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AI EVALUATIOII OF TBII 'l'llEORIEI OF lllUCT 

ELBC'l'ROI! PUll PROlltlCTIOII (Dl'l') BT ll110111 

1 .1 lDt:rod.uotion 

Direct produot1on or electron paire b7 h1&b energr charged 

part1elea 1n eollieion with other eharced partiol .. (atoaio 

nuoleue or eleo'\rona) oonUnu .. to 'be a eubjeot or 1nteree'\ 

ana iaportanoo in bie:h enerQ pb7s1oo. Jloaoenerget1o aeoe­

lerator -ne and YeJ'7 hi&b enorg ooeaio 1'07 muoae !1'011 

areatl7 inclined direot1oae or at creat deptbe underground 

are the eu1table particle• tor tbe 1nYeatigation ot the 

direct pair production (DPP) procen at high energ tnnater. 

The earlJ theoretical '\reatmente or the prooeoa u p-.en 

b7 l'UJ'7 and Oarleon, Land- and L1tachita(19,4), Heitl.er 

and Vordhe1a(19,4), llordhe1a(19,,), Bb&bba(19,5), lliebina 

et al ( 19,5) and llaoeb( 19,7) 40 not abolr clo .. acr-ent at 

leut -nc a few or theae. llbaltba' e treatment 1e the aoet 

feailiar one and the thooret1o101 reeulte tor the oue or 

auo~nuoleue collia1on baYe 'been preeeated in lloo81' • 

High berg Part1clee( 1952) • llurcta, Ueda and Tuako(ll11T) 

(1951) were the ~ret to giYe a quantua eleoUOdJIWile(QD) 

treetaent or the DPP prooeee ueinc the !'eJDII&D-:DJeoa (FD) 

aethod. Bubaequent work ia the 1"ll aethod of !ernoYOk11(1960), 

ZapolakJ(1962), lel'ner(1967), Kel'ner and KotoY(1968) and 

l.okolllin Petrukbin (KP) (1970) h ltellne4 to ctn an -t 

deeoript1oa or the procese at both .-.11 and larse anerQ 
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traasfer. Probabl7, there is a need for a oritioal 

aaal7sis or the more familiar treatment of Bhabha lllld 

the recent rettned oalou1at1ons 1n order to plaoe in the 

proper oontnt the state of the theo:ey of the procaes of 

~tract production of alaotrcn pairs. 

1 • 2 'l'heoey of DFP process 

An electron patr creation 1n the oouloab field or a 

nucleus oan be caused b7 the iapaot of a hich aner17 

charced particle or through abeorptton or a ..-.a-~ 

photon with the threshold vRlue of anercr equal to rest 

maaa energy of two electrons, 'l'he threaholrl Yalua for 

productns a pair in the <'teld of a free electron ie equal 

to four tiaee the electron reet -• energy. Aooor.ttnc to 

Dirac's theo:ey, the prooeea 1a interpreted ae a transi­

tion of an ordtna:ey electron froa a state of negative 

energy to a state of positive anerg under the pertvbinc 

influence of two collidtnc particles. ~he differential 

oroaa section for the creation of a pair b7 the ooll1a1on 

of fast charged partial .. wae derived in the olaeatoal 

and QJ!D caloulaticna, Aaong the claeaioU treatment the 

calculation of Bhabha want farther thiUII other oaloul.­

Uona 1D oonotderlng the affect of soreentnc and in ino­

lUd1ng certain other aspects. We will diaouaa and praaant 

the theoretical reeulta or Bhabha'a calculation and eaoh 

11 f Qllll oaloulationa , 



' 
The notation and unite u.ed in the Yar1oua treatment& are 

not the -· For oomrenienoe o!' re!'ernoe, we Ulled -

notat1ona and unite. The oaae considered here ia the DPP 

interaction batnn an incident muon Ca,.,.~ 0 e) and an atoaio 

nuol- (M,Ze). '!'be relat1Yhtia enel'IJ0 111011entua and 'ft­

loai v of the incident -on before and after the ooll1a1on 

are denoteu b7 B, p, • and 1', p', •' reepeat1Yel;r. !be 

eneru and moaentua of the created electron and poe1 tron 

are denoted b:r €_, p_, 

aneru of the pair 1e 

and £_. 0 p• reapeot1••17· The total 

E: = E._,_-> E._ • 'l'ba rea't -e ot tha 

electron 1a •· The Yelooit:r 1a expreeeed, in unit of Ye­

loait:r c of l18ht, u (3 • % • The relRtiYiatio en~rg 

in unit o!' reet -ee enarg 1e expreaaad b;r cJ • 0- ?>
2
}

112 
• 

Other 'Pb7aioal oonatante that recur are tine atruoture aonetant 

o<:' = %wand classical radiue of the e~atron r
0 

( •2.82 x 

10_,,01!1). Twa a<'Hitlonal a7JIIbola used "" 
Ll =c E: .. + E. __ S._ , <>-- E _- E.+ 

E -E.Ju-E_+E_. 

!be relat1v1.at1o aoMitione ueed in all the •lar1vatlona 

are 2 
E: E >>one. _, + 

'!'bene conditione require the ranges 
1\J\ < <- 1- n mez. e>:nd 2rnne2_,; "LA. ~ 

E._U. E._ 

at v and u &ivan b:r 
2 

1-~/E 
""JJ, n)i. 

1., '!'be calculation of Bbabba 

'!'be procedure adopted by Bhabha conniata tn oaloulatinc 

the probab111 t;r Of trAJtai t1on ot RD electron fl'Oil initial 

atate of negat1Ye energ:r to a final etate of poai'tive 
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energ '117 impact of the incident particle paaei1141 thrOUih 

the ooulOII'b field of the nuoleua at rest at a defil11 te 

imp&e~t p-ter. '!'he CIRloulation - done under Bom 

appro:&1-t1on. 'l'wo prooeaae._ ·llloen ae the firBt order 

prooeaa aDd eeoolld order prooeea are oonaidered for the 

traaei t1on from il11 tial to final a tate. In the N.rat 

order prooe .. , the electlrOn in the negaU ve ene!'l)' state 

~ either interact with one or the oollid1DC part1olee 

and Jump at onee-: to ita final atate, the ooll1d1ng parti­

cle go1ns o.er to an intermediate atate. 'rh1a ooll141ns 

particle then 1nteraota with tbe other colliding particle 

and both jump to their final atata. !biB prooa ... invol•e• 

olll7 one matrix element of interaction of the electron of 

the produced pair of the oolliding partiolea. 

In the aecond order prooeaa the electron in the negati•e 

energr atate -.,. interact with one of the colliding par­

ticle and Jump to an intermediate atate, after wbioh ita 

interaction with the other oollidins particle cauaee it 

to ita final atata. lhabba treated the two colliding par­

tiolea olaeaioall7 aad ae&leeted the t'irat order prooeaa 

at hip energr of the inoidant particle. tJainc Born appro­

:&1-tion Mtbod, he caloulated tbe difc"erant1al DPP oroea 

aeotion under the relati...tatio conditione atatad aba...e. 

He der1•ed oro• aeotiona for three regions of eneru 

traaafer aa apeoifled below 

Region I-A Very low ener17 pair of ldnetio enerQ gi•an b7 

p_, p+ <<.110 
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!!'he kine~io energy of the pair E:._ ~ :1m (1>: +f..). 

Region I-B Intermediate energy pAir with energy trenerer 
, _, 2 

gt van b:y me < <.. E:_, E.+ <:"- ·' m.c 

'l'otal energ or the pair E: ; E:+ + E:_ 

In the terms of the order of 
( 

were neglected. 

Hegion II lligh energ pair with electron eneraiea in the 

range given b;y 
.;'TTl <. < '"• > E:_ < <.. E. 

In the calculation. the terms of' the order of mo2 were 

neglected o0111pared to "-•/,Y a.nd E-jcy 

and in eaoh oRee the effect of eoreeninc of the coulomb 

1'1eld of' the nuclear oharre b;y the atomic electron hee 

been calculated on the baei11 of 'l'ltomaa-Ferm1 model or the 

atom. '!'hie screening ef•eot _, ta'·en into aooount b:y 

tntro•luo1ng in the differential oroee aeot1on a' factor 

[1-i' (q2) J wllere the at0111c form factor ta defined b7 

F("t/)::: ~k(:x) ez(§,:x:)jt,d:x_ (1-1) 

whe,..e f(x) ie the denai t;y of el.,otrone in t.he at011 ot 

nuclear charge Ze and x 1e measured in unit of distance. 

-it.:. 
'T!- 1 ·'ez 

IX..- o<.'2. 

