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CHAPTER I 

SOME ELASTODYNAMIC PROBLEMS ON CRACK PROPAGATION 

Two coplanar Griffith cracks moving in a strip under anti­

plane shear stress. 

Two coplanar Griffith cracks moving along the interface of 

two dissimilar elastic media. 

Problem of two coplanar Griffith cracks running steadily 

under three dimens.ional loading. 

Three coplanar moving Griffith cracks in an infinite 

elastic medium. 

Three coplanar moying Griffith cracks in an infinite 

elastic st.rip. 

Four coplanar -Griffith cracks in an infinite elastic 

medium. 



TWO COPLANAR GRIFFITH CRACKS MOVING IN A STRIP UNDER ANTI -PLANE 

SHEAR STRESS 

!.Introduction 

In fracture mechanics , the problem of diffraction of elastic waves 

by cracks of finite dimension in a strip of elastic material has 

been investigated by severa 1 authors. S i h and Chen < 1972 > 

investigated the problem of propagation of a crack of finite length 

in a strip under plane extension. The resulting mixed boundary value 

problem was reduced to the solution of a Fredholm integral equation 

of second kind which was solved numerically Closed- form 

solutions for a finite length crack moving in a strip under anti 

p 1 an e s hear s t r e s s w a.s a l so o b t a i ned by S i n g h e t a 1 . < 19 8 1 > • As . 

regards 

mainly 

the dynamic crack 

to the case of 

problem 

a single 

research has been restricted 

crack because of the severe 

mathematical complexity encountered in finding solutions of two or 

more cracks However using finite Hilbert transform techniques 

developed by Srivastava and Lowen grub ( 1968), Lowen grub and 

Srivastava <1968) sOlved the statical problem of di!;ltribution at 

stress in an infinitely long elastic strip containing two coplanar 

Griffith cracks .The scattering of time harmonic normally incident 

p 1 ane waves by two para 11 e 1 and cop 1 anar Griff 1 th cracks 

infinite elastic medium. has been studied by Jain and Kanwal 

and more recently by Itou <1980). 

in an 

(1972) 

In this paper we have considered the problem qf 

propagation of· two coplana~ Yaffe (1951> cracks moving steadily in 

an infinitely long finite width strip • Employing Fourier transform 

and finite Hilbert transform technique closed-form solutions are 

obtained for two oases of practical interest.Firstly, the case when 

the rigidly clamped edges are pulled apart in opposite directions 

are considered. Secondly , ~e have treated the case when the lateral 

boundaries are subjected to shearing stresses. Exact expressions for 

the crack opening displacement and the stress intensity factors have 
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been derived in both the cases .Finally numerical results for stress 

intensity factors are presented graphically to show its variation 

with crack speed for different values of the lengths of the 

cracks. 

2.For~ation Of The Problem 

We consider two cracks of finite length to be placed on the X-axis 

from -b to -a and from a to b with reference to the rectangu I ar 

coordinate system <x,y,z> which referred to fixed coordinate system 

<X,Y,Z> is moving with constant velocity. v along X. 

-direction within the strip of elastic material occupying the 

region -h' ~ Y ~ h' as shown in Fig.1 • 

In dynamic problem of anti 

non-vanishing component of displacement W 

Z-direction satisfies the equation of motion 

1 
2 c 
2 

p 1 sme shear, 

directed in 

the 

the 

( 2. 1) 

where c 
2 

= is the shear wave velocity and p is the. 

density of the material.The non-vanishing components of stress are 

aw 
0' = 1-l xz ax 

aw 
0' = 1-l YZ av 

(2.2) 

Using Galilean transformation x' =X - vt, y' = Y, z' = Z, 

t' = t, where <x' ,y' ,z' > is· the translating coordinate system shown 

in Fig.1 and next introducing the dimensionless coordinates x,y,z 

such that x• = xb, y' =yb~, z' =zb, h' = hb equation <2. 1) reduces to 

2 a2 w + a2 w 
0 5 = ( 2. 3) 

ax 2 ayz 

with 2 
1 vz /cz s = - ( 2. 4) 

2 
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Fig 1. Moving cracks ~ a strip under antiplane shear. 
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3.Boundary Conditions 

We consider two basic problems of practical 

boundary conditions 

interest with different 

Problem I. The edges of the strip y = ± h are assumed to be rigidly 

clamped and displaced laterally in opposite directions by an equal 

amount w 
0

, where w 
0 

is a constant. .As a r esu 1 t, anti plane shear 

motion takes place in z-direction whereas cracks move in the 

x-direction and the boundary conditions are 

W<x,± h) = ± w -co < )( < co ( 3. 1) 
0 

0 (X,O) = 0 d<jxj<1 ( 3. 2) 
y:z: 

W<x,O> = 0 , O!:;j xj <d, I xj >1 (3.3) 

where d=a/b • 

In order to apply the integral transform technique it 

is necessary to solve a d if f.erent 

be obtained frotn the problem of 

crack> subject to a uniform 

condition on the crack are 

o <x,O> = 
y:;c: 

j.lW .o 

h 

and the displacement must satisfy 

w { )(, 0) ·- = 0 , 

W<x,± h> = 0 

but equivalent problem which can· 

a clamped strip <withC)ut any 

etrain The equivalent stress 

d<jxj<1 (3.4) 

(3.5) 

-oo < x < oo (3.6) 

Problem II. In this case uniform shearing stress p
0 

is applied to 

the upper and lower boundaries y = ± h of the strip.The equivalent 

problem in this case involves the application of the shear stress 
·. 

-p
0 

to the crack faces at y = 0. Accordingly the boundary conditions 

are 
o <x,± h> = 0 

y:z: 

o <x,O> = p y:z: - 0 

W<x,O> = 0 , 

-oo < x < oo (3.7) 

d<jxj<1 (3.8) 

(3.9) 
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4.Solutions 0£ The Problems 

Due to symmetry about <x,z>- plane we need consider the region 

O<y<h only. Employing 

F 0 [A(~ > ;~-+ x J = ~ J:A<~ > cos(~ x> ~ ( 4. 1) 

and (4.2> 

we obtain the solution of <2.3) as 

W<x,y> = F [A<<> exp<-z;ys> + A <~ > exp<{ys> ;{-+ x J 
c ~ 2 

<4.3) 

with 

CY <x,y>= iJSF [~<-A <~>exp<-~ys>+A <<>exp<<ys>>;~-+ x] 
yz C t 2 

<4.4> 

Problem I. Using the expression for W<x,y> given in <4.3) in (3.6) 

we get 

A <e > = 
~ 

A (~) = 
2 

A<{) 

1 - exp<-2z;hs> 

1 - exp<-2z;hs> 

where A<{> is to be determined. 
·-

From <3.4) and (3.5) we find that A<~> satisfies the set of triple 

integral equations 

F [{A<{> cthC~hs> c . 

F 
0 

[A<{ > ;I;-+ x ] = 0 

Let us take 

{-+ X ] = 
w 

0 

hs 
d<x<1 

OSx<d , x>1 

A<{) = f .f J~ g~ tT>Sech
2

(CT)sin<l;T) dT 

(4.5) 

(4.6) 

(4.7) 
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1 t is clear that the above choice of A<{> satisfies (4.6) 1 f and 

only 1 f 
1 J g ( T) sech2 <cT) dT = 0 
d £ 

(4.8) 

Equation (4.5) can be written as 

d w 
F . [A<{ > cth<{hs> ; e-. ) 

0 d<x<1 X = 
dx s hs 

(4.9) 

Inserting <4.7> in (4~9) and using the result tGradshteyn and Ryzhik 

(1965)) 

r: cth<{hsl sin <{T > sin<< x > th<cx>+th(CT > 
£ 

~ = - log 
< 2 th<cx>-th(CT > <4. 10) 

where c = n /2hs , we obtain 

( 
2 cg (T)Sech (CT) th(CT) w 

£ . dT 0 d<x<1 = 
th2 (cT) th2 <cx> hs 2 Sech <ex> 

(4.11> 

Substituting th<cT>=T, equation <4.11> is found to reduce to the 
t 

form 

T A ( T
2 > 

t t 

T2-x2 
t i.. 

dT = 
t 

w 
0 

2 hs<1-X ) 
t 

= F<X > <say>, 0 <X <I 
t £ £ t 

(4. 12) 

where 0 = th<cd>, = th<c>, X= th<cx> and A<~>= g <T>. Using 
£ t t :l £ 

finite Hilbert transform <1968>, the solutions of <4.12) is 

T2- 02 I I 2_ x2 X F<X > 
A<~>= 4 :l :l I o:l 

.. .. .. .. 
i. 2 12- ,.z r- 02 <X2 -~ > n 

£ :l :l £ :l t :l 

which can be simplified to 

0 t :l + g (T) = 
1 

2w ch<cd> ·~-rf 
nhs<1-T2 > ch<c> 12 - ,.Z 

£ £ :l 

K 
dX + :l 

:l J <T2- 02) ( 12- T2> 
i t· :l :l 

<4.13) 



Substituting the result (4.13> in (4.8) we obtain 

dT 

Whi.ch is si~plified with aid of the results 

and 

to K :1. = 
2w ch<cd) 

0 02 
nhs ch<c> :1. 

-
1

2
- X

2
. X dX 

:1. :1.. t t = n 
x2- o2 < x2-T2> 2 

:1. :1. :1. 

1
2

- r X dX :1. :1. :1. :1. 

X2 
- 02 

( 1 :... r ) 
:1. :1. :1. 

{ 1- n(;. ,q )tF<i-,q> } 
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X dX 
:1. :1. 

(4.14) 

z z :1./2 where q=<I -D) /I and FC4>,k>, n<¢,n,k> are elliptic integrals :1. :1. :1. 

of first and third kind respectively. 

The expressicns of d:l.iiplaGement and ahgtu' atr«HIEI on 
the plane of the crack are expressed as 

:1. 

W<x,o> =: J g:l<-r>Sech~(CT) d-r d<x<1 (4.15) 
X 

and 
1 z 2 

I 
g <-r>Sech (CT)th(CT)Sech <ex> 

o <x,o>=~sc :1. dT 
yz d t h 2 

( C X ) - t h 2 
( CT ) 

,OSx<d, x>1 <4.16> 

Now inserting <4.13>in (4.15) and <4.16) we obtain with the aid of 

the following results 



and 

T 2
- D

2 
dT 

:l :l :l 

12
- T2 1 -T2 

:l t ·:s. 

T dT 
:l t 

= 

W<x,O> = hs~ sh (c) F CA.' q> i-
wch<cd).[ [ 

+ 

+ 

ch
2 

( c > I z- Dz 

q ) ] ( A. 
:l t 

d<x<1 
ch2 < cd) 

n , 
12 

, , 
1 - :l 

12- r· 
where sinA. 

:l :l = 
12- D2 
:l :l 

IJW ch(cd> th
2

<cx>-D
2 

ch<c> [ et <x,o> 
0 :l + = 

th
2

<cx>-1
2 yz 

h ch(c) 

12- D2 } 
n (!!. • __ :s. __ :s._, q) 1 ~ <~2 , -q > 

. 2 12 < 1-Dz > 
:l :l 

et <x,o) 
yz 

= 1JW 0 ch(cd) [ 

h
1 

ch (c) 

ch(cd> 
:l 

o:sech
2

<cx> . ]• 

2 2 2 . 2 
J[th <cx>-D ][th <cx>-1 •l 

:l :l 

ch<c> 

ch(cd) 

12 _ 02 n } 0 = Sec h 
2 

< c x > . 

1 
.. 

[
Tl :l :l ) n -,----,q IF<-,q) ~ · . , 2 2 2 ·2 2 2 2 2 

.. I:l<1-D:l> · [O:s.-th <cx>HI:l-th <ex)] 
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(4.17) 

' x>1 

(4.18) 

o<x<d 

(4.19) 



where we have used the result 

= 

rr 

( 

2~ ( d2 - )(2 ) ( 1- )(2 ) 

o, 

-rr 

The stress intensity factor at x = 1 is given by 

S . = L t 1J 2 ( X- 1) 0' ( X ' 0 ) : 
11 x---. yz 

1-l w [ 

hSec~(cd) 

+- 1
2

- o
2 

}] n(~.-~-z-:-1---0-:-)-,q)/F<~,q) 
1 1 

, O<x<d 

d<x<1 

'- )( > 1 

and the stress intensity factor at x = d is given by 

s 
1d = 

X-+ d 

42<d-x) o Cx,o) = 
yz 

12- 02 } 
n(~.---1----1--,q)IF<~2'q> 

2 I z < 1-02 > 
1 i 

X 
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(4.20) 

(4.21) 

(4.22) 

Letting d = alb = 0 in the expressions for displacement , stress and 

stress intensity factors it can be easily shown that the results 

coincide with the cor~esponding expressions given by_ Singh et al. 

<1981). 

Problem II. In this case again we take the general solution of 

<2. 3) as 

\J (X, Y) = F [ C <e ) eX p ( -e y S) + C <e ) eX p <e y S) 
c i 2 

(4.23) 

and inserting it in <3.7> we find that 



c (~) = 
~ 

c (~) = 
2 
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D <~ > 

1 + exp(-~hs) 

0 (~ ) ex p ( - ~ h s ) 

1 + exp<-~hs) 

From (3.8> and (3.9) it is determined that D<~> satisfies the,­

following set of triple int~gral equation 

F [~ D<~ >th<~hs) ;~--+ x J = c 

F tO(~>;~-+ x J = 0 c 

d<x<1 

o:Sx<d ,x>1 

Proceeding as in problem 1 , we consider .a trial solution 

o<e > = f f J: 

(4.24) 

(4.25> 

(4.26) 

With this choice of D<~> equation (4.25) will be satisfied 

provided the unknown function g (T) in <4.26) satisfies 
2 . 

J
1 

g (T) cosh(cT) dT = 0 
d 2 . 

