CHAPTER - III .

LOW FREQUENCY SCATTERING OF ELASTIC WAVES BY GRIFFITH CRACKS IN

ORTHOTROPIC ELASTIC MEDIUM

PAPER 7 : Diffracﬂion‘ of elastic waves by two parallel rigid

strips embedded in an orthotraopic medium.

PAPER 8 : Interaction of elastic waves with two coplanaf Griffith

cracks in an orthotropic medium. -

PAPER O : Diffraction of elastic waves by three coplanar Griffith

cracks in an orthotropic medium.

PAPER 10 : Elastic wave scattering from four coplanar 0Griffith

cracks in an orthotropic medium.
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DIFFRACTION OF ELASTIC WAVES BY TWO PARALLEL RIGID STRIPS EMBEDDED
IN AN INFINITE ORTHOTROPIC MEDIUM

1. INTRODUCTION

Recently, with the increased usage of maproscopically anisotropic
construction materials such as fibre;féinfofced composites, the
study of intéraction of elagtic waves wifh cracks or inclusions in
composite materials has gained much importance. The proBlems
invol&ing inclusions in isotropic medium have been studied by many
authors. falaiya and Majumder (1981) considered the problem of a
single strip at a bimaterial interface. Foféed vertical vibration
of a single strip.was treated_by Wickham (1977)l Jain andSKaﬁwal
(1972b)have sofved the problem of two rigid strips embedded in an
lsotropic elastic medium. Recently Mandal and Ghosh (1392b) have
treated the problem of vertical vibration of two rigid strips on
the surface of a semi-infinife medium. The ﬁroblem "involving
single Griffith crack in orthotropic medium was investigated by
Kassir and Bandyopadhyayl (1983), Shindo et al. (1986), De and
Patra (1990). Shindo et al. (1991) have investigated the impact
response of symmetric edge cracks in an orthotropic strip. But
perhaps, due to mathematical complexity{ elastodynaﬁ;c problems
involving two or more Griffith cracks or strips

in anisotropic

materials have not yet received much attention.
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In our praoblem, the interaction of normally incident time harmonic
elastic waves with two rigid strips embedded in an infinite
orthotfopic medium has been considered. The resulting mixed
boundary value problem is.reduced to the solution of a triple
integral equation which has further been reduged to the solution
of anbinteépo4differential equation. lteratiQe solution valid for
low frequehcy ha%‘beén obtéiﬁéd: F}dm the solution of the integral
equation we have “fqgﬁdv out the normal stfess and vertical
displacement at points in the plane of the strips. Finally
choosing the engineering elastic constants of' ihe orthotropic
material suitably the results for 1isotropic material have been
deduced and compared with the results obtained by Jain and Kanwal
(1972b). To display the influence of the material orthotropy
numerical v#lues of stress intensity factors and vertical
displacemént have been plotted against dimensionless frequency and

distance respectively for several orthotropic materials.

2. FORMULATION OF THE PROBLEM

Let us consider the diffraction of normally incident longitudinal
wave by two symmetric coplanar and parallel figid strips embedded
in an infinite orthotropic elastic medium and the strips occupy
the region bS[x‘]Sa, x2=0, -m<x8<w. Let Et’ “tj and vij(i,j=1,2,3)
denote the engineering elastic constants of the material where the

subgeripts 1,2,3 correspond to the X o0 X, L3 diréctions which
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coincide with the axes of material orthotropy. Normalizing all
lengihs with respect to ‘a’' and putting xi/g=x, x2/a=y, x3/a=z,
b’/a=c, the rigja'strips are defined by CSIXISI? y=0, |z|(m(Fig.1);
Lét a time harmonic wave given by u=0 and v=v°exp[i(ky-wt)] where
2

k=aw/c ve ’ c =(u /p)t/
a = 12

and v is a 6onstant, travelling in
22 o

the direction of positive y-axis be incident normally on the

strips.

The non-zero stress components Tyy and T;y are given by

) / = o .'au 2!
Tyy'yiz T12 dx Tzz dy
(1)
T/#:ﬂ-’»ﬂ

Ky " 12 ay Ix

where cﬁ(i’J=1’2) are nondimensional parameters related to the

elastic constants by the relations

2

c = E /u (1-»" E /E )
EY! 1 742 7 T42 2" T4
- .2 - .
C,. Ez/“12(1 vngzlax) cith/E‘ (2)
c =v E /u (1> E/E)Y = v ¢ _=v_ ¢
12 12 2 "412 12 2 12 22 21 14

for generallzed plane stress, and by

c11=(E‘/Ap12)(1-vzsv92)

czz=<Ez/Ap12)(1—visv8‘)

c;z =E1 (vz 1 +v1 svaz EZ /EI. ) /Aynz
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Fig.1. Geometry of the strips.
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=E (» +» v E /E )/Au
2 142 23 91 1 2 12

v v v - v v v
12 23 91 19 21 392

124 124 v v v v
12 21 29 32 91 1393

(3

for plane strain. The constants Et and vtj satlsfy the Maxwell's

relation », /E =9v /E .
vy L AAY J
The equations of motion for orthotropic material, in terms of

displacements are

N
N
N
N
N

Cor T3t Tt e s = 5 2
11 ax a3y y cé at
(4
2 2 2 2 .2
o Ty Tt e RN - L 2
zz 6yz ax® y c, at

Therefore, substituting u(x,y,t) = ulx,ylexp(-iwt) and vix,y,t) =

vix,ylexp(-iwt) our problem reduces to the solution of the

equations

2 P P 2 2
ax ay 12 y o2
-
(5)
2 2 2 2 2
and c,, 9 : + 4 : + (1+c1 )gx; 28w y-= 0
ay ax 2 y c:
subject to the boundary conditions
vix,0) = -V, , cs|x|=t (6)
Tyy(x,O) = 0 , |xl<cr | x]>1 ' (7)

ul(x,0) = 0 s |x|<w. (8)
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Henceforth the time factor exp(-iwt) which is common to all field
variables would be omitted in the sequel,

The solutions of equations (5) are taken as

2 ' | |
ulx,y) = EI:[Atﬂf)exp(—71|y|) + Az(f)exp(-y2|y|)]sin8x d¢ , y>0
Q)
_2[® tp ) e o |
vix,y) = EI? ?[a1A1(f)e¥p( y1|y|) + azAZ(E)exp( yzjyl)]cosfx‘dz
(10)
2 2 2 . .
c & -k -y, 2 2
where o = —>= = , i=1,2 , k¥ =2£ (11)
i (1+c Dy, 8 2
12 ¢ c

and AJ{)(1=1,2) are the unknowns to be solved, yz ,y: are the

roots of the equation

4 ' 2 2 2 2 2 2,..,.,2 2
+2 -c & - - =
czzy * {(Ciz 012 11022) * (1+c22)ka}r +(C116 ka)(f ka) 0

(12)
From the boundary condition (8) it is found that

CAL ) = -A (Z).

Therefore displacements u,-v and stresses 7 '’ Txy finally can be

written as.

ulx,y)

2 L
FI:[EXP(-71|YI) - exp(—yzlyl)]A*(f)sin{x dag , y>0

(13
2

i
;Ij FEaiexp(-yilyI) - azexp(-yzlyl)]At(E)cosEx d¢

vix,y?

(14)
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2Icc czzairt‘
= < - £ =~ Zlexp(~ ) -
Tyy /“12 g, [[C1zg 4 P 71|Y|

oY
22 2'2
- [ctzf - __7?_—;exp(—y2|y|)]Ai(f)costx de , y>0
(15)
s 2T e _ _ _ '
Ty ‘n, = ;[: [(y1+a1)exp( yl|y|) (¥, %o, dYexp( 7z|y|)]A1({) x
x sinfx df : (16)
Next putting
ay ~oy
AE) = _i;ig_f_i A ED

the boundary conditions (6) and (7) lead to the following dual

integral equations in A(£) :

JQV, a’. . ‘az - e .
—=2 % la(¢)rcosEx df
[o] [ai?,i azyz]

T, o cElx|st A

and Im A(¢)cosEx d¥ = 0 , [x[<e » |x|>1 (18)
)

3. SOLUTION OF THE PROBLEM

We consider the 'solutiqn of the integral equations (17) and

(18) in the form

ACE) = J'1 tf(t?)cosft dt (19)
(=3
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where'f(tz) is an unknown funbtion to be determined.
By the choice of A(Z) given by (19) the relation (18) |is
satisfied'automatically and the equation (17) becomes
L - o - oa, - '
I tf(tz)dtrD[—————~———Jcos£x cosft df = - 5 Yo cslxlﬁl (20)
cJo M1

[} - a o
-] 71 2?’2

Using the relation

sinfx sinft wvd (Ew)J (Evrdvdw
Lo

f 2 1/2(t2_v2)1/2

the above equation is converted to the form

da s t va (v,w) dwdv -
S 1 te(t?Hrat & ‘ = - = v , cS[xlSi
dx at 2. 4/2,,2 2 . 4/2 2 o
c o (x -w ) (t7=-v™) .
(21)

where

a - az : ' .

o 191 22

By a contour_ 1ntegration ‘technique, the 1infinite integral 1in
L‘(v,w) can be converted to the following finite iIntegrals.

(detalils have.been-given in the appendix)

1/ Ll d )
114 C TN ~1-y ¥ . :
st 11 1' 2 (1)
L1(v,w) = -i[ Jo — Jo(kenv)Ho (kenw) dn -

- Cua? 17, J (k pvIR Y (k pw) d >
iy Jo (K _NVIH JOW) dnl, wv

(23)
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: 1 2 1,2 172
where ;; = [E {xt—(x‘—axz) }]
1 2 12 172
¥, © [§ {x‘+<x1-ax2) }]
—! i 2 12 172
v, [§ {—x1+(x1+4x8> }]

' [1 { é 1/2}]1/2
= 4X +(X"+4X )
2 2 1 1 -

(24)

X1
n

X o= {(cz +2¢c _-c 2 o+ (L+e )}
1 c_. 1 12 11 22 2
22
c
_ 11 .2 1 2
22 11
c .
_ 41 2z z _ 1
22 11

The corresponding expression of Li(v,w) for w<v follows from (23)

by interchanging w and wv.

Substituting the series expansion of J, and H;“ in (23)  we find

after some algebraic manipulation

2 iy, (W)
L (v,w) =-—[bddog(k w/2)- ——]M + N - ——————szlogk ] + 0Kk
1 T s 2 ™ s ®

4
y WOV
.2 i (W+v?) 2 | 2
E[[yflogfkgv/zjl1f§}ﬂ.+vn» ,___Zf__Rkalogka] + 0CkE)
. vdu (25)

where ¥y = 0.5772187. . ... is Euler’'s constant,



2t e - 2 -2 .
11 c n -ty v» c N ~-1i+y
M = J' 14 12 4y - r e dn. (26)
° vy, v e 1.-vY< 72(71 )
AP n -1y ¥ c nz—1+;_4 2
11 1 1 2
N = J. — — logn dn - r — 5~ l108gn dn
© 7}72(71+72) 1/¥c“_ r,r, tr, )
(27)
V04 ¥ e pi-1-7 7)) nile ne-1+y %)
11 1° 2
and R :J E—— - = dn - .r . —7 2 dn
@ 7172(71+?2) 1Y v,lr, v, )
11
(28)

Now differentiating both sides of the relation (20) “wifh'respect

to x we obtain

1 2' a - oo
J'tf(t )dtJoo EL;—i——————JcosEx cosft dt = 0, cL|x|=1
. o )

- a
< 1?/1 . 2?/2

2

Following similar procedure as done for deriving equation (21),

we obtain

L2 1 x t vwL (v,w) dwdv
tfct ) dt = tet2yat 2 2
2 ,2 at 2 2.1/2,,2 2. 1/2
¢ X -t o Jo (x - )

e W (t"-v')

y cS|x[=1 - (29)

1

2 ' a - oo
L (v,w) = Jm [g - = {————:————J]J (Ew)J (Ev) d¥ (30)
2 o . = oAy, oY, R.) o

where
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z _ 1t [ _ [ _ 2 _
Nz B 2c22 [ (c1z+2ciz 114 22 +chaz+2ctz 11 22 11 22 ]
2 1 2 2
- - + - - + - -
and Nz 2c22 [ (01 2012 11 zz) 1(012 2c12 114 22 11 22 ]

We use the contour integration technique mentioned earlier and get

from (30)

1 K2 AP nz(ct‘nz—l?;;;;) Cin
L (v,w) = - J (k nvdH ™ (k nw) dn -
2 e === Ty o e o ™

o 7172 71 72
nte 1n2_1+;22) 1)
- . — J (k nv)H (k nw) dni, w>v
= (?—’- 2~+)—; 2 ) (o ] = [e] e ) .
1Ye Yoty 2

(31)
By the process similar to the one which led to the equation (25),

(30) for small values of k can be written as
s

L (v,w) = - 2 pPk%logk + 0(k3). T (32)
2 . -] s ]
where
P = % R and R 1s given by (28).

