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ABSTRACT

J. C. Kelly initiated the systematic study of bitopological
spaces in 1963. Since then many contributions to bitopologi-
cal settings were done by several authors. Some of them at-
tempted to generalize the notion of paracompactness in bitopo-
logical spaces. But a suitable concept of paracompactness in
bitopological spaces could not be obtained. So it appears that
the generalization of paracompactness in bitopological spaces is
an intractable problem. The aim of the present research project
is to develop a suitable notion of paracompactness in bitopolog-

ical spaces, and to study some related notions.

Generalizing the notion of pairwise compactness, we intro-
duce a concept of pairwise paracompactness. Along with other
results, we show that a pairwise Hausdorff and pairwise para-
compact space is pairwise normal. We prove an analogue of
Michael’s characterization (E. Michael, A Note on Paracom-
pact Spaces, Proc. Amer. Math. Soc. 4 (1953), 831-838) for a

strongly pairwise regular pairwise paracompact space.

We introduce and study two notions of bitopological full nor-
mality, namely, pairwise full normality and a-pairwise full nor-
mality. Along with other results, we prove that a pairwise Haus-
dorff and pairwise paracompact space is a-pairwise fully normal,
and conversely, a pairwise Hausdorff and pairwise fully normal

space 1s pairwise paracompact.

iv



Abstract A%

We also introduce the notions of pairwise closure-preserving
and hereditarily pairwise closure-preserving properties of a col-
lection of subsets of a bitopological space. Then some char-
acterizations of pairwise paracompactness are obtained for a

bitopological space having some properties.

Thereafter generalizing the notion of pairwise paracompact-
ness, we introduce and study the notion of countable pairwise
paracompactness. A notion stronger than countable pairwise
paracompactness is also introduced and we call it countable
(*)pairwise paracompactness. Along with other results, we ob-
tain some equivalent conditions to countable pairwise paracom-

pactness for a*-pairwise normal spaces.

We also introduce the notions of a nearly pairwise compact
space and a bifilter. The notion of near pairwise compactness is
a generalization of both the notions of pairwise compactness and
near compactness. We obtain some results on nearly pairwise

compact spaces.

Finally, considering a countable number of topologies on
a set, we introduce the notion of (Ng)topological spaces as a
generalization of both the notions of bitopological spaces and
(w)topological spaces. We study several separation axioms on
(Ng)topological spaces, and explain them with examples. Along
with other results, we prove a result analogous to Michael’s
theorem (E. Michael, A Note on Paracompact Spaces, Proc.
Amer. Math. Soc. 4 (1953), 831-838) for (8-N;)paracompact
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(Ng)regular spaces. From this, we get the Michael’s theorem for
B-pairwise paracompactness (T. G. Raghavan and I. L. Reilly, A
New Bitopological Paracompactness, J. Aust. Math. Soc. (Se-
ries A) 41 (1986), 268-274) of a pairwise regular bitopological

space, as a particular case.
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CHAPTER 1

Overviews of Bitopological Spaces

1.1. Introduction

Weston [47] initiated an investigation to answer some natural
questions those arose when one contemplates a set of points
with two topologies. A topology &2 on a nonempty set X is a

collection of subsets of X with the following properties:

i) 0, X € 2.
(ii)) The union of arbitrary collection of members of & is a
member of Z.

(iii) The intersection of finitely many members of & is a mem-
ber of Z.

A nonempty set X with a topology &2 is called a topological
space and it is denoted by (X, &). But for brevity, we usually
write ‘X is a topological space’” when no confusion can arise
about . For a topological space X, the members of & are
called the open sets of X. A subset E of X is called a closed
set if X — E is an open set. A collection Z of open sets of X
is called a base of the topology & if every open set of X can
be expressed as a union of some members of %. A collection
¢ C & is called a subbase of & if the collection of all finite
intersections of elements belonging to % constitutes a base of
ZP. A subset GG of X is called a neighbourhood of z € X if there

1
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exists an open set U such that x € U C G. For a subset A of
X, the intersection of all closed sets containing A is called the
closure of A, and the union of all open sets contained in A is
called the interior of A. A subset of a topological space is called

an F), set if it is a union of countably many closed sets.

The separation axioms of a topological space play vital roles
in study of topological spaces, and we recall the following sep-

aration axioms.

(i) A topological space X is said to be a Tj-space if for every
pair of distinct points x,y € X, there exist open sets U, V'
such that r e Uy e Vix ¢ V and y ¢ U.

(ii)) A topological space X is said to be a Hausdorff space if
for every pair of distinct points x,y € X, there exist open
sets U,V such that r e U,y € Vand UNV = 0.

(iii) A topological space X is said to be a regular space if for
each x € X and each closed set F' with x ¢ F', there exist
open sets U,V such that x e U F CV and UNV = 0.

(iv) A topological space X is said to be a normal space if for
each pair of closed sets E, F with N F = (), there exist
open sets U,V such that E CU,F CV and UNV = ().

A cover of a topological space X is a collection & of subsets
of X such that (J{A | A € &/} = X. A subcollection # C & is
called a subcover of & if # covers X. A cover of X consisting

of open sets only is called an open cover of X. A topological
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space X is said to be compact if each open cover of X has a
finite subcover. A cover ¥ of X is said to be a refinement of a
cover % of X if for each V € ¥/, there exists a U € % such that
V C U. A collection % of subsets of X is said to be locally finite
if each point of the space has a neighbourhood which meets only
a finite number of elements U € % . A topological space X is
said to be paracompact if each open cover of X has an open
locally finite refinement. It is to be noted that some topologists
included Hausdorffness in the definition of paracompactness of
a topological space [48] (see also [15]). Kelley [25] included
regularity™ in the definition of paracompactness of a topological

space.

Weston [47] expressed the relation of inclusion of two topolo-
gies #1 and %5 on X in terms of neighbourhoods: &7 C %,
if and only if each (£7)nbd of any z € X is a (P)nbd of
the point x € X. The notations are explained in article 1.3
of this chapter. He also noted that, %%, D %% if and only
if (P1)clE C (Py)clE for each E C X. A topology & is
said to be coupled to P [47] if for any G € 27 we have
(A1)clG C (Z5)clG. He also defined consistency of two topolo-
gies as follows: two topologies &7 and &, on a set X are said
to be consistent with each other if for any two distinct points
z,y € X, there exist a (£;)nbd U and a (Z2)nbd V such that
reUyeVwithUnNV =0.

Tt is easy to see that a Hausdorff space X is regular [15, p. 163] if each open cover of the
topological space X has an open locally finite refinement.
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‘Weston [47] considered an arbitrary pair (£, %) of topo-
logical structures, but not as a structure on X, and he studied
only relations between two topologies &, and &, for arbitrary
pairs of topological structures defined on the same set X. He in-

troduced no special term for triples (X, 27, &%)’ (Ivanov [22]).

1.2. Naturalness of Bitopological Spaces

The systematic study of a space equipped with two topologies
on a nonempty set X was initiated by Kelly [26] and he coined

the term ‘Bitopological Space’ for such a space.

DEFINITION 1.1. A metric d on a nonempty set X is a non-
negative real-valued function defined on X x X satisfying the

following conditions:
(i) d(z,y) =

y) =0
(i) d(x,y) = d(y, x) for all x,y € X,
(iil) d(zx, z) < d(z,y) + d(y,2) for all x,y,z € X.

if and only if x =y, x,y € X,

On omitting ‘d(x,y) = 0 only if z = y’ from the first con-
dition of the definition of a metric, we obtain a pseudo metric.
There arises no difficulty in generalizing the standard theorems
of metric spaces, in particular those concerning metrization of
topological spaces on using a pseudo metric. For example, one
may consider the following theorem: every metric space is para-

compact. On the other hand, if one attempts to omit the second
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condition then the appropriate generalizations are not ensured.

Such an unsymmetric distance function is called a quasi-metric.

DEFINITION 1.2. A quasi-pseudo-metric d on a nonempty
set X is a non-negative real-valued function defined on X x X

satisfying the following conditions:

(i) d(z,z) =0 for all x € X,
(ii) d(z, z) < d(z,y) + d(y, z) for all z,y,z € X.

Let p be a quasi-pseudo-metric on X, and let the function ¢
be defined on X x X by q(x,y) = p(y, z) for all z,y € X. Then
q is also a quasi-pseudo-metric on X. ¢ is called conjugate
to p on X. If p is a quasi-pseudo-metric on a set X, then
the collection of all the open spheres {s(x,€)} (s(x,e) = {y |
p(z,y) < €}) forms a base for a topology on X. Similarly,
q determines a topology on X. Thus the natural topological
structure associated with a quasi-pseudo-metric on a set X is
that of the set X with two topologies. A set X equipped with
two topologies & and 2 on X is called a bitopological space
[26] and is denoted by (X, £, 2).

1.3. Symbols and Notations

Throughout the thesis, along with conventional symbols and

notations, we use the following symbols and notations.

(i) Sets are denoted by capital alphabets A, B,... and the
family of sets are denoted by script alphabets o7, 4, .. ..
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(ii) The symbols N, @, Z and R denote the set of natural num-
bers, the set of rational numbers, the set of integers and the
set of real numbers respectively. The empty set is denoted
by 0.

(iii) For brevity, we write without quotes ‘nbd’ for ‘neighbour-
hood’, ‘iff” for ‘if and only if” and ‘resp.” for ‘respectively’.

(iv) A (J)open set (resp. (7 )closed set, (.7 )clA etc.) means
an open set (resp. a closed set, closure of A etc.) in the
topological space (X, 7).

(v) Unless or otherwise mentioned, X denotes the bitopolog-
ical space (X, %, %) and Y denotes the bitopological
space (Y, 21, 2,).

(vi) & is the topology on X generated by the subbase & U
Py and 2 is the topology on Y generated by the subbase
21U 2.

(vii) Always i,j € {1,2} and whenever they appear together,
i 7.

(viii) (a, b) stands for the open interval {z | a < = < b} and [a, b]
stands for the closed interval {z | a < x < b},

(ix) The symbol ‘0’ indicates the end of a proof.

1.4. Some Definitions and Theorems of Kelly

On extending some notions of a topological space, Kelly [26]
introduced some notions on a bitopological space, and we recall

them for ready references.
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DEFINITION 1.3. X is said to be pairwise Hausdorff if for

each pair of distinct points x and y of X, there exist U € &,
and V € & such that t e U,y e Vand UNV = (.

This notion of pairwise Hausdorfiness may be compared with

the notion of consistency of two topologies introduced by We-
ston [47].

DEFINITION 1.4. &7 is said to be regular with respect to
Z; if for each € X and each (Z)closed set A with x ¢ A,
there exist U € &% and V € &; such that v € U, A C V and
UNV = (). X is said to be pairwise regular if &; is regular with
respect to &, for each ¢ € {1,2}.

DEFINITION 1.5. X is said to be pairwise normal if for any
pair of a (;)closed set A and a (Z;)closed set B with ANB =
0, there exist U € &j and V € &; such that A C U, B C V
and UNV = 0.

DEFINITION 1.6. Let p be the usual topology on R. A func-
tion f : (X, %, ) — (R,p) is lower (resp. upper) semi-
continuous if f~1(r,00) € & (resp. f~1(—o0,7) € &) for all
r € R and for each i € {1,2}.

Kelly [26] agreed to say without referring topologies &7, and
P of the bitopological space (X, &1, &%) that the bitopological
space (X, 21, P5) possesses a particular property if both the
topologies &7, and &, possess that property. For instance, a
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bitopological space (X, %1, %) is said to satisfy the second
axiom of countability if both the topologies &2, and & satisfy

the second axiom of countability.

In this regard, we may recall the following definitions.

DEFINITION 1.7. A topological space (X, &) is said to be

(i) first countable (or satisfies the first axiom of countability)
if every point of X has a countable nbd base.
(ii) second countable (or satisfies the second axiom of count-

ability) if its topology has a countable base.

We note the following results of Kelly [26].

(i) If X is pairwise Hausdorff then £, and &%, both are Ti-

topologies.

(ii) X is pairwise regular iff for each x € X and each (£;)open
set G with © € G, there exists a (£;)open set H such that

v e H C (Z)clH C G.

(iii) X is pairwise normal iff for any (Z?j)closed set K and
(Z;)open set V with K C V, there exists a (£?;)open set
U such that

K cUcC (&)U CV.

Kelly [26] proved the following generalization of Urysohn’s

lemma in a bitopological space.
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THEOREM 1.1. If (X, 1, D) is pairwise normal, then given
a (P;)closed set E and a (Z;)closed set F with ENF = (), there

exists a real-valued function g on X such that

(1) g(x) =0 forx € E, glx)=1for € Fand0 <g(x) <1
forx e X,

(11) g is (P;)upper semi-continuous and (;)lower semi-

continuous.

1.5. Research Topics

Since the work of Kelly [26] on bitopological spaces, a consid-
erable amount of works were done by several authors: Lane
[30], Fletcher et al. [19], Raghavan and Reilly [38], Ganster and
Reilly [20], Kovar [28, 29], Mrsevi¢ [33], Murdeshwar and Naim-
pally [35], and others. Besides some research articles (e.g. [17],
[18]), Dvalishvili wrote a book [16] on bitopological spaces. He
discussed the applications of the theory of bitopological spaces
in analysis, potential theory and general topology in [17, 18].
Kannan [24] studied the nature and properties of some general-

ized closed sets in bitopological spaces associated to the digraph.

Fletcher et al. [19] introduced the following definitions.

DEFINITION 1.8. A cover % of X is said to be pairwise open
if %4 C Py U P, and for each i € {1,2}, 7 N P; contains a

nonempty set.
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DEFINITION 1.9. The bitopological space X is pairwise com-

pact if every pairwise open cover of X has a finite subcover.

Fletcher et al. [19] obtained the following results.

(i) If (X, 271, P,) is pairwise compact and if the topological

spaces (X, %) and (X, &) are Hausdorff, then 92, = 2.

(ii) If X is pairwise Hausdorff and pairwise compact, then X
is pairwise regular.

(iii) If X is pairwise compact and either & is regular with

respect Py or H5 is regular with respect to &2;, then

(X, P, Py) is pairwise normal.

Fletcher et al. [19] defined the notion of pairwise paracom-
pactness in a natural way, namely, the bitopological space X is
pairwise paracompact if it is pairwise Hausdorff, and for ¢ # j
every (Z;)open cover has a (Z2;)open (Z;)locally finite refine-
ment. But with this definition at last they arrived at the con-
clusion & = %5 and the resulting single topological space is
paracompact. Thus the structure of a bitopological space is
wiped out. Thereafter they did not proceed further to get an
alternative definition of pairwise paracompactness. However,
the attempts persist to obtain a definition of pairwise para-
compactness to generalize the notion of paracompactness of a
space with single topology. Datta [12], and Raghavan and Reilly

[38] defined the notion of pairwise paracompactness in different



Research Topics 11

ways. Datta’s definition of pairwise paracompactness is a gen-
eralization of pairwise compactness. Datta [12] introduced the

following definition.