_l_rv.)i%. 
- d.: \,:mt. 



wbere -r'a. h the ef"ective radiua of the atOll accordiq 

to ThOJaaa-PeJ/111 ( 'l'F) 110del, The tom factor F ( q2) ia de­

termined frca tha TP modal (~). It therefore follow. froa 

equation ( 1,1) that the aoreeninc ef•·ect cf tbe eleotrcu 

h appreciable when F( q2) 1e non-aero in the region deter-

, In Bhabha' a paper, the lo ... at value S 

of q ror each of three BDeru tl'lllla'·ar !'eglon IA, IB, II 

wae der1Ted, lbBD SYQ. >>li. the f'orm factor P < <. 1 and 

eoreen1ng effect of the eleotrone 1e negl1C1ble. On the 

other band their effect becOI!Iea appreciable if blQ~ -h. 
In the veey low pair anaru region ( p_, p+ <<.a), S:::::, 2:mc 

1e greater than tt;,.."' an•! ao the screening hae no etreot, 

For other two rag1ona the oonditionsfor screening are 

aUlllllarlaad below ~or oomenianoe of reference. 

2 
~me <E.~, €_ <E. 

In the follcwlne we present ~he d1f~erential croaa aeotion 

aapraaaiona ror the aecollll order prooaBa f'or the oaaea 

considered abOTe. 

(a) creation of elow paire 

The kinetic eneru E .. of the C!"eated pair ia Blllllll 00-

r,e.rad with the electron reat -· eneru ~ .. <. <. m.c
2 

' 

The differential orca" eeotion tor the creation or auob 
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a pair with kinetic eftei'8J betweell E, &lld E.+ da, ia 

r;1nn b:r 

' 2 c 2 
dcr: !2.(7.oVY~) lLn (~,)- .. (1.2) 

'l'h1a 1e the equat1nn ()0) in Bbabba'• paper after neglect 

of two ...:1.1 factcra at hish incidut eners:r (.Y ~10,E~1Ge'0. 

'l'he pca1'trcft and the eleot1'0n emel'f!e at anr;lea independent 

of 01111 another and the p1'0bab111ty 1a r;reateet for their 

being eaitted perpendicular to the path of the incident 

particle. ~-C..atioo 

(b) Oreation of intermediate energ:r pain (mt<<-E..,E..<<--Irn.e') 

'l'he differential oroee aeotion aa der1Ted b;r Bhabhe 

equation (32) in hie paper 1a 

' 2 
K nte dEd<e 
"'(•~~ '".) ~ -

.. (i-3) 

where k, k' are two ausbare of the o"dar or uni t:r arising -
froa eo- out off introducecl in the onloulatiou. In te:l'llll 

of var1ablea u,T thie ezpreeaion baoomee 

( i':.) 1 ( K' 7n )\.; f KLLE(1-l1Jl 
i + 2. en \:u. ml" ;n1. 4 -rn.c" J 

... (1.1) 

NS 

• 
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~be nrlallle ,. tal<.. into aooouat the aae)'lletl'J 1n the 

d1atr1but1on of anera7 tranefer ~ between the two paired 

electrone. There 1e a tenden07 for one pert1ole to &et 

acre energr than the other and thie inoreuee with the 

1no_reaa1nc ener117 transfer E • At low energr trene.fer 
2 E: (<2.mc)J Y 1e negl1g1ble. Bhabha, under this .. .....,_ 

tion, integrated tbe equation (1.,) oYer all E~ !or 

the e... E and obtained the following croee aeoticn 

equation ('4) in hie paper. 

(15) 

- -- (Ns) 

It 1a naoeaaary, hcweYer, to integrate the equat1on(1.4) 

numerically cnr 1 ta appropriate 11a1 ta 1•1::; 1 - ~~·· ,n-4. 

!l'he oroea eeot1on fomula thua iler1Yed .for the screened 

nuclear coulo.b field for ener17 limited by the oondit1on 
-1.1 'l. E < 2.jo.,~. 'Z 3 .-me 

dcr = 
2 / !'l. -"1;~ 

_!__ (zo<.'-r-.) dudu ln( K m )(t+ .ll-)lnf ~. z 3 
.o1t o u.. ' u mfJ- 2 ' o<.; 

-·;~ . 
(u.)!:·Z .m~). 

(o) Creation of hi&h .aeQ)' pe1re (4-rruf<<-E._,E..<<.·hn1/') 

The cond:l.t1cm or no eore.a1ng 1n the cue or high energr 

pair 1a u.. > 2 o<.' zit. ;.- "' 
and tbe d1UerenUal Ol'Otle .. otion Yalid uader thie oond1t10A 

ie 

dd _ 4 f-;z_o<.'-r.f du.du- (.!!l 'Ln( zg:_) 
- 1'\ \. •.1 E:r.L? m,..._J '( -rn,J 
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For tbe case or effective eoreen1ng the oroee section 1e 

2 G -~ ) do - __1__ (zo/1!) d u.d~ ( m ) Ln k-~, u. :!lli< - n o E'IX m,.u o<' -m 

The aoreen1ng effect replaces only the expreeaion under 

the logarithm in equation (1.7). For lar&er ener87 tra­

nsfer the dif!erenoe between the two expreeaione 1s ver,r 

emall. 

'!'be relat1 v1at1o enera7 ranges of val1<!1 t7 for eROh of 

the croaa section for.ulae do not allow ua to integrate 

the differential croas eectione overo 1n the limite -1 

to +1 ae was done by Devteaon ( 195?.) (High !!nera7 l>t.rt1-

clea b7 Roast) , The 111111 te of u- have been fixed 1n the 

present work by aeaigning a minimum value of 4 mc2 for 

E: + orE- in accoru<.noe wi tb the relativistic requirements 

of the caloulatione aa apeci f1ed by Bbabha • .le already · 

mentioned Bbabha'e calculationa are baaed on Born approxi­

mation. The conditione of applic1b111t7 of Born approx1m .. 

tion are 
2 z<ff 'Ze << 1 1iv_ ' nv+ 

OP, 
o<.'z <X'Z <<- 1 T' (3+ 

in the l'elaUT1et1c enera7 regiona f< z(3 = 1. t::: + 
' So the condi t1on for the va11d1 t;y becomes o( Z <.:<. 1 

Tbie oondi tion; te ea"tief1ed 1ft Z is emall, For lead (Z.S2), 

/ ' , o( z ..0.6 and for alli1Un1um (Z•n>, o< z. 0,09. The 

oroaa section formUlae are also applicable when the pri..r,r 
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particle 1e an electron. In th1e case the ~nergy range 
' 

un'!er the oaee (c) dOee not exist. '!'he effeo1; of the a-

ollange of the primary electron on the electron or the cre­

ated pair waa neglected in the procedure adopted -, Bbabba. 

Ita ef~ect, howner, te ai!IIOl.l tor eaall 1lp1r e~~erg and 

large initial ener117 of the electron. 

Bb&bha'e :formula():?) equation (1 • .,) llBa RD extra lol!flr1-

them1c tam th!llt that in tile f1rs1; liP}' croae section for-

mula given by Fury and Csrl11on. It, howeva,., "11'""e W1 th 

the formula obtained b;r tan<lau(1"}4). 

1.4 'l'he treatment of Kurota, tleda and 'l'anal<a (l'tl'l') 

'the authora calculated nrp oroea eeotiona b;y uaiflli! the PD 

!"ethod. In th1a 1!18thod inci<lent cllargeo particle ia treated 

quan<:um el.,ctro<1ynnmicall;y, but n target particle 18 rega­

roed aa 8 fixed coulomb field. 

'l'he PD interacti:>n diR;;1'8.1'le for the \!PI' prooea8 a,.. shown 

in 1i'ig.1. 1. r-ne calculations were rJone un:ter the usual 

relativistic condition and the aprroxisat1ob or eaall angles 

between the 1nciden1o and 1oarge1; particles. (Tha:J deterained 

eeparatel;r the oont~ibutiona from (1) the o~ when epin 
1,'. 

' or the ino1dent par1o1ole doee not flip and ~1ar1&a1o1on 

of v1rt.,al photons 18 traneverae (11) 1;he api.Jl ,flips IIIII 

polarization of Yirt'-181 photons 18 tr+enoe,lllld ( 111) tha 

' * eJ01D do .. not ntp and polarisation of. virtual jphot.one 1a 

' lone;! tudional.. 'l'be apin flipa an•' tba 1oftC11o""1oQ1 pole-

\ 
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r1aation o .. e waa neglected in their oalculationa. In o"ler 

to calculate tbe differential oroea a~otion irraapeoti•e 

or aftllea at which the created electrona appenrt the uaual 

aftiUlar integration waa done under the amall Bnil• appro­

ximation aantioned abo.a. In thia prooaaa an arbitr&rJ 

nuabar eX. of tba order or unity ..., introduced aa a out 

off peraaetar for .agUlar integration. 