<4.27) 

Now equation (4.24> can be written as 

d 

dM 
F r o <~ > t h <~ h s > ; e--+ x J = s d<M<1 (4,28> 

1-JS 

Insertion of equation <4.26> in <4.28> and use of the result 

[Gradshteyn and Ryzhik (1965)] · 

I 

sh<cx)+sh(cr >I 
log · 

sh<cx>-sh<cr > 
(4.29> 

where c = rr I 2hs , gives 



1 

I 
C g (T) 5h(2CT) 

d S h 
2 ~ CT ) - S h

2 
( C X ) 

dT = 
2p 

0 

f..JS ch(cx> 
, d<x<1 

38 

(4.30) 

Substituting T = sh<cT) , I = sh(c) , D = sh(cd) and X = Sh<cx) and 
2 2 2 2 

proceeding as in problem I, we obtain the solution of (4.30) as 

g (T) =-
2 

+ 

where q' = < I2 -D2
J:f:/

2 
1 I 

2 2 2 

K 
,2 

q l I -' -

(4.31) 

q'. th<c> and using the result <4.31> 

in the condition ( 4. 27) the constant K is determined with the aid 
2 

of the result 

X dX 

as 

I2-D2 
Tl 2 2 

2' 2 ...2 I -T 
2 2 

12-D2 
Tl 2 2 -, 
2 1z_T2 

2 2 

, q• ') -F ( ~· q• •) l 

(4.32) 

The relevant displacement and stress components in the plane of 

the cracks may be written as 

t 

W ( X , 0 ) = : J g
2 

( T ) C h ( CT ) dT 

)( 

d<x<1 (4.33) 



and 

1 
1-JSC I g (T > sh<2c:r )ch<cx > 

o- < x, o) =-- --
2
----------

yz 2 d s h 2 
( c >< ) - s h 2 

( CT ) 

dT, o5x<d, xl>1 

Now using (4.31) in (~~33) and <4.34) we obtain 

1 
12-02 

x{n( [J 
2p 

s h
2 

< CT > - s h
2 

< cd > 
rr 2 2 

'q' ') \J ( )(' 0) =- 0 -, 
2 l2-T2 

Tli-J 9 ch(c) 
sh2 

( c > -sh2
(CT) 

X 

- F ( ~' q") 
) ] 

K F(A.', q') 
ch(CT) dT + -

2
--

cl 
2 

where sinA.' = 

X 

0' ( )(' 0) =-
. yz 

T dT 
2 2 

J 1 + r 
2 

0' ( )(' 0) =­
yz 

+ 
Tr/-IS ch<cx>K 

2 

0 
2 

J 2 2 2 2 2. <sh <cx>-1 ><sh <cx)-0) 
2 2 

D 
2 

2 2 

1 

. 2 
sh (ex) 

for x>1 

1 

39 

(4.,34) 

(4.35) 

<4.36) 



X 

T dT 
2 2 

J 1 + r 
2 

rq.1.s ch<cx)K 
2 

J 2 2 2 2 2. [I -sh <ex) l [0 -sh (ex) l 
2 2 

The stress intensity factor at x=l is given by 

S = LL ~2(x-1) 
2p 12- 02 

(X, 0) 
0 2 2 

0' = X 
2i X-+ 1 yz n cl ch(c) 

2 

ni-J s K 
+ 2 

2~c.th(c)[l 2 - 02) 
2 2 
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for o<x<d 

(4.37) 

F( n , q' , ) + -
2 

(4.38) 

and the stress intensity factor at x = d is given by 

- ni-J.S K 
2 (4.39) 

Again Jetting d = 0 in the expressions for displacement , stress and 

stress intensity factors we. obtain the corresponding results for a 

single crack as given by Singh et al. <1981). 

5.Numerical results 

ln this sectl6n we present the variation of stress inten~ity factors 

with ratio of crack speed v 

problems. The crack length 

to shear wave speed 

dependance of the 

c for both the 
2 

stress intensity 

factors and its variations with v/c have been shown in figures 2 -
2 

5. Figures 2 - 3 depict the fact that in problem I, the stress 

intensity factors at both the crack tips decrease with the increase 

in the distance between the cracks. 

But for the problem II, as seen from figures 4- 5, 

it is found that the behaviour of the stress intensity factors at 

the crack tips is of different nature as compared to the 

corresponding nature of problem I. . In the problem I, the stress 
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intensity factors at both the crack edges decrease with the increase 

in the value of v/c and 
2 

Problem II, the stress 

approaches to zero as 

intensity factors at 

v/c --+ 1. But in 
2 

both the edges 

increase gradually with the increase in the value of v/c and 
2 

approaches infinity as v/c --+1.' In problem II it is also found that 
2 

the stress intensity factors at both the edges decrease with the 

increase in the values of the separating distance between the 

cracks. The dashed line in fig.2 and Fig.4 corresponding to the 

stress intensity factors at the tip of a single crack as given by 

Singh et al. < 1981> for the case b/h' = 1. 
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TWO COPLANAR GR.I FFI TH CRACKS MOVING ALONG THE INTERFACE OF TWO 

DISSIMILAR ELASTIC MEDIA 

1 • I nlroducli on 

Scattering of elastic waves by cracks located in a homogeneous 

isotropic medium has important applications in geophysics and 

seismology. If the cracks are located at the interface of layered 

media, the study becomes more relevant. Scattering of an elastic 

wave from an interface crack under anti-plane strain was solved 

by Bostrom (1987>.Srivastava et al. <1980)solved the problem of 

interaction of an anti-plane shear wave by an 1.nterface crack. The 

problem of diffraction qf Love waves by a crack of finite width in 

the plane interface of a layered composite has been solved by 

Neerhoff C1979>. As regards the dynamic crack problem, research 

has been restricted mainly to the cases of a single crack b•cause of 

the severe mathematical complexity encountered in finding solutions 

of problems involving two or more cracks.The diffraction of an 

anti-plane shear wave by two coplanar Griffith cracks in an infinite 

elastic medium has been treated by ltou (1980>. Lowengrub and 

Srivastava (1968> treated the statical problem of stress 

distribution in the presence of two coplanar Griffith cracks in an 

infinite elastic strip .The scattering of time harmonic normally 

incident plane wave by two coplanar Griffith cracks was also solved 

by Jain and Kanwal (1972>. 

To the best knowledge of the authors, diffraction of elastic 

wa~es by two cracks moving along the interface of bonded dissimilar 

elastic media has not been investigated so far . In this paper, 

we consider the problem of determining the distribution of shear 

stress in the neighbourhood of the cracks, moving along the 

interface of the two bonded dissimilar elastic media. Two cases of 

practical importance have been considered here. Firstly, the ca~e of 

two coplanar ·Griffith cracks moving along the interface of two semi­

infinite dissimilar elastic media has been treated; secondly, the 

Published in •• Engineering Fracture Mechanics" Vol 41. pp 59-69. 
1992 
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problem of the propagation of two coplanar Griffith cracks along the 

interface of an elastic layer overlying a semi-infinite medium of 

different elastic properties· has been considered. Employing Fourier. 

transforms the problem has been reduced to solving a set of triple 

integral equations with cosine kernel and weight functions. These 

equations are solved using the finite Hilbert transform 

technique . In the second problem, analytical expressions retain up -· to the order h , where h is the thickness of the upper layer, for 

deriving the dynamic stress intensity factors and crack opening 

displacement. 

graphically. 

Numerical results have also 

2.Formulation Of' The Problem 

been presented 

Two cracks of finite width are considered to be placed along the X 

-axis from -1 to -c and c to 1 with reference to a rectangular 

coordinate <x,y,z) system which, referred to fixed coordinate system 

<X,Y,Z>, is moving with constant velocity v along X -axis, as shown 

in Fig.!. 

The coordinates are regarded as dimensionless, 

referring to the outer edge of the crack. In the dynamic problem of 

anti- plane shear ,there exists a single non-vanishing component of 

displacement in the Z -dir.ectlon W.= W.<X,Y,t>, i=1,2, 
L L 

where W and 
~ 

W are the displacemen't component along the Z -direction 
2 . 

in media 

Y>O and Y<O respectively In the absence of body forces the 

equation of motion is 

,,.l w. 8
2 w. 1 /JzW. 

L + L \, 
(1) = 

iJXz bY
2 b~ /Jt2 

l. 

where b. 
S/2 

the shear speeqs and = <1-J.Ip.> ,<i=1,2> are wave p, are 
I. I. \, \, 

the density of the materials and I-Ii. are the shear moduli. 

Using Gali~ean transformation x = X - vt, y = Y, z = Z, 

t' = t, where < x, y, z) represents the trans 1 at i ng coordinates sys tern 

f' shown in Fig.! eqn. <1> becomes independent of t and reduces to 
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8

2
W 8

2 W, 
2 I. + I. 0 ( 2) 9, = 
" 8x

2 8y2 

with 
z 

1 z 1 bz (3) s. = - v 0 

I. I. 

3.Boundary Condi~ions 

Problem I: 

In this case the cracks are placed along the interface Of two joined 

dissimilar elastic half- spaces and are moving along the interface 

of these media. The cracks are excited by a normally incident anti­

plane shear wave. The boundary conditions aTe 

[T <x,O)J = [T (x,O)] = -p , 
p ~ p 2 c<lxl<1 

[T (x,O)] = [T (x,O)] 
yz . ~ yz 2 ~~><I <c, I xl >1 (4) 

W <x,O> = W <x,O> 
i 2 ~lxl<c,lxl>1 

Problem now consists of solving equation <2> together with the 

conditions <4>. 

Problem II: 

In this case two coplanar Griffith cracks of finite width are 

assumed to be moving with uniform velocity under. anti-plane 

shear stress along the interface of an elastic layer kept in welded 

contact with a semi-infinite medium of different elastic.properties. 

The boundary condition• of this dynamic anti-plane problem are 

[T (x,O)J = [T (x,O)J = -p , 
yz ~ yz 2 c<lxl<1 

[T (x,Q)] = [T (x,Q)] 
yz · i yz 2 ~lxl<c,lxl>1 ( 5) 

W <x,O> = W <x,O> 
i 2 

~lxl<c,lxl>1 

[T <x,h>J = 0 
yz ~ 

-oo < x < co 

Problem II now consists of solving equation <2> together with the 



conditions <S>. 

4.Solution Of The Problem I 

Employing Fourier cosine transforms viz. 

f (~ ' y) c 

(X) 

=I f<x,y) cos<~x> dx, 
0 

f , )(, y > = ~ roo f <~ , y > cos <~ x > d~ 
1l J 0 c 

we obtain the so•ution of equation (2> as 

(X) 

and 

W <x,y>=~ J A .. <~>exp<-s .. ~y> .cos<~x>~ , 
1 n 0 • • . 

for y>O 

W <x,y) 
2 

co 

= 2 I A <~ > exp<s {y>cos<{x>~ 
1l 0 2 2 . 

for y<O 

so 

(6) 

(7) 

where s is the positive root of (3) and ~ <{> are unknown functioris 
i ~ 

to be determined. 

From (6) and (7) we obtain 

(X) 

21-Ji s iJ 
[T <x,y> J = - · {A<{ >exp<-s ~y) cos<~x)d{, 

yz 1 'll O i . i 

[T <x,y>J = 
yz 2 

2~-J s 
2 2 

'll 

(X) 

I {A <~ > exp<s {y> cos<~x>d~, 
0 2 2 . . 

Using <4a> and C4b) we get 

A <{) = 
2 

A < ~ > 
i 

for y>O 

for y<O 

The crack opening displacement Aw<x> is defined as 

(8) 

(9) 

(10) 
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Aw<x> = W <x,O+> - W <x,O-) 
~ 2 

2L 
(X) 

= Jo Ai <~ > COS.(~ X) ~ n 
c<x<1 ( 11) 

= 0 O:Sx<c , x>1 

where 

L = (12) 

From <8> and <4a) 

ll;A (~) cos(~x) d~ = Jo ~ 

pn 
(13) 

Let us take ( 14) 

Substituting <14> in <11) we see that this choice of A~e> leads to 

0 

Inserting (14) in <13> we obtain 

pn --, = c<x<1 
21-l.t s ~ 

Using finite Hilbert transform technique <1968> 

<16) is 

+ 

( 15) . 

( 16) 

the solution of 

K' ( 17) 

where the unknown constant K', determined from (15), is 

2 
K' = p,<c -E/F)/~J s . ~ ~ 

(18) 



52 

where F = F<n/z,q> and E = E<nlz,q.) are complete elliptic integrals 

of the first kind and second kind respectively and q = ~1-c2 

The relevant expressic:ms for the crack opening displacement and 

stress component at the interface are 

.t.w(X) • L r: h<t
2

) dt , (19) 

[T (x,O)J = 
y:z ~ 

(20) 

Substituting the value of h<t 2 > from (17) in (19) and (20) we obtain 

bW(X) [ E (A , q) - i F <A , q >] . ( 21> 

where 

(22) 

and 

[T (x,O)] 
yz ~ 

for x>1 (23) 

1 + ]• for x<c · (24) 
~ 2 z 2 <c- x ><1-x) 

where we have used 

n for O<x<c 

r: 
! 2 2 z 2 (c -x )(1-x ) 

= o, for c<x<1 <25) t dt 

-n 
for x>1 

J 2 2 2 2 <x -c )(x -1> 

The stress intensity factors at the tips of the cracks x=1 and x=c 



respectively are given by 

K f. =X~ l 1 I 2 ( X- 1 ) [ T yz ( X , 0 ) ] ~ = 

K c = Ll 

X--+ C 
[T (x,0)] 

yz . ~ 
= 

p<1-E/F) 

2 
p<EIF-c > 

J c ( 1-c2
) 

S.Solution Of The Problem II 

53 

<26) 

<27) 

E":~ploying Fourier cosine transform the solutions of is are sought 

in the form 

00 

W <x,y>=!. J [A <e>exp<-s ~y> +A <~>exp<s ~y>Jcos<~x>d~ , 
1 TC O ~ ~ 2 ~ 

for O~y~h 

(I) 

= 2 I A(~·) exp<s ~y> cos<~x> d~ , 
Tl 0 9 2 

for y<O (28) 

Using <28> we obtain the stress components as 

[T (x,y)] = 
yz ~ 

e [ -A ( e ) eX p ( - S ~ y ) +A ( ~ ) e X p ( s ( y ) ] coS ( e X ) de , 
~ ' ~ 2 ~ ' 

[T <x,y>l = 
yz 2 

21-l s 
2 2 

Tl 

00 

I eA <~> exp<s ey> cos<ex>~, 
0 3 2 

Applying <Sa>, (Sb> and <Sc> 

and. 

