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TWO COPLANAR GRIFFITH CRACKS MOWNG IN A STRIP
UNDER ANTIPLANE SHEAR STRESS

A.N. DAS and M. L. GHOSH (DARIJEELING)

1. Introduction

In fracture mechanics, the problem of diffraction of elastic waves by cracks of finite
dimensions in a strip of elastic material has been investigated by several authors. Sth and.
CHEN [1] investigated the problem of propagation of a crack of finite length in a strip
under plane extension. The resulting mixed bounadry value problem was reduced to the
solution of a Fredholm integral equation of second kind, which-was solved numerically.
Closed form solution for a finite length crack moving in a strip under antiplane shear
stress was also obtained by SINGH er al. [2]. As regards the dynamic crack problem,
research has been restricted mainly to the case of a single crack because of the severe
mathematical complexity encountered in finding solutions of two or more cracks. However,
using finite Hilbert transform techniques developed by SRIVASTAVA and LOWENGRUB [3],
LOWENGRUB and SRIVASTAVA [4] solved the statical problem of distribution of stress
in an infinitely long elastic strip containing two coplanar Griflith cracks. The scattering
of time-harmonic normally incident plane waves by two parallel and coplanar Griffith
cracks in an infinite elastic medium has been studied by JAIN and KANWAL [5] and more
recently by ITou [6]. The problem of diffraction of elastic waves by two coplanar cracks
moving steadily along the interface of two bonded dissimilar elastic media has recently
been studied by DAs and GHOSH [7] using Hilbert transform technique.

In this paper we have considered the problem of propagation of two complanar
YOFFE [8] cracks moving steadily in an infinitely long finite width strip. Employing Fou-
rier transform and finite Hilbert transform technique, closed-form solutions are obtained
for wwo cases of practical interest. Firstly, the case when the rigidly clamped edges are
pulled apart in opposite directions is considered. Secondly, we have treated the case when
the lateral boundaries are subjected to shearing stresses. Exact expressions for the crack
opening displacement and the stress intensity factors have been derived in both the cases.
Finally, numerical results for stress intensity factors are presented graphically to show
their variation with crack speed for different values of the lengths of the cracks.

2. Formulation of the Problem

We consider two cracks of finite lengths placed on the X -axis {rom —b to —a and from
a to b with reference to the rectangular coordinate system (z, y, =) which, referred to a
fixed coordinate system (X, Y, Z), is moving with constant velocity » along X -direction
within the strip of elastic material occupying the region —&/ < ¥ </, as shown in Fig. 1.
In dynamic problem of antiplane shear, the non-vanishing component of displace-
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ment W directed in the. Z-direction satisfies the equation of motion
P*w + w1 *W
aX* = 9Y? & o’

(2.1)

where ¢z = (;t/p)!/? is the shear wave velocity and p is the density of the material. The
non-vanishing components of stress are

oo = #8W
rz T MHay
X

2.2) gw
ayz = ﬂ—é?.

Y Y

vt

Lo/

F1a. 1. Moving cracks in a strip under antiplane shear.

Using Galilean transformation 2’ = X —vt, ¢y = Y, 2/ = Z, ¢ =, where (', ¢/, 2')
is the moving coordinate system shown in Fig. 1 and, next, introducing the dimensionless
coordinates x,y, = such that 2’ = zb,’y’ = yb, 2’ = zb, I’ = hb, Eq. (2.1) reduces to

‘ *w W
2_- —_— =
-(2.3) "5 a 0,
with
(2.4) _ st =1—v*/c.

3. Boundary Conditions

We consider two basic problems of practical interest with different boundary condi-
tions. o :

PROBLEM 1. The edges of the strip y = +h are assumed to be rigidly clamped and
displaced laterally in opposite directions by an equal distance wy, where wy is a constant.
As a result, antiplane shear motion takes place in z-direction, whereas cracks move in the
z-direction and the boundary conditions are

(3.1) W(z,+h) = twy, —00< z < 00,
(3.2) 0y:(2,0)=0, d<|e]<],
(3.3) W(z,00=0, 0<]z|<d, [z|>1,

where d = a/b.
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In order to apply the integral transform technique it is necessary-to solve a different but
equilvalent problem which can be obtained from the problem of a clamped strip (without
any crack) subject to a uniform strain. The equivalent stress condition on the crack are

(3.4) y:(,0) = —’—‘Z’—", d<|z|< 1

and the displacement must satisfy

@35) - W(z,0)=0, 0<|z|<d, [|2|>1,
(3.6) Wz, £h) =0, —oo<z<o0.

PROBLEM 2. In this case uniform shearing stress py is applied to the upper and lower
boundaries y = +h of the strip. The equivalent problem in this case involves the appli-

cation of the shear stress —po to the crack faces at y = 0. Accordingly, the boundary
conditions are

3.7) oy (e, £h) =0, ~oc0 <z <0,
(38) O'y;(:l:,O) =—-py, d< |.C| < 1,
3.9 W(z,0)=0, 0<lz|<d, |z|>1.

4.Solutions of the Problems

Due to the symmetry about (z, z)-plane we need to consider the region 0 < y < h
only. Employing

(4.1) RUA© €~ 21 =[2 [a@eosennds
0
and
(42) FIA©) €~ 2= \[2 [ a@sinen)
0
we obtain the solution of Eq. (2.3) as ,
(4.3) W(z,y) = FAi(€) exp(—Eys) + 42(€) exp(Eys) : € — z),
with

(4.4) oy:(2,y) = pusF[E{—A1(€) exp(—E€ys) + 42(€) exp(Eys)} : € — ).
PROBLEM 1. Using the expression for W(z, y) given in Eq. (4.3) in Eq. (3.6) we get

- A(6)
A = T ey

_ —A()exp(—2¢hs)
Ax(8) = 1= exp(—2£hs)

where () is to be determined.
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From Eqgs. (3.4) and (3.5) we find that A(€) satisfies the set of triple integral equaiions

(4.5) FLEA(E) cth (Ehs) 1 € — 2] = ;f—;’ d<z<l,
(4.6) FlA(): £ —2]=0, 0<z<d, z>1.
Let us take
1

4.7) A€) = %\/g f a1(r)Sech® (er)sin(er) dr,

A ; , _
1t is clear that the above choice of A(¢) satisfies Eq. (4.6) if and only if

1
(4.8) J 91(7) Sech? (er) dr = 0.
d

Equation (4.5) can be written as

_ d ) 1wy
(4.9) %F,[A(E)clh(fhs).f—rz] =75 d<z <l
Inserting Eq. (4.7) in Eq. (4.9) and using the result [9]

T cth(ehs)sin(ér)sin(€z) , 1. | th(cz) + th(cr)
(4.10) (»)f 13 dg = 2 log th(cz) — th(cr)|’
where ¢ = 7/2hs, we obtain
! 2
(4.11) f ch(Tz) Sech (CT3 th(er) dr = w(z, Cd<z<l.
p th® (er) — th* (c2) hs Sch” (cz)

Substituting th (er) = Ty, Eq. (4.11) is found to reduce to the form

T TATDAT | w

4.12 =
(4.12) T-XT (=X

Dl < 1\’] < 111

where Dy = th(ed), I) = th(c), X1 = th(cz) and A(TE) = gi(7).
Using finite Hilbert transform [3], the solution of Eq. (4.12) is

2 Z‘w() ch (C(l) Tl2 — D%
. = A(T?) = L +
413) () = AT = G Ty ToT2

+

I\’l
[(le - Dlz)([1Z - 7'12)]‘/2,

where the constant K| determined from Eq. (4.8) is found to be equal 10
n (; M—,q)
2 0 -D))

T '
g (?”)

d<rt<l,

T _ 2woch(cd) .,
(4.14) = whsch(c) !

1-—-
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where ¢ = (If — D})Y/2/1, and F(¢,k), 1(¢,n, k) are elliptic integrals of the first and
third kind, respectively.

The expressions of displacement and shear stress on the plane of the crack are expres-
sed as

1
(4.15) W(z,0) = % [ 1) Sech? (crydr, d<az<1

and

1 2 .
4.16) &2 (x,0) = psc f g1(7) Sech” (¢r) th(cr) Sech (cx) dr. O<z<d £>1
d

th® (cz) — th? (c7)
Now, inserting Eq. (4.13) in Eqgs. (4.15) and (4.16), we obtain

wy ch (cd) 2 2' (1 - Dy’
- p(aq) 41— [ 1-
hsesh(c) r
F (2"")

2 2_ D2
ch (C)H(,\,I‘ 'lzl,q) . d<z<],
ch? (cd)

2 _ thl(pp)
Sin \ = If - th (c.r),
I} - D}
i puy ch (cd) th®(cz) - D?  ch(c)
4.1 :(2,0) = -
(4.18) 0y:(,0) = 7375 th(ca)— 12 ch(cd) *

(4.17) W(x,0) =

where

(7r - D? q)
' ) 57201 _ N2y’ 2 20
o C\2 11(71r D?) : D? Sech (c.z) sl
p(i,q) V[t (cz) - D[ th? (cx) - 1]
oy Hwgch(cd) D} - th? (cz) _ ch(e)

(419) O"J:(-L,O) - h Ch (C) Ilz _ [h2 (C.L‘) ch (Cd)

1](71' 1} - D} q)

2 73(1 —~ DY’ 2 Sach? (e
1y 2" (1 - D3) Df Sech” (ew) C0<e<d,

- F(g,q> VD2 = th? (c2)][1} - th¥(ca)]
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where we have used the result
T

, O<e<d,
N B (D)
(420) j 5 e 0, d<a<],
—d? )(1 12yte—x -7
z > 1.

2/ = d)(2-1)

The stress intensity factor at ¢ = 1 is given by

im /2(z - 1) [B-D} . Di1-1})
4.21 Si1 = lim 2(z - 1)o IL',O = Huy 1 +
(4.21) Sn ety ( Joy:( A ) hSech(cd) el \/011(12 DZ)

e S
1 ”(i‘ﬂ(l o)

(o)

and the stress intensity factor at ¢ = d is given by

pwyy/D3(1 - I2)
(4.22) Sia = lim /2(d — 2)oy: (z,0) = — : .
e hy/e(1? ~ D2)

17<E,——-——1%_D% ,q)
L\ Ra=DY

T
F(i"’)

Letting d = a/b = 0 in the expressions for displacement, stress and stress mtensny factors,
it can be easily shown that the results comcxde with the corresponding expressions glven
by SINGI et al. [2].

PROBLEM 2. In this case again we take the general so}uﬁon of Eq. (2.3) as

(4.23) W(z,y) = FCi(E) exp(—Eys) + Ca(€) exp(€ys) : & — 2],
and inserlini; it in Eq. (3.7) we find that
: = D(§)
Gi6) = 1+ exp(—2¢hs)’

oy = D) exp(~2¢hs)
Cal8) = 1 + exp(—2¢hs)

From Egs. (3.8) and (3.9) it is determined that D(¢) satisfies the following set of triple
integral equation

(4.24) F[ED()th(Ehs) 1 € — x] = l’:i d<a<],
(4.25) FIDE):€—2]=0, 0<z<d, z>1.
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Proceeding as in problem 1, we consider a trial solution
1
(4.26) . D) = % 5 [ oa(r)eh(er)sin(r) dr.
d

With this choice of D(E'), Eq. (4.25) will be satisfied provided the unknown function g,(r)
in Eq. (4.26) satisfies

1
(4.27) [ ga(r)eh(erydr =0
: d

Now Eq. (4.24) can be written as
(4.28) %F,[D(E) th(Ehs) : € — 2] = % d<z<1.
Insertion of Eq. (4.26) in (4.28) and application of the result [9]

(4.29) 7?m(fhs)sa-n(gr)sin(gz) de = Llog| Sh(e2) + shier)

0

where ¢ = 7/2hs, pives

w3y fl cox(r)Sh(2er) . _ o

= ——_ d<zr<]l.
sh? (cr) — sh?(cz) | psch(cz) *

Substituting T3 = sh(er), I; = sh(c), D; = sh(ed) and X; = Sh(cz) and proceeding as
in problem [, we obtain the solution of Eq. (4.30) as

2 . 2 2
@31 gr) =20 [T D] (5 aE=m) - (5] +
';Tv/lb \/1+12 I 72 2

Ny
(T? - D)3 - T3)

+

where ¢' = (I3 — D})Y2/I, ¢ = ¢ - th(c) and the constant K, as determined from
Eq. (4.27), is - |

I
. ] 7 —~ D2 2 7 .
o woe 0 TR 0(2 00 (o))
72/131?(7,(/) D, ) 2 .

The relevant displacement and stress components in the plane of the cracks may be written
as ' :

1
(4.33) W(z,0) = % [ o(myeb(erydr, d<z <1,
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and |

,usc : g2(r)sh (2er)ch(ex)

2 ) sh?(cx) - sh?(er)

(4.34) oy:(2,0) = dr, 0<a<d, z>1

Now using Eq. (4.31) in Eqgs. (4.33) and (4.34) we obtain

s oo 20 [ [sh(er) - sh’(ed)
(4.33) W(.0)= -2 4@ f \/shz(c) S (er)

L 12 w\ _ (T K (X, q')
X{H(z = Tz,q) F(z,q ch(er)dr| + o ,

where
12 — \72
sin\ = /221
1} — D}
2 _ I 2
(4.36) ay.(2,0) = 2p()ch(cx) sh* (cx) — D3 ’12z « l2 g
sh* (cz) — 5, — D3 7} — sh®(cz)
ThdDh ) w;zsch (cx) K,

for a > 1,

\/1 + 17 2\/( sh? (cz) — I2)(sh? (cz) — D3)

2poch (ca) | DZ - sh? (cz) !
437 ys: "10 = -
( ) Ty (‘L ) T - 12 _ bhh (CJ‘) f '22—- Sh2 (Cl’) *

Tszz _ . TF/JSCh(C:L)]\z for 0 <z <d

\/1 +T7 2/l - sh? (c2)][ D} — sh* (cx)]

The stress intensity factor as x = 1 is given by

, . Zpu 1: - 1'); e ,,)
4. S = — ( I +
(4.38) Su llmx V2 — Doy (x,0) = el (.h(c) X <2,q

Tps N,

2\feth(e)[ 22 - D3]

+

and the stress intensity factor at = d is given by

(4.39) S = lim \/2(d — 2)0y:(2,0) = —mpsha .
e 2y/eth (cd)[12 — D3]

Again letting d = 0 in the expressions for displacement,étress and stress intensity factors,
we obtain the corresponding results given by SINGH et al. [2].
’
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In this section we present the variation of stress intensity factors with ratio of crack
speed v to shear wave speed c; for both problems. The crack length dependence of the
stress intensity factors and its variations with v/c; have been shown in Figs. 2-5. Figures 2
and 3 illustrate the fact that in Problem 1, the stress intensity factors at both the crack

5. Numerical Results

tips decrease with the increase in the distance between the cracks.

04t
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F1G. 2. Stress intensity factor at the outer edge vs.v/c; for Problem 1.
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FiG. 3. Stress intensity factor at the inner edge vs.vs/c; for Problem 1.
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FIG. 4. Stress intensity factor at the outer edge vs.v/c; for Problem 2.
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F1G. 5. Stress intensity factor at the inner edge vs.v/ea for Problem 2.

But for the Problem 2, as seen from Figs. 4 and 5, it is found that the behaviour of the
stress intensity factors at the crack tips is of different nature. In the Problem I, the stress
intensity factors at both the crack edges decrease with the increase in the value of v/¢,
and approach zero as v/c¢; — 1. But in Problem 2, the stress intensity factor d'f the ouler
edg,asmcrsasel grddually wnh the i increase in the value of U/C" dnd approaches mﬁmty as
vfes — 1 g : d 3

. w%%mcrcase—m—ﬂwvame-of-u,teg The dashed lme in Fxg and Flg 4 correspondmg
as (om#uvcd to the corvaes ))or)clnng “a hure of problem 1.

% T bvoblewe IL ' 1y found that IKe Alvess mle.ks\l faclors
at kol the edges decvease wilf lhe increase n e values of
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1o the stress intensity factors at the tip of a single crack as given by SINGH et al. [2] for
the case b/h' = 1.

’
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Streszezenie

RUCH DWOCH WSPOLLINIOWYCH SZCZELIN GRIFFITHA W PASMIE
W WARUNKACH ANTYPLASKIEGO STANU ODKSZTALCENIA

Rozwazono przypadek ustalonego ruchu dwoch szezelin o jednakowych diugosdciach b — a i wzajemnej
odleglodci 2a poruszajgcych si¢ z ustalong predkoscia w plaszezyZnie symetrii y = () pasma sprezystego ogra-
niczonego plaszezyznami y = +h'. Rozwazono przypadki, gdy plaszezyzny te sj utwicrdzone lub swobodne od
naprgzen, MRozwigzania uzyskano w postaci zamknigtej. Przedyskutowano i zilustrowano wykresami zaleznosei
wspolezynnikéw intensywnobei naprgzenia w wierzcholkach szczelin od predkodei ich propagacji i parametréw
geometrycznych zadania.

Pesome

ABAKRENAL ABY X ROJUIMHEARHBIX TPEHIALN 'PAPPUTA B HOACE
B YCIHOBUAX AHTUIVIOCKOI'O JIEGPOPMUPOBAHHOI'O COCTOAHNH

Pacemarpusanca cnyuait puxcupobanioro ABMKeHUA ABYX TPCIWMH oaMiarkoBoil qaunwt b—a
M PacCnoJIOKeHHBIX Ha PAcCTOAHMUM 2a, NEPEeABUIaIoMIMXCA C ONPEAeNCHION CKOPOCTIO B IJIOCKO-
cTy cumanerpun y = () ynpyroro uosca, orpanMuycHyoro nnockoctanmmu y = £h’/. Pacenatpusancs
cayuall, KOI'ZMAa ©TH IIOCKOCTY 3aKpensenn nau csoboannt ot nanpsmennin. Pemennn 6uinu no-. -
JAYHCNL B 3aMRUYTOM IIH.},[C 3&DMCMP\|0CTI) KOC(deMllMC“TOH MICTCHCUBIIOCTH HATPDHAKCHUA I DUCp-
UWLMIAX TPCUI OT CKOPOCTH MX PACHPOCTPAHEHUA U EOMOCTPUULCKUX HAPAMETPOD 3afaun HoA-
nerana obcyajcnunio, unalocTpuposanach rpadduramu.
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TWO CO-PLANAR GRIFFITH CRACKS MOVING
ALONG THE INTERFACE OF TWO
DISSIMILAR ELASTIC MEDIA

A. N. DAS and M. L. GHOSH
Department of Mathematics, North Bengal University, Darjeeling, West Bengal 734430, India

Abstract—In this paper, the distribution of stress and displacement due to propagation of two
parallel and co-planar Griffith cracks with constant velocity under antiplane shear stress at the
interface of two dissimilar elastic media are presented. In the first case, cracks are assumed to
propagate along the interface of two dissimilar infinite elastic half-spaces. In the second case, the
problem of propagation of two co-planar Griffith cracks with uniform velocity at the interface of
a layered composite has been treated. Cracks are assumed to be moving at the interface of a layer
of thickness & and a semi-infinite substrate of different material. By the use of Fourier transform
the problems have been reduced to the solution of a set of triple integral equations which have
been solved by using the finite Hilbert transform technique. In the second problem, analytical
solutions up to the order #~% where A > 1, have been derived for both the crack opening
displacement and the stress intensity factors. Numerical results are also shown graphically.

1. INTRODUCTION

SCATTERING of elastic waves by cracks located in a homogeneous, isotropic medium has important
applications in geophysics and seismology. If the cracks are located at the interfaces of layered
media, the study becomes more relevant. Scattering of elastic waves from an interface crack under
antiplane strain was solved by Bostrom(l). Srivastava et al.[2] solved the problem of interaction
of an antiplane shear wave by an interface crack. The problem of diffraction of Love waves by
a crack of finite width in the plane interface of a layered composite has been solved by Neerhoff[3].
As regards the dynamic crack problem, research has been restricted mainly to the cases of a single
crack because of the severe mathematical complexity encountered in finding solutions of problems
involving two or more cracks. The diffraction of an antiplane shear wave by two co-planar Griffith
cracks in an infinite elastic medium has been treated by Itou[d4]. Lowengrub and Srivastavai$]
treated the static problem of stress distribution in the presence of two co-planar Griffith cracks in
an infinite elastic strip. The scattering of time harmonic normally incident plane waves by two
co-planar Griflith cracks was also solved by Jain and Kanwal{6].

