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TWO COPLANAR GRIFFITH CRACKS MOVING IN A STRIP UNDER ANTI-PLANE
SHEAR STRESS

1.Introduction

In fracture mechanics , the problem of diffraction of elastic waves
by cracks of finite dimension in a strip of elastic materlal has
been investigated by several authops. Sih and Chen' (1972)
investigated the problem of propagatioh of a crack of finite length .
in a gstrip under plané extension. The resulting mixed boundary value
problam‘was reduced to the solution of a Fredholm integral equation
of second kind , which was solved numerically . Closed- form
solutions for a finite length crack moving in a strip under anti
plane shear stress was also obtained by Singh et al. (1981). As
regards the dynamic crack problem , research has been restricted
mainly to the case of a single crack because of the sevéfe
mathematical complexity encountered in finding solutions of two or
more cracks . However , using finite Hilbert tranaform techniquea.
developed by Srivastava and Lowengrub (1968), Lowengrub and
Srivastava (1968) solved the statical problem of distribution of
stress in an infinitely long elastic strip containing two coplanar
Grifflth cracks .The scattering of time harmonic normally incident
plane waves by two parallel and coplanar Griffith cracks in an
infinite elast;icmediu'm_has been studied by Jain and Kanwal (1972)
and more recently by I[tou (1980). '

In this paper we have considered the problenm -qf
propagation of- two coplanar Yoffe (1951) cracks moving stéadily in
an infinitely long finité width strip . Employing Fourier transfarm
and finite Hilbert tfansform technique closed-form solutions are
obtained for two cases of practical interest.Firstly, the case when
the rigidly clambed edges are pulled apart in opposite directions
are considered. Secondly , we have treated the case when the lateral
boundaries are subjected to shearing stresses. Exact expressions for

the crack opening displacement and the stress intensity factors have

Published in "Journal Of Technical Physics' Vol 32, No.3-4,
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been derived in both the cases +Finally numerical results for stress
intensity factors are presented graphically to show its variation

with crack speed for different values of the lengths of the

cracks.

2.Formulation Of The Problem
We consider two cracks of finite length to be placed on the X-axis
from -b to -a and from a to b with reference to the rectangular
coordinate syétem (x,¥,2) which referred to fixed coordinate system.
(X,Y,2) is moving with constant velocity v alaong X
~direction within thé'strip of elastic material occuﬁying the
region -h; Y= N as shown in Fig.1 .

In dynamic problem of anti plane shear, the
non-vanishing component of displacement W directed in the
Z-direction satisfies the equation of motien

2 2 2
2¥ .24 . 1 2% (2. 1)
ax aY c, ét '
where c, = (p/p)v2 is the sghear wave velocity and p is the.

dengsity of the material.The non-vanishing components of stress are

au
a’xz = ——
ax
Opm = H 2! (2.2)
= ay |
Using Galilean transformation x* = X - vt, y* =Y, 2z = Z,
t’ = t, where (x',y’,z’) is the translating coordinate system shown

In Fig.1 and next introducing the dimensionless coordinates x,y,z

éuch that x* = xb, ¥y’ ;ybi 2’ =2zb, h* = hb equation (2.1) reduces to

+ = 0 (2.3)

uith SR R G2 ' (2.4)
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Fig 1. Moving cracks in a strip under antiplane shear .
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3. Boundary Conditions
We consider two basic probleﬁs of practical interest with different

boundary conditions

Problem I. The edges of the strip y = % h are assumed to be rigidly
clamped and displaced laterally in opposite directions by an equal
amount L where W is a constant. As a regult, anti plane shear
motion takes place in 2z-direction whereas cracks move in the

x-direction and the boundary conditions are

W(x,* h) = % wc') , -0 < % < @ (3.1)
o (x,0) = 0, d<|x|<1 (3.2)
yz

W(x,0) =0,

,05|x|<d,|x}>1 (3.3)

where d=a/b .

In order to appfy the integral transfﬁrm technique it
18 necessary to solve a differenf but equivalent problem which can.
be obtained from the problem of a c¢lamped strip  (without any
cérack) saubjeet to a uniform strain . The equivalent stress
condition on the crack are

HY
o _(x,0) = — —2 d<| x| <t (3.4)
Yz .

h

and the displacement must satisfy
W(x,0).= 0 , os|x|<d, |x|>1 (3.5)
W(x,* h) =0, -0 < x < o (3.6)

Problem II. In this case uniform shearing stress P, i1s applied to
the upper and lower boundaries y = * h of the strip.The equivalent

problem in this case involves the application of the ghear stress

“P, to the crack faces at y 0. Accordingly the boundary“conditions

are

Q
~
x
+
oy
~
1
O

-0 < x < ® . (3.7)
’ d<|k|<1 (3.8)

Wix,0) =0, o< |x|<d, |x|>1 (3.9) -
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4, Solutions Of The Problems

Due to symmetry about (x,z)? plane we need consider the region

FFA(&) cos(¥x) df (4.1)
43

0 .

F JmAcm sin(&x). df : (4.2)
a 0 :

we obtain the sgolution of (2.3) as

0<y<h only. Employing

1]

Fc[A(f);f—+ x 1

and . FS[A(z);E—4 x 1

1}

Wix,y) = Fc[A1(E) exp(-fys) + Aé(f) exp(fys)if— x 1 (4.3)
with
oyz(x,y)= pch[ E{—Aifz)exp(-fys)+Az(E)exp(zys)};f—» x] - (4.4)

Problem I. Using the expression for W(x,y) given in (4.3) in (3.6)

we get
ACE)
A‘(E) =
1 - exp(-2fhs)
. ~A(E)exp(-2f hs)
AZ(E) =

1 - exp(-28hs)

where A(¥) 'is to be determined.
From (3.4) and (3.5) we find that A(¥) satigfies the set of triple

integral equations

FCEE.A(E) cth(Zhs) ; £—» x 1 o d<x<1 (4.5)

FIAZ) 58— x 1 = 0 , 0<x<d ,x>1 (4.6)

Let us take

A@) = L FI" g (r)Sech®(cr)sin(r) dr (4.7)
Z |2 q . .
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1t is clear that the above choice of A() satisfies (4.6) if and.
anly if

1 . '
j g‘(r) sech®(c7) dv = 0 4 (4.8)
d .
Equation (4.5) can be written as
d X ) ) w o . :
—_— Fé[A(E) cth(¥hs) ; > x 1 = — d<x<1 (4.9)

dx ‘hs

Ingerting (4.7) in (4.9) and using the result [Gradshteyn and Ryzhik
(1965) ] | |

cth(¥hs) sin(7) sin(fx) . thicx)+thler) .
J: ‘ & =z log|tRte—thico (4.10
4 o
where ¢ = n/2hs , we obtain
1 cgt(T)Sechz(cr) th(er) v, .
I i = dr = , d<x<1 (4.11)
d th¥ey — th3(ex) hs Sech®(ex)

Substituting th(cr)=T‘, equation (4.11) {s found to reduce to the
form ' ’

" T‘A(Tf) : v, A
J ———dT, = —2— = F(X) (say), DX <I (4.12)
D, Ti-xE hs (1-X2) :

where D, = th(ed), I = th(e), X = thlex) and A(Tf)= g (7). Using
finite Hilbert transform (1968), the solutions of (4.12) ig

12- 2 X F(X) K
41 1 41

- b2 (x?-7T’y ¢
4 F 3 4 4

"

which can be simplified to

2wo ch(cd)
gi(r) =

, d<Tt<l  (4.13)

nhs(l—Ti) ch(e)
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Substituting the result (4.13) in (4.8) we obtain

I 1 X, dX_

(x2 ™) (1- x>

—
'
~N
|
D‘Ni‘m

)
»m»
]

1 dT 4w 1
Kﬂ[D . 2 i hsanD
(T2 - p*) (12- %) A

Wwhich is simplified with aild of the results

and

2w .ch(cd)
o

to K = R entey

(4.14)

where q=(l D’)"z /1, and F(¢,k), [(¢,n,k) are elliptic integrals

of first and third kind respectively.

The expressions of displacement and shear stress on
the plane of the crack are expressed as

. . 1 .
Wix,o0) =-’zlj gl('r)Sechz(cr) dr , d<x<i (4.15)
. x
and
g, (7)Sech® (cr)th(cr)Sech® (ex)
o (x,o)=yscI — dr ,0=<x<d, x>1 (4.16)
vz d th 2(ex) - th¥(em)

Now insefting (4.13)1In (4.15) and (4.16) we obtaln with the ald of
the following results '
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» N

)]

® N

woch(cd). . 2 - l‘— D1 '
W(X,O) 2 - m F(K,q) 1- D‘ 1- "[;,T—-—T,q]/F(;,q) +
, I (1-D7) .
. ! E 1 .
ch®(c) 1%- 08
t ——n(ry —— , aq , d<x<1
ch? (ed) ( RN ) (4.17)
where sinn =
2 2
uw _chcd) th"(ex)-D ch(c)
(8] : 1
o z(x,o) = 2 z +
Y h ch(c) th*(ex) -1} ch(cd)
z2_ 2 _ D:Sechz('cx) ' q.
1 1 ' n ‘ 1 ‘
N n[—,———,q]/F<—.q> , x>t
{ 12 (1-p%) z drern?cex)-p? 10th? (ex)-121
S 4 41 i
(4.18)
2 2 '
pwoch(cd) Dg— th™(cx) ch(c)
o (X,0) = ——— > ~ — -
v= h ch(e) I,— th” (cx) ch(ecd)
12- p? D: Sech®(ex) EY
- 1 n[ﬁ,-—"—;,q]/-!?(z,q) : : - |, o<x<d -
{ @ l:(i-D:) .2 I[D:-thz(cx)][l:—thz(cx)_] :

(4.19)
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where we have used the result

n

, 0<x<d
. . I 2 2 2
1 2d (d®-x%*)r(1-x
I 1 £ dt = 0, d<x<1 (4.20)
2 2
2 .2 2t_x
{®-d > (1-t5) -n ot
2{(x? -d%) (x%-1)
The stress intensity factor at x = 1 is given by
' 2,, ,2
pw D* (1-1%).
_=th 1Jz(x—i) o (x,0)= ——2 + 2 -
14 X— vz hSech(cd) 2_n2
4 cl (1%-p%).
i 4 1
x ' D - -
x4 1— n[-,—————————,q]/F(—,q) o C(4.21)
2 1f<1—Df> 2

and the stress intensity factor at x = d is given by

: jD (1-
S = Lt J2(d—x) o (x,0) = —
1d Yz
= d n{ca?
12- p? ‘
x 41— n[g,——i—__%-— /F(Z, Q) - | (4.22)
17 ¢1 D,

Letting d = a/b = 0'in the expressions for displacement , stress and

stress intensity fagtors it can be easily shown that the results

coincide with the corresponding expressions given b&}Singh et al.
(1981). '

Problem II. In this case again we take the general solution of
(2.3) as )

Wix,y) = FC[ C;(E)exp(—fys) + Cé(f)exp(fys) 3 E— X1 o (4.23)

and inserting it in (3.7) we find that
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D(&)
C(£) =
* 1 + exp(-2¢hs)
D(Z)exp(-2F hs)
c (&) =

1 + exp(-2¢ hs)
From (3.8) and (3.9) it is determined that D(f¥) satisfies the .
following set of triple integral equation
P
M

(a]

, d<x<1l . (4.24)

n

F_If D& th(Zhs) jE— x 1 =
F D) jE— x 1 = 0 , oSx<d ., x>1 (4.25)

Proceeding asgs in problem | , we consider a trial solution
_ 1 m 1 : ‘ ‘
DY = = |= I g (t) chlcr)sin(ér) dr (4.26)
£ |2 q 2

~With this choice of D(§) , equation (4.25) Qill be satisfied
provided the unknown function gz(r) in (4.26) satisfies ' »

1
J gz(r) cosh(ct) dr = O (4.27)
d . : ' '
Now equation (4.24) can be written as
d
o

— FS[D(E) th(fhsg) ; = x )1 = d<x<1i (4,28)
- dx 8 '

r

Insertion of equation (4.26) in (4.28) and use of the result
[Gradshteyn and Ryzhik (1965)1 .

& = % log (4.29)

{m th(E hs) sin(ft) sin(fx) sh(cx)+sh(cr)]
0 £ m sh(cx)-sh{cr)

where ¢ = n / 2hs , gives
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1 ¢ gz(ri Sh(2cr ) 2p_

I dr = , d<x<1 (4.30)
d sh®(cr) -sh® (cx) pus chlcx)

Substituting T2= shict) ,Iz= sh(c) , D2= sh(ecd) and X2= Sh(cx) and

proceeding as in problem 1, we obtain the solution of (4.30) as

T2 2 1%-p?
4p - D 1 n 2 2 ’ ey _ T,
g (t)1=— ° 2 2 n( z' "z 2z 9 )-F( 2z’ +
2 2 z2_ 2 [I7-T
nus I? 2 1412 z 2
Kz
+ : (4.31)
13- p%) a2 14
2 2 2 2
where q’ = (l:-D:)yq/Iz s q°°= q’'.th(c) and using the result (4.31)

in the condition (4.27) the constant K2 ig determined with the aid
of the result ' '

12-p2
X dX ' 1 n o2 2 Ef T
= n( ;,] 2 » QT ( 2’9 )
x*- p? <x2-'r:).]1+'x2 1+1% z |
as .
l
2
2. 12-p?
4poth(c) 2 D2 n o2 2 PR T
K = nl 2 2 9’ )-F( 39 dT (4.32)°
2 2 7 , z2_ o2 | 2
nps F( - +q )] I 2 2 2 :
2 F]

The relevant displacement and stress components

the cracks may be written as

in the plane of

.
W(x,0) = = [ g (r) chler) dr , d<x<1 (4.33)
2 X 2



HSC 1 g (r) sh(2cr)ich(cx)
J z dr , o<x<d, x>1 (4.34)
d

and o (x,0)=
1%

2 sh? (ex) - sh®(cT)

Now using (4.31) in (4.33) and (4.34) we obtain

1
2 .2
2p 2 2 114 2—Dz
Wix,0)=— o ’ sh® (eT)-sh” (cd) § n( ;,YE:;;— » q )
nus ch(e) sh?(c) -sh®(er) 2 2
X
K F[ » ’
- F( Z»a'" chicr) dr | + -2 (> )
2’ (4,.35)
. cl
2
where sinn’ =
1
. 2
2p_ch(cx) sh®(cx)-D> 12- 1% 1
o 2 2 2
o, ,(x,0)=— P 2 2> T2
Y 124 sh (cx)-1 - D® T?- sh®(cx)
‘ 2 2 2
D
2
T2 de T S ch(cx)K2 _
x + , for x>1
1+ 1§ Q.I(Shz(cx)—I:)(shz(cx)—Dz)
(4,36)
2p ch(cx) |D*-sh?(ex) 1
0 2
o (x,0)=— P P >
vz n 12-sh® (ex) T:~ sh® (cx)
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T dT aus ch(cx)K
% 2 2 - 2 , for o<x<d

j 1+ 1j 2.It1:-shz<cx>1[0§-sh2<cx)1

(4.37)
The stress intensity factor at x=1 is given by
Lt r——— " 2P0
Szi-x—+1 2(x-1) ayz(x,o) -
nus Kz
+ (4.38)

2

2Jc. th(er 1%~ D*)
2 2

and the stress intensity factor at x = d 1Is given by

- Aus K2

_ Lt
Szd— 4 J2(d-x) ayz(x,o) = : (4.39)

X— 2Jé.th(cd)c1:— D:]

’

Agaln letting d = O in the expressions for displacement , stress and
stress intensity factors we., obtain the corresponding results for a

single crack as given by Singh et al. (1981).