A ( ~) = 
9 

A <e> = A <~> exp<-2~hs > 
2 ~ 1 

for y<O 

The crack opening displacement Aw<x> is defined as 

(29) 

(30) 

(31) 



/ 

where 

.Aw<x> = W <x,0+> - W Cx 0-> 
~ 2 ' 

ZL 
= -1l 

= 0 

00 

I t <e > cos ce x > de 
0 

c<x<1 

OSx<c , x>1 

f <{ ) = A, <{ ) [ 1 
us - .. s ] 1""2 2 I""~ ~ 

+ expC-Z{hs~> 
II $ + lJ $ 
1""2 2 I""~ ~ ' 

... 
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<32) 

(33) 

Therefore,by <Sc> and <Sa> ,fC{> is found to be the solution of the 

following triple integral equations 

with 

00 

I .f<{> cos<{x> de = 0 
0 

00 J O { f C{) t 1 +M C{ h) l cos<~ x) d{ = 

M <e h> = 
1 - tanhC{hs > 

.t 

Assuming 

1 
f({) 1 

Jc·h(t2) sin<{t> dt = 
e 

it is found from (35) and (36) 

J1 
th<t

2
,>dt = ___E._ - Q<x> 

c t2- )(2 2p s 
:l .t 

where 

Q<y> 

and 

OSx<c,x>1 (34) 

<35) 

(36) 

(37) 
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Q) 

K
1

<y,t> = J0M<~h> cos<~y> sin<~t> de· (38) 

Now using Hilbert transform technique (1968) we find that h<x
2

) is 

the solution of the following Fredholm integral equation 

t' 
h < x 2 > + I ch < t z) 

2 2 K ( x , .t) d t = F (x ) , c<x<1 

satisfying the condition 

where 

2 
K ( x , t > =- I 1 ~ X _Y __ :_1_<_Y_2_' _t_> 

c JTT y- X 

dy 

and 

F<x2>=- --.::.....f32_ c~ J1Jg1-Y2 
Tri-J s 2 2 2 

11 1-x y-c c 

, , 

y dy 

2 2 
y - X 

+ 

, , 
K 

~ 2 2 2 <x -c )(1-x > 

(39) 

(40l 

( 41) 

<42) 

K being an arbitrary constant determined by condition · <40>. If 

h>>1 is taken, then by substituting n =~hand expanding cos<ny/h), 

sinCryy/h), it is possible to write (38> in the form 

I t I t 
K <y, t> 0 

+ 
1 ( t2+ 3y2) 0 ( h-cS, = - + 

1 h2 h" 
(43) 

where 

( -1) j 
Q) 

I Jo n~j h M <n > dn <j=O,U = 
j (2j+1)! 

(44> 

and hence 



..r 

where k2 = 1 -
2 c. 
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<45) 

Integrating both sides of <39) with respect to x 

from c to 1 and using <40> 

, , p 
K = (46) 

with 

2[ 1
0 t 2 

1
st {' 2 3 2 2 2 } <S K<t> = n 7 <E- c F) +~ <t- 2"k ) <E- c F>- c <E+F>+2E +O<h- > 

where E and F defined b~ E = E<rrlz,q>and F = F<rrh,q> with q = k are 

known as elliptic ~ntegrals of first and second kind respectively. 

Using the results <46) and <42) in the equation <38) we see that 

hCx 2
> must satisfy the integral equation 

1 

J 2 2 2 
+ c h<t > M<x , t> dt = S<x > (47) 

where 

K<t> 
2 2 M (X , t) = K ( x . , t )- = 

I 2 2 2 Fi<x-c)(1-x) 

(48) 

and 

(49) 

Since h >> 1, and jM<x 2 ,t) I < 1, the solution of <47> may be written 

in the form 



where 

with 

h ( x2
) = 

0 

2 E 
F 

.. C = z +Yc k} 
2 c F\ t- 2C 

0 
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(50) 

<51> 

(52> 

(53) 

The relevant crack 

the interface are 

o'pening displacement and stre~s component at 

1 

Aw<x> = L Jxh<t
2

> dt 

[T (X, 0) ] =-
yz i 

th<t2 )dt 

t 2 2 
- X 

where K <x,t> is given in <38>. 
~- --

1 

··s c h< t"lK• (X, tl dt], OSx<c, x>1 

Using (43> and equations <50)- (53) 

1 J c h ( t
2

) Kt ( x, t) dt 
pn [21 c 0 0 

2 
81-J s h 

i i 

c54> 

(55) 

(56) 



we get for O<x<c 

1 

Jc 

th<t2 )dt = 
t2 2 - X 

x{ 
3x• +C x2 +C .. 2 

X 
1 

and for x>1 

1 

Jc 

thC t 2 )dt 
= 

t2 2 - X 

X 

• 2 

{ 

3x +C x +C 
.. 2 

X 
2 

where 

2~s [{
1 

1 .. 

1+c2 

+ 3( -2-

2~ • .[ {1 

I C 
0 0 + 
2h 2 

+ X~ ) 

I C 
0 0 

2h 2 

58 

12 c2 2 E 
I c 

0 0 }x{ x-F 
+1}-

1 0 
X 

4h .. X 2h. 
1 

+ c.}] + Q(h-<S) <57) 

12 c2 E 2 

}x{ F X 

+1.} 
I C 

0 0 1 0 + + X 
4h. 2h. X 

2 

(58) 

Using equations <50) to <53) tne crack opening displacement is 

obtained from <54) after integration as 

pL I C 
0· 0 + 

I~C2 + 21 C CC- k•/2C > 
0 0 1 0 1 0 

.Aw<x> = 
2h 2 4h. 

x{ E <A, q l- iF <A, q l} -
2 :~~ 0 x~ ( 1- x

2 
l ( x

2
- c2 

l ] + 0 <h-., l 

where A is given by <22>. 

}x 

(59> 

Substituting the results obtained in <56>, <57> and 

(58) on the rl~ht hand side of (55) the stress in the plane of the 

crack can be derived and from it stress intensiy factors at the 

crack tips can be determined easily. 



The stress . intensity factor at 

N = L\Jz<x-U[T <x,O>l = 
1 X-+ · yz t 

J 

+ <3 + C + C ) ] + O<h-cs) 
1 2 

.1 

X = 1 is given by 

p c.[ C E/F-1>{ 1-
1 c 1 

2 c2 

0 0+ 0 0} 

2h 2 4h 4 

-

and the stress intensity fadtor at x = c is found to be 

N = LL Jz<c-x)[T <x,O>J = 
c X-1> C yz £ 

- P [cc2 -EIF>{1-

J c < 1-c2 
> 

S. NUMERICAL RESULTS 

59 

+ 

(60) 

(61) 

ln this section numerical results are presented for the stre~s 

i ntens 1 ty factors at the crack tips and <d so the crack opening 

displacement for different values of the layer thickness and the 

crack speed and for b /b = 0.6 .The crack opening displacement is 
:1 2 

found to increase giadua(ly with increase in the value of the crack 

speed. Further, for a fixed crack speed, the crack opening 

displacement increases with decrease in the ~alue of the separa~ing 

distance between the cracks. 

Vari•tion of the stress int~nsity factors at both 

the crack tips wit~ the crack speed is depicted in Figures 4 - 7. 

It is interestirtg to note that the stress inten~ity factors at both 

the crack tips increase very slowly at the onset with increase in 

·the value of v/b but change rapidly and goes 
t 

to infinity as v/b 
1 

approaches unity.This fact becomes prominent as the layer thickness 

·.becomes large. 
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PROBLEM OF TWO COPLANAR GRIFFITH CRACKS RUNNING STEADILY UNDER 

THREE- DIMENSIONAL LOADING 

1.Int.roduction 

Yof f e < 1951 > · considered the 

fixed length at a constant 

elastic solid of infinite 

prob 1 em of propagation of a crack of 

speed through a stretched isotropic 

extent. In recent years, Yaffe's 

investigation was extended to include different types of materials. 

and different material geometries. Sih and Chen <1972) considered 

the problem of uniformly propagating finite crack in a strip of 

isotr·opic elastic material. Recently, Kassir and Tse <1983) solved 

the plane stress probl~m of a moving crack in an infinite 

orthotropic stressed medium by using integral transform technique 

and the same techniqu~ has been employed by De and Patra <1990) to 

solve Yaffe's problem in an stressed orthotropic strip of finite 

thickness. 

However all the problems mentioned above have been 

solved using dynamic equation of elasticity in two dimension. But in 

most instance, cracks are subjected to a state of stress that is 

triaxial in nature. Cracks problems involving three dimensional 

loading have generally not been attempted so far. 

Recently, Angel and Achenbac~ <1985) derived the 

elastodynamic stress intensity factor for three dimensional loading 

of a cracked haJf- space. Freund (1971) also solved the three 

dimensional problem of the oblique reflection of a Rayleigh wave 

from the edge bf a semi- infinite crack employing a Wiener- Hopf 

technique. The problem of a uniformly propagating finite crack in an 

elastic medium has been solved by ltou <1979> using dynamic 

equations of elasticity in three dimension. 

Regarding the dynamic crack problem, research has 

Published in " International Journal Of Fractw-e" Vol 56, 
pp 279- 298, 1992 
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been restricted m~inly to a single crack because of severe 

mathematical complexity encountered in finding the solution of two 

or more cracks. Recently Jain and Kanwal <1972) presented the low 

frequency solution of diffraction of normally incident longitudinal 

waves by two coplanar Griffith cracks in an isotropic elastic 

medium. They used the finite Hilbert transform technique dev·eloped 

by Srivastava and Lowengrub (1968) to solve the mixed boundary value 

problem. Using a completely different technique ltou <1980) solved 

the diffraction problem of 'elastic waves by two coplanar Griffith 

cracks in an infinite elastic medium. 

propagation of 

with uniform 

In this paper, we have considered the problem of 

two coplanar Griffith cracks propagating steadily 

velocity under three dimensional loading. The 

application of two dimensional Fourier transform reduced this 

problem to that of solving triple integral equations in which the 

double Fourier transform of the crack opening displacement appear as 

the unknown. I n an attempt to so 1 v e the pro b 1 em the trans f or me d 

surface displacement has been expanded in a series of a function 

which is automatically zero outside the cracks. f:'inally, Schmidt 

method <1978) has been employed to solve the integral equations 

The dynamic stress intensity factors and the crack opening 

displacement have b~en evaluated numerically for various values of 

crack speed and distance between the cracks • 

• 
2.Formulation of the problem. 

Let <X,Y,Z) be a fixed rectangular coordinate system. Two coplanar 

Griffith cracks of infinite length but of finite width located in 

the xz- plane, '£he z- axis being in the direction of the length of 

the cracks, are, assumed to be moving steadily with velocity U in 

the direction of X- axis. lt is convenient to introduce Galilean 

transformation x = X-UT, y = Y, z = Z, t = T where <x,y,z) 

represents the translating coordinate system shown in Fig.1. 

Referred to this moving system of the coordinate the cracks are 

assumed to occupy the positions b<lxl <a,y=O,I zl ~. 
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y 

Fig.1: Geometry and coordinate system. 
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The equations on motion in the absence of body force are 

(au• av• aw• (12 82 82 ) • 8
2 

u • ·a ) ( o .. +f.l )- + + + 1.1 + + -- u = p 
ax ax aY az a'J?" ay2 a?! aT2 

(au• • • ( 
(12 (12 

82 ) • 
2 • a av · aw ) a v 

(),.+1-J )- + - + + 1.1 + + -- v = p 
bY ax bY az ar ay2 az2 

· bT2 

(au• av• • 82 82 82 ) • 8
2 w • a aw ) ( ( 2. 1) o .. +i-J )- t + + 1.1 + + -- w = p --

az ax aY az ar i}y2 az2 8T2 

where • • • u 'v 'w are the displacement components, ),. and 1-l 

Using 

are Lame's 

constants and p is the material 

transformation 

X = X - UT, y = Y, z = Z, 

(2.1) reduces to 

(A +J..l >!!.__ (au + av 
ax ax ay 

iJw 
+ 

iJz 

(A+i-J)-- + iJ (iJu + av ow 
iJz 8y ax ay 

). + ~ ( 

<A+i-J>~ (au + av + 
{Jz iJx ay 

aw ) + 1.1 ( 
IJ:z. 

density. Galilean 

t = T 

<2.2> 

where u,v,w are the displacement components in the moving coordinate 

system so that 

• u <X,Y,Z,T> = u<x,y,z> 

• v <X,J,Z,T> = v<x,y,z) . -
w <X,Y,Z,T> = w<x,y,z> 

The stress components for the three dimensional problem are 



(A.+ '2/-l ) au + A. ( /Jv + aw ) , ( au 
+ 

av ) 0' = T = 
)( llx ay xy lly ox az 

(A.+ '2/-l ) av + A. ( au + aw ) ' ( aw + av ) 0' = T = y ay llx liz yz ay IJz 

<A.+~) 
aw 

+ A. ( av + au ) , ( iJu + ilw ) 0' = T = z az ay xz az ax ax 

The boundary conditions are 

0' 
y 

/2~-J = -p<x,z>, for y=O, ~lxl~b, I z I <oo, 

v=O, for y=O, I xl >b, I xl <a, I zl <a>, 

T = 0 = T 
yz' for y=O, I x I <a> , I z I <a> • xy 

3.Solution of ~he problem 

Using Fourier transformations viz. 

g ( < , Y , { ) = ro ro g ( X , y 
1 

Z ) e 1 ( ~ X +( z ) d X d Z , 

J -Q) J -Q) 

and 

g( X' y' Z) = ( 2n) -z ro ro· g (~ 'y' ( ) e -1 (~X+( Z) ~ d( ' 
J -Q)J -Q) 

<2.2> reduces to 

{ d
2 

2 2 2 ··} - 2 dv 2 -- - <a -M )~ - u 1 Ca -1 )~ Ca-1>~{w 
dy2 dy 

2 du + {azd" (1-11'>{
2

- ··} 
- 2 dw 

- i <a -1 >~ v - 1 (a -1 >{ 
dy dy2 dy 

70 

( 2. 3) 

( 2. 4) 

( 3. 1) 

= o, 

= o, 

(3.2} 
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with 

Due to symmetry given in <2.4>, we need to consider the 

region y~O only. The solutions of (3.2> in the region y~O can easily 

be found to be of the form 

- A 
-ii~Y 

B 
-&2y 

u = e + e 
~ ~ 

-· y -a2y 
A 

~ 
+ B v = e e 

2 2 

A 
-a~y 

+ B 
-•2Y 

w = e e a a 

where 

s = ~ ( 1 - M
2 

I cl > ~ 2 
+( 

2 
~ 

s = ~ < 1-M2>e2+z;2 
2 

and 

A = i.!; A Is ~, A = i( A Is , B 
~ 2 3 2 ~ 

The transformed stress components 

<3. 3>, (3. 5> and <2. 3) are 

T 
xy I 2,-J = 

T 12,-J = 
yz 

- i{ A 
2 

-li~Y 

e 

-li~Y 

e 

2 = - i <.!; B +{ B > Is 
~ 3 2 

o, 
X 

o, 
y T ' xy 

T 
yz 

(3.3) 

(3.4) 

(3.5) 

obtained from 

(3.6) 

Using the conditions (2.4.3) B and B can be expressed in terms of 
~ a 
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A as 
2 

-2i~ s A 
B 

2 2 = .. < 2 _Mz >~z+2{z 

-2i( s A 
B 

2 2 (3.7) = 9 <2 -Mz >~2+2{z 

Hence we find that all the components of stress and displacement can 

be expressed in terms of the unknown function A<{,(>. Now insertion 
2 

of <3.5> and <3.7> in v given in <3.3) yields 

where v is 
0 

Usi.ng (3.7) 

a 
X 

I 2J;J = v 

I 2J;J a = v y 0 

the 

and 

A = 
2 

v 
0 

transformed displacement on 

(3.8) we obtain from (3.6) 

0 
[ { c 2-~ >~ 2 +2(

2
} {2+M

2 
< 1-21cl >} 

2 -a i. y 

y=O. 

