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PRF FACE

Ihe present thesis deals mainly with some problems of practical interest in the ﬁeld of
structural and  mechianical engineering. The topic covers a wide arca in theoretical conception
which is beyond the expectation of one’s objective to investigate into every aspect of the topic.
Hence the present author restricts herself mainly to some problems related to the static and dy-

namic - behaviour of structures, to be more precise, plate and shell structures are consrdexed for
illustrative examples.

Considering the importance of vnbrauon'\l chalactenstrc of structures, the nonlinear analy-
sis of elastic plates and shells received considerable attention in literature since the sixth decade of
20th century, In general Karman type field equations are employed for almost all types of struc- -
tures. Several methods are available to investigate the static and dynamic response of structures
amongst which the “Constant Deflection Contour” method needs special mention. This method
has been previously developed by Mazumdar, however the most of his investigations were re:
stricted to linear analysis only. The present thesis aims at extending this method to the nonlinear
analysis of plates vibrating at large amplitudes in conjunction with Galerkin procedure. Illustla-' ‘
tions of the present studies have been considered to cover those problems which are either new
investigations or treated with this new approach to previously investigated problems The results
of the present investigationshave always been compared to known available results so far as pos- '
sible. Starting from structure having regular and common boundaries gradually more and more .

comphcaled structures and mixed boundaly value problems have been mcluded in the presentt
thesis: o

“The first chapter concerns with the comprehensive study of the early researches in the ar ea -
under mvestrgatlon and with an introduction of the basic need of such problems arising out of the

future demand of the twenty ﬁlSl centwy A review of the eatly mvestlg,atrons is crted chronologl- .
cally so far as possible. - :

» The second chapter contains the basic nonlinear theory of elastlcrty This theory constxttttes
the main frame of opemtlon for the present 1nvestlg,atron under consrderatlon
“In the third clnpter different methods for qolving the non- lin"ar problems have been dis- - «

. cussed with their merits and demerits. The third chaptel also includes some prehmmary remarks
’lbOLll thv "Constant Deflection Contour method

In all problems considered ﬁom Chapter IV the basic g,ovelnmg drfferentral equatlons
have been deduced primarily on the basis of Karmian field equations extended to a dynamic case.

In chapter 1V, a simplified method for solving nonhnear problems using “Constant Deflection
Contour™ mcthod has been discussed.

The first problem (Chapter V) aims at mvestlgatmg the static and dynannc behaviour of
' elhptre platesclamped along its boundary. Large vibrations of elliptic plates on elastic founddtion
~ have been discussed in the second problem of chapter 1V. In problem -3 (Chapter 1V ), the static

and dynamic behaviour of elliptic plates under damping condition is discussed using Berger’s
hypothesis. Attempts have also been made to justify the use of Karman ficld equations over dther

simplified or modified equations. Problem 4, (chapter V) concerns with effect of varying ﬂexural
uordrtv on nonh aear vrblatrons of cncular and elliptical plates.

I chapter V, a modified method for solving the nonlinear problems is discussed sojne



typwal L\ampl(-s havc been discussed wnh “some more complicated problems. These illus-

trations hot only support the proposed theory but also establish the accuracy of numerical results
for mixed boundary value problems.

In chapter Ylthe extension of “Constant Deflection Contour™ method to shell structures
has been made 1o brcak thc monotony ol’plale structures, : '

In Chapter VII qn attempt has been made to extend the present analySIS to elastic plasuc
shells structures.

At last the author has tm.d to refer all relevant papers publlshed so far. Howevex none can

-avoid omissions when choosmg a few out of thousands of pape1s but any omlssmns 1snbsolutely .
unintentional.. I

English béing the sencond language of the author, she begs apology beforehand forany -

linguistic . error or absence of any ploper expression of the text that may creep- -in in the plepalatlon :
of the work.

The author expresses her heartiest gratefulness to her guide Dr. M.M. Banexjeé [ Ex Reader, -

A.C, Colluw Jalpaiguri, West Beng,al Indm] WlthOUt his help it would not have been poss1ble‘.'j
fox hel to complete the thesis. . ;
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: Notations

In plane displacement along x axis.
In plane displacement along y axis

Displacement normal to the middle surface of the
structure "

Thickness of the plate

Strain Component along x axis

Strain Component alongy axis

Shearing Strain Component in cartesian Co-ordi_nate.
Young's Modulus

Shear Modulus of Elasticity and Pasternak Foundation
Parameter .

Poisson's ratio

Potential Energy

Force per Unit length in the ¢, and ¥ direction
Force per Unit length in x-y direction

Bending moment per unit length of the section of the
structure perpendicular to x axis

Bending moment per unit length of the section of the ~
structure perpendicular to x axis.

Twisting moment per unit length

Normal component of stress parallel to x - axis

"Normal component of stress parallel to - Y axis

O

Normal component of stress along x-y direction

Density of the material of the structure

~
—
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Stress Function -

Curvature along x- axis

Curvature alon - axis
gy

Normal load intensity

Constant related to elastic (Winkler Foundatiorj parameter’

Time period |

First Strain invariant of the middle surface of the plate

Second Strain invariant of the middle surface of the plate

Amplitude of vibrations

IFlexural rigidity



CHAPTFR - 1

BlBLIOGRAPHY

With the progress of modern crvrhzatlon the apphcatlons of cldstlc and plastlc propertles":
of solids in the field' of structural Engmeexmg are gaining momentum day by day. Most of the

modem structurs are subjected to severe vibrations and hence it becomes a must to design struc-’

tural components to withstand high dynamrc stresses. Dynamic charactel 1st1cs of structural system e
are essentlal for deslgn and control.

Smce Robert Hook‘( 1635- 1716) gave a simple relation between stress and strain of elas:ticj?'; SRR
substance many research workers become inclined to investigate the elastic behaviour of mattet. e
Since then the’ linear analysis of plates and shells has long attracted the attention of sever l o
investigartors resulting in a wealth of papers published by several authots An extenstve study on - - o

this subject has becn ptesented by (Jontkev1ch[ ] and later by Lerssa [2]

A study on the dynamtc response of structures- reveals the fact that much has been 1nvestl
pated so far as linear analysis is concerned as determination of the natural frequency plays impos-. - -
fant role in designing a structure prone of vibration. Some of the works previously made may-

include the problem of symmetrical bending of circular and rectangular plates of varlable thlckness':
mvestt;,atcd by H. Holze1[3] R.G. Olson[4] and H.D. Conway[S] ’

The hnear hequencres of in- plane vnbtattons of polar orthotroprc annular plates w1th hn- .
early varying thickness have been analyzed by Ganesan and Soamidas[6]. A semi-analytical method'. -
of analysis has been used where the radial  and tangential displacements are expanded in the
circumferential direction as Fourier series and the radial behaviour is solved using finite element
metliod and the frequencies have been studied with respect to various boundary conditions, aspect -

ratio,thickness ratios, ratio of moduli and two fiber directions. The vibration and stability analysis

of polar orthotropic cnculal platcs USmg the ﬁmtc element method is dlscussed by Gerard and C-
Paxdoen[?] ' : '

l ree tor smnal vibrations of comcal and cyhnd1 ical shells of thickness varymg asa power ol i

distance have been studied by Soni, Jain and Prasad[8]. The numerical values of the frequency = - = "
parameter for the first three modes of vibration are computed for shells of hneaxly and paraboli- - *

cally varying thickness for different 1at10 oftremmal radii.

Laura et.al. [84] analyzed the e vibration and stabllity of a circular plate elastically re- s

strained against rotation. Forced vibration of a circular plate elastrcally testramed agamst rotatton
has becn d\scussed by Laum el.al.[85].

The résonant xesponse of sunply supported thm and tlnck oxthotxoplc cylmdrxcal shell 1sv o
_deteumncd by Wa;button and Som [9] by usmg model analyms

The tr’msvetse v1brat10n of free elliptical platcs with rectangular orthotropy is analyzed by. S

T. Naritra{10]. while the natural frequencies of rectangular and polygonal plates have been ab-
tained by R.B. Bhat [11,12]. Dickinson and Blasio[ 13| analyzed the use of orthogonal polynomials
to study the flexural vibration and buckling of isotropic and orthotropic rectangular plates. Sing -
and Chakraborty [14,15] studied the transvese vibrations of circular and elliptic plates of variable
thickness. Flexural vibration of skew plates was investigated by Singh and Chakraborty [16].
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Unfortunately, the linear classical theory is no longer applicable in cases of practical interest and
this leads to the non linear analysis of such problem. The analysis of non [inear vibration of plates
and shells with their symmetrical and unsymmetrical bending character has drawn the attention of
many research workers because of their applications in engineering design. It is , however, difficult
to solve the vibration problems of plates and shells-of practical interest due to their highly non-
linear behaviour. A number of research workers tried to solve the necessary differential equation
by linearzing those through proper approximation. The results thus obtained do not agree with the
experimental results for complicated plate geometry which are actually used in practice. Approxi-
mate solutions of such problems can be obtained from Karman [20] field equations. These equa-
tions involve the deflection and membrane stress functions as two dependent variables coupled
together. Many workers have used Karman equations to solve the vibrational problems of elastic
plates, among which Chu and Hermann [21] and Yamaki [22] need special mention.

Several techniques have been used to solve the equations; for example Levy [23] subtitutes
a double Fourier series in the equation for rectangular plates. Chi-Teh-Wang [24] wrote the equa-
tion for rectangular plates in a finite difference form and solved them by the method of successive
approximations. S.Way, [117] solved the circular plate equations by substituting a power series
solution into the energy expression determining the coefficient by setting the first variation of the
strain energy equal to the first variation of potential energy due to the external loading for any
variation of each coefficient. Many investigators used Von-Karman equations to analyze the non-
linear vibrational problems of plates of various shape. Rectangular plates were analyzed by Smith,
Malme and Gogos [25] Yamaki [22]; Eisely [26]; Murthy and Shebourne [27]; Bayles, Lowery and
Boyd [28]; Cawford and Atluri [29]. Circular plates are treated by Crawford and Atluri[30];
Fornsworth and Evan-Iwanowski [31]; Sridhar, Mook, Nayfeh [32].Ring sector plates were treated
by Chisyaki and Takashi [33] and elliptic plates were treated by Lobitz, Nayfeh and Mook [34].
Wu and Vinsion [86] investigated the influence of large amplitudes, transverse shear deformation
and rotatory inertia on lateral vibrations of transversely isotropic plates.

Vendhan and Das [35] investigated the non-linear vibration of plates by the application of
Raylegh Ritz and Galerkin methods to the Von-Karman equation, expressed in terms of the three
displacement variables, governing the non-linear dynamic behaviour of thin elastic plate. It was
seen that the Rayleigh-Ritz approximation are consistently better than the Galerkin approximation,
which however, tend to be equally good after a few terms. It was also noted that the above two
aproximations are idential for a linear problems and the difference between them is solely due to
non-linearity, even though they tend to ultimately converge to a common value. J. Ramchandran
[134] studied the free vibration of rectangular plates carrying concentrated mass .

The large amplititude free flexural vibrations of thin elastic anisotropic skew plates were
studied by Prathap and Vardhan [36]. They used Von-Karman field equations in which the govern-
ing non-linear dynamic equations are derived in terms of the stress-function and the lateral dis-
placement. Clamped boundary conditions are chosen and in-plane edge conditions considered are

“either immovable or movable. Solutions are obtained by Galerkin method. The relationship be-
tween amplitude and period of frequency was shown to exhibit a hardening type non-linearity,
irrespective of the boundary conditions, skew angle, angle ‘of fiber oreientation or aspect ratio.

Non-linear transverse vibrations of elastic orthotropic shells were investigated by Nowinski
[37] using Von Karman-Tsien equations, generalized to dynamic and orthotropic case. A sharp
decrease of the period of non linear vibrations with an increase in amplitude was corroborated the
mode pattern influencing the period more than the degree of anisotropy.

B.R.ElL Zaouk and C.L.Dym [38] studied the effect of curvature, meterial orthotropy and
internal pressure upon the non-linear vibtarions of shallow shells.
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* Nath , Mahrenholtz and Varma [39] investigated the non linear response of a doubly curved
shallow shell on an elastic foundation. They studied the large dynamic response of a doubly curved
shallow spherical shell of rectangular platform, supported on two parameter elastic subgarde and
subjected to uniformly distributed step and sinusoidal loading.

Hu-Nan-Chu [40] investigated the influence of large amplitude of fexural vibrations of a
thin circular cylindrical shell. Axial body force terms which may be of practical importance are
included. Non linear periods are obtained for the free vibration case. The numerical results are
compared with a previous study on flat plates. Nonlinear effects are found to be considerably less

manifest in cylinders than in corresponding flat plates.

Nonlinear equations of motion for a transversely isotropic plate having initial geometric
imprefection are derived by Lin and Chen [41]. The effects of both transverse shear deformation
and rotatory intertia are included. Equation of motion for a simply supported imperfect plate is
obtained by performing the Galerkin procedure and solved by Runge-Kutta method. It is found that
the vibration frequencies are very much dependent on the order of initial amplitude and imperfec-

tion.

A number of investigators analyzed the non linear oscillation of anisotropic plates using
Von-Karman equations. Yu [42]; Yu and Lai [43] studied the non linear vibrations of sandwich
plate. Yu [44] investigaed the nonlinear vibration of layered plates and shells. Hassert and Nowinski
[45], Sathyamoorthy and Pandalai [46], Ramachandran [47] treated rectangular plates with special
rectangular orthotrophy. Nowinski [48] analyzed orthotropic circular plates, Sathyamoorthy and
Pandalai [49] analyzed rectilinear orthotropic skew plates, while Venkateswara Rao, Kanaka Raju
and Raju [50] used a finite element method, to orthotropic circular plates. Bert [52] investigated the

nonlinear oscillations of an arbitary laminated rectangular plate.

Banerjee, Mazumdar and Chanda [54] investigated the non-linear vibrations of elastic plates
and shell applying the Karman field equations, extended to the dynamic case, these equations in-
volved the deflection and membrane stress functions as two dependent variables. As consequence,
the solutions for almost all problems require considerable computation. But they found that to
study the non linear dynamic behaviour of plates and shells, Karman equations pose difficulties in
obtaining the required solution. In such cases other methods may be employed. Berger equation

- may provide acceptable results when the relative amplitudes assumes value less that 2.0.

Due to very complicated nature of the basic equations governing the motion of a structure
exhibiting large deflection it has always been a difficult task for investigator to obtain even an
approximate solution. Attempts have also been made to find ways to ease such problems. Berger
[55] proposed an alternative method which enabled one to replace the coupled Karman equations
by simpler set of uncoupled and quasilinear equations. Bergers assumption was based on the idea
that the second strain invariant in the middle plane of the plate can be neglected wihtout including
any appreciable error in the solution. However, he did not put forward any physical justification

for this assumption.

Following this idea J. Nowinski [57], S.N.Sinha [58] studied the large deflection analysis
of plates. Later this technique was extended to the dynamic case by Nash and Mooder [59]. Since
then this method has been followed by different authors [60-65] for the analysis and dynamic

behaviour of plates exhibiting large deflections.

Nash and Mooder [59] extended the Berger method to a dynamic case. M.M.Banerjee with
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his co-workers published a large numbel ofpapers [65-67] based on Berger ] hypothesxs Most of e
their works are related to the problem concerning the variation of thickness of plates and shells.
Neglecting in-plane intertia Nash and Mooder [59] showed that the use of such equation for sim- -
ply- supported plates yeilds results which are in excellent agreement with those.obtained from - o
Karman equations. S.Das and B.Banerjee [68] investigated the damped oscillations of moderatly S
llm.k pl'\tcs ol arbitary shapes. They used the concept of “‘Lines of [‘qual Deﬂectxon

M.M. Banerjee and S. Chanda [69] investigated the large deflections of thin plats of arbi-: -
trary shape placed on elastic foundation and subjected to both uniform and concentrated load at = -
the centre as well. They followed Berger’s method in conjunction with the method of “Constant- -
~ Deflection Contour Lines”. Nonlinear free vibrations: and thermal buckling of a elastic rectangular. =~
plate at elevated temperature has been analyzed by P.Biswas [87]. The analysis was based on
Berger approXimation. S.Datta [70] analyzed the large deflection of clamped circular plate on elas- ¥
tic foundation under non-uniform but symmemcal loads, following Berger’s approximate method :
Here the deﬂectlons are obtained in the form of an infinite series involving Bessel function. S.Dutta’
[71] again mvestlgated the large amplitude free vibrations of irregular plates placed on elastlc
foundatmn by mtloducmg confonmal mappmg techmque and Galerkm method

. Berger’s technique was extensively used till Nowinski and Ohanbe [72] examined Befger e
equation critically and initiated the criticism on the free hand application of these euqations. They - - }
~ observed that the method may lead to grave inaccuracies and even become meamngless if the edge: A
of the plate is free to move in in- plane directions. Lee,Blotter and Yen [73] found that the errors: A
introduced by applying the Berger's hypothesis to a clamped circular plate, depend on Pmsson g . B
ratio and the ratio of the radius to the thickness of the plate. Moreover they found that the erroris’ ="~ "
* minimized when the Pomson s ratio increases. Huang and Al- Khattat [74] showed that for radially .
restramcd ellcul 1 plates soluuons base don Bergel s hypothesns are accurate at low amplltude buti L

'enmely unsuitable fox pl"ttes with moveable edges Banerjee [75] while dealing with the large' Co ‘;3;
amplxtude vibiations of nonuniform rectangular plates, observed that the value of the relative tlme o
period ( nonlinear and linear ) differ from what -has been calculated by Bouer [76] by approxi--- "
mately 2% for unit relative ampitude. In an attempt to explore some limitation on the use of - -~
Berger equations for large amplitude vibrations of thin elastic plates Banerjee ‘and Sarker [7 neoo
further observed that the acceptability of Berger’s hypothems may be restrlcted“ to the cases af
clamped square and circular plates with immovable edges, and to some extent to simply supported
circular or rectangular plates having smaller aspect ratio. They suggested that Berger’s method =
may be restrictéd to circular and rectangular plates and to some extent to skew plates with smaller

skew angles for clamped immovable edge conditions. Banerjee and Das [78] aimed at ﬁndmg a

few points in support of Berger equation without rejecting them totally. They suggested to be
cautious against the freehand application of this method. Mention may also be made regarding the

" relative exactness of Berger’s techmque as studied by Vendhan [79], by Prathap and Vardan (80]
and by Pi athap (81]. o

Sinharay ct.al. [82] proposed some modification of Berger’s approximation by expressing
the total potential energy expression due to bending and streching of the middle surface of a plate
or shell in a different way. They preferred to replace e, by a new expression without rejecting it
totally. The idea is novel one but the limit of its accuracy is yet to be established. For, like Berger’s
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hypothesis, it lacks in providing with a rigorous physical justification. A simple application of the
hypothesis pro’posed by Sinharay has been made by Banerjee et.al. [83] to test its validity. The
method was aplied to the problem of finding the temperature effect on the dynamic response of
shallow spherical shells. The findings are not very encouraging. Rather. one of the vital equations
in Ref. [82] appeared to be fallacious denying the claim of the accuracy of the new approach, at
least on the basis of the very problem treated in Ref. [83]. Moreover, Banerjee et.al. [83] observed
that assumption of a certain parameter less than unity appeared to be impractical when the radius
of the base circle of the spherical shell is large enough compard to the thickness of the shell whereas
the authors of Ref. [82] haveassumed values of the parameter less than unity. Taking into consid-
eration the different options expressed by authors working on this method it may be stated that
Berger method, simpliest of all the existing ones for the analysis of vibrating structures, cannot be
discarded altogether. Its applicability may be restricted to the cases of clamped square and circular
plates with immovable edge. There is every scope that the deficiency in Berger’s method can be
overcome and it will then be applied to all possible cases of structures with various boundary
conditions. Further studies which deal with membranes, shells of different shapes, flat plates, spin-
ning disks, spinning membranes have been citied in Ref. [88-105].

Mazumdar [19,137-139] put forward a new method to solve the problems of elastic plates
of arbitrary shape. The method as it was termed is “Constant Deflection Contour” method. Mazumdar
with his ¢o-workers published a series of papers [19, I37— 139 ]on linear vibration of plates
and shells utilizing this technique. The outstanding feature of this method is that it is entirely
independent of the shape of the plate. Using this method, Jones, Mazumdar and Fu-Pen-Chiang
[106] investigated the vibrations of plates under various boundary and load conditions. As illustra-
tions, the case of circular plate clamped on one part of its boundary and simply - supported on the
remainder and the case of clamped elliptical plate under elliptical line loading, have been dis-
cussed. A simple method for the analysis of the elastic-plastic bending of plates of arbitrary shape
was developed by Jain and Mazumdar [107]. The procedure was based upon the concept of
“Constant Deflection Contour” method. Again Mazumdar and Bucco [108] analyzed the trans-
verse vibrations of shells of visco-elastic material under arbitray time - dep‘endent load. Banerjee
[109] developed an idea of extending the ““ Constant Deflection Contour” method to the non-linear

analysis of plates vibrating at large amplitudes.

- The present thesis is based on this idea and it will be followed in all problems considered in
this thesis. The details of the method needs a separate chapter to explain the procedure of deriving
the basic equations as well as the method of finding their solutions. [See chapter III}



Chapter - 11
NON LINEAR THEORY OF ELASTICITY

When an elastic body undergoes deformation under the action of external forces stresses
and strains are developed within the body. The state of stress at a point within the body is specified,
at most by nine components of stress.In the linear theory the strains in the middle surface are
neglected in which the deflections are small compared with the thickness of the plate. If one wishes
to study the exact analysis of the non linear theory of plates he may be refered to the Donnel's work
[ 110]. The relations between the strains and displacement may be put as [110].

