1 L L

Substituting the values of Hn((,x) from (18> in (20), we obtain
after some rearrangement

e o] [+ ] 2]

(o . .
- ne

2 c (L) F (L,x) = 2 F (L, x) 2 — h, 2
n=4 N=1 i='n [N
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Comparing the coefficients of Fn(c,x) from both sides aof (21) we

find ®

c_.
c = z nop (22)
n 1#n St
L b
where h = N J‘ £ ,x)H (L,x) dx (23)
[ A a i

This is in brief Schmidt method for determining the unknown

coefficlents cn.

Recently extensive study on extension of crack in
eléstic solid has been made. Several {nvestigations on symmetric
and non-symmetric extension of crack in its own plane in an
infinite elastic medium have been carried out up-till-now. Broberg
(1960) first considered the pfoblem of symmetric extension of a
crack in elastic solid. ' |

He congsidered : the extension of a crack in a
brittlelinear elastic material using Fourier transform. He assumed
that the extension of crack occurs in its own plane. The plane

surface is subjected

(1) to.a constant pressure, acting on an infinite
strip, the width of which ig symmetrically increasing from zero
with a constant velocity, and

(i11) to a pressure outside the strip such that the
normal displacement of the surface outside the strip is zero.

The mixed boundary value problem has_been treated.
The stresses In the solid 'and the normal displacement of the
surface have been solved. The result shows that the displacement

of the surface is elliptic, Jjust as the corresponding static case.

Since Broberg's investigation of the solution of a

crack expanding symmetfically with constant velocity under
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conditions of plane stress or strain in a homogeneous elastic
field of spatially and time invariant tensile stress, a number of
papers have appeared analyzing different geometrical situations.
Craggs (1963) later solved the same problem as that done by
Broberg but he used the method of homogeneous function to obtain
the solution, while Achenbach and Brock (1871) considered the
cor}esponding anti—piane probleﬁ. Self-similarity technique, which
is the most wuseful technique for treating extending crack
problems, are used by Atkinson (1974), Brock and Achenbach (1974),

and others.

Using complex variable technique Cherepanov and
Afanasev(1974), Cherépanov(1979) have solved some self-similar
problems of dynamiec theory of elasticity. They also used the
functionally {{nvariant method of Smirnoff and Sobolev (1832).
Later, this téchnique.is used by Das (19983a) to solve the one way
extension of a crack in an iInfinite elastic solid due to two

non-parallel! plane SH-waves.

Indeed, non-symmetric extension at different
velocities of the crack tips is common to the 'fracture of
geophysical settings with pre-existing rupture‘planes. Problems on
non-symmetric extension of a small flaw into a plane crack have
been gstudied by Brock (19875,1976), Georgiadis (1991) and Das
(1993b,1993¢) using self- similarity technique. '

Recently, problems on extension of c¢racks in
cruciform paths have been solved by Brock and Deng(1985), Ong and
Srivastava (1985) and Georgiadis (1887).

Here we add a few lines aboﬁt self-similarity technique

S.Self-similarity technique:

A self-similar solution of a physical problem can be
inferred {if either the data of the problem involve no
characteristic length or the only characteristic length 1s related
to a pafameter to which the solution 1{s proportional. The
principal advantage of this \class of solution 1is that the

YR
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governing partial differential equations can be replaced by

another set that contains one independent variable less than those

in the original set.

We begin with the homogeneous solution of scalar two

dimensional wave equation

<
©

(24)

Vz¢ = c?

<
-

which may be expressed as
plx/t,y/t) = ¢ (r/t,®)

where r,® are polar coordiﬁates in the plane. If we define a new

independent variable
s = r/t
then polar form of (24)
’¢ , ;108 , 2 3¢ -2 9
z

ar? or do at

is transformed into

f
0

2
&2 (1-52/%>2 f+ s(1-282/2)2, ¢ _ | (25)
s ds ae ’

We point out that (25) is of mixed type, 1.e., it is elliptic in
s/¢<! and hyperbolic in s/c¢>1. The domain of elliptecity and
hyperbalicity of the differential equation thus correspond to the

interior and exterior of the circle r=ct centered at the origin of
i 2
the coordinate system. Since the coefficlent of 4 f vanishes at
‘ ‘ . as”
s=¢, the circle r=ct evidently represents a singular wave front

across which we may expect discontinuities in the g-derivatives of
the wave function. We suppose, howevef, that ¢ .and. 9¢/80 are
continuous across the wave front. equation (25) can be reduced to

the canonical form for s/¢<1l through Chaplygin’s transformation
4 o o o2 1/2 4 ‘
3 = — cosh 3 - log [ i ( ;é - 1] ] : (26)

which yields Laplace’s equation in f3-© coordinates



2 2
¢ ,9¢ .. : (27)
se* an*

Similarly if s/c>1, then the transformation

1

o = cos S (28)
8
reduced (25) to the equation
2 2
2¢ _9¢ .o, (29)
do” o

Recently, attention are being focused to the cases of
crack extension which occufs under an arbitrary angle with it's
own plane (which leads that a crack may bifurcate) as shown in
Fig.2 and Fig 3..Because, it is expected _that.once the extension
of crack hasg started, the primary'crack often bifurcatesgs into two
or more branches , each of which may propagate over a short
distance, and then again sp{it into two or more new branches.Crack
bifurcation occurs in a variety of materials, and under different
external conditions. The phenomenon 1is, however, particularly
present for essentially brittle fracture, when the speed of crack
propagation becomes relatively large. Experimental observations of
the magnitude of the speed of crack extension at branching suggest
that elastodynamic effects play a sufficient role.lt has been
observed that the method of self- similar solutions prdvide a
powerful tool for the analysis of elastodynémic skew propagation

and crack bifurgation.

A necessary condition for bifurcation can be determined
by comparing stress prior to branching and after branching has
taken place. The comparison requires expressions for the
elastodynamic flelds near the crack tips of the branches. For
symmetric bifurcation in anti-plane strain the near tip filelds
were analyzed by Acﬂenbach (1975). The propagation of a.- crack
which emanates under an arbitrary angle from a free surface, when
the surface 1s subjected to anti-plane mechanical disturbances waé
considered by Achenbach and Varatharajulu (1974). Some cases of

dynamic crack propagation in elastic medium are reviewed by
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Fig. 2t Pattern of wave front and position of crack tip for skew

crack propagation under the influence of a step-stress wave.
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Achenbach (1972,1976) and Freund(1976).

During the last decade, problems on Mode 11l crack
kinking and bifurcation have been studied by several
invéstigatons. Burgers and Dempsey (1982) solved the dynamic crack
bifurcation in énti—plane gtrain for two special cases. Corrected
results for Mode IIl kinking of a crack under an arbitrary angle
was'given'by Dempsey et.al. (1982). A numefical approach for the
study of dynamic crack propagation of a kinked or bifurcated crack
ih anti-plane strain has been given by Burgers (1982). Achenbach
et. al. (1984) have developed a method based on superposition
principle to derive approximate expression for the elastodynamic
gtress intensity factors of the kinked crack. The problem of
rapid tearing of a half-plane was also solved by Dempsey and Smith
(1985). They consldered that the surface of the half-plane |is
subjected to sudden anti-plane mechanical disturbance, c¢rack
initiation and subsequent crack instabllity are examined via two
idealized problems; the first {s concerned with instantaneous
crack bifurcation and the second with instantaneous skew crack
propagation. In éither» problem, crack propagation occurs at a
congtant subsonic velocity, under an angle kn with the normal to
the surface . For varidus values of the ahgle of crack
propagation, the dependence‘of'the elagtodynamic sgstregs intensity

factors on the crack propagation velocity is iﬁvestigatedp

i Recently, transient elastodynamic non-planar
self-gimilar Mode 11l crack growth In brittle materiéls ls
examined by Dempsey et. al. (1986). The dynamic similarity and
Chaplygin's transformation reduced the clasé of problems
considered to the solution of Laplace’s equation in a
semi-infinite strip. The Scwartz- Christoffel transformation is
subgequently employed to map the semi-infinite strip on a
half-plane. The theory of analytic functions are then used.
Elagtadynamic influences in the vicinity of a rapidly ﬁoving tip

after branching are examined in a rather general fashion.
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The thegis presented here consists of some problems on cracks and

wave propagation. The work has been presented in three chapters.

The first chapter deals with problems on moving cracks in infinite

elastic medium and in infinitely long elastic strip.

Problems on crack extension and bifurecation have been presented in

the second chapier .

The third chapter deals with the problems on wave propagation in

the presence of topographical irregularities.

The summary of the thesis is presented here chapter wise.

The firast problem of chapter 1 has been formulated as follows:

Ve haQe considered the problem of propagation of two
coplanar - Griffith cracks moving steadily in infinite long finite
width strip. We consider two cracks of finitg width placed 6n X-
axis from -b to -a and a to b with reference to the rectangular
coordinate system (x,y,2z) which referred to a fixed coordinate
system (X,Y,2), 1{s moving with constant velocity v along X-
direction within the strip of elastic material occupying the
regioh -h’< Y <h’. Employing Fourier transform and finite Hilbert
transform technique,.closed form solutions are obtained for two
caseg of practicaI interest. Firstly, the case when the rigidly
clamped edges are pulled apart 1in bpposite 'ditections' are
considered. Secondly, we have treated the case when the lateral
boundaries are subjected to shearing stresses. Exact expressions
for the crack -opening displacement and the stress intensity

factors have been derived in both the caseé.

In paper 2, we have congidered the problem of two coplanar
Griffith cracks moving along the {Interface of two dissimitar
elagtic media. Two cases of practical importance have heen
congidered. Firstly, the case of two coplanar Griffith cracks
moving along the interface of two semi-infinite dissimilar elastic

media hags been treated § secondly, the problem of propagation of
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two coplanar Griffith cracks along the interface of an elastic
layér overlying a semi-infinite medium of different elastic
properties has been éonsidered.Emp!oying Fourier <transform ve
reduced these problems %o solving a set of triple integral
equations with cosine kernel weight fﬁnctions. These equations are
solved using finite Hilbert transform technique. In the second
case, analytical expressions éré retained up to h™* s, where h 1is
the thickness of the upper layer, for . deriving the dynamic stress

intensity factors and crack opening displacement.

The problem of two coblanar Griffith cracks running
'steadily under three dimensional loading has been considered in
the tﬁird papef of chapter 1. It ig assumed that equal and
opposite tractions which are triaxial in nature are applied to the
crack surfaces. The two dimensional Fourier transforms have. been
used to reduce the mixed boundary value problem to the solution of
triple integral equations. In order to solve the problem , the
transformed surface displacement 1is expanded in a series of
Chebyshev polynomials which 1s automatically zero out side the
cracks and also satisfies the edge conditions. Finally, Schmidt
method has been used to determine the unknown _coefficients
occurring in the; series. The expression for stress intensity
factors at the crack_tips'and the crack opening displacément have
also been derived for different values of the paraméters.‘ An
interesting feature of this paper is that'there is the possibility
of curving or branching of the cracks at the outer edge at very
low velocities of the cracks whereas the cracks tend to become

curved at the inner edge for values of crack tip velocity about
0.6c_ .
2

/.

The dynamic in-plane problem of determining the stress and
'displacemént due to three coplanar cracks moving steadily ét a
_subsonic speed 1in fixedr direction in an infinite, 1isotropic,
homogeneous medium under normal stress and the-static problem of
determining the stress and displacement around three coplanar

Griffith cracks in an infinite isotropic elastic medium have been
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considered in the fourth paper of the chapter 1. In both the
' cases, employing Fourier integral transform, the problems have
been reduced to solving a set of four integral equations. The
iﬁtegral equations have'been‘solved using finite Hilbert transfornm
technique and Cook’s regult to obtain the exact form of crack
opening displacement and stress intensity factors which are

presented in the form of graphs.

In the fifth paper of the chapter 1 we have treated the
dynamic anti-plane problem of determining stress and displacement
due to three coplanar cracks moving steadlly at a constant speed
In an infinite elastic strip.Employing the same technique as that
used in solving the problém considered in paper four, the problem
when the lateral boundaries of the strip are subjected to shearing
stress has been solved. Numerical regults for stress intensity

factors have been presented in the form of graphs,

The dynamic in-plane problem of determ1n1n§<the stress and
displacement due four coplanar Griffith cracks moving steadlly at
a subsonic gpeed in fixed direction in an infinite, i{isotropic,
homogeneous medium under normal! stress has been treated in the
sixth paper of this chapter.The static prbblem of determining the
stress and displaéemént around four coplanar Griffith cracks in an
infinite 1isotropic elastic medium have also been considered 1in
this paper. In both the cases,employing Fourier integral
transform, the problems have been reduced to solving a set of five
integral equations. The integral equations have been solved using
finite Hilbert transform technique to obtain the exact form of
crack opening displacement and stress intensgsity factors which are
presented in the form of graphs.

In chapter 2, the first problem deals with  the
non-symmetric extension of a plane crack due to plane SH- waves in
a pre-stressged infinite elagstic medium. We considered. two

identical plane waves defined by



o, = AWHWM), o = A cote W H,)

YZ Y - R < =z Xz
referring to coordinate system (x,y,2z) where
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ut czt + ysine° +xcose°, OSeB_n/z

and H() is Heaviside's unit function, to propagate through the
infinite solid which is pre-stressed such that '

Fracture is assumed to initiate at a point a finite time
after the waves intersect there and the crack is assumed to extend
non-symmetrically along the trace of wave intersection. Following
Cherepanov and Afanase’v (1974) and Cherepanov (1979) the general
solution has been derived in terms of analytic function of complex
variable. Numerical results have been presented to illustrate the
nature of the variation of stress iIntensity factors and the rate
of energy flux into the crack edges with the speed of the crack
tips and also with the time after fracture initiation.

In the second paper of the chapter 2, we investigated thé‘
'problem-of non-symmetric extension of an Infinitesimal flaw into a
plane crack at a constant rate due to the action of two
non-parallel plane SH- waves of different amplitude propagating
towards each othe{ in an {infinite isotroﬁic elastic medium which
ls initially in a state of uniform anti-plane shear.A finite time
after the crossing of the plane wave fronts, a fracture is assﬁmed
to Initiate along the line whefe the wave fronts crossed and. the
crack 13 then assumed to travel non-symmetrically along the trace
of wave . intersection. Superposition considerations allow the
original problem to be separated into three self-similar problems
with (0,0),(0,1)and (1,0) ‘ags the indices of self;similarity. The
dynamic similarity of‘ certain field variable in each problem
suggests application” of the method of homogeneous functions.
Expregsions for the gtreas 1intensity factorgs and the ratg of
energy flux i{nto the extending crack edges of the crack have been

derived. Finally, the nature of the wvariation of the stress



intensity factors at the crack tips and also the rate of ‘energy
flux into the edges with velocities of the crack edges and also
with the time after crack initiation have been depicted by means
of graphs. '

!

’ The third paper of this chapter deals with the dynamic
anti-plane problem of bifUréation,of a semi-infinite crack due to
the incidence of two linearly var&ing plane’ SH- waves wi%h
- non=-parallel wave fronts in an infinite elastic medium. The semi-
infinite c¢rack 1s assumed to bifurcate when the plane waves
intersect the crack tip. The problem has been solved using-self-
similarity technique which 1ig based on the observation that
certain field variables show dynamic similarities. The ‘results
include the expressions for shear stress in the planes of the
cracks and the stressAintehsity factors at the crack tips.Finally,
the variations of stress intensity factors with the angle of skew
for different values of the parameters have been depicted by means
of graphs.

In the first paper of chapter 3, we have studied the
transmission of time step SH- wave across a step like irregularity
in the surface of an elastic half- space. Considering the incident
wave in the form 'H(T-X/c). where H() 1is the Heaviside’s step
function the problem 1s reduced to an integral equatioh by using
integral transform and Green's function technique and finally
using Cagniard-Dehoop method of finding inverse Laplace transform,
transmitted field at any -distances from the step on the free
gurface have been determineé using iterative procedure. Numerica(
results have been presented in the form of graphs to 1illustrate

the nature of transmission.

Finally; we have qonéidered the propagation of SH- wave in
a medium consisting of two welded quarter spaces of dif%erent
material and having a step like change in elevation at the
vertical iInterface. The problem is reduced to an integral equat;on

by using the Fouriler transform and Green’s function techniqué and
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finally, by applying the method of steepest descent, the
ﬁransmitted and reflected flelds at large distances form the step
have been determined. To ;nvestigate the nature of the motion, we
have evaluated nﬁmerically the increment in amplitude due to the
pregence of the step for both the transmitted and and reflected

wave § which are presented in the form of graphs.

With this brief discussion we now present the thesis
chapter wise. An attempt has been made to include most of the

references consistent with the problems treated in this thesis,
which have come to the author's knowledge.



CHAPTER 1
SOME ELASTODYNAMIC PROBLEMS ON CRACK PROPAGATION

- Paper

Paper

paper

Paper

Paper

Paper

Two coplanar Griffith dracks moving in a strip under anti-

plane shear stress.

Two coplanar Griffith cracks moving along the interface of

two dissimila} elastic media.

Problem of two coplanar Griffith cracks running steadily

under three dimensional loading.

Three coplanar moving Griffith cracks in an infinite

elastic medium.

Three coplanar moving OCriffith cracks in an infinite

elastic strip.’

Four coplanar - Griffith cracks in an infinite elastic

medi um.
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TWO COPLANAR GRIFFITH CRACKS MOVING IN A STRIP UNDER ANTI-PLANE
SHEAR STRESS

1.Introduction

In fracture mechanics , the problem of diffraction of elastic waves
by cracks of finite dimension in a strip of elastic materlal has
been investigated by several authops. Sih and Chen' (1972)
investigated the problem of propagatioh of a crack of finite length .
in a gstrip under plané extension. The resulting mixed boundary value
problam‘was reduced to the solution of a Fredholm integral equation
of second kind , which was solved numerically . Closed- form
solutions for a finite length crack moving in a strip under anti
plane shear stress was also obtained by Singh et al. (1981). As
regards the dynamic crack problem , research has been restricted
mainly to the case of a single crack because of the sevéfe
mathematical complexity encountered in finding solutions of two or
more cracks . However , using finite Hilbert tranaform techniquea.
developed by Srivastava and Lowengrub (1968), Lowengrub and
Srivastava (1968) solved the statical problem of distribution of
stress in an infinitely long elastic strip containing two coplanar
Grifflth cracks .The scattering of time harmonic normally incident
plane waves by two parallel and coplanar Griffith cracks in an
infinite elast;icmediu'm_has been studied by Jain and Kanwal (1972)
and more recently by I[tou (1980). '

In this paper we have considered the problenm -qf
propagation of- two coplanar Yoffe (1951) cracks moving stéadily in
an infinitely long finité width strip . Employing Fourier transfarm
and finite Hilbert tfansform technique closed-form solutions are
obtained for two cases of practical interest.Firstly, the case when
the rigidly clambed edges are pulled apart in opposite directions
are considered. Secondly , we have treated the case when the lateral
boundaries are subjected to shearing stresses. Exact expressions for

the crack opening displacement and the stress intensity factors have

Published in "Journal Of Technical Physics' Vol 32, No.3-4,
PP 479-489, 1991,



T 29

been derived in both the cases +Finally numerical results for stress
intensity factors are presented graphically to show its variation

with crack speed for different values of the lengths of the

cracks.

2.Formulation Of The Problem
We consider two cracks of finite length to be placed on the X-axis
from -b to -a and from a to b with reference to the rectangular
coordinate syétem (x,¥,2) which referred to fixed coordinate system.
(X,Y,2) is moving with constant velocity v alaong X
~direction within thé'strip of elastic material occuﬁying the
region -h; Y= N as shown in Fig.1 .

In dynamic problem of anti plane shear, the
non-vanishing component of displacement W directed in the
Z-direction satisfies the equation of motien

2 2 2
2¥ .24 . 1 2% (2. 1)
ax aY c, ét '
where c, = (p/p)v2 is the sghear wave velocity and p is the.

dengsity of the material.The non-vanishing components of stress are

au
a’xz = ——
ax
Opm = H 2! (2.2)
= ay |
Using Galilean transformation x* = X - vt, y* =Y, 2z = Z,
t’ = t, where (x',y’,z’) is the translating coordinate system shown

In Fig.1 and next introducing the dimensionless coordinates x,y,z

éuch that x* = xb, ¥y’ ;ybi 2’ =2zb, h* = hb equation (2.1) reduces to

+ = 0 (2.3)

uith SR R G2 ' (2.4)
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Fig 1. Moving cracks in a strip under antiplane shear .
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3. Boundary Conditions
We consider two basic probleﬁs of practical interest with different

boundary conditions

Problem I. The edges of the strip y = % h are assumed to be rigidly
clamped and displaced laterally in opposite directions by an equal
amount L where W is a constant. As a regult, anti plane shear
motion takes place in 2z-direction whereas cracks move in the

x-direction and the boundary conditions are

W(x,* h) = % wc') , -0 < % < @ (3.1)
o (x,0) = 0, d<|x|<1 (3.2)
yz

W(x,0) =0,

,05|x|<d,|x}>1 (3.3)

where d=a/b .

In order to appfy the integral transfﬁrm technique it
18 necessary to solve a differenf but equivalent problem which can.
be obtained from the problem of a c¢lamped strip  (without any
cérack) saubjeet to a uniform strain . The equivalent stress
condition on the crack are

HY
o _(x,0) = — —2 d<| x| <t (3.4)
Yz .

h

and the displacement must satisfy
W(x,0).= 0 , os|x|<d, |x|>1 (3.5)
W(x,* h) =0, -0 < x < o (3.6)

Problem II. In this case uniform shearing stress P, i1s applied to
the upper and lower boundaries y = * h of the strip.The equivalent

problem in this case involves the application of the ghear stress

“P, to the crack faces at y 0. Accordingly the boundary“conditions

are

Q
~
x
+
oy
~
1
O

-0 < x < ® . (3.7)
’ d<|k|<1 (3.8)

Wix,0) =0, o< |x|<d, |x|>1 (3.9) -
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4, Solutions Of The Problems

Due to symmetry about (x,z)? plane we need consider the region

FFA(&) cos(¥x) df (4.1)
43

0 .

F JmAcm sin(&x). df : (4.2)
a 0 :

we obtain the sgolution of (2.3) as

0<y<h only. Employing

1]

Fc[A(f);f—+ x 1

and . FS[A(z);E—4 x 1

1}

Wix,y) = Fc[A1(E) exp(-fys) + Aé(f) exp(fys)if— x 1 (4.3)
with
oyz(x,y)= pch[ E{—Aifz)exp(-fys)+Az(E)exp(zys)};f—» x] - (4.4)

Problem I. Using the expression for W(x,y) given in (4.3) in (3.6)

we get
ACE)
A‘(E) =
1 - exp(-2fhs)
. ~A(E)exp(-2f hs)
AZ(E) =

1 - exp(-28hs)

where A(¥) 'is to be determined.
From (3.4) and (3.5) we find that A(¥) satigfies the set of triple

integral equations

FCEE.A(E) cth(Zhs) ; £—» x 1 o d<x<1 (4.5)

FIAZ) 58— x 1 = 0 , 0<x<d ,x>1 (4.6)

Let us take

A@) = L FI" g (r)Sech®(cr)sin(r) dr (4.7)
Z |2 q . .
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1t is clear that the above choice of A() satisfies (4.6) if and.
anly if

1 . '
j g‘(r) sech®(c7) dv = 0 4 (4.8)
d .
Equation (4.5) can be written as
d X ) ) w o . :
—_— Fé[A(E) cth(¥hs) ; > x 1 = — d<x<1 (4.9)

dx ‘hs

Ingerting (4.7) in (4.9) and using the result [Gradshteyn and Ryzhik
(1965) ] | |

cth(¥hs) sin(7) sin(fx) . thicx)+thler) .
J: ‘ & =z log|tRte—thico (4.10
4 o
where ¢ = n/2hs , we obtain
1 cgt(T)Sechz(cr) th(er) v, .
I i = dr = , d<x<1 (4.11)
d th¥ey — th3(ex) hs Sech®(ex)

Substituting th(cr)=T‘, equation (4.11) {s found to reduce to the
form ' ’

" T‘A(Tf) : v, A
J ———dT, = —2— = F(X) (say), DX <I (4.12)
D, Ti-xE hs (1-X2) :

where D, = th(ed), I = th(e), X = thlex) and A(Tf)= g (7). Using
finite Hilbert transform (1968), the solutions of (4.12) ig

12- 2 X F(X) K
41 1 41

- b2 (x?-7T’y ¢
4 F 3 4 4

"

which can be simplified to

2wo ch(cd)
gi(r) =

, d<Tt<l  (4.13)

nhs(l—Ti) ch(e)
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Substituting the result (4.13) in (4.8) we obtain

I 1 X, dX_

(x2 ™) (1- x>

—
'
~N
|
D‘Ni‘m

)
»m»
]

1 dT 4w 1
Kﬂ[D . 2 i hsanD
(T2 - p*) (12- %) A

Wwhich is simplified with aild of the results

and

2w .ch(cd)
o

to K = R entey

(4.14)

where q=(l D’)"z /1, and F(¢,k), [(¢,n,k) are elliptic integrals

of first and third kind respectively.

The expressions of displacement and shear stress on
the plane of the crack are expressed as

. . 1 .
Wix,o0) =-’zlj gl('r)Sechz(cr) dr , d<x<i (4.15)
. x
and
g, (7)Sech® (cr)th(cr)Sech® (ex)
o (x,o)=yscI — dr ,0=<x<d, x>1 (4.16)
vz d th 2(ex) - th¥(em)

Now insefting (4.13)1In (4.15) and (4.16) we obtaln with the ald of
the following results '
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» N

)]

® N

woch(cd). . 2 - l‘— D1 '
W(X,O) 2 - m F(K,q) 1- D‘ 1- "[;,T—-—T,q]/F(;,q) +
, I (1-D7) .
. ! E 1 .
ch®(c) 1%- 08
t ——n(ry —— , aq , d<x<1
ch? (ed) ( RN ) (4.17)
where sinn =
2 2
uw _chcd) th"(ex)-D ch(c)
(8] : 1
o z(x,o) = 2 z +
Y h ch(c) th*(ex) -1} ch(cd)
z2_ 2 _ D:Sechz('cx) ' q.
1 1 ' n ‘ 1 ‘
N n[—,———,q]/F<—.q> , x>t
{ 12 (1-p%) z drern?cex)-p? 10th? (ex)-121
S 4 41 i
(4.18)
2 2 '
pwoch(cd) Dg— th™(cx) ch(c)
o (X,0) = ——— > ~ — -
v= h ch(e) I,— th” (cx) ch(ecd)
12- p? D: Sech®(ex) EY
- 1 n[ﬁ,-—"—;,q]/-!?(z,q) : : - |, o<x<d -
{ @ l:(i-D:) .2 I[D:-thz(cx)][l:—thz(cx)_] :

(4.19)
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where we have used the result

n

, 0<x<d
. . I 2 2 2
1 2d (d®-x%*)r(1-x
I 1 £ dt = 0, d<x<1 (4.20)
2 2
2 .2 2t_x
{®-d > (1-t5) -n ot
2{(x? -d%) (x%-1)
The stress intensity factor at x = 1 is given by
' 2,, ,2
pw D* (1-1%).
_=th 1Jz(x—i) o (x,0)= ——2 + 2 -
14 X— vz hSech(cd) 2_n2
4 cl (1%-p%).
i 4 1
x ' D - -
x4 1— n[-,—————————,q]/F(—,q) o C(4.21)
2 1f<1—Df> 2

and the stress intensity factor at x = d is given by

: jD (1-
S = Lt J2(d—x) o (x,0) = —
1d Yz
= d n{ca?
12- p? ‘
x 41— n[g,——i—__%-— /F(Z, Q) - | (4.22)
17 ¢1 D,

Letting d = a/b = 0'in the expressions for displacement , stress and

stress intensity fagtors it can be easily shown that the results

coincide with the corresponding expressions given b&}Singh et al.
(1981). '

Problem II. In this case again we take the general solution of
(2.3) as )

Wix,y) = FC[ C;(E)exp(—fys) + Cé(f)exp(fys) 3 E— X1 o (4.23)

and inserting it in (3.7) we find that
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D(&)
C(£) =
* 1 + exp(-2¢hs)
D(Z)exp(-2F hs)
c (&) =

1 + exp(-2¢ hs)
From (3.8) and (3.9) it is determined that D(f¥) satisfies the .
following set of triple integral equation
P
M

(a]

, d<x<1l . (4.24)

n

F_If D& th(Zhs) jE— x 1 =
F D) jE— x 1 = 0 , oSx<d ., x>1 (4.25)

Proceeding asgs in problem | , we consider a trial solution
_ 1 m 1 : ‘ ‘
DY = = |= I g (t) chlcr)sin(ér) dr (4.26)
£ |2 q 2

~With this choice of D(§) , equation (4.25) Qill be satisfied
provided the unknown function gz(r) in (4.26) satisfies ' »

1
J gz(r) cosh(ct) dr = O (4.27)
d . : ' '
Now equation (4.24) can be written as
d
o

— FS[D(E) th(fhsg) ; = x )1 = d<x<1i (4,28)
- dx 8 '

r

Insertion of equation (4.26) in (4.28) and use of the result
[Gradshteyn and Ryzhik (1965)1 .

& = % log (4.29)

{m th(E hs) sin(ft) sin(fx) sh(cx)+sh(cr)]
0 £ m sh(cx)-sh{cr)

where ¢ = n / 2hs , gives
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1 ¢ gz(ri Sh(2cr ) 2p_

I dr = , d<x<1 (4.30)
d sh®(cr) -sh® (cx) pus chlcx)

Substituting T2= shict) ,Iz= sh(c) , D2= sh(ecd) and X2= Sh(cx) and

proceeding as in problem 1, we obtain the solution of (4.30) as

T2 2 1%-p?
4p - D 1 n 2 2 ’ ey _ T,
g (t)1=— ° 2 2 n( z' "z 2z 9 )-F( 2z’ +
2 2 z2_ 2 [I7-T
nus I? 2 1412 z 2
Kz
+ : (4.31)
13- p%) a2 14
2 2 2 2
where q’ = (l:-D:)yq/Iz s q°°= q’'.th(c) and using the result (4.31)

in the condition (4.27) the constant K2 ig determined with the aid
of the result ' '

12-p2
X dX ' 1 n o2 2 Ef T
= n( ;,] 2 » QT ( 2’9 )
x*- p? <x2-'r:).]1+'x2 1+1% z |
as .
l
2
2. 12-p?
4poth(c) 2 D2 n o2 2 PR T
K = nl 2 2 9’ )-F( 39 dT (4.32)°
2 2 7 , z2_ o2 | 2
nps F( - +q )] I 2 2 2 :
2 F]

The relevant displacement and stress components

the cracks may be written as

in the plane of

.
W(x,0) = = [ g (r) chler) dr , d<x<1 (4.33)
2 X 2



HSC 1 g (r) sh(2cr)ich(cx)
J z dr , o<x<d, x>1 (4.34)
d

and o (x,0)=
1%

2 sh? (ex) - sh®(cT)

Now using (4.31) in (4.33) and (4.34) we obtain

1
2 .2
2p 2 2 114 2—Dz
Wix,0)=— o ’ sh® (eT)-sh” (cd) § n( ;,YE:;;— » q )
nus ch(e) sh?(c) -sh®(er) 2 2
X
K F[ » ’
- F( Z»a'" chicr) dr | + -2 (> )
2’ (4,.35)
. cl
2
where sinn’ =
1
. 2
2p_ch(cx) sh®(cx)-D> 12- 1% 1
o 2 2 2
o, ,(x,0)=— P 2 2> T2
Y 124 sh (cx)-1 - D® T?- sh®(cx)
‘ 2 2 2
D
2
T2 de T S ch(cx)K2 _
x + , for x>1
1+ 1§ Q.I(Shz(cx)—I:)(shz(cx)—Dz)
(4,36)
2p ch(cx) |D*-sh?(ex) 1
0 2
o (x,0)=— P P >
vz n 12-sh® (ex) T:~ sh® (cx)




40

T dT aus ch(cx)K
% 2 2 - 2 , for o<x<d

j 1+ 1j 2.It1:-shz<cx>1[0§-sh2<cx)1

(4.37)
The stress intensity factor at x=1 is given by
Lt r——— " 2P0
Szi-x—+1 2(x-1) ayz(x,o) -
nus Kz
+ (4.38)

2

2Jc. th(er 1%~ D*)
2 2

and the stress intensity factor at x = d 1Is given by

- Aus K2

_ Lt
Szd— 4 J2(d-x) ayz(x,o) = : (4.39)

X— 2Jé.th(cd)c1:— D:]

’

Agaln letting d = O in the expressions for displacement , stress and
stress intensity factors we., obtain the corresponding results for a

single crack as given by Singh et al. (1981).

5. Numerical results
In this section we present the variation of stress intén91ty factors
with ratio of crack speed v to shear wave speed c, for both the
problems. The crack length dependance of the stress intensity
tactors and its varlatlons with v/c2 have been shown in filgures 2 —
5. Figures 2 — 3 deplict the fact that in problem [, the sgtress

intensity factors at both the crack tips decrease with the increase

in the distance between the cracks.

But for the problem 11, as seen from figures 4 — 5,
it 1is found that the behaviour of the stress intensity factors at
the crack tips 1is 6 of different nature as compared to the

corresponding nature of problem I. .In the problem [, the gtress
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intensity factors at both the crack edges decrease with the indrease
in the value of v/cz and approaches to zero as v/cz — 1. But in
Problem 11, the stress intensity factors at both the edges
increase gradually with the increase in the value of v/c2 and
approaches infinity as v/cz—»l.‘ln problem !l it is alse found that
the stress ‘intensity factors at both the edges decrease with the
increése in the values of the separating distance Abetween the
cracks.. The dashed line. Iin fig.2 and Fig.4 corresponding~to the
"stress intensity factérs at the tip of a single crack as given by
"Singh et al.(1981) for the case b/h’ = 1. '
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TWO COPLANAR GRIFFITH CRACKS MOVING ALONG THE INTERFACE OF TVWO
DISSIMILAR ELASTIC MEDIA

1.Introduction

Scattering of elastic waves by cracks located In a homogenéous ’
isotropic medium has impdrtant applications 1in geophysics and
seismology. '1f the cracks are located at the interface of layered
media, the study becomes more relevant. Scattering of anlelastic
wave from an interface crack under anti-plane strain was solved
by Bostrom (1987).Srivastava et al.,(1980)solved the problem of
interaction of an anti-plane shear wave by an interface crack. The
problem of diffraction of Love waves by a crack of finite width in
the plane interface of a layered composite has been solQéd by
Neerhoff (1979), As regards’ the dynamic crack problem, research
has been restricted mainly to the cases of a single crack because of
the severe mathematical complexity encountered in finding solutions
of problems 1involving two or. more cracks.The diffraction of an
anti-plane shear wave by two coplanar Griffith cracks in an infinite
elastic medium has been treated by Itou (1980). Lowengrub and
Srivastava (1968) +treated the statical problem of "stregs
distribution 1iIn the presence of two coplanar Griffith cracks in an
infinite elastic strip .The scattering of time harmonic normally
incident plane wave by two coplanar Griffith cracks was also solved
by Jaln and Kanwal (1972).

To the best knowledge of the authors; diffraction of elastic
waves by two cracks ﬁoving élong the inﬁerface of bonded dissimilar
elagtic media has not been investigated so far . In thig paper,
we consider the problem of determining the distribution of shear
stress In the neighbourhoed of the cracks, moving along the
interface of the two bonded dissimilar elastic media. Two cases of
practical importance héve been considered here. Firstly, the case of
two coplanar Griffith cracks moving along the interface of two semi-

infinite dissimilar elastic media has been treated; secondly, the

Published in * Engineering Fracture Mechanics" Vol 41, pp 59-69,
1992
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problem of the propagation of two coplanar Griffith cracks along. the
interface of an elastic layer overlying a semi-infinite medium of
different elastic properties has been considered . Employing Fourier.
transforms the problem has been reduced to solving a set of triple
integral equatfons with cosine kernel and weight functions. Thesge
equations are solved using the = finite Hilbert transform
technique .In the second problem, analytical expressions retain up
to the order h_‘, where h is the thickness of the upper layer, for
deriving the dynamic stress Intensity factors and crack opening
displacement. Numerical results have also been presented
graphically. ' '

2.Formulation Of The Problem
Two cracks of finite width are considered to be placed along the X
-axis from -1 to -¢ and ¢ to 1 with reference to a rectangular
coordinate (x,y,2z) system which, referred to fixed coordinate system

(X,Y,2), is moving with constant velocity v aloﬁg X -axis, as shown
in Fig.1

The coordinates are regarded as dimensionless,
referring to the outer edge of the crack. In the dynamic problem of
anti- plane shear ,there exists a single non-vanishing component of
displacement {in the Z -direction ui= U;(X,Y,t), {=14,2, where N1 and
wz are the displacement component along the Z ~-direction in media
Y>0 and Y<O respectively . In the absence of body forces the
equation of motion is '

% *v 1 d*w
L + L = — * ( 1 )
ax* aY? b, at*
where bi = Qﬁ/pif/z,(i=1,2)'are the shear wave speeds and p, are

the density aof the materials and p, are the shear maoduli.

Using Galilean transformation x = X - vt, y =Y, 2z = 2,
t’= t, where (x,y,z) represents the translating coordinates systen

shown in Fig.1 eqn. (1) becomes independent of t and reduces to
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Fig 1. Ge
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v  d%w :
g2 i 20 (2)
i axz ayz
with sf =1 - v’/bf (3)

_ 3.Boundary Conditions
Problem 1:
In this case the cracks are placed along the interface of two Joined
dissimilar elastié half- spaces and are moving along the interface
of these media. The cracks are exclted by a normally incident anti-

plane shear wave. The boundary conditions are

[z (%01 = [t (x,00], = -p, c<| x| <1
[t OGO = [z (x,00), , 0<|x|<c, |x|>1 (4)
W (x,00 = W (x,0) , 0<| x| <e, | x|>1

Problem I now consists of solving equation (2) together with the
conditions (4){

Problem II:

In this case two coplanar Griffith cracks of finite width are
assumed to be moQing with uniform velocity under anti-plane
shear stress along the interface of an elastic layer kept in welded
contact with a semi-infinite medium of different elasticgpropefties.

The boundary conditions of this dynamic anti-plane p:oblem are

[Tyz(x,O)]z = -p , c<|x|<1

r (x,0)1 =
Yz 1

It (x, M1 = [z (x,001_ , 0<| x| <e, | x|>1 (5)
YZ : ' 4 Yz 2

U‘(x,O) = wz(x,O) , ‘ 0| x| <ec, | x|>1

It (x,h))l =0 - ¢ x { o
Yz 1

Problem Il now consists of solving eqhation (2) together with the
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conditions (5).

4.Solution Of The Problem I

Employing Fourlier cosine transforms viz.

¢ o]
fc(f,y) =I f(x,y) cos(¥x) dx, and
0. ,

f(x,y) = ir f (£,y) cos(fx) d¢
24 0 [

we obtain the solution of equation (2) as

a8}
W o(x,y)== J A (Elexp(-s ¥y) cos(¥x)d¢ , for y>0 : (8)
1 T Jo 2 1 ,
. [2 o]
W (x,y) = iJA (£) exp(s §y)cos(¥Ex)df , for y<O (7)
2 n o 2 _ 2 : '

where s 1s the positive root of (3) and ﬂ}{) are unknown functions
to be determined.

From (6) and (7) we obtain

2u s
[T (X,y)) = = ——n ‘-J EA (E)exp(-s £y) cos(€x)dé, for y>0 (8)
vz 1 o * 1 - :
2u, s, ® _
_[ryz(x,y)]2=———5—— J;EAz(E) exp(szfy) cps(fx)d{, for y<O (9)

Using (4a) and (4b) we get

s .
1 1
S
2 2

Az(f) z - A‘(E) A (10

The crack opening displacement Aw(x) is defined as
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Aw(x) = w‘(x,o+5 - W, (x,0-)
2L o0 -
= — ] A () cos(Ex) df ’ c<x<1 (11)
124 1
0
=0

. 3 0<x<c , x>1
where

s + s
th Ha%2

_ - - . 12
H,5, '

From (8) and (4a)

o . |
EA () cos(Ex) dE = , c<x<1 (13)
Jo mauer @ =T,
- 1 rd 2 :
lLLet us take A‘(f) = = f h(t™) sin(t) dt , (14)
: & Jde .

Substituting (14) in (115 we see that this choice of'Aéf) leads to

1 A
I het®. dt .= 0

(15) -
c
Inserting (14) in (13) we obtain
1 otnct?Hrat n
J ——=" = PT_ | c<x<t (16)
c t7- x 2y‘s‘
Using finite Hilbert transform technique (1868) , the solution of
(16) is ’ ’
h(t?) = x dx K (17)
Tz 2
tT -

Jt2- o) a-t?)

where the unknown constant K’, determined from (15), is

K* = p(c*E/F)/ps (18)
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E(1/z,q) are complete elliptic integrals

where F = F(li/z,q) and E

of the first kind and second kind respectively and q = 1-c?

The relevant expressions for the crack opening displacement and

stress component at the interface are

1
Aw(x) =L J h(t®) dt , - c<x<1 (19)
X
2u s o1 2
[t _(x,001 = ~ —2 ‘I Thit 24t osuce, x>1 (20)
v= c tt- «x '

Substituting the value of h(tz) from (17) in (19) and (20) we obtain

Aw(x) = PLE [ EN,q) — % F(x.q)]_ (21)
1 1
where
sinh = J(1-x3)/(1-0%) (22)
2
-1 = E/F - ¢ , for x>1 (23)

1 0E- & G-y

2
-1+ E/F - ¢ , for x<c (24)

chz- x%) (1-x%

where we have used

n for 0<x<c
y ZIZCZ-xz)(l-xz)
J t dt ={ o, for c<x<1 (25)
2 2 . -
c (t X )I(tz_ Sy (1-t%) n s for x>1

24 (x2-c2) (x2-1)

The stress intensity factors at the tips of the cracks x=1 and x=c
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respectively are given by

. p(L-E/F)
K Lt J2(x—1) [ (x, 001, S . (26)

1 x— 1

| ' ' p(E/F—cz)
K = It ]2(¢—x) tr (x,0)1 - (27)

(& X—» C Yz 1 2
jc(l—c )

5.Solution Of The Problem II

Employing Fourier cosine transform the solutions of is are sought

in the form

©
W (x,y)=i I LA (Elexp(-sFy) + A (Elexp(s ¥ty)lcos(Ex)df , for 0O<y<h
1 T Jo & 1 2 1
s}
Wo(x,y) = 2 J A (£) exp(s fy) cos(fx) df , for y<O (28)
2 L P 2 ‘
Using (28) we obtain the stress components as
2p151
r (x,y)1 = : I' ELl-A (Elexp(-s Ey)+A_ (Elexpls £y)lcos(¥x)d¥,
Yz 1 o 1 1 2 : 1
“for O<y=<h
2p232 @ :
[z (x,y)) Sem——ouF J EA_ (¥) expi(s Ey) cos(Ex)d§, for y<O . (29)
Yz 2 124 o 3 2
Applying (5a), (5b) and (5¢)
M3,
AS(Z) = I '[AZ(E)— A‘(E)J (30)
2 2
and . 'AZ(E) =-A!(f) exp(-2fhs‘) (31)

The crack opening displacement Aw(x) is defined as
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Aw(x) = wicx,en - wztx,o->

2L &
=~ J £(¢) cos(¥Fx) d&f , c<x<1
114
o .
= 0 , 0Sx<c , x>1 . (32)
where
M S~ s .
£ = A @) 1+ 22 L1 exp(-2£ hs ) (33)
@8 + us :
2 2 1 4

Therefore,by (5¢) and (5a) ,f(¥) is found to be the solution of the
following triple integral equations ‘ '

a .
J () cos(&Ex) d& = 0 0<x<c, x>1 - (34)
o
@ ) .
sz<z>t1 M(Eh) ] (Fx) aF E__pn <x<1 35)
+ cos(f %) = s ©f<Xx (35)
J 0 3 asn i
with
1 - tanhZhs ) o
M(Eh) = — : TS S (38)
[ 1 + -2 % tanh(¥hs )] -
( : M,S, i
Assuming
1 ! 2 |
£(&) = —I h(t®) sin(ft) dt , : (37)
§ Jeo '

it 1s found from (35) and (36)

Jl ::(tzzdt - 2:1’! - Q)
(o - X -1
4 41
where
. i
Qly) = I net?) Koy, t) dt
(o]

and



09

m .
Ki(y,t) = J M(EFh) cos(Fy) sin(ft) df. (38)
o .

Now using Hilbert transform\technique (1968) we find that h(x?) is
the solution of the following Fredholm integral equation '

.
hex®) + J het® Kex®,t) dt = Fx® , o<x<t (39)

satisfying the condition

1
I hix?) dx = 0 , (40)
c
where
1
4 y K (y,t) :
K(x%, ty=— — x - dy (41)
2 2_ 2
n c Y X
and
[ 2 2 1 2 ')
2p X - c 1 -y y dy K
F(x2)=— : + 5 — . 42)
™Sl 1~ X2 ve- & yE- I 2 2 2
c (x"~-c ) (1-%x7)

’

K 'being an arbitrary constant determined by condition ~(40).1f
h>>t is taken, then by substituting n = £h and expanding cos(ny/h),
sin(ny/h), 1t is possible to write (38) In the form

1 t It .
K (y,t) = —2— + 1 (t%% 3y + o(h™® (43)
1 2 <
n h ‘
where
j e o]
P Sk 2 J 223 Mmy anp , (3=0, 1) (44)
J (23+1) Jo : : '

and hence
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It 1t
O 4+ 1 (Z43é- &) | von ) (45)
hz h‘ 2

where k¥ = 1 - & ,
Integrating both sides of (39) with respect to x
from ¢ to 1 and using (40)

1 .
v p - °
K" o= {c2 — El + i net® k(trdt (46)
M S F F
4 1 (o]
with
2 lot 2 11t .2 3,2 2 2 ;6
K(t) = 2 (E— &3F) + (3~ 213y (E= PF)— R (E+F)+2E} +0(h™%)
T h2 h‘ 2 ’

where E and F defined by E = E(n/2,q)and F = F(r/2,q) with g = k are
known as elliptic integrals of first and second kind respectively.:
Using the resuits (46) and (42) in the equation (38) we see that
h(x%) must satisfy the integral equation V

1 . ,
hex® + J het®) Mx%,t) dt = s(x® (47)
c
where
K(t) : . 1 1
MOE, 8= KOE, )= = 2t [ I §)+_:_'
F -2y (1-8%) n{ (- Sra-x>HL P : h
2, 3,2 2 E 2, 2 E 2 2c%E -G -
X{(t + -2-k (X — -i:...-) + 3x (X =1) + -F: * C e -—F.-— }]"‘ O(h ) (48)
and
2 E
P[ - 5 ] :
s(x* = F | (49)

M8 1x%-¢?) (1-x2)

Since h >> i, and |M(x2,t)| < 1, the solution of (47) may be written
in the form
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h(x2>=fho(x’) + lz h (x%) + i"_ hz(xz) + 0(h™%) (50)
. h h
where . A
2 E
p[ ¥- 5] |
h°<x’> = F © (51)
M8, L(x2-c?) (1-x% :
2 E .
- C P X = .
h‘(xz) = o%Pl F : (52)
24,8, {(x%-c®) (1-x?)
2 P CO 2 2 . <4 - 2
h (x%)= 12¢c {*— Z} - 21 (3x*+C x¥*+C ) (53)
2 4 2 0o o0 F 1 1 2
M8 ] (-c%) (1-%3)
with
- 2 E
Co = 1 + ¢ -2 F-

c = kK*74c - (1 + &)
1 o

_ @ E k*
€, = ¢ ¢ ?{C{_ 2C_ }

The relevant crack obéning displacement and stress component at

the interface are

1

1
Aw(x) = LI h(t?) dt , c<x<1 (54)
. ,
2u s 1 2 !
fr (%,0)) =0 — 332 thet )dt o he®)k (x, trat],osx<e, x>1 (55)
vz 1 I3 c t2- X2 c 1 . ,

where Klﬂx,t) is given in (38).

Using (43) and equations (50)— (53)

1
J h(tz)Kt(x,t)dt =
[

2 .2 ’
pr [2xoc0 12¢c 21 C 3
1

2 2

- °4° + ‘4°{3x2+c1+-<1+c2)} +0(h™%)
8u s h h h
1.