Aa in Bhabha'a treatm~nt the screening effect waa taken 

into account by tntrodpoing the factor. [ 1-F ( q2)] in the 

differential oroaa aeotion and by making the aiailar con­

eidaration about the relation between 11010entum. trr,ns fer q 

ann the affective 'l'F radiua of the atom ~ • The miniaua 

value of q in their treatment ia given by 

o '-'·n= 2 z. ( mcz/;E . ( 1 + x.) u .. ~ LL(HY) I' 

wh.,.,e 

x= 

The differential orcas aaction for the aecond order 

prooeaa (diagraa a) in .ariablea u and~ in the MB ca .. 

.. obtained from equation ( 23) of 141~T ia given by 
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/1{5 (" f0,.q 1 .))o(Z111C N~ 
Umo;n 

withe. 2.718. 

l'or the firat o.,.der procese (diagram b) the differential 

croas section u eqUAtion 4:> of llUT in ter11111 of u and " 

ill 

dcr(u.,u) = fn (zo<~}''(~} d~u L,([{t + (1-u.)} 

whe.~e 

{( ~ + ~)Ln(1+X)-2}-(1-G0l(1+ ~)Ln0-+:9 

-2}] c 1-t,~v (1.1q) 

;?.o( E.(1-U) .l 
eu. ~cl(1+ i_.)1ii.J 

1'ollowill€ an e.ltBlyeta of 11111'1' formulation by Ueda (one or 

the authors of V.IM' l'omulat1on), Kob"78kawa gaTe a eemi­

oqaperioal cross section formula in the following fol'lll 

d (J (E, E.)= b~ (E) <P (u.) (1.1~ 

with 



and 

1,9.2.'7 N 
1l: A 
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q>(u)= ~f>(t+flr)/LL(u.+bp) 

2. l,n ~/me - 2-79 

ln '1111<2 -o-4•9 
L ( 18> 9) 
n\:z'/3 +16 

where /,p • 5.1 x 10-3 (Jusaev et al,19"10). The firet 

tel'll bp (E) 1e the ener117 loa a exprea~ion far the pair 

pro~uction b;r IIUOne M<l the second term givee tba variM 

t1on of arose eeot1on with enarg;r transfer. ~hie oroaa 

section expreeeion has bean uaad in the recent iDTaet1-

gation. 

1.5 Treatment of 'l'ernovek11 

Ternovakii considered both the diagl'alle a and b in Fig.1.1 

to calculate the d1f~erent1al croea aec~ion with an aoou-

racy better than the calculation or MU~. ~be condition 

for calculation was aama aa thoaa in the MD! calculation. 

The integration over anglea of emiasion of the electron 

and the poeltron was done axaotl;r w1 thout 1ntroducinc 88:1 

approXiiiBtion. ".'be reeul t for the aeoond order prooeea oea 

be written,ua1ng unita-t. • o • 1, in tal'll8 or variable& u 

llftd lJ .. 

do'(LL,u) = 3~ (zc<..Y;J du..1u L[{ 1 +(1-t1J}{(z+J')+(3+ct)x 

Ln(t+.L)+ __?i_I-u2)~:::_~_ +u"{t~ -xLn(t+X) 
:X. 1+X. 

(3+>:?) + (z+u"J}] (us) 

Ae in the other treatment, tba form of tna expraaaion ia 
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determined bJ the conditions of screening and no 

acreein& 

L - L ( u.E (Hl) 1 
o.- :n \: 4 m (1 +:x:)1fi) 

/ '1:3 
fo~"'J,2' o< Z m (NS) 

witb 

9Jmi.:n. =-
2 

when 

. . (1.1'\) 

/ 1/5 . 
f<n"q, .<o< Z -m ( S) 

Vmm 

(low anergy trann~er), X <<1. 

t••• di f' rat'entiRl oro a a section ia 

-4 ( / 2. dudv I( "')}L x. (Hs) do(LL,u)oo 3 'lt. Z"'--ro) '--'- Lo.Lt+U :nLLm · 

}or tt.e first order proeaea (<liagram b) tile croaa aeot1on 

1a 

where 

'dmin = 

2. l 111 E., E._ 
:n E(E-E.) 

2 2 
E +(E.-E) 

!>"' 

R is tlie -nu...cLeaT> -radius ornd 

E.-m 
ElE-9 

1.6 freatmenta of Kel 1 ner(1g67), Kerner Kotov(1~68) 

A more e>mct calculAtion of DPP oroas section 1n tba 

anergy transfer ran@a extending over ~elnt1viat1c reston 



15 

wu done bJ fel• ner. un,•er relat1v1nt1a energy aond11:1on 

for all •he partiaipottna particles the main oroee aeo­

tton reaulta uaing tbe unite ~ • a • m • 1 for botb IS 

and S regione are written in tbe followilll! form 

Llz'" ,4 
d-- _r:~-__ 

V- '1\ 

where the functions ¢. and ffi are given b:J 
"- '±'b 

Pa,b = L<>1b B"',b + ~ b.<>,b 

The functions cp"' and cpb are dtfferent ~ IS and s 
region. For <I:> Cl. , lfS and S reginn are d1at1nguiehed b:J 

'1lmi.n= t E: (1+ x). l'or liS region q 1 ~ )) 2
11

• 
""" - Umt.n i37 

and . ;r_ N 1 
~ 11 given b:J a. 

B~ =ta..Ln(t+ ~)-b,- ~:x} 

6."'- -a £f-•-) + b1x Ln (i+ ;_)+ 
(1- 1 \:1.+X 

,., Ln u.E (1-1.~l) 1 
LCl. :::: 2. ( i + x)'lz- 2: 

For S region q, <.<. 
5 Umtll 

and <Pa. 18 given by 

S N 
Ba. = Ba. 

6~ = a,f( 1~,,J- d, L-n(1+ ;.)-; 1':oc. +; E:~~-= 

In the above expreseiona 

54bG6 
1 2 APR 1911 
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N 
For the firet or,ier procaea r <111181'8111 b) qjb for the 

z.t/s 
no acreaning condi tton ( 1 + ;,_}rn2. i E' // 137 
1e given b;r 

B~ = a.
2
Ln(i+:x.) + bz €.,E~- + c, ~:<. 

Ln 

and for the IICireantng condition '>3 
( 

i)2.E. z 
.+,sb i +:X: m E E' <._<. 157 
'±' 1a 1!1 van by 

s: ::: B: 
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E + e:" - .1c_ 
E' E 3 

E 2 c2 
+ +"--

€ 

Ia the IS oaae and in terse of tne variablee defined above 

2. 

dcr( u.,u) = 3~ (z..(-r.,) \:._" L <I>; + .,;, <tO (us) 

where 

'.6,N 
a. 

1 N 
- ba. b 

2 ' 

[{(2+<J)Q+ zt LL)) + X(3+<J")}~;n(i+~) 
2.) 1-u"' u

2 "l 
-(3+U + l+X.- 2(!.-IJ.)(i+:>:)j 

_ -u (2.+'-'~)(1 + 2(~ IJ.))+X (3 +\:i'J}f(i~:,J 

+ (z + u"') :x. ln ( 1 + i.)+ (:x:.+u"' + 2.~-U:)\!:x.] 

. N [L E u. (1-\f} 1 ] 
La.= n 2 (i+:x.)lf~- T 



18 

• s: = 3[tU:.Ll +(t-u)- ;) ~ {_Q.+,l)- 1 ~"}-im~ 
Ln ( i +X)+[~ (_ 1-1J2)({_u. + ( 1-u.)- ~ )) 

+[(1--d')- 2..1 u.2 _!.( 1+1:1')+ .L,l ~ 
1-u. 2-\. m 'J 1+:x. 

> 

!L:',.: = -3[h~u. +(1-u.)- ~} ~ \..(t+u")- ,~"'r- i:x.') 
2 

f ( ~)-~ [{_!__ +(1-U.\-~} (1->.JJL,.,(J.·o§\ 
i+X. "1 i-U. ':) 3 .X. ~ 

z 
E (1- u)(1-~:J) 

(1+ X) 

• 

In the S-oaee the oroee eeotion 

do-(u u' = 1:._ ( z -v; '2. 1-u. { ..:h s .!._ ms} 
>'.J 311. 137/ Lt '±'o.+m•'t'b (i.i9) 

5 s 
;F, - L".b '±'.,,b 
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• 

For low 811ergy trenefer LA<< ~ , we find ::x:<<-1 

the differential croae section under th1e situation ie 

,giv81l b7 (28) end (40a) of Kel' ner tor <'Pa. and i±'b 

<±>a. 3(2.+\J':.J{(Ln([)._r: (1-u"')- 1 )(Ln·'YTl"'!lJ...(I 

-v2
{ Ln( uE (1-\h-1} 

• 

!!he differential oroee eeot1on given ie onl7 the a1111 ot 

tile oroee section tor tile aacond or<ler prooeee (dia&rD a) 

end the first order process (diaarem b). Tile oontrtbutiol 

to the croae eeotion for interference between the two ie 

nothing tor IIUOIIB in coaaic r&7"• 



Kel' ner lotoT(1968) pre-ted the differential oro• aeotioa 

e~tuatton (1) in ilia paper in three TRrialllee E +, E:_ ad 

t (::::: 19/1) Tal1d for re1Rt1T1etlo condi t:lon( 2). '!'hey 

introduced the effect ot screening bJ the atomio electrons 

and .. de soma atmplifioationa which result in an ar~r of 

about ~ •. The final oroua A&ction for the seoond order 

prooeea (diagram a) is 

do-" = ~ (z o( <,J d.':;'- F" (E., u.) 

