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IT.1. INTRODU CTION

The perturbation theory is 2 very useful tech~
nique for solving spproximately the problems of physics.
The Hemiltonien for the physical nystem is first decomposed
into two parts. The first part should be a well-defined
operator, leaﬂing to a problem which is exmectly solvable.
The effect of the remaining part of %ﬁe Hamiltonian 1is
then taken into account by en approximste method. This
‘however, leads tc sensible results provided the second
term is a “small perturbation“o ‘An important problem in
_ the perfurbation theory is to aselgn a mesning to the
term 'small perturbetion', particularly when dealing with

unbdunded operstors, which occur\in moegt of the probléms.
36-38 :

Reliich33-35 and Kato initiated a thorough inves-
| tigation of this problem and developed a general férma-

1ism of the perturbatlon theory of gneral linear operators.

In this chapter we briefly review some aspects
of the Rellich-Kato theory, as applied to a Hilbert space,
~ which will be used in the later parts of the thesis.
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11,2, DEFINITIONS

Let H  be a seperable Hilbert s_péde with
inner-product . © 7 . For the physicél. spece of
square integrable functions o |

Cu,uy = (W) dheay dt ‘
. “ - R ‘988 (201)
et T be s linéaf operator in "M} . Let us denote b:&”A
D (T) the domein of T. Among unbounded operators, the

most important are the closed operators.

ﬁefinition 2.1, A linear operator T_V-i»n ﬁ i_@ called
closed 1f for ew)ery 'sequek".xpe Uy € DCT) the exis-
tence of limits W, ~5 W and '_”I‘u,,, ——=; RIS imp-
S lfes U € D(T) and T = r

dleérly, clogsed operators apre the immediate
exfensions of bontinuéus ( = bounded? operators in the
followiﬂg se’née; ‘Even though, for an unbounded operator,
u_.,,'——-}, AL déeé not imply 3L T Un 1 to be
' “converge"n't, but for those aequérmce _for wﬁich‘ { um)
'and {,T Lin \_( - are both convergént, the requirement

of continuity holds when T is closed. Most of the physicel
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operators are found to be closed or can be made closed by

a sultable choice of the corresrvonding romains,

Definition 2.2, T {8 ssld %c be ciosable 1f T hase
a closed extension, Awong clowz2d extensions of T thene

is 8 smallest one, denoted by I, which is called the

3]

c¢losure of T,

Tet T be ¢ closed cpsrator. For any dlosable

P
&

operator S such that S = T, itz domain D (8) im

celled & core of T,

Ag an exemple, we conglder an annarmonic osclllator,

described by the Hamiltonlsn

o= b ot e
. (2.2)

, & 28 .
which hes been studied by Simon“", To study the problem

one needs to realize the well~defined operstor from the
formel one given by eqn. (2.2). DLet us write
4

His, p) = pr+ e +px
(s P) P (2.3)

Then H(0.B) » P20 con be shown %o be a closed

operator on the domain

D= DP)N D)

1

@eﬁ«: (A 1vdn Lo f,f’ui\aii«if‘“’]

{2.,4)




o

A , '
where v  is the Fourier transform of W

The adjoint, T of T i3 defined as follows.

. LA A +
Definition 2.8, If there exists = veetor 1t (v e DT ))
80 that

) N N
4"3) T'\i7 = LV J\r"/
{2.5)
~ e
for all We DT, then by defivision VW =T ©

Eqn. (2,B) defines a unique lineer operatocr T 4¢ D (T)
ES
is dense., The domain of T which follows froom hie

nition need not be dense,

’ % ' PRSI TR -
‘ However, when D{T) is dense, {7 | iz ds¥ined
» = ' /
and 1t follows that (T*) = T o the closur: of T, Hence

T is closed &Fff T = (T*)#, .

