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Abstract

David Hilbert proposed a list of 23 problems in Mathematics at the
Paris conference of the International Congress of Mathematicians in
1900. The 16-th problem of his list consists of two similar problems
in different branches of mathematics. The first problem is the investi-
gation of the relative positions of the branches of real algebraic curves
of degree n (and similarly for algebraic surfaces) and the second prob-
lem is the determination of the upper bound for the number of limit
cycles in two-dimensional polynomial vector fields of degree n and an
investigation of their relative positions. The second problem is known
as Hilbert’s sixteenth problem in the field of dynamical systems. Since
then the problem remains unsolved for n > 1. However, some attempts
are made by different authors in solving particular cases of this prob-
lem. So, it is evident that the study of limit cycle in dynamical system
is still a vibrant field of current research.

In the field of dynamical system the Lienard equation is a second
order differential equation, named after the French physicist Alfred-
Marie Lienard. The well known classical Lienard’s theorem ensures
the uniqueness and existence of a limit cycle for this system under
certain additional assumptions. One of the aims of this project is to
find sufficient conditions ensuring existence of multiple limit cycles for
Lienard like dynamical systems. We have generalized Lienard’s theorem
in different ways and found new results in this field.

The determination of shape, amplitude and other dynamical quanti-
ties of a limit cycle is another challenging field in the study of dynami-
cal systems, especially in nonperturbative regime. Different asymptotic
techniques have been developed to find an analytic solution and related
dynamical quantities of nonlinear ordinary differential systems in which
the Homotopy Analysis Method (HAM) is one such technique giving a
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systematic approach to deal with this kind of problem. We used this
technique to find the amplitude of the limit cycle as a uniformly valid
function of the nonlinearity parameter for a particular Lienard like dy-
namical system viz., Rayleigh equation.

Another useful technique in this topic is Renormalization Group
Method (RGM), which was originally formulated for managing diver-
gences in the quantum field theory and later having deep applications
in phase transitions and critical phenomena in statistical mechanics.
Chen et al. (L.Y. Chen, N. Goldenfeld, and Y. Oono. Renormalization
group and singular perturbations: Multiple scales, boundary layers, and
reductive perturbation theory. Physical Review E, 54(1) : 376, 1996)
translated this technique into the study of nonlinear differential equa-
tion. We used RGM to find the amplitude of limit cycle of two closely
related systems viz., Van der Pol equation and Rayleigh Equation. We
found that RGM is not capable in estimating amplitude of limit cycle
in nonperturbative regime.

We have generalized the idea of RGM further by the introduction of
control parameters similar to that used in HAM and also used a novel
idea of nonlinear time leading to Improved Renormalization Group
Method (IRGM). The use of IRGM enabled us to find good analytic
approximation to the equation of the limit cycles for Van der Pol and
Rayleigh differential equation exploiting multiple nonlinear scales asso-
ciated with nonlinear time.
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Chapter 1

Preliminaries

1.1 Introduction

The study of nonlinear differential equations is of great interest in un-
derstanding the fundamental laws of nature. A basic fact of nature is
that the laws governing the evolution of natural processes are generally
described locally by differential equations. The local rate of variation
of a relevant dynamical quantity in an infinitesimal neighbourhood of
a point is related functionally to itself and other relevant dynamical
variables so as to give an analytical (differential) representation of the
law of variation of a given natural system. For a linear functional rela-
tionship involving the concerned dynamical variables, the natural law
under study is linear and thus satisfies the principle of superposition;
otherwise the concerned law and the associated differential equation
is nonlinear. The theory of linear differential equations is fairly well
understood in the sense that a linear differential equation with regular
singularity is exactly solvable in the form of modified power series by
the Frobenius method in the class of special functions at least locally
in a neighbourhood of the singular point. In the case of an irregular
singular point, on the other hand, a Frobenius series does not generally
exists. One, however, is interested in estimating dominant asymptotic
behaviour of the solution by well known asymptotic methods such as the
method of dominance balance, WKB method, boundary layers method
and so on [1,2].

The difficulty with nonlinear DE (NDE) is that only a very few can
admit exact solutions respecting general integrability criteria, thus ex-



posing special symmetry properties of the underlying dynamical prob-
lem. As an example, let us recall that the pendulum equation

i+ p’sine =0 (1.1)

does admit exact solution involving elliptic integrals which in turn tells
that the symmetry group of the nonlinear pendulum is much larger in-
volving both librations or small oscillations about the stable centre and
large rotations joining both the centre and unstable saddle, while the
corresponding linearized orbit simply corresponds to small oscillations.
Although study of possible exact solutions and integrability of NDEs is
a topic of great interest, the class of exactly integrable equations using
special functions is rather very small, that is to say a class of measure
zero. Majority of NDEs are generally known to be non-integrable and
can not be solved explicitly using known functions. As a consequence
the study of qualitative methods to determine important features of a
NDE without solving it exactly, in one hand, and also developing new
efficient asymptotic methods to estimate accurately the approximate
nature of the exact solutions and other relevant dynamical parameters,
on the other, are both of great current interests in the literature of
applied mathematics [1, 3, 4].

The main objective of the thesis is to study some aspects of qual-
itative theory of nonlinear differential equations in the context of a
class of Lienard equations. The thesis also reports on an application
of a new improved asymptotic method in estimating the periodic orbit
and the corresponding amplitude for a class of Rayleigh-Van der Pol
equations. The thesis is therefore divided into two parts. In Part I we
present some simple but nevertheless interesting extensions of the clas-
sical Lienard theorem on the existence of unique limit cycle. In chapter
2 and 3, we present some theorems on the existence of exactly 2 and N
number of distinct limit cycles for a class of generalized Lienard equa-
tions with symmetric potentials. In Chapter 4, the above theorem is
extended for at least n limit cycles for more general class of Lienard
equations with non-symmetric potential. In Part II of the thesis, we
present analytic formula for amplitude of the unique limit cycle for both
Rayleigh and Van der Pol equations in Chapter 5 using the Homotopy



Analysis Method (HAM). Similar results are discussed in Chapter 6 by
Renormalization Group Method (RGM). In Chapter 7, we discuss ap-
plications of an Improved Renormalization Group Method (IRGM) in
obtaining approximate formulae both for the periodic orbit and the cor-
responding amplitude for Rayleigh Van der pol system and the results
are compared with those obtained by Homotopy Analysis method.

1.2 Qualitative Theory of Nonlinear Ordinary Dif-
ferential Equations

The basic reason for studying nonlinear ODE stems from the fact that
nature is inherently nonlinear; majority of natural processes and laws
governing them are nonlinear. In fact, linear superposition principle
can at best be considered to hold approximately for a realistic natu-
ral system. As for example, the (linear) simple harmonic oscillation is
an approximate small amplitude oscillation of the nonlinear pendulum
equation (1.1). Historically, the qualitative theory of NDE was founded
by J. Henri Poincare around 1880s when he initiated his pioneering in-
vestigations of three body problem in celestial mechanics [5]. His work
in this field laid down the foundation of various key concepts such as the
(Poincare) first return maps, sensitive dependence on initial conditions
of the late time asymptotic behaviour of a solution, the phenomenon
of recurrence and others, in reinterpreting a NDE as a deterministic
dynamical system. Poincare’s original contributions on the dynamical
system approach to NDE remains as an isolated masterpiece over a
considerable period of time until the thread was taken up slowly by
a number of physicists and mathematicians in the second quarter of
twentieth century such as Balthazar Van der Pol [6] on the existence of
stable nonlinear (self-excited) oscillation in vacuum tube electric circuit
in 1920s, Mary Cartwright, John Littlewood, and N Levinson [7,8] on
the proof of existence of sensitive dependence on initial condition and
random-like motion in a forced Van der Pol oscillator during 1940-1950
and others. The modern enthusiasm and interest in the theory of dy-
namical system and NDE was triggered by the path breaking paper
of Edward Lorenz in 1962 on a low (n = 3) dimensional NDE model-



ing of convective fluid flow for the long time predictability problem of
weather system, discovering numerically the butter-fly effect and what
is presently known as Chaotic or strange attractor for a deterministic
system [9].

In the following paragraphs, we present a short review of the basic
facts of phase space (plane) analysis of a deterministic system in the
context of planar systems relevant for this thesis, viz., the Rayleigh,
Van der Pol and the Lienard differential systems. As the present work
is limited to applications to limit curves (cycles) of a planar autonomous
system (rather than higher dimensional chaotic attractors), our review
will be rather elementary. We assume the basic facts and concepts of
phase plane analysis [2,3]. We begin our review, following Ref. [2,3], as
preparation for the statement of the Poincare-Bendixson theorem that
establishes the existence of an isolated closed curve as the limit set of
a planar nonlinear system.

Let us consider a general planar autonomous system

.
y=Y(z,y),
d d
where = = d—f, y = d—g, the parameter ¢ can be identified as time

variable. We further assume that the system is regular [3] i.e., X and
Y have continuous partial derivatives in the domain of definition which
in general can be taken as entire phase plane.

Definition 1.2.1 (Half-Path) Let " be a path of the system (1.2) and
let x = x(t) and y = y(t) be a solution of (1.2) defining I'. Then we
shall call the set of all point of I' for t > ty, where ty is some value of
t, a half-path of (1.2). In other words by a half-path of (1.2) we mean
the set of all points with coordinates (z (t),y (t)) forty <t < co. We
denote such a half-path of (1.2) by T'T.

It is well known that a linear planar autonomous system has a unique
critical point i.e., the limit set of a linear system is a singleton set. The
limit set of nonlinear system can, however, be more general; apart from
the discrete set of critical points, a nonlinear system can also admit
nontrivial limit set that is dense in R? i.e. an isolated closed orbit. Such



isolated closed limit sets are called [tmit cycles. Here we introduce the
precise definitions.

Definition 1.2.2 (Limit Set) [2] Let I'" be a half-path of (1.2) de-
fined by x = x (t) and y = y(t) fort > ty. Let (z1,y1) be a point in
xy plane. If there exists a sequence of real numbers {t,}, n=1,2,...,
such that t,, — 4+00 and (z (t,),y (t,)) — (x1,y1) as n — +oo, then we
call (x1,y1) a limit point of T, The set of all limit points of a half-path
" will be called the limit set of Tt and will be denoted by L (T'T).

Definition 1.2.3 (Limit Cycles) An isolated closed path I of the sys-
tem (1.2) which is approached spirally from either the inside or the out-
side by a nonclosed half-path I' of the same system either ast — oo or
ast — —oo is called a limit cycle of (1.2). The word ‘isolated’ has been
used in the sense that there is no other closed path in its sufficiently
close neighbourhood.

In a planar autonomous system the asymptotic behaviour of a phase
path is guided by the following well known Poincare-Bendixson theo-
rem.

Theorem 1.2.1 (The Poincare-Bendixson Theorem) Let R be a
closed, bounded region that contains no critical point of a planar sys-
tem (1.2) such that some positive half-path I of the system lies entirely
within R. Then either I' is itself a closed path, or it approaches asymp-
totically to a closed path as either t — oo ort — —o0.

It follows immediately that a planar nonlinear system can admit
no limit set other than limit cycle or critical points. We consider the
following example as an application of this theorem.

Example 1.2.1 Consider the system
2 y2) ey
y':y(l—a:Z—y2) — .

a'::a:(l—av

The equilibrium points are given by

=0, y=0=2=0,y=0



so that (0,0) is the only equilibrium point of the given system. In order
to identify limit cycles of the system we consider the polar transforma-
tion

xr=rcosf, y=1=rsind

so that

r? = 2% +y* and tanf = g
x

The given system then becomes
F=r(l-1%), §=-1.
One particular solution to the system is
r=1, 60 =—t
which corresponds to the limit cycle
r =cost, y = —sint.
Also,

>0 when 0 <r <1 and
r <0 whenr >1,

showing that the phase paths approach the limit cycle r = 1 from inside
and outside the cycle. The equation for@ shows that the phase points
move in a spiral clockwise direction around the limit cycle. The phase
plane diagram of the system is shown in Figure 1.1.
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Figure 1.1: Stable Limit Cycle



The negatively directed system, on the other hand
:b:—x(l—xQ—yQ) -y
y:—y(l—x2—y2)—|—x

has the phase plane diagram as shown in Figure 1.2.
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Figure 1.2: Unstable Limit Cycle

We observe that the positive half-path IT" is itself a closed path, or it
approaches towards (or diverges from) a closed path, or it terminates
at (or originates from) the equilibrium point (0,0). Example 1.2.1 gives
us the concept of stable and unstable limit cycle the formal definition

of which are given below.

Definition 1.2.4 (Stable Limit Cycle) A limit cycle is said to be
stable if the neighbouring positive half-paths approach asymptotically

towards the cycle.

Definition 1.2.5 (Unstable Limit Cycle) A limit cycle is said to be
unstable if the neighbouring positive half-paths approach asymptotically

away from the cycle.

Figure 1.1 and 1.2 respectively represent stable and unstable limit
cycles. In Part I of this thesis we shall study sufficient conditions for
the existence of single and multiple limit cycles for the Lienard equation
(1.3). It should be mentioned here that the problem is closely related
to the famous Hilbert’s 16-th problem which asks about the maximum



number of limit cycles corresponding to the polynomial autonomous
system (1.2) when X and Y are polynomials. We shall confine ourself
to the Lienard equation introduced in the following subsection.

1.2.1 Lienard Equation

The Poincare-Bendixson theorem ensures the existence of at least one
limit cycle in a bounded region. However it does not ensures the unique-
ness of limit cycle for a given system. We shall restrict our study to
generalized Lienard equation

T+ f(x)t+g(z)=0 (1.3)

and similar systems. This equation can be written as the autonomous
system

t=y—F(z), y=-g(), (1.4)
known as Lienard system. This system has many applications in phys-
ical and engineering problems [6, 10, 11]. The Poincare-Bendixson the-
orem can ensure the existence of at least one limit cycle for the system
(1.4). However, it does not always ensures the existence or the unique-
ness of limit cycle for the system. One sufficient condition ensuring
the existence and uniqueness of limit cycle for the Lienard system (1.4)
is presented in the following theorem, which is well known as Lienard
Theorem.

Theorem 1.2.2 (Lienard Theorem) The equation (1.3) has a unique

periodic solution if
(¢) f and g are continuous;

(i4) F and g (x) are odd functions with g (z) > 0 for x > 0;
(¢ii) F is zero only at x =0, x = a, x = —a for some a > 0;
(tv) F(x) — 00 as x — oo monotonically for x > a.

The detail of the theorem is reviewed in Chapter 2. The conditions
are further generalized in remaining chapters of Part I of the thesis en-
suring the existence of unique and multiple limit cycles for the system
(1.4). The amplitude and shape of the limit cycles are also computed in
Part I by applying Homotopy Analysis Method (HAM), Renormaliza-
tion Group Method (RGM). Finally we complete this thesis by finding



analytic approximation of the amplitude and the equation of the limit
cycle for two special kind of Lienard systems, viz. Rayleigh Equation
and Van der Pol Equation, in the context of a new improved RGM in
Chapter 7.

1.2.2 Rayleigh and Van der Pol Equations
Before the introduction of HAM and RGM we present the Rayleigh

equation

3
and the Van der Pol equation

1
y+e(—y‘°’—y'>+y=0. (1.5)

it+ed(®—1)+z=0 (1.6)

where € > 0 is a non-linearity parameter. Taking x = 3 one can generate
(1.6) from (1.5). The equation (1.5) is used to model the dynamics
of musical instruments such as the blown clarinet reed [4]. Rayleigh
modeled the clarinet reed as a linear oscillator

T+ kxr =0.

The effect of clarinetist is modeled by introducing a term az — B3,
with a, 8 > 0 on the right hand side, indicating negative damping for
small  and positive damping for large x. This gives rise to the model

i+ kr = ot — (i3,

which is the dynamical model for the sustained oscillation of the blown
clarinet reed. This system can be converted into the form (1.5) by the
transformation

T:\/Et, 5:35 a = eVk with € > 0.

Jr
The Van der Pol oscillator is also a non-conservative oscillator in
which energy is dissipated at high amplitudes and generated at low
amplitudes. Balthazar Van der Pol discovered this oscillator while he
was working in the field of radio and telecommunication at Phillips in
course of building electronic circuit models of human heart [6].
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The Van der Pol circuit is composed of one inductor, one capacitor
and one resistor arranged in a loop. A voltage is applied to the circuit
and removed. The problem is to determine the resulting current and
voltage behaviour. The diagram of the circuit is given below. The

Semiconductor
Registor

. Inductor
Capacitor

Figure 1.3: Van der Pol Circuit

problem is formulated under the following guiding laws:

Kirchhoff’s first law on electrical circuit: It says that the cur-
rent [ (t) through each of registor, inductor and capacitor are same at
any time t.

Kirchhoff’s second law on electrical circuit: It says that the
sum of all voltage drops or voltage differences in a closed loop must
vanish i.e.,

Vig+ Vag + V31 =0 (1.7)

where Vj; is the voltage drop between nodes 7 and j; 4,7 = 1,2,3 and
i 4 .

We consider a semi-conductor as a registor so that a small voltage
difference in one direction of the semi-conductor generates large current
flow and in opposite direction it generates almost no current flow even if
there is fairly large voltage difference between its ends 1 and 2. We take
such a semi-conductor that the relation between the voltage difference
V12 between the ends 1 and 2 and the current [ (¢) through the registor
be

Vig=1I° — pul (1.8)

where p is a parameter which determines the sign of voltage difference
Viz as I increases through the value \/p. If I < ,/p then Vi3 > 0 and if
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I > \/u then V15 <0.

The law stating the relationship between the inductance L of the
inductor, the current flow I (¢) and the voltage difference V53 between
the ends 2 and 3 is given by

ar .
Voy = L = LI (1). (1.9)

The charge ¢ (t) at time ¢, the capacitance C' of the capacitor and the
voltage difference V37 between the ends 3 and 1 of the capacitor is
related by the Coulomb’s law as

C = Vaq(t)
) t
e, Vi — % (1.10)

We know if [ (t) is the current flowing through the capacitor at time ¢,
then

qg(t)=1(t). (1.11)
We now construct a differential equation from the above relations.

We suppose that
Vo =Viz=V (1.12)

so that (1.10) gives

t
V=V13=—V31:—%-

Here C'is constant. So, differentiating the relation with respect to time
t and using (1.11) we get

V(t) = _an L) (1.13)
Using (1.8),(1.9),(1.10) and (1.12) in (1.7) we get,
(I*—pl)+LI-V =0.
Differentiating again with respect to ¢ we obtain,

(3I2f—uf> Y Li-V =0
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Using (1.13) we have,

. . LT
(3121—u1)+u+—:0

C
I+=-I"-1)14+—=0. 1.14
=I+7 (M ) + T 0 (1.14)
Applying the transformation
t=vLCT
so that
I = ﬂd_T - ]’L
dr dt V LC
. dldr d 1 \dr d 1 1 1
d]:__:_ I/— - [/ :[l/_
o dr dt d7< ,/_Lc> dt dT( \/_Lc> JIC | IC

(1.14) reduces to

the differential equation reduces to
C
\/;a:"wLm/f (z* = 1) \/gx' + \/gas = 0.

E=L

Writing

=~ Q

we finally get
" +e(@®—1)a +2=0
which is the well known Van der Pol equation.

An important feature of this oscillator is that it has unique oscillation

around a state at which energy generation and dissipation balance each
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other and as a result we get a unique limit cycle. The existence of such
limit cycle is confirmed by Lienard theorem. This unique characteristic
of the oscillator makes the Van der Pol equation (1.6) a benchmark in
the study of nonlinear oscillation and limit cycle. This equation has
become a standard model for nonlinear oscillatory processes in physics,
biology, sociology, economics and many more fields. For instance, elec-
trical potential across the cell membranes of neurons in the gastric mill
circuit of lobsters is modeled by Van der Pol equation [12,13]. It is also
used to model spike generation in giant squid axons [14,15]. Due to its
wide applications detailed understanding of the Van der Pol equation
is still of considerable interest.

In the solution of a non linear ordinary differential equation (ODE)
the study of asymptotic behaviour and the development of a compati-
ble calculation technique is a topic of key interest in literature. HAM
and RGM are two such techniques which are discussed in the following
subsections.

1.2.3 Homotopy Analysis Method

In recent years there have been a lot of interests in the homotopy anal-
ysis method developed by S. Liao in his Ph.D. thesis [16]. The salient
idea behind HAM is an extension of the topological concept of homo-
topy of paths into the function (solution) space of a given nonlinear
differential equation, when the nonlinear differential operator (N) it-
self is supposed to be a homotopic deformation of a simpler (linear)
differential equation with well known solution set as the deformation
parameter ¢ is assumed to vary from the value 0 (corresponding to lin-
ear operator £) to 1 (nonlinear operator N'). A known analytic solution
of a simple (linear) problem is then continuously deformed into a solu-
tion of a more difficult (nonlinear) problem. Such deformation is called
homotopy. A primary advantage of this approach is that the solution
of the latter remains valid for all values of the small or large nonlinear-
ity parameter that is present in the system. Moreover, HAM involves
a free control parameter that makes the HAM generated solutions to
converge generally to the exact solution of the nonlinear problem. A
simple example of homotopy is H (z,q) = (1 — q) f (x)+q g () between
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two functions f (z) and g (x). If f(z) represents the solution of some
simple problem and g (x) represents that of a complicated problem then
H (z,0) = f () undergoes through a continuous deformation or change
and becomes H (z,1) = g (x) as ¢ changes continuously from zero to 1.
The parameter ¢ € [0, 1] is called homotopy parameter.

As pointed out by Liao [17], the homotopy analysis essentially de-
pends on the implicit function theorem, which is a basic principle be-
hind continuation and bifurcation analysis. Since HAM makes use of
a rather simple but nevertheless attractive concept of topological ho-
motopy of paths, the method gains much attentions in recent decades
in the literature of differential equations in deriving correct analytic
approximation of the solution of a large class of nonlinear differential
equations. Although we shall apply this method to ODE only it can
be applied to partial differential equation (PDE) as well [17]. Lopez et
al. [18] computed an analytic approximation to the amplitude of the
limit cycle for Van der Pol equation

it+ed(z®—1)+z=0 (1.15)

which is uniformly valid for the nonlinearity parameter ¢ > 0. Although
the HAM may fail for some typical systems as pointed out recently by
Meijer [19], this method has many applications [20-25] which estab-
lish HAM as a convenient method to find analytic approximations of
the solution and different parameters involved in the system, provided,
of course, this method is at all applicable. Liao has pointed out some
limitations of HAM in [17] such as lack of rigorous theories to choose ini-
tial approximations, auxiliary linear operators, auxiliary functions, and
auxiliary parameter etc. involved in the computation scheme. However,
we do not go into the study of mathematical rigor behind this method.

In the present thesis, we report approximate analytic formulas of the
amplitude a of the limit cycle for both Van der Pol and the Rayleigh
Equations

3

as a function of the nonlinearity parameter € in the nonperturbative

1
y+s<—y3—y>+y=0 (1.16)

regime 0 < ¢ < 50 which can be extended uniformly for all £ > 0.
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The analytic formula of the amplitude for this system is computed in
literature for ¢ — 0. However, to the authors’ best knowledge, this is
the first analytic formula in literature for non-perturbative € giving a
good approximation with the exact values of the amplitude for Rayleigh
system. The detail discussion on HAM is given in Chapter 5.

1.2.4 Renormalization Group Method

Theory of renormalization group (RG) has a hallowed history; originally
invented as an efficient technique in eliminating undesired divergences
in quantum electrodynamics, in particular, and quantum field theory
(QFT), in general, by factoring out generic divergent terms in a per-
turbative expansion of the relevant physical (dynamical) quantity, for
instance, the electron self-energy, order by order, leading finally to a
finite well defined (renormalized) theory [26]. The original algorithmic
formulation of RG theory was later put into a more rigorous framework
by Wilson in the context of continuous phase transition that enjoys
some sort of scale invariance and has the property of large scale coop-
erative behaviour [27]. Over the past few decades the theory of RG has
been accepted as an efficient method of extracting finite measurable
(observable) results from a basically nonlinear problem, for which the
standard methods, such as perturbation theory or some of its variants,
normally fail i.e. yield meaningless/divergent values or are of limited va-
lidity. It is reasonable that the RG method has got wide applications in
a variety of nonlinear problems starting from quantum field theory [26],
phase transitions in statistical mechanics [28], theory of fractals [29],
turbulence and chaotic attractors in dynamical systems [30] and finally
to nonlinear ordinary and partial differential equations. Chen et al.
initiated the first successful application of the RG method in nonlinear
differential equations [31].

In a renormalization theory one usually develops a scheme of viewing
a system at different energy or distance scales. If we look at a large
distance or time scale phenomena by smaller microscopic scale theory,
such as in phase transitions or in nonlinear differential equations or if
we want to explain low energy theory by high energy theory, as in QF'T
then we require to switch our view from one scale to another. Such
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mathematical transformations involving switching of views is known as
renormalization-group (RG) transformation [32]. If the theory remains
unaltered, as in the case of fractals, then the underlying problem is
scale invariant, otherwise special techniques are required to understand
the precise law behind predicted variations in the proposed theory. RG
theory provides one such approach which is generally known to answer
such questions by means of RG flow equations which describe the exact
patterns of variations of relevant dynamical quantities in a nonlinear
problem. We shall discuss this problem in the context of nonlinear
ODE.

In the study of nonlinear ODE solving an ODE in closed form is al-
ways a challenging problem. No general technique is available to obtain
the solution of non linear ODEs in closed or finite form. The reason be-
hind it is the class of standard functions (e.g., polynomials, exponential,
logarithmic or trigonometric functions etc.) that we have in our hand is
insufficient to accommodate the variety of differential equations those
arise in practice. We therefore, investigate the qualitative character-
istics of the solution, such as its existence, periodicity, regularity etc.
and their behaviour in the form of long time asymptotics. Naive per-
turbation method in small nonlinear coupling parameter |e| << 1 fails
to give uniformly valid results for sufficiently large time, requiring for
new approaches to obtain uniformly valid finite results. Another more
severe problem is to obtain meaningful results even in sufficiently large
coupling € ~ O(1) nonperturbative regime. Different singular pertur-
bation technique such as method of multiple scales, boundary layers,
averaging, WKB methods, central manifold theory are used to deal with
this problem. However, each of these methods has its own drawback
and does not produce uniformly valid solution for all values of the non
linearity parameter involved in the ODE.

As remarked already, the renormalization group was initially de-
vised in QFT [26] and it is widely applied in solid state physics, fluid
mechanics, cosmology, quantum field theory and even nanotechnology
to manage divergences that arise in the solution of nonlinear problems.
The RG method (RGM) gives us an algorithmic approach to derive
asymptotic expansion of the solution for a large class of singularly per-



17

turbed ODEs. A first significant application of the RGM in the solution
of nonlinear ODEs is given by Chen, Goldenfeld, Oono [33,34]. A brief
introduction of RGM is given in Chapter 6 which is simplified latter by
De Ville et al. [35] giving an algorithmic approach for achieving the so-
lution. They studied interesting application of RGM for autonomous as
well as nonautonomous systems. RGM is a technique which has many
applications on differential equation in the recent past [35-39]. A major
advantage of RGM is that it starts from naive perturbation expansion
of a problem and is expected to yield automatically the gauge functions
such as fractional powers of € and logarithmic terms in ¢ in the renor-
malized expansion. One does not require to have any prior knowledge
to prescribe these unexpected gauge functions in an ad hoc manner.