5. Numerical results
In this section we present the variation of stress intén91ty factors
with ratio of crack speed v to shear wave speed c, for both the
problems. The crack length dependance of the stress intensity
tactors and its varlatlons with v/c2 have been shown in filgures 2 —
5. Figures 2 — 3 deplict the fact that in problem [, the sgtress

intensity factors at both the crack tips decrease with the increase

in the distance between the cracks.

But for the problem 11, as seen from figures 4 — 5,
it 1is found that the behaviour of the stress intensity factors at
the crack tips 1is 6 of different nature as compared to the

corresponding nature of problem I. .In the problem [, the gtress
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intensity factors at both the crack edges decrease with the indrease
in the value of v/cz and approaches to zero as v/cz — 1. But in
Problem 11, the stress intensity factors at both the edges
increase gradually with the increase in the value of v/c2 and
approaches infinity as v/cz—»l.‘ln problem !l it is alse found that
the stress ‘intensity factors at both the edges decrease with the
increése in the values of the separating distance Abetween the
cracks.. The dashed line. Iin fig.2 and Fig.4 corresponding~to the
"stress intensity factérs at the tip of a single crack as given by
"Singh et al.(1981) for the case b/h’ = 1. '
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TWO COPLANAR GRIFFITH CRACKS MOVING ALONG THE INTERFACE OF TVWO
DISSIMILAR ELASTIC MEDIA

1.Introduction

Scattering of elastic waves by cracks located In a homogenéous ’
isotropic medium has impdrtant applications 1in geophysics and
seismology. '1f the cracks are located at the interface of layered
media, the study becomes more relevant. Scattering of anlelastic
wave from an interface crack under anti-plane strain was solved
by Bostrom (1987).Srivastava et al.,(1980)solved the problem of
interaction of an anti-plane shear wave by an interface crack. The
problem of diffraction of Love waves by a crack of finite width in
the plane interface of a layered composite has been solQéd by
Neerhoff (1979), As regards’ the dynamic crack problem, research
has been restricted mainly to the cases of a single crack because of
the severe mathematical complexity encountered in finding solutions
of problems 1involving two or. more cracks.The diffraction of an
anti-plane shear wave by two coplanar Griffith cracks in an infinite
elastic medium has been treated by Itou (1980). Lowengrub and
Srivastava (1968) +treated the statical problem of "stregs
distribution 1iIn the presence of two coplanar Griffith cracks in an
infinite elastic strip .The scattering of time harmonic normally
incident plane wave by two coplanar Griffith cracks was also solved
by Jaln and Kanwal (1972).

To the best knowledge of the authors; diffraction of elastic
waves by two cracks ﬁoving élong the inﬁerface of bonded dissimilar
elagtic media has not been investigated so far . In thig paper,
we consider the problem of determining the distribution of shear
stress In the neighbourhoed of the cracks, moving along the
interface of the two bonded dissimilar elastic media. Two cases of
practical importance héve been considered here. Firstly, the case of
two coplanar Griffith cracks moving along the interface of two semi-

infinite dissimilar elastic media has been treated; secondly, the

Published in * Engineering Fracture Mechanics" Vol 41, pp 59-69,
1992
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problem of the propagation of two coplanar Griffith cracks along. the
interface of an elastic layer overlying a semi-infinite medium of
different elastic properties has been considered . Employing Fourier.
transforms the problem has been reduced to solving a set of triple
integral equatfons with cosine kernel and weight functions. Thesge
equations are solved using the = finite Hilbert transform
technique .In the second problem, analytical expressions retain up
to the order h_‘, where h is the thickness of the upper layer, for
deriving the dynamic stress Intensity factors and crack opening
displacement. Numerical results have also been presented
graphically. ' '

2.Formulation Of The Problem
Two cracks of finite width are considered to be placed along the X
-axis from -1 to -¢ and ¢ to 1 with reference to a rectangular
coordinate (x,y,2z) system which, referred to fixed coordinate system

(X,Y,2), is moving with constant velocity v aloﬁg X -axis, as shown
in Fig.1

The coordinates are regarded as dimensionless,
referring to the outer edge of the crack. In the dynamic problem of
anti- plane shear ,there exists a single non-vanishing component of
displacement {in the Z -direction ui= U;(X,Y,t), {=14,2, where N1 and
wz are the displacement component along the Z ~-direction in media
Y>0 and Y<O respectively . In the absence of body forces the
equation of motion is '

% *v 1 d*w
L + L = — * ( 1 )
ax* aY? b, at*
where bi = Qﬁ/pif/z,(i=1,2)'are the shear wave speeds and p, are

the density aof the materials and p, are the shear maoduli.

Using Galilean transformation x = X - vt, y =Y, 2z = 2,
t’= t, where (x,y,z) represents the translating coordinates systen

shown in Fig.1 eqn. (1) becomes independent of t and reduces to
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Fig 1. Ge
omelry and coordinate syst
em .
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v  d%w :
g2 i 20 (2)
i axz ayz
with sf =1 - v’/bf (3)

_ 3.Boundary Conditions
Problem 1:
In this case the cracks are placed along the interface of two Joined
dissimilar elastié half- spaces and are moving along the interface
of these media. The cracks are exclted by a normally incident anti-

plane shear wave. The boundary conditions are

[z (%01 = [t (x,00], = -p, c<| x| <1
[t OGO = [z (x,00), , 0<|x|<c, |x|>1 (4)
W (x,00 = W (x,0) , 0<| x| <e, | x|>1

Problem I now consists of solving equation (2) together with the
conditions (4){

Problem II:

In this case two coplanar Griffith cracks of finite width are
assumed to be moQing with uniform velocity under anti-plane
shear stress along the interface of an elastic layer kept in welded
contact with a semi-infinite medium of different elasticgpropefties.

The boundary conditions of this dynamic anti-plane p:oblem are

[Tyz(x,O)]z = -p , c<|x|<1

r (x,0)1 =
Yz 1

It (x, M1 = [z (x,001_ , 0<| x| <e, | x|>1 (5)
YZ : ' 4 Yz 2

U‘(x,O) = wz(x,O) , ‘ 0| x| <ec, | x|>1

It (x,h))l =0 - ¢ x { o
Yz 1

Problem Il now consists of solving eqhation (2) together with the
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conditions (5).

4.Solution Of The Problem I

Employing Fourlier cosine transforms viz.

¢ o]
fc(f,y) =I f(x,y) cos(¥x) dx, and
0. ,

f(x,y) = ir f (£,y) cos(fx) d¢
24 0 [

we obtain the solution of equation (2) as

a8}
W o(x,y)== J A (Elexp(-s ¥y) cos(¥x)d¢ , for y>0 : (8)
1 T Jo 2 1 ,
. [2 o]
W (x,y) = iJA (£) exp(s §y)cos(¥Ex)df , for y<O (7)
2 n o 2 _ 2 : '

where s 1s the positive root of (3) and ﬂ}{) are unknown functions
to be determined.

From (6) and (7) we obtain

2u s
[T (X,y)) = = ——n ‘-J EA (E)exp(-s £y) cos(€x)dé, for y>0 (8)
vz 1 o * 1 - :
2u, s, ® _
_[ryz(x,y)]2=———5—— J;EAz(E) exp(szfy) cps(fx)d{, for y<O (9)

Using (4a) and (4b) we get

s .
1 1
S
2 2

Az(f) z - A‘(E) A (10

The crack opening displacement Aw(x) is defined as
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Aw(x) = w‘(x,o+5 - W, (x,0-)
2L o0 -
= — ] A () cos(Ex) df ’ c<x<1 (11)
124 1
0
=0

. 3 0<x<c , x>1
where

s + s
th Ha%2

_ - - . 12
H,5, '

From (8) and (4a)

o . |
EA () cos(Ex) dE = , c<x<1 (13)
Jo mauer @ =T,
- 1 rd 2 :
lLLet us take A‘(f) = = f h(t™) sin(t) dt , (14)
: & Jde .

Substituting (14) in (115 we see that this choice of'Aéf) leads to

1 A
I het®. dt .= 0

(15) -
c
Inserting (14) in (13) we obtain
1 otnct?Hrat n
J ——=" = PT_ | c<x<t (16)
c t7- x 2y‘s‘
Using finite Hilbert transform technique (1868) , the solution of
(16) is ’ ’
h(t?) = x dx K (17)
Tz 2
tT -

Jt2- o) a-t?)

where the unknown constant K’, determined from (15), is

K* = p(c*E/F)/ps (18)
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E(1/z,q) are complete elliptic integrals

where F = F(li/z,q) and E

of the first kind and second kind respectively and q = 1-c?

The relevant expressions for the crack opening displacement and

stress component at the interface are

1
Aw(x) =L J h(t®) dt , - c<x<1 (19)
X
2u s o1 2
[t _(x,001 = ~ —2 ‘I Thit 24t osuce, x>1 (20)
v= c tt- «x '

Substituting the value of h(tz) from (17) in (19) and (20) we obtain

Aw(x) = PLE [ EN,q) — % F(x.q)]_ (21)
1 1
where
sinh = J(1-x3)/(1-0%) (22)
2
-1 = E/F - ¢ , for x>1 (23)

1 0E- & G-y

2
-1+ E/F - ¢ , for x<c (24)

chz- x%) (1-x%

where we have used

n for 0<x<c
y ZIZCZ-xz)(l-xz)
J t dt ={ o, for c<x<1 (25)
2 2 . -
c (t X )I(tz_ Sy (1-t%) n s for x>1

24 (x2-c2) (x2-1)

The stress intensity factors at the tips of the cracks x=1 and x=c
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respectively are given by

. p(L-E/F)
K Lt J2(x—1) [ (x, 001, S . (26)

1 x— 1

| ' ' p(E/F—cz)
K = It ]2(¢—x) tr (x,0)1 - (27)

(& X—» C Yz 1 2
jc(l—c )

5.Solution Of The Problem II

Employing Fourier cosine transform the solutions of is are sought

in the form

©
W (x,y)=i I LA (Elexp(-sFy) + A (Elexp(s ¥ty)lcos(Ex)df , for 0O<y<h
1 T Jo & 1 2 1
s}
Wo(x,y) = 2 J A (£) exp(s fy) cos(fx) df , for y<O (28)
2 L P 2 ‘
Using (28) we obtain the stress components as
2p151
r (x,y)1 = : I' ELl-A (Elexp(-s Ey)+A_ (Elexpls £y)lcos(¥x)d¥,
Yz 1 o 1 1 2 : 1
“for O<y=<h
2p232 @ :
[z (x,y)) Sem——ouF J EA_ (¥) expi(s Ey) cos(Ex)d§, for y<O . (29)
Yz 2 124 o 3 2
Applying (5a), (5b) and (5¢)
M3,
AS(Z) = I '[AZ(E)— A‘(E)J (30)
2 2
and . 'AZ(E) =-A!(f) exp(-2fhs‘) (31)

The crack opening displacement Aw(x) is defined as
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Aw(x) = wicx,en - wztx,o->

2L &
=~ J £(¢) cos(¥Fx) d&f , c<x<1
114
o .
= 0 , 0Sx<c , x>1 . (32)
where
M S~ s .
£ = A @) 1+ 22 L1 exp(-2£ hs ) (33)
@8 + us :
2 2 1 4

Therefore,by (5¢) and (5a) ,f(¥) is found to be the solution of the
following triple integral equations ‘ '

a .
J () cos(&Ex) d& = 0 0<x<c, x>1 - (34)
o
@ ) .
sz<z>t1 M(Eh) ] (Fx) aF E__pn <x<1 35)
+ cos(f %) = s ©f<Xx (35)
J 0 3 asn i
with
1 - tanhZhs ) o
M(Eh) = — : TS S (38)
[ 1 + -2 % tanh(¥hs )] -
( : M,S, i
Assuming
1 ! 2 |
£(&) = —I h(t®) sin(ft) dt , : (37)
§ Jeo '

it 1s found from (35) and (36)

Jl ::(tzzdt - 2:1’! - Q)
(o - X -1
4 41
where
. i
Qly) = I net?) Koy, t) dt
(o]

and
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m .
Ki(y,t) = J M(EFh) cos(Fy) sin(ft) df. (38)
o .

Now using Hilbert transform\technique (1968) we find that h(x?) is
the solution of the following Fredholm integral equation '

.
hex®) + J het® Kex®,t) dt = Fx® , o<x<t (39)

satisfying the condition

1
I hix?) dx = 0 , (40)
c
where
1
4 y K (y,t) :
K(x%, ty=— — x - dy (41)
2 2_ 2
n c Y X
and
[ 2 2 1 2 ')
2p X - c 1 -y y dy K
F(x2)=— : + 5 — . 42)
™Sl 1~ X2 ve- & yE- I 2 2 2
c (x"~-c ) (1-%x7)

’

K 'being an arbitrary constant determined by condition ~(40).1f
h>>t is taken, then by substituting n = £h and expanding cos(ny/h),
sin(ny/h), 1t is possible to write (38) In the form

1 t It .
K (y,t) = —2— + 1 (t%% 3y + o(h™® (43)
1 2 <
n h ‘
where
j e o]
P Sk 2 J 223 Mmy anp , (3=0, 1) (44)
J (23+1) Jo : : '

and hence
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It 1t
O 4+ 1 (Z43é- &) | von ) (45)
hz h‘ 2

where k¥ = 1 - & ,
Integrating both sides of (39) with respect to x
from ¢ to 1 and using (40)

1 .
v p - °
K" o= {c2 — El + i net® k(trdt (46)
M S F F
4 1 (o]
with
2 lot 2 11t .2 3,2 2 2 ;6
K(t) = 2 (E— &3F) + (3~ 213y (E= PF)— R (E+F)+2E} +0(h™%)
T h2 h‘ 2 ’

where E and F defined by E = E(n/2,q)and F = F(r/2,q) with g = k are
known as elliptic integrals of first and second kind respectively.:
Using the resuits (46) and (42) in the equation (38) we see that
h(x%) must satisfy the integral equation V

1 . ,
hex® + J het®) Mx%,t) dt = s(x® (47)
c
where
K(t) : . 1 1
MOE, 8= KOE, )= = 2t [ I §)+_:_'
F -2y (1-8%) n{ (- Sra-x>HL P : h
2, 3,2 2 E 2, 2 E 2 2c%E -G -
X{(t + -2-k (X — -i:...-) + 3x (X =1) + -F: * C e -—F.-— }]"‘ O(h ) (48)
and
2 E
P[ - 5 ] :
s(x* = F | (49)

M8 1x%-¢?) (1-x2)

Since h >> i, and |M(x2,t)| < 1, the solution of (47) may be written
in the form
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h(x2>=fho(x’) + lz h (x%) + i"_ hz(xz) + 0(h™%) (50)
. h h
where . A
2 E
p[ ¥- 5] |
h°<x’> = F © (51)
M8, L(x2-c?) (1-x% :
2 E .
- C P X = .
h‘(xz) = o%Pl F : (52)
24,8, {(x%-c®) (1-x?)
2 P CO 2 2 . <4 - 2
h (x%)= 12¢c {*— Z} - 21 (3x*+C x¥*+C ) (53)
2 4 2 0o o0 F 1 1 2
M8 ] (-c%) (1-%3)
with
- 2 E
Co = 1 + ¢ -2 F-

c = kK*74c - (1 + &)
1 o

_ @ E k*
€, = ¢ ¢ ?{C{_ 2C_ }

The relevant crack obéning displacement and stress component at

the interface are

1

1
Aw(x) = LI h(t?) dt , c<x<1 (54)
. ,
2u s 1 2 !
fr (%,0)) =0 — 332 thet )dt o he®)k (x, trat],osx<e, x>1 (55)
vz 1 I3 c t2- X2 c 1 . ,

where Klﬂx,t) is given in (38).