The expression for F8 (B,u) tor low and high range of u 1a 

given for both 19 and 8 regions. 

Lower energy tranafer region 

For higher anergy transfer range ( LA_>> .$n) , the 

expression tor F8 
(a) tml-n < <. 1 

(B,u) ia given for two limiting oasaa 

(b) ror aaoh or 18 

!'or the first order prooeae ( ~1q:l'AI!I b) the oroaa aeon on 

1e 
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A,., 189, e== 2.7189 

1 
Fo-.. U. >> 'lYl 

do-= J..§.. (z.o(:..,~du. [F (E u..)+ F.: (E,u..)l 
1\. ) u. b } a. 'J (1·22) 

Thia caD ba calculated from a aingle expreeaion for aaoh 

of the firat and aacond order proceaaee. 

Following Kob&Jakawa'e aemi-emp.rioal for. eqwation(1.12) 

Wright uaed Kerner Kotov(1968) reaulta to obtain 

':tri~E)::: bf:{E)4(..u.) 

b~(_E) E ( \ooGe\1 

1.7 treatment of Kokoulin and Petrukhin (1969) 

Xokiulin Pe*rukin (KP) (1969) have given a oombined 

expression of L which givee a .. ooth traneition froa 
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•s region to 8 region and aleo givea KeVner'• expression 

LN S 
a.. and L" in their appropriate range a or val1di ty. A pa-

rameter 'r wu defined aa 

<: = 189/z113 

and tor HB and 8 regiona we have 

't ~ 1 no eoreen1ng ( !18) 

'L ~l oomp~ete screening (S) 

Ue1ng thie parameter the combined aingle expraee1on tor 

1a 

L = Ln 0. 

l! 1;, 
I S9 z13 (_t+x) 

1 + 1: e'i& 

with e • 2.718 

Tak1Dr the oorreot1on ter11 L>a.tnto account, 

z'13 (1+:r)11"-(1 +Y.;]._ 
im~ :j; e'h (I+ Yo.) 

thia givea 

L = Ln 1S9 
0. 

811111 ~ar~y tor the firat orrter proceaa (d1"8ftm b) 

1Ss-m11' (t+~)12 (1+Yb) 

where 

with 

1 + T e'12(1 + Y~,) 

2. ( 2 5-U t4@ 1+1.9) 
--zc_1+3(3)Ln (t + ~)-u:>,_2(3l2. u'5 

4 +-..i-+3~ (\+eJ 
(t+u2)(-i +2(3)Ln(_3+:X)-ri-l u"­

(3 = u
2j z (_1- u..) 

The final result ia 

cla-(u.;I..'J)~ {ft_(zo<~f 1~{if>"-+ -k•<Pb}dudu {I·J1) 



~ 2- ( 2 J ·~ 2 3 u: _ 1. 1._ LL t-u <I>b= [(t+ _,)(1+ 2, 2 (_~ t)..)) X 1+ Z Zlt LL) Q ) 
., 2. " ) .,~ X (1-\.9 ..1 Ll :X. 2. u 1-"; L Ln (1 +x)+ 1 + x - 2(.! Lt) i+X-+(1+ 2.~-'-9 l b 

'l'beae expreaaiona for cpa., ip b are Yalid for IIUOJl anerv 

greater thllll about 5 GeV lllld are poai t1ye for lim>-n-= 4/E 
a.nd u..._,. = (E-m)/E 

1,8 Consideration of some other effeota 

(a) Bffeot of llPP proce88 in the oouloa'b field of atoaio 

elec'trou. 

In conaiderina the paeaqe ot a pri-ey auon through 1111 

atom one must alao take into account the llPP proceaa in 

the coulomb field of atomic electrona. Aa in the oaae of 

'breaaatrabluac, oontri'bution of atoaic electron& to the • 

DPP proceaa can be taken into account 'b7 replacing z2 in 

the differential oro .. aeot1on formula 'b7 C (Z+a) where 

the YBlua of a in the caaa of 'br ... atrabluac 1a taken to 

'be cloee to 1. In tha caee of DPP proceaa tbe Yaluea ofQ 

aa calculated 'b7 Kel' ner and KotOY ( 1 968) are the follow in& 

a• 

a • 

1 for •o aoreantna 
Ln 144oz% 
Ln \ '<!9 z-'V;, 

tor total screening 

It ia therefore eYident that in the caae of low Z atoaa 

the effect ia not nagl181ble. 
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Rosental(1968) 4iacueeed the oorreotione arielnc troa tbe 

DPP oontri buUon of orbital electrons and froa tbe ra41 ... 

t1Ye proceaaee he gave the correction term aa 0.95 Z(Z+a). 

(b) Effect of aultiple ecatterinc in the target aediua 

The oroee section of bl'81111etrahlunc and pair production 

prooeaeee are influenced b7 multiple aoattering in the 

target ae41um. Larulu~and Poaeranohuk(195,), Mildale(1957), 

TernOYak11(1960)oeneidered the effect on the DPP prooeaa 

and found thnt aa in tbe caae of electron braaaetrahlunc 

and photon induced pair production proeeaeee(DoYshenki 

and Poaanaki ,1 '!65) the ef!'ect 1a not negligible for ener117 

tranafera 811&11 compared to pri&aJ:'7 IIUon eneru (abOYe 

1tl5 GeV) • 

(c) The effect of nuclear form-factor 

Tbe aise of the nucleua of the atom lilll1te the ...n­
yalue of momentum tranefer to 1/R where l!oo0.56 A'~', 

the radiue of the nucleus (A,Z). 'l'he nuclear fo1"1¢'aotor 

haa appreciable effect on17 if the actual momentum tr... 

In the theoey, maximum Yalue of q ie 

'1J 2. == <::+ "';- n?- 1 +:X = :X:. - whe-re. :X:» 1 
m= E E 

So, nuclear foraractor ehould be taken into account when 

€~ ~- » 1/(-mRi 
The oroaa section in thie oaae ia obtained froa 
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• 
;,; 1 .,_ 2z 
~ =-rl+ 2€-,c+_E_(E -rt:)]L 

a_ :X. L: E. E E'\: £~ :n (1: 2.G) 

1.9 Other DPP theorlea 

The treataenta diaouaaed &bOTe are u.a!ul troa the Yiew 

point ot pnaotioal uae. Other oaloulationa include the work 

ot Bjorkan and Drell,(1959), Bjorken and Ohan,(1967), 

Jbonaon Jr,,(1965), Brod~ and Tena,(1967), HeftZ7(1967) 

and ..... at &1(1971), Theae calo~tiona are baaed on 

eight PD diagraaa and giYe completer expreaaiona for diff­

erential oro .. aaotiona, lloat or theaa are not available 

in a ton tor m-rioal e't'aluation and UH in axpariaenta, 

although thq represent oonaiderable ill}lroYaaant in the 

theoq or DPP prooeaa. 

1,10 lfWDerioal oaloulationa 

In order to bring out the differences, if allJ, eaona the 

Yarioue theoritioal oaloulationa, we haYe carried out n­

merioal ooapulationa of the differential oroaa aeotiona 

for all the fonulaa diaoueaed alloY&. A ealeotion of the 

varioua computed differential cro11a aeotiona are ehowa in 

figa. 1,2 to 1.15. 

In each caae,computed crone aeotiona haYB been corrected 

tor the contribution of the DPP prooeaa between the incident 

muona and the atomic electaona ulling the fo:rmul.a or l.a:lner 

I.OtO't' (1968) equation (1,25). 
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The Pb78ioal oan8t&nt8 u8ed in thia oomp~atione are thoae 

reoo-ended b;r tha 19'13 oo-1ttae or the International 

Council or Soient1f1o Union (I C 8 U). 

In eaoh sraph the d1trerant1al anerQ' t:ranafer apaot1'111l 

aooordins to KP ia diapla;rad alone with oJll;r one ot the 

reaaining theo~tioal to~ation under the preeant oon­

eideration. Tbia pl'Ooedure haa broueht out the decree ot 

di8asree-t &110ft£ the Yarioue theoretical propoaala. A 

aet ot tablee of differential crce8 eeotion are alec in­

cluded to 8erYe the purpoae ot nuaarioal oompariaon. 