To our knowledge, the diffraction of elastic waves by two cracks moving along the interface
of bonded dissimilar elastic media has not been investigated so far. In this paper we consider the
problem of determining the distribution of shear stress in the neighbourhood of the cracks, moving
along the interface of two bonded dissimilar elastic media. Two cases of practical importance have
been considered here. Firstly, the case of two co-planar Griffith cracks moving along the interface
of two semi-infinite dissimilar elastic media has been treated; secondly, the problem of propagation
of two co-planar Griffith cracks along the interface of an elastic layer overlying a semi-infinite
medium of different elastic properties has been considered. Employing Fourier transform we
reduced these problems to solving a set of triple integral equations with cosine karnel and weight
functions. These equations are solved using the finite Hilbert transform technique. In the second
problem, analytical expressions are retained up to the order 4% where h is the thickness of the
upper layer, for deriving the dynamic stress intensity factors and crack opening displacement.
Numerical results are also presented graphically.

2. FORMULATION OF THE PROBLEM

We consider two cracks of finite length to be placed along the X-axis from —1 to —c and
¢ to 1 with reference to a set of rectangular coordinates (x, y, z) which, referred to a fixed coordinate
system (X, Y, Z), are moving with constant velocity v along the X-axis, as shown in Fig. 1.

59
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Fig. 1. Geometry and coordinate system.

The coordinates are regarded as dimensionless, referring to the outer edge of the crack. In the
dynamic problem of antiplane shear, there exists a single non-vanishing component of displacement
in the Z-direction, W,= WX, Y, 1), i = 1, 2, where W, and W, are the displacement components
along the Z-direction in media ¥ >0 and Y <0 respectively. In the absence of body force the
equation of motion is

W, W, 1 &W,
X T Y2 bl or )

where b, = (i1;/p;)? (i = 1, 2) are the shear wave speeds; p; are the densities of the materials and
u; are the shear moduli.

Using Galilean transformation x =X —vt, y =Y, z = Z, ' = ¢, where (x, y, z) represents the
translating coordinate system shown in Fig. 1, eq. (1) becomes independent of ¢ and reduces to

0w, 9w,
A ST
Si 33 + 37 0 )]
with ' ,
si=1—-v¥bl. 3

3. BOUNDARY CONDITIONS
Problem 1
In this case the cracks are placed along the interface of two joined dissimilar elastic half-spaces

and are moving along the interface with constant velocity ». The x-axis is taken along the interface
of these media. The cracks are excited by a normally incident antiplane shear wave. The boundary
conditions are

[t:(x, 0) =[1,.(x, 0)): = —p, c<ix]|<]

[T)':('X’ 0)]! = [T}‘:(X, 0)]2’ O S (xl <¢, lx ( >1 . (4a_c)

W,(x,0) = W,(x, 0), 0<|xli<e, |x|>1

Problem I now consists of solving eq. (2) together with the conditions (4).

Problem 11

In this case two co-planar Griffith cracks of finite width are assumed to be moving with
uniform velocity under antiplane shear stress along the interface of an elastic layer kept in welded
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contact with a semi-infinite medium of different elastic properties. The boundary conditions of this

dynamic antiplane problem are

[ty:(xi 0), = [r,,(x. 0= —p, c<|x|<l

ltﬁz(xv 0)]! = [Tyr(xv 0)]2! 0 g |x ‘ <¢, |x | >1
Wi (x, 0) = W3(x, 0), Og|xl<e, |x]>1
[t,:(x, b)), =0 ' —0 <X <

Problem II now consists of solving eq. (2) iogether with the conditions (5).

4, SOLUTION OF PROBLEM 1

Employing Fourier cosine transform, namely

fi&») = L”f(x,y)cos(cx)dx and f(x,y)=%wac(f,y)COS(fx)df,

we obtain the solution of eq. (2) as

Wl(x,y)=% LwA.(f)exr’(—slfy)COS(fx)dé, for y >0

M) =2 [ a@epeites@a s, fory <0

where s; is the positive root of (3) and A4; (é,‘) are unknown functions to be determined.

From (6) and (7) we obtain

2,5,

[Tyz(x: y)]l ==

[£,006, )y = 2422 j EA(E)exp(s,8y)cos@x)dE,  for y <O.

Using (4a) and (4b) we get

A (&) = —ﬁ'—s‘Ax(é)

" Therefore, the crack opening displacement Aw(x) is obtained as

Aw(x)'= W,;(x, 0%) — W,(x,07)

-2 T a@eosenat, esx<
=0, 0<x<e, x>1

where
L= s+ 1y 8y .
s
From (8) and (4a),

f: £4,(8)cos(Ex) dE = 22

2us,
Let us take

A4,@) = %f h(e?)siner) dr.

EFM 41/1—E

jw g4, (§)exp(—sigp)cos(§x) de, for y>0
0

(5a—d)

(6)

M

@®)

©)

‘(10)

an

(12)

(13)

(14
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Substituting (14) in (11) we see that this choice of 4,(¢) leads to
1
I h(t*)dt =0, (15)

Inserting (14) in (13) we obtain

J‘“’ ih(t’)dt= pr

o P=xP 2

, c<x<l (16)

Using the finite Hilbert transform, the solution of (16) is

; T—=x? xdx K’ ]
h(l’)= —nms Jl _‘: J. \/ Tl xz"'2+\/(;z-02)(l __,2) (17)

where the unknown constant K’, determined from (15), is

, N p 2 . .
K =—— — E/F), 18
o €= EIF) (18)

where F = F(n/2, q) and E = E(n/2, q) are complete elliptic integrals of the first and second kind
respectively and ¢ = (1 — ¢?)'2.

The relevant expressions for the crack opening displacement and stress component at the
interface are

Aw(x) =L f'h(ﬂ)dt, c<x<l (19)

1 2
[t,:(x, O = 2”:' J ':St_)gt, 0<x<e¢ x>1 (20)

Substituting the values of A(¢?) from (17) in (19) and (20) we obtain

awte) =2 | B )~ EF0) | @
151 . )
where
— 2
sind = T 22)
and
xi—c¢ E|F = ¢?
[t,.(x,0) = p[ -1~ N T 1)]’ for x > 1 (23)
N - EJF -¢?
._p[ =~ 1+ \/(c’ YT —'x’)]’ for x <, (24)
where we have used
f n
- 2\/(& 0 , for0<x<e
fl edr =<0, for c <x <1 (25)
¢ (=) S =cH (1 -1?)
T for x > 1
L2/(xT =) (x?=1)" '
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The stress intensity factors at the tips of the cracks x =1 and x = c respectively are given by

K, = Lif.rxl Vv 2(x — l)[tyx(xv 0)]; =p(Tl/T———__iiz_- (26)
. p(E|F —¢?) ‘

= — =07 27

K= lim /20 =00, 0 =2 2 @)

5. SOLUTION OF PROBLEM II

Employing Fourier cosine transform the solutions of the problem are sought in the form

W\ (x,») =% f: [4,(§)exp(—s5,§y) + A2 (§)exp(s,{y)]cos(§x)dé, for0<y <h

Wit 0) =2 [~ s @exptey)eosn) a8, fory<0. @)

Using (28) we obtain the stress components as

[t Cx, )], = 205 f Sl A1(€)exp(—~5,89) + A (§)exp(s, &y)lcos(Ex) dE, for 0<y <h
(o3, ), = 22252 f £4,(§)exp(s;&y)cos(éx) €, for y <0.  (29)
Applying (5a), (5b) and (5d) we obtain
| A4 =22 14,0 - 4, (30)
and ,
Ax(8) = A, (E)exp(—2¢hs,). @31

We define the crack opening displacement Aw(x) as

Aw(x) = Wi(x,0%) — W3(x,07)

= %’J‘wf(f)cos(fx) dé, c<xxg1 (32)
[} .
=0, O0sx<¢ x>1
where
HaS; — Iy 5y
f¢)= A:(é)[l + s T S, exp(— 25’151)] (33)

Therefore, by (5¢) and (5a), f(¢) is found to be the solution of the following triple integral
equations:

jwf(é)cos(éx) dé=0, 0<x<c x>1 . (34)
0
Jm (L + MEh)cos(Ex) dE = 2—, c<x<]1 © o (39)
0 2uy5
with
MEh) = — tanh(hs, ) (36)

[1 + ? tanh(Zhs, )}
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Assuming
i 1
1= f h)sin(@) dr, o
it is found from (35) and (36) that A(x?) is the solution of the following Fredhc;lm integral equation:
1 .
h(x’)+f hHK(x% 1) dt = F(x?), c<x<]l (38)
satisfying the condition
) .
f h(x¥)dx =0 (39)
I3 .
where
K(x? t)———i x*—¢? ! l_yzxyKl(y”)d (40)
E TR T= | = e Y
with
Kl(y,1)=.[o M(&h)cos({y)sin(§r) dg 41)
and
— 2 ” .
F(xh) = — \/" ‘ f \/ A K , @)
s\ I —x? yi—c?y?—x? \/(xz—cz)(l—xz)

K" being an arbitrary constant determined by the condition (39). If we take A > 1, then, by
substituting n = £h and expanding cos(ny/h), sin(ny/h) we may write (41) in the form

I
K ) =2+ 74 02+ 3y + 0 ~) (43)
where
=A% e ayan =01 | (44)
ISR+l ’
and hence

2 [x*—c I
K(xz,t)=; 1 —x? I:

Bt 4 301 %k’):l+0(h"°) (43)

where k=1 —¢2
Integrating both sides of (38) with respect to x from c¢ to 1 and using (39), we obtain

v P [ E)L L[ '
K" = [c‘ F]+FJ., h(t*)K(@)de (46)
with 7
21 lt Y (LT 2 yE -6
K(r)=;’- F(E—C F)+7’7{(l —3KWE —C*F)—c*(E+F)+2E} |+0kh°)
where E and F defined by E = E(n/2,q) and F = F(n/2, q) with ¢ =k are known as elliptic

integrals of the first and second kind respectively.
Hence, #(x?) must satisfy the integral equation

c

h(x?) + j' h(2)M(x?, 1) dt = S(x?) (47)
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where

2 4y = u [IO( _E) i{ 2 22(2_5)
BN T ) AR S N

+ 3x¥(x2-1) +§+ c?— ME}] +0(h=%) (48)

F
- E
=
S(x?) = F

and

. (49)
Hisi /(¥ = c*)(1 = x?)
Since h > 1, and |[M(x? 1)] < 1, the solution of (47) may be written in the form
h(x?) = ho(x2)+ h, (x2)+ hz(x2)+0(h ®) (50)
where
{4
ho(x?) = (51
8/ (% = )1 = x?)
—Iocol’lix2 —g]
hy(x?) = (52)
T s =) (1= X))
pCo E
hy(x?) = [IZC {x’——}—ﬂ Bx*+C\x*+C )] (53)
T s S —eya-a)L U Ff T co
with
: E
== 222
Co=1+c*-2 7
Ci = k*/4Co~ (1 +¢?)
ké
Cz-c +F{C| 2Co}
The relevant crack opening displacement and stress‘ component at the interface are
|
Aw(x)=L I h(t¥)dt, c<x<l (54)

[r,,,(x,O)]‘:_z“:' U "'(’z)d' f h(HK, (x, t)dt:| 0<x<e, x>1 (55)

’2

where K, (x, 1) is given in (41).
Using (43) and eqgs (50)-(53), we find that

! ict 21,C
fh(:z)x,(x,e)dz=82"s [”;f“—";f G340+ 2(|+c2)}j|+0(h 9. (56)
¢ 19]
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Using the results given by (25), we get for 0<x <c¢

Vth(t?)dt IﬁCﬁ x —E/F
J'r IZ—XZ + 4’14 +l

5, Gy
2h?

LG
20t

{3x + C,x? +C2+3(1 c2 >+C,}]+O(h’°),

pn

- [{1 _

(57
and for x > 1
J"th(r’)dr= PR [{l_loco I%C’}X{E/F x +l}
e B=x? 25 2h 4k 2h‘
{Sx +C, 2+Cz (l c2 ) C,}]+0(h“’), (58)

where

=/(c? = x?)(1 — x?)

Xy =/(x*=c?)(x*-1).

Using eqs (50)-(53) we obtain from (54), after integration, the crack opening displacement as

A -knc))

151

5, Gy
2h?

I}CY+ 21, Cy(C,
4h*

E 21,C :
x {E()., 9)~ £ F@, q)} - —4‘}4—° x /(1= x)(x? - cz)] +0(h-%) (59)
hb =2
10 ab = 0.26 08r
b/bg = 0.6
091 ’ = -2
v/b; = 0.8 o7 x =05
08 o by/b, = 0.8
- viby = 0.8
0.7 / k
0.6
0.6
3 2
3 os § 0.4
9 <
i ky
0.4 03
0.3
0.2
0.2
. 0.1
0.1F
00’:2610.3 0 4 0f5 0:6 0.7 08 09 1.0 0
X
X

Fig. 2. Variation of crack opening displacement with x for

problem II.

Fig. 3. Variation of crack opening displacement with x for

problem II.
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Fig. 4. Variation of stress intensity factor at the outer edge with v/b, for problem II.

) 1= x?
“sind = 1—_—‘:—2-.

Substituting the results obtained in (56), (57) and (58) on the right hand side of (55) the stress in

the plane of the crack can be derived and from it stress intensity factors at the crack tips can easily
be found.

We find that the stress intensity factor at x =1 is given by

Nl = ll_r'l'll AV 2(x - 1)[tyz(x’ 0)]!

where

I 4 LG, IiCy  IC, _
= ,—1 — I:(E/F l){l Y + an + 7O B+C+GC)|+0t®) (60)
1.0 b =2
08|
06}
3 alb =022
= .
04 0.4
0.6
0.2
1 1 1 1 9
0 0.2 04 0.6 0.8 1.0
v /b,

Fig. 5. Variation of stress intensity factor at the inner edge with v/b, for problem II.
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Wbo=6
0.6}
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v/bs

Fig. 6. Variation of stress intensity factor at the outer edge with v/b, for problem II.

0.7

0.6

a/b =02 J
y
0.8 J
L. | I L l
0.2 04 06 . 0.8 1.0
v / b1 .

Fig. 7. Variation of stress intensity factor at the inner edge with v/b, for problem II.

and the stress intensity factor at x = ¢ is found to be

Ne=lim \/2(c ~ x) [1,:(x, O)}

- ) . 22 X )
=————p-——[(c=—-‘5/p){1 '°C°+'°-C°} I'C°(3c‘+C,c2+'C2)]+O(h‘°.). (61)

c(l—¢c?)

the cracks.

Variation of the stress intensity factors at both crack tips with crack speed is depicted
in Figs 4-7. It is interesting to note that stress intensity factors at both the crack tips increase
very slowly at the onset with the increase in the value of v/b, but change rapidly and go to.
infinity as v/b, approaches 1. This fact becomes prominent as the layer thickness becomes

large.

TR TR (T 2R

6. NUMERICAL RESULTS

In this section we present numerical results for the stress intensity factors at the crack
tips and also the crack opening displacements for different values of the layer thickness and the
crack speed and for b,/b, =0.6. The crack opening displacement is found to increase gradually
with the increase in the value of the crack speed. Further, for a fixed crack speed, the crack
opening displacement increases with the decrease in the value of the separating distance between
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Abstract. In this paper, the three-dimensional problem of two coplanar Griffith cracks propugating uniformly in an
elastic medium has been considered. Equal and opposite tractions which are triaxial in nature are applied to the crack
surfaces. The two-dimensional Fourier transforms have been used to reduce the mixed boundary value problem to the
solution of triple integral equations. In order to solve the problem, the transformed surface displacement has been
expanded in a series of Chebyshev polynomials which is automatically zero outside the cracks and also satisfies the
edpe conditions. Finally Schmidt method has b&en used to determine the unknown constants occurring in the serics.
Numerical calculations are carried out 1o obtain the crack opening displacement and also the stress intensity factors
for different values of the parameters.

1. Introduction

Yoffe [ 1] considered the problem of propagation of a crack of fixed length at a constant speed
through a stretched isotropic elastic solid of infinite extent. In recent years, Yoffe's investigation
wus extended to include different types of materials and different material geometries. Sih and
Chen [2] considered the problem of a uniformly propagating finite crack in a strip of isotropic
clastic material, Recently Kassir and Tse [3] solved the plane stress problem of a moving
Gritlith crack in an infinite orthotropic stressed medium by using integral transform technique
and the same technique has been employed by De and Patra [4] to solve Yofle’s problem in a
stressed orthotropic strip of finite thickness.

However all the problems mentioned above havé been solved using the dynamic cquations
of clasticity in two dimensions, But practically in most instances, cracks are subjected to a-state
of stress that is triaxial in nature. Crack problems involving three-dimensional loading have
generally not been attempted so far.

Recently Angel and Achenbach [5] derived the clastodynamics stress intensity factor for
threc-dimensional loading of a cracked half-space. Freund [6] also solved the three dimensional
problem of the oblique reflection of a Rayleigh wave from the edge of a semi-infinite crack employ-
ing a Wicner-Hopf technique. The problem of a uniformly propagating finite crack in an elastic
medium has been solved by Itou [7] using dynamic equations of elasticity in three dimensions.

Regarding the dynamic crack problem, resecarch has been restricted mainly to a single crack
because of severe mathematical complexity encountered in finding the solutions for two or more
crucks. Recently Jauin and Kanwal [8] presented the low-frequency solution of diffraction of
normally incident longitudinal waves by two coplanar Griffith cracks in an infinite isotropic
clastic medium. They used the finite Hilbert transform technique developed by Srivastava and
Lowengrub [9] to solve the mixed boundary value problem. Using a completely different
technique Itou [10] solved the diffraction problem of elastic waves by two coplanar Griftith
cracks in an infinite elastic medium.
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In this paper we have considered the problem of propagation of two coplanar Griffith cracks
propagating steadily with uniform velocity under three-dimensional loading. The application of
two-dimensionul Fourier transforms reduced this problem to that of solving triple integral
equations in which the double Fourier transforms of the crack opening displacement appear as
the unknown. In an attempt to solve the problem the transformed surface displacement has been
expanded in a series of a function which is automatically zero outside the cracks. Finally the
Schmidt method [11] has been employed to solve the integral cquations. The dynamic stress
intensity factors and the crack opening displacement have been evaluated numerically for
various values of crack speed and distance between the cracks.

2. Formulation of the problem

Let (X, Y, Z) be a fixed rectangular coordinate system. Two coplanar Griffith cracks of infinite

length but finite width located in the XZ-plane, the Z-axis being in the direction of the length of

the cracks, are assumed to be moving steadily with velocity U in the direction of the X-axis. It is

convenient to introduce Galilean transform x =X — UT, y=Y, z=Z, t = T where (x, 3, 2)

represents the translating coordinate system shown in Fig. 1. Referred to this moving system of

the coordinate the cracks are assumed to occupy the positions b < |x| < a, y =0, |z| < co.
The equations of motion in the absence of body force are

. ¢ {du*  Jduv* Ow* 22u*  dfu* 3*u* al*
(2 + )= + +—=]+u + + =9
q

ov\ax Toay T oz oxT Tayr T ozr ) TP
Gt 1)i Su* . ov* N ow* 4 0%v* 9%+ Dt o3 p*
T \ax Tyt T axr T ave ez ) T P 1)

Fig. 1.
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¢ [du* dv*  Ow* N o*u* +(32w* N 02w N Fw*
Cruz\ax Ty taz ) T e ey taE ) T e

where u*, o*, w* arc the displacement components, 4 and x are Lame’s constants and p is the
material density. Using Galilean transformation

x=X~-~UT, y=Y, z=2, t=T

(2.1) reduces to

62 62 62 2
,,(_u i _z> e

(4 + l) 6u + oy + ow +
#ox dy 0z ox*  0y*  0z° ox?’
0fou v dw ov 0% 0% , 0%
(4 f‘l)(.]y(ax+5}+Fz'>+#<a—x2+a—y+p>—pu -a‘x—z, (2.2)

(/+‘)(’ 5u+@+§£ N 91\1+62\v+6w Uzazw
! ox  Qy 0 H\ax2 dy? = 9z? ox?’