Now, )et us conslder

tet?) = ¢ (£ + kFlogk t (t%) + 0k%) (33)
o] [} 2 41 2

Putting the above expansioh of f(t%) and the value of Lz(v,w)

given by (32) 1in the equation (29) and equating the

coefficients of like powers of k we obtain,
-1
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2
tf (t7)
j4 o dt = O . c|x|=1 : (34)
e ,

tf (t5 op . | |
and j4 ———dt = - 2 | ot (tf) at,  e=|x|=1 . (35)
< x -t c i

Following Srivastava and Lowengrub (1968) the solutions of the

above integral equations can be cobtained as

D
1

t (t%) = ' : (36)
o
{ai-t% (¢2-c%

£2 -o2 1/; D?
c ] + (37)

d1-t%) (t2-c®

2
n

£ (t%) = PD‘[ B
| A

where D; and D2 are qonstants which éan be calculaféd as follows.

We substitute the value pf L1(v,w) from (25) as well as the
expansion of f(t%) obtained from (33, (36) and (37) in the
equation (21). When the coefficients of Ilike powers of ka from

both sides of the resulting egquation are equated we gét the

following results :

nvo
D = - - - (38)
1 . _mi _.2z.\1/2
2f{( + log(k_/2) —5 *+ log(1-¢c™) LA N]
and . o )
2 2
2D Pv (1-c™)
- 1 R 2, 2 _MpP . 2 2 o
D2 = ﬂ'VO [ 4(2)( +c +1) —2;(1 2% +c7) + —2—D1———— ] (39)
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4. DISPLACEMENT AND STRESS

The vertical displatement v(x,y) on thé"pléné y=0 can be'obtained

from equations (15) and (19) as

2
" (1-c*)PD z
vix,00 = -v. + 20 ' p +1k®10gk {D + —-——-—‘} sinpt| X -1
(o] 123 4 = 2 2 T R (1-62)

- 2PD.M 2 2 2 2 2
+ k“logk I(x -1 (x“~-¢") + 0k , |xj>1
1 -] a2 ]
= vy c<|x|=1
(1-c*)HPD 2_ 2
= -y o+ 2 [ D +k*10gk {D_+ -——-—-—_i}]sinh".iﬁ-lﬁ_l -
) T 1 s sl 2 T 2
. . (i-¢ )
| 2PD. M : 2 2 2 2
~ = kalogkal(l-x Y(e“-x") + O(k‘) y . |x]<e
(40)

The normal stress ryy(x,y) in the plane y=0 can be found from the

relation (15) as

D1 2 > K% - o212
T (%, 20) =F¢c__p _|x]| - + k“logk {= PD +
vy 2271217 ——— s “elnm 1,2
IZl—x Y(x -¢™)
| P, 2 -
+ Y 0k, cs|x|=1
I(l-xz)(xzécz) -
= 0 ’ 0<|x|<ec, [x|>1 (41)

For isotropic medium, putting
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e = - A*t2u '=
11 S22 U ' Hi2 H
so that - a = o =£2/ k =k kK = k /¥e— , 2= L1
P 2 Y2 2 e 1 Py 14 ' .,
where v, = (252 1=1,2,

the expressions for displacement and stress are fouhd to be

2z ’ 2 ‘ ’
vix,0) = -v - ii:f_l D1+ kzlogk D2 - igiz—-)——(1-c2)D1 x
° 272 2 8(1+7%)

-1 (xz-i) (3+T4) ‘2 2 z2 2 2 7

x sinh — * P D1kzlogkz I(x “1)(x"-c") + 0(kT)
(1-c*) 167 2
I |X|)1

= -V, , cS|x|51

z ’ [ + ‘ [
= -v_ - ilig_l D + k2logk {D, - £3+7 ) 1-6%)p ] «
27 212 s1+r?) *
2_ 2 . . ,
x sinp* 87X ) 347 ) p' 1 Progk. { (1-x%)(cZ-x2) + 0K?)
. (1-c%y . 1672 *-% z 2
, |x]<e (42)
y D1 2 (3+7%) 7 (xZ-o2 172
ryy(x,iO) = F —;|x| +k2,logkz - T D [ C]
2 2
‘ T 1c1-x%) (x%-c?) 4€1+z) 1=x
DZ
— + D(k:) ,  e<|x|st
di1-x3 (x%-c%

2 0 , 0<|x|<ec , [x|>1 (43)
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where

. 272y o
b, = 2 2 é 2.1/2 1 2 (44)
[q2+r q +(1+77)log(1-c™)" "+ ~(1-7 )]

. D'2(3+T‘) 2 2 v_(1-¢%)
D = 1 _ (1+t );1+c ) + ° " (45)
2 8v (1+1t™) 2T 1
o
qt = ¥y + log(ktla) - nis2 y i=1,2 (46)

Now, substituting v°=1, m =k , 1=1,2

L 19

C =

. -2
2 1 2 2 2. 1/2
n[(q"t *q )+ (1=t +(1+7) log(1-c™) ]

and dropping term involving k:logk2 the displacement and stress

can be written as

] nC 2 -1 (cz-xz) 2
vix,0) = -1 + —(1+t")sinh |——-" + 0O(m7) , x| <e
2 (1-¢%) 2

= -1 'cS|x|51
2
= -1+ ocisr®rstant [T 4 gm®y (x>t
2 2 2
N (1-c%)
(47)
T (X 20) = % prClx] + 0y, c<|x|<1 (48)
I(l-xz)(xz—cz)
which coincide with the results obtained by Jain and Kanwal

(1972b).
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4. NUMERICAL RESULTS

The vertical displacement field for points near about the rigid
strips. has been plottéd against dimensionless distance for :  two
different types of orthotropic materials whose engineering
constants have been listed in table-i. Type 1-a, 1l-a and Tyﬁe
I-b, 1ll-b correspond to the cases of x and y-directional'fibre—
reinforced composites respectively.

It is interesting to note that in both the cases (c=0.5land c=0.8)
the real part of the displacement viz. Re(v/vo) increases with the
increase in the values of nondimensional frequenqy kgC(Fig.Z) -

(Fig.9]1.

The stress intensity factors T and T at inner and outer edges of

the strips defined by

T (x,O)(x—c)”q'
T = |Lt Re[ Yy : ]
c cC_ u
X+ 22 12
, T (x,0)(1-x)*"2
and T = |Lt Re[ Yy ]
1 INTY
S I B B 22" 12

have been plotted against frequency kn.

1t is found from the graphs that for 1low frequency, stress

intensity factors (F1g.10-Fig.13) at both the edgeé
increasegraduaily, attain maximum values and then go on
decreasing. It may be noted further that at the inner edge, stress

intensity factor increases with the increase in the values of the
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R
o
o
X =0
Ks 01
kg=0'2
. . N
081 1S

Fig.2. Displacement vs. distance for generalized

plane stress (Type Ia, c¢=0.8).
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-04

Re (Wvo) —

! 1

) 1 1
o 08 1\

L —

-2 -15 =1 -0'8

Fig.3. Displacement vs. distance for generalized

plane stress (Type 1b, c=0.8).
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-2 -15 -1 -08 0 08 1 1'5

:n-—)—_

Fig. 4. Displacement'Vs. distance for generalized

plane stress (Type IIa, c=0.8).
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Displacement vs. distance for

plane stress (Type 1lb,

c=0.8).

generalized
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-0-4

Re(ﬂ/l’o) -

-2 -5 =1 - 05 0 0'S
% —

Fig.6. Displacement vs. distance for

plane stress (Type Ia, c=0.5).

generalized
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Fig.7.

Displacement vs.

distance for generalized
plane stress (Type Ib,
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C=0'5
n
o .
y
<«
o
—~ k=01
2
2 -o8 k=02
0
x
-0'9
-1 |
1 1'5

Fig.8. Displacement vs. 'distance for generalized

plane stress (Type IIa, c=0.5).
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Re (V%) —

-09

Fig.9. Displacement vs. distance for generalized

plane stress (Type IIb, c¢=0.5).
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Fig.10. Stress int;ﬁéity factor TC \2 frequenéy
k

R for generalized plane stress.
C

Type Ia, =--=--

Type 11ad.
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Fig.11. Stress intensity factor Tr vs. frequency
kg for generalized plane stress.
C Type Ib, ~-———~ Type IIb).
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Fig.12. Stress intensity factor T‘ vs. frequency

ka for generalized plane stress.

C

Type 1a,

Type IIad.
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strip length whereas at the outer edge the stress intensity factor
exhibits similar behaviour where the fibres are pgrpendicular to
the strip but in case the fibres are parallel to tge strips, the
behaviour is just the opposite.

It may also be noted from the graphs that in case the fibres are
perpendicular to the stripsg, the variation of the stress intensity
factors at the inner edge do not wvary significantly with the

material though their variations at the outer edge are prominant.

APPENDI X

EVALUATION OF L (v,w)

The integral Li(v,w) given by (22) 1is

. .
L‘(v,w) = Jj K(E’Yi’YZ)JO(EW)Jo(EV) da¥ (A1)
where
2
a -a c & -k +y y
K(E,7 ,7 ) = 1- 2 - _112 2 ‘a2 (A2)
t 2 0171 aé?z y172(71+yz)
1 1.2 12
71 = [§ { B +(B —AB ) }]

172

{ B, - (B%-4B )‘/2}]

{(c .7, °C 2+ (L+c )kz}

14 22 22 )

(A3)

-~
N
[}
N Io—- [re—
N (NI
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0, - ob () (™)

To evaluate the integral (A1) we consider two contour integrals :

(1)
>
. Jr K({,y‘,yz)Jo(fv)Ho (Ew) d¥ ’ "2aY

(A4)
1= K ( yJ (EVHZ? (Fu) dE WOV
2 ’:9?’1a?’2 o 4 o ’
r
2
where I"1 and Fz are the closed contours defined in fig.14.
Assuming the relation
2 : 2 2 2
(c12+2012 cuczz)(1+c22) . 2(1+c“) ) (012.2012 c“czz) ) I&c“
c? %22 V c? 22
22 22
) e 0,
x 4 <0 (A5)
2 c
c 22
22 .

it is noted the branch points ¥ = kt(i=1_4) corresponding to the

roots of the'equation Bi - ABZ = 0O are always complex.

Now, the branch points corresponding to the roots of the equations

- B + (B2 - 4B 1)»*7 =0 and - B - (BZ - 4B )*% = o
1 1 2 1 1 2

are f=%xk and =%k /vc respectively, where it iIsg assumed that
. = < i1 X

2

c ¢ - C - 2c - > 1 + ¢
14 22 12 12 22
(AG)
and cz + 2c¢ + C > 0
. 12 12 14

Most of the orthotroplic materials satisfy the relations (A5) and

(A6). Therefore under the above condition, =%k /fc‘ and E=xk
. S 1 -]
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Fig.14. Contours of integration for integral

equation CA1D.

in
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are the branch points of v, and v, respectively.
The integrals In equation (A4) are found to be =zero on the
contours Artand Arztfig.ia) around the branch cuts from xi and kz.