-at. y 
e 

2M
2

s .. 

[ { <2 -Mz )~2+2(2} e - 2 (~2+(2) s 
2~s { 2 2 

.. 

T 
xy 

12j.J. = t(v 
0 

T 
yz 

12j.J. 

<3. 8) 

-azy 

] ' 2s e 
z Mz 

-a2 y 

] , e 

~ez 

( 3. 9) 

Using the conditions (2.4.1> and <2.4.2> we obtain the following 

triple i~tegral equati6ns 

a I 2t-l = ( 2rr) -t. . j> G ({ , ( ) e -i{ x d{ = 
Y J_oo vo -p<x,(>, for a<lxl<b 



and 

v 
0 

= ( 21l ) -t roo v 
J -oo o 

with 

G<t;,(> = 1 

-is:< X I e "' d{ :: 0, for I x >b, lxl<a. (3.10) 

(3.11> 

Taking p<x,z) as the even function of x, the solution may be assumed 

as 

= 0 , f or OS. I x I <a , I x I > b , 

where c <{} are the unknown functions to be determined. 
n 

(3.12) 

Applying Fourier tranformation on (3.12) and 

using the result 

Jb [ -t{a+b -2x}J · · asin n cos. b-a cos<l;x>dx = 

we obtain 

where J () are Bessels functions. 
n 

(3.13) 

Insertion of the expression (3.13> in the first equation 

of (3.10> yields 

for a<x<b. (3.14) 
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Using the following re~ults [Gradshteyn and Ryzhik <1965)] 

cos(a~) J (a~·)~= 
• n 2 

= 

and 

I sin<a~) J (a~)d~ = J 0 • n 2 

= 

cos ( n&) 

J a2- a2 
2 . .. 

for a >a >O 
2 • 

an s 1 n ·< nrr I 2 > 
2 

sin<n&> 
for a >a >O 

2 • 

a" cos<nn/2) 
2 

where -· & = sin <a /a > 

in <3.14> we obtain, 

a+b-2x 
b-a 

• 2 

, for a >a >O, 
• 2 

, for a >a >O, 
• 2 

-p<x,{>, 

<3.16) 



where 

Lt 
z;-+ Q) 

G<l; ,( > 
e 
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(3.17) 

. G <{ { > G <6 { > -z since the function {' - 0 ' behaves as z; for large z;, the 

semi-infinite integral on the left hand side of <3.16> can easily be 

evaluated by Filon's method. 

To solve C3.16> for unknown coefficients c C( > we 
n 

adopt the Schmidt method <1958> and write (3.16> as 

00 

E c <(> F C(,x> = -f<(,x>, 
n=1 n n 

for a<x<b, (3.18) 

where F C(,x> and fC{,x> = p<(,x> are known functions. Let H <{,x>'s 
n n 

be a set of orthogonal functions which satisfy 

r: H C( , x) H C{ , x) d x 
n m 

= N 6 
n nm 

where 
·z 

H C(,x> dx 
n 

<3.19> 

Then H C(,x>'s can be constructed from the functions F C(,x> in the 
n n 

following way 

H <(,x> = 
n 

00 c 
'C"' i.n 
w c-

i = 1 nn 

F.<(,x> 
I. 

(3.20) 

with C. as the c:ofactor of the element e. of D which is defined 
1.n 1.n n 

as 



e~~,e~z······ •• ••• e~n 

0n"' e2~'ezz''"''''''''e2n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
e 

nn 
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b 

e. =J F <( , x > F. <( , x > d x. 
'Ln n '1. a 

<3.21) 

Now in terms of the set of orthogonal 

function -f<{,x> can be expressed as 

functions H C{,x>, 
n 

the 

00 

- f<(,x> = E h. H. ( z:' X) 
i = 1 '1. 1. . 

(3.22) 

Substituting values of H <{,x> from (3.20) into .<3.22), we obtain 
n 

from (3.18> after some rearrangement 

00 co 
E c <{ ) F <{ ' X) = 

n= 1 n n . 
E 

n=1 
F ({ , X) 

n 

Q) c 
ni. 

E h. c 
i =n ·1. i.i. 

(3.23> 

Comparing the coefficients of F <{,x> from both sides of (3.23> we 
n 

f 1 nd 

where 

c = 
n 

h = 
i. . 

Q) c . 
E h m 

i=n i. ci.i. 
(3.24) 

1 Jb - f(( x> H.<(,x> dx 
Ni. a ' 1. 

(3.25) 

4.Stress intensity ~actors and crack opening displacement 

To evaluate the stress intensity factors at the vicinity of the 

crack ends we put x=b+rcose. y=rsine for the stress intensity factor 

at the outer edge and x=a-rcose, y=rsine for the stress intensity 

factor at the inner edge. 

= 0 

The required stress oe given by 

X 
cos2 e - 2T sine cose 

xy 

is to be evaluated for small values of r. 

( 4. 1) 
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· ( b-a ) Using asymptotic values of Jn -z- { f o r 1 a r g.e v a 1 u e of { , 

we obtain 

(2n+ 1) cos~ rr n 
[cos ~{stn<b-x>~-

J 4rr{ < b- a> 

sin<x-a){ 

+. (cos<x-a>~ - cos<b-x>e)tan(2"~ 1)} nn { sin2 cos(b-x>{ + cos<x-a>~ + 

+(sin<x-a)~ + sin<b-xH;)tan(2"~ 1)}]· 

Further using the following results [Gradhsteyn and Ryzhik <1965)] 

r ~-1 
J 0 X 

e 

e 

-{1x 
sin<ox) dx = 

-{1x 
COS(OX) dx = 

it is found that for small values of r 

J: -J 1-q
2 

{y [a+b nrr] ( b-a ) e sin -r ~ - 2 Jn -r { cos<{ x > d{ = 
0 

[cos<nn/2) 

0 + O<r >,for x>b 

(
2n+1) 

CDS --4- ~ 
X 

J 4r <b-a> 

(4.2) 



r-· 
\ 

= 
(2n+1) co~ --4- ~ 

~4r(b-a) 
[cos ( nn /z > 

C-1)ncose+ J1-q2 sin2 e 
2 2 

1 -q s 1 n e 
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-<-Uncose+ J 1-q2 sin2 e] o - sin ( nn /2) + 0 < r > , for x <a (4.3) 
2 2 1 -q sine 

and 

(
2n+ 1) cos --

4
- rc 

J 4r <b-a) 

X 1
0 

e-~ 1-q
2 ~ Y [a+b nrc] ( b-a ) J 0 sin ~ ~ . - 2 J n ~ ~ sin <e )( ) d~ = 

[cos ( nn /2) 

\ 

n I 2 2 
- (-1) cose+ -41-q sine -sin<nrc/

2
) < - 1 >nco se + J 1 - q 

2 
s i n 

2 
e] 

2 2 

= 
(2n+ 1) cos --

4
- rc 

!4-r<b-a> 

+ sin (nrc /2 > 

2 2 
1 -q sine 1 -q sine 

0 + O(r >,for x>b 

[ 

n r 2 2 
· -(-1) case+ -41-q sine cos ( nn /z ) 

2 2 1 -q sin e 
+ 

0 
+OCr >, for x<a 

( 4. 4) 

( 4. 5) 

Inserting <3.13) into <3.9) and taking inverse Fourier transform of 

(3.9> we obtain the stress intensity factor at x=b with the aid of 

<4.2)-(4.5) as 

(2n+ 1) = E _cos --4- n [ 

n=1 J b - a 

+{ 2 2 2 Q~ <2+M (1-2/at >>sine-

2M2J1-M2/cl 



- < 2 - M >cos e + 2 2 } 2~ 1-~ cos 2e Q + 
M2 2 

X -21t_1 roo 
J-co 

c < () e- i( z d( 
n 
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2-M
2 

] Mz < P £- P 
2 

) s in2e x 

and also the stress intensity factor at x=a is found to be 

x -2n_1 l 
J-co 

where 

and 

(2n+ 1) · = E cos --4- n[ 
n= 1 J b - a 

- iY Z c ( () e .., d( 
n 

qj, = J 2 -z 2 1-M <X sine 

q2 = ~ 1-M
2 

s i n
2

e 

(4.6) 

(4.7) 
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lt is to be noted that in <4.6> e 

-:~. = tan yl<x-b> whereas in <4. 7> it 
-, . 

is given bye = tan y/(a-x>. 

Taking Fourier inversion of (3.12> we obtain the crack 

surface displacement as 

v <x, z> 
0 

00 

= E 
n=1 

c <( > e- i( z d( 
n 

for ~lxl~b (4.8) 

5.Numerical discussions 

ln order to evaluate ~he stress intensity factors and crack surface 

displacement we take the function p(x,z> as 

where d governs the distribution of the applied for·ce and P is a 

constant. Numerical calculations have been done taking. k=~ and d=1. 

The semi infinite integral in (3.16) is evaluated by Filon~.s method 

as the integral converges rapidly because of the rapid dec~y of the 

function 

{
G<<,i2 _ G<o,(>} 

~ 15 

with the increase in ~· Adopting the first seven terms of the 

infinite series· given in the left hand side of <3.18> we used the 

Schmidt method to determine the coefficients c <( >. For the check 
n 

7 
of accuracy the va 1 ue of E 

n=1 
c (( ) F <( ' X) /Pb 

n n 
and -f<(,x>/Pb are 

given in Table 1 fdr (b = 0.0, 0.2, M=0.4 and for alb = 0.3, 0.4. 
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Table 1. 

7 
(b a/b x/b I: c C( >F C(, x)/Pb -f((,x)/Pb 

n= 1 n n 

0.3 -3.140993 

0.4 -3.140995 

0.5 -3.140993 

0.3 0.6 -3.140996 

0.7 -3.140991 

0.8 -3.140994 

0.9 -3.140993 

1.0 -3.140992 

0.0 -3.140994 
0.4 -3.140995 

0.5 -3.140994 

0.6 -3.140994 

0.4 0.7 -3.140994 

0.8 -3.140994 

0.9 -3.140995 

1.0 -3.140994 

0.3 -2.572111 

0.4 -2.572113 
0. 5 . -2.572111 

0.3 0.6 -2.572116 

0.7 -2.572110 

0.8 -2.572113 

0.9 -2.572108 

1.0 -2.572106 

0.2 -2.572113 

0.4 -2.572114 

0,;5 -2.572114 

0.6 -2.572114 

0.4 0.7 -2.572113 

0.8 -2.572113 

0.9 -2.572113 

1.0 -2.572113 
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Table 2. 

c <( ) ••••••••••.•••••••• c <( ) 
2 . . . . .... -7 -. ···•··· ...... ,., .... ,, ...... =·· .. ··· 

0.0 -o. tss87tx to'" 
4 -a 

-0.923569x10- ..••..... -0.759039x10 

0.2 -0. 135194x 10'" -0.734980x10-4 

0.4 -0. 109342x 10'" ~0.556495x10-4 ••••••••• 0.357814x10-6 

................................................................. 

.............................. · .................................. . 
-a -? -5 

3.0 --o~ 578-184>< 10 - .. ---0. 601254x10. • e • f • .. • ' • ' 0.114694>;1·0 ,. 

4.0 -0.182994x10-a 0.883491x10-7 ......... 0,659423x10-6 

5.0 -0.573139x10-4 0. 489839x 1 o'-? ......... 0.342023x10-6 

9.6 0.366305x10-5 -0. 816894x10-8 -0.907244x10-7 

9.8 0.362848~10-5 -0. 829789x 10 -a -o.9387s9x1o-7 

10.0 0.358409x10:-5 -a -0. 843117><10 . 
-? 

.. 0. 967438x1:·0 ... 

From Table 1 it is clear that the Schmidt method is 

carried out satisfactorily. The values of c <(> are given in Table 2 
n 

for M=0.4, alb =0.4. 

The variation of stress intensity factor at the outer edge 

and at the inner ed~e with M is shown in Fig.2. and F(i~a: 

respectively for e = 0°,18°,36° and a/b = 0.2, 0.3, 0.4. Flg.2 

depicts the fact that the value of stress intensity factor at the 

outer edge decreases with the increase ·in the values of alb, whereas 

from Fig.3 it is evident that the stress intensity factor at the 

inner edge is of an opposite character. It increases with the 

increases in the values of a/b. 

The v a r i a ti on s of s t res s i n tens i t y f acto r s b o t h a t the 

inner edge and outer edge with z have been presented in Figs. 4-7 

for different values of alb, M and e. The values of the stress 

intensity factor in. all the cases are found to decrease gradually 

with the increase in the values of z, which is expected from 
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physical stand point. 

The variation of stress intensity factor corresponding to 

the circumferential stress o
9 

given by <4.1> with e at both the 

crack tips has been shown in in Figs. 8-12 for different values of 

a/b and M. 

It is known that there are 

contribute to crack curving and branching. 

several factors which 

One factor, of course, is 

based upon the criterion that a crack may propagate in a direction 

normal to the maximum tensile stress and it is interesting to note 

from Fig.B and Fig.lO, there is the possibility of curving and 

branching of the cracks at the outer edge at very low velocities of 

the cracks whereas from Fig.9, Fig.11 and Fig.12 it is clear that 

for a/b = 0. 3, the crack tends to become curved at the inner edge 

for values of M about 0.65. 

Finally the crack opening displacement in the plane z=O 

has been shown by means of graphs in Figs. 15-16 for different 

values of a/b and M. The variation of crack opening displacement 

with z for some fixed values of M and a/b has been depicted in 

Figs.13-14. 



1.0 

0.9 

OJ 

----

r•O 
!!.:0.2-
b 0.3---

o.~--·-

0.~ - :...=---=.:-:::= ~ . - -

::~10_._-~t-'~~-;,·;;-· -'::':· .~~--:· ~· _-_. =-~·-=--:----:':·-_-_.-: ...... -·~-·-:::..._ ..... _"_· ...l.\ -~' 
ru ~ ~ ~ ~ M 01 ~ ~ ~ 

M 

84 

Ffg. a; Variation of ·stres's int~nsity factor at the outer edge with M. 
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Fig.3: Variation of' stress intensity factor at. the inner edge with M. 
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THREE CO-PLANAR MOVING GRIFFITH CRACKS IN AN INFINITE ELASTIC MEDIUM 

1. Int-roduct-ion 

In fracture mechanics, scattering of elastic waves by cracks· of 

finite dimension in an infinite elastic medium has been investigated 

by several investigators.The problem of scattering of elastic wave 

from an interface crack was solved by Bostrom <1987>. Srivastava et. 

al. <1980> solved the problem of interaction of anti-plane shear 

wave by an interface crack. The problem of diffraction of Love waves 

by a crack of finite width in the plane interface ot a layered 

composite has been solved by Neerhoff <1979>. ltou <1980> solved 
" 

problem of diffraction of anti-plane shear wave by two co-planar 

Griffith cracks in an infinite elastic medium. The scattering of 

time harmonic normally incident plane wave by two co-planar Griffith 

cracks was solved by Jain and Kanwa l < 1972 >. I tou < 1978 > a 1 so so 1 ved 

the problem of stress concentration around two co-planar Griffith 

cracks in an infinite elastic medium. Yaffe <1951> considered the 

problem of propagation of a crack of fixed length at a constant 

speed 

extent. 

through a stretched isotropic 

The problem of diffraction of 

elastic solid 

horizontal shear 

of infinite 

waves by a 

moving interface crack has been solved by Nishida et. al. <1984). 