DEFINITION 1.10. A pairwise open cover ¥ of X is called
a parallel refinement of a pairwise open cover % of X if every

(Z;)open set of ¥ is contained in a (Z;)open set of % .

Datta [12] called a pairwise open cover % of X, pairwise lo-
cally finite if for every x € X, there exists a (£;)open nbd of
x which meets only a finite number of (£;)open sets of % for
each i € {1,2}. Then he defined pairwise paracompactness as
follows: the bitopological space X is called pairwise paracom-
pact if X is pairwise Hausdorff and every pairwise open cover
of X has a pairwise locally finite parallel refinement. With this
definition of pairwise paracompactness, Datta attempted to get
a bitopological version of Michael’s theorem [32]. But unfortu-

nately, he did not get a complete analogue of the said theorem:.

Raghavan and Reilly [38] defined d-pairwise paracompactness
as follows: the bitopological space X is said to be d-pairwise
paracompact if for each ¢ € {1, 2}, each (£;)open cover of X has
a (Z)open (£)locally finite refinement. With this definition of
d-pairwise paracompactness, Raghavan and Reilly [38] proved
an analogue of Michael’s theorem [32]. But the proof is not

correct which was pointed out by Kovar [28]. Also Raghavan
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and Reilly’s definition of d-pairwise paracompactness does not

generalize the notion of pairwise compactness.

Thus the generalization of paracompactness in bitopological
spaces is an intractable problem.” So our goal is to find a useful
definition of paracompactness in a bitopological space which
generalizes the notion of pairwise compactness, and to study

some related notions in bitopological spaces.

1.6. Summary of the Thesis

CHAPTER I: This chapter is basically concerned with bitopolog-
ical spaces introduced and developed by J. C. Kelly. We recall
some definitions and results of bitopological spaces obtained by
several authors: P. Fletcher, H. B. Hoyle III and C. W. Patty;
M. C. Datta; M. Ganster and I. L. Reilly; and others. We use
these results in the sequel to develop the theory of bitopological
spaces. In this chapter, we also indicate the main problem of

our work.

CHAPTER II: We introduce the notion of % -locally finite
property for a subcollection of a parallel refinement of a pair-
wise open cover 7. Using this notion of local finiteness, we
define the concept of pairwise paracompactness: a bitopolog-

ical space (X, %1, P,) is said to be pairwise paracompact if

fCobzas [11] in his recently published book cited our paper [5] along with [12, 27, 38, 39] to
epitomize that paracompactness within the framework of bitopological spaces is a delicate
matter.
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every pairwise open cover % of X has a % -locally finite paral-
lel refinement. This notion of pairwise paracompactness is more
general than the notion of pairwise compactness. Along with
other results, an analogue of Michael’s characterization [32] of a

regular paracompact space is proved for a bitopological space.

The contents of this chapter are the subject matter of our
paper: Mat. Vesnik 60 (4) (2008), 255-259, [5].

CHAPTER III: The notion of bitopological full normality is
introduced: a bitopological space (X, %1, &) is said to be pair-
wise fully normal if for every pairwise open cover % of X, there
exists a pairwise open cover ¥ of X such that 7 is a parallel
star refinement of % . Along with other results, we prove a
bitopological version of A. H. Stone’s theorem [45] on paracom-
pactness: a Hausdorff topological space is paracompact if and

only if it is fully normal.

The subject matter of this chapter forms our paper: Mat.
Vesnik 62 (1) (2010), 11-18, [4].

CHAPTER IV: The notion of pairwise closure-preserving prop-
erty of a collection of subsets of a bitopological space (X, 2,
S,) is introduced: a collection of subsets of X is said to be pair-
wise closure-preserving if it is (£?;)closure-preserving for each
i € {1,2}. A collection & of subsets of X is hereditarily pair-
wise closure-preserving if any collection & containing subsets

of sets belonging to &/ such that each set A € & has one and



Summary of the Thesis 14

only one subset belonging to 4, is pairwise closure-preserving.
Then some characterizations of pairwise paracompactness are
obtained for a bitopological space (X, £1, &) satisfying some

conditions.

The contents of this chapter are the subject matter of our
paper: Mat. Vesnik 62 (4) (2010), 299-309, [3].

CHAPTER V: Generalizing the notion of pairwise paracom-
pactness, we introduce and study the notion of countable pair-
wise paracompactness: a bitopological space (X, &1, &%) is said
to be countably pairwise paracompact if every countable pair-
wise open cover % of X has a %-locally finite parallel re-
finement. We also define countable (x)pairwise paracompact-
ness: a bitopological space (X, &1, %) is said to be countably
(*)pairwise paracompact if each pairwise open cover % of X has
the following property: every countable (£)open refinement of
% has a 7% -locally finite pairwise open refinement parallel to the
cover 7. The notion of countable (x)pairwise paracompactness
is stronger than the notion of countable pairwise paracompact-
ness. Along with other results, we obtain some equivalent con-
ditions to countable pairwise paracompactness for a*-pairwise

normal spaces.

The subject matter of this chapter forms our paper: Int. J.
Mod. Math. 5 (3) (2010), 275-284, [2].
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CHAPTER VI: We introduce and study the notion of nearly
pairwise compact spaces: a bitopological space (X, %1, &) is
said to be nearly pairwise compact if for each pairwise open
cover % of X, there exists a finite subcollection ¥ C % such
that {(Z)int((2;)clV) | V € ¥ N P, i € {1,2}} covers X.
The notion of near pairwise compactness is a generalization of

both the notions of pairwise compactness and near compactness.

The contents of this chapter mainly form our paper: Kyung-
pook Math. J. 53 (1) (2013), 125-133, [34].

CHAPTER VII: Considering a countable number of topolo-
gies on a set X, we introduce the notion of (Xg)topological
spaces as a generalization of both the notions of bitopologi-
cal spaces [26] and (w)topological spaces [6], and study some of
their properties. Let {£2,} be a sequence of topologies on a set
X. The sequence {£,} is said to satisfy the condition (x) if for
any positive integer m the union of a finite number of sets be-
P, {2, } is
a sequence of topologies on a set X satisfying the condition (%),
then the pair (X, {£,}) is called an (Xj)topological space. A set

longing to (J,, 4mPn 18 a set belonging to U

n#m

X equipped with an increasing sequence {7} of topologies is
called an (w)topological space. In the (Xg)topological spaces, we
introduce some separation axioms: (m)Hausdorffness, (N,)Haus-
dorffness, (m)regularity, (Xg)regularity, (m)normality, (Xg)nor-
malilty, complete (Xg)normality. We also introduce the notions

of (Wg)compactness, (Xg)paracompactness, (/3-Ng)paracompact-
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ness. Along with other results, we prove a result analogous
to Michael’s theorem [32] for (8-Ng)paracompact (Xg)regular
spaces. From this, we get the Michael’s theorem for S-pairwise
paracompactness [38] of a pairwise regular bitopological space,

as a particular case.

The contents of this chapter form our paper: Nowvi Sad J.
Math. 40 (2) (2010), 7-16, [1].



CHAPTER 11

Bitopological Paracompactness

2.1. Introduction

The study of bitopological spaces was initiated by J. C. Kelly
[26]. Since then many works on bitopological spaces were done
by several authors: Lane [30], Fletcher et al. [19], Datta [12],
Raghavan and Reilly [38], Ganster and Reilly [20], Kovar [28],
Srivastava and Bhatia [43], and others. Fletcher et al. [19]
defined pairwise paracompactness. But in presence of pair-
wise Hausdorfiness, the two topologies in a bitopological space
pairwise paracompact in the sense of [19] coincide, and the
bitopological space becomes a single topological space. This
was proved by Fletcher et al., and they did not proceed further
with this definition. Later Datta [12], and Raghavan and Reilly
[38] defined the notion of pairwise paracompactness in different
ways. With his definition of pairwise paracompactness, Datta
[12], attempted to get a bitopological version of the following
theorem of Michael [32] on paracompactness. But a complete

analogue of the theorem could not be obtained.

THEOREM 2.1 (Michael [32], Dugundji [15]). Let X be a reg-
ular topological space. Then the following statements are equiv-

alent.

The subject matter of this chapter forms our research article: Mat. Vesnik 60 (4) (2008),
255-259, [5].

17
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(a) X is paracompact.

(b) Each open cover of X has an open refinement ¥ = J.~— ¥,
where each ¥y, 1s a locally finite collection of open sets.

(c) Each open cover of X has a locally finite refinement.

(d) Each open cover of X has a locally finite closed refinement.

Raghavan and Reilly [38] proved an analogue of Michael’s
theorem with their notion of d-pairwise paracompactness. Un-
fortunately, the proof of the theorem is not correct (Kovar [28]).
Also d-pairwise paracompactness is not a generalization of pair-
wise compactness. In this chapter, we introduce a definition of
pairwise paracompactness (Definition 2.2) as a generalization of
pairwise compactness and prove an analogue of Michael’s theo-

rem.

Throughout this chapter, for a pairwise open cover % of the
bitopological space X, x € X and £ C X, by ‘E is (P, )open’
we mean ‘E is (Z)open (resp. (Z2)open)’ if x belongs to a
(21 )open (resp. (H5)open) set of % .

2.2. Definitions and Results

We introduce the following definitions.

DEFINITION 2.1. A subcollection % of a refinement ¥ of a
pairwise open cover % of X is % -locally finite if for each z € X,

there exists a neighbourhood of z intersecting a finite number of
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members of €, the neighbourhood being (£?;)open if x belongs
to a (Z;)open set of % .

In other words, ¥ is said to be Z-locally finite if for each
xr € X, there exists a (%4, )open nbd of = intersecting a finite

number of members of &.

DEFINITION 2.2. The bitopological space X is pairwise para-
compact if every pairwise open cover % of X has a % -locally

finite parallel refinement.

If in the above definition, some sets U € % are both (47;)open
and (Z73)open, then for each such set U, we select one of &7 and
Py with respect to which U is open. For this choice, we have a
% -locally finite refinement of 7. Changing the choice, we get
a class of % -locally finite refinements of %. If there are two
distinct sets Uy, Uy € % such that for i € {1,2}, U; is (£%)open
and U; N Uy # (), then for % -local finiteness of a subcollection
¢ of the refinement ¥ of % at the points x € Uy N Uy, we must
get two nbds N;,i € {1,2} of x such that V; is (£;)open and

each intersects a finite number of members of .

ExampPLE 2.1 (Fletcher et al. [19], p. 330). Let X be the
set of nonnegative reals, &2 be the usual topology on X and let
2 ={0}U{UU(z,00) | U € £ and 2 € X}. The bitopological
space (X, &, 2) is pairwise compact, and hence pairwise para-
compact. It is also pairwise Hausdorff but the topologies do not

coincide.
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DEFINITION 2.3. The bitopological space (X, &1, %) is said

to be strongly pairuise reqular if it is pairwise regular, and if

both the topological spaces (X, #1) and (X, &) are regular.

The above notion is substantiated by giving examples (Ex-

ample 2.2 and Example 2.3).

Now we prove three results on pairwise paracompactness.
Theorem 2.3 is a bitopological version of Michael’s theorem
(Theorem 2.1).

THEOREM 2.2. If X is pairwise Hausdorff and pairwise para-

compact, then it is pairwise normal.

PROOF. Let x € X and F be a (&;)closed set with x ¢ F.
For ¢ € F, there exist U € & and V; € &, © # j such
that v € Ug, € € Ve and Us N'Ve = (. Then the collection
YV ={Ve | € € F} U{X — F} forms a pairwise open cover of
X. Therefore it has a ¥ -locally finite parallel refinement 7 .
Let H ={W e w | WNF # (0}. Since # is a parallel
refinement of ¥, FNW # () implies W € &2;. Thus H € &;. It
is clear that F¥ C H. Now z € X — F and X — F is a (£;)open
set belonging to ¥. So there exists a (£;)open nbd D of x
intersecting a finite number of (&2;)open sets Wy, W, ..., W, of
W with W, NF #0,k=1,2,...,n. Let Wj, C Vg, & € F,
k=12,...n. Then G = DN (", Usg) € &. Alsoz € G
and G N H = (). Thus X is pairwise regular. Therefore, given
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two disjoint sets A and B which are (#;)closed and (Z;)closed
respectively, for v € B, we get two sets U, € &; and V, € &
such that A C U,, x € V, and U, NV, = (. Then the pairwise
open cover ¢ = {V, | x € B} U{X — B} of X has a %-locally
finite parallel refinement ¢. If V = | J{G € ¥ | GN B #
0}, then V € &; and B C V. Now consider a point y € A.
Then y belongs to the (£;)open set X — B of the cover ¥ and
so there exists a (&;)open nbd D, of y intersecting a finite
number of elements G1(y), G2(y), ..., Gn(y) of & such that for
k=1,2,....,m, BNGi(y) # 0. If Gx(y) C V,,,zr € B, then
U,NV =0 and y € U, where U, = D, N (- Us,) € Z;. Now
if U =U,csUy, then U € 22, A C U and UNV = (). Therefore

X is pairwise normal. O

THEOREM 2.3. If the bitopological space X 1is strongly pair-

wise reqular, then the following statements are equivalent.

(a) X is pairwise paracompact.

(b) Each pairwise open cover % of X has a parallel refinement
Y =\, 1V, where each ¥, is U -locally finite.

(¢) Fach pairwise open cover % of X has a % -locally finite
refinement.

(d) Fach pairwise open cover % of X has a % -locally finite
refinement A such that if B C U € %,B € %, then
(21)clB) U ((Py)clB) C U.

PROOF. (a)=-(b): Straightforward.
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(b)=-(c): Let % be a pairwise open cover of X. Suppose 7
is a parallel refinement of % such that J# = |J°° 5, where
cach 77, is % -locally finite. Let 54, = {H,, | a € A}. If
W, = U, Hna, then the collection {W,, | n € N} is a cover of
X. We write E, = W, — U;,,Wi. Let x € X. If n(x) is the
first n for which v € W, then z € E,,y. So {E, |n € N}
is a refinement of {W, | n € N}. It is also %-locally finite.
Indeed, there exists an ag such that € Hy;)o,. Then Hyg)a,
is a (P4, )open nbd of x, which intersects only a finite number
of members of {F, | n € N}. Now the collection {E, N H,, |
n € N,a € A} is a refinement of %. It is also % -locally finite.
In fact, each z € X has a (%4, )open nbd intersecting a finite
number of members of {E, | n € N}, and for each such n,
the point x has a (P4, )open nbd intersecting at most a finite

number of members of {H,,, | a € A}.