Thds integrating along the contours Fi and Fz the integral Ll(v,w)

for w>v can be finally written as

i €44 c 2—1—_-
-1 J 11n Vyxyz
o

v, )

L (v,w)
1

(1?2 .
Joﬁkanv)Ho ‘(kanw) dn

-~ 2

01177 _,1+?2 (4
) J'1 2 5 (k. pWHY (k pw) dnl, wov
—_— (?—; 2+;' 2) o 2 o S
1/'(:11 ?/2 1 -2

(A7)

where ?‘, ?2, ;1 and 72 are given by (24).
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TABLE - 1. ENGINEERING ELASTIC CONSTANTS

E (Pa) E_(Pa) @ (Pa)
1 2 12

v
12
Type | Modulite 11 Graphite-Epoxy Composite
a 15.3x10° - 158.0x%10° 0.033
‘ 5.52x10°
b 158.0x10%-. 15.3x10° 0.34
Type 11 E-Type Glass-Epoxy Compbsite
a 9.79x10° 42.3%x10° 0.063
3.66x10°
b 42.3%x10° 9.79x10° 0.27
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INTERACTION OF ELASTIC WAVES WITH TWO COPLANAR GRIFFITH CRACKS
IN AN ORTHOTROPIC MEDIUM

1. INTRODUCTION

Dynamic fracture problems invelving anisotropic materials weakened
by crack-like imperfections have drawn much attention to  the
investiga%ors because of the increased usage of macroscopically
aniaotropic construction materials such ag fibre reinforced
composites. The different possible location of cracks with respect
to the planes of ma&erial symmetry introduce great modifications
in the strain and stress distribution. The problems are also of
cansiderable interest iIn seismology and exploration_ geophysicsg.
The problems involving single or two Griffith cracks in isotropic
elastic medium have been studied by many authors (Loeber and Sih
1960, Ma1.19?8, Srivastava et al. 1081, Jain and Kanwal 1972&,1tou
1986bJ- Mathematical difficulties encountered in solving the
governing equations of the anisotropic efasticity . theory are
regponsible for the availability of few results only for special
classes of_materials. Kassir and Bandyepadhyay (18983) have studied
the elastodyaaﬁic 'responée"bf—'an infinite orthotropic solid
containiné a qracg aadep the action of impact loading and the
elastodynamic problem of a finite Griffith crack in an orthatropic

strip under normal impact was investigated by Shindo et al. (1986),

ENGNG. FRAC. MECH. ,19904 (IN PRESS).
PUBLISHED IN ENGNG- FRAC. MEcH. , VOL- 49 , NO-3

PP. 411-423 (1994)
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Problem involving a moving Griffith crack in an orthétropic strip
has also been studied by De and Patra (1990). Recently, Kundu and
Bogtrom (1991) solved the problem of scatiertng of elastic waQes
by a ecircular crack situated in a transversely isotropic solid.

In our paper, the diffraction of normally incident time harmonic
elastic waves by two coplanar Griffith cracks in an infinite
orthotropic medium-has been investigated. The faces of each of the
cracks are assumed to be separated by arsmali distance so that,
during small deformations of the solid, the crack faces do not
come into contact. The fesulting mixed boundary value problem is
reduced to the solution of a triple integral equation which has
further been reduced to the solution of an ihtégro-differential
equatién. lterative solution wvaild for low frequencyl has been
obtainéd.a Analytical formulae for stress intensity factor and
crack opening displacement have been derived. Making the distance
between two crack zero the corresponding results for single crack
have been presented. Finally, choosing the engineering elastic
constants of the orthotrapic material 'suitably the "results for
isotropic material have been deduced and compared with the results
obtained by Jain and Kanwal (19724). To display tge influence of
the material orthotropy numerical values of stress intensity

factors and crack opening displacement have been plotted for

several orthotropic materials.
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2. STATEMENT AND FORMULATION OF THE PROBLEM

Consider the plane problem of diffraction of normally incident
longitudinal wave by two symmetrical coplanar Griffith cracks
situated.in an infinite orthotropic elastic medium. The cracks are
assumed to occupy the region b<|X|=<a, Y=0, ]2|<m. it is convenieﬁt
to normalize all lengths with respect to ‘a’ and so setting X/a=x,
Y/a=y, Z/a=z, b/a=c, the new position of the cracks are defined by

c<|x|=<1, y=0, |z|<o (Fig.1).

Let a plane time harmonic elastic wave originating at y=-o be
incident normally on the two cracks is defined by v°=exp[i(ky-wt)]
where k=aw/c ¥c_ c9=(u12/p)*’2. with p being the density of the

material. In the isotropic s=solid, C_» represents the velocity of

the shear wave.

9

The non-zero stress components Ty and T are given by
Xy

T /u = c u + c v
Yy A2 12 P 22 .,y

L
T /u = u + v ’

Xy 12 Y X

where u, v denote the component of the disp}acement in the X, Y

directions respectively and comma denotes partial differentiation

with respect to the co-ordinates or time; cr(i,j=1,2) are
J

nondimensional parameters related to the elastic constants by the

relations :
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2
= - / )
Cia E1/“12(1 v12E2 E1

2 .
= - = (2)
€,a Ez/y‘z(i vzzEz/Et) c11E2/E1
2 = =
012_v12E2/“12(1_ viZEZ/Ei)_ v12022 v21cu

for genefalized plane stress, and by

c11=(Ex/A“1z)(1- Y.ooVan

¢ _=(E /An H((1- v P
22 2 12 13 31

¢ =E (v + v v E /E )/Au 3)
12 14 214 13 a2 2 1 12

=E (» + v v E /E Y/Au’
2 12 29 81 1 2 12

v v v v v v v v v v v v
- 212 21 23 32 21 13 12 23 31 19 24 32
for plane strain. In the above equations Et’ M and v

ij ij
(i, j=1,2,3) denote the engineering ealstic constants of the

material where the subscripts 1,2,3 correspond to’ the x, y, =z

directions which coincide with the axes of material orthotropy and

the constants Et and vu satigfy the Maxwell’s relation :
v, /E = v /E, (4)

The equations of motiaoan for orthotropic material, in terms of

displaceménts are

2

a

c u + u + (1+c¢ Jv = — u
11 s XX ! ' YY . 12 » XY cz
=

(5)

2
c v + v + (14c )u = 3 .
12 » XYy 2 tt
c
=
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Theretore, substituting u(x,y,t) = ulx,ylexp(-iwt) and vix,y,t) =

vix,ylexp(-iwt) 1n-equation (5) we obtain

c u + u + (1+c v + ku =0
11 L RX LYY 12 . XY

"N

and : ' (6)

with kz = azwzlc2 .
(- -]

The boundary conditions of the problem are

T (x,0) = 0 . | x| <eo (7
xy

T (x,0 + 7 %% (x,00 =0 , e<|x|=51 (8)
vy Yy L

v(x,é) = 0 , |x|<c » | x|>1t. (9)

Henceforth the time factor exp(-iwt) which is .common to all field
variables would be omitted in the sequel.

The solutions of equations (6) can be taken as

u(x,y) = %Im [Ai(f)exp(-yilyl) + Az(f)exp(;yz|y|)]sin(fx)df
o
) (10)
, S |
vix,y) = Ejj E1}gA£(E)exp(-y1|y|) +a2A2(f)egp(-yz|y|)]cos(fx)df
,  y>O0 (11)
C1 162 -k: _YT
where o, = (1+C‘2)7. ’ i=1,2 (12)
1Y

and A“Z) (1=1,2) are the unknown function to be determined, yi

y: are the roots of the equation
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4 2 2 2 2
. : - YET+H(L1+ Yk
c,,v 't {(c12+2c c . c E7+(1 €, s a}y

+ (e £33y = o.
12 114 22 11 = -

(13)
From therboundary condition (7), it is found that
Az(f> = —BA1(E) | (14)
where
B = :‘:Z‘ . | (15)
2 2 -

Employing equation (14) the expressions for displacements and

streaseg reduce to

. 2[®
uix,y) = = o-[exp(fy‘|y|) - exp(-y2|y|)]At(f)sin(fx)df,
186)
2[° 1 :
vix,y) = = ) g{éiexp(-yi|y|)'— ﬁaz exp(—72|y|)]Ai(f)cos(fx)df
. y>0 (17
.2 |
Txy/y1z— - = . (y1+a1)[exp(-y1|y|) - exp(-yzlyl)]At(f)sin(fx)df
, y>0 (18)
c_ay
_ 2 - _ 22 1°4) _ _
et 2o S e -
€22%2% 27 -
f 3[0125— —% exp(—yzlyl)]A%(E)cos(fx)df. (19)
We further substitute
a =3
= _2 2 .
AE) = 22 A (&)

so that the boundary conditions (9) and (8) yield the following

integral equations in A(f) :
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JmA(f)cos(fx)df =0 ) | x]<e, |x|>1 : (20)
o .
and
np,
fw H(E)A(Z)cosEx)df = - 5 , c<|x|=1 21)
o ' Hiz
where P, 1kp12022
“ é'fz-cﬁa.? -plc £%-c oy
‘ 2
and H(f) = 12 22 1" 1 12 22 2

(22)
(at-ﬁaz)

3. METHOD OF SOLUTION

In order to solve the set of integral equations (20) and (21),

assume

A(E) = Elr h(t2)sin(£t)dt (23)
< .

where h(t®) is an unknown function to be determined from the

boundary conditions.

Ingerting the value of A(§¥) from equation (23) in equation (20)

and using - the following result (Gradshteyn and Ryzhik, 1965)

z t>x
l sin(¥t)cos(¥x) ¢ = { 2’
o E

it is found that the choice of A(£)

leads to the equation
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J4 hct?) dt = 0.
(a4

Further substitution of A(f) from equation (23) in equation

leads to

~J4 h(tz)dtjm sin(ft)cos (& x)dE
[~ o

(24)

(21)

= aq, - g—xr h(tz)d*—_rn gH (@) SIREDISINIEN) g, ox|x|st
c 0

2
4
where
q = "o
o 26y12
_ HE&EY
H!.(E)--E_e- 1-008.58-0(!)
(c® +¢ _-e¢ c (e N N-¢ )H>-c c N N +c N2+NN +Nz)]
o = 12 12 11 22 12 1 2 11 22 12 1 4 41 2 2
c (1+c JY(N +N )
11 12 1 2
NZ = ! c ¢ -c? -2¢ +[(c2 +2¢ -¢ ¢ Y%-4¢c ¢ ]1/2
1 2022 114 22 12 12 12 12 1414 22 14 22

2 1 ’ 2 2 ’ 2 1,2
NT= - c ¢ -c° -2c¢ -[(c +2¢ -¢ ¢ )Y'-4c ¢ ]
T 114 22 12 12 12 12 41 22 11 22

Using the relation

sinzx singt I I wvd Qwdd (£ v)dvdw
(o]

z_ 2 12 ‘2 172

(t -v)

equation (25) can be rewritten in the following form

(25)

(26)

(27)

(28)

(29)

(300
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th(t?) d 2 %t vwL(v,w) dw dv
J“ — 2 dt = A, ~ Hr h(t )dt J J ——
< . e

t7-x o Jo (x -w ) (t7-v)
y c=|x|=1 S (31)
where
L{v,w) = Jj le(f)Jo(fW)Jo(fV’ dz . (32)

Applying a contour integration technique, (Mandal and Ghosh, 1994)
the infinite integral in L(v,w) can be converted to the following

finite integrals

— — — z -— —
L(v.w) = -ik J G TC% Y, ﬁ(ctzn szdzyz)
s =
o G(ai— IE] az)
x J (k pwR P (k qu) dn -
[o ] ﬂn [a)] ﬂn 77
41 ~ 2 A A
3(ec n - ¢c _ay)
= j 12A = iz zz Jo(kgnv)Hét)(kﬂnw) dnf, wd>v
oA 9(0&-{3 az)

11

(33)

where

> = |[L {r -(RZ-4F >*"2 v
Yz_ _2 s 1 2

7= L fr +r?-a 2}
Y. |z 1. .4 2

L

> = [L [-R +(R®+4R >*"2 v
r‘ -_2 1 1 2

- 1 2 BPUTSE b
r.= |5 {R +(RZ+4R_) }]
[ 2 1 1 2
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_ 1 2 - 2 + )
Ri- o {(c1 +2c12 ‘4 22)n + (1+c }
22
c
= 11 2 1 2
%= o (107) (= - )
22 11
. c

c n2-1+F:

o = 1t (1=1,2)
. =
(1+c12)y,L
T L S i
a, = 2 SUN. (i=1,2)
t
(1+c12)yL
a - n oty
F= and B = == (34)
%7, 02'72

The corresponding expression of L(v,w) for w<lv follows from (33)
by interchanging w and v.
Employing the series expansions for the Bessel! function Jo and the

Hankel function H;” in equation (33), it is found that

L(v,w) = 2 P k%logk + 0(k%) (35)
n s ] -]
where
1ve 2 - - - 2 _—
P = i I 1 CLN czzat LN 3 €2l TC22%%, )
o (aa = 3 o)
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B 1 ~ z _ ”~ ~
: [ tc,m 22",
- R ~ ~ ~ dn .

17 (2 - o)

11 .