1.11.1 KP orcas eeotion with Bhabha oroae section (tisaJ1o2 end 

1 • ', tab lea 1 .1 - 1 • 6) 

1.11.-2 

It can be eaen that at the lower pri•r:r enerQ' 10 GeV, 

the asreement 1B excellent OYer the eners:r tranafer range 

from 5 lla\' to 80 lie\' both tor Al and Pb. With increuiq 

pri-r:r eners;r, the Bhablla croae eection in the aediua 

ener&J transfer range 8lowl:r increaaee oYer KP 01'088 eeo­

tion. In the bieber energ:r transfer range and lower eners:r 

tran8~er range below 5 MeV,the Bhabba prediction ~-. lower 

than the KP prediction. 
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Die El'F.N'TIAL "H0BA31LI'!'Il!ll 1'0R lliUOII r ·r~H.'l'V V: f'l\OCESS OF ALlDII!fiUJI A-:1 :S.10 OeV IIT101f Ellll!GY 
(cm2/gm JlleV) 

-------~------r------r------r------r------r------r------r------r----.,.,- , 'Iobe19t.:a wa , , , "-Wright oro••, 
Trallefered , KP ._ __ J!UI .21'2•.!1 .ae.!l.t!o.n __ 'croae aectton, 'l'emOYal<11 , Kel' ner ,Kal'llar Kotoy , aeot1on , Bbabl 
Eneru , oroee aeo-t1oq , 'dertyeG ft'Oil , croae aect10JI croaa aect1o11 cro811 eeotioll dar1Yed froa, oroaa ••• 

, , ,:; •2, n -4 , U: •1 , n • 4 : (JIU!' , , , • ~el'ller Jtotov , 

---------------------------------------------- -----·---------------
'·" .. , 
5 •• , 

10 lleV 

20 •• , 

40 IIIeY 

80 MeV 

100 MeV 

200 •• , 

400 •• , 

BOO lleV 

1 GeV 

2 GaY 

4 GeV 

6.75xto-6 

t,Otxto-5 t.57xto-5 

7. -94xto-6 t,osxto-5 

4.32xto-6 4.89xto-6 

1,62x10-6 2,07x10-6 

4.89x1o-7 6.10xto-7 

'· toxto-7 
4. :?6xto-7 

5.80xto-8 e,08xto-8 

9.42xto-9 1 .2'Jx1o-8 

1.27x1o-9 1,69x1o-9 

6.J5xto-10 B.26xto-10 

6.75x1o-11 B.18xto-11 

6.75x1o-12 6.89x1o-12 

1.04x1o-5 

'l,97x1o-6 

4.43x10-6 

1.71x1o-6 

5,61x10-7 

3.92x1o-7 

6.96x1o-8 

1,12x10-a 

1 .45x1o-9 

7.10xto-10 

6.75x1o-11 

5.20x1o-12 

5.26x1o-5 

J,08xto-5 

t.:nxto-5 

5.26x10-6 

1.74xto-6 

4.116x1o-7 

2,08x1o-7 

5.65x1o-8 

'J,OOxto-9 

1,4Jxto-9 

1,02x1o-5 

8,2 xto-6 

4.67x10-6 

1,83xto-6 

5.54x10-7 

3.67xto-7 

-8 7.01x10 

1.14><10-8 

1.51x1o-9 

7.84xto-10 7.42x1o-10 

1.01x1o-11 7.29x1o-11 

1.;1xto-12 6.02xto-12 

6.75x1o-6 

1.otx1o-5 

8.35x10-6 

4.54x10-6 

1,70x10-6 

5,1Jx1o-7 

3.18x10-7 

5.85x1o-a 

9.15xto-9 

1.21x10-9 

5.cl0xto-10 

4.45x1o-11 

5.12x1o-12 

5.751110-6 

·•.4 :tto-6 

7.116:t1o-6 

4.23x1o-6 

1,60x1o-6 

4.85a1o-7 

3.08&10-7 

-8 6.021110 

9.25x1o-'l 

1,4,x1o-9 

6,02x1o-5 

3.35x1o-5 . 
1.43x1o-5 

5.23x1o-6 

1.59x1o-6 

,,86x10-7 

2.cl0x1o-7 

4,26x10-8 

6.59xto-9 

9.2axto-10 

6.10x1o-10 4.86x1o-10 

6.65x1o-11 · 6,J6x1o-11 

6.67X1o-12 s.t7x1o-12 

1 .32x1o-1 

9.77x1o-6 

a.t7x1o-6 

4.45x1o-6 

1.62x10-6 

4.58x1o-7 

2.43x1o-7 

?.70x10-a 

---------------------------------------------------~----------------
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'I'ABL.&: t.~ 

Dll' a:;<EJTIAL IHOIIABILITHS '\'R liUCN I :'liTH :a, ITF UOCESS Ol ALUMIMIU!o! A'l' E • tOO Ce'f MUOJ! 1Nh1!GY 

(cm2/gm MeV) 

-------~------~------------~------~------,------,------,------,------
' • • Kob&JakBWa ' ' ' 'Wrilb't o%'0ae ' 

'l'ranetered ' l:l' W'l' oroee asot1on 'croee eect1on• Temovak11 ' Kel' ner 'JI:el' ner KctoT' eeot1on ' Bllabbl 
lilleru 'orose Hot1on •------- ,----- -'•iertve<l from 'oroee aeot1on'oroee Hction•croee aeot1on• der1Yed rrcm• ere•• .. ct: 

• • r;& •2, n •4 , oC •1, n •4 ' utrr • ' ' 'le~er 'KotOY ' 

------~-------~------~-----~------~------~------~-------------~-----· 
'·" .. v 

5 lleV 

to lle'f 

~ lleV 

40 lleV 

eo MeV 

too lleV 

~ lleV 

400 lleV 

800 lle'f 

t GeV 

~ Ge'f 

4 leV 

8 OeV 

tO OeV 

~ OeV 

40 OeY 

t .J5xto-5 

1 .99xto-5 

1 .88xto-5 

, .2,,.10-5 

6.75xto-6 

:5.211(10-6 

2.42xto-6 

9.:52x1o-7 

,.24xto-7 

6.70x10-8 

5.42xto-8 

t.05xto-8 

t .?exto-9 

2.4Jxto-10 

t.24xto-10 

t. :52xto-11 

1. 'exto-1 2 

2.76xto-5 

2.t2xt0-5 

t .42xto-5 

a. t7xto-6 

4.2txto-6 

J.nxto-6 

t. nxto-6 

J.76xto•7 

-8 9.63xto 

5.96xto-8 

t .t6xto-a 

2.02xto-9 

2.94x1o-10 

t.56xto-10 

1. 76x1o-11 

1.57xto-12 

1.1l8x1o-5 

1 .57x1o-5 

t.n1x1o-5 

6.65xto-6 

J.48xto-6 

2.57x10-6 

9.50x1o-7 

J,tOxto-7 

ll.Osxto-8 

5.02xto-8 

-5 ?.4'1x10 

1.2tx1o-5 

0-6 5.71x1 

2.5'Jx1o-6 

1.97xto-6 

7.76xto-7 

:>.56xto-7 

-a 7 .oox10 

-8 4.4'lx10 

g.aoxto-9 a.6qxto-9 

t.7,xto-9 1.45xto-9 

2.5Jxto-10 2.t;!zto10 

t.J7xto-10 1.12xto-10 

1 • 68xto-11 1 • 41xto-11 

t.42x1o-12 1.94xto-t2 

2.01xto-5 

t .6<•xto-5 

t.1'lxto-5 

7.02X10-6 

J.48xto-6 

2.'57x10-6 

'l.5oxto-7 

J.toxto-7 

s.osxto-e 

5.Cl2xt0-8 

<hBOxto-9 

t.75xto-9 

2.4axto-10 

1.,txto-10 

1. 5txto-11 

t.67x1o-12 

t.55xto-5 

t.99xto-5 

1 .89x1o-5 

t.29xto-5 

7.,5xt0-6 

J,?Jxto-6 

2. 72xto-6 

t ,t'l5xto-6 

5.61lx1o-7 

9.40xto-8 

5.80xto-8 

1.13xto-8 

1.94xto-9 

2.74xto-tn 

1.4Jzto-10 

t.41zto-tt 

1. 98xto-t 2 

t .JQxto-5 

t .89xto-5 

t.7txto-5 

t. t4xto-5 

6.~xto-6 

2.96xto-6 

2.JQxto-6 

'), tOxt0-7 

5.15xto•7 

A.50x10-8 

5.15xto·8 

t .ooxto-8 

t.72xto-9 

2.59xto-10 

t .t9xto-10 

t ,J9zto-11 

t .40xto•12 

t .50xto-4 

9.04xto-5 

4.55xto-5 

2.09xto-5 

9.70xto-6 

4.2txto-6 

'· t6xto-
6 

1. 16xto•6 

J.54xto-7 

A.60xto-8 

5. 15xto-8 

9.54xto·9 

t • 45:i:to-9 

:>.04xto-tO 

2.J4xto-tO 

1 .40xto-11 

t. 79xto-t 2 

:>.Oxto-6 

t .97xto-5 

2.02xto-5 

t.,xto-5 

4.92x1o-6 

3.59xto-6 

2.75x1o-6 

1. t0x1o-6 

J,62xto-7 

5, tOxto-a 

2,50xto-8 

--------------------------------------------------------------------· 
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r;L E f:;,'"'IAL , :OBABII.lTIES 01' !W<:ll Dl'· P"r.; lH ; rOCoSS 0t ALm:llUUlf l'!' E • 1000 Get MUO'l EN!!'~Y 