Ir T€T*, T is called aymmetric. T 1s =aid <o ba
self-gdjoint 1f T = T*, If T%* = T*_ 4her T {5 eosgi-

tially self-adjoint,

- i

Jelf-adjoint operators are gxiremly well-behaved,

2.9,

SBuch operators are . often ussful to repremsent the time-

evolution of a quantum mechanical system, If H s the
. ; Mt
Hamiltonian and it 18 self-adjoint then U (%) = ¢

is the unitary operator desecribing the corresponding
dynemics of the system.. A symmetric operator which ism
not essentialiy seif-adjoint may admit inflnite numbers

of self-adjoint extensiﬁn;é or none,

—



For exemple, H (0, P} ), > 0 1in eqn. (2.3) 1is

'8 self-adjoint operator.

Next we consider the atability of a clos=d oyje-
~rator T wunder an unbounded perturbation. The simplest
“definition of 'small' perturbation for unbounded operators .

can be given for relatively bounded operators.

Definition 2.4, Tet T 8nd A be linesr operatcrs
such that 7

i) D (T) € D (A)

11) HAwI ¢ o i+ b I T Wl w ¢ pCT)

:where a,b are non-negative numbers. Then A is ;7 said
to be relatively bounded with respect to T or gimply T -~
 bounded. The inifimum of such b 1s called the

- T-bound of A,

If T-bound of A 1is =zro, we call A to be

* infinitesimally small w.r.t. T. Note that to prove

. estimates of the form (ii) 1t is sufficient to prove

them on & core of T, We now state the fundamental

stability theorem of Kato and Rellich,

"' Th, 2.1, Tet T and A be as defined above and let
A be T-bounded with T-bound b £ 1, Then § = T + A is

. ,01osab1e iff T 4is closable; in this case the closures

Jff_of T and S have the sasme domain, In particuler, S

' is closed iff T is closed.
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Cor.2.1°v Any operator that is T-bounded with T-bound

P 1is also S-bounded with S-bound £ P (““"‘)_‘1 , blY
To éxplain the Kato-Rellich theorem, we note that the "
maximal multiplicative operator %> in eqn. (2.3) ia

H (0, ) - bounded with relative bound zero. Hence
H(d.,@ ), P70 is ¢ losed for any complex o . More~
~ over, for real « , Pr0, H{«,B) is a self-adjoiint

operator.

In pertﬁrbation theory the strength of the
perturbing terms is usually expressed in terms of a
paremeter #.g. P in H (o ,p) of eqn. (2.3) . In
.eﬁch a cage, we are often interested in the analyticity
. properties of the eigenuﬁalues Qf the operator in that
’parameter. For this, we need to deal with & family of

operators which depend holomorphically in the perturba-

tion parameter; There are several useful criteria for a

' i

glven familyjoperators}to be holomorphic. Here we consider
the holomorphic family of type A& which is defined by the

rel ative boundedness of the perturbation term with respect

to the unperturbed operator.

Def, 2.5, A family T (o ) of closed operstors, defined
for & in a domain D, of the complex plane, is sald to

be holomorphic of type A if
1) D (T (o)) = D 1is independent of o

and 1i) T (of )W 4ig holomorphic for &€ D, ¥ WED,



In this case T (% )i has a Taylor expansion at each
A€ D, , If, for example, - o =0 belongs to D, we
can write | |

o .
T (X)W = TUFATyU + X Trut-- , uebD (5 gy

which converges in a disk ol < ¥ independent of W -

T=T(0) and T,, are linear operators with domain D,

A sufficient criterion for type A family is given
by the following theorem.

T™h.2.2a Tet T be closable with D(T) = D, Let Tn
n=1,25... be linear operators with domeins contaihing

D, and let there be constants a,b, ¢ >0 such that

I Tarit & ™ (alinti+ o iTull) | wed . (g.7)

" Then the series {2.6) defines an operator T ( 4 ) with

_ 4 .
domein D for o) <ile . If |et] L(bte) 5 T ()
18 cloeable and the closures F’f (&) for such 'o\ form a

holomorphic family of type A. .
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In many. epplications it happens that T, = Ty = - =0,

In this oase one can choose C = O if

HTyun ¢ ol + bl Tul , uebd,

Moreover, if 1t happens that the relative bound b .= 0, then
the corresponding holomorphic family is defined in the

entire complex plane.