Recently Kass(r and Tse <1983) have solved the plane stress problem 

of a moving Griffith crack in an infinite orthotropic stressed 

medium by using int~gral transform technique and the same technique 

has been employed by De and Patra <1990> to solve Yaffe's problem in 

~ stressed orthot~oplc strip of finite thickness. 

As regards 

restricted mainly to the 

the crack problem, 

case of single crack 

research has 

or a pair of 

been 

cracks 

because of se~ere mathematical complexity encountered in solving the 

problems of three or more cracks. Recently, Dhawan and Dhaliwal 

<1978)solved the statical problem of determining the stress 

distribution in an infinite transversely isotropic medium containing 

three co-planar cracks 

Published in" International Journal Of Fracture" Vol 59,pp 291-306, 
1992 
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To the.best knowledge of the author, the problem of 

stress districution around three co-planar moving Griffith cracks in 

an infinite isotropic elastic medium has not been investigated so 

far. In this paper, two cases regarding stress. distribution around 

three co-planar Griffith cracks in an infinite homogeneous, 

isotropic medium }\ave been investigated. In the first case, cracks 

are assumed to be moving steadily along a fixed direction with 

constant velocity V. In the second case, the statical problem of 

determining the stress and displacement in an infinite homogeneous, 

1 sotrop i c med i urn weakened by three co-p I anar Griffith cracks has 

been considered. Using Fourier integral transform both the problems 

have been reduced to solving a set of four integral equations. 

Employing finite Hilbert transform technique <1968) and Cook's 

result (1970> the integral equations have been solved to derive 

crack opening displacement and stress intensity factors which are 

presented in the form of graphs. 

2. Statement Of' Problem I And Its Formulation 

Consider an infinite homogeneous isotropic material weakened by 

three co~planar Griffith cracks, moving steadily at a constant 

velocity V in the X- direction referred to a fixed coordinate system 

<X,Y,Z> as shown in .the Fig 1. In absence of body force equations of 

motion in terms of displacement are 

()..+2,u>[ u + v ] + .u [ u v ] = p u ( 2. 1) 
,)f.'U ,xv ,vv ,xv 1 TT 

()..+2,u>[ u + v l + .u [ v u ] = p v (2.2> 
,xv ,vv •"" , XV 1 TT 

where u,v denote the displacement components in X and y directions 

and Ao/-l are Lame's constants and u represents .partial derivatives 
'" of u with respect to X. 

~. For cracks moving with constant velocity V in 

the X- direction it is convenient to introduce the Galilean 

transformati-on 
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X = X - VT, y = Y, z = z, t = T (2.3) 

where <x,y,z) represents the translating coordinate system as shown 

in Fig 1. 

Let the positions of the co-planar Griffith cracks referred 

to translati~g coordinate <x,y,z) be -a<x<a, ~c<x<-b ,b<x<c on y=O. 

In the moving coordinates, The equations of motion <2.1) 

and <2.2)become independent of time and take the form 

(A.+2,u- p-?)u + (A.+~-J)V + 1-JU 
, XX 'xy 'yy 

= 0 

<2.4) 

The cracks are assumed to be moving steadily in an infinite 

medium subjected to a homogeneous stress such that the state of 

stress at infinity is given by 00 00 
Cl = p, Cl 

yy XX 

00 = ·a 
xy 

'= 0. 

For symmetry about the x- axis, only a half plane need be 

considered. 

The state conditions at y=oo can all 

superposing the simple static problem 00 
Cl 

YY 
= -p, 

be made 
00 

Cl 
XX 

00 = Cl 
xy 

zero by 

= 0. 

The boundary conditions of the resulting dynamic problem are 

in terms of moving coordinates. 

v = 0 

Cl = xy 

Cl = yy 

, 
0, 

- p, 

y=o, aS I xl!:ib 

I xI <oo 

lxl<a, b<lxl<c 

( 2. 5) 

In view of the symmetry of the proposed problem with respect to y~ 

axis, we introduce 

uscz;,y> = J:u<x,y) sino;x> dx 
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-v <e, Y > = J:v<x,y> cos<ex> dx 

c 

and u<x,y> 2 r: u <e, Y > sin <e)() de = Tr s 

v<x,y> 2 J: v c <e, Y > cos<{x> d{ = -Tr 

in equation <2.4> so that equations given by <2.4> reduce to 

IJ.U s,yy - e2 
<A.+2f.i - P~ >u = o s 

<A.+2J.J>v + e <A. +f.i >'u 2 2 -
0 - e <~-i - pV ) v = c,yy s,y c 

Elimination of u from (2.6) yields the s 
differential equation 

where M = V/c , k = c /c. 
2 2 j, 

( 2. 6) 

following ordinary 

<2.7) 

The solution of the differential equation given by <2.7>, 

for y ~ 0 , is 

v <e , y > =. A<{ > e c 
-e <2.8> 

where the unknown functions A<{> and B<{> are to be determined using 

the boundary conditions of the proposed problem. 

Employing (2.8> in equations <2.6> it can be shown that 

u <e , Y > = s 

Therefore, the stress components given by 

y~O <2.9) 



become 

o <x,y)= 
yy 

o - A,.(u ·+ v > + 2J.,Jv 
yy ,x ,y ,y 

0' = J,J(U + V ) 
xy 1 y 1 x 
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<2.10) 

.cos<~x> d~ 

"'•y<x,yl=- ~J:{[2A<{>e- {yJl-M"k
2

+<2-M">B<{le- {yJl-M"]sin<{xld{ 

(2.11) 

with 

:;::;2 I[ A<~> e 
u<x,y>= .. Jo 

0 J 1- M2 k2 

and 

2J[ ~yJ1-~k2+ B(~)e- ~yJ1-M2 ]cos(~x) d~ v<x,y) = rrJo A<t;> e .., .., .., (2.12) 

On account of ~ymmetry with respect to y-axis the boundary 

conditions <2.5> can be rewritten as 

v(x,O>= 0 , 

o <x,O> = O, 
xy 

o <x,O> = - p, 
yy 

x e I , I 
2 .. 

0( x (co 

x e I , 1 
t. a 

where 1 = <O,a>, 1 = <a,b), 1 = <b,c>, I = <c,co> 
1 2 a • 

(2.13) 

<2.14) 

(2; 15) 
.. ' 

Using the condition <2.14) in (2.11.2) it is found 

that A<e>,B<e> are related by 

8(~) = - 2 A<~> 
2- ~ 

With the help of the boundary condition (2.13), equation 

reduces to 

<2.16) 

(2.12.2> 



J: A ('~ ) cos (~ X ) d~ = 0, x e I , 1 
2 "' 
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(2.17) 

Substitution of <2.11.1) in <2.15) yields with the aid of <2.16) 

where 

fa~ A(~)cos<~x> ~ 

p = p 
K' 

= Pre 
2~-J , x e 1 , I 

1 3 

3.Method Of Solution 

<2.18) 

In order to solve the set of four integral equations given in 

equations <2.17) and (2.18) let.us take 

1 Ja ·1 Jc A<~ > = f 
0 

h < s) sin<~ s > d s + f b g < t
2 

> sin<~ t > d t ( 3. 1) 

where h<s> and g<t 2 > are unknown functions to be determined from the 

boundary conditions. 

Inserting the value of A<{> from equation <3.1) in 

equation <2.17) and using the following result ( Gradshteyn and 

Ryzhik <1965)] 

sin<l;x>cos<{y> d~ = 
~ 

'{ n

0

,!z, 
TC/4, 

x>y>O 

x=y>O 

y>x>O 

it is found that th1s choice of A<{> leads to the equation 

(3.2) 

Further substitution of A<~> from equation <3.1) in (2.18.1) and use 

of the result (Gradshteyn and Ryzhik <1965>1 



j sin<{ x >sin<{ u > d~ __ 1 I u+ xI Jo e .. 2 log u-x 

yields 

Rewriting this equation as 

J: h < s ) 1 o g I : ~ : I d s = rr F ( x ) , 

where F<x> = 

and using Cook's result <1970) it is found that 

2 s ---
rr ~ a2-

where the result 

r: 
has been used. 

rrP 
1-J 

x. E I 
:l 

1 
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X E I 
:l 

(3.3) 

Substituting the value of h<s> from (3.3> in <3.1> 

and using the resulting value of A<{> in the boundary condition 

<2.18.2> and using the results 

and 1 -

J .. ~ .2]' 

1 

for x e 1 
3 
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it shown that 

2 
is solution of can be g ( t ) ' the singular integral 

equation 

J: ~ t2- 2 nP a g ( t2) dt = 1 
2.1-J 

, )( E 
t2- 2 3 

)( 

Using finite Hilbert transform technique (1968> the solution of this 

integral equation is obtained with the aid of the result 

= 

as 

1l 

2' 

t c .. 

for x e 1 
3. 

(3.4) 

the constant C is to· be determined using the condition given by .. 
equation (3.2). 

Next substituting the value of g<t2 ) from <3.4) in equation <3.3) 

and finally using the following results 

Jb

c ~ t dt 

~~ (t2- 52) 
=;[1-f:g] 

c- s 

J: t dt 

h<s> is derived in the form 

= 

s c 
i 

1l 

Now insertion of (3.4) in condition (3.2> yields 

for s e I .. 

( 3. 5) 
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where 

c = 
1 

F < ¢, 1 > and E <¢, 1 > are 

second kind respectively and 1 

The relevant displacement and 

elliptic integrals of first 

=f:g 2 2 c- a 

stress components in the 

crack can now be shown to be given by 

v<x,O> = r: h<s> ds , OSxSa 

:: J: g ( t2) dt , b:S x:S o 

and 

[ 
0 yy < x ' 0 > ] a < x < b 

21-lK [I: sh<s ) 

ds - J: tg<t 2 > dt] = n 2 2 t2 2 
X - S - )( 

[ o <x,o>] > 21-lK [I: sh<s ) 

ds + J: tg<t 2
) dt] = 

yy X C n 2 2 )(2- t2 )( - s 

Insertion of the values of h<s> 2 and g < t > 

( 3. 6) 

kind and 

plane of 

<3.7> 

<3.8) 

as given 

by the equations <3.5) and (3.4> in the expressions <3.8> yields 

after some algebraic manipulation, 

[ 0 yy ( X ' O ) ] a ( X ( b = 

[ C1 ( X, 0 >] ) 
yy )( c 

= 

where 

[ 
F <x>-F <x>+F <x>-F <x>-F <x>] 

1 2 3 5 6 

[ 
F <x>-F <x>+F <x>-F <x>+F <x>] 

1 2 • 5 6 . 
(3.9) 
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rr 

I: [ p 2u
2

- b
2

-
2 

] 
g <u,x> 

F (X) ( c2 -bz) c c :l 
du = 

2 i-J .. b2 2 2 2 
- u c- u 

I p [J~- 1] 
c .. J F ( X ) = + :l no 

9,4 ~ C- X ~ ( 02- )(2) (b2- dc2
-

2 
a 

t a·n -1j _<_c_2 ____ x_2_>_<_v_2 ____ b_z_>] d v 

( bz _ x2 ) ( 0 2 _ vz ) I 
i < vz _ a2 )9 

tan 
-1 (u2- b2) ( x2- c2.> 

a
2C I: (c2- uz) ( )(2- b2) 

F ( X ) 
:l = 

<S 

~ ( 02_ xz) ( bz _ )(2) J ( u2- a2 )9 

g Cu,x>= 
u 

u•J 
-1 u 

sin <- > 
X 

tan 
-1 

a 
:l ~ ( b2- ~ xz-uz) ( cz- 2 

a 

The dynamic stress intensity factors are given by 

N = Lt a 

N = 
c 

x -+ a + 

Lt 
X -+ b -

Lt 
X -+ c + 

J2<"x-a> [ o- <x,o>] 
YY a<x<b 

~ 2<b-x > 
[ 

0' (X, 0 )] 
YY a< x <b 

~2<x-c> [ o- <x,o>] 
YY x>c 

du 

( )(2- az) u2 ] Caz- uz) xz 

(3. 10) 

(3.11} 
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Employing <3.9) in <3.11) it can be shown that 

~~ E<nlz, I) 
N = a bz-'- a2 F (n /2, 1 ) 

p~ [ 
ECn:/2, l > 

- <b2-a2>] 2 2 
Nb = <c.-a ) 

J ( c2- bz ) ( b2- a2) F(n:/z, 1) 

~~[1- ECn:/z, 1) ] N = c cz- bz F(n:/z, l) 

2 Now using the values of h<s> and g<t > from (3.5) and (3.4> in the 

expressions given by equations (3.7) displacement on the cracks are 

obtained as 

[v<x,O>]b· < < 
-X-C 

where 

2 [E<n:lz,l) E<(3,1>] 
a F <(3, 1 ) -

F C n Ia , 1 > F <(3, 1 > 

a
2 FC:>.,I>[ 

E <:>..., 1 > E(n:/z, 1 > ] 

FCn:/z, 1) F <:>..., 1 > 

sin:>.. = ~ ·and 
~~ 

It is ·interesting to note that the crack opening displacements 

depend on the crack velocity V but in the plane of the cracks th~ 

stresses and stress intensity factors are independent of the 

velocity of the moving cracks in an infinite elastic medium. 
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4.Statement ot Problem II And Its Formulation 

In this case, consider an infinite homogeneous isotropic material 

with three coplanar Griffith cracks, located at Y=O,-~~a, b::SIXI::Sc 

and subjected to uniform internal pressure q. In absence of body 

force equation of equi I ibrium in terms of displacement are 

(;>.. +~) [ u + v ] t 1-l [ u v ] = 0 ,MM ,MY ,YY ,MY 

and <A.+~) [ u + v,VY ] + 1-l [ v u ] = 0 ( 4. 1 ) 
,MY ,MM ,MY 

Since the problem exhibits a state of symmetry about y = o, 
attention can be given to a single half-space occupying the region 

y~ 0. 

The equations <4.1) are to be solved subject to the boundary 

conditions 

v<X,O> = O, 

o <X,O> = 0, MY 

o <X,O> =- q yy 

<4.2) 

-Q> < X < Q) <4.3) 

I XI ::Sa, b::S I XI::Sc ( 4. 4) 

In view of the boun~ary conditions, appropriate integral solutions 

of equation <4.1> are 

and v <X, Y > = ~ r: [ C <{ ) + Y D <{ >] e- { y cos<{ X) d{ 

Therefore, 

o <X,Y> = yy 

( 4. 5} 



o <X,Y> = 
XV 
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(4.6) 

It ma>' be noted that the displacement and stress 

components given b>' <4,5> and <4,6> can not be derived from the 

corresponding expressions of the d~namic problem given in <2.11) and 

<2.12) on setting M = 0. 