SOt RN LN, L P D W, dw
éjb oz 2'(%_{>+§(%'{>+£ o o DL -x,'*' x> 3+"5'i"o_§’"'2

' > TR 0 W, 0 W v B’wj
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w0 L dwhw  pwev | 2w L ,u ow
ex;; '5%4'?5*7{%'“’6‘{5?*[ oot T Sy o

o, oV %
Dx T axbg

,
in which higher powers and products of the displacements involving z have been omitted. We will
confine our attention to cases where both the strains and deflections slopesgW and aW are smaill
compared to unity: and in general, for plates used in mechanics and siructures theqllowabie strains

and deflection slopes are very small compared to unity. It is important to note that for the membrane

sart of the strain terms like 24 9V . ')\ > and dy are important, but the terms- mvo ving the squares
] Ix - o I g q

[¢
or product of themselves will be ncgllolblu while the flexural strain terms like y 2w } are very
small compared to the pnncnpal flexural terms hkegj Snmlal arguments may be presén ed for the

ommission of terms llke(()\ ) C*T and ter-m containing z*. Moreover the derivation of the strain-
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displacement relations is based on Love-Kirchhoff hypothesis ( i.e.. the linear filaments of the plate
initially perpendicular to the middle surface remain straight and perpendicular to the deformed
middle surface and sufter no extensions). With these assumption and aproximations, the total strains
in the layer of the plate parallel to and a distance z from the middle surface, they can be written as

A > _ z0o
€, - Benatl-732

€, = b‘?+~ j-»zb:ﬁl
3 2-@—‘ d.y

_ow ,ov dwow | 2 0W e B
o Loy et e o T oy [#2]

where the terms within $§, tpad- bracket being constants with respect to ‘z’ are membrane strain and
the last terms containing the factor ‘z’ are flexural strains. -

‘Stress - Strain Relations :

For isotropic materials the elastic stress-strain relations or Hook’s Law have been found from ex-
periments to be, in general, as :

¢, =L (-3 -3)

x




But for plane stress. i.e.. when 0.0, and (‘)"y are assumed to be uniform over the thickness and G ,
) 3 b b

c.. O, areevery where zero, the relations given by [2.3] will then reduce to

ex :—E_L (O:"“{O;‘) ' q,;"(%iz-j(e"—"{e”)

L (o5 -507) O) = (6477
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For the case of plane strain, 1.e., when €7 = (), equation ( 2.3 ) will then become

O = ¥(0+ )

e, =2 (00 -2 0%)
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Principle of Virtual Work :

In obtaining the solutions of elastic: _* problems energy prineiples and variational methods
play an important role. It will be seen later that the governing differential equations are direct
consequences of the minimisation of the energy expressions associated with the structure con-
cerned. The method is termed as “variational method” since it is based on calculus of variation. The
basig of “calculus of variation” is the “principle of virtual work’ enuncited by the great mathemati-
cian John Bernouli in 1717, - “If under the action of'a certain force a particle undergoes an arbitrary -
small displacement, called a virtual displacement and if the particle retains its condition of equilib-

rium then the total workdone by the force is zero.”
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Smee the pr muple ol vnlul wor I\ s very counnon i every splu.u of nmlhcnmllu we \\ould :

bet\u leave it here and carry out the required mathematical operations w1thout g,lvmg much empha-
s\s on the {heory of o “the pnnuple

Let us denolc the total workdone z\gainst the mutual actions between the particles in an -
elastic body due to the virtual displacements du,dv,3w, by 8V, where du,dv,6w are the displace- -

ments pdmllel to the axes of a Cartesian system of comdmates w1h respect to a cenam ougln then -
the total work done by the mutual actions is -3V.

If there be forces applied at the boundaly of the body and ifX,Y,Z be the components oftheﬂ, S

body forces along the x.y.z directions respectively, and X, YZ be the component of the boundxy S
foxces per unit area then the work dohe by them ' -

W = fﬁ(x5u+Y5v+Z§w>&dgdz RERERER
+j]‘ (X gb(.PYé\?-rZSwaA oA

dA being the cleinentary area and the integatlon being taken over the part of the boundary sur face -
of the body. on which displacements are not prescribed. 1t is important to note hele that the part of
the surface where fonces are prescribed is the same as the part where dlsplacements are not pré- -

scribed. We may’ dSsume further that the external foxces are constants dunng the vn“tual dlsplace- '
ment, when we put . ' '

W) 20 o 27

()m. cnn mtelplet the result g g,lVCﬂ by the equatu)n ( 2 7 ), in compal 1ng va| 1ous values ofthe
chsphcumnls TR and w, the displacements which aetually occur in an elastic” system undex the_
given external forces are those which lead to zero variation of the tofaenergy (potentlal enelgy) of
the systen for any v ntual dlspldcunenl from the position of equxhbnum

vl’rmcnple of Munmum Potcntnl Energy and Prmclple of Complementary Energy

T hc L‘\plL‘»SlOﬂ (V- W ), consnstlng ofV the potentlal energy of deformatlon and -W, the‘ _";._- L
potential eneigy of the external forces is called the ‘Potential Energy" of the system. For stable..”

<thb|1um it can be shown that the total potentlal energy of the system is positive, hence in this; .

case the total |)01L|llld] energy of the systun isa mlnnnum This is the plmc:ple ofmmnnum poten- o

tial energy.

H

In case of a vnbnmm, plale there is an addmondl energy, the Kmehc l,nexgy Ifwe denote 1t -
by T lhen we can form the Lagrangian

==, Ll 1S lhe polentlal energy A — S [2.8 ],'

/\pp]\ ing lldmllton S pnnuple we e an further show thal the Hdmlllonmn o
He=T+ U= the toldl energy

I the polcnnal energy is mdcpendent of velocities ( ie., mdependcnt of u,v,w. ) 1emams' '
positive. since by dchndtlon T. the l\lnctlc energy is positive dchnlte

lnslend ot varying lhc dlsplaccments from those at qull]lbl fum, one may want to vary the
stress components. If o()' 8G. , ,90,, be the small variations it the stress components O, O, O,

respectively: then the change in thc stlam enengy per unit thickness of the plate may be wntten a:’ '

g,n' ﬂ“[.k(o‘go“ +0; 000, S0y ¥z bo; +d oz Sa-‘]dA B




The body forces being given external forces, remain unchanged but on that part of the boundary
. where surface forces are not prescribed, corresponding to the variation of stress components, there
will be some variation in the boundary surface forces. In this case also it can be seen that the

variation of the total energy ‘[’ is zero, i.e.,
x & -
S = §(V-W D=0 [2:16]

Where V* isthe strain energy per unit thickness of the plate and W* is the work done by the bound-
ary-surface forces. The expression |7 is called the Complementary Energy of the system. We have
seen in the case of potential energy, the same deduction may be made and we may conclude that
“for all stress satisfying the equilibrium conditions in the interior and on the part of the boundary
surface where the surface forces are prescribed, the stresses which satisfy the compatibility equa-
tions, are such that the complementary energy assumes a satisfactory value”. Note that we have
imposed the restriction on the stresses to satisfy the compatibility equations for the deduction of
equation ( 2.10 ) depends on this restriction. :

Deduction of Equation of Equilibrium and Boundary Conditions :

Let us consider a plate of thickness ‘h’. The mid-plane of the plate is given by z = 0 and the two
surfaces are denoted by S, and S, defined by z = >- and z= -b | respectively.
Hence forth we shall be mainly concerned with plane-stress onzly.. Accordingly, we consider the

- total strain energy

R,
\' .—J]f(o: €z+U§€’3‘ Tt Unesy 6,,&)022&,4 [2"-!]
e

combining equation ( 2.9 ) and ( 2.4 ). Using the stress-strain relations given by ( 2.4 ) to express the
strains in terms of stresses, or the stresses in terms of strains equation ( 2.11 ) may be written as

| Ao, |
V = E,,_I:: r f J_; [0;"-—2.{0;‘ oy +0§"‘+ z(ii-»/)o;;yjo?r&A [2:12]
R = /2,

oY

v

Rz |
Vo= Z(%-;:)ﬂj [5: 2B, €, + Q:z_ff) e; +€;] dzdA  [z8]
R 72

Replacing the strains in the expression ( 2.11 ) and taking the first variation of the strain energy one

can write

0
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We shall now preform the integration with respect to z first and introduce the stress resultants N,
N), N‘, and moment intensity Mk, My, Mx’ respectively, defined by

iz - 2.
X.: yO:‘Gp.Z = 'R»Ox—;; Ml:—fc-;—ZdZ
=1 | ~&,
R, e
Ny =J(\o§‘ dz _-:—P»O;;n MZ o, zdz
&L, "y
Rh, Rz
N = o dz = RO M = |0 zdz [z:15]
xy ny »m v § 3
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Where the symbol N_ represents forces per unit length in the x-direction, N_in the y-direction and
N =N__is a force in the xy-direction. Similarly M, My and MM represent the moments per unit

length in the respective directions as shown in the figure 1
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Figurel : Stress and moment resultants for a rectangular plate.
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A

Figure2 : Stress resultants and moments

For practical purpose we may write N,*: Nz"and equation ( 2.9 ) may be replaced by

12
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IfF , F, and F, be the components of the external forces acting in the directions of x, y and z axes
respectively then the virtual workdone is given by :

gc.)wx - —_J‘f(,':; gu.,.%gv.;_é gW)dsdz 2 1]

where S, is that part of the side boundary where the external forces are prescribed

U=u"z%‘:{— ,\/_.—_-_v—z%_;z_ . W= w - [z18]

" u.v,w being the displacement components of the middle surface of the plate.

Considering the load intensity "p’ the principle of virtual work for the present problem (for
simplicity we are, for the time being, avoiding the expression for the kinetic energy associated with

the motion of the plate) may be put in the following form

I3



@)

0(3) = ||| se.+

— ff(é su +—F‘3 SV+E, bw)dsdz

S
_ ff b Cwo daudyy
Son

[2:19]

where S denote the mid-surface region of the blate.

Let us introduce the following integrals.

e

[2d]



The first variation of the potential of the applied forces, including the load intensity ‘p’,

corresponding to equation ( 2.17 ) may be written as

S")W* - Pgw&x&z’ _,_ffﬁ»,gu{&s +J Nags gus ds [2:21]
5

S 5

m

where u_and u_are the in-plane displacements of the boundary of the plate in directions normal
and tangential respectively to the boundary ( Figure 2.3 ). N is taken as positive in compression as

shown in Fig-3
Nt

4
| Nyss

Ny

M-~ emmmen o

Fig 3 : Boundary loading on the plate segment

[f the direction cosines of the normal ( drawn outward ) be ( I,m,0) i.e., | = cos(x)) and

m = cos(y.f). we can write

202 _amp O L g
o e e 0 Thy T sy thes [

The displacements along the normal and tangential directions may be put
--------------------- (2.23)

145863
s 0 2 JAN 2

uw,=lutmv,u =-mu+lv
b s

With the above notations we can express



N,y = LN, +20m N"-Zfé*”h\'a

(e [2'21;]
N?)/s = (Ng —-Nx>ﬂfm + N"Z (2 )

A’PS‘O N?(J{ = (ENZ(—-?'NNv/S F’ENI—F??')N#

Nyy = Ny + 'EN;fs)

d

M = 2”Nz +2,2me3 + Mam’”

Me ™ (My- Mx)z’” + M, (B=) [2:26]
r:;Iz)/ - [;Txy/l T quﬂf.m’

&12{9 - - !\“47(7);51 + r:tav,z 2]

Mzzj = /eMx'f’?me?

M%’D/ = ijfe c Mgm

Finally we introducé the transverse shear forces of plate theory
e m
Gy =Qut+ay
oM
G\)x = —————‘b My + =

ox Bg
@, = oMy, DMy r2d]
"oy e
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We are now in a posmon to UtlllSL the extenmzatlon plOCCSS and to. apply Gleen s Uﬁeorem s0 lono ‘ i{’{il} o
as the du and dv are mvolved m the mtegxals in the tollowmg equatlon obtamed from 1elatlonsi'_[if LT
given by cquatmm( 2.16") ( ) o : S AR RS

Fiau&e :—-vfr o Fowj'ces m the Plate Filbomerd

Combining equations ( 2.16 ) and ( 2.21 ) we may rewrite for the total potential energy variation’ s

¥
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We now perform the line integrals considering the equilibrium of the plate element and the nota-
tions defined earlier.

(.)
:,ﬂ[sz .f-?i_'\ly Su + BN*? 2;’3 g\?’ -

+ bM» 20Myy O My D (N oW
= g T ox ( )

2 0 0
+%(Nabx>+ (ng-é%" +‘5‘E(N3'3’§‘)+P}gw cﬁxd}

+f( N+ ﬁv)gu, s +‘f( N, + f:!,,s) S Ugds
B I

- 26w ul..LM + Ny oW . N oW Yowd,
fM”%—g ds +f(Q,r+as EE ;;_.».;.4. sisg, wds
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The last expression accounts for corners in the boundary. Considering the condition of equilibrium,

one may deduce from equation { 2.30)

E,Nx B N*—y O [_Z'aﬂ

PSS =
e————

o 0y

bNzr _~ 0 ‘[2;3?.]

—

_____——-—‘

o ¢

M,
2 My L TM, 2 (N Bw) > (N )
S mb’«? +'a‘a€z ( - ("33‘

b2 (NN B (Y =0 [wad]

The mechanical boundary conditions are obtained form the remaining line integrals on the bound-

ary

Either N =- N oru s specified - S T (2.34)
Either N _=-N _ oru_isspecified------------------- (2.35)
Either M_= 0 or M s specified - - - - - - o - oo oo oo (2.36)
' 2
Either >
Q + OMy + Ny oW N_ oW
2 + =0
bs Ezf 3’9 SS
(2.37)

orwisspecified - - - ~----cmcom i

The last term in equation ( 2.30 ) which accounts for the corners, indicates

At discontinuties [ M_dw =0 --------omooooooooo

Equation ( 2.31 - 2.33 ) together with the geometrical boundary conditions constitute the problem

for a flat plate in large deflection.
With proper transformations, we can get the mechanical boundary conditions otherwise

On the boundary, ¢, :

19



M?f = f‘—'} _ [2;39]‘

We shall now establish the stress resultant displacement relations from equation ( 2.15 ) after per-
- forming the necessary integrations and expressing them in terms of partial derivatives of the three
displacements u, v, w as :

st atyl] v

P LS
o - c(: ?5) bw 73\7_,_bw bw-:[ - [z42]

2= g T o o9

N, = =D _,b_, 75%,”_‘1) - [2:43]



X .
Ny = _p s +z§bw), [oa]

M = —(-%)poW. - [245]
2} Bxbfz

, 3 :
whewe D = Cﬁ?==—£%%;} , the Flexwml ﬁﬂwmﬂ
12(1—-2*

it

omd C ER , Hhe adwwmmﬂv%dﬁg

12 (1—2*)

Now introducing the Airy’s stress function F defined by

£ - ~ROF
i g O 0y

. compatible with equations ( 2.30 yand ( 2.31 ).

We can now express the membrane strains [€ € € Tinterms of membrane stress (G_ , O
\"l Vlll Xym m Ylll

Oym ) and equate the same in terms of displacements and Airy’s stress function in the followmg,

form :

&
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- -
Applying the operators - 3=/ 38 | ,~goy to the first, second and third of the above equations,
respectively and adding them together, in order to eleminate u and v one obtains

PF Ladte L0 e (_zlo;,j‘_ IS [4d]
2 w0y oyt oxoy/  ox” By*

Further assuming that the thickness of the plate is constant, and combining equation ( 2.33 ) with
equations ( 2.40 ) - ( 2.45 ) one can write

L
VW_BFEW OF VW _pdF  w ., :
b BT i +b'3 S X0y oxoy P [43]

Equation ( 2.48 ) and ( 2.49 ) are the well known Von Karman plate equations.

The equation ( 2.48 ) is known as the ‘compatibility equation’ and the equation ( 2.49 ) is the

~equation of equilibrium in the direction of the z axis. These equations henceforth will be termed as
Karmaii equations. These Karman equations may be written in a simplified form by introducing the

non lincar operator . defined by

Q&
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The above two equations are the governing equations for thin plates at large deflections under a

static load. However, they may be extended to a dynamic case by changing p by ( — F—R
ot

While deducing the governing differential equations for a dynamic case, we shall consider the

kinetic energy of the plate, given by

Te - m f I;(%w):“ %)ﬁ— (%%Z)j dxcy dz . [2°54]

In this case we shall have to minimize the integral

23
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when the integral is obtained by combining equations (2.29 ) and ( 2.53 ). The equations of equilib-

rium will thus be transformed to

R3
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These cquallons are cqmvalcnl to u]uatlons (2 31 ) ( 2.33) for the static case dlﬁ“eung only by the“":‘j',; i‘;
inertia terms on the right hand, side. [ we neglect the'inertia in the plane of the plate i.c., if we set the e
158 ) and (2. 56 ) 10 zero. the lwultmg_, uqmuons wxll thm be C

Cright hand side of eGuations
transformed to C

. =

VF E%&@@

DV o ,OC(Fw)+}> /39»

These are the governing lecn.nlml equations for thin plalu at Imgcc dmphludu, The ckﬂecllon
function w-is dependent on the space coordinates as well as on the time. It is important to note that
he Toad pT miay-be uniform. concentrated at a point or-distributed over a segment of the plate: it
may be dependent or independent-of time, as for example. in case of forced vibration, p becomes

function of time.
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A Genaral Discussion

In the linear theories of motion of bodies. deflections are assumed to be small in compari-
son with the plate thickness. But in most practical cases this basic assumption is nolonger valid,
instead the deflections have the order of the magnitude of the plate thickness. Hence. derivation of
goveminrg differential equations considering iarge defiections needs special attention in such analyscs

- In general Karman type tlled equations are employed for almost all types of structures.

The paucity of literature concerning non linear ( large amplitude ) vibration analysis.
probably, due to the fact that the two basic Von Karman field equations extended to the dynamic
case, involve the deflection and stress functions in a coupled form. Moreover, these equations are
of fourth order, posing analytical problems and necessitating a numerical approach. Several meth- -
ods are available to investigate such problems and thereby elucidate non linear response for some
simpler cases. For one type of method the analytical difficulties are overcome by using modemn
high speed computers and finite elements or finite differences. Yet, classical approach is still

preferable, even for some approximate solution, wher-ever possible .

The basic equations for free flexural vibrations of rectangular elastic plates have been
explicitily discussed by G. Hermann (21) These equations are Karman type equations extended to --
the dynamic case. Chu and Herman studied the influence of large amplitude on free flexural vibra-
tion of rectangular plates with hinged immovable edges, by applying Herman’s theory. Approxi--
mate solution for the nonlinear response of rectangular plate to sinusoidal acoustic pressure were
obtained by Kirchman and Greenspon (17) by using the static load-deflection relations previously
obtained . Eringen (18) studied vibrations of strings and bars exhibiting large vibrations . During
the last thirty years, several problems of practical interest have been investigated by different au-
thors using different approaches. Laminated isotropic and orthotroplc plates or sandwiched plates

have also gained importance during this period.

Due to the very complicated nature of the basic equations governing the motion of a struc-
ture exhibiting large deflections , it has always been a difficult task for an investigator to obtain an
. approximate solution. Attempts have also been made to find ways to ease such problems .Berger.
[55] proposed an alternative method which enable one to replace the coupled Karman equations by
a simpler set of uncoupled and quasi-linear equations. Following this novel idea authors [56.57,58]
studied the large deflection analyses of plates. This technique was extended to the dvnamic case by
different authors for the analSis of static and dynamic behaviour of plates exhibiting large deflec-
tions. Berger’s assumption was based on the idea that the second strain invariant in the middle
plane of the plate can be neglected without inducing any appreciable error in the solution. However
. he didnot :fai,ve-; .” any physical justification for this assumption. This technique was extensively
used till Nowinski[72] examined Berger’s equations critically and initiated the criticism on the
freehand application of these equations . However, this method may be applied to some specific .

problems with some limitations [78] . -

Sinharay and Banerjee [82] tried to improve Berger’s approach to the solutions of large
amplitude vibrations of orthogonal plates with some modification of Berger’s hypothesis. But hke
Berger’s one this method Iacks in prowdmo with the rigorous physical Justxf'catlon
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Most of the investigations employed Galerkin approximation as a tool for the nonlinear
analysis of vibration of plates and shells but it has been observed by Vendhan [53] that the furst
order Galerkin approximation may involve substantial error in the case of plates with unrestricted
boundary conditions. Moreover Bayeles et. al. [{-f,q] have pomted out inadequacy of a first order
Galerkin approximation to the solution of inplane equilibrium or of the compatibility equation.