Now, let us expand h(t®) in the form
net?y = h (t%) + k¥logk h (t%) + 0. (36)
o -] -] 1 L]

Inserting the above expansion of h(t®) and the value of L(v,w)

given by equation (35) into equation (31) and 'equating the

coeftficients of like powers of ks y we obain the equations
y tho(tz)
J4 — dt = q s c$|x|51 (37
2 2 e
z t-x
th (t%) op N
and J4 — 4t = - = th (t~HKdt , cs|x|$1. (38
2 2 n o
c t -x c

Usihg the finite Hilbert transform technique (Srivastava 'and

Lowengrub, 1968), the solutions of the above integral .equations

can be obtained as

2 2 D
ho(t?y = 2 4 |E-c . 1 (39)
° oo 1-tz 2 2 2
Jkt -c%r(1-t%
2 o q (1-c*) £2 .02 D
ht® = -2 p| 2+ D S s 2 (40)
1 n n 1 1-12 P >
Jkt -e%y(1-t%

where D‘ and D2 are consants to be determined using the condition

given by equation (24) so that
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J4 ho(tz) dt = 0 and J4 h1(tz) dt = 0. (41)
) ’ c

Substitution of the values of ho(tz) and hi(tz) given by equations

(39) and (40) in (41), yields

_ 2 2_E -

_ 2 2 2E]|JE _ 2
DZ = —2' qo[l + cC —-F-:] ['f_: c ], (43)
114
where : : ‘ ,
F =F[ T, Jl-—c2 ] and E = Ef T, Jl—c2 ]
2 2

are the elliptic integrals of first and second kind, respecively.
Substittuting-thé value of'D1'and'D2 given by equations (42) and

(43) into equations (39-40), we obtain

E
P t*- = *
ho(tz) = - °e [ F ] (44)
127 1(42_0%) (1-t3)
E 2z 2E
P p t¥- = 1+c - —
h(tf) = - 2 [ Fll F (45)
12 Jt2-e® (1-t%

4. CRACK OPENING DISPLACEMENT AND STRESS INTENSITY FACTORS

The crack opening displacement and the normal stress component in

the plane of the crack can be written as

AV(x,0) = vix,0+)-v(x,0-) = 2J1 h(t®) dt ,  c<x<i (46)
x



and

Expressions (47)

and (45) yield

T (x,0) =
Yy

Tyy(x,O) = -po[l—

The stress intensity factors are defined

Substituting equations

Showh that

2u 6
T (x,0) = 1z J4
Yy T c

and
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2
thet D) 4¢ |, ocx<e
2 .2
tT- x
2u 6 2.
Y thet®) o oy

nrz 2
e X -t

(48) with the aid of the equations

E
[ - F ] 2 2E
- {1+C -
1 F

chz—xz)(i—xz)

-, 0O<x<ce

E
["z_f] (- P

dixZ-c% (x3-1)

(36>,

47)

(48)

(44)

k% logk ] + 0(k%)
-} -] [-]

(49)

{1+c2— 35} k% logk ] + 0K%)
4 F ™ @ e

y  xX>1 (50
as (in physical units)
(c-x) T (x,0)
Lim 44 (51)
x+c- po 0O<x<ce
(x-1)> = (x,O
Lim a4 (52)
N0+ Po %34
(49-50) into equations (51-52) it can be
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[ c* - %:] P 2_ 2E 2 2 :
K = -~ ——— T = [1- L {1+c - 22} k®1ogk ] + 0(k%) - (83)
c n F @ ™ ™
120(1-02)
EE_;_ELl 1- B f14c%- 2B} 1?10gk | + 0k®) (54)
Ry = 7 117 T TF) K. 08K °

Further substituting .equations (36), (44-45) in the expression

given by equation (46), the crack opening displacement is obtained

as

n
2p E(x&, 9)
, _ ol, P z_ 2E 2 2 _
Avix,0) = " 9[1 = {1+c -5 kalogkg][ —— F(\,q) E(k,q)] +

T
12 F(§,q)
+ D(k:) , oc<x=<1 (55)
where
1-x2 2
sina = and q = J4i-¢" .
2
1-¢

Letting c¢+0 in the expregssion for stress intensity factor and

crack opening displacement, the resultgs for a single crack
occupying the region |x|<1, y=0, |z|<w are found to be
.1 _ P 2 2
Kt = 75 [1 - kslogkﬁ] + D(ks) (56)
T 2po 2 P 2 2
AVEx, 65 = - 1-x [1- — k" logk + 0(k™) ,  0=<x<1 (57)
u‘za n s ° 2

For isotropic medium, putting
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o = A2 . e -2= )
€44 %22 T4 ’ Hea™ » ©.27%4 2 Iy
g2 - 1
so that G R az—f /72 , kK =m_ , k /Vcit y T E::
= -5(1-72 - T
Nt—L—N2 , 6 = 2(1VT.) and P 5 ci,
where
4 2
c ='BT 47 “3-,' Y. = (fz-m,z)1/2 and m, = %2 (i=1,2)
* 4(1-7%) v v v

the expressions for displacemet and stress are found to be

Py
AvV(x,*0) = ¥ [1- = {1+c - %5 m:logmz] x
2p(1-r
E(E,q) 2
x [ ——— F(\,q) - E(x,q)] + O(mz) ’ csx=1
F(—,q)
=0 , | x| <e [x]|>1
and
‘ ' [ x*= % ] € | 2 -2E
T (X,0) = =-p |1+ 1= =~ {1+c - —?} mzlogm + 0(m2)
Yy o ) 3 2 2 2 2
I;c -Xx ) (1-x7)
' , 0<x<c
= - Py cs|x|=s1
. 2 E
[ 8 Y, % (e
= ‘Po[i‘ £ 1- 5; {1+c2- g%} m:logmz] + O(m:)
Isz-cz)(xz-i)
, x>t

Now, the crack opening displacement and stress intensity factors

are found to be
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P c
. o 1 2_2E 2
Av(x,0) = - —?I——;;[lf 5 {1+c —ﬁ} mzlogmz] x
C u(l-T _ |
n
E(E,q) 2
x [ — F(x,q) - E(K,q)] + 0(m2)< ’ csx<1
Fls,q9)
29

and

G 2 2E] 2 2
1- 5 {1+c -5 mzlogmz] + D(mz)

which coincide with thé results obtained by Jain and Kanwal (1972Q)

up to the order of m:-logm2 in the isotropic case.

When c+0, we recover the stress intensity factor and crack opening

displacement for a single crack

c
_ 1 _ 1 2 2
K1 = 73 [1 5 mzlogmz] + O(mz)

p
Avix,0) = - 1—x2 [1—
p(i-rz)

c
1 2 2
5 mzlogmz] + D(mz) , O0=<x=1

which agrees with the result of Mal (1878)

5. NUMERICAL RESULTS AND DISCUSSION

The stress intensity factors (SIF) Kd and K1 given by (53) and

(54) at theée inner and outer tips of the cracks and crack opening

displacements (COD) given by (55) have been plotted against
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TABLE - 1, ENGINEERING ELASTIC CONSTANTS.

Ei(Pa) Ez(Pa) “1é(Pa) L
Type 1| Modulite 11 Graphite-Epoxy Composite :

15.3x10°  158.0x10" 5.52x10° 0.033
Type 11 E-Type Glass-Epoxy Composité :

9.79x10° ,v_42,§x10° 3.66x10° 0.063
Type 111 Stain{es§.Steel-Aluminium Composite :

79.76x10° 85.91%10° 30.02x10° 0.31
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dimensionless frequency k and distance, respectively for three
=

different types of crthotropic materials whosg engineering

constants have been listed in table 1.

From Fig.2 it is found that SIF Kc at the inner tip of the crack

increases at a slow rate with the increase in the value of
frequéncy ke(O.lskﬁSO.B). On the other hand. the rate of increase
of the SIF K1 (Fig.3) with frequency ka at the outer tip of the
crack is found to bé higher than that of Kc.

In both the caseés the value of SIF is hlgher fdr small values of
¢, i.e., for greater crack length SIF 1is higher. But it |is
interesting to note that for different materials the variation of
SIFs in both the cases are not significant. In the.case of single
crack (c=0) the variation of SIF with manerial properties has been

shown in Fig.4.

The COD has been plottedlfor different crack length. [In each case
COD increases gradually from zero, attains maximum value and fhen
decreases to zero. It 1is ‘found that with the increase in the
values of ¢ (i.e., for small. crack length) the wvalues of COD
decreases (Figs.5-6). For a tixed material the variation of COD
with frequency .is iound to‘be insignificant, but it is noticed
that for smaller values of c (Fig.S, Fig.7) the variation of COD

with frequency “is palpable. c=0 (Fig.7) correspond to the case of

single crack.

In all the cases where different values of ¢ has been considered

“the .variation of COD is found to be prominent for different

orthotropic materials.
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Fig. 3. Stress intensity factor K, vs frequency k, for generalized plane stress. (—. Type I; - - - -, Type II).
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Fig 4 Stress mtensity laclor K, vs [requency &, for generahized plane stress. {Single crack, ¢ =0).
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H,,80(x0)

.

Fig. 5. Crack opening displacement (COD) vs distance (¢ = 0.2) for generalized plane stress. (—, k, =0.2;
ceeey k,=0.6).
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Fig. 6. Crack openming displacement (COD) vs distance (¢ = 0.5 and ¢ = 0.¥) for generahzed plane stress.
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F:g 7. Crack opening displacement (COD) vs distance (single crack, ¢ == 0) for generalized plane stress.
(—— ,=0.2; ---- k,=0.6).
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DIFFRACTION OF ELASTIC WAVES BY THREE COPLANAR GRIFFITH CRACKS
"IN AN ORTHOTROPIC MEDIUM ‘

1. INTRODUCTION

Recently, with the increased usage of macroscopically anisotropic
construction materials such as fibre-reinforced materials, the
study of dfffraction of elastig‘waves with ecracks or inclusions
has attracted the attention of scientists. The different possible
location of cracks with respect to the planes of material symmetry
is of great interest in Seismology and Exploration Geophysics. The
problem of ~scattering of elastic w#Ves by cracks of finitg
dimension iIn 1isotropic medium has been invegtigated by several
investigators. Many investigators (Mal 1970b,Lowengrub et al. 19684,
ftou 1980b,Jain and Kanwal 1972Q, Srivastava ‘et al. 1381, Das and
Ghﬁsh 1992Q) have solved the diffraction problem involving single
or two cracks 1In isotropic medium. Dhawan and Dhaliwal (1978)
solved the statical problem invdlving three coplanar cracks in an
infinite transversely isotropic medium. The dynamic problem of
singular stresses around cracks in orthotropic mediuﬁ ére few in

number. Kassir and Bandyopadhyay (1983) solved the ~problem of

INT. J. ENGNG. SCI. ,1904 (IN PRESS)
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elastodynamic response of an infinite orthotropic solid containing
a crack undef the action of impact loading. The problem of nprmal
impact response of a finite Griffith crack in an orthotropic strip
has been_éolved by Shindo (1986). De and Patra (1990) have also
solved thé problem involving a moving Griffith c¢crack 1in an
ortﬁotropic strip. Recently Kundu and Bostrom'(1991) treated the

diffraction problem of a circular crack in orthotropic medium.

To the best knowledge of the authors, the problem of diffraction
of eléstic waves by three coplanar Griftith cracks in an
orthotropic ﬁaterial hés not been considered. In our paper, the
intgraction of normally incident time harmonic elastic waves with
three coplanar Griffith cracks in an orthotropic medium has been
invesfigated. It is assumed that the faces of each of the -cracks
do not cgme into contact during small deformation of the solid.
The resulting mixed ‘boundéry value problem 1s reduced to the
solution of a set of four integral equationé which has been
reduced fo the solution of an integro-differential equatibn.
lteration method has been used to obtain the low frequency
solution of the problem. This enabies us to obtaiﬁ approximate
value of. the crack opening displacements and stresgs intensity
factors. Making the length of the central cracﬁ tend to zero, tﬁe
corresponding results for two Griffith cracks have been obtained.
Numerical results for stregss intensity factors and crack opening
displacements have been plotted against dimensionless frequency

and distance respectively for different orthotropic materials

which have been shown graphically.’
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2. STATEMENT AND FORMULATION OF THE PROBLEM

Consider the interaction of normally incident iongitudinal wave
with three coplanar Griffith c¢racks situated in an infiﬁite
orthotropic elastic medium. The cracks are.assumed to accupy the
position |X|Sdi, dZSIX‘Sd, Y=0, | 2] €. Let EL’ pu and vu
(1,3= 1,2,3) denote the engineering elastic constants of the
material where ihe subscripts 1,2,3 correspoﬁd to the X, Y, 2
directions chosen to éoincide with the axes of material
orthotropy. Normalizing all the lengths with respect to ‘d’ and
setting X/d=x, Y{d=y, Z/d=z, _d1/d=b, dz/d=c, the c¢racks are
defined by |x|5b, cs|x|=1, y=0, |z|<m (fig.1).