(56)
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we get for 0O<x<ec

1 2.2 2 E
I th(t®rat _ P {1 TG 1% }x{ *-F +1} _ LG
c t%- x% 2u s 2h® 4h* X 2h*
1 1 41
(3)<‘+C‘x2+c.2 1+cz 2 '
x{ +3( S+ ) c‘} + 0h Sy (57)
X, :
and for x>1
1 . 2.2 E 2
J‘ th(t)ar _ P7 {1 _ 1% 1% }x{ F X +1} , 1%
c t%- x% 2u s 2h* 4n* X ‘ oh*
4 1 2
3x‘+Ctx2+C2 1+cz 2 s
x{ - —8( 5=+ %) —01} + 0(h™%) (58)
. .
where

X, = 1= & = &)

X2 = I(xz— ) (¥~ 1)

Using equations (50) to (53) the crack opening displacement |is
obtained from (54) after integration as

pL 1.C, xzcg + 21 C_(C— k*/2C )
Aw(x) = {1.— =+ : - 1 ° }x
s, 2h 4h
E 211Co 2 2 2 -G
x{E()\,q)—- T:-Fo\,q)} - - Wi— B P— & |+ on™ (59)
- 4h

where A is given by (22).

Substituting the results obtained in (56),(57) and
(58) on the right hand side of (55) the stress in the plane of the
crack can be derived and from it stress intensiy factors at the

crack tips can be determined easily.
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The stress intensity factor at x = 1 is given by

' . : 2.2
' : -p : 1 ¢ 1%
N= Lt 12(x-1>[r (x,0)1 = —— (E/F—l){l— 0 0,0 0} +
1 x— 1 : vz 1 2 +
. g 1 2 2h 4h
. , - C
1,C, _ .
+ 222 @ rcecy |+ 0T (60)
2h _
and the stress intensity factor at x = ¢ is found to be
2.2
-p 1 ¢ 1%
N = F* ]2(c—x)[r (x,001 = —o ('cz-—E/F){i— 2 °+-—°—9} -
C X—r O vz 1 2 4
5 2 2h%®  4n
c(i-c)
LS . 2 ' -
- “ (8¢ +C c® +C)) + 0(h™%) (61)
2h 2 :

5 .NUMERICAL RESULTS
In this section numerical results are presented for the stre'as
intensity factors at the crack tips and also the crack opening
displacement for different values of the layer thickness and the
crack speed and for b1/b2 = 0.6 .The crack opening digplacement 1is
found to increase gradually with increase in the value of the crack
speed. Further, for a fixed crack speed, the crack opening

displacement increases with decrease in the value of the separating
distance between the cracks.

_ Variation of the stress intensity factors at both

the crack tips with the crack speed is depicted in Figures 4 — 7.

it is interesting to note that the stress intensity factors at both

the crack tips increase very slowly at the onset with increaseiin

"the value of v/b‘ but change rapidly anq goes to Iinfinity as v/b1

approaches unity.This fact becomes prominent as the layer thickness

.. “becomes large.
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PROBLEM OF TWO COPLANAR GRIFFITH CRACKS RUNNING STEADILY UNDER
THREE- DIMENSIONAL LOADING

i.Introduction

Yoffe (1951) considered the problem of propagation of a crack of
tixed length at a constant speed through a stretched 1isotropic
elastiec solid of infinite extent. In recent years, Yoffe'’s
investigation was extended to include different types of materlals .
and different material geometries. Sih and Chen (1872) considered
the problem of uniformly propagating finite créck in a strip of
isotropic elastic material, Reéently, Kassir and Tse (1983) solved
the plane stress problem of ‘a moving c¢rack in an iInfinite
orthotropic stressed medium by using integral transform technique
and the same technique has been employed by De and Patra (1990) to

solve Yoffe’s problem in an stressed orthotropic strip of finite

thickneggs.

" However all the problems mentioned above have been
solved using dynamic equation of elasticity in two dimension. But in
mo;t instance, cracks are sgubjected to a state of stress that 1is
triaxial in nature. Cracks problems 1involving three dimensional

loading have generally not been attempted so far.

Recently, Angel and Achenbach (1985) derived the
elastodynamic stress intensity factor for three dimensional loading
of a cracked half- space. Freund (1971) also solved the three
dimensional problem of the oblique reflection of a Rayleigh wave
from the edge 6f a semi- infinite crack employing a Wiener- Hopt
technique. The problem of a uniformly propagating finite crack in an

elastic medium has been solved by Iltou (1979) using dynamic
equations of elasticity in three dimension.

Regarding the dynamic crack problem, research has

Published in " International Journal Of Fracture' Vol 56,
pp 279- 298, 1992 o
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been restricted mainly to a s8ingle crack because of gevere
mathematical complexity encountered in finding the solution of two
or more cracks. Recently Jain and Kanwal (1972) presented the low
frequency solution of diffraction of normally incident longitudinal.
waves by two coplanar- Griffith cracks in an 1isotropic elastic
medium. They used the finite Hilbert transform technique developed
by Srivastava and {owengrub (1968) to solve the mixed boundary value
problem. Using a completely different technique ltou (1980) solved
the diffraction problem of elastic waves by two coplanar Griffith

cracks in an Infinite elastic medium.

In this paper, we have considered the problem of
propagation of two coplanar Griffith cracks propagating steadlly
with uniform velocity wunder three dimensional loading. The
application of two dimensional Fourier transform reduced thils
problem to that of salving triple integral equations In which the
double Fourier transform of the crack opening displacement appear as
the unknown. In an attehpt to solve the problem the transformed
surface displacement has been expanded in a series of a function
which 1is automatically zero outside the cracks. ¥inally, Schmidt
method (1878) has been employed to solve the integral equations .
The dynamic gtress intengity factors and the «crack opening
displacement have'been evaluated numefically for various values of

crack speed and distance between the cracks.

2.Formulation of the problem.

Let (X,Y,Z) be a fixed'rectangular coordinate system. Two coplanar
Griffith cracks of infinite length but of finite width located in
the XZ- plane, %the Z- axis being in the direction of the length of
‘the cracks, are, assumed to be moving steadily with velocity U 1in
the direction of X- axis. 1t 1s convenient to introduce Galilean
transformation x = X-UT, y = Y, 2z = Z, t = T where (x,y,z)
represents the translating' coordinate system shown in Fig.1t.
Referred to this moving system of the coordinate the cracks are

assumed to occupy the positions b([xl(a,y=0,|z|6w.



Fig.1: Geometry

and coordinate system.
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The equations on motion in the absence of body force are

{

. * - P ‘ 2 2 2 2
()\+p)?—[a—‘f +?_V +ﬂ]+p[o *a *’a]ui"=ﬁ>a;l
ax ‘ax oy az ax* ay: a7 aT

* * " 2 2 2 2 »
()\+p)?_..[a_‘:‘ +?_V'+ﬂ]+,_.[a + 8 +62)v*=pa:
ay Lax ay az axt ay* a7*/ aT

* * L 2 2 712 P

(Mu)-‘?—[ﬂ A +9_‘i]+u[a + 2 +az]w"=pa: (z.1)

8z ‘lax Y Iz ax* oY* oz aT

* ,
where u*,v‘,w are the displacement components, A and u are Lame’s

constants and e is the material density. Using Galilean
transformation
= X uT, y = Y, z = Z, t = T
(2.1) redﬁces to
2 2 2 2
(7\.+p)§— [2‘."_ 1!-;-2_"1] + o [a, +62 +a ]U =pUza:
ax ‘ax dy az axz ay 322 ax
2 2 2 2
(x+u)i’_(a_L’. ﬂ’_+2‘;_’]+p(32+8 +az]v=puza:
8y “dx ay oz ax dy 8z ax
2 2 2 2
<>‘*“’£‘[o—u 22+6_v1]+“[a +"2+"2»]w=pu26” (2.2)
dz “9x ay dz. Ix* 3y 9z x>

where.u,v,w are the displacement components in the moving coordinate

system so that

WXL, Y,Z,T) = ulx,y,2)
viX,Y,2,T) = vix,y,2z)
N _

w (X,Y,2,T) = wix,y,z)

The stress components for the three dimensional problem are
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Q
I

(x+2#)1‘3+x[‘_’;"+ﬂ],rx =[£+1‘5]
x ay . oz 4 dy  Ix

(N +2u) LAY [ 9u , 39w ], T = [ ovw , 9v ]
y dy dx 9dz # Lay oz

Q
H

a=(7\+2p)2-!+k‘[£-!+—a—!],'t =[-‘?-5+1"i] (2.3)
z oz ay Ix n= az ax
The boundary conditions are

o, /2u = -p(x,2), for y=0, a<|x|<b, |z|<w,

v=0, for y=0, |x|>b,|x|<a,|z|<w,

Tt =0=1 , for y=0, |x|<w,|z| <. (2.4)

3.Solution of the problem

Using Fourier transformations viz.

E(f,y,f) N Jm r gix,y,2) e1(£x+(‘z) dx dz,
=00 =00 .

and
gix,y,2) = (2r)" r r T&,y, 0 e Y& g g, (3. 1)

(2.2) reduces to

2 - - -
9—2 - F-ME% 20 T - 119 &Y B-rrw = 0,
dy : dy
2 d% 2d> - d%
—iaf-10F &8 + {af - (1-ME® — 2L Y - 1B -e &Y = o,
2
dy dy” dy

— —_ 2 —_
— P-1)8rT - 1eP-1p Y .‘.’_..z — (1-M? — %RV w = o, (3.2)
dy dy .
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with of = (\+2u)/u, (°=p/u and M = g*U%.

Due to symmetry given in (2.4), we need to consider the
region y20 only. The solutions of (3.2) in the region y20.can easily.
be found to be of the form

— -8y -s_y
TU=A e +B e 2
1 . 1
— -sy -a_y
V=Ae! +B e ?
2 2
— -e y -y .
- _ 1 2
W = Aa e + Ba,e . ‘ (3.3)
where
s = 11— /702)r82 422
s, = Ji-MH 2 (3.4)
and
A1= ifAz/S‘, Aa= i(Az/S‘, B2= -i(EBs+<Bs)/sz (3.5)
The transformed stress components o, o, 7 , T obtained from’
X b4 Xy Yz
(3.3),(3.5) and (2.3) are
- 2,2 2 | 2 - ey L Ty
oxv/2p = [ ¢"M(1-2/a7) + 227 ] Ae /2s  -ifB e ,
= : 22 2 .2 Y ‘ T8
3, r2u = [ £ 2% ™] ae Y /2s + 1B B e ¥,
= ' ‘2.2 Y
Ty /2u = -1EA e - [E(’Bs t(s )B‘] e /2s,
= Y ) 2 .2 82
T /2u = -iLA e - [ ELB +(s ¥ )Ba] e /2s, (3.6)

Yz

Using the conditions (2.4.3) B1 and Ba can be expressed in terms of



A2 as )
8 - -ZitszAz
1 (2;Mz>€z+2(z
—Zi(szAz : . .
B3 = (3.7

(2-M*rg2%+2r?

Hence we find that all the components of stress and displacement can

be expressed in terms of the unknown function Az(f,(). Now insertion

of (3.5) and (3.7) in v gilven in (3.3) ylelds

(2-M*)rg24+2r2 -

A, — (3.8)
M%e °
where U; is the transformed displacement on y=0.
Using (3.7) and (3.8) we obtain from (3.6)
- - 2 2 2 2 e'B‘Y e‘°2Y
G /2u = -V [{cz-nz)z +2r } {2+M (1-2/0 )} — 2s ],
x o] 2 2 2
2M s M
1
-_ -— 2 _aiy —azy
G /2w =V [ {(2—M2)52+2zz} L YE 5 G - ],
4 ° 2!‘125182 2 MPg?
= = y 2 2 e-a‘y— e—'izy
T /2 = 1EV {(2-M2)z +2r ,
Xy szz
= = 2. .2 2 e—.‘y— e-.‘azy
T, /%M = tcv° {cz—n yeZvor } g . | (3.9)

Using the conditlions (2.4.1) and (2.4.2) we obtain the following,

triple integral equations

5; /21 = (2n)“'-rJo U; G&,[) e 13X d¢ = -p(x,{), for a<|x|<b
. =00
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and
_ . = -18 x | | 3.10)
v_o= (21) v, © d¢ = 0, for 1x|>b, | x| <a. (3.
o - ‘
with
G(&,0) = —-—17— [ {(2-Mrg%+20%)? —4(£2+(2)sisz] (3.11)
. 2Mg®s,
Taking p(x,z) as the even function of x, the solution may be assumed
as
® n+a :
- _ (-1) -1| at+b -2|xl
vo(x,() = g cn(() — sin [n cos { Y }], for a5|g|5b
n=1
.= 0, for O0%|x|<a, |x|>b, A (3.12)

where cn((5 are the unknown functions to be determined.

Applylng Fourler tranformation on (3.12) and

using the result
bsin n cos * EiE_:gl cos(fx)d# = (—1)n+1 nn sin‘giﬁf LU ELE{
a . b~a K3 2 B N

we obtain

[0 3]

= _ -1 a+b nn b-a
V_(g,0) = 2ng n}=:1 c () sin [ > z_——z] Jn[TE] , (3.13)

where Jn() are Besselg functions.

Ingsertion of the expression (3.13) in the first equation
of (3.10) yilelds

2 l‘” G(,[) Ca+b e b-a - :
2 &) —_— L gi — —— J _— (¢ x) = -p(x,0),
r on [ o 3 s n[ 5 b4 5 ] n[ 5 f]cos Ex)df pix,l

n=1

- for a<x<b. (3.14)
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Uéing the following results [Gradshteyn and Ryzhik (1865)1]

cos(a£) J (aghde = S88NE) © £4r & >a >0
1 n 2 2 1
0 2 2
a - a
2 . 4

a: gin(nn/2)

l n
: 2
{3 a2 [a,+ dal- a2 ]

, for a >a >0,
. 17 "2

and
sin(a¢) J (ag)rar = S10ME) 4 0 4 5a 50
O 1 n 2 2 p 2 1
a“- a
2 1
a: cos(nr/2)
= = for a‘>az>0,
I 2 2 | 2 2
a," & [aa+ a- & ]
where e = sin-‘ (a /a )
1" %2

in (3.14) we obtain,

;;°n“’[[ﬁ{ LN G<g,<>}[com,z>{m[a:e.;_az ) +ain(2252% £}

-_ sin(nn/z){cos[iig%gi E]+cos[3;2%gi E]}]Jn[ E%E E]dt +l9£§L£l *

T T e e e ey ey )]

+ 1{ 1{ _gL} _ %} e 225297 ” - B0,

(3.16)
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where
Lt G(g't’ = 5,00 =[(2-M)%-af1-1F f1-w 62y 28] 12 62 (317
F— o ' _

since the function

G&,L) _ G(Z,E) behaves as ¢ - for large &, the

4
semi-infinite integral on the left hand side of (3.16) can easily be
evaluated by Filon's method.

To solve (3.16) for unknown coefficlents cn(() we
adopt the Schmidt method (1958) and write (3.16) as

m «

r ch(C) Fn((,x) = -f(L,x), for a<x<b, (3.18)

n=1 : .
where Fn(c,x) and f({,x) = p({,x) are known functions. Let Hh((,x)'s

be a set of orthogonal functions which satisfy

b
J H (C,30H (L,x) dx = N&

n nm
a

b .
where N = I Hi((,x) dx ' (3.19)

Then Hn((,x)'s can be constructed from the functions Fn((,x) in the
following way

.0 ‘

Q
H (L,x) = L & F (L, (3.20)
n i=1 “nn v

with Qn as the cofactor of the element %n of q1 which 1is defined

as



e‘i,eiz.......l.lletn' b
Dn = eza'ezz"""""'ezn ' %m=Ia Fn((,x)FL(C,x) dx. (3.21)
e ’e * o & & & & 6 4 b 0 e
ni n2 nn
Now in terms of the set of orthogonal functions Hn(C,x), the '
function -f(,x) can be expressed as
©
- f(L,x) = ¥ h H([,x) (3.22)
i=1 " Y

Subgtituting values of ~Hn(C,x) from (3.20) into (3.22),

from (3.18) after some rearrangement

@ @® .
- nt
Eicn &) F‘n €4 ,_x) = 21 Fn»(C yX) L hi.

n n= i=n it

Comparing the coefficlents of Fn((,x) from both sides of
find

w© an
cn = I_: hi. C..
i=n ii
1 b
where h = — < J' £ ,x> H ({,x) dx
i N,L a i
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we obtain

(3.23)

(3.23) we

(3.24)

(3.25)

4.Stress intensity factors and crack opening displacement

To evaluate the stress iIntensity factors at the vicinity of the

crack ends we put x=b+rcose. y=rsine for the stress iIntensity factor

at the outer edge and x=a-rcose®, y=rsine fof the stress

factor at the inner edge.
The required stress %4 given by
o = o sin‘e + oy cos’e - 27 sine cose
x .

(=) Xy

is to be‘evaluated for small values of r.

intensity

(4.1)
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Using asymptotic values of Jn[ E%E f] for large value of ¥,

we‘obtain

’ 2n+1
cos 118 .
+b b-a ( % ) nmn
sin[iﬁ—f— D%]Jn{—ﬁ—f]cos(fx)‘= [cos—E{sin<b—x>z— sin(x-a)¥

Jans(b-a>

2“;1]} - sinﬂg {cos(b-x)f + cos(x-a)t +

+.[cos(x-a)8 - cos(b-x)f]tan[

+[sin(x—a>g + sin(b-x)f]tan[zn;i]}].

Further using the followling results [Gradhsteyn and Ryzhik (1965)1]

H-1  -(3x -
fm X e sin(&x) dx = ZF(p; 73 sin[p tan 16%}], u>-1, 3>0
0 | . 37+ &%HH _

u-1 -3x | - :
jm X e cos(éx) dx = zr(“: Y cos[u tan 1E%]], u>0 , >0
) (2 &%HH

it {s found that for small -values of r

-Jl— 2 a+b n | b-a Cos[znzi]n
.rn e a gy sin[—ﬁ— £ — —%] Jn[ 252 f]cos(gx)df = — x
© ‘ ]ar(b-a)

(-1)"cose+ {1-q°sinfe rsin(rm/z) ~-(-1)"cose+ 11-qzsirfe]

[cos(nn/zi 2 5 > 2
1 -gsine 1 ~g sin e

+ 0(c®), for x>b (4.2)
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n
- +
cos{(nnr/2) (-1) cose J

1-qzsinze

2 z
Jar (p-a> 1 -q'sine
n | 2 2
~ sintnm/ey|=tii) coset 4179 2in e] + 0(r®), for x<a (4.3)
1 ~g sin"e
and
l 2 ' | cos[2n+1]n
fm e t-q9° gy sin[-"—a--;—E f-— D%] J“[ E%E f]sin(fx)df = — 4 x
0 ' ]4r<b-a)
L _ayn _ 2 2 D _ 2 2
[cos(nn/z) (-1) cose+2J1 2 SIN'® __in(nm/sey | L) coset Jl 2 sin e]
t 1 -gsine 1 —qzsin =
o
+ 0(r ), for x>b (4.4)
cos 2n+1 n ‘ 2
- 4 [cos(hn/z) -(-1)"cose+ {1-g°sin’e N
J4r(b—a) | o 1 -qzsinze
IR [, _ =2 2
+ sin(nm/z) | _L) c0s6* 41-9 Sirle] + 0(r®), for x<a (4.5)
2 2
1 -gsin"e

Inserting
(3.9)

-

° J— lr_’o g s[znZ]’Jn

(3.13) into

(3.9) and taking inverse Fourier transform of

we obtain the stress intensity factor at x=b with the aid of
(4.2)-(4.5) as .

2 - M?

. Q:{(2+M2(1-2/_a2))sinze-
1 ]b - a oMz 1-M? /o®



1-M* c0s20

- (2 - Mz)cosze} +
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+  2-M

Q. - <P'-P')-sinze]x
2 2 1 2 )

M

(4.6)

and also the stress intensity factor at x=a is found to be

o COS [2“"'1
Z
z

Ka= ;—2—:1—; |r——00 =

-2 - M)

n=1 Ib - a

Jy

2
— (2 - Mz)cosze} _ ZJI-M cos2e Q

MZ

1 -il =z
x E J(i)w C“(C)e d(

where
x n
Q.L = | cos(nm/2) q +(-1)"cose
+ B
P: = [ cos(nn/z){qi-(—i)ncose
and
q, = Il—Mza_zsinze
q = Ji-Mzsinze

Q:{(2+M2(1-2/a2))sinze-

2M211-Mz/a2

_ 2= pt-pH) sin2e]x
2 Mz 1 2

(4.7}

sin(nn/z)Iﬁi—(-i)"cose ]/q,L

1,2

sin(nn/z)IqL+(-1)"cose ]/q'L
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1t is to be noted that in (4.6) e = tan-iy/(x-b) whereas in (4.7) 1t
is given by © = tan ‘y/(a-x).

Taking Fourler 1nvérsion of (3.12) we obtain the crack

surface displacement as

Q0 nt1 : .
- (-1) -1] a+b -2|«x 1 l -1L =z
vo(x,z) = Ei — sin [n cos { b =& }]ﬁﬁ o cn(()e dar

for aSIx]Sb (4.8)

5. Numerical discussions

In order to evaluate the stress intensity factors and crack surface
displacement we take the function p(x,z) as
pix,z) =‘——E;—;,

1+d 2
where d.governs the distribution of the applied force and P 1is a
constant. Numerical calculations have been done taking A=y and d=1.
The semi infinite integral In (3.16) is evaluated by Fllon!s method

as the integral converges rapidly because of the rapid decay of the
function |

G&,L)  G(S5,L)
(e - 250

with the 1Increase in ¥. Adopting the first seven terms of the
infinite serles given In the left hand side of (3.18) we used the
Schmidt method to determine the coefficlents cn((). For the check

7 .
of accuracy the value of T cn(C)Fn((,x)/Pb and -f{,x)/Pb are
n=1

given in Table 1 fdr b = 0.0, 0.2, M=0.4 and faor a/b = 0.3, 0.4.
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Table 1.
—
tb a/b x/b nglcn(()Fn((,x)ﬁPb -£({,x)/Pb
0.3  -3.140993
0.4 -3.140995
‘ -3.140903
0.3 0.6 -3.140996
. -3.140991
-3.140994
-3.1400993
1.0 -3.140992
0.0 -3.140994
0.4 -3.140995
-3.140994
0. -3.140994
0.4 0.7 -3.140994
0.8 - -3.140994
0.9 -3.140995
1.0 | -3.140994
0.3 -2.572111
0. -2.572113
.5 -2.572111
0.3 0.6 . - -2.572116
‘ 0.7 . -2.572110
0.8 -2.572113
) -2.572108
1.0 -2.572106
0.2 A -2.572113
0.4 -2.572114
0.5 -2.572114
| 0.6 ~2.572114
0.4 0.7 -2.572113
0.8 -2.572113
0.9 -2.572113

1.0 . -2.572113




o
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Table 2.

B L 4 I R R R S LS
0.0 -0.165871%10 -0.923569x10 % ......... -0.750039%x10 °
0.2 -0.135104x10" ~0.734980x10 ¢ ......... 0.105638x10 ¢
0.4 -0.109342%x10" ~0.556405x10 ¥ ... ..., 0.357814x10 ©
3' 0 ad 02 5781 84)( 10-8 T ""o'c 601254)‘. 10-7 R O. 114694)(1"0—5 R
4.0 -0.182994x10 2 0.883494x10 7 ......... 0.659423x10 °
5.0 -0.573139x10 * 0.489839x10 ° ......... 0.342023x10 °
9.6 0.366305x10 > -0.816894%x10 °® -0.907244%10 "’
9.8 0.362848x10 > -0.820789%x10 ° -0.938769x10 °
10.0 0.358409x10" > -0.843117x10 ®? ~ ~0.967438x 10 T e

From Table 1 it 18 clear that the Schmidt method 1is
carried out satisfactori{ly. The values of ch(() are given in Table 2
for M=0.4, asb =0.4.

The variation of stress intensity factor at the outer edge

and at the inner edge‘ with M 1is shown in Fig.2. and Fig.3.

respectively for e = 0°,18°,36° and as/b = 0.2, 0.3, 0.4. Fig.2
depicts the fact that the value of sgstress intensity factor at the
outer edge decreases with the increase in the values of a/b, whereas
from Fig.3 it 1is evident that the stress intensity factor at thé

inner edge 1s of an opposite character. [t {incregases with the
Increases in the values of arb.

The variations of stress intensity factars both at the
inner edge and outer edge with z have been presented in Figs. 4-7
for different values of as/b, M and ©. The values of the stress
intensity factor in all the cases are found to decrease gradually

with the 1increase in the values of 2z, which (s expected from



83
physical stand point.

The variation of stress intensity factor corresponding to
the clircumferential sifess % given by (4.1) with © at both the
crack tips has been shown in iIn Figs. 8-12 for different values of
a/b and M.

It is known that there are several factors: which
contribute to crack curving and branching. One factor, of course, 1is
based upon the criterion that a crack may propagate in a direction
normal to the maximum tensile stress and it is interesting to note
from Fig.8 and Fig.1:0, there 1s the possibility of curving and
branching of the cracks at the outer edge at very low velocities of
the cracks whereas from Fig.9, Fig.11 and Fig.12 1t is clear that
for a/b = 0.3, the crack tends to become curved at the inner edge

for values of M about 0.65.

Finally the crack opening displacement in the plane z=0
has been shown by means of graphs in Figs. 15-16 for different
values of a/b and M. The vafiation of crack opening displacement -
with z for some fixed values of M and a/b has been depicted 1in
Figs.13-14.
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n of'streéé.ih}éﬁsity factor at the outer edge with M.

Fig.2: Variatio
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Fig.3: Variation of stress intensity factor at the inner edge with M.
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Fig.B5: Stress intensity factor at the inner edge vs =z.
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Fig.7: Stress intensity factor a‘t-“the inner edge vs =z.
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Fig.9: Variation of siress intensity factor at the outer edge with o.
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Fig.11: Variation of stress intensity factor at the outer edge with o.
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Fig.15: Variation of crack opening displacement with x.
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THREE CO-PLANAR MOVING GRIFFITH CRACKSVIN AN INFINITE ELASTIC MEDIUM

1. Introduction
In fracture mechanicé, scattering of elastiec waves by cracks of
finite dimension in an infinite elastic medium has been investigated
by several investigators.The pfoblem of scattering of elastic wave
from an interface crack was solved by Bosfrom (1987). Srivastava et.
al. (1980) solved the problem of interaction of anti-plane shear
wave by an interface crack. The problem of diffraction of Laove waves
by a crack of finite width in the plane interface of a layered
composite has been solved by Neerhoff (1979). Itou (1980) solved
problem of diffraction of anti-plane shear wave by two co-planar
Griffith cracks in an infinite elastic medium. The scattering of
time harmonic normally incident plane wave by two co-planar Griffith
cracks was gsolved by Jain and Kanwal (1972). Iltou (1978) also solved
the broblem of stress concentration around two co-planar Griffith
cracks in an infinite elastic medium. Yoffe (1951) considered the
probfem of propagation of a crack of fixed length at a constant
speed through a .stretched 1isotropic elastic solid of infinite
extent. The problem of diffraction of horizontal shear waves by a
moving interface crack has been solved by Nishida et. al. (1984).
Recently Kassir and Tse (1983) have solved the plane stress problém
of a moving Griffith crack In an infinite orthotropic stressed
medium by using integral transform technique and the same technique
has been employed by De and Patra (1990) to solve Yoffé’s problem in

A stressed orthotropic strip of finite thickness.

As regards the ~crack problen, research has been
restricted mainly to the case of single crack or a pair of cracks
because of severe mathematical complexify encauntered in solving the
problems of @hree or more cracks. Recently, Dhawah and Dhaliwal
(1978)solved the statical problem of determining the stress
distribution Iin an infinite transversely isotropic medlum containing

three co-planar cracks

Published in " International Journal Of Fracture” Vol 59, pp 291-306,
' 1992 '
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To the best knowledge of the author, the problem of
stress distribution around three co-planar moving Griffith cracks in
an infinite isotropid elastic medium has not been investigated so
far. In this paper, two cases regarding stress distribution around
three co-planar Griffith cracks in an infinite hamogeneous,
isotropic medium have been investigated. In the first case, cracks
are aséumed to be moving steadily along a fixed direction with
constant velocity V. In the second case, the statical probleﬁ of
determining the stress aﬁd displacement in an infinite homogeneous,
isotropic medium weakened by three co-planar Griffith cracks has
been .considered. Using Fourier integral transform both the problems
have been reduced to solving a set of four integral equations.
Employing finite Hllbert transform technique (1968) and Cook’s
result (1970) the 1integral equations ﬁave been solved to derive

crack apening displacement and stress iIntensity factors which are

‘presented in the form of graphs.

2. Statement Of Problem I And Its Formulation

Consider an infinite homogeneous {isotroplic material weakened by
three co-planar Griffith cracks, moving steadily at a constant
veloclity V in the X- direction referred to a fixed coordinate system
(X,Y,2) as shown in .the Fig 1. In absence of body force equations of

motion in terms of displacement are

+20 [ Ui Vv J + #[ Uy — Vioxv ] =e U (2.1

(x+2p)[ Uy TV ovy ]+ uf Voex ~ Yxy 1 =e V. orr (2.2)

where u,v denote the displacement components In X and Y directions
and A,u are Lame's constants and u x represents,partial derivatives
3

of u with respect to X.

For cracks moving with constant velocity V In
the ¥X- direction it 1s convenlent to 1intraoduce the Galilean

transformation "
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Y1\ ~Y"*
< VT —>

Fig. 1. Geometry and coordinate systam.
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x =X —-VT, ¥y =Y, z =2, t =T (2.3)

where (x,y,2z) represents the translating coordinate system as shown
in Fig 1.

Let the positions of the co-planar Griffith cracks referred
to translating coordinate (x,y,z) be -a<x<a, =-c<x<-b ,b<x<c on y=0.

In the moving coordinates, The equations of motion (2.1)
and (2.2)become independent of time and take the form

N +2u— oVi)u N ITL + pu = 0
2“ e 3 KX H s Ry H sYY

A+2udv  + (= pVEIv  + (A+wdu = O (2.4)
“H »YY M P [ Rt P » XY
The cracks are assumed to be moving steadily in an infinite
medium subjected to a homogenéous stress such that the state of

stress at infinity is given by o® = P F =2 = 0.
Yy XX Xy

For symmetry about the x- axis, only a half plane need be

considered.

The state conditions at y=w can all be made zero by

superposing the simple static problem o® = -p, o2 = o° = 0.

vy ® X ny

The boundary conditions of the resulting dynamic problem are

in terms of moving coordinates.

v = 0 , y=0, as|x|sb , |x|zec

o =0, | x| <o ' (2.5)
Xy : )

ayy = — p, | x| <a, b<| x| <e

In view of the symmetry of the propoéed.problem with respect to y-

axls, we introduce

ES(:,y) = ru(x,y) sin(¥ x) dx
(o]
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Vc(f,y) =‘[$v(x,y) cos(¥ x) dx
)

2 [© -
and ulx,y) = . us(f,y) sin(&x) df
J 0 .
2 [® -
vix,y) = - vc(E,y) cos(¥x) d&
Jo

in equation (2.4) so that equations given by (2.4) reduce to

— g2 +2u — pvz)GS

u — £ NV = 0
’JUS’YY z H Cyyy
(N+2u) + ¥ (AN+u)u - (u — pVv =0 (2.6)
2u Ve,yy '4 Hvg I (u e o _
Elimination of Es fram (2.86) yields the following ordinary
differential equation
d? 2, 2 q% 2 -
[-—-——(1—M2k)f}{-—‘———(1—M2)f}]v =0 (2.7)
2 2 . c
dy dy
where M = V/¢c , k = ¢ /c .
. 2 2 1

The solution of the differential equation given by (2.7),
for y2 0, is

_ |
S,y = A e—EyJI—-Mzk. + B(g) e %Y 1-M° (2.8)

where the unknown functions A(f) and B(¥) are to be determined using

the boundary conditions of the proposed problem.

Employing (2.8) in equations (2.6) it can be shown that

_ |
G €,y = — A o~ £yl 1P + J1- M BEe 8?’1 =M 0 (2.9)

11— M K2

Therefore, the stress components given by
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o = A(u -+ v )+ 2uv
Yy : s X 'Y ’

Xy 'Y y X

o = ulu + v ) ' (2.10)
become )

. 2 I 2
o (x,y)= — -?-‘irf[_-z—i AZreT el 11tk s2f1- M2 Bgre £V M]
Y " Jo (P

.cos(¥x) d¥

| 2 | ) '
o, (Xiy)= = %ﬁrz[zmzf)e" EI-ME L oy m g EY 1'”2]sin<zfx)df
* 0

(2.11)
with

2
ulx,y)= % r[——w e fyh'“zk +.] 1— M® B(F)re” fy'Il'Mz]sin(zx)d:
0 Il— Mzkz

and

2 2
vix,y) = ?zz'r[“f) e fyh'nzk + Bgre~ Syvi M ]
0

cos(¥x) d¢ (2.12)

" On account of gymmetry with respect to y-axis the

boundary
conditions (2.5) can be rewritten as
vix,0)= 0 , xe 1,1 (2.13)
2 4
o ((x,0) = 0, 0<% <o (2.14)
xy .
where l‘= (0,a, lz= (a,b), 19= (b,c), l‘= (c,m)

Using the condition (2.14) in (2.11.2) it 1s found
that A(¥),B(¥) are related by

2
2—

B(Z) = — ACE) (2.16)

With the help of the boundary condition (2.13), equation (2.12.2)
reduces to
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JmA(E)cos(Ex) ¢ =0, xel,I (2.17)
0

Substitution of (2.11.1) in (2.15) yields with the aid of (2.186)

wa A(E)cos(¥x) d¥ = 7p 1 X € I, (2.18)
0

(2— M)%- 4 (1-M ) (1-M)

(2— Mz)Ji— M k*

where P = % y K =

3.Method Of Solution

In order to solve the set of four integral equations given |in

equations (2.17) and (2.18) let us take

a : c
AE) = ~ h(s) sin(¥s) ds + 1 g(tz) sin(ft) dt (3.1)
4 4
0 , b A
where h(s) and g(tz) are unknown functions to be determined from the

boundary conditions.

Inserting >the value of A() from equation (3.1) 1in

equation (2.17) and using the following result [ Gradshteyn and
Ryzhik (1865)1

nw/z, x>y>0
Iw sin(f x)cos(¥y) 4z = /e X=y>0
’
0

4
' 0, y>x>0

it is found that this cholce of A(¥) leads to the equation
¢ 2
J g(t™) dt = 0O (3.2)
b

Further substitution of A(Z) from equation (3.1) in (2.18.1) and use
of the result [Gradshteyn and Ryzhik (1965)1
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sin(¥ x)sin(Zu) -1 u+x
J: f df E log U—x
yields
a c -
d s+X d 2 t+x _ @P
Ix JO h(s)log Py ds + ax Jbg(t )1og.t_X dt = o X € l1
Rewriting this equation as
2 s+x
I h(s)log ds = mn F(x), x € |
s- X 1
o v
X , d 2
where F(x) = J [ E - % I Egii—lzdt]dx'
0 H c tT— x'7
and using Cook's result (1870) 1t is found that
cl.,2 2 2
h(s)= ; - —S—I t-2 8lt) 4t (3.3)
|az_ 52 |a2—- 52 b t' — s

where the result

Ja 2 2 dx _ t?_ g% 1
Ja - X -
‘ 0] . (

s2— x%)y (t¥- X% t t2_ g2

[

has been used.

Substituting the value of h(s) from (3.3) in (3.1)

and using the resulting value of A() in the boundary condition

(2.18.2) and using the results

Ja 1 s®ds _m t X |
- - ’
Ol _=2 z (55— x5 (t%—= &%) 2 2 2 I'z 2| t3— x*®
a— s t"— a X'— a

a 2

and J' ! s ds a1y, % , for x € 1

2 2 2 : 3

Oof 2 2 (s - x ) 2 2
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it can be shown that g(tz).is solution of the singular integral
equation

. C 2 2 .
J JE:_a g(t?) at = 2P 1
b t3-

-g‘u—,xea

2

X
Using finite Hilbert transform technique (1968) the solution of this
integral equation is obtained with the aid of the result

c l 2 2
c— X x dx . _ 7 for x € 1
b xz— 2 (xz— v3) 2’ 2
as
[ 2, .2 .2 t C
g(t3)= E{ t(t-b) + 1 (3.4)

2 2 2 2 pas
(t°= a") ("= t7) Iktz_ a2y (£2- b®) (2 t2)

the constant C1 is to be determined using the condition given by
equatlon (3.2).

Next substituting the value of g(tz) from (3.4) in equation (3.3)
and finally using the following results

Jc Itz— b® t dt _ @ 1 _ lbz-— 52
b 2 2 (3~ &2) 2 2

2
cC — S

c .
J P zt dt = n. for s € I1
b (t'— s 12 %) (- t%) o] (P~ %) (b%~ %)

h(s) is derived in the form

2,.2 - 2 s C
h(s)= EJ- s (b - s) - t (3.5)

{a®~ &%) (b%- &) (*— &%)

(a®- %) (’=~ §%)

Now insertion of (3.4) in condition (3.2) yields
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P , Etm/z, 1) s 2 .
c, = - = [tc¥= a%) —————— — (b®-a")] (3.6)
H F(r/z,1)

where F(¢,1) and E(¢,1) are elliptic integrals of first kind and

cz— b2
2

second kind respectively and 1 >
c— a

The relevant 'diéplacement and gtress components 1In the plane of
crack can now be shown to be given by

a
vix,0) J h(s) ds , 0<x=<a

X

c
= j gt dt , bSxsSe L (B.
X
and
[ ra c 2 T
[o- (x’o)] = 2"“( ﬂ_(i_)ds - E’i(_t._).dt
Yy a<x<b n ' 0 x%— s2 b t2_ x2
: - [ ra ~C 2 T
[ o (x,0] = 2K shis ) g 4 tet™) 4y (3.8)
Yy X>¢ T 0 ¥2— &2 b x2_— tZ

Insertion of the values of h(s) and g(tz) as given
by the equations (3.5) and (3.4) in the expressions (3.8) yields

after some algebraic manipulation,

[ o (x,o)] SCLS F (x)-F (x)+F (x)-F_(x)-F (xJ

Yy a<x<b T 1 2 3 5 s

[ o (x,0] = 2K | E (x)-F, (x)+F, (x)-F_(x)+F_(x) (3.9)
Yy X>cC n 1 2 4 5 S .

where
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P x2 n
F(x)=[-—(bz—az)—c][ -1
1 u 1

o~ X2 ] - 1 e
- 1t ¥

1= & 2= &) 2{c*- a

c 2 2 2 2 2 ) 2z 2
Fs(x)-_-f_azj- [tan—llv - b Jb - x2 ta-n—-lj(cz— xz)(vz—- bz)] dv
. H 2 2 (b"— x )Y(c'~— Vv 2 2.3
(vi- a™)

1| (®= %) (= &)

a’C ¢ tan 2 2 2 2
FG(X) - 1 J(g — u)(x' — b)) du
- @ - ) Jo z_ _z.s
’ . (u - a)

' 2 2, 2

g (u,x)= = sin T - X tan_ll(x —a)u ,
1 a 2 2 2
(a — ux

I(bz— u?) (f- u® x°— a°®

(3.10)

The dynamic stress intensity factorS'are glven by

Na = Lt : J2(x—a) [ oryy(x,O)-1

X > a + a<x<b

Nb = Lt JZ(b—x) [ oyy(x,O)-1

X =+ b - dadx<b

Nc = Lt J2(x—c) [ oyy(x,O)] (3.11)

X + ¢ + X>C
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Employing (3.9) in (3.11) it can be shown that

2 g2 E(rt/2, 1)

N, = ola

8 b= a® Fim/z, 1)
' p E(rn/2, 1)
N, = ']; (F-a%)—— (bz—az)]

I(cz_ b2) (b2~ a2) | F(r/2,1)

2 2 E(m/2,1)
e—-a 4 - —_—
- bl F(n/z,1)

Now using the values of h(s) and g(tz) from (3.5) and (3.4) in the

expressions given by equations (3.7) displacement on the cracks are

obtained as

p E(r/2z,1) E(ﬁ,l)]

P 2
vix,0) 2 —~ Jc =~ a" F(3,1) -
[vx:©Josusa = ' [F(nlz,l) F(3, 1)

(cz— xz ) (az—xz)

+
Tlo
.

E(A,1) E(mn/z,1) ]

P 2 2
[V(X,O)]'<< = - C - a F()\,l) -
bsx<c M F(x, 1) F(r/2,1)

cz- x2 a — Xz
where sinx. = |]——— and sinf? = |—m——
' 2 2
c—-b b"— x
It is 'interesting to note that the crack opening displacements
depend on the crack velocity V but in the plane of the cracks the

stresses and stress intensity ' factors are 1iIndependent of the

velocity of the moving cracks in an infinite elastic medium.
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4.Statement Of Problem II And Its Formulation
In this case, consider an infinite homogeneous lsotropic material
with three coplanar Griffith cracks, located at Y=0,-a<X<a, bSleSG
and subjected to uniform internal pressure q. In absence of body

force equation of equilibrium 1In terms of displacement are

(K+2”)[ u,xx ¥ v,xv ] ¥ “[ u,vv - v,xv ] =0

i
o

and 2 [ U ey + V ey ] + &l Vo — Yoxv ] (4.1)
Since the problem exhibits a state of symmetry about Y = 0,
attention can be given to a single half-space occupying the region
Y= 0. '

The equations (4.1) are to be solved subject to the boundary

conditions

v(X,0) = 0, a$|X|$b,|X|Zc (4.2)
axv(X,O) = Q, - < X < o (4.3)
avv(X’O) = -q , |X|5a, b5|X|$c (4.4)

In view of the boundary conditions, appropriate integral solutions
of equation (4.1) are

» _ 2 1 AN+3u - ¥Y |
~alX; Y= EJZ[C(E) + D(f){Y—-?W}]E sinEX)d¢

%Iw [c(z> vy D(:)]e‘ €Y cos(gX) ar  (4.5)
0

and viX,Y)

Therefore,

- 4p H
SO0 F) STILEE g Iz[ EC(E) + {YE— Ty

}D(E)]e— Y cosex) ar
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_ 4y &Y
oY) = - — J:[%C(E) {Yf— T }D(E)] sin(X) d& (4.86)

It may be noted that the displacement and stress
components given by (4,5) and (4,6) can not be derived from the
corresponding expressions of the dynamic problem given in (2.11) and
(2.12) on setting M = 0.

The functlions C(¥)and D(¥) are to be determined from
the boundary conditions (4.2)-(4.4), which yield '

= LAt
€Y = g 535 D 4.7)

and the following set of four integral equations

C(¥)cos(¥X) d&¢ = O, Xe l,I1 (4.8)
IO 2’ 4
= Qn
¥ C(¥)cos(¥X) d& = 5 ! Xel,l (4.9)
0 Iy 1’ a3
where
(N+2u)

Q = O q and Ij (3=1,2,3,4) are the Intervals deflined

earlier in problem I.

5.Method Of Solution And Quantities Of. Physical Interest

‘Integral equations given by (4.8) and (4.9) are found to
be the same as glven by equationg (2,17) and (2.18) with the
exception that P Is replaced by Q. Therefore, the same technique as
that used in problem | can be employed to obtainv

' E(n/z, 1)  E@ ,1)
Q 2 2 ] ?
[vx, 0] = = Jc— a" F@', D -
o< X< ’ E
=i=a M [F(rc/z,l) F (3 ,1)]

Tlo

= x*) 2%
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(5.1)

EN, 1D E(rt/2z, 1)
FZ', 1) F(n/2,1)

[V, 0] peyce = /.% c®— a% Fu .U[ -

2 ) z_ 2
where simv’ = €= X  and sinp = |2—2 .

P b— X°
Stresses In the regions a<X<b, X >c are found to be the same
as that given in (3.8), the only change being that P is to replaced
by. Q.

6 .Numerical Results and Discussions
Numerical results for the stress intensity factors and crack opening
displacement, defined as Av(x,0) = v(x,0+) — v(x,0), for different
values of the parameters and A\ = u are presented in this section.
Numerical calculations have'been carried out for both the dynamic
and static problems. As the crack velocity 1is less than Rayleigh

wave velocity, it is reasonable to take the value of M less than
0.9194 .

Problem I: Variaﬁions of crack opening displacement for different
values of crack speed, crack lengths and the separating distance
between the cracks have been plotted Iin Flgures 2-4. 1t g
interesting to note from the Fig.2 that crack opening displacement
on both the cracks decreases with the increase in the value of M at
the onset and takes 1its minimum value at M=0.7415 ,after which 1t
increases with the increase in the value of M. It has also been
deplcted in figures 3-4 that on each of the cracks,crack opening
displacement decreases as the crack length decreases.

It has been mentioned earlier that the stress
intensity factors at the crack tips are independent of crack speed
and are found to depend on the crack lengths and the separating
distance between the cracks. Varilation of stress iIntensity factors
with as/b for different values of c¢/b, and that with brsa for
different values c/a are plotted in Fig.5 and Fig.6 respectively.
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It has been found form these graphs that when the
separating distance between the inner crack and outer pair of cracks
decreases the variations of stress intensity factors at the tips x=a
and x=b become more prominent than that at the edge x=c. Fig.7
shows that the stress intensiﬁy factors at the edges of the inner
crack and outer pair of cracks increases as the length of the outer
pair of cracks increases keeping the separating distancé between

the inner crack and outer palr of cracks fixed.

Problem II: Fig.8 shows the variations of crack opening displacement
for different values of the parameters a/b, c¢/b, They exhibit that
crack opening displacement on a crack of fixed length increases with

the increase in the length of the other crack as expected from
physical stand point.
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Fig. 20 Varation of crack openimg displacement with v b on both the cracks lor the problem 1.
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Frg. 30 Varaton of crack opening displicement with « b on bath the ¢ricks for the problem |
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Fig. 4. Variation of crack opening displacement with x b on both the cracks for the problem 1.
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Fig. s Vataton of crack opening displacement with X' b on both the cracks for the problem I,
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THREE CO-~PLANAR MOVING GRIFFITH CRACKS IN AN INFINITE ELASTIC STRIP

1.Introduction

In fracture mechanics, the problem of diffraction of elastic waves
by cracks of finite dimensfon in a strip of elastic material has 
been investigated by several investigators. Sih and Chen (1972)

Investigated the problem of propagation of a crack of finite length
in a strip under plane extension. Closed-from solutions for a finite
length c¢rack moving in a strip under anti-plane shear stress was
obtained by Singh et. al leBi). Uéing finite Hilbert transform
technique developed by Srivastava and Lowengrub (1968), Lowengrub
and Srivastava (1968) solved the statical problem of distribution of-
stresg and displacement‘ in an infinitely long elastic strip

containing two co-planar Griffith cracks.

As regards the crack problem, research has been restricted mainly to
thé case of a single crack or a -pair of cracks because of severe
mathematical complexity encountered in solving the problems of three
or more cracks. Recently, Dhawan and Dhaliwal (1978) solved the
statical problem of determining the étress distribution in an

infinite transversely isotropic medium containing three co-planar
Griffith cracks.

To the best knowledge of the author, the problem
of stress distribution around three co-planar moving Griffith cracks
in an infinite elastic strip has not been investigated so far. In
this paper, the probleh of propagation of three co-planar Grifflth
cracks {n a ftixed direction with constant velocity V in. an
infinitely long but of finite width elastic strip has been
considered. Employing Fourier 1integral transform fhe problem, when
the lateral boundaries are subjected tﬁ-shearing stress, has been
reduced to soalving a set of four integral equations which are solved
using finite Hilbert transform technique and Cook’s result (1870) to
derive the exact form of stress intensity factors and crack opening

displacement. Numerical results for stress intensity "factors are

Published in " Archives Of Mechanics' Vol 44, pp 465- 476, 19g2.
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presented graphicélly to. show its variations with crack speeq, crack

lengths and the separating distance between the cracks.

2. Statement Of The Problem
Consider an infinitely 1long elastic strip occupying the region
-hsY<h ,weakened by three co-planar Griffith cracks moving steadily
at a constant velocity V in the X-direction referred to a fixed
coordinate system (X,Y,Z) as shown in the Fig.1.

In dynamic problem of anti-plane shear, the
non-vanishing companent of displacement W directed in the

Z-direction satisfies the equation of motion

W + W = 1y ‘ (2.1)

where 2=(p/p)1/zis the sheér ~wave velocity, p 1is the materlial

density and w'x represents partial derivatives of W with respect to
?
X,

For c¢racks moving with constant wvelocity V In the

X-direction it is convenient to introduce the Galilean transformation
X =X -VT, vy =Y, 2z =2, t =T (2.2)

where (x,y,2) repfesents the translating coordinate
system as shown in the Fig.1.