(cm2/gm MeV) -----------------------------------------------------------------------·-' • • Jr:obftYrlk:Awa • ' ' • Wright erose • 
' K.P ' WT CT'OBB section 'cross a~tc'*':inn' '~emova)l:11 ' tel.' ner "lel'ner r:otov • eect1on ' Bnabba 
• oroae sectiorf- -- -- - - r - - -- - ~derived f'rom •erose scc~ion 'c!"'aa section 'cross aeotinn' der1.-ed from' oroae sect-ion 
• • ct • 2. n • 4; ~ • 1, n •4 • MU1' • • • 'kel' ner l<.otoy' 
t f I t t I t t f ---------------------------------------------------------------------

}.16 MeV 

5 MeV 

10 MeV 

20 llleV 

<CO ll.eV 

80 MeV 

100 MeV 

200 IiieY 

<COO l<eV 

BOO MeV 

1 GeV 

2 Get 

4 Get 

8 GeV 

10 GeT 

20 Get 

<CO GeT 

eo Get 

100 GeV 

200 GeV 

<COO GeV 

2.0Az1o-5 

,.1Bz1o-5 

}.00z1o-5 

2 .0'5x1o-5 

1.?2x1o-5 

6.5,z1o-6 

5.2,x1o-6 

2.4:5x1o-6 

1.oax1o-6 

4.45x10-7 

,.,5x1o-7 

1.19z1o-7 

,.78x10-8 

1.00z10-s 

6.,1x1o-') 

1.221:10-9 

2.00z1o-10 

2.97x1o-11 

1.59x1o-11 

1.89x1o-12 

1.•nz1o-n 

, •. J6x1o-5 

J.:>6xto-5 

6 -5 ?.2 x10 

1.5Jx1o-5 

B.60x10-6 

6.85x1o-6 

,.01x1o-6 

1.31x10-6 

5.0::>x1o-7 

}.72z1o-7 

1.27z10-7 

}.94x10..a 

1.02x1o-a 

6.36x1o-9 

1.21x1o-9 

2.1l0x1o-10 

3.02x1o-11 

1.64x1o-11 

<> .osz1o-12 

2.&4x1o-n 

;>.69x1o-5 

?.34x1o-5 

1 • '7?x1o-5 

1.17zto-5 

6.<l4z1o-6 

'6 5.61x10-

?..40x10-6 

1.05x1o-6 

4.Jh1o-7 

3.'lilx10-7 

t.06z1o-7 

,.29x1o-0 

B.5'lx1o-9 

o;.,7x10-9 

1.04x1o-'l 

9.75x1o-5 

6.ooz1o-5 

;>.oaz10-5 

1.51x10-5 

7.26xto-6 

3.5'lx10-6 

?..06x111-6 

1. )flxt:l-6 

6.51x1o-7 

?.97x1o-7 

2.29x1o-7 

0-7 B.'l2x1 

2.94xto-0 

s.07x1o-9 

o;.o6xto-9 

1.00x1o-'l 

1.74x1o-10 1.67x1o-10 

2.62x1o-11 2.44x1o-11 

1.43x1o-11 1.79x1o-11 

1.78x1o-12 1.72x1o-12 

Q.54x1o-14 ?.33xto-1 ' 

}.O~xto-5 

:? • ?Ox1o-5 

2.05x1o-5 

t.2E<x1o-5 

6.94x1o-6 

5.61x1o-6 

?..48x1o-6 

1.05z1o-6 

4.,1x1o-7 

,.oax1o-7 

1.06x1o-7 

3.29x1o-8 

fl.59x10-9 

o;.,x1o-9 

1.04x1o-9 

1. 7~x1o-10 

2.7?x1o-11 

1.5'Jx1o-11 

,, .14x1o-12 

:>.74x1o-13 

2.0Bx1o-5 

}.1Bz10-5 

}.Oaxto-5 

?.24x1o-5 

1. j6x1o-5 

7.64x1o-6 

6.nx1o-6 

2.71x1o-6 

1.16x10-6 

4.64x1o-7 

}.48x1o-7 

1.19x1o-7 

}.76x1o-8 

9.70x10-9 

6.1.Sx1o-9 

1.10x1o-9 

1.'14x1o-10 

:>.97x1o-1 1 

1 .62x1o-11 

2 .oas1o-1? 

2. 64x10-, 

2.onx1o-5 

2.9qx1o-5 

?..98z1o-5 

2.05xto-5 

1.3Qx1o-5 

6.50z10-6 

'5.19x1o-6 

2.45z1o-6 

1.10xto-6 

4.<COx1o-7 

J.:mx1o-7 

1.17x1o-7 

}.·J5x10-8 

1.10x1o-8 

6.221:10-'l 

1.26z1o-9 

~ .or;:x1o-10 

J .o c'x1o-11 

1.65x1o-11 

2.05x1o-12 

:>.17xto-13 

2. }6x1o-4 

1.24x1o-4 

6.95x1o-5 

J.4Bx1o-5 

1 .84x1o-5 

A.?9x1o-6 

6.72xto-6 · 

}.21%10-6 

1 .50x1o-6 

6.5Qx1o-7 

4.88x10-7 

1.80z1o-7 

5o42Z10-8 

1.,2x10-a 

7.96x1o-9 

1.44x1o-9 

2.,x1o-10 

}.1'3z1o-11 

1.65x1o-11 

2.16xto-12 

<.75x1o-1' 

}.54z1o-6 

:?.97x1o-5 

3.24s1o-5 

2.25s1o-5 

1.34x1o-5 

7.3Qxto-6 

5.')7x1o-6 

2.91x10-6 

1.J4z1o-6 

o;.48x1o-7 

J.98x1o-7 

1.19x10-7 

1 .95z10-8 

----------------------------------------------------------------------
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TABLI 1.4 

hi,Ui'EN~llL FOBABU.lHJ:;~ :cr •00~ J n~IAHIJ n T HOCES~ 01' LEA'· A'!' E • 10 GeV MUOII EliiRGY 
(cm2 /gm MeV) 

-------r------r------------~------~------1------,------,--•---~-------• • • KOb"Yfflr•a • • • • «right oroatt 
'l'ranafarad rF • MU'l' oroaa aeotion 'a?oas section • ~·ernovaJ<-11 • Ka!ner 'Kelner Kotov • eeot1on • Bbabba 

liner€¥ 'oroee aaoUon '---- - --r---- --'derived froa •oroae eec~ion ' oroaa eecti ,.,d cross eeotioJf derived ' oroaa eectioD 
' ' t ' L:'U'I' ' . ' ' !rot\ • 
• oC •2, n • 4 c<: •1 , n • 4 ' ,Kal'ner Kotov • • • • • • • ----------------------------------------------------------------------

'·" .. , 2.56xto-5 1 .86xto-4 2.56xto-5 2.35xto-5 :>.tCJxto-4 4.8fbt1o-6 

' MeV ,.75xto-5 5.8txto-5 ,.95xto-5 1.15xto-4 3.!10x1o-5 ~.75x1o-5 }.55x1o-5 t.12x1o-4 }.62x1o-5 

10 .. , 2.94x1o-5 3.95x1o-5 2.7,x10 -5 4.'13&10-5 :5.0Jx10-5 · ).09xto-5 2.92&10-5 5.28x1o-5 },O)x10-5 

20 IIIeY 1.60xto-5 2,0txto-5 t.59xto-5 1 • ')5xto-5 1 .nxto-5 1 .6Rx1o-5 1 ,,,.,o-5 1.95xto-5 1.6axto-5 

40 MeV 6,00xto-6 7.68x1o-6 6.36xto-6 6.4}xto-6 6.7axto-6 6.3Qxto-6 6.00xto-6 5.'l)xto-6 6.01xto-6 

00 MeV t.atx1o-6 2.84xto-6 2.0Bxto-6 1 ,76xto-6 :>.05x1o-6 1 .90xto-6 1 .aoxto-6 1.4:5xto-6 1 .70x1o-6 

100 lleV t.t5xto-6 1.58xto-6 t.35xto-6 1 .tOxto-6 1.36xto-6 1. 1tlxto-6 t.t2xto-6 a.nxto-7 q.Oxto-7 

200 lla'f 2.15xto-7 2.99x1o-7 2.58xto-7 2.t9x1o-7 2.60x1o-7 2. 17xto-7 2.23xto-7 1 .58xto-7 9.5Qx10-8 