(¢)=(d): For x € X, consider U, € % with x € U,. Suppose
U, is (Z;)open. By the pairwise regularity of X, there exists a
(Z;)open set GL such that

v € Gl C(2)dG, C U,.

Again by the regularity of (X, &), we obtain a (£;)open set
G? such that

r € G2 C (P)G2 C U,.

We write G, = GL N G?. Then G, is (Z;)open with z € G,.
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Now
(2)cG, = (2)c(G,NGY)
C (Z)dGy) N ((2)lG?)
C (2)dG? C U,.
Similarly,

(2,)clG, C (2))clG,, C U,.

It then follows by the strong pairwise regularity of X, for
each x € X with x € U, € % U &;, there exists a (£;)open
nbd G, of z such that

((21)clGy) U ((P2)clGy) C U,

Then ¥ = {G, | * € X} is a pairwise open cover of X.
Therefore by (c), there is a cover Z of X, which is a ¥-locally
finite refinement of ¢, and hence a % -locally finite refinement

of 7. It B € A, then for some G,, we have B C G, C U,, and

SO

((2))elB) U ((25)clB) C ((21)clG,) U ((25)clGy) C Us.

(d)=-(a): Let % be a pairwise open cover of X. It is sufficient
to consider the case when there are no sets belonging to %,
open with respect to both &, and %%. Let o/ be a % -locally
finite refinement of 7. For v € X, let x € U € % and U be
(Z;)open. Suppose W, is a (£;)open nbd of z intersecting a
finite number of members of 7. Then # = {W, |z € X} is a
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pairwise open cover of X. Let & = {E) | A € A} be a #-locally
finite refinement of # such that if £\ C W,, then

(2)clEy) U ((25)clEy) C W,

For A € &/, we choose Uy € % such that A C Uy. If Uy is

(Z;)open, we write
Fo=|J{(Z)E | E € & (Zi)lE) N A =0} .

We define G4 = X — Fqand Hy = Us NGy For x € X, if
r € A€ o, thenx ¢ Fy. Sox € Gy4. Also x € A C Uy.
Therefore © € Hy. So the collection {Hy | A € &/} covers X.

Now let p € UsN((Z?;)clF4). Then p € Uy. Thus there exists
a (Z;)open nbd G), of p intersecting finitely many Ey, Es, ..., E,
€ &. So G intersects a finite number of sets (Z;)clE, (;)clEy,
.oy (P;)clE, from the collection {(Z;)clE | E € &,1 € {1,2}}.
Also every (£;)open nbd of p intersects Fl4. So every (£;)open
nbd of p must then intersects ((£2)clEy) U ((£;)clEy) U ... U
((Z;)clE,). Therefore we have

p € (gzz)cl (((«.@Z)CIEl) U (((_@Z)ClEz) Uu...uU ((gzz)CIEn))

Hence for some k € {1,2,...,n}, p € (2;)clE). Thus

p € |JUP)IE | E € &,((2)E) N A =0}
Fa

=p € UsN Fy.
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Therefore

UanN((P)clFa) CUsN Fa
= UAﬂ((,@Z')ClFA) =Uyu N Fy.

Thus

Hy = UA—UAﬂ((g@i)ClFA)
= UAﬂ(X—(@Z')ClFA).

So Hy is (Z;)open. Also it follows, Hy C Us. Thus {Hy | A €
o/} is a parallel refinement of % .

Now we show that {Ha | A € &/} is % -locally finite. It is
sufficient to show that the collection {G4 | A € &7} is % -locally
finite. Let 2 € X and x belongs to a (Z;)open set of %. Then

there exists a (£2;)open nbd D, of x intersecting a finite number
of E)\l, E)\Q, ceey E)\” of &. Now

D,.NGy 7& (Z),
= E)\ NGy #0 for some k=1,2,...,n,
= ((Z)clEy,)NA#D if Uy is (2;)open.

Since for each k, (£;)clE), is contained in some W,, € #/, and
W,, intersects a finite number of sets belonging to <7, it follows
that (Z;)clE,, intersects a finite number of sets belonging to <,
and hence D, intersects a finite number of sets of {G4 | A € &7'}.
Thus {G4 | A € &7} is % -locally finite. O
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THEOREM 2.4. Let X be paitrwise paracompact. If the topo-
logical space (X, ;) is reqular, and if for i # j, F is a (%) F,
proper subset of X, then F' is (Z;)paracompact.

PrROOF. Let F' = |J - ,F,, where for each n, F), is a
(Z;)closed set. Suppose % = {U, | a« € A} is a (Z;)open
cover of F. Then U, = F NV,, where V, is (;)open in X.
For each fixed n, ¥ = {V,} U{X — F,,} is a pairwise open cover
of X. Hence it has a #-locally finite parallel refinement {W/}.
Let 4, = {WZNF | W'NFE, # (0}. Then for each n, ¥, is
(P)locally finite. Also ¥ = |J,~,%, is a (Z;)open cover of
F, and is a refinement of % . Therefore by Theorem 2.1, F' is
(Z;)paracompact. O

Now we present two examples of bitopological spaces: one is
strongly pairwise regular, and the other is pairwise regular but

not strongly pairwise regular.

EXAMPLE 2.2. Let a,b € R with a < b, and .7 be the
collection of subsets G of R for which (a,b) C R—G or GN(a,b)
is the union of some open subintervals of (a,b). Then 7 is a
topology on R. Firstly, we show (R,.7) is regular. Let = €
R and F be (J)closed with x ¢ F. We may now have the

following cases.

Case I: (a,b) C F. Then (a,b) N F = (a,b) and hence F
is (Z)open. Also F being (7 )closed, R — F is (7 )open with
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r € R—F. So we obtain (7 )open sets U = R— F, V = F such
that r €e U, FCV and UNV = 0.

Case II: (a,b) C R — F. Just like case I, in this case also F’
is both (7 )open and (.7 )closed.

Case III: (a,b) N F' # 0, (a,b) N (R — F) # 0.

Subcase i: = ¢ (a,b). Here we choose V' = F U (a,b) and
U= R-V. Since (a,b) C V, Vis (Z)open. Again (a,b) C V =
R — U which means U is (7 )open. Thus we get z € U, F C V
with UNV = 0.

Subcase ii: z € (a,b). So z € (a,b) N (R — F). Since R — F
is (7 )open, it contains open subintervals of (a,b). Let («, ()
be an open subinterval of (a,b) such that x € (a, ) C R — F.
We put U = FU (a,a) U (B,b) and V = (a, 8). Here U N (a,b)
is the union of open subintervals (a,«) and (3,b) of (a,b). So
U is (J)open. Since V is an open subinterval of (a,b), V is
(Z)open. Also we have F C U, z € V with U NV = {).

Hence (R, .7) is regular.
If p is the usual topology on R, then (R, p) is also regular.

We now show that the bitopological space (R, p,.7) is pair-
wise regular. Let x € X and F be (p)closed with x ¢ F. Since
(R, p) is regular and F' is (p)closed with = ¢ F, there exists
(p)open sets U and V such that z € U, FF C V with UNV = 0.
We note, p C 7. Thus V is also (7 )open.
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Let x € X and F be (7 )closed with z ¢ F. We consider the
cases I, I, III.

Case I: (a,b) C F. We choose V = R — {z} and U = {z}.
So V is (p)open and U is (7 )open with FF C V, z € U and
unv =40.

Case II: (a,b) C R — F.
Subcase i: x ¢ (a,b). This case is similar to Case 1.

Subcase ii: Let € (a,b). Then there exist reals ¢,d such
that « < ¢ < x < d < b. We choose U = (¢,d) and V =
R —c,d]. So U is (Z)open, V is (p)open with x € U, F C V
and UNV = 1.

Case III: (a,0) N EF #£ 0, (a,b) N (R—F) #£ 0.
Subcase i: x € (a,b). Hence z € (a,b)N(R—F), and R — F

is (J)open and so contains a subinterval (a, ) of (a,b) such
that = € (o, 8) C (a,b) N (R — F). We choose reals ¢, d such
that « < ¢ <z < d < 8. Then as in Case II (Subcase ii), we
get the required sets U = (¢,d) and V = R — [¢, d].

Subcase ii: x ¢ (a,b). The case is similar to Case I.

Thus the bitopological space (R, p,.7) is pairwise regular.
Hence the space (R, p, 7 ) is strongly pairwise regular.

EXAMPLE 2.3. Suppose .7 = {G C R | R — G is a bounded
set} U {0}. Then .7 forms a topology on R. Also let p be the
usual topology on R.
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Firstly, let z € R and F be (7 )closed such that x ¢ F. Since
F'is bounded, we get two real numbers a, b such that a <y < b
for all y € F. We note, (a,b) is (p)open and F C (a,b). Even
if x € (a,b), we may have some open subintervals (¢, d) of (a, b)
such that x ¢ (c,d) and F C [J{(c,d) | (¢,d) C (a,b)} = G
(say). We choose, H = R — G. Here G is (p)open and H is
()open with I C G, x € H and GN H = (). Next, let x € R
and F' be (p)closed such that x ¢ F. Since F'is (p)closed, there
exists a bounded (p)open set H such that x € H and FNH = ().
Thus G = R— H is a (7 )open set with F' C G. Thus it follows,
the bitopological space (R, p, 7 ) is pairwise regular.

Let x € R and F be (7 )closed with z ¢ F. Then F is a
bounded set. If possible, suppose there exist two (7 )open sets
G and H such that x € G, FF C H and GN H = (). Since G is
(J)open, R— G is bounded. Also H C R — G which implies H
is a bounded set. This is a contradiction to the fact, R — H is
a bounded set. So the space (R,.7) is not regular, and hence
(R, p, 7) is not strongly pairwise regular.
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Bitopological Full Normality

3.1. Introduction

Since the introduction of bitopological spaces by Kelly [26], a
considerable amount of works were done on bitopological spaces
by several authors. Generalizing the notion of pairwise com-
pactness, we have introduced a notion of pairwise paracom-
pactness and have obtained an analogue of Michael’s theorem
(Theorem 2.1) in Chapter II. In this chapter, we introduce the
notions of pairwise full normality (Definition 3.5) and a-pairwise
full normality (Definition 3.5). For a pairwise Hausdorff bitopo-
logical space X, we prove that X is a-pairwise fully normal if
it is pairwise paracompact, and conversely, X is pairwise para-
compact if it is pairwise fully normal. To prove the converse
part, we use the above Michael’s theorem on pairwise paracom-

pactness.

3.2. Definitions
Let X denote the bitopological space (X, &1, ).

Throughout this chapter, for each i € {1,2}, %" denotes the
class of (Z;)open sets belonging to the pairwise open cover %

of X. For a point z € X, aset A C X and a collection % of

The subject matter of this chapter forms our paper: Mat. Vesnik 62 (1) (2010), 11-18, [4].

30



Definitions 31

subsets of X, we write

St(z,¢) = | J{C e % |z e},
St(A,6) = | J{Cee | AnC +0}.

A cover % of X is said to be point finite (Dugundji [15]) if
each x € X belongs to only finitely many U € % .

In the sequel, we use the following theorem.

THEOREM 3.1 (Dugundji [15], p. 82). Let {A, | « € A} be
a locally finite family of subsets in a topological space (X, 7).
Then

(1) {(T)clA, | a € A} is also locally finite.
(i1) For each A C A, |J{(T)clA, | a € A} is closed in X.

We introduce the following definitions.

DEFINITION 3.1. Let % be a pairwise open cover of X. A
parallel refinement ¥ of % is said to be a parallel star (resp.
barycentric) refinement of % whenever it satisfies the following
conditions: (1) if there are two distinct sets Uy, Uy € % such
that U; is (Z;)open (i € {1,2}) and U; N Uy # 0, then for
x € U; NU,y, there are two sets Vi, Vo € ¥ such that V; C U, V;
is (Z;)open (i € {1,2}) and x € Vi N Vy; (2) for any V € ¥
(resp. = € X), there exists a U € % such that St(V,¥) C U
(resp. St(z,¥) C U).
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A (Z)open refinement ¥ of % is said to be a (Z2)open
barycentric refinement of % if for any x € X, there exists a
U € % such that St(z,?) C U.

DEFINITION 3.2. A set G € & is said to be (£27)open if it is
a union of a (Z;)open set and a nonempty (<j)open set. The

complement of a (7 )open set is called a (£77)closed set.

DEFINITION 3.3. X is said to be a-pairwise normal if for
any pair of a (Z;)closed set A and a (&])closed set B with
AN B = (), there exist a set U € & and a set V € &; such that
ACcUBCVadUNV =0.

It is easy to see that X is a-pairwise normal iff for any
(&7 )closed set K and any (;)open set U with K C U, there
exists a (Z;)open set V such that K C V C (£)clV C U.

DEFINITION 3.4. A pairwise open cover % = {U, | « € A}
is said to be shrinkable if there exists a pairwise open cover
¥ = {V, | @ € A} such that for each a € A, (P)clV,, C U,. ¥
is then called a shrinking of % .

DEFINITION 3.5. X is said to be pairwise (resp. a-pairwise)
fully normal if for every pairwise open cover % of X, there is
a pairwise open (resp. (£ )open) cover ¥ of X such that ¥ is
a parallel (resp. (Z?)open) star (resp. barycentric) refinement
of %.
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3.3. Theorems

THEOREM 3.2. X 1s pairwise fully normal iff for every pair-
wise open cover % of X, there is a pairwise open cover ¥V of X

such that ¥ is a parallel barycentric refinement of U .

The above theorem can be proved with standard arguments.

THEOREM 3.3. If X is pairwise fully normal, then it is a-

pairwise normal and pairwise normal.

PROOF. Let A and B be two disjoint subsets of X which
are (Z;)closed and (&)closed respectively with i # j. Then
there exist a (Z;)open set GG and a nonempty (Z;)open set
Go such that X — B = G UGy, So {X — A,G1,Gy} is a
pairwise open cover of X. Therefore there exists a parallel star
refinement ¥ of {X — A, G1,G2}. Then G = St(A,7¥) and
H = St(B,7) are (#)open and (Z;)open respectively with
ACGand BC H. Weclaim GNH =0. If GNH # 0,
then there exist V', V" € ¥ with ANV’ 40, BNV" # 0 and
ViNnV" £10. Since SV, )=V e | V' NV # 0} and
V' V" #£ 0, we have V" C St(V',¥). Also V"N B # () and
hence BNSt(V',¥) #£ 0. Again V'NA £ Qand V' C St(V', 7).
Thus ANSt(V',¥) # (. So St(V',¥) intersects both A and B

which is impossible. Thus X is a-pairwise normal.