Although the RGM is formulated to give an analytic solution to
a NDE and is based on naive perturbation expansion of a problem
(which is formally possible for any system) and is expected to give
an approximate solution for all values of the nonlinearity parameters
involved in the problem, it is found in our work that the RG generated
solution does not generally give good approximation uniformly for non-
perturbative regime of the nonlinearity parameters.

To circumvent this undesired limitation of RGM, we present in the
Part II of this these, a reformulation of RG method, called Improved
RGM (IRGM), in the framework of a novel scale invariant extension of
the ordinary analysis equipped with the so-called duality structure [40—
42] and apply this scheme to calculate uniformly valid approximations
for amplitudes for Rayleigh and Van der Pol equations for all values
of the nonlinearity parameter. We have also shown the efficacy of the
method by presenting efficient estimations of the limit cycle orbits of
both these nonlinear oscillators.



Part 1

Existence of Limit Cycles
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Chapter 2

Existence of Exactly Two Limit
Cycles in Lienard Systems

2.1 Introduction

The limit cycle of an autonomous system represents an isolated periodic
motion. Its existence and number for a given planar system

=X (z,y)
y:Y(SU,y)

remains a challenging problem of study for quite a long time. The prob-

(2.1)

lem is closely associated with Hilbert’s 16-th problem which asks about
the maximum number of limit cycles corresponding to the autonomous
system (2.1) when X and Y are polynomials. Here we study a special
form of the problem where the differential equation

T+ f(x)d+g(x)=0, (2.2)
known as Lienard Equation, is represented as the autonomous system

t=y—F(z), y§=-g(), (2.3)

where F' (z) = / f (u) du. Different researchers [43-47] have already
0

studied the existence, number, size, shape and location of the limit
cycle of this system. One such well known result is the Lienard theorem
which is discussed in Section 2.2 along with a brief sketch of its proof

and some related observations. This theorem ensures the existence of
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unique limit cycle for the system (2.3). We shall extend the Lienard
theorem by applying some loose conditions and ensure the existence of
multiple limit cycles for the system (2.3).

Many interesting results have been proved so far in literature regard-
ing the existence of multiple limit cycles for the Lienard system (2.3).
In the investigation of multiple limit cycles for the system (2.3) Lins,
Pugh and de Melo [43] conjectured in 1977 that it has at most N limit
cycles if m = 2N + 1 or m = 2N + 2. On the other hand, in the
year 1975 G.S. Rychkov [44] proved that the maximal number of limit
cycles of the system § = —z, & = y — (@12 + azz® + a53°) is equal to
two. Holst and Sundberg [45] further extended Rychkov’s theorem in
2006 for a class of F'(x) having 5-th degree polynomial like behaviour.
The location of the limit cycles is another interesting problem for this
system. Giacomini and Neukirch [46] have developed a general pro-
cedure for constructing a sequence of polynomials whose roots of odd
multiplicity are related to the number and location of the limit cycles
of equation (2.2) when f (x) is an even degree polynomial. Odani [48]
gave a proof on the existence of exactly N limit cycles of the Lienard
equation (2.2) with g (z) = z. His method also gave an improved es-
timate of the amplitude of a limit cycle. Recently, in 2003, Chen and
Chen [49] proved the Lins-Pugh-de Melo conjecture for Lienard system
with function F' odd. On the other hand, it has been shown [50] that
for suitable polynomial F' of degree 7, the system (2.3) has 4 limit cy-
cles, contradicting the conjecture in [43]. Chen, Llibre and Zhang [47]
proved a sufficient condition for existence of exactly N limit cycles for
the system (2.3) with a general class of F'(x) functions where F' is not
necessarily a polynomial. We investigate an equivalent problem cover-
ing, however, a different class of functions F' as compared to [47]. The
investigation on the number of limit cycles for more general class of
functions F' is included in Chapter 4.

In this chapter we introduce a simple but, nevertheless, an important
extension of the Lienard theorem for the unique limit cycle by removing
the unbounded nature of the function F' as x — oo. Next, in Theorem
2.4.1 we prove that the system (2.3) has exactly two limit cycles when
the odd function F'(x) undergoes two sign changes in z > 0 and is
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monotonic not only as z — 0o, but also near (actually at the right of)
the first zero. However, g (z) (g (z) > 0 for > 0) can be any odd
continuous function. Analogous results have been proved in literature,
viz. Theorem 5.1 of [51]. The statement of this theorem is given below.

Theorem 2.1.1 Consider the differential equation (2.2) or its equiva-

lent system
t=y, y=-g(x)—f(2)y (2.4)

with g (x) = z. Suppose that the following hypotheses are satisfied:

(i) f(x) € C°(—d,d) for sufficiently large d > 0, F (—xz) = —F (1),
where [ f(z)dx = F (z);

(17) there exists 0 < [y < [o < d such that F(51) = F(02) =
0, F(z) >0if0<zx<py, F(x) Z0if0<z <1, F(z) <0 if
B1 < x < By such that f(az) =0 and f(x) <0 if f1 <z < ag;

(731) f (x) is nondecreasing as x increases for x € [z, d].

Then the system (2.4) has at most two limit cycles. (That is, if limit
cycle(s) exist, either there are two simple limit cycles or one semistable

limit cycle).

In this chapter we focus on the existence of unique or two limit
cycles rather than their stability. We present Example 2.5.5 in support
of Theorem 2.4.1, which clearly reveals the strength of this theorem over
the Theorem 2.1.1. The new insights gained from Theorem 2.4.1 (and
also from Theorem 2.3.1) then provide a general approach in obtaining
an existence theorem for multiple limit cycles in a systematic manner.
Moreover, as stated above, g () in Theorem 2.4.1 is an odd function
while for the theorem of [47] g (z) = x. The second important result
that we find in section 2.3 is an efficient upper estimate of the amplitude
of the limit cycle for the system (2.3). The values of the amplitudes
for the Van der Pol equation are obtained in Example 2.3.1, which are
much more accurate compared to those in [52] and [53].

In this chapter classical Lienard theorem is stated in Section 2.2
along with a brief sketch of its proof. Here some new notations are
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introduced which will be useful in subsequent part of this chapter. An
efficient upper estimate of the amplitude of the limit cycle is computed
and an extension of the classical Lienard theorem is introduced ensuring
existence of unique limit cycle in Section 2.3. This theorem is further
extended in Section 2.4 ensuring existence of two limit cycles for the
Lienard system (2.3). Some comparative examples are discussed in Sec-
tion 2.5 showing the position of these two new theorems in the literature
of qualitative theory of differential equation.

2.2 Classical Lienard Theorem

Here we present the well known Lienard’s Theorem and a brief sketch
of its proof in order to introduce necessary notations which will be used
subsequently:.

Theorem 2.2.1 The equation (2.2) has a unique periodic solution if
(¢) f and g are continuous;
(i7) F and g (x) are odd functions with g (z) > 0 for x > 0;
(1i1) F is zero only at x =0, © = a, © = —a for some a > 0;
(i) F(x) — 0o as x — oo monotonically for x > a.

A Brief Sketch of the Proof. The general shape of the path can be
obtained from the following observations.

(a) Because of the symmetry of the system(2.2) under the transforma-
tion (z,y) — (—x,—y) any periodic orbit is symmetric about the
origin.

(b) The slope of a phase path is given by

d _

dy _ _—g(x) (2.5)

dr  y— F(x)

Thus, a phase path is horizontal if o 0, ie. if g(x) =0, i.e. if
x

r = 0 (by (i2) above). Similarly, a phase path is vertical on the

curve y = F (x). Above the curve y = F (z) we have © > 0 and

below & < 0. Moreover, 3y < 0 for x > 0 and y > 0 for x < 0.



Figure 2.1: Orbits of the Lienard System (2.3).

A path YY'Y” (Figure 2.1) is closed iff Y and Y coincide, which

means by symmetry (a)
oY = 0Y’.

This is equivalent to

Vyqv = 0,
where for a typical path YQY' in Figure 2.2

VYQY/:UY/—UYZ /dU: /de

YQy’ YQv!
and N
1L,
v(z.y)= [g(uw)dutgy
0
Writing

Waovy = W + Veop + Varyr,

(2.6)

(2.7)

(2.8)

(2.9)

where BB’ is a line parallel to the y-axis and passing through the point

(0,a) when the function F' changes its sign from negative to positive,

one then proves that

(A) As @ moves out of the point A (0,a) along the curve AC, the

potentials Vy g + Vpiy: is positive and monotone decreasing.

(B) As @ moves out of the point A (0, a) along the curve AC, Vpgp is

monotone decreasing.
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Figure 2.2: Typical paths for the Lienard Theorem

(C') From (A) and (B) it follows that Vy¢y~ is monotone decreasing to
the right of the point A, (Figure 2.2).

(D) The quantity Vpgop tends to —oo as the paths moves away to
infinity.

(E) From (C) and (D), it follows that the quantity Vygy  is monotone
decreasing to —oo, at the right of the point A in Figure 2.2.

(F') Vygy > 0 when the point @ is at A or to the left of the point A.

It thus follows from (£) and (F') that Vy ¢y is monotone decreasing
continuous function which changes its sign from positive to negative as
the point () moves out of A (a,0) along the curve. As a result, Vy gy
will vanish once and only once. Thus, there is one and only one closed
path and the proof is complete. =

Remark 2.2.1 In (2.8) we have defined the potential function V' with
three indices. More generally, if I' is a directed curve in the phase plane
of the system (2.3) then we define Vi by the line integral

VF:/CZU.

r
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So, if T denotes a curve joining more (or less) than three successive
points the potential Vi will have more (or less) than three indices. For
example, if we consider the curve I' = Y BQB'Y' then

Wopy = / dv.
Y BQB'Y"
Remark 2.2.2 The unique limit cycle in the above theorem is simple
in the sense that no (differentiable) perturbation satisfying the condi-
tions (i)-(iv) can bifurcate the limit cycle into two or more number of
limit cycles.

Remark 2.2.3 The condition (F) enables us to conclude that once
Vygy' becomes negative, it can never be positive as () moves to in-
finity through the curve of F (x). This observation helps us to deduce
the existence of a unique limit cycle. However, we see that the existence
of the limit cycle is indeed ensured only if Vygy  becomes negative from
positive i.e., if there is a change in sign of Vyqy'. Further, the unique
value of x for which Vygy = 0 gives the amplitude of the limit cy-
cle. Accordingly, if Vygy' becomes negative as () moves out from origin
through the curve of F'(x) then we get a limit cycle. This observation
actually gives one with a possibility of weakening the conditions of the
classical theorem, so as to accommodate a larger class of functions F' (x)
but still having a unique limit cycle. Theorem 2.3.1 1s one such real-
izations of a stronger version of the classical theorem, which shows that
the existence of the (unique) limit cycle actually depends on the local
monotonicity of F'(x) on a bounded interval containing the point where
Vyqv' vanishes. A limit cycle can indeed be realized even when F (x) is
bounded as |x| — oo (c.f. Example 2.5.1)

If 1t happens further that Vyqy' becomes positive from negative once
more, then also, by an analogous argument as above we get a point Q)
on the curve F(x), through which another limit cycle must pass. To
prove this result we consider a function F (x) (in Section 2.4) which is
monotonically increasing to the right of the point A for a sufficiently
large value of x and then it becomes decreasing for some subsequent
values of x and ultimately become negative. The proof depends on an
efficient estimate of the amplitude of the first limit cycle.
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2.3 Estimation of Amplitudes for the Van der Pol
Equation

Let, (o, F' («)) be the coordinate of @), as shown in Figure 2.2 and let
a = & be the amplitude of the limit cycle of Theorem 2.2.1. It is well
known that determining the exact value of the amplitude of the limit
cycle of the Lienard system is a relatively difficult problem [52, 53].
We now find an estimate of ¢, for which the corresponding Vygy- just
become negative from positive. Since, Vy gy is a monotone decreasing
continuous function as the point moves out of the point A (a,0) along
the curve, without any loss of generality we can say Vygy’ can just
become negative from positive if at least one of the following two cases
hold, viz.,

(Z) VYQ = 0 but VQy/ <0

(ZZ) VQY/ = 0 but VYQ < 0.
The third possibility Vyg < 0 and Vigys < 0 can be reduced to either of
the above two cases by monotonicity and continuity of Vygy/, i.e. by
taking an « closer to &, (i.e., « — &+ 0 ) either one of Vy¢ and Vyy
can be made to vanish. Similarly, the possibility that either one of Vy g
and Vpy is positive while their sum is negative, can also be eliminated
by choosing « far from & (a > &).

Case (1)

Here Vyg = 0 is possible if
Ve + Veg = 0. (2.10)

In step (A) of the proof of Theorem 2.2.1 it has been proved that
Vyg > 0.
We are now going to show that Vg < 0.

d
On the path BQ, we have F' (z) > 0 and d—i{ =y=—g(x) <0.
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Therefore,
d
Vi = / Fdy = / Fd—?idt
BQ BQ

_ —/F(x (1)) g (x (1)) dt < 0. (2.11)

BQ
Thus, we can say that (2.10) is true if |Vy 5| = [Vag|

ie., if [v(a,y: (a)) —v (0,44 (0))] = v (e, F (a)) — v (a,y4 (a))],

where y; (0) = OY (Figure 2.2). It is possible if

a (0%

/g(u)du+%yi (a) — %yi (0) = —/g(u)du— %FQ () +%yi (a).
0 a
So, we have
1, 1,
G (0) = 247 (0) ~ 5F* (a). (2.12)

where G (z) = /g (u) du.

o

Let @« = o' be a root of (2.12) (existence of which is assured by
construction) so that

1 1
Case (1)

Here, Vgyr = 0 is possible if
Vop + Vpy = 0. (2.14)

In step (A) of the proof of the Theorem 2.2.1 it is proved that Vg > 0.
Proceeding analogous to case (i) one establishes that Vp < 0 and
consequently (2.14) is true provided

G (o) = %yi (0) — %F2 (a). (2.15)
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where OY' = —y_(0), y_(0) < 0 (Figure 2.2). If @ = o be a root of
(2.15) we have

1 1
G (") = §y3 (0) — §F2 (). (2.16)
It now follows that if we take
a =max{d, "} (2.17)

then for any value of o > &, Vygyr < 0 since, Vygyr = Vog + Viy.
Thus, the function F' should be monotonic increasing in the interval
a < x < a. Notice that the classical Lienard theorem already ensures
the existence of such an a. In the light of the above discussion we can
now extend the classical Lienard theorem by weakening the unbounded
nature of the function F' as stated in the following theorem and cover
a more large class of functions.

Theorem 2.3.1 The equation (2.2) has a unique limit cycle if
(¢) f and g are continuous in (—d,d) for sufficiently large d;
(1) F and g are odd functions with g (z) > 0 for x > 0;
(1i1) F is zero only at x =0, x = a, v = —a for some a,
where 0 < a < d;
(7v) 3 a number & defined by (2.17) such that F is monotonic
increasing i a < r < @ and nondecreasing in & < x < d.

The existence of & ensures a sign change in Vy gy’ whereby we get
the existence of a unique limit cycle in the finite phase plane. The rest
of the proof of this theorem remains same as that of classical Lienard
theorem. Also, from the above discussion and the proof of classical
Lienard theorem it follows that Vy gy’ does not change its sign any more
if the function F' is simply monotone nondecreasing in a@ < xr < oQ.
In such cases the function F' can even be bounded and even attain a
constant value as x — oo, but still we get a unique limit cycle for such
a bounded Lienard system. Thus, we can indeed cover a larger class
of functions than those covered by the Lienard theorem (c.f. Example
2.3.1).

In the beginning of the proof of Theorem 2.2.1 we observed that
above the curve y = F'(x) we have © > 0 and below © < 0. So,

the z-coordinate of a point on a limit cycle will achieve its maximum
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absolute value on the curve y = F'(x). Therefore, the amplitude of a
limit cycle for the Lienard system is the abscissa of the point () lying
on the curve y = F'(x). Since, for a limit cycle we have Vygy = 0, so
by the construction of & it follows that it is an efficient upper estimate
of the amplitude of the limit cycle. In the following example we find the
values of a for the well known Van der Pol equation against different
values of ;1 and compare them with the results obtained in [52] and [53].
This also gives an example of a bounded Van der Pol equation having
same amplitude as that of the standard Van der Pol equation.

Example 2.3.1 Here, in the following table we present estimates of the
amplitude of the limit cycle for Van der Pol equation in which F (x) =

3
0 <% — :1:) and g (x) = x for different values of u. It is clear that

our estimates are reasonably close to the exact (numerically computed)
values (as reported in [52]). Our values also appear to be much better
than the upper bound 2.3233 of [52] (the estimated values of [53] are
valid only for small ). From our numerical estimates it follows that
although the estimated values of the amplitude seem to vary irreqularly

for the moderately large values of p € [0,10], these are nevertheless
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bounded above by 2.05.

| y+(0) and y- (0) a
0.1 2.00117 2.0000586437166383
0.2 2.007076 2.002540101136999

0.3 2.015912 2.0054678254782505
0.4 2.028253 2.0091503375996034

0.5 2.044065 2.013278539452526
1 2.1727135 2.0327736318429275

1.5 2.3710897 2.0436704679281523
2 2.6149725 2.04739132291152

2.5 2.8844602 2.047213463900291
3 3.1687156 2.045311842105752

3.5 3.462322 2.0427848260891426
4.5 4.06701715 2.037557405718347
5 4.3752293 2.035154629371522
10 7.5528123 2.020095969119061

We get the same result if we consider the bounded function

23
w <3 —3:10) , x € (—2.4,24)
F(z)=< u <(2;) — 2.4> - Sizg%) (cos (0.6) — cos (z —3)), z € (—3,-2.4]U[2.4,3)
3
I (Q;) — 2.4) — Si?g%) (cos (0.6) — 1), x € (—o0,—3]U[3,00)

in the whole phase plane or the following function in finite phase plane.

F(z) = g (9;3 - x) ’ € (—2.4,2.4)

3 .
7 <(2-§1) _ 2,4> - Si‘izgfé) (cos (0.6) — cos (z — 3)), € (—3,—2.4] U [2.4,3)

This also tells that the value of d need not be too large. A limit cycle is
assured even for a moderately large d.

It follows from this example that the amplitude of the unique limit
cycle is independent of the asymptotic behaviour of F'(x) as x — o0.
Indeed, the amplitude corresponds to the point @ (&, F' (&)) on the limit

cycle for which the integral Vygyr = [ F dy vanishes and clearly
YQy’
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depends on the form of F'(z) in the finite interval (0, &). To the best of
author’s knowledge, this result apparently is not recorded clearly in the
literature. We therefore state this observation as the following corollary.

Corollary 2.3.1 Amplitude of the unique limit cycle of the Lienard
system (2.83) is independent of the asymptotic behaviour of F (x) as

|z| — o0.

2.4 Extension of Lienard Theorem for Two Limit
Cycles

By the observations discussed in last section it is clear that, in the
interval a < a < & we obtain the limit cycle as mentioned in Theorems
2.2.1 and 2.3.1. Moreover, because of the condition (iv) we see that the
limit cycle remains unique. However, if the function does not satisfy this
condition, then the limit cycle may not be unique. We now present our
new theorem ensuring the existence of two limit cycles for the equation
(2.2).

Theorem 2.4.1 Let f and g be two functions satisfying the following

properties.
(¢) f and g are continuous;

(17) F and g are odd functions and g (x) > 0 for x > 0.;
(#31) F has positive simple zeros only at x = a1, x = ay for some
a1 > 0 and some as > @, @ being defined by (2.17) and & < L,
where L is the first local mazima of F (x) in [ay, as];
(iv) F' is monotonic increasing in a; < v < & and F (x) — —o0
as x — oo monotonically for x > as;
Then the equation (2.2) has exactly two limit cycles around the origin.

Proof: We can get exactly the same observations as we get in ob-
servations (a) and (b) in the beginning of the proof of Theorem 2.2.1,

By the observations in section 2.3 we can ensure the existence of
inner limit cycle. So, we shall now prove the existence of one more

limit cycle by showing that

oY =0y’
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Figure 2.3:

once more when x > &@. To prove the result we shall consider the
function v (x,y) as in (2.9), and write,

Vwqv = Vwx + Vxp + Vop + Vex + Vxryr, (2.18)

where X X’ is a line parallel to the y-axis passing through the point
(0, a1) where the function F' changes its sign from negative to positive
and BB’ is a line parallel to the y-axis passing through the point (0, as)
where the function F' changes its sign from positive to negative. The
proof is carried out through the steps (A) to (£') below. Here we refer
to the Figure 2.3.

Step (A) : As Q moves out from A, along A,C, Vyx + Vxiys is positive and
monotonic decreasing.

We choose two points @ (a, F' («)) and Q1 (a1, F (1)) on the curve of
F (z) where a; > . Let YQY’ and Y1Q1Y] be two paths through @
and ()1 respectively. On the segments Y X and Y;.X; we have

y>0, F(zr)<0andy— F(x)>0.
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Now,
(y—F(2)yx <(y—F(2))yx,

= (7w, rm),

Since g (x) > 0 for x > 0, we have

7)< (),
So by (2.5) we get
(@), < (@), <

Vwx = /de = / (—F) <—;l—i> dz.

YX YX

Wx > / (—F) (—Z—i) dx.

Yi.X,

Therefore,

Using (2.19) we get

Since, I and dy are positive on Y; .X; we have

Vyx > /de: Vv, x, > 0.

Y1X;

Next, on the segments X'Y" and X{Y] we have

y<0, F(z)<0and y — F(x) <0.

Now,
(y _(F>(x))X’Y' > (y — F((x)))xm
—g(x —g(z
— (y - F($)>X’Y’ g <?J_ F(x)>X{Y1’.
So, by (2.5)

d d
(), (),
dz ) xrys dx Xvy

(2.19)

(2.20)

(2.21)
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d
Vxyr = /de: / (—F)%d:c.
X'y YIX'

Therefore,

Using (2.21) we get

d
Vixry:r > / (—F) d_idx

Yixg
Since, F' and dy are negative on X{Y{ we have
Vxryr > / Fdy = VX{ylf > 0. (222)
XY/
From (2.20) and (2.22) we have
Wx + Vxryr > Vyix, + Vxyyy > 0.

Therefore, Vy x+Vyxsy: is positive and monotonic decreasing as the point
() moves out from A, along AsC.

Step (B) : As (Q moves out from A, along A>;C, Vxp + Vg x is negative and
monotonic increasing.

On the segments X B and X;B; we have
y>0, F(x)<0and y — F (z) > 0.

Now,
(y—=F()xp<y—F (9§))X131

= (Frw)., < (Frm),

So, by (2.5) we get

d d
<—y> < (—y> <0. (2.23)
dz ) vp dx X.B,
Therefore,
dy
VXB = de = F—d
dx
XB XB
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Using (2.23) we get

d
VXB< /Fd—deU: /de:VX1B1<O (2.24)
X

X.1B; X115,

since, I' > 0 and dy < 0 on X B and X B;.
Next, on the segments B’ X’ and BjX] we have

y<0, F(x)>0and y — F (z) <0.

Now,
(y = F(2)gx > (y = F(2)) g x,

= (rw) o Fr)

Using (2.5) we get

d d
(—y> > (—y) > 0. (2.25)
Therefore,
d d
Vexr = /de:—/F—de:: /F Y dx.
dx dx
B/X/ X/B/ X/B/

So, by (2.25) we have

d

x
X1Bi BiXj

since, F' > 0 and dy < 0 on B’X'" and B} X].
From (2.24) and (2.26) we have

Vg + Vex < Vx,p, + Vax; <0.

Therefore, Vxp + Vpxs is negative and monotonic increasing as the
point () moves out from Ay along A>C.
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Step (C) : As Q moves out from A, along A,C, Vpop is positive and mono-
tonic increasing and tends to +oco as the path recedes to infinity.

On BQB' and B1Q, B}, we have F (x) < 0. We draw BH, and B'H]
parallel to x-axis.
Therefore,

IV
—
0
3
<
<

H{Q.H,

since, F' () < 0 and dy > 0 for points on H;(Q1H;. Again since,

F(x)]B’QB > F(x)]H{Qlﬂl

for same value of y we get

Vaom > [ Pz [ (-Fdy

H{Q1H, B'QB
= / Fdy
BQDB
= VBQB’
— VBlQlBi > VBQB'- (2-27)

Next, let S be a point on the curve of F'(z), to the right of Ay, and
let BQB’' be an arbitrary path, with @) to the right of S. The straight
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line PNSP' is parallel to the y-axis. Then,

VBQB’ = / F(I) dy
BQB’

> [ F@)dy (2.28)

P'QP

since, (—F (x)) > 0 and dy > 0 along B'QB. Now by condition (iv) of
this theorem it follows that F'is monotonic decreasing for x > as and so
we have |F'(z)| > NS on P'QP and since further F'(z) < 0 on P'QP
so this implies —F (z) > NS on P’QP. Again, PP’ > NP'. Thus we
get

VBQB’Z /Nde:NS/dy:NSPP/ZNSNP/

PQP PQP

But as () goes to infinity towards the right , N P" — oo. Hence, we can
conclude that Vpgp is positive and monotonic increasing and tends to

+o00 as the paths recede to infinity.
Step (D) :

From steps (A) and (B) it follows that the quantities Vyx + Vyys and
Vxp + Vp x are bounded quantities. Thus by (2.18) and by step (C) it
follows that Vy gy~ is monotonic increasing to 400 to the right of A,.

Step (E) :

By the construction of & it is clear that Vygy < 0 in & < z < a
i.e., to the left of Ay. Again from step (D) we conclude that Vy gy
ultimately becomes positive as () moves out of Ay along the curve of
F (x). Therefore, by the same reason given in conclusion of the Theorem
2.2.1, it follows that there is one and only one path in the region x > &
such that

VYQY’ = 0.
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Also, by (2.7) and the symmetry of the path it is clear that the path is
closed.

Step (F):

By the construction of @ and by step (F) it is clear that equation (2.2)
has exactly two limit cycles around the origin, the second limit cycle
surrounds the first one. This completes the proof of the Theorem 2.4.1.

Remark 2.4.1 It also follows from the proof that both the limit cycles
are simple (c.f., Remark 2.2.2) that neither can bifurcate under any
small C* perturbation satisfying the conditions of the theorem.

Remark 2.4.2 One cannot assume that Vygy < 0 iof @ > L. We give
a Counter Example 2.5.2 below.

Remark 2.4.3 [t is well known that two consecutive limit cycles cannot
both be stable (unstable). Because of our choice of the function F (x)
(negative and monotone decreasing at the right of and near the origin
and infinity), the inner limit cycle is stable and outer limit cycle is
unstable (in reverse to those of reference [45,48]).

