


Chapter 2

SOME GROWTH PROPERTIES OF
DIFFERENTIAL MONOMIALS
GENERATED BY
TRANSCENDENTAL
MEROMORPHIC FUNCTIONS

2.1 Introduction, Definitions and Notations.

For any two transcendental entire functions f and g defined in the open
complex plane C, Clunie [10] proved that

. T(r,fog) .. T(r,fog)
BT A T g)

Singh [59] proved some comparative growth properties of log T'(r, f o g)
and T'(r, f). He [59] also raised the question of investigating the comparative
growth of log T'(r, fog) and T'(r, g), which he was unable to solve. Lahiri [37]
proved some results on the comparative growth of log 7'(r, g) and T'(r, g).

Let f be a non-constant meromorphic function defined in the
open complex plane C. Let ng; n1;,...nkj(k > 1) be non-negative integers such

k
that for each j, Y ny > 1. We call
i=0

= Q.

M; [f] = A; ()™ (f“)) " ( f(k)) s

The results of this chapter have been published in International Mathematical Forum, see [16] and
[17].
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where T (r, A;) = S (r, f) to be a differential monomial generated by f. The

numbers )

k
Mj = Z?’Lij and FMj = Z('L -+ l)n.,_J
i=0 i=0
are called respectively the degree and weight of M;[f] {[14], [57]}. The

S
expression P [f] = Y M, [f] is called a differential polynomial generated by
j=1
f. The numbers

vp = 1121&( Yvm; and I'p= 1121?41( SI‘Mj
are called respectively the degree and weight of P[f] {[14], [67]} . Also we
call the numbers vp = 11<niré vu; and k (the order of the highest derivative
— 5758

of f ) the lower degree and the order of P [f] respectively. If vp = vp, P [f]

is called a homogeneous differential polynomial and we denote by P [f] a
differential polynomial not containing f i.e. for which ng; =0 for j =
1,2, ...s. In the chapter we establish a relation between the generalised L —
order (generalised L — type) of

(i) M;[f] and f

(%) Py [f] and f.

Also in this chapter we disscuss about the comparative growth
properties of composite entire and meromorphic functions and differential
monomials generated by one of the factors.

In the sequel we use the following notation:
log®l z = log(log®*Yz) for k=1,2,3,... and log¥z = z.
The following definitions are well known.

Definition 2.1.1 The order py and lower order As of a meromorphic func-
tion f is defined as

logT
ps = lim suplog (. /) and Ay = limi 1nf0g—(T’f—).
eeP logr oo logr
If f is entire, one can easily verify that
2l [2]
ps = lim suplog M(r, /) and A =lim 1nf10g Mr, f)

00 logr r—0o0 logr
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Definition 2.1.2 The hyper order ps and hyper lower order A 7 of a mero-
morphic function [ is defined as follows
- log® T'(r, f)

- 2]
ps = limsup and Af = lim inflog I(r, /)
r—s00 log r r—o0 log r

If [ is entire, then

- los®® A (r ~ ool A7 (r
ps = limsup e . /) and Af = liminf 0" M(r, f)
r—00 logr r—00 log r

Definition 2.1.3 [48] Let f be a meromorphic function of order zero. Then
the quantities p;, A} and p £ A\ ¢ are defined in the following way :

_ log T'(r, f) .. JogT(r, f)
= limsup—————=, A} = liminf—————=
b1 '.r'—a.')op log!? r I Tt log!® r
and ” o
- log? T = log'”
p; = limsup i 2(7", f), A = lim inf . TQ(T’ f)
r—o0 log® 7 roce Jogly

If f is entire then clearly

log? M(r, f) log® M(r, f)

py = limsup , A} = liminf

r—00 log® r e o log? r
and I o
_» log® M (r _ loe® Mi(r
ps = limsup = _2(7’ f), As = liminf = 2(7,f).
r—nc log!® 7 Fiiily log? r

Definition 2.1.4 The type os of a meromorphic function f is defined as

T .
o = limsup f?’f), 0< pf < 00.
When f is entire, then 18 DEC 2012
log M (r,
of = Iimsup—og pET f), 0 < py < o0.
r—o0 r

. 241122
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Definition 2.1.5 [68] For a € CU {co}, we denote by n(r,q; f| = 1), the
number of simple zeros of f —a in |z| < r. N(r,a; f| = 1) is defined in terms
of n{r,a; fl = 1) in the usual way. We put

61(a; f) =1—1lim supN(Ti’Ifz;fjlc): 1),

the deficiency of a corresponding to the simple a — points of f i.e., simple
zeros of f — a.