To prove pairwise normality of X, we suppose that A is

(Z)closed and B is (#;)closed with AN B = 0. So {X —
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A, X — B} is a pairwise open cover of X. Hence by pairwise
full normality of X, there exists a pairwise open cover ¥ of X
such that ¥ is a parallel star refinement of {X — A, X — B}.
We write G = St(A, 7)), H = St(B, 7). Then G is (£;)open
and H is (Z;)open with A C G, B C H. If GN H # (), then
there exist Vi, Vo € ¥ such that ANV # 0, BNV, # () and
Vi NVy # (. Then proceeding as above, we see St(Vy,¥) in-
tersects both A and B which is impossible. So G N H = () and

hence X is pairwise normal. O

Now we present an example of a bitopological space which is

a-pairwise normal but not pairwise normal.

ExXAMPLE 3.1. For any a € R, we define

@1 - {(DaRv (—OO,CL],(CL,OO)},
and 5 = {0, R, (—00,a),[a,o0)}.

It is easy to see that &2, and &, are topologies on R and hence
(R, &1, P,) is a bitopological space.

We note that each set belonging to &; (i € {1,2}) is both
(Z;)closed and (£;)open. Let F' be a (£1)closed set and K be
a (5)closed set with FNK = (. Then F C F € & C &
and K CR—F € 2. Also FN(R—F) =0. Next let F} be a
(27)closed set and K; be a (92;)closed set with Fy N Ky = .
Then F1 C R— Ky € & and K1 C K1 € &, C . Also
(Ry — K1) N Ky = (. Thus the bitopological space (R, 22, %)

is a-pairwise normal.
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Now we consider the (4 )closed set (a,00) and the
(Z5)closed set (—oo, a). Obviously, (a,00) N (—oc,a) = (. The
only nontrivial (£%)open set containing (a,c0) is [a,00) and
the only nontrivial (£7;)open set containing (—oo, a) is (—oo, a.
But [a, c0)N(—00,a] = {a} # 0. Hence the space is not pairwise

normal.

The following is an example of a pairwise normal bitopolog-

ical space which is not a-pairwise normal.

EXAMPLE 3.2. Let pe R, 2, = {0, R} U{E U (z,00) | p ¢
E CR,z € Rand x > p+ 1} and &, = the usual topology of
R.

It is easy to see that &7 is a topology on R and hence
(R, &1, %) is a bitopological space.

(R, P, P5) is pairwise normal since for any (2 )closed set
A(# 0, R), we have

A=FEN(—oc,z], pe ECRx>p+1

and for any (%)closed set B with AN B = (), we have p ¢ B,

one can take for y > «x,

U = (X—-B)N(—00,y) € Ps,
V = BU(y,00) €

sothat ACUBCVandUNV =1.
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But (R, %2, %) is not a-pairwise normal, since for the

(21 )closed set
F = ((p—1,p+ 1)U (the set of rationals)) N
(—o0,z], x > p+1,
and the (25)closed set
K=Mn((—oco,p—1]U[p+1,00))

where M is the (£;)closed set
((p—1,p+ 1) U (the set of irrationals)) N (—oco, x|, * > p+ 1,

we have F'N K = () but there exists no pair of a (£?)open set
U and a (Z1)open set V with F C U, K CV and UNV = 0.

From the above two examples, it follows that the notions of

pairwise normality and a-pairwise normality are independent.

THEOREM 3.4. If X is pairwise Hausdorff and pairwise para-

compact, then X 1s a-pairwise normal.

PROOF. Let us consider a (&;)closed set A and a (7})closed
set Bwith ANB =0 and i # j. Let £ € B. Then £ ¢ A. Since
X is pairwise Hausdorft and pairwise paracompact, it is pairwise
regular (Theorem 2.2). Therefore there exist a set U € &; and
a set Ve € 2; such that A C U, § € Ve and Us N'Ve = (). The
set X — B is (&} )open, and so there exist a (£;)open set G
and a nonempty (Z;)open set G such that X — B = G U Ga.
Therefore the family ¥ = {V; | { € B} | J{G1, G2} is a pairwise
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open cover of X. Since X is pairwise paracompact, there exists
a ¥-locally finite parallel refinement 2 of ¥. Let V = [ J{D €
92| DNB#0}. ThenV € Z;and BC V. Nowlet z € A C
X —B. Since X — B = G1UG>y and G1,Gy € 7, it follows that
there exists a neighbourhood W, of x such that W, € &; (resp.
W, € &;) if x € Gy (resp. © € G3) and W, intersects a finite
number of sets DL, D2 ... D™ with BN D% # () and D* € @
for k =1,2,...,m. If D¥ C V¢, & € B, then U, NV = () and
z € U, where U, = W, N (i Us) € 2. U U = U,caUs,
then U € 2, A C U and UNV = (). Therefore X is a-pairwise

normal. O

THEOREM 3.5. If X is a-pairwise normal, then every point

finite pairwise open cover is shrinkable.

PROOF. Let % = {U, | « € A} be a point finite pairwise
open cover of X. We well-order the index set A, and write A =
{1,2,...,q,...}. By transfinite induction, we now construct a
pairwise open cover ¥ = {V, | a € A} which is a shrinking
of %. We write F1 = X — |J{U, | @« > 1}. Since Z is a
pairwise open cover, it follows that if Uy is (£2;)open, then Fj
is (#])closed and Fy C U;. Therefore there exists a (£7;)open
set V1 such that F; C Vi C (£)clVy C U;. Assume that Vj is

defined for every 8 < «a, and consider the set

Fo=X = (Jvs 1 8 <ahu (iU, |7 > a})).
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If U, is (£;)open, then F, is (c@;—‘)closed. Also F,, C U,. There-
fore there exists a set V,, € &; such that

F, CV, C(P)clV, C U,. (3.1)

If x € X, then there exist a finite number of sets U,,, Uq,, . . .,
U,, such that z € U,, for all i = 1,2,... ,n. If @ = max(a, as,
.,0p), then for v > «a, v ¢ U,. Therefore x € F, C V, if
v ¢ Vgforall B <a. So? ={V,|ae A} is a pairwise open
cover of X. Hence it follows from (3.1) that ¥ is a shrinking of
U . O

Now we prove an analogue of A. H. Stone’s theorem (Stone

[45]) on paracompactness.

THEOREM 3.6. Suppose X is pairwise Hausdorff. If X 1is
pairwise paracompact, then it is a-pairwise fully normal. Con-
versely, if X s pairwise fully normal, then it is pairwise para-

compact.

PROOF. At first we suppose that X is pairwise Hausdorff

and pairwise paracompact.

Let % be a pairwise open cover of X. Then there exists a
% -locally finite parallel refinement ¥ = {V,, | a« € A} of %.
Since ¥ is % -locally finite, it is point finite. Again by Theorem
3.4, X is a-pairwise normal, and so by Theorem 3.5, there exists

a shrinking # = {W, | a € A} of ¥. # is a pairwise open
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cover of X such that for each «,
(P)clW,, C V,. (3.2)
For x € X, we write
Dy = [Valz € (2)W,}. (3.3)

From (3.2) and point finiteness of ¥, it follows that there are
finite number of V,, in the intersection (3.3). Hence D, € Z.
Now let
K, = | J{(2)aW, | z ¢ (2)aAW,}.

Since ¥ is % -locally finite, {(22)cIlW,} is (£)locally finite. So
by Theorem 3.1, K, is a (£?)closed set. Therefore G, = X — K,
is a (£)open set. Hence the collection Z = {D, NG, | x € X}
is a (Z)open cover of X. For y € X, let y € (2)clW,. If
y € D,NG,, then x € (F)clW,, since otherwise (£)clW,, C K,
and hence y ¢ G,. Again if z € (£)clW,, then D, C V, =
D,.NG, C V,. Therefore £ is a (£?)open barycentric refinement

of ¥ and hence of . Therefore X is a-pairwise fully normal.

Conversely, suppose X is pairwise Hausdorff and pairwise
fully normal. Let % = {U, | @ € A} be a pairwise open cover
of X. By Theorem 3.2, we can construct a sequence {%,} of
pairwise open covers of X such that %4 is a parallel barycen-
tric refinement of %, and for each n € N, %1 is a parallel

barycentric refinement of %;,. For a € A, let

Vi = {z €U, | St(x, %) C Us},

«

Vo = | T v

n=1
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If x € V,, then x € V' for some n, and so St(z,%,) C U,.
Now let y € St(x, %n+1), then © € St(y, %,+1). Since %41 is
a barycentric refinement of %, it follows that, St(y, 1) C
St(x,%,) C U,. Soy € V' cV,. Thus St(z,%.1) C Va.
Since % is a barycentric refinement of %, for any x € X, there
exists a U, such that St(z,%1) C U, and so x € VQ1 C V,.
Therefore ¥ = {V,, | a € A} is a refinement of . We now
well-order ¥ as V1, V5, ..., V,,.... For a fixed n € N, we define
B = X —St(X —W,%,),

B = X—St((X—Va)U(U Bg),%n> if @ > 1.

B<a

Therefore for all o, we have
BN SHX — Vo, %) =0
= Any set € %, meeting X — V,, does not meet B},
=  St(BL%)N (X -V,) =10
=  St(BY,%,) C V,.
Also we have
ginst (U, B %) =0
=  ByNSUBj %) =0, 8 <a
=  St(By, %,)NB;=0,<a
= St(By, %) N Bs = for all § # a. (3.4)
Let z € X. Since {V,, | « € A} is a cover of X, there is a

first index « such that x € V,,. Then St(x, %) C V, for some
m. We now show x € B!'. If possible, suppose x ¢ B!'. Then
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x e St ( U5<aBﬁ )
— St(z, %) N ( -vaull, By ) £ )
= St(x, %n) N B # (0 for some 8 < «
(since St(x, %y) C Va)
= 1z € St(Bj, ) C V.

This contradicts the fact that « is the first index for which
x € V,. Therefore z € B”. Hence {B! | n € N,a € A} is a

cover of X. We now define
G = St(B!, %.5),n € N,a € A if U, is (Z;)open.

Then G2 is (£;)open. Since St(B, %,) C V,, we have St(B,
Upi2) C V, and hence G C V,. Now let x € X. Then
r € B! for some pair of n and «, and so x € U, since B, C
St(Bl, %, C Vo, C U,. IfU,is (£;)open, then by the definition
of parallel barycentric refinement, € U for some U € %! 9. D0
x € St(B,%',,) = G%. Therefore ¥ = {G” | n € N,a € A}
is a cover of X and hence a parallel refinement of . We now
show that there exists no U € %9 intersecting both G and
G for a # 3, whenever both U, and Up are (&;)open. Suppose
if possible, U € %, intersects both Gf, and Gj for a # 5 with
Ua,Ug € ;. Then there exist Hy, Hy € %+2 such that H;
intersects both B!l and U, and Hj intersects both B” and U.
Hence St(U, %, ,,) intersects both B} and Bj. Since %, is a

star refinement of %;,, it follows that some W € %, intersects
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both By and Bj. Therefore St(By,%,) intersects Bj which
contradicts (3.4).

Since %, .2 is a parallel refinement of %, it thus follows that
for each n € N, ¥4, = {G | a« € A} is %-locally finite. Also we
have ¥ =~ 4.

Since X is pairwise Hausdorff, any singleton subset of X is
(Z;)closed for each i € {1,2}. Therefore by Theorem 3.3, X is
pairwise regular. Next we show that both (X, £7;) and (X, %)
are regular topological spaces. Let x € X and for i € {1,2},
let F' be a (Z;)closed subset of X with ¢ F. Considering
{z} as a (Z;)closed set, we get a parallel star refinement ¥ of
{X—{x},X—F}. Then G = St({z},?) and H = St(F, V') are
(Z;)open sets with x € G, FF C H and GNH = 0. So (X, %)
is regular. Hence X is strongly pairwise regular. Therefore by

Theorem 2.3, X is pairwise paracompact. O



CHAPTER 1V

Pairwise Closure-Preserving Collections and Pairwise
Paracompactness

4.1. Introduction

The notion of pairwise paracompactness in a bitopological
space have been introduced and studied in Chapters II and III.
We have obtained some characterizations of pairwise paracom-
pactness there. In this chapter, we introduce the notion of pair-
wise closure-preserving collection (Definition 4.2) of sets. Then
we obtain some new characterizations of pairwise paracompact-
ness which are analogous to the characterizations of paracom-

pactness obtained by Michael [31].

4.2. Preliminaries

A collection £ of subsets of a topological space (X, .7) is called

a (7 )closure-preserving collection if for any subcollection & of
%, (y)CI(UDe@ D) - UDE@(‘?)CID'

We introduce the following definitions.

DEFINITION 4.1. X is said to be (x)pairwise normal if X is

pairwise normal and if for every pair of a (2;)closed set A and

a (Z;)closed set B with AN B = (), there exist U,V € £; such

The subject matter of this chapter forms our paper: Mat. Vesnik 62 (4) (2010), 299-309, [3].

43
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that

AcCcUBCV and UNV =0,
and there exist G, H € &; such that

ACG,BCH and GNH =0.

It is easy to see that X is (x)pairwise normal iff it satisfies

the following conditions:

For any (Z;)closed set A and (2 )open set W with A C W,

(1) there exist U € £; such that A C U C (Z)clU C W,
(2) there exist V € &; such that A C V C (Z;)clV C W,
(3) there exist G € &, such that A C G C (Zj)clG C W.

Now we give an example of a (x)pairwise normal space.

EXAMPLE 4.1. For a € R, we define two topologies &, and
P on R by

P = {R7 Q)v (—OO,CL], (avoo)}a
Py = {R, 0, R—{a}, (—0,a), (—o0,d], (a,00)}.

We now consider the bitopological space (R, %1, 9,).

Here the nontrivial (£)closed sets are (a, ), (—o0, a] and

the nontrivial (Z)closed sets are {a}, [a,>0), (a,00), (—o0, a.

(i) For the (£2;)closed set A = (a,00) and the (Z2;)closed set
B = {a}, we have AN B = (). Then we obtain a (%)open
set U = (a,00) and a (Z1)open set V = (—o0, a] such that
AcU BcCcVandUNV =0.
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(ii) For the (£7;)closed set A = (a,00) and the (Z%)closed
set B = (—o0,al, we have AN B = (). Then we obtain a
(P5)open set U = (a,00) and a (£ )open set V = (—o0, a]
such that ACU, BCV and UNV = 0.

(iii) For the (27 )closed set A = (—o0,a] and the (Z%;)closed
set B = (a,00), we have AN B = (). Then we obtain a
(P5)open set U = (—o0, a] and a (Z)open set V = (a, 0)
such that ACU, BCVand UNV = 0.

There do not exist any more pairs of a (£;)closed set A and
a (Py)closed set B with AN B = (). In all the above cases, U
and V are (£ )open as well as (Z%)open. Hence the space is

(*)pairwise normal.