2.5 Examples and Comparisons

Here some examples are presented which help us to understand the im-
portance of the Theorem 2.4.1 and 2.3.1 in the literature of qualitative
theory of differential equation. It is shown in section 3.3 of [45] that
the limit cycles of the autonomous system

T =y
y=—x— ph(x,1) } (2.29)

2

are asymptotic to the circle 2 + y? = r? as yu — 0 where the values of

r are the roots of the equation
2w
¢ (r) = / h (rsinu,rcosu) cosu du = 0. (2.30)
0

We note that this is not the Lienard system. It is the canonical au-
tonomous system for the Lienard equation. The phase diagram of above
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system and the Lienard system, however, should be similar. Here we
take pp = 0.1, h (2, &) = (—4 + 752? — 50kz*) &, k # 0 so that

f (@) =p(—4+ 752" — 50ka") = —0.4 4 7.52° — 5ka’,

F(z) = —0.4x + 2.52° — ka®

2m
¢ (r) = / (=4 + 75r° sin® u — 50kr* sin* u) r cosu - cosu du
0
1 4 2
= =7 (25kr" — 75r% 4 16) .
Therefore, (2.30) reduces to
1
-7 (25kr* — 757 +16) =0

giving
r? = ﬁ (154 V225~ 61F) .

So, (2.30) has real and distinct roots if 225 > 64k i.e., if k < 3.515625,
real and repeated if £ = 3.515625 and imaginary if £ > 3.515625.
Therefore it follows that we will get two distinct limit cycles, which are
asymptotic to the circles corresponding to the above two distinct values
of r if k < 3.515625. Similarly, we will get only one limit cycle when
k = 3.515625 and no limit cycle when k& > 3.515625. It can be verified
that the system undergoes a saddle node bifurcation at k = 3.515625.

We note that the point (@, F' (@)) on the limit cycle in the Lienard
plane gets transformed to the point (—&, 0) lying on the almost circular

limit cycle of radius 7 > 71 (in the canonical phase plane) where r} =

mLk (15 — /225 — 64k) (r1 corresponds to the first limit cycle) under

the transformation
r=—-u, y=—v+F(u),

(u,v) and (z,y) being the corresponding points in Lienard plane and
canonical phase plane with f an even function. We thus have

1
a> \/10_k; (15 V225 = 64k:> .
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We now present the phase diagrams of the above systems in Lienard
plane in the following examples for different values of k. These examples
justify our new theorem. We used Mathematica 5.1 in plotting the limit
cycles discussed in these examples.

Example 2.5.1 Here we consider the autonomous system (2.3) with
k=3.65 f(x)=—04+752%—5ka?, g(x) =2 and F (v) = —0.4x +
2.523 — kxz°. The phase diagram in Lienard plane is shown in Figure
2.4 (a) which does not have any limit cycle. Again we take k = 3.57 in

Figure 2.4: The phase diagram of the system (2.3) in Lienard plane
(a) with k = 3.65, and center as a repelling node in Example 2.5.1,
(b) with k = 3.57 in Example 2.5.1,

(c) with k = 3.515625, and one limit cycle in Example 2.5.2,

(d) with k = 3.5, and two limit cycles in Example 2.5.3.

the above system. The corresponding phase diagram is shown in Figure
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2.4(b). This phase diagram also does not contain any limit cycle, but
we see that the path is concentrating in a certain circular region.

Example 2.5.2 Here we consider the autonomous system (2.3) dis-
cussed above with k = 3.515625 so that a1 ~ 0.49307, as ~ 0.68410,
y+ (0) and y_ (0) both are approximately equal to 0.652287 and & ~

0.65204. Let Ly be the point of minima of F in (0,a1) and Ly be the
point of maxima of F' in (a1,as). Here F (x) is increasing in

(=La, —L1) U (L1, Ly)
and decreasing in
(_007 _L2) U (_Lh Ll) U (LQa OO) )

where L1 ~ 0.24997 and Lo ~ 0.60348. In this case we obtain only
one limit cycle as shown in Figure 2.4(c). Here, F is not monotone

increasing throughout the interval ay < x < &, wviolating the condition
(1v) of Theorem 2.4.1 (since & > Lg) (c.f. Remark 2.4.2).

Example 2.5.3 We now take k = 3.5. Here, y; (0) and y_ (0) are
approximately equal to 0.624499. The equations (2.12) and (2.15) both
reduce to

1.2

5 = % (0.624499)° — % (—0.4z 4 2.52° — 3.50%)°
having real roots x = £0.62393 so that a ~ 0.62393. Here, a; = 0.4919
and as = 0.68725 showing that a1 < a < as. Next, L1 ~ 0.24985,
Lo ~ 0.60510. Here, all the conditions of Theorem 2.4.1 are satisfied
except condition (iv). However, we still get two limit cycles as shown
in Figure 2.4(d) drawn in Lienard plane. This example and the above
example show that the conditions of Theorem 2.4.1 are sufficient but

not necessary.

Example 2.5.4 Finally we take k = 3. Here, y4 (0) and y— (0) are
approzimately equal to 0.5552 and & ~ 0.55324. Here, a1 = 0.46473
and ay = 0.78572 showing that aq < & < ay. Next, L1 ~ 0.24638,
Lo ~ 0.66279. Here, all the conditions of Theorem 2.4.1 are satisfied
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and so we get exactly two limit cycles. The phase diagram in Lienard
plane is shown in Figure 2.5.

-

0as o I

—

7
.

Figure 2.5: The phase diagram of the system (2.3) in Lienard plane with k£ = 3, and
two limit cycles in Example 2.5.4.

Remark 2.5.1 Although in the above examples the value of p s suffi-
ciently small (so as to satisfy the amplitude analysis of [45]) our theo-
rem should be applicable for large values of |u|. More detailed bifurcation

analysis in the (u, k) parametric plane will be considered separately.

Example 2.5.5 We now consider the function

—0.1sin (107x) , 0<z<0.15
z—0.15)7 1
- 0.014/1 — | —— 015 <2 <0154+ —
Fy (z) = \/ ( 0.01 > ’ =7 0
1
0.02099503719021 — 24/0.1 (z — 0.239503719021), =z > 0.15 + —
V0.1( ) o

Then we have a1 = 0.1, ay = 0.25052350868645645, L = 0.15. Here,

f(L)=0 < f(0.2395037190209989)
= 0.2006848039831627 > f (ag) = 0.9526060763219791,

though
L < 0.2395037190209989 < as

showing that the function is not monotone nonincreasing in [L, as] and
so it does mot satisfy the condition (3) of Theorem 5.1 in chapter 4
in the book [51]. However for the inner limit cycle we have y, (0) =
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y_ (0) = 0.12238318. So, a = 0.12221435874426823 < L satisfying
the conditions of Theorem 2.4.1. This example clearly shows that the
Theorem 2.4.1 covers a larger class of functions than those covered by
Theorem 5.1 in chapter 4 in [51]. The function F alongwith two limit

cycles are shown in Figure 2.6.

Figure 2.6: The phase diagram of (2.3) in Lienard plane for Example 2.5.5.

2.6 Concluding Remarks

Many interesting new results have been proved on the existence of an
exact number of multiple limit cycles [45,47, 48] in the recent past.
Odani has proved a sufficient condition in [48] using a choice function
¢, which can be exploited to obtain better estimates of amplitudes of
the limit cycles. We used a straight forward method depending on the
geometry of phase diagram. We have proved a similar result with more
general class of functions F'(x) by a simpler method. In the present
approach a strict monotonicity of F'(x) is required only in the intervals
a1 < x < a and x > as. Consequently, F'(x) can accommodate “small
scale” oscillations in the interval @ < x < ao. Odani, for instance, con-
sidered an F (z) which is not only C! but also has a unique extremum
in the interval a; < x < as. Further, this new theorem is valid for a
more general class of the function g (). Odani’s theorem, however, is
valid only for g (x) = z. An interesting problem will be to establish
the relation between & of our approach and the function ¢;,. We note
that &; corresponds to the amplitude of the limit cycles. Our estimates
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of amplitude of the limit cycle of the Van der pol equation constitute
an improvement over those available in the literature [52,53]. Example
2.5.5, on the other hand, show the difference between the present theo-
rem and those of [51]. The calculations are accurate upto the accuracy
level O (10_7). The existence of limit cycles in a Lienard system allow-
ing discontinuity (see, for instance, [54]) is an interesting problem for
further study.

Before finishing this chapter we note that the value &, in general,
is a function of the parameters of F'(x) in the parametric space. For
instance, in Examples 2.5.1-2.5.4, & is a function of the parameters pu
and k. The study of the variation of & in the parametric space seems
to offer interesting insights into the bifurcation and related issues of
the multiple limit cycles in a Lienard system. The relationship with
Poincare’s return map also needs to be studied. We wish to investigate
these problems in future.



Chapter 3

Existence of Exactly N Limit
Cycles in Lienard Systems

3.1 Introduction

We have gone through a brief study on existence of unique and two
limit cycles for the Lienard equation

T+ f(x)t4+g(x)=0 (3.1)

in Chapter 2 by extending the well known Classical Lienard theorem. In
this chapter we shall study the existence of multiple limit cycles for the
above equation in the Lienard plane given by the autonomous system

t=y—-F(r), ¢y=-g() (3.2)

where F'(x) = / f(u)du. It is already mentioned in Chapter 2 as a
0

conjecture by Lins, Pugh and de Melo [43] (LPM) that the system (3.2)
has at most N limit cycles if m = 2N + 1 or m = 2N + 2. However,
it has been shown [50] that for suitable polynomial F' of degree 7, the
system (3.2) has 4 limit cycles, contradicting the conjecture in [43].
Recently, in 2003 Chen and Chen [49], proved the LPM conjecture for
Lienard system with function F' odd.

Although LPM conjecture ensures the maximum N number of limit
cycles in the system (3.2), considerably large amount of study in liter-
ature ensures the existence of exactly N limit cycles for the equation
(3.1). In the study on the number of limit cycles several authors have

45
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studied the equation (3.1) in the usual phase plane (viz. Theorem
7.10 — 7.12, Chapter 4 in [51]) whereas some considered the Lienard
plane [47]. In Theorem 7.10, Chapter 4 [51] the function f is taken as
a periodic function. Its statement is given below without proof.

Theorem 3.1.1 Consider the differential equation
T+ f(r)t+2=0 (3.3)
or its equivalent system
t=v, V=—x— f(z)v. (3.4)
Let

(A) f(z) € C¥(—00,00), and 31 > 0 such that f (x) <0 for 0 <z <
[, f(x) Z0for0<zx <1, f2ltx)=—f(x) for —o00 < x < 0.

(B) f (x) is nondecreasing when x increases, for 0 < x <.

Assertion (i) : Suppose that hypothesis (A) is satisfied, then the
system (3.4) has at least n limit cycles in the strip |x| < 2(n+ 1)1,
n=1,2,3,....

Assertion (it) : Suppose that hypotheses (A) and (B) are satisfied,
then system (3.4) has exactly n limit cycles in the strip |z| < 2 (n+ 1)1,
n = 1,2,3,..., with stable and unstable limit cycles lying alternately

between each other.

We must note that g (x) = x in Theorem 3.1.1. This theorem is
further generalized as Theorem 7.11 in, Chapter 4 of [51] in which
the function F’(z) = f(x) is a monotone function in certain regions.
However, Theorem 2.4.1 in Chapter 2 and Theorem 3.2.1 in the present
chapter do not depend upon the monotonicity of f. Rather, we have
used the monotonicity of its primitive F. As a consequence, merely
the sign of the function f determines the monotonic nature of F', and
hence determines the number of limit cycles in Lienard system (3.2).
Moreover, F' has better smoothness relative to f. Thus our results cover
a different class of functions than those covered by Theorems 7.10 and
7.11 in [51] as mentioned above. We must observe that these theorems
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in [51] were proved in classical phase plane given by the system (3.4).
However, Theorem 7.12 of Chapter 4 in [51] and the theorem in [47] have
been proved on Lienard plane. Both of these results have assumed the
existence of §; € [aj,aj+1], 7 = 2,3,4,... such that F (5;) = F (L;-1)
where, a;’s are positive roots of F' and L;’s are unique extremum of
F in [a;,aj41] for j = 1,2,3,.... However, if we do not get any such
B; then these results are not applicable. In such situations Theorem
3.2.1 is still applicable to determine the exact number of limit cycles.
Example 3.4.1 is such evidence showing the strength of Theorem 3.2.1
over other similar results as mentioned earlier.

In Chapter 2 we have presented a new method for proving the exis-
tence of exactly two limit cycles of a Lienard system [55]. Recall that
the proof of Lienard theorem depends on the existence of an odd func-
tion F' (z) with zeros at x = 0 and x = +a (a > 0) and that F' (x) > 0
for x > a and tends to co as © — oco. To weaker this assumption, we
note at first that the existence of a limit cycle is still assured if there ex-
ists a value @ > a (called an efficient upper estimate of the amplitude of
the limit cycle) such that F'(x) is increasing for a < x < @ < L, where
Ly is the first extremum of F' (x), = > a. Based on this observation we
are then able to generalize the standard theorem for the existence of
exactly two limit cycles. Our theorem [56] not only extends the class
of F'(z) considered by Odani [48,52], but also that of the more recent
work of Chen et al. [47]. Although we are dealing with odd functions F
only, there are certain odd functions as shown in Example 3.4.1, which
satisfy the conditions of Theorem 3.2.1 but do not satisfy the theo-
rem of [47]. This establishes our claim that the present theorems cover
different classes of functions F' than those covered in [47].

In this chapter we prove the theorem for the existence of exactly
N limit cycles for the system (3.1). Here, we present an algorithm to
generate any desired number of limit cycles around the origin, which
is the only critical point for the system (3.1). Existence of limit cycles
have been established in various natural and biological systems [3,51,
57]. It is well known that mammalian heartbeats may follow a non-
linear oscillatory patterns under certain (physiological) constraints [57].
However, sometimes it becomes very difficult to obtain total information
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about a nonlinear system due to various natural constraints, as a result
of which we obtain only a partial or incomplete data [58]. Our objective
is to fill up those gaps and construct a Lienard system that may be
considered to model the dynamics of the missing part of the phenomena
in an efficient manner.

To state this in another way, let us suppose that the Lienard system
is defined only on a bounded region [—ay, a1], a; > 0 having one (or at
most a finite number of) limit cycles in that region. Our aim is to de-
velop an algorithm to extend the Lienard system minimally throughout
the plane accommodating a given number of limit cycles in the extended
region. By minimal extension we mean that the graph (z, F' (x)), of the
function F' which is initially defined only in |x| < a; is extended beyond
the line x = a; iteratively as an action induced by two suitably chosen
functions ¢ (z) and H (z) so that ¢ acts on the abscissa « and H acts
on the ordinate F (x) respectively. Accordingly the desired extension
F (z) of F(x), > aj is realized as H o F (z) = F o ¢ (z). The choice
of ¢ and H is motivated by the Theorem 3.2.1 so that the extension
F satisfies the conditions of the said theorem. It turns out that ¢ can
simply be a bijective function, while H may be any monotonic function
admitting @ < L (c.f. equation (2.17) in Chapter 2), L being the unique
extremum of F (z), x € [a1,as], F (ay) = F (a) = 0.

The chapter is organized as follows. In Section 3.2 we have proved an
extension of the Theorem 2.4.1 for existence of exactly N limit cycles
in the Lienard equation [55,56]. In Section 3.3 we present the construc-
tion by which we can get a system of the form (3.1) having any desired
number of limit cycles around a single critical point. Examples in sup-
port of this algorithm are studied in Section 3.4 in order to compare the
newly proved results with those available in literature. Finally, Section

3.5 contains some concluding remarks.

3.2 Existence of Exactly N limit cycles for
Lienard System

In Chapter 2 we have extended the Classical Lienard Theorem as The-
orem 2.4.1 ensuring existence of exactly two limit cycles along with
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necessary notations. In order to avoid repetition we shall frequently
refer them in the proof of the following theorem ensuring existence of
exactly N (> 2) limit cycles.

Theorem 3.2.1 Let f and g be two functions satisfying the following

properties.
(7) f and g are continuous;

(i) F and g are odd functions and g (x) > 0 for x > 0;

(731) F has N number of +ve simple zeros only at x = a;,
1=1,2,...,N, where 0 < a1 < as < ... < ay such that in
each interval I; = |a;,a;11], 1 = 1,2,..., N — 1, there exists &,
satisfying properties given by (2.17), such that &; < L; where
L; is the unique extremum i I;, i =1,...,N —2 and Ly_1,
the first local extremum in [an_1,an];

(tv) F is monotonic in a; < x < a; Vi and |F (x)] — 00 as x — o0
momnotonically for x > ay.

Then the equation (3.1) has exactly N limit cycles around the origin,

all are simple.

Z
Zo=Y; 1 22\211—1
—
Yo=Y | XX \\
Xn—l
X=B

’ -~ — -~ —_— s

fo) ) T N G/ S s Gl
AN a, % \l PACTERN N L /
- - N

X,=B
Xt
’ X' /
xp=y| Ml 22 /,j_,
’ ’ — ’
Zo=Y,[ 2z 23
Figure 3.1:

Proof: We shall prove the theorem by showing the result that each
limit cycle intersects the z-axis at a point lying in the interval (a;, a;11],
i=0,1,2,...,N — 1, where &y = Ly is the local minima of F'(x) in
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[0, a1]. By Classical Lienard Theorem and Theorem 2.4.1 it follows that
the result is true for N = 1 and N = 2. We shall now prove the theorem
by the method of induction. We assume that the theorem is true for
N =n — 1 and we shall prove that it is true for N = n. We prove the
theorem by taking n as an odd +ve integer so that (n — 1) is even. The
case for which n is even can similarly be proved and so is omitted. It
can be shown that [3], Vy gy changes its sign from +ve to —ve as @
moves out of A (ay,0) along the curve y = F () and hence vanishes
there due to its continuity and generates the first limit cycle around
the origin. Next, in [55] we see Vy gy’ again changes its sign from —ve
to +ve and generates the second limit cycle around the first. Also, we
see that for existence of second limit cycle we need the existence of the
point @, which we denote here as a;.

Since by induction hypothesis the theorem is true for N =n — 1, so
it follows that in each and every interval (ay, agi1], K =0,1,2,...,n—2
the system (3.2) has a limit cycle and the outermost limit cycle cuts the
z-axis somewhere in (ay,_1,00). Also Vygy changes its sign alternately
as the point ) moves out of a;’s, i = 1,2,...,n — 1. Since (n — 1) is
even, it follows that Vygy+ changes its sign from +ve to —ve as () moves
out of a,,_o along the curve y = F' (z). Since there is only one limit cycle
in the region (&;,_1,00), so it is clear that Vygy must change its sign
from —ve to +ve once and only once as () moves out of A, (a,_1,0)
along the curve y = F'(x). Also it follows that once Vy gy’ becomes
+ve so that it does not vanish further, otherwise we would get one
more limit cycle, contradicting the hypothesis so that total number of
limit cycle become n. We now try to find an estimate of a for which
Vyqy+ vanishes for the last time.

We shall now prove that the result is true for N = n and so we
assume that all the hypotheses or conditions of this theorem are true
for N = n. So, we get one more point &,, and another root a,,, ensuring
the fact that Vy gy vanishes as ) moves out of A,_; through the curve
y = F(x), thus accommodating a unique limit cycle in the interval
(Qp—1, Q).

By the result discussed so far it follows that Vygy» > 0 when « lies
in certain suitable small right neighbourhood of a,_;. We shall prove
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that Vygys ultimately becomes —ve and remains —ve as () moves out of
A, (ay,0) along the curve y = F (z) generating the unique limit cycle
and hence proving the required result for N = n.

We draw straight line segments X;X;, k = 1,2,3,...,n, passing
through A, and parallel to y-axis as shown in Figure 3.1. For conve-
nience, we shall call the points X, X! Y)Y’ as B, B, Xy, X{, respec-
tively. We write the curves

Iy =X Xy, =X/ X, ,, k=1,23,....n

so that
YQY' = XoQXy = Y T + XuQX,, + YT, = > (T +T},) + BQB’
k=1 k=1 k=1
and .
Vygvr = 3 (Vi + Vi) + Vign:. (3.5)

k=1
We shall prove the result through the following steps.

Step (A) : As ) moves out of A4, along A,C, Vr, + Vi is +ve and monotonic
decreasing for odd k.

We choose two points @ (o, F' («)) and Q1 (a1, F (a1)) on the curve
of F (z), where a > a > a,. Let YQY’' and Y1Q1Y{ be two phase
paths through ) and () respectively. We have already taken Y = X,
Y'= X{, B =X, and B = X,. We now take Y} = %), Y| = Z,
By = Z,, B = Z, and Z;;Z, as the extension of the line segment
Xip X, V k. Also we write Z,_1Z, = Ay and Z,.Z;, | = A}, If k is
odd, then on the segments I'y and Ay we have y > 0, F'(z) < 0 and
y— F(x) > 0. Now,

0<y—F )y, <ly— F @),
Since g (x) > 0 for z > 0 so we have

—g(z) ] —g(2)
— < |/ == <0
[?J—F(x)_rk ly — F(x) Ay,
So, by (3.2) we get
dy | < Ay <0 (3.6)
de|p — ldef,
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Therefore, by (3.6) we have

oo [ran- [ on (-2)a

T, T}
dy
- -2 |dex= | Fdy = .
>/( )( daz) x / y = V),
Ak Ak

Since F'(x) and dy = ydt = —g (z) dt are both —ve along A, for odd £,
so we have
Vo, > V), = /F dy > 0. (3.7)
A
Next, on the segments I') and Aj we have y < 0, F'(z) < 0 and
y — F (z) < 0. Now,
0> Iy~ F @)y, > [y~ F (@)l

So, by (3.2) we get
d d
[—y] > [—y] > 0. (3.8)
dx r dx AL

Therefore by (3.8) we have

d d
Vr;:/de:/(—F)%dx>/(—F)%dgc:/]?dy:v%_

T, oy —A A

Since F'(x) and dy = ydt = —g (x) dt are both —ve along A} for odd £,
so we have
Vg > Vi, = / Fdy >0, (3.9)
Ay
From (3.7) and (3.9) we have

Vi, + Vi, > Vi, + Vi, > 0.

Therefore Vr, + Vi is +ve and monotone decreasing as the point @)
moves out of A, along A,C.
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Step (B) : As () moves out from A, along A,C, Vr, +Vp, is —ve and monotonic
increasing for even k.

On the segments I'y, and Ay we havey > 0, F'(z) > Oand y—F (z) >
0. Now,
0<ly—=F@)p, <ly—F(@),

k

Since g (x) > 0 for x > 0 so we have

So, by (3.2) we get

dyl  [d
[—y < —y] <0. (3.10)
daj_rk | dx A

Therefore by (3.10) we have

Vpk:/de:/F@dx</F@dx:/de:VAk.
dx dx

Iy Iy Ay Ay

Since F'(z) > 0 and dy = ydt = —g (z)dt < 0 along Ay for even k, so
we have

Vo, < W), = /F dy < 0. (3.11)
Ay
Next, on the segments I'j and Aj we have y < 0, F'(z) > 0 and
y— F(x) <0. Now,
0>y — F(x)]rgc >y — F(@]A;ﬂ

so that by (3.2) we get

d d
[—y] > [—y] >~ 0. (3.12)
dx r dx AL

Therefore by (3.12) we have

d d
Vp;:/de:/F<—ﬁ>da:</F(—ﬁ)da::/de:VA;-
I Iy A ’

k k k k

Since F'(z) > 0 and dy = ydt = —g (x) dt < 0 along A} for even k, so
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we have
Vo < Vi, = /F dy < 0. (3.13)
Ay
From (3.11) and (3.13) we have

Vi, + Vo, < Vi, + Vi, <0.

Therefore Vi, + V; is —ve and monotone increasing as the point @)
moves out of A, along A,C.

Step (C) : Vpgp is —ve and monotone decreasing and tends to —oco as ()
tends to infinity along A,C.

On BQB' and B1Q B} we have F (z) > 0. We draw BH; and B'H]{
parallel to z-axis. Since F'(z) > 0 and dy = ydt = —g (x) dt < 0 along
B1Q1Bj, so

VB.o\B, = / Fdy < / F dy.
Bi1Q1B] HiQ1H;
Since [F'(2)] g, 0,1 2 [F ()] pop and F'(z) > 0, dy = ydt = —g (x) dt <
0 along BQB’, so we have

H.Q,Hj BQB’

Let S be a point on y = F' (), to the right of A, and let BQB’ be
an arbitrary path, with @ to the right of S. The straight line PSN P’
is parallel to the y-axis. Since F'(x) > 0 and dy = ydt = —g (z)dt <0
along BQB' and PQP' is a part of BQB’, so we have

BQB’ B'QB PQP

By hypothesis F' is monotone increasing on A,C' and so F' (x) > NS
on PQP" and hence (3.15) gives

VBQB/S—/NS'dy:—NS/dy:—NS-PP/SNS-NP.

PQP PQP

But as () goes to infinity towards the right, so NP — oo and hence by
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the above relation it follows that Vpgp — —oo.
Step (D) :

From steps (A) and (B) it follows that Z (Ve 4+ Viy) in (3.5) is

bounded. Therefore as () moves to infinity from the right of A, ulti-
mately the quantity Vpgp dominates and hence Vy gy monotonically
decreases to —oo to the right of A,,. The monotone decreasing nature
of Vpgp inherits the same nature to Vy gy as () moves out of A,, along
the curve y = F (z).

By the construction of &, it is clear that Vy-gy» > 0 at a point on the
left of A, and ultimately it becomes —ve when the point @) is at the
right of A,,. So, by monotonic decreasing nature of Vyqy- it can vanish
only once as the point () moves out of A, along the curve y = F (z).
Thus, there is a unique path for which Vygy: = 0. We recall that [3]
by symmetry of paths, a typical phase path YQY' of the system (3.2)
becomes a limit cycle iff OY = OY’ and in Chapter 2 it is shown in
(2.7) that

OY =0Y' <= VyQy/ = 0.

Therefore, it follows that the path is closed and the proof is complete.

3.3 Construction of a Lienard System with
Desired Number of Limit Cycles

We now present an algorithm by which we can form a Lienard system
with as many limit cycles as required. We present the technique for two
limit cycles around a single critical point. This technique can similarly
be extended for n number of limit cycles. As stated in the introduction,
this algorithm is expected to become relevant in a physical model with
partial or incomplete data [58].