Yi [70] and Yang [67] proved that there exists at most a denumer-
able number of complex numbers a € C U {oo} for which 6;(a; f) > 0 and

>, bila; f) <4

a€CU{ oo}

Definition 2.1.6 The quantity ©(a; f) of a meromorphic function f is de-
fined as follows:
N(r,a; f)

Ofa; f)=1-— liﬂi}pw'

Definition 2.1.7 [69] For a ¢ CU {oo} let ny(r,a; f) denotes the number
of zeros of f—a n|z| <1, where a zero of multiplicity < p is counted
according to its multiplicity and a zero of multiplicity > p is exactly p times
and Ny(r,a; f) is defined in terms of np(r, a; f) in the usual way. We define

Opla; f) =1 —liiilp%-

Definition 2.1.8 P [f] is said to be admissible if

(¢) P[f] is homogeneous, or
(44) P[f] is non homogeneous and m(r, f) = S(r, f).

Definition 2.1.9 [55] The generalised order pr (k > 2) and generalised
lower order A\ (k > 2) of a meromorphic function f is defined as

(o1 logh=11 T
pr = lim supIog T, f) and M; = liminf 08 (r, f).
00 logr T—00 logr
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Definition 2.1.10 The generalised type oy (k > 2) of a meromorphic func-
tion f is defined as

log*“~? T(r, f)
TPk ’

or = limsup 0 < pr < 00.

T—00

Somasundaram and Thamizharasi [60] introduced the notions of
L — order and L — type for entire functions where L = L(r) is a positive
continuous function increasing slowly i.e., L{ar) ~ L(r) as r — oo for every
positive constant ‘a’. Their definitions are as follows:

Definition 2.1.11 [60] The generalised L — order ®p% and the generalised
L — lower order (’“)/\j‘? of an entire function f are defined as follows:

log!® M (r, f) log®l M(r, f)
*) oL — g ) d L — Y s g ,
Pi v log [r L(r)) an At hﬂg}f log [rL(r)]

When f is meromorphic, then
(k) ,L

log[k_l]T(r ) log[k_ll T(r, )
=i ’ d A} =1limi :
pf=lmsup—= T O A = i e T )

Definition 2.1.12 [60] The generalised L — type Flot (k > 2) of an entire
function f with generalised L — order (k)pf; is defined as

1 [k—-1] M
(k)af = lim sup o8 (k()rlf)
o L)

where k > 2.

for k> 2.

, 0O< (k)pf<oo.

For meromorphic f, the generalised L — type Mo} becomes

[k-2]
(k) 05? = lim sup10g T(,(:’Lf)
r—00 [7‘ L('r)] Pf
The more extended concept of generalised L — order and generalised

L — type of entire and meromorphic functions are generalised L* — order and
generalised L* — type respectively. Their definitions are as follows:

< (k)p‘][r’ < 00.

}

Definition 2.1.13 The generalised L* — order, generalised L* — lower order
and generalised L* — type of a meromorphic function f are defined by

] log*= 1 T(r, ) . log* 1 T(r, f)
8 ) I° — [ 2, BINE = lim ;
pf = limsup log [re#@] Aj = liminf log [rel(r)]
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(k2]
and _(k)cr:?* = lim suplog T, f)

roo [rel)] V7

where 0 < (k)pfe’* <o and k> 2.

When f is entire, one can easily verify that
(k) ,L*

) log[k] M(‘T’, f) (k) \L" .. log[k] M(T: f)
s = hﬂsogp log [relt] A = log [reX(")]

. logh* M
and (k)af‘ = lim sup OF. ( )](kE:;f )
r—0o rellr f

, where 0< (k)pjre'* <o and k> 2.

2.2 Lemmas.

In this section we present some lemmas which will be needed in the sequel.

Lemma 2.2.1 [10] If f and g be two entire functions then for oll sufficiently
large values of r,

1
8

Lemma 2.2.2 [1] If f is meromorphic and g is entire then for all sufficiently
large values of r,

M(z,9) - g(0)], f).

M(r, fog) 2 M(SM(3

Tir, fog) < {1 +0(1)}b3;—’(i)mT(M(w),f)-

Lemma 2.2.3 [4] Let f be meromorphic and g be entire and also suppose
that 0 < p < pg < 00. Then for a sequence of values of r tending to infinity,

T(r, fog) > T(exp(r*), ).

