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THIGH FREQUENCY SCATTERING DUE TO A PAIR OF TIME-HARMONIC
ANTIPLANE FORCES ON THE FACES OF A FINITE INTERFACE CRACK

BETWEEN DISSIMILAR ANISOTROPIC MATERIALS

[. INTRODUCTION

The extensive use of composite materials in modern technology has created interest among
the scientists for carrying on considerable research work in the modeling, testing and analysis of
laminated media. The laminated composites which behave as anisotropic material may be weakened
by interface flaws which can lead to serious degradation in load carrying capacity.

Neerhoff [1979], therefore, studied the diffraction of Love waves by a crack of finite width
at the interface of a layered half-space. Kuo [1992] carried out numerical and analytical studies of
transient response of an interfacial crack between two dissimilar orthotropic half-spaces. Kuo and
Cheng [1991] studied the elastodynamic responses due to antiplane point impact loading on the faces
of a semi-infinite crack lying at the interface of two dissimilar anisotropic elastic materials. The
problem of diffraction of normally incident antiplane shear wave by a crack of finite width situated
at the interface of two bonded dissimilar isotropic elastic half-spaces has been studied by Pal and
Ghosh [1990].

In the present paper we are interested in finding the I_)igh-frequency solution of the diffraction
of elastic waves by a Griffith crack of finite width excited by a pair of time-harmonic concentrated
antiplane line load.;; situated at the centres of the cracked surfaces. The materials are assumed to

possesss certain material symmetry and the crack plane is assumed to coincide with one of the planes

! Published in the European Journal of Mechanies A/Solids, V18, 1013-1026, 1999.
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of material syr;lmetry, so that the inplane and the antiplane motion are not coupled.

The high-frequency solution of the diffraction of elastic waves by a crack of finite size is
interesting in view of the fact that the transient solution close to the wave front can be represented
by an integral of the high-frequency component of the solution. The analysis of the paper is first
based on the observation of several researchers, e.g., Achenbach and Kuo [1986], Ma and Hou
[1989], Markenscoff and Ni [1984] that antiplane shear defo;‘mation in an anisotropic solid can be
deduced from the corresponding deformations of an isotropic solid by a transformation of relevant
co-ordinates and parameters. Based on this observation, analysis of the interface crack by line loads
between two bonded dissimilar anisotropic elastic solids can first be converted to that of a crack
between two dissimilar isotropic elastic materials. Later, following the method of Chang [1971], the
problem has been formulated as an extended Wiener-Hopf equation. The Wiener-Hopf equation in
brief can be found in the book of Achenbach [1973]. The asymptotic solutions for high-frequencies
or for wave lengths short compared to the width of the crack have been derived. Expression for the
dynamic stress intensity factor near the crack tips has been obtained and the results have been

illustrated for different pairs of materials.

2., FORMULATION OF THE PROBLEM

Let (X,Y,Z) be rectangular Cartesian co-ordinates. The X-axis is taken along the interface,
Y-axis vertically upwards into the medium and Z-axis is perpendicular to the plane of the paper. Let
an open crack of finite width 2L be located at the interface of two bonded dissimilar anisotropic
semi-infinite elastic solids lying parallel to X-axis. The anisotropic half-planes are characterized by

" the elastic moduli € ik)j; (1,k=4,5) and mass density |‘._)j . The subscript j (=1,2) corresponds to the
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Fig.1. Geometry of the problem.
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upper and lower semi-infinite media respectively.

A pair of concentrated time-harmonic antiplane shear forces in the Z-direction of magnitudes

F, and F, act on the crack faces Y=0+ and Y=0- respectively at X=0 as shown in Fig.1. Thus the

crack boundary conditions are _
-F,6(X)e ™, |X|<L, Y=0+,

OYZ(X:Y:t) = . (1)
F,6(X)e ™, |X|<L, Y=0-,

XK Y,H = A& Y at Y=0, |X|>L @

W,X,Y,0 = W,XY.0 at Y=0, [X|>L, ' 3)

where w-is the circular frequency. Two dimensional antiplane wave motions of homogeneous

anisotropic linearly elastic solids are governed by
azw FwW, o *Fw, azwj 1o .
( 45) aan ( 44)] aYz - pJ (]_ ’ ): ( )

where W, (X,Y,t) are the out-of-plane displacements.

The XY-plane has been assumed to coincide with one of the planes of material symmetry

such that inplane and anti-plane motions are not coupled.

The relevant stress components are

W W
- €, 20 v ), ®
W .
OYZ =( 45) + (C )J oy (6)

Following Achenbach and Kuo [1986] and Kuo and Cheng [1 9§1] we introduce a co-ordinate

transformation

(C45)

X = Y,
(C44)
) * i=1,2 7

. y = N v (J ) (7)
(Ceo),
z =12, ) 36




where

W = (€, Css), - €, G=1,2). ®)
Equation (7) and the chain rule of diffrentiation reduced (4) to the standard wave equation
2 2 GZW. :
"W, a P2 i ©)
ax 2 ay 2 J atl
where
. p; (Caa).
2= 2 and p = (10)
Ky o
s; is the slowness of shear waves. Without loss of generality we assume that
5, <s,. (11)
Assume ‘
Wyt = wiiye™, j=1,2 (12)

so that w; (x,y) satisfy the following Helmholtz equations

Vw(xy) + k'wixy) =0,  j=12 (13)
2
with V2 = &, andk=ws;, j=1,2.
ax2 ay?. .

It follows from equation (11) that k, >k, .
It is easily verified from (4), (5) and (6) that the relevant displacement and the stress

component in a physical anisotropic solid are related to those in the corresponding isotropic solid

by
WX Y0 = Wy, (14)
oY XY.0 = (_C?:f oDy, + % o xy,0), (15)
oL = oDy, ’ 16)
Further writing
oDy, = tO@ye™,  j=1,2, (17)
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under the changed co-ordinate system the boundary conditions (1), (2) and (3) reduce to

ow,

(l)(x, ) = u— 5 = -F,8(x); |x|<L, y=0+, (18)
aw
Ty = by E = F8(0); [x|<L, y=0- (19)
and
ow, ow, .
= »  |x|>L, y=0, . (20)
W, (%,0%) = w,(x0-),  [x|>L. @1)
To obtain the solution to the wave equation (13), introduce the Fourier transform defined by
W(oy) = —— [ wisy)eldx. (22)
21
The transformed wave equations are
d?w _
—L - (k)W (oy) = 0,  y20, (23)
dy?
d2w,
sy 2 —(a?-k)W, (ey) = 0, ys0. (24)
y
The solutions of (23) and (24) which are bounded as y - « are
W@y = A@e ™ yao, (25)
Wy (ey) = Ay(@e™;  y<o, (26)
where
o -k’ et >k,
! Yj 5 ) (27)
ik -o®;  Ja] <k;.
| Introduce, for a complex o
G, (a) = — (x O)e“"(" Lix, (28)
=k
- I (1) ia(x+L
G () = — (x,0)e*®* Dy (29)
ek
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1 () iox
G () = — [ 1,(x,0)0e™dx. (30)
i /om :{ vz
The transformed stress at interface y=0 can therefore be written as
10 (@0 = G,(@e™ +G_(@e ™ + G;(a). ‘ G1)
Using the boundary conditions (18) and (19), we get
. F. X
G;(e) = (-1)) (G=1,2). (32)
2n
Now
- ow, (e,0+)
Ty (@0+) = —5 T TANAG, (33)
_ ow, (.,0-) .
ty(zz) (0,0-) = p, _zay_— = MY, A (). (34)

Using (33) and (34), equation (31) can be written in the form

. : i~ . F.
(-1 7A@ = G,(@e™ +G_ (e L+(_l)]¢7—';'

Therefore
i | . F,
A = LG @ + G (e o+ (-1) —L . (35)
Yy V2m
Now

L
- - 1 :
_ 0-) = —— _ 0- Xy = B
W, (0,0+) - W, (,0-) = fL {w,(x,04) - w,(x,0-)}e™ dx = B(e), say
which is the measure of the displacement discontinuity across the crack surface. Therefore
B(a) = Ay() - Ag(cx). _ (36)
Substituting the values of A, (o) from (35) in equation (36) one finds an extended Wiener-Hopf

equation namely

G.(@)e™ + G_(@)e . + ByK() = K@ Fi B | 37)
V2m |BiY1 HpY,

where

2 _ 1.2
K(a) - WYY, by -k R(c)
IR ST P B+ Hy

(38)
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and

(P-l + l-lz) (052 _k22)
1y ¢(C(.2 _klz) T, J(az _k?:?)