Using (43) and equations (50)— (53)

1
J h(tz)Kt(x,t)dt =
[

2 .2 ’
pr [2xoc0 12¢c 21 C 3
1

2 2

- °4° + ‘4°{3x2+c1+-<1+c2)} +0(h™%)
8u s h h h
1.

(56)
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we get for 0O<x<ec

1 2.2 2 E
I th(t®rat _ P {1 TG 1% }x{ *-F +1} _ LG
c t%- x% 2u s 2h® 4h* X 2h*
1 1 41
(3)<‘+C‘x2+c.2 1+cz 2 '
x{ +3( S+ ) c‘} + 0h Sy (57)
X, :
and for x>1
1 . 2.2 E 2
J‘ th(t)ar _ P7 {1 _ 1% 1% }x{ F X +1} , 1%
c t%- x% 2u s 2h* 4n* X ‘ oh*
4 1 2
3x‘+Ctx2+C2 1+cz 2 s
x{ - —8( 5=+ %) —01} + 0(h™%) (58)
. .
where

X, = 1= & = &)

X2 = I(xz— ) (¥~ 1)

Using equations (50) to (53) the crack opening displacement |is
obtained from (54) after integration as

pL 1.C, xzcg + 21 C_(C— k*/2C )
Aw(x) = {1.— =+ : - 1 ° }x
s, 2h 4h
E 211Co 2 2 2 -G
x{E()\,q)—- T:-Fo\,q)} - - Wi— B P— & |+ on™ (59)
- 4h

where A is given by (22).

Substituting the results obtained in (56),(57) and
(58) on the right hand side of (55) the stress in the plane of the
crack can be derived and from it stress intensiy factors at the

crack tips can be determined easily.
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The stress intensity factor at x = 1 is given by

' . : 2.2
' : -p : 1 ¢ 1%
N= Lt 12(x-1>[r (x,0)1 = —— (E/F—l){l— 0 0,0 0} +
1 x— 1 : vz 1 2 +
. g 1 2 2h 4h
. , - C
1,C, _ .
+ 222 @ rcecy |+ 0T (60)
2h _
and the stress intensity factor at x = ¢ is found to be
2.2
-p 1 ¢ 1%
N = F* ]2(c—x)[r (x,001 = —o ('cz-—E/F){i— 2 °+-—°—9} -
C X—r O vz 1 2 4
5 2 2h%®  4n
c(i-c)
LS . 2 ' -
- “ (8¢ +C c® +C)) + 0(h™%) (61)
2h 2 :

5 .NUMERICAL RESULTS
In this section numerical results are presented for the stre'as
intensity factors at the crack tips and also the crack opening
displacement for different values of the layer thickness and the
crack speed and for b1/b2 = 0.6 .The crack opening digplacement 1is
found to increase gradually with increase in the value of the crack
speed. Further, for a fixed crack speed, the crack opening

displacement increases with decrease in the value of the separating
distance between the cracks.

_ Variation of the stress intensity factors at both

the crack tips with the crack speed is depicted in Figures 4 — 7.

it is interesting to note that the stress intensity factors at both

the crack tips increase very slowly at the onset with increaseiin

"the value of v/b‘ but change rapidly anq goes to Iinfinity as v/b1

approaches unity.This fact becomes prominent as the layer thickness

.. “becomes large.
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PROBLEM OF TWO COPLANAR GRIFFITH CRACKS RUNNING STEADILY UNDER
THREE- DIMENSIONAL LOADING

i.Introduction

Yoffe (1951) considered the problem of propagation of a crack of
tixed length at a constant speed through a stretched 1isotropic
elastiec solid of infinite extent. In recent years, Yoffe'’s
investigation was extended to include different types of materlals .
and different material geometries. Sih and Chen (1872) considered
the problem of uniformly propagating finite créck in a strip of
isotropic elastic material, Reéently, Kassir and Tse (1983) solved
the plane stress problem of ‘a moving c¢rack in an iInfinite
orthotropic stressed medium by using integral transform technique
and the same technique has been employed by De and Patra (1990) to

solve Yoffe’s problem in an stressed orthotropic strip of finite

thickneggs.

" However all the problems mentioned above have been
solved using dynamic equation of elasticity in two dimension. But in
mo;t instance, cracks are sgubjected to a state of stress that 1is
triaxial in nature. Cracks problems 1involving three dimensional

loading have generally not been attempted so far.

Recently, Angel and Achenbach (1985) derived the
elastodynamic stress intensity factor for three dimensional loading
of a cracked half- space. Freund (1971) also solved the three
dimensional problem of the oblique reflection of a Rayleigh wave
from the edge 6f a semi- infinite crack employing a Wiener- Hopt
technique. The problem of a uniformly propagating finite crack in an

elastic medium has been solved by Iltou (1979) using dynamic
equations of elasticity in three dimension.

Regarding the dynamic crack problem, research has

Published in " International Journal Of Fracture' Vol 56,
pp 279- 298, 1992 o
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been restricted mainly to a s8ingle crack because of gevere
mathematical complexity encountered in finding the solution of two
or more cracks. Recently Jain and Kanwal (1972) presented the low
frequency solution of diffraction of normally incident longitudinal.
waves by two coplanar- Griffith cracks in an 1isotropic elastic
medium. They used the finite Hilbert transform technique developed
by Srivastava and {owengrub (1968) to solve the mixed boundary value
problem. Using a completely different technique ltou (1980) solved
the diffraction problem of elastic waves by two coplanar Griffith

cracks in an Infinite elastic medium.

In this paper, we have considered the problem of
propagation of two coplanar Griffith cracks propagating steadlly
with uniform velocity wunder three dimensional loading. The
application of two dimensional Fourier transform reduced thils
problem to that of salving triple integral equations In which the
double Fourier transform of the crack opening displacement appear as
the unknown. In an attehpt to solve the problem the transformed
surface displacement has been expanded in a series of a function
which 1is automatically zero outside the cracks. ¥inally, Schmidt
method (1878) has been employed to solve the integral equations .
The dynamic gtress intengity factors and the «crack opening
displacement have'been evaluated numefically for various values of

crack speed and distance between the cracks.

2.Formulation of the problem.

Let (X,Y,Z) be a fixed'rectangular coordinate system. Two coplanar
Griffith cracks of infinite length but of finite width located in
the XZ- plane, %the Z- axis being in the direction of the length of
‘the cracks, are, assumed to be moving steadily with velocity U 1in
the direction of X- axis. 1t 1s convenient to introduce Galilean
transformation x = X-UT, y = Y, 2z = Z, t = T where (x,y,z)
represents the translating' coordinate system shown in Fig.1t.
Referred to this moving system of the coordinate the cracks are

assumed to occupy the positions b([xl(a,y=0,|z|6w.



Fig.1: Geometry

and coordinate system.
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The equations on motion in the absence of body force are

{

. * - P ‘ 2 2 2 2
()\+p)?—[a—‘f +?_V +ﬂ]+p[o *a *’a]ui"=ﬁ>a;l
ax ‘ax oy az ax* ay: a7 aT

* * " 2 2 2 2 »
()\+p)?_..[a_‘:‘ +?_V'+ﬂ]+,_.[a + 8 +62)v*=pa:
ay Lax ay az axt ay* a7*/ aT

* * L 2 2 712 P

(Mu)-‘?—[ﬂ A +9_‘i]+u[a + 2 +az]w"=pa: (z.1)

8z ‘lax Y Iz ax* oY* oz aT

* ,
where u*,v‘,w are the displacement components, A and u are Lame’s

constants and e is the material density. Using Galilean
transformation
= X uT, y = Y, z = Z, t = T
(2.1) redﬁces to
2 2 2 2
(7\.+p)§— [2‘."_ 1!-;-2_"1] + o [a, +62 +a ]U =pUza:
ax ‘ax dy az axz ay 322 ax
2 2 2 2
(x+u)i’_(a_L’. ﬂ’_+2‘;_’]+p(32+8 +az]v=puza:
8y “dx ay oz ax dy 8z ax
2 2 2 2
<>‘*“’£‘[o—u 22+6_v1]+“[a +"2+"2»]w=pu26” (2.2)
dz “9x ay dz. Ix* 3y 9z x>

where.u,v,w are the displacement components in the moving coordinate

system so that

WXL, Y,Z,T) = ulx,y,2)
viX,Y,2,T) = vix,y,2z)
N _

w (X,Y,2,T) = wix,y,z)

The stress components for the three dimensional problem are
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Q
I

(x+2#)1‘3+x[‘_’;"+ﬂ],rx =[£+1‘5]
x ay . oz 4 dy  Ix

(N +2u) LAY [ 9u , 39w ], T = [ ovw , 9v ]
y dy dx 9dz # Lay oz

Q
H

a=(7\+2p)2-!+k‘[£-!+—a—!],'t =[-‘?-5+1"i] (2.3)
z oz ay Ix n= az ax
The boundary conditions are

o, /2u = -p(x,2), for y=0, a<|x|<b, |z|<w,

v=0, for y=0, |x|>b,|x|<a,|z|<w,

Tt =0=1 , for y=0, |x|<w,|z| <. (2.4)

3.Solution of the problem

Using Fourier transformations viz.

E(f,y,f) N Jm r gix,y,2) e1(£x+(‘z) dx dz,
=00 =00 .

and
gix,y,2) = (2r)" r r T&,y, 0 e Y& g g, (3. 1)

(2.2) reduces to

2 - - -
9—2 - F-ME% 20 T - 119 &Y B-rrw = 0,
dy : dy
2 d% 2d> - d%
—iaf-10F &8 + {af - (1-ME® — 2L Y - 1B -e &Y = o,
2
dy dy” dy

— —_ 2 —_
— P-1)8rT - 1eP-1p Y .‘.’_..z — (1-M? — %RV w = o, (3.2)
dy dy .



71

with of = (\+2u)/u, (°=p/u and M = g*U%.

Due to symmetry given in (2.4), we need to consider the
region y20 only. The solutions of (3.2) in the region y20.can easily.
be found to be of the form

— -8y -s_y
TU=A e +B e 2
1 . 1
— -sy -a_y
V=Ae! +B e ?
2 2
— -e y -y .
- _ 1 2
W = Aa e + Ba,e . ‘ (3.3)
where
s = 11— /702)r82 422
s, = Ji-MH 2 (3.4)
and
A1= ifAz/S‘, Aa= i(Az/S‘, B2= -i(EBs+<Bs)/sz (3.5)
The transformed stress components o, o, 7 , T obtained from’
X b4 Xy Yz
(3.3),(3.5) and (2.3) are
- 2,2 2 | 2 - ey L Ty
oxv/2p = [ ¢"M(1-2/a7) + 227 ] Ae /2s  -ifB e ,
= : 22 2 .2 Y ‘ T8
3, r2u = [ £ 2% ™] ae Y /2s + 1B B e ¥,
= ' ‘2.2 Y
Ty /2u = -1EA e - [E(’Bs t(s )B‘] e /2s,
= Y ) 2 .2 82
T /2u = -iLA e - [ ELB +(s ¥ )Ba] e /2s, (3.6)

Yz

Using the conditions (2.4.3) B1 and Ba can be expressed in terms of



A2 as )
8 - -ZitszAz
1 (2;Mz>€z+2(z
—Zi(szAz : . .
B3 = (3.7

(2-M*rg2%+2r?

Hence we find that all the components of stress and displacement can

be expressed in terms of the unknown function Az(f,(). Now insertion

of (3.5) and (3.7) in v gilven in (3.3) ylelds

(2-M*)rg24+2r2 -

A, — (3.8)
M%e °
where U; is the transformed displacement on y=0.
Using (3.7) and (3.8) we obtain from (3.6)
- - 2 2 2 2 e'B‘Y e‘°2Y
G /2u = -V [{cz-nz)z +2r } {2+M (1-2/0 )} — 2s ],
x o] 2 2 2
2M s M
1
-_ -— 2 _aiy —azy
G /2w =V [ {(2—M2)52+2zz} L YE 5 G - ],
4 ° 2!‘125182 2 MPg?
= = y 2 2 e-a‘y— e—'izy
T /2 = 1EV {(2-M2)z +2r ,
Xy szz
= = 2. .2 2 e—.‘y— e-.‘azy
T, /%M = tcv° {cz—n yeZvor } g . | (3.9)

Using the conditlions (2.4.1) and (2.4.2) we obtain the following,

triple integral equations

5; /21 = (2n)“'-rJo U; G&,[) e 13X d¢ = -p(x,{), for a<|x|<b
. =00
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and
_ . = -18 x | | 3.10)
v_o= (21) v, © d¢ = 0, for 1x|>b, | x| <a. (3.
o - ‘
with
G(&,0) = —-—17— [ {(2-Mrg%+20%)? —4(£2+(2)sisz] (3.11)
. 2Mg®s,
Taking p(x,z) as the even function of x, the solution may be assumed
as
® n+a :
- _ (-1) -1| at+b -2|xl
vo(x,() = g cn(() — sin [n cos { Y }], for a5|g|5b
n=1
.= 0, for O0%|x|<a, |x|>b, A (3.12)

where cn((5 are the unknown functions to be determined.

Applylng Fourler tranformation on (3.12) and

using the result
bsin n cos * EiE_:gl cos(fx)d# = (—1)n+1 nn sin‘giﬁf LU ELE{
a . b~a K3 2 B N

we obtain

[0 3]

= _ -1 a+b nn b-a
V_(g,0) = 2ng n}=:1 c () sin [ > z_——z] Jn[TE] , (3.13)

where Jn() are Besselg functions.

Ingsertion of the expression (3.13) in the first equation
of (3.10) yilelds

2 l‘” G(,[) Ca+b e b-a - :
2 &) —_— L gi — —— J _— (¢ x) = -p(x,0),
r on [ o 3 s n[ 5 b4 5 ] n[ 5 f]cos Ex)df pix,l

n=1

- for a<x<b. (3.14)



74

Uéing the following results [Gradshteyn and Ryzhik (1865)1]

cos(a£) J (aghde = S88NE) © £4r & >a >0
1 n 2 2 1
0 2 2
a - a
2 . 4

a: gin(nn/2)

l n
: 2
{3 a2 [a,+ dal- a2 ]

, for a >a >0,
. 17 "2

and
sin(a¢) J (ag)rar = S10ME) 4 0 4 5a 50
O 1 n 2 2 p 2 1
a“- a
2 1
a: cos(nr/2)
= = for a‘>az>0,
I 2 2 | 2 2
a," & [aa+ a- & ]
where e = sin-‘ (a /a )
1" %2

in (3.14) we obtain,

;;°n“’[[ﬁ{ LN G<g,<>}[com,z>{m[a:e.;_az ) +ain(2252% £}

-_ sin(nn/z){cos[iig%gi E]+cos[3;2%gi E]}]Jn[ E%E E]dt +l9£§L£l *

T T e e e ey ey )]

+ 1{ 1{ _gL} _ %} e 225297 ” - B0,

(3.16)
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where
Lt G(g't’ = 5,00 =[(2-M)%-af1-1F f1-w 62y 28] 12 62 (317
F— o ' _

since the function

G&,L) _ G(Z,E) behaves as ¢ - for large &, the

4
semi-infinite integral on the left hand side of (3.16) can easily be
evaluated by Filon's method.