400 MeV 3.49x10-8 4.78xto-B 4.15xto-0 }.64x10-a 4.22x10 -8 3.39x1o-8 3.50xto-8 2.45x1o-8 

800 MeV 4.70x1o-9 6.25x1o-9 5.38x1o-9 5.30xto-9 5.59xto-9 4.47xto-9 6.2Sx1o-9 ,.45xto-9 

' GaY 2.,5xto-9 3.06xto-9 :?.nxto-9 2 .uo:xto-9 2.7Sx1o-9 :?.OOx1o-9 }.06x1o-9 1.Btxto-9 

2 Oat 2.50xto-10 3.0Jx1o-10 2. 50xto-10 3.75xto-10 2.70x1o-10 1 .65x1o-10 ,,OJx1o-10 2.3'7s1o-10 

4 GaY 2.50xto-11 2.55xto-11 1 • 9:5xto-11 4.B5xto-11 2.23xto-11 1. 70x1o-1 1 2.55xto-11 J,O}xto-11 

---------------------------------------------------------------------



;t 

DIJ?FERERTIAL PROBABILI':'IJ;S '·0!• llUO!i FJL~J A'l'E:• .llH PROChSS OF LEA!: A 'I' E • 100 OeV IIUO:i ENERGY 

(cm2/gm MeV} 

------------ ------------------------------------------------- ---------t I I t I I t I 

, , , liobayP:awa , , ,Wri&ht oro•• , 
'l'ranafered , n· , IIU"r oroae eeot1oa ,oro .. • eection, 'l'ernovak11 • Kel' ner ,llel' ner ~otov, aeotion , llbabba 

Eneru ,oroas eeotion ,------- -- -- ---;derived froa ,oroaa aeotion • erose aeotinq oroAe .. eot1oq der1Yed froa, oroee aeot1on 
, , p~; •2', n • 4 • oG •1, n • 4 , MtrT , • , .&.el' ner Kotov , 

• • ------------------------------------------------------------------------
},16 MeV 

5 lleV 

10 •• v 

20 MeV 

40 MeV 

BO !!leV 

100 llaV 

200 lleV 

400 lleV 

800 !leV 

1 OaV 

2 OeY 

4 GeV 

8 OeV 

10 OeV 

20 OeV 

40 OeV 

5.oox1o-5 

7o45x1o-5 

6.95x1o-5 

4.55x1o-5 

2.50x1o-5 

1.19s1o-5 

8.96s10-6 

.,,45z1o-6 

1.20x1o-6 

.,.22x1o-7 

2.01x1o-1 

.,.90xto-8 

6.60x1o-9 

').OOx1o-10 

4.57x1o-10 

4.90x1o-11 

5,10z1o-12 

1,01x1o-4 

7.90x1o-5 

5.25x1o-5 

.,,20x1o-5 

1.56x1o-5 

1.16x1o-5 

4.17x1o-6 

1,:5'1x1o-6 

3.57xto-7 

2.21x1o-7 

4.29x1o-8 

7.46x1o-9 

1,08x1o-9 

5.76z1o-10 

6.52xto-11 

5.B1x1o-12 

7.00x1o-5 

5.BBx1o-5 

4.oexto-5 

2.4&s1o-5 

1.29x1o-5 

9.50x1o-6 

3.50xto-' 

1.59xto-6 

2.99x10-7 

1.86z10-7 

2.97sto-4 

t.B5sto-4 

').21&10-5 

4.48sto-5 

2.12x1o-5 

9.56x1o-' 

7. :>7x1o-6 

2.88s1o-6 

9.50x1o-7 

:>,60z1o-7 

1.63x10-7 

,,,.,sto-8 3.23x1o-8 

6.4txto-9 5.37xto-9 

9.36xto-10 7.!!3x10-10 

5.07xto-10 4.14x1o-10 

6,17z1o-11 5.~}x1o-11 

5.62s1o-12 7.16x1o-12 

7.60xto-5 

6.50xto-5 

4.45x1o-5 

:;> .60xto-5 

t.29zto-5 

9.50xto-6 

,.50xto-6 

1,t;9x1o-6 

2.9'ls1o-7 

1,86z1o-7 

3.6Jx1o-B 

6.40z1o-9 

9.1Bxto-10 

4.84x1o-10 

5.59x1o-11 

6.17x1o-12 

5o00x10-5 

7.45x1o-5 

7.00x1o-5 

4.7Bx1o-5 

2.nx1o-5 

1.38x1o-5 

1.0tx1o-5 

J,90x1o-6 

t.:56xto-6 

J.48x1o-7 

2.15x10-7 

4.17x1o-8 

7.19z1o-9 

1.02x1o-9 

S.:50z10-10 

5.42xto-11 

4. :50z1o-12 

5.20z1o-5 

1 .:5Qz1o-5 

6.55z1o-5 

4.15xto-5 

~.:50x1o-5 

t,12z1o-5 

8.50x10-6 

:5.37z10-6 

t.toxto-6 

J,OOz10-7 

1,')1z10-7 

5.24z1o-4 

3.:55x1o-4 

1.61x1o-4 

7.75x1o-5 

,,60x10_, 

t,56z1o-5 

1,17xto-5 

4.32s10-6 

t,3txto-6 

J,taxto-7 

t.91xto-7 

3.81z1o-B ,;46s1o-8 

6.50x1o-9 5.36zto-9 

B.50sto-10 7.55x1o-10 

4.41z1o-10 3.96x1o-10 

5.16x1o-11 5.19x1o-11 

5.<~x1o-12 6,65xto-12 

9.01z1o-6 

7.31&10-5 

7.45zto-5 

5,08z1o-5 

2,80zto-5 

1.,x1o-5 

1,02zto-5 

4.09s1o-6 

1,34x1o-6 

1 .80z1o-7 

----------------------------------------- -----------------------------



'fAilLE 1.6 
:li <•:t·.:;;:·!TIAL r:,(IBABIL17IES ·f>l' llUOll UITIA~fm llTP ;···.OC}W5 01·' LEAD AT I! • 1000 GeT IIUON !i.'NETlGY 

(ara2/p lleV) . 

-------,-------r------------,------,------,------,------~------,-------' , , lobayakawa , , , ,Wright croae • 
'fruefered , &!· ._ _, .JJIIl!.'f_c_tOJ.a_e,!.c,11,211 __ .. cross eect1o" Terno-vel<11 , Kelner ,Kerner KotoY ,eeotion , Bbabha 

llneru ,oroee aect1on , • , .:er1ve~ rroa ,oro•• eeot1on ,arose eeot1on ,arose eect1oli ,cler1Yecl troa ,croee eeotion 
, , , eX.- •2, r!. • 4 l oG • 1, n •4, MUT . , , , .J[el' ner Kotoy, -----------------------------------------------------------------------· 
,.16 hV 

5 lleV 

10 MeV 

20 •• ., 

40 •• ., 

80 •• ., 

100 MeV 

200 MeV 

·400 MeV 

800 •• ., 

1 GeT 

2 GeT 

4 GeT 

8 GeV 

10 GeV 

20 o.v 
40 GeT 

80 GeT 

100 Ge'f 

200 GeT 

400 Ge'f 

s.26x1o-5 

1.27x1o-4 

1.11x1o-4 

7.60x1o-5 

4.50x1o-5 

2.42x10_, 

1.94x1o-5 

9.ooxto-6 

4.00x1o-6 

1.65x1o-6 

1.24x1o-6 

4.40x1o-7 

1.40x1o-7 

,.70x1o-8 

2.,4x10-a 

4.50xto-9 

7.40xto-10 

t.toxto-10 

5.89xto-11 

?.ooxto-12 

7. 30x1o-n 

1.46x1o-4 

1.:12x10-4 

g,ooxto-5 

5.80x1o-5 

,.1<Jx10-5 

2.45z10-5 

1.12xto-5 

4.84x1o-6 

1.86x1o-6 

1.,8x1o-6 

4.7txto-7 

t.46x1o-7 

,.77xto-8 

2."xto-8 

4.50xto-9 

7.40xto-10 

t.12x1o-10 

6.07x1o-11 

7.70xto-12 

9.78x1o-1' 

1,00x1o-4 

8.48x10-5 

6.40x1o-5 

4.,2x10_, 

2.57x1o-5 

2.08xto-5 

9.1Rx10-6 

,,88x10-6 

1.53x10-6 

1.14x1o-' 

,.92x10-7 

1.2:>xto-7 

,.18xto-s 

1.99&1o-8 

,.87&10-9 

6.44x10-10 

9.70llt0-11 

5.3Qx10-11 

6.58x10-12 

•• 50x1o-n 

,.45xto-4 

:>.1Bx10-4 

1.'l9x10-4 

5.4:?x10-5 

2.70xto-5 

1,,x10-5 

1.D6xto-5 

5.16xto-' 

2.44x1o-6 

1 .• 10xto-6 

a.,ax1o-7 

,.,2li10-7 

1.r>9x1o-7 

2.9'bl10-8 

1.esx1o-8 

J.72xto-9 

6.19xto-10 

C},02li10-11 

4.77x10-11 

6,37xto-12 

B.27xto-1' 