The functions C<{ )and D<{) are to be determined from 

the boundar~ conditions <4.2>-<4.4>, which ~ield 

C<{> = 

and the following set of four integral equations 

J: c < e > co s < { x > d{ 

where 

= o, X e I , I 
2 4 

Q.n = X E I ' I 2J..J' 1 a 

(4.7) 

( 4. 8) 

(4.9) 

n = <>..+ 2J.~) q and I (j=1,2,3,4> are the intervals defined 
"" 2<>--+J.i) j 

earlier in problem r. 

5.Method 0£ Solution And Quantities 0£. Physical Interest 

Integral equations given b~ (4.8) and <4.9> are fo~nd to 

be the same as given b>' equations (2.17> and <2.18> with the 

exception that P is replaced b~ Q. Therefore, the same technique as 

that used in problem I ·can be emplo~ed to obtain 

2 [E <n /z, 1 ) E <(1' , I >] 
a F <{1' , 1 > -, 

FCn/2, 1 > F<~', 1 > 



[ 

E (A, I , 1 ) 

( v < X , 0 >] b~ ~ c = _9: ~ c 
2 

- a 
2 

F CA.' , 1 ) 
~ . F<A-',1> 

E Cn /z, 1 > ] 

F<nlz, I> 

where siAA' • ~ and slfV'' = J::=; . 
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( s. 1) 

Stresses in the regions a<X<b, X >c· are found to be the same 

as that given in (3.9>, the only change being that P is to replaced 

by, Q. 

6.Numerical Results and Discussions 

Numer·ical results for the stress intensity factors and crack opening 

displacement, defi'ned as f1v<x,O> + -= v<x,O >- v<x,O >, for different 

values of the parameters and A = 1-l are presented in this section. 

Numerical calculations have been carried out 

and static problems. As the crack velocity 

wave velocity, it is reasonable to take the 

0.9194 . 

for both the dynam 1 c 

is less than Rayleigh 

value of M less than 

Problem 1: Variations of crack opening displacement for different 

values of crack speed, crack lengths and the separating distance 

between the crack~ have been plotted in Figures 2-4. lt is 

interesting to note from the Fig.2 that crack opening displacement 

on both the cracks decreases with the increase in the value of M at 

the onset and takes its minimum value at M=0.7415 ,after which it 

increases with the increase in the value of M. lt has also been 

depi~-:ted in figures 3-4 that on each of the cracks,crack opening 

displacement decr~ases as the crack length decreases. 

I t has been mentioned earlier that the stress 

intensity factors at the crack tips are independent of crack speed 

and are found to depend on the crack lengths and the separating 

distance between the cracks. Variation of stress intensity factors 

with alb for different values of c/b, and that with b/a for 

different values c/a are plotted in Fig.S and Fig.6 respectively. 
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It has been found form these graphs that when the 

separating distance between the'inner crack and outer pair of cracks 

decreases the variations of stress intensity factors at the tips x=a 

and x=b become more prominent than that at the edge x=c. Fig. 7 

shows that the stress intensity factors at the edges of the inner 

crack and outer pair of cracks indreases as the length of the outer 

pair of cracks increases keeping the separating distance between 

the inner crack and cuter pair of cracks fixed. 

Problem II: Fig.S shows the variations of crack opening displacement 

for different values of the parameters alb, c/b, They exhibit that 

cracl< opening displacement on a crack of fixed length increases with 

the increase in the length of the other crack as expected from 

physical. stand point. 
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THREE CO-PLANAR MOVING GRIFFITH CRACKS IN AN INFINITE ELASTIC STRIP 

1. Introduction 

In fracture mechanics, the problem of diffraction of elastic waves 

by cracks of finite dimension in a strip of elastic material· has 

been investigated by several investigators. Sih and Chen <1972) 

investigated the problem of propagation of a crack of finite length 

in a strip under plane extension, Closed-from solutions for a finite 

length crack moving in a strip under anti-plane shear stress was 

obtained by Singh et. al <1981>. Using finite Hilbert transform 

technique deve I oped by Srivastava and Lowengrub < 1968), Lowen grub 

and Srivastava <1968) solved the statical problem of distribution of· 

stress and displacement in an infinitely long elastic strip 

containing two co-planar Griffith cracks. 

As regards the crack problem, research has been restricted mainly to 

the case of a single crack or a ·pair of cracks because of severe 

mathematical complexity encountered in solving 'the problems of three 

or more cracks. Recently, Dhawan and Dhaliwal <1978) solved the 

statical problem of determining the stress distribution in an 

infinite transversely isotropic medium containing three co-planar 

Griffith cracks. 

To the best knowledge of the author; the problem 

of ~tress distribution around three co-planar moving Grlftlth cracks 

in an lnfinite elastic strip has not been in.vestigated so far. In 

this paper, the problem of propagation of three co-planar Gr·itfith 

cracks in a fixed direction with constant velocity V in. an 

infinitely long but of finite width elastic strip has been 

considered. Employing Fourier integral transform the problem,when 

the 1 a tera 1 boundar 1 es are subjected to shearing s tress, has been 

reduced to solving a set of tout iritegral equations which are solved 

using finite Hilbert transform technique and Cook's result <1970> to 

derive the exact form of stress intensitY, factors and crack opening 

displacement. Numerical results for stress intensity factors are 

Published in " Archives Of' Mechanics" Vol 44, pp 465- 476, 199~. 
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presented graphically to show its variations with crack spee~, crack 

lengths and the separating distance between the cracks. 

2. Statement ~ The Problem 

Consider an infinitely long elastic strip occ~pying the region 

-hSYSh ,weakened by three co-planar Griffith cracks moving steadily 

at a constant velocity V in the X-direction referred to a fixed 

coordinate system <X,Y,Z> as shown in the Fig.!. 

In dynamic problem of anti-plane shear, the 

non-vanishing component of displacement W directed in the 

Z-directlon satisfies the equation of motion 

w ,xx + w 
1 YY = w 

,TT 
( 2. 1) 

:1./2 
where C =(~/p) is the shear wave velocity, p is the material 

2 

density and W represents partial derivatives of W with respect to ,x 
X~ 

For cracks moving with constant velocity V in the 

X-direction it is convenient to introduce the Galilean transformation 

x = X - VT, y = Y, z = Z, t = T 

where ( x, y, z) represents 

system as shown in the Fig.!. 

the translating 

(2.2) 

coordinate 

Let the positions of the co-planar Griffith cracks referred to 

coordinate <M,y,z> be -c<M<-b, -a<x<a and b<M<c on y=O, and let the 

uniform shearing stress p be apllied to the lataral boundaries y = ± 

h of the strip. The equivalent problems involves the application of 

shear stress -p to the crack faces at y=O. Accordingly, the boundary 

conditions of the proposed problem are 
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FIG. I. Geometry and coordinate system . 
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cY <x,O> = -p, 
yz 

cY <x,±h> = 0, 
yz 

W<x,O> :: 0 , 

jxj<a, b<jxj<c 

-oo< x <oo 

a<l xl <b, I xl >c 

125 
<2.3) 

(2.4) 

(2.5) 

In the moving coordinate S¥stem , the equation of motion 

becomes independent of time and takes the form 

sz w + w = 0 <2.6> ,xx ,yy 

with. 

s :: !1 Vz/Cz 
2 

<2.7) 

Due to the symmetry about x-z plane we need to consider the region 

O<y(h only. ~ntrodu~ins the Fourier transform 

W <{ ,y>=r<»W<x,y>cos<{x>dx 
c Jo -

<2.8> 

in equation <2.6>, tho solution of equation C2.6> is obtained as 

with 

o <x,y> 
yz 

<2.9) 

(2.10) 

Using the expression for cY <x,y> given in C2.10> in equation <2.4> 
yz 

it has been found that 



:0:·. 

c (~) = 
~ 

where the unknown function C<~) is to be determined. 
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From conditions <2.3) and <2.5) it is determined that C<{> 

satisfies the following quadruple integral equations 

and 

roo ec<e )th({hs)cos<{x>d{ = J 0 . 

roo C<~>cos<{x)d~ = 0, Jo 

np 

2,us 
, X E I , I 

~ 3 

X E I , l 
2 " 

where 1 =<O,a), 1 =<a,b), 1 =<b,c), 1 =<c,oo> 
~ 2 9 4 

3.Me~hod Of Solution 

(2.11) 

<2. 12) 

In order to solve the quadruple integral equations given by 

equations (2.11> and <2_.12>, let us take 

1Ja 1Jc · CC{ >= f O h<u>sin<t;u>du· + l; bgCv.
2

>ch<ev>sin<{v>dv ( 3. 1) 

2 . 
where h<u> and g<v > are the unknown functions to be determined from 

the boundary conditions of the proposed problem. 

Substituting the value ot co: ) given by(3 .. 1) in <2. 12> 
l 

and using the well known result 

00 n/2, x>y>O ) l sin<{x>cos<~y> dl; = n/4, x=y>O 
0 ~ 

0, y>x>O 
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it is found that this choice of C<~> leads to the condition 

Rewriting equation <2.11.1> as 

~x· r: C<~>th<{hs>sin<~x>~ = np 
21-Js 

, X E I • 

<3.2>. 

( 3. 3) 

and inserting the value of CC{ > from equation (3.1> in (3.3> it is 

found that h<u> is. the solution of the following singular integral 

equati.on 

J
a sh<ex>+sh<eu> 

h<u>log_ du = 
· 0 sh<e;c>-sh<eu) 

nf<x>, x E I • (3.4) 

with f.<x> = Jox [E..,~ ~Jc eg<vz>ch<ex' >sh<2ev>dv]dx' 
1-fS n b sh2 <ev>- sh2 <ex'> 

where the following result CGradshteyn,LS. and Ryzhik;LM.<196S>l 

has been used 

J: 
sh<ex>+sh<eu> 

. thC{hs>sinC{x~sin'C{u>d{ =}log 
0 . . sh<ex>-sh<eu) 

n 
e = 2hs 

<3.5) 

Now using the Cook's result <1970>, the solution of (3.4) has been 

obtained with the aid of follow~ng result 

Ja !sh
2

<ea>-sh2 <ex> e ch<ex> dx· = 
2 z 2 z 0[sh <ex>-sh <eu>j[sh <ev>-sh <ex>l 

fT 

2shCev> 

!sh
2

Cev>-sh
2

Cea> 

sh2 (ev>-sh 2 <eu> 

tor u e 1 and v e 1 , 
• 3 
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[ 

ar 2 2 · 
h < > ='--;=-=e=s=h=< =2=e=u=)==- LJ i s h < ea > - s h < ex > d x + 

U 1<4S 2 _ 2 
n~ shz <ea>-shz <eu> . 0 sh <ex> sh <eu> 

cf z · 2 

J sh <ev>-sh (ea)x 
2 2 

b sh <ev>-sh <eu) 

(3.6) 

Substituting the resulting value of C<{ >, obtained using equation· 

<3.6> in equation (3.1>, in condition <2.11.2> and making use of 

the following results 

J
a 2 

e sh ~eu>ch<eu> du . . 

0 2 2 2 2 ~ 2 2 tsh <eu>-sh <ex)J[sh <ev>-sh Ceu>J sh <ea>-sh <eu) 

:: 

sh<exl ] 

Ja e sh2 <eu>ch<eu> du = 
0 2 2 2 2 f2 . 2 

tsh <eu>-sh·Cex>Hsh <ey' >-sh <eu>J.otsh <ea>-sh <eu> 

2 2 I · 2 2 
2tsh .<ex>-sh <ey' >·J iSh <ex>-sh Cea> 

sh<ex>· , for x,v E l and y' E 1 a ~ 

:: n 

. '2 
it can be shown that g<v > is the solution of the following singular 

integral equation 

J: np [ !sh
2

<ex>-sh
2

<ea) 
1-4 s ..:.... __ s_h_.;...C_2_e_x_>_____ + 

al 2 2 ' ] +!I iSh2(ea>-shz<ey > dy' , for x e Is. 
0 sh <ex>-sh <ey') 

<3.7) 
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Using finite· Hilbert transform technique (1968> and the following 

result 

2 2 sh <ec>-sh (ex> sh<2ex> dx = 2 2 2 2 . 2 2 
sh <ex>-sh (eb> [sh <ex>-sh <ey' >Hsh <ex>-sh <ev>l 

= 
2 2 n sh (ec>-sh <ey' 

2 2 2 2 e[sh <ev>-sh (ey' >] sh <eb)-sh <ey' 

the solution of equation (3.7) is found as 

sh<ev>~ sh
2 

<ev>-sh
2 

<eb) [ Jbc sh
2

<ec>-sh
2

<ex> -----------------x 
I 2 · 2 2 z 
i[Sh <ev)-sh (ea)][sh <ec)-sh <ev> sh2 <ex>-sh2 <eb) 

c, sh<ev) 
+-.:... <3.8> 

.fts h2 
( ev)- s h2 C ea ). ] [ s h2 ( ev)- s h~< eb) J [ s h2 ( ec) .. s h 2 ( ev) ] 

Next substituting the value of g<v2 > irom equation <3.~·> in equation 

<3.6> and finally using the following result 

2 2 .· 
sh Cev>-sh (eb> sh<2ev> dv = 2 2 2 2. 2 2 
sh <ec>-sh Cev> i [sh <ev>-sh <eu> Hsh <ex' >-sh <ev> l 

sh2 <eb) -sh2 <eu) 

sh
2

<ec>-sh
2

<eu> 

2 2 
sh Ceb> -:-sh <ex' 

sh
2

<ec>-sh
2

<ex' ] ' 
for u, x'e 1 

:l 



h<u> is derived in the form 

h<u>= - 2ep 
J.ATr s 

eh<eu>sh<eu> sh <eb>·sh <eu> J ..f 2 2 [ a 
. 2 2 . 0 ~tsh2 <ea>-sh2 <eu)Jtsh <ec>-sn <eu) 

C sh(eu>ch(eu> 
' 
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sh2 <ea)-sh2 <ey' > 
--~2--------~z--~--x 
sh <eb>-sh (ey' > 