Displacement components are also made dimensionless with respect

to ‘d’ so that dimensionléss components of displacement in x, y

directions are assumed to be u, v respectively, where
u = ulx,y,t) and v = vix,y,t).

Let a time harmonic plane elastic wave originating at y=-o and
incident normally on the three cracks be given by
v=v°exp[i(ky-wt)]/d where k=dw/c;ﬁ§; , cs=uﬂ2/p)hq, v, is a
constant, w and vo/d are the frequency and dimensionless ampl{itude
of the incident wave respectively, p being the density of the
material. In the isotropic solid, qs represents the velocity of

the shear-wave.

The non-zero stress components T and T are given by
y o)
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\ Y

Fig. 1. Geometry of the cracks.
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yy 12 12 » % 22 .y
(2.1)

= +
‘txy/;.t12 u'y v’x
where u, v denote the component of the displacement in the x, y
directions respectively and comma denotes partial differentiation
with respect to the co-ordinates or time ; Cﬁ(i’j=1’2) are
nondimensional parameters related to the elastic constant by the

relations. :

c =E o (1- »2 E /E )
114 1 T2 12 2 71

¢ =E /g (1- v E /E )=c¢ E _/E (2.2)
22 2 12 12 2 1 114 2 ES

c =v E /p (1- v E/Ed)=v ¢ =uv ¢
12 12 2 12 12 2 ES 12 22 21 14

for generalized plane stress; and by

c =(E /7Au H(i- » »
A1 1 12 23 32

¢ _=(E /Au (1= »  p )
22 2 12 13 31

012=E1(v21+ viavszEZ/Et)/A.p12 : (2.3)

=E_ (v + v__v_ E /E )/Au
2 12 23 314 1 2 12

» - - -
12 21 23”32z Y31 13 P12¥23%as” Y4a¥24%a2
for plane strain. The constants E. and »  satisfy Maxwell's
i 1 -
relation :
v /E. = »_ _/E

i By AT (2.4)



The displacement equations of motion for orthotropic material are

N

. d
c u + u + (1+c v = — u
11 s XX ' YY 12 s XY Cz At
&
(2.5)
. 2
c v + v + (1+c Ju = — v
22 ,YY ¥ X ' 1 s XY CZ_,M
-
Substitution of uix,y,t) = u(x,y)exp(—iwt) and vix,y, t =
vix,yrexp(-iwt) in equations (2.5) reduces them to
c u + u + (1+c v + kK2u = 0
11 P X ¥ S YY 12 S XY 8
(2.6)
c v + v + (1+c u + kv = 0
22 ' YY s XX . 1 P XY k-
2 2 2, 2 .
with k9 = dw /¢ , which are to be solved subject to the
f— 9
boundary conditions
vix,0) = 0O s bSlx‘Sc , ]x[Zl 2.
Tyl =0, | x| < | (2.8
T x,0 + 7% (x,00 =0 , |x|<b, e<|x|<1 (2.9)
Yy Yy

Henceforth the time factor exp(-iwt) which is common to all field
variables would -be omitted in the sequel.

Using the condition (2.8), the solutions of equations (2.6) may be

written as
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Al

U(x’y) Jm [exp(_},1lyl) _ {? exp(_},2|y‘)]A1(f)Sin({’x)df
o

)

and the stress components are given by

€2.10)

AN

vix,y) [aiexp(~y1|y|) - ﬁaz exp;-72|y|)]Ai(f)cos(fx)df

A

,  y>0  (2.11)

2 .
= - £ - - - YA (E)sin(Ex)d
Txylpiz "lo (y1+ai)[exp( y1|y|) exp( y2|¥| ]  E)sin( 14

, y>0 (2.12)

2 ' sza1y1
Tyy/“m:.ﬁ,l‘:[[ctzz— ey v -

oy
22 2°2 4
- ﬁ(cizf— “__?‘_)QXP(_VZJYI)]Ai(f)CDS(5X) (2043
c, £5-kE-E
where ’ A, = 11 a_t , i=1,2 (2.14)
i (1+c Jy.
12 %4
v ta
a A= (2.15)
}’2"'0(2

Ai(f) is the unknown function to be determined; and y: s y:

are

the roots of the equation

e, r' o+ {(cz +2c _-c o EZ+(1+c )kz}yz + (o, E2-k2)*-k%) = 0
22 12 12 114 22 22 @ 11 ) )
(2.16)

With the aid of the boundary conditions, (2.7) and (2.9) A() |is

found to satisty the integral equations
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JmA(E)cos(ﬁx)dE = 0 , x e 1, , 14' (2.17)
o .
np, ) .
and fm H(E)YA(F)rcos(¥Fx)dE = - 50 . X € 11 , l9 (2.18a,h)
[s) . 12
where l1= (0,b) , 12= (b,c) , 19= (e¢,1) , I4= (1,0)
and
P, * ikpizczon/d a , (2.19)
o, -fa,
= (2. )
ACE)D 7 A1(E) : 2.20
2 2 .
‘c E"-c_ oy -fBlc E-c_ oy )
H(g) = 12 22 1° ¢ 12 22 22 (2.21)

( - )
4 ﬁaz

3. METHOD OF SOLUTION

The solution of the integral equations (2.17) and (2.18) is taken

in the form

glb hit)sin(#trdt + % g(u®rsin(fudu (3.1)
(]

c -

A(E) =

where h(t) and g(uz) are the unknown functions to be determined.
Substituting the value of A(¥) from (3.1) in (2,17) and using the

following result (Gradshteyn et al, 18965)
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, tox

Nl A

sin(fét)coslEN) -
[[ g o {

it is found that the. choice of A(¥) leads to the equaticn

0, t<x

J4 gu®) du = o. (3.2)
<

Further substituting A(F) from (3.1) in (2.18a) and using the

result (Srivastava et al, 1968)

utx
u-x

Im FlsinFwsinEx) ag = % log

Q

we obtain

' : . 1 .
d t+x ' ad 2. u+x
-CT;(-’[: h(t) ng T—x dat + H.]-c g(U ) log du

u-x

_ -~ d w1 . y
= z[ QW - Ix S h(t)dtJj H‘(E)E sint¢t)sin(gFx)d¥¢: -

d : 2 ‘ -1, . .
- ax g(u )dqu.Hi(f)f 1sum(fu)snﬂéfx)df] , xel1 (3.3)
c
where
q = - "Po (3.4)
° 26;412 . ' .
. HeEH

Hi(E) = 75 -1+ 0 as £+ (3.5)
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2 ' 2. 2 2 2
- - - +c (N +N N +N)
¢ C12 +012 C11 C:22 )¢ c12 N1 NZ c::I. 1 ) C22 [C12N1 NZ 141. 1 N1 2 2 ]

& = c (1+c (N ¥N
11 12 1 2
2 1 2 . 2 2 1/2
= - -2c +{(c t2¢ ~-c c Y -4c ¢
N1 Z2c {011622 C12 12 [ 12 12 11 22 41 22]
: 22 .
2 - 2 2 12
NZ = 1 c ¢ _-c- -2c —[(c +2c -¢ ¢ Y -u¢c ¢ ]
2 Zsz 11 22 12 12 12 12 114 22 114 22

Using the relation

sinfx sinft _ J“ J‘ wvl (Ewrd (Zvidvdw
2 B 2
4 o Jo (x“-u

2 1,2 .2 2 2
N ST Tl

equation (3.3) can now be rewritten in the form

d ® t+x d : 2 u+x
-d—xJ. h(t) log‘t_x. dt + d—;r g(u’) log = du
[¢] . c
: d x t vwL(v,w) dwdv
o o Jo (xz_wz)x/z(tz_vz)1/z
3 é x vwb(v,w) dwdv
- 5711 g(u)du [ .Ju 2 2 1.2, 2 2 1, . xel
‘ c o Jo (R -w ) (u"-v™) 2 1

where

Liv,w) = Jj EHi(E)JO(Ew)JO(Ev) dag

and Jo( ) is the Bessel function of order Zero.

(3.86)

(3.7)

(3.9)
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Applying a contour integration technique (Mandal and Ghosh, 1994)
the infinite integral in L(v,w) can be converted to the following

finite integrals .

e 2

. -.—-— - re 2——-_
Liv.w) = -iK? J' 1 CN T, G, e ] A7 2%,
o e(ai— 3 az)
(1) : -
x Jo(kan)Ho (kﬁnw) dn -
‘1 ~ 2 ~ ~
: B3lc n - ¢c a )
_ 12 22 2' 2
J _ - —— Jo(ksnv)H;“(ksnw) dn{, wdv
1Ye 6(&1—6 az) '
11
(3.10)
where
= . M1 p2_,5 (1-2 1z
v, [§ {R1 (Rl QRz) }]
_ 12
r,= [é {R +(R%-4R )“2}]
2 o< 1 1 2
~ . 1.2
r, = [é {—R +(R% +4R )"2}]
2 1 1 2
~ T 2 v 2y 1?
7, [,2 {R1+(R1+4R2) }]
R = L {(c2 +2¢ _~c ¢ % o+ ¢
1 na 12 12 “1122° 7 1+c22)}
C11 2 1 »
e ) )
n
2 sz_ c,, (3.11)
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‘ C11 2 2 1
e e ()07 - )
2 cz2 C11
c 1n —1+y?
& = — , i=1,2
1 . —_
+
(1 012);;/_L
. c ni-t+-1y 2
a, = 1 o - ’ i=1,2
v + )
(1 €2’
Ay
= 1 ‘4
= —
7Y,
- oty
1 ‘1
3 = =
NP

The corresponding expression of L(v,w) for w<v 1is obtained by
interchanging v and w in (3.10).
Employing the series expansions for the Bessel function Jo and the

Hankel function H;“ in equation (3.10), it is found that

~

Lv,w) = = P k%logk + 0(k®) (3.12)
k4 = 3 -]
where
1-v< 2 — — - z — —
1 1 c12n o‘5.?/1‘:22 (?(cizn o":o:}’zczz
P = — dg -
e o (a ~ 3 o)
1 2
1 o~ 2 -, o~
f3lc - ¢ _ay
2
- J Z 2222 ani. (3.13)
1V = o)
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Let us now expand h(t) and g(uz) in the form

(t) + 0(K3)
1 -

{
h(t) = h (t) + k¥*logk h
. o] s = ;
l (3.148)
(u®) + k¥logk: g (U2 + 0(K5).
-] -1 1 =

2 =
and ‘ glu) g,

l
Substituting the above equations (3414) and the value of L(v,w)

given by (3.10) in equations (3.8) and (3.2) and equating the

coefficients of like powers of k9 , the following equations are

derived.
2
d oty loglEX| gy . of UEU du = 2q x e 1 I
dx ) Blt= 2 = L9 o P
[e] < u —-X!
!
g (3.165a,b)
b ug (u’)
d t+x _
HJ hi(t) lOg t< dt + 2J1 2 Py du =
(o] c u —x

4P ® i .
= - __[ J th (tydt + J4 ug (u®)rdu ] , xel , 1 (3.16a,b)
Ty o c o 1 3

and _ .J?,gi(uz) du = 0 (1=0, 1) (3.17a,b)

<

Rewriting equation (3.15a) as

t+x
Jb ho(t) log.t_x
o

dt = nFt(x) . x € 1 (3.18)

where
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P ug (i)

33

o 2 o

Fi(X) = = J- [“ ra) + E r _—2_—2_ du]dy. )
o 12 < u -y

The solution of the integral equation (3.18) with the help of

Cook's result (1970) is found to be

2 2 U\
u -t

‘ 2

p 2 .2 g (u)
h oty = - o t _2 t J‘Jub o 4
o] e .
(3.19)
Substitution of the value of ho(t) from (3.19) in (3.15b) with the

aid of the result

Jb 1 t? dt _ n[ X _ u ] vel
- B ’
o (b3-tH) 2 (x3t%) (u2-t%H 2L EpHY? (u2p?H 2 .
ylelds the gingular integral equation
[ 2
2 2 g (u) P
-b
J"J” — du=—£—2z#°e y o ox e 1 (3.20)
(=3

Next using the finite Hilbert transform technique (Srivastava et

al, 1968) the solution of the integral equation is found to be

2. po uz(ua-cz) UD1
g (u™) - 5
12

Fa— ryu (3.21)
(tu™=b") (1-u™) I(uz_bz)(uz_cz)(1_uz)

where D1 is unknown copstant‘ to be determined from equation

(3.17ay.
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Now substituting the value of go(uz) from (3.21) in (3.,19) and

performing the integrations, h (t) is obtained in the following
(=]

form

. PR tD
h (t) = - u.oen J : (: - )z ¥ . . . e
, (B7=t) (1=t 1ip2 42y (c2-¢2) (1-t%)