Lemma 2.2.4 [44]/Let f be a transcendental meromorphic function of finite

order or of non-zero lower order and >, d1(a; f) = 4, then
acCU{co}

. T(r, Plf]) _ .
}E&W ={Tp — (Tp — %)©6(00; f)}

where ©(o0; f) =1 —lim sup]—;-((:’}c)).
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Lemma 2.2.5 If f be a transcendental meromorphic function of finite order

or of non-zero lower order and Y. 01(a; f) = 4, then the order and lower
aeCU{c0}

order of P[f] are same as those of f and the type of P[f] is
{Lp — (T —1p)O(c0; £} times that of f, i.e., ppy = py, Apis) = Ay and

Oplf] = {PP ~ (Tp — %)O(00; f)} o5

log T(r,P[f1)

Proof. By Lemma 2.2.4, lim =5--5 exists and is equal to 1. So

_ log T'(r, f) .. logT(r, P[f])
_1 262
PR = S P ogr e log T(r, f)

In a similar manner,

.. JogT(r, f) .. logT(r, P[f])
=1 - =7,
APlf] lﬂlogf logr T_ILI& log T'(r, f)
= /\f.l = /\f.

Again

. T(r, P[f])
op[f = hﬂigpw

i TP T f)

= TE& T(rr-, f) 00 rPf
= {Pp — (Lp — 1)O(00; f)} o5

This proves the lemma. m

Lemma 2.2.6 [28] Let f be meromorphic and g be transcendental entire. If
Pfog < 00 then pr = 0.

Lemma 2.2.7 Let f be meromorphic and g be transcendental entire such
that ps =0 and py < 00. Then pfop < Prpg.
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Proof. In view of Lemma 2.2.2 and the inequality T'(r, g) < log™ M (r, g) we
get that

log T'(r, f © 9)

Pfog = limsup

r—co logr
logT{(M
< timeup EL4(r,0), 1) + o)
00 logr

. logT(M(r,g),f) .. _ log® M(r,g)
< .
- hlisololp log@ M (r, g) h?iso‘.fp logr

= PsPg-

This proves the lemma. ™

Lemma 2.2.8 [5] Let Py [f] be admissible. If f is of finite order or of non-

zero lower order and ) © (a; f) = 2 then
’ 200

im T(Ta PO [f]) —
A T(r, ) L.

Lemma 2.2.9 [41] Let f be either of finite order or of non-zero lower order

such that © (o0; f) = > 6p(a; f) = 1. Then for homogeneous Py [f],
aFco

: T(Ta PO [f]) _
L e a0

2.3 Theorems.

In this section we present the main results of the chapter.

Theorem 2.3.1 Let f be transcendental meromorphic and g be entire satis-
fying the following conditions:

(2) py and p, are both finite, (it) ps is positive and (3i1) > di(a; f) = 4.
ceCU{ca}

Then for a € (—oo, 00),

. AlogT(r, fog)p' ™™ .
hﬂgflogT(exp(Tp), Plfl) 0 p> {1+,
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Proof. We have for a sequence of values of r tending to infinity and for
e > 0,

log T'(exp(r?), Plg]) > (ppg — €) log(exp(r?)). (2.3)
Now combining (2.1) and (2.3) and in view of Lemma 2.2.5 we obtain for a
sequence of values of r tending to infinity,

{l0gT(r, f 0 Yo _ ror 9t {(p) 4 ) + o(1)}4e
log T(exp(r?), Plg]) (05 — 77 ’

from which the theorem follows because we can choose € such that

: b
0 < € < min{p,, Tta Pg}-

Thus the theorem is established. =

Theorem 2.3.3 If f be meromorphic and g be transcendental entire such

that py < 00, prog =00 and >, b1(a;g) =4, then for every A >0,
aeCU{oco}

lim sup = 00

r—co 10gT(r4, Plg])

Proof. If possible, let there exists a constant 8 such that for all sufficiently
large values of 7, we have

log T(r, f o g) < Blog T(r*, Plg)). (2.4)
In view of Lemma 2.2.5, for all sufficiently large values of r we get that
log T(r*, Plg]) < (ppjg) + €)Alogr
i.e., logT(r, Plg)) < (p, +€)Alogr. (2.5)
Now combining (2.4) and (2.5) we obtain for all sufficiently large values of r,
logT(r, f o g) < B(pg +€)Alogr
i"e'a Pfog S ﬁA(pg + E):

which contradicts the condition ps,, = co. So for a sequence of values of 7
tending to infinity, it follows that

log T(r, f o g) 2 Blog T(r*, Plg)),

from which the theorem follows. m
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Corollary 2.3.1 Under the assumptions of Theorem 2.3.3,
T(r,fog) _

lim sup—————"< = 0.
r—co 1(r4, Plg])
Proof. By Theorem 2.3.3 we obtain for all sufficiently large values of r and
for K > 1,
log T'(r, f © g) > K log T'(r*, Plg])
ie, T(rfog)>{T(* Plgh}~,
from which the corollary follows. =

Remark 2.3.1 If we take pf < co and >, 6i(a; f) = 4 instead of py < 0o
acCU{cc}
and Y. &i(a;g) = 4 respectively, then Theorem 2.3.3 and Corollary 2.3.1
a€CuU{oo}
remain valid with Plg] replaced by P[f] in the denominator.