Let the positions of the co-planar Griffith cracks referred to
coordinate (x,y,2) be =-ecdx<-b, -a<x<a and b<{x<e¢ on y=0, and let the
uniform shearing stress p be apllied to the lataral bouﬁdaries y = %
h of the strip. The equivalent problems involves the application ot
shear stress -p to the crack faces at y=0. Accordingly, the boundary

conditions of the proposed problem are
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a&z<x,0) = -p, |x|<a, b<|x|<e | (2.3)
o (x,xh) = 0, -0 < x <o (2.4)
Qyz

W(x,0) = 0, a<|x|<b, |x|>c | (2.5)

In the hqving coordinate system , the equation of motion

becomes independent of time and takes the form

LT PRV

(2.6)
VA% 'Yy

(1]
)

with-

s = {1 - vz/c: (2.7)

Due to the symmetry about x-z plane we need to consider the regiaon

O<y{h only. Introducing the Fourier transtaorm

] '<:,y>=rw(x,y)cos(:x>dx
Cc 0 -

Wix,y)= Er W (F,y)cos(Ex)d¥ X (2.8)
T 0 c

in equation (2.6), the solution of equation (2.6) is obtained as

W(x,y)= %r[c‘({‘)e-zys+ca(f)ezys]cos({‘x)df (2.9
0
with
o (X,y) = — E_Srg [c redYs_¢ (g)ef'ys]cosqmdg , (2.10)
Yz k24 }0 4 - ]

Using the éxpression for ayz(x,y) given in (2.10) in equation (2.4)
it has been found that
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C ()=
1 1+ e-Zzhs
_C(gre &hs
G ———5rrs
1 + e

where the unknown function C(f) is to be determined.
From conditions (2.3) and (2.5) it 1is determined that C(¥)
satisfies the following quadruple integral equations

np _
fw FCE&iXth&hs)cos(Ex)df = — , X € 11’13 (2.11)
0 : 2us .
and Im C(f)cos(¥x)df = O , xel,1 (2.12)

where =(0,a), 1_=Ca,b), 1 =(b,c), 1 =(c,m)
i 2 2 <

3. Method Of Solution

In order to solve the gquadruple 1integral equations given by
equations (2.11) and (2,12), let us take '
12 1{¢ 2 '
CH= 3 h(u)sin(fuidu + F g(v)ch(ev)sin(¥v)dy (3.1)
o T b

where h(u) and g(vz) are the unknown functions to be determined from
the boundary conditions of the proposed problen.

Substituting the value of C(Z) given by(3.1) in (2.12)
and using the well known result

© n/2, x>y>0
Iesin(zx)cos(zy)
¢]

¥ a¢ = m/4, x=y>0
0, y>x>0
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it is found that this choice of C(¥) leads to the condition

c
I g(vich(evidv = 0 (3.2)
b ) .

Rewriting equation (2.11.1) as

d. ‘ _ np
» Tx I: CEI)thFhs)sin(Ex)d¥ T X € 11 (3.3)

and inserting the value of C(f) from equation (3.1) in (3.3) it is
found that h(u) is the solution of the following singular integral

equation

. :
I h(u log
- Jo

sh(ex)+sh(eu)

du = mf(x), x el (3.4)

sh(ex)-sh(eu)

) ) X c _. 2 .
with £(x) = J [ BE" éf gg(vz)ch(ex )sh(2ev)dv]dx,
o L ¥ b sh’(ev)— sh® (ex’)

where the followingiresult tGradshteyn,l.S. and Ryzhik, .M, (1965)]1
has been used

sh(ex5+sh(eu)

fm.th(:hg)S‘“‘f“’51“““’dz = %log , e (3.5)
0 ' _ ‘

K4

sh(ex)-sh(eu)

Now using the Cook’s result (1970), the solution of (3.4) has been
obtained with the aid of following result

-

otsh®(ex)-sh®(eu)Irsh®*(ev)-sh®(ex)] 2sh(ev) sh®(ev)-sh®(eu)

IB 1shz(ea)-shz(ex) e ch(ex) dx’ 114 shz(ev)-shz(ea)

for ue land vel,
1 - R
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shziev)—shz(ea)><

b srﬁ(ev)—sh?(eu)

(o4

hiu) = -e sh(2eu) [E_Ia sh?(ea)—shz(ex)dx ' J
S 2 PR -
nIshz(ea)—shz(eu) - Q sh (ex)-sh (eu)

xg(vZ)ych(ev)dvy ] (3.6)

Substituting the resulting value of C(), obtained using equatlion-
(3.6) 1in equation (3.1), in condition (2.11.2) and making use of
the following results

Ia e shzteu)ch(eu) du

olshz(eu)-shf(ex)][shz(ev)-shz(eu)]Iéhz(ea)—sh?(eu)

114 [ sh(ev) sh(ex) ]
- ’
2lsh¥(ev)-sh®(ex) 1L {sh®(ev)-sh? (ea) dsh¥(ex)-sh? (ea)

a e shz(eu)ch(eu) du

o[shz(eu)-sh?(ex>][shz(ey')—shz(eu)]I;hf(ea)4sh2<eu)

n - shiex)-

’
, for x,v e l8 and y' < l1

2[sh?(ex)-sh?(ey')i Jéhz(ex)-shz(ea)

it can be shown that givz) is the solution of the'following éingular
integral equation

c 2 .2 ‘ 2 .2
I sh” (ev)-sh” (ea) eg(v)chlev) dv = TP [ ash”(ex)-sh (ea)

b sh®(ev)-sh®(ex) | Hs sh(2ex)

’
Y Iaqshz(ea)-shz(ey )
B 1 4

dy’}, for x € 1 . (3.7)
0 shf(ex)—shz(ey') } 3
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Using finite Hilbert transform technique (1968) and the following
result ' o -

Jc sh®(ec)-sh®(ex) ' sh(2ex) dx
2 2 2 2 i 2 2
sh” (ex)-sh“(eb) [sh (ex)-sh™ (ey’ YILsh” (ex)-sh (ev)]

]

_ o | ]shz(ec)—shz(ey’)
2 2 2 2
elsh (ev)-sh (ey’))l{sh" (eb)-sh” (ey’)

the solution of equation (3.7) 1s found as

UTTS

2, _ 2ep sh(ev) shztev)-shz(eb) ¢ sh?(ec)-sh®(ex)
glvi )= — %4

blsh®cex)-sh?(eb)

-~

J[shz(evi~shz(ea)]tshz(ec)-shf(ev)

" Ishz(ex)-shz(ea) dx — Ia sh® (ec)~-sh® (ey’ ) Iéhz(ea)-shz(ey') ay* |+
sh®(ex)-sh®(ev) o0lsh®(eb)-sh®(ey’) sh®(ev)-sh®(ey’)

: C‘ éh(ev)

+

(3.8

J]shz<ev>»shz<éa>1tsh*(ev)-sh*(eb)Jtsnz(ec>~sh’<ev)J

Next substituting the value of‘g(vz) from equation (3.8) in equation
(356) and finally using the following result

I:Jshz(ev)-shz(eb5 . sh(2ev) dv
2 2 2 2 ) 2 2
sh” (ec)-sh (ev), Ish (ev)-sh™ (eu)llsh” (ex’)-sh (ev)]

= n : sh? (eb)-sh® (ew) _ ‘sh®(eb)-sh® (ex’ )
2 2 2 2 2 2, ., !
elsh” (eu)-sh (ex’ )] sh (ec)-sh (eu) sh (ec)~-sh (ex’ )

for u, x'e 11



h(u) {s derived in the form

h(u)s =

« 2
2ep ch(eu)sh(eu)1shz(eb)~shz(eu) [Ia sh®(ea)~sh (ey')x

KRS ; —|Jolsh®(eb)-sh®(ey’)
112 (ea)-sh? (euw) 1Leh® (ec) sk (ew) sh s y

xIéh?(ec)-shz(ey') dy’ — IchhF(ec)-shF(ex) Jshz(ex)-shf(ea) dx} _
b

shz(ey')-shz(eu) shF(ex)-sh?(eb) shz(ex)-shz(eu)

C sh(eu)ch(eu) , .
- 2 (3.9)

sthz(ea)-shz(eu)][shz(eb)-shz(eu)][shz(ec)-shz(eu)]

Substitution of the value of g(vz) from equation (3.8) iﬁ the
condition (3.2) ylelds

Ce - 2ep IC sh® (ec)-sh® (ex) Jﬁh (ex)-shZ (ea) shz(ex)-shz(eb)x
t s b|sh®(ex)~sh®(eb) sh®(ec)-sh®(ex)

al
{2 n sh®(ec)-sh?(eb) q}/F(—,q)+1 dX+J sh®(ec)-sh? (es)Ish (ea)-sh? (es)
sh (ec)-sh (ex) 0 sh (eb)-sh®(es)

2 2, 2 L2 _
L - shé(eb},sh;(es) “{?' sh;pec) shé(eb)’q}/F(g’q) ds (3.10)
sh™ (ec)-sh (esg) sh (ec)~sh (es) }

where F(¢,q) and M¢#n
kind respectively and q = Jshz(eC)—shz(eb)

sh®(ec)-sh3(ea)

»q) are elliptic integrals of first and third .

The relevant displacement and Stress components in the plane of the
crack can now be shown to be given by
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a ‘ )
Wix,0) = J» h{u)du , O<x<a
X
¢ 2
= I g(v-dehlevidv , b x<c (3.11)'
X
and
a c 2
[a (x,O)] - 2us[I eh(u)sh(eu) du _I eg:v )sh(ev):h(ev)dv]ch(ex)
y= a<x<b n shz(ex)-shz(eu)~ sh” (ev) - sh™ (ex)

0 b

a ' c 2 .
{a (x,O)] - 2ﬁs[f eh:u)sh(eu: du +I eg;v )sh(ev):h(ev)dv]ch(ex)
R X>c . 0O sh” (ex)-sh” (eu) Jb sh” (ex) —.sh (ev)

(3.12)

Now insertion of the values of h(u) and‘g(vz) as given by equations

(3.9) and (3.8) .in the expressions (3.12) ylelds after some
algebraic manipulations

. 2 2 a
[a z(x,O)] = %Ee[_]sh;(eb>.shz(ea) sh(gx) I Fz(u,x)du .
4 a<x<b sh™(ec)-sh (ea) [RZ " A2 ., VO

c 2 2, ., a a
+ F (v, x)dv } - 2elsh (ec)-sh (eb)] { F_(u’ ,x)du’ I F (¢,u) x
bz t oz 04

C a

x F (Q,x,u) du +.I F (¢,WF (v,x,u) du } + S C { T o«
8 <+ - | 1 2

Fz(v,x)va ep

[

b 0

<« 1 - sh(ex)/dsh® (ex)-sh? (ea)

a .
+ ej F (¢, w)F_(u,x) du } +
o * 5

drsh%(eb)-sh?(ea)1Lsh? (ec)-shZ(ea) )
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c c a : _
F (v’ ,x)adv’ F (a,V)F (v ,x,v)dv+] F (u,x)du x
b 2 b 4 ] o 2

e[shz(eb)-shz(ea)]{I
T

c _
I F (a,v)F _(u,x,vidv-
4 -

shz(ec)-sh?(eb)j
b

a - a )
S = F (u,x)duj F‘(c,u')Fp(u3u')du'
sh" (eb)-sh (ea)

o o

#s C (o sh(ec) 2 ¢
_—_— el : + e sh (ea) F (x,v) dv ch(ex)

pe X 2 2 S 2 b 7

ik Ish (ec)-sh” (ea) _
and
2 2 -sh? . rore. :
[oyz(x,O)] - ge[_Jshz(eb) shz(ea) sh(ex) ‘( J F (u,x)du +
x>c sh” (ec)-sh (ea) J;hz(ex)—shz(ea) 0 ?

c _ 2 Con? a a _
+ J F (v,x)dv } - 2elsh (ec)-sh (eb)] { F (u’,x)du’ F (c,u)x
b 2 T 0 2 0 <

c
x FB(O,x,u) du + I

a .
. C s
_bFz(v.x)dv I F‘(c,u)Fa(v,x,u) dg } T it C‘{ LI

0 ep 2

1 - sh(ex)/{shz(ex)-éhz(ea) : N éJa

F (c,uiF (u, x)du } -
0 * s

dtsh®(ec)-sh?(ea)1tsh®(eb)-shi(ea)]

3

2 P ¢ . e , a _
elsh (Eb); sh (ea))] F (v’ ,x)dv’ F (a,v)F (v’ ,v,x1)dv +] F (u;xddu
LA b 2 b ¢ ;] 02

a

IC shz(ec)-shz(eb)Ia

F (a,v)F (u,v,x)dv+ 3 — F (u,x)duj
b * -9 sh™ (eb)-~sh (ea)

N F‘(c,u')Fp(u,u')du’}
0

o



'sh(ec)

. ysc‘fr_z ‘e
2
pex‘l dsn%(ec)-sh® (ea)
shi(ex) a
h ¢ ”

{sn?(ex)-sh? (ec) °

F (u,x)du + J
2
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¢ shz(ew-»sh.’(eb)><

shz(ec)—shF(ea)

shz(ea)j
b

F (x,v) dv} - ]
? .

.
Fz(v,x)dv } ]ch(ex) (3.13

b

where
: shz(ec)—shz(eu) sh(eu)
' Fitu,x) = S OB
sh (eb)=sh (eu) sh? (ex)-sh? (eu)
: _ sh® (ec)-sh®*(ev) Jsh®(ev)-sh®(ea)
Fa(v,x) =
sh®(ev)-sh®(eb)

shz(ev)-shz(ex)

’ _ sh(ex) -1] sh(euw)|sh®(ex)-sh®(ea)
F (v,x,u) = tan -
? 2 2 shiex) sh®(ea)-sh®(ew)
Jgh (ex)-sh™ (ea) .
[T 2 2
sh(ev) -1 sh(eu)|sh (ev)-sh (ea)
— tan
2 2 ' sh(ev) sh®(ea)-sh®(eu)
Ish (ev)-sh” (ea) )
F‘(w,ﬁr = ch(eu) sh(eu) _ ‘
Jish®(ew) -sh?(eu) 1 sh? (eb) -shZ(ew) ]
F_(u,x) = [ 2sh®(eu)-sh®(ec)-sh®(eb)){ sin [ SRCCW Y _ £ (5 4, uw
s . sh(ea) a
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Fd(u,x,v) = sh(ex) x

‘ Jéhz(ec)-shz(ex)

\

xlog sh(ex){sh®(ec)-sh®(ev)+sh(ev){sh®(ec)-sh®(ex) _ sh(eu)
sh(ex)—l;hz(e’c)-shz(ev)-sh(ev).rshz(ec)-shz(ex) dsh¥(ecr-sh? tew)
< log sh(eu),shz(ec)-shz(ev)+sh(ev)1shz(ec)—shz(eu)
sh(eu)d sh?(ec)-sh®(ev) -sh(ev){sh? (ec) -sh? (eu)
_ 2 Y 2 o2 |
F?(x,v) = tan ! 4s8h (ec)~sh (ex) 4sh (ev)-sh” (eb) ch(eg)
' J;ﬁz(ec)fshz(ev) Jéhz(eb)-shz(ex) I[shz(ev)-shz(ea)ll
z 2 '
F (u,v,x) = — 2sh(ex) tant sh(ev)|sh™(ex)-sh (ec) .
e 2 2 shtex) sh®(ec)-sh®(ev)
Jéh (ex)-sh™ (ec)
: 2 2 2 2
+ . sh(eu) log sh(eu)y4sh (ec)~sh (ev)+sh(ev){sh (ec)-sh” (eu)
Ishztec)-shz(eu) sh(eu)léhz(ec)-shf(ev)-sh(ev)Iéhz(ec)-shz(eu)
oy - sh(eu){sh®(ea)-sh®(eu’ ) +sh(eu’ ){sh®(ea)-sh®(eu)
Fp(u,u ) = lo
‘sh(eu)Ishz(ea)-shz(eu‘)—sh(eu')Ishz(ea)-shz(eu)
|
and X, = {tsn®(eb)-sh®(ex) 1tsh® (ec)-sh? (ex) ) (3.14)

The dynamic stress intensity factors are defined by
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Na = Lt J2(x-a) [ ayz(x,O)]a<x<b

X.— at

Nb = Lt JZ(b-x) [ ayz(x’O)]a<x<b

X — b-

x> (3.15)

Nc = Lt J2(x-c) [ ayz(x,O)]

X —» Ct

Substitution of the results given by equations (3.13) In expressions

(3.15) ylields

sh (ec)- sh (ea)

N, - |sh;2ea)[ Jsh (eb)-sh?®(ea) ggg{ J F,(u,a)du + I F,(v,a)dv } -

3

}JSC ]

J?sh?(eb)-shz(ea)][shz(ec)-shz(ea)1

N e us C, Sh(2eb)
b — ==

dtsh?(eb)-sh?(ea)1rsh®(ec) -sh3(eb) )

sh  (ec)-sh” (ea) b

N, = ISh‘zec’[.JSh (ec)-sh (eb) 2pef j F_(u,c)du + J F. (v, c)dv } +
e 2 2 7 | o 2 2

HuS C‘
+ : (3.16)

lish?(ec)-sh%(ea) J[sh?(ec)-shZ(eb) ]




Again insertion of the values of h(u) and g(vz),given>by equationé

(3.8) and (3.9),1in the expréssions for ‘displacements given by
"equations (3.11) ylelds

2 2
[w(x,o>]05x<a= - H:s[ 2[sh” (eb)-sh” (ea)] { I { sh®(ev)-sh® (eb)’q}x
Ishz(ec)4shz(ea) sh®(ev)-sh®(ea)

><Jshz(ec)—shz(ev) » dv Jan{} sh? (eb)-sh? (eu) q}x
- . ’ ’ L
sh?(ev)-sh® (eb) J;hz(ev)-shz(ea)‘ sh”(ea)-sh® (eu)

sth?(ec)-shz(eu) du _ }] _ CiF(K,q)

2 2
sh™(eb)-sh .(eu) Iéhz(ea)-shz(eu) 'elghz(ec)-shz(ea)

C ,

Wix,0) = 33— sh” (ec) -sh” (ev) dsn? (ov)-onZ (o) F(A',q) +

bEx<¢ HTs
~ b|sh® (ev) sh®(eb)

sh®(ec)-sh’(ev) olsh®(eb)-sh?(ew)

2 2 : ) ‘ al .2 2
4 ‘Sh” (ev)-sh”(eb) {}, sh®(ec)-sh® (eb)‘q}‘» dv +J sh” (ec)-sh (eu)
sh®(ec)-sh® (ev)

2 X 2 2 2
Ishz(ea)—shz(eu) FOV ,q)- sh” (eb) shz(eu)"{ ,’sh (ec)-sh (eb),q} dul +
" - sh®(ec)-sh®(eu) sh®(ec)-sh®(eu)

C 4 :
+ — F(k',q) (3.17)
J?h (ec)-sh®(ea) »
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/

2 2 2 o2
where sipn = sh™ (ea)-sh (ex)  SinA’ = sh (ec)-sh (ex) and F(g,q),

shz(eb)—shz(ex) shz(ec)-shz(eb)

Nt#:n,q) and q have been defined earlier.

On putting b=c and simplifying, {t may be noted
that, the results (3.16.1) and (3.17.1) become thosé given by
equation (4.18) and (4.19) of Singh et. al (1981) and for a=0 the
results given by (3.16.2),(3.16.3) and (3.17.2) coincide with those
given by equation’ (4,38), ﬁ4.39) and (4.35) of Das and Ghosh (1991).

4. Numerical Results and Discussions.

Numerical results for stress Intensity factors at the tips'of the
cracks for different values of crack speed, crack lengths and the
separating distance between the cracks have been presented.in this
section. The crack length dependence of the stress intensity factors
and 1ts varlations with V/C have been shown in Figures 2-5. It has
been depicted in Figures 2- 3 that stress intensity factors at the
edges of the cracks have a prominent variation when V/ci"' 1 and
variations of stress intensity factors at the edge x=a become more
pfominent than that at the tips x=b and x=c when the length of the
inner cracek {ncreases. |

Variations of stress intensity factors at the edges of the
cracks with a/b for different values of c¢/b and that with b/a for
different values of c/a are plotted in Figures 4-5 respectively. It
has been found that when the separating distance between the inner
.crack and ohter pair of c¢cracks decreases the stress intensity .
factors at the tips x=a and x=b become greater than that at the edge

X=C.
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FOUR CO-PLANAR GRIFFITH CRACKS IN AN INFINITE ELASTIC MEDIUM

. 1.Introduction

"In fracture mechanics, scattering of elastic waves by cracks of
finite dimension in an infinite elastic medium has been investigated
by several investigators.The pioblem of scattering of elastic wave
from an interface crack was solved by Bosgstrom (1987).Srivastava et.
al. (1980) solved the problem of interaction of anti-plane shear
wave by an interface crack. The problem of diffraction of Love waves
by a crack of finite width in the plane interface of a layered
composite has been solved by Neerhoff (1979). Itou (1980) solved
problem of diffraction of anti-plane shear wave by two co-planar
Griffith cracks In an Iinfinite elastic medium. The scattering of
time harmonlic normally incident plane wave by two co-planar Griffith
cracks was solved by Jain and Kanwal (1872). Iltou (1978) also solved
the problem of stress.concentration around two co-planar Griffith

cracks'in an infinite elastic medium.

As regards the crack phobfem, research has . been
-regstricted mainly to the casgse of single crack or a pair of cracks
because of severe mathematical complexity encountered in solving the
problems of three or more cracks. Réoently, DPhawan and Dhaliwal
(1978) solved the statical problem of determining the stress

distribution in an infinite transversely isotropic medium containing

three co-planar cracks.

To the besf knowledge of the authors, the problem of
stress distributi&n around four co-planar Griffith cracks has not
been investigated so far. .In this paper, we consider two cases
regarding stress distribution around'fdﬁr co~planar Griffith cracks
in an infinite homogeneous, {sotropic medium. In the 'first case,
cracks are assumed to be moving steadily along a fixed direction
with constant velocity V. In the second case, the statical problem
of determining the stress and displacement in an infinite

homogeneous, isotropic medium weakened by four co-planar Griffith

Published in * Engineering Fracture Mechanics " Vol 43, pp 941-955,
igoe.
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- cracks has been considered. Using Fourier integral transform both
the problems have been reduced to solving a set of five integral
equations. Employing finite Hilbert transform technique (1968) the
integral equations have ©been solved to derive crack opening
displacement and stress intensity factors which are!presented in the

form of graphs.

2.Statement Of Problem I And Its Formulation
Consider an infinite homogeneous isotropic material weakened by four
co-planar Griffith cracks, moving steadily at a constant velocity V
In the X- direction referred to a fixed coordinate system (X,Y,Z) as

shown in the Fig 1. In absence of body force equations of motion in
terms of displacement are

(k+2y)[ Y xx ¥ V. oxy ] * #[ Yyy T VY, xy ] TP

+ + - =
and +2u) [ U ey Voev 1 +u[ V. s YU ey ] A (1a,b)

where u,v denote the displacement components in X and Y directions

and A,u are Lame’s constants and u % represents partial derivatives
1

of u with respect to X.

For cracks moving with coﬁstant velocity V in
the X- direction it is convenient to introduce the Galilean

transformation
x =X -VT, y =Y, 2=2, t =T (2)

where (x,y,2) represents the translating coordinate system as shown

in Fig 1.

In the moving coordinates, The equations of motion (1)
become independent of time and take the form

(A +2u— pV)u + )V + pu = 0
2[.1. e » XX H » XY H ' YY

(N +2u) Yoy — pVPIv o+ O = 0 (3a,b)
S RVARET y 5% pou ’
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Fig. 1. Geometry and coordinate system.
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-
Introducing Us(f,y) = uix,y) sin(fx) dx
. ) . o t
- ’ m '
vcﬂz,y) = vix,y) cos(¥x) dx ' (4a,b)
J 0
2 = .
and : ulx,y) = — us(f,y) sin(¥x) df
o .
. 2 - .
vix,y) = — vc(f,y) cos(Ex) df (5a,b)
(o]

in equation (3). we obtain

©u — EN+)V
C,y

2 2. —
— ‘4 -— =
6 yy , — Ef+2u pv?)us 0
N+2u)V + +2)0 — 3 - 7 = ’ :
2u vc’yy E N ;.l)us,y E" (u sz)vc 0 (6a, b)
Elimination of Eé from (6a,b) yields ¢the following ordinary

differential equation

d* d®
[ - (1- Mzkz)fz}.{ - (1— #)gz}] V. =0 (7)
2 2 : (o]
_ dy . dy
where M = V/c , k = c /c .
. 2 2 1

The solution of the differential equation given by (7),
for y 2 0, is

_ ,
ACE) e"fyjl_”zk + B(£) e“f?' 1

Uc<t,y) (8)

where the unknown functions A() and B(¥) are to be determined using

the boundary conditions of the proposed problem.

Employing (8) in equations (6a,b), we obtain
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U g,y) =t _AZ) 5‘5A1 #k 1— M BZ)re Al"#,>eo (9)

11— M2 k2

Therefore, the stress components given by

o = A(u + v ) + 2uv
Yy X 'Y ’
o = u(u + v ) - (10a,b)
Xy 'Y X
become
o, (x,y>-—2“r:—-—2—"—2—mg) {1t volim W Boe fyl”]
1— Mzk

.cos(¥x) d¢

2
1-M ]sin(fx)df

' I 2
o;y(x,y)= - %EJQE[ZA(E)e- Eydl MK +(2-Mz)B(E>e_ 4
0

(1ia,b)
with
2 . _ 2 ‘
uix,y)= % r[—ﬂg—)- e Ey‘ll'”z"- +] 1— M% B(Fre fyli M ]sin(fx)df,
0 Il— M2 k2 _
and
= :
ViX,y) = ?-r[ AE) e ex{1-vx + B(Z) e” &Y L1-M ]cos(fx) d¢
0 . ,
' (12a,b)

Let four co-planar Griffith cracks of finité'length located along
X-axis be moving steadily with velocity V in the direction of X axis
so that their position referred to translating coordinate (x,y,=z)

are as|x|sb, c=|x|=d on y=0.

The boundary conditions of the proposed problem

on account of symmetry with respect to y-axis are
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vix,0)= 0O

o xe | ,1.,1 (13a-¢)
E 3 %
o (x,0) = 0O, 0<x<w (14)
xy
ayy(x,O) é - P X & lz,l4 . (1Sa,p)

where l1= (0,a), 12= (a,b), ls= (b, ), l‘= (c,d>, 15= (d,m?

Using the condition (14)

in (1ib) we find that
A(),B(¥) are related by

B(E) = — —2 _ A(E) (16)
o- M

With the help of the boundary condition (13), we obtain from (12b)

I?A(E)cos(fx) a& = 0, xe I ,1,1
0

(17a-¢)
1’ a3’ 's

Substitution of (11a) in (15) yields with the aid of (16)

wa A(E)cos(Ex) df = % y oxe 1,1 (18a,b)
0

where P =

p K= L2 M2 4 - (1-)
g K=

) ‘ (2— M {1- 2

3.Method Of Solution

In order to solve the set of five integral equations given

in
equations (17) and (18) we assume
1 b 2 . 1 d 2
A() = = | h(s") sin(¥s) ds + g(t™) sin(ft) dt (19)
g, : 3 P

where h(s® and g(tz) are unknown functions to be determined from
the boundary conditions.
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Inserting the value of A(f) from equation (19) in
equation (17) it is found that this choice of A(f) leads to the

equations

b d :
J h(s®) ds = 0 and J g(t?) dt = 0 (20a,b)
a [}

Further substituting A(¥) from equation (19) in (i8a), we obtain

b 2 d 2
IMds-’-JMdt:ﬂ_}:, X & |
2 2 2 2 2u 2
a s — «x ¢ tT— x :
Rewriting this equation as
b 2
I Eﬁii—l ds = % F(x), x € 1
-2 2 2 2
a s — x

. d 2
where : F(x) = E - E I Egiﬁ—l dt
M 3 t2_ 42

and using finite Hilbert transform technique (1968), we obtain

2 2 2 2z cdl.2 2 2 ' c
h(s®y= EIE___E__?:'J__S - 8 Jt- b” tg(t™) 4. ., 1
H bz-— 2 L bz_ 2 c

2 2 .2 2
t%- 2" t"— s I@sz— a?) (b2— s2)

where we have used ) 2D

Jb |bz— x2 x dx . Itz-— b2 1
a 2 (sz— xz)(tz— xz) 2 2

Nl A

x°— a° t?— a% t’°— s
The constant C1 is to be determined from equation (20).
Substituting the value of h(s®) from (21) in (19)

and using the resulting value of A() in the boundary condition

(18b) we obtain, using the results
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b Isz— a2 s ds = 7T Itz— az_sz- a” 1
bz_ s2 E 2 2 2

a (s~ ¥ (t?= &%)

~ 3 for x & 4
a (87— x) P2 22y (g2 &%) 20 (3= 82) (x*— b%)

b .
and I s ds - Tt i

the'singular integral equation

M2 b® tg(t?) 2| F . .
2z 2 .2 2 dt = 2| Y =7=Z ]| *€ 14
c't’'— a t -

g X — a
Again using finite Hilbert transform technique (9], we cobtain

¢ (%)= gJ(tz- a®) (t’~ & sz— a’ ¢, Jv_ &
7

2 2 2 2
(t"— b ) (d —-t ) I}tz_.az)(tz_ b2 ) (- t2)

2 2
c—-— a

C 2 2
+ "’Jt_a. (22)

2= 6% (t32 &%) (d— %)

where we have used

: d a®— ¥¥ x dx . _n - a® 1
2 2 2 2 2 2 2 2 2 2 2
c "X —¢Cc (x— a){x —

t) c—a t'— a

and the constant Cz is to be determined using the condition given by
equation (20).

_ Next substituting the value of g(tz) from (22) in
equation (21) and finally using the following results”

Jd Itz—- & t dt _n ch— a? _ [cz— s2 1
c Vd°- t° (tze a®) (t?— &° 2 52 2

) d®— a* &~ §° —a
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d
I 2 zt dt = n for s 12
c (= 8) T3 &2y (d®— t%) 2y (= %) (&P~ %)
h(s®) is derived in the form
[ 2 2 2 2 [z 2 C 2 2
h(s2)= EJ(SZ— aé)(c;— sz) + Jd —,az 1 Jc — s _
HY (b &%) (d®= &%) c*~ a

I(sz— az)(bze s?) (&~ %)

C2 Sz az
- h S (23)

13- s2) (% &) (d® &%)

S

To determine the values of the unknown constants C1 and

C2 we substitute g(tz) and h(s®) given by (22) and (23) in (20) and
obtain ’

c,d ,a,b a,b ,c,d
Ka,b l<:,d * Kc,d Jq,b P 2 2
c = _ CcC - a
: c.d ab cd cab - p Vd*- 2%
1 )\ + J J ,
a,b e,d a,b c,d
a,b c,d e,d a,b
Kc.<:l ]a,b - Ka.,b Jc,d P
Cz ) c,d a b c,d ;a,b ;
la,b ]c,d * ch,b J<:.d
where
q
1T0® = J xZ- r2 dx
Pq
p J@xz— pz)(xz— qz)(sz— x2)
q .
FLEL I _ sz— p2 dx
P»q

p { (x*— %) (P= %) (s?- )
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K I(xz— p?)(xz— %)
= - dx
P Ifxz— qz)(sz- x2)

r,s

P9

The relevant displacement and stress components in the plane of

crack can now be shown to be given by

b
vix,0) = h(szi ds , a<x<hb
Jx
d . , ' .
= g(t®)y dtr , c<x<d (24a,b)
J X . i
and
' b 2 d 2
[ ayy(x’O)]0<x<a = - ZﬁK J 52(5 ; ds + J tg(t ; dt
a 8 - X c tT— x

b 2 d 2
= 24K sh(s”) tg(t™)y
A[ oyy(x'O)]b<x<c I3 [ Ja R ds — J 2 2 dt]

b 2 d 2
[O' (x'o)] = 2[JK ?ﬂ_s_)_ ds + | Eg_(_t__)_ dt (25a-¢)
Yy x>d L 2 2 2 .2
a x — s c x -t

Insertion of the values of h(s”) and g(tz) as given
by the equations (22) and (23) in the expressions (25) yields after

some algebraic manipulation,

[ o (x,0)] = = 2K LB GO+F O+F (O +F () +F_ (x) +F_(x)
Yy O0<{x<a n 1 2 3 + P ?
~ = 2uK : - -
I oyy(x,o)]b<x<cv = - = Fi(x)+Fz(x)+F3(x)+F+(x) Fy ¢x)=F_Ox)
- . -
[ o (x 0)] - . 2K r F (x)+F_ (x)+F (x)+F (x)-F (x)=-F (x)
yy ' x>d i i 2 3 4 o ? ]

(26a-c)
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F(x)=[f<c2-a2>-c][1- |a"‘ ] n
1 L 2 b2 2

- X 2l (*— a?) (= a%)

b 2 2 2 g (u, x)
F (%) =J [f_ (d®~c®) — ¢ 2u“~ d°- ¢ ] 1 du
2 H 2 2 2 2
. u d— u

P 2 &2 2 2 2 :
F (x)=[ Z(c®-a®) + C .i][ 1— |e— X ] n
a M : 1 2 2 e 2

¢c— 8 - X 2’1-(—02_ a®) (%~ %)

' dr . I 2 2 - g (u,x)
F (x) = J- [.F_, (p%—-2%) + c ¢’~ a 2U- a’- b ] 2 du
4 <L H 2 2

c-—a u-— b
Fo (0 = 5 |d"a _‘.|°_b 2
! X_c-—a X
: Cc c,d
F78<x>=_‘|d‘a (x):-EL. (x)
' X c“~ a <, Xz a,b

_ u . az— xZ ~1] a®= ¥®) (b= ®)
g (u,x) = tan -
1 ‘ B2 2 2 2 2 2

I(dz_ uZ) (e2— u2) (b= x")(u"= a™)

1|b? t.x2 ]
— tan |__".'__
2 2

u-—-a

( y = u i— X2 tan_l (c*— x2) (d*— uz)_
gt X0 = e ‘2 2 2 2 2

—_ ) ( —_ )
I(uz_ b2 ) (U= a?) (d X u c

2 2
—tan_l——d—u]

2 2

u—- ¢
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X, = L (x3= a%) (x*— 1)
X, = 1= ®rx*~ d*)
2 2 2 2
q (s2— r2yu tan—l (uz— pz)(xz— qz)
LP’Q(X) = ‘1 (q—U)(X—p) du
r,s

p ' I(sz—- u?y? (r?- W% : o
’ (27a-k)

"4.Stress Intensity Factors:

The dynamic stress intensity factors are given by

Na = Lt J2(a—x) [ oyy(x,O)]

X = a - o<x<a
N, = Lt ]2(x_b> [‘a (x,O)]

X -+ b + 44 b<x<e
Nc = Lt jZ(o—x) [ o (x,O)]

X =+ ¢ - 44 b<x<e

X - d + x>d

Ny = Lt JQ(x—d) [ ayy(x,O)] ' (28a-d)

Employing (26) in (28) we obtain

+ C . -
Ml p(a® - %)

ax | B (b%2= a%)(*= v’ (d®*~ a%)(f— %)
o 32— a%) (d®~ b2 (P %)

2 2 '
_c (b"— a’) ]

Zlp(c®~ b2y (d* = 5
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y ,uKCz 2 a2

(o] 2 2
Jc(dz- c?y c'_‘b

2 2 2 2 2 2
P{(d"—~ a")(d - ¢ (d — )
Nd = uK " 2 2 * C1 2 2 Cz 2 ¥
d(d - b™) d(c — a Y(d"— b7
2 2
s C (d°— a™")
2

d(d®~ &%) (d%~ b5
- (29)

It is interesting to note that the crack opening displacements
depend on the crack velocity V but in the plane of the cracks the
stresses and stress intensity factors are independent of -the

velocity of the moving cracks in an infinite elastic medium.

5.Statement Of Probiem IT And Its Formulation
In this case; we consider an infinite homogeneous isotropic material
with four coplanar Griffith c¢racks located at Y = 0, aS|X‘$b,
c<|X|sd and subjectea to uniform internal pressure q. In absence of

body force, the equations of equilibrium in terms of displacement

are’

+2u) [ U +_V,xv ]+ u[ Uvr T Yoy ] =0
and (X+2p)[.u,xy + Vo ] + uf Voux = Y xv ] =0 (30a,b)
Since the problem exh{bits a state of symmetry about Y = 0, we can

restrict our attention to a single half-space occupying the region
Y = 0.

The equations (30) are to'be solved subject to the boundary

conditions
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v(X,0) = 0, |X|<a, bs|X|<c, [X|zd (31a-c¢)

o _(X,0) = 0, =< X < o (32)
XY ]

o, (X,00 = - q, a<|X|<b, e<|X|=d (33a,b)

In view of the boundary conditions, appropriate integral solutions

of equation (30) are

2 1 A+3u - Y,
u(x,¥r= = f:[C(E) + D(E){Y— F } ]e sin(gX)d¢

and viX,Y) = %Im [C(E) + Y D(f)]e_ EYCDS(EX) dg (34a,b)
O . -
Therefore,
. 4 —~ Y
aYY(X,Y) = - ﬁﬁ I:[ EC(E) + {YE— x%; D(f)]e g cos(£X) d¢
- 4u A+2u - &Y
o XYy = — K f:[EC(E) + {Yg—’XT;— }D(:)]e sin(£X) dr (35a,b)

It may be noted - that the displécement and stress
components given by (34) and (35) can not be derived from the
corresponding expressiohé of the dynamic problem given in (11) and
(12) on setting M = 0O,

The functions C(¥land D(¥) are to be determined from
the boundary conditions (31)-(33), which yield

1-A+2u

Cg) = g F5=F D) (36)

and the following set of five integral equations

fmC(E)cos(fX) d¢ = 0, Xel,l,1 (37a-¢)
0
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. Qn '
Ef C(¥)cos(¥X) d¥ v X e 12,14 (38a,b)
e
where
2w ) . | |
Q = Nty 3 and lj (j=1,2,..,5) are the intervals

defined earlier in problem 1.

6 .Method Of Solution And Quantities Of Physical Interest

Integral equations given by (37) and (38) are found to
be the same as given by equations (17) and (18) with the exception
that P is replaced by Q. Therefore, the same technique as that used

in problem | .can be employed to obtain

b 2 2 2 é 2 2 C 2 2
v(X,O)?J SJ(SZ_ aé)(cz— sz) + ldz— a - 1 ¥C— S —
‘ x| AY®- s®)ad® - &%)

- & 2 2 2 2 2 2
I}s — a " )(b"- s")(d" - s

C2 sz__ a?
- T ds, asXshb
2
s”)

4 (63— &%) (%= %) (d*

. [ 2 2
=Jd QJ (*— a5 (t*~ FH | ‘dz— a ¢, - & R
x| HYat®- p%y d®- %) - a®

¢ L= 2% (£2- b2y (= %)

C 2 2
+ 2 4t - a ]dt, c<X<d
43— B2y (£2= o2y (d®— 2y
(39a,b)

Stresses in the regions 0<X<a, b<X<e¢, X >d are found to be
the same as that given in (26), the oaonly change being that P is to
replaced by Q.
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Amount of energy in opening the cracks as|X|sb, cS|X|£d are
given by E = ZE‘ + 2Eé, where

. =2 IR [e,,X,0) v(x, 0] dx

E =
d
E, = 2| fo [ o,,¢X0) v(X,00] ax | (40a, b)

Equations (40) can be simplified, with the aid aof (33) and (39), to

(c —a )C — c4

FZ, r)]
2
Iﬁa - %)~ 2% ,

Tio

_ Q c,d
E = —2q M Ma:b + (%-p° )L n{- =z S r}

2 2 +Q
. (¢ -a )(d -a%) ¢ +ta —
19 La,b 2 2 1 c-d° J— 1 Iy i3
Ez-dq E Mc,d_(d a )LZ n ;, cz—az, r} —_ F(—Z—,P)
1(a%= ¢y (- a?)
where '
2 2
[(a"’m"’) 8:c¢ I—-——d‘ =z c]
7 14 2 2 2
¢~ a
LI. 2 = '
1 T
1= v¥) (P &%
qz
. 2 2
.= J(d’- o )b - a%) oy res z”dz
(d®°~ %) (*~ a*) P

2 J(z—pz)(z—qz)(z—rz)(sz— z)

and F(¢,r),[[(¢yn,r) are the elliptic integrals of first and third

kinds respectively.

7 .Numerical Results and Discussions
Numerical results for the stress intensity factors and crack opening
displacement, defined as Av(x,0) = v(x,0+) — v(x,0 ), for different
values of the parameters are presented in this section. Numerical

calculations have been carried out for both the dynamic and static
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problems. As the crack velocity is less than Rayleigh wave velocity,

it is reasonable to take the value of M less than 0.9194 .

Problem !: Var{ations of crack opening displacement fér diftferent
values of crack 'speed, crack lengths and the separaﬁing distance
between the cracks have been plotted in fligures 2-4. It 1is
interesting to note from these graphs that crack opening
displacement on both the cracks decreases with the increase in the
value of'M at the onset and takes its minimum value at M=0.7415
,after which it increases with the increase in the value of M. It
has also been depicted in figures 3-4 that on each of the
cracks,crack opening displacement decreases as the crack lengfh

decreases.

It has been mentioned earlier that the stress
intensity factors at the crack tips are ihdependent of crack speed
and are found to depend on the crack lengths and the separating
distance between the cracks. Variation of stress intensity factors
with as/b for different values of ¢/b, d/b and that with ¢/b for
different values a/b, d/b are plotted in figures 5-8 and figures

8-12 respectively.

[t has been found that the effect of variation of
the length of either the inner or the outer pair of cracks is more
prominent on the stress Intensity factors at the edges ot the cracks
whose lengths are varying' compared to its effect on the stress
intensity factors at the tips of the'cracks whose lengths are kept

fixed.

Problem 1[1: Figures 13-15 sgshow the variations of crack opening
displacement for different values of the parameters a/b, ¢/b, d/b.
They exhibit that crack opening displacement on a crack of fixed
length increases with the Increase iIn the length of the other crack

as expected from physical stand point.
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Fig. 2. Variation of crack- opening displacement with x/b on-the crack of the outer- pair for problem 1.
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Fig. 4. Variation of crack opening displacement with 1 / on the crack of the inner pair for problem 1.
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Fig. 8. Stress intensity factor vs a/b at the cdge x =d.
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Fig. 10. Stress intensity factor vs ¢/b at the edge x = b.
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Fig. 11. Stress intensity factor vs c/b at the edge x =c.
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Fig. 12. Stress intensity factor vs ¢/b at the edge x = d.
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Fig. 13. Variation of crack opening displacement with X' /b on the crack of the inner pair for problem I1.
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Fig. 15. Variation of crack opening displacement with X'/6 on the crack of the outer puir for problem |1



CHAPTER I1I
EXTENDING CRACK PROBLEMS IN ELASTODYNAMICS

‘Paper 7

Paper 8:

Paper 9:

Non- symmetric extension of a plane crack due to plane SH-

waves in a pre- stressed infinite elastic medium.
Extension of a crack due to plane ‘SH- wave in a pre-

stressed infinite elastic mediun.

Bifurcation of a crack due to plane SH~ waves in ‘a pre-

stressed infinite elastic medium.

o
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NON-SYMMETRIC EXTENSION OF A PLANE CRACK DUE TO PLANE SH-WAVES IN A
' ' PRE-STRESSED INFINITE ELASTIC MEDIUM

1.Introduction
Since Broberg’s (1960) investigation of the solution of a crack
expanding symmetrically with constant velocity under conditions of
plane stress or .strain in a homogeneous isotropic elastic medium in
a field of spatially and time invariant tengile stress, a number of
papers have appeéred analyzing different geometrical situations.
Craggs (1963) later solved the same problem as that done by Broberg
but he wused ‘the method of homogeneous function to obtain the
solution. Achenbach and Brock (1971) - considered the wave motion
geﬁerated by a uniformly exiending shear crack in a body in a state
of uniform antf— plane shear. The caée of a crack expa;ding in an
anisotropic medium was considered by Atkinson (1965). This work was
later exiended by Burridge and Willig (1963), who solved the problem
of a crack with elliptical cross—section expanding symmetrically
with uniform speed in an ‘anisotropic medium. All the problems
mentioned above are however self-similar ones with index (0,0) and

are concerned with symmetric expansion of cracks.

Problems involving non-symmetric extension of
cracks under uniform loading along the crack surface are not found

much in the literature perhaps due to severe mathematical complexity

encountered 1in solQing such problems.‘ Foliowing the method of
homoéeneous functions -developed by Craggs (1963)noh—symmetric
extension of a small flaw into a plane crack under polynomigl form
of loading was solved by Brock (1976). Following the same

procedufe, Brock (1875) also solvedv the probtem of non-symmetric
extension of a crack due to 1incidence of plane dilatationat
waves.The problem of determining the dynamic stress field due to a
plane dislocation moving in an 'infinite elastic medium was
formulaled by Ang and Williams (1959) In terms of Fourier integral
equatlon and solved in closed form. Reoently, Georgiadis (1991)has

developed an integral equation approach to self-similar plane

Published in " International Jourhal Of Fracture" VYol 61, pp 361-377
1993
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elastodynamic problems. He considered the elastodynamic problem of
an expanding crack under homogeneous polynomial form loading and

reduced it to the solution of a Cauchy integral equation.

In this paper, non;symmetric extension of an
infinitesimal flaw into a plane shear crack at a constant rate dﬁe
t§ the action of two identical non-parallel planhe SH-waves
‘propagating  towards each other in an infinite isotropic elastic
medium which is'initially'in a state of uniform anti—plane shear has
been treated. A finite time after the crossing of the plane wave
fronts, a fracture is assumed to initiate along the line where thé
wave fronts crossed and the crack edges are.then assumed to travel
ﬁon—symmetrica}ly with different constants speeds. Superpaosition
considerations allow the original problem to be separated into three
self-similar problems with (6,0),(0,1) and (1,0) as the index of
self-similarity. Foilowing Cherepanov (1979), Cherepanov and
Afanas’ev (1974) the mentlioned self-similar problems have all been
formulated as some problems of Riemann and Hilbert for half-plane,
which are solved’ easify. But of all .the existing similarity
techniques, the method of Smirnov-Sobolev (1832) which has been
used extensively by Cherepanbv (1979), Cherepanov and Afanasg'’ev
(1974) being themoﬁt elegant and straight forward has been used to
solve our problem,Analytical ‘eXpreséions for the dynémic stress
intensity factors at the crack tips and also the rate'of%energy flux
into the crack edges' have been derived. Finally, the nature of the
variation of the stress intehsity factors‘and the energy fluﬁ rate
at -the crack tips with the velocities of the crack edges and also
with the time after crack initiation have beenrdepicted by means of
graphs. The development of a crack initiating at a point being a
physically realistic model from the point of view of modelling of
earthquake gources, this problem also has got application‘ in

seismology.

2. Formulation Of The Problem

Let two identical piané waves defined by

o = AowiH(wt)’ o = tAocoteowiH(wt) ' (i.a,b)

Yz XZ
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reférring to coordinate system (x,y,z) where

= + ysine + xcose O<ex<n/2
Wy c,t Y o o’ ) |

and H() is Heaviéide's'unit function, propagate throughthe ‘infinite
solid which is pre-stressed such that

o = o ,'ao =0 o (1ic)
Yz XZ .

Let us assume that at t=0 the non-parallel plane waves
intersect at x=y=0. A.micrd crack is assumed to appear at t=to at
x=y=0 which starts to extend bilaterally along the trace of the wave
intersection with uniform velocities v, and vz. The expanding qrabk,
the circular wave front assoclated with its motion and the plane

wave front are shown in Fig.1(a).

In effect crack extension occurs by - removing the
stregsses which would be generated in the crack plane by the combined

applied static and dynamic fields if no cracks were present.

Accordingly, both the crack faces are subjected to

gshear tractions equal to =~ o - 2Ao(czt + xcosed).

The anti-symmetry of this loading about the c¢rack
plane implies that , it is sufficient to consider the half-plane y>0
with bounding surface y=0. 'The boundary conditions for -this

half-plane are then gliven by

y=0, -v t'<x<v't' : o = - o -2A c t -2A (c t’ +xcose )
2 E S Yz : o 2 O [ ] 2 o]
y=0, x>v1t', x<-v2t' : W =0 (23,b5
.where t’* = t-t .
o

Equation (2a) shows that 1{invoking superposition principle the
proposed problem can be divided into three separate problems of a
constant shear traction, a shearing stress linearly vafying with

time and a shear linearly wvarying with distance along the crack

~ plane.
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Fig. 1(a). The expunding crack and the pattern of wave [ront.