Suppose in a given physical or dynamical problem, the function F’ of
the Lienard equation (3.1) is well defined only within a finite interval
[—aq, a1] denoting F (z) = fi(x) for € [—aj1,a1] and satisfying the
conditions:
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(1)  f1is a continuous odd function having only one +wve zero ay;
(i7) xfi(z) <0V z € [—ay,a1];
(737) f1 has a unique local minimum at the point Ly within (ag, a1),
where ag = 0.
Suppose it is also known that the system has a (first or smallest) limit

cycle crossing x-axis just outside the interval [—ay, a;] in the Lienard
plane. We have no information about F (x) beyond the interval. Our
aim is to develop an algorithm to determine a function f, as a restriction
of F'in an interval of the form [ay, as] so that it satisfies the conditions
of the Theorem 3.2.1, ensuring the second limit cycle crossing x-axis
outside the interval [—as, as]. The function F' outside this interval can
be defined as a monotonic function ensuing the existence of the second
limit cycle by Theorem 3.2.1. Now to determine f; precisely from the
information of f; in [ag, a;] we need to define two functions ¢; and H;
so that we get the abscissa and ordinates of fy in the interval [ay, as)
respectively. The choice of ¢ is motivated by Odani’s Choice function
48] (c.f. Remark 3.4.1 for further details). The functions ¢; and H;
are defined as follows:

the functions ¢1;, and ¢z are bijective such that

b1z, ag, Lo — a1, L], 11 (ao) = ar, 1z (Lo) = Ly
$1r < [Lo,a1] — [L1,a9),  ¢1r (Lo) = L1, ¢1r (1) = as

<) — leL (8), S € [CL(),L()]
¢1( ) { ¢1R (S), S € [Lo,al]

and H; is monotone decreasing on [0, f1 (Lg)] such that
Hlofl = fQOgbl. (316)

To make the definition (3.16) explicit we define at first two monotone
functions f5; and fjp and then introduce H; parametrically by the help
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of two monotone decreasing functions Hyy and Hig on [0, fi (Lg)] as

Hip : fir (s) = for (912.(s)), s € [ag, Lo]
Hig : fir(s) — for (1R (5)), s € [Lo,ai1]

) Hip(z), ifz=fir(s), s € lag, Lo
Hi (l’) - { Higr (.T), if © = flR (S), S € [Lo,al] .

The choice of f; is made on the basis of fi (x) defined on [—ay, a1] and
the second zero ay of F'(x) that must lie close to but nevertheless, less
than the expected amplitude of the second limit cycle. We define the
functions for, and fop as

for t 12 (5) — Hip (fiz (s)), s € [ag, Lo]
for 1R () — Hir (fir(s)), s € [Lo,a1].

We should note that in the definition of ¢, and ¢z we have used the
conditions ¢11, (ap) = a1, ¢11 (Lo) = Ly and ¢1r (Lo) = L1, d1p (1) =
as. We could also have used the conditions ¢, (ag) = L1, ¢11 (Lo) = a4
and ¢1r (Lo) = as, 15 (a1) = Ly instead, but in that case the function
H, and Hs must be monotone increasing.

If x € [a1, Ly], then = = ¢y (s) for some s € [ag, Lo]. Therefore,

for (x) = far (911 (s)) = Hir (f1z () = far (61 () = far (@) -
So,
for = for-
Next, if € [L1, as], then x = ¢ (s) for some s € [Lg, a1]. Therefore,
for (x) = far (d1r (s)) = Hir (fir () = for (611 (5)) = for (@)

So,
for = fag-

Thus, the unknown functions fo;, and for can be expressed by known
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functions f; and f55 so that we have
L
f2 (LU) _ f2L (':U) ; S [ah 1]
f2R (:C)a T e [LlacLQ]

_ { fir (@), @€ lar, L]

f;R(x)a VS [LlaCL?]-

Next we construct the restriction f3 of the function F' in [as, as]
having unique local maximum at Ly (say) in (ag,as). We assume two

bijective functions

Gor, : [ar, L1] — [ag, Lo],  ¢ar (a1) = a2, ¢ar, (L1) = Lo
and ¢op : [L1,a2] — [La,as), ¢or (L1) = Lo, P2 (a2) = as

and two more functions f;; and fip. We define two monotone decreas-
ing functions Hyy and Hsop on [0, fo (Ly1)] parametrically as

Hop, @ for (s) — far (920 (s)), s € [ay, L]
Hog : for (s) = f3r (¢2r(s)), s € [Li,as].

We define

far : ¢2r (s) — Hap (for (s)), s € la, L]
f3r : $2r (s) — Har (far (s)), s € [L1,as)

so that as shown above we have

f3r = fékL and fsp = fi;,kR-

Therefore,

far(z), € [Ly,as]

{ fir (@), x € lag, Lo

f?;kR (.CC) , I € [LQ, CL3] .
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We observe that

far @ @ar (D10 (5)) = Hop (for (¢12.(s))), s € |ag, L]
far : ¢2r (01Rr (5)) — Har (for (01r (S5))), s € [Lo,a1].

We can similarly proceed and construct all the restrictions f; of the
function F' in [a_1,ax] for k = 4,5,6,..., N so that the correspond-
ing Lienard system have exactly N limit cycles. Thus an incomplete
Lienard system can be extended iteratively over larger and larger in-
tervals of x, having as many (simple) limit cycles as desired. We note,
however, that the choice of iterated functions has as large arbitrariness
except for the required minimal conditions of monotonicity satisfying
Theorem 3.2.1. The number of limit cycles for each such choices remain
invariant. The problem of reconstructing data with a given number of
limit cycles and having specified shapes is left for future study. We now
illustrate the above construction by the following examples.

3.4 Examples

First we consider an example in which the function F' is chosen to
satisfy Theorem 3.2.1 but not the Theorem 7.12 in chapter 4 of the
book [51] nor Theorem 1 in [47]. Here the figures have been drawn
using Mathematica.

Example 3.4.1 We define

0.005 — 0.025\/1 - (z — 0‘048989794>2, 0<z<a
0.05
P () = | ~0000813TSSSIZ0TIS + 0.01\/1 - (x - 03'37581375>2, a1 < < a
0.0009168416064002765 — 0.015\/1 - <m - 0'?)91746094>2, as <z < as
—0.0003265987749816556 + 0.04v/2 — 0.3072073012751128, z > as,
where

a; = 0.097979588
as = 0.197647912
and as = 0.397273968.



60

and

F, (x x>0
[ Fr@ e
—F. (—x) <0
The function F () is obtained by matching three ellipses and a parabola
successiely in the intervals (0,a1), (a1, a2), (ag,a3), and (as, 00) such

that
F.(a;4+0)=F(a; —0) and F (a; +0) = F_(a; — 0),  (3.17)

where a;’s are zeros of Fy. The unique extremum of F in (0,ay),

(a1, a9), (az,as) are respectively

Ly = 0.048989794
L1 =0.14781375
and Lo = 0.29746094.

We obtain three limit cycles which meet the positive y-axis at the points
(0,1 (0)), (0,42 (0)), (0,93 (0)) where

y1 (0) = 0.1332869
Y2 (0) = 0.212146685
and ys3 (0) = 0.4630114.

The matching conditions (3.17) are used to make F € C' (R) with ac-
curacy level O (10_7). This function is constructed in a trial and error
method and numerical data with large significant digits arise in this
fashion. Ezxamples with lower significant digits and lower and higher
accuracy are possible in principle. Here we get &y = 0.133002186 and
s = 0.21203506657. The function F satisfies all the conditions of
Theorem 3.2.1 (for example &; < L; etc.) and so the existence of the
above three limit cycles are ensured by this theorem, the proof of which
is presented separately [56]. However, the function F is defined in such
a manner that |F (Lo)| > |F (L2)| implying that B2 mentioned in The-
orem 1 of [47] or in Theorem 7.12, chapter 4 of the book [51] does not
exist and hence these theorems are not applicable for the correspond-
ing Lienard system. The limit cycles of the Lienard system in Lienard
plane and the graph of the function F' have been shown separately in the
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Figure 3.2. To conclude, Theorem 1 of [47] or Theorem 7.12, Chapter
4 in the book [51] fail to predict the existence of the exact number of
limit cycles for the above function F (x).

Figure 3.2:

(a) The phase diagram of the system (3.2) in Lienard plane with three limit cycles.
(b) Graph of the function F'in Example 3.4.1.

We now present some examples following the construction described
in Section 3.3.

Example 3.4.2 Let a; = 0.2, ao = 0.5 and

(z —0.1)
Here, Ly = 0.1. Let L1 = 0.3. Let us choose
i} (z —0.3)°
r)=-0.1540.254/1 — ——=
r)=-0.154+0.254/1 — ——~
f2R( ) \/ (0.25)2

Also, let

¢1L (8) =V As? + B.

To determine the unknown parameters A and B we assume that ¢11, (ag) =
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ai, ¢11 (Lo) = L. Then A =5 and B = 0.04. Next, let
d1r(s) = VA + B
16 11

with ¢1p (Lo) = Ly and ¢1r (a1) = ag. Then, A’ = — and B' = —.
: : : . 300
Then following the algorithm in Section 3.3 we have

for = fop in [ay, L]

and fQR = fQ*R m [Ll, az]

so that

ng (I), T & [Ll,ag].

f2 (x) _ { fgL (513), X € [al,Ll]

We now define

fifw), 0<r<a
F, (z) = f24(1')7 ap < x < ap
—g(x—O.S), T > as

to make F. continuously differentiable in [0,00). The last part of the
function F, is taken to make Fy monotone decreasing for x > ay so
that the function F' defined below satisfy the condition that |F (x)| — oo
as x — oo monotonically for x > as. We take

) Fy(x), 20
F(x){F(a:), x < 0.

We find two limit cycles which cross the +ve y-axis at the points
(0,0.26731065) and (0,0.5749823) respectively. So, y. (0) = y_ (0) =
0.26731065 and a; = 0.254219124. So, the conditions &y < Ly are sat-
1sfied in this example. Thus the existence of limit cycles are ensured by
the Theorem 3.2.1 with g (x) = x establishing the construction in Sec-
tion 3.8. The limit cycles alongwith the curve of F (x) has been shown
in Figure 3.35.

Remark 3.4.1 From condition (C2) in [48] we see that

9 (or (x)) ¢ (x) 2 g (x).



Figure 3.3: Limit cycles for the system in Example 3.4.2 with the curve of F' (z).
If g (x) = x, then it gives

oi (z) ¢ () = =
Thus, in Example 3.4.2 if we take ¢y (s) = é11 (s) = VAs?> + B, then

the above inequality gives

2As
VAS?+ B —— > s
2V As2+ B
i.e., As > s
i.e., A>1.

By the definition of f5; and fs it follows that the remaining part of the
condition (C2) is satisfied if

[F (é12.(s))| = [F (s)], s € ag, L]

and wn particular
[F (o1 (0)] = [F(0)] .

Since, ¢11 (8) € a1, as] and s € [ag, Lo| so it gives

o (12 ()] = [fr(s)], s € lao, Lo]
i-e., |Hip (fiz (8))] > [fiz (8)], s € [ao, Lo]. (3.18)
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Next, in particular the equality occurs at s = ag = 0 and so we have

[F (¢12 (0))] = |F(0)]
= |Hir (f12(0))| =0
= |H1 (0)] =0
= Hi,(0)=0 (3.19)

since F'(0) =0 and f11 (0) = 0. By our construction we also see
s-Hi(s)<0 Vs.

Thus, ¢11, behaves like choice function described by Odani. Here, the
condition (3.18) does not hold for the system discussed in Example
3.4.2. In fact, here

|Hir (fiz ()] < [fi (s)] s € [ao, Lo] -

Howewver, the conditions (viz. &; < L;, etc.) of Theorem 3.2.1 are satis-
fied ensuring the existence of exactly two limit cycles. This shows that
the Theorem 3.2.1 and the construction presented above covers a larger
class of functions F than those covered in [48]. The equality in (3.18)
occurs in Example 3.4.2 only at the point s = ag = 0. Howewver, the
equality can occur at points where s # ag. We present Fxample 3.4.3
below to show this kind of behaviour.

Remark 3.4.2 The function fy in Example 3.4.2 is obtained from f;
by reflection and translation along x-axis. However, it is clear from the
construction of Section 3.3, that there is a plenty of freedom in the pos-
sible extensions of f1 having a fized number of limit cycles, as illustrated
in Bxamples 3.4.3 and 3.4.4. In these examples we consider more gen-
eral transformations so that the limit cycles are obtained having ampli-
tudes close to those expected from the given physical (dynamical) prob-

lem.
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Example 3.4.3 Here, our target is to construct an example in which

.

(z —0.144)
004

(z — 0.144)*
(0.206686)*

0.055518 — 0.08\/1 — 0<x<0.144

0.148506 — 0.172988\/1 — 0144 <2 <0.34

Fy(z) = —0.407)2
+ (@) 0.0910146 + 0.0209854\/1 _ % 0.34 < 2 < 0.407
2
—0.2280727 + 0.340073, /1 — w, 0407 < 2 < 0.5
(0.125376)
| —3.0000372(z — 0.5), > 0.5
and

F_ (x), x<0.

Here, a1 = 0.2, as = 0.5, Ly = 0.144 and Ly = 0.407. It is easy to show
that

F(:U)—{ F,(x), >0

o1z (s) = V/4.974392361 - s2 + 0.0625
and ¢15 (s) = v/2.019706 - s2 + 0.12376838.

Here,
( 0.144)°
0.055518 — 0.08\/1 - (50—0#)7 0<z<0.144
fi(@) = | 0.144)2
0.148506 — 0.172988\/1 — W, 0.144 < 2 < 0.2
\ .
( (x — 0.144)°
0.148506 — ().172988\/1 . (ZMW’ 02 <z <034
—0.407)*
fo(z) = { 0.0910146 + 0.0209854\/1 _ W, 0.34 < z < 0.407
— 0.407)?
—0.2280727 + 0.340073\/1 - %, 0.407 < 2 < 0.5
\ .

The second part of the condition (C2) in [48] i.e., the condition (3.18)



Figure 3.4: Limit cycles for the system in Example 3.4.3 with the curve of F' (z).
does not hold. In fact,

|Hiz (fiz (3)] < |fiz ()] in (0,0.05290111)
and |Hig (fir (s))| > | fiz (s)] in (0.05290111,0.144) .

The equality occurs at s = 0 and s = 0.05290111. Here, we get two
limit cycles crossing the +ve y-azis at the points (0,0.29039755) and
(0,0.567249) respectively so that y, (0) = y_(0) = 0.29039755 and
a; = 0.2892792083. Consequently, aqn < Ly and the other conditions
of Theorem 3.2.1 with g (x) = x are satisfied justifying the ezistence of
exactly two limit cycles. These two limit cycles alongwith the curve of
F (x) has been shown in Figure 3.4.

Example 3.4.4 We now consider an example involving three limit cy-
cles by taking ap = 0.1, as = 0.2, ag3 = 0.4 and

(z — 0.05)
(0.06)?

Here Ly = 0.05 and let Ly = 0.15, Ly = 0.3. We take

i () = 0.04422166 — 0.08\/1 - , —01<z<0.l.

\ (z —0.15)°
) = —0.04422166 4 0.084 /1 — —————
fQL( ) \/ (0.06)2
. (z — 0.15)
x) = —0.04422166 4 0.084 /1 — ~————~
f2R( ) \/ (0.06)2
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It is easy to construct

1L (S) =/ bs? + 0.01, se [ao, L()] ,
7 5

QSIR (S) = 532 + %, S € [LO, al] .

Next, we take

—0.3)?
£, () = 0.0043819183 — 0,03 /1 — — L — 03]
(0.101084111)
—0.3)?
Fin (2) = 00043819183 — 0.03 /1 — — 203"
(0.101084111)

We can similarly construct

¢2L (S) \/@ = 28, S € [al, Ll] ,
QSQR (S) = 23, S € [Ll,ag] .

so that ¢or, (a1) = ag, ¢ar, (L1) = Lo, ¢ar (L1) = Lo and ¢op (az) = as.
We define

( 2
~0.05
0.04422166 — 0.08, /1 — L0 o
(0.06)
—0.15)°
004422166 + 0,08, 1 — L0 g < oo
Fy (z) = (0.06)
—0.3)
0.0043819183 — 0.03, /1 — — 293 g9 cucoa
(0.101084111)
| 2.0100758 (z —0.4), 04<u
and
F.(z), >0
F_(z), <0

to make F' continuously differentiable. We can easily calculate that
a1 = 0.12418214965 and ay = 0.2354818163 and consequently a; < L;
for i =1,2. All the other conditions of Theorem 3.2.1 with g (x) = x
are satisfied and hence we get three distinct limit cycles as shown in
Figure 3.5 alongwith the curve of F (x) defined above.



68

0.5

x
05 \r&/ 03 0.5
02

Figure 3.5: Three limit cycles for the system in Example 3.4.4 with the curve of F' ().

Remark 3.4.3 Here the function F' is defined in such a manner that
|F' (Lo)| > |F (La)| implying that B mentioned in Theorem 3 of [47] or
in Theorem 7.12, chapter 4 of the book [51] does not exist and hence
these theorems are not applicable for the corresponding Lienard system.

3.5 Concluding Remarks

In this chapter we extended Lienard Theorem for multiple limit cycles
by computing an efficient upper estimate of the amplitude of each cycle.
Examples in Section 3.4 establish that the Theorem 3.2 can be used
on Lienard systems for which the existence of limit cycles cannot be
ensured by similar results available in Literature [47,51]. An algorithm
for the reconstruction of Lienard systems with incomplete information
has been proposed [56]. It has been referred further by other authors
in recent past [59]. This algorithm is merely proposed to reconstruct
Lienard system with specified number of limit cycles. However, similar
problem with a given number of limit cycles and having specified shapes
is left for future study.



Chapter 4

Existence of Limit Cycles in
Non-symmetric Lienard Systems

4.1 Introduction

We have completed a brief study on the existence of unique or multiple
limit cycles for the Lienard equation

T+ f(x)t4+g(x)=0 (4.1)

in the previous chapters representing it as the well known Lienard au-
tonomous system

t=y—-F(x), g=-g()), (4.2)

where F(z) = [ f(z)dz. Obtaining a sufficient condition for exis-
tence, number, shapes and amplitudes of limit cycles of this system
have been considered to be an interesting problem over the past few
decades. Various classical results have been proved considering F' and
g as odd functions [43,44,46,47,49,52,60]. We studied few new results
in the previous chapters. However, some attempts have also been made
to cover a more general class of functions [47,51,52]. We call a Lienard
system non-symmetric when F' is not an odd function. In this context,
let us mention here the interesting contributions from the Italian school
led by Sansone [61], Sabatini and Villari [62] and other co-workers, for
instance, [63]. The work of Sabatini and Villari [62], in particular, gives
uniqueness theorems for a large class of so called generalized Lienard
systems.

The well known Lienard theorem [3,51] gives a set of sufficient con-
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ditions for the existence of unique limit cycle of the system (4.2). In
this theorem the functions F' and ¢ are odd and ¢ (x) > 0 for = > 0.
Recently, Llibre et al. have proved a sufficient condition for the exis-
tence of N number of limit cycles [47]. An important aspect of their
result is that the function F' (z) need not be odd. They proved the re-
sult by using the Filipov transformation and the applications of annular
region theorem [51]. Here, we consider a class of functions F'(x) which
have different signs in a sufficiently small neighbourhood of the origin
analogous to odd functions [64]. However, the exact symmetry of odd
functions about the origin is broken so as to make them non-symmetric.
An example of polynomial function satisfying the necessary conditions
(Theorem 4.4.1, say) may be given as F (z) = 32° + 32 — 2. The func-
tions which keep the same sign in the sufficiently small neighbourhood
of the origin, as in the case of even functions, are not considered here.

In our previous studies [55,56], we have extended the classical Lien-
ard theorem in two ways. At the first level, we succeeded to weaken the
sufficient conditions on F'(z) based on a simple observation that the
existence of the unique limit cycle is assured even when F' () is mono-
tonic only in an interval (0,&| where & is determined as an efficient
upper estimate of the amplitude of the limit cycle. Using this insight we
then generalized the standard Lienard theorem to prove the existence
of multiple limit cycles [55,56]. The strength of the approach is that it
uses essentially similar arguments as that of the classical theorem (for
one limit cycle), but by using careful upper estimates of amplitudes, a
stronger result is derived. One could therefore avoid the technicalities
that are usually encountered in the literature [47,51,52,60]. Another
aspect that is needed to be mentioned is that we are able to consider
a different class of functions as compared to those considered in the
theorems of [47,51] (in the special case when F' is odd) as mentioned
in Section 3.4 of Chapter 3.

In the present chapter, we extend the Lienard theorem further for
a class of non-symmetric Lienard system. It appears that the study of
non-symmetric problems considered here have yet to receive a proper
attention in the literature. The present work aims at filling up this
gap. By extending the techniques of [55,56] we are now able to prove
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the existence of at least one (respectively, multiple) limit cycle (cycles),
(Theorem 4.4.1—4.4.3) even when F (z) is not necessarily an odd func-
tion. An upper estimate of the amplitude of the limit cycles is obtained
as in [55] in case of symmetric odd function F'. We apply this result to
a class of deformed (non-symmetric) Van der Pol equation and derive
upper/lower estimates of the amplitude of the deformed limit cycle.
In Example 4.5.1 we construct a non-symmetric system with two limit
cycles satisfying conditions of Theorem 4.4.2. In Example 4.5.2 we
give another construction of a Lienard system with three limit cycles,
that satisfies the conditions of Theorem 4.4.3, but, nevertheless, vio-
lates those of Theorem 7.12 (Chapter 4 of [51]) and Theorem 3 of [47].
All the numerical examples along with corresponding diagrams are cal-
culated using Mathematica with machine level precision. No artificial
truncation of numerical digits have been allowed. As a consequence we
display in the tabulated values all the digits generated by Mathematica.

Let us remark that Zhifen [65] proved a number of theorems ensuring
the existence of at most one limit cycle for Lienard systems with a class
of functions not satisfying the classical Lienard theorems. However, our
theorems ensure the existence of at least N number of limit cycles for
a class of non-symmetric Lienard systems thereby extending the stud-
ies available in the current literature. We also remark that the results
reported in [62,63] appear to cover a wider class of problems. However,
most of the theorems in the above references can guarantee at most
one limit cycle under some general analytic conditions on the functions
f, g, F and G. For uniqueness in [63], however, a very special set of
conditions relating G (z) and F'(x) are required. In our approach, on
the other hand, the stated sufficient conditions can ensure the existence
of a minimum number of (i.e., at least V) limit cycles, though perhaps
in a limited set of problems involving non-symmetric system as defined
above. The novelty of our approach is, of course, its simplicity. More-
over, it comes as a bit of a surprise to realize that the simple technique
of potential (energy) integral method can still yield interesting new re-
sults even for a class of non-symmetric Lienard systems. However, we
are still unable to state a sufficient condition for exact number of limit

cycles. A suitable amalgamation of the above two complementary ap-
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proaches might guarantee the existence of exact number of limit cycles.
However, at this level, we leave this problem for a future investigation.

The chapter is arranged as follows. Section 4.2 introduces prelimi-
nary results and notions that will be used subsequently. New formu-
lation of the problem is presented in Section 4.3 and the extensions of
the Lienard theorem are proved in Section 4.4. We also present the
example of a deformed Van der Pol equation in this section. In Section
4.5, we give two examples in support of our theorems on multiple limit
cycles. Finally, Section 4.6 contains some concluding remarks.

4.2 Recollection of Preliminaries

We recall, Theorem 2.3.1 in Chapter 2 following [55], the weaker version
of the Lienard theorem [3] thereby introducing notations that will be
necessary for subsequent applications.

It can be shown that [3] by symmetry of paths, a typical phase
path YQY’ (c.f. Figure 2.1) of the system (4.2) becomes a limit cycle
iff OY = OY’. We defined Vygys and v (z,y) for the path Y QY in
Figure 2.1 given by Equations (2.8) and (2.9) respectively for the system
(4.2). We recall Remark 2.2.1 that if I' denotes a curve joining more
(or less) than three successive points, the potential Vi will have more
(or less) than three indices. For example, if we consider the curve
I' =Y,Q.Q_Y' (see Figure 4.1) as used in the proof of Proposition
4.3.2 then

W.0.q v = / dv.
YiQ4Q-Y.
It follows that
dv=ydy+gdr=F dy (4.3)
so that
OY = 0Y' & Vygy = 0. (4.4)

We defined @ given by Equation (2.17) and proved that Vyy+ has a
simple zero at an o < & [55] for the system (4.2) in Lienard theo-
rem. So, & provides an efficient upper estimate of the amplitude of

the unique limit cycle of Lienard equations [55]. We also generalized
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Lienard theorem [3] for exactly N limit cycles [56].

In this Chapter we consider a function F' which is not necessarily odd.
So, to apply the above method of potential function on such system
some modifications of previous formulation is required as discussed in
the following section.

4.3 New Formulation

In the Lienard plane the symmetry of the paths as in the classical
Lienard system is lost here because of more general nature of F'. In
this and subsequent sections we shall always consider the function g
as an odd function. The key feature of this new technique is given as
the following proposition which is proved by the help of very simple
geometric transformation. Analogous transformations ware originally
considered by Filipov [51, 66].

Proposition 4.3.1 The Lienard system (4.2) is equivalent to the sys-
tems

t=y—F,(z), y=—g(z), x>0 (4.5a)
r=y—F,(x), y=—-g(z), x>0 (4.5b)

where F, () = F (x) and F,, (v) = —F (—x) with x > 0.

<
<

Y,

Y+
v Q.
Q4
X X
@) Q
Q4
Q. Y.

Y1+

(a) (b)

Figure 4.1: Typical paths for the Lienard theorem
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Proof. Here we shall consider the Lienard plane, as shown in Figure
4.1. We shall first consider the plane when = < 0. Replacing x by —x
and y by —y and using the odd nature of g the Lienard system (4.2)
for x < 0 reduces to

t=y—F,(x), y=—-g(z), x>0

where F), () = —F (—z) with x > 0. However, if > 0 in the phase
plane of (4.2) then keep the original system intact and represent it, for
convenience, in the new form

t=y—F,(z), y=—g(x), x>0

where F), (x) = F (x). Thus the positive and negative half planes with
respect to y-axis in the phase plane of (4.2) are equivalent to the systems
(4.5a) and (4.5b) respectively. Hence, the result follows. =

We must note that the present transformation differs from Filipov’s
in the sense that the original Lienard equation in the Lienard plane, is
transformed into two same systems for x > 0 whereas Filipov’s trans-
formation gives two first order nonlinear equations in a transformed
plane. Further, our method appears to generate the intended results
in a much more simpler manner as compared to the results available in
the literature.

Replacing by —x and y by —y in the Lienard system (4.2) when z <
0, the phase paths undergo a reflection about the origin and assumes
the form of the system (4.5b) for z > 0. Typical paths of the system
(4.2) are shown in Figures 4.1(a) and 4.1(b) which on similar reflection
reduce to the Figure 4.2(a) with OY_ = OY7 and the Figure 4.2(b)
with OY, = OY” respectively. The phase planes of both the systems
(4.5a) and (4.5b) are shown together in each of the last two figures.
In Figure 4.1(a) (or 4.1 (b)) the path Y, QY- Q_Y’ (or Y_Q_Y,;Q,Y7)
with OY_ = OY7 (or OY} = OY”) becomes a closed path if and only if
OY, = OY! (or OY_ = OY7]). Now we have the following proposition.

Proposition 4.3.2 The system (4.2) has a closed path if and only if
the system (4.5) has paths with OY_ = OY] (or OY, = OY') as shown
in Figure 4.2(a) (or 4.2(b)) for which OY, = OY' (or OY_ = OY])
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holds.

Proof. We define the line integrals (similar to the integral Vyqy: de-

y y

Y, Y,
Y Y

Q. Qs
X X
0] 0]
/ B
Y. Y.
a Y,
OY_ = 0! OY, = OV’

(a) ()
Figure 4.2: Typical paths for the system (4.5)

fined by Equation (2.8) in Chapter 2)

+ [ +
VY+Q+Y4 = Uy = Uy, = / dv™,

YiQiY]
Voo =vp—v = [
YO v
where .
+ L2
vi(@y) = | g(u)dut gy, (4.6a)
0
y = y (x) being the solutions of (4.5a) and
o 1
v )= [ gldus (4.6)
0

y = y(z) being the solutions of (4.5b). We must note that we shall
use VT and V'~ with more (or less) than three indices as mentioned in
Remark 2.2.1 of Chapter 2.