Considering the example of anharmonic oscillator,
we see that since «° 1e H(O, P ) - bounded with rela-
tive bound zero, H ( « , f ) is a holomorphic femily of
type A'in « for each fixed P20. H (g ,P) im also
a holomorphic family of type A in £ 2> O fof each fixed o

Moreover, using an estimate of the form

23

a LH PP+ w1 Z iipoy 1> & NP 1p) v g plivn?,

a < 4 P v € D

it can be shown that o is H(1, P )-bounded and hence
_H(19 B ) is again a holomorphic family of type A for
complex P in the plane cut along the negative real

axls,

' II,3.,  DEGENERACY OF EIGENVATUES, .

The eigphvalue problem which is 'of interest to .
us in the present work involves a study of (1) the nature.
of spectrum (discrete or continuous) and (ii) the degene-
racy, if any, of a discrete eigenvalue., The study of the
eigenvalue problem of a closed'operator T .is gfeatly
facilitated by introducing the concepf of the correspon-

~ding resolvent operator,
DefD.be If (T-z) is invertible with

Rez) = R(z,T) = (T-2)"" (s.0)
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bounded, z is said to be]ong the reqolvent pet of T, The
opera’cor-—v;ﬂued function R( 7) thus . defined on the resolvent
set [P(T) is cealled the resolvent of T. Thus R(z) hae

~ domain B cnd 'rangé D(T), for ary = 2 €F(T),.

The complementary set 2, (T) of lP('T) 'is called
;‘the spectrum of T. . Thus T o€ Z(T) if either. (T-2) 18
not .invertible or it is invertible, but has rasnge snaller
than } o The part ZP('T) of 37 (T) for which (T—-z) im
not invﬂertibie 1s known as the point spectrum,.- The comp=-
lement 2, (T) of - 2.p(T) 4n 55(1), is the con~

tinuous spectrum of T,

Since we are interested in this work only in
discreté¢ spectrum, we will henceforth agsume that the .
operator T 1s .such that an spectrum Y (T) consists
wholly ofipoint spcch‘a. In such 8 case it happens usually
't'il_at the spectrum 5, (1) contains & bounded part Z !
'e;einarcted from the set S " 4n such a way that o rec~
{:i_fiable, ‘simple closed curve [’ can be. drawn 80 asg -
tc‘enclose an open set containing ‘Z" in its .interio:
and s in its exterior. In this case, we have the

followihg decomposition theorem,

Th, 2.3.  Let b (T) be seperated into two parte
_Z' ’ Z ~in the’ way d ucribed above. Then we have a deco-
mposition of T according to 8 deccmposition }f = MY @ b

of the space 1in such a way that the spectra of the pa.rts
1 "
Tty T cmlncide Mth D s 29
respectively and THI 'is bounded.»‘ Thus Z’ (TH’) =3
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where v, (TM "')' nay c_ontaih' z :z o0,

‘Suppose; for exaniple,‘ that A . .be an isoigted
point of ties spectrum 3, (T), Obviously ; T (1) 18
dgivided 1:uto two parts . T > __T_, ! in the sense of
- the above theorem, }:' consis-ts of the single poin‘t A g
‘any clossd curve enclosing ™ but no other point of

_Z (T) may be chosen s [* . Then the bounded opera*to‘r:»

el _
_P:._‘CQFI,'I) fr-RCZ)dz (2.9)

_ie a projection on M' = B{f along M= (1-P)H _ . AThe ‘
point A is called 2 (df}:'s:cr;fnte) eigenvalue of T . if
"the range-space of P, M’, is finite - dimensionsl. In this
case dim M' 1is called the algebrai.c nultiplicity of the
ei'g,.envalue N of T end P is called the correspon-

ding eigen—projé etion,

An eigenvalue ?- of I is non—degenerate if the
corresponding algebraic multiplicity has the valuel. Other-
wise, it is degenerate. It should be noted that the none-
degeneracy means something more than the statement that ‘th_o' ’
equation Tu = "W has only one solution (= R
_v;;geomer*tric mltipldclty oziq). Waen T is slélf—adjoint;'.'
,ﬁOxvever, ‘non-—degenérate hﬁs the usual meaning of_' Tu =N W
having a unique: so.‘l.ut'ivo»n‘. .