Next we show that there exists a pairwise normal space which

is not (x)pairwise normal.

EXAMPLE 4.2. Let X be any set with a,b € X. Suppose

P2 = {0, X}U{AC X |a€ A},
Py = {0, X}U{AC X |ag¢gA be A}

Obviously, &7, and &2, form topologies on X. We consider the
bitopological space (X, Z1, %5).

Let E be (£;)closed and F be (£2;)closed with E N F = ().
Since F is (£ )closed and F' is (Z;)closed, we have a ¢ E and
ac F,b¢ F. So F is (£;)open.
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We write V = F € &. If b € E then E is (;)open. In
this case, we choose U = E. If b ¢ E, we put U = EU {b}. So
in both the cases, U is (£%)open. Also we have E C U, F C V
with U NV = (. Hence (X, 22, %) is pairwise normal.

We note, for each ¢ € {1,2} no two sets belonging to &; are

disjoint, and hence the space is not (x)pairwise normal.

DEFINITION 4.2. A collection of subsets of X is said to be

pairwise closure-preserving if it is (;)closure-preserving for
both =1 and 7 = 2.

DEFINITION 4.3. (c¢f. Burke et al. [9]) A collection & of
subsets of X is hereditarily pairwise closure-preserving if any
collection # containing subsets of sets belonging to &/ such
that each set A € & has one and only one subset belonging to

A, is pairwise closure-preserving.

DEFINITION 4.4. Let % be a pairwise open cover of X. A
collection ¥ of subsets of X is % -discrete if for each x € X,
there exists a neighbourhood of x intersecting at most one set
of ¥, the neighbourhood being (Z;)open if x belongs to a
(Z;)open set of % .

In this chapter, for a subcollection o/ of a refinement of a
pairwise open cover % of X, we denote by % (i € {1,2}), the
collection of sets in o7 which are subsets of (£;)open sets of % .

So throughout this chapter, %; stands for the collection of all
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(Z;)open sets belonging to % . If a set A belonging to < is a
subset of a (Z;)open set of %, then clA denotes the (Z7;)closure
of A. The collection {clA | A € &} is denoted by <.

Throughout Section 4.3, we assume that the bitopological
space (X, P, P5) satisfies the following two conditions:

() For any pairwise open cover % of X
Ac|\{EIEcu} = (2)dAC| {E|Eew}.  (41)

(xx) If 2 is (Z;)closure-preserving, then 7 is (Z;)closure-
preserving, when & is a collection of subsets of a set
belonging to % U &2, — { X }.

4.3. Lemmas

To prove the desired characterizations as anticipated in intro-

duction, we require the following lemmas.

LEMMA 4.1. Suppose ¥ s a refinement of a pairwise open
cover % of the bitopological space X . If a collection o C ¥V is

U -locally finite, then <7 is pairwise closure-preserving.

PROOF. Let &£ be a subcollection of &7 and let

T € (Z)cl (UBE% B> : (4.2)

By the condition (x), x belongs to a (Z;)open set of 7. There-
fore there exists a (£2;)open neighbourhood of x, which inter-

sects a finite number of sets in %;, say By, B, ..., B,,. Again by



Lemmas

48

(4.2), every (Z;)open neighbourhood of z intersects |Jpe g B-

Hence it follows that every (£2;)open neighbourhood of z in-
tersects B1 U BoU...UB,. Soz € (Z)cl(BiUByU... U

B,) = ((2,)clB1) U ((2)clBa) U ... U ((2:)clBy).

T € Upeg, (Zi)clB. Hence

(20l (Upew, B) € Upes,(#i)clB

= (2l (Upes,B) = Upes,(2i)clB.

Therefore by the condition (xx),

(2;)cl (UBG%B> = U, (B

Similarly, we get

(2)cl (UBG%B) = UBG%(%)CB.

Now

@y (U, ,B) = @) (U, B) U (@)

(2

Therefore

(4.3)

(4.4)

(U ?)

_ (UBE%(%)ClB) U (UBG%(%MB>

(by (4.3) and (4.4))

= UB€%<3Zi)ClB'

O

LEMMA 4.2. Let V" be a refinement of a pairwise open cover

U of X. Then a collection o/ C ¥V is pairwise closure-preserving

off @ is pairwise closure-preserving.
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PROOF. Firstly, let ./ be pairwise closure-preserving. For
any subcollection 2 of o7, there exists a subcollection % of o/

such that 2 = . Since &7 is pairwise closure-preserving, we

(2;)cl (UBE%B) = UBE%(%)ClB.

have

Thus

(Z)cl <U36@j<‘@j)613> = (#))dd ((«@j)d (UBE%B))

So the collection {(Z;)clA | A € 47} is (Z})closure-preserving.
Hence by the condition (xx), {(Z;)clA | A € <7} is (Z;)closure-

preserving. So we have

(2;)cl (UBE%(%-)C13> = UBE%j(,@i)cl((,@j)clB).

Then we have
(2))cl (UD69D> - (%)cl((UBG%(%)dB)u
(UBG% (g@j)dB) )
= () (UBegi(@i)clB> U
(2 (| (@j)clB)

BG@]‘
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_ (UBeﬂi(@i)cl((@i)ClB)> U

(UBG%(%)cl((@j)dB))
=J___(2)dD.
De2
Therefore o7 is pairwise closure-preserving.
Similarly, we can prove that &7 is pairwise closure-preserving

if o7 is pairwise closure-preserving. O

LEMMA 4.3. If the pairwise open cover % = {U, | a € A}

of X has a pairwise closure-preserving refinement % such that
((f@g)cl((gl)ClB)) U ((91)01((92)013)) c U, (45)

where B C U,, B € A, then there exists a pairwise closure-

preserving refinement & ={E, | « € A} of % such that

((P2)cl((P1)clEL))U((1)cl((Po)clE,)) C U, for each o € A.

PROOF. For each «, we write E, = | J{B € 4| B C U,}.
Then

((Z2)cl((Z1)clEa)) U ((Z1)cl((F2)clEa))

= (224 (204 (U, B))) ©
(v (22 (U, 7))
- ((%)cl <UBcUQ(91)clB)> U

(1209 Uy, #995)

(since £ is pairwise closure-preserving).
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Again we have for i € {1,2},

(2)cl (UBcUa(@i)clB> = U, (2)el(2)c1B).

Therefore by the condition (xx), we get

(2;)cl (UBcUa(,%)clB) = U, (20 (2)elB).
Hence

((F2)cl ((%)ClEa)) U (Z1)cl ((Z2)clEa))

= (U, )cl((gzl)clB)) U (UBcUa(@l)Cl((@Q)clB))
C Ua (by ( 5)).

Let us now consider a subcollection 2 of & = {E, | a € A}.
For D € 2, there exists an a(D) € A such that D = E,py. We
write €p = {B €EAB|BC Ua(D)}- Thus

D = Eyp
= U{B € #| B CUypy} (by the definition of E,p))

- UC’G%DC

Then € = |Jpe4%p is a subcollection of £, and

UCE%C - Upg@ <UC€<KDC) - Upg@D' (4'6)
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Now

(2)cl (UD€9D> — () (UCE%(/“) (by (4.6))
= UCG%(%)CW
(since A is (Z;)closure-preserving)
- UDe.@ (UCG%D(L@i)ClC)
= Uy (20 (UCE%DC)

= UDQ_@(gi)ClD'

(]

LEMMA 4.4. If any pairuise open cover % of X has a pair-
wise closure-preserving refinement B satisfying (4.5), then X is

(%) pairwise normal.

PROOF. Let A be a (Z;)closed set and B be a (2;)closed
set with AN B =10, i #j. Then {X — A, X — B} is a pairwise
open cover of X. So by Lemma 4.3, there exists a refinement
{C, D} of {X — A, X — B} such that

((2)clC)U ((Py)clC) € X — A
and ((£1)clD)U ((Z%2)clD) € X — B.

Then A C X—(@i)ch, B C X—(@Z)CID, X—(@i)ch, X—
(91>C1D € Z; and (X — (4@0(310) N (X — (L@Z)CID) = (.

Also A C X—(2)clC, B C X—(Z;)clD, X —(Z;)clC, X —
(Z2;)clD € Z; and (X — (2;)clC) N (X — (Z})clD) = 0.
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Moreover, A C X — (Z})clC, B C X — (Z;)clD and (X —
(:@])Clc) M (X — (321)C1D) = @ O

LEMMA 4.5. Let the space X be (x)pairwise normal, % be
a pairwise open cover of X and ¥ = {V, | v € '} be a dis-
joint collection of sets belonging to &1 U Py such that if V., is
(P;)open, then it is a subset of a (P;)open set of % and let
2 = {D, | v € I'} be a collection of subsets of X, which is

pairwise closure-preserving and

(L1)clDy) U ((P2)clD,) C Vi, (4.7)
Then there exists a % -discrete collection {W, | v € I'} of sub-
sets of X such that D, C W, C 'V, and W, is (Z;)open if V., is
(22;) open.

PROOF. We write U; = (Jycq U. Let S; = {z € U; | some
(Z;)open neighbourhood of z intersects at most one V., }. Then
S; is (Z;)open and contains all V' € ¥%;. By (4.7), we get

UDE%(%)dD c S
= (@) (UDEQD) c S

7

Therefore by the (x)pairwise normality of X, there exist sets
Gl G? € &; such that

(#pa(U,., D) € Gl c(2)dGics,
(2))cl <UD€@'D) C G? C(2)dG; C S,
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and there exist sets H ]1, H 32 € Z; such that
1 1

(2)cl (UDE%D) C H? C (2))cH; C ;.
We now have
(2)cl (G UH})U(2)cl (GFUH?) C S;US;.  (4.8)
We write G; = G; N G?, H; = H; N H? and,
W, = V,nG; if V, e,
= V,NnH; if V, e 2,
So D, ¢ W, C V,. Next we show that {W, | v € I'} is
% -discrete. Let x belong to some (Z;)open set of 7. Then
r € U;. If x € S;, then there exists a (£;)open neighbourhood
of x, intersecting at most one V., and hence intersecting at most
one W,. If z ¢ S; US;, then by (4.8), v ¢ (2;)cl(G! UH}).
Again since G; C G} and H; C Hj, we have |J. W, C G} U Hj.
Therefore there exists a (£;)open neighbourhood of z intersect-
ing none of {W,, | v € I'}. Also we have G; C G} and H; C H7,
and so |J, W, C G; U H;. Thus if z € UyNUj, and = ¢ S;U S,
then considering = ¢ (2;)cl(G? U sz), we also get a (;)open
neighbourhood of z intersecting none of {W, | v € I'}. O

LEMMA 4.6. Suppose % is a pairwise open cover of the space
X and {K, | « € A} is a % -locally finite collection of subsets
of X and suppose for each o € A, %, is a pairwise closure-

preserving collection of subsets of K, such that each member of
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B, is a subset of some set in %. Then B =|J{PB.|a € A} is

also pairwise closure-preserving.

PROOF. Let ¥ be a subcollection of 4. We have to show

(2))cl (UCE%C> =, (#)dC, i€ {12}

Now

(Z:)cl (UCE%C)
= (2 ((UC%@ U <UC%C>> i #

_ () (UCG%C) U ()l (UCE%C) L (49)
Also

(i)l <UCG%C> = (Z)el <U7€F (UCE%W-C)> '

We suppose

v € (2)cl <UC€% 0) . (4.10)

%

Since each member of 4, is a subset of some sets belonging
to %, we get Uy C CU{U | C C U € %;}. Hence by the

condition (%), we have

(2)cl (UCG%C) clvccuewuy.
So x belongs to a (Z;)open set of % .

Let € = U, r{%, |7 €l C Aand ¢, C 4,}. Since {K, |
a € A} is % -locally finite, { K, | v € I'} is also % -locally finite.
Hence there exists a (£2;)open nbd of = intersecting finitely

many K, ,K,,, ..., K, of {K, |y € I'}. This nbd of z can
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only intersects at most the sets belonging to €,,;, €., - . -, €5,
Again by (4.10), every (£7;)open nbd of z intersects (Jpeq, C. So
every (Z;)open nbd of x intersects (UCG% C) U (UCE% C) U

71? Y2°
LU (UCE% C) . ThUS

v € () ((UCG%C) U (UCE%C)

00 (Uper €))

= (Z)cl (UCE%WC) D (Zod (Uce%ic)
U...U(2)c <Uce%ni0)

= (Uoa, (2090) 0 (Urep, (20)
U...U (UCG%M(%)CIC) :

(since each A, a € A is pairwise closure-preserving)

Thus for some v;, (k = 1,2,...,n), there exists a C € %,,; such
that = € (£2;)clC. Hence we get

(o) < U )
= (P2 (Uc%c) - (UCG%(%)Cw) L (411)
Also Upege, C CUU | C CU € %} and | J{U | C C U € %}
is a subset of 9 U &2y — {X}. Thus by the condition (xx),

(2;)cl (UCE%C) - <UC€%(%)C10> |
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Similarly, we have

(Z)cl (UCE%C> = <UC€%(%)C10> .

Hence we get from (4.9),

@9 (U,.,.C) = (@) (U,..,.C) U@ (UCG%C/*)

(3

= (U @01¢) 0 (U,

= UCE%(%)CIC.

4.4. The characterizations of pairwise paracompactness

THEOREM 4.1. If the bitopological space X 1is strongly pair-
wise reqular, and satisfies the conditions (x) and (x%), then the

follounng statements are equivalent.

(a) X is pairwise paracompact.

(b) Fach pairwise open cover % of X has a hereditarily pair-
wise closure-preserving parallel refinement.

(¢) Each pairwise open cover % of X has a parallel refine-
ment ¥ = J,_¥n, where each ¥, is hereditarily pairwise
closure-preserving.

(d) Fach pairwise open cover % of X has a pairwise closure-
preserving refinement.

(e) Each pairwise open cover % of X has a pairwise closure-

preserving refinement % such that of B C U € %, B €
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A, then
(L)l ((P1)clB)) U ((L1)cl ((P2)clB)) C U.

PROOF. (a) = (b): Follows from Lemma 4.1.

(b) = (¢): Obvious.

(¢) = (d): Let  be a pairwise open cover of X. By (c),
% has a parallel refinement ¥ = J - ;¥%,, where each ¥, is
hereditarily pairwise closure-preserving. Let

Vo = [ JIvIVven}) nen,
K = X,
n—1
K, = X—Umzlvm, n=23,....
Then the class {K,, | n € N} is % -locally finite.

We write
Py ={VNEK,|V e},
and
00
#=J _ %

Then £ is a refinement of %Z. Since ¥, is hereditarily pair-
wise closure-preserving, each %, is pairwise closure-preserving.
Since {K,, | n € N} is %-locally finite, from Lemma 4.6, it
follows that # is pairwise closure-preserving.