3. Constant Shear Traction On The Crack Faces. 1378

The wave motion generated by constant shear ‘tractions on the faces
of the crack definéd by»y=0, -v2t<x<v1t has been considered in this
section and for simplicity t instead of t' has been used. The

boundary conditions are

y=0, ~vzt<x<v1t s ayz = —Ro

y=0, x>v t, x<=v.t, W = 0 ' (3a,b)

where P, = a+2A°czt°

The displacement W which satisfies the wave equation
2 2 2
v + W - 1 o W (4)
2 2 2 2

is to be determined subject to the boundary conditions given by (3).
From the boundary conditions we observe that %% shows dynamic
similarity and is a homogeneous function of degree zero in x/t and
y/t. Therefore, by the functiorially invariant method of Smirnoff and

Sobolev (1932) we can write

au _ ‘
—a—t = Re ¢°(2) (5)
where t - xz + yjc;z—zz = Q ' (8)

The sign of the'rédical is to be fixed by the condition that

1

as z = o, Jc_-z® = iz +0(z Y o (7)

Equation (6) maps the semi-circular region of the cylindrical waves
defined by OABCDE to the lower half of the complex cut z-plane given
by :

xt. - intz-c;z(xz+ yz)
z = P 8)

x“+ y

as shown in Fig.1(b>.
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Im y 4
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Fig. 1(b). Mapping of the intcrios of the scmi-éirclc OABCDE in x-y pluanc on the lower half of the complex z-planc.



In view of the equations (5) and (6) we find

9o ' .
8z
Yz _ '
3t pRe[¢ (z) v ]

so that

3 (x,0,t) ' — : '
S = % Re[ ~yz¢;(z)jczz—zz ] (9)

Therefore the boundary conditions (3) are converted to the following
conditions in z-plane

Imz=0, -v *<Rez<v > , Re ¢ (z) = O A (10) .
2 1 o '
Imz=0, Rez<-v_*,Rez>v *, Im ¢! (2)=0 | (11)

In 6rder to determine the analytic function ¢°(z) subject toithe
conditions (10),(11) it 1s necessary to know the behavior of the
function ¢o(z) when z—»vzi,-v;1!and 2z— o .The infinite point of the
z-plane corresponds to the origin of the cobrdinate of the physical
plane: where the displacement‘ W is 1limited. Hence taking the

representation (5) into account, we obtain

Re ¢o(g) = 0(1) as z — w (12)

Further the condition (11) after integration with respect to z may
be put in the form

Imz=0, Rez(-v;‘,Rez>v:1, Im ¢°(z)=0 (13

Moreover, the displacement derivative 8W/8t near the crack tips x =

vit,-vzt should show square root singularities so that at z —

¢ (z) = O« 1/Jz-v:‘ y, 0¢ 1/Jz+v;‘ ) (14)

respectively.

The above boundary conditions given by (10) and (13)
together with the consideration (12) and (14) suggest that
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Az + B ’
¢, (2) = — (15)
Ikz—v—1)(z+v—1)
1 2

where A and B are unknown constants to be determined.

Integrating (9) with respect to t it can be easily shown
that for x>0

; ' t/x L/ x z¢ (z)dz
o (%,0,t) = -u Re{[¢ <z>1c'2-zz] ;+J‘ 2 }
vz o 2 )
-1 -1 -2 2
c_ - c c -z
2 2 2
~t/x -t/x
— - z¢p (z)dz :
o (-%,0,t) = -u Re [¢ (z)«lc z—zz] +j -2 (16a,b)
y= ' ° -2 -1 -1 -2 2
-c -c c. - z
: o 2 2 2
Next using the boundary conditions that
dyz(x,o,t) = -po, OSX(Vit.
- = - ’ - -y
0}2( x,0,1t) po, v2t< x<0

in equation (16a,b) respectively we obtain two linear equatiohs in A

and B vié;

L L p
Al (v ', v + Bl (v vt =2°
2 b § 2 1 1 2 M
-4 -1 ‘ -1 -1 pO
Al (v ",v ™) = Bl (v ",v 7)) = — (17a,b)
2 2 1 1 2 1 M :
" where
T ]
"1 (u,v) =I z dz , (p =1,2)
-1 ' .

c, J?zz—é;z)(u-z)(v+z)

The - stress intensity factors at the crack tips ]x|ﬁv1t,y=0 and
| x|=v_t,y=0 defined by ' ‘

N01 = ]t Ix-vit'ayz(x,o,t)

Xx— v t+
4

Noz = 1t Ix-vzt ayz(—x,o,t)

Xx— v t+
. 2
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regpectively are obtained with the help of the equations (15) and
(16) as '

M v'zt c:—vz
= — +
NO!. C v v +v (A BV1)
2 1 4 1 2 '
p [v t c:—v:
N o= — |2 (A-Bv ) (18a,b)
o2 C v vV +v 2
2 2 41 2 .

dE

The rate of energy flux into the extending crack edges defined by It

{s given by Achenbah and Brock (1971)

o
[0}

tol e
a
o

. a0
= I o 2! dx (19)
~o 7% ot

which is obtained with the aid of (5),(15) and (16) for this case as

dE unt

1 2 2 2 I 2 2 T2
_ T e —_—— - + + - - )
It cz(v‘+v2) vz c2 v1 fA Bv1) v1 c2 v2 (A sz) (20)

where while carrying on the integration (19) the following result
(1972)

HV) BV L 2 5w (21)

v i~ °?

has been usged.

‘4. Problem Of Linearly-Increasing Shear Traction With Time On The
. Crack Faces
For the case of shear tractions on the faces of the crack increasing

linearly with time, the boundary conditions are

y=0, -vzt<x<v‘t H oyz = -pit (22)

y=0, x>v1t, x<-v2t, W =20 (239
where P, = 2A c_ . '

o 2
2

The second order derivative

5 now shows dynamic
at
similarity which can be taken as the real part of the analytic

function ¢1(z) so that
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= Re ¢1(z) (24)

3’0 (x,0,t)
yz

which implies

e

at?

Ré[ —pz¢;(z)1c;2—zz- ] - (25)

where z is given by (8) and ¢1(z) satisfies the conditions
lmz=0, —v;‘<Rez<v;‘ , Re ¢ (z) = 0 _ (26)

lmz=0, Rez<-v;‘,Rez>v:*, Im ¢°(z) = 0 (27)

Integrating (24), we obtain

2 z
"] =';7Re J _ (z-1)2 ¢;ﬂw dar (28)
v
S
2 2
= 5 Re I _1.2(2—1) ¢‘ﬂv dr o (29)
v
1
2 (WY _ oo .
so that —_— —F} = Re ¢ (2) (302
. 2 2 1 . i
dz X

Taking into consideration the facts that near the. crack tips

x=n},—v2t; y=0 the displacement W varies in direct proportion to

the factors I&tt—x ,I;2t+x respectively and that as z— o,

Re ¢ (z) = 0(1)

we have in view of the conditions (26), (27) and also the equation

(30), the result that

2
¢,(2) -4 [<c2+D)J?z-v;‘>(z+vz*) ] (31)

d22

where the constants C,D are to be determined from the condition that

on the crack surface stress o¢ = -p, t.
; vz

From (25) after integration, we derive for x>0
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t/x

'-z 2 T(t/x-T)
o (x,0,t) = -ux Re I c, - T + — ¢1(T)dT
yE -1 2 L2
2 : 2
t/x ————  T(t/xT)
o (-x,0,t) = ux Re J c -~ 1T - — ¢1Cr)dr (32a,b)
vz et § 2 -2 2
-c, 4 c, T

Therefore, using the boundary conditions that

oyz(x,O,t) = —pit, OSx(vit

ayz(—x,O,t) = -ptt, -vzt<-x50

we obtain by the help of (32a,b) after simplification

. o - - P
CI (viv'h + Dl (vivt =2
1 1 2 2 1 2 H
-1 -1 -1 -1 p1
Cl (v ",v 7)) = DJ (v.",v 7)) = (33a, b
1 2 1 2 2 1 7
where
v‘1
1
J (v ‘,v Yy = I [ {81+3(v oy 1)} M(t,v 1,v Yy + N(T,V-1,V 1.
1 1 2 2 1 . 1 2 1 2
C'l. .
2
.{4rz+31(v-’-v—1)—2(v v )-1} ] dr
2 1 1 2
v'i.
1
J vt v =J [ 2M(T,v Y,v 3y + N(z,v %,V ‘){21+(v 1oy ‘)} ]~dT
2 4 2 -1 1 2 1 2 2 1
.
-4
- v,T v,ooT
with M(t,v ",v ") =
1 2

QI(T v By (e?%-c7%)
2 2
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. TV v T -T
-1 -1 1 3 1

N(r,v ,v. )= -

1 2

~1 3/2
= = - +
A-I'rz-czz I(rwz‘)(v“—r) (THv, )

The stress intensity factors at the crack tips defined by

N“.= 1t Ix-vitayz(x,o,t)

x—+v1t+ b

N = ]t Ix—v to (-x,0,t)
12 X—> V2t+ 2. Yz

are found to be

Ht t
= 2_ 2
N11 202 UIV:I(CZ vt)(v1+ vz) (C+Dv1)

mt t ‘ 2 2 |
N = 5 ch =~ v )(v + v ) (C-Dv)) (34a,b)
12 202 v1v2 2 2 1 2" 2

: dE
and In this case the rate of energy flux ET? into the crack edges
defined by (19) is obtained as
3
dE2 nut (v1+v2) _ P 2 -4 2 P 2
— = - v *dcZ- V¥ (c+Dv ) Z+v T %~ V2 (Cc-Dv) (35)
dt 4c2 2 2 1 1 1 2 2 2

where while carrying on the integration (19) the use of the result
(21) has again been made,

S.Problem Of Linearly Varying Shear Traction With Distance Along The

Crack Plane.

Consider the initially undisturbed half-space yz2z0 subjected to the

shear traction ~p,x over y=0,—v2t<x<v1t. The boundary conditions are
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y=0, —v2t<x<v1t : ayz = —pzx
y=0, x>v t, x<-v_t, W =0 (36a,b)
where p = 2A cose .
2 o [a]
2w
In this cage, 3%It shows dynamic simylarity. So
we take keeping (8) in mind, ‘
2
W _
%9t = Re #,(2)

2 o
Yz _ _ M . I -2 __2
with 379t T Re[ z¢2(z) c, -z ] (37a,b)

where ¢2(z) satisfies the conditions

1

Imz=0, -v *<¢Rez<v’ s Re @ (2) = 0
2 4 2

Imz=0, Rez(-v;i,Rez>v:1, Im ¢;(z)=0 (38a,b)

From equation (37a) after integration it is found that

: z
W = ~-x°Re I 4 T Y(z-1) ¢Eav aT
v

sd that

Since %% near the crack tips should show square root singularity and
also since Re ¢2(z)= 0(1) as z— ®, we have in view of the

conditions (38)

-4
¢ (z) = 22 & Re T L (39)
2 dz
)

I(z-v—t)(z+v_1
Y 2

where the constants R,L are to be determined.
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Equaﬁion (37b) can be integrated to obtain for x>0

t/x

) t — 2 t - Tx
o (x,0,t) = ux Re I —_—dec - T +t —_—— ¢ (T)idr
Yz 2 2 2
-1 XT -2 2 J
c Xqc - T
2 2

~t/x . — 2 t o+ oTx
oyz(—x,o,t)=px ReJ — Cz - 7T t — z(T)dT (40a,b)

_c;t XT ch;z_ 2

So using the boundary conditlions that
qyz(x,o,t) = —pzx, 05x<v1t

oyz(—x,O,t) = pzx, —v2t<-x50

it is found by the help of equations (39), (40)

- - - - P
-RK (v A, vt o+ LK (v v = 2
1 4 2 2 1 2 Iy
- - - - P
RK (v *,v. ') + LK (v *,v Y = 2 (41)
12 1 2 2 1 u
where
’ -1
v
-1 ~1 * -1 -1 -4 -1 -1
Ki(v1 ,v2 ) = J _1[ P(T,V‘ ,vz-) - T Q('r,v1 'V, )] dr
c -
2
=1
v
=4 -4 1 et -1
Kz(v1 "V, ) —J —1Q(T,V1 'V, ) dtr
c
2
-1
g § -1 vi T
Plrz,v ,v ") = —~
1 2
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-1
T v -T (2v “+7)
1 1

- :
and Q(-r,v1 'V, )= -

i

T ~¢C 2 ZTIXT+V;‘)(V1 ~-T)

In this case, the stress intensity factors are obtained as

N

[}

- 2 2
= 2 2z 1 2
1t Ix vitoyz(x,o,t) = o, s v, (Rv1+Lv1)

x-——»v‘t+

ut

N22= 1t |X‘V2t oyz(—x,O, t)ys — -C—-

(RVZ-Lv ) (42a,b)
X—> v2t+ 2 2 2

-dE
The rate of energy flux Eﬁ? into the extending orack edges 1is found

to be

dE ® pntg
2 2 o QE dx = —- — ]V cz— v2 (Rv2+Lv )z+v cz— v2 .
_ cz(v1+v2) 2 2 1 1 1 1 2 2

. (Rv3-Lv )% , (43)
2 2

where the result (21) has been used.

6. Particular Cases: VT v,
l1f we set v, = v2= v in all the cases sgsolved above, the following

results are obtained

(1) For the case of constant traction ayz = -p, on the crack
faces,we find from (17) that
VP, ‘
B = 0, A = AT where E(q) is the complete
Elliptic integral of second kind and q = Jl—vzlcz . Equations (18)

yield the stress intensity factor at the crack tips as.
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Also from (20) we obtain

dE1 _ prt 2. 2 A%
at T ¢ 2
2
(i1) For the case of shear traction oy2= —pit on the crack faces
increasing linearly with time, it is found from equation (39) that
by
D:O’C=_1__
: H
where
» 20: 2
1 = 2E(gq)-F(q) + Pa— 2vp(r ,r)+(v+cé)F(r)
(v+c2)(v —cz)

F(r),n(rz,r) are complete Elliptic integrals of first and third kind

respectively and r =(cz-v)/(cz+v).

In this case, the stress intensity factors and the rate of energy .

flux into the extending crack tips gliven by (34) and (35) can be
simplified to

Cut
N =N =N_ = A P
1 11 12 2
c 2v
2
dE ur t?
and —2 = - ?- 2 cE
: dti c 2
2 .
(ii11) For the case of shear traction oyz= ~p,x on the crack faces,
it is obvious from equations (41) that
i pv
R = o, L = _2.__
17
where
:
J = P— 2vnp(r ,r)+(v+c2)F(r) - E(g)-F(qg)
(v+02)(v -cz)
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and it 1is found from equations (42),(43) that gstress intensity
factors at the crack tips and the rate of energy flux inte the
extending orack edges in this case are given by

~utL
vt 2 2
N = N [ — N 2 —— IR - v
2 24 22 R > 2
2
dEa Hrtt 2 2 2
and i = — cz cz— v L

7.Numerical Results And Discussions.
The solution of the original crack problem is obtained by taking
po=a+2A°Q2t°, p1=2Aocz and p2=2Aocoseo and superposing the results
obtained in sections 3-5 with the stregs fields given by (1). Taking
together the results obtained in the sections 3-5 it is possible to
write the stress intensity factors at the edges of the crack and the

rate of energy flux into the extending crack edges as

N01+N1 +Nz1 u,T
S = 2 = pH, (u,u ,7)
1 + "1’ T2
o|lv t u + u
1 0 1 2
Noz +Nxz +sz uT
S, = = puH_(u ,u ,7) (448,b)
-4 v1t° u + u
and
2
» u d nuzu u1
En= T 2 2 F[E1+E2+Es]= - U +u [G+(u1,u2,1-) TS G_(uz,ut,’r)] (45)
toczo' 1 2 2
where

H,(u,u,70= y1-u2 | 280 A 4 B} + ar {2 2[.C _ + p] -
R 1| p. lc_ u zp u (e, u




2
2 2 (u +u )
. 2zl [1L+A A 2 1 2 c .,
Gt(u‘,uz,”-fr—l-u‘[[ SNEFTHR w{ A RNE
. 1

P
o 2 4p u2 2
ucos e L 2
+ 2 °[ = = Ru] '
2 c, 1
P, |
and the parameter T =.% -1 18 the non-dimensionalized time after
° .
crack initiation and A = — is the ratio at x=y=0 at initiation

of the crack plaﬁe stress due to the plane waves and the pre-stress.

Also u, u are the non-dimensional crack tip velocities

given by us= v /cand u= v /c_.
1 1 =2 2 2" 2

The varliations of gstress intensity factors and energy

flux rate given by (44) and (45) respectively with

i) v /¢ .for different values of v /¢ -and
1 2 2 -2

(i1) v for different values of vi/cz and A

have been presented in Figs. 2-4. It has been shown in Fig.2 that
Stress intensity factors at the edge x=v1t‘,y=0 decreases with the‘
increase in the valuesg of V1/°z but increases wilth the increase in
the values of vz/c2 and for V,/°§<°'45' the stress intensity factor
at the edge x=vzt', y=Q0 1Iincreaseg as vzlc2 increasea but for
%/c2>0.45, the variation .of stress intensity factor at that edge
shows an opposite’ ' character. It has also been depicted in Fig.2 that
the value of energy flux rate |En| increases with the increase in
the value of vilcz; showsl maximum at v1/c2= 0.8 after which 1t

decreases with the increase in the value of valcz.

In Fig.3. the variations of St,Sz and |En| with 7 for
various values of v1/cz szlcz have been depicted. It may be
observed from thig figure that 51’52"En| all increase rapidly with

the increase in the value of r. 1t may be noted further that for
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fixed wvalue of vz/cz, values of stress intensity factors at the
crack tips decrease with the increase in the value of V1/C whereas

energy flux rate |En| increases with the graduval increase in the

value of v /¢ .
1 Tz

In Fig.4, Si,Sz and |En| are again plotted vs T but
in this case, c¢rack tip velocities are kept fixed whereas A |is
assumed to vary. It may be seen that increase in the values of A
produce marked increase in the value of §,5 and |En| for any
fixed value of 7.
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b
C2.

Fig. 2. Variations of non-dimensionul stress intensity factors S, S, and cnergy flux rate [En] with non-dimensional speed
U]/C;. '
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< N

Fig. 3. Variations of non-dimensional stress intensity factors Sy, §; and energy flua rate [En| with non-dimensional time
after fracturce initiation 1.



Fig. 4. Variations of non-dimensional stress intensity factors 84, 8, and cnergy llux rate [En] with non-dimensional time
after {racture initiation t. '
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EXTENSION OF A CRACK DUE TO PLANE SH WAVE IN A PRE-STRESSED INFINITE
ELASTIC MEDIUM

1.Introduction
Since Broberg's (1960) investigation of the solution of crack
expanding symmetrically with constant velocity under conditions of
plane stress or strain in a homogeneous isotropic elastic medium in a
field of spatiall; and time {nvariant tensile.stress, a number of
papers have appeared analyzing different geometrical conditions. The
problem of Broberg (1960) was also solved by Craggs (1963)using the
method of homogeneous function and the corresponding anti-plane
problem was examined by Achenbach and Brock (1971). All the problems
mentioned above are however self similar ones with Index (0,0) and

are concerned with symmetric'extension of a crack.

Problems involving non-symmetric extension of Eracks
under uniform loading along the crack surface are not found much in
the  literature perhaps due to severe mathematical complexity
encountered in solving such problems. Following the method of»
homogenecous function Brock (1976, 1975) solved the ©problems of
non-gymmetric extension of a small flaw into a plane crack. Recently,
the elastodynamic problem of non-uniform expansion of a crack under
homogeneous polynomial form loéding has been solved by Georgiadis

(1991) by means of complex variable method.

The problem of non-gymmetric extension of an
infinitesimal flaw into a plane crack at a constant rate due to tHe
action of two non-parallel plane SH-waves having different amplitudes
propagating towards each other in an infinite 1isotropic elagtic
medium which iIs initially in a state of uniform anti-plane shear has
been analyzed in this paper., A finite time after the crossing of the
plane wave fronts, a fracture is assumed to initliate along the line

where the wave fronts crossed and the crack is then assumed to extend

Accepted for publication in " International Journal Of Engineering

Science', 1993.
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non-symmetrically along the trace of the wave intersection.
Superposition c¢considerations allow the original problem to be
gseparated into three sgelf-similar problems with (0,0) (0,1) and (1,0
ag the 1index of‘similarity. The dynamic similarity of certain field
variable in each’ problem gsuggests application of the method of
homogeneous functions. Expressions for the stress intensity factors
and the rate of energy flux into the extending crack tips have been
derived. Finally, the nature of the variation of the stress intensity
factors at the crack tips and also of the rate of energy flux into
the crack edges with velocitles of the crack edges and also with the

time after crack initiation have been depicted by means.of graphs,

2. Formulation Of The Problem

Let two ldentical plane waves defined by

oyz = stwiH(wi), . =-Stcote°wiH(wi) (la,b)

referred to coordinate system (x,y,z)'where

W, = t + ysine /¢ + xcose /c
X o 2 (o] 2

and H() is Heaviside’s unit function, propagate through the infinite
gsolid which is pre-stressed such that

o = o, o = 0 (2a,b)

Let us assume that at t=0 the non-pararlél plane waves
intersect along the line y=0. A micro crack is assumed to appear at
t=to at x=y=0 which starts to extend bilaterally along the line y=0
with uniform velocities VR and VL. The expanding crack, the circular
wave front assoclated with its motion and the plane wave fronts are

shown in Fig.1t.

In effect ocrack extension occurs by removing the
stresses which would be generated in the crack plane by the combined
applied static and dynamic fields if no cracks were present. So, both
the crack faces are subjected to shear tractions equal to — o -—

(S +S >t —- (S +S )xcose /c .
+ - + - o 2
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Y

Fig.1: The x-y plane.
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Thé anti-symmetry of this loading about +the c¢rack
plane implies that, it 1is sufficient to consider the half-plane y>0
with bounding surface y=0. The boundary conditions for this
half-plane are then given by

y=0, -Vbt'<x<VRt': Cg = -a—(S++S_)to—(S++S_)t'— (S,+S_J)xcose /c,
y=0, X >VRt', x < -VLt' st W =20 (3a,b)

where t’' =t-t
o

Equation (3a) shaws that invoking superposition
principle the proposed problem can be divided into three separate
problems of a constant shear traction and a shearing sgtress linearly
varying with time and a shear linearly varying with distance a}ong

the crack plane.

The two dimensional wave equation in polar coordinates

r,© and t where r = (xz+yz)"/2 and e = tanut(y/x), for a field

variable ¢(r,0,t) is

' 2 2
1o (o2}, 1 279 1 o9 (4
r or ar r? e czat2
where c, = (y/p)“@, 4 1s the shear modulus and p 1s the material
density. .

The absence of the characteristic length in the
formulation of the problem suggests that the solution of (4) will be
dynamically similar i.e. depends on r/t and © rather on r,e,t

separately. Introducing the variable
s = r/t
we see that ¢(s,e) satisfles the equatlion

2 2 2 2
21 -2 22 , sl1 - 28 3‘?.+?_::i=o (5)
c2 652 c ads Je

For s<c, the Chaplygin’s transformation
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B = cosh *(c/s) (6)

reduces (5) to Laplace equation

7

and maps the interior of semil circular region in the upper half of

the physical plane into a semi-infinite strip in -3 plane.

A convenient method to solve the equation (7) 1is to
express ¢(s,©) as the real part of an analytic function and to
construct an appropriate analytic function of the complex variable
p+ie. Superposition in (3a) 1is invoked to consider the problems

separately in next three sectlions.

3.Constant Shear Traction In The Crack Faces.
The wave motion generated by constant shear tractions on the faces of
the crack defined by y=0, -Vbt<x<VRt has been considered in this

section and for simplicity t instead of t' has been wused. The
boundary conditions are

y =0, —Vbt<x<VRt H ayz = ~P,
y = 0, x<—VLt, x>VRt : W =0 (8a,b)
where P, = o * (S_+S+)£o

QE QE and A show
ax’ 3y at

dynamic similarity. .We can choose g% to take place of ¢ In (4) — (7).

From the conditions (8) we observe that

Considering y20, the boundary conditions (8) are
converted to the following conditions in 3-© plane

e = 0, V. <g<c. : Q(s,®) = 0
R 2

e = n, —c 8=V : Q(g,8) = 0O
2 L
_ ., 9is,e)
e = 0, O<s<Vn P e 0
i(s,0)
= —_— H —_— = ( "d)
e , VL<s<O 5 0 9a
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~ where %% = Q(s,®) and s is related to 3 by (6). : (10)
Further, %% vanishes at the wave front, r = czt, which ylelds
s = ¢, Ofesm, Q(s,8) = O (11>
au

The derivative I
which can be obtained by mapping the interior of the strip in e-p2

may be written ag real part of an analytic function

plane, see Fig.2, on the lower half-plane of the [ -plane by means of

the conformal transformation

[ = £+in = Sech(p+ie) (12)

The mappings of the various points are indicated in Figs 1-3.
In the [ -plane we take

au

57_: = Re ¢O(<) (13

In view of (12) and (13) we find

9o (x,0,41)
-
at

x|

Im [ cd1 - ¢? ¢é(()] (14)

Therefore, the boundary conditions given by (9) and (11) are

converted into the following conditions in complex [ -plane

n =0, -w&<-V /e, V /c,<E<@ : Reg (L) =0

I3
i

- . [J =
0,-V /e <E<V /e, t Im ¢! (L) 0 (15a,b)

In order to determine the énalytic function ¢°(C) subject to
the coenditlons (15) it is necessary to know the behaviour of the
function ¢°(() when [ —» —VL/cz,Va/ozand {—o.The infinite point in
the {-plane corresponds to the point x=0, y=c2t in the physical! plane
where oW/at is limited. Hence taking (13) into aqcount, we obtain

Re ¢_({) = 0(1) as {— o (16)

Further, the condition (15b) after integration with respect to [ may



202

64A
E
O T =TT
c
0 A —p>
/3

Fig.2: The e-3 plane.
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Fig. 3: The -y plane.



be put in the form
0 =.0,-VL/c,2<E<VR/c2 t Im ¢o(() = 0 (17

Now from (13) we obtain

z d c2
Re ¢, = ¢* & [‘7 w] (18)

Taking into the consideration the fact that near the
crack tips x = -VLt'Vnt’ y = 0 the displacement W varies in direct

proportion io the factors JVRt— X and JVLt+ X resgpectively we have in

view of the equation (18), the result that

¢o(t) = AL +B (19)

ﬂvn/cz— LYWV /e + L)

where the constants A and B are to be determined

Integrating (14) with respect to t it can be eagily shown

that for x > O

1 1

u i — ¢
0 (X0, ) = Ezlm L=Lp @)

by (€ ,
4

+J A R
x/czt x/czt, (zll _ (z

-1 -1

¢0(()
J e
—x/czt —x/czt (zll _ (z '

(20a,b)

Next using the boundary conditions
oyz(x,O,t) = “Pg» OSx(VRt
ayz(-x,O,t) = —po, —VLt<-x£O

in equations (20a,b) respectively we obtain two linear equation in A



[ og
2()0
and B viz;
Vn VL Vn VL ©2Po
“1[ N '—] * B‘z[z— ’3-] =
2 2 2 2 3!
VL VR VL Vn €2 Po '
—A‘l[ = —c-—-] + Blz[ Rk -a--] = (41a,b)
, 2 H 2 2 M
where
1 z P dz
T (u,v) = , (p=1,2)
P
v I(l— 2Z)(z — Wz + v)
The stress intensity factors at the crack tips |x! = Vnt’

= 0 and |x| =Vut’ y = 0 defined by

N01 = Lt Jx - Vnt-ayz(xlo,t)

x —V t+
R

N = Lt Jx—Vto (-x%,0,t)
oz L Yz

X —V t+
L r

respectively are obtained with the help of equations (20a,b) asg

o1

o2

(21c,d)

\ 4

The .rate of energy flux into the extending'crack edges defined by

"dE/dt is given by Achenbach and Brock (1971)

® ,
1 dE _ aw
Eﬁ"[ o, 3t 9 (22)
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which is obtained with the aid of (13),(18) and (20) for this case as

2 - .
—2- —d--t— = - -2—c -V—'T\-I-— (AVR"‘BCZ). —2- - 1 + (AVL—BCZ) - 1 (13)
2 R L Vn

where while carrying on the integration (22) the following result
(1972)

S(v) (24)

has been used.

4.Linearly Increasing Shear Traction With Time On The Crack Faces
For the case of shear traction on the crack faces increasing linearly

with time, the boundary conditlons are

y = 0, —VLt<x<VRt s ayz = -pit
y = 0, x(tth, x>Vnt : W =20 (25a,b)

where p = (5_+5,).

. 2 2 2., 2
The second order derivatives i r ’ 4 :,a y and g\
i : 2 ox 8y &xdy at?
now show dynamic similarity. We select > to take the place of ¢ in
: at
(4)-(7). Accordingly we assume
2
9 r = Re ¢&(() (26)
, ot
go that
3o (x,0,t) - . _
Y= ! =¥ In [( 1 —C% @ (()] 27
atz X . t S

where ¢ ({) satisfies

n = 0, -w(f(-VL/cz, V /e << : Re ¢ (L) = 0O



Fa

= - : Im @ = « b)
n 0, VL/CZ<E<VR/02 Im ¢‘(K) 0 | 28a,b

From (26) we find that

so that

_ . .2 d 2 8y O

Since dW/dt near the crack tips should show square root singularity
and alsoc since Re ¢1(() — 0(1) as [— o we have in view of the
conditions (28) and the equation (29)

C +D/L

_ .2 d
¢, &) = ¢ —5[

'I(Va/cz— ) (Vu/cz+ )

] (30)

where the constants C and D are to be determined from the condition‘

that on the crack surface o = -p t.
vz 1

Integrating (27), we derive for x>0

: ' 1 ‘ z (r-0) ‘ '
ayz(x,O,t) = - B* 1 J ‘ (2874t =7 _ @, () dr
x/czt ,

2 ] .
c {t (Tll — 22

2

-1
. 2 (z-{).
Oyz('x)oyt) = % lmj [ (2( 1)131 — T —
c -x/czt LT (Tll — 22

] ¢;(T) dr
2
(31a,b)

Therefore, using the boundary condition

ayz<x,0,t) = -p t, 0=x<V_t
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ayz(—x,O,t) = —pit, -VLt<-xS0

in equations (3ia,b) respectively we obtain after simplification

VR VL VR VL czp1
CJi[a—'c—] * DJz[z"“c“] = -
2. 2 2 2 M
VL Vn VL Vn °2P, ' ‘
- °J1[ -c_"-c_] * DJz[ T s‘] = - (32a,b)
2 2 2 2 7
where
Vn VL 1 VR VL
Jl( . ;'c—'] = f M[‘!',-c— ,-é—]d‘r
2 2 2 2
V /¢
R’ "z
VR VL i - VR VL Vn VL
J2[ e ’E-] =J T [ M[T'Z':_ ,-—-] + N[T,E— ,——] ]d'r
2 2 2 2 2 2
V /¢ '
R 2
Vn VL 2V T 1
with M[T,—— ,__J . [ i ] .
c c 2 )
2 2 c.T 2
d1-1%)(r-V sc)T+V /e
R 2 L 2
JT-V /¢
. T R’ T2
A _ 2{k1—rz)<r+v./c )2
' L’ T2
v v Jr —V /¢
R L R’ "2
N[‘z’,-——- ,——] ] =
c c «
2 2

dc1-t23) (v /o
L 2

The stress intensity factors at the crack tips defined by

Lt Jx - Vnt oyz(x,O,t)

x —V t+
R

=z
"
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= Lt Jx - VLt oyz(-x,o,t)

2 x vt o+
L
are found to be
t9/2 c vZ
= - K 2 _R (CV_+De,)
" Ve V. + V
R 2 R L
ts:/z c:— \IL
L = & (CV_—De,) (33a,b)
V ¢ V +V '
R L
A 1 dE2
and in this case the rate of energy flux 7 at into the crack edges

defined by (22) is obtained as

3
I pr
2 dt V_+V
CZRL

— 1 + (CV —Dc)?
L 2

[ (CV_+De )? -1 ] (34)
R 2
where while carryling on the integration (22) the use of the result

(24) has again been made.

5. Problem Of Linearly varying shear Traction With Distance Along The

Crack Plane

Consider the initially undisturbed half-space y20 subjected tao the
shear traction - péx over y=0, -— VLt<x<VRt. The boundary conditions

are

y = 0, -V tx<V t : o = -px \

€
n
o

y = 0, x<-VLt, x>VRt (35a,b)

where P,

"
~~
n

+
+
0

Jcose /c
- o 2
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to take place of ¢ in (4)-(7). So we

2
In this case we select

Ixot

take

a*w

= Re ¢2(C)

axot
with

2

9 o .

Yz 2 Ei Im [( 1 -2 ¢'2(c)] (36a,b)
axat .

where ¢2(:) satisfies

n 0, -m({(-VL/cz, Vn/cz<f<m ¢ Re ¢2(() = 0

3
)

0, -V /e, <g<V /e, & Im ¢ () = 0 (37a,b)

From (36a) we have

LA c,t ReJ{ ¢, () dr
at Vv

_R

c

2

so that
1
_d oM

Re ¢2(() = Hz— [_C_Eé—t]. . (38)

2

Taking into consideration the fact that near the crack tips x =VRt,

-VLt, y=0 the displacement derivative @W/3t wvaries 1in inverse

proportion to the factors Jvnt— X, JVLt+ x respectively and as [ —w
Re ¢ ({)> = O(1). We can take, keeping (37)and (38) in mind.

d [ i ] (39)

I(VR/CZ— ()(VL/c2+ C)‘

where the constants R and L are to be determined.
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Equation (36b) can be integrated to derive for x>0

1
2 (t-{)
o (x,0,t) = ut lmI (Jl - _ ¢2('r) drt
v= x/¢c t 2 2
2 1 — 7
! 1 - 2 (-0 ,
o (=x,0,t) = ut Im J A -— ¢2(T) dar (40a, b)
ve : —x/czt 72 4 12

Therefore, using the boundary condition
ayz(x,O,t) = -pzx, OSx(VRt

- = - -y
ayz( x,0,t) pzx, VLt< x<0

in equationsg (40a,b) respectively we obtain after simplification

Vn VL Vn VL Vnpz
RKl[ T "c—] ' LKz[ = ’—] -
2 2 2 2 M
VL Vn VL Vn VLpz
- RKI[ E—-, E—]+ LKZ[ ?-, c—-] = (41a,b)
2 2 2 2 [y
where
VR VL 1 VR VL Vn VL
2 2 2 2 2 2
V /¢
R 2
VR VL 1 Vn VL Vn VL
KZ[ = ,E_) = J [ P[T,E— ,E—J - Q[T,—— ’E—] ]d?
2 2 2 2 2 F
V /¢
R

A
with P[T,-é-'1 ,—E] = [ Ry __ R ] +
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-V /c
R "2

+ T

2l (1-7%) x4V /e >®
L 2

T ~ V /¢
R 2

Vn. L
Q[T;E" 'C—) ] = 3
2 2

dc1-t3)(x+v /e
- ) 2

In this case, the stress intensity factors at the crack tips are

obtained as

2 2
a/2jc —~ V
N = Lt Ix - V.t o (x,0,t) = & 2__® (RV_+Lc))
2y SVt o+ Yz 2 V o+ V
R R L
t9/2 c:—- Vz .
N,= Lt Jx — V.t o (-x%,0,t) = K (RV —Lc,)  (42a,b)
X — V. t + v® c V. + V
L 2 R L
\ : lvdE2 .
. and in this case the rate of energy flux 7 at into the crack edges

defined by (22) is obtained as

3
e oum e 2 f
3T ~ VR+ 3 VR(RVR+Lc2) 43

where while carrying on the intégration (22) the use of the result

(24)~has again been made..

S.Particular case - i H VR=VL
l1f we set VR=VL=V in all the cases solved above sy the following

results are obtained

(1) For the case of constant sheaf traction oyz = — p, on the crack
faces, we find from (21a,b) that

Vmpo :
A=0,B = ,where E(q) is the complete

‘ HECq)
Elliptic integral of second kind and m = V/cz, q = 1-m2. Equations
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(21c,d) yield the stress intensity factors at the crack tips as

Also from (23) we obtain

dE1 2, 2
at = — nutqgB /““
(ii) For the case of sghear traction ayz= -p,t on the crack surface

increasing linearly with time, 1t is found from equation (32) that

c =0, D‘ = -~ piczlpl

. 3
b= a?l 2+ ofFeo)- =l 2ect, 0 — (mrHF (e
' (1-m%) (m+1)

F(rz),n(r‘,rz) are the complete Elliptic integral of first andithird

kind respectively and r = I@l-m)/(1+m) .

In this case the stress intensity factors and the.-
rate of energy flux into the extending crack edges given by (33) and
(34) can be simplified to

N = N = N =
1 11 12
and
dEz 8 2,62
.d—t.- =-—ﬂ‘4t qD /m
(1ii1) For the case of shear traction ayz= —pzx on>the crack faces, it

is obvious form equation (41) that

R =0, L=pV/puJ

where

gln

.2
E(q) — m F(q) + fm oper®, 0% — (m+HF )
(1-m" ) (m+1) .
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and it is found from equations (42),(43) that the stress intensity
factors and the rate of energy flux into the extending crack edges in

this case are given by

and

7. Particular Case - II: VL=‘O ’Vn =V,
l1f we set Vn= V and VL= 0O in all the cases solved above , the

following results are obtained

(i) For the case of constant shear traction ayz = - P, on the crack
faces, we find from (21d) that

B=O’A = 1

where

2

: Jm+1

(21c,d) yield the stress intensity factors at the crack tips as’

—
il

2n(r2,r) —_ F(r)]

#

N

o1 HAgd t/v

N — Ay t/v

o2

Also from (23) we obtain

dE1 2
.(ii) For the case of shear traction ayz= —pit increasing linearly:

with time on the crack surface , it is found from equation (33b) that

D=20, C-= —-p‘cz/in

where
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—
Bt p(py + P78

1 m r;::

In this case the sgtress intensity factors and the

F(r)

rate of energy flux Into the extending crack edges given by (33) and
(34) can be simplified to ‘

_ a/z -
N, = — uCt q/vv
- a/z , ,-
. HCt T
and
dEz 3,2
FT T T mHEA
(iii) For the case of shear traction oyz= ~p,% on the crack faces, {t°

is obvious form equation (41) that

L =0, R=pV/uK

where
_ m 2 a2 _ -
K1 = [ Qn(r y P2, 1) SF(r)} G(m)
Jm+1
with

1 xa/z
Glm) = J . — dx

m 2
lefx ) (x-m)

énd it is found from equations (425, (43) that the stress intensity
factors and the rate of energy flux into the extending crack edges in
this case are given by

LRt qrvy

N
21

22
and

nptaqR?vz
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8. Numerical Results and Discussions
The solution of the o;iginal'problem is obtained by taking P = @ +
(S++S_)to,p1= (S++S_) P,= (S++S_)cose°/c2 and superposing the results
obtained in sections 3-5 with the stress fields given by (1) and (2).
Taking together the results obtained in the sections 3-5 it is
possible to write the stress intensity factors at the crack edges and

the rate of energy flux into the extending crack edgeé as

N + N . +N

H+(v£,v2,r)

H (v.,v,7) (44a,b)
- 2’ "a A .

and

v
i

- . o
= —KFT[%z]- [ G+(vs,yz,1) + G_(vz,vt,'r)]

(45)
where v

| 5 \ |
T (1-v)
Hy (v, v ,7)= t |2 8L e arB/y |- arc1esy{i frcensy |-
- 2 (v1+v2) Po * P *

1

cose
— o RviiL
P,

J(lévf);: | I

2 2 2 2
G,(v ,v ,T)= v [“ A(”S"] [iA+B/v] +[AT(1+S)] 1—-[iC+D/v -
£ 71 V2 1 P ‘ ' 1 B 1
. v oty o p ;

LS

olx

<
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and the parameter T =;t/t°— 1 ig the non-dimensionalized time after
S+t°/a ls the ratio at x=y=0 at initiation
of the crack plane stress due to one of the plane waves and the

crack 1nitiation and A

pre-stress and S = S_/S+ is the ratio of the stresses due toc plane
waves. , ,
Also Vv, are the non-dimensional crack tip velocities

given by P VR/c2 »V, = VL/cz.

The variations of sgstregs intensity factors and energy
flux rate given by (44) and (45) respectively with (1) VR/c2 for
. different values of VL/cz,S and with (11) VL/c2 for different values
of Vn/cz‘have been presented In Figs.4-6. It has been shown in Fig.4
and Fig.5 that the gtress intensity factor at the edge x = Vnt’ y = 0
increases slowly with the {ncrease in the values of Vn/cz, shows
maximum at 0.4 after which it decreases gradually with the increase
.in the values of vn/cz and also increases with the increase in the
values of VL/c2 while the stress intensity factor at the other edge
increases with the increase in the values of Vn/cz’ VL/cz. [t has
also been depicted in Fig.4 & 6 that |En| increases with the increase
in the values of VR/cz, showing 1ts maximum value at Vn/cz = 0.8
after which it decreases with the increase in the value of VR/cé. The
variations shown in Fig.4 & § are expected from physical stand
point. Fig.6 shows that 5,S. and |En(/ afso increase with the

increase in the values of S.

In Fig.7, the variations of §,S, and | En} with =
for various values of A have been depicted. It may be observed from
this tigure that Si,Sz,lEn[ all increase rapidly with the increage
in the value of 7. |t may be noted further that for fixed value of T

values Si.Sz and |En| increase with the increase in the values A,

in'Fig.8, S,S, and |En| are again plotted Vs 7 but
in this case, A is kept fixed whereas S is assumed to vary. It may be
seen that increase in the values of S produces marked increase in the

value of Si,S2 and |En| for any fixed value of 7.
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9. Conclusions

Up-to-now the Chaplygin’s technique is the most simple
and descriptive formulation among different similarity techniquesg and
has been employed 1in several Elastodynamic problems on

extension. However, this technique presents some

crack

disadvantages,
especially in the plane-stress strain cases, during the final steps

of the analysis where the appropriate form of the complex functions
are sought to accomplish the solution.

But the method of determining the complex function
presented in this paper is the correct one and , therefore, there is

no possibility of'losing'features of the solution.
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Fig.4: Variations of non-dimensional stress intensity factors S5, S
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and energy flux rate |En| with non~dimensional speed v 7c,.
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Fig.5: Variations of non-dimensional stress intensity factors SU S
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and energy flux rate |En| witv non-dimensional speed VL/Cf
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Fig.6: Variations of non-dimensional stress intensity factors S

and energy flux rate |[En| with non-dimensional speed vR/cf

‘)

ify
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Fig.7: Variations of non~dimensional stress intensity factors S‘
and energy flux rate |En|

fract,ure initiation, =.

2
with non-dimensional t 1w after
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Fig.8: Variations of non-dimensional stress intensity factors S

s S
1’ 2
and energy flux rate |En| ‘with non~-dimensional time after

fracture initiation, -.
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BIFURCATION OF A CRACK DUE TO PLANE SH-WAVES IN AN INFINITE ELASTIC
’ MEDIUM

1.Introduction

Several investigations on symmetric or non-symmetric extension of
crack in its oawn plahe in an infinite elastic medium have .been
carried out up-till-now. But when the extension of the crack onccurs
under an arbitrary angle with ifs own plane ( which leads that a
primary crack may bifurcate) the study becomes more relevant.
Solutions for dynamic crack bifurcation in anti-plane strain for two
special cases were solved by Burgers and Dempsey (1982). Corrected
results for mode 11] kinking of crack under an arbitrary angle was
given by Dempsey et. al.(1982). A numerical approach for the study of
dynamic propagation of a kinked or Bifurcated crack in anti-plane
strain and also the dynamic kinking of a crack in plane strain have
been given by Burgers(1982,1983). Recently, Achenbach et. al. (1984)
have developed a method based on superposition principle to derive
approximate expressions _for' the elastodynamic stress 1intensity
factors of the kinked crack.

In this paper,the dynamic anti-plane problem of
bifurcation of a semi-infinite crack due to the incidence of two
linearly varying plane SH—waves'with non-parallel wave frontg Iin an
infinite elastic medium has been considered. The semi-infinite crack
is‘assumed to bifurcate when the plane waves Intersect the crack tip.
For constant crack tip velocities the shear stress and particle
velocity are sgelf-similar which allow Chaplygin'’s transformation to
reduce the problem to the 'solution of Laplace equation 1in
semi-infinite strip containing a slit. The Schwarz-Christoffel
transformation is employed to map the semi-infinite strip on a
half-space.Expressions for shear stress in the planes of the cracks
and stress ihtensiﬁy factors in the vicinity of the crack tips have
been derived. Finally,.numerical regults for stress intensity factors
have been presented graphically to show its variations with anglé of
skew for different values of the angle of incidence and the crack;tip
velocity.



229

2. Statement Of The Problem

Let two identical plane waves defined by

+ _ _ co
= ¥ p— TiH(Ti) (1)

ine

referred to the coordinate system (r,e,z) where

T, = t + rcos(e¥® )/, O<e <n/2
+ o o

and H() 1is the Heaviside step function, strike the tip of a
stationary semi-infinite c¢rack at t=0 and causes the crack to.
bifurcate symmetrically from the tip under an angle ka with the plane
of the crack and each of the branches starts to extend with velocity
v(<e). Thus,at time t>0, crack tips are defined by r=vt, e=xkr.The
expanding crack, the circular wave front associated with its motion
and the plane wave fronta are shown 1In Fig.1.The shear gtress

component agz corresponding fo incident waves 1is

o - - _—a. )
o, = of sinte e YH(t )-sin(e+e )H(r ) ] (2)

Superposing the flelds due to incident waves and scattered
wave we see that the conditions on the crack faces due to the

scattered wave are

e=tr; r>0 : o = -2a_sineoH(t-pcose°/c)

e=tkrm; O0<r<vt : o = 20 sin®_ cos kn (3a,b)
oz : o]

The shear traction given by (3a) generate the plane waves
with constant particle velocity, 1i.e., of magnitude $2co/u.Since.
stresses and velocitiegs are continuous across the cylindrical wave
front, on the cylindrical wave front the cdnditions in particle

velocity are

n-e_<edm, r=ct : w = -2co/u
-n<e<-n+eo, r=ct : w = 2co/u

and -n+eo{e<n-e;, r=ct : w = O (4a-c)

The problem is obviously anti-symmetric about x- axis with regpect to
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particle velocity, so only a half-plane need be considered.

In polar coordinate (r,®); the two dimensional

anti-plane wave motions are governed by

(5)

1 9 [ aw] 1 dw 1 9w
—_ —Ir + —_
r

ar\ or 2 9o ¢ at?

where w(r,e,t) is the displacement in the z- direction and c=ly/p is

the velocity of transverse waves.

Absence of any characteristic length in the
geometrical configuration of the problem and the boundary conditions
(3),(4) suggest that the particle velocity w is gself-similar,
implying thereby that depends on r/t,e rather than on r,e,t

separately.
Introducing the variablé
s=p/t
it 1s found that &(s,e) satisfies the equation

5 . .
O VW, g(1-262/c%)2% , 2 v _ 4 (6)

asz as s/ =)

sz(l-szlcz)

Within'the half-circular region ABEMDCA, see Fig.1, the

boundary conditions on Q(s,e) are

v
o=n, s<c Jo " 0
-6 <eir, s=Cc § W = — 222
o M
O<e<n-eo, g=c : w = 0
. =0, 0<s=<c: w =20
o=knte, 0=s<v: Qﬁ = 0 (7a-e)
- T 8o ,

For s<c, the Chaplygin’s transformation
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Fig.i: Pattern of incident, reflected and diffracted waves:
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Fig.2: Pattern of waves for the superposition problem.
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3 =cosh *(c/s) NE-)

reduces equation (6) to Laplace equation

+ = 0 (8)

and maps the interior of the half-circular region [OSQSn,SSG) cf the
physical plane into a sgsemi-infinite strip [(0<efn,05R<w®] in -3 plane
as shown in Fig 3.

- A convenient method to solve the equation (9) is to express
Q(s,e) ags the real part of an analytic function and to construct an

appropriate analytic function of the complex variable pt+ie.

The domain in the py-plane can be related to the upper
half-plane of the [-plane by means of Schwarz-Chrigtoffel

transformation

r=w), [=f+in

An approprliate transformation is

y= C u_du + in (10)

1oqutg ) (u=g ) 1-u®

where Co is an arbitrary complex constant. The {-plane is shown in
Fig.4. The transformation given by (10) implies that the points E,A
and D are mapped into {=1,{= -1 and [ =0 respectively.

Equation (10) may be integrated to yleld

£ c .
y = — c . o [1n{I(1—ZZ)(1-(2) + (gc+1} - 1n((+gc)]f_
8u+£c' 1_€Z
14 C "i:,‘ _
e — = [effael e - g} - incgp] v am o an

L J 1-¢

M C M
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Fig.3: The -3 plane.