A closed ope?ator ‘D" whose resolvent R (z) is
‘compact for each g € P () 1s known as an operator with
compact resolvent. 'lMOSt‘differential operators that
appear in physics are of this type. The /spéctrmn of éuch '

an operatdor consista entirely of discrete elgenvalues,

F;‘Lnally, the eigenvalues of a holomorphic family
'-“'of dpera’cors T () are given by analytic functions ’)\n(«)
in the following sense, IFf Am (%) 48 & hon-—degenera-te'.
eigenvalue of T ( %Xo) then there exists a neighbourhood of

o, and aa emslytic funetion A= (X)  defined in

thad neighbourhood s0 that o (o() is & non-degenerats

eigenvalue for all o in thet neighlﬁourhood" and no other .°_
eigenvalue of T (X ) is near A, { x ). If on the

otherhand, ‘Chefe is an m~fold degeneracy, then there are

L m elgenvalues N (o) - for & near No'lwhich :
coalezce t6 @ Mn(A,) at AT A, » The A,°S
are snalytic neér X = Xy - and heve at most an vr‘ '

algebraic branch point there.

We note that aﬁharmonic oscillator energy levélg
Enlet,f) are snalytic functions of o, P for real
values of « and B 7> 0, This follows from the self-
gdjointness of the corresponding Hamiltonian H (o » P)

given in (2.3),

A
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Il 4, ’DIVERGENGE, OF ENERGY. smiiEs'

IE most of the casea of aingular perturbations.
'as illustrated by the anharmanic oscillator problem in .
the preceding secfion, the expansion seriea ot an eigen— "
.value in %he pertufbation parameter is fouﬂd to diverge. -

_Simon gave rigoroua proof of this fact Por the anharmonic

| oseillator problemo» Sinee the proof has become 8 standard
Ttool for aimilar modelg of singular perturbation %heory,

we review +he main arguments of the proof.. In particular
\it will be shown 'tha't the- ener@;y 1eva1 EnU»P) -
the anharmonic oecillator -

| - H4p) = P &t +@°‘

has a divergent Rayleighnschrodingﬁr perturbation aeriee
and the divergenea is due to an easential singularity of
'the function at B = 0, An analyaia of the global analytie
| -mtructure of E, (i Q)wdll also be done. . e

\/)'

First, we note tha$ the energy levele-> Ehaéd ﬁ)
of the Hamiltonian (2 3) satisfy the scaling reia$1on.:*

= (4> P)"%C (*“DP”\B) (210)

If means, in particularp‘that_

B P



VThué the . investigation o.f the singuiarify strueti'xr‘é,

of - En(4-p) can be done by loékinég at the

funetion E, (e, 1) ', when the analysis is a little

simpler. From egn., (2.11) it can be shown by‘using-;then

principle of analytic continustion near o(n o0 that
En(is )  is non-asnalytic at f =0, This ré»sul‘t

.. proveg the dive:}gence of th\e 'correspond‘.;lng.’pe,r’cﬁrbg,ti.oﬁ'

éeries in P . Howev_e»r, this dnoe«s not preclude the exig-

° i '1 :.
tence of s =mries expangion in the poweras of p ./3 .

To emclude such » possibility, one needsto
investigate “the "gai,_ngularities of EnCts, B) away

from £ = 0, Thé Herglotz property

| n/ i . (2.12)

thet is satisfied by the function EnUo‘P) asserts '-

that ‘ E~(45f) has no igolated poles or eas_eh'tial‘ :

singularities. Moreéver, algebralc branch pointshav?e. no

negative powers in their Puis'eu;c series,

A characterization of non-isolated singulasrities-

‘can be given hy the following'lifting' theorem.