12

By the procedure similar to one which led to the derivations of
the solutions of (3.15) as given .by (3.21) and (3.22), the
solutions of equation (3.16a,b) can also be obtained and they are

found to be

) 2, 2 .2 tD A
. _ 4PR tT (-t _ 2
h*(t) - n? J;bz-tz)(l-tz) 2 .2 2 .2 2 (3.297
J:L -t ("=t (1-tT)
: 2 2 2 ub
g () = - “Pf J = e, 2 C - (3.24)
T (u b " H)u1-u

du®-b%) (u%-c3) (1-u?)

where
R = - Po 1°+ 1*7-p [3° - 4t
Hu 8 [ o c ] 1[ o e ]
12
n 2 2 2 .
t ( -t7)
("= J ° dt (3.25)

m b2 -t2) (1-t2)



251

n

2
no_ t” dt
me |

m {(b%-tD (c2-t% (1-t%)

The constant Dz is to be determined from equation (3.17b).
In order to determine the values of the unknown congtants D1 and

D, g (u®) and gi(uz) as given by (3.21) and (3.24) respectively
2 o N

are substituted in (3.17a,b) and it is found that

D = A [1-b®E - e*-b%]  ,  (3=1,2). (3.26)
J J
and A = °9 , A, = 4P§ ! (3.27)
. Hi2" . n
where F = F(% , q) and E = E(% , q) are the elliptic integrals
1-c2
of first and second kind respectively and q = ra
-~ 1‘b

Substitution of the values of Dﬁj=1.2) éiven by equations (3.26)

in equations (3.21) - (3.24) yields

_ .2,E 2_,2 t
hj_i(t) = Aj[(l " )g *+. (b7 -t )]

lb%-t%) (e2-t2) (1-t%

(3=1,2) (3.28)

- 2. E _ 2 .2 u
g. U = Aj[(i bHE tu” -b" )]

Ifuz—bz)(uz-cz)(l-uz)

(j=1,2) (3.29)
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4. STRESS INfENSifY.FACTORS AND CRACK OPENING DISPLACEMENTS

¥

The stress intensity factors are defined as (in physical units)

(x-b) T (x,0)
Yy

N = Lim (4.1
° x+b+ p0 bdxce
(c-x) T (x,0)
N = Lim XY (4.2)
€ Ko Po . bdx<c
Yix-1) v (x,0)
N = Lim A4 (4.3)
1 P
X1+ o >4

and the crack apening displacement can now be shown to be given by

rb
Avx,0) = v(x,0+)-v(x,0~) = 2 h(t) dt , 0<x<b (4.4)
J 5
- 2
= 2 gtu’) du , c<xx<1. (4.5)
7 ’ '

Substituting the values of the function h(t) and g(uz), the stress
component Tyy can be evaluated from the expressions (2.13), (2.21)

and (3.1). After evaluation of the value of . and putting it in
v Yy

relations (4.1) - (4.3) it is found that
T ’
2 E(=,q)
b(i-b") 2’
N, = L 2 [ 1 - ﬁ; M k% logk ] + 0(K?) (4.86)
d2e®-v*) FE, g n® 2 ® = ®
&y
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EE,q)
B
N = e (1-p")—— - (c®-b%) [ 1 - ﬁ§ Mzkzlogk ]+
N 2(c®-b%) (1-c%) F(5,q) n s =
2
+ 0(kD) (4.7)
n : .
.2 E(=, q)
N, = -b ) 4y __éé_—_ [ 1 - 3; M, k2 logk ] + 0(K%) (4.8)
2(1-¢%) | FLZ,q) - o - ® = e
where
T :
E(s, g3
M= [ 1+ 1% 4 {(1—b2)——3—_— - <c2—b2)}[ J° -t ] .
2 o] c n - o c
) F(_i’q)
Expressions (4.4) - (4.5) with the aid of the equations (3.28) -

(3.29) yield ;

FiB,q) F(%,q)

k24
. 2p E(%,q)
Avix,0) = °9 {1-v%) F(ﬁ,q){ Ep,a) 2 -

2 z_ 2
o la1-x );b 2x ) [ 1 - 4Py k% logk ]-+ 0k
(e -x ) . n® % ® - -

' 0<x=<b

and

- n
2p ' E(5,q)
Av(x,0) = —2 Jai-6%) Fou, < - Ex, 90 b
, . Hx 6 F( g F\,q)

_'AP 2 2
X [ 1 ;; Mzkslogk9 ] + D(ka) . cEx<1

where

(4.9)

(4.10)
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sinp = and sinn = .

When b -» O, we recover the stress intensity factor and the crack

opening displacement for two Griffith cracks occupying the region

c<|x|=1, y=0, | z| <0

[C?- TE'] 2 2E 2 2
N = = c—em—or— 11 {1+c - ?—} k" logk ] + 0(k™)
-] -] - 3

[=3 2 -
ch(l—c ) .

d)0

(4.11)

F

[+ - ¢ ][1 P {1+¢2_ 2F

2=} % 1o0gk ],+ 0(k%)
| -] = . =

and
n
2p E(=s,q) . .
Avix,0) = =2 [1 - F {1+c2- 2E kzlogk‘] z F(h,q) - Ex,q) |+
Y] i F 8 ® n
12 F(E,q)
+ DK%y ,  e<x=1 (4.12)
a2 .
. 7 2 .
where Mz = Z(1+c ~-2E/F) has been used.

lt is noted that if further ¢ » O , the cracks merge into a single
crack of width two units. In this case F + o and Mz + n/4 ;3 so the
results for stress intensity factor and crack opening
displacements corresponding to the single crack are found to be
1 _ P 2 , 2
N1 = 75 [ 1 = kslogks ] + D(ka) . (4.13)

and
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2p ' .
Avix,0) = - 2 Ju-xz)[i - P kzlogk] + 0C(K%) , 0=x<i. (4.14)
: ;.1129 T e 8 =
The results given by (4.11) - (4.14) are found to be in agreement

with the results of Sarkar, Mandal and Ghosh (1994&.).

5. NUMERICAL RESULTS AND DISCUSSION

The stress intensity factors (SIF) Nb, Nc andzN1 given by (4.6),
(4.7) and (4.8) at the .tips of the cracks and crack opening
displacements (COD) given by (4:9) and (4.10) have been plotted
against dimensionless frequency. ks'and distance respectively for
three different types of orthotropic materials wﬁose engineering
constants have been listed in table 1.

Keeping the 'length of the central crack fixed (b=0.2) SIFs at the
tips of the central and outer cracks have been plotted against
f requency ka(O;ISkiﬁofSY for different lengths (c=0.5, 0.6, 0.7)
of the outer crack (fig.2-ftig.4). It 1s noted from the graphs
(fig.2-fig.4) that with the decrease in the value of outer crack
length, i.e. with the increase in the value of the distance
between inner and outer cracks the rate of increagse in the SIF is
higher with the increase in the value of the frequency k{

The same nature of S1IFs are seen (fig.5-fig.7) in the case whén

the length of the outer cracks are fixed (c=0.7) and the length of



256

TABLE - 1. ENGINEERING ELASTIC CONSTANTS.

E_(Pa) E,(Pa) u (Pa) v,
Type 1 Modulite 1! Graphite-Epoxy Composite-:

15.3x107 " 158.0x10° 5.52x10° 0.033
Type 11 E-Type Glags-Epoxy Compasite :‘ |

9.79x10° 42.3%x10° 3.66x10° 0.063
Type 111 Stainless Steel-Aluminium Composite :

79.76%x10° 85.01x10° 30.02%10° 0.31
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Fig. 2. Stress intensity factor N, vs frequency k, for generalized plane stress. (——) type L (-----
type 111
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Fig. 3. Stréss intensity {actor N, vs frequency k, for generalized plane stress. (——) type 'l; (-----

type I11. :
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Fig. 4. Stress intensity factor N, vs frequency K, for generalized plane stress. (—) type I; (- - - -
type 111
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Fig. 5. Stress intensity factor N, vs frequency k, for generalized plane stress. (——) type !; (
' type lI1.
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Fig. 6. Stress intensity factor N, vs frequency k, for generalized plane stress. (—) type |
type 1L

c=e 07
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Fig. 7. Stress intensity factor N, vs [requency k, for generalized plane stress. (—) type I, (
o type 111, )
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the central crack increases (b=0.3, 0.4, .0.5). It is interegting
to note that for fixed c¢(=0.7) the SlFs Nb and Nc increase with
the increase 'in the value of b, but the effect is just reverse in
case of Nf

The COD ulev(x,Odlp;' has been plotted for different ‘crack
lengths. [t is found fpom fig.8 and fig.9 that with.the increase
in the value of crack length the value of COD increases. For a
fixed material the variation of COD with frequency is found to be

insignificant.

In all the cases where different values of crack length have been

considered the variation of COD is found to be prominant for

different orthotropic materials.
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for generalized plane stress (k,=0.5, b= 0.3,¢c=0.5,

Fig. 8. Crack opening displacement vs distance
0.7). : . .

Ig. 7. Crack opening dlSp ce stance rol’ L0 pi € stre: ().; b= () 5 0.5 —.0';
F 9 T ] lacement vs di: gener alized plan stress (k, = =
( Y . . .C )
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'ELASTIC WAVE SCATTERING FROM FOUR COPLANAR ORIFFITH CRACKS
IN AN ORTHOTROPIC MEDIUM

1. INTRODUCTION

Wwith the increased usage of macroscopically anisotropic
construction materialg guch .as fibre-reinforced composite, the

study of an anisotropic material with crack-like imperfections has

o

become a matter of great importance in ‘fracture analysis of
composites (G.C.Sih et al. 1975). The different possible location
of cracks with respect to the plane of symmetry 1is of great

importance in seismology and exploration Geophysics. The problems

involving the diffraction of elastic waves by cracks in an

isotropic medium have been investigated by several Investigators

(Mal 1970b,Lowengrub et al. 1968@,Itou 1980b,Jain and Kanwal 19724,
Srivastava et al. 1981, bas and Ghash 1992¢,Dhawan et al. 1878),

but perhaps, due to  mathematical complexity, elastodynamic

problems involving two or more Griffith cracks in an anisotropic

medium for low frequency have not been treated earlier. Kasgir and

Tgse (1983) have studied the plane stress problem of a moving

Griffith crack_iq an infinite orthotropic stresses medium by using
integral transform technique and'the same technique has also been

employed by De and Patra (1990) to solve the Yoffe’s problem in a

prestressed orthotropic strip of finite thickness. Kassir and

Bandyopadhyay (1983) solved the

elastodynamic response of an

intfinite orthotropic solid containing a crack under the action of
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impact loading and the problem of normal impact response of an
orthotropic strip with a central crack havé also been studied by
Shindo et ai; (19886).

in the present paper, we investigate the problem of diffraction of
normally incident time harmonic elastic waves by four coplanar
Griffith cracks in an infinite orthotropic medium. The faces of
each of the cracks are assumed to be separated by a small distance
so that during small deformation of the solid, the crack faces do
not come into contact. The resulting mixed boundary value problem
has been reduced té solving a set 6f five integfal” equations.
lterative method has .been used to obtain the low frequency
solution of the problem. Employing finite Hilbert transf%rm
technique (Srivastava and Lowengrub 1968) the integral equations
have been solved to derive crack opening displacement and sgtreas
intenéity factors. Finally, making the distance between two inner
cracks tend to zero, the corresponding results for three cracks
have been derived. To display the .influence of the material
orthofropy, numeriéal' results of stress intensity factors and
crack opening displacements have been plotted graphically against

the dimensionless frequency and distance respectively for several

orthotropic materials.

2. STATEMENT AND FORMULATION OF THE PROBLEM

Consider the problem of diffraction of normally incident elastic

waves by four coplanar Griffith cracks situated in an intinite
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orthotropic elastic medium. The position of the cracks referred to
a set"of cartesian co-ordinate system (X,Y,Z) are’;ssumed to be
d15|X|Sd2, dSS|X|$d, Y=0, | Z] <. Let EL, FU and ij (i,3j= 1,2,3
denote the engineering elastic constants of the material where the
gsubscripts 1,2,3 correspond to the X, Y, Z directions chosen to
coincide with the axes of-maﬁerial orthotropy. Normalizing all the
lengths with respect to 'd’ and setting X/d=x, Y/d=y, Z/d=z,
dt/d=a, d2/d=b, da/d=c the cracks are defined by a<|x|<b, ec<|x|=<1,
y=0, |z|<o (Fig.1).