( 3. 9) 
~ 2 2 2 z 2 2 [sh <ea>-sh <eu>Hsh <eb>-sh <eu>Hsh <ec>-sh (eu>l 

Substitution of the value of 

condition <3.2) yields 

c = 
' 

z g ( v ) from equation (3.8) in the 

n{~,sh (ec>-sh <eb>;q}/F(~,q)+l dx+ sh <ec>-sh <es>~sh2(ea>-shz<es> z 2 , } Ja 2 z 
2 2 2 2' 2 z 

sh <ec>-sh <ex> · 0 sh <eb>-sh <es> 

<3.10) 

where F<<t>,q> and n<</>,n,q> are elliptic integrals of first and third.· 
I 

kind respectively and q = 
2 2 

sh <ec>-sh <ea> 

sh
2

<ec>-sh2 (eb> 

Th• relevant displacement d · 
an stress components in the plane ot the 

crack can now be shown to be given by 
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W<x,O> = J: h<u>d~ 
= J: ... g < v

2 
> c h < e v > d v , b~x~c (3.11) 

and 

a c 

[ q z <x, 0 >] = 
Y a<x<b 

~SU 
0 

eh<u>sh<eu> du -J eg<v
2

>sh<ev>ch<ev>dv]ch<ex> 
2 2 2 2 . 

sh <ex>-sh <eu>. bsh <ev> - sh <ex> 

[ ()' z<x,o>] 
. Y x >c 

=~sua eh<u>sh<eu> du +Jc eg<v
2

>sh<ev>ch<ev>dv]ch<ex> 

. n 0 sh2 <ex>-sh2 <eu> b sh2 <ex> - sh2 <ev) 

(3.12)· 

Now insertion of the values of h<u> and g<v2
) as given by equations 

<3.9> and <3.8>. in the expressions <3.12·> yields after some 

algebraic manipulations 

2 2 a [0' z<x,o>] = 2:e[- sh
2 

(eb)-sh
2 

<ea) sh(ex) u F
2

<u,x>du + 

Y a<x<b sh <ec>-sh (ea> JshzCex>-shz<ea) 0 

x F <O,x,u> du + J°F <v,x>dvJa F <c,u>F <v,x,u> du} + ~s 
a b. 2 0 • a ep 

I 

C { !!_ X 
• 2 
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t e[shz<eb)-sh
2

(ea>lff°F (v' ,x>dv•J°F (a,v)F <v' ,x,v>dv+JaF <u,x>du x 
n 1Jbz b"' c:s 0 2 

JcF <a,v>F <u,x,v>dv- shz<eo>-shz<eb>JaF<u x>duJaF <c u; >F <u u' >du'} 
2 2 ... ' "', p, 

b "' 
6 

· sn < eb >- sn < ea > o o 

pe 
·~c!!. 
X 2 ... 

sh<ec) z Jc 
+ e sh <ea> b F

7
<x,v> 

I z · z 
'iSh <ec>-sh <ea> 

and 

[ 0 z(x,o>] 
Y x>c 

= 2~e[- sh:<eb)-sh:<ea) sh<ex) 
sh (ec?-sh (ea) r 2 2 iSh <ex)-sh (ea) 

+ JcF <v,x>dv} 
b 2 

x F < o, x, u > d u + Jo F· c v, x > d v Ja F · < o, u > F < v, x ~ u > d u } + ~-'- 5 

a b z 0 "' a . ep 

X + eJaF <c,u>F <u,x>du}-
0 "' !5 I 2 . 2 z z 

iCsh (ec>-sh <ea>Hsh (eb>-sh <ea>l 

e[shz<eb>-shz<ea>~ffcF <v' ;x>dv'JcF <a,v>F <v' ,v,x>dv 
fl . lJb 2 b"' 8 



where 

F <u,x> = 
.f. 

F <v,x> = 
2 

F <v,x,u> = 9 

- . 
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2 . 2 
sh <ec>-sh<eb> -----------------x 
sh

2
<ec>-sh

2
<ea> 

(3.13) 

sh(eu> 

sh2 < ec> -sh2 < ev > ! sh2 < ev > -sh2 
( ea) 

sh2<ev>-shz(eb> shz <ev>-shz <ex> 

) -sh<ex> -1[ sh<eu> 
2 2 

tan 
sh <ex>-sh (ea> 

~sh2 <ex>-sh 2 <ea> 
sh<ex> 

sh
2

<ea>-sh
2

<eu> 

sh<ev> -1 sh(eu> 
. 2 2 

tan sh <ev>-sh (ea> { ) ~ 2 2 . 
sh<ev> 2 2 

sh <ea>-sh <eu> sh <ev>-sh <ea> 

F <w, u )' = 
4 

ch<eu> sh<eu> 

· ~ 2 z a 2 -z [sh <e~>-sh <eu> l [sh (eb>-sh <eu) l 



xlog 

F <u,x,v> :: 
d 

sh<ex> 

~ 2 2 sh <ec>-sh <ex> 

X 

s h < e x > f s h 
2 < e c ) - s h

2 
< e v > + s h < e v > f s h 

2 
< e c > - s h

2 
< e x > 

s h < e x > J s h 2 
< e c > - s h

2 
< e v > - s h ( e v > J s h 2 

< e c ) - s h 
2 

< ex > 

x log sh<eu>Jsh
2

<eo>-sh
2

<ev>+sh(ev>Jsh
2

<eo>-sh
2

<eu> 

sh < eu l~ s h
2 

( ec >- sh
2 

< ev) -sh < ev >~ sh2 
( ec >- sh2 

< eu > 
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sh<eu> 

~ 2 . 2 sh <ec>-sh (eu> 

F <x,v> 
7 

= tan-•(Jsh
2

<eo->-sh
2

<ex> Jsh
2

<ev>-sh
2

<eb>] oh<e-u> 

Ish
2

<eo>-:-sh
2

<ev> ~sh2 <eb>-sh2 <ex> J [sh2 <ev>-sh2 <ea)J 3
· 

F<u,v,x> = 
8 

2sh<ex> 
tan -·( sh<ev> sh

2
<ex>-sh

2
<eo> 

sh<ex) sh2 <eo>-sh2 <ev> 

sh<eu> 
+ ~=========== 
Jsh

2
<eo>-sh2 <eu> 

1 0 
g s h < e u ) J s h2 

< eo > - s h 
2 

< e v > + s h < e v > J s h 
2 

< eo > - s h 
2 

< e u ) 

sh ( eu >~ sh2 (eo>- sh2 < ev)- sh < ev >~ sh2 (eo>- sh2 < eu > 

F<u,u') 
p 

and 

sh<eu) rsh2 (ea)-sh2 <eu' )+sh<eu') 1sh2 <ea)-sh2 <eu) = 1 og i i 

sh<eu>fsh
2

<ea>-sh
2

<eu' >-sh<eu' >Jsh
2

<ea>-sh
2

<eu) 

I 2 z 2 2 X = i[sh (eb>-sh (ex)][sh <eo)-sh <ex)) • 

The dynamic stress intensity factors are defined by 

(3.14) 
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Lt J2<x-c> 
x -.. c+ 

[ q <x,o>] > yz X C 
(3.15> 

Substitution of the results given by equations (3.13> in expressions 

(3.15> yields 

N a 

N c 

+ 

IJS C a. ] 
~ 2 2 2 2 [sh <eb>-sh (ea> l [sh <ec>-sh <ea> l 

IJS C 
~ 

~ 2 2 . 2 2 [sh <eb>-sh <ea>Hsh <ec>-sh <eb>l 

IJS C 
. i 

Jsh<2eb> 
e· 

] (3.16> 
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2 

Again insertion of the values of h<u> and g<v >,given by equations 

<3.8> and <3.9>,in the egpressions for displacements gi~en by 

equations <3.11> yields 

[ ] 
p [ 2[sh

2 
<eb)-sh

2 
<ea> l { Jc {"' sh

2
<ev>-sh

2
<eb> } w ( X , 0 ) OS X~ a= - I Jn s n "- , 2 2 , q X 

,... I 2 · 2 b sh <ev>-sh <ea) 
iSh <ec>-sh <ea> 

dv sh
2

<ec>-sh2 (ev> 
X 

sh
2

<ev>-sh
2

<eb> Ja {A s h 
2 

< e b > - s h 
2 

< e u > } - n , 2 2 ,q x 
I 2 · 2 · 0 sh <ea>-sh <eu> 
iSh <ev)-sh <ea) 

sh
2

<ec>-sh
2

<eu> du 
X 

sh
2

<eb>-sh
2

(eu) I 2 2 
iSh <ea>-sh <eu> 

and 

}] -
C F<A, q> 

£ 

[ ] [ 
2 p [ Je s h 

2 
< e c > - s h 

2 
< e v > 1 2 . 2 { 

W < x , 0 > b< x< 
0 

= ;-;-n s. b 2 . 2 i s h < e v > - s h < e a > F <A' , q > + 
- - ,... sh (ev>-sh <eb) 

J sh2 (ea>-sh2 <,eu>{F<A', q>- sh:<eb>-sh:<eu>n{A', sh:<ec>-sh:(eb>, q}}du]+ 
sh <ec>-sh <eu> sh <ec>-sh (eu) 

+ 
c 

£ 

e FCA',q>]:======i======= 

· Jsh
2

<ec>-sh
2

(ea> 

(3.17) 



where ,sin>..'= 
sh2 <ec> -sh2 <ex> 

sh2 <ec>-sh2 (eb> 

n<¢,n,q> and q have been defined earlier. 
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and F <¢, q >, 

On putting b=c and simplifying, it may be noted 

that, the results <3.16.1) and <3.17.1> become those given by 

equation (4,16> and <4.19> of Singh et. al <1961> and for a=O the 

results given by <3.16.2>,<3~16.3> and <3.17.2> coincide with those 

given by equation <4.36>, <4.~9) and <4.35) of Das and Ghosh <1991>. 

4.Numerical Results and Discussions. 

Numerical results for stress intensity factors at the tips of the 

cracks for different va 1 ues of ct-ack speed, crack 1 engths and the 

separating distance between the cracks have been presented in this 

section. The crack len~th dependence of the stress intensity factors 

and its variations with VIC have been shown in Figures 2-5. It has 
' 2 been depicted 1 n Fi guz-es 2-3 that stz-ess intensity factors at the 

edges of ·the cz-acks have a prom 1 nent val' 1 at ion when V /C - 1 and 
2 

variations of stress intensity factors at the edge x=a become more 

prominent than that at the tips x=b and x=c when the length of the 

inner crack inez-eases. 

Variations of stress intensity factors at the edges of the 

cracks with a/b foz- different values of c/b and that with b/a for 

different values of c/a are plotted in Figures 4-5 respectively. lt 

has been found that when the separating distance between the inner 

crack and outer paiz- of cracks decz-eases the stress intensity 

factors at the tips x=a and x=b become greater than that at the edge 

x=c. 
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FOUR CO-PLANAR GRIFFITH CRACKS IN AN INFINITE ELASI"I C MEDIUM 

1. Int.roduction 

ln fracture mechanics,· scattering of elastic waves by cracks ot 

finite dimension in an. infinite elastic medium has been investigated 

by several investigators.The problem of scattering of elastic wave 

from an interface craok was solved by Bostrom <1987).Srivastava et. 

al. (1980) solVed the problem of interaction of anti-plane shear 

wave by an interface crack. The problem of diffraction of Love waves 

by a crack of finite width in the plane interface of a layered 

composite has been solved by Neerhoff (1979). Itou <1980) solved 

prob 1 em of diffraction of ant 1-p 1 ane shear wave by two co-p 1 anar 

Griffith cracks in an infinite elastic medium. The scattering of 

time har~onic normally incident ,plane wav~ by two co-planar Griffith 

cracks was solved by Ja'in and Kanwal (1972>. Itou (1978) also solved 

the problem of stress concentrat-ion around two co-planar Griffith 

cracks in an infinite elastic medium. 

As regards the 

restricted mainly to the case 

crack pr.ob 1 em, research 

of single crack or a pair 

has been 

of cracks 

because of severe mathematical complexity encountered in solving the 

prob 1 ems of three ·or more cracks. Recent 1 y, Dhawan and Dha 1 iwa 1 

<1978) solved the statical problem of determining the stress 

distribution in an i.nfinite transversely isotropic medium containing 

three co-planar cracks. 

To the best knowledge of the authors, the problem of 

stress distribution around four co-planar Griffith cracks has not 

been investigated so far. -In this paper, we consider two cases 

regarding stress distribution around four co-planar Griffith cracks 

in an infinite homogeneous, isotropic medium. In the 'first case, 

cracks are assumed to be moving steadily along a fi:xed direction 

with constant velocity v. In the second case, the statical pt·oblem 

of determining the stress and displacement in an infinite 

homogeneous, isotropic med i urn weakened by four co-p 1 anar Griffith 

Published in " Engineer~ng Fractw-e Mechanics " Vol 43, pp 941-955, 

1992. 



cracks has been considered. Using Fourier integra 1 trans farm both 

the problems have been reduced to solving a set of five integral 

equations. 

integral 

Employing finite Hilbert transform technique <1968> the 

equations have been solved to deriye crack opening 

displacement and stress intensity ·factors which are presented in the 

form of graphs. 

2.Statement 0£ Problem I And Its Formulation 

Consider an infini~e homogeneous isotropic material weakened by tour 

co-planar Griffith cracks, moving steadily at a constant velocity V 

in the X- direction referred to a fixed coordinate system <X,Y,Z> as 

shown in the Fig 1. In absence of body force equations of motion in 

terms of displacement are 

<>--+Z.U>[ 

and 

u ,xx 

u ,xv 

+ v ] ,xv + J.J [ 

+ v ] ,YY 

u ,YY 

v ,xx 

v,xv] 

u,XY] 

= p 

= p 

u 
,TT 

v 
,TT 

<1a,b> 

where u,v denote the displacement components in X and Y directions 

and A,J.J are Lame's constants and u represents partial derivatives ,x 
of u with respect to X. 

For cracks moving with constant velocity V in 

the X- direction it is convenient to introduce the Galilean 

transformation 

X = X - VT, y = Y, 2 = Z, t = T (2) 

where <x,y,z> represents the translating coordinate system as shown 

in Fig 1. 

In the moving coordinates, The equations of motion <1> 

become independent of time and take the form 

<>--+Z.U- pVZ>u + C>-.+1-J)V + J.JU 
,xx , xy , yy 

= 0 

<>--+Z.U>v + CJ.J- pVZ>v + <>--+J.J)U = 0 
,yy ,xx ,xy 

C3a,b> 
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y 'I 

~--------VT--------~ 

0 d ' X 
v 

Fig._ 1. Geometry and coordinate sy~tem. 



Introducing us<e,y> = 

v c ~~ , )') = 

and u<x,y> = 

v<x,y> 

J: U( X')') sin <e )() dx 

J:v<x,y> cos<~ x> dx 

2 r: rr u <e , >' > s sin <ex> d< 

v <{,y> cos<ex> ~ c 

in equation (3)_ we obt•in 

1-JU s,yy e <).. +1-J >v c,y 

<).. +21-J >v + e <).. +1-J >u - e2 <1-l - p'./- >v = o c,yy s,y c 
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<4a,b> 

<Sa,,b> 

(6a,b> 

Elimination of u· from s (6a,b> yields the fol lowins ordinary 
differential equation 

where M = V/o , k = 
2 

c /c . 
2 ~ 

v 
c = 0 ( 7) 

The solution of the differential equation given by <7>, 

for y ~ 0 , is 

v <l; , y > = A<{ > e c 
( 8) 

where the unknown functions A<{> and B<e> are to be determined using 

the boundary conditions of the proposed problem. 