The Rayleigh -Ritz meihed has now beconie a versatile method for obtaining the approxi-
mate solutions of vibrational problems in solid mechanics though the Galerkin method has a wider
applicability the one term Rayleigh Ritz approximation yields better resuits compared to the former -
one. But it remains wide open to justify the validity of a method merely on the basis of a one term
approximation.Yet we have no alternative for the increase of just one term more in the approxima-

_tion series which will multiply the mathematical and computational labour considerably.Vendhan
and Das [35] have made a nice comparative study between the Rayleigh Ritz method and Galerkin
method, Investigating on the nonlinear vibrations of trigngular and rectangular plates, the authors
of Ref[l4 {] have discussed the nature of Rayleigh-Ritz approximation based on the variational for
mulation and the Galerkin approximation based on minimization of the error function. Presenting
the numerical results for convergence of the relative time periods of the nonlinear and linear vibra-
tions for triangular and rectangular plates of orthotropic mateiials. for various aspect ratios, they
have shown that the Rayleigh Ritz approximation is consistently better than the Galerkin-approxi-
mation but they become equally good aftcr a few terms. It has further been observed that the results
obtained from both the methods approach the true value from the opposite sides of it. In fact this is
what is expected from the Rayleigh Ritz method for the approximation is associated with a poten- -
tial energy formutation corresponding to a stiffer structure . On the other hand Galerkin approxi-
mation which turns out to be an upper bound to the true value for a given lateral displacement
corresponding to a more flexible structure. The bounding property of the Galerkin approximation
may be the characteristic of the constrained in palne edge condition and the single mode expres-
sion for the deflection function. However, the observation that the modified nonlinear equations
gives a less stiff model than the Rayleigh Ritz method may be considered to be of general sxgmﬁ-'

. cance.

The expression for defining the transverse deflections and in plane displacements are often.
assumed as polynomials in space co-ordinates, or., in terms of trigonometric series. The proper
choice of the coordinate functions is very imortant for obtaining good accuracy. For example.
Vendhan’s [142,] investigation into the nen linear vibrations of thin plates including inplane inertia
effects reveals that sometimes polynomxal expressions for the displacement functions may be found
to be good enough for obtaining good accuracy . Leissa [111] making on extensive survey on the
free vibrations of rectangular plate has shown that the percent difference of the 36- terms solution
for eigen-frequency from the single term Rayleigh Ritz solution with respect to the first term solu-
tion is negative indicating that the one term solution is more exact than the 36- term solution. -

Besides the methods discussed above, several methods based on computer application are
being used to analyze the vibration problems. Finite Elements method is now regarded as one of the .
most powerful method for problems on structural and continum mechan-iés[i{?] .': e

- Using deman type field equations for solution of plate prob[ems havmg ‘uncommeon
bundaries is a dlf’ﬁcult task and a more complicated one when geometrtcal non—lmeautles are

involved.




Recently a new idea has been put forward by Bamerjee [109] to study the dynamic response
of structures of arbitar y shapes based on “Constant Deflection Contour™ method. The method has
been previously developed by Mazumdar [13%—1349]. Further application of this method has been
made by Majumder and others [ 106-108, 115, 116 ]. However the application of this method has

" been restricted to linear analysis only.

The present thesis aims at éxteﬁding this method to the nonlinear analysis of plates vibrai-

~ ing at large amplitudes. It begins with a review of the basic ideas developed by Banerjee [109]. The’

“analysis carried out in this thesis may readily be applied to other geometrical structures and as a
by- product, the static deflection is also obtainable. A combination of the * constant Deflection
Contour’ method and the Galerkin procedure is employed. The numerical results obtained, are in
excellent agreement with those from previous studies. Application of the present analysis to struc-

tures with complicated geometry is in progress.

. Some preliminary :Re‘mar'k'sv'about the constant Deflection contour Method :

— The fundamental concept of the constant deflection contour miethiod may be best cxplained
by considering transverse vibrations of plate, referred to a system of orthogonal coordinates oxyz.
for which oz is the transverse direction ( positively downward ). The horizontal plane oxy coin--
cides with the middle plane of the plate. Such a plate is either statically deflected, vibrating freely
or forced to vibrate, all due to normal static or dynamic loads. When the plate vibrates in a normal .
mode, then at any instant t, the intersections between the deflected surface -
and the parallels z = constant will yield contours which after projection oito z = o surface are a set of
~level curves, u(x,y ) = constant, called the “ Lines of Equal Deflection”, which are iso-amplitude.
. contours. The boundary.of the plate, irrespective of any combinations of support, is also a simple

closed curve Cg belonging to the family of lines of Equal Deflections C . As defined by Mazumdey
- [138], the family of non-intersecting curves may be denoted by C, for O<u<u*, so that C_ (u=0)
is the boundary and C_ conicides with the point (s) at which the maximum u = u* is obtained

‘u(x,y) = constant .




T ~matxons

Governing / Basic Equations :

A different apporach will be utilised in establishing the governing equations to that used by Mazumdar

|37]. We consider a thin elastic plate which vibrates with a moderately large amplitude in the
transverse direction, under the action of an uniform load P The usual procedure is to consider
Karmar type ﬁeld equations extended to the dynamic case :

3 Vi —oC (F w)+ pr ,,,,OV e ff',:;";-',‘_," ® .js

X V4F : E‘Q &C(w w) ' La z]

>

in which the flexural rigidity D'a_ndjtwo dimensional Laplacian operator V' are defined by

with h the thickness of plate, E Young’s modulus,'.": the uniform normal load. f the material
density, w the deflection function and F the Airy stress function. In addition a suffix is taken as an
indication of partical dlﬂ'erenthtxon wnth respect to the implied varlable and the operatoroc

is deﬁned by
oC 1, :r) I

As an attemative to the ‘derivation of the subsequent ‘equations directly from basic equations as-
* done byMaumd;ar[s?-laﬂwe will establish them directly from the above equations by mtroducmo:
the concept of constant deﬂectlon contour lines. ‘

It should be noted here that the use of the stress function is equi\'?‘l'ent to disregard of intertia

terms in the equations of inplane motions of the particles of the plate. This assumption is legitimate
when the oscillations priinarily take place in the transverse direction, perpendicular to the middle
’ plane of the plate We choose the deﬂectlon functlon and the stress function in the separable form

w e t) = w'c;, »1 % v (¢>
F (x %, ’c) PR

il

. fwhexe \y (t) is an unknown functlon oftlme to be detex mined. Let us make the followmo trdnsfor-‘, Lo
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with transformations examplified by those shown in equ mons (3.5) and (3.6), equations (3.1) and
(3.2) are transformed to
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Since equations (3.7) and (3.8) are valid? for all points of the whole domain, it is clear that
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HE\#W AF +Ae°& dW dF }T]qf () At
+ff BD Fa Y R '[3.9.@

ﬂn[A d‘* +A ZLQF LA, o_g_'__ +AlfcﬂFj0[ﬂ_

T,
2l e -0 09

Where the region of integration is taken over the region enclosed by some contour C . To integrate
equations (3 .8 ) and (3..9 ) previous authors have usually employed Green’s theorem. However we

- pursue a different approach and change the variables using the general formula
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_____ A"
‘Hﬂfp(u u? LL - ; ’ MJZ‘Z ’ u')*_z ————————— %)'&%;"“"“d W At

_ _af¢'(u){§¢ G, :f).qlli, du [2:10]

Which is a gcnemhsatmn of a formula adopted in Ref [’l 15]. Often it has been encountered that the
contour integral in (3.10) turns out to be dependent of u and hence care should be taken to evaluate
first the contour integral to avoid any confusion that may arise from equation (25) of Ref. [180].

On evaluation of integrals ( 3.9a ) and (3.9b ), they may be further reduced to the forms

ALY, }k(t)/.trjﬁ)j =0

v Dlhgs fzo—?l*fa“" ]W

FhbrpRapfian =0 Lo
@ AW | =
ATF®, 8 | =0

[ +QQ_;Y_; + 9, OQF T+ Fj

+ E_gé %5-(%)%: o [3+12.]

W 3
ooy Jv'e)

To avoid the integral appearing in equation (3.11) Mazumdar and others [! o8] have taken the
derivative of it making the equation of order four again, viz

d"w d3w AW w
Dlf e +f S+ F  + +7, ol we)

[ﬁsd_ﬂ/ dF’ 32;5 ib Aw dE )jqj @) +30 b +/o,’2,q/(t)wﬂ [313]
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Equations ( 3.11 )and ( 3.12 ) or equations ( 3.12 ) and ( 3.13 ) form the basic equations governing
the vibrations of any structure. These equations have been derived without specifying the geometry
of the structure and they may therefore be specialized to deal with any type of geometry. Moreover
(3.11-3.13) f omasystem of ordinary differential equations which may be solved for a variety of
structures and subjected to several forms of bcunda:_, cox‘dxt ons. DA -

- Method of Solution :

N _The method of solution n'lav‘ be considered in a two fold ‘way. '

Consldeung (3.11 )and (3. 12 ) as the basic equations wrth appropr rate boundary condi-
tions, it starts with finding the exact or approximate solution for W (t) from equation (3.12). How- ..
ever the exact solution for y(t) may only be feasible for linear analysis like what has been follow: ed
by Mazumderﬁ?}? 7 jFor non-linear analysis one may has to seek for approximate solution for which

the form of deflection function must be first assumed compatible with the boundary condition, next - "

to solve for y (t) from equation ( 3.12 ) in conjunction with a Galerkin procedure. With this
- expression of y (t), equation ( 3.11 }or equation ( 3.13) will again yield an ordinary time differen-

' tial equation in combination with the Galerkin procedure. Mathematrcally, the above steps may be .

-explained in the followmg way.

- 'Let w(x,y) = be the representative of one of the family of the iso-deflection curves. Then for ariy :
. prescribed boundary conditions the deflection function w (u,t) can be assumed to take the form -~

_ w“' _* ZA W(w)ty(t) : [3‘@_.'1

b.-l

E oo FwvYe e

. Equation (3.12 )'in co.rrltb-in:a't.ion with‘.‘('3.14 )and @.15) will yield_'_’: o

. Substit.iting this value ofF with YW was in (3.14 ) equation ( 3.11 ) will yield the error function
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rather an approximation. The associated error function may be minimised using Galerkin method.
The appropriate orthogonality condition applied to equation ( 3.17 ) will yield the following

* Time Differential Equation™

ZY® +C B+ YR = Cp [

Equation ( 3.18 ) is a Dufling type equation and its solution is well known. Equation ( 3.18 ) will
enable one 1o find the frequency respopse for various case in respect of linear and non-linear
response and free or forced vibrations. Aditionally, it may also be used to determine static deflec-
tion to a uniform load. This equation and the method just detailed may be applied to any structure
provided the contour - lines are known. Before we proceed to give any specific illustration, we
must have the expressions for the boundary conditions to be satisfied by the deflection function as

well as by the stress function.

Boundary conditions and their transformations for u- variables :
' The Imundary conditions imposed on structures play an important role both in obtaining
the exact or approximate solution and also on the class of possible response. We now therefore

look at several cutnmonly used boundary conditions and their implications in respect of the con-
cept of Constant Deflection Contour method. In two dimensional problems the following bound-

ary conditions are usually imposed.

3" Supporting Conditions and their Transformations :

Cuase - I Clamped edges

a) For rectangular plates

W = _2%%74(_.: uj)m> = 0, omiRe e.o%e—rerremﬂa‘odomﬁ

%~ diveefion

W= Q@;Guﬁ;):o M%edge?e»rfen&&whwﬁ
by ¥ - y-direclion

w = i‘ﬂ_?/_.:u?] =0, when =« ts Re owlunrd umt-normal
dﬂ/\ fid ‘tb The e&g& -[3.].5]
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The appropriate form of these conditions in terms of the variable u are given by

w = %ETUL =0, on Ve P;oumdcwg' (L.é., W= O) [3..2]
w

Case - I Simply-Supported edges

In the usual notation the conditions for a simply supported edge may be expressed in the
form

.

o | m%e&gemmﬂﬁ x-direcliorn
‘zf [3.1.3]

- dovedtion
u?]‘ag.'f'?fw’,m, = O/ on- e edgemdﬁ 4 " :

W +Iw,
7ex Y

which when transformed in terms of u variablé become

/,‘" " T\ Z, —
dt™ & w ¥ [3.0.4 }

A

W - 5 " 2/"" =0
Oiﬂwf (gt u7’°> +%% (u/ gy |

on the edge normal to x and y directions respectively.

Case - 11l Free edges :
For free edge conditons, on an edge normal to the x - direction the usual boundary condi-

tions are

w,  +@-HW, =0
At x4

3.5

w, +Sw, = 0
p &3 ¥
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Together with two similar conditions for the edge normal to the y - direction, if it is also free
obtained by interchanging x and y.

The above boundary conditions may be recast in terms of u to yield

(4, 5, )5+ (ot ) o

[LL + (2~ »/)u w ‘f@w + | 3, % +2’“2() (m? %y E”‘GJ

: » | N .
%xu?‘é%ﬂr q,f + [b%iu +(2’ J)u T =
I Free edge nwormal 1o #- dweckion -

and a similar 'expressions for a free edge normal to y-direction changing x to y and y to x
3' & - Stress conditions and their transformation to u - variables :

a) Stress free edge ( normal to x - direction )

g™ B ™0 (3.2.1)

which on transformation to u variable turns

7 “1- .
w d4d°F w dF o \
7'&_ du + “s¢ du \

uw&“F+u dF o
ot 3&1&_ xyﬁ
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Two similar expression if needed for a free edge nounal to y-direction are obtained by lmerchang-
ing xandy.

b) ~ Tmmovable edge ( normal to x - direction') =

u- f [ (554048 65,55,

(dw} jau o e Lazs]

Similarly foran edge rnon‘nalv_ to y- difeqtgoﬁj m"ay béw":dfrectlyl put with varia.blefu as




¢) Movable edge :

The stress condition for edge normal to x -direction may be directly written here as

L) = Consfont
and for the edge noemal 0 y ivection

___E LLc{F _ 0
/vt Zfotu,+ widu T

\V = Constart ,[3, Z.S‘]

3-3 Since in most practical cases polar co ordiantes having circular symmetry are of importance. We
rewrite here the transformed boundary conditions for deflection and stress funétions below in

polar - co ordinates ( r, 0 )

Case - | : Clamped

W =. =0 =5 w/ N iw/ =0 o]
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Case - 11 simply supported

_ N W, =0 —- w/—_— 2(—w)dw _ (i oﬁw} _ 0
o=, LW, =0 =y o{o Wiy _ (+Hdw ] |
’ w= w=0

Ty »

[3.3. zj’

For stress conditions, in brief we may state

a) Stress free edge

,\/_l—j‘% w0 ’[a.a.i{]

Wa0

b) Immovable edge

{zéwu) LF _ (-H)dF } / =0 5.3.4]
dur . du
. u=0

Perhaps it would be proper to mention here that though the above boundary conditions are
in fact the transformed expressions from carlesian or polar co ordinates to u - variables in the light. -
of the isodeflection contour method; sometimes in general “it is impossible in the simply
supported case to find the exact functions u and w such that they satisfy mechanical boundary
conditions™ as observed by Mazumdar et.al [ 106 ] . In such cases some conditions should be
imposed on demand without violating the normal conditions [ 106 ]. This will be further discussed
in the foregoing illustrations whenever such cases arise.
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CHAPTER - IV

A Si m\p&fneoﬁ MetRod —for Soﬂvma Noa Lineay Probﬂems “—5""3
“ Constont Deflection Contour MetRod. . :

As stated earlier the method of ™ Lines of Equal Deflection” is one of the existing methods
applied in studying. the non-linear behaviour of structures subject. to moderately large vibra-
tions. With reference to the idea expressed by Banerjee and Rogerson [122] equations (3.11) and
(3.12) or equations (3.12) and (3.14) may be applied to study the vibration analysis of structures ‘
However the present investigator has some reservations in accepting the free hand use of any one
~and the present investigator has to add that the first choice of using equations (3.11) and (3.12), .

though simplifies the mathematical computations, in the sense that it involves third order ordi-
- nary diff.'.erential equations, may not yield the diserable and accurate result in comparison with the
second set of equations (3.12) and (3.13). In the foregoing chapters both the set of governing
equations will be used for the analysis and a compar-tive study "will be made thereafter.', g

In the piesent chap‘{};r all the problems considered here w1ll mvolve the ﬁrst set of oovem- o
ing equations viz. equations (3 ll) and (3 12) : ' el

PROBLEM 4.1 | e
- Non - linear Vibratlons olegid Elllptic Plate With Umform Thlckness

i Let us consider a problem in establishing the applicability of this method to one' of the "
useful structures, such as “ an elliptic plate with uniform thickness vibrating at large amplitudes."‘.fﬁ

" As usual the dynamic Von-Karran® equations for aplate subjected toa normal umform load o
may be put in the followmg form [ vide equation (3.1) and (3 2) ] Tk -

D_Vw_ M(Fw)+}> f’QW

V F ‘—E0<(ww) L Rere bR ER
| Wt . e l2. (I—ZS’)

With in-plane inertial effect ignOred where w is the deflection function. F is the. sttcss -’
function, ptsthe load, h is the plate thickness, p is the mass density. D is the ﬂexural ngidit} Ei is
the plate modulas of elasticity s tlle Ponson s ratio. - : S e

For an elliptic’ plate clamped along the edges, the family of contour lmes of the det‘lected

sunface may be iepiesented by Co e

T ”— == = = o gad] oo
: Fuﬁ:&sﬁevg v Mafﬁz-ma{ws S | ) N S S R
ord datiics in foatring - Ptfied mTCOVE a0 Wlne &

;,Tee%wgoga, Naresa. Puuoshhg' 39 ‘
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Where u = 0 defines the boundary and u = 1 defines the centre of plate ,the boundary conditions

imposed are

w=0 atu=0 .
CU\JL GKW "’O, ot I/L=O,| [A.l.?:]
du
Then performing the ~  integratii-ons of equations(3*9a) and ( 3+94 ), using equation (4.11) one

may arrive at the following equations after a lengthy calculatlons ( for brevity the trivial but
lengthy calculations being ommited )

PRSI

- h 2.9
2. b @a+ 36 +2a&l&,092’o&230 _R(-wdw
, | T |

e A |

<, w)oﬁF oﬁw -+ F(““D+/°£ijtt°€“= 0 w3

(3a+3b+m%) B wy AF ,,2,@_.(; &
o

i

<E .C'“"”) (%)L [4. 1.5]

'y ™
o b

- Nowinski [ 12/] has shown that when a plate vibrates principally in the transverse directions and
- in-plane movements are restricted then without only loss of generality the spacial part of the de-
flection as well as of the stress function may be considered as the same

o ZA wty(t) Au WG:)

F o AO® [4.5]
| 40



A is a constant, d(t) and y(t) are unknown functions of time.

Sitice equation (4.1.5) does not represent the exact solution, Galerkin procedure may be
applied to minimize the error. Substitution of equation (4.1. 5) in equation (4.1.4) and performing
the required integration a relation between ®(t) and y(t) is first established

6 ol AE T
gb = —F o ) oA
) (3a+3b+2ab)q/() 4]

while equ‘ation (4.1.3) will then reduce to

2 p Bat2H28Y) puay 128 ER - Ae
5% z
3 o b (3ol +3b"+2ab”)

__P
_fg /D%AWG&D = = [4.1.7)

T4t

Equation (4.1.7) may be put in a simplified form

Ye) + BwE) +BY &) = Cp  [atd]
%t

' 3 +3b+20-b
wﬁwe B, _ IZ/D)(Q, )

55 p (3o +3b+9«03b)

2 RA
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4.1.a) Free Linear Vibration :

For free vibration p =0 and equation (4 8) becomes.

y@® +BU®) +BYE = [4.1.3]

¢t

For free lincar vibiation ( with B, =0) equation (4.1.9) reduces to

we) +Bwe) =
b

The linear frequency parameter is given by Ve

I 227
Y. (‘Z,D 3£+3b +20 b
5, /OE)< o b

Y
% T
2L (3 2m + 3)
r = . m -+
o B, [('W , )
Wheve —m_—.%_’_
Putting m = 1 we get linear frequency for a circular plate as 9 ‘19? '\/—l:?—l;/_;—

4.1.b) Free Non-Linear Vibration :

If T and T* be the conespondmg time periodsof linear and non-linear oscillations then

the ratio as
_ vy |
_ [|+.§L ELJ [4.1.10]
B 4 B,

whene O3 B, __2,3 ok (!—"){) ™ <W> T

B, (Bmi+2m+3)"
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A . .
§=T . represents the relative aznpfct’w{ﬂ

Numerical results have been computed and shown in table [ 1&2]

) 4 l c) Statlc Case

Neglectmg the inertial terms in equatlon (4 1.8 )one oets for analyzmg the Iarge deﬂec— .

tlon behawox .

o Or‘xl’/t‘uﬁhef silﬁpliﬁcation one gets the rzlation between the non-dimensional cent‘r‘alvdefelction S
’ 0 ) and the load parameter ot T T, T
iy T

2 ‘(’?mv +2/7m+3) W, +l536
()

on . L
@'m +Zm+3) ' 'R/ |

po - ‘:.'p..n.:;j.

Nli‘m'exri.c.al results have been shown in tables [ 4&5 ]

For cuculal plate (m=1) a.nd for v=03 equatlon (4. 13) reduces to '
5 9@0@(7:)+ ] 92“(7:) ,,t_v_T o
o ER™ o
e 5 ew( :p:)—;—z -‘f51r(—&—)

b3
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Numerical Results :

- Fable [1:

. Dependenceof the relative time period of nonlinear and linear vibrations ( l'/:l. Y on

relative amplitude ( Ao ) for different values of m= (% ). v=0.3

A A
: Zf m=1 m=15 m-=2 m=235
0 1,000 1000 1.000 1,000
0.5 0.9705 - 0.9811 - 0.9911 ©0.9956 . . :
1o ~0.8946 - 09300 - 0.9656 0.9829 - .
1.5 0.7989 . 1 0.8593 . 0.9296 0.9627-
20 0.7045 0.7822° .. .0.8795° 09362
2.5 0.6209 0.7076 - . " 008276  0.9050 -

Table 2 }:

Dependence of relative time period ( T*/T) on

for dlﬁ'erent values of
“)

m—')O
. Ao B A
2 vV=0.2 - 1v=0.3 v=0.4 vV=0.5
0 | . 1.000 10000t 11000 - 1.000
0.5 ©0.9905 09911 09917 L 0.9926
1.0 0.9636 0.9656 .+ .. = 0.9680 . 0.9713
15 10.9230° 2 0.9269 - 09318 0.9385
2.0 1 0.8734 - 0.879555 08870 . o 0.8973
2.5 0.8197 - 0.8276 . 0.8375 -~ 0.8513 ¢

Table [3] :

in the pxesent study and the results glve by Smharay and Baner_;ee [ l"4 ] V= O *_ :

8]

Comparative study. of relatlve time pel IOdS of non- lmear and lmear vxbrauon [1

] whele/“l =12(3m'+2m* +3 ) for a cixcular plate as obtained

C124)

10000
0992 .. .. " ..