1,1,x1o-4 

1.01x10-4 

7.59x1o-5 

4.nx1o-5 

2.57xto-5 

2.0exto-5 

q, tRxt0-6 

,.aexto-6 

,,,xto-6 

1.14xto-6 

,.92x1o-7 

1.2txto-7 

,.~6x1o-8 

, .92ll10-8 

,.74xto-9 

6.,6xto-10 

t.otxto-10 

5.65xto-11 

7.90xto-12 

'l.81x1o-1' 

a.26xto-5 

1.27xto-4 

1.1u1o-4 

a.2ax1o-5 

5.04x1o-5 

2,8Jx1o-5 

2.27x1o-5 

1,0tx1o-5 

4.,6x1o-6 

1.12x1o-' 

1,2'lx1o-6 

4.44x1o-7 

1,,9x10-7 

,,59xto-8 

2.27x10-s 

4.,7x1o-9 

7.1ax1o-10 

1,10x1o-10 

6,01x1o-11 

7.70x1o-12 

9o78x1o-1' 

e.3Qz1o-5 

1.20xto-4 

1.11x10-4 

7.80xto-5 

4.44x1o-5 

2.,7xto-5 

t.92x1o-5 

9.00x1o-6 

4.00x1o-6 

1.62x1o-' 

1.:?2x1o-6 

4.40x1o-7 

1.45xto-7 

,.nxto-8 

2.3Qx10-8 

4.67x1o-9 

7.30x10-10 

1 • 20x1o-10 

6,10x10-11 

7.5Bx1o-12 

e.o,xto-H 

e. 19xto-4 

5.?"5z1o-4 

:>.59x1o-4 

1. :>9x1o-4 

6.48x1o-5 

,.2,z1o-5 

2.49x1o-5 

1.20xto-5 

5.57zto-' 

1.42x10-6 

1.B1x1o-6 

6.68x1o-7 

2.05x10-7 

4o90x10-8 

2.95x10-8 

5.,5x1o-9 

e.28x1o-10 

1,17x1o-10 

6,12x1o-11 

e.02li10-12 

t,O,xto-12 

t ,,tx1o-5 

1. tosto-4 

1 .20x1o-4 

a.40x1o-5 

5.08x1o-5 

,,48x1o-5 

2.21x10-5 

1.02x1o-5 

5.00x1o-6 

2.o1xto-6 

1.4Bx1o-6 

4.45x1o-7 

e.oox1o-8 

' ---------------------------------------------------- -----------------
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1.11,2 KP oroaa eeotion with MU! oroee section (f1ga, 1.4 end 

1,5, tables 1,1- 1.6) 

Compared to MU'l' clifferenttal oroaa section ("' •2) tba liP 

oroas section are lower and can poaaiblJ be dietincuiebed 

in careful experimcta at leset below anjl aner11 ~ranafer 

of 100 ••v in medium and hip Z ~argat elements. li1J'f oroae 

section ( "- •1) are dtetincutebable from ltP oro sa aeottona 

at low eneru transfer for bip won energies froa 100 GeV, 

1,11,, KP oroaa section with KOb8Jakawa croas section (flge,1.6 

and 1,7, tablea 1,1 - 1,6) 

'l'he MUT f'ot'llUla aa modi fled bJ Kob8Jaltawa waa used in the 

snalJaia of some recent exper1menta, Ooapared to l<P oroaa 

aectiona the aodif1sd MUT oroee aectiona are much higher 

at T&l'J low ener11 transfer ( < 101teV) for all pri111111'7 

ener11. 'l'tle situation ia same at val'J higher energ tra­

ns ''er region excapt at the intel'llle•liate regions where the 

KP erose aectiona are higher. Tbie trained o! behavior ie 

same for low and high Z target aRterials. 

1 .11,4 I:P oroaa section with 1'ernovsk11 erose esotion ( figa,1,8 

and 1,9, tablea 1.1 to 1,6) 

Agreement between differential oroea section acocrd1ng to 

KP and 1'ernonk11 treataent 1e quite pod OYer all ener11 

regions considered in the present work, It maJ alao be 

ncte<J from table that MilT ( <><. .. 1) oroaa section are in 
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excellent agreement with 'rernO'tak11 oroaa section 111 tho 

energy trans~er riUige which wi~ene with inoreaeing prilll 

energy, atarting from energy trano!er of about 80 lleV. 

1 .11. 5 JCP orcas section with Kel' ner oro"• section ( :f1ga.1.10 

and 1,11, tables 1.1 - 1,6) 

!he tread of behavior of Kal' ner oro sa eaot1on w1 th re .. 

peet to KP croea aection is generally eaae ae that obaal 

in Ternovekii erose section relative to KP erose eeoti~ 

This behavior ia in accordance w1 th the e1111lar1 ty in 

basic approaches of the treatmente. 

1,11,6 Xel' ner Kotov erose aeotion (:f1ga.1,1:! and 1,1}, tablee 

1.1 - 1.6) 

The Kel' ner Kotov oro • section 1e•-pracUoally iD<Iistin• 

guiehable from Kl erose section. In ccmpar1eon w1 th IIU'r 

( «- •2) erose section Kel' ner Kotov erose aeotion 1e ey• 

temetically lower, the dif.feroe deoreaeing w1 tb increa­

sing ener!Q' trAnsfer. 'l'hie trend of behavior ie eue fol 

low and bigb Z target atome. 

1.11. 7 llP erose aeotion with ftigbt orcas section (derived fro1 

Kerner Kotov, :f1ge.1.14 and 1,15, table• 1.1 - 1,6) 

The !oraula ( 1.2}) llae been uaed recently in III8JI1 analy· 

eie (ref. KobaJakawa 1Jtb.Int.Oont. on Ooallio-raye, 

Denver,19n). 

http://13th.Int.0onf


'' 
le find the$ this roraula prediota oroee aeotion much 

higher then KP cross aeotion at lower enercr transfer 

doaain whioh widens graduall)' w1 th inoreuins pr1118%')' 

enerl)'. The difference sraduall)' deoreaaea with ino­

reaains energ transfer. Ooapare<t to other arose sec­

tion this erose section ia alao auoh higher at low ane­

rl)' trana:ter and there 1e aisni fioant dBTiation at other 

easru transfer except for eoae asreement in the oaas 

of MU'l' ( "- •2) oroaa section OYer a nr,. aaall eneru 

transfer range above 80 MeV. 

1,12 Conclusion 

After a critical re-evaluation of various theoretical 

treatments :!'or the llPP prooees, we arriTe at the toll­

inc conolutdons 

1) Above an energy transfer of 5 MeV, Bbabha's theory 

ot muons initiat.ert DPP prooe9e p~ediots erose sections 

very cloee to those predicted b7 the exact KP theor,r 

over an energy transfer doaain which expands graduall)' 

with 1noreae1ng muon eneru. Above this doaain Bhabhe'a 

differential orou section ~iatribution falls sharpl)' 

below that of KP distribution. This trend of behavior 

is maintained in all target• ransina troa carbon to lead 

and tor all IIUIIn energise, The enercr transfer doaain 

of agreeaent is !roe 5 MeV to about 100 MeV at 10 GeV 

pri¥17 eneru, extends to 500 MeV for 100 GeV primar,r 



e11er117 IUid to 2 O.V wha the pri11&1'7 enerQ h 1000 OeV. 

Below 5 KeV euercr traefer Bbabba'e oroaa aaotiou dao­

reasea veey abarpl7 with the deoraaa 111 euer117 t:ruefer. 

2) ll1l'l' ( o1. •2) oroaa aect1o11, wbioh have be811 axtau1vel7 

uaed in the paat experiaenta are aoaawbat hiper than 

both lU' 1111<1 Bbabba'a oroas ""otion in the 111hrmet!1ate 

energr traafer reglou atartta& troa 5 KeY to a upper 

'f'alue wbioh inorauea graduall7 w1 tb inoreuta& priMey 

energJ. Abo,. tbie•upper value, difference is maintained 

whioh ia veey nall IUid 1a al.aoat ooutant. IIU'1' ( lfC •1) 

oroae eeotion, however, 1e oloaer to KP croes section 

at .uon energies upto 100 OaT tor all enerQ traa!er. 

1 t high er 11Uon energl .. , ll1l'l' (« .1) erose eeotion upto 

aerQ traa!er upto 20 KeY relative to lP erose aeotion 

h lower thiUI thoae below 100 GeV. 

') "'he trend of behavior of 'rerDOvsldi orcas section ie 

alaoat the aeae aa *bat of MU'r (~ •1) croea aection. 

4) 'rhe interrelation betaeen Kerner, Ker nar KotD'f' and 

ICP crou section h found to be veey oloae throulhOut 

the enarcr transfer domain and primaey ener17 range 

exoept tor aoae llinor di:!'ferencea. 