We shall first prove that Vy, .o v» = Vi

Vo0, Y1 + VYiQJL. We have

W@ vt = Wiouv + W v
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If > 0 then the systems (4.2) and (4.5a) are same systems and so it
is obvious that

Yo =Wy
We now assume that (z1,y1) = (21 (t),y1 (t)) is a solution of the system

(4.2) when x < 0 and (x2,y2) = (22 (f),y2 (f)) be that of the system
(4.5b). Then clearly we have

X2 = —T1, Y2 = —Y1.

Since, g is an odd function we have

g(x2) =g (—x1)
= —g(71)
so that
92 - _yla
which obviously follows from the result that yo = —; establishing the

consistency of the transformation. Again, since F, (z3) = —F (—x2) =
—F (x1) from Equations (2.9), (2.8) and (4.3) it follows that

VY_Q_YL: / F(fb‘l)d?h

Y_Q_Y!

= / F (1) indt
= [ Pl

_ / Fy (22) dodlt

Y_Q_Y'
— VYT_Q_YL.
Thus,

VY+Q+Q—Y_/ - VY+Q+YJ/r + VY—Q—Y_'
_ —
=W.o.v T Wy
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It follows, therefore, from a slight variation of (4.4), that a phase
path is a limit cycle of the system (4.2) (where F' (z) may not be an
odd function)

iff Vwoov=Woy TVgy =0
& <v}f+ — Ulti) + (vY — vy,) =0
o {0(0,0Y,) —v(0,0Y)} + {v(0,0Y ) — v (0,0Y")} = 0.

1
Since v (0,0Y}) = §OYE etc. so we have
{OY: -0Y?} 4+ {0Y?-0Y"} =0.

As a consequence, a path Y, Q. Y_Q_Y” (or Y_Q_Y,Q,Y]) with OY_ =
OY7 (or OY, = OY’) in the Figure 4.1(a) (or 4.1 (b)) becomes a closed
path if and only if

OY, = OY! (or OY_ = OYY).
This completes the proof. m

Remark 4.3.1 The system (4.5a) (or (4.5b)) passes through the point
Q+ (o, F, (a)) (or Q_ (o, Fy, (). So, their solutions are also depen-
dent on «. Therefore, we can conclude that the potentials V' and V~
are tmplicitly dependent upon «, though from their definitions it seem
that they are only time integrals of dv™ and dv~ respectively. We shall
use this observation in the proof of the theorems in section 4.4.

Remark 4.3.2 When F (z) is odd, Q1 and Q_ become image of each
other under reflection about origin and hence would coincide. Moreover,
over the full cycle 3 in the phase plane of (4.2)

V=0
~ V2+ =V =0,
where
Y=X,+X_,

Y. (orX_) being the half cycle for x > 0 (orx <0) in the phase
plane of (4.5a) (or (4.5b)) respectively. In the present more general
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_ 1+
case Vs, = VY+Q+Y4

This splitting of X2 into X1 and X_ (for a general F (x)) is utilized in

and Vy, = VYiQin need not vanish individually.

the proof of the following theorems.

4.4 New Theorems

We now extend the classical Lienard theorem as follows by removing
the odd nature of the function F'.

Theorem 4.4.1 The equation (4.1) has at least one periodic solution
if
(7) f and g are continuous;
(17) g (x) is odd function with g (x) > 0 for x > 0;
(1i1) F has zeroes only at x =0, x = a1, © = —a_1 for some
ai,a_1 > 0;
(iv) F(x) — 00 (or —o0) as x — oo (or — oo) monotonically for

r>a; (orx < —a_q).

Remark 4.4.1 Since f is continuous everywhere, so its primitive F' is
differentiable everywhere. Thus, F' (04 0) = F' (0 —0). Therefore, it
follows that F, (0 +0) = F}, (0 +0), i.e., F, and F,, are both simultane-
ously monotonic increasing or decreasing at the origin.

Proof. The Lienard equation (4.1) is reduced to the system (4.5). The
proof can be achieved through the following steps, the detail deduction
of which are analogous to those for the Lienard theorem (for details
see [3]) and so omitted.

Step (A) : As @4 (or Q) moves out of the point A (a,0)
(or Ay (a-1,0)) along the curve A;Cy (or A_1C), the potential Vi 5 +

VI;ZYJ’F (01“ Vi g + V5 Y,) is positive and monotone decreasing.

Step (B) : As Q. (or Q_) moves out of the point A; (ay,0)
(or A_y(a_1,0)) along the curve A;C, (or A_1C), V§+Q+B,+

(or Vg 0B > is monotone decreasing.

Step (C) : From (A) and (B) it follows that V£Q+YJ’F
+

VJ;F;H + VB+Q+B/+ (01" Vwov =YW tVey +Vio BL) is mono-
tone decreasing to the right of the point A; (or A_;), (Figure 4.3).
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y
Y, By y = Fy(x)
Y _\B ™ C
) C
“ ¥ =Fyx)
Q,
A A, X
O O/ Oy

B
y
Y’ + —/BI+

Figure 4.3: Phase path for the system (4.5)

Step (D) : The quantity V5+Q+B,+ (or VBTQB,) tends to —oo as
the paths moves away to infinity.

Step (F) : From steps (A) and (B) it follows that the quantity
V;; B, t VI;ZYL or Vi 5 + V_'_Y_/> is bounded quantity. Therefore as
Q)+ (or Q_) moves to infinity from the right of A; (or A_1) ultimately

the quantity V§+Q+B,+ (or VB_,Q, B,) dominates and hence VQ: Qi1

<or Vi Qy,> monotonically decreases to —oo to the right of A; (or A_;).

In other words, the monotone decreasing nature of V5+Q+B,+

(01" VB__Q_B,_> is inherited by V£Q+YJ’F <or VY__Q_YL) as Q4 (or Q_)
moves out of A; (or A_;) along the curve y = F, (z) (or y = F, (x)).

Step (F) : V);:ng > 0 (or Vv oy > 0) when the point Q.
(or Q_) is at Ay (or A_q) or to the left of the point A; (or A_4).

It thus follows from (£) and (F') that VYJ; 0.V <0r Vi Q_YL> is mono-
tone decreasing continuous function which changes its sign from positive
to negative as the point Q4 (or @—) moves out of A;(ay,0)
(or A_1(a-1,0)) along the curve. As a result, both VYJ';QJFYJF and Vy 5y
must vanish once and only once at = 27 and x = z; (say) respec-
tively and remain negative as * — oo from either of these points. By
continuity, it then also follows that the integrated potential over the
full path Vy, g, y» must also vanish at least once as z — oo.

Let us make a remark to clarify why Vy, g, o y+ vanishes at least once
and not exactly once. To answer this question we need to emphasis on
the fact that due to asymmetry of the function F' the monotonicity of
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+
Wea.r:

values of the argument « (c.f. Remark 4.3.1), which varies over z-axis

= V" (say) and Vi, , y» = V= (say) may start for different

in the Lienard plane. As a result the domain of monotonicity of V'
and V'~ may differ and consequently we may get certain region when
x > min{ay,a_1} in which VT is negative and decreasing but V'~ is
positive and increasing so that V' = -V~ = VT + V= = 0 holds
for the first time as shown in the Figure 4.4. Since the potential V'~

V+

a,

First /

intersection

Third
intersection

Second /

intersection

Figure 4.4: Possible intersections of V' and V'~ for odd number of times.

ultimately decreases, so —V = ultimately increases. As a result if the
curve of —V ™ intersects that of V't for the second time it must intersect
VT again for one more time. Thus, after first intersection of the curves
of V™ and —V ~, the subsequent intersections of these two curves occur
in pairs. Hence V* and —V "~ can intersect each other odd number of
times as * — oo when x > min{a;,a_1}. Thus, there is at least one
closed path and the proof is complete. =

Remark 4.4.2 We define

Yp+ (0) =0Y, >0, vy, (0)=-0Y] <0
Ynt (0) =0Y_ >0, vy, (0)=-0Y'<0
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and consider the positive roots o, , /[, o' and " of the equations

G (0) = g, (0) — £ 2 (0)
G (0) = 542 (0) — 52 (a)
G (0) = 53 (0) ~ 5F2 (o)
G (0) = 542 (0) ~ 3F ()

respectively. Let,

ar =max{a, o}, o, =min{a, ol (4.7)
a_=max{a ,a"}, a =min{d ,a"}
and
ag1 =min{ay,a_}, ag =min{a,, o } (4.9)
agr =max{ay,a_}, ag =max{a,,a_}. (4.10)

By an argument as in [55] we can conclude that VY++Q+YL <07‘ YWo v
vanishes when Q4 (or Q-) lies at the point (a+,0) (or (a—,0)) or to
the left of the point. Since, in the system (4.5) we have & = y —
F,(x) (or& =y — F,(x)) so & changes its sign as the path Y,Q,Y]
(or Y_Q_Y") crosses the curve y = F, (z) (ory = F, (z)). Therefore,
it follows that

ag =min{a,,a } =min{a, o}, o’ a”

and

g1 = max{a;, a_} = max{a, o/, o’ o’

are respectively the lower and upper estimates of the exact amplitude &
of the limit cycle so that ag; < & < ag1. This may be considered to be
an advantage over our previous estimate of the amplitude of the limait
cycle for a symmetric Lienard system. Notice that in the symmetric
case o/, =o', ol =a” and so ay = a_. Ascertaining the relationship
between & and oy, 1.e., if @ < agr or agr < @ is still an open problem.
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(c.f. Example 4.5.1, Figure 4.7(d)).

Remark 4.4.3 The problem of unique limit cycle is still open. How-
ever, in the following example we consider a class of deformed non-
symmetric Van der Pol equation admitting one and only one limit cycle.

oS
Example 4.4.1 Let us consider the function F,(x) = ,u( L x)

3
. Ana? .
and the function F, () = p 5 % for the system (4.5) with =1

and g (x) = . If we take N\, = N\, = 1 then we get the Van der Pol
equation. However, if we take A\, and A\, in such a manner that the

function F' becomes non-symmetric then we get a new equation. Let us
call it a deformed Van der Pol equation. The values of y,y (0),
Yp— (0), Yn+ (0), yn— (0) along with asy and &g are given in the Ta-
ble 4.1 for different values of A\, and \, with p = 1. Here y,. (0) and
Yp— (0) are used as initial conditions for the limit cycle solution of the
systems (4.5a) and (4.5b) respectively.

For the Van der Pol equation A\, = X\, = 1 and we have &gy = ag1 =
2.0327736318429275 is an upper estimate of the amplitude of the limit
cycle. As noted already in [55] this happens to be a much better estimate
of the Van der Pol amplitude in comparison to those available in the
literature [52,53,67]. Clearly, our estimate is quite close to the exact
value of the amplitude. Moreover, it transpires that the estimate augy 1S
closer to the actual amplitude of the symmetric Van der Pol equation.
If on the other hand we consider the functions F,, and F,, with nonlin-
earity parameter pu sufficiently small we expect that any limit cycle
of system (4.5) or the system (4.2) will be close to the solution of the
same system with u = 0 and approach to it as p — 0. Without any
loss of generality, the general solution of the system (4.2) with p =0 is
written as
T =rcost

and then
Y= = —rsint

which generate circular paths in phase plane. Since for sufficiently small
i we expect that any limit cycle of system (4.2) will approach the above
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A 1.02 1.04 1.06
A 0.98 0.96 0.94
Upt (0) = —yn_ (0) 2193478695 2.21481198 2.236740625
Ynt (0) = —yp_ (0) 2.1524918885 2.132789532 2.113584485
o, 2.0329457261190154 | 2.032806950683748 | 2.0324218480280547
o 2.013325874544811 | 1.994408426015775 | 1.9759975761321324
a’ 2.0322161536454377 | 2.031185439877457 | 2.0295787875286336
o 2.052777479244506 | 2.07336427136114 | 2.0945632942167314
ay 2.0329457261190154 | 2.032806950683748 | 2.0324218480280547
a_ 2.052777479244506 | 2.07336427136114 | 2.0945632942167314
as1 2.0329457261190154 | 2.032806950683748 | 2.0324218480280547
aa 2.052777479244506 | 2.07336427136114 | 2.0945632942167314
A 1.08 1.1
An 0.92 0.9
Upt (0) = —yn_ (0) 2.25929348 2.2825016
Yng (0) = —yp_ (0) 2.09485594 2.076584397
o, 2.031846119344476 | 2.0311282977516116
o 1.958071002088851 | 1.9406077845053018
- 2.0272748520378485 | 2.0241298592842316
a” 2.116405787425522 | 2.1389253649204987
ay 2.031846119344476 | 2.0311282977516116
a_ 2.116405787425522 | 2.1389253649204987
asi 2.031846119344476 | 2.0311282977516116
a1 2.116405787425522 | 2.1389253649204987

Table 4.1: Computed values of different parameters corresponding to the system (4.5)

with g =1 and ¢ (z) = x for different values of A\, and \,.

solution as p — 0, so 3 some value of r for which

x(t) =~ rcost, y(t) ~ —rsint (4.11)
on the limit cycle and the period T' 1s close to 27 1i.e.,
T ~ 2r. (4.12)
Now, Equation (2.9) gives
£(0) = o (el (®) = [ gwdus 307 =35 (0 + 357 1)

which is nothing but the energy function of the system (4.2). It follows
from (4.2)
d€

dt

By the energy balance method [3] the change in total energy over one

=y yte-t=y(-z)+rly—F(r) =—aF(2)
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period of a limit cycle must vanish so that
Tae
o dt

i—/Tx(t)F(a:(t))dt:O.

E(T) — £(0) = 0

Using the approzimations (4.11) and (4.12), one finally obtains
27
/ rcost - F (rcost)dt =0
0

3

3 El
:>/ rcost-Fp(rcost)dt+/ rcost - F, (rcost)dt
0

s

V)

2m
+/ rcost - F,(rcost)dt =0
= I (1—167r7“2 (r2>\p — 4)) + (%m“2 (7“2)\n — 4))
+u (35mr? (r?A, —4)) =0
=12\, +\,) = 8.

Since amplitude is a positive quantity, so we have

8 >
=/ N . 4.13
TS X+ A (4.13)

We now compute the values of dgy and gy for different values of p ~ 0,
Ap and Ay, in the Table 4.2 and compare them with the perturbative values
of r obtained from (4.13).
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p=0.02
Ap 1.5 1.4 1.3
An 0.5 0.6 0.7
Yp+ (0) = —yp— (0) 2.0159185 2.0127257 2.0095448
Yn+ (0) = —yp— (0 1.98450657 1.98759717 1.99069878

2.0154899850306016

2.012406992632671

2.009319051135225

1.9841344652092088

1.9873146915393793

1.990494191786599

2.0158765138438426

2.0127111990491855

2.009543460158207

1.984459698576056

1.9875796554113698

1.9906965207333664

1.2

1.1

0.8

0.9

2.0063746

2.0

03212

1.993

8110155

1.996930448

2.003123032379586

2.0062253140125708

1.9936722718384052

1.9968451909296463

2.0063724337047733

2.0031953536274405

1.993809576425588

1.996915058213116

u=0.01

1.5

1.4

1.3

0.5

0.6

0.7

2.00790308

2.006321

2.004733

1.99219571

1.993753892

1.99530803

2.0077995300848532

2.0062436126056222

2.0046778971897528

1.9920992242115783

1.9936810405617162

1.9952555756028734

2.0078922751285107

2.0063171879078263

2.0047326116475053

1.992184294317276

1.9937497029474607

1.9953075264993791

1.1
0.9
2.001584
1.99844259
2.001561990739505
1.998421044881503
2.0015799205582305
1.9984386676322419

A 1.2

An 0.8

= 2.00316

1.99687719

2.0031233405233038
1.996841849543573
2.003159508672354
1.9968767894582675

Table 4.2: Computed values of different parameters corresponding to the system (4.5)
with p ~ 0 and g (x) = x for different values of A\, and A, such that A\, + A\, = 2.

In Table 4.2, \y+ N, = 2 for all the cases. We see that tvgy — 240,
agr —2+0andag —2—-0, a0 —2—-0as A\, — A, = 0and p — 0
corresponding to the case of symmetric Van der Pol equation with the
amplitude & = r = 2 given by (4.13). This clearly justifies the fact that
the results obtained by our formulation is very close to results obtained
by energy balance method establishing the efficiency of the new formu-
lation at least when pu — 0. Estimates of the amplitudes for symmetric
and non-symmetric Van der Pol equations following our approach when

the nonlinearity parameter y — oo is still under investigation and will
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be reported elsewhere. We remark that the values of the parameters in
Table 4.1 correspond to a non-perturbative value of i, i.e. u =1 and
those of Table 4.2 correspond to the perturbative region pu — 0. Fi-
nally, this example presents us a non-symmetric model having unique
limit cycle at the level of perturbative analysis i.e., when g is small
i.e., 4 << 1. However, an important fact to notice is that this class
of deformed non-symmetric Van der Pol equation is still quite robust
because the non-symmetric parameters A, and A, are of order O (1).

Remark 4.4.4 When the functions I, and I}, on the other hand, be-
come monotone decreasing for x > &, and x > a_ respectively (and
thus violating the condition (iv) of Theorem 4.4.1) then the quantities
V;; Q.Y and V- oy’ can change their signs again from negative to pos-
itive and then we may get at least one more limit cycle surrounding the
previous limit cycles. A result for the existence of such limit cycles have
been proved in Theorem 4.4.2 in which we need the existence of second
roots az and a_s of the functions F, and I, respectively satisfying the
mequalities ap < ay < as and a_1 < a_ < a_s. The relative positions
of ay and a_ may be classified in the following four distinct cases, each
having several subcases.

Casel: a_1 <a; and as < a_o
Case2: a1 <a_1 and a_s < ao
Case 3: a1 <a_1 and as < a_o

Case4d: a_1 <a; and a_s < as

In case 1 we have a_1 < a1 < ay < as < a_s. Now, a_ may be placed
in either of the four subintervals (as,a_s), (a4, as), (a1, ay) or (a_1,ay)
leading to the four subcases 1.1 — 1.4.

Case1.1: a1 <o <ay <ay<a_ <a_s
Case1.2: a1 <a<ay<a_<as<a_s
Case1.3: a1 <a<a_<ay <as<a_s
Case14: a1 <a_<a; <ay <as<a_s

Simalarly, cases 2,3,4 can be classified in the following several subcases.
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Case2.1: a1 <a1<a_<a_9<ay<a
Case2.2: a1 <a1<a_<ay<a_s<a
Case2.3: a1 <a1<ay<a_<a_s<a
Case24: a1 <ay <ai1<a_-<a_s<a
Case3.1: a1 <a1<ay<ay<a_ <a_s
Case3.2: a1 <a1<ay<a_<as<a_s
Case3.3: a1 <a_1<a_<a; <as<a_s
Case3.4: a1 <ay <a_1<ay<a_ <a_s
Case3.5: a1 <ay <a_1<a_<as<a_s
Case3.6: a1 <ay <ay<a_1<a_ <a_s
Cased.1: a1 <a<a_<a_9<ay <ay
Case 4.2: a1 <a <a_<ay<a_s<a
Case4.3: a1 <a<ay <a_<a_9<ay
Cased4.4: a1 <a_ <ar<a_9<ay <ay
Case 4.5: a1 <a_<a1 <ay<a_s<a
Case4.6: a1 <a_<a_s<a; <ay <ay

If we consider Case 1.1 in which a1 < a1 < ay < ay < @ < a_o
. . . . + — +
it 18 quite possible that VY+Q+Y4 > 0 and VY_Q_YL < 0 but VY+Q+Y1r +

Y Qv 0, at certain point in the interval (a_1,a1) (see Figure

4.5(a)) and in that case by Theorem 4.4.1 we will have a limit cycle

First Limit Cycle First Limit Cycle Second Limit Cycle

Second Limit Cycle

y =F,(x)
. \a_z a, 1] 3
0O a5, a\a. 0] Glo, o @
/\\ y=Fy(0)
y=F,() y=Fa)

(a) (b)

Figure 4.5: (a) A possible relative positions of limit cycles in Case 1.1.
(b) A possible relative positions of limit cycles expected in Theorem 4.4.2.

passing through the interval (a_1,a1) on the x-axis. Next, V;;Qﬂ’fr and
Yoy both become negative at the points right to the point (aq,0).
If further, the function F, becomes monotone decreasing, then in the
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Theorem 4.4.2 it is shown that V)ZQQ@’ again changes its sign from
positive to negative and as a result it may so happen that V;; Qv < 0
and VYiQin > 0 but VY++Q+Y4 + VYiQ,YL vanishes again on a point situ-
ated at the left to the point (a_,0). In that case we will have one more
limit cycle passing through the interval (as,a_) (c.f. Figure 4.5(a)).
However, we don’t consider such a possibility here. Instead, we restrict
to the class of functions F, and F}, so that a second class of limit cy-
cles might arise at the right of the point (a_,0). The reason for this
choice is that the existence of the second class of limit cycles could be
proved easily with a minimal modification of the methods of [55]. As a
consequence, the present study is limited to the following eight cases

Case 1.2, Case 1.3, Case 2.2, Case 2.3
Case 3.2, Case 3.3, Case 4.2, Case 4.3

which can be represented more succinctly as
max {a_1,a1} < ag; < ag1 < min{a_s,as} .

Keeping this condition in mind we construct the condition (iv) in The-
orem 4.4.2 and expect the second class of limit cycles around the origin
in a position as shown in Figure 4.5(b). This condition also helps us
to keep the previous group of limit cycles in such a manner that they
pass through the interval (g, @g1) and remain separate from the sec-
ond group of limit cycles confirmed by Theorem 4.4.2 below. Although
this condition does not always ensure the exactness of the number of
limit cycles, but it helps us to ascertain a number of the limit cycles
along with lower and upper estimates of their amplitudes. The study of
the remaining cases will be taken up separately.

We now extend Theorem 4.4.1 for the existence of at least two limit
cycles.

Theorem 4.4.2 Let f and g be two functions satisfying the following
properties.
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(7) f and g are continuous;

(17) g is odd function and g (x) >0 for x > 0.;

(131) F has zeroes only at © =0, x = a;, x = —a_; for a;,a_; > 0,

1 =1,2. Moreover, 3 &y, a_ satisfying as > &y and a_o > a_
and defined by (4.7) & (4.8).

(7v)  Further, max{ay,a_1} < &gy < &gy <min{Ly, L1}, where L4
& L_y are the first local maxima of F, (x) and F, (x) from
origin in |ay, as] and [a_1,a_s] respectively, agy & agi being
defined by (4.9) & (4.10) respectively ;

(v) F, and F, are monotonic increasing in a1 < v < g &
a1 < x < g respectively and F, (v) & F, (z) — —o0
as x — oo monotonically for x > as & x > a_y respectively;

Then the equation (4.1) has at least two limit cycles around the origin.

Proof. The slope of a phase path of the system (4.5a) is given by

d _
dy __—9(@) (4.14)
de y—F,(z)

: : . dy . L
Thus, a phase path is horizontal if i 0, i.e. if g(z) = 0, ie. if

x

x =0 (by (i7) above). Similarly, a phase path is vertical on the curve
y = F,(z). Above the curve y = F, () we have &£ > 0 and below
t < 0. Moreover, yy < 0 for x > 0 and y > 0 for x < 0. We get similar
observations for the system (4.5b).

By observations in Section 4.3 the existence of at least one inner
limit cycle is ensured. We shall prove the existence of at least one more
limit cycle by showing that V;:r Qv + Vi oY vanishes at least once
more in the interval x > agi. Now,

+ _ 1t + + + +

where, X X! is a line parallel to y-axis passing through the point
A; (a1, 0) where the function F' changes its sign from negative to positive
and B, B, is a line parallel to y-axis passing through the point As (asg, 0)
where the function F' changes its sign from positive to negative. The
proof is carried out in brief through the steps (A) to (F') below. The
detail calculations are analogous to those in [55] and so are omitted to
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Figure 4.6:

avoid repetitions. Here we refer to the Figure 4.6.
Step (A) : As Q)+ moves out from A, along A>C, Vﬁ x, T V+’+Yfr is
positive and monotonic decreasing.
: + -
Step (B) : As @4 moves out from Ay along A>Cy, Vy 5 + VB,+ X1

is negative and monotonic increasing.

Step (C) : As Q4 moves out from Ay along AsC', V§+Q+ B, is posi-
tive and monotonic increasing and tends to +o0o as the path recedes to
infinity.

Step (D) :

From steps (A) and (B) it follows that the quantities Vy’  + V)}ZY#
and Vy p + Vg,+ x;, are bounded quantities. Thus by (4.15) and by step
(C) it follows that VQ: 0.y, 18 monotonic increasing to 400 to the right
of As.

Step (F) :

By the construction of a it is clear that V;; Qv < Oina; <z <a
i.e., to the left of A;. Again from step (D) we conclude that V)E: Q. V!
ultimately becomes positive as (). moves out of As along the curve
of F,(z). Therefore, by the same reason given in conclusion of the
Theorem 4.4.1, it follows that there is one and only one path in the
region > a such that

+ _
Vil g =0.
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We get a similar result for the system (4.5b) and prove that V- oy =0
once and only once in the region x > a_. Therefore, we can conclude,
again by continuity, that V;; Qv T Vy 0. vanishes at least once in
the interval x > ag;.

Step (F) :

By the construction of ag and by step (F) it is clear that equation
(4.1) has at least two limit cycles around the origin, the second group
of limit cycles surround the first one. This completes the proof of the
theorem. m

The existence of at least N limit cycles can now be established by a
straight forward extension of the above proof (See [56] for an equivalent
theorem when F'(x) is odd). We state the theorem as follows without
its proof.

Theorem 4.4.3 Let f and g be two functions satisfying the following

properties.
(¢) f and g are continuous;

(i7) g is odd function and g (x) > 0 for x > 0;
(231) F has 2N +1 zeroes at t =0, x = a;, xt = —a_;, i = 1,2,...,N
where 0 < a1 <ay < ...<any,0<a1<a_s<..<a_yn
such that in each intervals I; = [a;, a;41] and J; = [a_;j,a_;1],
1=1,2,... N — 1, there exists a;, a_; satisfying properties
given by (4.7) & (4.8) for which
max {a;,a_;} < ag; < ag; <min{L;, L_;},
where ag; = min{a_;, a,;} and ag; = max{a_;, a;} and L,
L_; are the unique extremum of F, & F,, in I; and J;
respectively, 1t = 1,2,...,N — 2 and Ly_1 & L_n,1 are the
first local extremum of F, & F, in Iy_1 and Jn_;
respectively;
(tv) F, and F,, are monotonic increasing in a3 < x < &g &
a_1 < x < ag respectively and F, (x) & F, (x) — —o0 as
x — 0o monotonically for x > as & x > a_s respectively;
Then the equation (4.1) has at least N limit cycles around the origin.
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4.5 Examples

Example 4.5.1 Let us consider the system (4.2) with g (x) = x and

r—0.075\2
06— 0. - (/7 < 15:
0.06 0075\/ ( 1o > 0<a<0.15;
x—0.24\2
—0.072 4+ 0.09¢/1 — [ ——= 0.15 < z < 0.33:
F,(z) = + \/ ( 0.15 ) =& <099
z —0.497\?
0.0027242514970059716 — 0.014565337147451757 |1 — ( =7 ) . 033 <a < 0.4
—0.008913399920006166 — 0.01624207423758168 (z — 0.4) , x> 0.4
2
~0.048
0.0384 — 0.048y /1 — [ L2220 0 <z < 0.096;
0.08
z —0.186\°
—0.06 4+ 0.075¢/1 — 0.096 < x < 0.276;
F,(z) = v \/ ( 0.15 ) =7
z — 0.4403 )\ 2
0.0015379153986609972 — 0.010773623289007252 /1 — 5166 . 0276 <z < 0.4;
—0.007243734864895105 — 0.04960723806394788 (z — 0.4) , x> 0.4

Here, the function F' is not an odd function and the zeros of F,, and F,
are

ay =0, a; =0.15, as =0.33, a_; = 0.096, a_s = 0.276
and

Ly =024, L_, = 0.186.