Fig.4: The -y -plane.
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Considering the change in imaginary parts in M and C, we obtain
—_ E" Co =
e 112
4 C

- Cc o =
g e A1l

1-k (12)

and

k (13)

regpectively.Thus the result (11) becomes with the aild of (12) and
(13 '

y = k[ln{l(l-fi)(l-(z) + CECH} - ln((+z_‘c)] + (1-k)[1n{.[<1—f:>(1—(2)
’(Eu+1} - ln(C-EM>] + im S (14)

- Comparing the coordinate of the point D in the y-plane and [ -plane we

obtain
141—52 1+11—f:

+ ikn =k In —F + (1-k)In —F +ikn (15)

C M

- -1
Yo cosh

<lo

Comparison of the coordinate of the point B in - plane and - plane

results in the relation

1+ ¢ & & -1
kK sin *—2 8 _ (1-k) sin* B2M - ;/2 -e (16)
T T o

B

Equations (12),(13) (15) and (16) can be used to solve for
Corpyrlar £
The boundary: conditions given by (7a-e) turn into the following

caonditions in the [ -plane



n=0, -w&S-E_ : w =0

aw _
77-0, "Ec<f<1 : -a—n = 0
o 2co
T}-O, 1525&8 H Ww = — —“—
n=0, £ _<&<w : w =0 (17a-d)

Before we proceed to construct an analytic function which satisfies
the conditions (17a-d), we will {investigate the relations between .
small distances from the point D in the physical plane, in the p-
plane and in the {- plane. In the physical plane we consider the

distance r-vt in the c¢crack plane e=knm. For (r-vt)/r<d<i we eaéily
establish that

r-vt _ v ~ _y2, 2
= =3 [Coshﬁn - Cosh(?] x [1 v /c] (ﬁb - B)
In the {- plane we find for |{|<<1
_ 1 2
rvr =swl
‘D
2 2 2, 2 T1/2
i.e., " = — o [i-v /¢c ] (r-vti/vt (18)
. o
where
2 2
1-§_ 1-¢
w =k —= + (1-k) ——= (19)
e ¥ e

Equation® (18) has been derived by expanding (14) and
maintaining terms of O((z). The terms O ) in the expansion is found

to vanish with the ald of the results (12), (13).Further the equation
(18) suggests that [ =1in

- 1/2
Mhere n = [c% [1—v2/cz] % r Vt] . (20)

Next, if we take w =Re F(Z) then in view of the conditions
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given by (17) it is fouﬁd convenient to work with F’ ({).Accordingly,

we consider

FP(g) = Fi (L) + Fo (0 o (21)
where
F' (L) = A (22)
' {
(€ =€ O (1-L) €+ )
and F;(() = ! B, 92] - (23)
¢ C

I<1—c)<(+zc)

Integrating (21) with respect to { and using the condition that W

possesses a Jump discontinuity at E=En as seen from (17¢) and (17d)
we find that

= co ‘ . -
A 2E;szn+zc>(fn 1) (24)

Integrating (23) we obtain

- - - £, (1-0r 4L+
Fz(()= Eci[_ cr 1Ikc+gc)(1-() +¢ ‘/2{(1‘fc)c‘2880}ln{Ic . a
J(f

[o]
(o]

(25)

Since the term involving logarithm gives rise to a logarithmid
singularity at =0 which is not acceptable, we require
B = (;—EG)C/2Ec _ (26)

The shear stress at r>vt, e=kn can be obtained using the relation

= ~Im [ F* () %% ]

as

Imj F’ (0 %% dt (27)
r/c



As for all wvalues of k, [ can not be expressed in

terms of t explicitly. Hence for k # O the integration (27) is to be

carried out numerically.

In ordef to extract the singular term we change the
integration of F;(() over .t in (27) to an integration over [ as

follows

n
1
olx

lmI sinh ) Fo ) df (28)
- .

where I' Is the corresponding contour in the {-plane.

Integrating (28) by parts and then changing the variable in thé
integration over F;(() and FZ(C) to the variable s we obtain from (27)

u Sz 1/2 :
Tee™ — 35 [1— :?] Im Fé(() - ul (29)
where I=1 +Cl (30)
3 4
with
co I ' ¢ -2 dg ds
19= 21?5 (E8+zc)(88-1) lm‘[s S E}-’- ‘1- (31O
((—EB) (1—()((+gc)
-1 ¢ —11‘ ds
and 1= &, Imj C €+E (1) ———— (32)

s s"”Jl-sz/c2

The stress intensity factor N, at the crack tip defined by r=vt, e=kn
is obtained using (20), (25) and (28) as .

r—vt 2
Cc

Tw 2.3/2q91/2
N =t Jorir-vt Ty, = -[_-° [1—1] ] pc.]ct/fc (33)

From the asymptotic analysis of the deformation field about a

dynamically extending crack tip,we see that if Tez—+T as r—vt-0 on
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o=k, then the regular term in Toe 25 r— vt+0,0=kn should also be

equal to r. So, we require

+C1 = - EZ sin® coskn ' (34)
Y o

3|e=v 4Ia=v

where laand l‘ are given by (31) and (32) respectively. Equation (34)

gives the value of C,

3. Numerical Results and Discussions

In this section numerical results for the dimensionless

stress intensity factor S where S = N/oJct and N Is defined by1(33)
have been plotted in Fig.5 versus the parameter k which defines the
angle of sgkew, for .different values of v/c and eo. It has bgen shown
in Fig.5 that for fixed value of v/c¢ the values of S decreases with
the increase in the value of k and as the value of v/c increases the
values of S 1is found to decrease which 1s expected from physical
stand point. Again it is to be noted from Fig.4 that the values of S
increases with the increase in the value of the angle of incidence of

the plane waves,
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0.5

Fig.5: Variation of stress intensity factor with k.



CHAPTER III

PROBLEMS ON PROPAGATION OF ELASTIC WAVES IN THE PRESENCE
OF ' TOPOGRAPHICAL IRREGULARITY

Paper 10: Time step SH- wave transmission across a rectangular step.

Paper 11: SH~ wave prbpagation across a vertical step'in two joined

elastic half- spaces
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TIME STEP SH- WAVE TRANSMISSION ACROSS A RECTANGULAR STEP

1.Introduction

In recent past, several papers have appeared on propagation on
elastic wave in materialg with free surface having Irregularities.
Wolf (1967) studied the propagation of Love wave in layers with
irregular boundaries using perturbation method. Adopting the
representation theorem due to Knopoff (1858) to obtain a perturbed
solution of the problem, Knopoff and Hudson (18964) studied the
transmission of Love wave past a continental margin considering the
crust to have an abrupt increase in thickness on the coﬁtinental
side. A series of problems involving the scattering of elastic waves
by two dimensional and three dimensional topographical irregularities
have been solved by Sanchez- Sesma (1979, 1982, 1883, 1985) by using
a newly developed boundary method. The diffracted wave fields are
constructed with linear combinations of solutions which form c-
complete families for the wave equations and boundary conditions are
then satisfied in a least square sense. Bose (1975) was also solved
the transmission of SH- wave across a step like irregularity in the
surface of an elastlc half- space .by a different method. He
considered a time harmonic plane SH- wave in the form exp{i(wt-kX)}
propagating in the direction perpendicular to the step and solving
the resulting 1ntegrél equation asymptotically, transmitted wave at
distance far éway form the step was obtained. Dutta and Mitra (1874)
have presented the SH—.wave motion In an elastic layer of different

shear wave velocity.

In this paper, we studied the problem of
transmission of time step SH- wave motion across a step like
irregularity in the surface of an elastic half- space consisting of
two quarter spaces' of same material Jjoined along the common
boundary. Considering the incidént wave In the form H(T-X/c) where
H()> 1is the Heaviside- step function the 'problem is reduced to an
integral equation by using integral transform and Green’s function
technique and finally wusing Cagniard- Dehoop’'s method of finding
inverge Laplace transform, , transmitted field at any distances form

the step on the free surface has been determined using iterative
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procedure. Numerical results have been presented in the form of graph

to illustrate the nature of.tfansmission.

2. Formulation Of Problem

The transmission of SH- wave across a step like irregularity in the
surface of an elastic half-space consgsisting of two quarter spaces of
same material joined along the common boundary X=0 has been
considered here. We introduce the axes of coordinates as shown in
Fig.1. Denoting the coordinates of a point in the X-Z plane by (X,2),
we take the incident plane SH- wave as H(T-X/c), where H(x) is the
Heaviside’s step function, so that the propagation is from higher

side to the lower side of the step.

Let V ,V_be the Y- components of the displacement in’
the two media | and [l respectively. The field equations are wave
equations in two media and boundary condltions are that the shearing
stress vanishes everywhere on the outer boundaries Z=O,X<O,;X=0,0SZSH
and Z=H,X>0 the displacement and stress are continuous on the
interface X=0,Z2Z>H. |

Taking Laplace transform of these wave equations and

boundary conditions with respect to time T(with parameter p), we get

2 2 2
2 _,+ 2__ Elv, =0 (1)
| ox* az2° & |
[ 2 2 2 ]
2-; + 9 _ Efv =0 (2)
| ox az®  &* |
] aV;
— = 0 for X<O
. 3z |z=0
[ av; ,
__ =0 for X>0
| 92 | z=H
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X<0

\\\Al

H(T- X/C ) —AA——>

WALAALLANYANNSY S SNy

Fig.1: Geometry and coordinate system.



aVé
—_— = 0 for O<Z<H (3a-c)
X -0

aVz . th

—_— = - for Z>H

2% {x=0 X |x=0

V;(O,Z) = V;<o,z> for Z>H (4a,b)

where H is the height of the step.

We represent transverse displacement in two domains X<O
and X>0 in the form

vV
z

H

H(T-X/¢c) + H(T+X/c) + V;(X,Z,T), X<0, 2>0

"
1

Vi(X,Z,T), X>0, Z>H. (5)

Obviously V; which is Laplace transform of V;(X,Z,T) gsatisfies the

the equation

2 2 2 ,
@ . o _ Bl =0 6)
axz 82? c 2

\

3. Reduction to integral equation and its solution

We introduce Green’s functions Gi(X,Z:R,S) and GZ(X,Z:U,W) in medium

I and 11 respectively such that Gz(X,Z:U,W) is the sgolution of
2 2 2
2 _ fL; - E 1 g x,z:U,W) = -4ns(X-U)6(2-W) (7)
aX az c

for medium Il with vanishing normal derivative at X<0,Z=0 and at X=0,
2>0. Similarly, Gi(X,Z:R,S) defined with reference to medium | 1{s the

solution of

axt a7z c

——
|®
N
+
M)
N
N

— E; ] G (X,Z:R,S) = -4n&(X-R)S(Z-S) (8)
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and satisfies the vanishing of normal derivative at X>0,Z=H and at
X=0, Z>H.

Now multiplying equation (7) by V; and equation (6) by Gz,

then subtracting the resulting second equation from the first, we
obtain

V', - GV = - 4m VL (X,2) S(X-U) 6(2-W)

where ¥° is the Laplacian operator in the X-Z plane.

Integration of this over the region of medium Il yields

- 4m VO (U, W) = J-J [V'VZG - G VU ]dx dz
2 2 2 2 2

"where I' is the boundary of the medium Il and n i{s outward drawn

normal to it.
aV;

and a similar application of Green's theorem to medium I yields

4n V (R,S) = — Jm G (0,Z:R,S) [
1 H 1 i

Subgtitution of (9) and (10) into the equation (4b) yields with the
aid of (4a) and (5) the integral equation

14

Therefore, 4 V;(U,W)

9 o
<l

]x=o az (10

': ' av :
1 -
14 [GZ(O,Z.O,U) + Gi(O,Z.O,W)] [ 57{]X=0 dZ = — Bn/p (11)



To evaluate the Green’s Function for the medium I and 11 Foupier

cosine transform with respect to 2Z has been taken. With this

application of Fourier cosine transform, equation (7) reduces to

ordinary equation viz

dZG:/dx? - (a2+p2/cz)G: = -4rcos(aW) &(X-U)

where

G¢ = fw G (X,Z:U,W) cos(aZ) dZ.
2 0 2

Solution of the above differential equation can be taken as

G = A cosh(px) &Y, U

= A cosh(iU) eﬁx, X<U

where the unknown constant A is determined as follows

azelV

[sinh(BU) - cosh(U)] = -4mr cos(alW)
or A = 4n cos(aW)/p3

Hence taking inverse Fourler cosine transform we find

RU
G, (X,Z:U,W) ij Eﬁ— cosh(3X) cos(aW) cos(aZ) da  0=X=U
0 .

8 N:E cosh(f3U) cos(aW) cos(aZ) da -wo<X=ZU (12)
0

wvhere (32 = az+pz/cz.

Again introducing Fourier cosine transform defined by

1

G° = fm G (X,2:R,S) cosa(Z-H) d(Z-H)
0

in equation (8), we obtain,
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Gi(X,Z:R,S) = Bfm Nl cosh(3X) cosa(S-H) cosa(Z-H) da O0<X<R
0

-B3X
l = afm Sﬁ— cosh(BR) cosa(S-H) cosa(Z-H) da RSX<w  (13)
0 )

On substitution of these values of Green’s functions in the integral
equation (11), it takes the form . '

av
1 cosa(W-H)cosa(Z-H) cosaW cosal _

Substituting W=wH, Z=zH, we obtain form (14)

im av im ; ‘m av
1 cosaH(w-1)cosaH(z-1) _ ' 1
H 1[ _6X]X=O dz o 3 da = — nn/p — H 1[ _ax]x=o c;lz

cos(aHw) cos(aHz)
x dat
0 3

On inversion with respect to a, it takes the form

v o ' - £3Y
' 1 cosaH(z-1) . 2H _ 2H* 1
HJT[ 57])(=0 B dz = — ——p— j‘jCDSGH(W 1) dw — T 1[ ﬁ]x=o dz

x EEEﬁﬁﬂE) dr cos(THwW) cosaH(w-1) dw (15)
0 p(T) 1

where 3(r) is obtained form {3 by replacing a by T,

Next uéing the regults

jm cosoH(w-1) dw = r&(a)/H ' (16)
1 .
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and Jé sinaH(w-1) dw = 1/aH (17)
1

it can be easily shown that

costHw cosaH(w-1)dw = n cos(TH)[5{(T+a)H}+6{(T-a)H)] - 1_§iﬂiiﬂi
1 < Ht2- o)

- (18)

where &(x) i{s the dirac &§- function.

Using equation (18) in equation (15) and oan
simplifalication {t reduces to the fornm

H f!; cosaH(z-1) dz = — né (o) + E f!} sin(aHz)sin(aH)d
, L3 jx=0 ] P 2], 3% Jx=0 IE] —cz

H 8V1 cos(tHz)sin(rH)
* 2] 1 3% Jx=0 Y T (19
~ 1 0 plri(t - o)

'4.Evaluation‘of Displacement

Substituting the value of Gi(O,Z:Ris) form equation (13) in equation
(10) we obtain

- | av . S
4nV (X,S) = — BH e X cosaH(s-1) da [ ——f] - cosah(z=1l) 4,
4 ) - L 9X Jx=0 I

where S=sH. Inserting the result (19) in the above expression we filnd

-pX/c _ av _
V(x,s = & _ HIe™®X sosatis-1)da [ _‘] _Sosal(z-l) 4,
' P ] , L X Jx=0 i
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2 .
+ gﬂ— e BX cosaH(s-1) da fm —%17 fm cos(THw) cosaH(w-1) dw x
=% Jo o fl7 0
: aV;
xJ:[é’i]X=0 cog(THz)dz (20)

3

We can compute V;(X,S) form equation (20) by iterative process. We
take the first iterate of (20) as

_ e-pX/c '
V(X,8) = ———— (21)
1 P

av
1
Deriving [ 5?:]X=O form (21) and substituting it in the
gecond term on the right hénd sice of (20), the second term, with the
-pX/c

aid of (16) becomes —————,
2p

Similarly, with the aid of (16) and (17), the third
term on the right hand side of (20) becomes :

-pX/c 2 _
- £ + 2H aw] e X cosaH(s-1)cosaH(w-1)da| S8S¢THWI cos(zH)
2p x%c J1 0 : 0 T3 (T)

Thus the second iterate is

-pX/c

2
V (X,S) = = + 2H fm dw Jm e X cosoH(s-1)cosaH(w-1) da x
1 P 2

ncJ1l 0

9 cos(THw)cos(rH)dT (22)
0 T3 ()

In order to find the displacement on the free surface, the next task
is to put s=1 and obtain Laplace inversion of the right hand side of
(22).



248

ipH(w+1)v ipH(w-1)v

cos(zHw)sin(tH) .1 e — @
Now f: TH ) dr = 1P JT; dv

v Jv2+l/c2

where T = pv.

Deforming the path of integration to the path parallel
to the imaginary v- axis round the branch polint v=1/c, the above

integral can be reduced to the form

: -pT -pT
Aol w1 e a7 — (wHi) e aT
2p 2 2, 2 ‘ 2 2, 2
T T?- H? (w-1)%/c TdT? - HE (wt1)3/c
H(w-1)/c¢c ' : H(w+1l)/c¢c
' ' (23)
‘Further
: —p[lu2+c_2 X - iuH(w-1)1
-BX. . 1
e cosaH(w-1) da = 5 p e du
0 - o

which by the well known Cagniard- Dehoop transformation reduces to

-pT
pxjoo Te dT (24)

2 _ p2,.2
B/G R]Tz R%/c

the form

where R2 = X? + Hz(w-l)z.

Substituting the results (23) and (24) on tha right hand

side of (22) and taking the Laplace inverse transform, we obtain

c*1®-x*
~SHCT

H(T-X/C) J EL% dw x
1 R

1+

Xu2

T C

Vi(X,H,T) = H(T-X/C) +
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T-R/C

(T-o) do |
x  H(T Xt2H
' C
2 _p2 2 2 2, 2
o) - - -1)%/
H(w~-1)/c OI[(T )2-R%/C*%11o% -H (w-112/C% 3
2 2 .
(CT-2H)2 -x
1+ T-R/C
eRecTmED (T-o) do
wti
dw
R2
! 2 .2 ,.2 2 P
Hwe1) e @V L(T-02%-R*/C* 110" -1 (ur1)%/c%)

(25)

which represents the displacement due to transmitted wave in the free

surface of the medium 1.

Introducing X=Hx, T=Ht/ec, o=Ho’ /¢ and writing

A=t+]x2+(w—1)2, B=t-]xz+<w-1)2 , D =w-1, E =-D so that A>B>D>E; we

get from (25)
1+t - X

2t
X w-1 2
Vi(x,l,t) = H(t-x) + - H(t-x) -3 dw x
114 1 X +(w-1) |
axﬁ1

2t t ' S—
x [-—B Ném/z, =6 /B,90-C 3 -+1)F(n/2,q1)]} — H(t-X+2) x

e Lt=2% "
2(t-2)
x —ﬂ*—dw 2 [—Z—En(n/z,—é /8,9 )« A3 +1) x
1 w2+ (w-1)2 J—_——— D 2 "2’ T2 D
o‘2(?2

x F(n/z,qz)]} dw ] (26)

where
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and D,E are obtained from D,E respectively by replacing w-1 by w+il

and n(¢,n,k), F(¢,k) are elliptic integral of third and first kind
respectively.

S. Numerical results.

To show the nature of the motion, we have evaluated numerically the

displacement curve for transmitted wave. The results shown in Fig.2

depicted the variation of transmitted wave versus dimensionless time

t for different values of x. Due to the presemce of the step, the

value of the displacement is found to increase initially at the

arrival of the displacement an abrupt decrease after a small interval

of time. Also, as expected‘from physical stand point, the initial

increament in the value of the displacement is forund to decrease

gradually with the increase in distance from tﬁe-step.
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Fig.2: Variation of transverse displacement with time,



292

SH WAVE PROPAGATION ACROSS A VERTICAL STEP IN TWO JOINED ELASTIC HALF

' SPACES

1,Introduction-
The problem of propagation of elastic waves in the presence of surface
irregularities has been studied by several Investigators. Abubakar
(1963) studied the effect of an irregular surface with an isolated
irregularity like a tough or ditech on incident harmonic P- and SV-
waves. Propagation of Love wave 1in an elastic layer héving an
irregular boundary overlying a rigid half-space has been treated by
Wolf (1967) wusing perturbation technique. The transmission of elastic
waves across a step like irregularity in the surface of an elastic
half-~space is of great Importance in seismology in connection with the
pfopagation_of waves from ocean basinsg to continental regions and vice
versa. Knopoff and Hudson (1964) studied the transmission of Love
waves past a continental margin considering the crust to have an
abrupt increase in thickness on the continental side. The transmission
of SH-waves across a step lilke irregularity in the surface of an
elastic half space was also considered by Bose (1975). Sato (1861)
discussed the problem of propagation of Love wave in an elastic layer
of wvariable thickness . overlying a semi-infinite elastic mediuh.
']pproximate expressions for the transmission and reflection factors
are obtained by }he application of a method based on Wiener-Hopf

technique.

In this paper, we consider the propagation
of SH- wave in a medium consisting of two welded quarter spaces of
different materials and having a étep change in elevation at the
vertical interface. The problem reduces to an integral equation by
using transform and Green’s function method and finally applying the
method of steepest descent, transmitted ana reflected fields at large

distance from the step have been determined. 1t may be mentioned in
this connection that the problem of transient shear wave in a

half~-space composed of two joined elasgstic quarter spaces of different

Published in ' Journal Of Technical Physics " Vol 33, 3-4, pp 411-420,
1992.

H
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materials are subjected to time varying shear tractions at the free!
. surface, parallel to plane of . juncture has been solved by Achenbach
(1969). Datta and Mitra (1974) also considered SH-wave propagation in
a composite elastic medium consisting of an elastic quarter space in
Qelded contact with  a uniform layer of different shear - wave

velocity.

2. Formulation Of The Problem
We consider two gquarter spaces of different materials jolned along the
common boundary X=0 in such é way that there is a step change in
elevation at the free surface. We consider the axes df coordinate as
shown in Fig 4. Denoting the coordinate of a point in the X-Z plane by
(X,2), we take the incident plane SH-wave as exp[i(wt-KZX)] where
K2=w/cz, so that the propagation is from higher side to the lower side
of the step. .
The boundaries 2Z=0, X<0; Z=H,X>0 and X=0, O<Z<H
are assumed to be stress free. Omitting the time factor exp(iwt), let
VI(X,z),Vz(X,Z} be the SH-wave displacement component in two media (1)

and (lIl)regpectively in Y-direction which 1is perpendicular to the
plane of the paper,

. The fleld equations are wave equations in the two
media and bopndary conditions are- that (i) The outer boundary 1is
stress free and (ii) the displacement and stress are continuous on the
interface X=0, Z>H. uy,p,c are assumed to be the modulus of rigidity,

density and shear wave velocity with apprbpriate suffix for each of

the two media.

Introducing the dimensionless quantities

We get from the wave equations and boundary conditions



X=<Q

ellwt-kX) A~ |y

Fig.1: Geometry and coordinate system.

4
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. L2 2
2 .2 ., k: ] v, © 0
L ax® az*
- a2 2
__—a ot -——a + kz] V2=O (2.1)
| o0 "o 2
av2 :
H, — =0 faor 0<z<1
ax x=0
av2 .
H, — =0 for x<O (2.2)
az z=0
av1 :
B, o— =0 for x>0 (2.3)
8z z=1
ov avz
Iy, N = M, =0 for z>1
*ax |x=0 ax |x=0
vi(O,z) = vz(O,z) for z>1 (2.4)

where H is the height of the step and kf= uszh%, \Q(X,Z>=%(x,z),

i=1,2., We represent transverse displacement in the two domains x<0 and

¥>0 in the form

v, ZCOSkzx + v;(x,z) x<0,2>0

v, = vi(x;z) ' x.0,2>1 ' (2.5)

3. Reduction To Integral Equation and Its Solution
We introduce Green’s functions Gi(x,z:r,s) and Gz(x,zzu,v) ‘for the

medium (1) and (I1) respectively such that Gz(x,z:u,v) is the solution
of
+

8)(2 azz

a° a° 2
[ . + k2 ] Gz(x,z:u,v) = —4nd(x-u)d(z-v) (3.1)

for medium (I'l) with vanishing normal derivative at x<0,z=0 and at
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x=0,2z>0. Similarly, Gi(x,z:r,s) is the solution of

—

6x2 2z

az az ’
[ =+ k':’ ] G (x,2ir,8) = -4nd(x-r)é6(z-s) (3.2)

and satisfies the vanishing of the normal derivative at x>0,z=1 and at
x=0,z>1.

From equation (2.1b) and (3.1) we obtain by applying
Green’s theorem to the medium (II) and using appropriate boundary

condition
, avy 4 |
4nv;(u,v) = IT Gz(o,z:u,v)[ T ]x=0 dz (3.3)

and similar application of Green’s theorem to the medium (1) yields

av
- - . _-—. 1
4nv‘(r,s) = IT Gi(O,z.r,s)[ 3% ]x=0 dz (3.4)

Substitution of (3.3) and (3.4) into the equation (2.4b) yields with
the aid of (2.4a) and equation (2.5) the integral equation

Hy av1
G (0,2z:0,v) + — G (0,2:0,vV) —_— _ dz = -8m (3.5)
. 1 H, 2 ax x=0

The expregsion of the Green’s function for the medium ([I) will now be
derived wusing Fourier .cosine transform with respect to z; which
reduces the determination of Gz(x,z:u,v) to that of a Green’s function
for an ordinary differential equation. Accordingly taking Fourier

cosine transform defined by

- (o - kz) G~ = -4mcos(aviS&(x-u)

from which we obtain in a straight forward manner



3. u
G (x,z2:u,v) = Bfm s cosh(/?2 x)cos(av)cos(az) da u< x<0
2 3. 2
0 "2 .
(3.6)
Bzx . .
= 8 2 cosh(3 ulcos(av)icos(az) da -00<{x<u
3 2
0 "2
2 _ 2 2
where ﬁz = a kz .

Again introducing Fouriler cosine transform defined by

G: =Jm Gi(x,z:r,s)cosa(z-i)d(z—l), we obtain from equation (3.2)
0 .

- (ocz—_k:) G: = -4 cosoi(s-1) &(x-r)

dx2

from which we obtain easily

. -3 r
1 N
Gi(x,z:r,s) = Bfm g— cosh(ﬁix)cosa(s-l)cosa(z-i) da O<x<r
0 " '
(3.7)
e_ﬁ1% '
=-8Jm A cosh(Bir)cosa(s—l)cosa(z—i)-da r<x<wm
0 '
2 _ 2 2
where ﬁ1 = o k1 .

On substituting the values of Gi(O,z:O,v) and Gz(O,z:O,v) from

equations (3.7) and (3.6) in the equation (3.5) we obtain

av1 4 cosa(v-1)cosa(z-1) “1 cos(avicos(az)
- _~ dz + — da = -n
1 Ix x=0 0] 3 P ﬁz

1

avi cosa(y-1)cosal(z~-1) - Hy av1
% | x=0 dz 7 da = =7 - —| % x=Odz *
1 0 1 Had 1

coslav)cos(az) .
x . da
0 3

2
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Taking Fourier cosine inverse transform with respect to a, we get

dv‘ QOHNlY 1) h 2“. v dv‘ '
[ é] o RomaiY 2 g = -2] cosatvel) dv oo [ ] P
1 k Ju=0 r, { - i, gy x| x=0

w | .
X 2251151 dr cos(tv) cosaf(v-1) dv (3.8)
0 ﬁz(r) 1

where (3 (7) is obtained from Bz by replacing a by 7 .

Next using the results that

ro0

cosa(v-1) dv = 7 (x) : (3.9)
J1
o 1
gina(v-1) dv = = (3.10)
J1 a
it can be easily shown that
Iwcos(rv)cosa(v—l) dv = % cosr[ S(T+a) + 6(T-a)] —.Igilﬂg (3.11)
1 T - o

where &(x) is the Dirac &-function.

Using these "'results and after a little algebraic
manipulation it can be easily shown that equatidn (3.8) reduces to the

form

J‘D[ -———av‘] cosa(z-1)dz = - PHg0, P8 () + H., [av‘]
1 Ix Jx=0 N “zﬁs ¥ ”2@2 #‘ﬁ1+ “zﬂz 1 Ix Jx=0

. (’ yei 4z + 2y1ﬁ1ﬁz [ avi] dz " T cos(tz)sinT it
x sin(az)sina l = ._ I .
Tl B KBy L 9% [x=0 0 3, () (r2- &%)

(3.12)
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A.Evaluétion Of Displacement
Substituting the Qalﬁe of Gi(O,zgr,s) from equation (3.7) in quation
(3.4) and then using the result (3.12), the displacement in the medium
I is obtained in the form ‘

-(3 X ) A
v (x,s) = ——Eﬁiﬁiﬁ e‘iktx - 2“1Ime ' cosa(s-1) da x
+ . H1k1+Hz 2 T lo “J?1+ “zﬁz

_I?x

1

Ve in(az) 1- dz 4“1 ﬁze cosa(s-1) dox 0v1 dz
x . a7 | x=gSintaz)sina - = , I | x=0

0 ‘“131+ #282

< Im T cos(r:)si:r dt (4.1)
- Jo ﬁz(r)(r - a )

We can compute-vi(x,s) iteratively solving equation (4.1) and using
asymptotic values of integrals arising in the right hand side of (4.1)

!

for large values of x.

The first iterate is

2y2k2 . Tik x

v(x,8) = ——m———— e (4.2)
* “1k1+“2k2 ’ '

which is obviously the displacement in medium (I) in the absence of

step change in elevatian.

v
Y :

Deriving E;T]x=0 from the first iterate given in

(4.2) and using this in the right hand side of (4.1) with the aid of

(3.10) it can be easily show that second term {n the right hand side

of (4.1) takes the form.

_Bx
1
| = 21k1kz“1y2 e cosa(s-1)

. n(p1k1+p2kz) a(u + u 3
. 0 174 272

sin2a da (4.3)
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Which, for large values of x, can be evaluated asymptotically by the

method of steepest descent. therefore, for large x, we find

1

exp{mi/4 — iktx)

1/2
bu ko p_k K
—rr 22 (4.4)

(u1k1+ uzkz)2 2 x

Similarly, with the ald of (4.2) and the result given in (3.9), the

third term in the right hand side of (4.1) reduces to the form

_31 X

8iu k u_k sin®t f,e cosa(s-1)

| = 1 1272 2

= — dr -
2 ' 2 2
n (y1k1+ pzkz) 0 ﬂz(T) o(p1ﬂ1+yzﬁz)(a - T7)

dat (4.5)

In order to evaluate asymptotically for

large values of x, integrals
of the type

f(a) -ﬁ;x
1r = —_— ] do
* (a® - Tz)
o .

we have to take into account the residue at the singularity a

= 1T in
addition to the integral along the steepest descent. Thus we get
‘ ' -3 (t)x . nk q1/2
. f(t) ﬁ: . 1 £(0)
l1 ~ ni e - [ ETJ > exp(ni/a ikix) (4.6)
2T T
Using this result in(4.5), for large values of x, we obtain .
4p‘k1p2k2 k1 1/2 o
12 ~— = = 2 M explmi/4 — ik x) (4.7)
(u &k + k) 2n x *
4 1 2 2

where
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2ik sinzr " ‘
M = - 2 — dr - (4.8)
o’ Bz(r)
1 2 . 2
o - g8ink t o4 sin kzt
= 2 __ dt + dt
nkz nkz

0 tZ2J1 - ¢ 1 t3yt%- 1

= J - 1Yy

Following Bose (1975) it can be shown that

2k : ' zk2 .
J=J2J(z)dz—J(2k)and Y=J Y (z) dz — Y (2k ) —
[s] 1 2 [o IR 1 2

0 0

1
ntk
2

" Thus from (4.1),(4.4) and (4,7), the second iterate, for large x, is

/2
2u k 2(1-Miu k k y?! nisza
H H _s
vi(x,z) = 22 [ 1+ 14 { 1 } e ] e 1k1x (4.9)

+ .
“1k1+“2k2 u1k‘ szz 2%

If we neglect terms of order 1/x, the higher order i{terates yield the

same expresgsion.

Now in order to find out displacement component due to reflected wave
in the medium (Il), we rewrite the equation (3.12) with the aid of
equation (2.4a) and (2.5a) as

.rn[ 3V2] cosa(z-1)dz = - 2nu1ﬁ1ﬂzé(a) + “‘ﬁ‘ [m[ av;]
1 ax | x=0 ”1!?1 + “zﬁz "N “2(?2 1 3x |x=0

1 1

, . R 2#;6182 aV; T cos(tzl)sint
x sintaz)sina dz + TN 75 F T x=0dz > p dr
Hyl?y Hal?2° 1 0 BZ(T)(T —_a)
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Taking inverse Fourier cosine transform with regpect to 2z, we get

av’, C 2ipk Kk e}
[a 2] 0 = " k‘ =2 = %Jm ._T?_%_‘_-ﬁ— cosa(z-1)da x
L R Ho¥y TR o Py Hl%

Im[ av;] ' ' 4 Pﬁﬁiﬁz ‘ Im av;
_A8in(au)sina du + — cosa(z-1)da [ ———] _~du
J1 63 1%x=0 2 o(p‘ﬁ‘ f,uzﬁz) 1 ax |x=0

_x-r T °°5(T:’Si:T dr (4.10)
0 B, (x) (%= o) :

Thus substitution of equation (4,10) in equation (3.3) with the aid of
equation (3.6) ylelds

s 3 x
2y1k‘ lkzx 41“1k1kz e ° coslav)sina
e + : dat
+ k wlu k + 2 k)
11 "2 2 1 2 22 |q a ﬁz

Vi (x,v)=
2

R e i o -
Mil

1 cos (av) o ov; ‘ - 4
+ ;’ o sin2a da Jé[ 8xz]x=0 sin(au) du - —hx
0 Bz(“131+ “zﬁz) ! T

B_x : ; _ , ' ,
a e 2 cos(av)sina A sipa do’ v . '
’ dex P Z x| x=0 sin(a’u)du +
0 “Bz 0 (y161+ uzﬁz)(q — ot I

3 X

2
apl 819

cos (av) T sint | S
* — — coéd<dafw P drfm['axz]x=ocos(ru)du—
4 o (y1ﬁ1+ pzﬁz) - J0 ﬂé(r)(r - a’) 1 . ,

- dat
v ’ 2 2
T Jo A, o (BB TH B, ) (ot — a” )

3 x ' e
B " & % costav)sina ‘ 3,1, do’ fw T sint it x
OBZ(T)(TZ— oy
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( av;
xfj[ % ]x=ocos(ru)du {4.11)

where ﬁ; and B;-are obtained from 61 and Bz by replacing o by o’

to solve equation (4.11) iteratively, we take the

Now

firgt iteration asg

3. %

-2u k ik x 4ig k k 2 o
Ve (X, V)= t 1 . oz, 11 2 e cos (av)sina dox (4.12)
2 yak1+“zk2 n(“1k1 ¥ pzkz) o 3
o 2
av; 2ik2u1k1
i.e., [ ] A T —_— (4.13)
ax | x=0 p‘k1+p3k2

The asymptotic evaluation of (4.12) for large values of x by the

method of steepest descent yleld the first iterate as

1/2

-2u Kk 2k, ni/‘4 ik, X _
v (x,v)= — 2% | ¢ _ , e e (4.14)
2 d ok otk

1 1 2 2 -TX

’ ’ oV’
The second iterate is obtained by inserting the wvalue of [5§£]x=0
given in the equation (4.13) on the right hand side of equation (4.11)

and using the results

Jm sin(az) dz = cosa and Jm cos(az) dz = né(a) — sina
1 o 1 al

and then evaluating the integrals on the right hand side of (4.11) by

the method steepest descent for large value of x. Thus we ocbtain the

second iterate as

1/2

-2y1k1 (1—Mip k k2 ni/a 1kzx
vetx, vy — 2t i 2[1— T ‘k‘) e e (4.15)
Hy Ry TH2 2 Hy¥a TH%) L -2r x
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where M is gliven in (4.8)

Thus from equation (2.5a) and (4.15) we get

—ikzx . ;uzkz—p1k1 ) 4y1k1 [ ~ (1—M)p1k1
“1k1+“zkz “1k1+“2kz “1k1+P2k2

A

£

v (x,v)=e
2

(4.18)

" 5. Numerical Results and Discussions
To investigate the nature of the motion, we have evaluated numerically
the increment in amplitude due to the step for both transmitted wave

and reflected waves. The results are shown in the form: of graphs
showing the variation of I;Avrr with kz for different values of yz/y1

in Fig.2 for ‘transmitted wave and the variation 4{-x AVZR with kz in

Fig.3 for reflected wave, where

2u_ K ' Ho k- k
AV1T = l Ve | T Rk iyzk and sza = 1 Vg - “2k2+“1k1
114 "2'2 - Tas Tz e

where Var is the reflected part of v; .

The value of -I; Avrr is found to increase gradually

with the increase in the value of yz/,u1 and for all values of'pz/p o

it is foﬁnd that the maximum value of I: AVfr occurs at k2 = 0.75. It

is also observed from Fig.2 that I; AVfr is positive for all values of
kz and 'yz/p‘, that is the amplitude of transmitted wave is always
greater than that of transmitted wave in the absence of of the step.
Moreover, with the increase 1iIn the values of kz the graphs show an

undulating character with decreasing amplitude.

From Fig.3, we see that the Qalue of - X AV2R gradually decreases with
the increase in the value of,yz/u1 and shows a gradual increase as the

value of k2 increases.
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TWO COPLANAR GRIFFITH CRACKS MOWNG IN A STRIP
UNDER ANTIPLANE SHEAR STRESS

A.N. DAS and M. L. GHOSH (DARIJEELING)

1. Introduction

In fracture mechanics, the problem of diffraction of elastic waves by cracks of finite
dimensions in a strip of elastic material has been investigated by several authors. Sth and.
CHEN [1] investigated the problem of propagation of a crack of finite length in a strip
under plane extension. The resulting mixed bounadry value problem was reduced to the
solution of a Fredholm integral equation of second kind, which-was solved numerically.
Closed form solution for a finite length crack moving in a strip under antiplane shear
stress was also obtained by SINGH er al. [2]. As regards the dynamic crack problem,
research has been restricted mainly to the case of a single crack because of the severe
mathematical complexity encountered in finding solutions of two or more cracks. However,
using finite Hilbert transform techniques developed by SRIVASTAVA and LOWENGRUB [3],
LOWENGRUB and SRIVASTAVA [4] solved the statical problem of distribution of stress
in an infinitely long elastic strip containing two coplanar Griflith cracks. The scattering
of time-harmonic normally incident plane waves by two parallel and coplanar Griffith
cracks in an infinite elastic medium has been studied by JAIN and KANWAL [5] and more
recently by ITou [6]. The problem of diffraction of elastic waves by two coplanar cracks
moving steadily along the interface of two bonded dissimilar elastic media has recently
been studied by DAs and GHOSH [7] using Hilbert transform technique.

In this paper we have considered the problem of propagation of two complanar
YOFFE [8] cracks moving steadily in an infinitely long finite width strip. Employing Fou-
rier transform and finite Hilbert transform technique, closed-form solutions are obtained
for wwo cases of practical interest. Firstly, the case when the rigidly clamped edges are
pulled apart in opposite directions is considered. Secondly, we have treated the case when
the lateral boundaries are subjected to shearing stresses. Exact expressions for the crack
opening displacement and the stress intensity factors have been derived in both the cases.
Finally, numerical results for stress intensity factors are presented graphically to show
their variation with crack speed for different values of the lengths of the cracks.

2. Formulation of the Problem

We consider two cracks of finite lengths placed on the X -axis {rom —b to —a and from
a to b with reference to the rectangular coordinate system (z, y, =) which, referred to a
fixed coordinate system (X, Y, Z), is moving with constant velocity » along X -direction
within the strip of elastic material occupying the region —&/ < ¥ </, as shown in Fig. 1.
In dynamic problem of antiplane shear, the non-vanishing component of displace-
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ment W directed in the. Z-direction satisfies the equation of motion
P*w + w1 *W
aX* = 9Y? & o’

(2.1)

where ¢z = (;t/p)!/? is the shear wave velocity and p is the density of the material. The
non-vanishing components of stress are

oo = #8W
rz T MHay
X

2.2) gw
ayz = ﬂ—é?.

Y Y

vt

Lo/

F1a. 1. Moving cracks in a strip under antiplane shear.

Using Galilean transformation 2’ = X —vt, ¢y = Y, 2/ = Z, ¢ =, where (', ¢/, 2')
is the moving coordinate system shown in Fig. 1 and, next, introducing the dimensionless
coordinates x,y, = such that 2’ = zb,’y’ = yb, 2’ = zb, I’ = hb, Eq. (2.1) reduces to

‘ *w W
2_- —_— =
-(2.3) "5 a 0,
with
(2.4) _ st =1—v*/c.

3. Boundary Conditions

We consider two basic problems of practical interest with different boundary condi-
tions. o :

PROBLEM 1. The edges of the strip y = +h are assumed to be rigidly clamped and
displaced laterally in opposite directions by an equal distance wy, where wy is a constant.
As a result, antiplane shear motion takes place in z-direction, whereas cracks move in the
z-direction and the boundary conditions are

(3.1) W(z,+h) = twy, —00< z < 00,
(3.2) 0y:(2,0)=0, d<|e]<],
(3.3) W(z,00=0, 0<]z|<d, [z|>1,

where d = a/b.



Two coplanar Griffith cracks mow’izg . © 481

In order to apply the integral transform technique it is necessary-to solve a different but
equilvalent problem which can be obtained from the problem of a clamped strip (without
any crack) subject to a uniform strain. The equivalent stress condition on the crack are

(3.4) y:(,0) = —’—‘Z’—", d<|z|< 1

and the displacement must satisfy

@35) - W(z,0)=0, 0<|z|<d, [|2|>1,
(3.6) Wz, £h) =0, —oo<z<o0.

PROBLEM 2. In this case uniform shearing stress py is applied to the upper and lower
boundaries y = +h of the strip. The equivalent problem in this case involves the appli-

cation of the shear stress —po to the crack faces at y = 0. Accordingly, the boundary
conditions are

3.7) oy (e, £h) =0, ~oc0 <z <0,
(38) O'y;(:l:,O) =—-py, d< |.C| < 1,
3.9 W(z,0)=0, 0<lz|<d, |z|>1.

4.Solutions of the Problems

Due to the symmetry about (z, z)-plane we need to consider the region 0 < y < h
only. Employing

(4.1) RUA© €~ 21 =[2 [a@eosennds
0
and
(42) FIA©) €~ 2= \[2 [ a@sinen)
0
we obtain the solution of Eq. (2.3) as ,
(4.3) W(z,y) = FAi(€) exp(—Eys) + 42(€) exp(Eys) : € — z),
with

(4.4) oy:(2,y) = pusF[E{—A1(€) exp(—E€ys) + 42(€) exp(Eys)} : € — ).
PROBLEM 1. Using the expression for W(z, y) given in Eq. (4.3) in Eq. (3.6) we get

- A(6)
A = T ey

_ —A()exp(—2¢hs)
Ax(8) = 1= exp(—2£hs)

where () is to be determined.
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From Eqgs. (3.4) and (3.5) we find that A(€) satisfies the set of triple integral equaiions

(4.5) FLEA(E) cth (Ehs) 1 € — 2] = ;f—;’ d<z<l,
(4.6) FlA(): £ —2]=0, 0<z<d, z>1.
Let us take
1

4.7) A€) = %\/g f a1(r)Sech® (er)sin(er) dr,

A ; , _
1t is clear that the above choice of A(¢) satisfies Eq. (4.6) if and only if

1
(4.8) J 91(7) Sech? (er) dr = 0.
d

Equation (4.5) can be written as

_ d ) 1wy
(4.9) %F,[A(E)clh(fhs).f—rz] =75 d<z <l
Inserting Eq. (4.7) in Eq. (4.9) and using the result [9]

T cth(ehs)sin(ér)sin(€z) , 1. | th(cz) + th(cr)
(4.10) (»)f 13 dg = 2 log th(cz) — th(cr)|’
where ¢ = 7/2hs, we obtain
! 2
(4.11) f ch(Tz) Sech (CT3 th(er) dr = w(z, Cd<z<l.
p th® (er) — th* (c2) hs Sch” (cz)

Substituting th (er) = Ty, Eq. (4.11) is found to reduce to the form

T TATDAT | w

4.12 =
(4.12) T-XT (=X

Dl < 1\’] < 111

where Dy = th(ed), I) = th(c), X1 = th(cz) and A(TE) = gi(7).
Using finite Hilbert transform [3], the solution of Eq. (4.12) is

2 Z‘w() ch (C(l) Tl2 — D%
. = A(T?) = L +
413) () = AT = G Ty ToT2

+

I\’l
[(le - Dlz)([1Z - 7'12)]‘/2,

where the constant K| determined from Eq. (4.8) is found to be equal 10
n (; M—,q)
2 0 -D))

T '
g (?”)

d<rt<l,

T _ 2woch(cd) .,
(4.14) = whsch(c) !

1-—-
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where ¢ = (If — D})Y/2/1, and F(¢,k), 1(¢,n, k) are elliptic integrals of the first and
third kind, respectively.

The expressions of displacement and shear stress on the plane of the crack are expres-
sed as

1
(4.15) W(z,0) = % [ 1) Sech? (crydr, d<az<1

and

1 2 .
4.16) &2 (x,0) = psc f g1(7) Sech” (¢r) th(cr) Sech (cx) dr. O<z<d £>1
d

th® (cz) — th? (c7)
Now, inserting Eq. (4.13) in Eqgs. (4.15) and (4.16), we obtain

wy ch (cd) 2 2' (1 - Dy’
- p(aq) 41— [ 1-
hsesh(c) r
F (2"")

2 2_ D2
ch (C)H(,\,I‘ 'lzl,q) . d<z<],
ch? (cd)

2 _ thl(pp)
Sin \ = If - th (c.r),
I} - D}
i puy ch (cd) th®(cz) - D?  ch(c)
4.1 :(2,0) = -
(4.18) 0y:(,0) = 7375 th(ca)— 12 ch(cd) *

(4.17) W(x,0) =

where

(7r - D? q)
' ) 57201 _ N2y’ 2 20
o C\2 11(71r D?) : D? Sech (c.z) sl
p(i,q) V[t (cz) - D[ th? (cx) - 1]
oy Hwgch(cd) D} - th? (cz) _ ch(e)

(419) O"J:(-L,O) - h Ch (C) Ilz _ [h2 (C.L‘) ch (Cd)

1](71' 1} - D} q)

2 73(1 —~ DY’ 2 Sach? (e
1y 2" (1 - D3) Df Sech” (ew) C0<e<d,

- F(g,q> VD2 = th? (c2)][1} - th¥(ca)]
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where we have used the result
T

, O<e<d,
N B (D)
(420) j 5 e 0, d<a<],
—d? )(1 12yte—x -7
z > 1.

2/ = d)(2-1)

The stress intensity factor at ¢ = 1 is given by

im /2(z - 1) [B-D} . Di1-1})
4.21 Si1 = lim 2(z - 1)o IL',O = Huy 1 +
(4.21) Sn ety ( Joy:( A ) hSech(cd) el \/011(12 DZ)

e S
1 ”(i‘ﬂ(l o)

(o)

and the stress intensity factor at ¢ = d is given by

pwyy/D3(1 - I2)
(4.22) Sia = lim /2(d — 2)oy: (z,0) = — : .
e hy/e(1? ~ D2)

17<E,——-——1%_D% ,q)
L\ Ra=DY

T
F(i"’)

Letting d = a/b = 0 in the expressions for displacement, stress and stress mtensny factors,
it can be easily shown that the results comcxde with the corresponding expressions glven
by SINGI et al. [2].

PROBLEM 2. In this case again we take the general so}uﬁon of Eq. (2.3) as

(4.23) W(z,y) = FCi(E) exp(—Eys) + Ca(€) exp(€ys) : & — 2],
and inserlini; it in Eq. (3.7) we find that
: = D(§)
Gi6) = 1+ exp(—2¢hs)’

oy = D) exp(~2¢hs)
Cal8) = 1 + exp(—2¢hs)

From Egs. (3.8) and (3.9) it is determined that D(¢) satisfies the following set of triple
integral equation

(4.24) F[ED()th(Ehs) 1 € — x] = l’:i d<a<],
(4.25) FIDE):€—2]=0, 0<z<d, z>1.
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Proceeding as in problem 1, we consider a trial solution
1
(4.26) . D) = % 5 [ oa(r)eh(er)sin(r) dr.
d

With this choice of D(E'), Eq. (4.25) will be satisfied provided the unknown function g,(r)
in Eq. (4.26) satisfies

1
(4.27) [ ga(r)eh(erydr =0
: d

Now Eq. (4.24) can be written as
(4.28) %F,[D(E) th(Ehs) : € — 2] = % d<z<1.
Insertion of Eq. (4.26) in (4.28) and application of the result [9]

(4.29) 7?m(fhs)sa-n(gr)sin(gz) de = Llog| Sh(e2) + shier)

0

where ¢ = 7/2hs, pives

w3y fl cox(r)Sh(2er) . _ o

= ——_ d<zr<]l.
sh? (cr) — sh?(cz) | psch(cz) *

Substituting T3 = sh(er), I; = sh(c), D; = sh(ed) and X; = Sh(cz) and proceeding as
in problem [, we obtain the solution of Eq. (4.30) as

2 . 2 2
@31 gr) =20 [T D] (5 aE=m) - (5] +
';Tv/lb \/1+12 I 72 2

Ny
(T? - D)3 - T3)

+

where ¢' = (I3 — D})Y2/I, ¢ = ¢ - th(c) and the constant K, as determined from
Eq. (4.27), is - |

I
. ] 7 —~ D2 2 7 .
o woe 0 TR 0(2 00 (o))
72/131?(7,(/) D, ) 2 .