Theorem 2.3.4 If f be transcendental meromorphic and g be entire such

that py < 00, pjog =co and Y, 6&i{a; f) =4, then for every A > 0,
a€CU{oo}

] log T'(r, f o g)

1

e log T(r A, P[f))
Proof. If possible, let there exists a constant Sy such that for all sufficiently
large values of r, we have '

log T(r, f © g) < Bolog T(r*, P[f]). (2.6)
In view of Lemma 2.2.5, for all sufficiently large values of r we get that
log T(r*, P[f]) < (ppys) + €)Alogr
i.e., logT(r*, P[f]) < (o7 +¢€)Alogr. (2.7)
Now combining (2.6) and (2.7) we obtain for all sufficiently large values of r,
log T(r, f 0 g) < Bolpy +€)Alogr
i.e., Prog < PoAlps +e€),

which contradicts the condition pf., = 00. So for a sequence of values of r
tending to infinity, it follows that

logT(r, f 0 g) > Bolog T(r*, P[£)),

from which the theorem follows. ®

= CQ.
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Corollary 2.3.2 Under the assumptions of Theorem 2.3.4,
T(r,fog) _

lim sup———+—~ = .

=00 T(TA:P[f])

Proof. By Theorem 2.3.4 we obtain for all sufficiently large values of r and
for K > 1,

logT(r, f o g) > Klog T(r4, P[f])
ie., T(r,fog)>{T(* P[NHY~,

from which the corollary follows. =

Theorem 2.3.5 Let f and g be two entire functions with Ay > 0 and py < A,.

Also let f be transcendental with™ > 6.(a; f) = 4. Then
aeCU{oo}

Proof. In view of Lemma 2.2.1, we have for all sufficiently large values of 7,

M(r, 0 g) > M(zM(5,0), )
ie., log? M(r, fog)>log® M(I%M(gag):f)
1.€., logm M(r,fog) > (Af—¢) log(l—léM(g,g))
ie., logh M(r,fog)>(Af—¢) 10%%6 +(As—¢€)log M(g:g)
ic., log¥M(r,fog)>O(1)+ (s — ()%, (2.8)

Again for all sufficiently large values of r, we get by Lemma 2.2.5
log M (r, P[f]) < rlPron+e) = pleste), (2.9)
- Now combining (2.8) and (2.9) it follows for all sufficiently large values of r,

log” M(r, fog) _ O + (s —9(F)* 9
log M(r, P[f]) — ) '

(2.10)
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Since ps < Aq4, we can choose € (> 0) in such a way that
prt+e< A, —e (2.11)
Thus from (2.10) and (2.11) we obtain that
Jog? M(r, fog)

- )

lim inf
rooo  log M(r, P[f])

from which the theorem follows. m

Theorem 2.3.6 If f be a transcendental meromorphic function and g be

entire with 0 < Ay < py < 00, pg < oo and Y, 61(a; f) =4, then
aeClU{co}

L T(r fog)T(r, PlA]) _
im =
% Tlexp(r?), P[f])
Proof. Since T(r,g) < logtM(r,g), for all sufficiently large values of r we
get from Lemma 2.2.2,

T(r,fog) <{1+0(1)}T(M(r,9g), f)

0, if p> pq.

i.e., T(r,fog) <{l+o(1)}exp{(ps+ e)yrPeto},. (2.12)
Again by Lemma 2.2.5 we obtain for all sufficiently large values of r,
T(r, Pf]) < rlomntd = porte (2.13)

Now combining (2.12) and (2.13) it follows for all sufficiently large values of
T’

T(r, f o 9)T(r, Pf]) < {1 +o()}r"* exp{(ps + )r»™9}.  (2.14)
Also in view of Lemma 2.2.5 we have for all sufficiently large values of r,
log T{exp(r®), PLf]) 2 (Apyy — ) log {exp(r?)}
i.e., T(exp(rP), P{f]) > exp{(As — €)rF}. (2.15)
From (2.14) and (2.15) it follows for all sufficiently large values of r,
T(r, f 0 )T(r, PUTT) _ {14 0o(1)}rPr* exp{(ps + rlort9}

2.16
T(exp(™), P ~ B {0y — ) (210

As p > p, so we can choose € (> 0) such that
P> pg+e (2.17)

Thus the theorem follows from (2.16) and (2.17). =
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Theorem 2.3.7 Let f be a transcendental meromorphic function and g be a
transcendental entire function such that 0 < Ay < py < oo and
> b1(a; f) = 4. Then for every A > 0,

a€CU{oo}

. logT(r,fog) _
Alog TrA, PLfI)