097000
093677

70894 %

o 0.848 0 s
07997 S

versus [
m =|
A Ty
7-——_2:-."
’/;u" » Present Study
0 ~1.00
0.02 0.9937
0.04 - 0.9757
0.06. . 0.9477
0.08. © 0912
0.10 ~ 0.8722
0.12° . 0.8296
. 0.14 0.7865
-~ 0.16 . - 0.7443

0.752. e




ba

Table [4]: Dependence of Central deflection xo" on load parameter_T
~ for different values of m andv=0.3 ER
W | o gt
EA m=1 ‘m=1.5 m =2 m=2.5
0 0 .0 0 0
© 0.2 1.187 3.3513 8.6772 19.476
0.4 2.446 6.866 17.5542 39.168
0.6 3.93 '10.7107 26.8305 58.608
0.8 5.67 15.047 36.7059 80.064
1.0 7.78 20.040 47.385 101.722
1.4 13.47 32.652 71.923 148.416
1.6 17.24 40.6003 86.1913 173.952
20 27.08 60.600 119.7200 230.400
2.4 40.606 87.166 161.2358 295.488
A
Table [5]): Dependence of central deflection M/‘R' on load parameter ba/E"R‘A.
for different values of; v, m=1.5
W . P“lr/ Egt
0 : ‘
R v=02 v=03 V=05
0 0 0 0
0.2 3.1784 § 3.3513 4.0598
0.4 o 6.3240 ‘ 6.866 - 8.2867
0.6 10.1934 10.7107 12.8476
0.8 14.3589 ' 15.047 17.9097
1.0 _ 19.1826 20.04 23.6400
1.2 24.8287 25.8537 30.2054
1.4 31.4619 32.652 37.7731
1.6 39.2469 40.6003 46.5100
2.0 58.2926 60.600 67.8400
2.4 _ 85.1927 87.1660 96.4915

Discussions :

Tables ( 1,2,3) and figures (L,II) shew the dependence of the ratio of non-linear to linear
time periodsT / T on the relative amplitude Ao/'gf for elliptic plates. It may be observed in table
(1) and figure (1) that there is hardly any effect of non linearity so far as the free oscillations of
elliptic plates having higher eccentricity is concerned. However, in case of circular piate the non-
linear effect is notable. ~ . In table ( 3 ) it may also be noted that the results of the present study
for circular plates are in excellent agreement with those obtained by Sinharay and Banerjee [124]

Tables [ 4& 5 ]and figures ( IH & lV): show the variation of central deflection (M,/fﬁ, )
for different values of m and v. Table (4) and figure (I11) shows that for a particular value of central

At



deflection the value of load parameter ( pa AER« ) increases with the increase of the vlaues of m.
If implies that to obtain a particular central deflection, more load is needed for an elliptic plate than

for a circular plate. Again table (5) shows that for a particular value of load parameter, the central
. ~ . . L . “ .
deflection for the plate having higher Poss’on ratio are smaller than that for the plate meterial

having lower Poisson ratio. -

"From equation [ 4.1.4], the results for a rigid circular plate do not tally with those of
Yamaki[22]. The reason for this may be due to the procedural difference. Also the assumption of
retaining the same spacial part for the deflection function and. stress function may not be valid for
the present case . Also as indicated in the beginning of this chpater the use of equation (3.11) and

3.12) for simplification appears to be unjustified. The use of equation (3.12) and (3 13) will be
made latex on to justify the above agreement and the results become more accurate o




Problem - 4.2 ’
Non-linear Vibrations of Plates on Elastic Foundation

With the increasing demands for improved efficiency in material usage in structures and the

- emphasis on high strength/weight ratio, the geometric non-linear behaviour of plates has become

more significant. The majority of analysis into the non-linear deflection of plates on elastic founda-

tion has been restricted to the determination of static deflection for an elastic foundation with a

Winkler deflect ion characteristic at the plate/foundation interface. Non-linear static or dvnamic
analysis of plates under viscous dampmg and placed on an elastic foundation of Pastemal\ mode(

is presented.

- The ‘Constant Deflection Contour’ method will be used here in support of its application
to a little more complicated problem for which the governing differential equation are of Von
. Karman type extended to a dynamic case including the effect of elastic foundation and vicous.

damping. As it has already been stated that this method can easily be applied to investigaie large
amplitude behavour of vibrating plates having uncommonfor complicated boundary. '

" The dynamic Von Karman equations for plate placed in an elastic foundation of the Pasternak
model and subjected to a normal uniform load may be put in followmg form (1 75]

DVW '“"QOCCF w) F-—f—/oﬂﬁ,w -{—/mQK

-l—Kw—GVw o uzj

t

with m-plane inertia effeet 1gnored; ivliere? D‘ is the ﬂCXlll‘al rigidity = W,‘j
p is the applied load, E is the plate modulugof elasticity. (Ku_r—-GV W - ) isthe linear foundation

reaction for Pasternak model, K and G are foundation constants, w-is the vertical deflection, p is
_ the density of the plate material, v is the Poss.on’s ratio, K, is the vi scous damping constant, .

Se&de% far Wcﬁm
SMLRT 15
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Itis assumed that the set of Equations (4.2.1) and (4.2.2) satisfied in every region bounded
by the contour line C . Using the transformations in Chapter 11l and inte grating over the region
cquations (4.2.1) and (4.2.2) will reduce to

[0 5) 1 204 oo
([ Th ) ) )

— Kw + A,T,(_Z_%% + 4, %}‘%}jdﬂ [4:2.3]
‘ L 3 | . '
[ ER) () (a4
_Q .

R ﬂ’B%@e& ), Ao & (%>Ljoﬂﬂ— [h24]
SL | |

| R
where A, = C‘“%*%)

A ' r/u_"’... +w"u’ 2, [ : u_LL{_
. - U \ % 'b"x;(, /'J 737,) T (u’/x. ”’/a'z + /v‘é 7300—)
w
+ gu,t%,’ Ty

2 2
. A3 = 4 (u;"- w”""‘" + u?? w’??'}) +3 (l%zxx, i ul’??) + 2/“-}# u’)a;;«

2
u w
+ 7y th (U’fx rops Ty w’**?)
A = UL ‘ + LL' Z‘LL
A 7 e ! T ey

Y 7y

2-
Ag z,(w ey )
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it

| = = Qu uw, u
w -— u,

G, ;3,)

A = (}Ku-t— %/

U

A ke bed

Equations (4.2. 3) (4 2. 4) can be ﬁxrther reduced to 51mpler form on apphcauon of Green s meorem
wherever pos51ble : : :

On tlansformatlon to line Lhtegmes eduatlons (5.3) and (5 4) wxll then become
ap(w)o23 -m"(w) +aﬁ’(w)&w oU: +38 (u)f;
+30 (w)o[w +/0)wa O?,u,—f- /DQK J\w dlw -

+ Kfmu o LmJ

| 3,(@% +9,_C‘”)£‘fi£; +?’3@%’E, W)(&‘“ 0 [n2i]

where f,(u) and g(u) are functions of i thj -

Equations (4.2.6) and (4.2.7) are the two basic equations to study the dynamic response of's: tructures

- of arbitrary sgq e. Hereforth, unless the contour lines are defined one cannot proceed further. The =

following illustration may be cited for studying the dynamic response of a given shape.
Damped Oscillation of elliptic Plates on-An Elastic Foundation :

, Consndered here an elliptic plate clamped along the edges The famlly contour lmes of -
deflected surface may be replesented as usual by e : '

51"



u (=, 3) »=<I——_.’2£’1‘_..;’——-_§,,

where u = 0 defines the boundary. The boundary conditions imposed are

Ww= 0 w‘t’ w= 0

ﬁ'.e;b‘i:‘o,'afwsoji | [4.2.8]

Py

' A .O . N - .
Then performing the integratins of equations ( 4.2.3 , 4.2.4 ) one may arrive at the follow-
ing equations after a lengthy calculations

zp@:i”ii’,—ﬁ?ﬁ—{é J L _ag- w)oﬂ

r58 (-0 e L pif [tk ]

+ Kfmw fza%+ia)a—w)%%=o - ars]

3a,+5b ,;.Z,Q,b [(’4 W d,F 2(,_,“) q'g
__,_———Z'—‘—-;r——‘_’ %
b

Q

RE (- LL)(T | [A,‘%,JQ

af’b

Considering that the plate vibrates primarily in the transverse direction and the plate is restrained -
from in-plane movements, one can assume without any loss of generality [121]

w= AL WE)
F = Au”@ &) [h.2.11]
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Since equation (4.2.11) does not represent the exact solution, Galerkin procedure may be
applied to minimize the error. Substituting equation (4.2.11) in equation (4.2.10) and (4.2.9) and
performing the required integrations a relation between ((t) and y(t) is first established

> 2 2.
"@@) _ ,_g_;%/t{/(t) [H.2.12]

BA+36+24 )

and equation (4.2.9) will then reduce to

[ b Gt 3b+zab>+£+i(@?g”)]w(t)
= i "5 ab

a,b

#E _ AYE) by Fﬁ{uggjb KOUijE] |
8

- 28 . .
- (3d+3b+24 1) 2

s [hzB]

Equation ( 4.2.1 3) can be'put in a simplified form

9. 3
W)+l O+ A+ AW E) =0 [nau]
‘¢t % . 3 , |
where p has been set to ze'ro for free vibration zmd

7&* s wab




The solution of equatlon (4 2. .14) may be taken as [~ 68 ] ' /"ot

l’f/(’c)‘ #/‘Ot SM,I:/“ (4+—,a g /a3 ‘e ) + CVJ A

[lfz lﬂ

" If Tand T* be the éorrespondi_ng time periods of linear and non Alv'inear oscillatio_ns then 3
. _r‘ P ’_: - - ' { .
—— = TG
T M_,i-—f_—.g.-aoA /f_(éie

I

" The Dependence of T*/T on the relative ampef{;a}ie has béen‘present-ed. in Tables ['1. 1 and 12]
 Static Case | -

Neglecting the mertlal term in equatlon (4.2 13) the static deﬂectlon is glven by

: (3—m +2;m+3) ~ 0-0555 Cl-Hm)
39057 T

1_5-’38:}'%5 %
(5%%25?19:!‘39 '_ "‘P‘T

w.heré‘»‘. = ._,_-} ’ K o, T S




0 ' ) . ,
- presents the central deflection and K* and G* are dimensionless parameters

Numerical Results :

Tuble 6 :

k
o

Dependence of Central Deflection ( %O ) on Load Parameter ( ERF ) for

~different values of K*. v

0.3,G* =0, m =1

W bort fERH
0
—f K*=0 K*=40 K*=80 K*=120 K*=160 K*=200
0.2 1.74 2.16 2.65 3.13 4.25
04 | 247 3.44 4.42 5.39 7.34
0.6 { 3.23 5.39 6.85 8.32 10.95
0.8 | 5.67 7.62 9.57 11.52 15.43
1.0 | 7.78 10.22 12.66 15.10 19.98
9.0[125] 11.8[125] 14.7 [125] 17.0[125]  20.0[125]  22.7[125]
1.2 10.34 13.27 16.20 19.13 24.98
1.4 | 13.47 16.88 20.30 23.72 30.55
1.6 | 17.24 21.14 25.04 28.95 36.76
1.8 | 21.75 26.13 30.53 34.92 43.71
Table7 : Dependence of Central Deflection on Load Parameter for diferent values of

K*¥, G*=20,v=03, m=1.5

I
W Pa«h ER

0

—'P\j K* =50 K* =100 K* =150
0.2 6.82 7.43 8.04
0.4 13.80 15.02 16.24
0.6 2111 22.94 24.77
0.8 28.91 31.36 33.79
1.0 37.38 40.43 43.47
1.2 46.65 50.32 53.97
1.4 56.65 61.20 65.46
1.6 68.33 73.22 79.01
2.0 05.27 101.37 167.46
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Table ( 8 ) : StaticDeflection of an elliptic plate on Elastic Foundation. v =10.3. m= [.5, G* =10

L bal [
K*-0 K*-40 K*80 K*120  K*=160  K*=200

02 | 4.78 5.27 5.75 6.24 6.73 7.22

04 |97 10.69 11.67 12.65 13.62 14.60
0.6 | 15.00 16.45 17.92 1938 -~ 2084 2231
08 | 2075 22.76 24.66 26.61 28.56 30.51
10 | 2717 29,61 32.05 34.49 36.93 3937
12 | 3441 3734 40.27 43.20 46.12 49,05
14 | 4263 46.05 49.47 52.88 56.30 59.71
16 | 5201 55.91 59.82 36.72 67.62 7153
20 | 74.86 79.74 84.62 $9.50 94.38 99.26

Tuble 9 : values of load parameter for various values of m and v for K* = 80 and G*= 10

}Da"/E% |

W ‘ J=03 m=1.5
0 ,

2| me m=1.5 m=2 o 02 ¥ =03 #.=0.5
02| 3.04 5.75 11.85 5:0189 5.75 6.98
04 6.18 11.67 23.91 10.0703 11.67 14.12
06| 9.50 17.92 36.36 15.1869 17.92 21.60
0.8 13.10 24.66 4941 20.4014 24.66 29.55
1.0 17.06 32.05 63.27 25.7454 32.05 38.17
1.2 21.49 40.27 78.11 31.2517 40.27 47.61
1.4 2646 49.47 94.16 36.9545 49.47 58.04
1.6 32.09 59.82 111.60 42.884 59.82 69.61
2.0] 45.64 84.62 151.48 55.5582 84.62 96.86

Tuble 10 : The nonlinear central deflection for a rigidly clamped plate on a Pasternak founda-~

tion subject to a static load p=20,v=03 m=1

W, @

ES K* = 50 ' K* = 100 K* =150
0.2 207.08 200.32 193.23
0.4 92.15 86.00 79.00
0.6 54.63 43.20 40.14
0.8 33.81 27.00 19.96
1.0 20.86 14.06 - 7.00

20.0 [125] 14.0 [125] 5.2[125]
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Tuble 11 : Dependence on foundation parameter of the rf:l‘z’l‘hs‘\‘/é(-as time period of nonlinear and
lincar vibration T*/T for clliptic plate for variousjol relative amplitude,Ao tor p=0

and m=2_0v=03

[T#/T |
A G*=0 K*=0
O .
R K*=40 K*=120 K*=200 | ~€*=50 G=*=100 H*=200
0.5 - 0.9994 0.9995 0.99957 0.9997 0.9998 0.9999
! 0.9979 0.9981 0.9983 0.9990 0.9994 0.9996
1.5 0.9952 0.9957 0.9961 0.9978 0.9986 0.9992
2.0 0.9916 0.9924 0.9932 0.9960 0.9975 0.9985
25 0.9870 0.9882 0.9894 0.9940 0.9961 0.9977
Table 12:  Comparison of variation of T*/T with relative amplitude%% between jcases for
circular (m=1 ) and an elliptic (m=2.0 ) plate ; v =0.3 =0 K* =40 G* =100,
AO/Q T*T
m=1 m=
0.0 1.000 1.000
0.5 0.9965 ' 10.9998
101.0 0.9864 0.9994
1.5 0.9700 0.9986
2.0 0.9211 0.9962
Discussions:

Tables (6-9) and figures ( V,VL.VILVII] ) show the static behaviour of an elliptic plate for
various values of the parameters v , m and the foundation parameters G* and K*. The results show
a very good agreements with those of Smaill [125] in the limiting case when-a=b

Table (9) shows that the static deflections are as expcted dependent on the ratio —gﬁappre- ’

ciably.

Table (9) also depicts the dependence of the central deflection on poisson’s ratio. The choice
of material having higher Poisson ratio increases the load bearing capacity.

Tables (6,7,8) show the static behaviour of elliptic plate for different values of Winkler
“foundation parameter K* when Pasternak foundation parameter G* is kept fixed.
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Table (10) identifies the characteristics of PaStemak foundation G* for different values
of Winkler foundation parameter K*. Though a single term approximation has been made the re-
sults are inquite good agreement with those of Smaill [125] for cifcular plate. ' :

Table (6) when compated with Smaill’s [125]. results show that the values of non-dimen-
sional central deflections are little higher than those given by Smaill [125] for all values of K*,

All the tables, presented here, are for undamped cases only with K_=0. This is the reson for
which the results given in tables [6] differ 8maill’s results (Fig-5 of Ref [125]). It appears that the
central deflections are higher for undamped cases than those for a damped oscillatory motion for a

fixed load.

In table(11) and (12) the dependence of "*/ on rglative amplitude has been presented. It
may be observed that there hardly any effect of nonlinearity so far as undamped free oscillation of
elliptic plates are concerned, irrespective of variation in the values of foundation parameter. How-
ever, in case of circular plate the nonlinear effect may observed. [Table (12)]

Thus the"concépt of “Constant Deflection Contour” method may safely be applied for the
study of static and dynamic behaviour of plates on elastic foundations.
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Problem -4.3

The non-linear damped vibration of moderately thick plates has been studied by using the
method of “Constant Deflection Contour lines” and well-known Berger [ 55 ] method... Berger

offered a simplified approach to study the non-linear behaviour of thin plates.

Some points on Eegaéi"s Method

Combined the potential energy due to the bendmg and stretchmg of the middle surface of a

plate/shell may be represented by : ,

V- ﬁb {VW}+ 2 g z(r—yf)[ e %%;0 ‘ba:‘
.__(b" ) }&Ldé ‘_ [;,,'3_@

in terms of the displacement w, e, =e_+e ,e =e€_e - —!— e R and e, being the first and
XX Tyy’ 2 xxoyy =3

. second strain invariants. And E, v, h are Young modulus, Poisson ratxoy and thickness respectively
and with usual notations the in-plane strain components are given by :

e . ow LLwY WK o
e T ox T2 (:%7—5 T ’ N
e < @V’ .
Ty T ba& )

e, ='jbw \ov _“o_ug_bw_[;.?ﬁ:?' 5 za |
713 oy \ox +®x 'ng R [A'a ‘]

For the shallow shells K, and K, denote the principal curvatures ata pomt of the ‘middle surface.

For plate problem they are put to Zero. Lo
In 1955 Berger [ 55 ] proposed that the so called stram mvanant of the membrane strain to ,

the strain energy of the plate may be neglected without appreciably impairing the accuracy of the
results. On neglection of e,, equation ( 4.3 1a ) will reduce to ‘

=——ﬂm [(Vw)+12/ex - "’VO”()D&BW )} 0"”"7
—*ﬁ CWMJ [‘*33‘%]
o (o) (@60




The. governing eqnation Will novtl reduee to -
V (Vi) - CHOV =9 +pRas, = O
aig o, = C-$ge)/fn

| tA.é.A@']-

‘where c is a normalized constant of integration and function of time, f(t) to be determined. "
. Here the present author aims to verify the appllcablhty ofthe* Constant Deflection Contour method

“to Berger equations wrth regard to specific problem. -

Non-Linear Damped Oscillat_ions of Moderately Thick Plate of Arbitrarv -S‘h:aoe .

Many workers utilize Berger’s equation in their respective field of investigations and obtained
satisfactory results. In most cases the effects of transverse shear deformation and rotatory inertia '
has not been taken into account. Sathya moorthy and Chia [ 133 ] show that the effect of transverse -
shear and rotatory inertia play an important role in the large amplitude vibrations of moderately
thick plates of different shape. Banerjee and Bhattacharya [ 132 ] investigated the effect of trans- .
verse shear and rotatory inertia on large amplitude vibration of thick plates. SRR

The works so far carried out on the theory of non-llnear vxbratlons of thick plates are re-
stricted to the plates of regular shapes only. The present investigation concerns with the study of the .
non-linear static and dynamic behaviour of moderately thick plates of arbitrary shape by using the
. idea of “Lines of Equal Deflection”. To study the dynamic behaviour a damping factor has been

introduced. Numerical results for elliptic and circular plates have been computed and compared

w1th the other available known results.