The stress components for the three dimensional problem are

Cu dv Ow fou v
240 — == =l — + — 2.3
e =4+ )7+ <8y+ az), Tay “(ay+ax)‘ (2.3.1)
dv du  ow\. dw dv
2 A A il B = ~ . W
oy = (A + /t) (at + a:)’ Ty #( 3y + az>, (2.3.2)
ow dv  Ou ou ow
0 2\ L=l =+ 220 3.
=g (6y+6x>’ s "(az+ x> 2.33)

The boundary conditions are

2%’—" = —px,2), fory=0, a<|x|<b, |z|]< o,
v=0, fory=0, [x|>b, |x|]<a, |[z]< o0, (2.4)

Ty =0=1,, fory=0, |x|<o, |z|< 0.

3. Solution of the problem

Using Fourier transformations viz.

« ) _
Jeéopi) = '[ f glx, y, 2y e+ dx dz,
- x - x
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and
glx,y,2) = (,n)zf j G(&, y, Q) e de de, (3.1)
(2.2) reduces to
d? ; % P db - .
{T—(v M=)e* = ¢ }u—t(a - l)ﬁdy (@ = 1)¢Lw =0,
B 2 ) -
—if(a? —~ 1)'§“ {a 11— — (1 = M?)& cz} i — 1)gﬂ =0, 3.2)
dy dy? dy

- 2
—(* ~ Y& — i(e® ~ I)Cd—; {3% = (1~ M) — azC’}" =0,

with o2

= (4 + 2u)/p, B* = p/u and M? = 2 U2
Due to symmetry given in (2.4), we need to consider the region y > 0 only. The solutions of
(3.2} in the region y = 0 can easily be found to be of the form

l-‘ = .419«‘-““’ + Ble_s”’,
b= A,e™% + Bye 5, (3.3)

W= AyeT" + Bye S,

where
. 3.4

\/1 2/(1 §2+C2
=1 - M*)E + (3,

and ,
Ay = i§Ayfs\.. A3z =ilAsfs,, By= —i({B, + {B;)/s,.

The transformed stress components &y, &,, f,,, T, obtained from (3.3), (3.5) and (2.3) are

(3.5)

— iéB,e™"¥,

6~" 1 :.. 2 2 ‘ -5y
Z=K[g M-=(1 -—2/& )+2€2]A26 sty
6 2 e -
> [ézMz 2(¢% + {*)]A,e7°Y + iEBy + (By)e ™, (3.6)
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-.‘ - l - 52y
%ﬂ = —iAye7°” — >—[&By + (s3 + £*)B ] e,
2u 25,77

-:l- 1 _ ;
2o jtde T — o [E(By + (53 + ()Byle .
2u 2s,

Using the conditions (2.4.3) B, and B; can be expressed in terms of A, as

B, = —2ié.ﬁ'2Az
TR - MY
(3.7)
B, = —2i{s; A,

(2— M%) + 20

Hence we find that all the components of stress and displacement can be expressed in terms of
the unknown function A,(¢&, {). Now insertion of (3.5) and (3.7) in & given in (3.3) yields

_ 2y£2 2 2
Ay = —(2 A;’\/Izééz+ ¢ o, (3.8)

where i is the transformed displa'cement ony=0.
Using (3.7) and (3.8) we obtain from (3.6)

Py . e sy s.e %Y
95 _ _ = 9 Ag2y£2 2 201 _ 2 _ 02
2 LO[{~ MPE+ 20532 + M3 — 2/)) 2M3s, M? ]

e sy 2(62 + Cz)slc—sn-:l

2/\,,26281 - éZ MZ
39)
i:.\-’. vm 9 3y¢2 s e_sl)' —_— e—-\ll
= = i¢l -M 2 3 ,
5, = <ol )&+ 207} M
n".' vm IR vl e_su. - e‘SZ,\'
2‘—‘ = i{Fa{(2 — M*)E° + 2:‘,‘}-—M2—éz—
Using the conditions {2.4.1) and (2.4.2) we obtain the following triplé integral equations
g, 1L [* _ . e _
5 =52 l’oG(C;C)e lst§= _P(X:C), fora<|x|<b
u 2,
and
I . '
(’0=§; foe ™ ™dé=0, for|x|>b, |x|<a (3.10)
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with

Gl&, Q) = —[{(2 — M)E* + 20712 — &(&* + (P)sysa). 31

7M‘7v‘)

Taking p(x, z) as the even function of x, the solution may be assumed as

1 _qytl! bh—-2 )
FolX,{) = Y c,,(E)( l’f sinl:n cos™! {u}} foragix)|<b

n=1 b—u

=0, for0<|x]<a, |x}|>b, (3.12)

where ¢,({) are the unknown functions to be determined.
Applying Fourier transformation on (3.12) we obtain

s . fa+b nm b—a
g sm( ¢ T)J"(Té)’ (3.13)

where J,( ) are Bessel functions.
Insertion of the expression (3.13) in the first equation of (3.10) yields

2% c,,(c)r G(E’ % gin (“ ; be %)J(b—;—a 5) cos(Ex) dE = — j(x,0), for a <x <b.
n=1 0 S
(3.14)

C
ll
~‘“‘l=t

Using the following results [12]

f cos(ay EW, (42 &) dE = —co:ﬂ;, fora, >a, >0
0 a; — ay )

a5 sin(nn/2)

, fora,>a,>0 (3.15)
\/a —az[a, + /a _agjn

and

e .

. S

J Sln(alé)‘]u(alé) dg = ___1n_(”_6)_’ for a, >a; > 0
0 aj — at
2
a3 cos{n/2) for ay > a; > 0, (3.15)
\/a, —aila; + \/a, — a%]
. where

¢ = sin"Y(a,/a,)
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in (3.14) we obtain,

"(S)HJ‘ { (€0 G, C)}[ OS(%){sin(a + f;+2x f) N sin(i+ bz— 2.\'§>}
—sin(nT[){ (a+b+2x§)+cos(a+b—2x¢>}:|‘]"(b—a )dé-{—G(é.'C)
2 2 0

-x b—a "/ \/a+b+2x 2_'b—a 2{g+b+2x

2/, 2 2 2

a+ b +2x\? b—a\*)" , . fa+b—=2x\ nm
-+ 3 "( > + sinq{n sin ——b—__—a—- --"2—'

‘b —a\ fu+b—2x\%]

( 2 ) _< 2 ) = — plx,0) (3.16)

where
q(‘;—*) = Lt G(‘;’ O_ {2 — M2 —4/1 — M* /1 — M*a?}2M? /1 — M*/o?. (3.17)

Since the function G(£, {)/& — G(6, {)/é behaves as €2 for large &, the semi-infinite integral on
the left hand side of (3.16) can casily be evaluated by Filon’s method.

To solve (3.16) for unknown coeflicients ¢,{{) we adopt the Schmidt method {11] and write
(3.14) as

i FAGx) = —fGx) fora<x<b, . (318)

where F,((, x) and f({, x) = p({, x) "are known functions. Let H,({, x)’s be a set of orthogonal
functions which satisfy

b
J Hy(§, x)Hm({, X)dx = Ny,

a

where

b
N, = J HE(L, x) dx. ' ' (3.19)

Then H,({, x)'s can be constructed from the functions F,({, x) in the following way

- Cl'n
Hu (5, x) =
: i=zl Cun

Fi(5,x) (3.20
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with C;, as the cofactor of the element e;, of D, which is defined as

€11€12-c000n. €1in
€21 cntrvnnnens b .

D,, = . . y €p = j Fn(C’ X)F,‘(C, x) dx. . (321)
Eple v evrvennens [

Now in terms of the set of orthogonal functions H,({, x), the function — f{{, x) can be expressed
as

—JGx) = Y hH(E, %) (3.22)
i=1

Substituting values of H,({,x) from (3.20) into (3.22), we obtain from (3.18) after some
rearrangement

&

z W(OF oL, %) = Z Fuf z,x)zm Cu, (3.23)

Comparing the coefficients of F,({, x) from both sides of (3.23) we find

=3 g Ca " : (3.24)

i=n

where

= — ﬁj J&, x)H (¢, x)dx. _ (3.25)

4. Stress intensity factors and crack opening displacement

To evaluate the stress intensity factors at the vicinity of the crack ends we put x = b + rcos 6,
y = rsin 0 for the stress intensity factor at the outer edge and x = a'— rcos 8, y = rsin 8 for the
stress intensity factor at the inner edge.

The required stress g, given by

0y = o,sin? 0 + o6, cos? § — 21, sin fcos 6 @.n

is to be evaluated fc;r small values of r.
Using asymptotic values of

b—a
n(t5%)
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for large values of &, it is found that for small values of r
)

n

' cos(zn + 1)
Jme-¢ﬁ4’5 (a'f'bé_ﬂ) (b ;aé)cos(éx)dé= __—4_

0 4r(b — a)

y [cos(ﬂ> \/(— cos 0 + /1 — ¢*sin? 6
2

1 —¢%sin®@

—f(— 1} { — 2 ein?
+sm<"2n>\/ (Z1ycosf+ /1 =g sin 0j|+0(r°), for x> b

1 —g%sin®0

cos(zn + 1
_ 4 \/(—1)"cos9+ 1 — ¢*sin2 0
B 1 —¢*sin®0

4;(b—a

. -1y J1-
—sm(%>\/( ycos + g’ sin” ]+0 ), forx<a

1 —g*sin?6

and

cos<2n + 1)
J% e VI-a sin <a ; bé — E>J,, <b%a é) sin(éx)dé = —4—r4—~

0 2

[cos( )\/ (—1)"cosb + /1 — g*sin? 0

1 —g*sin?0

( \/(_l) cos + l—-q23m +0(°), forx>b
-1 —g*sin®0

2n

=COS( 4 )n [os(m \[(—l)"c050+ V1= ¢?sin?0
4r(b—a ‘ 1 —¢?%sin20

(—1)"cos 8 + l-—q sin?07] 0
< >\/ 1= g2 sin0 + 0(r°), forx <a.
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4.2)

4.3)

(4.4)

(4.5)
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Inserting (3.13) into (3.9) and taking inverse Fourier transform of (3.9) we obtain the stress
intensity factor at x = b with the aid of (4.2)-(4.5) as

cos(2"+l>n

o] o 4 2'—M2 + . .
Ky==/rlya0 = 12+ M2(1 = 2/a?))sin? 0
b #\/-l 0 Z |:2M2 l—Mz/flel l( ( / ))

2 /T—MZcos20 . 2—M?
— (2 = M?)cos? 6} + — O or - —7—(P{ — Py)sin 29]

1 (= . ' :
‘o f " aera 4.6)

and also the stress intensity factor at x = a is found to be

Q

S(Zn + l)n
_% _ e 4 -2~ M) .
Ka_z“ﬁl'w—-n; \/B—a |:2M2\/1 —M2/ozzQ‘ {2 + M3(1 = 2/«?))sin? 0

ST MPcos20 _  2— M?
MZ 2 T MZ

— (2 — M?)cos? 0} — 2 (Pf — P¥)sin 20]

x H Ca@ea @7)
nJ_x ;

0t =[eos(2F) a7t o) = e o
g) Jai— (1) cos 0 + sin(%) WJ/‘“

(i=1,2)

—w
W+
il
(=]
[o]
7
N

and

2

g, = [1— " sin’ 0,

q: = /1 — M?*sin? 0.

It is to be noted that in (4.6) 0 = tan™! y/(x — b) whereas in (4.7) it is given by 6 =tan™!
¥/la — x).
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Taking Fourier inversion of (3.12) we obtain the crack surface displacement as

N Gl VA jatb =2 P —ig=
1-0(.\,_)—"2:l " sm[ncos P 5 ~ac.c,,(C)c: de,

forag|x|£b 4.8)

5. Numerical discussions

In order to evaluate the stress intensity factors and crack surface displacement we take the
function p(x, z) as

(x,2) = ——
X, 7) = ————,
P 1+ d?z?

where d governs the distribution of the applied force and P is a constant. Numerical calcul-
ations have been done taking 4 = u and d = 1. The semi-infinite integral in (3.16) is evaluated

by Filon’s method as the integral converges rapidly because of the rapid decay of the
function

G(&,0)  G@.0)
& 0

with the increase in &. Adopting the first seven terms of the infinite series given in the left hand
side of (3.18) we used the Schmidt method to determine the coefficients ¢,({). For the check of
accuracy the values of ¥/, ¢,(0) F,(, x)/Pb and — f({, x)/Pb are given in Table 1 for {b = 0.0,
0.2, M = 0.4 and for a/b = 0.3, 0.4.

From Table 1 it is clear that the Schmidt method is carried out satisfactorily. The values of
cy(C) are given in Table 2 for M = 04, a/b =04.

The variation of stress intensity factor at the outer edge and at the inner edge with M is shown
in Fig. 2 and Fig. 3 respectively for 0 = 0°, 18°, 36° and a/b = 0.2, 0.3, 0.4. Figure 2 depicts the
fact that the value of stress intensity factor at the outer edge decreases with the increase in the
values of a/b, whereas from Fig. 3 it is evident that the stress intensity factor at the inner edge is
of an opposite character. It increases with the increase in the values of a/b.

The variations of stress intensity factor both at the inner edge and outer edge with z have been
presented in Figs. 4-7 for different values of a/b, M and 0. The values of stress intensity factor in
all the cases are found to decrease gradually with the increase in the values of z, which is
expected from the physical standpoint.

The variation of stress intensity factor corresponding to the circumferential stress g4 given by
(4.1) with 0 at both the crack tips has been shown in Figs. 8-12 for different values of a/b and M.

It is known that there are several factors which contribute to crack curving and branching.
One factor, of course, is based upon the criterion that a crack may propagate in a direction
normal to the maximum tensile stress and it is interesting to note from Fig. 8 and Fig. 10, there
is the possibility of curving and branching of the cracks at the outer edge at very low velocities
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Table 1.

-

b ab x'b Y )t X Ph S XY Ph
n=1
0.3 - 3140993
0.4 — 3140995
0.5 —3.140993
0.3 0.6 —3.140996
0.7 —3.140991
0.8 —3.140994
0.9 ~ 3140993
1.0 —3.140992
0.0 —3.140994
0.4 —3.140995
0.5 —3.140994
: 0.6 —3.140994
0.4 0.7 —3.140994
0.8 —3.140994
0.9 — 3.140995
1.0 —3.140994
0.3 —-2.572111
04 —-2.572113
0.5 -2.572111
0.3 0.6 —2.572116
0.7 —2.572110
0.8 —-2.572113
0.9 —~2.572108
1.0 —-2.572106
0.2 --2.572113
04 —2.572114
0.5 —2.572114
0.6 —-2.572114
0.4 0.7 —2.572113
0.8 =2572113
0.9 —2.572113
1.0 —2.572113
Tuble 2.
b c1(3) c3lg) 25}
0.0 —0.165871 x 10! —0.923569 x 10°* —0.759039 x 10°8
0.2 ~0.135194 x 10! ~0,734980 x 10~ 0.105638 x 10°°
0.4 —0.109342 x 10} —0.556495 x 10~* 0357814 x 107"
3.0 ~0.578184 x 1073 —0.601254 x 10~ 0.114694 x 10°%
4.0 -0.182994 x 1073 0.883491 x 107 0.659423 x 10~°
5.0 ~0.573139 x 10~* 0.489839 x 1077 0.342023 x 10°°
9.6 0.366305 x 1073 —0.816894 x 1078 —0.907244 x 1077
9.8 0.362848 x.1073 —0.829789 x 1078 —0.938769 x 1077
10.0 0.358409 x 1073 —0.843117 x 1078 —0.967438 x 1077

of the cracks whereas from Fig. 9, Fig. 11 and Fig. 12 it is clear that for a/b = 0.3, the crack
tends to become curved at the inner edge for values of M about 0.65.

Finally the crack opening displacement in the planc = = 0 has been shown by means of graphs
in Figs. 15 16 for different values of a/b and M. The variation of crack opening displacement
with = for some fixed x for different values of M and «/b has been depicted in Figs. 13-14.
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Three co-planar moving Griffith cracks in an infinite elastic medium
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Abstract. The dynamic in-plane problem of determining the stress and displacement due to three co-planar Griflith
cracks moving steadily at a subsonic speed in a fixed direction in an infinite, isotropic, homogencous medium under
normal stress has been treated. The static problem of determining the stress und displacement around three co-planar
Griffith cracks in an infinite isotropic elastic medium has also been considered. In both the cases, employing Fourier
integral transform, the problems have been reduced to solving 4 set of four integral equations. These integral equations
have been solved using finite Hilbert transform technique and Cook’s result [16] to obtain the exact form of crack
opening displacement and stress intensity factors which arc presented in the form of graphs.

1. Introduction

In fracture mechanics, scattering of elastic waves by cracks of finite dimension in an infinite
clastic medium has been examined by several investigators. The problem of scattering of elastic
waves from an interface crack was solved by Bostrom [1]. Srivastava et al. [2] solved the
problem of interaction of an anti-plane shear wave by an interface crack. The problem of
diffraction of Love waves by a crack of finite width in the plane interface of a layered composite
has been solved by Neerhoff [3]. Itou [4] solved the problem of diffraction of an anti-planc
shear wave by two co-planar Griffith cracks in an infinite clastic medium. The scattering of a
time harmonic normally incident plane wave by two co-planar Griflith cracks was solved by
Jain and Kanwal [5]. Itou [6] also solved the problem of stress concentration around two
co-planar Griffith cracks in an infinite elastic medium. Yoffe [7] considered the problem of
propagation of a crack of fixed length at a constant speed through a stretched isotropic elastic
solid of infinite extent. The problem of diffraction of horizontal shear waves by a moving
interface crack has been solved by Nishida et al. [8]. Recently Kassir and Tse [9] have solved
the plane stress problem of a moving Griffith crack in an infinite orthotropic stressed medium
by using integral transform technique and the same'technique has been employed by De and
Patra [10] to solve Yofle’s problem in a stressed orthotropic strip of finite thickness. Scveral
problems on two moving co-planar Grillith cracks have been solved by Dus and Ghosh
[1t-13].

As regards the crack problem, research has been restricted mainly to the case of the single
crack or a pair of cracks because of severe mathematical complexity encountered in solving the
problems of three or more cracks. Recently, Dhawan and Dhaliwal [14] solved the statical
problem of determining the stress distribution in an infinite transversely isotropic medium
containing three co-planar cracks.

To the best knowledge of the author, the problem of stress distribution around three
co-planar moving Griffith cracks in an infinite isotropic clastic medium has not been inves-
tigated so far. In this paper, two cases regarding stress distribution around three co-planar
Griffith cracks in an infinite homogeneous, isotropic medium have been investigated. In the
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first case, cracks are assumed to be moving steadily along a fixed direction with constant
velocity V. In. the second case, the statical problem of determining the stress and displace-
ment in an infinite homogencous, isotropic medium weakened by three co-planar Griffith
cracks has been considered. Using Fourier intergral transform both the problems have
been reduced to ’solving a set of four integral equations. Employing finite Hilbert trans-
form technique [15] and Cook’s result [16] the integral equations have been solved to derive
crack opening displacement and stress intensity factors which are presented in the form of
graphs. ‘

2. Statement of Problem I and its formulation

Consider an infinite homogeneous .isotropic material weakened by three co-planar Griflith
cracks, moving steadily at a constant velocity V in the X-direction referred to a fixed coordinate
system (X, Y, Z) as shown in the Fig. 1. In the absence of body force equations of motion in
terms of displacement are

(2 + 2W)uxx + vxy] +uluyy — 0xy] = purr, 2.1
(2 + 2u)luxy + vyr] + ploxx — uxrl = pv.71s (2.2)

where u, v denote the displacement components in X and Y directions and /, g are Lame's
constants and u y represents partial derivatives of u with respect to X.