The relevant displacement and stress components in the plane of the cracks may be written
as ' :

1
(4.33) W(z,0) = % [ o(myeb(erydr, d<z <1,
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and |

,usc : g2(r)sh (2er)ch(ex)

2 ) sh?(cx) - sh?(er)

(4.34) oy:(2,0) = dr, 0<a<d, z>1

Now using Eq. (4.31) in Eqgs. (4.33) and (4.34) we obtain

s oo 20 [ [sh(er) - sh’(ed)
(4.33) W(.0)= -2 4@ f \/shz(c) S (er)

L 12 w\ _ (T K (X, q')
X{H(z = Tz,q) F(z,q ch(er)dr| + o ,

where
12 — \72
sin\ = /221
1} — D}
2 _ I 2
(4.36) ay.(2,0) = 2p()ch(cx) sh* (cx) — D3 ’12z « l2 g
sh* (cz) — 5, — D3 7} — sh®(cz)
ThdDh ) w;zsch (cx) K,

for a > 1,

\/1 + 17 2\/( sh? (cz) — I2)(sh? (cz) — D3)

2poch (ca) | DZ - sh? (cz) !
437 ys: "10 = -
( ) Ty (‘L ) T - 12 _ bhh (CJ‘) f '22—- Sh2 (Cl’) *

Tszz _ . TF/JSCh(C:L)]\z for 0 <z <d

\/1 +T7 2/l - sh? (c2)][ D} — sh* (cx)]

The stress intensity factor as x = 1 is given by

, . Zpu 1: - 1'); e ,,)
4. S = — ( I +
(4.38) Su llmx V2 — Doy (x,0) = el (.h(c) X <2,q

Tps N,

2\feth(e)[ 22 - D3]

+

and the stress intensity factor at = d is given by

(4.39) S = lim \/2(d — 2)0y:(2,0) = —mpsha .
e 2y/eth (cd)[12 — D3]

Again letting d = 0 in the expressions for displacement,étress and stress intensity factors,
we obtain the corresponding results given by SINGH et al. [2].
’
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In this section we present the variation of stress intensity factors with ratio of crack
speed v to shear wave speed c; for both problems. The crack length dependence of the
stress intensity factors and its variations with v/c; have been shown in Figs. 2-5. Figures 2
and 3 illustrate the fact that in Problem 1, the stress intensity factors at both the crack

5. Numerical Results

tips decrease with the increase in the distance between the cracks.

04t
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1 1 1 ] I Il L 1 1
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F1G. 2. Stress intensity factor at the outer edge vs.v/c; for Problem 1.
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FiG. 3. Stress intensity factor at the inner edge vs.vs/c; for Problem 1.
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FIG. 4. Stress intensity factor at the outer edge vs.v/c; for Problem 2.
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F1G. 5. Stress intensity factor at the inner edge vs.v/ea for Problem 2.

But for the Problem 2, as seen from Figs. 4 and 5, it is found that the behaviour of the
stress intensity factors at the crack tips is of different nature. In the Problem I, the stress
intensity factors at both the crack edges decrease with the increase in the value of v/¢,
and approach zero as v/c¢; — 1. But in Problem 2, the stress intensity factor d'f the ouler
edg,asmcrsasel grddually wnh the i increase in the value of U/C" dnd approaches mﬁmty as
vfes — 1 g : d 3

. w%%mcrcase—m—ﬂwvame-of-u,teg The dashed lme in Fxg and Flg 4 correspondmg
as (om#uvcd to the corvaes ))or)clnng “a hure of problem 1.

% T bvoblewe IL ' 1y found that IKe Alvess mle.ks\l faclors
at kol the edges decvease wilf lhe increase n e values of
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1o the stress intensity factors at the tip of a single crack as given by SINGH et al. [2] for
the case b/h' = 1.

’
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Streszezenie

RUCH DWOCH WSPOLLINIOWYCH SZCZELIN GRIFFITHA W PASMIE
W WARUNKACH ANTYPLASKIEGO STANU ODKSZTALCENIA

Rozwazono przypadek ustalonego ruchu dwoch szezelin o jednakowych diugosdciach b — a i wzajemnej
odleglodci 2a poruszajgcych si¢ z ustalong predkoscia w plaszezyZnie symetrii y = () pasma sprezystego ogra-
niczonego plaszezyznami y = +h'. Rozwazono przypadki, gdy plaszezyzny te sj utwicrdzone lub swobodne od
naprgzen, MRozwigzania uzyskano w postaci zamknigtej. Przedyskutowano i zilustrowano wykresami zaleznosei
wspolezynnikéw intensywnobei naprgzenia w wierzcholkach szczelin od predkodei ich propagacji i parametréw
geometrycznych zadania.

Pesome

ABAKRENAL ABY X ROJUIMHEARHBIX TPEHIALN 'PAPPUTA B HOACE
B YCIHOBUAX AHTUIVIOCKOI'O JIEGPOPMUPOBAHHOI'O COCTOAHNH

Pacemarpusanca cnyuait puxcupobanioro ABMKeHUA ABYX TPCIWMH oaMiarkoBoil qaunwt b—a
M PacCnoJIOKeHHBIX Ha PAcCTOAHMUM 2a, NEPEeABUIaIoMIMXCA C ONPEAeNCHION CKOPOCTIO B IJIOCKO-
cTy cumanerpun y = () ynpyroro uosca, orpanMuycHyoro nnockoctanmmu y = £h’/. Pacenatpusancs
cayuall, KOI'ZMAa ©TH IIOCKOCTY 3aKpensenn nau csoboannt ot nanpsmennin. Pemennn 6uinu no-. -
JAYHCNL B 3aMRUYTOM IIH.},[C 3&DMCMP\|0CTI) KOC(deMllMC“TOH MICTCHCUBIIOCTH HATPDHAKCHUA I DUCp-
UWLMIAX TPCUI OT CKOPOCTH MX PACHPOCTPAHEHUA U EOMOCTPUULCKUX HAPAMETPOD 3afaun HoA-
nerana obcyajcnunio, unalocTpuposanach rpadduramu.
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TWO CO-PLANAR GRIFFITH CRACKS MOVING
ALONG THE INTERFACE OF TWO
DISSIMILAR ELASTIC MEDIA

A. N. DAS and M. L. GHOSH
Department of Mathematics, North Bengal University, Darjeeling, West Bengal 734430, India

Abstract—In this paper, the distribution of stress and displacement due to propagation of two
parallel and co-planar Griffith cracks with constant velocity under antiplane shear stress at the
interface of two dissimilar elastic media are presented. In the first case, cracks are assumed to
propagate along the interface of two dissimilar infinite elastic half-spaces. In the second case, the
problem of propagation of two co-planar Griffith cracks with uniform velocity at the interface of
a layered composite has been treated. Cracks are assumed to be moving at the interface of a layer
of thickness & and a semi-infinite substrate of different material. By the use of Fourier transform
the problems have been reduced to the solution of a set of triple integral equations which have
been solved by using the finite Hilbert transform technique. In the second problem, analytical
solutions up to the order #~% where A > 1, have been derived for both the crack opening
displacement and the stress intensity factors. Numerical results are also shown graphically.

1. INTRODUCTION

SCATTERING of elastic waves by cracks located in a homogeneous, isotropic medium has important
applications in geophysics and seismology. If the cracks are located at the interfaces of layered
media, the study becomes more relevant. Scattering of elastic waves from an interface crack under
antiplane strain was solved by Bostrom(l). Srivastava et al.[2] solved the problem of interaction
of an antiplane shear wave by an interface crack. The problem of diffraction of Love waves by
a crack of finite width in the plane interface of a layered composite has been solved by Neerhoff[3].
As regards the dynamic crack problem, research has been restricted mainly to the cases of a single
crack because of the severe mathematical complexity encountered in finding solutions of problems
involving two or more cracks. The diffraction of an antiplane shear wave by two co-planar Griffith
cracks in an infinite elastic medium has been treated by Itou[d4]. Lowengrub and Srivastavai$]
treated the static problem of stress distribution in the presence of two co-planar Griffith cracks in
an infinite elastic strip. The scattering of time harmonic normally incident plane waves by two
co-planar Griflith cracks was also solved by Jain and Kanwal{6].

To our knowledge, the diffraction of elastic waves by two cracks moving along the interface
of bonded dissimilar elastic media has not been investigated so far. In this paper we consider the
problem of determining the distribution of shear stress in the neighbourhood of the cracks, moving
along the interface of two bonded dissimilar elastic media. Two cases of practical importance have
been considered here. Firstly, the case of two co-planar Griffith cracks moving along the interface
of two semi-infinite dissimilar elastic media has been treated; secondly, the problem of propagation
of two co-planar Griffith cracks along the interface of an elastic layer overlying a semi-infinite
medium of different elastic properties has been considered. Employing Fourier transform we
reduced these problems to solving a set of triple integral equations with cosine karnel and weight
functions. These equations are solved using the finite Hilbert transform technique. In the second
problem, analytical expressions are retained up to the order 4% where h is the thickness of the
upper layer, for deriving the dynamic stress intensity factors and crack opening displacement.
Numerical results are also presented graphically.

2. FORMULATION OF THE PROBLEM

We consider two cracks of finite length to be placed along the X-axis from —1 to —c and
¢ to 1 with reference to a set of rectangular coordinates (x, y, z) which, referred to a fixed coordinate
system (X, Y, Z), are moving with constant velocity v along the X-axis, as shown in Fig. 1.

59



60 ) A. N. DAS and M. L. GHOSH
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Fig. 1. Geometry and coordinate system.

The coordinates are regarded as dimensionless, referring to the outer edge of the crack. In the
dynamic problem of antiplane shear, there exists a single non-vanishing component of displacement
in the Z-direction, W,= WX, Y, 1), i = 1, 2, where W, and W, are the displacement components
along the Z-direction in media ¥ >0 and Y <0 respectively. In the absence of body force the
equation of motion is

W, W, 1 &W,
X T Y2 bl or )

where b, = (i1;/p;)? (i = 1, 2) are the shear wave speeds; p; are the densities of the materials and
u; are the shear moduli.

Using Galilean transformation x =X —vt, y =Y, z = Z, ' = ¢, where (x, y, z) represents the
translating coordinate system shown in Fig. 1, eq. (1) becomes independent of ¢ and reduces to

0w, 9w,
A ST
Si 33 + 37 0 )]
with ' ,
si=1—-v¥bl. 3

3. BOUNDARY CONDITIONS
Problem 1
In this case the cracks are placed along the interface of two joined dissimilar elastic half-spaces

and are moving along the interface with constant velocity ». The x-axis is taken along the interface
of these media. The cracks are excited by a normally incident antiplane shear wave. The boundary
conditions are

[t:(x, 0) =[1,.(x, 0)): = —p, c<ix]|<]

[T)':('X’ 0)]! = [T}‘:(X, 0)]2’ O S (xl <¢, lx ( >1 . (4a_c)

W,(x,0) = W,(x, 0), 0<|xli<e, |x|>1

Problem I now consists of solving eq. (2) together with the conditions (4).

Problem 11

In this case two co-planar Griffith cracks of finite width are assumed to be moving with
uniform velocity under antiplane shear stress along the interface of an elastic layer kept in welded
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contact with a semi-infinite medium of different elastic properties. The boundary conditions of this

dynamic antiplane problem are

[ty:(xi 0), = [r,,(x. 0= —p, c<|x|<l

ltﬁz(xv 0)]! = [Tyr(xv 0)]2! 0 g |x ‘ <¢, |x | >1
Wi (x, 0) = W3(x, 0), Og|xl<e, |x]>1
[t,:(x, b)), =0 ' —0 <X <

Problem II now consists of solving eq. (2) iogether with the conditions (5).

4, SOLUTION OF PROBLEM 1

Employing Fourier cosine transform, namely

fi&») = L”f(x,y)cos(cx)dx and f(x,y)=%wac(f,y)COS(fx)df,

we obtain the solution of eq. (2) as

Wl(x,y)=% LwA.(f)exr’(—slfy)COS(fx)dé, for y >0

M) =2 [ a@epeites@a s, fory <0

where s; is the positive root of (3) and A4; (é,‘) are unknown functions to be determined.

From (6) and (7) we obtain

2,5,

[Tyz(x: y)]l ==

[£,006, )y = 2422 j EA(E)exp(s,8y)cos@x)dE,  for y <O.

Using (4a) and (4b) we get

A (&) = —ﬁ'—s‘Ax(é)

" Therefore, the crack opening displacement Aw(x) is obtained as

Aw(x)'= W,;(x, 0%) — W,(x,07)

-2 T a@eosenat, esx<
=0, 0<x<e, x>1

where
L= s+ 1y 8y .
s
From (8) and (4a),

f: £4,(8)cos(Ex) dE = 22

2us,
Let us take

A4,@) = %f h(e?)siner) dr.

EFM 41/1—E

jw g4, (§)exp(—sigp)cos(§x) de, for y>0
0

(5a—d)

(6)

M

@®)

©)

‘(10)

an

(12)

(13)

(14
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Substituting (14) in (11) we see that this choice of 4,(¢) leads to
1
I h(t*)dt =0, (15)

Inserting (14) in (13) we obtain

J‘“’ ih(t’)dt= pr

o P=xP 2

, c<x<l (16)

Using the finite Hilbert transform, the solution of (16) is

; T—=x? xdx K’ ]
h(l’)= —nms Jl _‘: J. \/ Tl xz"'2+\/(;z-02)(l __,2) (17)

where the unknown constant K’, determined from (15), is

, N p 2 . .
K =—— — E/F), 18
o €= EIF) (18)

where F = F(n/2, q) and E = E(n/2, q) are complete elliptic integrals of the first and second kind
respectively and ¢ = (1 — ¢?)'2.

The relevant expressions for the crack opening displacement and stress component at the
interface are

Aw(x) =L f'h(ﬂ)dt, c<x<l (19)

1 2
[t,:(x, O = 2”:' J ':St_)gt, 0<x<e¢ x>1 (20)

Substituting the values of A(¢?) from (17) in (19) and (20) we obtain

awte) =2 | B )~ EF0) | @
151 . )
where
— 2
sind = T 22)
and
xi—c¢ E|F = ¢?
[t,.(x,0) = p[ -1~ N T 1)]’ for x > 1 (23)
N - EJF -¢?
._p[ =~ 1+ \/(c’ YT —'x’)]’ for x <, (24)
where we have used
f n
- 2\/(& 0 , for0<x<e
fl edr =<0, for c <x <1 (25)
¢ (=) S =cH (1 -1?)
T for x > 1
L2/(xT =) (x?=1)" '
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The stress intensity factors at the tips of the cracks x =1 and x = c respectively are given by

K, = Lif.rxl Vv 2(x — l)[tyx(xv 0)]; =p(Tl/T———__iiz_- (26)
. p(E|F —¢?) ‘

= — =07 27

K= lim /20 =00, 0 =2 2 @)

5. SOLUTION OF PROBLEM II

Employing Fourier cosine transform the solutions of the problem are sought in the form

W\ (x,») =% f: [4,(§)exp(—s5,§y) + A2 (§)exp(s,{y)]cos(§x)dé, for0<y <h

Wit 0) =2 [~ s @exptey)eosn) a8, fory<0. @)

Using (28) we obtain the stress components as

[t Cx, )], = 205 f Sl A1(€)exp(—~5,89) + A (§)exp(s, &y)lcos(Ex) dE, for 0<y <h
(o3, ), = 22252 f £4,(§)exp(s;&y)cos(éx) €, for y <0.  (29)
Applying (5a), (5b) and (5d) we obtain
| A4 =22 14,0 - 4, (30)
and ,
Ax(8) = A, (E)exp(—2¢hs,). @31

We define the crack opening displacement Aw(x) as

Aw(x) = Wi(x,0%) — W3(x,07)

= %’J‘wf(f)cos(fx) dé, c<xxg1 (32)
[} .
=0, O0sx<¢ x>1
where
HaS; — Iy 5y
f¢)= A:(é)[l + s T S, exp(— 25’151)] (33)

Therefore, by (5¢) and (5a), f(¢) is found to be the solution of the following triple integral
equations:

jwf(é)cos(éx) dé=0, 0<x<c x>1 . (34)
0
Jm (L + MEh)cos(Ex) dE = 2—, c<x<]1 © o (39)
0 2uy5
with
MEh) = — tanh(hs, ) (36)

[1 + ? tanh(Zhs, )}
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Assuming
i 1
1= f h)sin(@) dr, o
it is found from (35) and (36) that A(x?) is the solution of the following Fredhc;lm integral equation:
1 .
h(x’)+f hHK(x% 1) dt = F(x?), c<x<]l (38)
satisfying the condition
) .
f h(x¥)dx =0 (39)
I3 .
where
K(x? t)———i x*—¢? ! l_yzxyKl(y”)d (40)
E TR T= | = e Y
with
Kl(y,1)=.[o M(&h)cos({y)sin(§r) dg 41)
and
— 2 ” .
F(xh) = — \/" ‘ f \/ A K , @)
s\ I —x? yi—c?y?—x? \/(xz—cz)(l—xz)

K" being an arbitrary constant determined by the condition (39). If we take A > 1, then, by
substituting n = £h and expanding cos(ny/h), sin(ny/h) we may write (41) in the form

I
K ) =2+ 74 02+ 3y + 0 ~) (43)
where
=A% e ayan =01 | (44)
ISR+l ’
and hence

2 [x*—c I
K(xz,t)=; 1 —x? I:

Bt 4 301 %k’):l+0(h"°) (43)

where k=1 —¢2
Integrating both sides of (38) with respect to x from c¢ to 1 and using (39), we obtain

v P [ E)L L[ '
K" = [c‘ F]+FJ., h(t*)K(@)de (46)
with 7
21 lt Y (LT 2 yE -6
K(r)=;’- F(E—C F)+7’7{(l —3KWE —C*F)—c*(E+F)+2E} |+0kh°)
where E and F defined by E = E(n/2,q) and F = F(n/2, q) with ¢ =k are known as elliptic

integrals of the first and second kind respectively.
Hence, #(x?) must satisfy the integral equation

c

h(x?) + j' h(2)M(x?, 1) dt = S(x?) (47)
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where

2 4y = u [IO( _E) i{ 2 22(2_5)
BN T ) AR S N

+ 3x¥(x2-1) +§+ c?— ME}] +0(h=%) (48)

F
- E
=
S(x?) = F

and

. (49)
Hisi /(¥ = c*)(1 = x?)
Since h > 1, and |[M(x? 1)] < 1, the solution of (47) may be written in the form
h(x?) = ho(x2)+ h, (x2)+ hz(x2)+0(h ®) (50)
where
{4
ho(x?) = (51
8/ (% = )1 = x?)
—Iocol’lix2 —g]
hy(x?) = (52)
T s =) (1= X))
pCo E
hy(x?) = [IZC {x’——}—ﬂ Bx*+C\x*+C )] (53)
T s S —eya-a)L U Ff T co
with
: E
== 222
Co=1+c*-2 7
Ci = k*/4Co~ (1 +¢?)
ké
Cz-c +F{C| 2Co}
The relevant crack opening displacement and stress‘ component at the interface are
|
Aw(x)=L I h(t¥)dt, c<x<l (54)

[r,,,(x,O)]‘:_z“:' U "'(’z)d' f h(HK, (x, t)dt:| 0<x<e, x>1 (55)

’2

where K, (x, 1) is given in (41).
Using (43) and eqgs (50)-(53), we find that

! ict 21,C
fh(:z)x,(x,e)dz=82"s [”;f“—";f G340+ 2(|+c2)}j|+0(h 9. (56)
¢ 19]
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Using the results given by (25), we get for 0<x <c¢

Vth(t?)dt IﬁCﬁ x —E/F
J'r IZ—XZ + 4’14 +l

5, Gy
2h?

LG
20t

{3x + C,x? +C2+3(1 c2 >+C,}]+O(h’°),

pn

- [{1 _

(57
and for x > 1
J"th(r’)dr= PR [{l_loco I%C’}X{E/F x +l}
e B=x? 25 2h 4k 2h‘
{Sx +C, 2+Cz (l c2 ) C,}]+0(h“’), (58)

where

=/(c? = x?)(1 — x?)

Xy =/(x*=c?)(x*-1).

Using eqs (50)-(53) we obtain from (54), after integration, the crack opening displacement as

A -knc))

151

5, Gy
2h?

I}CY+ 21, Cy(C,
4h*

E 21,C :
x {E()., 9)~ £ F@, q)} - —4‘}4—° x /(1= x)(x? - cz)] +0(h-%) (59)
hb =2
10 ab = 0.26 08r
b/bg = 0.6
091 ’ = -2
v/b; = 0.8 o7 x =05
08 o by/b, = 0.8
- viby = 0.8
0.7 / k
0.6
0.6
3 2
3 os § 0.4
9 <
i ky
0.4 03
0.3
0.2
0.2
. 0.1
0.1F
00’:2610.3 0 4 0f5 0:6 0.7 08 09 1.0 0
X
X

Fig. 2. Variation of crack opening displacement with x for

problem II.

Fig. 3. Variation of crack opening displacement with x for

problem II.
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Fig. 4. Variation of stress intensity factor at the outer edge with v/b, for problem II.

) 1= x?
“sind = 1—_—‘:—2-.

Substituting the results obtained in (56), (57) and (58) on the right hand side of (55) the stress in

the plane of the crack can be derived and from it stress intensity factors at the crack tips can easily
be found.

We find that the stress intensity factor at x =1 is given by

Nl = ll_r'l'll AV 2(x - 1)[tyz(x’ 0)]!

where

I 4 LG, IiCy  IC, _
= ,—1 — I:(E/F l){l Y + an + 7O B+C+GC)|+0t®) (60)
1.0 b =2
08|
06}
3 alb =022
= .
04 0.4
0.6
0.2
1 1 1 1 9
0 0.2 04 0.6 0.8 1.0
v /b,

Fig. 5. Variation of stress intensity factor at the inner edge with v/b, for problem II.
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Fig. 6. Variation of stress intensity factor at the outer edge with v/b, for problem II.
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Fig. 7. Variation of stress intensity factor at the inner edge with v/b, for problem II.

and the stress intensity factor at x = ¢ is found to be

Ne=lim \/2(c ~ x) [1,:(x, O)}

- ) . 22 X )
=————p-——[(c=—-‘5/p){1 '°C°+'°-C°} I'C°(3c‘+C,c2+'C2)]+O(h‘°.). (61)

c(l—¢c?)

the cracks.

Variation of the stress intensity factors at both crack tips with crack speed is depicted
in Figs 4-7. It is interesting to note that stress intensity factors at both the crack tips increase
very slowly at the onset with the increase in the value of v/b, but change rapidly and go to.
infinity as v/b, approaches 1. This fact becomes prominent as the layer thickness becomes

large.

TR TR (T 2R

6. NUMERICAL RESULTS

In this section we present numerical results for the stress intensity factors at the crack
tips and also the crack opening displacements for different values of the layer thickness and the
crack speed and for b,/b, =0.6. The crack opening displacement is found to increase gradually
with the increase in the value of the crack speed. Further, for a fixed crack speed, the crack
opening displacement increases with the decrease in the value of the separating distance between
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Abstract. In this paper, the three-dimensional problem of two coplanar Griffith cracks propugating uniformly in an
elastic medium has been considered. Equal and opposite tractions which are triaxial in nature are applied to the crack
surfaces. The two-dimensional Fourier transforms have been used to reduce the mixed boundary value problem to the
solution of triple integral equations. In order to solve the problem, the transformed surface displacement has been
expanded in a series of Chebyshev polynomials which is automatically zero outside the cracks and also satisfies the
edpe conditions. Finally Schmidt method has b&en used to determine the unknown constants occurring in the serics.
Numerical calculations are carried out 1o obtain the crack opening displacement and also the stress intensity factors
for different values of the parameters.

1. Introduction

Yoffe [ 1] considered the problem of propagation of a crack of fixed length at a constant speed
through a stretched isotropic elastic solid of infinite extent. In recent years, Yoffe's investigation
wus extended to include different types of materials and different material geometries. Sih and
Chen [2] considered the problem of a uniformly propagating finite crack in a strip of isotropic
clastic material, Recently Kassir and Tse [3] solved the plane stress problem of a moving
Gritlith crack in an infinite orthotropic stressed medium by using integral transform technique
and the same technique has been employed by De and Patra [4] to solve Yofle’s problem in a
stressed orthotropic strip of finite thickness.

However all the problems mentioned above havé been solved using the dynamic cquations
of clasticity in two dimensions, But practically in most instances, cracks are subjected to a-state
of stress that is triaxial in nature. Crack problems involving three-dimensional loading have
generally not been attempted so far.

Recently Angel and Achenbach [5] derived the clastodynamics stress intensity factor for
threc-dimensional loading of a cracked half-space. Freund [6] also solved the three dimensional
problem of the oblique reflection of a Rayleigh wave from the edge of a semi-infinite crack employ-
ing a Wicner-Hopf technique. The problem of a uniformly propagating finite crack in an elastic
medium has been solved by Itou [7] using dynamic equations of elasticity in three dimensions.

Regarding the dynamic crack problem, resecarch has been restricted mainly to a single crack
because of severe mathematical complexity encountered in finding the solutions for two or more
crucks. Recently Jauin and Kanwal [8] presented the low-frequency solution of diffraction of
normally incident longitudinal waves by two coplanar Griffith cracks in an infinite isotropic
clastic medium. They used the finite Hilbert transform technique developed by Srivastava and
Lowengrub [9] to solve the mixed boundary value problem. Using a completely different
technique Itou [10] solved the diffraction problem of elastic waves by two coplanar Griftith
cracks in an infinite elastic medium.
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In this paper we have considered the problem of propagation of two coplanar Griffith cracks
propagating steadily with uniform velocity under three-dimensional loading. The application of
two-dimensionul Fourier transforms reduced this problem to that of solving triple integral
equations in which the double Fourier transforms of the crack opening displacement appear as
the unknown. In an attempt to solve the problem the transformed surface displacement has been
expanded in a series of a function which is automatically zero outside the cracks. Finally the
Schmidt method [11] has been employed to solve the integral cquations. The dynamic stress
intensity factors and the crack opening displacement have been evaluated numerically for
various values of crack speed and distance between the cracks.

2. Formulation of the problem

Let (X, Y, Z) be a fixed rectangular coordinate system. Two coplanar Griffith cracks of infinite

length but finite width located in the XZ-plane, the Z-axis being in the direction of the length of

the cracks, are assumed to be moving steadily with velocity U in the direction of the X-axis. It is

convenient to introduce Galilean transform x =X — UT, y=Y, z=Z, t = T where (x, 3, 2)

represents the translating coordinate system shown in Fig. 1. Referred to this moving system of

the coordinate the cracks are assumed to occupy the positions b < |x| < a, y =0, |z| < co.
The equations of motion in the absence of body force are

. ¢ {du*  Jduv* Ow* 22u*  dfu* 3*u* al*
(2 + )= + +—=]+u + + =9
q

ov\ax Toay T oz oxT Tayr T ozr ) TP
Gt 1)i Su* . ov* N ow* 4 0%v* 9%+ Dt o3 p*
T \ax Tyt T axr T ave ez ) T P 1)

Fig. 1.
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¢ [du* dv*  Ow* N o*u* +(32w* N 02w N Fw*
Cruz\ax Ty taz ) T e ey taE ) T e

where u*, o*, w* arc the displacement components, 4 and x are Lame’s constants and p is the
material density. Using Galilean transformation

x=X~-~UT, y=Y, z=2, t=T

(2.1) reduces to

62 62 62 2
,,(_u i _z> e

(4 + l) 6u + oy + ow +
#ox dy 0z ox*  0y*  0z° ox?’
0fou v dw ov 0% 0% , 0%
(4 f‘l)(.]y(ax+5}+Fz'>+#<a—x2+a—y+p>—pu -a‘x—z, (2.2)

(/+‘)(’ 5u+@+§£ N 91\1+62\v+6w Uzazw
! ox  Qy 0 H\ax2 dy? = 9z? ox?’

The stress components for the three dimensional problem are

Cu dv Ow fou v
240 — == =l — + — 2.3
e =4+ )7+ <8y+ az), Tay “(ay+ax)‘ (2.3.1)
dv du  ow\. dw dv
2 A A il B = ~ . W
oy = (A + /t) (at + a:)’ Ty #( 3y + az>, (2.3.2)
ow dv  Ou ou ow
0 2\ L=l =+ 220 3.
=g (6y+6x>’ s "(az+ x> 2.33)

The boundary conditions are

2%’—" = —px,2), fory=0, a<|x|<b, |z|]< o,
v=0, fory=0, [x|>b, |x|]<a, |[z]< o0, (2.4)

Ty =0=1,, fory=0, |x|<o, |z|< 0.

3. Solution of the problem

Using Fourier transformations viz.

« ) _
Jeéopi) = '[ f glx, y, 2y e+ dx dz,
- x - x
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and
glx,y,2) = (,n)zf j G(&, y, Q) e de de, (3.1)
(2.2) reduces to
d? ; % P db - .
{T—(v M=)e* = ¢ }u—t(a - l)ﬁdy (@ = 1)¢Lw =0,
B 2 ) -
—if(a? —~ 1)'§“ {a 11— — (1 = M?)& cz} i — 1)gﬂ =0, 3.2)
dy dy? dy

- 2
—(* ~ Y& — i(e® ~ I)Cd—; {3% = (1~ M) — azC’}" =0,

with o2

= (4 + 2u)/p, B* = p/u and M? = 2 U2
Due to symmetry given in (2.4), we need to consider the region y > 0 only. The solutions of
(3.2} in the region y = 0 can easily be found to be of the form

l-‘ = .419«‘-““’ + Ble_s”’,
b= A,e™% + Bye 5, (3.3)

W= AyeT" + Bye S,

where
. 3.4

\/1 2/(1 §2+C2
=1 - M*)E + (3,

and ,
Ay = i§Ayfs\.. A3z =ilAsfs,, By= —i({B, + {B;)/s,.

The transformed stress components &y, &,, f,,, T, obtained from (3.3), (3.5) and (2.3) are

(3.5)

— iéB,e™"¥,

6~" 1 :.. 2 2 ‘ -5y
Z=K[g M-=(1 -—2/& )+2€2]A26 sty
6 2 e -
> [ézMz 2(¢% + {*)]A,e7°Y + iEBy + (By)e ™, (3.6)
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-.‘ - l - 52y
%ﬂ = —iAye7°” — >—[&By + (s3 + £*)B ] e,
2u 25,77

-:l- 1 _ ;
2o jtde T — o [E(By + (53 + ()Byle .
2u 2s,

Using the conditions (2.4.3) B, and B; can be expressed in terms of A, as

B, = —2ié.ﬁ'2Az
TR - MY
(3.7)
B, = —2i{s; A,

(2— M%) + 20

Hence we find that all the components of stress and displacement can be expressed in terms of
the unknown function A,(¢&, {). Now insertion of (3.5) and (3.7) in & given in (3.3) yields

_ 2y£2 2 2
Ay = —(2 A;’\/Izééz+ ¢ o, (3.8)

where i is the transformed displa'cement ony=0.
Using (3.7) and (3.8) we obtain from (3.6)

Py . e sy s.e %Y
95 _ _ = 9 Ag2y£2 2 201 _ 2 _ 02
2 LO[{~ MPE+ 20532 + M3 — 2/)) 2M3s, M? ]

e sy 2(62 + Cz)slc—sn-:l

2/\,,26281 - éZ MZ
39)
i:.\-’. vm 9 3y¢2 s e_sl)' —_— e—-\ll
= = i¢l -M 2 3 ,
5, = <ol )&+ 207} M
n".' vm IR vl e_su. - e‘SZ,\'
2‘—‘ = i{Fa{(2 — M*)E° + 2:‘,‘}-—M2—éz—
Using the conditions {2.4.1) and (2.4.2) we obtain the following triplé integral equations
g, 1L [* _ . e _
5 =52 l’oG(C;C)e lst§= _P(X:C), fora<|x|<b
u 2,
and
I . '
(’0=§; foe ™ ™dé=0, for|x|>b, |x|<a (3.10)
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with

Gl&, Q) = —[{(2 — M)E* + 20712 — &(&* + (P)sysa). 31

7M‘7v‘)

Taking p(x, z) as the even function of x, the solution may be assumed as

1 _qytl! bh—-2 )
FolX,{) = Y c,,(E)( l’f sinl:n cos™! {u}} foragix)|<b

n=1 b—u

=0, for0<|x]<a, |x}|>b, (3.12)

where ¢,({) are the unknown functions to be determined.
Applying Fourier transformation on (3.12) we obtain

s . fa+b nm b—a
g sm( ¢ T)J"(Té)’ (3.13)

where J,( ) are Bessel functions.
Insertion of the expression (3.13) in the first equation of (3.10) yields

2% c,,(c)r G(E’ % gin (“ ; be %)J(b—;—a 5) cos(Ex) dE = — j(x,0), for a <x <b.
n=1 0 S
(3.14)

C
ll
~‘“‘l=t

Using the following results [12]

f cos(ay EW, (42 &) dE = —co:ﬂ;, fora, >a, >0
0 a; — ay )

a5 sin(nn/2)

, fora,>a,>0 (3.15)
\/a —az[a, + /a _agjn

and

e .

. S

J Sln(alé)‘]u(alé) dg = ___1n_(”_6)_’ for a, >a; > 0
0 aj — at
2
a3 cos{n/2) for ay > a; > 0, (3.15)
\/a, —aila; + \/a, — a%]
. where

¢ = sin"Y(a,/a,)
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in (3.14) we obtain,

"(S)HJ‘ { (€0 G, C)}[ OS(%){sin(a + f;+2x f) N sin(i+ bz— 2.\'§>}
—sin(nT[){ (a+b+2x§)+cos(a+b—2x¢>}:|‘]"(b—a )dé-{—G(é.'C)
2 2 0

-x b—a "/ \/a+b+2x 2_'b—a 2{g+b+2x

2/, 2 2 2

a+ b +2x\? b—a\*)" , . fa+b—=2x\ nm
-+ 3 "( > + sinq{n sin ——b—__—a—- --"2—'

‘b —a\ fu+b—2x\%]

( 2 ) _< 2 ) = — plx,0) (3.16)

where
q(‘;—*) = Lt G(‘;’ O_ {2 — M2 —4/1 — M* /1 — M*a?}2M? /1 — M*/o?. (3.17)

Since the function G(£, {)/& — G(6, {)/é behaves as €2 for large &, the semi-infinite integral on
the left hand side of (3.16) can casily be evaluated by Filon’s method.

To solve (3.16) for unknown coeflicients ¢,{{) we adopt the Schmidt method {11] and write
(3.14) as

i FAGx) = —fGx) fora<x<b, . (318)

where F,((, x) and f({, x) = p({, x) "are known functions. Let H,({, x)’s be a set of orthogonal
functions which satisfy

b
J Hy(§, x)Hm({, X)dx = Ny,

a

where

b
N, = J HE(L, x) dx. ' ' (3.19)

Then H,({, x)'s can be constructed from the functions F,({, x) in the following way

- Cl'n
Hu (5, x) =
: i=zl Cun

Fi(5,x) (3.20
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with C;, as the cofactor of the element e;, of D, which is defined as

€11€12-c000n. €1in
€21 cntrvnnnens b .

D,, = . . y €p = j Fn(C’ X)F,‘(C, x) dx. . (321)
Eple v evrvennens [

Now in terms of the set of orthogonal functions H,({, x), the function — f{{, x) can be expressed
as

—JGx) = Y hH(E, %) (3.22)
i=1

Substituting values of H,({,x) from (3.20) into (3.22), we obtain from (3.18) after some
rearrangement

&

z W(OF oL, %) = Z Fuf z,x)zm Cu, (3.23)

Comparing the coefficients of F,({, x) from both sides of (3.23) we find

=3 g Ca " : (3.24)

i=n

where

= — ﬁj J&, x)H (¢, x)dx. _ (3.25)

4. Stress intensity factors and crack opening displacement

To evaluate the stress intensity factors at the vicinity of the crack ends we put x = b + rcos 6,
y = rsin 0 for the stress intensity factor at the outer edge and x = a'— rcos 8, y = rsin 8 for the
stress intensity factor at the inner edge.

The required stress g, given by

0y = o,sin? 0 + o6, cos? § — 21, sin fcos 6 @.n

is to be evaluated fc;r small values of r.
Using asymptotic values of

b—a
n(t5%)
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for large values of &, it is found that for small values of r
)

n

' cos(zn + 1)
Jme-¢ﬁ4’5 (a'f'bé_ﬂ) (b ;aé)cos(éx)dé= __—4_

0 4r(b — a)

y [cos(ﬂ> \/(— cos 0 + /1 — ¢*sin? 6
2

1 —¢%sin®@

—f(— 1} { — 2 ein?
+sm<"2n>\/ (Z1ycosf+ /1 =g sin 0j|+0(r°), for x> b

1 —g%sin®0

cos(zn + 1
_ 4 \/(—1)"cos9+ 1 — ¢*sin2 0
B 1 —¢*sin®0

4;(b—a

. -1y J1-
—sm(%>\/( ycos + g’ sin” ]+0 ), forx<a

1 —g*sin?6

and

cos<2n + 1)
J% e VI-a sin <a ; bé — E>J,, <b%a é) sin(éx)dé = —4—r4—~

0 2

[cos( )\/ (—1)"cosb + /1 — g*sin? 0

1 —g*sin?0

( \/(_l) cos + l—-q23m +0(°), forx>b
-1 —g*sin®0

2n

=COS( 4 )n [os(m \[(—l)"c050+ V1= ¢?sin?0
4r(b—a ‘ 1 —¢?%sin20

(—1)"cos 8 + l-—q sin?07] 0
< >\/ 1= g2 sin0 + 0(r°), forx <a.

287

4.2)

4.3)

(4.4)

(4.5)
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Inserting (3.13) into (3.9) and taking inverse Fourier transform of (3.9) we obtain the stress
intensity factor at x = b with the aid of (4.2)-(4.5) as

cos(2"+l>n

o] o 4 2'—M2 + . .
Ky==/rlya0 = 12+ M2(1 = 2/a?))sin? 0
b #\/-l 0 Z |:2M2 l—Mz/flel l( ( / ))

2 /T—MZcos20 . 2—M?
— (2 = M?)cos? 6} + — O or - —7—(P{ — Py)sin 29]

1 (= . ' :
‘o f " aera 4.6)

and also the stress intensity factor at x = a is found to be

Q

S(Zn + l)n
_% _ e 4 -2~ M) .
Ka_z“ﬁl'w—-n; \/B—a |:2M2\/1 —M2/ozzQ‘ {2 + M3(1 = 2/«?))sin? 0

ST MPcos20 _  2— M?
MZ 2 T MZ

— (2 — M?)cos? 0} — 2 (Pf — P¥)sin 20]

x H Ca@ea @7)
nJ_x ;

0t =[eos(2F) a7t o) = e o
g) Jai— (1) cos 0 + sin(%) WJ/‘“

(i=1,2)

—w
W+
il
(=]
[o]
7
N

and

2

g, = [1— " sin’ 0,

q: = /1 — M?*sin? 0.

It is to be noted that in (4.6) 0 = tan™! y/(x — b) whereas in (4.7) it is given by 6 =tan™!
¥/la — x).
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Taking Fourier inversion of (3.12) we obtain the crack surface displacement as

N Gl VA jatb =2 P —ig=
1-0(.\,_)—"2:l " sm[ncos P 5 ~ac.c,,(C)c: de,

forag|x|£b 4.8)

5. Numerical discussions

In order to evaluate the stress intensity factors and crack surface displacement we take the
function p(x, z) as

(x,2) = ——
X, 7) = ————,
P 1+ d?z?

where d governs the distribution of the applied force and P is a constant. Numerical calcul-
ations have been done taking 4 = u and d = 1. The semi-infinite integral in (3.16) is evaluated

by Filon’s method as the integral converges rapidly because of the rapid decay of the
function

G(&,0)  G@.0)
& 0

with the increase in &. Adopting the first seven terms of the infinite series given in the left hand
side of (3.18) we used the Schmidt method to determine the coefficients ¢,({). For the check of
accuracy the values of ¥/, ¢,(0) F,(, x)/Pb and — f({, x)/Pb are given in Table 1 for {b = 0.0,
0.2, M = 0.4 and for a/b = 0.3, 0.4.

From Table 1 it is clear that the Schmidt method is carried out satisfactorily. The values of
cy(C) are given in Table 2 for M = 04, a/b =04.

The variation of stress intensity factor at the outer edge and at the inner edge with M is shown
in Fig. 2 and Fig. 3 respectively for 0 = 0°, 18°, 36° and a/b = 0.2, 0.3, 0.4. Figure 2 depicts the
fact that the value of stress intensity factor at the outer edge decreases with the increase in the
values of a/b, whereas from Fig. 3 it is evident that the stress intensity factor at the inner edge is
of an opposite character. It increases with the increase in the values of a/b.

The variations of stress intensity factor both at the inner edge and outer edge with z have been
presented in Figs. 4-7 for different values of a/b, M and 0. The values of stress intensity factor in
all the cases are found to decrease gradually with the increase in the values of z, which is
expected from the physical standpoint.

The variation of stress intensity factor corresponding to the circumferential stress g4 given by
(4.1) with 0 at both the crack tips has been shown in Figs. 8-12 for different values of a/b and M.

It is known that there are several factors which contribute to crack curving and branching.
One factor, of course, is based upon the criterion that a crack may propagate in a direction
normal to the maximum tensile stress and it is interesting to note from Fig. 8 and Fig. 10, there
is the possibility of curving and branching of the cracks at the outer edge at very low velocities
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Table 1.

-

b ab x'b Y )t X Ph S XY Ph
n=1
0.3 - 3140993
0.4 — 3140995
0.5 —3.140993
0.3 0.6 —3.140996
0.7 —3.140991
0.8 —3.140994
0.9 ~ 3140993
1.0 —3.140992
0.0 —3.140994
0.4 —3.140995
0.5 —3.140994
: 0.6 —3.140994
0.4 0.7 —3.140994
0.8 —3.140994
0.9 — 3.140995
1.0 —3.140994
0.3 —-2.572111
04 —-2.572113
0.5 -2.572111
0.3 0.6 —2.572116
0.7 —2.572110
0.8 —-2.572113
0.9 —~2.572108
1.0 —-2.572106
0.2 --2.572113
04 —2.572114
0.5 —2.572114
0.6 —-2.572114
0.4 0.7 —2.572113
0.8 =2572113
0.9 —2.572113
1.0 —2.572113
Tuble 2.
b c1(3) c3lg) 25}
0.0 —0.165871 x 10! —0.923569 x 10°* —0.759039 x 10°8
0.2 ~0.135194 x 10! ~0,734980 x 10~ 0.105638 x 10°°
0.4 —0.109342 x 10} —0.556495 x 10~* 0357814 x 107"
3.0 ~0.578184 x 1073 —0.601254 x 10~ 0.114694 x 10°%
4.0 -0.182994 x 1073 0.883491 x 107 0.659423 x 10~°
5.0 ~0.573139 x 10~* 0.489839 x 1077 0.342023 x 10°°
9.6 0.366305 x 1073 —0.816894 x 1078 —0.907244 x 1077
9.8 0.362848 x.1073 —0.829789 x 1078 —0.938769 x 1077
10.0 0.358409 x 1073 —0.843117 x 1078 —0.967438 x 1077

of the cracks whereas from Fig. 9, Fig. 11 and Fig. 12 it is clear that for a/b = 0.3, the crack
tends to become curved at the inner edge for values of M about 0.65.

Finally the crack opening displacement in the planc = = 0 has been shown by means of graphs
in Figs. 15 16 for different values of a/b and M. The variation of crack opening displacement
with = for some fixed x for different values of M and «/b has been depicted in Figs. 13-14.
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Two coplanar Griffith cracks
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Three co-planar moving Griffith cracks in an infinite elastic medium
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Abstract. The dynamic in-plane problem of determining the stress and displacement due to three co-planar Griflith
cracks moving steadily at a subsonic speed in a fixed direction in an infinite, isotropic, homogencous medium under
normal stress has been treated. The static problem of determining the stress und displacement around three co-planar
Griffith cracks in an infinite isotropic elastic medium has also been considered. In both the cases, employing Fourier
integral transform, the problems have been reduced to solving 4 set of four integral equations. These integral equations
have been solved using finite Hilbert transform technique and Cook’s result [16] to obtain the exact form of crack
opening displacement and stress intensity factors which arc presented in the form of graphs.

1. Introduction

In fracture mechanics, scattering of elastic waves by cracks of finite dimension in an infinite
clastic medium has been examined by several investigators. The problem of scattering of elastic
waves from an interface crack was solved by Bostrom [1]. Srivastava et al. [2] solved the
problem of interaction of an anti-plane shear wave by an interface crack. The problem of
diffraction of Love waves by a crack of finite width in the plane interface of a layered composite
has been solved by Neerhoff [3]. Itou [4] solved the problem of diffraction of an anti-planc
shear wave by two co-planar Griffith cracks in an infinite clastic medium. The scattering of a
time harmonic normally incident plane wave by two co-planar Griflith cracks was solved by
Jain and Kanwal [5]. Itou [6] also solved the problem of stress concentration around two
co-planar Griffith cracks in an infinite elastic medium. Yoffe [7] considered the problem of
propagation of a crack of fixed length at a constant speed through a stretched isotropic elastic
solid of infinite extent. The problem of diffraction of horizontal shear waves by a moving
interface crack has been solved by Nishida et al. [8]. Recently Kassir and Tse [9] have solved
the plane stress problem of a moving Griffith crack in an infinite orthotropic stressed medium
by using integral transform technique and the same'technique has been employed by De and
Patra [10] to solve Yofle’s problem in a stressed orthotropic strip of finite thickness. Scveral
problems on two moving co-planar Grillith cracks have been solved by Dus and Ghosh
[1t-13].

As regards the crack problem, research has been restricted mainly to the case of the single
crack or a pair of cracks because of severe mathematical complexity encountered in solving the
problems of three or more cracks. Recently, Dhawan and Dhaliwal [14] solved the statical
problem of determining the stress distribution in an infinite transversely isotropic medium
containing three co-planar cracks.

To the best knowledge of the author, the problem of stress distribution around three
co-planar moving Griffith cracks in an infinite isotropic clastic medium has not been inves-
tigated so far. In this paper, two cases regarding stress distribution around three co-planar
Griffith cracks in an infinite homogeneous, isotropic medium have been investigated. In the
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first case, cracks are assumed to be moving steadily along a fixed direction with constant
velocity V. In. the second case, the statical problem of determining the stress and displace-
ment in an infinite homogencous, isotropic medium weakened by three co-planar Griffith
cracks has been considered. Using Fourier intergral transform both the problems have
been reduced to ’solving a set of four integral equations. Employing finite Hilbert trans-
form technique [15] and Cook’s result [16] the integral equations have been solved to derive
crack opening displacement and stress intensity factors which are presented in the form of
graphs. ‘

2. Statement of Problem I and its formulation

Consider an infinite homogeneous .isotropic material weakened by three co-planar Griflith
cracks, moving steadily at a constant velocity V in the X-direction referred to a fixed coordinate
system (X, Y, Z) as shown in the Fig. 1. In the absence of body force equations of motion in
terms of displacement are

(2 + 2W)uxx + vxy] +uluyy — 0xy] = purr, 2.1
(2 + 2u)luxy + vyr] + ploxx — uxrl = pv.71s (2.2)

where u, v denote the displacement components in X and Y directions and /, g are Lame's
constants and u y represents partial derivatives of u with respect to X.

For cracks moving steadily with constant velocity V in the X-direction it is convenient to
introduce the Galilean transformation

x=X—-VT, y=Y, z=2, 1=T, (2.3)

where (x, y, z) represents the translating coordinate system as shown in Fig. .
Let the positions of the coplanar Griffith cracks referred to the translating coordinates (x, y, z
be —a<x<a4, —c<x< —bandb<x<cony=0

Y4 YT
S VT >

Fig. 1. Geometry and coordinite system.
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In the moving coordinates; the equations of motion (2.1) and (2.2) become independent of time
and take the form

(2420 — pV Iy + (A + )0 + iy, =0

. : (2.4)
(A4 20w 5, + (U — pV2Wx + (4 + u ., = 0.