The set of decoupled differential equatlons governing the v1b1atrons of plates are grven bv
R. Bhattachalya and B Banerjee[ 132] ‘ : : S

| oK E IR R
T 4 t(t—)v © - e ( )

5(: )5) G '?«

—_—

,,9‘, C ot

st M”m)w[ =2 e
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w is the vertical deflection, K is tracing constant charac'terising the effects of transverse shear defor-

. mation, v is Poisson’s ratio. E is Young’s modulus, G_ is shear modulus. o« is coupling parameter, h

is the thickness of the plate. 1 (1) is non-linear tune dependent function, p is-the density of the
%, -

matenal
[ /o G ){ __’ speed of the wave pmpasc,atlon along the surface of the plale The
deflections are of the same order of magnitude as the plate thickness.
S _ ‘
v. is the two dimensional Laplaclan operator .
Putting - --"':_ L

Equatidn ( 3.1 ) becomes

o

AwaB @@ t

For damping we introduce another term in the above eq,'nation

‘A u}-fBB v w cvw+bbw K W o tass]
A —8E ()TN TRk Yo e

where K is the damping constant

~Itis assumed that the equation ¢ 4.3.2 ) and ( 4.3.4 ) are satisﬁed in every region bounded by
the contour line C . Using the transformations done in Chapter I and integrating over the region.
'eqatlons ( 4.3.4) and (4.3.2 ) will lcspectlvely reduce- to : : '




Kbz nfiror it en g n

'EEIZ—

- [feg g o
e

D IW 0
ot
JL
+ﬁKu %ué df) =0 [4.3.5]
JL :
% 2 ) | OEW‘Z/ n Aa@]
7 _
where
2-
2- 2
A = (%w+%7)

- 7~ 2 »
by = 6 (8, ) 2 (4, S 0, )+ 4% %
A L,.(LL w +u w e

- 5 w w u
3 7 han 2 Tyy 3)'{'3 ;lb'f‘ ;55‘-> Lf(u;’c ]"‘37+ bL/} L%MQ
—2u u thu
e THY 765,
A Lo = u}#—w,u/ (,Lj&?g 2 7Maer

2 2-
Ag = Y+,
A, = 5 Y,

On transformation to line intergals, utilising Green'’s theorem, equation ( 4.3.5 ) and ( 4.3.6 ) be-
comes

oh



A Eﬁ’wdmw +f(w)o@——8 o E
/ ‘/ “ | ) -
.——— Og5§%%/+bfu3tb0&b+ vaw,tolm.=0 [11.3..8__]
and. |

_z : ‘u,"'

s ‘C(t) _ _E B (G?W o&t [hag]
& T |

where E is a constantand fi(u), g(u) and j(u) are functions of u only. .

lllustration : '
Damped Oscnllatlon of Ellxptlc Plate

- Considering an elllptlc plate clamped along the boundary, the famlly of contour lines ofthe
deflected surface may be presented by = . ~

. where u=0 defines the boundary S
- The boundary conditions for a clamped plate are -

Performing the ; L;\tegw;tw;:sl‘.of equations ( 4.3.5 ) and ( 43.6 ) with the boundary conditions repre-

- sented by (4.3.11). One may arrive at the fo]lowmg equatxons for elliptic plate after a lengthy -

- calculations

A[(l u)dw 2/(1 oyoﬁwt{ M(’“}M——N(I H)&(A}-
+P?ff +6{fw 03% O .[A.a;lzj

‘0—(’: B r(b) + ) f (1-9(%‘% o?/w [Ae ﬂ

1z
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Considering that the plate vibrates primarily in the transverse direction and the plate is restrained
from in-plane movements one can assume without any loss of gene'ié.g,w?

< .
0) W wwe) = Wuve) [4:2.5]

Method of Solution

Since equation ( 4.3.15 ) does not represent the exact solution, Galerkin procedure may be applied
to minimize the error. Substituting equation ( 4.3.15 ) in equation (4.3.12 ) and (4.3.13 ) and after
performing the integration satisfying necessary .- condition as required in Galerkin

procedure one gets

/A W) +—M W) + ION +g P ] Jttéb)

+'1§G{ q/]t(t) =0 [4.2.6]
! | |
Ty oAb STy ]

%R
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Substituting - T (1) given by equation ( 4.3.17 ) into the first two terms on the left hand side of

~ equation ( 4.3.16) it reduces to

‘ 3
LY @ + )+, W@ =0
U () 4l 6 ) s o

bt
Rove
, K/d/

S 2
2, 1 bV

L 2-
’% 3a +3tf' +20b

[4.2.18]

= — :
/u, ab L9 [ @)

%”c;/ 25 @

c

ib Y, KE (aﬂby Zaaf*+3b#+mvb’j
Mo =2 i—%") TG ) 7.?4?)

5 b4 h

b9 L ap(dr)

e =5 G

The solution of equation ( 3.18 ) may be taken as

—Mbh,

[4:3. 12']

» =M
W) = a, e SLWZZM,t (1+.g—a;l«/o /‘/.L*_(I;e )—#@ [4:2.20]

The time period of non-linear oscillation

*
2
T e
St

The corresponding time period of linear oscillation is

T = 2T (for finear oscillakion. f4,=0)

Vs
bF



TR T o — [4,3,2::]
o g |

where
/44; (@4—19) Lz KE @)

- (3 +jbl’+m1y 5 6,0-77) o

/
[43.22]

Static Case )
For mechanical loading the inertial terms in equation (4-3.1) are neglected to consider the static case
and the required differential equation for the static deflection of a thick elastic plate is

A 6k E 0(,’% ;((*b)vw___o—(‘}(({; VLW —_E:O HIA.23
VW—F'TS’(-;?@ 12 - | ) b) [hs22]

—% 2

whexe p is the uniform load and the couplmg parameter OC A T (t) is given! .g.!equation (4-3-2)
(.~ and l 2
3

b = is flexural rigidity.

rz/( )ﬁ
Equation (6,3 39 can be written as

;) K =
AVW——CVM——%—_—O [4.3.24]

where A’and C‘are given by equation - (4.3. 3)

Now introducing the idea of constant deflection contour lines as it has been done in the case of
dynamic loading and ploceedmé as before for elliptic plate where the contour lines are represented

by W = _ ,_7(4. _ g
az o

One gets the equation

A/ [C(__,LL)”% ___2'/(.[——1,1,) Z%/:?;ﬂ__ M’J/(f'-‘u)%gj_f_q/l ({___u): 0 [_A.a,zg

where M? is given by equation ( 4.3.14 )

b
ol - e — b 3.24
Y= % Ba* +35”+2‘c? v) L L j




I‘or the solution of equation ( 3.25 ) is assumed
. 7
o = Whu [4.3. 27]

. Lm . . . . . S
Substitut c%luauon ( 3.27 ) in equation ( 4.3.25 ) and applying Galerkin procedure to minimize the
crror onc gets

+f (;?;) j;k ‘ 42,28
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Table 13 : Free vibrations of clamped elliptical plate

o KE _o ))/:0'3//0\:0,7)1:('5

7
. .Gp, ’
- ) *
\/\/oav ‘ T/,
N | Present Study - Das and Banerjee Sathyamoorthy
| - (68 - (135)
0 1.000 4 1,000 ~1.000 '
0.5 | 0.9502. | 0.9502 0.9615
' 0.8268 ~ 0.8268 - 0.8700
1.5 0.6797 0.6797 - 0.7654
2 0.5441 0.5441 0.6500

r

Table 14 : Free vibrations of clamped Elliptic plate

kE =0, )/(_10.3," /L.—;O/' m=2

Ge
T*/.
Wa, |
% Present Study . Das and Banerjee Sathyamoonthy

0 1.000 _ - 1.000 1.000
0.5 | 0.9545 0.9545 0.9615
1.0 | 0.8399 0.8400 0.8750
1.5 1 0.6998 0.6999 0.7538
20| 056074 . . 0.5674 0.6500
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Table 15 : Free vibration ofbiiimped elliptic plate

‘K' . - o
E = 0’3 = o — }‘5‘
: L ¥ 7 VA ¢
G, d '
c
%au T,
B, h/a=0.2 h/a=0.1 h/a=0.066
Present | Das & Sathya Present| Das & Sathya Present | Das & Satya
Study | Banerj moorthy Study | Banerjee| moorthy " Study Banerjee| moorthy
0 1.000 1.000 1.111 1.000 1.000 1.025 1.000 1.000 1.0077
0.5 1 0.9454 | 0.9454( 1.0538 0.9490 0.9490 0.9846 0.9497 0.9497 0.9730
1 0.8124 ) 0.8124 | 0.9154 0.8232 0.8238 0.8808 0.8252 0.8252 0.8700
1.5 | 0.6581 | 0.658 0.7800 0.6742 0.6742 0.7712 0.6773 0.6773 0.7700
2.0 { 0.5199 | 0.5198 | 0.6600 0.5379 0.5379 0.6550 0.5411 0.5411 0.6500
Table 16 : Free vibration of clamped elliptic plate
a
WE 1, F=03, p=0, =%
¢ ’ .
c
*
T,
h/a=0.2 h/a=0.1 h/a=0.066
Present | Das & | Sathya ) Present] Das & Sathya Present | Das & Satya
Study | Banerj [ moorthy Study | Banerjee| moorthy Study Banerjeef moorthy
0 1.000 1.000 1.1807 1.000 '1.000 1.0423 1.000 1.000 1.0135
0.5 1 09470 ] 0.9471] 1.0942 0.9526 0.9526 0.9846 0.9537 0.9537 0.9731
! 0.8172 108172 0.9270 0.8341 0.8341| 0.8865 | 0.8373 0.8373 | 0.8570
1.5} 0.6653 | 0.6653 | 0.800 0.620% | - 0.6508; 0.7827 | 0.6960 0.695% | 0.7769
2.0 | 0.5279 1 0.5279 ] 0.673! 0.5570 0.5569 0.6600 0.5629 0.5628 0.6500
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Table 17 : Free vibration of clamped circular plate

m=1 ¥= 03, p=0

| w% T,
’ :
EZ ha=0.2 $E=07 h/a—0.1 KE = 90133 h/a=0.066 5E=19-3165
Present | Das & | K.K.Raju Present] Das & K.K.Raju Present | Das & K.K.Raju
Study | Banerjee| [ 136 | Study | Banerjee] <|36) Study | Banerjee (_I.AZ)S)
0 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.2 | 0.9868 [0.9869 1.9921] 0.9885 -0.9885 0.9924 0.9904 0.9910 0.9927
0.4 1 0.9494 10.9494 0.9699 0.9556 09556 0.9710 0.9628 0.9629 0.9718
0.6 1 0.8929 |0.89303| 0.9366 0.9053 0.9054 0.9388 0.9210 0.9202 0.9402
0.8 | 0.8242 |0.8244 0.8965 0.8433 0.8433 0.8995 0.8664 0.8664 |- 0.9015
1.0 | 0.7501 [0.7503 0.8533 0.7749 0.7751 0.8568 0.8058 0.8058 0.8591
Table18 : Damped oscillations of clamped elliptical plate
Kv=0-5/ - :!} _L = O;} '071:"5,:2’_:02/
2
R CP b Gc
T*/.
Wa, . :
0 7" KE/Gc=2.5 KE/Gc=10 , KE/Gc=20
Present Das & Present Das & Present Das &
Study Banerjee Study Banerjee Study Banerjee
. (63 (68) BB
0 1.000 1.000 1.000 1.000 1.000 1.000
0.25] 0.9862 0.9892 0.9780 0.9873 0.9673 0.9874
0.5 0.9472 0.9582 0.9177 0.9510 0.8809 0.9416
0.75] 0.8885 0.9105 0.8321 0.8661 0.7790 0.8775
I 0.8177 0.8513 6.7359 0.8291 0.6492 0.8012
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Table 19 : Damped oscillations of clamped elliptical plate

Secs

K =O'57 -‘_-;_'—:! —————*/o =05 't=6’“371=2/’ ﬁ—:o‘z
v £ CP b" G ! / a
c
%
%% | _ T*/,
—_— KE/Gc=2.5 KE/Gce=10 KE/Gc=20
R Present Das & Present Das & Present Das &
Study Banerjee | - Study Banerjee Study Banerjee
(68) (68) (65 1)
0 1.000 1.000 1.000 1.000 1.000 1.000
0.25| 0.9858 0.9892 0.9733 0.9867 0.9571 0.9828
0.5 0.9455 0.9582 0.9011 0.9489 0.8479 0.9345
0.75| 0.8853 0.9105 0.8020 0.8920 0.7125 0.8638
1 0.8128 0.8513 0.6949 0.8228 0.5829 0.7811
Table 20 : Damped Oscillations of clamped circular plate
K0=O'5, m= | ;’p =1 ——f——:O'S/ t=5 secs ,%=0'2/
R ‘b6,
&
% o, T/,
—_— KE/Ge=2.5 KE/Ge=10 KE/Ge=20
A Present Das & Present Das & Present Das &
Study Banerjee Study Banerjee Study Banerjee
(68, (68, (68))
0 1.000 1.000 1.000 1.000 1.000 1.000
0.25] 0.9863 0.9889 0.9877 0.98122 0.9744 0.9862
0.5 | 0.9475 0.9570 0.9527 0.9289 . 0.9051 0.9470
0.75( 0.8892 0.9983 0.8995 0.8531 0.8091 0.8881
1 0.8187 0.8478 0.8343 0.7655 0.7045 0.8171
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Table 21°: Static Deflection for Thick Clainped Circular Plate.

;}S_E;—_-_-.f 'R’ - O“Z/ }(-’-‘ 0‘3, '371.—: I

; =

a
.GIC
)\A/O / —Q, Present Study Sathyamoorthy
[135]
0.5 33961 32756
1.0 9.5844 8.6227
1.5 21.356 - 18.1126
2.0 41.505 33.8169
Diseussion
*
Tables [13-17] represent the dependence of L on central deflection —-%;— for elliptical

and circular plates for free oscillations and the results are compared with those of Das and Banerjee
[68] and Safhya-moorthy [135]. The results show a very good agreement with those of Das and

Banerjee [ 68 ].

k4
Tables [ 18-20 ] show the dependence of I-— on Wooy for damped oscillations. (K = 0.5)

for elliptic and circular plates and the results are compared with those of Das and Banerjee [68].
Table 21 shows the static behaviour of plates. The non—gimertlrsional deflection parameters -ﬂ— are

obtained for different values of the load parameter Po- / ER . The results show a very good
agreement with these of Sathyamoorthy [ 135 ] for small values of p.
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It is observed that the numerical results of the present study showing the role of rotatory
inertia are in good agreement with those obtained by other methods. The discrepancies in some
cases between the present results and those of K.Kanakaraju and G. Venkateswara Kao  [136],
and M. Sathyamoothy [135 ] are due to the fact that K. KankaRaju and G. Venkateswara Ka0  use
Fine Element Method whereas classical VonKarman equation has been solved by Sathyamoorthy,

but present study uses- Berger’s approximation.

The present investigation while checking the work of Das and Banerjee has observésome
salient points' which are unfortunatehy not in favour of the authors of Ref [68].
o~
For example Equation (5) of referance [68] though appears to be true in the concept of
“constant Deflection contour Method” but it becomes totally éxoneous when equation (7) is simul-
taneously considered. The reason is obvious as the expressions R,G.F. in reference [68] can never
be identically equal to those” A, A,, A,, A,, A, A, of equation(3.7))obtained in the ‘present
study.Probaly the authors of referenee [68)] have not checked the deductions.

The main purpose of the present problem is to establish the applicability of the concept of
“Constant Contour Deflection Method” for the study of static and dynamic behaviour of moder-
ately thick plate of @bitrary shape - The advgntage of this proposal is that the basic equations
(4.3.8) and (4.3.9) established here are ordinary differential equations of third order while equation
(4.3.1) and (4.3.2) are partial differential@quations of fourth order. Moreover, modified equations
will describe the nature ofnonlinear oscillations of plates of arbitrary shape provided the equation
of its deflection contour u,(x,y) = constant, is known. As for example if

X (x.y)=y[a/2 (2/a-y)-x2], we get the results of the uniformly loaded parabolic plate with a

clamped edge.

g



~ Problem -'4.4

Non liner wbratlons of elastic Plates with varying Flexural Rloldlty

i Non- homogeneous materlals with varying flexural rigidity have recelved a consmerable'
“ .. attention.The governing differential equatlons are of Karman type, extended to a dynamic case, - . ©
including the effect of varying flexural rigidity. Assuming the Young’s Modulus te be inhomoge- -

S and subJected to a normal umfon m load may be put in the f01 m

neous, the govering differential equations are solved with the boundary conditions for clamped e
 edge and by Galerk-in method. The “constant deflection contour” method is employed here..’“ DA

- The dynamic Von Karrian equatlons for a non- homogenous plate havmg vanying ﬂexural noldny';._‘..f

* considering E as function;of xand Y, an'd hand L as constants equations (44 1) dlld(442 ) ecome "




— /vf@u;w + (F W) [42]

e Y

7F - RE (w — W, w%) Ak ]
‘ 76'3/

It is assumed that the set of equations (4.4.3 ) and (4.4.4 ) is satisfied in every region bounded by the
contour line C_ As a necess ity for the application of “Constant Deflection Countour™ method we
integrate equqtions (4.4.3 ) and (4.4.4 )over the region.
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Equations(4.4.5 ) and (4.4.6 ) can be further reduced to a simpler form on application of Green'’s
theorem wherever possible. On transformation to line integrals equations (4.4.5 ) and (4. 4 6 ) will
become :

f “’JW -3, (‘9 07‘*“,;2‘1"""-%1
% Cw) w (w)&f‘ ' g.(w)(oﬂw) fg (m(oﬂw \ G&V :

Wﬂ

Equat10ns(4 4.8) and (4 4.9 ) are the two basxc equatlons to study the dynannc response of stru,tures o
of arbitrary shapes : S , R LR

An elhptzc plate clamped along the edges i 1s constdered The famxly of contour lmes of the
deﬂected surface are-as usual represented by - ' : : - o

~ where u =0 defines the boundary The boundaxy condmons for clamped edoes are equanons (3 1, l)
and(.’.'lz) N S e

Suppose the non- hnearlty is govemed by the equatlon V
x_ +
£ [+ ﬂ =t

be/E




Where B and E_are constants.

Inserting the expressions for E.u, v, etc into equations (4.4.5 ) and (4.4.6) integrating over the
region bounded by C , subject to the boundary conditions for clamped edges, one gets respectively

wf,p{0-Fep (=9 )G 28, P {0
W)[ i e {
+3F(' ‘fb)} +A/GE P'(- @Obvj—#f»m@
+/O%f ZZTalS %é—@% 30%7; =0 [A.h.lzj

o

(- u)m%;?‘i _,‘.2,(149% _ 2,025/}7 Bc,_y +p (,__Lyj(%%);
| k L
+ﬁ f 0"‘9%“’; du  [ai3]
! .

L 2
P - 3a 430206
h b
ab

[H.b. 14

! Oéf.;, bL*.f‘.?,)/(a.fbV
A L
a +b

~7
\|

Considering that the plate vibrates primarily in the transverse direction and the plate is restained
from in-plane movements, one can assume without any loss of generality [12. ]

w = AL WE)
= A'u%@ & a5

i1

ey



Since equation (4.4.15 ) does not represent the exact solution, Galerkin procedure is applied to
" minimise the error. Substituting cquation (4.4.15) inte equation (4.4.13) a rclation between @ ()
and w (1) o is first established

CP@' = _b o 2 (4__@_, y (t) [k 416 |

5 Port

while eal/uaﬁow (A.A.:z) will reduee +to

£ P | Ay )
eoﬂ’!:<3+ ) " j

28 Edf 14 FL £y +oz PRAL ()
T P b‘*< It gl

et __ﬁ_ [A. H. !ﬂ |

Iiquation (+.4.17) may be put in a simple form

Lf/ +Cvw +C, LV &) =C p . [4.h18]

Z¢t

c, = [P(a—rﬁ) iPJ

?)OIrEA )
C, = P

3 P
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a) Iree Linear Vibration

For free vibration p = 0 equation (4.4.18) will become

Y ©+rCUH+CU =0 [z

et

The linear frequency parameter is given by
Z/

W = B:/Z/: ;E‘fﬁ,)f (‘H@*) ﬂp}j [a4.21]

b) Non-Linear Vibration o

-

If T and T* be the corresponding time periods of linear and non-linear ﬁee oscillations then the

atlo
X —tk
T | i'ca .
T
wRere

C, _ e ()G
c, <3m+m+3)[(5m+zm+3)(5 +F5)

P/5 /m +275m+ﬂ [44.23]
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Where m = a/b, A /h = represents the relative amplitude. Numerical results have been computed

and shown in tables ( 22— 3]

c)Static case

e. . ) ) . . e .
Negleting the inertial term in equation (4.4.18) one gets for analyzing the large defection behaviour

Coy(5)+C,Y &) = Cp

[t 247

On further simplification one gets the relation between the non dimesional central deflection (W /h)

and the load parameter (pa’Eh”)

2 _[(ortsantrg) (it )~ (et

— et

(1—2)

+

7
!5'36 (‘+ '—,z‘_—/i“

(E)m +Lm +3)

Numerical results are shown in tables(32 — 35 )

Fa,
7‘2

[A.A.?ﬂ

“ Table -] 22 |: Dependence of relative time period of non - linear and linear vibrations[ T*/,] on

relative amplitudes [A /h} for circular plate for different values of B, v = 0.3, m=1

A/h T/,
p--2 B=-i B0 B=1 p=2
0 1.00 1.000 1.000 1.000 1.000
0.5 0.8782 0.9539 0.9705 0.9777 0.9818
1.0 0.6730 0.8449 0.8946 09184 0.9323
1.5 0.5171 0.7233 0.7989 0.8388 0.8635
2.0 0.4121 0.6165 0.7045 0.7549 0.7878
25 0.3399 0.5300 0.6209 0.6764 0.7142

Sh



Table - | 23 | Dependence of relative,time period of non - linear and linear vibrationg| T*/. ] on
relative amplitudes [A /;Jfor circular plate for different values of B, v=0.3, m=1.5

A, /h T, .