,Th':js.. 2.4, - Let. o 3 (o8] C bea curve in the ax
| o =plane, , ‘
Let EY‘\ =ty 1) . have analytic continuation along y
~ into in.’cerval' Co,.i‘) o If thg valueg En (9(_{)9 1)

28
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have a finite limit point as t -7 1 then E, (o, 1)
hag an igolated singularity at o o = (1)

The theorem tells us that if we have a non-
’isolated singulerity, whenever we approach it.in.some
direction, the values EZ“ (o, 1) mugt approach o0
A non-isolated singulerity may either be & limit point
of isolated singularities (algebraic branch points) or
a part of & natursl boundary..Since at an algebraic
branch point eigenvalues cross, &, can only be a
limit point of such‘singularities of one level Eﬂﬂ(d,i)
~which goes to 00 s ~» o, , eroesing infinitely
many levels along the way, Using the Herglotz property
and the non-analyticity of E,.(4,pP) ét p=0

the following stronger result can slso be obteined.

The 2.5. £ n-(ia P) hag a globsl cubic branch point
at P =0 which is the 1imit point of algebraic branch

points (or netural boundaries or logarithmic branch points).

- By global cubic branch point we mean the following:
if a curve 7 . [0,1] — C circles around complex conju-
gate branch points in complex conjugate ways and ¥ (0) = ?(i)
then E'n (1, P) is continuable along v and

E, (1, 20) = E, (1, (D)
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if Y  winds about P = O three times,

Moreover, in no case does Erq(i, ﬁ)' raturn back
to its original velue 1f ¥ winds ? = 0 less then
thrice., This theorem tells us that the (Rayleigh-
,Schrodinger).perturbation series for En (1, ﬁ)

is totally divergent.

The nsture of the distribution‘of the infinite
number of algeﬁraic branch points (and natural boundaries)
in the three-sheeted Rifmann surface is quite'comﬁlicated
and not fully understood. However, two important results

have been derived.

: 39 hi
1s Tioeffel and Martin and Leeffel et al were

able to develop.: an argument which showed that the region
largo([ 4,QJU/3 ~in the o -plane wers free from

‘any singularity., Hence it follows from the scaling

relation (2.11) that E, (1, B) is analytic in

the first-sheet of the $- plane cut slong the negative

real axis.

2. Simon showed that the branch points approa-
ching £ = 0 on the three-~gsheeted surface have an asymp-
totic phese + 3 U /2, Thig means that the branch pointe
that approach f= 0 do 'so‘ by spiraiing into Iarg_p = 3Ty .

The pradf of this result rests on the estimate

al WP v ™+ i Kyl Lj NP 9(’:&{39(%»” L;f— b”\pug(“a_ 13) |
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where QA ¢ 1.” [Pl—il@p/ , I Fo gr};/a)‘ o d g D(Pl)nb(xtf)_‘

It thus Pllows that H (1, ) 1s a holomorphic family of
type A (with compact resolvents) in ' in the cut plane
| argp] <7 » The estimate ig also used to

prove the norm convergence of the resolvents

| Ry (1l ,'E) —Ry(0,8)ll—~+ 0 on

1Pl o (2.14)

where

" g | -4
R ipl,e) = (W2 ey -8 1
| | | | (2.15)

The coﬁvergence in (2.14) is uniform in ¥ as long as 7
f‘,belongs to ‘compact subsets of the complex plane cut |
. _along the negative real axis. In eqn. (2.15) . || 1is
taken because by a scaling of the phase of {# one can
_alwayse study  pP+ x> +pn’ by looking instead |
- at  p? +":?lo‘c°" +| ] o * o where 9= axp (-5 iongp).

It then follows immediately that
“The 2. 6. Tet M be given and = 6 <3 T/ o . Then,

_ there is a B s0 that E . (1,?) . is anaiy’cig in‘{{i ,
on the three-sheeted surface : 0 < |Pl< B, [ar3p|L8 }.

. _Determination of the agymptotic phase of the

- singu'lari'ties is .now'v'a simple corollary to the above theorem.