For cracks moving steadily with constant velocity V in the X-direction it is convenient to
introduce the Galilean transformation

x=X—-VT, y=Y, z=2, 1=T, (2.3)

where (x, y, z) represents the translating coordinate system as shown in Fig. .
Let the positions of the coplanar Griffith cracks referred to the translating coordinates (x, y, z
be —a<x<a4, —c<x< —bandb<x<cony=0

Y4 YT
S VT >

Fig. 1. Geometry and coordinite system.
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In the moving coordinates; the equations of motion (2.1) and (2.2) become independent of time
and take the form

(2420 — pV Iy + (A + )0 + iy, =0

. : (2.4)
(A4 20w 5, + (U — pV2Wx + (4 + u ., = 0.

The cracks are assumed to be moving steadily in an infinite medium subjected to a
homogeneous stress such that the state of stress at infinity is given by ¢ = p, 67x = 6% = 0.

For symmetry about the x-axis, only a half-plane need be considered.

The stress conditions at y = oo can all be made zero by superposing the simple static problem
ay = —pox=05=0

The boundary conditions of the resulting dynamic problem are in terms of moving
coordinates.

v=0; y=0, a<|x|<b |x|Zze¢

oy =0 y=0, |x|< oo, (2.5)
ow=—p;, y=0, |x|<aq, b<ix|<c

In view of the symmetry of the proposed problem with respect to y-axis, we introduce

(&0 = f ’ w(x, y) sin(¢x) dx,
C

D

E(E ) = J 0(x, ) cos(gx) dx

0

and

2 (= _ P
u(x, y) = ~J is(&, y) sin(Ex) d¢,
T)o
20%_ '
v, y) = —J v, y) cos(¢x) d¢
TJjo
in (2.4) so that cquations given by (2.4) reduce to

Wiy — E(A + [0y — EX(A + 20 — pV )i = 0,
(G + 2000y + &+ Wil — E2(u — pV2)e = 0.

Elimination of i, from (2.6) yiclds the following ordinary differential equation

where M = Viea, k = ¢y /e,
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The solution of the differential eq'pation given by (2.7}, for vy = 0, is

FE 1) = A(E)e” DVTEACRE BE)¢ BEARN T-_]\_l_—“ (2.8)
where the unknown functions A(£) and B(&) are to be determined using the boundary conditions

of the proposed problem.
Employing (2.8) in (2.6) it can be shown that

BGy =2
o J1 - M2K?

Therefore, the stress components given by

e HVITMRE L /I MABE@e T,y 30, 29)

Oy = Ay +v,) + 20, 2.10)
Oy = p(it,, + v) '

become

2u [ 2- M2 s
Oylx, y) = _._EJ- él:______ A(&)e i 1R

nJo J1 = MK
+2/1 — M2B(&)e V1 "”z]cos(é.\') dé, (.11

2u ™ o TATIRE I T | .
Tulx,y) = —;"f 6[2A(€)e‘j""’“’ B2 - MYBG e "“‘Jsm(cx)dé,
o]

with

2 (™ A . 3 5 . T
ux, y) = -;IJ. [————@*c’*"‘/’ SMIRE \/l — M2B(E) e """j'sin(i.\')dé,

V= Mk

0
and
2= TR . TTEIT
r(x, y) = - A(E)e VI —AME 4 B(&Ey e ‘"‘"':Icos(:.\-)d:. (2.12)
0

On account of symmetry with respect to the y-axis the boundary conditions (2.5) can be
rewritten as : '

tx,0) =0, xel,, 1, (2.13)

0,0 =0, 0<x<x, (2.14)
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g, 0) = —p, xely, I, (2.15)

where £, = (O,a) I, = (a,h), Iy =(h,¢), 1y = ¢, 2 ).
Using the condition (2.14) in (2.11.2) it is found that A($), B(S) are related by

2

Bg) = v A(). _ {2.16)

el

With the help of the boundary condition (2.13), Eqn. (2.12.2) reduces to
J;l A(&)cos(éx)dE =0, xel,, I,. | (2.17)
Substitution of (2.11.1) in (2.15) yields, with the aid of {(2.16)
.ﬂumwwm@=%,nth (2.18)

where

K_Q—Mﬂt4¢ﬁ—mwﬂu—mﬂ

p
K, ‘ (2___M2) /I_Mzkz

P=

3. Method of solution

In order to solve the set of four integral cquations given in (2.17) and (2.18) let us take

Al = éJ‘ h(s) sin(&s)ds + éJ“ g(t?) sin(ér) de, (3.1)
o

0 b

where Ji(s) and y(¢*) are unknown functions to be determined from the boundary conditions.
Inserting the value of A(¢) from (3.1) in (2.17) and using the following result [17]

o in, x>y>0
7 sin(éx) cos(éy) .

[
‘ 0, y>x>0

it is found that this choice of A(Z) leads to the equation

ymﬂm=o : . (3.2)

b
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Further substitution of A(£) from (3.1) in (2.18.1) yiclds

d P
—J hs)log d +E_J J(t)log dl_% xel,.
Rewriting this equation as
J h(s)log ds =nF(x), xel,,
where
Fix) = 5—3 1) g
T JolLu ‘2 x'2 ’
and using Cook’s result [16] it is found that
s s ¢ Jt? g(t
his) = 5 , (3.3)
u \/a —g = \/a - s? r -

where the result

a dx 2 —a®
f Vat —x* — — = in
0 (s

— x2)(1? — x?) f 12 -5

has been used.

Substituting th'e value of fi(s) from (3.3) in (3.1) and using the resulting value of A(&) in (2.18.2)
and using the result ‘

J‘\/ s ' [ f = :l l for xel
(5 — X )([ —s) \/El_az \/\_1_(12 IZ—'.\'Z’ . 3

it can be shown that g(t2) is the solution of the singular integral equation

c /t2_a2
L GE

nP
= 2—“, .\'El;.

Using finite Hilbert transform technique [15] the solution of this integral equation is obtained
as

122 - b? (C,
t°) = . (34
o) = \/(t —a*)(c* -1t )+ S = a2 = b = 1?) G4

the constant C, is to be determined using the condition given by (3.2).
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Next substituting the value of g(1?) from (3.4) in (3.3) and finally using the following results
¢ 12 —b* tdt b* — %
S == (5
b ¢ =1t (I' - SZ) ‘.2 -

J‘ tdt _ n
b (12 — )2 = B2 — %) 2T = s —§7)

for sel,,

his} is derived in the form

e <,
hs) == - 3.5
) _H \/(“2 - 5?)(c? - 5%) \/(az — $2)(b? = sH)(c? = 5Y) (3]

Now insertion of (3.4) in condition (3.2) yields

_ Pl E(%n,l)_ 2_ 2 , . '
C = ”[(( a)FGn,I) (b" —a®) |, (3.6)

where F(¢,!) and E(¢, ) are elliptic integrals of first kind and sccond kind respectively and
= (e = b2)/(c? — a?).

The relevant displacement and stress components in the plane of the crack can now be shown
to be given by

vx,0) = J hs)ds, 0<x<xaq,

= '[ gt?)dt, b<x<sc 3.7
and
2uK [ “ sh(s ) < g(t?)
[O').".(x, O)]a<x<b = _n_l:J; Xz _ sz ds — J‘b 12 _‘.\_2 dt ’
(3.8)
2uK| (¢ shis ¢ 2
[G’).,-(.\', 0)]x>c = _LI:.[ 521(-5 )2 ds + J lzfj(f )2 dl]
n oXN" — 3§ [ 20

Insertion of the values of /i(s) and g(r2) as given by (3.5) and (3.4) in the expressions (3.8) yiclds
after some algebraic manipulation,

2uK
[0 (% Olla<scs = = [F1(x) = Falx) + F3(x) = Fslx) = Fo(],

(3.9)
2uK
[‘7.\1\-(-\} 0))ise = %[Fx(-‘f) — F3(X) + Fy(x) -- Fs(x) + Fo(x)],
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where

1, : .‘“":\‘.2- ‘
e = L Ep? g2y — =1
Fi(x) [}‘ (b* ~ a?) C:}[\/xz i J2\,/(<'3

— =y

“alpP 2 — b2 — 2 g, X)
Fz(.\') = J‘ [;Z(Cl - bZ) — Cl b _ “_ ] (,Zl u d

0

] (\')_{1_:[ bz—x"’-_l]$ c,
AU PPl IRV (Pt J Ve = x3)(b? = x?)

Felx PERC R ERE . ' (;:i“'""'f'-
s(X) = —a tan~ PR it T

} e
9 S 2t
L2V 4 a

(? — b)x? — ¢?)

tan™!

(€ —u?) (x> =b

Fe(x) = a*C, Jc
o \/(cz — X)) (b? = xH)Js \/(ul —u?)?

Y i u X - x?
g1 (u, x) = - = [sm"(-) ~ —=——==tan ‘\/——2-————— .
' \/(b' —u?)(c? - u?) aj /x*—a? )

The dynamic stress intensity factors are given by

N,= Lt J2x — a)[6,,(x,0)]acx<ts

x—*a+

N,= Lt /2 [0'” X, 0)]a<x<b1

x—b~-

= LF V2 = )o4(5,0)]s0

Employing (3.9) in (3.11) it can be shown that
c2 . E(m )
= p\[ — u* F{in, 1)

h \FPSURRRRRL . S

e b )((r — %)

\ Fiin, )

_ o —a? E(dn, |
Nn’ - p\/Z (.2 . bl[l l_‘(%n, /)J'

h e [ 2 )_,u_n_.[_)_.([-..“)

(3.10

(B.11)
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Now using the values of h(s) and g(t2) from (3.5) and (3.4) in the expressions given by (3.7)
displacements on the cracks are obtained as

. 2L : > 2 2y 2
6, O acs =§ i l)[ﬁ(zn, ) E@, 1)] l_\ﬂc X2)(a? — x?)

F(%ﬂ, 1) - F(/;’ [) " ) oV bz - .\'2 ’

v _— P 2 . E(;"a 1) E(%ﬂ, 1)
(6%, )b xee = n /c? = a¥F(, l)[ T Fum 1)],

where

o ? — x? d sinp a? — x?
sin 4 = and sinf= [——.
c? — b2 b? — x?

It is interesting to note that the crack opening displacements depend on the crack velocity V but
in the plane of the cracks the stresses and stress intensity factors are independent of the velocity
of the moving cracks in an infinite elastic medium.

4. Statement of Problem 11 and its formulation
In this case, consider an infinite homogeneous isotropic material with three coplanar Griffith
cracks, locatedat Y =0, —~a € X < a4, b < |X| < ¢ and subjected to uniform internal pressure ¢.
In the absence of body force equations of equilibrium in terms of displacement are

(4 + 2u)[uxx + vxy] + puluyy —vxi]1=0
and

(2 + 2 [uxy + vyy] + ploxy — uxy] =0. 4.1
Since the problem exhibits a state of symmetry abut Y = 0, attention can be made to a single

half-space occupying the region Y > 0.
Equations (4.1) are to be solved subject to the boundary conditions

(X,0) =0, asg|X|<h |X|=¢ . (4.2)
oxr(X,0) =0, —w0 < X < w, (4.3)
on(X,0)= —q, [X|{<a b<g|X|<c (4.4)

In view of the boundary conditions, appropriate integral solutions of (4.1) are

2 oo
ux, V) =2 L [C(é) + D(é){Y - % ’1,113;‘

}]e'” sin(¢X) d¢



300 A.N. Das

and
uX,Y)= %fm L€ + YD(&)] e~ %" cos(¢é X) dE. 4.5)
0
Therefore,
oyy(X,Y) = —4—;—‘ [éc(é) + {Y 7 ill}D(é)}c’“' cos({X) d¢,
4;1 + 2u iy
oxy(X,Y) = - f [éc(f) + {Yé—T}D(c)]e *sin(¢X) d¢. (4.6)

It may be noted that the displacement and stress components given by (4.5) and (4.6) can not
be derived from the corresponding expressions of the dynamic problem given in (2.12) and (2.11)
on setting M = 0.

The functions C(£) and D(¢) are to be determined from the boundary conditions (4.2)-4.4),
which yield

C 4.7
) = é 4.7
and the following set of four integral equations
J CE)cos(éX)dE =0, Xel,, I, ) (4.8)
0 .
Qn
éC(é) cos(¢X)d¢ = W Xely, I, 4.9)

where Q = ((A + 2u)/2(A + w))q and I; (j=1,2,3,4) are the intervals defined earlier in
Problem L. '

5. Method of solution and quantities of physical interest

Integral equations given by (4.8) and (4.9) are found to be the same as given by (2.17) and (2.18)
with the exception that P is replaced by Q. Therefore, the same technique as that used in
Problem I can be employed to obtain

PN N AR NN e s

Fin,h)  FB.) bh? X2

[e(X,0]ocxca =

=

[v(X, O)Jbsx«

L)

3 .| EAD) EQn))
Je -azF(/.,I)l:FU b F(%n,l)}’ (5.1
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where

Z_XZ . 2__X2
sind' = ((;-2___7 and sm/f'= ’-ZT:—X—Z'.

Stresses in the regions ¢ < X < b, X > ¢ are found to be the same as that given in (3.9), the
only change being that P is to be replaced by Q.

6. Numerical results and discussions

Numerical results for the stress intensity factors and -crack opening displacement, defined as
Av(x,0) = v(x,0%) — v(x,07), for different values of the parameters and 7 = u are presented in
this section. Numerical calculations have been carried out for both the dynamic and static
problems. As the crack velocity is less than Rayleigh wave velocity, it is reasonable to take the
value of M less than 0.9194.

Problem I: Variations of crack opening displacement for different values of crack speed, crack
lengths and the separating distance between the cracks have been plotted in Figs. 2-4. It is
interesting to note from Fig. 2 that crack opening displacement on both the cracks decreases
with the increase in the value of M at the onset and takes its minimum value at M = 0.7415,
after which it increases with the increase in the value of M. It has also been depicted in Figs. 3-4
that on each of the cracks, crack opening displacement decreases as the crack length decreases.

[t has been mentioned earlier that the stress intensity factors at the crack tips are independent
of crack speed and are found to depend on the crack lengths and the separating distance
‘between the cracks. Variation of stress intensity factors with a/b for different values of ¢/b, and
that with b/a for different values c/a are plotted in Fig. 5 and Fig. 6 respectively.

It has been found from these graphs that when the separating distance between the inner
crack and outer pair of cracks decreases the variations of stress intensity factors at the tips x = a
and x = b become more prominent than at the edge x = c. Figure 7 shows that the stress
intensity factors at the edges of the inner crack and outer pair of cracks increases as the length of
the outer pair of cracks increases, keeping the separating distance between the inner crack and
outer pair of cracks fixed. '

Problem 11: Figure 8 shows the variations of crack opening displacement for different values of
the parameters a/b, c/b. They exhibit that crack opening displacement on & crack of fixed length
increases with the increase in the length of the other crack as expected from the physical stand-
point.

Y
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Three coplanar moving Griffith cracks in an infinite
elastic strip.

A. N. DAS (DARJEELING)

THE DYNAMIC anti-plane problem of determining stress and displacement due to three coplanar
Griffith cracks moving steadily at a subsonic speed in an infinite elastic strip has been considered.
Employing Fourier integral transform, the problem when the lateral boundaries are subjected to
shearing stress, has been reduced to solving a set of four integral equations. These integral equations
have been solved using finite Hilbert transform technique and Cook’s result [9] to obtain the exact
form of crack opening displacement and stress intensity factors. Numerical results for stress intensity
factors have been presented in the form of graphs.

1. Introduction

IN FRACTURE MECHANICS, the problem of diffraction of elastic waves by cracks of finite
dimension in a strip of elastic material has been investigated by several investigators. Sih
and Chen [1} investigated the problem of propagation of a crack of finite length in a
strip under plane extension. Closed-form solutions for a finite length crack moving in a
strip under anti-plane shear stress was obtained by SINGH et al. [2]. Usirg finite Hilbert
transform technique developed by SRIVASTAVA and LOWENGRUB [3], LOWENGRUB and
SRIVASTAVA [4] solved the statical problem of distribution of stress and displacement in
an infinitely long elastic strip containing two coplanar Griffith cracks. Several dynamic
problems of determining stress and displacement due to two coplanar moving Griffith
cracks have been solved by DAS and GHOSH [5-7].

As regards the crack problem, research has been restricted mainly to the case of a
single crack or a pair of cracks because of severe mathematical complexity encountered
in solving the problems of three or more cracks. Recently, DHAWAN and DHALIWAL (8]
solved the statical problem of determining the stress distribution in an infinite transversely
isotropic medium containing three coplanar Griffith cracks.

To the best knowledge of the author, the problem of stress distribution around three
coplanar moving Griffith cracks in an infinite elastic strip has not been investigated so
far. In this paper, the problem of propagation of three coplanar Griffith cracks in a
fixed direction with constant velocity V' in an infinitely long elastic strip of finite width
has been considered. Employing Fourier integral transform, the problem when the lat-
eral boundaries are subjected to shearing stress, has been reduced to solving a set of
four integral equations using finite Hilbert transform technique [3] and COOK'S result
[9] to derive the exact form of stress intensity factors and the crack opening displace-
ment. Numerical results for the stress intensity factors are presented graphically to show

their variations with crack speed, crack lengths and the separation distance between the
«~racks.
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2. Statement of the problem

Consider an infinitely long elastic strip occupying the region —h <Y < h, weakened
by three coplanar Griffith cracks moving steadily at a constant velocity V' in the X-
direction referred to a fixed coordinate system (X, Y, Z) as shown in the Fig. 1.

Fic. 1. Geometry and coordinate system.

In dynamic problem of anti-plane shear, the non-vanishing component of displacement
W in the Z-direction satisfies the equation of motion

(2.1) Wxx +Wyy = =W,

Cz
where C; = (u/p)'/? is the shear wave velocity, p is the material density and W y
represents partial derivatives of W with respect to X.

For cracks moving at constant velocity V' in the X -direction it is convenient to intro-
duce the Galilean transformation

(2.2) - ‘ e=X-VT, y=Y, z=2, =T,

where (z,y, 2) represents the moving coordinate system as shown in the Fig. 1.

Let the positions of the coplanar Griffith cracks referred to the coordinates (x,y, z)
be —a<z<a, —c<z< —-bandb <z < cony =0, and let the uniform shearing
stress p be applied to the lateral boundaries y = +h of the strip. The equivalent problem
involves the application of shear stress —p to the crack faces at y = 0. Accordingly, the
boundary conditions of the proposed problem are

(23) 0y:(2,0) = ~p, |zl <a, b<lz]<e,
(2.4) Oyz(z,£h) =0, —oo <z < 00,
(2.5) Wi(z,00=0, e<]|zj<bd, |z|>c

In the moving coordinate syslem, the equation of motion becomes independent of
time and takes the form

(2.6) W gz + Wy =0,
with

2.7) s =/1-V2/CL
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Due to the symmetry about z, z-plane we need to consider the region 0 < y < h only.
Introducing the Fourier transforms

W) = | Wiz, y)cos(ér) da,
(2.8) A;’ o
Wz,y) == f W (€, y)cos(Ea) dE,
in Eq. (2.6), the solution of Eq. (2.6) is obtained as

9 Wew =2 TI0@e + O eoster) de,
0
with
(2.10) oy:(2,y) = —3’;‘3— J ElCi©)e¥s — C3(6)et ¥ cos(ex) dE.
[t

Using the expression for o, (z, ¥) given by Eq. (2.10) in Eq. (2.4), it has been found that

__C¢®
Ci(§) = T3 ot
C ‘-—tha
Cs(8) = ‘1—(_5):—_25,;,

where the unknown function C'(§) is to be determined. From conditions (2.3) and (2.5)
it is found that C(£) satisfies the following quadruple integral equations:

(2.11) ij(fhs) th(€hs) cos(éz) d€ = 2’;—];, z €, I,
and
(2.12) TC(E)COS(E.’C)(IE =0, a¢€l,I,
0
‘where

Il = (Os (L), 12 = (aab)a 13 = (b,C), 14 = (C,OO).