B= -2 B= -1 B=0 B=1 B=2
0 1.000 1.000 1.000 1.000 1.000
0.5 0.9190 0.9703 0.9811 0.9858 0.9904
I 0.75643 0.8942 0.9300 0.9464 0.9633
1.5 0.60873 0.7982 0.8593 0.8894 0.9222
2.0 0.4978 0.7036 0.7822 0.8240 0.8722
23 0.4167 0.6200 0.7076 0.7574 0.8181

Table - | 24 | Dependence of [T*/ ] on relative amplitudes [A“/h] for circular plate for different
values of B, V=03, m=2

A h T*/,

B=- B=- p=0 p=1 p=2
0 1.000 1.000 1.000 1.000 1.000
0.5 0.9569  0.9858 0.9911 0.9933 0.9945
1.0 0.8553 10.9465 0.9656 0.9739 0.9786
1.3 0.7354 0.8896 0.9269 0.9438 0.9536
2.0 0.6300  0.8244 0.8795 0.9057 0.9215
2.3 0.5435 0.7579 0.8276 0.8626 . 0.8843

Table - | 25 ] Dependence of relative time period of non - linear and linear vibrations[T*/.] on
relative amplitudes [A /h] for circular plate for dlﬂ'erent values of m, v= 03,=1

A/h T*/,
m=1 m=1.5 m=2
0 1.000 1.000 1.000
0.5 0.9777 0.9858 0.9933
1.0 0.9184 0.9464 0.9739
1.5 0.8388 0.8894 0.9438
2.0 0.7549 0.8240 0.9057
2.5 0.6764 0.7574 0.8626
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Table - | 26 | : Dependence of [T/,.] on relative amplitudes [A /h] for circular plate for different
values of m, v =0.3,=2

A /h LT,
m=1 m=1.5 , m=2

0 1.000 1.000 1.000
0.5 0.9818 0.9904 . 0.9945
1.0 0.9323 0.9633 | 0.9786
1.5 ' 0.8635 ‘ 0.9222 10.9536
2.0 0.7878 08722 o 0.9215
2.5 0.7142 0.8181 " 0.8843

Table - | 2F | : Dependence of relative time period of non - linear and linear vibrations[T*/, ] on
relative amplitudes [A /h] for circular plate for different values of m, v =0.3,

B=-1
A"/h T*/.l.
m=1 m=1.5 m=2
0 1.000 1.000 1.000
0.5 0.9539 0.9703 0.93858
1.0 0.8449 0.8942 0.9465
1.5 0.7233 0.7982 0.8896
2.0 0.6165 0.7036 0.8244
2.5 0.5300 0.6200 0.7579

Table - | 28 | : Dependence of relative time period on relative amplitudes [A /h] for elliptic plate
for different values of m, v =20.3, f =-2

A /h T*/,
m=1 ' m=1.5 m=2
0 1.000 1.000 1.000
0.5 0.8782 0.9190 0.9569
1.0 0.6730 0.7564 0.8553
1.5 0.5171 . 0.6087 0.7354
2.0 . 04121 0.4978 0.6300
25 0.3399 0.4167 0.5435
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of

Dependence T*/, on relative amplitudes [A /h] for circular plate for different

Table-| 29 |:
values of m,v=0.3,=-0.7

A /h T,
m=1 m=1.5 . m=2
0 1.000 1.000 1.000
0.5 0.9608 0.9784 0.9880
1.0 0.8647 0.9087 0.9543
1.5 0.7523 0.8221 0.9046
2.0 0.6492 0.7335 0.8460
2.5 0.5630 - 0.6525 ‘ 0.7847
Table-| 30 | : Dependence of relative time period of non - linear and linear vibrationsT*/, on
relative amplitudes [A /h] for circular plate for different values of v, m =1,
=2
A /b T/, : I
v =02 v=03 v=0.5
0 1.000 1.000 1.000
0.5 0.9808 0.9812 0.9844
1.0 0.9289 0.9323 0.9415
1.5 0.8574 0.8635 0.88032
2.0 0.7796 0.7878 0.81116
2.5 0.7047 0.7142 0.7418
Table-| 31 ] :Dependence of relative time period of non - linear and linear vibrationsT*/.,. on
relative amplitudes [A /h] for circular plate for different values of v, f =-I,
m =2
A /h T*/,
v =02 v=03 v=0.5
0 1.000 1.000 1.000.
S 0.9849 0.9858 0.9886
1.0 0.9432 0.9465 0.9565
1.5 0.8835 0.8896 0.9089
2.0 0.8156 0.8244 © 0.85239
2.5 0.7472 0.7579 0.79267

87




Table | 32 | : Dependence of central deflection (W, /h) on load parameter (#’a*/Eh“ ) for different
valuesof f.v =03, m=1

W /h : pat/ER

B=-2 B=-1 B=0 B = B=2
0 0 0 0 0 0
0.2 02365 . 03319 1187 1.6629 2.1384
0.4 0.5563 0.7515 2466 3.4106 4.3780
0.6 1.0425 1.3465 3.93 5.3754 6.8198
0.8 1.7782 2:2045 5.67 7.6183 9.5649
1.0 2.8468 3.4133 7.78 10.2477 12.7146
1.2 43313 5.0602 10.34 13.3601 16.3698
14| 631507 7.2336 13.47 17.0525 20.6317
1.6 $.8814 10.0206 17.24 204214 256014
2.0 16.0935 17.7861 27.08 32.5752 38.0688

Table | 33 | : Dependence of central deflection (W /h) on load parameter (i”a“/EhJ ) for different
values of B, m=2,v=0.3

W,/h | pa'/ER"
B=-2 B=-1 B=0 B=1 B=2

0 0 0 0 0 0

0.2 1.712 5.1949 8.6772 12,1600 15.6437
0.4 3.6046 10.58 175542 241609 31.5068
0.6 5.8581 16,3456 265542 373214 47.8087
0.8 86531 226818 367059  S0.74047  64.7686
10 1217 20779 47.385 64.998 82.606
1.2 16.5802 378272 590524 803039 101.5401
1.4 200884 47.016 71.923 96.8677 1217904
16 288568 57538 861913 1148993 1435763
20 46.9 83336 119.72 156204~ 192.632
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Table | 34 | : Dependence of central deflection (W /h) on load parameter ( Pa/Eh* ) for difterent
- valuesof m,v=03, =2

W, /2 boc/ER”

m=1 m=1.5 m=2
0 0 0 0
0.2 2.1384 : 6.04 15.6437
0.4 4378 - 12.2606 31.5068
0.6 6.8198 18.8421 47.8087
0.8 9.5649 25.9651 64.7686
1.0 12.7146 33.81 : 82.606
1.2 16.3698 42.5572 ' 101.5401
1.4 20.6317 52.3874 121.7904
1.6 25.6014 63.464 143.5763
2.0 \ 38.0688 ' 90.18 192.632

Table | 35 | : Dependence of central deflection (W /h) on load parameter (Pa¥/Eh* ) for different
valuesof v,m=2, =1

' W, /n bt /ng'

v=0.2 v=03 v=0.5
0 : 0 ' 0 0
0.2 11.5949 12.1509 14.5771
04 23.3995 : 24.5315 29.3639
0.6 35.6234 373214 44.5694
0.8 48.4764 50.7404 ' 60.4052
1.0 62.168 64.998 77.079
1.2 76.9079 80.3039 94.8011
1.4 92.9 96.8677 113.7811
16 110.3713 114.8993 134.2289
2.0 150.544 . 156.204 180.366
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Discussion : .

From tabley( 23 & 24 ), itis observed that for a particular value of m the effect
of non-linearity increases with the decreasing value of B whereas for a particular value of 8 the
effect of nonlinearity decreases with increasing value of m from tableg( 5 to 29

).

Normally the variation of Poisson’s ratio is overlooked. since the effect in large vibration is
marginal. However tables ( 30 £ 3| ) show that for moderately large vibration the non-
linear effect may be taken into account in the sense that the effect of non linearity appears to be
appreciable when value of Poisson’s ratio for the corresponding material deereases. '

The numerical results for static deflection for the present study have been compared with "
those of [126] and what has been observed is that the present results are not in exact agreement with
those of [126], particularly when 3 <0, but for § > 0 the results agree well with those of [126].
The first reason for slight difference may be caused due to what has been explamed in the very .

~ beginning of this chapter ( page %9) v

The second reason is the procedural difference, Ohanabe el.al [126] has used Bergey" equa-
tions whereas in the  present analysis Karman equations have been employed. Since Karman equa-
tions are reliable thatfhose of Berger hence the present results may be more acceptable thanthose

presented in Ref. [T 76]




Chapter - V. A Modified MetRod for Soﬁvma Non-Linear Problems wsing
“ Constamt Deffection Cortows MetRod. .

During the process of invo.sl,igat.ion while using two sets of governing equations i.c.
equations (3.1 Dand (3.12) or equations (3.12) and (3.13) both have been. utilized. Since the
first set (3.11) and (3.12) though simplifies the computational hazards yields not very
satisfactory results. This prompts the present investigator to have a little more careful
examination and application of the second set of equations. :

In the present chapter the investigator used the second set of equations (3.12) and
(3.13) for all illustration. In order to make a comparative study some of the problems treated
in the previous chapter have been reinvestigated and some of new problems have also
been treated in the present chapter. The second set of a equations appears to be more
effective  in the vibrational analysis. Obvious reason is that it involves a fourth order
differential equations whereas the first one involves a third order differential equation. To
verify the application of the " Constant deflection Contour " method with equations (3.12) and

(3.13), four specific casés will be considered.

1) Circular plate with built in edge (considered immovable)
2) Annular plate with outer boundary clamped and inner boundary free
3) Annular plate with outer boundary simply supported and inner

boundary free.
4) Elliptic plate with clamped edge

5.1
Problem - 1

Non-Liner Vibration of a Clamped Rigid Circular Plate ¢

A rigid circular plate which is clamped along its boundary is considered ‘The family of
isodeflection curves are concentric circles represented by

W= . [5.1.1]
= 1= -2

Clearly u = 0 defines the boundary and u = 1 is the centre of the plate where the

deflection is maximum under an uniform loadp .
The deflection and stress functions are assumed to be

w = WY&
FoWmr

IYor Such variable u equationi@.]Z) and (3.13) as deduced by Banerjee and Rogerson

[i22]

in chapter HI will reduce to

az



D(,u)dw b (1— u)otw 2,&14/ —VD\,U}(,&)

3
+z’% [(, w) d (aﬂw dF > oQW ORF Ly (t)

b 2 b
—_px /OR'Q,WU/ (*) [5:1.3]
- 1o 16 ‘bt |

I—A‘L;&I#Zt—‘w)& ~E(-u <0EWL | :
i A Gl

The first step of the method of solution as explamed in Chapter- III, W can be assumed .

as W= Z A w
compatxble w1th the boundary conditions for a clamped boundary, where Ai 's are

constants which may be evaluated while applying Galerkin procedure due to
orthogonal property of the error function. However, since we are concerned more with
the applicability rather then exact solutlon we may try with a rough approximation by

considering a first term only W ~ o

The first mtegral of equatlon (5 1.4) 3»&90[5
AF —
(l u’).a—-——- T E u’ | [5. l._5-]

While the second integral becomeq

2
(rf%)% qE!;L/+5m+BZ [5.1.6]

B1 and B: are constants subject to immovable condition

[2@,@%_‘ OJ)%] = 0 [5;;‘.—{]

w=0

Further equations (5.1.5) and (5.1.6) are valid for the whole domain bounded by C.,

then foru =0

A’ AF dr’ |
g T TP g o= e

w=0 w=0 w0
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5.2

/O%LV (t) + 22

Also when u =1, equation (5.1.6) reduces to

Solving equations(5.1.7), (5.1.8) and (5.1.9) one gets B; and B2 and equation (.5.1.6)
reduces to

| ("‘“)ftil = EE/ 2+(’+?)/)u’*‘("‘?f)ﬂ [5.:.@

du 12,(1—-
Combining equations (5. 1. 3), (5 1.6) and (5.1.10) one can get the error function

€ =hLRY®) +. E% +[ 2+2(+Hu+5 (1-Hu jw ®)

Ro 1 oyt — boe
—Holéb )t(;t)w _%5 [&Li]

Minimizing the error function by applica_tion of Galerkin procedure

f 611.&6[% = 0

Wthh on evaluatlon ylelds the following tlme differential equations as

Q0 E'R/ W) + E% (230 — 9075) .
T e T gy Bk e

The above equation is in exact agreement with the result of Yamaki [22] for vibration
of a circular plate with clamped immovable edge.

Non-Liné¥ Vibration of Annular Plates

An Annular plate vibrating at moderately large amplitude is considered. The
geometry of the structure has been shown in the adjoining figure -

Occupue&
The region/by the plate lies between t WO
concentric circles of radii a and b respectively
(@a>b).
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The'isodeflection curves are given by

2 z

w = [ — x;g LSZD

Where the contour Codefines the outer boundary for u = 0 and
Cuforu=u (say), for the inner boundary, i.e.

U, = | — 2¥d [5'2"2]

In the present case evaluating the integrals ( 3.9a) and ( 3.9b) the limits of u willbe uy  to u
instead of ' 1 to u. The nature of the basic equations remainsthe same except for some
constant term dependent on u 1. For example the first term of

[T'was

may be evaluated as 0

fo w) oﬂ"W du ds

w+4—t

,_(4r Lc“\/ (“)@W)

+2J - deoﬁwﬁm re2.4]

In the case for a rigid circular plate u,= 1 makmg the second term to vanish, so, the
representative of equation ( 3.11) for the present case of annular circular plate reduces to

DJ (-5 2l-)dh [Rve) 15 - Wde'd oy

b
+ /j“PV”“ ‘“’"‘)J W’C@Oﬂwﬂ%“ (-

MN@®) = 0 [5.2:4]
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Where M is a constant term ﬁwolvmg parameters u 1, (&VLI) and N (t) is dependent on t,

only. But when equation ( 5.2.14) differentiated with respect 10 u it reduces to

D[ G- w W —4G-w o*13""+ 2 & W]R‘V(t)+ 2’ d [(, W) dF ngjw@
+/° 0\, WLV(t) = ._E[Qbi [5‘.2,.5]

However the Irdns(ormod (‘quahon equivalent to equation (5.1.4) differs from the present one
by a constant,

WA e (ewd B (—w/dw )
(i LL)_’E@ZE‘ _ & “)WLZFO w)(;m)
+ B, [52:6]

Hence the two governing equations for the present problem are equations (5.2.5) and (5.2.6)
Two specific cases will be considered.

Circular plate with mixed boundary condition namely annular plate

a) Outer boundary clamped and inner boundary free.

b) Outer boundary simply supported and inner boundary free.

5.2 va) Problem - 2 a

Non- Linear vibration of a annular plate with immovable outer boundary and free

inner boundary :

It can be verified that the expression like

A
W) o= u+16 888 &= w0 8042
2 3 4
= U — [-37266u + 0°8698u [5.2a.1]
all satisf’\&;‘ the given condition [ as deduced from (3.1.2.) and (3.1.6) mathematically |
W‘ = _d’ﬁ/. J = 0
~ du
w=0

LL:O

A!—-M/Olzi/\/__{.aﬁ O
[ 2 ey (=2) 4 Ju,_u,,

[x{:«y% _ (J+J)%j =0 I5.20..2]
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~ depending on assumption
W =Au®+ Bu?, = Au?+ Butor W =Au®>+ Bu*+ Cu?
But it will be proper to assume '
W =u2- 137760 + 0.8698 U oooooovooe (5.2a.3)
With the dl)()V(‘ value of W, the thlrd integral of oquahon 5. .'?,6‘) will yield

(1-wWdF _ 00833’ 0:20660 1 025830 — 0 iz

40 063w’ |— By [(1-ulog (i- u)j
+ Byu+B; [5.2a.4]

The stress conditions, for the inner boundary being free and outer boundary being
clamped immovable are not sufficient to evaluate the constants Bi, Bz, Bs . So one must
- therefore impose certain legitimabe condition further. In general d"' " or AF
“AuE :
may or may not be zero on the simply supported boundary [ 106 |. However , here it
“has been observed that vanishing of any one of them implies vanishing of the other.
So, we are to choose either of the following conditions

. 2 /
a,> !39%% or%z 0 mvtt=o)’cf\%/B2,=B3.—.o

N 3
b? "J[) d’ F =0 then none of B i' s are zero.

| T T
Hence we assume that I is such a function of u which makes its third derivative to vanish
from the outer boundary. We then reject the condmon(a) and accept (b) as it is more probable;
in which case equation ( .2a.4) becomes

1«'»)%5 - E[o 8033 - 0" R0G6LE + 02531 — O IFIR U 4 0 oéauj
4+ 0-017842 f_(:—u,)&g(t w)+ :)
— 0-0165Fu 4 0- 029373 [5.20.5]

The time differential equation likewise as derived in sec (5.1), for the present problem
becomes

P”q/ () 4+ EJ@VA | 24 6676 W (&) + 47365 Wa(tjj
‘et o L

(3302 p [52a.8]
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52b Problem -2b

Non-Linér Vibration of Annular Plate with Simply Supported Quter Boundary

and Free Inner Boundary :

[t can be verified that that the expression like

W=u+0.325u?-0.1632 u? ......(5.2 b.1)
satisfies the boundary conditions [ as deduced from (3.1.3), (3.1.4), (3.1.5) and (3.1.6)

mathematically ] for b/a =%

2/(1—%)0@ W (1+2)/)0[W oy u=0

(1-—%)9%% = 2 (+d)dW
u

- ‘»i>06 LY,-:-—L{’,,
—uw)dPW Sy d*W
C )Tm - 26 )za;»

- depending on assumption W = Au + Bu * + Cu® with above value of W the third
integral of equatxon (5.2.9 is given by

3 4

(r—w)df—' e[ o 125+ 0-05%16 U — 0" 01223
5 ¢
_. 0 0082u -+ 000!

+ B [(-u)hog (—)+ - [+Bu+ B [52hs]

Stress conditions are given by

A ORF — 0 jl?gru 0

A GVM/
: Pabilished in B Tunnal of

- Vibrmation  Problem
. ~99 Vol B
2 [ICOVP 99, V% J



ond AF _ o o =y
e

which leads to

Be=Bs=0,4and Bi = — 0.1463[
Then equation.. (5.2b.2) becomes

! | 4

(1-w)d&F _ o 1z5ub4 00541610 — 001223 U
— 0-0082W + 0+ 002! w |

_ o3| (i-wWheg (-w)+w|  [526.3]

The time differential equation likewise as derived in sec. (5.1)

‘¢t

2 4 3
&) L ER : R
ﬁ%w +??[é%6w@+zM¥W@1

5.2C

= 1-3028 p [5iR4 ]

Numerical Results and Discussion : o~
A close look into the final equations for non liner vibrations of plates considered here -

[ viz. equation (5.1.12),(5.2a.6), (5. 2b.4)] they may be represented in general by

PRI + Ve +C, V) -]
Tt

Where Ci, Cs are the coefficients of L}/(-(;) ond LV3<t> equations

(5. 1.12), (5.2a.6), (5.2b.4) as the case may be and Q is the load parameter. We will now
discuss different aspect of the analysis.

5.2¢.1 ] Free - Liné¥ Vibrations :

If the non-linér term and the load parameter be set to zero, the liner frequency
parameter may be easily obtained

X
Co2

() =wa JLr
. D

10.3279 ( circular plate)

17.693 (annular plate with clamped outer boundary and
“free inner boundary )

5.169 (annular plate with simply supported outer

boundary and free inner boundary )
being the linear frequency, with X =03

and 1
2

b
o

Qq



7(:: 0:3

b _1
a A/

* o
O ol

Table - 3 6
10.3279 [present]

Rigid Circular Plate

Annular plate clamped outer boundary and | 17.693 [present], 17.70 [111],
free inner boundary 17.86 I'lEM[120],17.747 Kinite strip[116]

Annular plate simply supported. outer | 5.169 [present], 5.138 [116],
houndary free inner boundary

5.2C. 2.
Non-Liner free vibration of Annular Plates :

For non-liné¥ free vibration one sets p =0 to get

“~

/O»QL}; &) +C, W) +C, !4/3 )= 0
tt

Which is the Duﬁiﬂ{lg type equation and its solution is well known. If T * and T be the time
periods of non-liner and liner vibrations, respectively, then the relative time period may be

expressed as [22>]g » ,_;/z’ |
2
T 2. j |

5 is the non- dimensional relative amplitude of vibration representing Wm 3 in [22]

Equation (4.2 ¢.1) may be recast for the three problems with Z( =0.3

% o - _
T = rie2x O-#’fﬂxE@ﬂj/b |
T R - For rigid circular plate
~ . ——’ l

o 2 /2’ For annular plate with outer
— E!+§_‘X‘2; 51 055§ j ' boundary clamped and inner

H boundary free

— '

o /’Z/ : For annular plate with outer
— E _f_ix 3- gz,?,g§ J boundary simply supported and inner

H . . boundary free

| 00




x

. T . . .
The numerical results showing the variation of —=— with relative amplitude max,

for rigid circular plate, annular plate with outer boundary -clamped ‘dnd inner
boundary free and annular plate with 51mply -supported outer boundary and free inner

houndary K,a.ve &eew depicted in table : j 03

Table 37: T*/T
Relative Amplitude Rigid Circular Plate Annular Plate =0.5
and |22] Clamped outer edge Simply Supported
13 and free inner edge | outer edge.. and free
(present) innere,.s@eresent)
0 _ 1.000 1.000 1.000
0.25 A 0.9891 0.9459 0.92086
0.5 0.9585 0.8246 . 0.7632
0.75 - 0.9133 0.6969 0.5392
1.0 0.8596 0.5890 0.5085
1.25 0.8026 0.5037 0.4276
1.5 - 0.7463 0.4370 0.4276
1.75 0.6930 0.3844 . 0.3667
2.0 ‘ 0.6437 0.3424 0.2832
5.2C.3]

Static deflection for the same problems may be evaluated from equations (5. 1, 11)
(5.2a.6), ( 5.2b.4) after rejecting the inertial, terms

L . N . (W.,,, 3 :
a’h = '5'86!(—19:—"').-*‘2'?62/ TZ [Prést - For rigid
ER/ = 5-848 (%,._ +2-?5k(wm) Ref’[zﬂ circular plate

Ion
11655( + hhe 323? Wm for outer boundary

clamped and inner
boundary free

; W,
= Z l‘-ﬂg(_i”’_> -+ 8 3010(W ) For outer boundary

Simply supported
and inner boundary
free

Annular plaﬁte

ol




o the result are in excellent agreement w1th those of Ref [1 18]

Table 38: The Numerical results showmg,lr e stat ic (leﬂectlon shown in 'l‘able

. poX/ERH :
Wm _ Rigid Circular Plate Annular Plate with Annular Plate with outer
-ﬁ, T - : outer boundary clamped | boundary simply supported
' inner boundary free - _and inner boundary. free -
-0 R 0 S 0 R 0.
L1026 0 15084 0 o - 51063 . 06724 -
L 05 |~ . .3.2758 - - e 143680 = - .- 212275 -0 |-
| 075 L 55610 . - ¢ 31.9400 Co e B8 e
| 8.6230 .- - Lo 619787 . 2104700 |
_ ‘ 8.6020[22) .. = - ‘ [ R S S B
o " 9.000[117] L e T e e
] 1.25 SCrow 1207208 v 01066385 . - - S 18924 ¢
150 . 01811835 . . 0 . 178.0750 . . .. 312672 .,
ST B £ 3 I © 25.0593 $268.4430 © - C.. - 48.2881 L
1200 | - . '33.818; 389.9000 . - - - 68.751 oy -

" The values of the load parameter for l‘lgld circular plate as deduced in the present analy31s are_ S

..more close to the values of \«/ay [ 117 ] even slightly better than those of Yamakl [ 22 ] Also

Dzscusswn and Con cluszon

( for the Problem 5.1, 5.2 a and 5.2 b)

o  From the results glven here for statlc and dynamlc analysns of plates v1bratmg at large
' amphtude it appears that the application of the present method is justified.”