In order to obtain the high-frequency solution of the Wiener-Hopf equation given by (37) one

R ) = (39)

assumes that th;a branch points a=k, and a=k, of K(a) possess a small imaginary part. Therefore k,
and k, are replaced by k,+ik, and k,+ik, respectively where k, and k, are infinitesimally small
positive quantities which would ultimately be made to tend to zero.

Now K(a)=K (&) K (&) where K, (&) is analytic in the upper half-plane Ima > - k, whereas
K () is analytic in the lower half-plane Ime; < k, are given by (cf. Pal and Ghosh [1 990]£ Wickham

[1980])

tan—l{ t2-1) }

otk ¥ 2 _.2

Ki(oc)=,’——u21(+ l)eXPlf My -t)) g,
m Ty te %

ky

k,

where m=k and y=—.
Hy k,
Since 7,, (x,0) decreases exponentially as x ~ %o, G,(0) and G (e) have the common region
of regularity as K, () and K (). It may be notéd that B(¢) is anaIYtic in the whole of a-plane.

Now (37) can easily be expressed as two integral equations relating G, (¢), G(«) and B{a)

as follows : _
F2isL. FisL
G, (o) . 1. f G, (s)e™ ds - 1.-]. e ™K. (s) F, K ds
K@) 2mig G-k 27 fOw(s-a) (VG 11,0

. G F2isL FisL
= - B(0)K_ (o) % - l_f AL S K*(S){ F
27 z,

1 F2
ds, (40
(s-a)K,(s) o &, V2n(s-a) } > 9

LY ©  1,7,0)
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Fig.2. Path of integration in the cdmplex s-plane.
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where C, and C._ are the straight contours situated within the common region of regularity of G,(s),
G(s), K,(s) and K (s) as shown in Fig.2.

In the first equation of (40) (i.e. the equation involving upper subscripts), the left-hand side
is analytic in the upperhalf plane whereas the right-hand side is analytic in the lowerhalf plane and
both of them are equal in the common region of analyticity of these two functions. So by analytic
continuation, both sides of the equation are analytic in the whole of the s-plane. Now, since

T, = O([x5L[™?) as x-=L

$0 G,(@) = O(a™™) as |a|~w=, Ima>0
~ and also K, (@) = O(a'®) as |a|-=, Ima=0.
So it follows that
G, (o)

X @ = O(e!) as |a|~c, Ima>0.
Presumably one has w, (x,0+) - w,(x,0-) = O(|x=L]| 12y as x-=xL.
Then it follows by standard Abelian asymptotics (cf. Noble [1958]; p.36) that
B(e) = e O(@>?) + e O ??) as|a|-w,
Cc;nsequently one has
B(a)K_(a)e oL = O(e!) as |a|-e, Ima<0.
Thus both sides of the first equation of (40) are O(e™') as |&| - in the respective half-planes.
Therefore by Liouville’s Theorem, both sides of the first equation of (40) are equal to zero.

The second equation of (40) (i.e. the equation involving lower subscripts) can be treated similarly.

Therefore from (40) one obtains the system of integral equations given by

G,() 1 ,G,(s)e L 1 .e™K (5] F F,
* ds - : - ds = 0. (41
K, () 2ni£ (s-a)K, (s) ; 2TriC{ 2rs-a) (MY 1,06 i @
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Since rg)(x,O) is an even function of x, so from (28) and (29) it can be shown that
G,(-a) =G_(o) and K, (-o) =iK_(&) (cf. Pal and Ghosh [1990]). Using these results and
replacing o by -o and s by -s in tllle first equation of (41} it can easily be shown that both the
equations 1n (41) are identical. So G, (o) and G _{c) are to be determined from any one of the integral

equations in (41).

3. HIGH FREQUENCY SOLUTION OF THE INTEGRAL EQUATION
To solve the second integrai equation of (41) in the case when the normalized wave number
k,L » 1, the integration along the path C in (41) is replaced by the integration along the contours Lkl

and Lk2 around the branch cuts through the branch points k, and k, of the function K _(s) as shown

in Fig.3. Thus the second equation in (41) takes the form
-K (a) G (s)ez'SL , K@)

1sLK (S) Fl ;
G_(a) = f = - f - ds.@2)
(S o) (S) L Lrls-o) [MYi6) myY,()

Fork,L » 1, it can be shown that

G, (s)e*L ds = R G, (k)K, (k) o inth g 2L i=1,2 43)
4 (s-a)K_(s) w NKL (k-a) ’ o
;

J

K,.(s F F (CARE 2
( ) 1 _ 2 'SLdS = E ( 1)J _] ( ) . (44)
Ly, +La, \/27(5 - o) “1\/(52 _k12) ”2\/(52 _k22) j=1 I (kj _a /kJ-L

Using the results of (43) and (44) and also the relations G, (-.) = G_(a)} and K _(e) = -iK_(-«) one

and

obtains from (42)
2 Ak ye 2kt
P-a)+ 3 28 T gy - cea), 45)
j=! pj(kj-oc),/kjL ' :
where
G, & G.(-H
F,(¢) = = , 4
R GRS 4o
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Fig.3. Path of integration C _, Lk] , Lkz.
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7]2 o i/
ag - O™ @
2yx
(k ) |(k L +x/4)

CE) = — ] . 48
@ = lez()p'(ké)\/-kj_L (48)

Substituting a=-k1 and o=k, in (45) one obtains respectively the equations

L+ M, (ke ™ |F ;) + %Ml(kz)emkzl‘ﬁ(kz) - —Ck,) (49)
and

i—jMz(kl) ™ () + |1+ MyOp)e ™ |F0g) = -Cy), (50)
where

VAL J— O | 51)

T B VED

Now solution of (49) and (50) gives

F,(k ) = [%Mm(kn)C(kn)eZik"L - C(km){l ¥ Mn(kn)eZik"L} Pk,.k,) (52)
(for m=1, n=2 and for m=2, n=1)
where _ »
Zik L 2|k2L k - k2 ’ 2ilk, +k,)L
P(k, k) = |1+ M, (k)e™ " + M, ke W M, (k )M, Gc)e ™ | (53)

For high-frequency, expanding P(k,, k,) up to O(k; L) and neglecting the terms involving ;L) 2

and the higher order terms in F,(k,) and F,(k,) in (52) respectively, one obtains from equations (45)

and (46)
K (@) & 2 M) o 2kl
G -
@ = =Y (LR {(k o My e
2 2 Mk, )M k) s
*EZ ( )2(k k)L’ (54)
m=1 n-l u,(k, —o)
where
K I(EL + /d)
Lg - SO 55)