To solve (3.16) for unknown coefficlents cn(() we
adopt the Schmidt method (1958) and write (3.16) as

m «

r ch(C) Fn((,x) = -f(L,x), for a<x<b, (3.18)

n=1 : .
where Fn(c,x) and f({,x) = p({,x) are known functions. Let Hh((,x)'s

be a set of orthogonal functions which satisfy

b
J H (C,30H (L,x) dx = N&

n nm
a

b .
where N = I Hi((,x) dx ' (3.19)

Then Hn((,x)'s can be constructed from the functions Fn((,x) in the
following way

.0 ‘

Q
H (L,x) = L & F (L, (3.20)
n i=1 “nn v

with Qn as the cofactor of the element %n of q1 which 1is defined

as



e‘i,eiz.......l.lletn' b
Dn = eza'ezz"""""'ezn ' %m=Ia Fn((,x)FL(C,x) dx. (3.21)
e ’e * o & & & & 6 4 b 0 e
ni n2 nn
Now in terms of the set of orthogonal functions Hn(C,x), the '
function -f(,x) can be expressed as
©
- f(L,x) = ¥ h H([,x) (3.22)
i=1 " Y

Subgtituting values of ~Hn(C,x) from (3.20) into (3.22),

from (3.18) after some rearrangement

@ @® .
- nt
Eicn &) F‘n €4 ,_x) = 21 Fn»(C yX) L hi.

n n= i=n it

Comparing the coefficlents of Fn((,x) from both sides of
find

w© an
cn = I_: hi. C..
i=n ii
1 b
where h = — < J' £ ,x> H ({,x) dx
i N,L a i
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we obtain

(3.23)

(3.23) we

(3.24)

(3.25)

4.Stress intensity factors and crack opening displacement

To evaluate the stress iIntensity factors at the vicinity of the

crack ends we put x=b+rcose. y=rsine for the stress iIntensity factor

at the outer edge and x=a-rcose®, y=rsine fof the stress

factor at the inner edge.
The required stress %4 given by
o = o sin‘e + oy cos’e - 27 sine cose
x .

(=) Xy

is to be‘evaluated for small values of r.

intensity

(4.1)
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Using asymptotic values of Jn[ E%E f] for large value of ¥,

we‘obtain

’ 2n+1
cos 118 .
+b b-a ( % ) nmn
sin[iﬁ—f— D%]Jn{—ﬁ—f]cos(fx)‘= [cos—E{sin<b—x>z— sin(x-a)¥

Jans(b-a>

2“;1]} - sinﬂg {cos(b-x)f + cos(x-a)t +

+.[cos(x-a)8 - cos(b-x)f]tan[

+[sin(x—a>g + sin(b-x)f]tan[zn;i]}].

Further using the followling results [Gradhsteyn and Ryzhik (1965)1]

H-1  -(3x -
fm X e sin(&x) dx = ZF(p; 73 sin[p tan 16%}], u>-1, 3>0
0 | . 37+ &%HH _

u-1 -3x | - :
jm X e cos(éx) dx = zr(“: Y cos[u tan 1E%]], u>0 , >0
) (2 &%HH

it {s found that for small -values of r

-Jl— 2 a+b n | b-a Cos[znzi]n
.rn e a gy sin[—ﬁ— £ — —%] Jn[ 252 f]cos(gx)df = — x
© ‘ ]ar(b-a)

(-1)"cose+ {1-q°sinfe rsin(rm/z) ~-(-1)"cose+ 11-qzsirfe]

[cos(nn/zi 2 5 > 2
1 -gsine 1 ~g sin e

+ 0(c®), for x>b (4.2)
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n
- +
cos{(nnr/2) (-1) cose J

1-qzsinze

2 z
Jar (p-a> 1 -q'sine
n | 2 2
~ sintnm/ey|=tii) coset 4179 2in e] + 0(r®), for x<a (4.3)
1 ~g sin"e
and
l 2 ' | cos[2n+1]n
fm e t-q9° gy sin[-"—a--;—E f-— D%] J“[ E%E f]sin(fx)df = — 4 x
0 ' ]4r<b-a)
L _ayn _ 2 2 D _ 2 2
[cos(nn/z) (-1) cose+2J1 2 SIN'® __in(nm/sey | L) coset Jl 2 sin e]
t 1 -gsine 1 —qzsin =
o
+ 0(r ), for x>b (4.4)
cos 2n+1 n ‘ 2
- 4 [cos(hn/z) -(-1)"cose+ {1-g°sin’e N
J4r(b—a) | o 1 -qzsinze
IR [, _ =2 2
+ sin(nm/z) | _L) c0s6* 41-9 Sirle] + 0(r®), for x<a (4.5)
2 2
1 -gsin"e

Inserting
(3.9)

-

° J— lr_’o g s[znZ]’Jn

(3.13) into

(3.9) and taking inverse Fourier transform of

we obtain the stress intensity factor at x=b with the aid of
(4.2)-(4.5) as .

2 - M?

. Q:{(2+M2(1-2/_a2))sinze-
1 ]b - a oMz 1-M? /o®



1-M* c0s20

- (2 - Mz)cosze} +
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+  2-M

Q. - <P'-P')-sinze]x
2 2 1 2 )

M

(4.6)

and also the stress intensity factor at x=a is found to be

o COS [2“"'1
Z
z

Ka= ;—2—:1—; |r——00 =

-2 - M)

n=1 Ib - a

Jy

2
— (2 - Mz)cosze} _ ZJI-M cos2e Q

MZ

1 -il =z
x E J(i)w C“(C)e d(

where
x n
Q.L = | cos(nm/2) q +(-1)"cose
+ B
P: = [ cos(nn/z){qi-(—i)ncose
and
q, = Il—Mza_zsinze
q = Ji-Mzsinze

Q:{(2+M2(1-2/a2))sinze-

2M211-Mz/a2

_ 2= pt-pH) sin2e]x
2 Mz 1 2

(4.7}

sin(nn/z)Iﬁi—(-i)"cose ]/q,L

1,2

sin(nn/z)IqL+(-1)"cose ]/q'L
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1t is to be noted that in (4.6) e = tan-iy/(x-b) whereas in (4.7) 1t
is given by © = tan ‘y/(a-x).

Taking Fourler 1nvérsion of (3.12) we obtain the crack

surface displacement as

Q0 nt1 : .
- (-1) -1] a+b -2|«x 1 l -1L =z
vo(x,z) = Ei — sin [n cos { b =& }]ﬁﬁ o cn(()e dar

for aSIx]Sb (4.8)

5. Numerical discussions

In order to evaluate the stress intensity factors and crack surface
displacement we take the function p(x,z) as
pix,z) =‘——E;—;,

1+d 2
where d.governs the distribution of the applied force and P 1is a
constant. Numerical calculations have been done taking A=y and d=1.
The semi infinite integral In (3.16) is evaluated by Fllon!s method

as the integral converges rapidly because of the rapid decay of the
function |

G&,L)  G(S5,L)
(e - 250

with the 1Increase in ¥. Adopting the first seven terms of the
infinite serles given In the left hand side of (3.18) we used the
Schmidt method to determine the coefficlents cn((). For the check

7 .
of accuracy the value of T cn(C)Fn((,x)/Pb and -f{,x)/Pb are
n=1

given in Table 1 fdr b = 0.0, 0.2, M=0.4 and faor a/b = 0.3, 0.4.
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Table 1.
—
tb a/b x/b nglcn(()Fn((,x)ﬁPb -£({,x)/Pb
0.3  -3.140993
0.4 -3.140995
‘ -3.140903
0.3 0.6 -3.140996
. -3.140991
-3.140994
-3.1400993
1.0 -3.140992
0.0 -3.140994
0.4 -3.140995
-3.140994
0. -3.140994
0.4 0.7 -3.140994
0.8 - -3.140994
0.9 -3.140995
1.0 | -3.140994
0.3 -2.572111
0. -2.572113
.5 -2.572111
0.3 0.6 . - -2.572116
‘ 0.7 . -2.572110
0.8 -2.572113
) -2.572108
1.0 -2.572106
0.2 A -2.572113
0.4 -2.572114
0.5 -2.572114
| 0.6 ~2.572114
0.4 0.7 -2.572113
0.8 -2.572113
0.9 -2.572113

1.0 . -2.572113




o
oo

Table 2.

B L 4 I R R R S LS
0.0 -0.165871%10 -0.923569x10 % ......... -0.750039%x10 °
0.2 -0.135104x10" ~0.734980x10 ¢ ......... 0.105638x10 ¢
0.4 -0.109342%x10" ~0.556405x10 ¥ ... ..., 0.357814x10 ©
3' 0 ad 02 5781 84)( 10-8 T ""o'c 601254)‘. 10-7 R O. 114694)(1"0—5 R
4.0 -0.182994x10 2 0.883494x10 7 ......... 0.659423x10 °
5.0 -0.573139x10 * 0.489839x10 ° ......... 0.342023x10 °
9.6 0.366305x10 > -0.816894%x10 °® -0.907244%10 "’
9.8 0.362848x10 > -0.820789%x10 ° -0.938769x10 °
10.0 0.358409x10" > -0.843117x10 ®? ~ ~0.967438x 10 T e

From Table 1 it 18 clear that the Schmidt method 1is
carried out satisfactori{ly. The values of ch(() are given in Table 2
for M=0.4, asb =0.4.

The variation of stress intensity factor at the outer edge

and at the inner edge‘ with M 1is shown in Fig.2. and Fig.3.

respectively for e = 0°,18°,36° and as/b = 0.2, 0.3, 0.4. Fig.2
depicts the fact that the value of sgstress intensity factor at the
outer edge decreases with the increase in the values of a/b, whereas
from Fig.3 it 1is evident that the stress intensity factor at thé

inner edge 1s of an opposite character. [t {incregases with the
Increases in the values of arb.

The variations of stress intensity factars both at the
inner edge and outer edge with z have been presented in Figs. 4-7
for different values of as/b, M and ©. The values of the stress
intensity factor in all the cases are found to decrease gradually

with the 1increase in the values of 2z, which (s expected from
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physical stand point.

The variation of stress intensity factor corresponding to
the clircumferential sifess % given by (4.1) with © at both the
crack tips has been shown in iIn Figs. 8-12 for different values of
a/b and M.

It is known that there are several factors: which
contribute to crack curving and branching. One factor, of course, 1is
based upon the criterion that a crack may propagate in a direction
normal to the maximum tensile stress and it is interesting to note
from Fig.8 and Fig.1:0, there 1s the possibility of curving and
branching of the cracks at the outer edge at very low velocities of
the cracks whereas from Fig.9, Fig.11 and Fig.12 1t is clear that
for a/b = 0.3, the crack tends to become curved at the inner edge

for values of M about 0.65.

Finally the crack opening displacement in the plane z=0
has been shown by means of graphs in Figs. 15-16 for different
values of a/b and M. The vafiation of crack opening displacement -
with z for some fixed values of M and a/b has been depicted 1in
Figs.13-14.
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n of'streéé.ih}éﬁsity factor at the outer edge with M.

Fig.2: Variatio
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Fig.3: Variation of stress intensity factor at the inner edge with M.
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Fig.7: Stress intensity factor a‘t-“the inner edge vs =z.
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Fig.9: Variation of siress intensity factor at the outer edge with o.
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Fig.11: Variation of stress intensity factor at the outer edge with o.
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THREE CO-PLANAR MOVING GRIFFITH CRACKSVIN AN INFINITE ELASTIC MEDIUM

1. Introduction
In fracture mechanicé, scattering of elastiec waves by cracks of
finite dimension in an infinite elastic medium has been investigated
by several investigators.The pfoblem of scattering of elastic wave
from an interface crack was solved by Bosfrom (1987). Srivastava et.
al. (1980) solved the problem of interaction of anti-plane shear
wave by an interface crack. The problem of diffraction of Laove waves
by a crack of finite width in the plane interface of a layered
composite has been solved by Neerhoff (1979). Itou (1980) solved
problem of diffraction of anti-plane shear wave by two co-planar
Griffith cracks in an infinite elastic medium. The scattering of
time harmonic normally incident plane wave by two co-planar Griffith
cracks was gsolved by Jain and Kanwal (1972). Iltou (1978) also solved
the broblem of stress concentration around two co-planar Griffith
cracks in an infinite elastic medium. Yoffe (1951) considered the
probfem of propagation of a crack of fixed length at a constant
speed through a .stretched 1isotropic elastic solid of infinite
extent. The problem of diffraction of horizontal shear waves by a
moving interface crack has been solved by Nishida et. al. (1984).
Recently Kassir and Tse (1983) have solved the plane stress problém
of a moving Griffith crack In an infinite orthotropic stressed
medium by using integral transform technique and the same technique
has been employed by De and Patra (1990) to solve Yoffé’s problem in

A stressed orthotropic strip of finite thickness.

As regards the ~crack problen, research has been
restricted mainly to the case of single crack or a pair of cracks
because of severe mathematical complexify encauntered in solving the
problems of @hree or more cracks. Recently, Dhawah and Dhaliwal
(1978)solved the statical problem of determining the stress
distribution Iin an infinite transversely isotropic medlum containing

three co-planar cracks

Published in " International Journal Of Fracture” Vol 59, pp 291-306,
' 1992 '
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To the best knowledge of the author, the problem of
stress distribution around three co-planar moving Griffith cracks in
an infinite isotropid elastic medium has not been investigated so
far. In this paper, two cases regarding stress distribution around
three co-planar Griffith cracks in an infinite hamogeneous,
isotropic medium have been investigated. In the first case, cracks
are aséumed to be moving steadily along a fixed direction with
constant velocity V. In the second case, the statical probleﬁ of
determining the stress aﬁd displacement in an infinite homogeneous,
isotropic medium weakened by three co-planar Griffith cracks has
been .considered. Using Fourier integral transform both the problems
have been reduced to solving a set of four integral equations.
Employing finite Hllbert transform technique (1968) and Cook’s
result (1970) the 1integral equations ﬁave been solved to derive

crack apening displacement and stress iIntensity factors which are

‘presented in the form of graphs.

2. Statement Of Problem I And Its Formulation

Consider an infinite homogeneous {isotroplic material weakened by
three co-planar Griffith cracks, moving steadily at a constant
veloclity V in the X- direction referred to a fixed coordinate system
(X,Y,2) as shown in .the Fig 1. In absence of body force equations of

motion in terms of displacement are

+20 [ Ui Vv J + #[ Uy — Vioxv ] =e U (2.1

(x+2p)[ Uy TV ovy ]+ uf Voex ~ Yxy 1 =e V. orr (2.2)

where u,v denote the displacement components In X and Y directions
and A,u are Lame's constants and u x represents,partial derivatives
3

of u with respect to X.

For cracks moving with constant velocity V In
the ¥X- direction it 1s convenlent to 1intraoduce the Galilean

transformation "
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Y1\ ~Y"*
< VT —>

Fig. 1. Geometry and coordinate systam.
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x =X —-VT, ¥y =Y, z =2, t =T (2.3)

where (x,y,2z) represents the translating coordinate system as shown
in Fig 1.

Let the positions of the co-planar Griffith cracks referred
to translating coordinate (x,y,z) be -a<x<a, =-c<x<-b ,b<x<c on y=0.

In the moving coordinates, The equations of motion (2.1)
and (2.2)become independent of time and take the form

N +2u— oVi)u N ITL + pu = 0
2“ e 3 KX H s Ry H sYY

A+2udv  + (= pVEIv  + (A+wdu = O (2.4)
“H »YY M P [ Rt P » XY
The cracks are assumed to be moving steadily in an infinite
medium subjected to a homogenéous stress such that the state of

stress at infinity is given by o® = P F =2 = 0.
Yy XX Xy

For symmetry about the x- axis, only a half plane need be

considered.