3. Method of solution

[n order to solve the quadruple integral equations (2.11) and (2.12), let us take

o

(3.1) c() = % jﬂ h(u) sin(€u) du + é J 9(v?) ch(cv) sin(€v) di,
0

b

where hi(u) and g(v?) are the unknown functions to be determined from the boundary
conditions of the problem considered. Substituting the value of C'(£) given by Eq. (3.1)
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into Eq. (2.12) and using the well-known result
) z>y>0,

T sin(z¢) cos(y§)

d€ =
0 ¢

, z=y>0Q,

' 0, y>z>0
it is found that this choice of C() leads 1o the condition

(3.2) fc g(v?) ch(ev) dv = 0.
b
Rewritting Eq. (2.11); in the form
¢3) ?z% of C(€) th(Ehs) sin(Ez) dE = % zel

and inserting the value of C(€) from Eq. (3.1) in (3.3) it is found that h(u) is the solution
of the following singular integral equation:

sh(ez) + sh(eu)

sh(ez) — sh(eu) du=nf(z), zel

(3.4) f h(u)log
[}

with

T ) ¢ 23 ~ -; )
f@y= | [Ji - 1 jeslr)ohler) shiZev) dv] dz',
p s w0 sh(ev) — sh®(ex’)
where the following result {10] has been used:

o0

3.5 h(ghs)SRER)SIEY) 4 _ L)
(3.5) Of_t(ss) T d6=3log

Now using the Cook’s result [9], the solution of Eq. (3.4) has been obtained with the aid
of the formula :

sh(ez) + sllgfu_)
sh(ez) — sh(eu)

oo T
’ 2hs’

9 \/ sh?(ea) — sh*(ex) e ch(ez) dz _ | p \/ sh’(ev) ~ sh’(ea)
o [sh’(ex) — sh’(eu)][sh*(ev) — sh*(ex)] " " 2sh(ev) sh(ev) — shi(ew)
for uel, and v€ L,
a 2 2
36)  A(u) = —esh(2eu) P \/sh (ea) — sh*(ex) dz
GO Ry w\/s—hz(ea) — sh¥(eu) [”s y | shi(ez) — shi(eu) ’

+ j \/shz(ev) ~ sh%(ea)

.
sh®(ev) — sh®(eu) g(v)chev) dv].

b

Substitute now the resulting value of C(§), obtained by inserting Eqs. (3.6) into Eq. (3.1),
in condition (2.11),, and make use of the following results:
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i e sh’(eu) ch(eun)du

bf [sh’(ex) — sh?(ex)]{sh’(ev) —Ashz(eu)]\/—z(ea) — sh?(ew)
T [ sh(ev) sh(ex) ] ’
~ Ast(en) - (e |\ [iier) - shiea)  \Jobi(ea) — sh(eay
7 e sh?(eu) ch(ew)du
0 [sh?(eu) — sh’(ex)][sh*(ey’) — shz(eu)]\/ h’(ea) — sh?(eu)
il sheez) , for "z,v €l and o' €1,.

2[sh2(e:c) ~ sh(ey")] \/Shz( ez) — sh¥(ea)
It can be shown that g(v?) is the solution of the followmg singular integral equation

- \/shz(ev) — sh*(ea) \/;Ixz(ex) — sh?(ea)
37 f sh’(ev) — sh*(ex) sh(2ex)

2 = TP
eg(v°)ch(ev) dv s [

f V/sh¥(ea) — sh*(ey’)
sh®(ex) — sh¥(ey’)
Using finite Hilbert transform technique [3] and the formula '

j \/shz(ec) - shz(ez) sh(2ex)dz
sh’(ez) — sh?(eb) [sh’(ez) — sh?(ey")][sh®(ex) — sh®(ev)]

ly], for ¢ € [

T sh?(ec) — sh’(ey’)
e[sh®(ev) — sh’(ey’)] | sh®(eb) — sh®(ey’)’

the solution of Eq. (3.7) is found to be

2ep  sh(ev)y/sh¥(ev) ~ shi(eb) [ \/ sh¥(ec) — sh(ez)
1S | [[sh¥(ev) — sh¥(ea)](sh¥(ec) — sh¥(ev)] L § | shi(ez) — sh(ed)
\/sh¥(ez) — shi(ea) | sh¥(ec) — sh(ey’) \/sh’(ea) — sh¥(ey’)
X f d ]
shi(ez) — shz(ev) sh(eb) — sh’(ey’) sh’(ev) — sh’(ey’)
Cish(ev)
V/[sh2(ev) — sh*(ea)][sh3(ev) — sh(eb)]ish(ec) — sh¥(ev)]

(3.8) g(v¥) = -

+

Next, substitution of g(v?) from Eq. (3.8) in Eq. (3.6) and finally application of the formula

f \/shz(ev) — sh?(eb) sh(2ev)dv
sh¥(ec) — sh¥(ev) {sh’(ev) — sh?(eu)][sh’*(ez’) — sh?(ev)]

], for u,a:'E!I,

sh’(eb) — sh®(ew)  [sh?(eb) — sh*(ez’)
sh®(ec) — sh®(ex’)"’

- e[shz(eu) sh?(ez)] [\/shz(ec) — sh®(eu)
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yields (u) in the form

_2ep _ chlew) sh(ew)y/sh(eb) — shi(ew) [ 5 \/shz(ea) T er)
K3 | [[sh¥(ea) — shi(ew))sh¥(ec) — sh¥(ew)) b i ¥ shi(eb) — shi(ey’)

§ V/sh¥(ec) - shiey) f \/shz(ec) ~sh(ez) \/shi(ez) — sh(ea) m}
sh¥(ey’) — shz(eu) sh?(ex) — sh(eb) sh’(ez) — sh’(eu)
N C) sh(eu) ch(eu)
\/[shz(ea) — sh¥(ew))[sh*(eb) — sh(ew)][sh*(ec) — shi(cu)]

Substitution of the value of g(v?) from Eq. (3.8) in the condition (3.2) yields

_ Zep sh’(ec) — sh¥(ez) /o sh?(ex) — sh®(eb)
(3.10) Gy = -8 f \/shz(ea:) Z shz(eb)\/Sh (ez) — sh (ea){ sh2(ec) — sh’(ez)

7 sh?(ec) — sh?(eb) (T
{_ 2’ sh*(ec) - shz(ex)’q}/F(Z’q> * 1} de

- % [shi(ec) — sh*(es)
f sh2(eb) — sh¥(es )\ﬂhz(ea) — sh?(es)
_ shz(eb)—shz(cs) 7 sh¥(cc) — sh(eb) T
{1 sh?(ec) ~ sh?(es) {2 ” sh?(ec) — sh*(es) a3 1( 4) } ds,

where F(¢, q) and II (¢, n, q) are elliptic integrals of the first and third kind, respectively,
2 _ <hZ
and ¢ = shz_(ec) shz(eb)'
sh*(ec) — sh*(ea)
The relevant dxsplacemem and stress. components in the plane of the crack can now
be shown to be given by

(3.11) W(z,0) = f h(u)du, 0<z<a,
: z

= f g(v2) ch(e'v) d‘U, b <z <eg
k4

and ,
| : _2us| eh(u)'sh(eu) du & eg(v?) sh(ev) ch(ev) ‘
[Uyze, Nlacz<t = T[ ‘,f shi(ez) — hi(en) f sh¥(ev) — shi(ez) dv ] ch(ez),
(3.12)
3 _ 2us[ ¢ eh(u)sh(ew)du . eg(v?) sh(ev)ch(ev)
[Oy2(2,0)]z5c = T[ f Shz(ex) — Shz(eu) + f shi(ez) — shi(ev) d ]ch(ew).

'Now, insertion of the values of h(v) and g(v?), as given by Egs. (3.9) and (3.8), in the
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expressions (3.12) yields (after some algebraic manipulations)

_ 2pe[  [sh’(eb) — sh’(ea) sh(ez)
170 Olocace = T [ \/Shz(“’) — sh’(ea) \/Shz(ez) — sh*(ea)

_ 2e[sh?(ec) — shz(eb)]{ f“ R, z)-du’ f Fy(c,u)
3]

m 1]

{ j Fy(u,z)du+ sz(v,m)dv}
0 ) b

c a
' A R x) /.LS v T
XF ' 1' B d 4 W) Ja( o + ! -
3(0, z, u)du + (,J 2(v, ) v“j Fa(c, v) 3(v,m,u)du} p ,{2

1 - sll(em)/\/Shz(ew) - sh¥(ea) +e j (e u)f‘-ﬂs(u m)du}

\/Ish(eb) ~ sh(ea))[sh*(ec) ~ sh(ea)]
+ e[sh*(eb) — Shz(ea)]'{ j' B, z)dv’ j Fy(a,v)Fe(v', z,v)dv + j Fy(u,z)du
b b 0

T
sh(ec) — sh?(eb)
sh®(eb) — sh*(ea)
_ﬂ_s_(i{zr_ shiec)
pe Xil2 | [p2(ec) - sh¥(ea)

¢ a ) a : .
X f]ﬁ(a,v)ﬂ(u,a:,v)dv— fFl(u,:z:)duJ 174(0,u’)Fg(u,u')du'}
b 0

)

+ esh’(ea) f lﬁ(:z:,v)dv}] ch(ex),
b Ve

2pe sh?(eb) — sh?(ea) sh(ez)
3.13 (2, 0)]ase = 26| -
( ) [ay (m )] > T [ \/Shz(CC) - Shz(e(l) \/shz(ex) _ Shz(ea)

_ 2e[sh*(ec) — sh*(eb)]
™

. X{j Fy(u,z) du+j Fy(v,2) dv} {fa Fu',z)du j Fi(e,u)
0 b 0 0
T

[ a : . I.LS
'xF3(0,1:,u)du+ E’]‘Fz(v,az:)dv ()f(R;(c, u)I}(v,:c,u)du} +_—e-;C’{,2

1= 2 ~ ch? a
y 1 — sh(ez)/ \/sh (ez) — sh*(ea) e f Fy(e, u)Fi(u, z)du}
-~ /Ish¥(ec) ~ sh¥(ea)][sh*(ed) — shi(ea)] &

20,0\ — ch? ¢ f r
_ elsh(eb) — sh (ea)]{ [ B, 0)dv' [ Fi(a,v)Fy(v',v,2)dv + [ Fy(u,z)du
b b : ' 0 .

Tr .

¢  sh¥(ec) — sh¥(eb) o N
X bj‘F4(a,v)F3(u,v,:v_)dv+ SH(eh) = sh¥(ea) i)fF,(u,z)du ;)/'Fa(c,u)l“g(u,u)dy}

usCy sh(ec) venr FE d B \/ sh2(ec) — sh(eb)
+peX‘1 { 2\ /sh¥(ec) — sh¥(eq) +estea) bf ) v} sh?(ec) — sh’(ea)

« sh(ex)
V/sh*(ez) — sh¥(ec)

{ sz(u,z)du+ sz(v,x)dv}] ch(ex).
0 b ,
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In the above formulae

_ [sh¥(ec) — sh*(eu) sh{eu)
Fiw,2) = \/shz(eb) — sh’(eu) sh’(ez) — sh*(ew)’

Fi _ \/ sh(ec) ~ sh®(ev) \/shz(ev) ~ sh¥(ea)
2(v,2) = sh?(ev) — sh?(eb) sh(ev) — sh’(ezx) ’

_ sh(ex) _1 [ sh(eu) [sh%(ez) — sh*(ea)
Bl \/shz(e:c) — sh%(ea) ) {Sh(ez) sh’(ea) — Shz(e“)}
_ sh(ev) tan~! {sh(eu) sh?(ev) — shz(ea)}
\/shz(ev) ~ sh?(ea) sh(ev) | sh*(ea) — sh*(ew) )’
Fi(w, u) = ch(eu) sh(eu)
"/ Ish*(ew) = sh(eu)P[sh*(eb) — shi(ew)]

sh(ew)

(3.14) FS(u7 w) = [2 Shz(e'll,j - Shz(eC) -— Shz(eb)]{ S.m_l(sh(ea)

sh(ex)
\/;h.z(ec) — sh?(ex)
sh(ez)y/sh2(ec) — sh¥(ev) + sh(ev)y/sh¥(ec) — sh(ez)
sh(e:v)\/shz(ec) — sh?(ev) - sh(ev)\/shz(ec) - sh®(ez)

)= BOa,0)},

F(,(U,(L',’U) =

sh(eu)
B V/sh(ec) — sh¥(eu)
sh(ew)/sh?(ec) — sh?(ev) + sh(ev)\/shz(ec) — sh?(eu)
o sh(eu)\/ssz(ec) ~ sh¥(ev) — sh(ev)\/ sh?(ec) — sh’(ew)
\/sh""(ec) — sh®(ez) \/sh*(ev) — shz(eb))
y/sh¥(ec) ~ sh(ev) y/sh(eb) — sh¥(ez)

X log

b

Fy(z,v) = tan™! (

« ch(ev)
VIsh*(ev) - sh(ea)p’
2sh(ez) | tan~! {sh(ev) shi(e:c) - shzz(ec)}
\/shz(ea:) — sh¥(ec) sh(ez) ¥ sh*(ec) - sh (ey)

! sh(ew) = sh(eu)\/;};z(ec) — sh(ev) + sh(ev)\/shz(ec) — sh?(eu)
\ﬁhz(ec) — sh®(ew) - sh(eu)\/ sh®(ec) — sh?(ev) — sl'l(ev)\/ sh?(ec) — sh’(eu)
| sh(eu)y/sh¥(ea) — sh(eu’) + sh(ew')y/sh*(ea) — sh(eu)
sh(eu),/sh¥(ea) — sh¥(eu’) — sh(ew’)\/sh?(ea) — sh*(eu)

FH(us v, z) =-

Y

Fy(u,v') = log
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and

Xy = \/Ish(eb) — sh¥(ez)][sh(ec) — shi(e)].

The dynamic stress intensity factors are defined by

Ny = I]_tﬂ;k Va(z—a [ayz(zvo)]a<x<b’

(3.15) Ny = zl_i’n;_ V20 = 2)[0y2(Z, 0)a<z<by
N, = lim+ V2(z — o)oy:(z,0))z5c

Substitution of the results given by Eqgs. (3.13) in expressions (3.15) yields

_ [sh2ea)[_ [shi(eb) ~ sh¥(ea) 2pe [ o |
" —\/ e [ \/sh’(ec)—shz(ea) T { vf Fy(u, a) du+ bf Fz(v,a)dv}
psCl ]

\/[shz(eb) shz(ea)][shz(ec) — sh?(ea))

(3.16) N, = — _ usCy [sh(2eb)
VIsh(eb) — sh?(ea)][sh?(ec) — sh(eb)] ¥ €

sh(Zec) sh’(ec) — sh’(eb) 2pe [ ¢ G
\/ [ \/hz(eC)-— sh’(ea) ™ { (.!‘Fz('“v c)du + !Fz(”r C)d”}
usCh
\/ [sh*(ec) — sh*(ea)}[sh*(ec) — shz(eb)]]

Again, insertion of the values of h(d) and g(v?), given by Egs. (3.8) and (3.9), in the
expressions for displacements given by Eqs. (3.11) yields

¢ 2 2
W (2, 0)]p<oca = P 2[sh*(eb) — sh?(ea)] ,sh (ev) — sh*(eb) ,
W@ Ogeg ums [\/shz(ec) — sh¥(eq) { sh?(ev) — sh’(ea) %
sh?(ec) — sh(ev) dv _f sh?(eb) — sh’(ew)
X \/shz(ev) — sh?(eb) \/shz(ev) ~sh¥(ea) ¢ H{A’ sh(ea) — sh’(eu)’ 9}
x\/shzl(ec) —sh®(eu) . du }] __GiFg)
shi(eb) — sh¥(ew) | fsn¥(ca) ~ shi(eu) /! e\/sh¥(ec) — sh¥(ea)’
and
2o — <l
[W (2, 0))pcese = | —L f \/zﬁzg?)_f;z(ég\/sh’(e”’ -shz(ea){F(,\l’q)

sh’(ev) — shz(eb) , sh’(ec) — sh¥(eby sh’(ec) — sh’(euw)
* sh®(ec) — shz(ev)p{,\ * sh®(ec) — sh?(ev)’ }} f sh?(eb) — sh’(eu)
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sh?(eb) — sh’(eu) N sh(ec) — sh?(eb)
sh’(ec) — sh?(eu) " sh’(ec) — sh*(eu)

+2F0, )|

xy/shi(ea) — shP(ew){ F(N', g) - ,q)} du )

1
\/shz(ec) — sh%(ea) ’

2 2 ' 2 2
- h —sh
Gin )\ = shz(ea) shz(e:v)’ Gin )\ = /5 2(ec) $ 2(e:z:)
sh®(eb) — sh*(ex) sh®(ec) — sh(eb)
and I'(¢, q), 11 (¢, n, q), and g have been defined earlier.
On putting b = ¢ and simplifying, it may be noted that the results (3.16); and (3.17),
become those given by Egs. (4.18) and (4.19) of SINGH et al. [2], and for @ = 0 the results

given by Egs. (3.16);, (3.16); and (3.17) coincide with those given by Eqs. (4.38), (4.39)
and (4.35) of DAS and GHOSH [5].

where

4. Numerical results and discussions

Numerical results for stress intensity factors at the tips of the cracks for different values
of crack speed, crack lengths and the separating distance between the cracks have been
presented in this section. The dependence of the stress intensity factors on crack lengths
and their variations with V//('; have been shown in Figs. 2-5. It is seen in Figs. 2-3 that
stress intensity factors at the edges of the cracks increase rapidly when V/C — 1, and
variation of stress intensity factors at the edge = = a is greater than that at the tips 2 = b
and z = ¢ when the length of the inner crack increases.

Variations of stress intensity factors at the edges of the cracks with a/b for different
values of ¢/b and that with b/a for different values of ¢/a are plotted in Figs. 4-5,
respectively. It has been found that when the distance between the inner crack and the

outer pair of cracks decreases, the stress intensity factors at the tips 2 = ¢ and 2 = b
become greater than that at the edge z = c.

ol [ p—
2
3 Nb/pv/E' ————
&
a N /pVE

o
™

0.2 1 | | 1 | —
a 02 04 0.6 08 1.0 V/UZ

FiG. 2. Variations ot stress intensity factors with V/C»,
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FOUR CO-PLANAR GRIFFITH CRACKS IN AN
INFINITE ELASTIC MEDIUM

A. N. DAS and M. L. GHOSH ) .
" Department of Mathematics, North Bengal University, Darjeeling, West Bengal 734430, India

Abstract—The dynamic in-plane problem of determining the stress and displacement due to four co-planar
Griffith cracks moving steadily at a subsonic speed in a fixed direction in an infinite, isotropic,
homogeneous medium under normal stress has been treated, The static problem of determining the stress
and displacement in an infinite isotropic elastic medium has also been considered. In both cases, employing
the Fourier integral transform, the problems have been reduced to solving a set of five integral equations.
These integrul equations have been solved using the finite Hilbert transform technique to obtain the exact
form of crack opening displacement and stress intensity factors which are presented in the form of graphs.