JET
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Replacing o by -o and using the relations K _(-a) =-iK (a) and G_{-o) = G_(a) one obtains,

K, (o) & , J 1 2 Mk L
G = - -1YL{k)F. - 1~ m m
R = 121( YL(K;) Gran = R
2 2 Mk OM_ (k) i ek L
+ Jy m m* i m o : . 56
A mED } eo

4. STRESS INTENSITY FACTOR NEAR THE CRACK TIPS
For o - + along the real axis,
K, (a) ~ o |1F2 (57)
My
From (53) and (56) one obtains,
G.(e) ~Sa'? and G.(a) ~ -iSa™'?, (58)

where

g = -t | Bk i(—l)jL(kj)Fj{i y Min) 2t

2n Mty §=1 K m=l Mo

(59

m=1 n-=1 M,
Using (57) and (58), equation (37) vields
: : F, F
B(a) = —>_{jeieb g} F1TH2) 1 ) Tall (60)
oy L) V2m B By
From equa_tions (18), (19) and (20} one obtains,

2 2 i
LYY M, (k)M (k) ezl(kmufn)L}_

rgg (x,0+) - Tﬁ) (x,0-) = - (F, +F;)8(x).

Taking Fourier transformation on both sides, we obtain
_ - +F
T (,04) - TP (00-) = - RATY
| /o7

or

) F,+F
YA (@) + YA, () = ‘(1—2—) (61)

27
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From equations (60), (61) and (36) one obtains when & ~ + along the real axis,

1g . F. '

A = L S e gm], LLG, 5 ©)

By oy/er V2m & By
Now

: W, (X,Y) al 1 Iy -iox

(1)) _ J _ ¥; Iyl

Ty (XY) = b —— = p.—| — | A (a)e do

¥ J ay J ay \/2—11:__[; ]

(_1)_1 f .YJ (OC)C YJIYI -iex emx]da (63)
as by equation (35) A, (oc) is an even function of .

Substituting the values of A, (¢:) as |ot| ~ e we can write the stress in the vicinity of the crack

tip as

o -alyl [e oD _ jg iotel) _ jg -iateol) _'_-e—ia(x—L)]da .

. S =
Tpxy) = — [ =
0

JIm

A

OC

F. 7
+ (—l)J—er‘““"cosxadoc
Ho )

[cose(x +L) - sina(x +L) +coso(x-L) +sino(x -L))de +

_S(1-) f“’ Sl
V2r 5 Vo

F. 7 .
+ (—l)J—er'“mcosxocda
H

B, 1 0, | |
= §(1-i) —cos— +—cos—= |+ (- 1)J = (64)
\/r_l 2 \/r_z 2 T x? +y?
where
(x-L) +iy = rleiB‘_, -(x+L)+iy = rzeiaz, -n<B <. (65)
. F.
It is to be noted that the final term in equation (64) which can be reducedto - 2—y—2 describes
T x +y '
the behaviour of the stress near the source. Therefore at the interface (y=0) we obtain
T, * S -1) as x~L+0, (66)
(x-L)
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Now the dimensionless stress intensity factor is defined by,

as x~-L-0. Y))

K =[S -1 , (68)
F /K
where S is given by (59).

5. RESULTS AND DISCUSSIONS

Since from equations (7) and (16) we note that for Y=0, x=X and y=0 and that
cg)z X,0,t) = 082 (x,0,1), therefore, the elastodynamic mode-III stress intensity factor of the interface
crack in an anisotropic bimaterials is the same as that of an interface crack of the corresponding
isotropic bimaterial given by (68).

Numerical calculations have been carried out for both the cases of antisymmetric (F, = -F,
=F) and symmetric (F, = F, =F ) antiplane loadings. For numerical evalution of the stress intensity
factors, the three material pairs (Nayfen, [1995]), given in Table-1, have been considered.

Table-1. Engincering elastic constants of different materials.

Medium ~ Name PKgm?) Cy(Gpa) Cy(Gpd)  Cys(Gpa)
Type of material pair : I

1. Carbon-epoxy 1.57x10° 3.98 6.4 0

2. Graphite-epoxy 1.60x 10°  6.55 2.6 0

Type of material pair : II

1. Isotropic Chromium 7.20x 10°  115.2 115.2 0

2. Isotropic Steel 7.90x10°  81.91 81.91 0

Type of material pair : III

1. Graphite 1.79 x 10° 5.52 283 0

2. Carbon-epoxy 1.57x10°  3.98 6.4 0
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Fig4. Stress intensity factor K versus dimensionless frequency k,L for Type-I material pair.
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Fig.5. Stress intensity factor K versus dimensionless frequency k,L for Type-II material pair.
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Fig.6. Stress intensity factor K versus dimensionless frequency k,L for Type-III material pair.
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The absolute values of the complex stress intensity factors defined by (68) have been plotted
against k,L. in Figs. 4-6, for symmetric as well as for antisymmetric loadings for values of
dimensionless frequency k,L varying from 1.01 to 10.

It is interesting to note that in the case of symmetric loading, the stress intensity factor first
increasés with the increasing k; L, attains a maximum and the V\lfith further increase of kL, decreases
gradually with oscillatory behavior. On the other hand in the case of antisymmetric loading, stress
intensity factor at first decreases sharply but with the increase of k,L, it shows almost the same
behaviours as the case for symmetric loading. The general oscillatory feature for the curves in Figs.
4-6 are due to the effect of interaction between the waves generated by the two tips of the crack.

————¥————
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’TRANSIENT RESPONSE DUE TO A PAIR OF ANTIPLANE POINT IMPACT
LOADING ON THE FACES OF A FINITE GRIFFITH CRACK AT THE

BIMATERIAL INTERFACE OF ANISOTROPIC SOLIDS

1. INTRODUCTION

The problem of a crack in an elastic material under the action of impulsive loading has been
a subject of considerable interest recently. Sih et al [1972] have considered the problem for an
infinite isotropic material and Kassir and Bandyopadhyay [1983] studied infinite orthotropic
material. Stephen and Hwel [1970] also investigated the problem of diffraction of transient SH-
waves by a crack of finite width and a rigid ribbon, also of finite width.

However in present years the extensive use of compbsite materials in the modern technology
has created interest among scientists for carrying on considerable research work in the modeling,
testing and analysis of laminated media. The laminated composites which behave as anisotropic
material may be weakened by interface flaws which lead to serious degradation in load carrying
capacity.

Kuo [1984] carried out numerical and analytical studies of transient response of an interfacial
semi-infinite crack between two dissimilar orthotropic half spaces. The problem of diffraction of
transient horizontal shear waves by a finite crack located at the interface of two bonded dissimilar
elastic half spaces has been treated by Takei et al [1982].

Neerhoff [1979] studied the diffraction of Love waves by a crack of finite width at the

interface of a layered half space. Kuo and Cheng [1991] considered the elastodynamic response due

2 Published in the Int. J. Engineering Science, V36, 1197-1213, 1998.
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to antiplane point impact loadings on the faces of an interface semi-infinite crack along dissimilar
anisotropic materials.

In our present paper, we are interested in the antiplane transient elastodynamic responses and
stress intensity factors of a Griffith crack of finite width lying along the interface of two dissimilar
anisotropic elastic materials. The crack is subjected to a pair of suddenly applied antiplane
concentrated line loading situated at the middle of the cracked surface. The materials are assumed
to possess certain material symmetry and the crack plane is assumed to coincide with one of the
planes of material symmetry, so that the inplane and the antiplane motion are not coupled.