The cracks are assumed to be moving steadily in an infinite medium subjected to a
homogeneous stress such that the state of stress at infinity is given by ¢ = p, 67x = 6% = 0.

For symmetry about the x-axis, only a half-plane need be considered.

The stress conditions at y = oo can all be made zero by superposing the simple static problem
ay = —pox=05=0

The boundary conditions of the resulting dynamic problem are in terms of moving
coordinates.

v=0; y=0, a<|x|<b |x|Zze¢

oy =0 y=0, |x|< oo, (2.5)
ow=—p;, y=0, |x|<aq, b<ix|<c

In view of the symmetry of the proposed problem with respect to y-axis, we introduce

(&0 = f ’ w(x, y) sin(¢x) dx,
C

D

E(E ) = J 0(x, ) cos(gx) dx

0

and

2 (= _ P
u(x, y) = ~J is(&, y) sin(Ex) d¢,
T)o
20%_ '
v, y) = —J v, y) cos(¢x) d¢
TJjo
in (2.4) so that cquations given by (2.4) reduce to

Wiy — E(A + [0y — EX(A + 20 — pV )i = 0,
(G + 2000y + &+ Wil — E2(u — pV2)e = 0.

Elimination of i, from (2.6) yiclds the following ordinary differential equation

where M = Viea, k = ¢y /e,
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The solution of the differential eq'pation given by (2.7}, for vy = 0, is

FE 1) = A(E)e” DVTEACRE BE)¢ BEARN T-_]\_l_—“ (2.8)
where the unknown functions A(£) and B(&) are to be determined using the boundary conditions

of the proposed problem.
Employing (2.8) in (2.6) it can be shown that

BGy =2
o J1 - M2K?

Therefore, the stress components given by

e HVITMRE L /I MABE@e T,y 30, 29)

Oy = Ay +v,) + 20, 2.10)
Oy = p(it,, + v) '

become

2u [ 2- M2 s
Oylx, y) = _._EJ- él:______ A(&)e i 1R

nJo J1 = MK
+2/1 — M2B(&)e V1 "”z]cos(é.\') dé, (.11

2u ™ o TATIRE I T | .
Tulx,y) = —;"f 6[2A(€)e‘j""’“’ B2 - MYBG e "“‘Jsm(cx)dé,
o]

with

2 (™ A . 3 5 . T
ux, y) = -;IJ. [————@*c’*"‘/’ SMIRE \/l — M2B(E) e """j'sin(i.\')dé,

V= Mk

0
and
2= TR . TTEIT
r(x, y) = - A(E)e VI —AME 4 B(&Ey e ‘"‘"':Icos(:.\-)d:. (2.12)
0

On account of symmetry with respect to the y-axis the boundary conditions (2.5) can be
rewritten as : '

tx,0) =0, xel,, 1, (2.13)

0,0 =0, 0<x<x, (2.14)
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g, 0) = —p, xely, I, (2.15)

where £, = (O,a) I, = (a,h), Iy =(h,¢), 1y = ¢, 2 ).
Using the condition (2.14) in (2.11.2) it is found that A($), B(S) are related by

2

Bg) = v A(). _ {2.16)

el

With the help of the boundary condition (2.13), Eqn. (2.12.2) reduces to
J;l A(&)cos(éx)dE =0, xel,, I,. | (2.17)
Substitution of (2.11.1) in (2.15) yields, with the aid of {(2.16)
.ﬂumwwm@=%,nth (2.18)

where

K_Q—Mﬂt4¢ﬁ—mwﬂu—mﬂ

p
K, ‘ (2___M2) /I_Mzkz

P=

3. Method of solution

In order to solve the set of four integral cquations given in (2.17) and (2.18) let us take

Al = éJ‘ h(s) sin(&s)ds + éJ“ g(t?) sin(ér) de, (3.1)
o

0 b

where Ji(s) and y(¢*) are unknown functions to be determined from the boundary conditions.
Inserting the value of A(¢) from (3.1) in (2.17) and using the following result [17]

o in, x>y>0
7 sin(éx) cos(éy) .

[
‘ 0, y>x>0

it is found that this choice of A(Z) leads to the equation

ymﬂm=o : . (3.2)

b
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Further substitution of A(£) from (3.1) in (2.18.1) yiclds

d P
—J hs)log d +E_J J(t)log dl_% xel,.
Rewriting this equation as
J h(s)log ds =nF(x), xel,,
where
Fix) = 5—3 1) g
T JolLu ‘2 x'2 ’
and using Cook’s result [16] it is found that
s s ¢ Jt? g(t
his) = 5 , (3.3)
u \/a —g = \/a - s? r -

where the result

a dx 2 —a®
f Vat —x* — — = in
0 (s

— x2)(1? — x?) f 12 -5

has been used.

Substituting th'e value of fi(s) from (3.3) in (3.1) and using the resulting value of A(&) in (2.18.2)
and using the result ‘

J‘\/ s ' [ f = :l l for xel
(5 — X )([ —s) \/El_az \/\_1_(12 IZ—'.\'Z’ . 3

it can be shown that g(t2) is the solution of the singular integral equation

c /t2_a2
L GE

nP
= 2—“, .\'El;.

Using finite Hilbert transform technique [15] the solution of this integral equation is obtained
as

122 - b? (C,
t°) = . (34
o) = \/(t —a*)(c* -1t )+ S = a2 = b = 1?) G4

the constant C, is to be determined using the condition given by (3.2).
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Next substituting the value of g(1?) from (3.4) in (3.3) and finally using the following results
¢ 12 —b* tdt b* — %
S == (5
b ¢ =1t (I' - SZ) ‘.2 -

J‘ tdt _ n
b (12 — )2 = B2 — %) 2T = s —§7)

for sel,,

his} is derived in the form

e <,
hs) == - 3.5
) _H \/(“2 - 5?)(c? - 5%) \/(az — $2)(b? = sH)(c? = 5Y) (3]

Now insertion of (3.4) in condition (3.2) yields

_ Pl E(%n,l)_ 2_ 2 , . '
C = ”[(( a)FGn,I) (b" —a®) |, (3.6)

where F(¢,!) and E(¢, ) are elliptic integrals of first kind and sccond kind respectively and
= (e = b2)/(c? — a?).

The relevant displacement and stress components in the plane of the crack can now be shown
to be given by

vx,0) = J hs)ds, 0<x<xaq,

= '[ gt?)dt, b<x<sc 3.7
and
2uK [ “ sh(s ) < g(t?)
[O').".(x, O)]a<x<b = _n_l:J; Xz _ sz ds — J‘b 12 _‘.\_2 dt ’
(3.8)
2uK| (¢ shis ¢ 2
[G’).,-(.\', 0)]x>c = _LI:.[ 521(-5 )2 ds + J lzfj(f )2 dl]
n oXN" — 3§ [ 20

Insertion of the values of /i(s) and g(r2) as given by (3.5) and (3.4) in the expressions (3.8) yiclds
after some algebraic manipulation,

2uK
[0 (% Olla<scs = = [F1(x) = Falx) + F3(x) = Fslx) = Fo(],

(3.9)
2uK
[‘7.\1\-(-\} 0))ise = %[Fx(-‘f) — F3(X) + Fy(x) -- Fs(x) + Fo(x)],
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where

1, : .‘“":\‘.2- ‘
e = L Ep? g2y — =1
Fi(x) [}‘ (b* ~ a?) C:}[\/xz i J2\,/(<'3

— =y

“alpP 2 — b2 — 2 g, X)
Fz(.\') = J‘ [;Z(Cl - bZ) — Cl b _ “_ ] (,Zl u d

0

] (\')_{1_:[ bz—x"’-_l]$ c,
AU PPl IRV (Pt J Ve = x3)(b? = x?)

Felx PERC R ERE . ' (;:i“'""'f'-
s(X) = —a tan~ PR it T

} e
9 S 2t
L2V 4 a

(? — b)x? — ¢?)

tan™!

(€ —u?) (x> =b

Fe(x) = a*C, Jc
o \/(cz — X)) (b? = xH)Js \/(ul —u?)?

Y i u X - x?
g1 (u, x) = - = [sm"(-) ~ —=——==tan ‘\/——2-————— .
' \/(b' —u?)(c? - u?) aj /x*—a? )

The dynamic stress intensity factors are given by

N,= Lt J2x — a)[6,,(x,0)]acx<ts

x—*a+

N,= Lt /2 [0'” X, 0)]a<x<b1

x—b~-

= LF V2 = )o4(5,0)]s0

Employing (3.9) in (3.11) it can be shown that
c2 . E(m )
= p\[ — u* F{in, 1)

h \FPSURRRRRL . S

e b )((r — %)

\ Fiin, )

_ o —a? E(dn, |
Nn’ - p\/Z (.2 . bl[l l_‘(%n, /)J'

h e [ 2 )_,u_n_.[_)_.([-..“)

(3.10

(B.11)
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Now using the values of h(s) and g(t2) from (3.5) and (3.4) in the expressions given by (3.7)
displacements on the cracks are obtained as

. 2L : > 2 2y 2
6, O acs =§ i l)[ﬁ(zn, ) E@, 1)] l_\ﬂc X2)(a? — x?)

F(%ﬂ, 1) - F(/;’ [) " ) oV bz - .\'2 ’

v _— P 2 . E(;"a 1) E(%ﬂ, 1)
(6%, )b xee = n /c? = a¥F(, l)[ T Fum 1)],

where

o ? — x? d sinp a? — x?
sin 4 = and sinf= [——.
c? — b2 b? — x?

It is interesting to note that the crack opening displacements depend on the crack velocity V but
in the plane of the cracks the stresses and stress intensity factors are independent of the velocity
of the moving cracks in an infinite elastic medium.

4. Statement of Problem 11 and its formulation
In this case, consider an infinite homogeneous isotropic material with three coplanar Griffith
cracks, locatedat Y =0, —~a € X < a4, b < |X| < ¢ and subjected to uniform internal pressure ¢.
In the absence of body force equations of equilibrium in terms of displacement are

(4 + 2u)[uxx + vxy] + puluyy —vxi]1=0
and

(2 + 2 [uxy + vyy] + ploxy — uxy] =0. 4.1
Since the problem exhibits a state of symmetry abut Y = 0, attention can be made to a single

half-space occupying the region Y > 0.
Equations (4.1) are to be solved subject to the boundary conditions

(X,0) =0, asg|X|<h |X|=¢ . (4.2)
oxr(X,0) =0, —w0 < X < w, (4.3)
on(X,0)= —q, [X|{<a b<g|X|<c (4.4)

In view of the boundary conditions, appropriate integral solutions of (4.1) are

2 oo
ux, V) =2 L [C(é) + D(é){Y - % ’1,113;‘

}]e'” sin(¢X) d¢
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and
uX,Y)= %fm L€ + YD(&)] e~ %" cos(¢é X) dE. 4.5)
0
Therefore,
oyy(X,Y) = —4—;—‘ [éc(é) + {Y 7 ill}D(é)}c’“' cos({X) d¢,
4;1 + 2u iy
oxy(X,Y) = - f [éc(f) + {Yé—T}D(c)]e *sin(¢X) d¢. (4.6)

It may be noted that the displacement and stress components given by (4.5) and (4.6) can not
be derived from the corresponding expressions of the dynamic problem given in (2.12) and (2.11)
on setting M = 0.

The functions C(£) and D(¢) are to be determined from the boundary conditions (4.2)-4.4),
which yield

C 4.7
) = é 4.7
and the following set of four integral equations
J CE)cos(éX)dE =0, Xel,, I, ) (4.8)
0 .
Qn
éC(é) cos(¢X)d¢ = W Xely, I, 4.9)

where Q = ((A + 2u)/2(A + w))q and I; (j=1,2,3,4) are the intervals defined earlier in
Problem L. '

5. Method of solution and quantities of physical interest

Integral equations given by (4.8) and (4.9) are found to be the same as given by (2.17) and (2.18)
with the exception that P is replaced by Q. Therefore, the same technique as that used in
Problem I can be employed to obtain

PN N AR NN e s

Fin,h)  FB.) bh? X2

[e(X,0]ocxca =

=

[v(X, O)Jbsx«

L)

3 .| EAD) EQn))
Je -azF(/.,I)l:FU b F(%n,l)}’ (5.1



Three co-planar moving Griffith cracks 301

where

Z_XZ . 2__X2
sind' = ((;-2___7 and sm/f'= ’-ZT:—X—Z'.

Stresses in the regions ¢ < X < b, X > ¢ are found to be the same as that given in (3.9), the
only change being that P is to be replaced by Q.

6. Numerical results and discussions

Numerical results for the stress intensity factors and -crack opening displacement, defined as
Av(x,0) = v(x,0%) — v(x,07), for different values of the parameters and 7 = u are presented in
this section. Numerical calculations have been carried out for both the dynamic and static
problems. As the crack velocity is less than Rayleigh wave velocity, it is reasonable to take the
value of M less than 0.9194.

Problem I: Variations of crack opening displacement for different values of crack speed, crack
lengths and the separating distance between the cracks have been plotted in Figs. 2-4. It is
interesting to note from Fig. 2 that crack opening displacement on both the cracks decreases
with the increase in the value of M at the onset and takes its minimum value at M = 0.7415,
after which it increases with the increase in the value of M. It has also been depicted in Figs. 3-4
that on each of the cracks, crack opening displacement decreases as the crack length decreases.

[t has been mentioned earlier that the stress intensity factors at the crack tips are independent
of crack speed and are found to depend on the crack lengths and the separating distance
‘between the cracks. Variation of stress intensity factors with a/b for different values of ¢/b, and
that with b/a for different values c/a are plotted in Fig. 5 and Fig. 6 respectively.

It has been found from these graphs that when the separating distance between the inner
crack and outer pair of cracks decreases the variations of stress intensity factors at the tips x = a
and x = b become more prominent than at the edge x = c. Figure 7 shows that the stress
intensity factors at the edges of the inner crack and outer pair of cracks increases as the length of
the outer pair of cracks increases, keeping the separating distance between the inner crack and
outer pair of cracks fixed. '

Problem 11: Figure 8 shows the variations of crack opening displacement for different values of
the parameters a/b, c/b. They exhibit that crack opening displacement on & crack of fixed length
increases with the increase in the length of the other crack as expected from the physical stand-
point.

Y
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Three coplanar moving Griffith cracks in an infinite
elastic strip.

A. N. DAS (DARJEELING)

THE DYNAMIC anti-plane problem of determining stress and displacement due to three coplanar
Griffith cracks moving steadily at a subsonic speed in an infinite elastic strip has been considered.
Employing Fourier integral transform, the problem when the lateral boundaries are subjected to
shearing stress, has been reduced to solving a set of four integral equations. These integral equations
have been solved using finite Hilbert transform technique and Cook’s result [9] to obtain the exact
form of crack opening displacement and stress intensity factors. Numerical results for stress intensity
factors have been presented in the form of graphs.

1. Introduction

IN FRACTURE MECHANICS, the problem of diffraction of elastic waves by cracks of finite
dimension in a strip of elastic material has been investigated by several investigators. Sih
and Chen [1} investigated the problem of propagation of a crack of finite length in a
strip under plane extension. Closed-form solutions for a finite length crack moving in a
strip under anti-plane shear stress was obtained by SINGH et al. [2]. Usirg finite Hilbert
transform technique developed by SRIVASTAVA and LOWENGRUB [3], LOWENGRUB and
SRIVASTAVA [4] solved the statical problem of distribution of stress and displacement in
an infinitely long elastic strip containing two coplanar Griffith cracks. Several dynamic
problems of determining stress and displacement due to two coplanar moving Griffith
cracks have been solved by DAS and GHOSH [5-7].

As regards the crack problem, research has been restricted mainly to the case of a
single crack or a pair of cracks because of severe mathematical complexity encountered
in solving the problems of three or more cracks. Recently, DHAWAN and DHALIWAL (8]
solved the statical problem of determining the stress distribution in an infinite transversely
isotropic medium containing three coplanar Griffith cracks.

To the best knowledge of the author, the problem of stress distribution around three
coplanar moving Griffith cracks in an infinite elastic strip has not been investigated so
far. In this paper, the problem of propagation of three coplanar Griffith cracks in a
fixed direction with constant velocity V' in an infinitely long elastic strip of finite width
has been considered. Employing Fourier integral transform, the problem when the lat-
eral boundaries are subjected to shearing stress, has been reduced to solving a set of
four integral equations using finite Hilbert transform technique [3] and COOK'S result
[9] to derive the exact form of stress intensity factors and the crack opening displace-
ment. Numerical results for the stress intensity factors are presented graphically to show

their variations with crack speed, crack lengths and the separation distance between the
«~racks.
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2. Statement of the problem

Consider an infinitely long elastic strip occupying the region —h <Y < h, weakened
by three coplanar Griffith cracks moving steadily at a constant velocity V' in the X-
direction referred to a fixed coordinate system (X, Y, Z) as shown in the Fig. 1.

Fic. 1. Geometry and coordinate system.

In dynamic problem of anti-plane shear, the non-vanishing component of displacement
W in the Z-direction satisfies the equation of motion

(2.1) Wxx +Wyy = =W,

Cz
where C; = (u/p)'/? is the shear wave velocity, p is the material density and W y
represents partial derivatives of W with respect to X.

For cracks moving at constant velocity V' in the X -direction it is convenient to intro-
duce the Galilean transformation

(2.2) - ‘ e=X-VT, y=Y, z=2, =T,

where (z,y, 2) represents the moving coordinate system as shown in the Fig. 1.

Let the positions of the coplanar Griffith cracks referred to the coordinates (x,y, z)
be —a<z<a, —c<z< —-bandb <z < cony =0, and let the uniform shearing
stress p be applied to the lateral boundaries y = +h of the strip. The equivalent problem
involves the application of shear stress —p to the crack faces at y = 0. Accordingly, the
boundary conditions of the proposed problem are

(23) 0y:(2,0) = ~p, |zl <a, b<lz]<e,
(2.4) Oyz(z,£h) =0, —oo <z < 00,
(2.5) Wi(z,00=0, e<]|zj<bd, |z|>c

In the moving coordinate syslem, the equation of motion becomes independent of
time and takes the form

(2.6) W gz + Wy =0,
with

2.7) s =/1-V2/CL
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Due to the symmetry about z, z-plane we need to consider the region 0 < y < h only.
Introducing the Fourier transforms

W) = | Wiz, y)cos(ér) da,
(2.8) A;’ o
Wz,y) == f W (€, y)cos(Ea) dE,
in Eq. (2.6), the solution of Eq. (2.6) is obtained as

9 Wew =2 TI0@e + O eoster) de,
0
with
(2.10) oy:(2,y) = —3’;‘3— J ElCi©)e¥s — C3(6)et ¥ cos(ex) dE.
[t

Using the expression for o, (z, ¥) given by Eq. (2.10) in Eq. (2.4), it has been found that

__C¢®
Ci(§) = T3 ot
C ‘-—tha
Cs(8) = ‘1—(_5):—_25,;,

where the unknown function C'(§) is to be determined. From conditions (2.3) and (2.5)
it is found that C(£) satisfies the following quadruple integral equations:

(2.11) ij(fhs) th(€hs) cos(éz) d€ = 2’;—];, z €, I,
and
(2.12) TC(E)COS(E.’C)(IE =0, a¢€l,I,
0
‘where

Il = (Os (L), 12 = (aab)a 13 = (b,C), 14 = (C,OO).

3. Method of solution

[n order to solve the quadruple integral equations (2.11) and (2.12), let us take

o

(3.1) c() = % jﬂ h(u) sin(€u) du + é J 9(v?) ch(cv) sin(€v) di,
0

b

where hi(u) and g(v?) are the unknown functions to be determined from the boundary
conditions of the problem considered. Substituting the value of C'(£) given by Eq. (3.1)
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into Eq. (2.12) and using the well-known result
) z>y>0,

T sin(z¢) cos(y§)

d€ =
0 ¢

, z=y>0Q,

' 0, y>z>0
it is found that this choice of C() leads 1o the condition

(3.2) fc g(v?) ch(ev) dv = 0.
b
Rewritting Eq. (2.11); in the form
¢3) ?z% of C(€) th(Ehs) sin(Ez) dE = % zel

and inserting the value of C(€) from Eq. (3.1) in (3.3) it is found that h(u) is the solution
of the following singular integral equation:

sh(ez) + sh(eu)

sh(ez) — sh(eu) du=nf(z), zel

(3.4) f h(u)log
[}

with

T ) ¢ 23 ~ -; )
f@y= | [Ji - 1 jeslr)ohler) shiZev) dv] dz',
p s w0 sh(ev) — sh®(ex’)
where the following result {10] has been used:

o0

3.5 h(ghs)SRER)SIEY) 4 _ L)
(3.5) Of_t(ss) T d6=3log

Now using the Cook’s result [9], the solution of Eq. (3.4) has been obtained with the aid
of the formula :

sh(ez) + sllgfu_)
sh(ez) — sh(eu)

oo T
’ 2hs’

9 \/ sh?(ea) — sh*(ex) e ch(ez) dz _ | p \/ sh’(ev) ~ sh’(ea)
o [sh’(ex) — sh’(eu)][sh*(ev) — sh*(ex)] " " 2sh(ev) sh(ev) — shi(ew)
for uel, and v€ L,
a 2 2
36)  A(u) = —esh(2eu) P \/sh (ea) — sh*(ex) dz
GO Ry w\/s—hz(ea) — sh¥(eu) [”s y | shi(ez) — shi(eu) ’

+ j \/shz(ev) ~ sh%(ea)

.
sh®(ev) — sh®(eu) g(v)chev) dv].

b

Substitute now the resulting value of C(§), obtained by inserting Eqs. (3.6) into Eq. (3.1),
in condition (2.11),, and make use of the following results:



THREE COPLANAR MOVING GRIFFITH CRACKS IN AN INFINITE ELASTIC STRIP . 467

i e sh’(eu) ch(eun)du

bf [sh’(ex) — sh?(ex)]{sh’(ev) —Ashz(eu)]\/—z(ea) — sh?(ew)
T [ sh(ev) sh(ex) ] ’
~ Ast(en) - (e |\ [iier) - shiea)  \Jobi(ea) — sh(eay
7 e sh?(eu) ch(ew)du
0 [sh?(eu) — sh’(ex)][sh*(ey’) — shz(eu)]\/ h’(ea) — sh?(eu)
il sheez) , for "z,v €l and o' €1,.

2[sh2(e:c) ~ sh(ey")] \/Shz( ez) — sh¥(ea)
It can be shown that g(v?) is the solution of the followmg singular integral equation

- \/shz(ev) — sh*(ea) \/;Ixz(ex) — sh?(ea)
37 f sh’(ev) — sh*(ex) sh(2ex)

2 = TP
eg(v°)ch(ev) dv s [

f V/sh¥(ea) — sh*(ey’)
sh®(ex) — sh¥(ey’)
Using finite Hilbert transform technique [3] and the formula '

j \/shz(ec) - shz(ez) sh(2ex)dz
sh’(ez) — sh?(eb) [sh’(ez) — sh?(ey")][sh®(ex) — sh®(ev)]

ly], for ¢ € [

T sh?(ec) — sh’(ey’)
e[sh®(ev) — sh’(ey’)] | sh®(eb) — sh®(ey’)’

the solution of Eq. (3.7) is found to be

2ep  sh(ev)y/sh¥(ev) ~ shi(eb) [ \/ sh¥(ec) — sh(ez)
1S | [[sh¥(ev) — sh¥(ea)](sh¥(ec) — sh¥(ev)] L § | shi(ez) — sh(ed)
\/sh¥(ez) — shi(ea) | sh¥(ec) — sh(ey’) \/sh’(ea) — sh¥(ey’)
X f d ]
shi(ez) — shz(ev) sh(eb) — sh’(ey’) sh’(ev) — sh’(ey’)
Cish(ev)
V/[sh2(ev) — sh*(ea)][sh3(ev) — sh(eb)]ish(ec) — sh¥(ev)]

(3.8) g(v¥) = -

+

Next, substitution of g(v?) from Eq. (3.8) in Eq. (3.6) and finally application of the formula

f \/shz(ev) — sh?(eb) sh(2ev)dv
sh¥(ec) — sh¥(ev) {sh’(ev) — sh?(eu)][sh’*(ez’) — sh?(ev)]

], for u,a:'E!I,

sh’(eb) — sh®(ew)  [sh?(eb) — sh*(ez’)
sh®(ec) — sh®(ex’)"’

- e[shz(eu) sh?(ez)] [\/shz(ec) — sh®(eu)
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yields (u) in the form

_2ep _ chlew) sh(ew)y/sh(eb) — shi(ew) [ 5 \/shz(ea) T er)
K3 | [[sh¥(ea) — shi(ew))sh¥(ec) — sh¥(ew)) b i ¥ shi(eb) — shi(ey’)

§ V/sh¥(ec) - shiey) f \/shz(ec) ~sh(ez) \/shi(ez) — sh(ea) m}
sh¥(ey’) — shz(eu) sh?(ex) — sh(eb) sh’(ez) — sh’(eu)
N C) sh(eu) ch(eu)
\/[shz(ea) — sh¥(ew))[sh*(eb) — sh(ew)][sh*(ec) — shi(cu)]

Substitution of the value of g(v?) from Eq. (3.8) in the condition (3.2) yields

_ Zep sh’(ec) — sh¥(ez) /o sh?(ex) — sh®(eb)
(3.10) Gy = -8 f \/shz(ea:) Z shz(eb)\/Sh (ez) — sh (ea){ sh2(ec) — sh’(ez)

7 sh?(ec) — sh?(eb) (T
{_ 2’ sh*(ec) - shz(ex)’q}/F(Z’q> * 1} de

- % [shi(ec) — sh*(es)
f sh2(eb) — sh¥(es )\ﬂhz(ea) — sh?(es)
_ shz(eb)—shz(cs) 7 sh¥(cc) — sh(eb) T
{1 sh?(ec) ~ sh?(es) {2 ” sh?(ec) — sh*(es) a3 1( 4) } ds,

where F(¢, q) and II (¢, n, q) are elliptic integrals of the first and third kind, respectively,
2 _ <hZ
and ¢ = shz_(ec) shz(eb)'
sh*(ec) — sh*(ea)
The relevant dxsplacemem and stress. components in the plane of the crack can now
be shown to be given by

(3.11) W(z,0) = f h(u)du, 0<z<a,
: z

= f g(v2) ch(e'v) d‘U, b <z <eg
k4

and ,
| : _2us| eh(u)'sh(eu) du & eg(v?) sh(ev) ch(ev) ‘
[Uyze, Nlacz<t = T[ ‘,f shi(ez) — hi(en) f sh¥(ev) — shi(ez) dv ] ch(ez),
(3.12)
3 _ 2us[ ¢ eh(u)sh(ew)du . eg(v?) sh(ev)ch(ev)
[Oy2(2,0)]z5c = T[ f Shz(ex) — Shz(eu) + f shi(ez) — shi(ev) d ]ch(ew).

'Now, insertion of the values of h(v) and g(v?), as given by Egs. (3.9) and (3.8), in the
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expressions (3.12) yields (after some algebraic manipulations)

_ 2pe[  [sh’(eb) — sh’(ea) sh(ez)
170 Olocace = T [ \/Shz(“’) — sh’(ea) \/Shz(ez) — sh*(ea)

_ 2e[sh?(ec) — shz(eb)]{ f“ R, z)-du’ f Fy(c,u)
3]

m 1]

{ j Fy(u,z)du+ sz(v,m)dv}
0 ) b

c a
' A R x) /.LS v T
XF ' 1' B d 4 W) Ja( o + ! -
3(0, z, u)du + (,J 2(v, ) v“j Fa(c, v) 3(v,m,u)du} p ,{2

1 - sll(em)/\/Shz(ew) - sh¥(ea) +e j (e u)f‘-ﬂs(u m)du}

\/Ish(eb) ~ sh(ea))[sh*(ec) ~ sh(ea)]
+ e[sh*(eb) — Shz(ea)]'{ j' B, z)dv’ j Fy(a,v)Fe(v', z,v)dv + j Fy(u,z)du
b b 0

T
sh(ec) — sh?(eb)
sh®(eb) — sh*(ea)
_ﬂ_s_(i{zr_ shiec)
pe Xil2 | [p2(ec) - sh¥(ea)

¢ a ) a : .
X f]ﬁ(a,v)ﬂ(u,a:,v)dv— fFl(u,:z:)duJ 174(0,u’)Fg(u,u')du'}
b 0

)

+ esh’(ea) f lﬁ(:z:,v)dv}] ch(ex),
b Ve

2pe sh?(eb) — sh?(ea) sh(ez)
3.13 (2, 0)]ase = 26| -
( ) [ay (m )] > T [ \/Shz(CC) - Shz(e(l) \/shz(ex) _ Shz(ea)

_ 2e[sh*(ec) — sh*(eb)]
™

. X{j Fy(u,z) du+j Fy(v,2) dv} {fa Fu',z)du j Fi(e,u)
0 b 0 0
T

[ a : . I.LS
'xF3(0,1:,u)du+ E’]‘Fz(v,az:)dv ()f(R;(c, u)I}(v,:c,u)du} +_—e-;C’{,2

1= 2 ~ ch? a
y 1 — sh(ez)/ \/sh (ez) — sh*(ea) e f Fy(e, u)Fi(u, z)du}
-~ /Ish¥(ec) ~ sh¥(ea)][sh*(ed) — shi(ea)] &

20,0\ — ch? ¢ f r
_ elsh(eb) — sh (ea)]{ [ B, 0)dv' [ Fi(a,v)Fy(v',v,2)dv + [ Fy(u,z)du
b b : ' 0 .

Tr .

¢  sh¥(ec) — sh¥(eb) o N
X bj‘F4(a,v)F3(u,v,:v_)dv+ SH(eh) = sh¥(ea) i)fF,(u,z)du ;)/'Fa(c,u)l“g(u,u)dy}

usCy sh(ec) venr FE d B \/ sh2(ec) — sh(eb)
+peX‘1 { 2\ /sh¥(ec) — sh¥(eq) +estea) bf ) v} sh?(ec) — sh’(ea)

« sh(ex)
V/sh*(ez) — sh¥(ec)

{ sz(u,z)du+ sz(v,x)dv}] ch(ex).
0 b ,
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In the above formulae

_ [sh¥(ec) — sh*(eu) sh{eu)
Fiw,2) = \/shz(eb) — sh’(eu) sh’(ez) — sh*(ew)’

Fi _ \/ sh(ec) ~ sh®(ev) \/shz(ev) ~ sh¥(ea)
2(v,2) = sh?(ev) — sh?(eb) sh(ev) — sh’(ezx) ’

_ sh(ex) _1 [ sh(eu) [sh%(ez) — sh*(ea)
Bl \/shz(e:c) — sh%(ea) ) {Sh(ez) sh’(ea) — Shz(e“)}
_ sh(ev) tan~! {sh(eu) sh?(ev) — shz(ea)}
\/shz(ev) ~ sh?(ea) sh(ev) | sh*(ea) — sh*(ew) )’
Fi(w, u) = ch(eu) sh(eu)
"/ Ish*(ew) = sh(eu)P[sh*(eb) — shi(ew)]

sh(ew)

(3.14) FS(u7 w) = [2 Shz(e'll,j - Shz(eC) -— Shz(eb)]{ S.m_l(sh(ea)

sh(ex)
\/;h.z(ec) — sh?(ex)
sh(ez)y/sh2(ec) — sh¥(ev) + sh(ev)y/sh¥(ec) — sh(ez)
sh(e:v)\/shz(ec) — sh?(ev) - sh(ev)\/shz(ec) - sh®(ez)

)= BOa,0)},

F(,(U,(L',’U) =

sh(eu)
B V/sh(ec) — sh¥(eu)
sh(ew)/sh?(ec) — sh?(ev) + sh(ev)\/shz(ec) — sh?(eu)
o sh(eu)\/ssz(ec) ~ sh¥(ev) — sh(ev)\/ sh?(ec) — sh’(ew)
\/sh""(ec) — sh®(ez) \/sh*(ev) — shz(eb))
y/sh¥(ec) ~ sh(ev) y/sh(eb) — sh¥(ez)

X log

b

Fy(z,v) = tan™! (

« ch(ev)
VIsh*(ev) - sh(ea)p’
2sh(ez) | tan~! {sh(ev) shi(e:c) - shzz(ec)}
\/shz(ea:) — sh¥(ec) sh(ez) ¥ sh*(ec) - sh (ey)

! sh(ew) = sh(eu)\/;};z(ec) — sh(ev) + sh(ev)\/shz(ec) — sh?(eu)
\ﬁhz(ec) — sh®(ew) - sh(eu)\/ sh®(ec) — sh?(ev) — sl'l(ev)\/ sh?(ec) — sh’(eu)
| sh(eu)y/sh¥(ea) — sh(eu’) + sh(ew')y/sh*(ea) — sh(eu)
sh(eu),/sh¥(ea) — sh¥(eu’) — sh(ew’)\/sh?(ea) — sh*(eu)

FH(us v, z) =-

Y

Fy(u,v') = log
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and

Xy = \/Ish(eb) — sh¥(ez)][sh(ec) — shi(e)].

The dynamic stress intensity factors are defined by

Ny = I]_tﬂ;k Va(z—a [ayz(zvo)]a<x<b’

(3.15) Ny = zl_i’n;_ V20 = 2)[0y2(Z, 0)a<z<by
N, = lim+ V2(z — o)oy:(z,0))z5c

Substitution of the results given by Eqgs. (3.13) in expressions (3.15) yields

_ [sh2ea)[_ [shi(eb) ~ sh¥(ea) 2pe [ o |
" —\/ e [ \/sh’(ec)—shz(ea) T { vf Fy(u, a) du+ bf Fz(v,a)dv}
psCl ]

\/[shz(eb) shz(ea)][shz(ec) — sh?(ea))

(3.16) N, = — _ usCy [sh(2eb)
VIsh(eb) — sh?(ea)][sh?(ec) — sh(eb)] ¥ €

sh(Zec) sh’(ec) — sh’(eb) 2pe [ ¢ G
\/ [ \/hz(eC)-— sh’(ea) ™ { (.!‘Fz('“v c)du + !Fz(”r C)d”}
usCh
\/ [sh*(ec) — sh*(ea)}[sh*(ec) — shz(eb)]]

Again, insertion of the values of h(d) and g(v?), given by Egs. (3.8) and (3.9), in the
expressions for displacements given by Eqs. (3.11) yields

¢ 2 2
W (2, 0)]p<oca = P 2[sh*(eb) — sh?(ea)] ,sh (ev) — sh*(eb) ,
W@ Ogeg ums [\/shz(ec) — sh¥(eq) { sh?(ev) — sh’(ea) %
sh?(ec) — sh(ev) dv _f sh?(eb) — sh’(ew)
X \/shz(ev) — sh?(eb) \/shz(ev) ~sh¥(ea) ¢ H{A’ sh(ea) — sh’(eu)’ 9}
x\/shzl(ec) —sh®(eu) . du }] __GiFg)
shi(eb) — sh¥(ew) | fsn¥(ca) ~ shi(eu) /! e\/sh¥(ec) — sh¥(ea)’
and
2o — <l
[W (2, 0))pcese = | —L f \/zﬁzg?)_f;z(ég\/sh’(e”’ -shz(ea){F(,\l’q)

sh’(ev) — shz(eb) , sh’(ec) — sh¥(eby sh’(ec) — sh’(euw)
* sh®(ec) — shz(ev)p{,\ * sh®(ec) — sh?(ev)’ }} f sh?(eb) — sh’(eu)
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sh?(eb) — sh’(eu) N sh(ec) — sh?(eb)
sh’(ec) — sh?(eu) " sh’(ec) — sh*(eu)

+2F0, )|

xy/shi(ea) — shP(ew){ F(N', g) - ,q)} du )

1
\/shz(ec) — sh%(ea) ’

2 2 ' 2 2
- h —sh
Gin )\ = shz(ea) shz(e:v)’ Gin )\ = /5 2(ec) $ 2(e:z:)
sh®(eb) — sh*(ex) sh®(ec) — sh(eb)
and I'(¢, q), 11 (¢, n, q), and g have been defined earlier.
On putting b = ¢ and simplifying, it may be noted that the results (3.16); and (3.17),
become those given by Egs. (4.18) and (4.19) of SINGH et al. [2], and for @ = 0 the results

given by Egs. (3.16);, (3.16); and (3.17) coincide with those given by Eqs. (4.38), (4.39)
and (4.35) of DAS and GHOSH [5].

where

4. Numerical results and discussions

Numerical results for stress intensity factors at the tips of the cracks for different values
of crack speed, crack lengths and the separating distance between the cracks have been
presented in this section. The dependence of the stress intensity factors on crack lengths
and their variations with V//('; have been shown in Figs. 2-5. It is seen in Figs. 2-3 that
stress intensity factors at the edges of the cracks increase rapidly when V/C — 1, and
variation of stress intensity factors at the edge = = a is greater than that at the tips 2 = b
and z = ¢ when the length of the inner crack increases.

Variations of stress intensity factors at the edges of the cracks with a/b for different
values of ¢/b and that with b/a for different values of ¢/a are plotted in Figs. 4-5,
respectively. It has been found that when the distance between the inner crack and the

outer pair of cracks decreases, the stress intensity factors at the tips 2 = ¢ and 2 = b
become greater than that at the edge z = c.

ol [ p—
2
3 Nb/pv/E' ————
&
a N /pVE

o
™

0.2 1 | | 1 | —
a 02 04 0.6 08 1.0 V/UZ

FiG. 2. Variations ot stress intensity factors with V/C»,
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FOUR CO-PLANAR GRIFFITH CRACKS IN AN
INFINITE ELASTIC MEDIUM

A. N. DAS and M. L. GHOSH ) .
" Department of Mathematics, North Bengal University, Darjeeling, West Bengal 734430, India

Abstract—The dynamic in-plane problem of determining the stress and displacement due to four co-planar
Griffith cracks moving steadily at a subsonic speed in a fixed direction in an infinite, isotropic,
homogeneous medium under normal stress has been treated, The static problem of determining the stress
and displacement in an infinite isotropic elastic medium has also been considered. In both cases, employing
the Fourier integral transform, the problems have been reduced to solving a set of five integral equations.
These integrul equations have been solved using the finite Hilbert transform technique to obtain the exact
form of crack opening displacement and stress intensity factors which are presented in the form of graphs.

INTRODUCTION

IN FRACTURE mechanics, scattering of elastic waves by cracks of finite dimension in an infinite elastic
-medium has been investigated by several investigators. The problem of scattering of elastic waves
from an interface crack was solved by Bostrom [1]. Srivastava er al. [2] solved the problem of the
interaction of an anti-plane shear wave with an interface crack. The problem of diffraction of Love
waves by a crack of finite width in the plane interface of a layered composite has been solved by

" Neerhoff [3]. Itou [4] solved the problem of diffraction of an anti-plane shear wave by two co-planar
Griffith cracks in an infinite elastic medium. The scattering of a time harmonic normally incident
plane wave by two co-planar Griffith cracks was solved by Jain and Kanwal [S]. [tou {6] also solved
the problem of stress concentration around two co-planar Griffith cracks in an infinite elastic
medium, Problems on two co-planar Griffith cracks moving along the interface of a layered infinite
half-space have also been solved by Das -and Ghosh [7] recently.

As regards the crack problem, research has been restricted mainly to the case of a single crack
or a pair of cracks because of the severe mathematical complexity encountered in solving ‘the
problems of three or more cracks. Recently, Dhawan and Dhaliwal [8) solved the static problem
of determining the stress distribution in an infinite transversely isotropic medium containing three
co-planar cracks.

To the best knowledge of the authors, the problem of stress distribution around four co-planar
Griffith cracks has not been investigaied so far. In this paper, we consider two cases regarding the
stress distribution around four co-planar Griffith cracks in an infinite homogeneous, isotropic
medium. In the first case, cracks are assumed to be moving steadily along a fixed direction with
constant velocity V. In the second case, -the static problem of determining the stress and
displacement in an infinite homogeneous, isotropic medium weakened by four co-planar Griffith
cracks has been considered. Using Fourier integral transform both problems have been reduced
to solving a set of five integral equations. Employing the finite Hilbert transform technique [9], the
integral equations have been solved to derive crack opening displacement and stress intensity
factors, which are presented in the form of graphs.

STATEMENT OF PROBLEM I AND ITS FORMULATION

. Consider an infinite homogeneous, isotropic material weakened by four co-planar Griffith
cracks, moving steadily at a constant velocity V' in the X-direction referred to a fixed coordinate
system (X, Y, Z), as shown in Fig. 1. In the absence of body force, the equations of motion in terms
of displacement are

(A +2u)[u yx + v xy} + ulu yy— U,xy]. = pU rr
and ~
(A +2u)[u oy + 0yl + #lo,xx — U xyl = purr - (la, b)

941



942 A. N. DAS and M. L. GHOSH

where u and v denote the displacement components in the X- and Y-directions, 4 and u are Lamé’s
constants and u y represents partial derivatives of w with respect to X.

For cracks moving with constant velocity V in the X-direction it is convenient to introduce
the Galilean transformation

x=X-VT, y=Y, z=2, t=T 2

where (x, y, z) represents the irahslating coordinate system as shown in Fig. 1.

In the moving coordmates the equations of motion (1) become independent of time and take
the form

A+ 20— pV e+ (A + P04y + ptt,y, =

(A + 2030,y + (0 = V20, (4 ) = 0. (3a,b)
Introducing ) .
(¢, y)= J.O u(x, y)sin(€x) dx
5.5 ) = r b(x, y)eos(Ex) dx (4a,b)
and ’

u(x, y) = % f: 7€, y)sin(x) dé

v(x,y) = ;zz_ f: 0.(, y)cos(éx)dg, . _ (5a, b)

in eq. (3) we obtain -
! :,yy c(}' + ”’)vc.y - 52(1 + 2# sz)u =

(;" + 2#)vc._yy + é(}‘ + #)us.y - 52(# - sz)vc =0. (63, b)

Elimination of &, from (6a, b) yields the following ordinary differential equation:

[{d—d;——(l - Mk*)g? }{d—yz—(l 2)E’}:I 6,=0 . M

where M = V/c;, k = ¢, /¢,
The solution of the differential equation given by (7), for y 20, is
Be(& ¥) = A(E)e OV - M 1. B(g)e-bVlir i ‘ ®)

where the unknown functions 4(£) and B({) are to be determined usmg the boundary conditions
of the proposed problem.

0 -d ¢ -b ~ 2 0

»
o
0
o
»
>

Fig. |. Geometry and coordinate system.
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(s, )
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in ecjs (6a, b), we obtain

= —\/—(]i’_(—i)zz—kT)e‘f_"\/(l—me) + \/(l - MZ)B(é) c—-{y\/(l_MZ), y 20. ©)

Therefore, the stress components given by

become

Oy = AU tv,)+ 2,
O = (K, +0,:) | (102, b)

0y (%, y) = . jw [ 2- M A(E) e~V - MY

2u

J1 = M%)
+2./(1 = M)B(E)e~9V0 - ””:l rcos($x) d¢

*o

Ty )= =T | §RAE) e VI 4 2 - MAB() e~V - Msin(¢x) dg (11a,b)
v Jo ) .
with
2.(= A@) . e/ - M2 —&J-MY |
ue =2 | [ Ja- i =M 4 /(1 = MHB(E) e~ V0 ”’:Ism(éx)d§
and
v ) =2 | [A(E)e-oVa-4) 4 B(E) emV - Mieog(£x) dE. (12, b)

Let four co-planar Griffith cracks of finite length located along the X-axis be moving steadily with
velocity V in the X-direction so that their positions, referred to translating coordinates (x, y, z),
arca<x|<b, cg<lx|€dony=0.

The boundary
to the y-axis are

where I, = (0,a), I, =

conditions of the proposed problem on account of the symmetry with respect

v(%,0)=0, xel, I,I, (13a—)
6,(x,0)=0, 0<x<o (14)
0,(x,0)=—p, xel,l, . (15a, b)

(@, b), =(b,c), I, = (c d), I;=(d, ).

Using the condition (14) in (11b) we find that A(¢) and B(¢) are related by

B()=— A(G) (16)

2-M?

With the help of the boundary condition (13), we obtain from (12b)

r A(&)cos(éx)dE =0, xe€l,, b, 1. (17a—c)
0

Substitution of (11a) in (15) yields, with the aid of (16)

where

r EA(&)cos(Ex) dg =£75, xel,I, (18a, b)
0 2u

(2 — M —4./[(1 — M?KkA)(1 — M)

K =
@~ M)/(1 - M)

ol
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METHOD OF SOLUTION

In order to solve the set of five integral equations given in eqs (17) and (18), we assume
' 1 [ 1 (¢ )
AE) =E J h(s»)sin(és) ds +E J g(1Hsin(&r) de _ (19)

where A(s?) and g(r?) are unknown functions to be determined from the boundary conditions.
Inserting the value of 4 () from eq. (19) in eq. (17), it is found that this choice of A4(Z) leads
to the equations ’

b d
fh(s’)ds=0 and J.g(tz)dt=0. ' (20a, b)

Further substituting A(£) from eq. (19) in (18a), we obtain

b sh(s?) d gty ,« wP
t=—, L.
J:,s2 xd_*_J\I—x2 2u x€eh

Rewriting this equation as

f ss"(sz) ds ——F(x) xel,

where

Fix) = P 2J“’ tg (%) de

u 12— x2

and using finite Hilbert transform technique [9], we obtain

n_ P |(s?=a?\ 2 [(s*—a®\[? [(1 1g(1%) C
or=1 J5=5) 2 5=5) [ () f e+ ey

where we have used

b /b — x? x dx _m 2—b%\ 1
x2—a?) (sT=xH(t—xH) 2\ \P-a?)ii-s?

The constant C, is to be determined from eq. (20).

Substituting the value of A(s?) from (21) in (19) and using the resulting value of A(&) in the
boundary condition (18b) we obtain, using the results

b 752 — g2 sds . n 12— a? x?—a? 1
J.‘, (lyz—s2 (sz—xz)(rz—sz)_il: t’—bz)_ x’—b’)]t’-—x2

sds B . ; ;
J.u (sz—xz)\/[(sz——az)(bz—sz)]_ —2\/[(x2—02)(x2_b2)] or x €1,

the singular integral equation

(12— b\ 1g(s? P C
f: \/<t2—0>tzg£.7c) dr =%[;+-x2——la’]’ x el
Again using the finite Hilbert transform technique [9], we obtain
() = ~\/ (P —a’)(t? — c?) d’—a’ Ci/(1 = c?)
- oey@-m " cz—a’)J[(r’—a’)(tz—bz)(dz—tz)]
+ Cy /(1 —a?)
JIE =) =)@~ 1)’

and

(22)

where we have used

 /d?— x? x dx _n d*-a’ 1
NI =c/ (xT—a)(xT=1) 2\ \c*—-al) 1 —-a?

and the constant C, is to be determined using the condition given by eq. (20).
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Next, substituting the value of g(r%) from (22) in eq. (21) and finally using the following results:

4 (17— ¢? tdr n cl—a? c?—s? 1
J, (dZ—:2>(zz~a2)(:2—s2)‘5 d—al) J\&—5 ) |sT—a?

‘ £ dt = . T for sel
e =V =A@ -] 2Jl(c? —sH(d* ~ 5?)] »

h(s?) is derived in the form

ney =L (s*—a)(ct—s?Y + d* - a? C/(c*—s?)
B (6% — 5% (d*—5?) c?—a?) Jl(s* - a®)(b? — s?)(d* — s7)]
_ Co/(s? —a?)
VB =57 (c? — sH(d* - 57
To determine the values of the unknown constants C, and C,, we substitute g(t®) and A(s?)
given by (22) and (23) in (20) and obtain

c _ K I+ K2 P ¢t —a?
' 1:;;!1“ +J“"J" d* - a?

23)

. Kl od Jeb
P 1:*51 +J:€Jm u
where \/(xz ) dx
I’-’ =
,[ VIO = p)(x? — gh)(s? ~ x)
J = ! \/(xz_pz)dx
P ) VIR = g = P (st = %)
K = — VI =P (P —ri)

dx
p V7= g3t~ x?)]
The relevant displacement and stress components in the plane of the crack can now be shown to
be given by

v(x,O)=J‘ h(sHds, a<x<b

=J.dg(t’)dt, c<x<d (24a, b)
and
uK [ 2 d 2
[°'>;v(x-0)]o<x<a=—‘%— J'fzh—_(_f-;)-z-ds.*.J. ’tg(l)dl]
UK [ sh(s? d 2
[ayy(x,onkm_-*;_L A g - f 0, ]
2 te sh(s? d 2
[a,,(x,O)]x?d_—__%IS[”; Efs) - J tg(t) ] -~ (@25a)

Insertion of the values of A(s?) and g(r?) as given by eqs (22) and (23) in the expressions (25)
yields, after some algebraic manipulation,

[0 05 Ol crco = —on L)+ F0) 4 F0) + FLG0) + Fi) + 0]

10, (% Ol <xcc= —2—— Fi(x) + F(x) + F3(x) + Fy(x) — F5(x) — Fy(x)]

(0, (% Okes = —— [Fx(x) + [ (x) + F(x) + Fo(x) — F(x) - F(x)]  (26a—c)
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where

P 3 at—x? T ,
Fi(x)= l:; (c*—a¥)— C2:||:1 - \/(b2 __xz)] 2\/[((;2 —a)(d* — a?)