(d) = (e): By strong pairwise regularity of X, there is a
parallel refinement ¥ of % such that for V' € ¥/, we have a
U € % with

((Z2)cl ((£1)clV)) U ((Z1)cl ((Z2)clV)) C U. (4.12)
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By (d), there is a pairwise closure-preserving refinement % of
¥, and hence of . If B € A, then for some V € ¥ and U € %
satisfying (4.12), we have B C V and so

(P2)cl ((21)clB)) U ((2))cl ((2)clB)) € U.

(e) = (a): Let Z = {U, | « € A} be a pairwise open cover
of X and let the index set A be well-ordered. For each positive
integer n, we construct a family %, = {B,, | @ € A} of subsets

of X satisfying the following conditions:

(I) B, = {Ban | @ € A} is a pairwise closure-preserving

cover of X, and

(P2)cl ((P1)clBan)) U ((P1)cl ((P2)clByn)) C U, for all a.

(I1) ((Z)cl(clByns1)) N ((Zi)cl(clBgy,)) =0 for all a > f
it U, € Z;.

For n = 1, the cover can be obtained from Lemma 4.3.

Suppose for n = 1,2,...,m, the covers %, have been con-

structed. For U, € &;, we write

Kom = Uka {(Z;)cl(clBgm)} .
Since %, is pairwise closure-preserving, by Lemma 4.2, it fol-
lows that the set K, is (Z)closed. So the set Uym+1 =
Uyo — Ko is (Zi)open. If v € X, then © € U,y for the
first a for which € U,. Therefore the collection %,,1 =
{Usm+1 | @ € A} forms a refinement of 7. By Lemma 4.3, it

has a pairwise closure-preserving refinement {B, 41 | @ € A}
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such that
(Z2)cl (Z1)clBamr)) U (P1)cl ((£2)clBamia))
C Uym+1 for all a. (4.13)

Therefore the condition (I) is satisfied for n = m + 1. From
(4.13) and the definition of U, 41, it follows that (II) is satisfied
forn=m. If U, € &;, we define

Va,n =X — Uﬁ#a {(@z)CI(CIBﬁ,T»} .
We show that

(III) {Van | @« € A,n € N} is a pairwise open cover of X
such that for all « € A and n € N, V,, C U, and V,,, is

(Z;)open if U, is (£;)open.
(IV) Vo NVz,, =0

whenever a # 3.

Since %, is pairwise closure-preserving, it follows that V, ,

is (Z;)open. Also we have
Van C Bap CU, for all a € A and n € N.

Therefore from the definition of V,, ,, (IV) follows. We consider
apoint x € X. lf x € U € % N &;, we define

a, =min{a € A |z € (Z;)cl(clB,,), n € N},
and
a; = min{a, | n € N}.
If a > ay, from (IT) we get

((Zi)cl(clBas1)) N ((Zi)cl(clBy,,)) = 0,
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and therefore @ ¢ (%;)cl(clBy41), since z € (%;)cl(clBy,,).
Also by the definition of oy, x ¢ (Z;)cl(clBy41) for a < o.
Therefore x € V,,;41. Thus the collection ¥ = {V,, | a €
A,n € N} forms a pairwise open cover of X. By Lemma 4.3,

we get a pairwise closure-preserving cover 2 = {D,, | o €
A,n € N} of X such that

((Z1)clDap) U ((P2)clDy ) C Vi for all a and n.

By Lemma 4.4, X is (x)pairwise normal and so applying Lemma
4.5, for each n, we get a % -discrete collection #;, = {W,,, | a €
A} such that W, ,, is (Z%)open if V,,, is (Z;)open and

Doy CWan C Vyy for all a.

Then the collection # = |J,—#,, is a parallel refinement of %
where each %, is % -discrete and hence % -locally finite. Hence

by Theorem 2.3, X is pairwise paracompact. O

4.5. Some examples

In this section, .7 denotes the usual topology on R, and for a
set A C R, 4 denotes the subspace topology on A in (R, 7).
Firstly, we give an example of a strongly pairwise regular pair-

wise paracompact space.

EXAMPLE 4.3. Let ) be the set of rational numbers. If
&' is the collection of the singleton sets {r}, r € Q and &2
is the collection of the singleton sets {r}, r € R — @, then for
i € {1,2}, we define &; to be the topology generated by the base
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T U&". Then the topological spaces (R, &;) are regular (Steen
and Seebach [44, p. 90]). We now consider the bitopological
space (R, %1, %,). Let F be a (%;)closed set and © € R —
F € 2;. If x belongs to some (.7 )open set, then there exist
a (J)open set U and a (7 )open set V such that x € U, F C
Vand UNV = 0. Ifz € {r} =U € &, then F C R —
{r} =V. Soinany case v € U € &; and FF C V € &; and
UNV =10. Thus (R, %, %) is pairwise regular and hence
strongly pairwise regular. Now let % be a pairwise open cover
of R. Then there exists a parallel refinement 7 containing sets
belonging to .7 and sets belonging to &' U &?. We may assume
that no element of ¥ N (&' U &?) belongs to any element of
¥ N7, since otherwise we can delete the corresponding singleton
sets from . Let V = [ J{G € ¥ N 7 }. The (3 )open cover
{G € ¥ N7} of the subspace (V, %) has a (3 )locally finite
(Fv)open refinement #. Let &, = {{r} e &'N¥}. Iz ¢V,
then € J{{r} € & U &7} and {z} can intersect only {z} €
Y. Again no element of # can intersect any element of éi}/u
6"72/ Thus it follows that #'U éi}/u 6‘112/ is a % -locally finite
parallel refinement of %. Therefore (R, %1, %) is pairwise

paracompact.

Now we give an example of a bitopological space satisfying
both the conditions (*) and ().

EXAMPLE 4.4. For each i € {1,2}, let {a’}>2, be a strictly
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decreasing sequence of real numbers with lima! = —oo and
{b 12| be a strictly increasing sequence of real numbers with
limb!, = oo such that af < bi. Let &; be the topology on R
generated by the base

= {0} U {(a1, b))} U {(ans1, a3), (b Uryr) |
n€ NYU{{a,},{b} | n € N}.

Then each (7;)open set is (#;)closed. Therefore the bitopolog-
ical space (R, %1, &) satisfies both the conditions () and (k).
Obviously, the space (R, 21, &) is pairwise paracompact.

In the space considered above, for i € {1,2}, any collection

of subsets of R is (&;)closure-preserving.

Next we give an example of a bitopological space (X, &1, 9)
in which for ¢ € {1,2}, there are collections of sets which are
not (&;)closure-preserving, but if a collection is (;)closure-

preserving, then it is (% )closure-preserving, and conversely.

EXAMPLE 4.5. Let a € R and let us consider the infinite
intervals (—oo,a] and (a,00). We write A = (—00, a]. Suppose
{bL}2 | and {b2}°%, are two strictly increasing sequences of real
numbers with a = b and lim b’ = co for i € {1,2}. Let &; be
the topology on R generated by the base

B = Ty U{(b),,01] | n € N}
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We now consider a (£;)closure-preserving collection 7 of sub-
sets of R. Let & be a subcollection of o/. We write
9 = {DeP|DC(—o0,al},
Dy = {DeP|DCcC(a,00)},
92 = {Deg|DnN(—0,a] £0, DN (a,o0) # D},
7% = (DN (~00,a] | D e 7).
25 = {DnN(a,o)| D e 2.
Then
(el (D € 7})
= (2)) (U{D e @1}) U(2;)cl (U{D e %})
w2yl (Ui e @a})
= (2,) (U{D e @1}) U(2;)cl (U{D e @2})
U(P;)el (U{D e @g}) U (P;)cl <U{D e @g}) . (4.14)
The (Z;)closure of any set contained in (—oo,al, is identi-
cal with its (Z;)closure, and any collection of sets contained
in (a,00) are both (£;) and (Z)closure-preserving. Since
o is (Z;)closure-preserving, it follows from (4.14) that < is
(Z;)closure-preserving. So the bitopological space (R, Z1, %)

satisfies the condition (#x). It is also clear that the bitopological

space (R, 21, ) is pairwise paracompact.

NOTE 4.1. The space (R, %1, %,) of Example 4.5, does not,

satisfy the condition (x) but satisfies a slightly weaker condition.
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To explain this, let us consider a pairwise open cover % of
R containing only one (£2;)open set and suppose it is of the
form (v, B)U (b}, b} 4] such that (ay, as) U (by,, by,.] is the only
(P5)open set belonging to  with oy < a < as < a. Then
% does not satisfy (4.1). Hence the space (R, %1, %) does
not satisfy the condition (x). But replacing the sets of type
G U (U,en, (01, 01,11]) by the sets G and U, ¢, (by,, by,1], where
G € 94 and Ny C N, we can have a parallel refinement % of
% such that 74 satisfies (4.1). It is clear from the context that
it is sufficient to have (4.1) satisfied by a parallel refinement of
% . So we can relax the condition () in this manner. In that
case the Lemma 4.1 is required to change slightly according to

our requirements.



CHAPTER V

Countable Pairwise Paracompactness

5.1. Introduction

Dieudonné [13] introduced the notion of paracompact topolog-
ical spaces. Later Dowker [14] generalized this concept and
introduced the class of countably paracompact spaces: a topo-
logical space is countably paracompact if each countable open
cover of the space has a locally finite open refinement. Here we
introduce the notion of bitopological version of countable para-
compactness and we call it countable pairwise paracompactness
(Definition 5.2). This notion generalizes the concept of pairwise
paracompactness introduced in Chapter II. Along with other
results, we obtain some equivalent conditions to countable pair-
wise paracompactness for a*-pairwise normal spaces (Definition
5.4). We also introduce a stronger notion called countable
(*)pairwise paracompactness (Definition 5.3) and prove that
the product of a countably (x)pairwise paracompact a*-pairwise
normal space and a pairwise compact second countable quasi-

metric space is m-pairwise normal (Definition 5.5).

5.2. Preliminaries

We recall here the following known definitions.

The subject matter of this chapter forms our paper: Int. J. Mod. Math. 5 (3) (2010),
275-284, [2].

66
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Let (X, 221, P5) be a bitopological space. A cover % = {F, |
a € A} of X is said to be pairwise closed (Pahk and Choi [37])
if {X —F, | o € A} is pairwise open. A pairwise closed cover
& of X is said to be a parallel closed refinement of a pairwise
open (resp. closed) cover % (resp. %) of X if each (&7;)closed
set of & is contained in some (Z;)open (resp. (7 )closed) set
of % (resp. .#). A pairwise open cover % of X is said to be
point finite if each x € X belongs to only finitely many U € % .

Swart [46] introduced the notion of product bitopological
space: let (X, %y, P5) and (Y, 21, 25) be two bitopological
spaces and let &7, x 2; be the product topology on X X Y
of the topologies &; and 2; on X and Y respectively. Then
(X XY, P x 21, Py x Do) is a bitopological space and it is
called the product bitopological space of the spaces (X, Z1, &)
and (Y, 21, 2,).

DEFINITION 5.1 (Swart [46], p.136). Let (X, %, %) and
(Y, 21, 25) be two bitopological spaces. A function f : (X, £,
Py) — (Y, 21,2,) is said to be continuous if f : (X, ) —
(Y, 21) and [ : (X, P) — (Y, 25) are continuous.

We need the following theorems.

THEOREM 5.1 (Fletcher et al. [19]). If the bitopological space
(X, P1, Py) is pairwise compact and K is a (P;)closed subset
of X, then K is (2;)compact.
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THEOREM 5.2 (Kelly [26]). Let ¢1 and g2 be conjugate quasi-
metrics on X. If 21 and 25 are the topologies on X generated
by q1 and g respectively, then the bitopological space (X, 21, 25)

18 pairwise normal.

Throughout this chapter, for a pairwise open cover % of
X, %" denotes the class of (Z;)open sets belonging to % . Like-
wise, for a pairwise closed cover .# of X, .#* denotes the class
of (Z;)closed sets belonging to .%. The usual topology on R is
denoted by p here.

5.3. Countably Pairwise Paracompact and Bitopologi-

cal Product Spaces

We introduce the following definitions.

DEFINITION 5.2. The bitopological space X is said to be
countably pairwise paracompact if every countable pairwise open

cover % of X has a % -locally finite parallel refinement.

DEFINITION 5.3. The bitopological space X is said to be
countably (x)pairwise paracompact if each pairwise open cover
% of X has the following property: every countable (£)open
refinement of % has a % -locally finite pairwise open refinement

parallel to the cover 7% .

Clearly, a countably (*)pairwise paracompact space is count-

ably pairwise paracompact. But the converse is not true:
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We consider the bitopological space (R, %1, %5) of Example
4.3. This space is pairwise paracompact and hence countably

pairwise paracompact.

But it is not countably (x)pairwise paracompact. For, let
% be a pairwise open cover of R containing (a,b). We choose
a € Qand B € R— (@ such that a < a < 8 < b. Let %
be a (£)open refinement of % containing (a, a), [a, 5], (8, D).
We show any refinement of %4 parallel to % cannot cover R.
We note, (a,b) is both (Z;)open and (Z%2)open. So R should
be countably (x)pairwise paracompact provided we get a refine-
ment of % parallel to % considering both the cases. First we
suppose, (a,b) is (£)open. So the refinement of [« 5] should be
(Z1)open. But no (Z;)open refinement of [, 5] can cover [, []
as {f} ¢ Z1. Therefore the space is not countably (x)pairwise

paracompact.

DEFINITION 5.4. The bitopological space X is said to be

a*-pairwise normal if for any pair of a (£)closed set A and a

(Z;)closed set B with AN B = (), there exist sets U,V € &
such that

ACU BCcVandUNV = .

Equivalently, X is a*-pairwise normal iff for any (Z?)closed set
K and any (£;)open set U with K C U, there exists a (£;)open
set V' such that

KcV c(Z)cV cCU.
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Obviously, a*-pairwise normality implies a-pairwise normal-

ity. The following example shows that the converse is not true.

EXAMPLE 5.1. Let a,b € R and a # b. Suppose & =
{MU{F CR|a€FE}and P = {0}U{E C R|be€ E}.
Obviously, &, and &, are topologies of R. We consider the
bitopological space (R, %1, &5).

Let A be a (Z;)closed set and B be a (£77)closed set with

J
AN B =10{. Let

g [AU) ifi=1
VAU {a} ifi=2,

and

V_ BuU{a} ifi=1
\Bu{b} ifi=2.

Then U e 2, C 2,V e ZiandUNV =0. Also ACU

and B C V. Therefore the space is a-pairwise normal.

Since there are no disjoint pair of (£?;)open sets for both
1 = 1 and ¢ = 2, it follows that the space is not a*-pairwise

normal.