The analysis of the paper is first based on the observation of several researches, e.g.
Markenscoff and Ni [1984], Achenbach and Kuo [1981], that antiplane shear deformation in an
anisotropic solid can be deduced from the corresponding deformations of an isotropic solid by a
transformation of relevant co-ordinates and parameters. Based on this observation, analysis of the
interface crack by transient line loads between two bonded dissimilar anisotropic elastic materials
has first been converted to the corresponding problem between two dissimilar isotropic elastic solids.
Later following Thau and Lu [1970], spatial and time transform are applied to the governing
differential equations and generalized Wiener-Hopf type equations are obtained. The integral
equation arising are solved by the standard iteration procedure. Physically, each successive order of
iteration corrésponds to successive scattered or rescattered wave from one crack tip to other,

Finally results are presented for the stress intensity factor near the crack tips. Each crack tip

stress intensity factor is plotted versus time for a pair of different type of anisotropic materials.
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Fig.1. Geometry of the problem.
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2. FORMULATION OF THE PROBLEM

Consider antiplane deformation of a Griffith crack of finite width 2L lying between dissimilar
anisotropic half planes which are characterized by the elastic moduli € ik)j; (1,k=4,5) and mass
density |5\J . The subscript j (7=1,2) refers to the upper and lower media respectively. Let (X,Y,Z) be
the Cartesian co-ordinates. The X-axis is taken along the interface, Y-axis vertically upwards into
the medium and Z-axis is perpendicular to the plane of the paper (Fig.1).

For time t<0, the elastic solids are at rest. For time t20, a pair of concentrated antiplane shear
forces in the Z-direction of mag;litudes F, and F, act on the crack faces Y=0+ and Y=0- respectively
at X=0. Thus the crack boundary conditions are

. -F OGO H(®); |X|<L, Y=0+
Oy, (XY 1) = . 1)

F,0(X)H(); |X[<L, Y=0-,
where H() and &() are the Heaviside step and Dirac delta functions respectively. Ahead of the crack
tips, the interface boundary conditions which corresponds to the continuity of the displacement and

traction along the welded part of the interface along |X>L, Y=0 are

o) %,0,9 = 02 (X,0,1) )
W, (X,0,0 = W, (X.0,8). 3)

Two dimensional antiplane wave motions of homogeneous anisotropic linearly elastic solids are -

governed by (Camprin [1981])

PW W W W
C i ] i 2 j .
i Xy TG TR 00 @
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FAY
where W (X, Y,1) is the out-of-plane displacement.

The crack plane has been assumed to coincide with one of the planes of material symmetry
such that inplane and out-plane motions are not coupled.

The relevant stress components are

& oW,

O XYt = (Css) +(C 45) (5)

o Y, t) = (C ) il + (C). — o . - (6)
YZ 45 44 j aY

Following Achenbach and Kuo [1986] and Ma [1989], we introduce a co-ordinate

transformation which has also been used by Kuo and Cheng [1991]

1

x =X- (C45)j Y,

Ca,
: ( j=1,2 7
, - B, v, (J ) )]
(Cap,
Z =142,
where

= (€, Cs5), - Cyo); (=1, ®)

Transformation given by equation (7) reduce equation (4) to the standard wave equation

FW. FW 2W
iy iog2 i ©)
ax2 ayz J at2 ’

where
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N
B (Cu.
=2 and p = ——1, (10)

5; is the slowness of shear waves. Without any loss of generality we assume that
8, <58,;. an
It is easily verified from equations (4) - (6) that the relevant displacement and the stress

component in the physical anisotropic solid are related to those in the corresponding isotropic solid

by
A
WJ (Xs Y’t) = WJ (X, yst)s (12)
A l_,l, - (045) - .
0()!()2 (X)Y:t) = _(ﬁ 023, X:Y=t) + C_)J 0304) (XaYat)a (13)
a4/ 4/
Ay .
o (Y1) = 0h(x,5,0). (14)

From equations (9) and (12), the antiplane wave motions of the corresponding isotropic

bimaterial in the transformed co-ordinate are governed by the standard wave equation

Fw.  Fw,, 0w .
iy i = s; L. (=12 » (15)
ax2 ay2 at2

and the relevant stress components are

oD (x,y,0) = py 16
“Myz ’y’ U_, ay . ( )
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Under the changed co-ordinate system the boundary conditions equations (1) - (3) reduce to

SFSGH®;  |x|<L, y=0+

Y1) = 7
TRl = F,8()H({; |x|<L, Y=0-

o (xy,t) = o2 (xy,0; K>L, y=0, (18)
w] (xsy:t) = Wz (X5Yst); |XI>L5 Y=0 . (19)
Hence
ow,
”‘E = -F 8(x)H(); [|<L, y=0+ (20)
ow,
ng = F,0x)H(t); [x|<L, y=0- (21)
and
M, L y=0 (22)
= : X . =
Ky 3y L, 3y Yy
w,(x,0,0) = w,(x,0,t); [x>L, y=0. (23)

We begin the analysis by introducing unknown functions w; and dw; / dy along the x-axis
over the intervals where the functions are not specified by equations (22) and (23).

Assume that

w;(x,0,0 = g(x,0,t); -L<x<L (24)

and
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Aw. d(x+L,t); y=0, x+L<0
B—= = : (25)
! dy d(x-L,1); y=0, x-L>0

Now we introduce Laplace anf Fourier transforms defined as

] oa

Fx,y,p) = { fx,y,t) e Pdt, F(Lyp) = £ F(xy,p)e "™dx (26)
so that their inverse transforms are

5.0 = 5 [FovPetdp,  Fauvp) - — [ F(C.y,p) e¥dC. @7)
Taking Laplace transform with respect to t of both sides of equation (24) (for|x|<L)

Wj(xaosp) = ij(X,O,t)C_ptdt = fgj(xsoat)epptdt = GJ(X:O:P)§ |X|<L' (28)
0 0

Next taking Laplace and Fourier transform on wave equation (15) one obtains

P, | |
- -(C+kpw, =0;  y>0, 29)
dy
o y
= - (Prky)w, =0;  y<0, (30)
dy
where
kK =s’ph (i=1,2). 31
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The solutions of equations (29) and (30) which are bounded as [y| » ~ are
TGy = A Qe y>o, (32)

w, (Cyp) = Ay(Qe™;  y<o, (33)

where

v = Y kD (G=12). (34)

The transformed stress at the interface y=0 can be written as

8W. (L0, = . : j
. —-—-—J(C P) = elld ((p) + ieij +e ™ ((p), [j=12 ej=(—1)5], (33)

! dy
where
_ -L o
®.(p) = f e ~iox f¢(x+L,t)e’p‘dt dx
- 0
and
O (Lp) =

fe-icx f $(x -L, t)e Pdt |dx.
0

L

‘i)+ and &)_ are analytic in the complex half plane Im(() > -k, and Im(() <k, respectively. So from

equations (32) and (33) one obtains
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o BWE0p) OW,(E.0p) _

1 ay - HIYIAI(C), Hy ay = szzAz(C)- (36)
Equation (35) with aid of equation (36) yields
, I = . F. ]
DA Q) = e @, () + e O (p) + (-1 ?J; (3=1,2). 37)

Taking aid of equations (19), (28), (32) and (33) one obtains

on

W] (¢.0,p) - Wz (C,O,P) = f{Wl(x,O,p) - W2 (X,O,p)}e -ix gy

—-o0

L

f {Gl(x,O,p) - Gz(x,O,p)}e itk dy = B({) (say)

-L

so that

A Q) - A © = BO)- (38)

By the help of equations (37) and (38) one finds an extended Wiener-Hopf equation namely

KQOBQ) = -®,&p)e™ + d_(Gp)e ™ + xQ|F F } (39)
PolmY Y '

where

MikaYiY, | Wy Pk
K@y - —-212 - 172 LRI (40)
HiY T HY, Byt Hy

[72 12
- B R pag @)

Hp t 1y
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so that

R = it Y@, +1)

: (42)
(G +kD) + 1y +ks)
- + +Xk2
R - (@, +kD) )

1y Gy kD) + 1y (G +kg)

The solution of equation (39) along with two transform inversions completes the problem.
Here we shall concentrate on finding and then inverting &3,, and &3_ since $(x+L, t) and $p(x-L,t)
from equation (25) are equal to the shear stresses directly ahead of the crack tips. Hence they are
required for the determination of dynamic ;tréss intensity factors at the crack tips.