The state conditions at y=w can all be made zero by

superposing the simple static problem o® = -p, o2 = o° = 0.

vy ® X ny

The boundary conditions of the resulting dynamic problem are

in terms of moving coordinates.

v = 0 , y=0, as|x|sb , |x|zec

o =0, | x| <o ' (2.5)
Xy : )

ayy = — p, | x| <a, b<| x| <e

In view of the symmetry of the propoéed.problem with respect to y-

axls, we introduce

ES(:,y) = ru(x,y) sin(¥ x) dx
(o]
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Vc(f,y) =‘[$v(x,y) cos(¥ x) dx
)

2 [© -
and ulx,y) = . us(f,y) sin(&x) df
J 0 .
2 [® -
vix,y) = - vc(E,y) cos(¥x) d&
Jo

in equation (2.4) so that equations given by (2.4) reduce to

— g2 +2u — pvz)GS

u — £ NV = 0
’JUS’YY z H Cyyy
(N+2u) + ¥ (AN+u)u - (u — pVv =0 (2.6)
2u Ve,yy '4 Hvg I (u e o _
Elimination of Es fram (2.86) yields the following ordinary
differential equation
d? 2, 2 q% 2 -
[-—-——(1—M2k)f}{-—‘———(1—M2)f}]v =0 (2.7)
2 2 . c
dy dy
where M = V/¢c , k = ¢ /c .
. 2 2 1

The solution of the differential equation given by (2.7),
for y2 0, is

_ |
S,y = A e—EyJI—-Mzk. + B(g) e %Y 1-M° (2.8)

where the unknown functions A(f) and B(¥) are to be determined using

the boundary conditions of the proposed problem.

Employing (2.8) in equations (2.6) it can be shown that

_ |
G €,y = — A o~ £yl 1P + J1- M BEe 8?’1 =M 0 (2.9)

11— M K2

Therefore, the stress components given by
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o = A(u -+ v )+ 2uv
Yy : s X 'Y ’

Xy 'Y y X

o = ulu + v ) ' (2.10)
become )

. 2 I 2
o (x,y)= — -?-‘irf[_-z—i AZreT el 11tk s2f1- M2 Bgre £V M]
Y " Jo (P

.cos(¥x) d¥

| 2 | ) '
o, (Xiy)= = %ﬁrz[zmzf)e" EI-ME L oy m g EY 1'”2]sin<zfx)df
* 0

(2.11)
with

2
ulx,y)= % r[——w e fyh'“zk +.] 1— M® B(F)re” fy'Il'Mz]sin(zx)d:
0 Il— Mzkz

and

2 2
vix,y) = ?zz'r[“f) e fyh'nzk + Bgre~ Syvi M ]
0

cos(¥x) d¢ (2.12)

" On account of gymmetry with respect to y-axis the

boundary
conditions (2.5) can be rewritten as
vix,0)= 0 , xe 1,1 (2.13)
2 4
o ((x,0) = 0, 0<% <o (2.14)
xy .
where l‘= (0,a, lz= (a,b), 19= (b,c), l‘= (c,m)

Using the condition (2.14) in (2.11.2) it 1s found
that A(¥),B(¥) are related by

2
2—

B(Z) = — ACE) (2.16)

With the help of the boundary condition (2.13), equation (2.12.2)
reduces to



105

JmA(E)cos(Ex) ¢ =0, xel,I (2.17)
0

Substitution of (2.11.1) in (2.15) yields with the aid of (2.186)

wa A(E)cos(¥x) d¥ = 7p 1 X € I, (2.18)
0

(2— M)%- 4 (1-M ) (1-M)

(2— Mz)Ji— M k*

where P = % y K =

3.Method Of Solution

In order to solve the set of four integral equations given |in

equations (2.17) and (2.18) let us take

a : c
AE) = ~ h(s) sin(¥s) ds + 1 g(tz) sin(ft) dt (3.1)
4 4
0 , b A
where h(s) and g(tz) are unknown functions to be determined from the

boundary conditions.

Inserting >the value of A() from equation (3.1) 1in

equation (2.17) and using the following result [ Gradshteyn and
Ryzhik (1865)1

nw/z, x>y>0
Iw sin(f x)cos(¥y) 4z = /e X=y>0
’
0

4
' 0, y>x>0

it is found that this cholce of A(¥) leads to the equation
¢ 2
J g(t™) dt = 0O (3.2)
b

Further substitution of A(Z) from equation (3.1) in (2.18.1) and use
of the result [Gradshteyn and Ryzhik (1965)1
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sin(¥ x)sin(Zu) -1 u+x
J: f df E log U—x
yields
a c -
d s+X d 2 t+x _ @P
Ix JO h(s)log Py ds + ax Jbg(t )1og.t_X dt = o X € l1
Rewriting this equation as
2 s+x
I h(s)log ds = mn F(x), x € |
s- X 1
o v
X , d 2
where F(x) = J [ E - % I Egii—lzdt]dx'
0 H c tT— x'7
and using Cook's result (1870) 1t is found that
cl.,2 2 2
h(s)= ; - —S—I t-2 8lt) 4t (3.3)
|az_ 52 |a2—- 52 b t' — s

where the result

Ja 2 2 dx _ t?_ g% 1
Ja - X -
‘ 0] . (

s2— x%)y (t¥- X% t t2_ g2

[

has been used.

Substituting the value of h(s) from (3.3) in (3.1)

and using the resulting value of A() in the boundary condition

(2.18.2) and using the results

Ja 1 s®ds _m t X |
- - ’
Ol _=2 z (55— x5 (t%—= &%) 2 2 2 I'z 2| t3— x*®
a— s t"— a X'— a

a 2

and J' ! s ds a1y, % , for x € 1

2 2 2 : 3

Oof 2 2 (s - x ) 2 2



107

it can be shown that g(tz).is solution of the singular integral
equation

. C 2 2 .
J JE:_a g(t?) at = 2P 1
b t3-

-g‘u—,xea

2

X
Using finite Hilbert transform technique (1968) the solution of this
integral equation is obtained with the aid of the result

c l 2 2
c— X x dx . _ 7 for x € 1
b xz— 2 (xz— v3) 2’ 2
as
[ 2, .2 .2 t C
g(t3)= E{ t(t-b) + 1 (3.4)

2 2 2 2 pas
(t°= a") ("= t7) Iktz_ a2y (£2- b®) (2 t2)

the constant C1 is to be determined using the condition given by
equatlon (3.2).

Next substituting the value of g(tz) from (3.4) in equation (3.3)
and finally using the following results

Jc Itz— b® t dt _ @ 1 _ lbz-— 52
b 2 2 (3~ &2) 2 2

2
cC — S

c .
J P zt dt = n. for s € I1
b (t'— s 12 %) (- t%) o] (P~ %) (b%~ %)

h(s) is derived in the form

2,.2 - 2 s C
h(s)= EJ- s (b - s) - t (3.5)

{a®~ &%) (b%- &) (*— &%)

(a®- %) (’=~ §%)

Now insertion of (3.4) in condition (3.2) yields
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P , Etm/z, 1) s 2 .
c, = - = [tc¥= a%) —————— — (b®-a")] (3.6)
H F(r/z,1)

where F(¢,1) and E(¢,1) are elliptic integrals of first kind and

cz— b2
2

second kind respectively and 1 >
c— a

The relevant 'diéplacement and gtress components 1In the plane of
crack can now be shown to be given by

a
vix,0) J h(s) ds , 0<x=<a

X

c
= j gt dt , bSxsSe L (B.
X
and
[ ra c 2 T
[o- (x’o)] = 2"“( ﬂ_(i_)ds - E’i(_t._).dt
Yy a<x<b n ' 0 x%— s2 b t2_ x2
: - [ ra ~C 2 T
[ o (x,0] = 2K shis ) g 4 tet™) 4y (3.8)
Yy X>¢ T 0 ¥2— &2 b x2_— tZ

Insertion of the values of h(s) and g(tz) as given
by the equations (3.5) and (3.4) in the expressions (3.8) yields

after some algebraic manipulation,

[ o (x,o)] SCLS F (x)-F (x)+F (x)-F_(x)-F (xJ

Yy a<x<b T 1 2 3 5 s

[ o (x,0] = 2K | E (x)-F, (x)+F, (x)-F_(x)+F_(x) (3.9)
Yy X>cC n 1 2 4 5 S .

where
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P x2 n
F(x)=[-—(bz—az)—c][ -1
1 u 1

o~ X2 ] - 1 e
- 1t ¥

1= & 2= &) 2{c*- a

c 2 2 2 2 2 ) 2z 2
Fs(x)-_-f_azj- [tan—llv - b Jb - x2 ta-n—-lj(cz— xz)(vz—- bz)] dv
. H 2 2 (b"— x )Y(c'~— Vv 2 2.3
(vi- a™)

1| (®= %) (= &)

a’C ¢ tan 2 2 2 2
FG(X) - 1 J(g — u)(x' — b)) du
- @ - ) Jo z_ _z.s
’ . (u - a)

' 2 2, 2

g (u,x)= = sin T - X tan_ll(x —a)u ,
1 a 2 2 2
(a — ux

I(bz— u?) (f- u® x°— a°®

(3.10)

The dynamic stress intensity factorS'are glven by

Na = Lt : J2(x—a) [ oryy(x,O)-1

X > a + a<x<b

Nb = Lt JZ(b—x) [ oyy(x,O)-1

X =+ b - dadx<b

Nc = Lt J2(x—c) [ oyy(x,O)] (3.11)

X + ¢ + X>C
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Employing (3.9) in (3.11) it can be shown that

2 g2 E(rt/2, 1)

N, = ola

8 b= a® Fim/z, 1)
' p E(rn/2, 1)
N, = ']; (F-a%)—— (bz—az)]

I(cz_ b2) (b2~ a2) | F(r/2,1)

2 2 E(m/2,1)
e—-a 4 - —_—
- bl F(n/z,1)

Now using the values of h(s) and g(tz) from (3.5) and (3.4) in the

expressions given by equations (3.7) displacement on the cracks are

obtained as

p E(r/2z,1) E(ﬁ,l)]

P 2
vix,0) 2 —~ Jc =~ a" F(3,1) -
[vx:©Josusa = ' [F(nlz,l) F(3, 1)

(cz— xz ) (az—xz)

+
Tlo
.

E(A,1) E(mn/z,1) ]

P 2 2
[V(X,O)]'<< = - C - a F()\,l) -
bsx<c M F(x, 1) F(r/2,1)

cz- x2 a — Xz
where sinx. = |]——— and sinf? = |—m——
' 2 2
c—-b b"— x
It is 'interesting to note that the crack opening displacements
depend on the crack velocity V but in the plane of the cracks the

stresses and stress intensity ' factors are 1iIndependent of the

velocity of the moving cracks in an infinite elastic medium.
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4.Statement Of Problem II And Its Formulation
In this case, consider an infinite homogeneous lsotropic material
with three coplanar Griffith cracks, located at Y=0,-a<X<a, bSleSG
and subjected to uniform internal pressure q. In absence of body

force equation of equilibrium 1In terms of displacement are

(K+2”)[ u,xx ¥ v,xv ] ¥ “[ u,vv - v,xv ] =0

i
o

and 2 [ U ey + V ey ] + &l Vo — Yoxv ] (4.1)
Since the problem exhibits a state of symmetry about Y = 0,
attention can be given to a single half-space occupying the region
Y= 0. '

The equations (4.1) are to be solved subject to the boundary

conditions

v(X,0) = 0, a$|X|$b,|X|Zc (4.2)
axv(X,O) = Q, - < X < o (4.3)
avv(X’O) = -q , |X|5a, b5|X|$c (4.4)

In view of the boundary conditions, appropriate integral solutions
of equation (4.1) are

» _ 2 1 AN+3u - ¥Y |
~alX; Y= EJZ[C(E) + D(f){Y—-?W}]E sinEX)d¢

%Iw [c(z> vy D(:)]e‘ €Y cos(gX) ar  (4.5)
0

and viX,Y)

Therefore,

- 4p H
SO0 F) STILEE g Iz[ EC(E) + {YE— Ty

}D(E)]e— Y cosex) ar
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_ 4y &Y
oY) = - — J:[%C(E) {Yf— T }D(E)] sin(X) d& (4.86)

It may be noted that the displacement and stress
components given by (4,5) and (4,6) can not be derived from the
corresponding expressions of the dynamic problem given in (2.11) and
(2.12) on setting M = 0.

The functlions C(¥)and D(¥) are to be determined from
the boundary conditions (4.2)-(4.4), which yield '

= LAt
€Y = g 535 D 4.7)

and the following set of four integral equations

C(¥)cos(¥X) d&¢ = O, Xe l,I1 (4.8)
IO 2’ 4
= Qn
¥ C(¥)cos(¥X) d& = 5 ! Xel,l (4.9)
0 Iy 1’ a3
where
(N+2u)

Q = O q and Ij (3=1,2,3,4) are the Intervals deflined

earlier in problem I.

5.Method Of Solution And Quantities Of. Physical Interest

‘Integral equations given by (4.8) and (4.9) are found to
be the same as glven by equationg (2,17) and (2.18) with the
exception that P Is replaced by Q. Therefore, the same technique as
that used in problem | can be employed to obtainv

' E(n/z, 1)  E@ ,1)
Q 2 2 ] ?
[vx, 0] = = Jc— a" F@', D -
o< X< ’ E
=i=a M [F(rc/z,l) F (3 ,1)]

Tlo

= x*) 2%




113

(5.1)

EN, 1D E(rt/2z, 1)
FZ', 1) F(n/2,1)

[V, 0] peyce = /.% c®— a% Fu .U[ -

2 ) z_ 2
where simv’ = €= X  and sinp = |2—2 .

P b— X°
Stresses In the regions a<X<b, X >c are found to be the same
as that given in (3.8), the only change being that P is to replaced
by. Q.

6 .Numerical Results and Discussions
Numerical results for the stress intensity factors and crack opening
displacement, defined as Av(x,0) = v(x,0+) — v(x,0), for different
values of the parameters and A\ = u are presented in this section.
Numerical calculations have'been carried out for both the dynamic
and static problems. As the crack velocity 1is less than Rayleigh

wave velocity, it is reasonable to take the value of M less than
0.9194 .

Problem I: Variaﬁions of crack opening displacement for different
values of crack speed, crack lengths and the separating distance
between the cracks have been plotted Iin Flgures 2-4. 1t g
interesting to note from the Fig.2 that crack opening displacement
on both the cracks decreases with the increase in the value of M at
the onset and takes 1its minimum value at M=0.7415 ,after which 1t
increases with the increase in the value of M. It has also been
deplcted in figures 3-4 that on each of the cracks,crack opening
displacement decreases as the crack length decreases.

It has been mentioned earlier that the stress
intensity factors at the crack tips are independent of crack speed
and are found to depend on the crack lengths and the separating
distance between the cracks. Varilation of stress iIntensity factors
with as/b for different values of c¢/b, and that with brsa for
different values c/a are plotted in Fig.5 and Fig.6 respectively.
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It has been found form these graphs that when the
separating distance between the inner crack and outer pair of cracks
decreases the variations of stress intensity factors at the tips x=a
and x=b become more prominent than that at the edge x=c. Fig.7
shows that the stress intensiﬁy factors at the edges of the inner
crack and outer pair of cracks increases as the length of the outer
pair of cracks increases keeping the separating distancé between

the inner crack and outer palr of cracks fixed.