For the first limit cycle we have

Yo (0) = —y,_ (0) = 0.147417407
and 1y, (0) = —y,_ (0) = 0.16039063131.

Therefore,

o, = 0.1474125964844939, o'} = 0.16033411486109234,
o’ =0.1597918435191034, o” = 0.14689442746154402

and so,

max {a1,a_} < ag1 = 0.1597918435191034
< ag1 = 0.16033411486109234 < min {L;, L_;}
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_00 v

(c) (d)

Figure 4.7: (a) Two limit cycles of the system (4.2) in Example 4.5.1

(b) The function F' in Example 4.5.1

(¢) The segments of the inner limit cycle for the system (4.5) in Example 4.5.1. The
assymmetry of the cycles is revealed in the enlarged figure.

(d) The region {0.145 < x < 0.165, —0.04 <y < 0.04} in subfigure (c) is enlarged
in this figure.

satisfying Theorem 4.4.2, which ensures the existence of at least two
limit cycles for the system (4.2). Numerically, however we get exactly
two limat cycles in the present problem. We note that for the second
limit cycle

Yo (0) = —y,_ (0) = 0.375387338
and 1y, (0) = —y,_ (0) = 0.37168865577.

The limit cycles are shown in the Subfigure 4.7(a) along with the graph
of F' in Subfigure 4.7(b). The right half and the left half reflected about
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the origin of the inner limit cycle are plotted in the same Subfigure
4.7(c) revealing the asymmetry in the limit cycle. A part of this subfig-
ure is enlarged in Subfigure 4.7(d) along with the positions of &gy and
agi. The tnequality agr < & < ag1 < ag holds in this case. However,
the possibility of g1 < ag1 < & < agr cannot be ruled out.

We now present an example in support of Theorem 4.4.3.

Example 4.5.2 We now consider the system (4.2) with g (z) = = and
the functions I, and I, are changed in their forth segments defined as

x—0.075\°
.06 — 0. — < 15:
0.06 0075% ( 0135 ) 0<z<0.15;
x—0.24)\2
) —0.072+0.09/1— , 0.15 < z < 0.33;
Fy(z) = * ( 0.15 ) =7
x — 0.497\°
0.0027242514970059716 — 0.014565337147451757/ 1 — 017 0.33 < z < 0.664;
0.45 (z — 0.664) , z > 0.664;
2
0.0384 — 0,048, |1 — ( £=0.048 , 0 < z < 0.096;
0.08
z—0.186\7°
) —0.06+0.075/1— , 0.096 < x < 0.276;
F,(z) = + ¢ ( 0.15 ) =7
x —0.4403\°
0.0015379153986609972 — 0.0107736232890072524 /1 — ( 166 ) . 0.276 < z < 0.6046;
0.45 (z — 0.6046) , x > 0.6046;

Clearly, the function I is not odd. Here the zeros of F), and F,, are

ap =0, a; = 0.15, as = 0.33, a3 = 0.664,
a_1 = 0.096, a_s = 0.276, a_3 = 0.6046.

Here,
L1 =0.24, Ly =0.497, L 1 = 0.186, L_5 = 0.4403.

For the first limit cycle we have

Ui (0) = —1_ (0) = 0.147417407
and 1y (0) = —y,_ (0) = 0.16039063131.

which are same as the results in Example 4.5.1. Therefore,

o, = 0.1474125964844939, o/ = 0.16033411486109234,
o' = 0.1597918435191034, o’ = 0.14689442746154402
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Figure 4.8: (a) Three limit cycles of the system (4.2) in Example 4.5.2
(b) The function F in Example 4.5.2, plotted with a smaller scale along y-axis in the
interval [—0.06, 0.04].

and so,

max {a,a_1} < ag; = 0.1597918435191034
< a1 = 0.16033411486109234 < min {Ly, L_1}

satisfying Theorem 4.4.3.
For the second limit cycle

Yo (0) = —yn_ (0) = 0.375387338
and Y+ (0) = —y,_ (0) = 0.37168865577,

which are again same as the results in Example 4.5.1. Therefore,

o/, = 0.3753134681519253, o = 0.37162060806354147,
o’ = 0.3715966486889184, o” = 0.37529389613310704

and so,

max {ag, a_s} < age = 0.37529389613310704
< o = 0.3753134681519253 < min { Ly, L 5}

satisfying Theorem 4.4.3. This justifies the existence of at least three
limit cycles for the system (4.2). The limit cycles are shown in the

Figure 4.8. However, the model again admits exactly three limit cycles,
as 1 Examples 4.4.1 and 4.5.1.
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Remark 4.5.1 Ifin Example 4.5.2, L. represents the unique local ex-
tremum of the function F), in (0, a1) then we have Ly = 0.075 and Ly =
0.497, so that |F (Lyg)| = 0.015 > |F (Ly)| = 0.011841085650445785
implying that P mentioned in Theorem 3 of [47] or in Theorem 7.12,
chapter 4 of the book [51] does not exist and hence these theorems are
not applicable for the corresponding Lienard system showing an advan-
tage of Theorem 4.4.3 over these theorems.

Remark 4.5.2 The quantities y,+ (0) = —yn— (0) and y,+ (0) = —y,— (0)
for the first and second limit cycle around origin in the Examples 4.5.1
and 4.5.2 are same. This is because of the fact that the functions F,
and F,, in these two examples are same in the common domain [0, 0.4]
and thereby establishes a previous observation of [55] that the ampli-
tude of a limit cycle does not depend on the asymptotic behaviour of the
function F' as x — oo. Moreover, in all the three numerical examples
we do get exact number of limit cycles. One may therefore, infer that
the above class of non-symmetric problems admit exact number of limit
cycles because of the fact that the actual variation in the forms of F),
and F,, is rather small. However, we are still unable to quantify the
degree of their smallness analytically.

4.6 Concluding Remarks

An extension of the classical Lienard theorem is presented to ensure at
least one or multiple limit cycles for a class of non-symmetric Lienard
systems when the function F' (z) need not be an odd function. Upper
and lower estimates of the amplitude of a limit cycle are also computed.
A class of non-symmetric deformed Van der Pol equation is studied in
detail. An exact formula for the perturbative amplitude is derived for
this class of equations. The estimated upper and lower bounds of the
amplitudes are shown to agree quite well with the perturbative value.
The problem of exactly N limit cycles for the non-symmetric Lienard
equation is still open. The example of deformed Van der Pol equation
might offer an interesting approach in elucidating a set of sufficient

conditions for exact number of limit cycles.
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Approximate Limit Cycle:
Amplitude and
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Chapter 5

Analytic Approximation of
Amplitude of Limit Cycles by
Homotopy Analysis Method

5.1 Introduction

We have extended the results available in literature in search of sufficient
condition for existence of exactly one or multiple limit cycles in case of
symmetric Lienard systems and for existence of at least NV limit cycles
in case of nonsymmetric Lienard systems in the previous chapters. In
the current and subsequent chapter we shall study some results on the
characteristics such as size, amplitude etc. of limit cycles in the case of
a special class of Lienard systems. Indeed, we shall restrict our study
in case of Rayleigh equation

. 1. .
y+€(§y3—y>+y=0 (5.1)

and Van der Pol (VdP) equation
i+ei(z®—1)+2=0, (5.2)

which arise very frequently in modeling the dynamics of different non-
linear systems in the fields of Physics, Biology, Acoustics, Robotics,
Engineering etc. [10,11]. Here the dots are used to designate the deriva-
tive with respect to time t. Many nonlinear systems can be converted
to the above systems by suitable transformations. Although a lot of
research have been done on these systems using analytical and numer-
ical techniques, determination of analytic formula for shape, size etc.
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of limit cycles have been quite a challenging task for a long time, spe-
cially in nonperturbative regime. Mostly, perturbation techniques are
used based on the existence of small or large parameters. These tech-
niques use perturbation parameters to convert a nonlinear problem into
infinite number of linear subproblems. The solution of the original non-
linear problem is then approximated by the solution of first few finite
number of these linear subproblems. However, the presence of these
parameters in these techniques impose some significant restrictions on
the approximate solution in long time scale. As a result the asymptotic
phenomena cannot be properly described by perturbative techniques.
We know that limit cycle is an isolated closed curve that arise only in
nonlinear system. This is an isolated closed curve I" (say) in the phase
plane so that any path in its suitable small neighbourhood starting from
a point, specified by some given initial condition, ultimately converges
to (or diverge from) I" in long asymptotic time. As a result perturbation
techniques do not give good approximations of different characteristics
of limit cycles such as its size, shape etc.

In recent past some new techniques have been introduced such as
multiple scale analysis, method of boundary layers, WKB method and
so on [1,3] in order to find good, uniformly valid approximate solutions
to a nonlinear problem, specially in nonperturbative regime. The re-
cently developed homotopy analysis method (HAM) [18,68] helps us to
find good analytic approximation to the exact solution. The aim of this
new improved method is to derive in an unified manner uniformly valid
asymptotic quantities of interest for a given nonlinear dynamical prob-
lem, i.e., the approximate analytic formulae for different asymptotic
quantities remains valid uniformly for all values of the perturbative (or
nonlinearity) parameters involved in the problem [41].

The Rayleigh and the Van der Pol (VdP) equations represent two
closely related nonlinear systems and it is easy to observe that differen-
tiating (5.1) with respect to time t and putting ¢ (¢) = x (t) we obtain
(5.2). Both these systems have unique isolated periodic orbit (limit cy-
cle). The amplitude of a periodic oscillation y(t) (or z (¢)) is generally
defined by max |y (t)| (or max|z (t)|) over the entire cycle. It is well
known that the naive perturbative solutions of these equations are use-
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ful when 0 < ¢ < 1 and yields the asymptotic value a(e) ~ 2 of the
amplitude for the limit cycle correctly. For € > 1, simple analysis based
on singular perturbation theory also yields the asymptotic amplitude
for the relaxation oscillation as a(e) = 2 for the VdP equation. How-
ever, the conventional perturbative approaches fail when ¢ is finite. One
of the aim of this chapter is to determine efficient approximate formulae
for the amplitude of the limit cycle for the Rayleigh systems by HAM.
Lopez et al. [18] have reported an efficient formula for the amplitude
of the VAP limit cycle by HAM. We note here that a key difference
in Rayleigh and VdP oscillators is the fact that with increase in input
energy (voltage), the amplitude of the Rayleigh periodic oscillation in-
creases, when that of the VAP oscillator remains almost constant at the
value 2, with possible increase in the corresponding frequency only. For
large € (> 1) relaxation oscillations, on the other hand, the Rayleigh
system shows up a rather fast building up and slow subsequent release
of internal energy, when the VAP models the reverse behaviour, with
slow rise and fast drop in the accumulated energy.

As remarked above, HAM is formulated to determine the uniformly
valid global asymptotic behaviours of relevant dynamical quantities like
amplitude, period, frequency etc. related to periodic solutions of these
equations for finite values of ¢, by devising efficient methods in elimi-
nating divergent secular terms of the naive perturbation theory. HAM
seems to have the advantage of yielding uniformly convergent solutions
of very high order in the nonlinearity parameter ¢ utilizing a freedom
in the choice of a free parameter h. The computation of higher order
term could be facilitated by symbolic computational algorithms. This
method is used to obtain good approximate solutions for the VAP equa-
tion by a number of authors [18,69]. Lopez et al. [18] derived efficient
formulae for estimating the amplitude of the limit cycle of the VAP
equation for all values of ¢ > 0. Although, HAM is now considered
to be an efficient method in the study of non-perturbative asymptotic
analysis, it is recently pointed out [19] that this method might fail even
in some innocent looking nonlinear problems.

Here we compute an analytic expressions of the amplitude of the pe-
riodic solutions of the Rayleigh equation (5.1) as functions of €. Same
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has been already reported by Lopez et al. [18] for the VAP equation
(5.2). The HAM contains a control parameter h = h (¢) which controls
the convergence of the approximation to the numerically computed ex-
act value of the amplitude for all values of €. Suitable choice of h
can control the relative percentage error. In the Section 5.2 we have
deduced the solution to the Rayleigh equation (5.1) by HAM.

5.2 Computation of Amplitude by HAM

The Homotopy Analysis method proposed by Liao [68,69] is used to
obtain the solution of non-linear equation even if the problem does not
contain a small or large parameter. HAM always gives a family of func-
tions at any given order of approximation. An auxiliary parameter h is
introduced in HAM to control the convergence region of approximating
series involved in this method to the exact solution. HAM is based
on the idea of homotopy in topology. In simple language, it involves
continuous deformation of the solution of a linear ordinary differential
equation (ODE) to that of desired nonlinear ODE. The solution of lin-
ear ODE gives a set of functions called base functions. One advantage
of HAM is that it can be used to approximate a nonlinear problem by
efficient choice of different sets of base functions. A suitable choice of
the set of base functions and the convergence control parameter can
speed up the convergence process.

In this paper we consider the self-excited system (5.1), which can be
written as the ODE

U(t)+e (%U?’ (t)—U (t)) +U({)=0, t>0, (5.3)

where the dot denotes the derivative with respect to the time t. We
know that a limit cycle represents an isolated periodic motion of a self-
excited system. We have mentioned earlier that it is an isolated closed
curve I' (say) in the phase plane so that any path in its suitable small
neighbourhood starting from a point, specified by some given initial
condition, ultimately converges to (or diverge from) I'. Consequently,
this periodic motion represented by limit cycle is independent of initial
conditions. It, however, involves the frequency w and the amplitude a
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of the oscillation. Therefore, without loss of generality, we consider an
initial condition

U()=a,  U(0)=0. (5.4)

In [31], an alternative initial condition i.e. U(0) =0, U(0) = a was
considered. Let,
T=wtand U (t) = a u (1)

so that (5.3) and (5.4) respectively become

W (1) + ¢ <%a2w2u’2 (1) — 1) wiu' (1) +u(r) =0 (5.5)
and
uw(0)=1, «(0)=0. (5.6)

Since the limit cycle represents a periodic motion, so we suppose that
the initial approximation to the solution w (7) to (5.5) can be taken as

ug (T) = cosT.

Let, wy and ag respectively denote the initial approximations of the
frequency w and the amplitude a.
We consider a linear operator

Lo =i [ 2T g ) 5.7

so that for the coefficients C and Cy
L(Cysint + CycosT) = 0. (5.8)
We further consider a nonlinear operator

N o (1,p),2(p), Ap)]

02 82¢ (T7p>
= Q" (p) o2

%AQ (p) 2 (p) ((%é: p)>3 - Q(p) (%:p))

+ €
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Next, we construct a homotopy as

Hp(T,p),h,p]=(1—p)L[d(T,p) — uo (T)]
—hpN[gb(T,p),Q(p),A(p)], (510)

where p € [0, 1] is the embedding parameter and h a non-zero auxiliary
(control) parameter used to improve the convergence of series expan-
sions. Setting H [¢ (7,p) , h, p] = 0 we obtain zero-th order deformation
equation

(1=p)Lp(m,p) —uw (T)] =hp N[o(7,p),Q2(p), A(p)] =0 (5.11)
subject to the initial conditions

0 (7, p)

¢ (0,p) =1, o |,

= 0. (5.12)

Clearly, as p increases from p = 0 to p = 1, (5.11) changes from
L[p(T,p) —ug(1)] =0to N[p(1,p),2(p),A(p)] =0 and as a conse-
quence ¢ (7,p) varies from the initial guess ¢ (7,0) = uy (7) = cosT to
the exact solution ¢ (7,1) = u (7), so does Q2 (p) from wy to exact fre-
quency w and A (p) from ag to the exact amplitude a. It can be shown
that assuming ¢ (7, p), 2 (p), A (p) analytic in p € [0, 1] so that

1 ok 1 o 1 o
Uk (T) = y a_ljk(é (Typ) pzoa C{)k = E a_ka (p) pzo, ak‘ = E a—]jkA (p) - (513)
we have,
u () = > uk (1), (5.14)
k=0
W= ) W, (5.15)
k=0
a= ) a, (5.16)
k=0

where uy, (7) are solutions of the k-th order deformation equation

Llug (1) = xpup—1 (7)) = h Ry, (7) (5.17)
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subject to the initial conditions

i, (0)=0,  u}(0)=0 (5.18)
in which
" 1 oF1 N 0 A
L (1) = T o [0(7,p),2(p), A(p)] -
= kZ_::u’k’_l_n (1) é)ijn_j + up—1 (7)

gk—l n i n—i n—i—s
+ 3 Z Z (Zarai—r> X (Zws Z thn—i—s—h)
r=0 s=0 h=0

3n:0i=0

j=0 m=0 n=0

< <zu CE A . <T>) N () (5.19)

and

0, k<1
= T 5.20
Ak {1,k>1. ( )

To ensure that the solution to the k-th order deformation equation
(5.17) do not contain the secular terms 7 sin 7 and 7 cos 7 the coefficients
of sinT and cos 7 in the expressions of Ry in (5.19) must vanish giving
successive values of w; and aj.

The linear equation L (¢ (7,p)) = 0 represents a simple harmonic
motion with frequency 1. So, we choose the initial guess of w as wy = 1.
Again, by perturbation method [3] we find a — 2 as ¢ — 0. So, we
choose the initial guess of a as ag = 2. Solving the differential equations
given by (5.11), (5.12), (5.17), (5.18) and avoiding the generation of
secular terms in each iteration we obtain

uy (1) = —ﬂhe sin 37 + ghs sinT, wy = _1_6h82’ a4y = ghEQ,
1 1 1 1
ug (1) = (@h%‘g — ﬁh% — ﬂh&) sin 37 — ah252 cos 37

1 1 1 1
+ @h252 CcOST + (ghze — ESth?) + §h€> sin T
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Figure 5.1: The exact amplitude of Rayleigh Equation (by solid line) and its approx-
imation ap (¢) given by (5.24) (by bold points) for 0 < ¢ < 50.

so that

1
R, = 55 sin 37,

1 1
Ry = o1 [31152 cos 3T + <8h5 — 51153) sin 37'] )

Computing Rj successively, we can find the successive expressions of
uy (7), wr and ag. The first order approximation to the amplitude in
(5.16) is

1
a~ayg+a =2+ ghSQ =ag(e) (say). (5.21)

The above first order expression for the amplitude involves as yet
arbitrary control parameter h. Lopez et. al. [18] proposed specific e-
dependent expressions for A to obtain an efficient formula for the VdP
limit cycle amplitude. They made the proposal that h, besides being
continuous, must also vanish in the limits of ¢ — 0 and ¢ — oo to
reproduce the zeroth order perturbative solutions. In our application of
HAM for the Rayleigh limit cycle amplitude, we have chosen a different
set of base functions and so can weaken the condition considerably,
both on the continuity and the asymptotic limit £ — oco. From careful
inspections of the graph of the exact amplitude (Figure 5.1), it turns
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out that an appropriate ansatz for the control parameter h is given by

1
~05+¢cb(e)

(5.22)

where, b (g) is taken as the step function in the domain 0 < ¢ < 50 as
follows:

e: | O0<e<H4 4<e<bh h<e<T 7T<e<8 8<e<9
b(e) 0.162 0.165 0.168 0.171 0.174

e:9<e<11|11<e<15[15<e<20[20<e<30|30<e<50]
b(e) 0.176 0.179 0.181 0.183 0.185

With this particular form of h, we are able to find an analytic ap-
proximation ag (¢) to the numerically computed exact value a = a (¢)

in the domain 0 < ¢ < 50 with maximum relative percentage error
ap () —a(e)

a(e)

be obtained by considering finer subdivisions in the definition of b(¢).

x 100| less than 1%. Obviously, better accuracy fit can

We remark that a piece-wise continuous ¢ dependence of h as above is
admissible in the framework of HAM.

Since the exact graph of a(e) is almost a straight line for sufficiently
large ¢ (7 < € < 50), we can reduce the number of steps to 4 only. Let

us choose
8m  56m 8 16
=—-—= +§—§, 7T<e<50 (5.23)
so that (5.21) becomes
(05+0 ) 0<e<d4
2, 4 < 5;
ap (€) = ¢ + 5 (o5 5+01165 ) 52’ <ES 0 7 (5.24)
2+ § (sromeez)€® B<e<T;
| m(e—T7)+c, 7 < e < 50;
where m and ¢ are computed from the exact solution as
50) —a (7
a(50) = aT) _ ) 657692 and ¢ = a (7) = 5.63108
50 —7
keeping the maximum relative percentage error ap () —a(e) x 100

a(e)

less than 1%. The plot of ag(¢) given by (5.24) is shown by bold
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points in Figure 5.1 (explicit discontinuities of h at ¢ = 4,5 and 7 are
not visible at the resolution of the plotted figure) . As remarked above,

h

20

15+

10

Figure 5.2: The graph of h (¢) used for approximation of the amplitude by HAM given
by (5.24) for 0 < ¢ < 50.

Lopez et. al. [18] proposed that a reasonable property for h would
be to vanish in the limits as ¢ — 0 and € — oco. However, from (5.22)
and (5.23) we observe that a suitable approximation to the amplitude of
Rayleigh equation can be obtained even if h do not follow this property.
The graph of h (¢) is given in Figure 5.2 for 0 < ¢ < 50 (discontinuity
in h is not visible at the level of resolution in the figure).

5.3 Concluding Remarks

In Section 5.2 we find that one can obtain more accurate approximate
formula by suitable choices of the control parameter h () upto any
desired level of accuracy. We also note that a piecewise continuous
control parameter h enables us to obtain good approximation by solving
only the first order deformation equation. However, 5.21 shows that
the first order HAM estimated amplitude a(e) is O (¢?). We do not
undertake the computation of the VAP amplitude by HAM separately,
as that was already reported by Lopez et al. [18]. We shall use these
results in the subsequent chapters and compare them with our newly
developed Improved Renormalization Group Method for estimation of
different characteristics of limit cycles in the context of Rayleigh and

Van der Pol equations [41].



Chapter 6

Analytic Approximation of
Amplitude of Limit Cycles by
Renormalization Group Method

6.1 Introduction

We have discussed Homotopy Analysis Method (HAM) in Chapter 5
by which one can obtain analytic approximation of different character-
istics of limit cycles, such as amplitude, frequency etc., for a nonlinear
system. We found sufficiently good analytic expression for amplitude
of Rayleigh limit cycle as a function of the nonlinearity parameter €. In
this chapter we shall discuss Renormalization Group Method (RGM)
which is another useful technique to obtain uniformly valid analytic
approximation of different aspects of limit cycles as mentioned above
for nonlinear systems. We shall restrict our discussion for the Rayleigh
equation

. 1, .
y+5<§y3—y>+y:0 (6.1)

and the Van der Pol equation
i+ei(z®—1)+2=0, (6.2)

where the dots are used to designate the derivative with respect to
time t. The importance of these two closely related systems are already
mentioned in Chapter 5. RGM has wide variety of applications includ-
ing singular and reductive perturbation problems in a unified way. The
objective of RGM is to improve local solution obtained by Neive pertur-
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bation technique into a global solution by eliminating divergent secular
terms. The RGM was originally formulated for managing divergences
in the quantum field theory [70]. Later, this method had seen deep
applications [27,71,72] in phase transitions and critical phenomena in
statistical mechanics. Subsequently, Chen et al. [31, 73] successfully
translated the RG formalism into the study of nonlinear differential
equations. It is noted that RGM is more efficient and accurate than
conventional singular perturbative approaches in obtaining global infor-
mations from a naive perturbation series in €. It is also recognized that
RGM generated expansions yield e-dependent space/time scales nat-
urally, when conventional approaches normally require invoking such
scales in an ad hoc manner.

Here we report analytic expressions of the amplitude of the periodic
solution of the Rayleigh equation (6.1) as functions of £. We report
here the RG solution upto order 3. To the author’s knowledge this
seems to be the first higher order computation other than second or-
der computations reported so far by various authors [31,36]. In this
chapter we compute the classical RG solution upto O(e3) order and
compare estimated values of the limit cycle amplitude with the exact
values. The pertubative RGM, however, appears to have the limitation
that the computation of higher order renormalized solutions could be
quite involved and tedious. More serious is the inability of assuring
the convergence of the renormalized expansions for large nonlinearity
parameter. Further, there is still no evidence in the literature that
RGM could be employed successfully to asymptotic estimation of the
amplitude of an isolated periodic orbit for all values of ¢.

6.2 Basic Idea of RGM

The basic idea in RGM is to eliminate the divergent secular term of the
form (t —tp) sint, where t( is the initial time, of the naive perturbation
series for the solution of the nonlinear problem, by exploiting the arbi-
trariness in fixing the initial moment ¢y. The original prescription rests
on introducing new initial time 7 in the form (t — 7 + 7 — #;) sint and

to allow the renormalized amplitude R = R(7) and phase 6 = 6(7) of
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the renormalized solution to depend on the new parameter, viz., 7 — g
so that the original naive perturbative, constant values of amplitude Ry
and phase 0y (= 0) (say) ‘flow’ following the RG flow equations of the

form

dR do

E:f(Rﬂg)a EZQ(R,g)- (6.3)

The functions in the right hand sides of the RG flow equations, in gen-
eral, should depend both on R and 6, besides the explicit £ dependence.
We suppress the 6 dependence for simplicity that should suffice for our
present analysis of the Rayleigh and Van der Pol (VdP) equations (c.f.
equations (6.6), (6.7)). The flow equations are derived from the consis-
tency condition that the actual renormalized solution y (¢, 7) should be
independent of the arbitrary initial adjustment 7:

% _
or
The final form of the uniformly valid RG solution yp (t) is obtained by

0.

setting 7 = ¢ that eliminates the secular terms. Let us remark here that
the actual convergence of the RG expansions is not well addressed and
should require further investigations. Moreover, estimation of asymp-
totic amplitude for a limit cycle as ¢t — oo, for instance, from the
perturbation expansion of f is expected to fail for e >~ O (1).