In order to solve equation (39), the function K({) is at first made single valued by drawing
branch cuts along the mj-axis (recall {=E+in) from 1=k, to « and from n=-k, to -e. It is then broken
up into the product of two functions which are analytic in the overlapping regions Im(¢)>-k, and
Im({)<k, so that

K@) = K, (QK_(D). (44)

Next we divide equation (39) by K,({) and change { to ¢ in it and redivide it by

2mie L ¢/ - £) which yields

e K (HBC) @) D (e
2mi(f - 0) 2miK (T -0 2miK, () -0)

, K@he®t F,

F,
ZTtl(C -Op ", /(Ciz_'_kl u, /(clz +——-—k22) .

Now with {’=&'+in/, take a line L, in the {’-plane lying in the strip -k, <n’<k; choose

(45)
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£ to be a point lying above L, (i.e. n>7') and integrate equation (45) along L, from - eo<E/<eo

¢ WK (B ., o L, . @ (De
a’ = - [ o
Lo2miE -0 L 21K, YT -0 L, 2miK, (¢ -0
-i'L
+ K- (CI) c Fl _ FZ dc/. (46)

i, 2mi(’-Op TINY (< 5 WYY [ (<53 %'

Since B(’) is analytic in the entire plane and K _({')e ' is analytic in the lower half
plane, so considering semicircular contour in the lower half plane the first integral is found to be
equal to zero.

Again while evaluating the second integral, a semicircular contour in the upper half plane is
cor;sidered. Consequently the second integral is found to yield the value <5+ (0)/K, ().

Next for the last two integrals the integration path is deformed to the path round the branch
cut through the branch points { = -ik, and -ik, as shown in Fig.2 so that finally equation (46) takes

the form

iK, () f&)_[—ik](l + M K_[-ik, (1 +)L)]e-2Lk.(1f1)
TH g [ik, (1 +A) + {] VAR +2)

@.(0) 5

dA

, K.© f‘” &_[-ik, (1 + A K_[-ik, (1 +A)] e 2P
Ty % [ik,(1+X) + ] JARA +2) _

iF, K (O K _[-ik (1 +A)] o L1+
+

da
TP { lik, (1 +A) + {] yAQR +2)

_ iF2K+(C) fK-[_ikz(l +A)]e’”‘2(""‘~)
TP . g [ik(1+2) +{1VAQR+2)
64
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oi.k1
ic- oo Lz, ic+oo
g
4
A
"1 J.--l’k1 b ~1Ctoo
¢ -."lkz

Fig.2. Path of integration.
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Similarly we can derive an equation for &)_(C) by dividing equation (39) by
2mie XL K _(¢)(¢’~¢) after first changing { to ¢’ and then choosing a line of integration L, in the

strip ~k,<n’<k,. The point { is taken below L, and the result analogous to equation (47), then

becomes; |
- . o g + . . 2Lk, (1+2)
5 (- X© [ 2.k, (1 +DIK. [k, (1 - D] e .
T, 0 [1k1(1 +}L) - C] /l(l_'_z)
K@) 7 &L[ikz(l + MK, [ik, (1 +A)] o 2ol +h) .
T { [ik,(1+1) - {]YA(A +2)
_ iF K (0) . K, [k +).,)]e'Lk|(1+l) o
TP { [ik; (1+4) - {1 AR +2)
i o : + ~Lk,(1+1)
. iF,K () 7 K, [ik,(1+A)]e ~ "

Tu,p }{‘ [ik,(1+A) - C]YA(A +2)

The integral equations have been solved by the standard iteration method and it may be noted
that each successive order of iteration is a solution of the problem for successively increasing units
of time starting from t=0. Since each unit of time here corresponds exactly to the time required for
an SH-wave to traverse the crack width, we can interpret physically each order of iteration in terms
of the successive scatterings of waves from one crack to other and back again. Now we consider the

zeroth order solutions of equations (47) and (48) as

iF,K,(Qe™ 7 K_[-ik,(1+A)]e ™

V() - [ a
TP g [k, (1+A) + {1 YAGR+2)
CiRK,(Qe T ¢ K_[ik, (1 +A)]e ™2* 0 (49)

me ) Toaen ~0viaeD
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and

i iF, K (Qe ™ = K,[ik(1+Ax)]e ™™

() = [ = a
Tup o [k (1+2) - C1VA@R +2)
 IBK @™ ¢ K [k+le™ (50)

TH,P { ik, (1 +2) - {] yAGA +2)

Due to the presence of exponentially decaying terms in the integrands the main contribution

to the integrals would be from small values of A. So approximately evaluating the integrals we obtain

finally
50 - FKOK )™ | FK QK. Gke ™ an
mp(Crik) 27K, u,p(C +iky) 27k,
390 - iF,K_(DK,(k)e ™ iF,K K, (ik,)e ™" 10

wp@-ik) 2Tk, ,p(C-ik,) 27K,

The expression for ti)(f)) (¢) and @ () may be recognised as- the solutions corresponding
to the separate problems of diffraction of semi-infinite cracks y=0, x>-L and y=0, x<L respectively
because until the scattered wave emanating from a given crack tip reaches the opposite crack tip, the
semi-infinite crack solution must apply.

The waves originating from concentrated line sources at x=0, y=0+ and x=0, y=0- arrive at
the crack edges at t=s,L and t=s,L respectively.

The waves arriving at one edge at time t=s,L. and t=s,L respectively through the upper and
lower media reach the opposite edge at times t=3s,L, s,L+2s,L through the upper medium and at
time t=s,L+2s,L, 3s,L through the lower medium. So the first order solution éﬂ” (¢) and &3(_1)({)

which we obtain by substituting equatidns (51a - b) into the integral equations (47) and (48) gives
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the effect of these waves and it is valid until t=5s,L when the second scattered wave from the

opposite edge first arrives. So the first order iteration becomes

o) =

r

(52a)

2 K (O®V(-ik)K, Gk )e ™ 2, (-1)FK,(OK, Gk )e ™
=1 =1

2. ( +ik ) /nk r up(C +ik ) JZmLK,

and

2(0) . 2Lk, Nt . -Lk,
) = ‘122: K_(©®(k)K, (k Je _; 22: -DFK_(DK, (ik e (52b)

1 2u(C-ik,) /ALK, =1 pp(C-ik,) 27k,

For stress intensity factor since we are interested in the singular part of the stress near the

crack tip, so making |{}~= and noting that R *({) tends to unity as |{|~e we obtain

Hp, [& OOk K, (ke ™™ 2, (-)'FK, (ke
) LRy (-ik K, (k) Y (-1) (ik ) (530)
HptHy (=t 2p J(C+ik ) fmLk =l ppyf(€+ik ) 2Lk,
and
_ 2. o0k )K_(k)ye ™ 2. (-1)'FK, (k)e ™
(I’(.l)(C) - Hi Hy i_E ( ) '+( e _ (-1) r .+(1 ,)e .(53b)
Petby | ot 2 (€ -ik ) Lk, r=1 urp\/(c -ik,) \/2 nlk,

Taking inverse Fourier transform we obtain,

2 . 3 -
®, (x£L) = i[ L J 1| RRIGK)T e
+
2n

M+ 1y JLIx£L) u? fus,L p*?