If further, p, < 00 and . 61(a;g) = 4. then
aeCU{c0} :

. logT(r,fog)
1
rocolog T (r4, Plg])

Proof. Since Ay > 0, Ajog = 00 (cf.[3]). So it follows that for arbitrary large
N and for all large values of r

logT(r, f o g) > AN log. (2.18)
Again since py < oo, for all large values of r we get by Lemma 2.2.5,
log T(r%, P[f]) < A(ps + 1) logr- (2.19)
Now from (2.18) and (2.19) it follows for all large values of r tﬁat

logT(r, f o g) S ANlogr
logT(r4, P[f]) = Alps +1)logr

and so log T(r. f 2 9)
. 10gLir, jog
1
r-eolog T(r4, PIf])

Again since p, < co then for all large values of r we obtain by Lemma 2.2.5

= Q0.

log T'(r*, Plg]) < A(p, + 1) log - (2.20)
Now from (2.18) and (2.20) it follows for all large values of  that

logT(r, fog) AN logr
logT'(r4, Plg]) = A(p,+ 1) logr’

Thus the theorem follows from (2.21). m

(2.21)
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Theorem 2.3.8 Let f be a meromorphic function with Ay > 0 and g be

transcendental entire satisfying pf < oo and Y., di(a;f) =4. Then
aeCU{co}

[2} Pg
hmsuplog T'(exp(re), f o g)

=00 where 0 < u < p,.
T—00 logT(exp(’r”),P[f]) H= P

Proof. Let 0 < p < py.Then in view of Lemma 2.2.3, we get for a sequence
of values of r tending to infinity,

log (1, f 0 g) > log T{exp(r™), f)
i.e., logT(r,fog)>(Af— €)log{exp(r*)}
ie., logT(r,fog)>(Af—e)rt

ie., log? T( 0g) > O(1) + plogr.

So for a sequence of values of r tending to infinity,

log T(exp(r), f 0 g) = O(1) + plog{exp(r*)}
ie., log? T(exp(r”), fog) > O(1)+ pr. (2.22)

Again in view of Lemma 2.2.5, we obtain for all sufficiently large values of r,

log T'(exp(r*), P[f]) < (pps) + €) log{exp(r) }
i.e., logT(exp(r*), P[f]) < (ps + €)r*. (2.23)

Combining (2.22) and (2.23) it follows for a sequence of values of r tending
to infinity,

logl¥ T'(exp(r?s), f o g) S O(1) + ures
logT(exp(r#), P[f]) — (p5+€)r '.

Since p < p,, we get from (2.24) that

(2.24)

log® T(exp(r#s), f o g)
lim sup ’ = 00.
rooo log T(exp(r#), P[f])
This proves the theorem. ™
In the line of Theorem 2.3.8 we may prove the following for the right

factor g.
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Theorem 2.3.9 Let f be a meromorphic function with Ay > 0 and g be
transcendental entire satisfying py, < 0o and Y, 61(a; g9) = 4. Then for all
acCU{co}
sufficiently large values of r,
1 [2] Pg
lim sup 28 T(exp(r®), f o g)
rooo log T'(exp(r#), Plgl)

Proof. Again in view of Lemma 2.2.5, we obtain that

log T'(exp(r*), Plg]) < (ppig) + €) log{exp(r*)}
i.e., logT(exp(r*), Plg]) < (pg + €)r. (2.25)

= oo where 0 < pu < py.

Combining (2.22) and (2.25) it follows for a sequence of values of r tending
to infinity,
log” T(exp(r®), f o g) _ O(1) + pr?s

log T'(exp(r#), Plgl) — (pg +e€)r*

Since u < p,, we get from (2.26) that
log® T'(exp(r?s), f o g)
lim sup = 00
rooo 10g T(exp(r#), Plg])

Thus the theorem is established. =

(2.26)

Theorem 2.3.10 Let f be meromorphic and g be transcendental entire such
that (1) 0 < py < 00,(12) g4 > 0,(288) 0 < prog < 00, (W) Tfog < 00, (V)

p;<1land (vi) >, di(a;g) =4. Then
aeCU{oo}

. D(r, foyg)
R TG, Plal)

Proof. From the definition of type, we have for arbitrary positive € and for
sufficiently large values of r,

T(r,fog) < (0fog + €)TPs. (2.27)

= 0.