—dt—?
Fz(JC)=Jb|:§(dz——cz)—szu2 d c]gl(u’x)du

2 2 2 2.
. d*—u

ct—u o
s g d’—a c?—x? n
so=[fe-ora (G5 [ - (78 e ie—m
4arp d*—a\2u?-a*—b¥| gy (u,
F«('\’)=j [; (bz——az)—{-C,\/(c,_:z) uuzfaz ]i'z(i;cz)d“
a*—a*\[C, [(c*=bN\_GC,
RN /(—cz-a) %)
Fa) =2 [(G25) 107 2 estio
- (@~ x)(b? - u?) _ br— 2
g, x)= \/[(d z)(cz__uz)][\/( )tan : (bz__xz)(uz_az)]—tan '\/<u2—a2):]
= - e? ~x*)(d* = u?) o (=
| gz(“"*)“\/[(u 55 —a’)][\/( )a" l\/I:(dz—xz)(u )}—tan I\/(H’—czﬂ |

X, = Jl(x* = a®) (x* = b7)]
X, = Jlx* = ) (x* — d%)]

) 2__ 2 a2 :
e [ =)
Lt#(x) = f ) T =] du (@7a-k)

STRESS INTENSITY FACTOR

The dynamie stress intensity factors are given by

N, = xllr‘?_ \/[2(0 - x)][ayy(x’ 0)]0<x<a
Nb = xllrzl \/[Z(x - b)] [ayy(x, 0)]b<x<c
N.= lim J/[2(e = 0))i2, (5 Ol cx<c

No= lim J[20x — d)lle,, (5, Ol o (28a-d)

Employing (26) in (28) we obtain
7 uKC,
JIa®* ~a?]

_ [P [[®*=a¥(c?—b?) (@ — a*(c* = b?)
N"““K[Z\/[ b(d? ~b?) ]+C'\/[b(b’—a’)(d’—bz)(cz—-az)]

(b?—a?)
-G \/[b(cz —b)(d? - bZ)ﬂ

N,=—
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e ukC, c?—a?
N.= [c(d2 _ cz)] (cz _ bz)
(dz—(lz)(dz—(‘z) (dZ_CZ)
Mam kit [,, \/ [ d(d* - b%) ]+ “ \/ [d(c’ —a’)(d* - b’)]
(d! - aZ) . 5
+ G, \/[d(dz _ CZ)(dz — bz)]] | - (29a-d)

It is interesting to note that the crack opening displacements depend on the crack velocity V, but
in the plane of the cracks the stresses and- stress intensity factors are independent of the velocity
of the moving cracks in an infinite elastic medium.

STATEMENT OF PROBLEM II AND ITS FORMULATION

‘In this case, we consider an infinite homogeneous isotropic material with four co-planar
Griffith cracks located at Y =0, a < |X| < b, ¢ <|X| < d and subjected to uniform internal pressure
g. In the absence of body force, the equations of equilibrium in terms of displacement are

(A +2u)[uxx + v xr] + plU yy — 04y =0
and )
(A +2p)[u,xy + v yy] + 1o, xx —'u,xy] = 0. (30a, b)
Since the problem exhibits a state of symmetry about ¥ = 0, we can restrict our attention to a single
half-space occupying the region Y > 0.
The equations (30) are to be solved subject to the boundary conditions

v(X,00=0, |X|<a, b<|X|<c¢ |X|2d (31a—)
oxy(X,0)=0, —0<X < (32)
oyy(X,0)=—¢q, a<|X|<bh c<|X|<d (33a, b)

In view of the boundary conditions, the appropriate"imegral solutions of eq. (30) are

2= 124307 o
u(X, Y)—nf0 [C(é)+D(§){ “_ﬂ‘-.}]e sin(¢X) d¢
and _
v(X, Y)=§J [C(E)+ YD(&)]e T cos(¢X) dE. (34a,b)
Therefore, 4 ’ .
oyy(X, Y) = ——7:—‘ J; [EC(E)+{Y€-——}D(6)] ~¥ cos(¢§X) d¢

o, 1) =~ fm[ccm + {Yc A 2“}0@)] eUsinX)dé.  (35a,b)
]

It may be noted that the displacement and stress components given by (34) and (35) cannot
be derived from the corresponding expressions of the dynamic problem given in (11) and (12) on
setting M = 0.

The functions C(£) and D(¢) are to be determined from the boundary conditions (31)~(33),
which yield

1442u _
C@)= iy —D(3) (36)
and the following set of five integral equations
f C(&)cos(EX)dE = 0, Xel, L, L (37a—)
0 .
] Qn -
éC({)cos(CX)d —7, Xel, I, (38a,b)

where Q = (4 + 2u)/2(A + p)q and I,(j=1,2,...,5)are the intervals defined earlier in problem I.

EFM 43/6—F



948 A. N. DAS and M. L. GHOSH

'Fig. 2. Variation of crack opening displacement with x/b on the crack of the outer pair for problem I.

METHOD OF SOLUTION AND QUANTITIES OF PHYSICAL INTEREST

The integral equations given by (37) and (38) are found to be the same as those given by eqs
(17) and (18) with the exception that P is replaced by Q. Therefore, the same technique as that
used in problem I can be employed to obtain

_[*1e [e*=ad(c?-sH d’—a? CJ(c?=5Y)
U(Xv 0) - JAX [;’ (bz — sz)(dz — SZ):I + \/<‘.2 — az) \/[(SZ — aZ)(bz _ sz)(d2 — 52)]

_ Cy /(s ~a?)
VIB? = s%)(c? = s})(d* — 57)]

_['[2 [@=ad=c)], [(d-d C( =Y
‘L u (r*—b’)(d’-r’)] <c2—a2)Jt<z"—a’>(r’—b2)<d’—z’)]

+ G\ (1 ~ah)
JIE =) (e — c)(d* - 1Y)

]M,asXsb

:]dt, c<X<d (39a,b)

Stresses in the regions 0 < X <a, b < X <c, X > d are found to be the same as that given in
(26), the only change being that P is replaced by Q.
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The amounts of energy in opening the cracks a <|X|<b, ¢ <|X|<d are given by
E =2E, + 2E,, where

E =2 J * [ovrlX, O (X, 0] dX\

E,=2 .r [oyy(X, O)v(X, 0)] Xm . (40a, b)

Equations (40) can be simpliﬁed, with the aid of (33) and (39), to
Q

(c?—a’dC,—c*=

+ F(—’E , r)
V@ =Y —a?)] \2

N n o b
Ei==2q | M3+ @ -0OLI 5 G

Vit ~ a e - e, + a+ 2

T
Aa-ae-an (5 ’ ')]

dz__ 2
Lotz [(G=5)xe]
1,27 °

@ — b3 (c? - a?)]
(d’—c’)(b’—a’)] M = JW’ z2dz
v @=b)c*=a) ] " e =PI - ) - )P - 2)]
and F(¢,r), I1(p, n, r) are the elliptic integrals of the first and third kinds respectively.

Q. . n ci-d?
Ez=24[:;Mc.'5—(dz"az)Lz” '2" cz___azr’ -

where

r=

10

B Av(x,0)

0

Fig. 3. Variation of crack opening displacement with x/b on the crack of the inner pair for problem I.
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e

Fig. 4. Variation of crack opening displacement with x/b on the crack of the inner pair for problem I.

NUMERICAL RESULTS AND DISCUSSION

Numerical results for the stress intensity factors and crack opening displacement, defined as
Av(x,0) =v(x,0*) — v(x, 07), for different values of the parameters are presented in this section.
Numerical calculations have been carried out for both the dynamic and static problems. As the

crack velocity is less than the Rayleigh wave velocity, it is reasonable to take the value of M as
less than 0.9194,

Problem 1

Variations of crack opening displacement for different values of crack speed, crack lengths and
the separating distance between the cracks have been plotted in Figs 2—4. It is interesting to note
from these graphs that the crack opening displacement on both the cracks decreases with increase
in the value of M at the onset and takes its minimum value at M = 0.7415, after which it increases

N /p Vb

e

Fig. 5. Stress intensity factor vs a/b at the edge x =a.
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Fig. 6. Stress intensity factor vs a/b at the edge x = b.
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Fig. 11. Stress intensity factor vs ¢/b at the edge x =c.
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Fig. 12. Stress intensity factor ve ¢/b at the edge x =d.

with increase in the value of M. It has also been depicted in Figs 3 and 4 that on each of the cracks,
crack opening displacement decreases as the crack length decreases.

It has been mentioned earlier that the stress intensity factors at the crack tips are independent
of crack speed and are found to depend on the crack lengths and the separating distance be-
tween the cracks. Varation of stress intensity factors with a/b for different values of ¢/b, d/b
and that with c¢/b for different values of a/b and d/b are plotted in Figs 5-8 and Figs 9-12
respectively.

It has been found that the effect of variation of the length of either the inner or the outer pair
of cracks is more prominent on the stress intensity factors at the edges of the cracks whose lengths

are varying compared to its effect on the stress intensity factors at the tips of the cracks whose
lengths are kept fixed.

0.6

R Av(x,0)
2b

0.2~

Fig. 13. Variation of crack opening displacement with X /b on the crack of the inner pair for problem II.
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Fig. 14. Variation of crack opening displacement with X /b on the crack of the inner pair for problem II.

Problem 11

Figures 13-15 show the variations of crack opening displacement for different values of the
parameters a/b, ¢/b and d/b. They show that crack opening displacement on a crack of fixed

length increases with increase in the length of the other crack, as expected from the physical
standpoint. '

12

0.8 -
— d c _
C) == 4 =2
da | ° :
S — L=02
1o -_—-Aa 0.6

= 0.
oab 3
0 l 2.0 2.4 2.8 3.2 3.6 4.0

X
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Fig. 15. Variation of crack opening displacement with X /b on the crack of the outer pair for problem II.
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Abstract. In an infinite isotropic elastic medium .nitially in a state of uniform anti-plane shear, the problem of
non-symmetric extension‘of an infinitesimal flaw into a plane shear crack due to two ider:ical linearly varying plane
SH-waves with non-parallel wave fronts has been analyzed. Fracture is assumed to initiate .t a point a finite time after
the waves intersect there and the crack is assumed to extend non-symmetrically along the trce of the wave intersection.
Following Cherepanov [10], Cherepanov and Afanas’ev [11] the general solution of the problem has been derived in’
terms of analytic function of complex variable. Numerical results have been presented to illustrate the nature of ™
variation of the stress intensity factors and the rate of encrgy flux into the crack edges with the speed of the crack tips

- and also with the time after fracture initiation.

1. Introduction

Since Broberg’s [1] investigation- of the solution of a crack expanding symmetrically with

constant velocity under conditions of plane stress or strain in a homogeneous isotropic elastic’
medium in a field of spatially and time invariant tensile stress, a number of papers have
appeared analyzing different geometrical situations. Craggs [2] later solved the same problem

_as that done by Broberg but he used the method of homogencous finction to obtain the’

solution. Achenbach and Brock [3] considered the wave motion generated by a uniformly .
extending shear crack in a body in a state of uniform anti-plane shear. The case of a crack

.expanding in -an anisotropic medium was considered by Atkinson [4]. This work was later -

extended by Burridge and Willis [S], who solved the problem of a crack with elliptical
cross-section expanding symmetrically with uniform speed in an anisotropic medium. All the
problems mentioned above are however self-similar ones with index (0,0) and arc concerned
with symmetric expansion of cracks. :
Problems involving non-symmetric extensxon of cracks under uniform loading along the
crack surface-are seldom found in the literature perhaps due to severc mathematical complex-
ity encountered in solving' such problems. Following the méthod of homogeneous functions
developed by Criggs [2], non-symmetric extension of a small flaw into a plane crack
under polynomial form of loading was solved by Brock [6]: Followin; the same procedure,

‘Brock [7] also solved the problem of non-symmetric extension of a crack due to incidence
of plane dilatational waves. The problem of determining the dynamic stress field due to a

plane dislocation moving in an infinite elastic medium was formulated by Ang. and Williams
[8] in terms of Fourier integral equatioh and solved in closed form. Recently, Georgiadis [9]
has developed an integral equation approach to self-similar plane elastodynamic problems.
He considered the elastodynamic. problem of an expanding crack under homogeneous poly-
nomial form loading and reduced it to the solution of a Cauchy integral equation.
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In this paper, non-symmetric extension of an infinitesimal flaw into a plane shear crack at a
constant rate due to the action of two identical non-parallel plane SH-waves propagating
towards each other in an infinite isotropic elastic medium which is initially in a state of uniform
anti-plane shear has been treated. A finite time after the crossing of the plane wave fronts, a
fracture is assumed to initiate along the line where the wave fronts crossed and the crack edges
are then assumed to travel non-symmetrically with different constants speeds. Superposition
considerations allow the original problem to be separated into three self-similar problems with
(0, 0), (0, 1) and (1,0) as the index of self-similarity. Following Cherepanov [10], Cherepanov and
Afanas’ev [11] the mentioned self-similar problems have all been formulated as some probleins
of Riemann and Hilbert for half-plane, which are solved easily. Out of all the existing similarity
techniques, the method of Smirnov-Sobolev [12] which has been used extensively by
Cherepanov [10], Cherepanov and Afanas’ev [11] being the most elegant and straight forward
has been used to solve our problem. Analytical expressions for the dynamic stress intensity
factors at the crack tips and also the rate of energy flux into the crack edges have been derived.
Finally, the nature of the variation of the stress intensity factors and the energy flux rate at the
crack tips with the velocities of the crack edges and also with the time after crack initiation have
been depicted by means of graphs. The development of a crack initiating at a point being a
physically realistic model from the point of view of modelling of earthquake sources, this
problem also has application in seismology.

2. Formulation of the problem
Let two identical plane waves defined by

Gy = AoWo H(W,), 0y = +Agcot O W, H(W,), |  (1a,b)
referring to coordinate system (x, y, z) where

W, = ¢yt + ysin gy + x cos 0p, 0< 0o <im

-and H( )is Heaviside’s unit function, propagate through the infinite solid which is prc-strcsS¢d
such that ' ' '

o). =a, q.=0. (l¢)

Let us assume that at ¢ = 0 the non-parallel plane waves intersect at x = y = 0. A micro crack
is assumed to appear at t = ty'at x = y = 0 which starts to extend bilaterally along the trace of
the wave intersection with uniform velocities v; and v,. The expanding crack, the circular wave
front associated with its motion and the plane wave front are shown in Fig. 1(a).

In effect crack extension occurs by removing the stresses which would be generated in the
crack plane by the combined applied static and dynamic ficlds if no cracks were present. -

Accordingly, both the . crack - faces arc ' subjected: to shear tractions ecqual to
—6 — 2A0(cat + xcos 05).

The anti-symmetry of this loading about. the crack plane implies that it is sufficient to
consider. the half-plane y > 0 with bounding surface y = 0. The boundary conditions for this
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Fig. 1{a). The expanding crack and the pattern of wave front.

Im 7
-1 - -1 -1
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0

Fig. I(h). Mapping of the interior of the semi-circle OABCDE in x-y plane on the lower half of th: complex z-planc.
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half-plane are then given by

¥ .
y=0, —vit' <x <ty o= —0—2A9c3ty — 24p(cyt" + xcos lly),

p=0, x>, x<—uvyt; W=0, : (2a,b)

where 1 =1 — 1. ‘

Equation (2a) shows that invoking superposition principle the proposed problem can
be divided into three scparate problems of a constant shcar traction, a shcaring stress
linearly varying with time and shear linearly varying with distance along the crack
plane.

3. Constant shear traction on the crack faces

The wave motion generated by constant shear tractions on the faces of the crack defined by
y =0, —v,t < x < v,t has been considered in this section and for simplicity 1 instcad of ¢ has
been used. The boundary conditions are

.V=0, =Dl <X < Uy Oy: = —Po»

y=0, x>vt, x<—vyt, W=Q, ‘ (3a,b)

where py = 0 + 244¢5t0.
The displacement W which satisfies the wave equation

4

is to be determined subject to the boundary conditions given by (3). From the boundary
conditions we observe that dW/dt shows dynamic similarity and is a homogeneous function of
degree zero in x/t and y/t. Therefore, by the functionally invariant method of Smirnoltf and
Sobolev [12] we can write '

oW .

»—(?fl— = Re Phyl2). . (5)
where

[ — X2+ pJfest—2"=0, ' (6)

The sign of the radical is to be fixed by the condition that

as 2= %, J3i—z=iz+ 0. (N
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Equation (6) maps the semi-circular region of the cylindrical waves defined by OABCDE to the
lower half of the complex cut z-plane given by

N - iy /1? — e33(x? + y?)

z s - Coo 8
g . o (8)
as shown in Fig. 1(b).

In view of (5) and (6) we find

Coy. ' oz

= u Re| ¢o(z)=— |,
so that .

da,. 1 ’ —2 2 ' .

5 (x,0,1) = TRC[—‘#:(f’o(-'-’)\/ c; - —2z7] &)

Therefore the boundary conditions (3) are converted to the following conditions in z-plane
Imz=0, —v;'<Rez<vi?, Rego(z) =0, (10)

Imz=0, Rez< —v37'!, Rez>v;!, Ime¢y(z)=0. ' (11)

In order to determine the analytic futiction ¢o(z) subject to the conditions (10), (11) it is necessary to
know the behavior of the function ¢o(z) when z = v !, —v37 ! and z — oo, The infinite point of the
z-plane corresponds to the origin of the coordinate of the physical plane where the displacement W
is limited. Hence taking the representation (5) into account, we obtain

Re ¢o(z) = O(1) as = — oo, ’ (12)
Further the condition (1) after integration with respect to z may be put in the form
Imz=0, Rez< —v3', Rez>ovi!, Imgy(z)=0. T (13)

Morcover, the displacement derivative dW/dt near the crack tips x = vyt, —uv,t should show
square root singularities so that at z s vy !, —v3!

hol) = 01/ /= —t7 ), O/ /z + v3 ) : (14)

respectively.
The above boundary conditions given by (10) and (13) together with the consideration (12)
and (14) suggest that

Az + B
JE—orDez+ 03"

$ol2) = (15)

where A and B are unknown constants to be determined.
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Integrating (9) with respect to ¢ it can be easily shown that for x > 0

thx z)dz '
0ye(,0,0) = —u Re{[d’o(z)\/cfz — 214 + f _Z%}

T~z

X . - -ux 2)dz .
Op(—x,0,0) = —-p Re{[d)o(z), Jes? — 28] J ;/)‘_’(2—)1—2—} (16a,b)

-c3 Cy" — 2z
Next using the boundary conditions that

U,-:(X,O, t) = —Po» 0 < x <yt

Oy:(—%,0,1) = —pp, —Ut < —x<0,

in (16a, b) respectively we obtain two linear equations in A and B viz;

AL (7 e Yy + By Y es Yy = %,

AL (o3 ' 07Y) — BI,(v3 %, 07 ) = % (17a,b)
where
u ' pd
1,u,v) = f = . (=12
22— 2 B)u— ) + 2)

“The stress intensity factors at the crack tips [x| = v,y = 0 and |x| = 0,1, ¥ = 0 defined by
—_—
Noy= It /x—0v10,(x,0,1),
Rnd st}
N02= It \/.\‘—-vzta,,:(——.\',o,l),
X—vat

respectively are obtained with the help of (15) and (16) as

3
vat o3 — i

(A + Buy),

s 2 2
NO’ =— e =~ ~ (A — sz). . (lgil,b)

The rate of energy flux into the extending crack edges defined by dE/dt is given by [3]

1 dE * aw
-—= - —— dx, . 19
2 dt J TR R

A
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which is obtained with the aid of (5), (15) and (16) for this case as

. o Cos/eF = 014 + B + 01 /€T = oA — Bua)?) 20)

¢ 1([‘1 + Us
where while carrying on the integration (19) the following result [13]

H(v) H(—u)

o v

has been used.

3y

l\)l-‘d

4. Problem of linearly increasing shear traction with time on the crack faces

For the case of shear tractions on the faces of the crack increasing linearly with time, the
boundary conditions are

y=0, —uvt<x<uvl 6,.=—pl, : A. (22)

y=0, x>upt, x< —vyt, W=0, : (23)
where p, = 2A44c¢,.

The sccond order derivative 82 W/dt? now shows dynamic similarity which can be taken as the

real part of the analytic function ¢,(z) so that

oW
ot?

= Re ¢,(2), : (24)

- which implies

P, I |
9%:(.\-, 0,1) = - Ref —pegi2)y/c5 7 — 221, (25)

where = is given by (8) and ¢,(2) satisfies the conditions
Imz=0, —r7'<Rez<ov;}, Reg,(z) =0, (26)
Imz=0, Rez< —v5'. Rez>vil, Imgy(z)=0. Q7).

Imégrating (24), we obtain

W =4z Re [ (z — P\ (r)dr, {28)

JY

~ 4 Re | 26 90 @)
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%)
so that

d* (w : '
@{F}:R“”“z" : ‘ w

Taking into consideration the facts that near the crack tips x = v,f, —u, 0 y = 0 the displace-

ment W varies in direct proportion to the factors \/vlt — X, ﬁzt + x respectively and that as
z— o,

Re ¢4(z) = O(1),

we have in view of the conditions (26), (27) and also (30), the result that

d? :
1) = 55 1Cz + DIlz — o7 )iz + 03 )], G1)

where the constants C, D are to be determined from the condition that on the crack surface
stress o, = —pyt.

From (25) after integration, we derive for x >0 |

03e(6,0,0) = —px Ref/x{ JGT 4’(‘/"—")2}:51@) dr,

€3 Cz_z - T
. —t/x t .
0ye(—x.0,0) = px Rej { GGiot - l/_x—zif)—,}qsl(r) dr. (32a,b)
N —-c'zl Ca - 1" . )

Therefore, using the boundary conditions that

0,:0%,0,0) = —pyt, 0K x <y

Op-(—X.0,0) = —pyt, —v1 < —x<0,

~we obtain by the help of (32a,b) after simplification

CoT 03" + DIt 5 = 2,

Coez o) = DI T =, | (3ab)
where

Jieytoes = [8t+ 3(e: ! ~— ey WM er L e ) + Nep L er ')
-1 l

{417 4 3t(es ' — ity = 2(0y0,) " )] d,
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hMﬂwW=f (2M(s, 05 1 071) + N(x, v 03 2% 4 (03 — o D} de,

with

vt fert —1

2/t + 03 )P —c3?)

M(t, o7t o) =

N(r,vrtes ) =

™, l: 3 _ ,/u,"‘—r]
4/ =3 LSt + o3 Hor ' = 1) (t+uo Y]

The stress intensity factors at the crack tips defined by

Nyp= It /x—ut0,.(x0,1),

x_’l.l'
kle = ]l X — DZIU)':(_X’O’ r)’
x=—uval

" are found to be

N =22 [ =)0, + 02)(C + Duy),
712 010
i
Ny = :T \/(¢, T30, + 05)(C — Dua) (344,b)

and in this case the rate of energy flux dE, /dt into the crack edges defined by {19) is obtained as

dE, r 2) . 5 5 =
_d—!: — Tl’ll (:11 +1 / . Dx(c + DU;)Z + v; -1 /.3 _ DE(C _ DI’Z)ZJ, (35)

where while carrying on the integration (19) the use of the result (21) has again been made.

5. Problem of linearly varying shear traction with distance along the crack plane

Consider the initially undisturbed half-space y > 0 subjected to the shear traction —p,x over
y=0. —eat < x < vyt. The boundary conditions are

=0, —-mi< XN <Oyl Oy: = —P2X,
y=0, x>u 1, x< —vyt, W=Q, (36a,b)

where p, = 24, cos .
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In this case. #*W/x ot shows dynamic similarity. So, keeping (8) in mind,

>w
o - Rl
with
i%ay. I , ——3 '
eyl T.RC[-?‘/’z(-'-') 3t~z (37a,b)

where ¢,(z) satisfies the conditions

Imz=0, —vi!<Rez<oel!, Re¢,(z)=0,

Imz=0, Rez< —»7', Rez>»i!, Imd¢yz)=0. (38a,b)

From (37a) after integration it is found that

W= —x? ReJ Yz — )¢, (1) dr,

1
)
'

so that

2.‘1 1 0W
t ot

~z P ———} = Re ,(2).

Since éW/é&r near the crack tips should show square root singularity and also since
Re ¢»(z) = O(1) as z —» =, we have in view of the conditions (38)

$a(2) = z*

Rp.-1
d Rz"'+ L :] (39)

E[ﬁ— b7 )z + 03 1)

where the constants R, L are to be determined.
Equation (37b) can be integrated to obtain for x > 0

. t/x —_ Y
O,:(x,0,1) = ux Ref {\Ltz ;i -1t + t—E‘l—} ¢ (1) dr,

et

Ty [+ 1X
Op{—x,0,t) = px RCJ {F, fe7? — 12 + —:T—\E} ¢,(t)dr. (40a, b)
—c3! X T

So using the boundary conditions that

a).:(.v, 0,t)= —paxN. 0 <oy,

Gy — X, 0,0) = pax, —uat < —x €0,
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) .

it is found by the help of (39), (40)

—RK, (7Y 03 + LKy(o7 Y03 Y) = 11:.,

RKl(u;‘,u:‘Hsz(u;‘,ur‘)=%, @

where

Kl(vf’,v:")=f l [P(r,o7 02 Y) — v 1Qx, 07, 07 )] dr,

¢

Kz(i7x_lsufl)=f ll Qz,v7 07 )1 dr,

and

O, vt sl = 72 |: vyt —1 3 et + 1) j|
HRR \/rl___(,z—l 2(T+U;1)3/2 2T\/(T+U;1)(Ul—l_r) )

In this case, the stress intensity factors are obtained as

it foat feR—vi
Na= 0 x—oio,a00=~5 [ (220 (g 4 L)),
Nt Cy U, U + 5]

ut Jegt

Na= It X = a0, (—x,0,1) = — s (42a,b)
The rate of cnergy flux dE5/dr into the extending crack edges is found to be
dEy _ f oW o
de o, ("1} ca{vy + v,)
x [tay/c3 = }(Re} + Loy + 6, /c3 — 3(Re3 — Lea)® ), | (43)

where the result (21) has been used.
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6. Particular case; v, =v,

If we set ¢, = v, =t in all the cases solved above, the following results are obtained

(i) For the case of constant traction a,. = —p, on the crack fuces, we find from (1'7) that
Ubo
B =0, = s
KE(q)

where E(g) is the complete elliptic integral of second kind and g = /1 — v?/c3. Equations
(18) yield the stress intensity factor at the crack tips as -

At fed —v?
No=Ng, = Ng; = (‘\/ 220 .

Also from {20) we obtain

dEX #nt ‘) ] 2 42
R ey YL
dt ¢

(ii) For the case of shear traction o,. = —p,t on the crack faces increasing linearly with time, it
is found from (39) that

2c3 -
I=2Eq)—F — = {2TI(r? P+ Ca)F(r
(@) = F@) + = (20110%0) (0 e2)FO),
F(r), TI(r*,r) are complete elliptic integrals of first and third kind respectively and
r=(c— v)f{cy + v

In this case, the stress intensity factors and the rate of energy flux into the extending crack
tips given by (34) and (35) can. be simplified to

Cut [t 5 >
N =N =N y = —— — 'y — D
1 1 12 s o 3 —0

and
dE, e
._1.;.‘: = — l /(.g _ UZCZ.
( Ca
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(iii) For the case of shear traction o,: = — p.x on the crack faces, it is obvious from (41) that
pzv
R=0, L=-—,
I
where
2(_2

_—___h‘___[ _ iy
(0 + )% — ) " (20T1(%, 1) + (v + C2)F(r)} — Elg) — Flg)

and it is found from (42), (43) that stress intensity factors at the crack tips and the rate of
energy flux into the extending crack edges in this case are given by

—~utL
Ni = Naj ==Na, =“ f

NIJ

and
dE; _ umt? ey
d’ Ca =

7. Numerical results and discussions
The solution of the original crack problem is obtained by taking pg = o + 240¢,10, py = 2A4g¢,
and p, = 2A¢ cos U, and superposing the results obtained in Sections 3-5 with the stress fields

given by (1). Taking together the results obtained in the Sections 3-5 it is possible to write the

stress intensity factors at the edges of the crack and the rate of energy flux into the extending
crack edges as

No  + Ny + N, UsT
Sp=—t——l - o ~— pH (1, uz, 1),
O’\”TIIO uy, + sy
Nos + Nys+ Nas T
SZ = ——E"“——lr—_—"‘—’:’ [lH_(ug,lll,T) : (44a1b)
0\/"1’() . Uy + uy ,

and

d 2 40
En=-* —(E, + E; + E3)= — T [G+(u,,uz,r) + EiG_(ul, uy, r):(, (45)
toc3a? di u, + s {5
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where

H, (g, uy,7) = /1 —-Ufl:l +A(‘_A_i3)+AT{”1+“2<.C il))—

Po

0 L
__uycos B (i N R>}],
P2 Caly

. 1 A 2 2 2 2
Gy(uy,uz,7) =1 1——uf|:< + )(ﬁiBuQ +(Ar)z{w <£iDu1> +

4p?ui ¢,

v
€2

Fiy. 2. Variations of non-dimensional stress intensity factors Sy, $; and energy ux rate [En] with non-dimensional speed
Uy Ca : :
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and the parameter 7 = (t/tg) — ! is the non-dimensionalized time after crack initiation and
A =2Aqcy10/0 is the ratio at x = y = 0 at initiation of the crack plane stress due to the plane
waves and the prestress. 4

Also uy,u2 are the non-dimensional crack tip velocitics given by u, = v,/c; and
Uy = UafCs.

The variations of stress intensity factors and energy flux rate given by (44) and (45)
respectively with

(i) v, /c, for different values of v, /¢, and with
(if) 7 for different values of v, /c, and A have been presented in Figs. 2-4.

It has been shown in Fig. 2 that stress intensity factors at the edge x = ¢,t', y = 0 decrease with
the increase in the values of v, /c, but increase with the increase in the values of v,/c, and for
v, /e, < 045, the stress intensity factor at the edge x = v, ', y = 0 increases as v, /¢, increases but
for v /e, > 0.45, the varialion of stress intensity factor at that edge shows an opposite character.
It has also been shown in Fig. 2 that the value of energy flux rate |En| increases with the increase

x

Fig. 3. Variations of non-dimensional stress intensity factors S,. S, and encrgy flux rate [En) with non-dimensional time
after (racture initiation 1. '
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Fig. 4. Variations of non-dimensional stress intensity factors Sy, S, and energy flux rate |£n| with non-dimensional time
alter fracture initiation t.

in the value of v /c2, shows maximum at v, /c, = 0.8 after which it decreases with the increase in
the value of v J¢s. .

In Fig. 3, the variations of §,, S5 and |En| with t for various values of ¢, /¢; < v,/c2 have been
depicted. It may be observed from this figure that §,,S,,}En| all increase rapidly with the
increase in the value of t. It may be noted further that for fixed valtié of v,/c,, values. of stress
intensity factors at the crack tips decrease with the increase in the value of v, /c, whereas cnergy
flux rate [En} increases with the gradual increase in the value of ¢y /es.

In Fig. 4, 5., S, and | En] are again plotted vs. t but in this case, crack tip velocitics are kept
fixed whereas A is assumed (o vary. It may be scen that increase in the values of A produce
marked increase in the value of Sy, S, and |En| for any fixed valuc of 7.
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SH-WAVE PROPAGATION ACROSS A VERTICAL STEP
IN TWO JOINED ELASTIC HALFSPACES

A. N. DAS and M. L. GHOSH (DARJEELING)

A SH-wave propagates in a medium consisting of two welded quarter-spaces of ditferent materials and
exhibiting a step-like change in elevation at the interface. The transmitted and reflected waves at a large
distance from the step are determined by reducing the problem to an integral equation, using the Green
function method and applying the method of steepest descent.

1. Introduction

The problem of propagation of elastic waves in the presence of surface irregularities
has been studied by several investigators. ABUBAKAR [1] studied the effect of an irregular
surface with an isolated irregularity like a trough or ditch on the incident harmonic P-
and SV-waves. Propagation of a Love wave in a elastic layer having an irregular boundary
overlying a rigid half-space has been treated by WOLF [2] using the perturbation technique.
The transmission of elastic waves across a step-like irregularity in the surface of an elastic
half-space is of great importance in seismology in connection with the propagation of waves
from the ocean basins to continental regions and vice versa. KNOPOFF and HUDSON [3]
studied the transmission of Love waves past a continental margin considering the crust
to have an abrupt increase in thickness on the continental side. The transmission of
SH-waves across.a step-like irregularity at the surface of an elastic half-space was also
considered by BOSE [4]. SATO [5] discussed the problem of propagation of Love waves in
an elastic layer of variable. thickness overlying a semi-infinite elastic medium. Approximate
expressions for the transmission and reflection factors are obtained by the application of
a method based on the Wiener—Hopf technique.

In this paper, we consider the propagation of SH-wave in a medium consisting of
two welded quarter-spaces of different materials and having a step-like change in el-
evation at the vertical interface. The problem is reduced to an integral equation by
using the Fourier transform and Green’s function methods and, finally, by applying the
method of steepest descent, the transmitted and reflected fields at large distance from
the step have been determined. It may be mentioned in this connection that the prob-
lem of transient shear wave in a half-space composed of two elastic quarter-spaces of
different materials which are subjected to time-dependent shear tractions at the free sur-
face, parallel to plane of junction, has been solved by ACHENBACH [8]. DATTA and
MITRA [7] also considered the SH-wave propagation in a composite elastic medium con-
sisting of an elastic quarter-space welded to a uniform layer of different shear wave vel-
ocity. Recently, Das and GHOSH {8] have solved the problem on transmission of time
step SH-wave across a rectangular step using integral transform and Green’s function
technique,
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" 2. Formulation of the Problem

We consider two quarter-spaces of different materials joined along the common bound-
ary X = 0 in such a way that there is a step change in elevation at the free surface. We
consider the coordinate axes as shown in Fig. 1. Denoting the coordinates of a point in
the X-Z plane by (X, Z), we take the incident plane SH-wave as exp[i(w{ — K3 .X)] where

K2 = w/ey, so that the propagation proceeds from the higher side to the lower side of
“the step. :

X<0
o (Wt-HX) v~ H
x>0
m I
H2.9,.5; Fii8 G
\ V4

FiG. 1.

The boundaries Z =0, X <0, Z =H, X >0and X =0, 0< Z < H are assumed
to be stress-free. Omitting the time factor exp(iwt) let V1(X, z), Va(X, Z) be the SH-wave
displacement component in two media (I) and (II), respectively, in Y-direction which is
perpendicular to the plane of the paper.

The field equations are wave equations in the two media and boundary conditions are
the following: (i) — the outer boundary is stress-free, and (ii) — the displacements and
stresses are continuous on the interface X = 0, Z > H. p, p, ¢ are assumed to be the
modulus of rigidity, density and shear wave velocity with appropriate subscnpt for each
of the two media.

Introducing the dimensionless quantities

r=X =2
H' H’
we get from the wave equations and the boundary conditions
2.1
@) | |5+ e+ M| =
d* 9* 2
[a 2 6 + k ] V2 = 0
(2.2) 912- =0 for0<z<l
. 2 o2 - )
302 _ .
}Lza—z - =0 forz< 0,
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' Ovy fuy Gy .

3 —_ = T ) — = Jiy—= =0 forz>1;
(2.3) Mg, - 0 forze>0, 72 |, ., ram » 0 forz>
2.4) v1(0,z) = v2(0,¢) forz> 1,

where I is the height of the step and k} = w?H?/c}, Vi(X, Z) = vi(z, z). We represent
transverse displacement in the two domains » < 0 and = > 0 in the form
vy = 2coskaz + vy, 2), 2 <0, 2 >0,

(2.5)
vy =vz), >0 2> 1

3. Reduction to Integral Equation and Its Solution

We introduce Green’s functions Gi(z,z : 7, s) and Ga(z, 2 : «,v) for the medium (DO
and (IT), respectively, such that G;(z, z : u,v) is the solution of

d? 9? 2
[Eﬁ + el + kz] Gz, 2z 1 u,v) = —47wé(z — uw)b(z — )
for medium (1I) with vanishing normal derivative at z < 0, : = O and at 2 = 0, z > 0.
Similarly, Gi(z, z : r,5) is the solution of

d* d?
[5—2 R
and satisfies the condition of vanishing of the normal derivative at > 0, z = 1 and at
r=0,z>1 '

From Eqgs. (2.1); and (3.1) we obtain, by applying Green’s theorem to the medium

(I1) and using appropriate boundary condition

. {3.2) + Lf] Gi(z,z:7,8) = —4nb(z —'r)é(z —5)

‘ - ' . dvy
3.3) davh(u, v) = JG;(O, EH u,v)[-(%—]r:” dz;
a similar application of Green’s theorem to the medium (1) yields
. | * vy _
(3.4) _ Arv(r,s) = — }/ Gi1(0,z: 1, 8) [—a—;]”n dz.

Substitution of Egs. (3.3) and (3.4) into Eq. (2.4); yields, with the aid of Eq. (2.4); and
Eq. (2.5), the integral equation

. .
:: Ha - 7Y
(3.5) lf [Gl(O,a.O,v)+ moﬁ(o,-.o,u)][ af]m)d- 8.

The expression of Green's function for the medium (II) will now be derived using the
Fourier cosine transform with respect to z; this reduces the determination of G(x, z * v, v)

to that of a Green’s function for an ordinary differential equation. Accordingly, taking
the Fourier cosine transform defined by

o
G5 = f Ga(x,z 1 u,v)cos(az)d:,
0 .
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we obtain from Eq. (3.1)
d*G3
dz?

from which we obtain in a straightforward manner

- (36) Giz,z:u,v)=8 _T
0

~ (@® - k)G = —47r cos(av)é(z — u)

e‘ﬂzu .
cosh(fByz) cos(av)cos(az)da, u<z <0,

09 far : .
=8 f EE— cosh(f,u) cos(av)cos(az)da, —oco<z < u,
z .

where
B3 = o - k.
Again introducing the Fourler cosine transform defined by
[+=]
= [ Gi(z,z:r,5)c0sa(z ~ 1)d(= ~ 1),

0
we obtain from Eq. (3.2)

d*G§
dz?
from which it follows that

(3.7) Gi(z,z:r,5) = 8 f &

_Sf

— (e - k})G§ = —4wcosa(s — 1)6(z — 1),

al cosh(Bz) cosa(s --vl)cosa(z —1)da, O

IN
"8
IA

cosh(ﬁl r)cosa(s — 1) cosa(z ~ 1)da,

IA
8
AN
8

where .
| Bt = o? = i3,

On substituting the values of G,(0, z : 0, v) and G2(0, z : 0, ) {rom Egs. (3.7) and (3.6) in

Eq. (3.5), we obtain

Tz

oQ ° o0

av;] cos oz(v - Dcosa(z - 1) m [au,]

—_ dz da = —17- 2 -— dzx
‘,f [c’):n_ z 0 ,‘,f By Hz ‘,[ 0z ) .o

s f [cosa(v — 1)cosa(z —1) + 1 cos(av) cos(az)

do = -7,
M2 B2 ]

N fcos(ov)ﬂ::os(oz) N

0
Taking the inverse Fourier cosine transform with respect to a, we get

[e] [ae]
i~ [ Oy cosa(z—1) , _ _ _ 2 au,]
(3.8) 1f [ 61'1"0 o dz = -2 1f cosa(v—1)dv el .

cos(rz)
x(f 5 dr fcos(rv)cosa(u—l)du,



SH-wave propagation across a vetical step 415

where ;J:(7) is obtained from /3; by replacing a by r. Next, using the formulae

(3.9) [ cosa(v—1)dv = ré(a),
1
? 1
(3.10) : \f sina(v—1)dv = ~
it can be easily shown that
oo
(3.11) f cos(rv)cosa(v — 1)dv = 5 cost[é(7 + o) + 6(7 — a)] - ‘rsin;'z’

where 6(z) is the Dirac é-function.

Using these results and after a little algebraic mampulatxon it can be easily shown that
(3.8) reduces to the form

T [on 27wzﬂl/3z5(a)
1 A (z — LAP2P17208 )
(3.12) if [ 5 L-" cosa(z — 1)dz = B+

#6 2 [on ' '
mb + p22 f [ Oz ] o0 sin(az)sinadz+

_2mbiB [6v|] f Tcos(rz)sinT .
(b + waf) #2P2) § zel Ba(r)(12 - o)

4. Evaluation of Displacement

Substituting the value of G1(0, z : r, s) from Eq. (3.7) in Eq. (3.4) and then using the
result (3.12), the displacement in the medium I is obtained in the form

- 2k 2m T e Pifcosa(s—1)
4.1 vi(2,8) & ———e TN L dax
@D ulz) paky + poks f mb + p2

4uy F Bre=Pr*cosa(s—1) ,
sin sinady = — dax
f[ ],-o (az)sina LE f mp + p2i3 *

T [ov Tcos(Tz)sinT
/ |5 1],,.,"‘ | mo=at

We can compute v, (z, s) iteratively solving equations (4.1) and using asymptotic values of
integrals appearing the right-hand side of Eq. (4.1) for large values of x.
The first iteration yields

' ’ 2uzk, —iky:
4.2 vi(z,s) = ——m—e¢ ' l"',
(4.2) : 1(#,9) mk + paks

which is obvnously the displacement in medium (I) in the absence of step change in
elevation.
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Deriving [%] from the first iterate given in Eq. (4.2) and using this at the right-
r=0 '

hand side of Eq.’ (4.1) with the aid of Eq. (3.10) it can be easily shown that the second
term at the right-hand side of Eq. (4.1) takes the form

2‘ik|k2/ll/12 J e~ AT COSO(S 1)

4.3 =
“3) FGurk + k) 3 G + B

sin 2ada.

For large values of x it can be evaluated asymptotically by the method of steepest descent;
therefore, for large » we find

4prkypugk; ky 12 , ,
4.4 ~ e p(r ikv2).
( ). I (1ky + pok2)? | 27 exp(mi/4 = ikiz)

- Similarly, with the aid of Eq. (4.2) and the result given in Eq. (3.9) the third term on the
right-hand side of Eq. (4.1) reduces to the form

-

do

By kapsky  Tsinfr, F frePiFcosa(s — 1)
4.5 I = {
(43) 27 (ks + poky) (‘,f By f (np + paf2)(e? — 72)

In order to evaluate asymptotically, for large values of z, integrals of the type

f (af(Q T da,

7-12)

we have to take into account the residue at the singularity = 7 in addition to the integral
along the steepest descent. Thus we get

1/2
4.6) 1;~mf()—m(r)z_ "2‘;‘] f(o)exp(m/4 ik2).

Using this result in Eq. (4.5), for large values of z, we obtain

o r g 912

(4.7) I —
where

2ik; " sin®r 2 b osinfhy 2i P sinkat -
48) M=22 [T gr= 2 [ i gt + . [ =dt=J -y,
@9 w ;,l 2Rk J @2yI—12 7wk 1] VIt -1 '

Following BOSE [4] it can be shown that
2ky 2kq )
J= [Jo(z)dz— J(2k:) and ¥ = [ Yi(2)dz - Yi(2ks) — =

0

Thus from Egs. (4.1), (4.4) and (4.7), the second iterate, for large’ », is

) 172
o oo ko 2(1—/\4);:1&-1{ by } x.-u] ik
(4.9) ne ) = kg + p2ka [1 ¥ ok ¥ ok, \2rzf ‘ .

If we neglect terms of order 1/x, the higher order iterates yield the same expression.
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Now, in order to find the displacement component due to the reflected wave in the
medium (II), we rewrite Eqs. (3.12) with the aid of Eqs. (2.4): and (2.5); as

Ovy . 1\ = 2T B B26(a) b %]
;f[ax]x_”cosa@ Dz = mp + p2Bz +/tlﬁ| + 202 f Ox ,-(,x

PP ()uz] rcos(rz)sinr
m( By + /hﬂz) ‘/ [ =l f ﬁz(‘r)(rz - az)d

sin(az)sinadz +

Taking the inverse Fourier cosine transform with respect to z, we get

c')va] 2ipik k2 2 3 mb
4.10 2 =__ MMk 2 mP
(4.10) [51‘ 220 piky+ ks ow (‘)fﬂlﬂl + 125,
T [ov] .
x cosa(z— 1)da [—3] sin(au) sina du+
;f Oz | oy

mbif (. [(Ivz] T cos(ru)sinr
f (#13: + #aba) cosalz = L)d i[ a-sud f ﬂZ(T)("2 —-a?) ar.

Thus substitution of (4.10) in (3.3) with the aid of (3.6) yields
=21k gitar 4 dunkiks
prky + poks m(urky + pakz)
g T 2% cos(av) sina do + 1 ]-o 1151 €P2% cos(av)
afs B2(p161 + p2f2)

(4.11) vi(z,0v) =

0

x sin 2o do T [ﬂ] sin(ou) du — -;4—2><
1 0r | oy T

’

ael2r cos(a v) sin o f B 1 sina’ da
(B8] + pafy) (a? — “’2)

Ovz] l‘l B1eP2* cos(av)
du 4+ —— ——
[ :-"sm(a u)du f (aiBr ¥ 135) Cos & X

e
f

Tsinr dvy o
xda(‘!‘mdr‘f [al}x-()COS(Tll)du

_8m T aef?® cos(av)sina T 155 do!
d
= B2 * f (1B, + p2By) (a2 —a2) -

0

f e f 5 ] cos(ruydu -

zual)

where f] and 'ﬁg are obtained from §; and G, by replacmg a by o,
Now, to solve equation (4.11) iteratively, we take the first iteration as
=2kt s 4 dipkiks ]"e"?’ cos(av)sina da,
piky + p2kr w(uiky + paka) o af)

(4.12)  vy(z,v) =
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. vl 2ikapu1ky
413) ie., __2] = ik
(4.13) [93’ =0 mrky + paks

The asymptotic evaluation of Eq. (4.12) for large values of = by the method of steepest
descent yield the first iterate as

‘ ' —2#11&‘1 Zkz 2 i/ Y
! = - if4] ikyx
(4.14) vy(x,v) e [1 {_—w;c‘ e et¥e®,

/1

The second iterate is obtained by inserting the value of [%} given in Eq. (4.13) on
T =()

the right-hand side of Eq. (4.11) and using the results

[e=] o0
f sin(az)dz = 252 and f cos(az)dz = wé(a) — %ﬁ
1 1 :

and then evaluating the integrals on the right-hand side. of Eq. (4.11) by the method
"steepest descent for large value of 2. Thus we obtain the second iterate as

~2p1ky [ ( (1- A/!),Ulkl){ k2 }1/ . ] o
4.15 vz, )= ———|1-2{1~ mif4] gikaz
(4-15) (=) mky + pak; mky + p2kz ) | -2z ¢ ‘

where M is given in Eq. (4.8).
Thus from Eqgs. (2.5) and (4.15) we get

ik k2 — pky
4.16) wy(z,v) = e *2* + [E_Z_—_+
(16 wfz,v) ‘ ks + poks

-

1/2
4Gk = U= Mk k2 Y em‘/4] eitar
wky + paks ik + paks —2ma

5. Numerical Results and Discussion

To investigate the nature of the motion, we have evaluated numerically the increment
in amphtude due to the step for both the transmitted and reflected waves. The results
are shown in the form of graphs showing the variation of \/zAVir with & for different
values of pz/u; in Fig. 2 for the transmitted wave, and the variation \/:EAVZR with &,
in Fig. 3 for the reflected wave, where

_ o 2pgky _ pakz — k)
AVlT ferl mky + paks énd AVar = |vzrl piky + poky’
and vyp is the reflected part of v;.

The value of \/zAV)r is found to increase gradually with the increase in the value of
ft2/ 11, and for all values of uy/u; it is found that the maximum value of /zAVir occurs
at k2 = 0.75. It is also observed from Fig. 2 that /zAVi7 is p(')'sitive for all values of
k2 and pz/p, what means that the amplitude of transmitted wave is always greater than
that of the transmitted wave in the absence of the step. Moreover, with the increase in
the values of k; the graphs show an undulating character and decreasing amplitude of the
motion.

From Fig. 3 we see that the value of \/:E..Wan gradually decreases with the increase
in the value of p3/p and shows a gradual increase as the value of &, increases.
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