Employing (8) in equations <6a,b>, we obtain . 



., 

~ 

u (~ 'y) = s 

Therefore, the stress components given by 

become 

o <x,y>= 
yy 

with 

and 

o = A.(u + v > + 21-JV 
yy ,x ,y ,y 

0' = t-J(U + V ) 
xy , y , x 

v ( x , y) = ~ J: [ A (l; ) e 
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y~O ( 9 ) 

<10a,b> 

• c 0 s ( { )( ) d{ 

<11a,b) 

C12a,b> 

Let four co-planar Griffith cracks of finite length located along 

X-axis be moving steadily with velocity V in the direction of X axis 

so that their position referred to translating coordinate Cx,y,z) 

are a~lxl~b, c~jxi!Sd on_y=O. 

The boundax-y conditions of the proposed problem 

on account of symmetry with x-espect to y-axis are 
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v<x,O>= 0 ·' x e 1 ,,13,15 <13a-c) 

o- <x,O> = o, O<x<oo ( 1 4 ) 
"Y 

0' <x,O) = - p, X e 1 , 1 (15a,b> 
yy 2 .. 

where 1 = <O,a>, 1 = <a,b), l = (b,c), 1 = <c,d), 1 = <d,co) 
' 2 9 .. 5 

Using the condition <14> in <11b> we find that 

A<(>, B<( > are related b;y 

B<(> = 2 A<(> 
2- t? 

( 16) 

With the help of the boundary condition <13>, we obtain from <12b> 

X E l , l ' I 
.l 3 5 

(17a-c) 

Substitution of (11a> in (15) yields with the aid of (16) 

fa< A<(> cos<~ x.) d{ 
Prr = 21-1 ' 

xel,l 
2 .. 

<1Ba,b> 

where p = p K ,. 

3.Method Of Solution 

ln order to solve the set of five integral equations given in 

equations <17) and <18> we assume 

A<{ l = f r: h ( s
2 

l sl n <e ~ l ds + f r: g ( t
2 

l sIn<~ tl d t (19) 

2 and g ( t ) are unknown functions to be determined from 

the boundary conditions. 
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Inserting the value of A<{> from equation <19> in 

equation .<17> it is found that this choice of A<{> leads to the 

equations 

<20a,b) 

Further ~ubstituting A<{> from equation (19) in <18a>, we obtain 

Rewriting this equation as 

where 

Jb sh<s2 > n 
ds = -

2 
F<x>, 

2 2 
a s - x 

·p 
F (X) = tg<t2

) 

t 2 2 - )( 

dt 

nP 
2~-J ' 

X E I 
2 

x e I 
2 

and using finite Hilbert transform technique <1968>, w~ obtain 

where we have used 

The constant C is to be det~rmined from equation <20>. 
:1. 

(21) 

Substituting the value of h<s2 > from <21> in <19) 

and using the resu 1 t i ng va 1 ue of A<{ > in the boundary condition 

(18b) we obtain, ~sing the resul·ts 



~ 
I 

and s: s ds = 

the singular integral equation 

Jd j t2- b2 t g ( t 2 ) - 1l [ p 
dt - - - + 

2 2 2 2 2 
c t - a t - x 1-l' 

c 
~ . 

2 2 x- a 

1t 

] ' )( E I .. 

14B 

1 

for x e I .. 

Again using finite Hilbert transform technique [9J, we obtain 

+ I dz- a2 
2 2 c- a J < t 2- . a 2 > < t 2- b 2 > < dz- t 2 > 

c 2 

+ 

+ 
2 ! t2- a <22) 

!ce- b2) (t2.:... c2) <dz- t2) 

where we have used 

r Jd:- ·: X dx 1t ~ 1 = 2 < x2- a2) < xz- t2) 2 t2- 2 
C X- C c- a a 

and the constant C is to be determined using the condition given by 
2 

equation < 20). 

. 2 
Next substituting the value of g<t) from <22) in 

equation <21) and finally using the following results' 

1 
2 2 
s- a 
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r: t dt = rr for s e I 
2 

h<s
2

> is derived in the form 

C we 
2 

obtain 

where 

To determine the values of the unknown 
2 2 

substitute g<t > and h<s > given by <22> and 

Kc,d 1
a,b 

+ Ka,b Jc,d 
p 

~ 
a,b c,d c,d a,b 

c = a 
~ 

l c,d •
1
a,b Jc,d Ja,b d J.J - a + 

a,b c,d a,b c,d 

Ka,b 1
c,d Kc,d Ja,b 

p c,d a,b a,b c,d 

c = 
2 

I c,d I a,b Jc,d Ja,b + J.J 
a,b c,d a,b c,d 

r: J )(2-
2 dx I r , e r = 

p,q 
~ ( x2-

2 2 2 2 x2) p ) ( )( - q ) ( 5 -

constants C 
~ 

< 23 > in ( 20 > 

<23> 

and 

and 
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=-I: dx 

The relevant displacement and stress components in the plane of 

crack can now be shown to be given by 

V (X, 0) h ( s 2 
). d s , = Jb)( a::; xs b 

d. 

= I X g ( t2) d t , <24a,b) 

and 

. [ 
0 yy ( X ' 0 ) ] b ( X ( C 

[ a YY ( x , o ) ] >< > d 

= 

= 

= .2.uK 
n 

[ r: 
[I: 

[I: 

ds - s: 
ds + Jd t g ( t 2 ) d t] 

2 . 2 
C X - t 

<2Sa-c) 

2 2 
Insertion of the values of h<s > and g<t > as given 

by the equations <22) and <23) in the expressions <25) yields after 

some algebraic manipulation, 

[ o <x,o>]o< .-
YY X ,a = 

[ 
F (x)+F <x>+F <x>+F <x>+F <x>+F <x>]. 

t 2 9 • 6 7 

[ 0 yy ( X, 0 )] b (X ( C = 2,uK [ F (x)+F <xl+F <x>+F lxl-F <x>-F lx>] 
n a 2 3 · • 5 a 

[ [ a YY ( X ' 0 ) ] X) d = ~K F <xl+F <x>+F lx>+F <x>-F <x>-F <x>] 
rr 1 2 3 4 6 7 

<26a-c) 
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where 

F, < x> • [ ~ <c2-a2 > - C2][ 1- Jg] fl 

F ( x) 
2 

[ 
p 2 2 

F 
3 

( x ) = "j:i ( c -a ) + C i 

F (X) .. 

= 1T r;;z:-:z [ 
2~~ 

S <u,x> 
i 

du 

·~] [ 1-~ ]----;::::' ===fl====== 
C- a d- X f 2 2 2 2 

a.,b 

r;;z:-:z 
~~ c- a 

C c,d 

2-4<c- a ><c- b > 

g ( U, X ) 
2 

du 

F (X) L (X) + 2 L (X) ?,o 

g <u,x) = 
1 

g <u,x) = 
2 

c 1 d 

u 

u 

X a.,b 
2 

[ r:g~- x2 -1 
tan 

b
2 2 

- X 

[I@. 

< a2 _ xz) ( b2 _ u2) 

(b2- x2> (u2- a2) 

- tan -1fg2

- u
2

] 
2 2 

u- a 

- tan -1pg2

- u
2

] 
2 2 

u- c 



( u2- 2 . 2 
( s2- :r2) u tan -1 p )(x-

2 r u2) ( x2 _ Lp, q (X) = ( q-
r,s 

~ (52-. p u2 ,a< r2 _ u2 ) 

4.Stress Intensity Factors: 

.The dynamic stress intensity factors are given by 

N = Lt a 
X .... a -

Nb = Lt 
)( ... b + 

N = Lt c 
)( ... c -

Nd ::; Lt 
X ... d + 

Employing (26) in 

,uKC 
N 

:1 = a 
~a ( b2- a2) 

= ,uK [ ,u 

J 2 <a-x) [ o <x,o>] 
YY o<x<a 

J 2 < x-b) [ o <x,o>] 
· YY b<x <c 

!2<c-x> [ o <x,o>] 
YY b<x<c 

J2<x-d) (o <x,o>] · 
YY x>d 

<28> we obtain 

+ c 
s. 

q2) 

p2) 
du 

<27a-IO 

<28a-d) 



,uKC 

~ N 
2 = a 

c 
~ c ( d

2
-

c- b c2) 

Nd J.~K [ p ( d2- a2) ( d2-
= ,u d ( d2- b2 ) 

c2) 
+ c 

~ 

( d2- c2) 
2 . 2 2 

d<c- a )(d- b2) 

+ c 
2 
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+ 

(2.9) 

lt is interesting to note that the crack opening displacements 

depend on the crack velocity V but in the plane of the cracks the 

stresses and stress ln~ensity factors are independent of ·the 

velocity of the moving cracks in an infinite elastic medium. 

6.Statement 0£ Problem II And Its Formulation 

In thls case, we consider an'1nfin1te homogeneous isotropic material 

with four coplanar Griffith cracks located at Y = 0, aS\X\Sb, 

cS\X \Sd and subjected to uniform interna·l pressure q. ln absence of 

body f~rce, the equations of equi I ibrium 

are· 

and 

0-.+2.u>[ u ,xx + v ,xv ] + .u [ u ,vv 

(;\+2,u>[ u + v ] + J.J[ v 
, KY , YY ,xx 

in terms of displacement 

v 
,KY 

] = 0 

u ] = 0 ,xv 
C30a,b) 

Since the problem exhibits a state of symmetry about Y = O, we can 

restrict our attent~on to a single half-space occupying the region 

y ~ 0. 

The equation's <30> are to be solved subject to the boundary 

conditions 
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v<X,O> = 0, I Xl~a, b~ I Xl~c, I Xl;:::d C31a-c> 

0' <X,O> = 0, -oo 
XV < X < 00 <32> 

. 
0' <X,O> = - q , ~IXI~b, c~ I Xl5d (33a,b) 

VY 

In view of the boundary conditions, appropriate integral solutions 

of equation <30> are 

and 

Therefore, 

0'. CX,Y> = yy 

0' <X,Y> = 
XV 

(34a,b) 

It may be noted· that the displacement and stress 

components given by (34> and (35) can not be derived from the 

corresponding expressions of the dynamic problem given in (11) and 

<12) on setting M = 0. 

The functions C<t; )and D<t; > are to be determined from 

the boundary conditions (31)-(33>, which yield 

c < e > = (36) 

and the following set of five integral equations 

= o, X E I , I 'I 
1 3 5 

C37a.-c) 



"' 

where 

~~ C<~>cos<~X> d~ Jo . 

Q = (>...+2/-1) 
2 (>.., +1-l) q and 

= Q.rr 
2j:i' 

X E I , I 
2 4 

.. 
l ' 

J 
(j=1,2, .• ,5) 

15f) 

<38a,b> 

are the i ntel'Va l s 

defined earlier in problem I. 

6.Me~hod Of Solution And Quan~i~ies Of Physical Interes~ 

Integral equations given by <37) and <38) ar-e found to 

be the same as given by equations (17) and <18> with the exception 

that P is replaced by Q. Therefore, the same technique as that used 

in problem I can be employed to obtain 

=J:[ Q 
1-l 

Q < s2- a2) < c2- 52) 

1-' < b2- sz·) < dz- 52> 

( t2- az) ( tz- cz > 
+ ,e_ b2) ( d2- t2) 

+ 

+ J d2- a2 
2 2 c- a 

~ 2 J ( t2-c- a 

c ! t2- 2 
:1 c 

a 2 ) < t 2- b 2 > < d2-

a.SX.Sb 

+ 
t2) 

c.SX.Sd 

(39a,b) 

Stresses in the regions O<X<a, b<X<c, X >d are found to be 

the same as that given in <26>, the only change being that P is to 

replaced by Q. 
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Amount of en,erg:y in opening the cracks a~!XIs;b, o:::iiX!:s;d are 

given by E = 2E 
s 

+ 2E , 
2 

where 

E 
1 

= 2! f ~ ( o vv <X, 0 > v < X, 0 >] d X 

<40a,b> 

Equations <40) can be simplified, with the aid of t33) and <39), to 

E = 
s -2q~ 

E =2q[~ 
2 J..J 

where 

L = 
s, 2 

r = 

[ <hc
2 

l ~ 

~ (d2-

n{:. 

+ C I dz- az 
s 2 2 

c- a 

b2) ( c2- az) 

2M 
r , Iii 

p,q 

~ 2 2 2 2 (d - c ) <c - a ) 

+ c.] 

2 

=C I z 2 2 z 
i <z-p >tz-q > tz-r >ts- z> 

and F<¢,r>,n<¢,n,r> are the elliptic integrals of first and third 

kinds respectively. 

7.Numarical Results and Discussions 

Numerical results for the stress intensity factors and crack opening 

displacement, defined as Av<x,O> + = v ( )( ' 0 ) - v ( )( ' 0- ) ' for different 

values of the parameters are presented in this section. Numerical 

calculations have been ~arried out for both the dynamib and static 
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problems. As the crack velocity is less than Rayleigh wave velocity, 

it is reasonable to take the ·value of M less than 0.9194 ~ 

Problem I: Variations· of crack opening displacement for different 

values of crack ·speed, crack lengths and the separating distance 

between the cracks have been plotted in figures 2-4. It is 

intereeting to note fr·om these graphs that cr·ack opening 

displacement on both the cracks decreases with the increase in the 

value of M at the onset and takes its minimum value at M=0.7415 

,after which it increases with the increase in the value of M. It 

has also been depicted in figures 3-4 that on each of the 

cracks,crack opening displacement decreases as the crack length 

decreases. 

It has been mentioned earlier that the stress 

intensity factors at the crack tips are independent of crack speed 

and are found to depend on the crack lengths and the separating 

distance between the cracks. Variation of stress intensity factors 

with alb for different values of c/b, d/b and that with c/b for 

d i f f e r en t v a 1 u e s a I b , d l'b a r e p l o t ted i n f i g u r e s 5 - 8 and t i g u r e s 

9-12 respectively. 

It has been found that the effeQt of variation of 

the length of either the inner or the outer pair of cracks is more 

prominent on the stress intensity factors at the edges of the cracks 

whose 1 engths are varying compared to its ef feet on the stress 

iritensity factors at the tips of the cracks whose lengths are kept 

fixed. 

Problem I 1: Figures 13-15 show the variations of 

displacement for different values of the parameters 

They exhibit that crack opening displacement on a 

length increases with the increase in the length of 

as expected from physical stand point. 

crack opening 

alb, c/b, d/b. 

crack of fixed 

the other crack 
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