Again in view of Lemma 2.2.5 we get for a sequence of values of r tending to
infinity,
T(r, Plg]) = (opg) — €)r’™e
ie., T(r,Plg)) 2 [{Tp — (T — 1%)0(00; 9)} 0 — elrs. (2.28)
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exists and is equal to 1. Thus we get that

[k—1]
Pgo[ 1= lii Soljp tog og [TT(;,E?g? ) :
{ log" 1 7(r, f) log* 1 T(r, By [/]) }
log[rL(r)] = log*-UT(r, )
 limsupiE L S) i, g VT, By [f])
roco l0g[rL(r)] ‘=0 logh-UT(r, f)
— @1 0

(%)

= lim sup

r—00

This proves the theorem. m

Theorem 2.3.14 Let f be a meromorphic function of finite order or of non-
zero lower order. Also let > ©(a; f) = 2. Then the generalised L — lower

a#0a
order of homogeneous Py [f] and f are equal.

Proof. Let ®)A\% and W)L, (k > 2) be the generalised L — lower orders of
f and Fy [f] respectively.
Now in view of Lemma 2.2.8,

1 [k—l] P
r—eco log "N T(r, f)
exists and is equal to 1. Thus we get

lo [k—1] T(T P [f])
(k) L T . g » 40
Apyly) = limint log [rL(r)]

it { log 1 T(r, f) log" 1 T(r, Py [f]) }

=00

log [TL(T)] ) log[kull T(T, f)

[x—1] [k=1]
limine0e L f) o log _ (r, B [f])
= WaZ1= (X}

This proves the theorem. m

Theorem 2.8.15 Let f be either of finite order or of non-zero lower order
such that © (o0; f) = > 8y(a; f) = 1. Then the generalised L — orders of

aF#00
homogeneous Py [f] and f are same.
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Proof. Let *)pk and *) PE,s (k> 2) be the generalised L — orders of f and
Py [f] respectively.
Now in view of Lemma 2.2.9,

. Jog* U T(r, By [f])
Tr—00 ].Og[k—l] T(T, f‘)
exists and is equal to 1. Thus we get

, log* 1 T(r, By [f])
(k) L =1 ’
Prin = P Tog[rL(r)]

log® 1 T(r, £) log® U T(r, Py [ f])
log[rL(r)] ~ log*T(r, 1)
[k—1] (k-1]
_ limsuplog T(r, f)' . log i F{(T: B [f])
Crhe Logr L] e logFT(r, f)
= Wk 1= Gk

= lim sup

™0

Thus the theorem is established. =

Theorem 2.3.16 Let f be either of finite order or of non-zero lower order
such that © (o0; f) = " 8,(a; f) = 1. Then the generalised L — lower order

a#oo
of homogeneous Py [f] is same as that of f.

Proof. Let (*) X: and (k))‘ﬁ; g (6= 2) be the generalised L — lower orders of

f and F, [f] respectively.
Now in view of Lemma 2.2.9,

o Jog" U T, Py [£])
exists and is equal to 1. Thus we obtain that
. Jog™ UT(r, By [£])
(K)\L =1 f ’
Main = B B o )
[k-1] [k—1]
iming {1og T(r, f) log* I T(r, [f])}

log[rL(r)] = logl1 T(r, f)
(k1] [k-1]
= lim inflog Tir, f) im g k ?(T, fol7)
roeo  logfrL(r)] re logF-UT(r, f)
— (k))\}'l_l: (’“))\‘}.

T—00
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This proves the theorem.

Corollary 2.3.3 Let f be a meromorphic function of finite order or of non-
zero lower order such that § (oo; f) = > 6{a; f) = 1. Then for every homo-
a#o00

geneous Py [f], the generalised L — orders (generalised L — lower orders) of
Py [f] and f are equal,

Proof. Since f has more than one deficient value, its lower order is either
positive or infinite. Also 0 (0o; f) = > é(a; f) =1 implies

O (c0; f) = bpa; ) =1.
aoo

So the corollary follows from Theorem 2.3.15 and Theorem 2.3.16. m

Theorem 2.3.17 Let f be of finite order or of non-zero lower order. Also

let S &ia;f) = 4. Then the generalised L — type of M;[f] is same as
aeCU{oo}
that of f.

Proof. g% and (’“)J{(ij be the generalised L — types of f and M; [f]
respectively where k > 2.
Now by Lemma 2.2.4,
loc®* 21 T (r. M.
lim 0g - 2(T? J [f])
r—+00 10g[ - ]T(T, f)

exists and is equal to 1. Then we obtain that

loc®*=2 T(r. M.
Bk, = limsup og ((1;; i 1f])
r—00 [rL(r)] Pu;l1
(k=21 log®*=AT(r M.
_ limsup 4 1% (g',bf)_ og H('r, i [F1)
[rL(r)] 77 log[ l7(r, £)
[x=2] [k -2l M;
=limsup10g T((T 2 ). m > - 2](7" D) -
rooa [rL(r)| 77 T log®AT(r, £)
= Wgk1= Kgf

7—00

Thus the theorem is established. =
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Remark 2.3.2 Fork = 2, the L—type of M; [f] is{Tp — ('p — vp) © (o0; )}
times that of f.