INTRODUCTION

IN FRACTURE mechanics, scattering of elastic waves by cracks of finite dimension in an infinite elastic
-medium has been investigated by several investigators. The problem of scattering of elastic waves
from an interface crack was solved by Bostrom [1]. Srivastava er al. [2] solved the problem of the
interaction of an anti-plane shear wave with an interface crack. The problem of diffraction of Love
waves by a crack of finite width in the plane interface of a layered composite has been solved by

" Neerhoff [3]. Itou [4] solved the problem of diffraction of an anti-plane shear wave by two co-planar
Griffith cracks in an infinite elastic medium. The scattering of a time harmonic normally incident
plane wave by two co-planar Griffith cracks was solved by Jain and Kanwal [S]. [tou {6] also solved
the problem of stress concentration around two co-planar Griffith cracks in an infinite elastic
medium, Problems on two co-planar Griffith cracks moving along the interface of a layered infinite
half-space have also been solved by Das -and Ghosh [7] recently.

As regards the crack problem, research has been restricted mainly to the case of a single crack
or a pair of cracks because of the severe mathematical complexity encountered in solving ‘the
problems of three or more cracks. Recently, Dhawan and Dhaliwal [8) solved the static problem
of determining the stress distribution in an infinite transversely isotropic medium containing three
co-planar cracks.

To the best knowledge of the authors, the problem of stress distribution around four co-planar
Griffith cracks has not been investigaied so far. In this paper, we consider two cases regarding the
stress distribution around four co-planar Griffith cracks in an infinite homogeneous, isotropic
medium. In the first case, cracks are assumed to be moving steadily along a fixed direction with
constant velocity V. In the second case, -the static problem of determining the stress and
displacement in an infinite homogeneous, isotropic medium weakened by four co-planar Griffith
cracks has been considered. Using Fourier integral transform both problems have been reduced
to solving a set of five integral equations. Employing the finite Hilbert transform technique [9], the
integral equations have been solved to derive crack opening displacement and stress intensity
factors, which are presented in the form of graphs.

STATEMENT OF PROBLEM I AND ITS FORMULATION

. Consider an infinite homogeneous, isotropic material weakened by four co-planar Griffith
cracks, moving steadily at a constant velocity V' in the X-direction referred to a fixed coordinate
system (X, Y, Z), as shown in Fig. 1. In the absence of body force, the equations of motion in terms
of displacement are

(A +2u)[u yx + v xy} + ulu yy— U,xy]. = pU rr
and ~
(A +2u)[u oy + 0yl + #lo,xx — U xyl = purr - (la, b)

941



942 A. N. DAS and M. L. GHOSH

where u and v denote the displacement components in the X- and Y-directions, 4 and u are Lamé’s
constants and u y represents partial derivatives of w with respect to X.

For cracks moving with constant velocity V in the X-direction it is convenient to introduce
the Galilean transformation

x=X-VT, y=Y, z=2, t=T 2

where (x, y, z) represents the irahslating coordinate system as shown in Fig. 1.

In the moving coordmates the equations of motion (1) become independent of time and take
the form

A+ 20— pV e+ (A + P04y + ptt,y, =

(A + 2030,y + (0 = V20, (4 ) = 0. (3a,b)
Introducing ) .
(¢, y)= J.O u(x, y)sin(€x) dx
5.5 ) = r b(x, y)eos(Ex) dx (4a,b)
and ’

u(x, y) = % f: 7€, y)sin(x) dé

v(x,y) = ;zz_ f: 0.(, y)cos(éx)dg, . _ (5a, b)

in eq. (3) we obtain -
! :,yy c(}' + ”’)vc.y - 52(1 + 2# sz)u =

(;" + 2#)vc._yy + é(}‘ + #)us.y - 52(# - sz)vc =0. (63, b)

Elimination of &, from (6a, b) yields the following ordinary differential equation:

[{d—d;——(l - Mk*)g? }{d—yz—(l 2)E’}:I 6,=0 . M

where M = V/c;, k = ¢, /¢,
The solution of the differential equation given by (7), for y 20, is
Be(& ¥) = A(E)e OV - M 1. B(g)e-bVlir i ‘ ®)

where the unknown functions 4(£) and B({) are to be determined usmg the boundary conditions
of the proposed problem.

0 -d ¢ -b ~ 2 0

»
o
0
o
»
>

Fig. |. Geometry and coordinate system.



Employing (8)

(s, )
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in ecjs (6a, b), we obtain

= —\/—(]i’_(—i)zz—kT)e‘f_"\/(l—me) + \/(l - MZ)B(é) c—-{y\/(l_MZ), y 20. ©)

Therefore, the stress components given by

become

Oy = AU tv,)+ 2,
O = (K, +0,:) | (102, b)

0y (%, y) = . jw [ 2- M A(E) e~V - MY

2u

J1 = M%)
+2./(1 = M)B(E)e~9V0 - ””:l rcos($x) d¢

*o

Ty )= =T | §RAE) e VI 4 2 - MAB() e~V - Msin(¢x) dg (11a,b)
v Jo ) .
with
2.(= A@) . e/ - M2 —&J-MY |
ue =2 | [ Ja- i =M 4 /(1 = MHB(E) e~ V0 ”’:Ism(éx)d§
and
v ) =2 | [A(E)e-oVa-4) 4 B(E) emV - Mieog(£x) dE. (12, b)

Let four co-planar Griffith cracks of finite length located along the X-axis be moving steadily with
velocity V in the X-direction so that their positions, referred to translating coordinates (x, y, z),
arca<x|<b, cg<lx|€dony=0.

The boundary
to the y-axis are

where I, = (0,a), I, =

conditions of the proposed problem on account of the symmetry with respect

v(%,0)=0, xel, I,I, (13a—)
6,(x,0)=0, 0<x<o (14)
0,(x,0)=—p, xel,l, . (15a, b)

(@, b), =(b,c), I, = (c d), I;=(d, ).

Using the condition (14) in (11b) we find that A(¢) and B(¢) are related by

B()=— A(G) (16)

2-M?

With the help of the boundary condition (13), we obtain from (12b)

r A(&)cos(éx)dE =0, xe€l,, b, 1. (17a—c)
0

Substitution of (11a) in (15) yields, with the aid of (16)

where

r EA(&)cos(Ex) dg =£75, xel,I, (18a, b)
0 2u

(2 — M —4./[(1 — M?KkA)(1 — M)

K =
@~ M)/(1 - M)

ol
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METHOD OF SOLUTION

In order to solve the set of five integral equations given in eqs (17) and (18), we assume
' 1 [ 1 (¢ )
AE) =E J h(s»)sin(és) ds +E J g(1Hsin(&r) de _ (19)

where A(s?) and g(r?) are unknown functions to be determined from the boundary conditions.
Inserting the value of 4 () from eq. (19) in eq. (17), it is found that this choice of A4(Z) leads
to the equations ’

b d
fh(s’)ds=0 and J.g(tz)dt=0. ' (20a, b)

Further substituting A(£) from eq. (19) in (18a), we obtain

b sh(s?) d gty ,« wP
t=—, L.
J:,s2 xd_*_J\I—x2 2u x€eh

Rewriting this equation as

f ss"(sz) ds ——F(x) xel,

where

Fix) = P 2J“’ tg (%) de

u 12— x2

and using finite Hilbert transform technique [9], we obtain

n_ P |(s?=a?\ 2 [(s*—a®\[? [(1 1g(1%) C
or=1 J5=5) 2 5=5) [ () f e+ ey

where we have used

b /b — x? x dx _m 2—b%\ 1
x2—a?) (sT=xH(t—xH) 2\ \P-a?)ii-s?

The constant C, is to be determined from eq. (20).

Substituting the value of A(s?) from (21) in (19) and using the resulting value of A(&) in the
boundary condition (18b) we obtain, using the results

b 752 — g2 sds . n 12— a? x?—a? 1
J.‘, (lyz—s2 (sz—xz)(rz—sz)_il: t’—bz)_ x’—b’)]t’-—x2

sds B . ; ;
J.u (sz—xz)\/[(sz——az)(bz—sz)]_ —2\/[(x2—02)(x2_b2)] or x €1,

the singular integral equation

(12— b\ 1g(s? P C
f: \/<t2—0>tzg£.7c) dr =%[;+-x2——la’]’ x el
Again using the finite Hilbert transform technique [9], we obtain
() = ~\/ (P —a’)(t? — c?) d’—a’ Ci/(1 = c?)
- oey@-m " cz—a’)J[(r’—a’)(tz—bz)(dz—tz)]
+ Cy /(1 —a?)
JIE =) =)@~ 1)’

and

(22)

where we have used

 /d?— x? x dx _n d*-a’ 1
NI =c/ (xT—a)(xT=1) 2\ \c*—-al) 1 —-a?

and the constant C, is to be determined using the condition given by eq. (20).
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Next, substituting the value of g(r%) from (22) in eq. (21) and finally using the following results:

4 (17— ¢? tdr n cl—a? c?—s? 1
J, (dZ—:2>(zz~a2)(:2—s2)‘5 d—al) J\&—5 ) |sT—a?

‘ £ dt = . T for sel
e =V =A@ -] 2Jl(c? —sH(d* ~ 5?)] »

h(s?) is derived in the form

ney =L (s*—a)(ct—s?Y + d* - a? C/(c*—s?)
B (6% — 5% (d*—5?) c?—a?) Jl(s* - a®)(b? — s?)(d* — s7)]
_ Co/(s? —a?)
VB =57 (c? — sH(d* - 57
To determine the values of the unknown constants C, and C,, we substitute g(t®) and A(s?)
given by (22) and (23) in (20) and obtain

c _ K I+ K2 P ¢t —a?
' 1:;;!1“ +J“"J" d* - a?

23)

. Kl od Jeb
P 1:*51 +J:€Jm u
where \/(xz ) dx
I’-’ =
,[ VIO = p)(x? — gh)(s? ~ x)
J = ! \/(xz_pz)dx
P ) VIR = g = P (st = %)
K = — VI =P (P —ri)

dx
p V7= g3t~ x?)]
The relevant displacement and stress components in the plane of the crack can now be shown to
be given by

v(x,O)=J‘ h(sHds, a<x<b

=J.dg(t’)dt, c<x<d (24a, b)
and
uK [ 2 d 2
[°'>;v(x-0)]o<x<a=—‘%— J'fzh—_(_f-;)-z-ds.*.J. ’tg(l)dl]
UK [ sh(s? d 2
[ayy(x,onkm_-*;_L A g - f 0, ]
2 te sh(s? d 2
[a,,(x,O)]x?d_—__%IS[”; Efs) - J tg(t) ] -~ (@25a)

Insertion of the values of A(s?) and g(r?) as given by eqs (22) and (23) in the expressions (25)
yields, after some algebraic manipulation,

[0 05 Ol crco = —on L)+ F0) 4 F0) + FLG0) + Fi) + 0]

10, (% Ol <xcc= —2—— Fi(x) + F(x) + F3(x) + Fy(x) — F5(x) — Fy(x)]

(0, (% Okes = —— [Fx(x) + [ (x) + F(x) + Fo(x) — F(x) - F(x)]  (26a—c)
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where

P 3 at—x? T ,
Fi(x)= l:; (c*—a¥)— C2:||:1 - \/(b2 __xz)] 2\/[((;2 —a)(d* — a?)

—dt—?
Fz(JC)=Jb|:§(dz——cz)—szu2 d c]gl(u’x)du

2 2 2 2.
. d*—u

ct—u o
s g d’—a c?—x? n
so=[fe-ora (G5 [ - (78 e ie—m
4arp d*—a\2u?-a*—b¥| gy (u,
F«('\’)=j [; (bz——az)—{-C,\/(c,_:z) uuzfaz ]i'z(i;cz)d“
a*—a*\[C, [(c*=bN\_GC,
RN /(—cz-a) %)
Fa) =2 [(G25) 107 2 estio
- (@~ x)(b? - u?) _ br— 2
g, x)= \/[(d z)(cz__uz)][\/( )tan : (bz__xz)(uz_az)]—tan '\/<u2—a2):]
= - e? ~x*)(d* = u?) o (=
| gz(“"*)“\/[(u 55 —a’)][\/( )a" l\/I:(dz—xz)(u )}—tan I\/(H’—czﬂ |

X, = Jl(x* = a®) (x* = b7)]
X, = Jlx* = ) (x* — d%)]

) 2__ 2 a2 :
e [ =)
Lt#(x) = f ) T =] du (@7a-k)

STRESS INTENSITY FACTOR

The dynamie stress intensity factors are given by

N, = xllr‘?_ \/[2(0 - x)][ayy(x’ 0)]0<x<a
Nb = xllrzl \/[Z(x - b)] [ayy(x, 0)]b<x<c
N.= lim J/[2(e = 0))i2, (5 Ol cx<c

No= lim J[20x — d)lle,, (5, Ol o (28a-d)

Employing (26) in (28) we obtain
7 uKC,
JIa®* ~a?]

_ [P [[®*=a¥(c?—b?) (@ — a*(c* = b?)
N"““K[Z\/[ b(d? ~b?) ]+C'\/[b(b’—a’)(d’—bz)(cz—-az)]

(b?—a?)
-G \/[b(cz —b)(d? - bZ)ﬂ

N,=—
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e ukC, c?—a?
N.= [c(d2 _ cz)] (cz _ bz)
(dz—(lz)(dz—(‘z) (dZ_CZ)
Mam kit [,, \/ [ d(d* - b%) ]+ “ \/ [d(c’ —a’)(d* - b’)]
(d! - aZ) . 5
+ G, \/[d(dz _ CZ)(dz — bz)]] | - (29a-d)

It is interesting to note that the crack opening displacements depend on the crack velocity V, but
in the plane of the cracks the stresses and- stress intensity factors are independent of the velocity
of the moving cracks in an infinite elastic medium.

STATEMENT OF PROBLEM II AND ITS FORMULATION

‘In this case, we consider an infinite homogeneous isotropic material with four co-planar
Griffith cracks located at Y =0, a < |X| < b, ¢ <|X| < d and subjected to uniform internal pressure
g. In the absence of body force, the equations of equilibrium in terms of displacement are

(A +2u)[uxx + v xr] + plU yy — 04y =0
and )
(A +2p)[u,xy + v yy] + 1o, xx —'u,xy] = 0. (30a, b)
Since the problem exhibits a state of symmetry about ¥ = 0, we can restrict our attention to a single
half-space occupying the region Y > 0.
The equations (30) are to be solved subject to the boundary conditions

v(X,00=0, |X|<a, b<|X|<c¢ |X|2d (31a—)
oxy(X,0)=0, —0<X < (32)
oyy(X,0)=—¢q, a<|X|<bh c<|X|<d (33a, b)

In view of the boundary conditions, the appropriate"imegral solutions of eq. (30) are

2= 124307 o
u(X, Y)—nf0 [C(é)+D(§){ “_ﬂ‘-.}]e sin(¢X) d¢
and _
v(X, Y)=§J [C(E)+ YD(&)]e T cos(¢X) dE. (34a,b)
Therefore, 4 ’ .
oyy(X, Y) = ——7:—‘ J; [EC(E)+{Y€-——}D(6)] ~¥ cos(¢§X) d¢

o, 1) =~ fm[ccm + {Yc A 2“}0@)] eUsinX)dé.  (35a,b)
]

It may be noted that the displacement and stress components given by (34) and (35) cannot
be derived from the corresponding expressions of the dynamic problem given in (11) and (12) on
setting M = 0.

The functions C(£) and D(¢) are to be determined from the boundary conditions (31)~(33),
which yield

1442u _
C@)= iy —D(3) (36)
and the following set of five integral equations
f C(&)cos(EX)dE = 0, Xel, L, L (37a—)
0 .
] Qn -
éC({)cos(CX)d —7, Xel, I, (38a,b)

where Q = (4 + 2u)/2(A + p)q and I,(j=1,2,...,5)are the intervals defined earlier in problem I.

EFM 43/6—F
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'Fig. 2. Variation of crack opening displacement with x/b on the crack of the outer pair for problem I.

METHOD OF SOLUTION AND QUANTITIES OF PHYSICAL INTEREST

The integral equations given by (37) and (38) are found to be the same as those given by eqs
(17) and (18) with the exception that P is replaced by Q. Therefore, the same technique as that
used in problem I can be employed to obtain

_[*1e [e*=ad(c?-sH d’—a? CJ(c?=5Y)
U(Xv 0) - JAX [;’ (bz — sz)(dz — SZ):I + \/<‘.2 — az) \/[(SZ — aZ)(bz _ sz)(d2 — 52)]

_ Cy /(s ~a?)
VIB? = s%)(c? = s})(d* — 57)]

_['[2 [@=ad=c)], [(d-d C( =Y
‘L u (r*—b’)(d’-r’)] <c2—a2)Jt<z"—a’>(r’—b2)<d’—z’)]

+ G\ (1 ~ah)
JIE =) (e — c)(d* - 1Y)

]M,asXsb

:]dt, c<X<d (39a,b)

Stresses in the regions 0 < X <a, b < X <c, X > d are found to be the same as that given in
(26), the only change being that P is replaced by Q.



Co-planar Griffith cracks in an infinite elastic medium 949

The amounts of energy in opening the cracks a <|X|<b, ¢ <|X|<d are given by
E =2E, + 2E,, where

E =2 J * [ovrlX, O (X, 0] dX\

E,=2 .r [oyy(X, O)v(X, 0)] Xm . (40a, b)

Equations (40) can be simpliﬁed, with the aid of (33) and (39), to
Q

(c?—a’dC,—c*=

+ F(—’E , r)
V@ =Y —a?)] \2

N n o b
Ei==2q | M3+ @ -0OLI 5 G

Vit ~ a e - e, + a+ 2

T
Aa-ae-an (5 ’ ')]

dz__ 2
Lotz [(G=5)xe]
1,27 °

@ — b3 (c? - a?)]
(d’—c’)(b’—a’)] M = JW’ z2dz
v @=b)c*=a) ] " e =PI - ) - )P - 2)]
and F(¢,r), I1(p, n, r) are the elliptic integrals of the first and third kinds respectively.

Q. . n ci-d?
Ez=24[:;Mc.'5—(dz"az)Lz” '2" cz___azr’ -

where

r=

10

B Av(x,0)

0

Fig. 3. Variation of crack opening displacement with x/b on the crack of the inner pair for problem I.
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e

Fig. 4. Variation of crack opening displacement with x/b on the crack of the inner pair for problem I.

NUMERICAL RESULTS AND DISCUSSION

Numerical results for the stress intensity factors and crack opening displacement, defined as
Av(x,0) =v(x,0*) — v(x, 07), for different values of the parameters are presented in this section.
Numerical calculations have been carried out for both the dynamic and static problems. As the

crack velocity is less than the Rayleigh wave velocity, it is reasonable to take the value of M as
less than 0.9194,

Problem 1

Variations of crack opening displacement for different values of crack speed, crack lengths and
the separating distance between the cracks have been plotted in Figs 2—4. It is interesting to note
from these graphs that the crack opening displacement on both the cracks decreases with increase
in the value of M at the onset and takes its minimum value at M = 0.7415, after which it increases

N /p Vb

e

Fig. 5. Stress intensity factor vs a/b at the edge x =a.
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N./p Vb

2
b

Fig. 6. Stress intensity factor vs a/b at the edge x = b.
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Fig. 7. Stress intensity factor vs a/b at the edge x =¢.
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Fig. 8. Stress intensity factor vs a/b at the edge x =d.
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Fig. 11. Stress intensity factor vs ¢/b at the edge x =c.
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Fig. 12. Stress intensity factor ve ¢/b at the edge x =d.

with increase in the value of M. It has also been depicted in Figs 3 and 4 that on each of the cracks,
crack opening displacement decreases as the crack length decreases.

It has been mentioned earlier that the stress intensity factors at the crack tips are independent
of crack speed and are found to depend on the crack lengths and the separating distance be-
tween the cracks. Varation of stress intensity factors with a/b for different values of ¢/b, d/b
and that with c¢/b for different values of a/b and d/b are plotted in Figs 5-8 and Figs 9-12
respectively.

It has been found that the effect of variation of the length of either the inner or the outer pair
of cracks is more prominent on the stress intensity factors at the edges of the cracks whose lengths

are varying compared to its effect on the stress intensity factors at the tips of the cracks whose
lengths are kept fixed.