DEFINITION 5.5. The product space (X XY, &1 x 21, Py X
2,) of the bitopological spaces (X, £, %) and (Y, 21, 2,) is
said to be m-pairwise normal if for every pair of a (Z2; x 2;)closed
set A and a (P, x 2;)closed set B with ANB = (), i # j, there
exist (& x 2)open sets U,V such that

AcU BcVandUNV =0.
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Swart [46] proved that the product bitopological space (X x
Y, P X 21, Py x Zy) of two pairwise compact bitopological
spaces (X, P, Py) and (Y, 21, Z5) may not be pairwise com-

pact. However the following theorem can be proved easily.

THEOREM 5.3. If the topological space (X, T) is compact
and the bitopological space (Y, 21, 25) is pairwise compact, then
the product space (X XY, T X 21,.T x 25) is pairwise compact.

We prove the following theorems.

THEOREM 5.4. If the topological space (X, T) is paracom-
pact and the bitopological space (Y, 21, 25) is pairwise compact,
then the bitopological space (X XY, T X 21, T X 2y) is pairwise

paracompact.

PRrROOF. Let # be a pairwise open cover of X x Y. We
replace each element of # by the basis elements U x V;, U &
T, V; € 2;. For a fixed x € X, the space {z} x Y is pairwise
compact. Hence we can cover {x} X Y by a finite number of

basis elements

UF x Vit U o
Vol U ) ema@) X Voo (0-1)

x V& U* X

Imq(z)? ~my(z)+1

where Ug €7, p=12...,m(x)+ ms(x) and V;}f €9, p=
1,2,...,m(x).
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We assume that each of the above sets intersect {z} x Y.

Then
G* = m;n_(j)U; € .7 and x € G,

where m(z) = mqi(x) + ma(z). The sets in (5.1) cover G* x Y.
It then follows that there exists a finite subcollection #* =
(Wi, Wi, ..., W} of # such that G x Y < Jp") W, Since
(X, ) is paracompact, there exists a (.7 )locally finite (.7 )open
refinement % of the (7 )open cover {G* | x € X} of X. Then
the collection 2 = {(UxY)NW! |U € %, U C Gy, k =
1,2,...,n(z), x € X} is a parallel refinement of #. Also for
(x,y) € X x Y, there is a (7 )open nbd M of x intersecting a
finite number of sets belonging to %. Therefore the nbd M XY
of (x,y) intersects only a finite number of sets belonging to .
Since M €  and Y € 21N 92,, it follows that Z is a # -locally
finite parallel refinement of # . O

The following example shows that the product of a pairwise
paracompact space and a pairwise compact space may not be

pairwise paracompact.

EXAMPLE 5.2 (Swart [46], p.142). Let &7 and & be two
topologies on R generated by the bases %, = {0} U {(—o0, a) |
a € R} and B, = {0} U {(a,0) | a € R} respectively. Then
the bitopological space (R, &1, %) is pairwise compact but the
product space (R X R, &1 X &1, Py x HP5) is not pairwise para-

compact.
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THEOREM 5.5. If the topological space (X, T) is countably
paracompact and the bitopological space (Y, 21, Do) is pairwise
compact, then the bitopological space (X XY, T X 21, T X 25)

18 countably pairwise paracompact.

PROOF. Let # = {W, | n € N} be a countable pairwise
open cover of X x Y and G,, be the set of points x € X such
that {z} x Y C [U;<, Wk. Proceeding as in Theorem 5.4, for
any ¢ € G,, we get an N, € . such that € N, and N, X
Y C Up<p Wi. Therefore N, C G, and so G, € 7. Since for
any r € X, {z} x Y is pairwise compact, it is contained in
some finite number of sets belonging to {W,, | n € N}. Hence
r € G, for some n. Therefore {G, | n € N} is a countable
()open cover of X. By the countable paracompactness of
X, {G, | n € N} has a (J)locally finite (7 )open refinement
. For each H € A, let g(H) be the first G,, containing H
and H, = | {H € ¢ | g(H) = G,,}. Then {H, | n € N}
is a (7 )locally finite (7 )open cover of X with H, C G, for
alln € N. For k <n, Dy = (Hy, x Y)Wy, € T x 2; if
Wi e T x 2. If (r,y) € X XY, then x € H, for some n, and
so (x,y) € H, xY. Again since H,, C G, {2} xY C U<, Wi
Therefore (z,y) € Wy for some k < n. Hence (z,y) € Dyy.
Also D, C Wy. It follows that {D,} is a parallel refinement
of #. If (x,y) € X xY, then z € X and so there exists a
(J)open set M, intersecting a finite number of sets belonging

to {H, | n € N}. Hence M, x Y intersects only a finite number
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of sets belonging to {D,}. It now follows that {D,;} is a #-
locally finite parallel refinement of # . O

The product space of Example 5.2 is not even countably pair-
wise paracompact. Therefore the product space of a countably
pairwise paracompact space and a pairwise compact space may

not be countably pairwise paracompact.

THEOREM 5.6. Let the bitopological space (X, 21, P5) be a*-

pairwise normal. Then the following statements are equivalent.

(i) X is countably pairwise paracompact.
(ii) Every countable pairwise open cover of X has a point finite
parallel refinement.
(11i) Every countable pairwise open cover of X is shrinkable.
(iv) Every countable pairwise open cover 4 = {Gp | k € N}
has a parallel closed refinement F = {Fy | k € N} such
that Fy, C Gp..

PROOF. (i)= (ii): Trivial.

(ii)=(iii): Let % = {Uy | k € N} be a countable pairwise
open cover of X and ¥ = {V,, | & € A} be a point finite parallel
refinement of % . It U, € &;, we write

Wi = J{Va | Va CUs, Vo & Up if m < k and V,,, Uy, € 2;}.

Then Wy, C Uy, for all k and {W}, | K € N} is also a point finite

parallel refinement of 7. Since X is a*-pairwise normal, it is
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a-pairwise normal and hence by Theorem 3.5, {W}. | k € N} is
shrinkable. So % is shrinkable.

(ili)=(iv): Let ¢ = {G | kK € N} be a countable pairwise
open cover of X. By (iii), there exists a countable parallel
refinement {Uy | k € N} of 4 such that (£)clU;, C Gy, for all
ke N. If G, € &;, by a*-pairwise normality of X, there exists
a V. € &; such that

(@)ClUk C Vi C (e@i)Cle C Gy.

Therefore {(Z;)clVy | kK € N} is the required cover.

(iv)=(i): Let = {Ux | k € N} be a countable pairwise
open cover of X. Then by (iv), there exists a parallel closed
cover F = {F} | k € N} such that Fy, C Uy for all k € N. We
denote by U} (resp. F}), the first (£;)open (resp. (Z;)closed)
set of % (resp. .F); by Ui (resp. Fi), the second (Z;)open
(resp. (Z)closed) set of % (resp. %) and so on. Therefore
%' ={U. | k€ N} and ' = {F] | k € N}. By a*-pairwise
normality of X, there exists a (2% )open set V};, | € N such
that

FL C Vi, C(2)cV}, C Vi, C UL

Let Wi, = Vi and W}, = Vi—U{(Z) V1 | m=1,2,...  k—
1}, 1€ N and k=2,3,..., where

Vog = Vpu UV, pig e N.
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We write
wi=J Wi, keN.
We have
Whnwh, =0 ifk>m, l>n,
W,zlﬂW%n =0 ifk>m,l>n.
Therefore
Winw!: =0 ifk>m, k>n, (5.2)
Winwi, =0 ifk>m, k>n. (5.3)

We now show that the collection {W} | k € N, i € {1,2}} is
a 7% -locally finite pairwise open cover of X. Let us consider a
point z € X. Suppose z belongs to a (£;)open set of . We

write

i 1

Vi = VIUVZ

Let kg = min{k | x € Vi} and |y = min{l | z € Vj,;}. Then
x € Wi, . If kg <lo, then z € Wy . Again by (5.2) and (5.3),
the (2;)open set W, does not intersect W} or W for k > I,
Now suppose ky > ly. We have

T € W;@Olo C V;jolo C V;jok0

and x & (2;)clVik,+1, m=1,2,...,ky—1. Therefore z € Vk?oko
and hence € W} . By (5.2) and (5.3), the (Z;)open nbd
Wi . of = does not intersect W} or W7 for k > ko. So {W], |
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ke N,i e {1,2}} is a %-locally finite parallel refinement of

% . Thus X is countably pairwise paracompact. O

THEOREM 5.7. If the bitopological space (X, P1, P5) is count-
ably (%) pairwise paracompact and o -pairwise normal, and (Y, ¢,
q2) s a pairwise compact second countable quasi-metric space

then the product space X XY 1is w-pairwise normal.

PROOF. Let 27 and 25 be the topologies on Y determined
by g1 and gy respectively. Suppose .7; be the product topology
P x 2, on X xY. We consider two sets A, B C X xY such that
for i # j, Ais (F)closed, B is (J;)closed and AN B = (. Let
{D! | n € N} be a countable base for 2;. For any nonempty
finite subset v of N, we write H?y = Unes Di. We denote the set
of all nonempty finite subsets v of N by I'. Then I' is countable.

Foreachz € X,let A, ={yeY | (z,y) € Aland B, = {y €
Y | (x,y) € B}. Then A, and B, are (Z;)closed and (2;)closed
respectively. For, let y € X — A,. Then (z,y) € X — A.
But X — A is (J;)open. Therefore there exists a G € .7 such
that (z,y) € G € X — A. Since G € 7, there exist sets
Ue € P, Ve € 2Z; such that G = [J(Ue x Vg). So for some &,
(z,y) € Us x Ve. So x € Ug, y € Ve. Now let 3 be any point of
Ve. Then (z, B) € Ugx V. Hence (z,8) e G C X—A= 3¢ A,
ie. fe X —A,. SoVeC X —A,. Thus X — A, is (Z;)open
i.e. A, is (2;)closed. Similarly, B, is (2;)closed.
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Therefore by Theorem 5.1, A, and B, are (Z2;)compact and
(2;)compact respectively. Also we have A, N B, = (). For each

v eI, we write

U, = {reX|A, CH]},
U/ = {z€X|B, CY — (2)clH/},

and

U,=U;NU:.

Let zg € Ué. Then A,, C H%. Soify € Y—Hi, then y ¢ A,
and hence (z¢,y) ¢ A. Since A is (.7;)closed, there is a (.7;)open
nbd L, x M, of (g, y) which does not intersect A. AsY —H/ is a
(2;)closed subset of Y, by Theorem 5.1, Y — HY is (2;)compact.
So the (2;)open cover {M, |y € Y — H!} of Y — H has a finite
subcover My, My,, ..., M, . If L,, = (,_; Ly, then L, is a
(Z;)open nbd of xy and L,, x (Y — H) does not intersect A.
Therefore if x € L,,, then A, C H%. Thus U,é is (Z;)open.
Similarly, the set U/ is (£?;)open. Hence U, € 2.

Let © € X. By Theorem 5.2, (Y, 21, 25) is pairwise normal.
So there exists a D € 2; such that A, C D C (£;)clD C
Y — B,. Since A, C D and A, is (£;)compact, there is a set
v € T such that A, C HJ C D. Therefore A, C H] C
(2i)clH] CY — B,. Soz € Uy,. Hence {U, | v € I'} forms
a countable (£?)open cover of X, which is a refinement of the
countable pairwise open cover % = {U! | v € I',i € {1,2}}.
Since X is countably (x)pairwise paracompact, {U, | v € I'}
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has a % -locally finite pairwise open refinement {V, | a € A}

parallel to . We enumerate I' as {71,792, ...} and we write
V= J{ValVaCU,, Vo g Ul if m<kandV, € 2},

Then ¥ = {V!' |y €T, i€ {1,2}} is a Z-locally finite pairwise
open parallel refinement of % with sz CcU,, yel'andi €
{1,2}. Again by Theorem 5.6, ¥ has a pairwise open parallel
refinement % = {W! | v € T, i € {1,2}} with (£)clW. C V..
Let
U= {wjuw?) x Hi}.

Then U € & x 2. Let (z,y) be any point of A. For some
76Fandz’€{1,2},Wehave:c€W§CUy. SoyEAxCH%'.
Hence (z,y) € (W] UW?) x HJ. Therefore A C U. Since ¥ is
% -locally finite, # is also % -locally finite. Also for any x € X,
there is a v with z € U, = le N UWQ. Hence each point x € X
has for both i = 1,2, a (£;)open nbd N, intersecting only a
finite number of elements of {(W] UW? | v € T'}. Therefore
N, x Y is (& x Z)open nbd of (z,y), y € Y, which intersects
only a finite number of elements of {(W] UW?Z) x HJ | v € I'}.
It thus follows that

(2 x 2)dU = | J{(2 x 2)cl (W] UW?) x H]) |y €T}
= (J{(@)el(W] UW?) x (2)clH] | y € T}
c | J{U, x (2)aH] | yeT}.

So (22 x 2)clU) N B = (). Therefore X x Y is m-pairwise

normal. O
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THEOREM 5.8. Let (X, %1, P5) be a bitopological space. If
X 18 countably pairwise paracompact and o -pairwise normal,
then for a lower semi-continuous function g : (X, Py, Ps) —
(R, p) and a upper semi-continuous function h : (X, Py, Ps) —
(R, p) with h(x) < g(x), x € X, there exists a continuous func-
tion f': (X, 2%) — (R, p) such that h(z) < f'(z) < g(z), = €
X, ie{1,2}.

PROOF. Suppose g, h : (X, P, Py) — (R, p) be lower semi-
continuous and upper semi-continuous functions respectively
such that h(x) < g(z) for all z € X. For a rational number
r,let G, = {x € X | h(z) < r < g(x)}. Since g is lower
semi-continuous, the set {x € X | g(x) > r} is (Z;)open. Sim-
ilarly, by the upper semi-continuity of h, {z € X | h(z) < r} is
(Z;)open. Thus 4 = {G, | r € Q} is a countable pairwise open
cover of X, where each G, is (;)open for both i = 1,2. Since X
is countably pairwise paracompact, there exists, for i € {1, 2}, a
¢-locally finite (22;)open refinement {U! | r € Q} of ¢4 such that
U! C G,. Now by Theorem 5.6, there exists a countable parallel
refinement {V! | r € Q,i € {1,2}} of {U! | r € Q,i € {1,2}}
satisfying (£2)clV! C U'. So by a*-pairwise normality of X,
there exists a W! € &; with (£2)clV! C W! C (Z;)clW! C U
Then proceeding as the proof of ((a) — (5)) [14, Theorem 4],
we get a continuous function f': (X, %) — (R, p) such that
h(z) < fi(x) < g(x),z € X, 1 € {1,2}. O



CHAPTER VI

Near Pairwise Compactness

6.1. Introduction

Singal and Mathur [42] introduced and studied the notion of
near compactness by generalizing the concept of compactness of
a topological space. Later the notion of near compactness was
studied and developed considerably by Carnahan [10], Singal
and Mathur [40], Herrington [21], Joseph [23] and others. The
notion of near compactness became an important meadow to
topologists. Following these trends, Nandi [36] introduced the
notion of near compactness in bitopological spaces: a bitopolog-
ical space (X, 21, &) is said to be (&, &j)nearly compact if
for each (2;)open cover 7 of X, there exists a finite subcollec-
tion ¥ C % such that {(2)int((Z;)clV) | V € ¥} covers X.
X is said to be pairwise nearly compact if it is (2?1, &5)nearly
compact and (5, & )nearly compact. The notion of pairwise
near compactness is defined considering only (£;)open covers.
As such, this notion of pairwise near compactness cannot be
a generalization of pairwise compactness. Here we introduce a
generalized notion of pairwise compactness and we call it nearly
pairwise compact (Definition 6.8). It is also a generalization of

near compactness.