' The present results are in exact agreement with those obtamed by Banerjee and Rogerson i

- [122]. -
For the liner analysis the results obtamed by this method are more close to exact results in

comparison with those obtained by other method. For static deflection of annular plates the ‘."}

 results cannot be compared for non-avallablllty of such studJes P

In conclusion it may be accepted that the appllcatlon of " Constant Deﬂectmn Contour

" method is justified and appears to be easier than the other exjsting methods -The most -
important point is that the method can be applied to study static and dynamic behaviour of - -~

* structures having uncommon or complex boundaries for which other methods may fail to
.~ analyse. The application of polynomial exnressions for the deflection function-and  stress
- . function in conJunctlon with Galerkin pyocedureappears to produce excellent results. In case of -

" free non-linér vibration for plates considered here, the results are compared very well with - .

| those previously obtained .[ 22, 72 |. Additionally the load deflectlon relatlon for ngld cn'cular
 plate coincides very close w1th that ofWay [117] ’ 2T . b o




B4 Problem - 4
Non-Liner Vibrations of Elliptic Plate Clamped along its Boundary :

During the pro( 0SS of investigation it has already been observed in chapter IV
(problem -1) that the result for vibration of elliptic plates using the equations (3.11) and (3.12)
though simplifies the computational hazards, yields not very satisfactory results. -

This prompts the present investigator to reinvestigate the same problem using the second set
of equations (3.12) and (3.13) for a comparative study .

For an elliptic plate, clamped along its boundary, the family of isodeflection curves are

represented by
X,L g‘?«
- — . — 5.4.1
e el

- and b are the semi-major and semi-minor axes. u = o defines the boundary. u=11is -
the centre of the plate where the deflection is maximum under an uniform load p

Déﬂection aﬁd stress fuhctions are given by
0 = WG
F- Fwie [52]

For such variable u equation (3.12) and ( 3. 13) in Chapter III will reduce to

4 2
_3__1%&&_{:( u) o??F _2(-Wd*F :]:ZE('“@(%%%) [5.4.2]

D (.30L+3f9+Za&) (- v AW U ,,_@d,?’w zdﬂ—ﬂ @)

OH;POWB w)OKF o@W u/(,e;) F+/0RWUJ@ | [0k ]

Letr W) = ZA v [5.4.5]

Compatible with the boun(lary conditions for a clamped boundary A i's are evaluated. Since
we are concerned more with the applicability rather than exact solution we may try with a

rough approximation by considering the first term only i.e.
W=u2..0646
Since equation (5.4.6) does not. represent the exact soluhon Galerkin procedure may be applied

to minimize the error

[03



We first solve the equation (5.4.3) with W=u?,

The first integral of equation (5.4.3.) yiol(lc;

>
(30+3% +”VM’)[(( w) A°F ORZF _dr _ QE _ u+B  [547]
aﬂ -

30

While the second integral becomes

(3@+3L+m1>)£(| w)dFj z E _ LBu+By [5.4.8]
a’&"’ '

B: and B2 are constants subject to immovable condition

[2,(; u,)d, F (1—7)/)%5]0';0 =0 [5.4.9:}

W

Furthér (5.4.7) and (5.4.8) are valid for the whole domain bounded by C. then for u =0

(3&?-#5,{,”—{—2/05&%) &F// _ BQ_V | [_5.#.@
b o du

o

u—

30 458"+ 288 rcp/ B Fj = B,  [5h1]
w=0

02,1'! Y

When u = 1 equation ( 5.4.8) reduces to

2 E |
Bf -+ By__ = ""3" W [__5:#.!2]

Solving equations ( 5.4.10), (5.4.11) and (5.4.12)

We get B . 2RE _(‘j_’fjd
! 3050 (-

i

—hE 5.4.13
b = SErad - 2

|04



. '—-‘

Then e qu ation (5.4.8) reduces Lo

[3@ +3£ +Ra *p2) (, o) dr’ 2F L(«—?f)w + (+Hu "2] [5.4. 1]

ot o %m

Combing equations (5.4. 4) (5.4.6) and (5.4.14) we get error function.

- 8b (30424 REY) ) AW ()

ol g
16 E%E(Mf?wﬂ‘(’“f)““ 2:-] INTACY

+ 3 (1-2) (3a1+3b “+20°%7)

—u & [-—- -4

P (W PRAGS

Minimizing the error function by application of Galerkin procedure

Which on evaluation yields the following time differential equatlon for ¥ =03

(3@-% Hza) . o 8l ER
oI A ey AV

€,

L pRAYE = P [5.4.15]

¢t 2

Equn ( 5.4.15) may be put in a simpler form

Y 10 )+ G ) = Cp [smtE]

bt

(34204 2070%)

/an a‘%
| /O (3ol 3% 2078
C=3_
AP
a) For free liner vibration p=0,Cs =0
Y ) +Cwt) = 0

‘4t

(05



' w
The liner frequency pdramolor

’/2, 12b (3@ +3@ +Za«

! /O% Y 6

For circular plate b =a
\

Liner f'roquon(y for a circular p]dto = 9 ?9 /\/—l where a is the radius of

the plate

b) Non line% free vibration
For Non-liner free vibration one puts p =0 in the equation (5.4.16)

1) +C W)+ C ¥ ) = 0

If one designates T* and T as the time periods of non- liner and linér vibrations respectively
then the relatxve ‘period is given by

Nty

5 is the non-dlmensmnal relative amplitude

| 2
T [i+% ngfg;jj;; G |

Where m = a/b.

For circular plate m =1 and ['or)/( O *3 one gets

T [r—;—?’ x 04709 § J

. A‘ The numerical results showing the variation of T*/T with relative amplitude
e | =22 | for rigid elliptical plate have been depicted in the Table - 39 |
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C) Static deflection for the same problem mdy be evaluated from equatlon (5.4.16) after
rejecting the inertial term
A

A
po 2 (57” +Z7H +3)/\A/) 2208w [ W,
EA R = TR AR AT

Which for circular plate and for)/ 0.3 reduces to

5 860@(%) + 2 tfé{k‘/,) } FreSemt sty

5 8A8(—M?£‘”’j>+?/ foh (M/)j Kef (2'7

‘ 4
Numerical results showing the dependence of central deﬂection(,\é on load parameterlé_@ are
shown in table R ) S E&

\|

Table [ 3 9]
Dependence of relative time period T*/T of non-liner and linér vibrations on relative
amplitudes for different values of aspect ratio (m) , j =0.3

W T*/T
o , m= 1 m=1.5 m=2
0 1.000 1.000 o 1.000
0.2 0.9930 0.9955 0.9979
0.4 0.9728 0.9826 0.9917
0.6 0.9419 - 09622 0.9818
0.8 0.9031 0.9356 -0.9683
1.0 0.8596 0.9054 0.9517
1.2 0.8416 .8703 0.9386
1.4 0.7708 0.8345 0.9114
1.6 0.7216 0.7983 (.8887
1.8 0.6828 0.7624 0.8649
2.0 0.6437 071275 0.81041
2.2 0.6075 0.69405 0.8157
2.5 0.5752 0.6469 A 0.7786
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Table ‘[ 40 |

| W, ba 5
Dependence of Central Deflection on Load Parametergz, for elliptical plate )/ =0.3,
for (Elﬂ'@.rent aspect ratio. m

W pa*/ER* .

0/9» m =1 m=15 m=2.0
0 0 : 0 O
0.2 1.1742 3.3599 8.6918
0.4 2.4619 6.9636 17.6711
0.6 4.1725 . 11.03668 27.22561
0.8 6.1017 15.8.92 376413
1.0 . 8.6206 21.5478 ~ 49.207
1.2 11.802 - 28.4587 : 60.4852
1.6 20.6818 46.7742 . 93.6747
1.8 126.64508 58.6516 112.712
2.0 ‘ 33818 - 72.6576 134.427

It has already been studied that the result for vibration of elliptic plates using the first
set (3.11) and ( 3.12) is not satisfactory. But in this chapter utility of the second set of
equations ( 3.12) and (3.13) has been observed. Hence in conclusion it may be said that the
second set of equations should preferably be used to investigate large amplitude, vibration
problems. However for rough approximation the first set may be used in cases where the
structures have complicated boundaries or the governing differential equations become too

much complicated in nature.
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Chapter 1
The Non- hner Vlbratlon Analysis of Elastic Shells

- The main purpose of the thesxs is to make an extenswe study on the apphcatlon of o

"Constant Deflection Contour Method". In previous Chapters. it has been shown that the
application of this method, on isotropic elastic plate problems is effectlve and the analy51s -
‘ appears to be easier than the other existing methods. S v Lo T

To make further mvestlgatmn the application of this method to shell structures wﬂl be o

._made in this chapter. However the projection of the curve of - intersection of the plane z —_0._: o
with the structure must be known in all cases, how much comphcated the structure may be .

Though several studies [ 8 9 38,39,40,54,59,109,115 ] have been made on v1bratlon_

i “analysis of shell structures in which most of the problems deal with linear analysis. The study .
.." of the non-linéf analysis is very restrictive in nature and it appears that more detalled study L
. on large amplitude v1bratxon of shell structures should be made o : LT

o Regardmg the apphcatlon of " Constant deﬂectlon contour Method "on shell structures' " ‘
Mazumdar and Jones[115] had made some useful studies on shell structures. HHowever, all of
' them concerned with the linear approach. Recently Banerjee [109] has made an attempt to .~

""" extend the "Constant{yeflection Contour" method to shell problems. But no specific illustration

" “has been made in Support of the theoretical study. This prompts the present investigator to

" make an attempt to do some work in this sphere in support of the applicability of " Constant _
Deﬂectlon Contour" method to shell problems mvolvmg statlcal or dynamlcal cases T e

Let a:nelastlc 1sotrop1c shallow shell be consrdered The. equatnon of 1ts mlddle surface C

| referred to a system of orthogonal Co-ordmates , y, z) represented by

For a shallow shell b" (X+? ) < s small compared to the radn of ,

curvature Ri, R, aid Ri2 everywhere in the reglon R1 Rz, ald R12 may be taken to be oonstant

' The well-known Von Karman equatlon extended to a dynamlc case for shallow shell -
may be written as [109] - ' o | ’ . P

DVw 'Ea((F w)+di>+ ﬁﬁw 7':--— K‘P\,F —‘K?&F-;

T Bt s,




Ky, and Kz are principal curvatures.
If u=u (x,y) defines the lines ofequal deﬂection equations (G.1) and (6.2) becomes

] g
+ A, oﬁ dw oﬁf:):] +A d Fj_hb /OKW [@37;

A LF A a5 021 A, g
cQt,L+ d _;_A +44_;¢££?~.‘.__ +AOCd

b a,dw d"w—m ow+4 oew

' 2z
+EA;O—§/—:-:’— —:‘*EAQGP';:‘_Z' -1e’J

Where _ 2
= 2
2 2-
= u, % b, gu Y
Ag = ch’xw?x +u7zww>+2/( 794 + )+ 3 Tt

= u, u W,
A3 4‘(; 7xu+w; Q—f—#(,ﬁ ”‘H? ,? ,u? + 24, ua‘z

k4
hu, +3(w
+hu, 3w +u
‘ 7763 7‘33
. [ W

Alf 7 sexenx + 43y +2/u/7x>c37

A5 = 24‘/(/711 u’;‘j# B 2/%7"}

Ae = (ua)x %cﬁ +‘*73“7u'" 7 Y7y 719

lll'.



In tegrating equation (6.3) and (6.4) over area
e
; /KH[A dwo dF +Aéo@ (& oer:jom
ﬁfbg[A oﬂF+A O{ZZF o{%JL ﬂ”/oﬁ »
+. ffp om - Ies]
a0 4

M | |
ﬂ AOP,F_FACOQQM?, A%Jr;gém dfL

A oRE e
SL .

+ Eff“;% * AQ@T AL Lo

For an elliptical shell the lines of equal deflection are represented by

2 Y3
w (% Z) ’“““—z;

P



Where u=o defines the boundary and u=1 is the centre of concentric ellipses, where the
deflection is maximum under an uniform load p

Deflection and stress functions are assumed to be
E o AF (u)%) [6-7]

For such a variable u, equ-aiions (6.5) and (6.6), on integration reduce to
2 DP[(-wW LW _ai-w W [aue
(-0 209 |
+ S 87%’ dF" dw A”(_ys(—{—,
(- )Z&T'&‘ZC / / y
2 (K. LKNi-wdfF AyE
+2’R(b" +a?)(' LL)'&Z&: / :
y f_uw)= 0 -8
+ /O»QVA%tEt)fw&k_p P(; u; [6-8]
. 2 1 f 2 ! 2
Pla_wd’ _afd-wd F Ay &
[G-wde —aIgt [aVE
' A 2 2 oz
_ _RE_ o,u)(&w) A
a_?’bb
4 oK, K/)(, LgoEwAw(t) - [F9]
P

bk
b
I
whese e

o W = T

Compatible with the boundary conditions for a clamped boundary, A‘ s arc cevaluated. Let a
rough approximation be considered with the first term only.

\a_/;/\u2

With W= Au?, the first ilil,(agral of equation (G.9)
/ \ 3 2 2z
[(HL) LF _dE Ayt = BE __uAWE)
T 3 6P |

+ ETWAWE) + 8B, [6.10]
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Whilé the second integral becomes :
( )cQF/ AT 2ZE u[r/-’lpq/%(t)
(= W) =<t '
e ) 3P

+LTEdAv+Bu+B,  [o1]

B: and Bz are constant subject to immovable condition

2 ! ‘ Vi
2i-wWdFE  _ (1-¥)dF =0 [6.127]
[2( OLE ¢ )%J _
u=0
Further equatlons(6 10) and (6 11) are valid for whole domain bounded by C then for u =0
e AF | 3]
AW ct)[dl ) / ] — B, [613
u=0 E2 u=0 g
| o@pr / ALV(t) =B, L6 14]
'&Rf u=0

Foru=1, equatlon (6 11) becomes

RE__ Ay +—~TEALV(t)+B +By, =0 [6-15]
30 b P ,

Solving equations ( 6.12) , (6.13), 6.14 and (6.15) one gets

2E (1+) LSy b G+ ;
B = Seepewm ¢ DT TE oy VO

4 E A%W'ch) 2, TE ALV(t)
A N e R N =

and equation (6.11) reduces Lo

A ZE (l"—7j)bt4;+G+ﬂ/)M*2/—]ALWL(t)
—u)d I
(DG AYE = smmpE ’f)[ - -‘
‘+l TE (;__)f)u.—f(-f-)f)“- ZJAU’(JU) T6.16]
3 (-%)

[



Taking the first derivative of equation (3.8) in agrcement with the proposed theory
explained in ch lpl( r-vV

Z,DPBI«LL) 4 W. 4(!-%)09 W 4 zoﬂlwt{ AYCE)

L8R _d [(,.-u)oa:: o&ij i) +2TRP [(f—u)dF ]/—W (t)

ab du

+/°1QA Wu’ (t) —p =0 [o17]

Substituting equatlon (6.16) mto equation (6.17) and using Galerkin procedure to minimize
the error one gets.

[ 80P +0-8162T EAP JAVE) +5 mz/IE&A Y
‘ = ¢ #__P 618
+ - 3651 EP;PAVC’F)-PE/O‘KAU;%) Lk 3
FFP

Equation (6.18) can be put in a simpler form

W & +C i &) FC U@ +C, P ® = Cop - [619]
tt :

c, =2F L_8,D+ o-gm,e“rz'ﬁpvj
! 3

=2
C, = 257 7’51 A
/OO-
_ 8255 EA
Cg’ = % /OabP
_ 5 _F
¢ = T3 pPhRA
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Free lmor vibration ; :
[For free vibration putting p=0in equdtlon (6.19)

WG9+CW&%H3W&HCl¥@

2t

The lmer frequen(,y parametor is given by

» = [5P (& p+O 81261 ER/)] L
OQO(,Z P/E/P\,z (377) +zm+3) [l(:“};) + I o155 (%)J

The variation of Wa [P/Ea, for elliptic circular shell are shown in Table (4l )

b) Non- llner frge vibration
For non-liner free vibration P o

w&uﬁw@+cww+cww

If we designate ¢y* and @ as the frequenmes of non-linér and liner vibration

respectlvelz | ‘ 5 b,
W — f+;—— _C__a_ -— _é.(cz,
o 4 C, 6 \ G
) !
Ei is the nop- d1mens1onal relatlve amplitude 2
Pr 5 5238 m*E 5508(5E) ™ 5
i+ 2m 3" [0 2hh%t+0: zoar(m’) (Bre2ms3) {o -ZhH2+0° 2031(2?) }
x Jor =03
_A

Numerical results showing the variation of &  with relative amplitudej =0
> _ &y

for elliptical shell have been shown in the table (42—46 )

C  The static deflection of the same problem may be evaluated from equation (6.18)

neglecting the inertial term as

Lo 2326 +0° 6093 (Z’T)j (3m +2m+3)<%)

L
+7 13 (F L) G:;) + Btz gi, {fz'«'n +3)("%7) %
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The numerical results showing (he deépendence of central (leﬂectxon on load parameter
are shown in tables [ 47 - 51

I

Vanatlon of linear frequency in units of corresponding flat-plate frequency for a

Table : 4
complete spectrum of aspect ratio and ( )
m=1 m=1.5 m=2
Present [115] Present, [115] Present, [115]
Study . Study Study
0 1. 1.05 1.68 1.77 2.71 2.85
0.5 1.099 1.15 1.88 1.93 2.98 3.12
1.0 1.35 1.40 2.279 2.36 3.67 3.80
1.5 1.694 1.75 2.85 2.95 4.60 4.75
2.0 2.08 2.16 3.50 3.64 5.64 5.87
3.0 2.91 2.99 4.90 5.73 7.91 8.12
5.0 4.66 4.51 7.68 7.59 ‘12.69 12.25
10 9.17 7.62 1544 12.83 2491 20.69
20 18.26 14.1 30.21 23.74 49.61 38.29
Table:42. Varlatlon of (*) on relative amplitudes _59. for different
valuesof " . o, W ‘ 4
w’ =03 %_ 0
wyw
Ao [R. L m= | m='5 m=2
0 ' 1.000 1.000 1.000
0.2 1.007 1.0044 1.0020
0.4 1.0272 1.0176 1.0082
0.6 1.0617 1.0392 1.0185
0.8 1.1073 1.0688 1.0327
1.0 1.1633 '1.1056 1.0506
1.2 1.2283 1.1490 1.0722
1.4 1.3010 1.1982 1.0971
'1.6 1.3801 1.2527 1.1251
1.8 1.4645 1.3117 1.1561
2.0 1.5535 1.3746 .1.1897
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X
Toble : 473 ‘DePerdemce of % on ’éﬁ‘

S-03 2¥_, |
2 —;?;‘ -
Ao/‘R’ w*/w .