Problem II: Fig.8 shows the variations of crack opening displacement
for different values of the parameters a/b, c¢/b, They exhibit that
crack opening displacement on a crack of fixed length increases with

the increase in the length of the other crack as expected from
physical stand point.
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Fig. 20 Varation of crack openimg displacement with v b on both the cracks lor the problem 1.
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a Avixol

Frg. 30 Varaton of crack opening displicement with « b on bath the ¢ricks for the problem |
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Fig. 4. Variation of crack opening displacement with x b on both the cracks for the problem 1.
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Fig. s Vataton of crack opening displacement with X' b on both the cracks for the problem I,
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THREE CO-~PLANAR MOVING GRIFFITH CRACKS IN AN INFINITE ELASTIC STRIP

1.Introduction

In fracture mechanics, the problem of diffraction of elastic waves
by cracks of finite dimensfon in a strip of elastic material has 
been investigated by several investigators. Sih and Chen (1972)

Investigated the problem of propagation of a crack of finite length
in a strip under plane extension. Closed-from solutions for a finite
length c¢rack moving in a strip under anti-plane shear stress was
obtained by Singh et. al leBi). Uéing finite Hilbert transform
technique developed by Srivastava and Lowengrub (1968), Lowengrub
and Srivastava (1968) solved the statical problem of distribution of-
stresg and displacement‘ in an infinitely long elastic strip

containing two co-planar Griffith cracks.

As regards the crack problem, research has been restricted mainly to
thé case of a single crack or a -pair of cracks because of severe
mathematical complexity encountered in solving the problems of three
or more cracks. Recently, Dhawan and Dhaliwal (1978) solved the
statical problem of determining the étress distribution in an

infinite transversely isotropic medium containing three co-planar
Griffith cracks.

To the best knowledge of the author, the problem
of stress distribution around three co-planar moving Griffith cracks
in an infinite elastic strip has not been investigated so far. In
this paper, the probleh of propagation of three co-planar Grifflth
cracks {n a ftixed direction with constant velocity V in. an
infinitely long but of finite width elastic strip has been
considered. Employing Fourier 1integral transform fhe problem, when
the lateral boundaries are subjected tﬁ-shearing stress, has been
reduced to soalving a set of four integral equations which are solved
using finite Hilbert transform technique and Cook’s result (1870) to
derive the exact form of stress intensity factors and crack opening

displacement. Numerical results for stress intensity "factors are

Published in " Archives Of Mechanics' Vol 44, pp 465- 476, 19g2.
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presented graphicélly to. show its variations with crack speeq, crack

lengths and the separating distance between the cracks.

2. Statement Of The Problem
Consider an infinitely 1long elastic strip occupying the region
-hsY<h ,weakened by three co-planar Griffith cracks moving steadily
at a constant velocity V in the X-direction referred to a fixed
coordinate system (X,Y,Z) as shown in the Fig.1.

In dynamic problem of anti-plane shear, the
non-vanishing companent of displacement W directed in the

Z-direction satisfies the equation of motion

W + W = 1y ‘ (2.1)

where 2=(p/p)1/zis the sheér ~wave velocity, p 1is the materlial

density and w'x represents partial derivatives of W with respect to
?
X,

For c¢racks moving with constant wvelocity V In the

X-direction it is convenient to introduce the Galilean transformation
X =X -VT, vy =Y, 2z =2, t =T (2.2)

where (x,y,2) repfesents the translating coordinate
system as shown in the Fig.1.

Let the positions of the co-planar Griffith cracks referred to
coordinate (x,y,2) be =-ecdx<-b, -a<x<a and b<{x<e¢ on y=0, and let the
uniform shearing stress p be apllied to the lataral bouﬁdaries y = %
h of the strip. The equivalent problems involves the application ot
shear stress -p to the crack faces at y=0. Accordingly, the boundary

conditions of the proposed problem are
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FiG. 1. Geometry and coordinate systcm.

124



\‘»

125

a&z<x,0) = -p, |x|<a, b<|x|<e | (2.3)
o (x,xh) = 0, -0 < x <o (2.4)
Qyz

W(x,0) = 0, a<|x|<b, |x|>c | (2.5)

In the hqving coordinate system , the equation of motion

becomes independent of time and takes the form

LT PRV

(2.6)
VA% 'Yy

(1]
)

with-

s = {1 - vz/c: (2.7)

Due to the symmetry about x-z plane we need to consider the regiaon

O<y{h only. Introducing the Fourier transtaorm

] '<:,y>=rw(x,y)cos(:x>dx
Cc 0 -

Wix,y)= Er W (F,y)cos(Ex)d¥ X (2.8)
T 0 c

in equation (2.6), the solution of equation (2.6) is obtained as

W(x,y)= %r[c‘({‘)e-zys+ca(f)ezys]cos({‘x)df (2.9
0
with
o (X,y) = — E_Srg [c redYs_¢ (g)ef'ys]cosqmdg , (2.10)
Yz k24 }0 4 - ]

Using the éxpression for ayz(x,y) given in (2.10) in equation (2.4)
it has been found that
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C ()=
1 1+ e-Zzhs
_C(gre &hs
G ———5rrs
1 + e

where the unknown function C(f) is to be determined.
From conditions (2.3) and (2.5) it 1is determined that C(¥)
satisfies the following quadruple integral equations

np _
fw FCE&iXth&hs)cos(Ex)df = — , X € 11’13 (2.11)
0 : 2us .
and Im C(f)cos(¥x)df = O , xel,1 (2.12)

where =(0,a), 1_=Ca,b), 1 =(b,c), 1 =(c,m)
i 2 2 <

3. Method Of Solution

In order to solve the gquadruple 1integral equations given by
equations (2.11) and (2,12), let us take '
12 1{¢ 2 '
CH= 3 h(u)sin(fuidu + F g(v)ch(ev)sin(¥v)dy (3.1)
o T b

where h(u) and g(vz) are the unknown functions to be determined from
the boundary conditions of the proposed problen.

Substituting the value of C(Z) given by(3.1) in (2.12)
and using the well known result

© n/2, x>y>0
Iesin(zx)cos(zy)
¢]

¥ a¢ = m/4, x=y>0
0, y>x>0
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it is found that this choice of C(¥) leads to the condition

c
I g(vich(evidv = 0 (3.2)
b ) .

Rewriting equation (2.11.1) as

d. ‘ _ np
» Tx I: CEI)thFhs)sin(Ex)d¥ T X € 11 (3.3)

and inserting the value of C(f) from equation (3.1) in (3.3) it is
found that h(u) is the solution of the following singular integral

equation

. :
I h(u log
- Jo

sh(ex)+sh(eu)

du = mf(x), x el (3.4)

sh(ex)-sh(eu)

) ) X c _. 2 .
with £(x) = J [ BE" éf gg(vz)ch(ex )sh(2ev)dv]dx,
o L ¥ b sh’(ev)— sh® (ex’)

where the followingiresult tGradshteyn,l.S. and Ryzhik, .M, (1965)]1
has been used

sh(ex5+sh(eu)

fm.th(:hg)S‘“‘f“’51“““’dz = %log , e (3.5)
0 ' _ ‘

K4

sh(ex)-sh(eu)

Now using the Cook’s result (1970), the solution of (3.4) has been
obtained with the aid of following result

-

otsh®(ex)-sh®(eu)Irsh®*(ev)-sh®(ex)] 2sh(ev) sh®(ev)-sh®(eu)

IB 1shz(ea)-shz(ex) e ch(ex) dx’ 114 shz(ev)-shz(ea)

for ue land vel,
1 - R
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shziev)—shz(ea)><

b srﬁ(ev)—sh?(eu)

(o4

hiu) = -e sh(2eu) [E_Ia sh?(ea)—shz(ex)dx ' J
S 2 PR -
nIshz(ea)—shz(eu) - Q sh (ex)-sh (eu)

xg(vZ)ych(ev)dvy ] (3.6)

Substituting the resulting value of C(), obtained using equatlion-
(3.6) 1in equation (3.1), in condition (2.11.2) and making use of
the following results

Ia e shzteu)ch(eu) du

olshz(eu)-shf(ex)][shz(ev)-shz(eu)]Iéhz(ea)—sh?(eu)

114 [ sh(ev) sh(ex) ]
- ’
2lsh¥(ev)-sh®(ex) 1L {sh®(ev)-sh? (ea) dsh¥(ex)-sh? (ea)

a e shz(eu)ch(eu) du

o[shz(eu)-sh?(ex>][shz(ey')—shz(eu)]I;hf(ea)4sh2<eu)

n - shiex)-

’
, for x,v e l8 and y' < l1

2[sh?(ex)-sh?(ey')i Jéhz(ex)-shz(ea)

it can be shown that givz) is the solution of the'following éingular
integral equation

c 2 .2 ‘ 2 .2
I sh” (ev)-sh” (ea) eg(v)chlev) dv = TP [ ash”(ex)-sh (ea)

b sh®(ev)-sh®(ex) | Hs sh(2ex)

’
Y Iaqshz(ea)-shz(ey )
B 1 4

dy’}, for x € 1 . (3.7)
0 shf(ex)—shz(ey') } 3
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Using finite Hilbert transform technique (1968) and the following
result ' o -

Jc sh®(ec)-sh®(ex) ' sh(2ex) dx
2 2 2 2 i 2 2
sh” (ex)-sh“(eb) [sh (ex)-sh™ (ey’ YILsh” (ex)-sh (ev)]

]

_ o | ]shz(ec)—shz(ey’)
2 2 2 2
elsh (ev)-sh (ey’))l{sh" (eb)-sh” (ey’)

the solution of equation (3.7) 1s found as

UTTS

2, _ 2ep sh(ev) shztev)-shz(eb) ¢ sh?(ec)-sh®(ex)
glvi )= — %4

blsh®cex)-sh?(eb)

-~

J[shz(evi~shz(ea)]tshz(ec)-shf(ev)

" Ishz(ex)-shz(ea) dx — Ia sh® (ec)~-sh® (ey’ ) Iéhz(ea)-shz(ey') ay* |+
sh®(ex)-sh®(ev) o0lsh®(eb)-sh®(ey’) sh®(ev)-sh®(ey’)

: C‘ éh(ev)

+

(3.8

J]shz<ev>»shz<éa>1tsh*(ev)-sh*(eb)Jtsnz(ec>~sh’<ev)J

Next substituting the value of‘g(vz) from equation (3.8) in equation
(356) and finally using the following result

I:Jshz(ev)-shz(eb5 . sh(2ev) dv
2 2 2 2 ) 2 2
sh” (ec)-sh (ev), Ish (ev)-sh™ (eu)llsh” (ex’)-sh (ev)]

= n : sh? (eb)-sh® (ew) _ ‘sh®(eb)-sh® (ex’ )
2 2 2 2 2 2, ., !
elsh” (eu)-sh (ex’ )] sh (ec)-sh (eu) sh (ec)~-sh (ex’ )

for u, x'e 11



h(u) {s derived in the form

h(u)s =

« 2
2ep ch(eu)sh(eu)1shz(eb)~shz(eu) [Ia sh®(ea)~sh (ey')x

KRS ; —|Jolsh®(eb)-sh®(ey’)
112 (ea)-sh? (euw) 1Leh® (ec) sk (ew) sh s y

xIéh?(ec)-shz(ey') dy’ — IchhF(ec)-shF(ex) Jshz(ex)-shf(ea) dx} _
b

shz(ey')-shz(eu) shF(ex)-sh?(eb) shz(ex)-shz(eu)

C sh(eu)ch(eu) , .
- 2 (3.9)

sthz(ea)-shz(eu)][shz(eb)-shz(eu)][shz(ec)-shz(eu)]

Substitution of the value of g(vz) from equation (3.8) iﬁ the
condition (3.2) ylelds

Ce - 2ep IC sh® (ec)-sh® (ex) Jﬁh (ex)-shZ (ea) shz(ex)-shz(eb)x
t s b|sh®(ex)~sh®(eb) sh®(ec)-sh®(ex)

al
{2 n sh®(ec)-sh?(eb) q}/F(—,q)+1 dX+J sh®(ec)-sh? (es)Ish (ea)-sh? (es)
sh (ec)-sh (ex) 0 sh (eb)-sh®(es)

2 2, 2 L2 _
L - shé(eb},sh;(es) “{?' sh;pec) shé(eb)’q}/F(g’q) ds (3.10)
sh™ (ec)-sh (esg) sh (ec)~sh (es) }

where F(¢,q) and M¢#n
kind respectively and q = Jshz(eC)—shz(eb)

sh®(ec)-sh3(ea)

»q) are elliptic integrals of first and third .

The relevant displacement and Stress components in the plane of the
crack can now be shown to be given by
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a ‘ )
Wix,0) = J» h{u)du , O<x<a
X
¢ 2
= I g(v-dehlevidv , b x<c (3.11)'
X
and
a c 2
[a (x,O)] - 2us[I eh(u)sh(eu) du _I eg:v )sh(ev):h(ev)dv]ch(ex)
y= a<x<b n shz(ex)-shz(eu)~ sh” (ev) - sh™ (ex)

0 b

a ' c 2 .
{a (x,O)] - 2ﬁs[f eh:u)sh(eu: du +I eg;v )sh(ev):h(ev)dv]ch(ex)
R X>c . 0O sh” (ex)-sh” (eu) Jb sh” (ex) —.sh (ev)

(3.12)

Now insertion of the values of h(u) and‘g(vz) as given by equations

(3.9) and (3.8) .in the expressions (3.12) ylelds after some
algebraic manipulations

. 2 2 a
[a z(x,O)] = %Ee[_]sh;(eb>.shz(ea) sh(gx) I Fz(u,x)du .
4 a<x<b sh™(ec)-sh (ea) [RZ " A2 ., VO

c 2 2, ., a a
+ F (v, x)dv } - 2elsh (ec)-sh (eb)] { F_(u’ ,x)du’ I F (¢,u) x
bz t oz 04

C a

x F (Q,x,u) du +.I F (¢,WF (v,x,u) du } + S C { T o«
8 <+ - | 1 2

Fz(v,x)va ep

[

b 0

<« 1 - sh(ex)/dsh® (ex)-sh? (ea)

a .
+ ej F (¢, w)F_(u,x) du } +
o * 5

drsh%(eb)-sh?(ea)1Lsh? (ec)-shZ(ea) )
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c c a : _
F (v’ ,x)adv’ F (a,V)F (v ,x,v)dv+] F (u,x)du x
b 2 b 4 ] o 2

e[shz(eb)-shz(ea)]{I
T

c _
I F (a,v)F _(u,x,vidv-
4 -

shz(ec)-sh?(eb)j
b

a - a )
S = F (u,x)duj F‘(c,u')Fp(u3u')du'
sh" (eb)-sh (ea)

o o

#s C (o sh(ec) 2 ¢
_—_— el : + e sh (ea) F (x,v) dv ch(ex)

pe X 2 2 S 2 b 7

ik Ish (ec)-sh” (ea) _
and
2 2 -sh? . rore. :
[oyz(x,O)] - ge[_Jshz(eb) shz(ea) sh(ex) ‘( J F (u,x)du +
x>c sh” (ec)-sh (ea) J;hz(ex)—shz(ea) 0 ?

c _ 2 Con? a a _
+ J F (v,x)dv } - 2elsh (ec)-sh (eb)] { F (u’,x)du’ F (c,u)x
b 2 T 0 2 0 <

c
x FB(O,x,u) du + I

a .
. C s
_bFz(v.x)dv I F‘(c,u)Fa(v,x,u) dg } T it C‘{ LI

0 ep 2

1 - sh(ex)/{shz(ex)-éhz(ea) : N éJa

F (c,uiF (u, x)du } -
0 * s

dtsh®(ec)-sh?(ea)1tsh®(eb)-shi(ea)]

3

2 P ¢ . e , a _
elsh (Eb); sh (ea))] F (v’ ,x)dv’ F (a,v)F (v’ ,v,x1)dv +] F (u;xddu
LA b 2 b ¢ ;] 02

a

IC shz(ec)-shz(eb)Ia

F (a,v)F (u,v,x)dv+ 3 — F (u,x)duj
b * -9 sh™ (eb)-~sh (ea)

N F‘(c,u')Fp(u,u')du’}
0

o



'sh(ec)

. ysc‘fr_z ‘e
2
pex‘l dsn%(ec)-sh® (ea)
shi(ex) a
h ¢ ”

{sn?(ex)-sh? (ec) °

F (u,x)du + J
2
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¢ shz(ew-»sh.’(eb)><

shz(ec)—shF(ea)

shz(ea)j
b

F (x,v) dv} - ]
? .