F, R!(k)R!(k)R(ik,) ¢esix-sib-s0

Bk, s, L p32

[}
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F, R-f(ikz)Rf(ikl)R+l (ik,) ep(iszx-le-szL)

Hil, 1/11:51]_, p32

F, R2(k,)] ¢spex2)
+ =

l-lg v ns,L p*?

L1 e 1 ¢ (-1)"'F,R, (ik,)e ™"
T W tH,y (L|x£L|) r=1 H.P

as x~+(L+0). (54)

Next from equation (54) the normalized stress intensity factors K, (t) where subscripts -L,

+L refer to the corresponding values at the crack tips at x=-L and x=L respectively have been

derived.

Noting that R?(ik,) and R?(ik,) are independent of p and using shifting theorem, the

inverse Laplace transform finally gives the normalised dynamic stress intensity factors as

11 Bx+L) 1 1, Fy 2.
K. (@ =|=— Lt B2==L)| =] R, (ik,YH(t-1) - 2R (ik,)H(z -
;L()| o D prrg mR, (ik, YH(t-1) F (ik,)H(t -v)
1 . 3
+ m[mz[lzj(lkl)] JT-3H(t-3)

- F, 1ss 1, 2. T_2 a_
FmR+(1k1)R+(1k2)R+(1kl)J(? ? l]H('c 2-v)

1

+ mR2(ik,)R2(ik, )R} (ik,) y(t -2y - ) H(z -2y - 1)

- %[Rf(ilcz)]i’{ = —3) H(r-mJ
1 Y

., 1<1<8, (55)




where

8
m = &’ Y = _2 and T = i
Th 8, s, L

It may be noted that stress intensity factors at the both edges

K+L(t)| and IK_L(t)I are the

same which is also obvious from the symmetry of the problem.

3. RESULTS AND DISCUSSIONS

From equations (7) and (14) it is to be noted that Y=0, x=X and y=0 and that
0%, (X,0,9) = ol (x,0,9).

Therefore, elastodynamic mode III stress intensity factors at the crack tips of the interface
crack in an anisotropic bimaterial are the same as that of the interface crack of the corresponding
isotropic bimaterial given by equation (55).

While carrying out numerical calculations both the cases of symmetric (F, = F, =F) and
antisymmetric (F, = -F, = F) loading have been treated. For numerical evaluation of stress intensity
factors at the tips of the cracks of finite width situated at the interface, the four material pairs (Nayfeh .
[1995]), given in Table-1, have been considered. ‘ |

The-absolute value of the stress intensity factors defined by equation (55) has been plotted
against T [ = i} for different material pairs in Figs. 3 - 6 for both the symmetric and
antisymmetric loatding for values of T varying from 1.0 to 5.0.

It is to be noted that in the case of antiSyﬁmGtric loading, stress intensity factor increases in
two steps, the first step corresponds to the first arrival of the wave at the crack tip moving along the

upper face of the crack from the source and the second jump occurring because of the arrival of the

wave at the crack tip due to wave moving along the lower face of the crack.
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Table-1. Engineering clastic constants of different materials.

Medium  Name p(Kgm?3)  C,(Gpa) Cs(Gpa)  Cy(Gpa)

Type of material pair : I

1. Carbon-epoxy 1.57x10°  3.98 6.4 0
2. Graphite-epoxy 1.60 x 10*°  6.55 2.6 0
Type of material pair : II

1. Isotropic Chromium 7.20 x 10*  115.2 115.2 0
2. Isotropic Steel 790 x10*  81.91 81.91 0
Type of material pair : II

1. Isotropic Aluminium 2.70 x 10°  26.45 26.45 0
2, Carbon-epoxy 1.57x10°  3.98 6.4 0
Type of material pair : IV

L. Copper coated 8.00x10° 91 135 0

Stainless Steel

2. Isotropic Aluminium 2.70 x 10 2645 26.45 0

71



o o o
n n [X]
-~ o« L

e
o

o
-—
~n

Dimensionless SIF [ X, {t)] —
Q o
° —
@ o

e
o
&

Fig.3. Stress intensity factor versus dimensionless time for Type-l material pair.

B ~=-- Symmetric loading (F,=F,=F)
I ' Antisymmetric loading (F,=-F,=F )
- I
B |
!
| t
i
}_ I
[
= ! -
1 '___—-q..___”
B b e e e e e e .
Tl FTTTE TPTEE NN TN AW ST ST RN NN
1 15 2 25 3 35 4 45 5

Dimensionless time (T ) —

032

T 0281
. oz4l

>~ o

—

e g B

F oz

b4 - ,
—_ —-_———— { dj F,=F,=F

W 016} Symmetric loa mgl( 1=F2

T - Antisymmotric loading (F1=—F2=F)

a o-12 | :

b 5 1

c 1

9 o-o8l 1

2] |

s ™ L ’o'-___/"'\__

E oot ( -7 TTEe—— -
= i

0 TS FTTYS FUTTE PUTYE NS T EETTE FTUTE FR R TS
1 15 2 25 3 35 4 45 5

Fig.4. Stress intensity factor versus dimensionless time for Type-II material pair.

Dimensioniess time (T) —>

72




°
[t
~n

T

o

N

[}
T

o
n
-

L

pm e me— e T N =~

(=]
n
T

b Y

AN

[ S symmetric loading (Fy=F,=F )

o

-

n
L)

Antisymmetric loading (F=~F,=F )

Q
o
&

T

Dimensionless SIF [K 4 (t) )] —
o
=
T

o
¥

0 saraleserlsn e b o n s bae s baaan by aageaaal

1 1S 2 25 3 35 A 45 5

Dimensionless time {T) —

Fig.5. Stress intensity factor versus dimensionless time for Type-III material pair.

032

o280

024 |-

r

——t o o —— mmm = - -

016 | S~

R ~-=-- Symmetric loading (F,=F,=F)
o012

~
-~

Antisymmetric Loading (F1=-F2=F )

008 -

Dimensionless SIF [ K 4 (t)]—-
1
/
]
]
|
J
”~

004}

0 taatdlaaassans e lssagtseaplaansganisfannsl

1 15 F 4 25 3 35 4 4-5 5

Dimensionless time (T) —»

Fig.6. Stress intensity factor versus dimensionless time for Type-IV material pair.

73



It is interesting to note that after the arrival of the first scattered wave from the opposite edge
of the crack, the stress intensity factor gradually decreases in the case of antisymmetric loading,.

However in the case of symmetric loading stress intensity factor at first increases when the
wave moving from the source along the upper face of the crack surface reacl'_les the crack tip but as
soon as the wave from the source moving along the lower face of the crack reaches the crack tip,
suddenly it decreases for Type I and Type 1I material pairs and increases for Type Il and Type IV
material pairs until the scattered wave from the opposite crack tip arrives when the stress intensity

factor shows tendency of increasing but with slow oscillations.