6.3 Computation of Amplitude by RG Method

The Renormalization Group method (RGM) introduced by Chen, Gold-
enfeld and Oono (CGO) [31,73] gives a unified formal approach to de-
rive asymptotic expansions for the solutions of a large class of nonlinear
ODEs. The RG method is used in solid state physics [74,75], quantum
field theory [70] and other areas of physics [27,71,72]. One advantage
of RGM is that it starts from naive perturbation expansion of a prob-
lem and is expected to yield automatically the gauge functions such as
fractional powers of € and logarithmic terms in € in the renormalized
expansion. One does not require to have any prior knowledge to pre-
scribe these unexpected gauge functions in an ad hoc manner. DeVille
et al. [35] have introduced an algorithmic approach for RGM which we
adopt for the following application. As it will transpire the RGM ap-
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pears to be deficient in estimating amplitude of a periodic orbit because
of the absence of any free control parameter. In Chapter 7 we have im-
proved this RGM to incorporate a control parameter similar to HAM
and derive efficient estimations of amplitudes of both the Rayleigh and
VdP equations. However, before the introduction of the Improved RG
Method (IRGM), we first discuss the conventional RG method, given
by DeVille et al. and use it to obtain amplitude and phase equations
for the Rayleigh equation (6.1). These equations are already obtained
in [31,35] to the order O (£*) which agree with the experimental values
as € — 0 only. We have extended these results to the order O (54)
and notice that higher order perturbative computations of the RG flow
equations would fail to obtain good estimation of the amplitude of the
periodic cycle for all values of ¢.
Substituting the naive expansion

y(t) =yo (t) +eyn (t) +ya (t) + 33 () + - -
in (6.1), we find at each order
O (1)
O (¢)
O () +dja+ 2 = 41 — Uons
O (€°) : fis + ys = o — U — 3o

C o+ yo = 0;
. : 1.5
1y1+y1:yo—§yo;

The solutions are
yo (1) = Aellt=0) +cc.

Y (t) = A% 4 LA(1 — AA*) (t — tg) elll"t) — LjA3e3it 1) 4 cc
Y (t) — (3%143 _ 6%14414*) ei(t—to)
— ot ATAY + i AB(AF)? 4 i AP |
+ (t — tg) e't=t0)
+ 5t AR (A)? — LA
SAB(AN? — LA2AT + LA) (t—t) el

(
(6%14414* _ 3%A3+F12A5> p3i(t—to)
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1A5 SZttO)—i_CC'

- %ZAS (1 — AA%) (t — to) e¥l700) — 192 ;

(t) _@ZAGA* i 1536ZA5(A*) + gt A° i(t—to)
- e
512 256 128

+T52A6A* 128A5(A*) o 1111592A4(A*)

11 AB A*

( 384 ) 128
11A3(A*) . 6%1’42(14*)3

_ 1 A4A* 1 A3 (t o tO) ei(t*to)

——2A3 A* iA3(A*)2 @ZA?’ (t o t0)2 ei(t—to)

i A2A* + i AR (AY) — A
+ (— S ANAT + FA3(AN?2 - BA2A + LA) (t — 1) ellt)

( +mm7 T AASAT — BT AS(A)?

p3i(t—to)

128 - m2A4(A*) + 1A% + LiAA*

128 256

1A5

g ATAT = G A(AT) + 15

(t _ to) e3i(t—t0)
1A4A>k 21A4A*—%A3

384 128

+ 2145 A2+ %z’A‘lA* — 6%@'143) (t — t0)2 o3i(t—to)

5 _ 17 ;A6 4% 7\ L5i(t—to)
+ (g071A° — gt AA" — piAT) e

<384A6A* _ @A5> ( 0) e5z’(t—t0) 4+ 1152 iATe Ti(t—1o) +ec.

We choose the homogeneous parts to the solutions i, 12 and y;3
in such a manner that the solutions vanish at the initial time %, i.e.
y1 (to) = 2 (to) = w3 (to) = 0. Next, we renormalize the integration
constant A and create a new renormalized quantity A as

A=A+ ae+axe® +aze* + 0 (54)
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where the coefficients ai, a9, a3, ... are chosen to absorb the homoge-
neous parts of the solutions y,ys,.... Choosing
: 3
ap = —L.Ag, a9 — A <1 — —A.A* —A2> 5
32
ay = i AT — A e LT a5 3T gy
1152 1536 2304 1536
1
0 4 g% - 13
* 256ZA AT gt
we obtain

yo (1) = Aellt=t) 4 cc. ;
yi (1) = (A1 = AA) (t — ) €710 — i AP ) 4 e ;
yo (1) = (LiAP(A*)? — LiA) (t — ) et=00)
+IA(AA = 1) (BAA — 1) (t—tp)* €10
+ (GAIAT — LA%) iltt) 4 Li A3 (AAT — 1) (t —tg) e¥iltt)
— 191)2-45 bilt=to) 4 c.c.
ys (1) = (— 22 AN AP + L A3 (A?) (t — ) i1
(—ZiAY A + ZiA3 (A7) + LiA2 A — LiA) (t— )" el
AN A+ 2ABA)? = B LA) (1) i)
LA (AF)? + i A3 4 ST AN AY) Biltto)

ZiAP (A2 + LiAAT — B0 A%) (t — t)" 0)

++++++

(—
(-
( 674"45 .A* 12218"44"4* . %6"43) (t _ t()) e3i(t—t0)
(-
(23042“45 1536ZA6“4*) Pito)

(

+ % A" — 324“45) (t — to) e>li~T0)

+ ﬁi%ﬁemt—t“) + c.c.
Remark 6.3.1 DeVille et al. [35] have obtained same result correct
upto O (83). However, their computed expression of as is not correct.
We have made the correction in the expression of as.
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We observe that each of y; (t), y2 (t), y3 (t) contains secular terms.
As a consequence the solution

y(t) =yo (t) +y1 () e+ 12 () > +ys (1) * + O ()

becomes divergent as t — oo. To regularize the perturbation series
using RGM an arbitrary time 7 is introduced and ¢ — %y is split as
(t — 1)+ (7 — tp). The terms containing 7 — t; is absorbed in the renor-
malized counterpart A of the constant of integration A. Since the final
solution should not depend upon the choice of the arbitrary time 7, so

dy

=2 =0 (6.4)

T=1

for any t. However, DeVille et al. [35] have simplified this condition
and proposed an equivalent condition as

Jy

A (6.5)

to=t

We note that renormalized counterpart A is no longer a constant of
motion in RGM. The RG condition (6.5) is developed in such a man-
ner that one need to differentiate the terms containing e!(=%) e¢=i(t=to)
(t —to) e’*) and (t —ty) e "*"%) and thereafter substituting ty = ¢
the resultant expression is equated to zero. The other terms related
to higher harmonics are not involved in RG condition. Simplifying RG

condition (6.5) we get

%_ '_1 * _1' _1 20 A4:\2 | 2
o = Al = GAAL —1)e 82,4(1 2A(A)>e

b s (B qq) 3
64A(A)(2AA 11>s

R .
to the order O (84). Taking A :§€Z(t+9) we obtain corresponding am-
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plitude and phase flow equations to the order O (54) as

dR 1 R 1 13 .\ 4 )
4
0 _ 1(1—%)824—0(84). (6.7)

dt 8
To the author’s knowledge these higher order flow equations are re-
ported for the first time in the literature. We remark that above flow
equations match exactly with O(e?) flow equations of the Van der Pol
equation [36]. Although not done explicitly, we expect that the O (*)
VdP flow equations would also have the equivalent forms. For latter
reference, we also write down the order O(e?) renormalized solution of
the Rayleigh equation [31]

y(t) = R(t) cos(t + 0) + 98—6R(t)3(sin 3(t+60)—sin(t+0)). (6.8)

Solving the amplitude equation (6.6) by numerical method and tak-
ing the limit as t — oo so that for a fixed value of € we have R — agg (¢€),
the approximation of the amplitude of limit cycle of Rayleigh equation
(6.1) by RGM, we obtain Figure 6.1 representing ¢ dependence of the
amplitude arg by solid lines.
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Figure 6.1: Graph of apg (g) (by solid lines) correct upto O (¢*) and compared with
exact graph of a (¢) (by dotted lines) for 0 < ¢ < 51in (a) and for 0 < ¢ < 20 in (b).

Thus we observe that the RG flow equation to the order O (54) for
the amplitude does not give good approximation to the exact solution
for moderate and large values of ¢.
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6.4 Concluding Remarks

The basic idea of RGM has been presented in this chapter and applied
on Rayleigh Equation (6.1) to find RG flow equations for amplitude
and phase of the limit cycle solution. We found in Figure 6.1 that
the numerical solution of the RG amplitude equation (6.6) fail to give
good approximation of the exact amplitude for nonperturbative values
of the nonlinearity parameter €. Therefore, we required to modify this
classical RGM in such a manner that one can control the convergence
of the renormalized solution to the exact solution for all values of ¢ in
order to generate uniformly valid analytic solution of a given differential

equation.



Chapter 7

Improved Renormalization Group
Method

7.1 Introduction

We have discussed Homotopy Analysis Method (HAM) and Renormal-
ization Group Method (RGM) in the previous two chapters. Both of
these two methods have the objective to derive global solutions to non-
linear differential equations. HAM involves a convergence control pa-
rameter h by which one can control the convergence of an approximate
solution to any level of precision. It helps us to evaluate analytic ap-
proximation to different quantities such as amplitude, frequency etc.
related to a limit cycle. However, we found in Chapter 6 that classical
RG solution fails to give good approximation to the amplitude of the
limit cycle for Rayleigh equation

. 1. .
y+5(§y3—y>+y20 (7.1)

with moderately large values of ¢ >~ O (1), where the dots are used to
designate the derivatives with respect to time ¢ (c.f. Figure 6.1 in Chap-
ter 6). Let us recall that there are some limitations in the conventional
form of RGM (c.f. Chapter 6). The actual convergence of the RG ex-
pansions is not well addressed and should require further investigations.
We observe that in RGM we do not have any control parameter h as
we have in case of HAM. In this Chapter we shall improve the classical
RGM by introducing similar control parameters which will help us to
control the convergence of the approximate solution to the exact one for

117
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a given nonlinear ordinary differential equation (ODE) to any desired
degree of precision. In this chapter, along with the Rayleigh equation
we shall also study the Van der Pol equation

ited(z?—1)+z=0. (7.2)

In IRGM, we advocate the concept of nonlinear time [40,76,77] that
extends the original RG idea of eliminating the divergent secular term
of the form (¢ —t() sin ¢, where ¢ is the initial time, in the naive pertur-
bation series for the solution of the nonlinear problem, by exploiting the
arbitrariness in fixing the initial moment ¢;. In the framework of non-
linear time, we suppose the arbitrary initial time 7 to depend explicitly
on the nonlinearity parameter (coupling strength) € of the nonlinear
equation, so that one can write 7/ = " where h = h (et), et > 1 is a
slowly varying (almost constant), free (asymptotic) control parameter
for t — oo and ¢ — either to 0 or oo, to be utilized judiciously to
improve the convergence and non-perturbative global asymptotic be-
haviour of the original RG proposal (h < 0 for 0 < € < 1). We note
that there is a slight abuse of the notation 7 as discussed in Chapter
5. In Section 7.2, we give an overview, in brief, of an extended ana-
lytic framework that naturally supports nontrivial existence of such an
asymptotic scaling parameter h(7) as a function of the rescaled O(1)
variable 7 = et ~ O(1), satisfying what we call the principle of duality
structure. The secular terms in the naive perturbation series would now
be altered instead as (t — 7/ + 7/e — ty) sint and we obtain the new
RG flow equations in the form

ar _
dr

do

fo (R) (1 +0 (52)) ;o =€ (R) (1 + 0 (53)) , (7.3)

where fy(R) and g1(R) are nonzero, minimal order R dependent terms
in the respective perturbation series. Following the analogy of RG pre-
scription in annulling secular divergence through corresponding ‘flow-
ing” of the renormalized perturbative amplitude and phase, we next
make the key assumption that there exists, for a given nonlinear os-
cillation, a set of right control parameters h' that would absorb any
possible secular or other kind of divergence in the higher order pertur-
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bation series, so that in the asymptotic limit ¢ — oo, one obtains the
finite, non-perturbative flow equations directly for the periodic orbit of
the nonlinear system

da db

d_Tl = fo(a)a d_’7'2 - gl(a)7 (74)

where

ixXhh (T
Ti = £ RG( )7

and h'y,(7) is a finite scale independent control parameter in the rescaled
variable 7 ~ O(1) and a(e) = tlggo R(e,t) is the e- dependent amplitude
of the limit cycle. A simple quadrature formula should then relate the
control parameter hpg := hh, with the amplitude a(e). As a conse-
quence, adjusting the control parameter hrq suitably, one can generate
an efficient algorithm to estimate the amplitude a(e) that would com-
pare well with the exact values, upto any desired accuracy. It will
transpire that the control parameter hrg(€) must respect some asymp-
totic conditions depending on the characteristic features of a particular
relaxation oscillation (c.f. Section 7.3).

Exploiting the rescaling symmetry, one may as well rewrite the above

non-perturbative flow equations (7.4) in the equivalent 7 ~ O(1)
log 7

loge )’
each fixed value of the nonlinearity parameter ¢ that should expose

for

dependent scaling variable 7 = 7rc(7) (H rG(T) = hra(T)

small scale 7 ~ O(1) dependent variation of the amplitude. As a by-
product that would allow one to retrieve an efficient approximation of
the limit cycle orbit for the nonlinear oscillator. It turns out that the
general framework of IRGM is quite successful in obtaining excellent fits
for the limit cycle orbit even for relaxation oscillation corresponding to
nonlinearity parameters € > 1.

It follows that the application of the idea of nonlinear time in RG
formalism offers one with a robust formalism for global asymptotic anal-
ysis for a general nonlinear system that might even be advantageous in
many respects compared to HAM. The application of nonlinear time in
HAM will be considered separately.

The chapter is organized as follows. In Section 7.2 we give a brief
overview of the novel analytic framework extending the standard clas-
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sical analysis to one that supports naturally the above stated duality
structure and the emergent nonlinear scaling patterns typical for a given
nonlinear system. The TRGM is proposed using the idea of nonlinear
time in Section 7.3. Approximate formulae for the amplitude of limit
cycle solution have been deduced there in the context of Rayleigh and
VdP equations. The application of nonlinear time on limit cycles of the
Rayleigh and Van der Pol equations is included in Section 7.4. Finally,
some concluding remarks are included in Section 7.5.

7.2 Nonlinear Time: Formal Structure

The idea of nonlinear time can be given a rigorous meaning in a non-
classical extension of the ordinary analysis [42,78]. Recall that the real
number system R is generally constructed as the metric completion of
the rational field @Q under the Euclidean metric |z — y|, x,y € Q. More
specifically, let S be the set of all Cauchy sequences {z,} of rational
numbers x, € Q. Then S is a ring under standard component-wise
addition and multiplication of two rational sequences. Then the real
number field R is the quotient space S/Sj, where the set Sy is the set
of all Cauchy sequences converging to 0 € Q and is a maximal ideal in
the ring S. Alternatively, R can be considered as the set [S] of equiva-
lence classes, when two sequences in S are said to be equivalent if their
difference belongs to Sj.

The nonclassical extension R* of R is based on a finer equivalence
relation that is defined in Sy as follows: let {a,} € Sp. Consider an
associated family of Cauchy sequences of the form

Soa = { A% A* = {a, x an ™} ]

where a,jfln # ( is Cauchy for m,, > N and N sufficiently large. Clearly,
Soa C So, and sequences of Sy, also converges to 0 in the metric ||

As a parametrizes sequences in S, it follows that |JSp, = S. Assume
{a}

further that a,, respect the duality structure defined by (a;nn)_l < ay,

for m,, > N. The duality structure extends also over the limit elements:

. -1
viz., R > (a”)” o a’ where a;, — a* as m,, — oo such that a* are
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close to 1 in R.

Next define an equivalence relation in Sy, declaring two sequences
Ay, As in the set Sy, equivalent if the associated exponentiated se-
quences a,, and a2, differ by an element of Sy for m,, > N. In particu-
lar, one may impose the condition that A; = A, if and only if 3 M such
that a), =a2, ¥V m, > M. Clearly, the usual metric |-| fails to distin-
guish elements belonging to two distinct such finer equivalent classes.
However, the metric defined as the natural logarithmic extension of the
Fuclidean norm, generically called the asymptotically visibility metric
is introduced by

Ay

h (Al, Ag) = lim A2

n—oo

10g|AO|71

J

where Ay = {a,,} € Sy. The sequence Ay is said to define a natural scale

relative to which elements in Sy gets nontrivial values and hence become

+
My

distinguishable. The limit exists because of concerned sequences a
being Cauchy. Note that the mapping h : Sy — RT defined by

al

n—oo

log|Ao\_1

is actually a nontrivial norm [42, 78] (for simplicity of notation, we use
same symbol to denote both the norm and metric).

The extended real number system R* admitting duality induced fine
structure is given, by definition, as the equivalence class under this
finer equivalence relation viz., R* := S/S, when convergence is induced
naturally by the asymptotically visibility metric h (x,y). Clearly, under
the usual norm ||, R* reduces to R as the exponentiated elements a*
are essentially invisible. The natural application of the visibility norm
on R* is activated in the following steps. For any two distinct elements
zr, y € R C R* set, by definition, h(z,y) = 0, = # y; h(x,y) being
nontrivial only for y € x 4+ Sy. This choice is natural as for any element
x € R, the corresponding limiting A norm viz.,

i' =1land h(z,y) =0, Vx,y€R.

h(x) = lim log, - 1

n—oo

For nontrivial values of h (z,y), x, y € R*, the definition of the visibil-
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x_

ity metric extends over to h(z,y) = lim |log. »

n—oo

Y | | , which exists

by construction, where Ay = {¢"}, 0 <e < 1.

Next, consider the metric d : R* — R* by d (z,y) = |z — y|+h (z,y).
Clearly, d(z,y) = |x —y| for any z, y € R and d(z,y) = h(x,y) for
z, y € R* — R and hence (R* d) is a complete metric space. The
metric h (z,y) acting nontrivially on Sy is essentially an ultrametric:
h(z,y) < max{h(x,y),h(x,y)}. This follows immediately from the
observation that A maps R to the singleton set {1}. Further, the ultra-
metric h must be discretely valued [78] and hence the nontrivial value
set of h viz., h (Sp) is countable. As a consequence, the set S is totally
disconnected and perfect in the induced topology.

More detailed analytic aspects (including the idea of smooth jump
differentiability and jump derivative) of the extended system R*
equipped with the metric d will be reported elsewhere [42]. Here, we
make a few relevant remarks.

Remark 7.2.1 FEwven as the size of a d— neighbourhood of a point x € R
vanishes linearly, the same for z* € R* need not vanish at the same rate
and may only vanish at a slower rate 6h (§). The real number model R
15 called the hard or string model when the space R* is called the soft or
fluid model of real numbers [40]. The ordinary differential measure dx
gets extended in R* as d (h (z) x).

Remark 7.2.2 Consider the open interval (§,61) C R*. In the asymp-
totic limit 6 — 07, the duality structure identifies the right neighbour-
hood of § with the left neighbourhood of 5= in a nontrivial manner. As a
consequence, the linear (translation) group action on R is extended to a
nonlinear SL (2, R) group on R*. In fact, the translation subgroup acts
on R, when the inversion acts nontrivially only on R* in the sense that
the wvisibility norm h is invariant under inversion i : h (1A) =i (h (A))
where 1 (A) = {a;l X af{‘mn)l}, A= {an X a;a’”"}. For a transla-
tion T, by a shift r, on the other hand, h (T, (A)) = h(A) and hence
T.(A)=A =r =0 (i.e. T acts trivially). Above two salient proper-
ties of the duality structure are expected to have significant application
in nonlinear problems.
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Remark 7.2.3 To give an example of the intricate nonlinear structure
that can get encoded into a well behaved (smooth) function in R, let us
consider the simplest case of a real variable x. In R* the variable x gets
extended to, say, X = xe®18X)  The function ¢ exposing the nonlinear
dependence is also assumed to be differentiable. Differentiating X with
respect to x one gets X' (1 — ¢') = X, where " denotes derivation with
the argument. We now assume that ¢ (log X) is vanishingly small (i.e.
less than accuracy level 6 in any given application) for 0 < z < co and
O (1) when |log X| > 1 i.e. x — 0 or co. As a consequence, existence
of ¢ is felt only in the asymptotic neighbourhoods (Remark 7.2.2) of O or
0o. We now make a further assumption that ¢’ = 0 almost everywhere
i an asymptotic neighbourhood, but every where in 0 < x < oo. Then
X satisfies X' = X a.e. in R*. Thus ordinary variable v € R gets
extended in R* as X which has the intermittent property of a Cantor
devil’s Staircase function in an asymptotic neighbourhood. Since, under
duality structure, such a neighbourhood has ultrametric topology, X n
fact satisfies the above scale invariant equation everywhere in R*, be-
cause ordinary non-differentiability at the points of the associated Can-
tor set is removed by inversion mediated jump increments [42,78]. This
example tells that an ordinary function can have nonlinear and nonlo-
cal functional dependence with itself, along with rhythmic (intermittent)
variability that can have significant amplification in an asymptotic sec-
tor.

Remark 7.2.4 The asymptotic scaling variables hy (¢) and Hpg (T) in-
troduced in Subsection 7.5.1 correspond to the associated visibility norm
h(A) defined above. A real variable t € R approaching asymptot-
wcally either to 0 or oo has natural images in R* in the form 7y =
tx t"E b (et) < 1 and Too =t x tED BT (et) > 1 respectively.
The scaling exponents h* encode asymptotic scaling information of a
giwen nonlinear system. Further, (h™ (et))”" o h' (t) by duality. In
Section 7.3.1, we discuss how such information can be systematically
extracted in the case of a limit cycle for a nonlinear oscillator.

Remark 7.2.5 The fine structures i R* remain inactive

(passive/hidden) in absence of any stimulus, either intrinsic or exter-
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nal. In presence of an external input, say, the actions of the nontrivial
component of the metric d and the associated duality structure become
manifest. The RG analysis makes room for direct implementation of
the intrinsically realized duality structure in the context of a nonlinear
system in the soft model R*.

7.3 Improved RG Method: use of Nonlinear Time

In RGM an arbitrary time 7 is introduced in between current time ¢ and
the initial time ¢( so that t—ty = (¢ — 7)+(7 — o) in order to remove the
divergent terms in the naive perturbation expansion for the solution of
the given differential equation. The solution is renormalized by suitable
choice of the constants of integration to remove the terms containing
(T — tp) and keeping the terms having (¢ — 7). Since the solution should
be independent of the arbitrary time 7, the RG condition

Jy
— =0
87— T=1

is applied to the renormalized solution. However, in the previous sec-
tion we have seen that the method fails to produce good approximations
to the exact solution for ¢ ~ O (1). Our target is not only to remove
the divergent terms in the solution but also to introduce some control
parameter h (¢) which can control the RG solution in such a manner
that this solution ultimately converges to the exact solution. Moreover,
our another goal is to achieve this accuracy by merely solving the dif-
ferential equation to a minimal order of the expansion parameter, viz.,
upto O (52) or less.

Since the basic idea is to split the time difference t—t, by introduction
of an arbitrary time, so we can write t — ty = (t — Z) + (Z — to).
From now on let us assume that 0 < ¢ <= 1. Thg case 58 >~ 1
will be commented upon later. The constants of integration can be

. . .. T
renormalized in order to remove the terms containing (— — t()) from
€

-
the solution keeping the terms containing (t — —). Finally analogous
£
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-

to the classical RG method we put t = —, i.e. 7 =¢€t, in
€

oy

or

giving rise to an improved form of the RG flow equation to remove

0 (7.5)

secular terms involving (t — Z). So far the improved method does not
produce any qualitative newgresult compared to the RGM and so we
must get the same phase and amplitude equation as deduced in Section
6.3 in Chapter 6.

We next proceed one step further. As stated already in Section
7.1, we now exploit the possibility of extending the original linear ¢
dependence of 7 viz., 7 = t of RGM in removing the explicit divergences
by a nonlinear dependence T = ct along with the additional condition
that 7 — ¢7"¢(7), where ¢ a slowly varying scaling function of the O (1)
rescaled variable 7 = ef ~ O (1), as the original linear time t — oo
following the scales t ~ ¢ ™ t, n = 1,2,.... (Note that linear time
flows with uniform rate 1 and 7 is nonlinear since the rate ¢ (7) <
1). It follows that for a given nonlinear differential system, such a
nonlinear time dependence always exists and nontrivial, provided one
invokes a duality principle transferring nonlinear influences from the
far asymptotic region into the finite observable sector in a cooperative
manner [40,42,77].

In fact, as the linear time ¢t — oo, following the above hierarchy of
scales, there exists £, such that 1 < (et)" < e < #,, and satisfying the

mversion law ~
tn g "
— .
e (et)"

This inversion law makes a room for transfer of effective influences,

(7.6)

typical for the nonlinear system concerned, from nonobservable sector
t > ¢ to the observable sector t < € " bypassing the dynamically

generated singular points denoted by the scales ¢7".

Notice the non-
linear connection between scales of the form " ¢, with the scale et

via duality structure (c.f. Section 7.2). Let t (t) = lim (fn)l/n so that

n—oo
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Y —1

3 i
et <e 1 <t(t) and —= € Define
el (et)
o b
ho (7) = lim log.-» <6T”> : (7.7)

Here, the scaling exponent kg corresponds to the visibility norm (c.f.
Section 7.2), that can access (encode) the non-perturbative region (in-
formation) of the nonlinear system and 7 is an O (1) rescaled variable.
The exponent hy is scaling tnvariant in the sense that it appears uni-
formly for every n as t — oo through the scales ¢, = e e~ (7 Ag a
consequence, a significant amount of asymptotic scaling information in
the limit ¢ — oo could be simply retrieved by considering the scaling
limit instead at t = e 1.

Exploiting the above insight, one now writes the nonperturbative
scaling limit in the form

7 =limet = ") > 1 £ <1 (7.8)

as t — 1. Moreover, hpg (7) = 1 — hgo (7). As noted already, the scal-
ing exponent hg (7) here encodes the effective cooperative influence of
far asymptotic sector £ > 7" into the observable sector 1 <t < ™" by
the inversion mediated duality principle. As pointed out in Section 7.2,
the duality principle does allow asymptotic limiting (non-perturbative)
behaviour of the nonlinear system to be encoded into the scaling ex-
ponents of the nonlinear time 7 that, in turn, offers an efficient handle
in uncovering key dynamical information of the said system. Notice
that, in the absence of the said duality the linear time ¢ can in principle

I (say), and as a consequence hg = 0, retrieving the

1

attain the scale e~
ordinary scaling of 7 = et ~ e ! as t ~ 2. This also establishes,
in retrospect, that the scaling exponent hg (¢) is well defined and can
exist nontrivially i.e. hyp ~ O (1) in a nonlinear problem. Further, the
scaling variable 7 is also positively directed with t. As a consequence,
the RG control parameter hra can be of both the signs, with relatively
small numerical value in fully developed nonlinear systems € > 1, but
with a possible O (1) variations for € ~ O (1) or less.