.
Fz(v,x)dv } ]ch(ex) (3.13

b

where
: shz(ec)—shz(eu) sh(eu)
' Fitu,x) = S OB
sh (eb)=sh (eu) sh? (ex)-sh? (eu)
: _ sh® (ec)-sh®*(ev) Jsh®(ev)-sh®(ea)
Fa(v,x) =
sh®(ev)-sh®(eb)

shz(ev)-shz(ex)

’ _ sh(ex) -1] sh(euw)|sh®(ex)-sh®(ea)
F (v,x,u) = tan -
? 2 2 shiex) sh®(ea)-sh®(ew)
Jgh (ex)-sh™ (ea) .
[T 2 2
sh(ev) -1 sh(eu)|sh (ev)-sh (ea)
— tan
2 2 ' sh(ev) sh®(ea)-sh®(eu)
Ish (ev)-sh” (ea) )
F‘(w,ﬁr = ch(eu) sh(eu) _ ‘
Jish®(ew) -sh?(eu) 1 sh? (eb) -shZ(ew) ]
F_(u,x) = [ 2sh®(eu)-sh®(ec)-sh®(eb)){ sin [ SRCCW Y _ £ (5 4, uw
s . sh(ea) a
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Fd(u,x,v) = sh(ex) x

‘ Jéhz(ec)-shz(ex)

\

xlog sh(ex){sh®(ec)-sh®(ev)+sh(ev){sh®(ec)-sh®(ex) _ sh(eu)
sh(ex)—l;hz(e’c)-shz(ev)-sh(ev).rshz(ec)-shz(ex) dsh¥(ecr-sh? tew)
< log sh(eu),shz(ec)-shz(ev)+sh(ev)1shz(ec)—shz(eu)
sh(eu)d sh?(ec)-sh®(ev) -sh(ev){sh? (ec) -sh? (eu)
_ 2 Y 2 o2 |
F?(x,v) = tan ! 4s8h (ec)~sh (ex) 4sh (ev)-sh” (eb) ch(eg)
' J;ﬁz(ec)fshz(ev) Jéhz(eb)-shz(ex) I[shz(ev)-shz(ea)ll
z 2 '
F (u,v,x) = — 2sh(ex) tant sh(ev)|sh™(ex)-sh (ec) .
e 2 2 shtex) sh®(ec)-sh®(ev)
Jéh (ex)-sh™ (ec)
: 2 2 2 2
+ . sh(eu) log sh(eu)y4sh (ec)~sh (ev)+sh(ev){sh (ec)-sh” (eu)
Ishztec)-shz(eu) sh(eu)léhz(ec)-shf(ev)-sh(ev)Iéhz(ec)-shz(eu)
oy - sh(eu){sh®(ea)-sh®(eu’ ) +sh(eu’ ){sh®(ea)-sh®(eu)
Fp(u,u ) = lo
‘sh(eu)Ishz(ea)-shz(eu‘)—sh(eu')Ishz(ea)-shz(eu)
|
and X, = {tsn®(eb)-sh®(ex) 1tsh® (ec)-sh? (ex) ) (3.14)

The dynamic stress intensity factors are defined by
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Na = Lt J2(x-a) [ ayz(x,O)]a<x<b

X.— at

Nb = Lt JZ(b-x) [ ayz(x’O)]a<x<b

X — b-

x> (3.15)

Nc = Lt J2(x-c) [ ayz(x,O)]

X —» Ct

Substitution of the results given by equations (3.13) In expressions

(3.15) ylields

sh (ec)- sh (ea)

N, - |sh;2ea)[ Jsh (eb)-sh?®(ea) ggg{ J F,(u,a)du + I F,(v,a)dv } -

3

}JSC ]

J?sh?(eb)-shz(ea)][shz(ec)-shz(ea)1

N e us C, Sh(2eb)
b — ==

dtsh?(eb)-sh?(ea)1rsh®(ec) -sh3(eb) )

sh  (ec)-sh” (ea) b

N, = ISh‘zec’[.JSh (ec)-sh (eb) 2pef j F_(u,c)du + J F. (v, c)dv } +
e 2 2 7 | o 2 2

HuS C‘
+ : (3.16)

lish?(ec)-sh%(ea) J[sh?(ec)-shZ(eb) ]




Again insertion of the values of h(u) and g(vz),given>by equationé

(3.8) and (3.9),1in the expréssions for ‘displacements given by
"equations (3.11) ylelds

2 2
[w(x,o>]05x<a= - H:s[ 2[sh” (eb)-sh” (ea)] { I { sh®(ev)-sh® (eb)’q}x
Ishz(ec)4shz(ea) sh®(ev)-sh®(ea)

><Jshz(ec)—shz(ev) » dv Jan{} sh? (eb)-sh? (eu) q}x
- . ’ ’ L
sh?(ev)-sh® (eb) J;hz(ev)-shz(ea)‘ sh”(ea)-sh® (eu)

sth?(ec)-shz(eu) du _ }] _ CiF(K,q)

2 2
sh™(eb)-sh .(eu) Iéhz(ea)-shz(eu) 'elghz(ec)-shz(ea)

C ,

Wix,0) = 33— sh” (ec) -sh” (ev) dsn? (ov)-onZ (o) F(A',q) +

bEx<¢ HTs
~ b|sh® (ev) sh®(eb)

sh®(ec)-sh’(ev) olsh®(eb)-sh?(ew)

2 2 : ) ‘ al .2 2
4 ‘Sh” (ev)-sh”(eb) {}, sh®(ec)-sh® (eb)‘q}‘» dv +J sh” (ec)-sh (eu)
sh®(ec)-sh® (ev)

2 X 2 2 2
Ishz(ea)—shz(eu) FOV ,q)- sh” (eb) shz(eu)"{ ,’sh (ec)-sh (eb),q} dul +
" - sh®(ec)-sh®(eu) sh®(ec)-sh®(eu)

C 4 :
+ — F(k',q) (3.17)
J?h (ec)-sh®(ea) »
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/

2 2 2 o2
where sipn = sh™ (ea)-sh (ex)  SinA’ = sh (ec)-sh (ex) and F(g,q),

shz(eb)—shz(ex) shz(ec)-shz(eb)

Nt#:n,q) and q have been defined earlier.

On putting b=c and simplifying, {t may be noted
that, the results (3.16.1) and (3.17.1) become thosé given by
equation (4.18) and (4.19) of Singh et. al (1981) and for a=0 the
results given by (3.16.2),(3.16.3) and (3.17.2) coincide with those
given by equation’ (4,38), ﬁ4.39) and (4.35) of Das and Ghosh (1991).

4. Numerical Results and Discussions.

Numerical results for stress Intensity factors at the tips'of the
cracks for different values of crack speed, crack lengths and the
separating distance between the cracks have been presented.in this
section. The crack length dependence of the stress intensity factors
and 1ts varlations with V/C have been shown in Figures 2-5. It has
been depicted in Figures 2- 3 that stress intensity factors at the
edges of the cracks have a prominent variation when V/ci"' 1 and
variations of stress intensity factors at the edge x=a become more
pfominent than that at the tips x=b and x=c when the length of the
inner cracek {ncreases. |

Variations of stress intensity factors at the edges of the
cracks with a/b for different values of c¢/b and that with b/a for
different values of c/a are plotted in Figures 4-5 respectively. It
has been found that when the separating distance between the inner
.crack and ohter pair of c¢cracks decreases the stress intensity .
factors at the tips x=a and x=b become greater than that at the edge

X=C.
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FOUR CO-PLANAR GRIFFITH CRACKS IN AN INFINITE ELASTIC MEDIUM

. 1.Introduction

"In fracture mechanics, scattering of elastic waves by cracks of
finite dimension in an infinite elastic medium has been investigated
by several investigators.The pioblem of scattering of elastic wave
from an interface crack was solved by Bosgstrom (1987).Srivastava et.
al. (1980) solved the problem of interaction of anti-plane shear
wave by an interface crack. The problem of diffraction of Love waves
by a crack of finite width in the plane interface of a layered
composite has been solved by Neerhoff (1979). Itou (1980) solved
problem of diffraction of anti-plane shear wave by two co-planar
Griffith cracks In an Iinfinite elastic medium. The scattering of
time harmonlic normally incident plane wave by two co-planar Griffith
cracks was solved by Jain and Kanwal (1872). Iltou (1978) also solved
the problem of stress.concentration around two co-planar Griffith

cracks'in an infinite elastic medium.

As regards the crack phobfem, research has . been
-regstricted mainly to the casgse of single crack or a pair of cracks
because of severe mathematical complexity encountered in solving the
problems of three or more cracks. Réoently, DPhawan and Dhaliwal
(1978) solved the statical problem of determining the stress

distribution in an infinite transversely isotropic medium containing

three co-planar cracks.

To the besf knowledge of the authors, the problem of
stress distributi&n around four co-planar Griffith cracks has not
been investigated so far. .In this paper, we consider two cases
regarding stress distribution around'fdﬁr co~planar Griffith cracks
in an infinite homogeneous, {sotropic medium. In the 'first case,
cracks are assumed to be moving steadily along a fixed direction
with constant velocity V. In the second case, the statical problem
of determining the stress and displacement in an infinite

homogeneous, isotropic medium weakened by four co-planar Griffith

Published in * Engineering Fracture Mechanics " Vol 43, pp 941-955,
igoe.
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- cracks has been considered. Using Fourier integral transform both
the problems have been reduced to solving a set of five integral
equations. Employing finite Hilbert transform technique (1968) the
integral equations have ©been solved to derive crack opening
displacement and stress intensity factors which are!presented in the

form of graphs.

2.Statement Of Problem I And Its Formulation
Consider an infinite homogeneous isotropic material weakened by four
co-planar Griffith cracks, moving steadily at a constant velocity V
In the X- direction referred to a fixed coordinate system (X,Y,Z) as

shown in the Fig 1. In absence of body force equations of motion in
terms of displacement are

(k+2y)[ Y xx ¥ V. oxy ] * #[ Yyy T VY, xy ] TP

+ + - =
and +2u) [ U ey Voev 1 +u[ V. s YU ey ] A (1a,b)

where u,v denote the displacement components in X and Y directions

and A,u are Lame’s constants and u % represents partial derivatives
1

of u with respect to X.

For cracks moving with coﬁstant velocity V in
the X- direction it is convenient to introduce the Galilean

transformation
x =X -VT, y =Y, 2=2, t =T (2)

where (x,y,2) represents the translating coordinate system as shown

in Fig 1.

In the moving coordinates, The equations of motion (1)
become independent of time and take the form

(A +2u— pV)u + )V + pu = 0
2[.1. e » XX H » XY H ' YY

(N +2u) Yoy — pVPIv o+ O = 0 (3a,b)
S RVARET y 5% pou ’
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Fig. 1. Geometry and coordinate system.
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-
Introducing Us(f,y) = uix,y) sin(fx) dx
. ) . o t
- ’ m '
vcﬂz,y) = vix,y) cos(¥x) dx ' (4a,b)
J 0
2 = .
and : ulx,y) = — us(f,y) sin(¥x) df
o .
. 2 - .
vix,y) = — vc(f,y) cos(Ex) df (5a,b)
(o]

in equation (3). we obtain

©u — EN+)V
C,y

2 2. —
— ‘4 -— =
6 yy , — Ef+2u pv?)us 0
N+2u)V + +2)0 — 3 - 7 = ’ :
2u vc’yy E N ;.l)us,y E" (u sz)vc 0 (6a, b)
Elimination of Eé from (6a,b) yields ¢the following ordinary

differential equation

d* d®
[ - (1- Mzkz)fz}.{ - (1— #)gz}] V. =0 (7)
2 2 : (o]
_ dy . dy
where M = V/c , k = c /c .
. 2 2 1

The solution of the differential equation given by (7),
for y 2 0, is

_ ,
ACE) e"fyjl_”zk + B(£) e“f?' 1

Uc<t,y) (8)

where the unknown functions A() and B(¥) are to be determined using

the boundary conditions of the proposed problem.

Employing (8) in equations (6a,b), we obtain
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U g,y) =t _AZ) 5‘5A1 #k 1— M BZ)re Al"#,>eo (9)

11— M2 k2

Therefore, the stress components given by

o = A(u + v ) + 2uv
Yy X 'Y ’
o = u(u + v ) - (10a,b)
Xy 'Y X
become
o, (x,y>-—2“r:—-—2—"—2—mg) {1t volim W Boe fyl”]
1— Mzk

.cos(¥x) d¢

2
1-M ]sin(fx)df

' I 2
o;y(x,y)= - %EJQE[ZA(E)e- Eydl MK +(2-Mz)B(E>e_ 4
0

(1ia,b)
with
2 . _ 2 ‘
uix,y)= % r[—ﬂg—)- e Ey‘ll'”z"- +] 1— M% B(Fre fyli M ]sin(fx)df,
0 Il— M2 k2 _
and
= :
ViX,y) = ?-r[ AE) e ex{1-vx + B(Z) e” &Y L1-M ]cos(fx) d¢
0 . ,
' (12a,b)

Let four co-planar Griffith cracks of finité'length located along
X-axis be moving steadily with velocity V in the direction of X axis
so that their position referred to translating coordinate (x,y,=z)

are as|x|sb, c=|x|=d on y=0.

The boundary conditions of the proposed problem

on account of symmetry with respect to y-axis are
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vix,0)= 0O

o xe | ,1.,1 (13a-¢)
E 3 %
o (x,0) = 0O, 0<x<w (14)
xy
ayy(x,O) é - P X & lz,l4 . (1Sa,p)

where l1= (0,a), 12= (a,b), ls= (b, ), l‘= (c,d>, 15= (d,m?