Appendix A

From equation (40) we obtain

+ 2,4k2
RIQ) = (1 +1,) Y (CF +K5) Al
(kD) + iy (@ +k)
R'(Q) = RIQRD = ,

m_ 1 24k}
l+m 1+m Cz"'kzz

where

Taking logarithm on both sides, one obtains
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1| +k{

logR'(C) = logR!({) +logRI(Q) = -log| ——+ :
l+m 1+m C2+k22
So .
1 1 logR !(z)
logR,({) = — —=— 2 dz.,
eR.(D) = _icfm -
Replacing z by -z and using R'(-z) = R'(z)
m 1| z2+k)
) - log T l+— —
ic+e 1 fc4es +m mal 22k
ogR!Q - - L [ leR @, 1 25l
27i . z+( 27 g, z+(
z2+k!
o 1+-1— " '2
1C+oe m z +k
= 1. f \ 2 dz
27 z+(
1C—
u?-k’ u?-k?
log| 1 +i log|1-j | ——
2 2
o f““ N mitg-uh| f"* \mig-uh)|
2mi u-if 27 u-ig
k, k
which yields,
k -1 2 2 2.2 2y |12
1 2 tan! (22 -k2)/ {m2(k? -z2))
R = exp|— [ (G 2 (A2)
T 4 (z-1{)
Similarly,
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k; 1,2 1.2 20,2 . 2y |12
L1 et @2k meg -2%)
RAQ = oxpl - | @+i0)

k

dz|. (A.3)

Similarly, it can be shown that

% tan™! |m2(c} ~22)/(22-kP) |
dz

207y = exp| - -
R.(0) = exp - !: @310 (A4)
where i{z(C) is given by equation (43).
Using equation (40) or equation (41) it can be shown that
1n
&©=[“M ik, 2RI (@) (A3)
p’l + “'2
12
=[“%)(&%WM©. (A.6)
oty

From either equation (A.5) or equation (A.6) it can be easily shown that

K (=) = -1iK,(©).
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’JINTERACTION OF HORIZONTALLY POLARISED SH-WAVE WITH A GRIFFITH

CRACK MOVING ALONG THE BIMATERIAL INTERFACE

1. INTRODUCTION

Scattering of elastic waves by a stationary or moving crack of finite width at the interface of
two dissimilar elastic materials is important in view of its application in seismology as well as in
fracture mechanics. The diffraction of Love waves by a stationary crack of finite width at the
interface was investigated by Neerhoff [1979]. Kuo [1984] carried out analytical and numerical
studies of transient response of an interfacial crack between two dissimilar orthotropic half spaces.
Srivastava et al [1980] also derived the low frequency solution of the interaction of SH-wave by a
Griffith crack at the interface of two bonded dissimilar elastic media.

In the case of cracks of finite size, moving with uniform velocity, loads, for mathematical
simplicity, are usually assumed to be independent of time. However, in practice, structures are often
required to sustain oscillating loads where the dynamic disturbances propagate through the elastic
medium in the form of stress waves. The problem of diffraction of a plane harmonic polarized shear
wave by a half-plane crack extended under antiplane strain was first studied by Jahanshahi [1967].
Later Sih and Loeber [1970] and Chen and Sih [1975] also considered the problem of scattering of
plane harmonic wave by a running crack of finite length. Recently the high frequency solution of the
problem of diffraction of the horizontally polarizes shear wave by a finite crack moving on a

bimaterial interface has been investigated by Pal and Ghosh [1993] using Wiener-Hopf technique.

? In press, Indian Journal of Pure and Applied Mathematics, 2000.
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In the present paper, we have investigated the low _frequency solution of the scattering of
plane SH-wave by a finite crack moving on bimaterial interface with uniform velocity. Using moving
co-ordinate system and Fourier transform technique, the elastodynamic problem has been reduced
to two pairs of dual integral equations. Following Sih and Loeber [1969], the solution is then
obtained in terms of a pair of coupled Fredholm integral equations. Finally the singular nature of the
stress near about the crack tip has been determined. The numerical values of dynamic stress ihtensity
factor versus demensionless wave number have been depicted by means of graphs for various

parameters of material properties, crack speed and the angle of incidence.

2. F ORMULATION OF THE PROBLEM AND ITS SOLUTION

Let a plane crack of finite length 2a located at the interface of two bonded dissimilar semi-
inﬁni:[e elastic media be moving with a constant velocity V due to the incidence of plane harmonic
SH-wave

w0 - Woexp[—i{Al(XcosGl +Ysin®,) +QT}] 2.1
where W, is the wave amplitude, A, wave number, Q(=A,C,) circular frequency, (II/2 - 6,) angle
of incidence and C, is the :;hear wave velocity in the upper medium denoted by (1).

The crack lies in XZ plal;e with Z axis directed parallel to the edge of the crack with respect
to the rectangular co-ordinate system (X,Y,Z) as shown in Fig.1.

We assume that the displacement and the stress due to scattered fields are

W;=W; (X,Y) e ! (2.2)
and
EJW;. aug.
() = b and (5y); = =t @3)
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Fig.l. Moving interface crack.
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where the subscripts j=1,2 refer to the upper and lower half plane respectively and T denotes time.

The equations of SH wave motion in either elastic half spaces are given by
FW.  FW, W, :
20 L2200 (=1 ' (24)
ox* ay* ¢ or’ .

where C; = —  is the shear wave velocity and ; , p; are co-efficient of rigidity and material

P;
density respectively. Without any loss of generality we further assume that C>C,.
Due to the incident wave given in equation (2.1), the reflected and transmitted wave in the
absence of the crack may be written as

w® - Aexp[—-i{Al(XcosBI - Ysin0,) +QT}]

and

w = Bexp| ~i{A,(XcosB, + Ysin6,) + QT}] (2.5)

where

A - ulAls?nBI—pzAzs?nBZWO ’ B - 2-.—},Llj\lsin9l __w, 2.6)
u, A, sin, +p, A, sinf, p A sin6, +p, A, sinb,

with A,cosB, = A,cos0, .

A, B are the reflected and transmitted wave amlﬁlitudes, A; wave number, Q(=AC; ) the
circular frequency and (/2 - 0, ) and (%n/2 - 8, ) the angles of incidence and refraction respectively.

A set of moving co-ordinate system (X, y;, z, t) moving along with the crack at a constant
velocity V in X-direction is introduced in accordance with

x=X-Vt, y=sY, z=Z, t=T | 2.7

-wheres?=1-M? and M;= V/C; is the Mach number.
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M; <1, since the crack is assumed to travel at subsonic speed.