In the mext two theorems we see that the generalised L — types of Py [f] and
f are same under different conditions.

Theorem 2.3.18 Let f be a meromorphic function of finite order or of non-
zero lower order and Y. O (a; f) = 2. Also let Py[f]be admissible. Then the
a7oo
generalised L — type of Py [f] is same as that of f.
Proof. (k)o}; and UII,’D[ 7 be the generalised L —types of f and Fp [f] respec-
tively where & > 2.
Now by Lemma 2.2.8,
. Jog" AT, By [£])
300 log[k_2] T(r, f)

exists and is equal to 1. Then we obtain that

i log[k_z] T(r, R | f
0F,(s) = limsup ((k) LO[ b

r—00 [TL(’T‘)] PRy()

log* 2 T(r, ) log"“~* T(r, By [f])
rLO)" T 10" AT, f)

loglé—2 T [k—2]

— limsup 28 L f) g loem T B lf])

- L 11m
roo [rL(r)] 7 T logF A T(r, f)
= (k)0§.1= (k)af'.

(k)

= lim sup

T=00

Thus the theorem is established. m
Remark 2.3.3 The L — type of Py[f] is I'p, times that of f.

Theorem 2.3.19 Let f be either of finite order or of non-zero lower order
such that © (co0; f) = 3. 6p(a; f) = 1. Then for homogeneous Py [f] ,the gen-

a700

eralised L — types of By [f] and f are equal.
Proof. ®o% and ¥ 01150[ ;1 be the generalised L —types of f and F [f] respec-
tively where k > 2.

Now by Lemma. 2.2.9,
logh*~2 T(r, Py [f])

lim
P00 log[k_zl T(r, )
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exists and is equal to 1. Then we obtain that

(k

[k—2]T P
ok = lim sup log ((:; Py /1)
0 r—co [T‘L('l")] Pryls]
log®* AT (r, f) log* A T(r, R [f])
L) log*AT(r, f)
[k—2) [k-2]
_ limsup 28 CI’(S",Lf)_ o 108 [k_’-;]"(?", B (71
rooo [rL(r)] 77 T log T(r, f)

= ®gh1= Wk

= lim sup
=00

Thus the theorem is established. m

Remark 2.3.4 The L — type of Py [f] is yp, times that of f.

Remark 2.3.5 The conclusion of Theorem 2.3.19 can also be drawn under

the condition 6 (o0; f) = >_ 8(a; f) =1 instead of
aoo

O (0oi f) = Yo dplai f) = 1.
a#00

Theorem 2.3.20 Let f be transcendental meromorphic of positive finite or-

der or of non-zero lower order and >, 61(a; f) = 4. Then the generalised
aeCU{oo}

L* — order of M;|[f] is same as that of f.

Proof. Let ) pf’* and ) pﬁ’;j[f] (k > 2) be the generalised L* — orders of f
and M; [f] respectively.
Now in view of Lemma 2.2.4,

(k-1 |
i 22T M5 1)
r=o log*IT(r, f)
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Proof. Let )pl" and ®lpk g (k > 2) be the generalised L* — orders of f
and P [f] respectively.
Now in view of Lemma 2.2.8,
iy 108" T(r, Py [£])
T—00 [k_l]
log™™ = T(r, f)
exists and is equal to 1. Thus we get
: log* 1 T(r, By [£])
k) L* 1 g » 470
Prylf) = hﬁi‘.}p log [reZ]
log* U T(r, f) log™* 1 T(r, Py [f])
log [ref™]  log* U T(r, f)
_ limeup' %8 2L f) o log® VT, By [£])

roeo. log [rel®] 'm0 logFUT(r, )
= G 1= B

= lim sup
T—00

This proves the theorem. m

Theorem 2.3.23 Let [ be a meromorphic function of finite order or of non-

zero lower order. If > O (a; f) = 2, then the generalised L* — lower order
astco

of homogeneous By [f] and f are equal.

Proof. Let (k))\f:* and (’“))\g[ 7 (k = 2) be the generalised L* — lower orders

of f and P, [f) respectively.

Now in view of Lemma 2.2.8,

(k1]
r—oo  Jog* T (r, f)
exists and is equal to 1. Thus we get

. . log[k'l] T(r, B [f])
K\ L 1 )
B = lim inf log [rel®)]

— liminf { logh~! T(r, ) log* " T(r, By [f]) }

T—00

g [l 1o, )
[k—1] [k—1]
— lim 1nf10g ’-I;(T: f) lim lOg [k:f;(‘r: PO [.f])
r—oo  log [re (")] r—o0  Jog T(r, f)
_ pF g = ByE
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This proves the theorem. =

Theorem 2.3.24 Let f be either of finite order or of non-zero lower order

such that © (oco; f) = >_ 6p(a; f) = 1. Then the generalised L* — orders of
aoo
homogeneous Py [f] and f are same.