Compbnents of the displacement are also made dimensionless with
respect to ‘d’ so that dimensionless components of displacement in

%, y directions are assumed to be u, v respectively, where

u = ulx,y,to and v = vix,y,t).
Let a time harmonic plane elastic wave given by u=0 and
= ’ - - - 1.2
v-voexp[i(ky wt)]/d where ¥k wd/cﬂw’c22 y e = /p) s p the

.density of the material and v, 2 constant, travelling in the
direction of positive y-axis be incident normally on the four

cracks.

The non-zero stress components ry and 7 are given by
Y xy

T /R = ¢ u + c v
Yyv 12 142 s X 22 Y

(2.1a,b)

T / = u + v
Xy “12 4 X

in which a comma denotes partial differentiation with respect to

the co-ordinates or the time and c (i,3j=1,2) are non-dimensional
ij ' .
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Fig.1. Geometry of the cracks.
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parameters related to the elastic constants by the relations :

2
= - /E D
€44 E1/”12(1 v1zEz 1

- -2 = » (2.2)
¢, =E /n, (1 v, B /ED c ,E,/E, _

, 2
= - E/E )»=p» ¢ = p_ ¢
C12 leEZ/“lz(l v12 2 i 142 22 21 11

for generalized plane stress, and by

c11=(E*/Ap12)(1— Y_oaPaz

c =(E /Au Y(1- v v )
22 2 12 13 31

¢ =E (» + v v E /E )/Au (2.3)
12 1 21 13 892 2 4 12

=E (v +v_ v E /E )/Au
2 12 23 31 1 2 12

A=1-v v -V Vv =~V v —-Vv v v -V v PV
12 21 23 82 841 18 12 23 91 148 24 82

for plane .St}ain. The constants Et and v satisfy Maxwell’s
- J

relation :

v - /E, = v, /E, < (2.4)
L) i ji i
The displacement equations of motion. for orthotropic material are
d2
c u + u + (1+c v = — u
11 s ®X ,YY 12 3% cz Sttt
-]
(2.5)
dZ
c v LY + (1+c du = — v
22 s YY s XK 1 S XY Cz AR
S
Substitution of ulx,y, ty = ul(x,y)exp(-iwt) and vix,y,t) =

vtx,y)exp(-iwt)'in equations (2.5) reduces them to
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c u + u + (1+c¢c v + kzu = 0
11 s KX ' VY 12 P RY =
and ‘ : (2.6)
2 .
c v + v + (1l+c du + kv =0
22 ' YY , XX 12 P XY s
with kz = dzwz/cz
2 -]

The boundary conditions of the problem on account of the symmetry

with respect to the y-axis are

T (x,0) =0 . [x](w (2.7)
Yy ,
<o) -
T (x,0) + 1 (x,0) = 0 ’ xe 1 , 1 . (2.8
YY Yy . 2 <+
v(ix,0) = 0 ’ X € 11, 19, 15 (2.9)

where' 11=(0,a) . 12=(a,b) , 13=(b,c) , l4=(q,1) . 15=(1,m).

‘Henceforth the time factor exp(-iwt) thch is common to all field
variabled is suppressed throughout the analysis.

The solution of equations (2.6) are taken as

2
Efj [Ai(f)exp(—yilyl) + Az(f)exp(-yzlyl)]sin(fx)df,

uix,y)

(2.10)

2
vix,y) Ejj E{}uAi(E)exp(—y1|y|) +azA2(£)exp(—y2|y|)]cos(fx)df

1

y Y20 (2.11)

2 .2 =2
ciig -ka-?t
where ai= (1+c12)y, ’ i=1,2 (2.12)

L

A (> (i=1,2) are the unknown functions to be determined and yz ,
1

y: are the roots of the equation
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- 2 . _ ' 2 2\ 2 2_,2 2_y 2, _
o, vt + {(c12+ZC12 c o +(1+czz)kn}y + (e, 2210 g%kt 0

14 22
(2.13)
Using the condition (2.7), it is found that
. Y+a1. -
A (g) = - 2 A (&) (2.14)
2 ;v2+012 1

By the help of the relation (2.14), the expressions for

displacements and stresses reduce to

«© .
= 2 - - -
ulx,y) = = . [exp( y1|y|) 3 exp( yzlyl)]Ai(E)sin(Ex)df,
(2.15)
2y (- y - (- y|A (£rcosExra
vix,y) = = . F o exp y1|y| ﬁaz exp r2|y| . £)cos (¥ x)dE
’ y>0 (2.16)
T Ju = - E (y +a ) |exp(- | |) - exp(- | ).A (E)sin(€ x)d¢
xy T12 7). 1 1 PYI¥ Y Pt7Y, vl 1

LU yd0 (2.1
' e _ay
= 2| _ ez 1'14
Tyy/utz- 3 o[[cizf ——?T——)exp( Y1|y|) -

€22%27
- B[szf_ -———g——]exp(—yz|y|)]Ai(f)cos(fx)df. (2.18)

where 3 = .

Finally, with the aid of the boundary conditions (2.9) and (2.8)

the following set of five integral equations
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IwA(E)cos(Ex)df =0 , X € I1 s l3 v l5 (2.19a-¢)
(o]

o .
and I H(E)A(E)cos(Ex)dE = - s xe l_, I‘ (2.2Qa,b)
o

are obtained for the determination of the unknown function A(Z)

where p = ilku

gy = 2 2 p (2.21)
ACE) A E)

2 2
c -c o -R(c -C
1zf 22 1 v 1 3 12g 2

- )
(a1 ﬁaz

2%% 2’

H(E)

“3. METHOD OF SOLUTION

The solution of the integral equatiohs (2.19) and (2.20) is taken

in the form

AE) = %Jb hi(t®rsincFtrdt + %J4 g(u®)sin(fuddu (3.1
a <

where h(t?) and g(uz) are the unknown functions to be determined.
Substituting the value of A(¥) from (3.1) in (2.19) and using the

following result (Gradshteyn and Ryzhik, 1965)

| T, o
sin(&trcos¥x) ar = { 2 X

E =

Jo R _

0, t<x

it is found that the choice of A(¥) leads to the equations
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Jb h(t?) dt = 06  and 14 g(u®) du = 0 (3.2a,b)
a c’

Further substitution of A(¥) from (3.1) in (2.20) leads to

2 2
l'b thet®) oy J‘ ugu®y o
2 2 - 2 2
a t -x c u =X

. d 2 ‘ -1
= - o t)sint Yd¥ -
qo deb h{t )dt[co H1(£)E sin(& sin(¥ x)d¢
a o )
d 2 -1,
- 37]4 g(u )duJoo Ht(f)f sin(fu)sin(¥ x)d¥ ’ xelz, l4 (3.3)
< Q
where
np
o
q = - (3.4)
o 26p12
S HE)Y '
Ht(f) = _35_ 1 + 0 as 4w . (3.5)
(¢ +c,_-c e _dic, N N -c d-c [c NN+c (N +N N +N2)]
o = 12 12 11 22 12 2 2 112  22L 12 1 2 11 1 1 2 2
c (1+c. YN +N
11 12 1 2
(3.6)
NZ= 1 {c c -c* -2¢ +[(c2 +2¢ -c¢ ¢ Y%-4c ¢ ]1/2
1 2c22 11 22 12 12 12 12 11 22 14 22
(3.7)

1 T 2 2 2
N°= —— 4dc ¢ -c° =-2¢ —[(c‘ +2¢ ~¢ ¢ Y°-4c ¢ ]1/2
2 2022 141 22 12 12 12 12 114 22 14 22

Using the relation

2 1/2 2 2. 1/2

sinfx singt J J wvd (Ew)J (Evrdvdw
o - (t 7 -v)

equation (3.3) can now be rewritten in the form

2 2
' th(t<) dt + J‘ ug(u) du =.
2 2 2 2
a t‘x c u

- X
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=q -3 h(tz)dtj

x t vwL(v,w) dwdv
]

o (xz_wz)1/2(tz_v2)1/2

a

g 2 % vwL(v,w) dwdv ' )
- 3?14 g(udu [ ju Tz 1oz, = 2oz Xl 1
c o Jo (x"-w) (u"-v7)
: (3.8)
where
L(v,w) = Jm_in(f)Jo(Ew)Jo(fv) dg - (3.9)
o .

and Jo( > is the Bessel function of order zero.
Applying a contour integration technique (Mandal and Ghosh, 1994)

the infinite integral in L(v,w) can be converted to the following

finite integrals

1-7e¢ 2 — — —_——
2 “ Cizn _aﬁ.ylczz‘ ﬁ(c12n -o‘zyz‘c )
Lev,w) = -1k [ — — 22
o 8la - 3 az)
x J_(k nvIHY (k pw) dn -
o RN o all n
r ﬁ(ciznz- C22%¥2) 1) '
- = J (k nv)H (k nw) dn{, wdv
— Ola -3 o) ° = ° e
17Ve 1 2
11 .
(3.10)
where
7 = [L {r -(RZ-4E )“'2 i
Yy | 2 1 1 2

172

<1
]
(&

= |1 {R +(RZ-4R )‘/2}]

. 2 ‘12 12
o [t e )]

3
[
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~ - 2 ¢ a2\
= |= ¥ +4R ) 1
Y2 [2 {R1 ‘R 2 }]
= 1 2 4 - 2 4+ (14 )}
Rs— c__ {(012+ZC12 °11sz)n (1 €22
22
" c
= _ 141 _ 2 1 - 2
R, o= [10%) & - »°)
22 11
c
’ 11 2 2z _ 1
ke () )
22 11
e, ni-1+7 "
5 = At i ,  1=1,2
3 —
(1+C12)?/L
e pEetr-n
o = e — e , i=1,2
+
(1+012)yL
a -y n a +y
5 = -} 1 and B = A‘ A* . (3.11)
%27, %Y,

The corresponding expression of L(v,w) for w<v 1ls obtained by

9

interchanging v and w in (3.10).

Employing the series expansions for the Bessel function Jo and the

Hankel function H;n in equation (3.10), it is found that

L(v,w) = % P kilogks + D(k:) : (3.12)
where
1-Ve 2 = — — 2 -
p = 4 P T (Ca™ ~%¥ %, .d
) . (la = 3 o)
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1 ~ 2 ”~ ”~
Rle n = c _oy) »
- I 22222 an| (3.13)
T4 (o -3 &)
11
Next expanding n(t?) and g(uz) in the form
het®) = h_(t%) + k¥logk h (t*) + 0(k®)
o s -] 1 -]
(3.14)
. ’ 2. 2 2 2z 2 :
and : g(u ) = gO(u ) + kﬂlbgkB gi(u ) + D(ke)

and substituting this expangion as well as the resgult (3.12) in
equation (3.8) and finally equating the coefficients of like

powers of ka , the following equations are derived.

tho(tz) ugo(uz) '
Jb —_— dt + J4 ———— du = q , x e | y I
2 2 2 2 a] 2 4
a t -x ¢ u -X .
(3.15a,b)
th (t%) ug (u®)
J.b dat + J'1 du =
2 2 2 2
a t -x c u —-X
= - ﬁﬁ[ Jb th (t%)dt + Jd ug (u®)du ] , xe 1, 1
n () o 2 <
a (= -
(3.16a,b)

and also equatfon (3.2) with the aid of equation (3.14) yields

o
J hL(tz) dt = 0 (1=0,1)

(=1

J‘1 g.(uz) du
c 13

Rewriting equation (3.15a) as

(3.17a-d>

o (i=0, 1)
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th (t% '
Jb 2 a4t =2 F o , x € | (3.18)
2 2 2 1 2
a t -x
‘ 2.
. p ug (u)
o 21 o
R TIPSy
. 12 ¢ u =X

Applying finite Hilbert transform technique (Srivastava and

Lowengrub, 1968), the solution of the integral equation (3.18) is
found to be

2
P 2 2 2_ 2 2 .2 u g (u)
h (%) = - 06 1:2 az - % tz az J1 lJz bz : 2 du +
° He2® Jp%-t b2-t c Ju®-a u?-t

1
+

(3.19)

1(t2-2%) (b%-t2)

where C1 is the unknown constant to be determined from equation

(3.17a).