The above construction actually tells somewhat more. Correspond-
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n

ing to the first generation scales ¢™", one can, in fact, have the second

generation nonlinear scales
T = lime™t = e ™ M) > 1 ¢ < 1 (7.9)

ast — ¢ " with h}m = hgra. The nonlinear time T now stands for these
hierarchy of directed scales {7,,}. Consequently, as the linear time
t approaches oo through the first generation linear scales, the slowly
varying nonlinear time 7 (or 7_1) approaches to co at slower and slower
rates as represented by the numerically small RG scaling exponents

ha(€), each of which remains almost constant over longer and longer

I — 00 ). In the present chapter we show how the

intervals of ™! (as e~
first two scaling exponents h;(7), i = 1,2 relate to the nonperturbative
properties of the limit cycle. We expect higher order scaling exponents
h., would have vital role in bifurcation of nonautonomous systems. This
problem will be investigated elsewhere.

Let us remark that for € > 1, we consider instead the first gener-

ation scales as €", and the duality is invoked for variables satisfying
é < & < t(t) so that the asymptotic scaling variables are derived as
T = €™ Mic(T) ¢ > 1 where hl}, = 1 —h?". Moreover, said proliferation
of nonlinear scales (7.9) actually continues ad infinitum. In fact, in-
terpreting each second generation scale 7,,, m fixed, as first generation
scale, and iterating above steps one associates third generation scales
Tme, K =1,2,..., and so on.

It now follows, from the above general remarks on the behaviour
of hrq, that the nonlinear time 7 actually approaches 0 or oo as 7 ~
(loge) ™ or 7 ~ (loge)”, a > 0 respectively as € — oco. However, one
must have 7 = e "#¢(6) — o0 as ¢ — 0. An example of the asymptotic

+ log log e .
mloge for ¢ — 00, which one

behaviours of hrq is given by 7, = ¢
expects to verify explicitly in evaluation of asymptotic quantities, such
as amplitude of a periodic cycle, in a nonlinear system.

In the IRGM, we exploit this duality induced nontrivial scaling in-
formation to rewrite the lowest order perturbative flow equations (6.6)
and (6.7) in Chapter 6 as the asymptotic RG flow equations in the limit
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da 1 a?
—=—a|l—— 7.10
ar, 2" ( 1 ) (7.10)
dy 1 at
= (1= = 7.11
dry 8 ( 32) (7.11)
for the amplitude a = a(7) and the phase 1) = ¢(7) of the limit cycle
of both the Rayleigh and Van der Pol equations, involving slowly vary-
ing nonlinear time scales 7;, 1 = 1,2. The asymptotic scaling functions
= ¢ (et) = eMho and 7 = ¢ ( 2%t) = 2k are activated invoking non-

linear limits in (7.9) as t — & ! and t — &2

successively in the above
equations. The slowly varying almost constant scaling functions ¢, and
¢, satisfying \gbz| < |¢2| < 1, are assumed to have a rhythmic pattern
over the cycle: when ¢ varies slowly, ¢5 remains almost constant i.e.
¢1 > 0, ¢ ~ 0 and vice versa successively on the cycle (c.f. Section 7.4).
Nontrivial ultrametric neighbourhood structure induced asymptotically
by duality principle (c.f. Section 7.2) can indeed support such locally
constant nonlinear rhythmic behaviour. The above flow equations may
therefore be considered ezact and encode non-perturbative information
of the limit cycle variables a and v respectively. The conventional per-
turbative RG flow equations in the linear time ¢ is now extended into
the non-perturbative flow equations in the nontrivial scaling variable
7 = & Mo j = 1,2 involving the nonlinearity parameter £ > 1.
The perturbative fixed point for the amplitude equation at a = 2 for
t — oo corresponding to the periodic oscillation with € < 1 is extended
to the by small scale periodic flow of amplitude a (71) over the entire
cycle. The associated phase v (72) then flow at a slower rate linearly
with the higher order scale T when a (71) remains almost constant over
a relatively small period of time.

The RG estimated approximate formulae for the amplitude a (¢) for
the Rayleigh and Van der Pol limit cycles are obtained from the equa-
tion (7.10) in the Subsection 7.3.1, when appropriate boundary condi-
tion, derived either from exact computation or from perturbative analy-
sis, is used for a suitable finite value of . In Subsection 7.4.1, we present
the efficient graph of the Rayleigh and VdP limit cycle parametrized
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by the nonlinear scales 7; = ¢; (7), T ~ O (1) for fixed values of the
nonlinearity parameter ¢.

As it turns out, entire onus in the improved RG analysis essentially
rests in proper estimation/identification of the scaling functions h’,
(i.e. ¢; (7)) which should yield correct dynamical properties of a non-
linear system. We hope to undertake more detailed and systematic
analysis for determining h',, elsewhere. In this work we limit ourselves
only to show that IRGM can indeed yield correct amplitude and solu-
tion for the Rayleigh and VdP systems provided one makes appropriate
choice of h%, based on clues from exact computations and previously
known approximate results (for instance the perturbative RGM). We
remark finally that the perturbative RG method is known to extend
the conventional multiple scale method [31]. Nonlinear time formalism
introduces new set of nonlinear scales ¢, (7) associated with ordinary
scales €”. We study here the nontrivial applications of such nonlinear
scaling functions.

7.3.1 Approximate Formula for Amplitude

We shall now use the above asymptotic amplitude flow equation (7.10)
to find analytic approximations of the amplitudes of the limit cycle for
both the Rayleigh and Van der Pol equations.

By a direct integration, one obtains from (7.10)

In(a* —4) —2Ina = —""¢ — 0.87953 (7.12)

as the Rayleigh limit cycle amplitude where we use the boundary condi-
tion the value a = 2.17271 for € = 1 (this choice simplifies calculation).
It follows immediately that for suitable choices of the control parame-
ter hra one can achieve efficient matching for the estimated amplitude
ap(e). For example, using the HAM generated approximate formula
(5.24) in Chapter 5 for ag(e), we can determine the control parameter
hra(e) by the formula

1 a?
= —1 | —0. 1
hra e n{ n<a2_4> 087953|} (7.13)

In Figure 7.1, we display the typical piece-wise smooth form of hrg(e)
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Figure 7.1: The graph of hgrq (¢) used for approximation of the amplitude of the
Rayleigh equation (7.1) by HAM given by (7.13) for 0 < & < 5in (a) and for 0 < € <
50 in (b).

given by (7.13) for the Rayleigh limit cycle amplitude that would re-
produce the HAM generated amplitude with relative error less that 1%.
Clearly, the graph reveals variability of hrg for moderate values of ¢,

but the variability dies out fast for larger values €, as expected.

We recall that the corresponding graph of the exact computed values
of VAP amplitude a (¢), on the other hand, has a hump like shape with a
maximum roughly at € ~ 2.0235 and having the asymptotic limits 2 as
e — 0 and oo. Lopez et al. [18] obtained HAM generated approximate
formula for the VAP amplitude with relative error less than 0.05% at
the order O (54). It is interesting to note that the RG generated formula
(7.12) can reproduce the exact computed values of the VAP amplitude
with error less than 0.05% directly from only the first order RG flow
equation. To achieve this goal we first intuitively guess an estimated
piecewise smooth formula for the estimated amplitude ag by

1.998 + 0.015 0<e<3
: —2.139 ¢ 0.043 ¢’ ’
0 (2) = 8.121 ¢ +0.512¢ (7.14)

0.031
2.0025 + 0.5 e—2033(=—2.183) } | 8G9 ¢0-087(¢—6.376)” 3<e <950,

ag (¢) —a(e)

a(e)

less than 0.05%. This shows that the approximation is quite accurate.

x 100

keeping the maximum relative percentage error

The graph of ag (¢) is compared with the exact values in Figure 7.2.
One may as well use a least square fit of the exact data instead of the
above fit. We do not pursue this approach here.

Using this efficient formula for the VAP amplitude, we then obtain
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Figure 7.2: The exact amplitude of Van der Pol Equation (7.2) (by solid line) and its
approximation ag (¢) given by (7.14) (by bold points) for 0 < e < 50.

the RG flow equation in the form
In(a* —4) —2Ina = —""¢ — 4.08785 (7.15)

where we use the boundary condition a = 2.0086 for ¢ = 1 (for simplic-
ity of calculation) for the VAP amplitude. Inverting this equation, we
finally obtain the corresponding RG control parameter

a2
In < — 4> — 4.08785‘} (7.16)

CLE—

1
hRG = —hl{
Ine

Figure 7.3 displays the piecewise smooth variation of hrg with . The

hRG hR
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Figure 7.3: The graph of hrg (g) used for approximation (7.16) of the amplitude of
the Van der Pol equation (7.2) for 0 < e <4 in (a) and for 0 < e <50 in (b).

rapid O (1) variation for moderate values of ¢ is evident in Figure 7.3(a).
As expected, hrq dies out fast for larger values of . However, a change
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in sign is noticed here already for € > 20 (Figure 7.3 (b)). One expects
many more such small scale sign variations as ¢ — oo. This particu-
lar form of the control parameter hrg, in turn, would reproduce the
VdP amplitude with relative error less than 0.05%. As this level of
accuracy is achieved only at the order O (¢), the improved RGM may
be considered to be more efficient and advantageous compared to the
HAM.

Alternatively, the amplitude equation (7.10) can be inverted as

ao

D) Y
\/e% + %(1 —e7)

where ag is estimated from the exact value of amplitude a (gg) for a

a(7) =

(7.17)

suitably chosen value of ¢, for instance € = 1. Recall that for the VdP
equation 7 ~ (loge)® and for the Rayleigh equation 7 ~ (loge)™® for
e — oo and a > 0. By adjusting suitably the values of o over appropri-
ate intervals on € one should be able to obtain efficient matching with
the exact values of a (¢).

To summarize, the recipe for deriving approximate formula for limit
cycle amplitude of a nonlinear system can be stated as follows: Deter-
mine the first order (perturbative) RG flow equation for amplitude in
the nonlinear time 7. This will yield an explicit formula for amplitude a
as a function of the nonlinearity parameter ¢ and the control parameter
hra. Efficient match with the exact amplitude can be achieved by right
choice of the control parameter hrg or a. Alternatively, determine an
efficient formula for a (¢) by inspection (expert guess) or by appropri-
ate curve fitting method. Then determine the control parameter hrg
by an inversion of the estimated amplitude ag (¢) as in equation (7.16)
(and Figure 7.3). Since the equations concerned form a closed system,
this already gives a proof of the unique existence of hrs for a given

nonlinear oscillation.
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7.4 Application to Nonlinear Time: Limit Cycle
Consider a general nonlinear oscillator given by
T+ =cf(x,1) (7.18)

We assume f such that the system admits a unique isolated cycle for
e > 0 and other relevant parameter values. For a finite nonlinearity
e > 1 (say), the usual linear time ¢ is extended to one enjoying right
asymptotic correction t — T; =t ¢; (7 (t)) as t — oo through linear
scales £, where ¢; (7) stands succinctly for the nontrivial intrinsically
generated slowly varying scaling components arising from the associated
visibility norm. Here, 7, as usual denotes an O (1) rescaled variable
in the neighbourhood of linear scales €. In the case of a nonlinear
planar autonomous system the relevant dynamical quantities are only
amplitude and phase of the nonlinear oscillation and so we have only two
asymptotic scaling functions ¢; (7), ¢ = 1,2 which get selected naturally
so as to facilitate direct non-perturbative calculation of the asymptotic
properties i.e. the amplitude and phase of the limit cycle of the system.
An implementation of this non-pertubative scheme in the perturbative
RG formalism is presented in Subsection 7.3.1 for computation of the
amplitude of the concerned oscillators. In Subsection 7.4.1, we shall
show that the computed plot (c.f. Figure 7.4) of the limit cycle for
the Rayleigh and VdP oscillators could be matched arbitrarily closely
for appropriate choices of the slowly varying nonlinear time when the
amplitude and phase of the unperturbed periodic solution flow linearly
in the appropriately chosen nonlinear scaling time variables.

Here, we give an alternative derivation of the nonperturbative relaz-
ation oscillation flow equations ab-initio from the slowly varying non-
linear time in the context of the Rayleigh equation (7.1) with e > 1. It
will transpire that the new approach is free of any divergence problem
because of its inbuilt RG cancellations via duality principle. Since we
are interested in the planar limit cycle properties, we assume that all
the relevant quantities e.g. the solution y, amplitude a and phase ¢ are
functions of asymptotic time variable ¢t ~ ", n > 1 and the associated
nontrivial scaling variables 71 = ¢1 (7) and 7 = ¢ (7) for a rescaled
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7 ~ O (1). Higher order scaling variables 7,,, n > 2 of the nonlinear
structure of time variable may become relevant for a non-planar system.
Accordingly, we write the ansatz y (¢, 7, 72) = yo (t) + Y1 (71) + Ya (72)
for the limit cycle solution involving multiple time scales (only three
for the planar system). Assuming slow variations of nonlinear scales

d;
= ¢, 1= 1,2, viz. ¢ < |¢>’-2\ <<1 ¢ = ﬁ,
@ - 3y0
dt

ast —¢e", n— o0

and noting that (7.1)

simplifies to

%ZO+yO+ZYs<ay0 qu )

() ) o

where we drop all higher order terms involving ¢! and (/b;?. Assuming

Yo (t) = a (7, ) cos (t+ v (1, 72)) with flowing amplitude and phase
in scaling times 7 and 7 so that

— +yo =0 (7.20)

we next get a simplified linearized evolution for the nonlinear compo-

nents of the asymptotic limit cycle solution in the form

(1 <8y0>)z¢28)/_{ (%yto)g 8‘”0} 1SV (7.21)
di

varying nonlinear time scales, a second order nonlinear planar system

where @ = As a consequence, under the assumption of slow
(7.1) would decompose into a linear second order partial differential
equation (7.20) for the zero level solution yy and an associated first order
partial differential equation (7.21) for the nonlinear scale dependent
components Y;. Clearly, analogous decomposition holds actually for a
larger class of planar autonomous systems (7.18) having a unique limit
cycle solution. Extension of this result to multiple limit cycles would

be considered separately.
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We note here that since the system (7.20) and (7.21) is under de-
termined, there is room for further restrictions to solve the system self-
consistently. To re-derive the RG flow equations (7.10) and (7.11) from
(7.21), we now make following assumptions: we write (i) a(m,7) =
a(m), ¥ (7, 7m) =1 (712) so that amplitude varies slowly with first or-
der scale 7 when the second order scale 7 and phase ¥ remain almost
constant. On the other hand as a stabilizes to an almost constant value,
the phase begins to flow, though slowly with the second order scale 7.
Such slow, almost constant, rhythmic cooperative variations of 7 and
19 are modeled, depending on the specific problem under consideration
(see below and c.f. Subsection 7.4.1), to retrieve the RG flow equations
correctly. As shown in the example (Remark 7.2.3) such a rhythmic
nonlinear variation does exist in an ultrametric neighbourhood in R*.
To further quantify the slow variation of dynamical variables, we next
impose the condition that (i7) the total variation of the exact solution
y (t, 11, T0) with respect to each slow variable T; along the full periodic

0
cycle C' must vanish viz., / it = 0 for each 1. To avoid triviali-
C

o

ties i.e. f cos(t + ¢)dt = 0 etc., we, however, evaluate the concerned

C
integrals only on the quarter cycle, with the understanding that phase

shifts of — are absorbed in the definition of .
In the sufficiently large € > 1 relaxation oscillation, one can further
simplify (7.21) by dropping the ™! term to obtain

1 (9w Oy
aYy;  *\ ot ot Oyo

— = = —. .22

o7, <8y0)2 (?JOt), Yot a1 (7 )
1 — (=2
ot

To make contact with RG flow equations (7.10) and (7.11) one now

> o

exploits the freedom of right choice in the functional forms of nonlinear
scales. For the Rayleigh equation, we now set for slow, cooperatively
active functional dependence (a) ¢1 = @ (yor) Sy (a,h,t), ¢o = 0
and (b) ¢ = 0, ¢y = D (yor) Sy (a,0,t) for successive slow varia-
tions, as described in (i), of the scales 77 and 75 respectively, where,
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2 4

Si1 = 3a (az — 1) cos(t+1) and Sp = & (1 — §—2> sin (t + 1) (recall

the example in Remark 7.2.3 above highlighting wide possible choices
and intricate functional dependence). These choices for S; and Sy would
yield the RG flow equations when condition (i7) is invoked.

Note that the relations in both (a) and (b) are truly nonlinear; the
dynamical variables a and v in S7 and Sy depend implicitly in ¢; and
@9 respectively, which, in turn are slowly varying as the linear param-
eter ¢ is assumed to vary in a neighbourhood of €" for a large but fixed
n. Invoking the global slow variation condition (#i) for each 4, in con-
junction with the ansatz (a) and (b), one finally deduce the amplitude
and phase flow equations (7.10) and (7.11) in slow variables 71 and 7
respectively.

In the present format, the flow equations, however, have got new
interpretations: Amplitude and phase must flow in successive rhythmic

0
manner; phase remains almost constant (i.e. a—¢ = 0 for each i) when
’7—.
amplitude varies slowly with 7 towards an almost constant value. Sub-

da

sequently, the flowing of a is halted temporarily (i.e. 3 = 0), initiating
-

flowing of ¢ in next level variable 5. This rhythmic oscillation would
obviously continue indefinitely over a cycle. The RG flow equations
could be treated as non-perturbative because of implicit connections of
nonlinear scaling time functions with amplitude and phase via intrinsi-
cally defined duality principle (c.f. Remark 7.2.3).

7.4.1 Approximating Limit Cycle

Here we calculate the approximate limit cycle orbit for the Rayleigh and
VdP equations for a sufficiently large ¢ > 1. Perturbative RGM fails
to give correct relaxation oscillation solution. The first order solution
given in Section 5.2 in Chapter 5 by HAM is also found insufficient. In
this work we do not undertake the problem of computing approximate
limit cycle by HAM, which has been addressed by Lopez et al. [18] for
the VAP equation. Our aim here is to highlight the strength of IRGM
over perturbative RGM.

For a sufficiently large time ¢t — ", n large, but fixed, the slowly
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varying nonlinear scales 7 and 7o are activated in a successive rhythmic
manner, as explained in Section 7.3, so that the perturbative solution
given in (6.8) of Chapter 6 is extended to the asymptotic limit cycle
(relaxation oscillation) solution

y (11, 7)) =a(mn)cos(e"+ ¢ () +Y (7.23)

where the amplitude a and phase ¢ flow along the cycle following the
nonperturbative flow equations (7.10) and (7.11) in the asymptotic scal-
ing variables 7y and 7 respectively. Here, Y encodes all the renormal-
ized perturbative terms depending on higher order, slowly varying non-

0
linear scales 7;, ¢ > 2. The corresponding velocity component y = a—’z
at t = &" has the form
oY
(7.24)

Y (11, 72) = —a(m)sin (" + ¢ (12)) + ZT.i@T@"

Equations (7.23) and (7.24) are the parametric equations of the limit
cycle, parametrized by multiple nonlinear scales, when slowly varying
amplitude a and phase 1 are computed from (7.10) and (7.11) respec-
tively. An alternative derivation of (7.23) and (7.24) based purely on
duality induced nonlinear scales is given in Section 7.4. We remark
that (7.23) and (7.24) actually represent the general form of the limit
cycle for a much large class of Lienard system having unique limit cy-
cle. Typical geometric shape of the periodic cycle of a given nonlin-
ear system s controlled entirely by the rhythmic cooperative, almost
constant variations of the nonlinear scales ;. As explained in Sec-
tion 7.3, scale invariance of the scaling functions 7 = ¢ (fl /5) and
Ty = ¢ (52/52) tells that as the linear time t — ", 74 — ¢1(1) = 1

and 79 — ¢9(1) = 1 with #{ — ¢ and £, — 2. We now set the
1 1)
initial conditions a (1) = aamp (¢), d' (1) = a(2 ) 1— a(4) and

(1) = 0, where aamp (€) is the exact (experimental) value of the am-
plitude of the limit cycle. Setting further m; =1+ n; and 7 =1 + 1
as t — ¢", both amplitude and phase flow equations (7.10) and (7.11)
now yield linear flow of amplitude and phase relative to the respec-
tive small scale slow, almost constant variables 7; and 1,, satisfying
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In?] < 1 and |7 < |9?| < 1, those vary in a rhythmic manner. The
exact (experimental) limit cycle could now be approximated with any
desired accuracy by smooth matching of the straight line segments of
the form (i) z — Zy = k(y —Yp) and circular arcs of the form (i)
(y — Yy)* + (2 — Zy)* = a2 (1) over judiciously chosen intervals in y in
the (y,z) plane, where z = g, k = —tan (" + 1 (7)), Yo = Y and

Y
Zy = E TZa— Because of the availability of cooperatively evolving
, T
1

resource of nonlinear scales, such a matching is always possible theoret-
ically. In the alternative derivation of limit cycle equations in Section
7.4, we have outlined an approach to gain more analytic understanding
of the rhythmic, cooperative variations of the nonlinear scaling func-
tions. We hope to address the question of determining the precise ana-
lytic properties of the scaling functions ¢; (7) corresponding to a given
nonlinear system in future communications.

I L
[u
N

(a) (b)

Figure 7.4: Approximate limit cycle for (a) Rayleigh equation and (b) Van der Pol
equation; solid (red) line for approximate curve, dotted (blue) line for exact curve

(e =5).

In Figure 7.4(a) and Figure 7.4(b), we display the (y, z) phase plane
relaxation oscillation for the Rayleigh and VdP equations with ¢ = 5.
A piecewise smooth matching curve for upper half of the approximate



139

Rayleigh limit cycle for ¢ =5 is

;

0.02 — \/1.96 —(y+3)?% = —4.96 <y < —4.393,
10y + 43.9, —4.393 < y < —4.23,
z(y) =14 1.46 + \/0.35 — (y+3.65)%, —4.23 <y < —3.6,
—0.1y + 1.689, —3.6 <y < 3.12,
—0.02 + \/1.96 —(y—3)° 3.12<y<4.96;

\

given by solid (red) lines in Figure 7.4(a) and another such curve for

upper half of the approximate VAP limit cycle for € = 5 is

(
—0.388 + \/0.352 — (y+1.438)%, —2.05<y<—17,
1.8 — \/3.2 — (y+2.38)°, 1.7 < y < —0.633,
4.5y + 4.25, —0.633 < y < 0.6,

W) 6.5+ \/2.76 — (y —2.2)% 0.6 <y <0.9,
Z\Y) =

7.325 + \/0.063 — (y —1.04)%, 0.90 < y < 1.28,
0.38 + \/1530 — (y+37.2)°, 1.28 <y < 1.8,
—13y + 26.8, 1.8 < y < 2.033,

| 0.388+ \/0.352 — (y—1.438)%,  2.033 <y < 2.05;

shown as solid (red) lines in Figure 7.4(b).

Here, the piece-wise smooth matching curves approximating these
cycles are presented in tabular forms. However, the smoothness at the
joining points are achieved at the level of one decimal only. More ac-
curate approximation may be achieved with smarter efforts. Judicious
choice of slowly varying centres (Y, Zy) and radii a (1) of circular arcs
of right sizes (a straight line segment being an arc with sufficiently large
radius) should give better approximations with a given exact (experi-
mental) cycle that can be obtained on a symbolic computation platform,
Mathematica for instance. The phase plane dynamics of these slowly
varying centres and radii is expected to reveal interesting new insights
into asymptotic properties of the nonlinear oscillation.

It transpires from above discussion that radii, for instance, vary much
faster in Rayleigh than that in VdP oscillator, in which case radii fluc-
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tuate between small and large values through intermediate steps. This
might be compared with fast and slow energy build ups in Rayleigh and
VdP relaxation oscillations respectively. One would like to interpret this
phase plane dynamics as cooperative evolution of multiple nonlinear
scales driving amplitude and phase of the nonlinear oscillation to flow
in such a fashion as to generate little circular arcs and linear segments
which join smoothly together to form the complete orbit. Making an
accurate plot then boils down to finding right kind of such arcs and line
segments. Intricate dependence of the trajectory itself into the defini-
tion of the nonlinear scales (c.f. Remark 7.2.3) tells in retrospect that
one needs to look for a novel iteration scheme that would allow one to
extract the trajectory systematically as a limit process. This problem
will be considered in detail elsewhere.

7.5 Concluding Remarks

In this chapter we have presented a comparative study of the homotopy
analysis method and the Renormalization Group method. It turns out
that the higher order perturbative calculations based on the conven-
tional Renormalization group method would fail to give efficient formula
for the limit cycle amplitudes for these nonlinear oscillators. However,
an improved version of the Renormalization group analysis exploiting
a novel concept of nonlinear time is shown to yield efficient amplitude
formulae for all values of €. Exploiting multiple nonlinear scales of the
associated nonlinear time the improved RG method is also found to
yield good plots for relaxation oscillation orbits for the Rayleigh and
VdP systems.

We have presented brief review of the nonlinear time formalism
and also given an alternative approach in deriving non-perturbative
flow equations of amplitude and phase of a limit cycle problem. Non-
perturbative information of asymptotic quantities get naturally encoded
into nonlinear scales, that can be exploited judiciously to extract desired
asymptotic properties of a relevant dynamical quantity. An algorith-
mic procedure of extracting such information is explained in estimating

both the limit cycle amplitude and trajectory for Rayleigh and VdP
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equations. More detailed analysis of the nonlinear time formalism in
several other nonlinear systems will be considered in future.



Chapter 8

Future Scope

In the first part of this thesis, sufficient conditions for existence of the
unique or multiple limit cycles for a class of Lienard systems are pre-
sented based on a simple extension of the classical Lienard theorem.
The problem of developing powerful methods, leading to the proof of
the exact number of limit cycles, for more wider class of Lienard sys-
tems is an active field of current research [47,51,52], with many authors,
for instances, Lopez, Abbasbandy, Lopez-Ruiz [18,67], Llibre [47] are
making important new advances in this field. The limitation of our
simple geometric approach becomes noticeable in our inability in ob-
taining a proof leading to exact number of limit cycles for the class of
non-symmetric Lienard system. An extension of our approach in the
light of current literature is necessary to achieve the goal. This is an
important problem we would like to take up in near future.

Reconstruction of differential systems from incomplete information
has been studied in Chapter 3 in the context of symmetric Lienard
equation with a given number of limit cycles. Similar study for other
kind of differential systems remains an open problem, especially with
a given shape and size of a limit cycle. Another important class of
problems in the Part I of the thesis is the possible extensions of the
present approach to piece-wise smooth /continuous or even discontinu-
ous (Lienard-like) systems [54,79,80], because non-smooth systems are
more interesting, from the point of view of applications, rather than
smooth systems.

In the second part of the thesis, a new Improved Renormalization
Group Method is developed using new formalism of nonlinear time.

142
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Use of multiple nonlinear scales enabled us to simulate cooperative be-
haviour among the asymptotic properties of different physical /dynamical
parameters of a nonlinear system, viz. Rayleigh and Van der Pol sys-
tems in a much more efficient manner than that was possible in the
context of conventional RGM. The formalism presented in the thesis,
though appears to be novel and appealing, needs to be further substan-
tiated by many more such applications in different classes of nonlinear
systems, both autonomous as well as non-autonomous. One of our im-
mediate goal in this area of research is to investigate non-autonomous
VdP equation with a periodic forcing, in the context of nonlinear time
formalism and to try to understand the period doubling bifurcation
route to the chaotic attractor in the light of the associated hierarchy of

nonlinear scales.
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