Using the condition (14)

in (1ib) we find that
A(),B(¥) are related by

B(E) = — —2 _ A(E) (16)
o- M

With the help of the boundary condition (13), we obtain from (12b)

I?A(E)cos(fx) a& = 0, xe I ,1,1
0

(17a-¢)
1’ a3’ 's

Substitution of (11a) in (15) yields with the aid of (16)

wa A(E)cos(Ex) df = % y oxe 1,1 (18a,b)
0

where P =

p K= L2 M2 4 - (1-)
g K=

) ‘ (2— M {1- 2

3.Method Of Solution

In order to solve the set of five integral equations given

in
equations (17) and (18) we assume
1 b 2 . 1 d 2
A() = = | h(s") sin(¥s) ds + g(t™) sin(ft) dt (19)
g, : 3 P

where h(s® and g(tz) are unknown functions to be determined from
the boundary conditions.
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Inserting the value of A(f) from equation (19) in
equation (17) it is found that this choice of A(f) leads to the

equations

b d :
J h(s®) ds = 0 and J g(t?) dt = 0 (20a,b)
a [}

Further substituting A(¥) from equation (19) in (i8a), we obtain

b 2 d 2
IMds-’-JMdt:ﬂ_}:, X & |
2 2 2 2 2u 2
a s — «x ¢ tT— x :
Rewriting this equation as
b 2
I Eﬁii—l ds = % F(x), x € 1
-2 2 2 2
a s — x

. d 2
where : F(x) = E - E I Egiﬁ—l dt
M 3 t2_ 42

and using finite Hilbert transform technique (1968), we obtain

2 2 2 2z cdl.2 2 2 ' c
h(s®y= EIE___E__?:'J__S - 8 Jt- b” tg(t™) 4. ., 1
H bz-— 2 L bz_ 2 c

2 2 .2 2
t%- 2" t"— s I@sz— a?) (b2— s2)

where we have used ) 2D

Jb |bz— x2 x dx . Itz-— b2 1
a 2 (sz— xz)(tz— xz) 2 2

Nl A

x°— a° t?— a% t’°— s
The constant C1 is to be determined from equation (20).
Substituting the value of h(s®) from (21) in (19)

and using the resulting value of A() in the boundary condition

(18b) we obtain, using the results
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b Isz— a2 s ds = 7T Itz— az_sz- a” 1
bz_ s2 E 2 2 2

a (s~ ¥ (t?= &%)

~ 3 for x & 4
a (87— x) P2 22y (g2 &%) 20 (3= 82) (x*— b%)

b .
and I s ds - Tt i

the'singular integral equation

M2 b® tg(t?) 2| F . .
2z 2 .2 2 dt = 2| Y =7=Z ]| *€ 14
c't’'— a t -

g X — a
Again using finite Hilbert transform technique (9], we cobtain

¢ (%)= gJ(tz- a®) (t’~ & sz— a’ ¢, Jv_ &
7

2 2 2 2
(t"— b ) (d —-t ) I}tz_.az)(tz_ b2 ) (- t2)

2 2
c—-— a

C 2 2
+ "’Jt_a. (22)

2= 6% (t32 &%) (d— %)

where we have used

: d a®— ¥¥ x dx . _n - a® 1
2 2 2 2 2 2 2 2 2 2 2
c "X —¢Cc (x— a){x —

t) c—a t'— a

and the constant Cz is to be determined using the condition given by
equation (20).

_ Next substituting the value of g(tz) from (22) in
equation (21) and finally using the following results”

Jd Itz—- & t dt _n ch— a? _ [cz— s2 1
c Vd°- t° (tze a®) (t?— &° 2 52 2

) d®— a* &~ §° —a
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d
I 2 zt dt = n for s 12
c (= 8) T3 &2y (d®— t%) 2y (= %) (&P~ %)
h(s®) is derived in the form
[ 2 2 2 2 [z 2 C 2 2
h(s2)= EJ(SZ— aé)(c;— sz) + Jd —,az 1 Jc — s _
HY (b &%) (d®= &%) c*~ a

I(sz— az)(bze s?) (&~ %)

C2 Sz az
- h S (23)

13- s2) (% &) (d® &%)

S

To determine the values of the unknown constants C1 and

C2 we substitute g(tz) and h(s®) given by (22) and (23) in (20) and
obtain ’

c,d ,a,b a,b ,c,d
Ka,b l<:,d * Kc,d Jq,b P 2 2
c = _ CcC - a
: c.d ab cd cab - p Vd*- 2%
1 )\ + J J ,
a,b e,d a,b c,d
a,b c,d e,d a,b
Kc.<:l ]a,b - Ka.,b Jc,d P
Cz ) c,d a b c,d ;a,b ;
la,b ]c,d * ch,b J<:.d
where
q
1T0® = J xZ- r2 dx
Pq
p J@xz— pz)(xz— qz)(sz— x2)
q .
FLEL I _ sz— p2 dx
P»q

p { (x*— %) (P= %) (s?- )
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K I(xz— p?)(xz— %)
= - dx
P Ifxz— qz)(sz- x2)

r,s

P9

The relevant displacement and stress components in the plane of

crack can now be shown to be given by

b
vix,0) = h(szi ds , a<x<hb
Jx
d . , ' .
= g(t®)y dtr , c<x<d (24a,b)
J X . i
and
' b 2 d 2
[ ayy(x’O)]0<x<a = - ZﬁK J 52(5 ; ds + J tg(t ; dt
a 8 - X c tT— x

b 2 d 2
= 24K sh(s”) tg(t™)y
A[ oyy(x'O)]b<x<c I3 [ Ja R ds — J 2 2 dt]

b 2 d 2
[O' (x'o)] = 2[JK ?ﬂ_s_)_ ds + | Eg_(_t__)_ dt (25a-¢)
Yy x>d L 2 2 2 .2
a x — s c x -t

Insertion of the values of h(s”) and g(tz) as given
by the equations (22) and (23) in the expressions (25) yields after

some algebraic manipulation,

[ o (x,0)] = = 2K LB GO+F O+F (O +F () +F_ (x) +F_(x)
Yy O0<{x<a n 1 2 3 + P ?
~ = 2uK : - -
I oyy(x,o)]b<x<cv = - = Fi(x)+Fz(x)+F3(x)+F+(x) Fy ¢x)=F_Ox)
- . -
[ o (x 0)] - . 2K r F (x)+F_ (x)+F (x)+F (x)-F (x)=-F (x)
yy ' x>d i i 2 3 4 o ? ]

(26a-c)
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F(x)=[f<c2-a2>-c][1- |a"‘ ] n
1 L 2 b2 2

- X 2l (*— a?) (= a%)

b 2 2 2 g (u, x)
F (%) =J [f_ (d®~c®) — ¢ 2u“~ d°- ¢ ] 1 du
2 H 2 2 2 2
. u d— u

P 2 &2 2 2 2 :
F (x)=[ Z(c®-a®) + C .i][ 1— |e— X ] n
a M : 1 2 2 e 2

¢c— 8 - X 2’1-(—02_ a®) (%~ %)

' dr . I 2 2 - g (u,x)
F (x) = J- [.F_, (p%—-2%) + c ¢’~ a 2U- a’- b ] 2 du
4 <L H 2 2

c-—a u-— b
Fo (0 = 5 |d"a _‘.|°_b 2
! X_c-—a X
: Cc c,d
F78<x>=_‘|d‘a (x):-EL. (x)
' X c“~ a <, Xz a,b

_ u . az— xZ ~1] a®= ¥®) (b= ®)
g (u,x) = tan -
1 ‘ B2 2 2 2 2 2

I(dz_ uZ) (e2— u2) (b= x")(u"= a™)

1|b? t.x2 ]
— tan |__".'__
2 2

u-—-a

( y = u i— X2 tan_l (c*— x2) (d*— uz)_
gt X0 = e ‘2 2 2 2 2

—_ ) ( —_ )
I(uz_ b2 ) (U= a?) (d X u c

2 2
—tan_l——d—u]

2 2

u—- ¢
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X, = L (x3= a%) (x*— 1)
X, = 1= ®rx*~ d*)
2 2 2 2
q (s2— r2yu tan—l (uz— pz)(xz— qz)
LP’Q(X) = ‘1 (q—U)(X—p) du
r,s

p ' I(sz—- u?y? (r?- W% : o
’ (27a-k)

"4.Stress Intensity Factors:

The dynamic stress intensity factors are given by

Na = Lt J2(a—x) [ oyy(x,O)]

X = a - o<x<a
N, = Lt ]2(x_b> [‘a (x,O)]

X -+ b + 44 b<x<e
Nc = Lt jZ(o—x) [ o (x,O)]

X =+ ¢ - 44 b<x<e

X - d + x>d

Ny = Lt JQ(x—d) [ ayy(x,O)] ' (28a-d)

Employing (26) in (28) we obtain

+ C . -
Ml p(a® - %)

ax | B (b%2= a%)(*= v’ (d®*~ a%)(f— %)
o 32— a%) (d®~ b2 (P %)

2 2 '
_c (b"— a’) ]

Zlp(c®~ b2y (d* = 5
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y ,uKCz 2 a2

(o] 2 2
Jc(dz- c?y c'_‘b

2 2 2 2 2 2
P{(d"—~ a")(d - ¢ (d — )
Nd = uK " 2 2 * C1 2 2 Cz 2 ¥
d(d - b™) d(c — a Y(d"— b7
2 2
s C (d°— a™")
2

d(d®~ &%) (d%~ b5
- (29)

It is interesting to note that the crack opening displacements
depend on the crack velocity V but in the plane of the cracks the
stresses and stress intensity factors are independent of -the

velocity of the moving cracks in an infinite elastic medium.

5.Statement Of Probiem IT And Its Formulation
In this case; we consider an infinite homogeneous isotropic material
with four coplanar Griffith c¢racks located at Y = 0, aS|X‘$b,
c<|X|sd and subjectea to uniform internal pressure q. In absence of

body force, the equations of equilibrium in terms of displacement

are’

+2u) [ U +_V,xv ]+ u[ Uvr T Yoy ] =0
and (X+2p)[.u,xy + Vo ] + uf Voux = Y xv ] =0 (30a,b)
Since the problem exh{bits a state of symmetry about Y = 0, we can

restrict our attention to a single half-space occupying the region
Y = 0.

The equations (30) are to'be solved subject to the boundary

conditions
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v(X,0) = 0, |X|<a, bs|X|<c, [X|zd (31a-c¢)

o _(X,0) = 0, =< X < o (32)
XY ]

o, (X,00 = - q, a<|X|<b, e<|X|=d (33a,b)

In view of the boundary conditions, appropriate integral solutions

of equation (30) are

2 1 A+3u - Y,
u(x,¥r= = f:[C(E) + D(E){Y— F } ]e sin(gX)d¢

and viX,Y) = %Im [C(E) + Y D(f)]e_ EYCDS(EX) dg (34a,b)
O . -
Therefore,
. 4 —~ Y
aYY(X,Y) = - ﬁﬁ I:[ EC(E) + {YE— x%; D(f)]e g cos(£X) d¢
- 4u A+2u - &Y
o XYy = — K f:[EC(E) + {Yg—’XT;— }D(:)]e sin(£X) dr (35a,b)

It may be noted - that the displécement and stress
components given by (34) and (35) can not be derived from the
corresponding expressiohé of the dynamic problem given in (11) and
(12) on setting M = 0O,

The functions C(¥land D(¥) are to be determined from
the boundary conditions (31)-(33), which yield

1-A+2u

Cg) = g F5=F D) (36)

and the following set of five integral equations

fmC(E)cos(fX) d¢ = 0, Xel,l,1 (37a-¢)
0
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. Qn '
Ef C(¥)cos(¥X) d¥ v X e 12,14 (38a,b)
e
where
2w ) . | |
Q = Nty 3 and lj (j=1,2,..,5) are the intervals

defined earlier in problem 1.

6 .Method Of Solution And Quantities Of Physical Interest

Integral equations given by (37) and (38) are found to
be the same as given by equations (17) and (18) with the exception
that P is replaced by Q. Therefore, the same technique as that used

in problem | .can be employed to obtain

b 2 2 2 é 2 2 C 2 2
v(X,O)?J SJ(SZ_ aé)(cz— sz) + ldz— a - 1 ¥C— S —
‘ x| AY®- s®)ad® - &%)

- & 2 2 2 2 2 2
I}s — a " )(b"- s")(d" - s

C2 sz__ a?
- T ds, asXshb
2
s”)

4 (63— &%) (%= %) (d*

. [ 2 2
=Jd QJ (*— a5 (t*~ FH | ‘dz— a ¢, - & R
x| HYat®- p%y d®- %) - a®

¢ L= 2% (£2- b2y (= %)

C 2 2
+ 2 4t - a ]dt, c<X<d
43— B2y (£2= o2y (d®— 2y
(39a,b)

Stresses in the regions 0<X<a, b<X<e¢, X >d are found to be
the same as that given in (26), the oaonly change being that P is to
replaced by Q.
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Amount of energy in opening the cracks as|X|sb, cS|X|£d are
given by E = ZE‘ + 2Eé, where

. =2 IR [e,,X,0) v(x, 0] dx

E =
d
E, = 2| fo [ o,,¢X0) v(X,00] ax | (40a, b)

Equations (40) can be simplified, with the aid aof (33) and (39), to

(c —a )C — c4

FZ, r)]
2
Iﬁa - %)~ 2% ,

Tio

_ Q c,d
E = —2q M Ma:b + (%-p° )L n{- =z S r}

2 2 +Q
. (¢ -a )(d -a%) ¢ +ta —
19 La,b 2 2 1 c-d° J— 1 Iy i3
Ez-dq E Mc,d_(d a )LZ n ;, cz—az, r} —_ F(—Z—,P)
1(a%= ¢y (- a?)
where '
2 2
[(a"’m"’) 8:c¢ I—-——d‘ =z c]
7 14 2 2 2
¢~ a
LI. 2 = '
1 T
1= v¥) (P &%
qz
. 2 2
.= J(d’- o )b - a%) oy res z”dz
(d®°~ %) (*~ a*) P

2 J(z—pz)(z—qz)(z—rz)(sz— z)

and F(¢,r),[[(¢yn,r) are the elliptic integrals of first and third

kinds respectively.

7 .Numerical Results and Discussions
Numerical results for the stress intensity factors and crack opening
displacement, defined as Av(x,0) = v(x,0+) — v(x,0 ), for different
values of the parameters are presented in this section. Numerical

calculations have been carried out for both the dynamic and static
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problems. As the crack velocity is less than Rayleigh wave velocity,

it is reasonable to take the value of M less than 0.9194 .

Problem !: Var{ations of crack opening displacement fér diftferent
values of crack 'speed, crack lengths and the separaﬁing distance
between the cracks have been plotted in fligures 2-4. It 1is
interesting to note from these graphs that crack opening
displacement on both the cracks decreases with the increase in the
value of'M at the onset and takes its minimum value at M=0.7415
,after which it increases with the increase in the value of M. It
has also been depicted in figures 3-4 that on each of the
cracks,crack opening displacement decreases as the crack lengfh

decreases.

It has been mentioned earlier that the stress
intensity factors at the crack tips are ihdependent of crack speed
and are found to depend on the crack lengths and the separating
distance between the cracks. Variation of stress intensity factors
with as/b for different values of ¢/b, d/b and that with ¢/b for
different values a/b, d/b are plotted in figures 5-8 and figures

8-12 respectively.

[t has been found that the effect of variation of
the length of either the inner or the outer pair of cracks is more
prominent on the stress Intensity factors at the edges ot the cracks
whose lengths are varying' compared to its effect on the stress
intensity factors at the tips of the'cracks whose lengths are kept

fixed.

Problem 1[1: Figures 13-15 sgshow the variations of crack opening
displacement for different values of the parameters a/b, ¢/b, d/b.
They exhibit that crack opening displacement on a crack of fixed
length increases with the Increase iIn the length of the other crack

as expected from physical stand point.
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Fig. 2. Variation of crack- opening displacement with x/b on-the crack of the outer- pair for problem 1.
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Fig. 3. Variation of crack opening displacement with x/b.on the crack of the inner éair' for pioblérﬁ I
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Fig. 4. Variation of crack opening displacement with 1 / on the crack of the inner pair for problem 1.
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Fig. s. VSucss intcnsvity factor vs a/b at the edge x =a.
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Fig. 8. Stress intensity factor vs a/b at the cdge x =d.
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Fig. 9. Stress intensity factor vs c/b at the edge x =a.
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Fig. 10. Stress intensity factor vs ¢/b at the edge x = b.
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Fig. 11. Stress intensity factor vs c/b at the edge x =c.
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Fig. 12. Stress intensity factor vs ¢/b at the edge x = d.
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Fig. 13. Variation of crack opening displacement with X' /b on the crack of the inner pair for problem I1.
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Fig. 14, Variation of crack opening displacement with X6 on the crack of the inner puir for problem 11
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Fig. 15. Variation of crack opening displacement with X'/6 on the crack of the outer puir for problem |1