In terms of moving co-ordinate system (X, y;, t) equation (2.4} becomes
2W. 2W. dW. oW,
GWJ+BWJ+ 1 22\/’—"———-J = 0.
x? dy2 Cj2 sz ot ax ot
i
Further, referred to moving coordinate system, incident and reflected and transmitted wave given by

2.8)

equations (2.1) and (2.5) take the following form,

wl(i) _ woe—imtexp -1A, (xcosb), +ﬂsin91)],
s
1

WI(R) = Ae exp -iA,(xcosf, ——y—ISinBI)

5)

and W;,_m = Be “exp| -iA,(xcos0, + Esinﬁz)] (2.9
Sy

where @ =Q o and a=(1+M, cosf, )=(1+ M, cosb, ) (2.10)

It is convenient to write the solution of the equation (2.8) in the form

W; (x,y,t) = W, (x.3;) glt= w; (%,y; Jexp[ i(A4; M x - wt) | 2.1D)
A : .
where )Lj = =« (2.12)

§;

Substitution of equation (2.11) into equation (2.8) yields the Helmhlotz equation governing w;

Fw. Pw.

j J 2 -
i Aw, = 0. (2.13)
9;
The solution of equation (2.13) can be written as
1 . -ifx Pyl
wity;) = o= [ A@e (2.14)
where BJ. = JE2 - ?sz. . (2.15)

From equations (2.11) and (2.14) the displacement components of the diffracted field can be

expressed as

Wj(stj) = ‘51; f Bj(g)e_iﬁx_ijdg (2.16)
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where

Y, = JEAMP =X, Bi®) = AEAM) 2.17)

The unknown quantities B,(§) and B (£} are to be determined from the following boundary

conditions
oW, ow, for all 0
RS —=— = s, ——  forall x, y;=
™ 22 5y f
W, =W,; 1x [>a; Y;=0
aw, aw? oaw® | _
+ + =0; Iklka; y;=0. (2.18)
ayl ayl BYI

From the first boundary condition of equations (2.18) one obtains
8 Y1Bi(E) + 1o8,7,B,(E) =0. (2.19)
The other two boundary conditions yield the following dual integral equations

%IPI(E)e“iE"di =0, kba, yj:O

and ‘
L [ Bi@®P,@e™dE = -De ™%k (2.20)
2n J
where
S| MY, * Sy M, Y
P, = ———222B,©® 2:21)
2
E, € = LERE (2.22)
SIH Y 8 Y,
D - 2p, A, sinf, iA, sin@, 293
e B, A, sin, + g, A, sind, 8, o @2)

The equation (2.20) can further be reduced to two sets of dual integral equations. They are

2 [P @cos@)E = 05 kba, 3, =0;
0

%f E 1 (©)P,(E)cosEx)dE
0
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= -2D,cos(A, xcos0),) - % [ B, @P ®oosEdE;  kka  (224)
0

and Efplo(g)sin(gx)dg -0, kba, y=0;
T 0

2 [ E©P@sin@)d
0

= - 2D, sin(A, xcos6,) —% [ B ©P@sin@0de;  kka  (229)
where ’

P® = 2[P@+P,(-D]+ 2[P, O P, (-D] = P, ® + P, @)

E,® = 2[E,@+E (D] [E@-E(-D] = E,® + B, 6. 229

The problems in equation (2.24) and (2.25) are respectively even and odd in x. The solution
procedure described in Sih and Loeber [1969], can be used to solve equations (2.24) and (2.25) and
the result is a.coupled Fredholm integral equation of the second kind. In order to solve equations

(2.24) and (2.25) it is assumed that

D 2 1
P® = -t [V A9 Ty(eE)ds @27)
0
nD,a ! .
Pu® = = | [VETI(O T@8s)ds -1, ()a) (228)
‘ 0
1
where iQ,(1) = f\/EI‘l(S)ds (2.29)
[t]

Substitution of equations (2.27) and (2.28) in equations (2.24) and (2.25) yields the following

coupled integral equations for the determination of A,(s) and I',(s)

1 1
A) - [A @M, mdn - [Tym|N, ) -yaN, D Jdn
0 0

= 5T (A, ascosel);'
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l K'a
T, - fﬁl(n) Ly(s,1) = == M, (&) pdn +
fP (n){ 3N, M) - ANy 6D [ M) —\/ﬁMl(s,l)]}dn

/
= \/5[ AjacosB, - K_KE) Jo(A ascosB)); (2.30)

where K = SO S _ (2.31)

(s, +5,1,)
K/ = - (A M; 5,1, + A M,s 1) 2.32)
(s h + 52“2)2

M) = L0 [ GG E 233

N = L [ 2, 0@ € 039
0

L) = L [ agH,, @)1, E TG 235)
0

in which H,, (§) and H10 () are defined as

H,@€) = + K S O(E? asEw

E..©
4

Hi € = E () +K' - OE? asf—e. (2.36)

3. STRESS INTENSITY FACTOR

Since the condition of the crack propagation is controlled by the stresses near the crack tips,
we are mainly interested in determining the singular behaviour of the stress field near the crack tips.

With the aid of equation (2.16) and (2.21) the stress in medium 1 can be written as

84



' oW e
(T, = WSy ayl = u, ' fE )P, (B gL, 3.1)
1

For an examination of the smgular behaviour of the stress near the crack tip (x=+a) it is
sufficient to consider the domonating terms in the integrand of the integral (3.1) as [§] —.

Accordingly near the crack tip

[(17 ) ] .. 51Ky y
YEI Lt crack tip LCHTREE N1

x f Ee P, cos(Ex)dE - i f Ee P, sin(Ex)dE|.  (3.2)
0 0
Furtheras |x | - «
nD,a
P.(&) = —— A, (1) @E) +......

PE) = - KE R0 (1), (@) + o (3.3)

Substituting the asymptotic expression of P, (E) and P, (£) as given by equation (3.3) in equation

(3.2) the singular stress field around x=a, y=0 is obtained as

ey - ﬁ"f{ﬂ )+ A, (O}f,) + O
- c:/‘;a = Ez‘ifeefmez(al(l) +8,(D) |flsp) + OD) G4
where
£265,) = 22 (1Pt + 157 o) (3)
r=yx-af+yl ¢ = tan“(ﬁ) (3.6)
and  0,=-2im A, W, (3.7)

Dynamic stress intensity factor K, is defined by
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u,sin@, |
L4 3.8
l\n/E T uchtBItanez‘( ]( )t 1( )) ( )

While studying the dynamic crack propagation the determination of stress intensity factor is
important because it supplies useful information regarding the rate at which elastic and kinetic

energies are released by the propagating crack.

4. NUMERICAL RESULTS AND DISCUSSIONS

Numerical results have been calculated to plot normalized stress intensity factor
[K1 / (01 V2 ) | at the carck tip x=a, y=0 versus the normalized wave number A a for different values

of the Mach number M, and the angle of incidence for the following sets of materials :

First set :
Steel p, = 7.6 gm/cm®, By = 8.32 x 10" dyne/cm?
Aluminium : p, = 2.7 gm/cm?’, H, =2.63 x 10" dyne/cm?
Second set :
Wrought iron : p, = 7.8 gm/cm®, W, =7.7 x 10'"" dyne/cm?
Copper : P, = 8.96 gm/cm’®, t, =4.5 x 10" dyne/cm?

The numerical results have been obtained for low frequencies. The case M,=0 corresponds
to the stationary crack solution. It is found that by increasing the crack speed, the dimensionless
stress intensity factor IKl/ (01 ﬁ)| decreases with the normalized wave number A,a. It is
interesting to note that as the velocity of the crack increases, the picks of the curves decreases in
magnitude and occur at lower values of Aja (Figs. 2 - 7). For both the pair of solids, graphs of stress
intensity factor versus normalised wave number (A,a) have been plotted for the angles 8,=n/3,
0,=1/4, and as well as 0,=n/6. It is also found that for a given pair of materials and for a given

Mach number, the peak values of the stress intensity factors decrease with the decrease in the values

of 6,
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Fig.2 Stress intensity factor vs wave number.
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Fig.3 Stress intensity factor vs wave number.
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Fig.4 Stress intensity factor vs wave number.
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Fig.5 Stress intensity factor vs wave number.
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Fig.7 Stress intensity factor vs wave number.
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