Substitgtion of the value of ho(tz) from’(S;IQ) in (3.15b) with

the aid of the results
[b t?-a® t dt - i x?-a®  |u®-a°
a 402-t2 E-tEH (P -t% 21255 X2 -b? u?-v?
* .t at : . .
—— : — = i tor x e 14'
Ja et T2 a2, (62-t%y 2 [ (t%-a2) (62-tD)

vields the sihgular integral equation

Iz 2z ug W

u -b P du = o -

2 z 2 2 u = 2 ] X € l‘ ) (3.20)
< u —-a u - X

F (x?

N R
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where

p c
- oe + 1
Hea x*-a*

‘F (x?
2

Next using the finite Hilbert transform technique (Srivastava and

Lowengrub, 1968) the solution of the-integral equation (3.20) is

found to be

2 Po (®-a%) (u®-c*) 1 -a® C1<(u2-cz)
go(u b= M 2 .2 2 ¥ 2 2 ¥
12 (u”-b )(%-u ) c -a I(uz-az)(uz-bz)(i-uz)
Cc 2 _2 .
N 2 o -a®) (3.21)
I(uzﬁba)(uz-az)(i-uz)*
where Cz igs unknown constant to be determined from equation

(3.17¢) .

Further substituting the value of go(uz) from (3.21) in (3.19) and

performing the resulting integrations, ho(tz) is obtained in the

following form

h (4% = - o J(tz-az)(cz—tz) . J1 -a® . J(c?-t%) :
o o, 8 w222y (g -12 2_ 2 ¢
12 (b" -2y (1 t‘) c -a Iitz_az)(bz_tz,(1_tz)

c

24 (t?“azf

(3.22)

Jb%-t%) (c?-t2) (1-t%)

By the procedure similar to one which led to the derivations of

the solutions of (3.15) as given by (3.21) and (3.22), the

solutions of equation (3.16a,b) can also be obtained and they are

found to be
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b (42, 4PR J(tz—az)(cz-tz) .\ Jl -a® P J(c*-+2) }
1 2 2 .2 .2 2_ 2
n (b"-t") (1-t%) c -a J(tz—az)(bz-tz)(l-tz)
D 2 2
- 2 -a%) (3.23)
Jb2-t2) (c2-t2) (1-t2)
(W¥) = - 4PR (u®-a%) (u® -c%) + |11 -a* Dti(uz—cz) +
g‘ ) ) 2 ( 2—bz)(l— 2) cz—a2 2 2 2 2 2
n u “ du®-a%) (u?-b%) (1-ud)
DzA(uz—az)
+ h (3.24)
d(uw?-b%) (u%-2%) (1-u?)
where
p .2
R=-_—2_[R +RrR ]+ 1 2 chvc |
o e a c 2 2 1 2 2
12 Cc —a
i (t?-a%) (c?-t?) |
R" = J = dt (3.25)
" m (b2 -t%H (1-t%)

2 .2, 2 2 2
- (¢ ~-b™) T b -a ] I3 1-¢ _ 1
JZ = — - . [ﬂ[Tz- . cz-az ’ Z‘] + l'l[—z- N 1-b2 Py r] F(—2- ,P)]
J(czsaz)(1~b ) ’ )

. J(l—cz)(bz—az)

(1-b%) (c?-a%)

The constants D1 and Dz are to be determined from (3.17b) and

(3.17ad). In equations (3.25), F() 1s the elliptic integral of the
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first kind and M) is the elliptic integral of the third kind.
Substitution of the values of hiet?) and g(uz)'given by equations

(3.21-3.24) in equations (3.17a-d)yield

Ps
cC. = 5 Q. (i=1,2) (3.26)
L ;.112 1
p = 2PR o (i=1,2) (3.27)
L nz 1
where
Kb * o+ Ki—lb 2 2
Q = a ¢ c a (¢ -a)
1 b .1 1 .b 2
K- J + K J (1 -a™)
a c < [« 8
et - 3t 1°
Q_ - a [ a
2 Kb Ji + K1 Jb
a C (=] [« 8
n 2 2 2 2
" = J Jkuz-az)(u “: ) 4u (3.28)
m m Ju-b%) (1-u*) ‘
n I__?——;—
J:‘ = J- (u " -¢) du -
m

I(uz-az)(uz-bz)(l—uz)

, . 2 2
k™ = J (u -a’) du
m m

{u?-6%) (u%-c?) (1-u®)

Substitution of the values of Ci and D_t given by equations (3.26)

and (3.27) in equations (3.21-3.24) yields
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I U la-a R 1Tce2-a%y (2 -+2) (o1 2)
= -A - =4y
v t t?-a% {(c%-a%) cz—tzJ (-t (1-t2%)
(3.29)
2y = -al1- O, [a-a® 0 % [ w?-2?) w?-e?) (1=1. 29
8,1 - i 2 2 2 2 2 .2 2 ’
I u -a (c -a) u-c | (u -bH(i1-u
where
A = Po 4 = 4PR
1 u O ! 2 z
12 n

4. STRESS INTENSITY FACTORS AND CRACK OPENING DISPLACEMENTS

The stress intensity factors are defined as (in physical units)

[ vY(a-x) ry (x,0) ]
y .

N = Lim
a A P
X+a~- [ o] J (824 24. 1
. [ Y(x-b) 7 (x,0) ]
N, = Linm XY
x-+b+ L po bix<e
[ Y(c-%x) T (x,0) 7
N = Lim Yy
€ X bC— L po bex<c
Yix-1) 7 (x,0) ]
N = Lim Yy (4.1a-d)
X+1+ p_o x>4

and the crack opening displacement can now be shown to be given by
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b
AV(X,0) = vix,04)-vix,0-> = 2| het®) dt ,  a<x<b
4 x
i 2 .
= 2 g(u ) du , csx<s1 (4.2a-b)
v "4 )
The stress component =< can be evalusated from the equations

Yy
(2.18), (2.21) and (3.1) when the values of the functions h(tz)

and g(uz)' as obtained above from (3.28) are substituted. Next

substitution of the value of Tyy in the relations (4.1a-d) yields

finally,
N = |—2 g [ 1 - 2P Mk i0gk ] + D(K®)
a - 2 2 1 2 2 = ™ ™
Jza(p?-3%) n
[ 4
N (b°-a®)(c®-b%) Q (c®-b%) (1-a%) .
© ] 2b(1-b%) t 12bb®-2%) (1-b%) (c%-a%)
2 2
rQ 2(b2 a ) _ [ 1 - ﬂ; M k2 logk ] + DK
2b(c2-b%) (1-b2) n = = =
2 2 -
(c =-a )
N_ = J : : 2 Qz[ 1 - 4P M x%iogk ] + 0k
2cie " -b7 )y (1-c™) nz 2 = ° e
I 2 2 ' 2 2
N = ](1—3 Y(l-¢7) Q (1-c) Q (1-a )
- - x
1 2(1-b%) t l2(1-b%) (c?-a%) 2 l2a1-v%y(1-% -
x[ 1 - 22 M vPrlogk ] + 0(k?) (4.3a-d)
2 2 s - 2
n
b 1 1 -82
where M2 = [ Ra + Rc ] - > Q1+ Qz J2 .

c -a

Expressions (4.2a-b) with the aid of theA equations (3.14) and
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(3.29) yield

b 2 2 2 2
i (t?-a% (e?-t?%)
Avix,00 = -2[ A+ A kilogkg ]J ] a’lce x
). 4

(b%-t%y(1-t2)

Q _.2 Q
x |1- t |l-a), 2 ldt + 0(k®) , a<x<b
2 2 2 2 2 2 =
t -a (c"~-a ) c -t

(uz—az)(uz-cz)
= -2[ A, + A x'logk ] x
* 2 = 2 Tk J % (1-u?)

1 (1 -a%) _ 2

du + 0(k?) , c<x<i
2 2 2 2 2 2 e
u -a (¢ ~-a’) u -c

(4.4a-b)

When a=d‘/d + 0, the stress intensity factor and the crack opéning

displacement for three Griffith cracks occupying the region |x|£b,

c$|x[£1 . y=0, |z‘<m are recovered (Sarkar et al. , 1994k}
.
_n2 E(-,.—.q)
N, = |2 : = [ 1 - 3; M k2 1ogk ] + D(K?)
2¢c”-b%) F(z,q) s %= e e
124
[ - Els,q)
N_ = J — o |2 - ®p?) [ 1 - 28 12 ogk ]+
ze-p%r (1-c5H F(5,q) s % ® s
+ 0(k>)
=

2 Bl q)
(1-b°) 2’ :
N, = lu*,n_;_. y - ._éé___ [ 1 - 2P M k®logk ] + 0K
201-¢%) FiZ,q) n? 2= s e
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2 Fif3, q) F(%,q)

| n
2p E(=,q) Y-
avix,0) = — 2 [ Jci-v%> F(ﬁ,q){ E(3,0) _ _ 2 )

2 2 2
v e -x%) [ 1= 4P 4 ogk ] + 0(k®) ,  0<x<b
(c -x) n

and

T
2p E(s,9)
Av(x,0) = °9 [ J(1—b2) F(x,q){ 2 - EGv Q) }]x

F(%,q) Fix,q)

x [ 1 - 2P M w?iogk ] + 02y ,  csx<i
_nz 2 a ) 2

where

EE, q)

D

M= [ R® + R' + {(1-b2)_-3___ - cc?—bz)}[ LY - Lt ]]
2 [a] c T (o) <

2

' 2
n o_ . ™ dt
o
m

m {b%-t2) (e?-t2) (1-t%)

2 2 _2
sing = (22X and simn = |1ZX .

1-b%

and E(%,q) ‘is the ellliptic integral‘ of the second kind with
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5. NUMERICAL RESULTS AND DISCUSSION

The stress iniensity factors (SIF) Na,}N Nc and N1 given by

b’

(4.3a-d) at the tips of the cracks and crack ﬁpeniﬁg displacements
(COD) given by (4.4a-b) have bgen plotted against dimensionless
f requency ka and distance respectively for three different types
aof arthotropic materials whose engineering constants have been

listed in table 1.

Keeping the length of the outer cracks and distance between inner

and outer.-cfacks fixed (b=0.6, ¢=0.8) SiFs at the tips of the
cracks have been plotted against frequency k9 (O.lSkaSO.S) for
different lengths ﬁfuiﬁe inner cracks (a=0.2,Q.3,0.4). 1t is noted
from the graphs (Fig.2-Fig.5) that Qith the decrease in the value
of inner c;ack length 1.e. with the increase in the value of the
distance between inner cracks the rate of increase in the SIF is
higher with the increase in the value of the frequency k..

lt is also found that the value of SI1F is higher for lower value
of a. When lengths of the outer cracks and the distance between
inner cracks are kept fixed (a=0.2, ¢=0.8) it is noted from the
graphs (Fig.G-Fig.Q) that with the increase in the value of b(0.4,
0.5,0.6) 1.e. with the deérease in the value df the distance
between {nner and outer cracks the rate of decrease of SIiFs are
higher. It is interesting to note that the value of SIF Na is
lower for higher values of b but in case of the SlFs Nb, Nc and N

the effect is just reverse.

Next, keeping the lengths of the inner cracks fixed (a=0.2, b=0.4)
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TABLE - 1. ENGINEERING ELASTIC CONSTANTS.

El(Pa) Ez(Pa) “12(Pa) L
Type 1 A Modulite ll-Graphife—Epoxy Composite :

15.3x10°  158.0x10° 5.52x10° 0.033
Type 11 E-Type Glass—Epoxy Composite i

9.79x10§ 42, 3%10° 3.66%x10° 0.063
Type 111 ~ Stainless Steel-Aluminium Composite :

79.76x10° 85.91x10° 30.02x10° 0.31
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Fig.4. Stress intensity factor Nc vs. frequency k
<L

for generalized plane stress.
C

Type I, —————— Type IIID.
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Fig.6. Stress intensity factor Nd vs. frequency k‘a

for generalized plane stress.
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it is seen from the graphs (Fig.10-Fig.13) that SIFs increase with
the increase in the value of k‘=l for lower values of ¢c(0.6,0.7) bﬁt
decrease for higher values af ¢(0.8). The value of SIF Na is
higher for higher values of c. But the nature is opposite in case
of Nb, Nc and N{

The = COD ”12AV(X’O)/po has beén plotted for different_ crack
lengths. It is found from Fig.iaFFig.16 that with the increase in
the value of crack length the value of COD increases. For a fixed
material the variation of COD with frequency 1ig found to be
insignifican£.A

In all the cases where different values of crack length have been

considered the variation of COD shows marked differencé for

different orthotropic materialg.
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