0.6

R Av(x,0)
2b

0.2~

Fig. 13. Variation of crack opening displacement with X /b on the crack of the inner pair for problem II.
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Fig. 14. Variation of crack opening displacement with X /b on the crack of the inner pair for problem II.

Problem 11

Figures 13-15 show the variations of crack opening displacement for different values of the
parameters a/b, ¢/b and d/b. They show that crack opening displacement on a crack of fixed

length increases with increase in the length of the other crack, as expected from the physical
standpoint. '

12

0.8 -
— d c _
C) == 4 =2
da | ° :
S — L=02
1o -_—-Aa 0.6

= 0.
oab 3
0 l 2.0 2.4 2.8 3.2 3.6 4.0

X
b

Fig. 15. Variation of crack opening displacement with X /b on the crack of the outer pair for problem II.
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Abstract. In an infinite isotropic elastic medium .nitially in a state of uniform anti-plane shear, the problem of
non-symmetric extension‘of an infinitesimal flaw into a plane shear crack due to two ider:ical linearly varying plane
SH-waves with non-parallel wave fronts has been analyzed. Fracture is assumed to initiate .t a point a finite time after
the waves intersect there and the crack is assumed to extend non-symmetrically along the trce of the wave intersection.
Following Cherepanov [10], Cherepanov and Afanas’ev [11] the general solution of the problem has been derived in’
terms of analytic function of complex variable. Numerical results have been presented to illustrate the nature of ™
variation of the stress intensity factors and the rate of encrgy flux into the crack edges with the speed of the crack tips

- and also with the time after fracture initiation.

1. Introduction

Since Broberg’s [1] investigation- of the solution of a crack expanding symmetrically with

constant velocity under conditions of plane stress or strain in a homogeneous isotropic elastic’
medium in a field of spatially and time invariant tensile stress, a number of papers have
appeared analyzing different geometrical situations. Craggs [2] later solved the same problem

_as that done by Broberg but he used the method of homogencous finction to obtain the’

solution. Achenbach and Brock [3] considered the wave motion generated by a uniformly .
extending shear crack in a body in a state of uniform anti-plane shear. The case of a crack

.expanding in -an anisotropic medium was considered by Atkinson [4]. This work was later -

extended by Burridge and Willis [S], who solved the problem of a crack with elliptical
cross-section expanding symmetrically with uniform speed in an anisotropic medium. All the
problems mentioned above are however self-similar ones with index (0,0) and arc concerned
with symmetric expansion of cracks. :
Problems involving non-symmetric extensxon of cracks under uniform loading along the
crack surface-are seldom found in the literature perhaps due to severc mathematical complex-
ity encountered in solving' such problems. Following the méthod of homogeneous functions
developed by Criggs [2], non-symmetric extension of a small flaw into a plane crack
under polynomial form of loading was solved by Brock [6]: Followin; the same procedure,

‘Brock [7] also solved the problem of non-symmetric extension of a crack due to incidence
of plane dilatational waves. The problem of determining the dynamic stress field due to a

plane dislocation moving in an infinite elastic medium was formulated by Ang. and Williams
[8] in terms of Fourier integral equatioh and solved in closed form. Recently, Georgiadis [9]
has developed an integral equation approach to self-similar plane elastodynamic problems.
He considered the elastodynamic. problem of an expanding crack under homogeneous poly-
nomial form loading and reduced it to the solution of a Cauchy integral equation.
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In this paper, non-symmetric extension of an infinitesimal flaw into a plane shear crack at a
constant rate due to the action of two identical non-parallel plane SH-waves propagating
towards each other in an infinite isotropic elastic medium which is initially in a state of uniform
anti-plane shear has been treated. A finite time after the crossing of the plane wave fronts, a
fracture is assumed to initiate along the line where the wave fronts crossed and the crack edges
are then assumed to travel non-symmetrically with different constants speeds. Superposition
considerations allow the original problem to be separated into three self-similar problems with
(0, 0), (0, 1) and (1,0) as the index of self-similarity. Following Cherepanov [10], Cherepanov and
Afanas’ev [11] the mentioned self-similar problems have all been formulated as some probleins
of Riemann and Hilbert for half-plane, which are solved easily. Out of all the existing similarity
techniques, the method of Smirnov-Sobolev [12] which has been used extensively by
Cherepanov [10], Cherepanov and Afanas’ev [11] being the most elegant and straight forward
has been used to solve our problem. Analytical expressions for the dynamic stress intensity
factors at the crack tips and also the rate of energy flux into the crack edges have been derived.
Finally, the nature of the variation of the stress intensity factors and the energy flux rate at the
crack tips with the velocities of the crack edges and also with the time after crack initiation have
been depicted by means of graphs. The development of a crack initiating at a point being a
physically realistic model from the point of view of modelling of earthquake sources, this
problem also has application in seismology.

2. Formulation of the problem
Let two identical plane waves defined by

Gy = AoWo H(W,), 0y = +Agcot O W, H(W,), |  (1a,b)
referring to coordinate system (x, y, z) where

W, = ¢yt + ysin gy + x cos 0p, 0< 0o <im

-and H( )is Heaviside’s unit function, propagate through the infinite solid which is prc-strcsS¢d
such that ' ' '

o). =a, q.=0. (l¢)

Let us assume that at ¢ = 0 the non-parallel plane waves intersect at x = y = 0. A micro crack
is assumed to appear at t = ty'at x = y = 0 which starts to extend bilaterally along the trace of
the wave intersection with uniform velocities v; and v,. The expanding crack, the circular wave
front associated with its motion and the plane wave front are shown in Fig. 1(a).

In effect crack extension occurs by removing the stresses which would be generated in the
crack plane by the combined applied static and dynamic ficlds if no cracks were present. -

Accordingly, both the . crack - faces arc ' subjected: to shear tractions ecqual to
—6 — 2A0(cat + xcos 05).

The anti-symmetry of this loading about. the crack plane implies that it is sufficient to
consider. the half-plane y > 0 with bounding surface y = 0. The boundary conditions for this
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Fig. 1{a). The expanding crack and the pattern of wave front.

Im 7
-1 - -1 -1
Vo Co 2 Vi . Rez
- & -
0 € D C B A 0
0

Fig. I(h). Mapping of the interior of the semi-circle OABCDE in x-y plane on the lower half of th: complex z-planc.
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half-plane are then given by

¥ .
y=0, —vit' <x <ty o= —0—2A9c3ty — 24p(cyt" + xcos lly),

p=0, x>, x<—uvyt; W=0, : (2a,b)

where 1 =1 — 1. ‘

Equation (2a) shows that invoking superposition principle the proposed problem can
be divided into three scparate problems of a constant shcar traction, a shcaring stress
linearly varying with time and shear linearly varying with distance along the crack
plane.

3. Constant shear traction on the crack faces

The wave motion generated by constant shear tractions on the faces of the crack defined by
y =0, —v,t < x < v,t has been considered in this section and for simplicity 1 instcad of ¢ has
been used. The boundary conditions are

.V=0, =Dl <X < Uy Oy: = —Po»

y=0, x>vt, x<—vyt, W=Q, ‘ (3a,b)

where py = 0 + 244¢5t0.
The displacement W which satisfies the wave equation

4

is to be determined subject to the boundary conditions given by (3). From the boundary
conditions we observe that dW/dt shows dynamic similarity and is a homogeneous function of
degree zero in x/t and y/t. Therefore, by the functionally invariant method of Smirnoltf and
Sobolev [12] we can write '

oW .

»—(?fl— = Re Phyl2). . (5)
where

[ — X2+ pJfest—2"=0, ' (6)

The sign of the radical is to be fixed by the condition that

as 2= %, J3i—z=iz+ 0. (N
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Equation (6) maps the semi-circular region of the cylindrical waves defined by OABCDE to the
lower half of the complex cut z-plane given by

N - iy /1? — e33(x? + y?)

z s - Coo 8
g . o (8)
as shown in Fig. 1(b).

In view of (5) and (6) we find

Coy. ' oz

= u Re| ¢o(z)=— |,
so that .

da,. 1 ’ —2 2 ' .

5 (x,0,1) = TRC[—‘#:(f’o(-'-’)\/ c; - —2z7] &)

Therefore the boundary conditions (3) are converted to the following conditions in z-plane
Imz=0, —v;'<Rez<vi?, Rego(z) =0, (10)

Imz=0, Rez< —v37'!, Rez>v;!, Ime¢y(z)=0. ' (11)

In order to determine the analytic futiction ¢o(z) subject to the conditions (10), (11) it is necessary to
know the behavior of the function ¢o(z) when z = v !, —v37 ! and z — oo, The infinite point of the
z-plane corresponds to the origin of the coordinate of the physical plane where the displacement W
is limited. Hence taking the representation (5) into account, we obtain

Re ¢o(z) = O(1) as = — oo, ’ (12)
Further the condition (1) after integration with respect to z may be put in the form
Imz=0, Rez< —v3', Rez>ovi!, Imgy(z)=0. T (13)

Morcover, the displacement derivative dW/dt near the crack tips x = vyt, —uv,t should show
square root singularities so that at z s vy !, —v3!

hol) = 01/ /= —t7 ), O/ /z + v3 ) : (14)

respectively.
The above boundary conditions given by (10) and (13) together with the consideration (12)
and (14) suggest that

Az + B
JE—orDez+ 03"

$ol2) = (15)

where A and B are unknown constants to be determined.
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Integrating (9) with respect to ¢ it can be easily shown that for x > 0

thx z)dz '
0ye(,0,0) = —u Re{[d’o(z)\/cfz — 214 + f _Z%}

T~z

X . - -ux 2)dz .
Op(—x,0,0) = —-p Re{[d)o(z), Jes? — 28] J ;/)‘_’(2—)1—2—} (16a,b)

-c3 Cy" — 2z
Next using the boundary conditions that

U,-:(X,O, t) = —Po» 0 < x <yt

Oy:(—%,0,1) = —pp, —Ut < —x<0,

in (16a, b) respectively we obtain two linear equations in A and B viz;

AL (7 e Yy + By Y es Yy = %,

AL (o3 ' 07Y) — BI,(v3 %, 07 ) = % (17a,b)
where
u ' pd
1,u,v) = f = . (=12
22— 2 B)u— ) + 2)

“The stress intensity factors at the crack tips [x| = v,y = 0 and |x| = 0,1, ¥ = 0 defined by
—_—
Noy= It /x—0v10,(x,0,1),
Rnd st}
N02= It \/.\‘—-vzta,,:(——.\',o,l),
X—vat

respectively are obtained with the help of (15) and (16) as

3
vat o3 — i

(A + Buy),

s 2 2
NO’ =— e =~ ~ (A — sz). . (lgil,b)

The rate of energy flux into the extending crack edges defined by dE/dt is given by [3]

1 dE * aw
-—= - —— dx, . 19
2 dt J TR R

A
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which is obtained with the aid of (5), (15) and (16) for this case as

. o Cos/eF = 014 + B + 01 /€T = oA — Bua)?) 20)

¢ 1([‘1 + Us
where while carrying on the integration (19) the following result [13]

H(v) H(—u)

o v

has been used.

3y

l\)l-‘d

4. Problem of linearly increasing shear traction with time on the crack faces

For the case of shear tractions on the faces of the crack increasing linearly with time, the
boundary conditions are

y=0, —uvt<x<uvl 6,.=—pl, : A. (22)

y=0, x>upt, x< —vyt, W=0, : (23)
where p, = 2A44c¢,.

The sccond order derivative 82 W/dt? now shows dynamic similarity which can be taken as the

real part of the analytic function ¢,(z) so that

oW
ot?

= Re ¢,(2), : (24)

- which implies

P, I |
9%:(.\-, 0,1) = - Ref —pegi2)y/c5 7 — 221, (25)

where = is given by (8) and ¢,(2) satisfies the conditions
Imz=0, —r7'<Rez<ov;}, Reg,(z) =0, (26)
Imz=0, Rez< —v5'. Rez>vil, Imgy(z)=0. Q7).

Imégrating (24), we obtain

W =4z Re [ (z — P\ (r)dr, {28)

JY

~ 4 Re | 26 90 @)
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%)
so that

d* (w : '
@{F}:R“”“z" : ‘ w

Taking into consideration the facts that near the crack tips x = v,f, —u, 0 y = 0 the displace-

ment W varies in direct proportion to the factors \/vlt — X, ﬁzt + x respectively and that as
z— o,

Re ¢4(z) = O(1),

we have in view of the conditions (26), (27) and also (30), the result that

d? :
1) = 55 1Cz + DIlz — o7 )iz + 03 )], G1)

where the constants C, D are to be determined from the condition that on the crack surface
stress o, = —pyt.

From (25) after integration, we derive for x >0 |

03e(6,0,0) = —px Ref/x{ JGT 4’(‘/"—")2}:51@) dr,

€3 Cz_z - T
. —t/x t .
0ye(—x.0,0) = px Rej { GGiot - l/_x—zif)—,}qsl(r) dr. (32a,b)
N —-c'zl Ca - 1" . )

Therefore, using the boundary conditions that

0,:0%,0,0) = —pyt, 0K x <y

Op-(—X.0,0) = —pyt, —v1 < —x<0,

~we obtain by the help of (32a,b) after simplification

CoT 03" + DIt 5 = 2,

Coez o) = DI T =, | (3ab)
where

Jieytoes = [8t+ 3(e: ! ~— ey WM er L e ) + Nep L er ')
-1 l

{417 4 3t(es ' — ity = 2(0y0,) " )] d,
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hMﬂwW=f (2M(s, 05 1 071) + N(x, v 03 2% 4 (03 — o D} de,

with

vt fert —1

2/t + 03 )P —c3?)

M(t, o7t o) =

N(r,vrtes ) =

™, l: 3 _ ,/u,"‘—r]
4/ =3 LSt + o3 Hor ' = 1) (t+uo Y]

The stress intensity factors at the crack tips defined by

Nyp= It /x—ut0,.(x0,1),

x_’l.l'
kle = ]l X — DZIU)':(_X’O’ r)’
x=—uval

" are found to be

N =22 [ =)0, + 02)(C + Duy),
712 010
i
Ny = :T \/(¢, T30, + 05)(C — Dua) (344,b)

and in this case the rate of energy flux dE, /dt into the crack edges defined by {19) is obtained as

dE, r 2) . 5 5 =
_d—!: — Tl’ll (:11 +1 / . Dx(c + DU;)Z + v; -1 /.3 _ DE(C _ DI’Z)ZJ, (35)

where while carrying on the integration (19) the use of the result (21) has again been made.

5. Problem of linearly varying shear traction with distance along the crack plane

Consider the initially undisturbed half-space y > 0 subjected to the shear traction —p,x over
y=0. —eat < x < vyt. The boundary conditions are

=0, —-mi< XN <Oyl Oy: = —P2X,
y=0, x>u 1, x< —vyt, W=Q, (36a,b)

where p, = 24, cos .
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In this case. #*W/x ot shows dynamic similarity. So, keeping (8) in mind,

>w
o - Rl
with
i%ay. I , ——3 '
eyl T.RC[-?‘/’z(-'-') 3t~z (37a,b)

where ¢,(z) satisfies the conditions

Imz=0, —vi!<Rez<oel!, Re¢,(z)=0,

Imz=0, Rez< —»7', Rez>»i!, Imd¢yz)=0. (38a,b)

From (37a) after integration it is found that

W= —x? ReJ Yz — )¢, (1) dr,

1
)
'

so that

2.‘1 1 0W
t ot

~z P ———} = Re ,(2).

Since éW/é&r near the crack tips should show square root singularity and also since
Re ¢»(z) = O(1) as z —» =, we have in view of the conditions (38)

$a(2) = z*

Rp.-1
d Rz"'+ L :] (39)

E[ﬁ— b7 )z + 03 1)

where the constants R, L are to be determined.
Equation (37b) can be integrated to obtain for x > 0

. t/x —_ Y
O,:(x,0,1) = ux Ref {\Ltz ;i -1t + t—E‘l—} ¢ (1) dr,

et

Ty [+ 1X
Op{—x,0,t) = px RCJ {F, fe7? — 12 + —:T—\E} ¢,(t)dr. (40a, b)
—c3! X T

So using the boundary conditions that

a).:(.v, 0,t)= —paxN. 0 <oy,

Gy — X, 0,0) = pax, —uat < —x €0,



Non-symmetric extension of a plane crack 371
) .

it is found by the help of (39), (40)

—RK, (7Y 03 + LKy(o7 Y03 Y) = 11:.,

RKl(u;‘,u:‘Hsz(u;‘,ur‘)=%, @

where

Kl(vf’,v:")=f l [P(r,o7 02 Y) — v 1Qx, 07, 07 )] dr,

¢

Kz(i7x_lsufl)=f ll Qz,v7 07 )1 dr,

and

O, vt sl = 72 |: vyt —1 3 et + 1) j|
HRR \/rl___(,z—l 2(T+U;1)3/2 2T\/(T+U;1)(Ul—l_r) )

In this case, the stress intensity factors are obtained as

it foat feR—vi
Na= 0 x—oio,a00=~5 [ (220 (g 4 L)),
Nt Cy U, U + 5]

ut Jegt

Na= It X = a0, (—x,0,1) = — s (42a,b)
The rate of cnergy flux dE5/dr into the extending crack edges is found to be
dEy _ f oW o
de o, ("1} ca{vy + v,)
x [tay/c3 = }(Re} + Loy + 6, /c3 — 3(Re3 — Lea)® ), | (43)

where the result (21) has been used.
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6. Particular case; v, =v,

If we set ¢, = v, =t in all the cases solved above, the following results are obtained

(i) For the case of constant traction a,. = —p, on the crack fuces, we find from (1'7) that
Ubo
B =0, = s
KE(q)

where E(g) is the complete elliptic integral of second kind and g = /1 — v?/c3. Equations
(18) yield the stress intensity factor at the crack tips as -

At fed —v?
No=Ng, = Ng; = (‘\/ 220 .

Also from {20) we obtain

dEX #nt ‘) ] 2 42
R ey YL
dt ¢

(ii) For the case of shear traction o,. = —p,t on the crack faces increasing linearly with time, it
is found from (39) that

2c3 -
I=2Eq)—F — = {2TI(r? P+ Ca)F(r
(@) = F@) + = (20110%0) (0 e2)FO),
F(r), TI(r*,r) are complete elliptic integrals of first and third kind respectively and
r=(c— v)f{cy + v

In this case, the stress intensity factors and the rate of energy flux into the extending crack
tips given by (34) and (35) can. be simplified to

Cut [t 5 >
N =N =N y = —— — 'y — D
1 1 12 s o 3 —0

and
dE, e
._1.;.‘: = — l /(.g _ UZCZ.
( Ca
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(iii) For the case of shear traction o,: = — p.x on the crack faces, it is obvious from (41) that
pzv
R=0, L=-—,
I
where
2(_2

_—___h‘___[ _ iy
(0 + )% — ) " (20T1(%, 1) + (v + C2)F(r)} — Elg) — Flg)

and it is found from (42), (43) that stress intensity factors at the crack tips and the rate of
energy flux into the extending crack edges in this case are given by

—~utL
Ni = Naj ==Na, =“ f

NIJ

and
dE; _ umt? ey
d’ Ca =

7. Numerical results and discussions
The solution of the original crack problem is obtained by taking pg = o + 240¢,10, py = 2A4g¢,
and p, = 2A¢ cos U, and superposing the results obtained in Sections 3-5 with the stress fields

given by (1). Taking together the results obtained in the Sections 3-5 it is possible to write the

stress intensity factors at the edges of the crack and the rate of energy flux into the extending
crack edges as

No  + Ny + N, UsT
Sp=—t——l - o ~— pH (1, uz, 1),
O’\”TIIO uy, + sy
Nos + Nys+ Nas T
SZ = ——E"“——lr—_—"‘—’:’ [lH_(ug,lll,T) : (44a1b)
0\/"1’() . Uy + uy ,

and

d 2 40
En=-* —(E, + E; + E3)= — T [G+(u,,uz,r) + EiG_(ul, uy, r):(, (45)
toc3a? di u, + s {5
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where

H, (g, uy,7) = /1 —-Ufl:l +A(‘_A_i3)+AT{”1+“2<.C il))—

Po

0 L
__uycos B (i N R>}],
P2 Caly

. 1 A 2 2 2 2
Gy(uy,uz,7) =1 1——uf|:< + )(ﬁiBuQ +(Ar)z{w <£iDu1> +

4p?ui ¢,

v
€2

Fiy. 2. Variations of non-dimensional stress intensity factors Sy, $; and energy ux rate [En] with non-dimensional speed
Uy Ca : :



Non-symmetric extension of a plane crack 375

and the parameter 7 = (t/tg) — ! is the non-dimensionalized time after crack initiation and
A =2Aqcy10/0 is the ratio at x = y = 0 at initiation of the crack plane stress due to the plane
waves and the prestress. 4

Also uy,u2 are the non-dimensional crack tip velocitics given by u, = v,/c; and
Uy = UafCs.