Proof. Let ®p%" and (k)pg[ﬂ (k > 2) be the generalised L* — orders of f
and Py [f] respectively.
Now in view of Lemma 2.2.9,

. Log TG, By [])
r=eo log" I T(r, f)

exists and is equal to 1. Thus we obtain that

o og® i T B[]
k) L _ )
( )ppo[f] = h?ligp log [TeL(’")]
log* U T(r, f) g™ T(r, B [f])
log [ret)] "~ 10g" T (r, f)
k-1] [k—1]
_ lmeupO8 2L F) o 1og* T, B [£])

oo log [reltn)] g log®~1T(r, f)
= B 1= B)pF

= limsup
r—00

Thus the theorem is established. m

Theorem 2.3.25 Let f be either of finite order or of non-zero lower order
such that © (oo; f) = >_ 8,(a; f) = 1. Then the generalised L* — lower order

aztco

of homogeneous Fy [f] is same as that of f.

Proof. Let ™X%" and ®)E . (k > 2) be the generalised L* — lower orders
of f and B |f] respectively.

Now in view of Lemma, 2.2.9,

_log" N T(r, By [f])
lim o]
r=eo log™ i T(r, f)
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exists and is equal to 1. Thus we get

. log®*UT(r, By [f])
OBV AT TR - 470
Agy(y) = lim inf log [rel®)]

: [k—1] [k-1]
— liminf { 126 1(r,f) log” T, £ /])
=00 log [TEL(T):I log[kull T(Ta f)
[k—1] [e—1]
= lim inf log G f) im log L, B /1)
e g [ref0] 1o 1T f

= M) 1= ®)E

This proves the theorem. m

Corollary 2.3.4 Let f be a meromorphic function of finite order or of non-

zero lower order such that 6 (co; f) = > 6(a; f) = 1. Then for every homo-
a#00
geneous Py [f], the generalised L* — orders (generalised L* — lower orders)

of Py[f] and f are equal.

Proof. Since f has more than one deficient value, its lower order is either
positive or infinite. Also & (o0; f) = 8(a; f) =1 implies

O (o0; f) = Z5p(a;f) = 1.
a#oo

So the corollary follows from Theorem 2.3.24 and Theorem 2.3.25. =

Theorem 2.3.26 Let [ be finite order or of non-zero lower order. Also let

S &i(a; f) = 4 then the generalised L* — type of M;[f] is same as that
aeCU{oo}

of f.

Proof. Let ®gl” and ®gl’ . (k > 2) be the generalised L* — types of f
f M;(f]

and M; [f] respectively.

Now by Lemma 2.2.4,

{k~2] :
i 8" 70,5 1)
o logFAT(r, f)




Y
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exists and is equal to 1. Then we obtain that

[k—2] .
Bl o =lim suplog T, JV{J 1)
M;(f] s ®pkf 1
[rL(r)] "
, loglB=A7T(r, £) log®AT(r, M,
= hmsup{ 5 (k() L,,f) g [k—2]( i 7])
[rL(r)] P77 log™ A T(r, f)
[k~2] loglk—2! .
s L), o006 )
rooco [rL(r)] #F T log" o T(r, f)
(k)crf*.l = (k)crfe’*.
Thus the theorem is established. m
Remark 2.3.6 Fork = 2, the L*—type of M; [f] is{T'p — (Tp — vp) © (o0; f)}
times that of f.

In the next two theorems we see that the generalised L* — types of Py (f]
and f are same under different conditions.

T—00

Theorem 2.3.27 Let f be a meromorphic function of finite order or of non-
zero lower order and >, ©(a; f) = 2. Also let Py [f] be admissible. Then the
a0
generalised L* — type of By [f] is same as that of f.
Proof. Let (’“)Jj‘?* and (k)ag[ fl (k > 2) be the generalised L* —types of f and
Py [f] respectively.
Now by Lemma 2.2.8,
- log* A T(r, By [f])
r=oo log*=A T(r, f)
exists and is equal to 1. Then we obtain that

. _ logl* A T(r, P,
(k) Uﬁo[f] — lim sup 8 ((k) Lg Lf])
P00 [freL(?”)] Pryls]

. log*~ 2 T(r, f) log® A T(r, B [f])
T—00 [,re ('r)] ! og (T‘, f)

— lim Suplog[k_z] T(r, f) .. log[k_z] T(r, B [f])
o [ret@] P o logt AT(r, )

= Mgk 1= Wk