. m=1 m=1.5 m=2.0
0 1.000 1.000 : 1.000 -

0.9925 0.9953 _ - 0.9978
0.5 0.9699 o 0.9811 0.991
1.0 0.8734 ' 0.9224 0.9648 -
1.5 0.6831 0.8153 0.9191
2.0 - 0.228 0.6356 - 0.8508
2.5 0.2622 0.7541

: ' x
Table: ( 44 ) DePew\deMe 03(—7% m%

AR w*/w
m=1 m=1.5 A =2
0 1.000 1.000 1.000
) 0.9925 0.995 0.9977
1.0 0.9700 : 0.9813 0.9914
1.5 0.8876 : 0.9562 0.9806
2.0 0.8740 0.9230 0.9654
2.5 0.7945 ' 0.87678 ' 0.9453
x
Toble : 45 Deporvence of O e A
¥ =03, 2¥ - 10
B[R ¥/ W ‘
m=1 m=1.5 m=2
0 1.000 -1.000 ' 1.000
b 0.9979 0.9983 0.9994
1.0 0.9919 0.9935 | 0.9977
1.5 0.9818 0.98564 0.9946
2.0 0.9674 . 0.9740 0.9905
2.5 0.9486 0.9591 0.9852
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Toble :/.5 Depeorvenee oﬁ_%i o __1;3_

_ ' ¢ TR
Ao/‘R/ : ’ CO*/CO
m=1 m=1.5 m=2
0 1.000 1.000 1.000
% T 0.9994 0.9996 0.9998
1.0 0.9979 0.9986 0.9993
1.5 0.9953 0.9970 0.9986
2.0 0.9917 0.9947 0.9975
2.5 0.9871 0.9981 0.9962
Table « 47 Depeo%e/nce OJP Corbal Deﬁ@eol‘zm» L‘/0 %LOML Pavamelir
i Jor difforont values of m
=03, 27’ =0
, a““/ ERT
W, /8. m=1 . - m=IS ) m=2
) .0 . 0 ' 0
0.2 1.1742 3.3599 8.6918
0.4 . 2.4619 ‘ 6.9636 » 17.6711
0.6 4.1725 11.03668 27.2251
0.8 6.1017 15.8192 37.6413
1.0 8.6206 21.5478 49.207
1.2 1‘1.802 28.4587 60.4852
1.6 20.6818 46.7742 93.6747
2.0 33.818 < 72.6576 134.427

| Depernerce of Central Defltion on Load. Panamelor

Table « 48
. 2r _
| »=03 =
Wo /R ba®[E2”
m=1 m=1.5 m=2
0 0 0 0
0.2 2.4765 6.5565 © 16.4539
0.4 5.5716 14.3336 37.0076
0.6 9.804 23.478 59.905
0.8 14.922 34.248 86.147
1.0 - 21.203 12.974 116.0125
1.2 28.751 68.681 149.774
1.6 48.18 98.168 230.182
1.8 60.40 ' 120.974 ' 277.396
2.0 74.392 146.54 329 668

‘H9



Table - 49

' Deponvence of Central Defloction on Load Pammefér/i

_ . )f: 03 2,% =5
S ‘ 1’\/O/’g/ - Pa"’/E,Rff -

m=1 m=1.5 m=2

0 0 0 .0

0.2 27.106 86.585 - 194.597

04" 54.43 180.347 401.823

0.6 91.108 281.529 605.763

0.8 128.256 390.354 833.706

1.0 169.04 507.08 1102.15

1.2 - 213.563 613.906 1362.76 |

1.6 314.372 906.928 1926.47

2.0 431.78 1217.2 2494.76

I N VI
Table - Dependence of Central deflection on load parameter FG— / ER - for different values

50 < of m
?{= 03 2T = |0
el
W Pt /ER
Oﬂa’ m=1 m=1.5 m=2
0 0 0 0
0.2 101.762 286.679 739.987
0.4 209.836 587.273 1504.943
0.6 324.336 902.61 - 2295.15
0.8 445.413 1232.30 . 311091
1.0 573.19 1576.9 3952.51
1.2 707.789 1935.11 4820.21
1.6 998.03 2495.9 6635.141
2.0 1317.2 35630.2 8557.92
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. Table - 5]

Dependence of Central deflection ( %_) on load parameter for different values m
. . \

5= 0O 2Fr _2
»=0"3 Ly = 0

Wk [ pa/ER" |
- m=1 , , m=10'5 \ m=2
0 0 -0 0
0.2 397.19 569.91 ©2909.12
0.4 806.856 1167.83 5867.89
0.6 1229.126 1793.97 8876.59
0.8 1664.133 2448.5 11935.98
1.0 2112.02 3131.9 15045.6
1.2 2572.86 - 3844.147 18205.07
1.6 . 3534.2 5356.37 24666.8666
2.0 4549.12 6986.4 31360.6
Table ( 44 ) shows that the results tally well with those of Jones & Mazumdz&r_‘

[ 115] for lower values of measure of shallowness ( 2{/§, ). The present values of the liner
frequency are little grater than these obtained in Reference [ 115 ] and the difference
increases for higher values of ( Q,Y/ f, )- This may be due to the rough approximation made

for deflection function.

Table - (.~ 42 ) shows the values of relative frequency for different values of m (=
aspect ratio) for ¥ =0.83and ( 2¥/k) = 01i.e. when the structure assumes that of a plate .
From table ( 42 ) the frequency ratio ( non- 1indt : liné¥ ) increases with the increase of
the value of [%o)(relative amplitude) for all values of m. However the variation of (W0 ) is
not so significant for higher values of m which is a obvious expectation as m increases
the structure behaves like a beam whereas the results of tables (43 — 46 ) in which the
variation of the measure of shallowness has been considered and the effect is just the reverse
‘what has been observed in the previous case (Tahle-42). In these tables the value of relative
frequency increases with the increase of ,?-: and the effect i lS most significant for m = 1 and the
eﬁ'ect of non-linearity decreases with the 'Increase of Q'f/ and m. :

As it has always been treated to find the static behaviour of the structure in all the
previous problems as a by-product of the ongoing analysis, tables ( 47- 5/ ) show the
dependence of central deflection Wo /&, on the load parameterPa/Ek,l" For 27/4. =0 the
results for m = 1 are in excellent agreement with those of Yamaki [ 22 ]. The effect of the
dependence become more significant with the increasing values of the aspect ratio m. However
as the measure of shallowness ( 2%4 ) increases the deflections are more significant. for
smaller values of m and it is a maximum for m =1 when a particular value of the load

" parameter is concerned.
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CHAPTER - VII
Elastic - Plastic AnalySis of Shallow Shells of Arbitrary Shape

In the previous chapters it has been observed that the "Constant Deflection Contour
method can be effectively applied to study the vibrations of elastic plates and shells
and the analysis appears to be easier than the other existing methods.

To make further investigation, this method is applied to study the vibration of -
elastic plastic shallow shells in this chapter.

-~ ron elastlc plastic analysis of plates
atoes the

ala VS

Though sevéral studies have been made . .
and shells [ 107, 129, 130 ], most of them deal with the linet analysis . This initi

present investigator to make 220 attempt  to apply the " the Constant Deflection Contour "
method to study the non- liné¥ vibration of elastic plastic shallow shells. Regarding the
application of " Constant Deflection Contour " method, on elastic plastic analysis of plates,

Mazumdar et - al [ 107 ] made some useful studies on this sphere.

Considering an elastic plastic shallow shell of thickness h the equation of the middle
surface of the shell is given by

% éf X'
#= 2R, 2R, +zn +_Rw
3

The shell is called- shallow if ¥ - (x_-l-g ) is small compared to the least of the radii of
curvature R‘, R&R i

The basic equations to study the elastic plastic analysis of shell may be written as :

42w _ ds + Lw _Tds + dw A7 ‘
o (-SL)R s+—o€‘f (-5 J s'+_;z.; (i-51) Gds

'g—gbx 77—33
Mew D (k32 L)oes{f[ﬁ%w b TR D
%—E _afajogxolz_‘o | [#.1] |
d>F @adxwt : 3§:roas +o@F9§ Gds = 22 G- ”‘)('“ﬂ)a:ﬁg[_z_ —{}t ds

j; Eflbuh+iﬂlbwrt &s
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where 50 = 0 wﬁme<i oy e w%;m i elaskio
J

0 = a3 267%@; ond e m&mm»g%;&c[‘?3ﬂ~
N T WQV* Taaw]

V3 € G
2- Z-
t = u Ly
3/2/
R = —-Dbt

-b ' >
T 57_[3%,147 +3u}}u +u, u,+u W +hu w Ly

X x 7xx *&7 Zn Zp Tn

3 3
b w w, + !/f/; L{, +(2,—)()(7x_xx :/

2- 3 3 u w
w w 4+ U w, -+ @&3-H% Y
T gy G T gy e T Iy e L (/x” x

T

' 2= W,
_ L {,{, w, w — 7
-+ u,}vo(f u;x/ u?%> — 2(!, 7/() 7’%( x Y % oy

#u, w Uyt Y )—1—(;45)@,7 —u >

X/"’Zf

(u, m — v) ZM ”‘Z( 7;)
- u’;x, u’yj <u’7,ob '4 7%)]

. (w’;—r 75%%) " LL’}[O—))/) Ty T H/Dj |
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Equations (7.1) and (7.2) are the basic equations to study the vibration of elastic plastic
shallow shell . One cannot proceed further unless the geometry of the shell is known.
A clamped dome of non-zero curvature upon an elliptic base is considered

(Fig-6 ).

The first approximation for the lines of constant deflection for this case due to
symmetry consideration may be taken as

w = l—*-—y—cf"‘j-’; ‘ | [#5]
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R 12 has been assumed to be zero in accordance with the shallow shell theory
with the form of u given by equation (7.5) and carrying out the necessary but lengthy
(al(,ulat\tohtho differential equations (7.1) and (7.2) takes the form

(-2)-9%p — 2 (-0

.,om[, i _P_#.@ew T —wdF
G | VGE 2 (7952 | — 5 (mwdE

PR (g
2DP zppf,’ft | [_j

B
f 12
ohere £ (?*?*W)
l ( ! B
—Y = ——ﬁd R' b:— ')L‘Rzaz_] ‘ [:F.gj '

(’*993‘5; —2d* +T(t.—ﬂ)5%%%u%: o [
w .

1

Using the following non-dimensional parameters

* wh * F ¥ baR
Rl [74]
& o Eea . 2be, R

[Equation (7.6 ) and ( 7.7) takes thé form
(Ifﬂ)@—w)zl_o_&:/f - 2 (- WL
. : . “
[(, @o?,w z%(:-@%]
w X
-
ERT (—w) dF PR (o’ dw =— T S [7.10
- D( /W+/Z%Pf%tt . Pt 2
. * x ' %
(n—"“)-——’ﬁi —2dF T (-SDdw o - Eud
% _

g E2
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Considering the shell completely clamped along the boundary, the boundary conditions
can be expressed in terms of the deflection function .~ and its derivatives with respect to u.

W'=0 at u=0 and F=0 at u=0 and

OQW =0 atu=0 %E =0 at u=0 [712]
w

Wlth these conditions (lxprcsso(l in equation (7.12), equations (7.10) and (7.11) are to
" bhe solved for W* dn(l [o*

Let w= Z-A “’tm? mpatible with the boundary condition expressed by equation (7.12),
A's are tobe evaluated. Let a rough approximation be considered with the first term only.

Awbu/ @) | »
Fe ALDE [%.15]

w

)

~ Where ¥ 6:) and @(t) are functions of time only. Since equation (7.13) does not
represent the exact solution, Galerkin procedure is applied to minimize the error.

Substituting equation (7.13) in to equation (7.11) a relation between @Ct) and QV (’ﬁ)
is first established

<j>(t) —% (D)W %]

Making use of equations ( 7.30) and (7. 3b) 24__5_2_ may be evaluated in the following way.
du ' ‘ '

€ =

7
b, k1 W, +%)

iz

SUNNE 1 B(Mwww”(wﬂ

| 5 , 2
whero M = W +u du U+l
.o 5% 2 ' yod
N = 2’”’7700 u?L *ZU{W u'f%_"_ % w’;;*u’wu’x,
R T
. A 2~
to=u ty [1e]



O[.)/'Q:,_’: %%% [ 17]

%%;; 2;” [%: {M%>b+ N%Y% | %(:T)E

[7-16]

= | 2 o S«m—:’O d.x o X
A 862?(#*;';)*?“%*?‘) T D
— 6| (BT )
_._ L,<00>V<9 4 Sin € )j (OE"/W* -

C Y i, d/“}* B0
- géfﬁﬂfﬁ?+éﬁi *7%%@%
+32/('~w) LC"’@ sine %&Lﬁ‘f _.F‘-’if -

b .

 fre Go = ZLLé:L
G = 6(‘/(}6*\%31',0 a"g‘g?/ -
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~ substituting equations (7. 13) and (7. 19) into equation (7.10) and applying Galerkin procedure
to minimize the error one can arrive at the final equation .

(=D 45 9] ave)

3 3
IP_LP _ PPQ,:[A W ®
,+—3—5%*/Q”Eg Rt T —IE— , '

» .
tog 2 T R 2
. | / |
A ‘*’ﬁ"’_"e D N e
2 2
ond Q. - A\a e—!
R

and e should be replaced by the average value of e i.e.

-—

62 = % AbCBm/*—J-Z;mR?B)‘ A}‘E&rg m% %”—

Equation (7. 20) can easily be utilized to study the static and dynamic behaviours of an
elastic-plastic shallow shell, No numerical results have been presented in the sense that one
of the co-research workers is engaged in such studies on the basis of the equation(7.20).

It can be concluded that the application of " Constant Deflection Contour" method for
clastic plastic bending analysis of plates and shell is quite straight forward and efficient.
Although the method is illustrated to study the elastic plastic analysis of a shell upon an
elliptic base, its application to other plate or shell geometries is quite simple. This method
highly relies on the accuracy of the choice of the isodeflection contour lines u (%, y), however it
is very difficult to find out the exact form of contour lines  for a plate or shell of arbitrary
shape. In the present study, the contour line function is assumed to be that for the
corresponding fully elastic case. The present investigator wishes to continue further studies in

this sphere in near future .
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CONCLUDING CHAPTER .

The main objective of the present thesis is to investigate the feasibility of the.
application of " Constant Deflection Contour " method in extending it to the non-linear
analysis, so far as the static and dynamic behaviour of plates and shells under various
geometrical as well as boundary conditions. It. has already been accepted that the brilliant
~ works have been made by Mazumdar. J, of Department of Applied Mathematics, University of

- Adelaide, Australia and some of his co-research workers in the field of static and dynamic
* response of structures. However theu- works were mainly restricted to linear cases only. The
- novelty of this method was, perhaps, missed the attention . of -the -research workers on an
international - basis during the seventies of the last century .. An attempt to extend _this
method to a quasi-linear problem was made by S. Das and B. Banerjee [68 ] . Unfortunately
the essence of the " Constant Deflection Contour " method was lost in dealing with the -

illustrative example. It appears that , perhaps, the authors in reference [ 68 ] have not . .-

" deduced the requlred equations. fo]lowmg the method offered by Mazumdar [ 19, 137--'139 ).

" The present investigator has deduced the same equatlons whlch are not m exact agreement_

- with those obtalned by [68].-

. e

o Constant Deflection Contour ' method - to non-liner analysis of structures  vibrating at large”

In 1997 Banerjee [ 109] probably ﬁrst mltlated the extensmn and’ apphcatlon of

o amphtude Mention may be made the work of Chanda [ 131 ] deahng with some lingar and

' quasi- - linear problems using the ' Constant Deflection - Contour ' ‘method.. ‘The present"
investigator started her work under the guidance of M. M. Baner]ee to study the application of -

 ‘Constant Deflection Contour' method - to strictly non-linear problems in 1997. - Later -on

Banerjee and Rogerson [ 122 ] put forward a general study on the application of * Constantv
Deflection Contour " method . Hence it may humbly be stated that the present work may be -
considered as the first' concrete attempt to extend the " Constant Deflection = Contour "

method to problems associated with large vibrations.
. . |

In the present thesis some problems dealing with structures having a little complicated
boundary have been considered to pave way for considering problems with more complicated
and complex boundaries. In the fourth Chapter an elliptic plate clamped along the edges has
been considered to start with. And the results have been compared with known available
results as far as possible. The use of " Constant Deflection Contour " method has been found

to be effective for such problems.

In all problems considered from Chap - IV onwards the basic governing differential
equations have been deduced primarily on the basis of Karman field equations extended to a
dynamic case. In some problems such equations have been used straight forward and in some
cases where external applied forces or geometrical non-linearity or inhomogeneity has been
considered, the basic equations have been deduced on the basis of the present theory. The
results so deduced have been found satisfactory enough and support the applicability of this
method. For example the problem dealing with large vibration of elliptic plates on elastic
foundation have been deduced. The comparison of results so remarkably well with available
results obtained using by a different approaches. Differences if there be any arise out of a
different approach, method of solution and the approximating functions ( limited number of
terms out of a polynomial expressions ). Of course the variation of results is very insignificant .
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In problem-3, Chapter IV, an attempt has been made to justify the use of Karman field
equations over other simplified or modified equations. While considering the problem of static
and dynamic behaviour of elliptic plates under damping condition, the problem has been
rechecked using " Constant Deflection Contour ", method and the same set of equation as used
in [68]. The present investigator states with much hesitance that the results cited in ref [68]
are not those obtained from the expressions deduced by the author. Moreover the use of
"Constant Deflection Contour” method is not at per with the basie idea of "Constant Deflection
Contour" method; the detailed criticism has been given at the end of problem-3, Chap -IV.

In chapter VI, problem 3 and 4concern with the effect of rotatory inertia, damping
and varying flexural rigidity. In all cases the present analysis appears to be in conformity
with the proposed theory establishing the objective and applicability of "Constant Deflection
Contour" method. Moreover two problems referred to above, establish the accuracy of Karman
equations over the other, as stated in the concluding remark made at the end of problem - 4,

Chapter IV.

During the process of investigation, for a simplified approach equations (3.11) and
(3.12) were utilized, later on Banerjee and Rogerson [122] proposed the use of fourth order
equations (3.12) and (3.13) and they have been used throughout the whole Chapter-V and VI.
Some typical examples have been délt with in Chapter V and some more complicated problems
have been considered besides the illustrative examples put forward by Banerjee and Rogerson
[1.22]. These illustrations not only support the proposed theory but also establish the accuracy
of numerical results for mixed boundary value problems. The concluding remark made at the
end of Chapter-V includes that even in some cases the present approach provides results more
accurate than those obtained by other author with different approaches. Some authors have
utilizgd some simpler form of Karmar equations at the cost of accuracy and even inviting some
absurities. FFor example equation (5.4.20) and equation (4.3.28) are compared with the relevant
equation of reference [22], for static case, ¥20.3, m=1 (wherever admissible)

For stndic case

h 3
_%2‘2',. - 58608 (.%} + Y6 (_V%/g_) ﬁmn Koswmoan E(Lu.aﬂows
-0’

3
= 58608 -, -(.%)%3°5'6 (-hé?) :}p‘wm Berae‘r,s Eci,u.aﬂ(m
Pullfing KE[G, = O in
Equation (4.3.28 ) v

problim 3, chaplis 1Y

-—

o) (%) [er, ne]
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Foe %T\W"— case,

*

T»:[Moa%m/&)] om Kowman.  Equabion,

e

T

I Y AA99< /—9)] j‘;m Bmaw Eopatar
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Clearly the variation in coefficients of the non-linear term signifies the validity of
Banerjee's approach. The same question had already been raised by Nowinski [72] and later on

by Banerjee et al [77].
The 14test problem utilizing Berger equations has been treated by Mondal and Biswas [128]
years later cautioned by Banerjee et al [77]. Hence the present investigation also support the

criticism first initiated by Nowinski [72] and later on by others. In Chapter IV problem - 3.
Berger's equations have been utilized not to encourage to avail of the mathematical simplicity

at the cost of accuracy.

In Chapter VI the extension of " Constant Deflection Contour " method to shell
structures, has been made to break the monotony of plate structures. -

An attempt has also been made to extend the present analysis to eiastic plastic shell
structures. The Governing differential equations have been deduced and they provide the
primary tools for investigation of elastic plastic structures. The present thesis does not
consider any numerical results in Lhe sense that one of the co-research worker is engaged in

such studles

Concluding Remark

The.following remarks may l)e made conel(lermg all aspects and investigations made

during tho research period.

For establishing the governing differential equations a new approach has beer made

1.
Jonstant Deflection Contour "

different from what had been proposed by previous users of
method.
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2. The previous investigations based on " Constant Deflection Contour " method concern
only with linearised problems whereas the present study is based on a non-linear approach.

3. Starting from structures having regular and common boundarics, gradually more and
more complicated structures and mixed boundary value problems have been included in the

present thesis.

4. -Numerical results presented for various illustrative examples have been compared
with all results available to present investigator. Failure in this respect, if there be any, may
be due to the non-availability of required information and lack of information sources.

5. A comparative study has always been made in dealing with a spec1ﬁc problem with
regard to different approaches made to investigate the problem.

6. The present investigator also humbly suggests that for simplicity the very essence of
non-linear analysis should not be lost and basic equations like Berger or modified Berger

equations should be avoided in the interest of future study.

o . ' SO~
7. True research activities never stop. The present investigation has to be cut off :*.. as to
finish present project within the specified period. However lot of works still remain to be done
in different sphere not considered in the present study. The present investigator wishes to -

continue further studies in the related topic in near future.

8. Some of the new spheres which the present investigator thinks should attract the co-
research workers and contemporary researchers interested in this field are :

Dynamic and static response of structures like triangular, annular and
polygonal shaped plate structures.

1>

ii>  Shell structures, other than spherical and cylindrical shells.

Extension of the " Constant Deflection Contour " method to elastic plastic
behaviour of structures.

> -

In conclusion, the following remarks may be added with reference to different
illustrations on " Constant Deflection Contour " method :

i> The method is based on solid mathematical foundation.

> Unlike Karman equations it ultimately reduces to a problem of solving two
ordinary differential equations...

iii> The method may be also applied to structures of arbitrary shape.

iv) The only disadvantage of this method is that.the equation of the lines of equal

deflection should be known. -
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