The variations of stress intensity factors and energy flux rate given by (44) and (45)
respectively with

(i) v, /c, for different values of v, /¢, and with
(if) 7 for different values of v, /c, and A have been presented in Figs. 2-4.

It has been shown in Fig. 2 that stress intensity factors at the edge x = ¢,t', y = 0 decrease with
the increase in the values of v, /c, but increase with the increase in the values of v,/c, and for
v, /e, < 045, the stress intensity factor at the edge x = v, ', y = 0 increases as v, /¢, increases but
for v /e, > 0.45, the varialion of stress intensity factor at that edge shows an opposite character.
It has also been shown in Fig. 2 that the value of energy flux rate |En| increases with the increase

x

Fig. 3. Variations of non-dimensional stress intensity factors S,. S, and encrgy flux rate [En) with non-dimensional time
after (racture initiation 1. '
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Mr

12r

4t
ol
0 1 | 1 | 1
0 2 3 L 5

T ——

Fig. 4. Variations of non-dimensional stress intensity factors Sy, S, and energy flux rate |£n| with non-dimensional time
alter fracture initiation t.

in the value of v /c2, shows maximum at v, /c, = 0.8 after which it decreases with the increase in
the value of v J¢s. .

In Fig. 3, the variations of §,, S5 and |En| with t for various values of ¢, /¢; < v,/c2 have been
depicted. It may be observed from this figure that §,,S,,}En| all increase rapidly with the
increase in the value of t. It may be noted further that for fixed valtié of v,/c,, values. of stress
intensity factors at the crack tips decrease with the increase in the value of v, /c, whereas cnergy
flux rate [En} increases with the gradual increase in the value of ¢y /es.

In Fig. 4, 5., S, and | En] are again plotted vs. t but in this case, crack tip velocitics are kept
fixed whereas A is assumed (o vary. It may be scen that increase in the values of A produce
marked increase in the value of Sy, S, and |En| for any fixed valuc of 7.
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SH-WAVE PROPAGATION ACROSS A VERTICAL STEP
IN TWO JOINED ELASTIC HALFSPACES

A. N. DAS and M. L. GHOSH (DARJEELING)

A SH-wave propagates in a medium consisting of two welded quarter-spaces of ditferent materials and
exhibiting a step-like change in elevation at the interface. The transmitted and reflected waves at a large
distance from the step are determined by reducing the problem to an integral equation, using the Green
function method and applying the method of steepest descent.

1. Introduction

The problem of propagation of elastic waves in the presence of surface irregularities
has been studied by several investigators. ABUBAKAR [1] studied the effect of an irregular
surface with an isolated irregularity like a trough or ditch on the incident harmonic P-
and SV-waves. Propagation of a Love wave in a elastic layer having an irregular boundary
overlying a rigid half-space has been treated by WOLF [2] using the perturbation technique.
The transmission of elastic waves across a step-like irregularity in the surface of an elastic
half-space is of great importance in seismology in connection with the propagation of waves
from the ocean basins to continental regions and vice versa. KNOPOFF and HUDSON [3]
studied the transmission of Love waves past a continental margin considering the crust
to have an abrupt increase in thickness on the continental side. The transmission of
SH-waves across.a step-like irregularity at the surface of an elastic half-space was also
considered by BOSE [4]. SATO [5] discussed the problem of propagation of Love waves in
an elastic layer of variable. thickness overlying a semi-infinite elastic medium. Approximate
expressions for the transmission and reflection factors are obtained by the application of
a method based on the Wiener—Hopf technique.

In this paper, we consider the propagation of SH-wave in a medium consisting of
two welded quarter-spaces of different materials and having a step-like change in el-
evation at the vertical interface. The problem is reduced to an integral equation by
using the Fourier transform and Green’s function methods and, finally, by applying the
method of steepest descent, the transmitted and reflected fields at large distance from
the step have been determined. It may be mentioned in this connection that the prob-
lem of transient shear wave in a half-space composed of two elastic quarter-spaces of
different materials which are subjected to time-dependent shear tractions at the free sur-
face, parallel to plane of junction, has been solved by ACHENBACH [8]. DATTA and
MITRA [7] also considered the SH-wave propagation in a composite elastic medium con-
sisting of an elastic quarter-space welded to a uniform layer of different shear wave vel-
ocity. Recently, Das and GHOSH {8] have solved the problem on transmission of time
step SH-wave across a rectangular step using integral transform and Green’s function
technique,
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" 2. Formulation of the Problem

We consider two quarter-spaces of different materials joined along the common bound-
ary X = 0 in such a way that there is a step change in elevation at the free surface. We
consider the coordinate axes as shown in Fig. 1. Denoting the coordinates of a point in
the X-Z plane by (X, Z), we take the incident plane SH-wave as exp[i(w{ — K3 .X)] where

K2 = w/ey, so that the propagation proceeds from the higher side to the lower side of
“the step. :

X<0
o (Wt-HX) v~ H
x>0
m I
H2.9,.5; Fii8 G
\ V4

FiG. 1.

The boundaries Z =0, X <0, Z =H, X >0and X =0, 0< Z < H are assumed
to be stress-free. Omitting the time factor exp(iwt) let V1(X, z), Va(X, Z) be the SH-wave
displacement component in two media (I) and (II), respectively, in Y-direction which is
perpendicular to the plane of the paper.

The field equations are wave equations in the two media and boundary conditions are
the following: (i) — the outer boundary is stress-free, and (ii) — the displacements and
stresses are continuous on the interface X = 0, Z > H. p, p, ¢ are assumed to be the
modulus of rigidity, density and shear wave velocity with appropriate subscnpt for each
of the two media.

Introducing the dimensionless quantities

r=X =2
H' H’
we get from the wave equations and the boundary conditions
2.1
@) | |5+ e+ M| =
d* 9* 2
[a 2 6 + k ] V2 = 0
(2.2) 912- =0 for0<z<l
. 2 o2 - )
302 _ .
}Lza—z - =0 forz< 0,
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' Ovy fuy Gy .

3 —_ = T ) — = Jiy—= =0 forz>1;
(2.3) Mg, - 0 forze>0, 72 |, ., ram » 0 forz>
2.4) v1(0,z) = v2(0,¢) forz> 1,

where I is the height of the step and k} = w?H?/c}, Vi(X, Z) = vi(z, z). We represent
transverse displacement in the two domains » < 0 and = > 0 in the form
vy = 2coskaz + vy, 2), 2 <0, 2 >0,

(2.5)
vy =vz), >0 2> 1

3. Reduction to Integral Equation and Its Solution

We introduce Green’s functions Gi(z,z : 7, s) and Ga(z, 2 : «,v) for the medium (DO
and (IT), respectively, such that G;(z, z : u,v) is the solution of

d? 9? 2
[Eﬁ + el + kz] Gz, 2z 1 u,v) = —47wé(z — uw)b(z — )
for medium (1I) with vanishing normal derivative at z < 0, : = O and at 2 = 0, z > 0.
Similarly, Gi(z, z : r,5) is the solution of

d* d?
[5—2 R
and satisfies the condition of vanishing of the normal derivative at > 0, z = 1 and at
r=0,z>1 '

From Eqgs. (2.1); and (3.1) we obtain, by applying Green’s theorem to the medium

(I1) and using appropriate boundary condition

. {3.2) + Lf] Gi(z,z:7,8) = —4nb(z —'r)é(z —5)

‘ - ' . dvy
3.3) davh(u, v) = JG;(O, EH u,v)[-(%—]r:” dz;
a similar application of Green’s theorem to the medium (1) yields
. | * vy _
(3.4) _ Arv(r,s) = — }/ Gi1(0,z: 1, 8) [—a—;]”n dz.

Substitution of Egs. (3.3) and (3.4) into Eq. (2.4); yields, with the aid of Eq. (2.4); and
Eq. (2.5), the integral equation

. .
:: Ha - 7Y
(3.5) lf [Gl(O,a.O,v)+ moﬁ(o,-.o,u)][ af]m)d- 8.

The expression of Green's function for the medium (II) will now be derived using the
Fourier cosine transform with respect to z; this reduces the determination of G(x, z * v, v)

to that of a Green’s function for an ordinary differential equation. Accordingly, taking
the Fourier cosine transform defined by

o
G5 = f Ga(x,z 1 u,v)cos(az)d:,
0 .
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we obtain from Eq. (3.1)
d*G3
dz?

from which we obtain in a straightforward manner

- (36) Giz,z:u,v)=8 _T
0

~ (@® - k)G = —47r cos(av)é(z — u)

e‘ﬂzu .
cosh(fByz) cos(av)cos(az)da, u<z <0,

09 far : .
=8 f EE— cosh(f,u) cos(av)cos(az)da, —oco<z < u,
z .

where
B3 = o - k.
Again introducing the Fourler cosine transform defined by
[+=]
= [ Gi(z,z:r,5)c0sa(z ~ 1)d(= ~ 1),

0
we obtain from Eq. (3.2)

d*G§
dz?
from which it follows that

(3.7) Gi(z,z:r,5) = 8 f &

_Sf

— (e - k})G§ = —4wcosa(s — 1)6(z — 1),

al cosh(Bz) cosa(s --vl)cosa(z —1)da, O

IN
"8
IA

cosh(ﬁl r)cosa(s — 1) cosa(z ~ 1)da,

IA
8
AN
8

where .
| Bt = o? = i3,

On substituting the values of G,(0, z : 0, v) and G2(0, z : 0, ) {rom Egs. (3.7) and (3.6) in

Eq. (3.5), we obtain

Tz

oQ ° o0

av;] cos oz(v - Dcosa(z - 1) m [au,]

—_ dz da = —17- 2 -— dzx
‘,f [c’):n_ z 0 ,‘,f By Hz ‘,[ 0z ) .o

s f [cosa(v — 1)cosa(z —1) + 1 cos(av) cos(az)

do = -7,
M2 B2 ]

N fcos(ov)ﬂ::os(oz) N

0
Taking the inverse Fourier cosine transform with respect to a, we get

[e] [ae]
i~ [ Oy cosa(z—1) , _ _ _ 2 au,]
(3.8) 1f [ 61'1"0 o dz = -2 1f cosa(v—1)dv el .

cos(rz)
x(f 5 dr fcos(rv)cosa(u—l)du,



SH-wave propagation across a vetical step 415

where ;J:(7) is obtained from /3; by replacing a by r. Next, using the formulae

(3.9) [ cosa(v—1)dv = ré(a),
1
? 1
(3.10) : \f sina(v—1)dv = ~
it can be easily shown that
oo
(3.11) f cos(rv)cosa(v — 1)dv = 5 cost[é(7 + o) + 6(7 — a)] - ‘rsin;'z’

where 6(z) is the Dirac é-function.

Using these results and after a little algebraic mampulatxon it can be easily shown that
(3.8) reduces to the form

T [on 27wzﬂl/3z5(a)
1 A (z — LAP2P17208 )
(3.12) if [ 5 L-" cosa(z — 1)dz = B+

#6 2 [on ' '
mb + p22 f [ Oz ] o0 sin(az)sinadz+

_2mbiB [6v|] f Tcos(rz)sinT .
(b + waf) #2P2) § zel Ba(r)(12 - o)

4. Evaluation of Displacement

Substituting the value of G1(0, z : r, s) from Eq. (3.7) in Eq. (3.4) and then using the
result (3.12), the displacement in the medium I is obtained in the form

- 2k 2m T e Pifcosa(s—1)
4.1 vi(2,8) & ———e TN L dax
@D ulz) paky + poks f mb + p2

4uy F Bre=Pr*cosa(s—1) ,
sin sinady = — dax
f[ ],-o (az)sina LE f mp + p2i3 *

T [ov Tcos(Tz)sinT
/ |5 1],,.,"‘ | mo=at

We can compute v, (z, s) iteratively solving equations (4.1) and using asymptotic values of
integrals appearing the right-hand side of Eq. (4.1) for large values of x.
The first iteration yields

' ’ 2uzk, —iky:
4.2 vi(z,s) = ——m—e¢ ' l"',
(4.2) : 1(#,9) mk + paks

which is obvnously the displacement in medium (I) in the absence of step change in
elevation.
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Deriving [%] from the first iterate given in Eq. (4.2) and using this at the right-
r=0 '

hand side of Eq.’ (4.1) with the aid of Eq. (3.10) it can be easily shown that the second
term at the right-hand side of Eq. (4.1) takes the form

2‘ik|k2/ll/12 J e~ AT COSO(S 1)

4.3 =
“3) FGurk + k) 3 G + B

sin 2ada.

For large values of x it can be evaluated asymptotically by the method of steepest descent;
therefore, for large » we find

4prkypugk; ky 12 , ,
4.4 ~ e p(r ikv2).
( ). I (1ky + pok2)? | 27 exp(mi/4 = ikiz)

- Similarly, with the aid of Eq. (4.2) and the result given in Eq. (3.9) the third term on the
right-hand side of Eq. (4.1) reduces to the form

-

do

By kapsky  Tsinfr, F frePiFcosa(s — 1)
4.5 I = {
(43) 27 (ks + poky) (‘,f By f (np + paf2)(e? — 72)

In order to evaluate asymptotically, for large values of z, integrals of the type

f (af(Q T da,

7-12)

we have to take into account the residue at the singularity = 7 in addition to the integral
along the steepest descent. Thus we get

1/2
4.6) 1;~mf()—m(r)z_ "2‘;‘] f(o)exp(m/4 ik2).

Using this result in Eq. (4.5), for large values of z, we obtain

o r g 912

(4.7) I —
where

2ik; " sin®r 2 b osinfhy 2i P sinkat -
48) M=22 [T gr= 2 [ i gt + . [ =dt=J -y,
@9 w ;,l 2Rk J @2yI—12 7wk 1] VIt -1 '

Following BOSE [4] it can be shown that
2ky 2kq )
J= [Jo(z)dz— J(2k:) and ¥ = [ Yi(2)dz - Yi(2ks) — =

0

Thus from Egs. (4.1), (4.4) and (4.7), the second iterate, for large’ », is

) 172
o oo ko 2(1—/\4);:1&-1{ by } x.-u] ik
(4.9) ne ) = kg + p2ka [1 ¥ ok ¥ ok, \2rzf ‘ .

If we neglect terms of order 1/x, the higher order iterates yield the same expression.
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Now, in order to find the displacement component due to the reflected wave in the
medium (II), we rewrite Eqs. (3.12) with the aid of Eqs. (2.4): and (2.5); as

Ovy . 1\ = 2T B B26(a) b %]
;f[ax]x_”cosa@ Dz = mp + p2Bz +/tlﬁ| + 202 f Ox ,-(,x

PP ()uz] rcos(rz)sinr
m( By + /hﬂz) ‘/ [ =l f ﬁz(‘r)(rz - az)d

sin(az)sinadz +

Taking the inverse Fourier cosine transform with respect to z, we get

c')va] 2ipik k2 2 3 mb
4.10 2 =__ MMk 2 mP
(4.10) [51‘ 220 piky+ ks ow (‘)fﬂlﬂl + 125,
T [ov] .
x cosa(z— 1)da [—3] sin(au) sina du+
;f Oz | oy

mbif (. [(Ivz] T cos(ru)sinr
f (#13: + #aba) cosalz = L)d i[ a-sud f ﬂZ(T)("2 —-a?) ar.

Thus substitution of (4.10) in (3.3) with the aid of (3.6) yields
=21k gitar 4 dunkiks
prky + poks m(urky + pakz)
g T 2% cos(av) sina do + 1 ]-o 1151 €P2% cos(av)
afs B2(p161 + p2f2)

(4.11) vi(z,0v) =

0

x sin 2o do T [ﬂ] sin(ou) du — -;4—2><
1 0r | oy T

’

ael2r cos(a v) sin o f B 1 sina’ da
(B8] + pafy) (a? — “’2)

Ovz] l‘l B1eP2* cos(av)
du 4+ —— ——
[ :-"sm(a u)du f (aiBr ¥ 135) Cos & X

e
f

Tsinr dvy o
xda(‘!‘mdr‘f [al}x-()COS(Tll)du

_8m T aef?® cos(av)sina T 155 do!
d
= B2 * f (1B, + p2By) (a2 —a2) -

0

f e f 5 ] cos(ruydu -

zual)

where f] and 'ﬁg are obtained from §; and G, by replacmg a by o,
Now, to solve equation (4.11) iteratively, we take the first iteration as
=2kt s 4 dipkiks ]"e"?’ cos(av)sina da,
piky + p2kr w(uiky + paka) o af)

(4.12)  vy(z,v) =
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. vl 2ikapu1ky
413) ie., __2] = ik
(4.13) [93’ =0 mrky + paks

The asymptotic evaluation of Eq. (4.12) for large values of = by the method of steepest
descent yield the first iterate as

‘ ' —2#11&‘1 Zkz 2 i/ Y
! = - if4] ikyx
(4.14) vy(x,v) e [1 {_—w;c‘ e et¥e®,

/1

The second iterate is obtained by inserting the value of [%} given in Eq. (4.13) on
T =()

the right-hand side of Eq. (4.11) and using the results

[e=] o0
f sin(az)dz = 252 and f cos(az)dz = wé(a) — %ﬁ
1 1 :

and then evaluating the integrals on the right-hand side. of Eq. (4.11) by the method
"steepest descent for large value of 2. Thus we obtain the second iterate as

~2p1ky [ ( (1- A/!),Ulkl){ k2 }1/ . ] o
4.15 vz, )= ———|1-2{1~ mif4] gikaz
(4-15) (=) mky + pak; mky + p2kz ) | -2z ¢ ‘

where M is given in Eq. (4.8).
Thus from Eqgs. (2.5) and (4.15) we get

ik k2 — pky
4.16) wy(z,v) = e *2* + [E_Z_—_+
(16 wfz,v) ‘ ks + poks

-

1/2
4Gk = U= Mk k2 Y em‘/4] eitar
wky + paks ik + paks —2ma

5. Numerical Results and Discussion

To investigate the nature of the motion, we have evaluated numerically the increment
in amphtude due to the step for both the transmitted and reflected waves. The results
are shown in the form of graphs showing the variation of \/zAVir with & for different
values of pz/u; in Fig. 2 for the transmitted wave, and the variation \/:EAVZR with &,
in Fig. 3 for the reflected wave, where

_ o 2pgky _ pakz — k)
AVlT ferl mky + paks énd AVar = |vzrl piky + poky’
and vyp is the reflected part of v;.

The value of \/zAV)r is found to increase gradually with the increase in the value of
ft2/ 11, and for all values of uy/u; it is found that the maximum value of /zAVir occurs
at k2 = 0.75. It is also observed from Fig. 2 that /zAVi7 is p(')'sitive for all values of
k2 and pz/p, what means that the amplitude of transmitted wave is always greater than
that of the transmitted wave in the absence of the step. Moreover, with the increase in
the values of k; the graphs show an undulating character and decreasing amplitude of the
motion.

From Fig. 3 we see that the value of \/:E..Wan gradually decreases with the increase
in the value of p3/p and shows a gradual increase as the value of &, increases.
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