The subject matter of this chapter is mainly the contents of our paper: Kyungpook Math. J.
53 (1) (2013), 125-133, [34].

81
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6.2. Preliminaries
Let (X, 221, P5) and (Y, 21, 25) be two bitopological spaces.

We require the following definitions.

DEFINITION 6.1. A collection % = {U, | a € A} is said to
be pairwise open if for each a € A, U, is (Z;)open for some
i € {1,2} and for each i € {1,2}, % N P; # (). So a pairwise

open collection covering X is a pairwise open cover.

DEFINITION 6.2 (Pahk and Choi [37]). A collection # =
{F, | « € A} of subsets of X is said to be pairwise closed if
{X — F, | a € A} is pairwise open.

DEFINITION 6.3 (Singal and Singal [41]). A set A C X is
said to be (&, Z;)regularly open if A = (2;)int((Z;)clA).
A subset of X is said to be (&%, &;)regularly closed if its

complement is (&, &;)regularly open. In other words, a set
A C X is (&, Pj)regularly closed iff A = (Z;)cl((Z;)intA).

DEFINITION 6.4 (Singal and Singal [41]). The bitopological
space X is said to be pairwise semiregular if for each x € X and
each (Z;)open set U with x € U, there exists a (Z;)open set V
such that x € V C (&%)int((2;)clV) C U.

Obviously, a pairwise regular space is pairwise semiregular.

DEFINITION 6.5 (Singal and Singal [41]). The bitopological

space X is said to be pairwise almost regular if for each x € X



Preliminaries 83

and each (Z;, Z;)regularly closed set F' with x ¢ F, there exist
a (Z;)openset U and a (Z;)openset V suchthat v € U, F C V
and UNV = 0.

Equivalently, X is pairwise almost regular iff for each x € X
and each (&, Z;j)regularly open set U with x € U, there exists
a (Z;)open set V such that © € V C (Z;)clV C U.

DEFINITION 6.6 (Bose and Sinha [8]). A mapping f: X —
Y is pairwise almost open if the image of each (&, &;)regularly
open set in X is (Z;)open in Y.

DEFINITION 6.7 (Bose and Sinha [7]). A mapping f: X —
Y is said to be pairwise almost continuous if the inverse image
of each (2;, 2;)regularly open set in Y is (& )open in X.

In the sequel, we use the following theorem.

THEOREM 6.1 (Bose and Sinha [7]). For a map f: X =Y,

the following statements are equivalent:

(i) f is pairwise almost continuous.

(i) f~HA) C (2)int(f~1((2:)int((2;)clA))) where A is a

(2;)open subset of Y.

(i1i) (2;)cl(f1((2:)cl((2;)intB))) C f~1(B) where B is a
(2;)closed subset of Y.

We introduce the following definitions.

DEFINITION 6.8. The bitopological space X 1is said to be

nearly pairwise compact if for each pairwise open cover % of X,
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there exists a finite subcollection ¥ C % such that {(Z)int
(Z)clV) |V ey NP, iec{l,2}} covers X.

Obviously, a pairwise compact space is nearly pairwise com-
pact. The following examples show that the notion of pairwise
near compactness and near pairwise compactness are indepen-

dent.

Firstly, we give an example of a pairwise nearly compact

bitopological space which is not nearly pairwise compact.

EXAMPLE 6.1. Let b be a fixed real number. We define

= 0.1 U{ (b= 1) Ine MU o,
= {@,R}U{( 50 b——> |n€N}U{(—oo,b),

[b,oo)}U{R— [b—ﬁ,b> |n€N}.

Then (R, %, %) is a bitopological space. Obviously, the
space (X, Z1) is compact which implies X is (£, P5)nearly
compact. To show X is (P, P )nearly compact, we need only
to consider the (4% )open cover {(—o0,b—2) | n € N}U{[b, 00)}.

Here

i ()61 (~o0.b - 1)) = (it (~oc.b -3
)

(2y)int((22))cl([b, >0)) = (Py)intR = R.

and



Preliminaries 85

So X is (S5, Pp)nearly compact. Thus X is pairwise nearly

compact.

Now we consider a pairwise open cover [ J{(—o00,b— 1) | n €

N}U{[b, c0)} where we consider [b, 00) as a (Z?;)open set. Then

(2,)int ((,@1)01 (—oo,b— 1)) — ()int <_oo,b_l]

n

and
(221)int((P9)cl([b, 00)) = (L1)int([b, 00)) = [b, 00).

So X is not nearly pairwise compact.

The following is an example of a nearly pairwise compact

space but not pairwise nearly compact.

EXAMPLE 6.2 (cf. Swart [46], p. 142). Let
2 = (0.8} J{(~o0m) [ n € 2}

Py = {@,R}U{(n,oo)\nEZ}

where Z is the set of integers. The bitopological space (R, %,
) is not (%, Z;)nearly compact for any ¢ € {1,2}. Hence
the space is not pairwise nearly compact. The space is pairwise

compact and hence it is also nearly pairwise compact.

Finally, we present an example of a nearly pairwise compact

space which is not pairwise compact.
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EXAMPLE 6.3. Let b be a fixed real number. We define
@1 = {@7R} U{(_Ooab]a(ba OO)}7
1
= — N 5.
7 = WRy UL U] (b4 1o0) Ine v}

Then (R, %1, %,) is a bitopological space.

Now we show that (R, £71,%%) is not pairwise compact. We
see here that [ ;- (b+1, 00)U(—00,b] = R. So % = {(b+21,00) |
n € N}U{(—o0,b]} is a pairwise open cover of X. But finitely
many members of this pairwise open cover cannot cover R. So

(R, &1, P5) is not a pairwise compact space.

Now we show that (R, %1, %,) is nearly pairwise compact.
For R, we have only two pairwise open cover {(—o0, b], (b, c0)}

and 7% . For the pairwise open cover %,

(P5)int((L1)cl(b + %, x0)) = (Z)int(b, 00) = (b, 00),
(2))int((P2)cl(—o0,b]) = (21)int(—o0, b] = (—o0, b.

Hence (R, &1, &) is nearly pairwise compact.

DEFINITION 6.9. The bitopological space X is said to be
almost pairwise compact if for each pairwise open cover % of X,
there exists a finite subcollection ¥ C % such that {(Z;)clV |
VevynD,ie{l,2}} covers X.

It readily follows from the definitions, a nearly pairwise com-

pact space is an almost pairwise compact space.
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DEFINITION 6.10. A cover € of X is said to be a pairwise
basic cover if there exist two bases %; and %, of the topologies
P and Py respectively such that € C B, U By and for each
i € {1,2}, €N % contains a nonempty set.

DEFINITION 6.11. A collection % (resp. %) of subsets of
X is said to be pairwise reqularly open (resp. pairwise reqularly
closed) if each member of % (resp. .F) is (&, &;)regularly
open (resp. (&, Z;)regularly closed) for some i € {1,2} and
contains at least one (&, & )regularly open (resp. (&, &;)re-
gularly closed) set for each i € {1,2}. % (resp. %) is said to
be a pairwise regularly open (resp. pairwise regularly closed)

cover if it covers X.

DEFINITION 6.12. A bifilter is a collection .# of nonempty

subsets of X with the following properties:

(a) F C 21U Py and F N P; # () for each i € {1,2}.

(b) If E,F € & with E,F € &, for some i € {1,2} then
ENFeZ.

(¢c) If G € .7 and H D G with G, H € &; for some i € {1,2}
then H € 7.

DEFINITION 6.13. A bifilter .# on the bitopological space

X is said to be maximal if it is not properly contained in any
bifilter on X.
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DEFINITION 6.14. A point p € X is said to be a bicluster
point of a bifilter .Z if for each F € %, p € (£;)clF whenever
F is (Z;)open for some i € {1,2}.

DEFINITION 6.15. A point p is said to be a biconvergent point
of a bifilter .Z if each (Z2;)open nbd of p is a member of .Z.

In this chapter, for a pairwise open collection % of subsets
of a bitopological space (X, 21, &,), we write " to denote the
collection of all (Z;)open sets in % . For the topological space
(X,7) and A C X, we write (A, 74) to denote the subspace
on A of (X, 7).

6.3. Results

We now establish some theorems on nearly pairwise compact

spaces.

THEOREM 6.2. In the bitopological space X, the following

statements are equivalent:

(a) X is nearly pairwise compact.

(b) Fach pairwise basic cover % of X possesses a finite sub-
collection V" C % such that {(Z;)int((Z;)clV) |V € ¥ N
P, i€ {1,2}} covers X.

(¢) Fach pairwise regularly open cover of X has a finite sub-
cover.

(d) Each pairwise reqularly closed collection of subsets of X with

finite intersection property has nonempty intersection.
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(e) Each pairwise closed collection # = {F, | o € B} of sub-
sets of X with the property that for any finite subcollection
& CF, (W(Z)cl((P))intF,) | Fo € &, X —F, € P, i €
{1,2}} #£ 0, has nonempty intersection.

PROOF. (a)=(b): Obvious.

(b)=-(c): Let ¥ = {G, | a € A} be a pairwise regularly open
cover of X and let %; be a base of the topology &2;. For each
Go € 9 with G, € £;, there exist #, = {H) | A € A,, H) €
P;} such that G, = \J{H)\ | H\ € H,}. Then % = {H) | X €
Ao, a € A} is a pairwise basic cover of X. So by (b), we obtain
a finite subcollection ¥ = {H,, | k = 1,2,...,m} of Z such
that {(2)int((Z;)clH)y,) | Hn, € ¥ N P k = 1,2,...,m}
covers X. For each H), € &, there exists a G, € &, ay, €
A such that H), C G,, which implies (2)int((Z;)clH,,) C
(2:)int((Z))clG,,) = Gq,. Then {G,, | k =1,2,...,m} is a

finite subcover of ¥4.

(c)=(d): We suppose that % = {F, | « € I} is a pairwise
regularly closed collection of subsets of X with finite intersection
property i.e. for each n € N, (\{{Fo, | k= 1,2,...,n} # 0. If
possible, let (J{F, |« € I} =0. Then {X — F, |a € [} is a
pairwise regularly open cover of X. So by (¢),{X —F, |« € I}
has a finite subcover {X — F,, | k =1,2,...,m} which in turn
implies ({Fu, | £ = 1,2,...,m} = (. This is a contradiction
to our assumption. Thus we have (\{F, | a € I} # 0.
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(d)=-(e): We suppose that .# = {F, | « € B} is a pairwise
closed collection of subsets of X such that for any finite sub-
collection & of .7, N{(Z%)cl((Z;)intF,) | F, € &, X — F, €
Piio€ {1,2}} # 0. Thus {(£)cl((Z))intF,) | a € B} is a
pairwise regularly closed collection of subsets of X with finite in-
tersection property. So by (d), we have ({(Z%)cl((Z;)intFy,) |
a € B} # 0. Since F, is (2;)closed, (2;)cl((2;)intF,) C F,.
Thus it follows that ({F, | « € B} # 0.

(e)=(a): Suppose Z = {U, | o € A} is a pairwise open cover
of X. If possible, suppose X is not nearly pairwise compact. So
for any finite subcollection {U,, | ay € A, k = 1,2,...,m}
of %, {(Z)int((Z;)clU,,) | o € A,k = 1,2,....m;U,, €
i, i € {1,2}} is not a cover of X. Thus ([({X — (Z%)int((Z;)cl
Uy | ax € Ak = 1,2,....m;U,, € Pi,i € {1,2}} # 0.
Now (Z%)int((2;)clU,,) is a (2, &;)regularly open set and
Un, C (Z)int((Z;)cll,,). Then

X — (2)int((2))clUs,) € X — U,
S (2)A(2)int(X — (2)int((2,)clU.,))
C (Z)el((Z5)int (X — Uy, ))
= X — (@i)int((ﬁj)cank) C (QZ)CI((@])IHJC(X — Uak)~

So ({(Z)cl((Zj)int(X—-U,,)) |ar € A, k=1,2,...,m; Uy, €
Pii € {1,2}} # 0. Thus {X — U, | a € A} is a pairwise

closed collection of subsets of X satisfying the properties of
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(e). Hence ({X — U, | @« € A} # 0 which in turn implies
U{U. | @ € A} # X, which is a contradiction. O

THEOREM 6.3. A pairwise semireqular nearly pairwise com-

pact space s a pairruise compact space.

PROOF. Suppose X is pairwise semiregular and nearly pair-
wise compact. Let Z = {U, | « € A} be a pairwise open cover
of X. For each » € X, there exists a U,(,) € %, a(z) € A with
v € Uy Suppose Uy, € & So by pairwise semiregular-
ity of X, there exists a (Z;)open set GG, such that z € G, C
(Z)int((2))clGy) C Uy Here 9 = {(2%)int((2))clG,) |
x € X} is a pairwise regularly open cover of X. Using (c) of
Theorem 6.2, we obtain a finite subcover {(Z)int((2;)clG,,) |
k = 1,2,...,n} of 4 which in turn implies {Uy(,) | k =
1,2,...,n} is a finite subcover of % . O

THEOREM 6.4. A pairwise almost reqular space is nearly

pairwise compact if it is almost pairwise compact.

PROOF. Let 7 = {U, | « € A} be a pairwise regularly open
cover of a pairwise almost regular and almost pairwise compact
space X. For each z € X, we have a Uy,) € %, a(z) € A
such that x € U,). Suppose U,y € &%. Hence using the
notion of pairwise almost regularity, we obtain a (£;)open set
G, such that z € G, C (#))clG, C U,y). Obviously, ¥ =

{G, | * € X} is a pairwise open cover of X. So there exists
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a finite subcollection {G,, | k = 1,2,...,n} of 4 such that
{(Z))clG,, | k = 1,2,...,n} covers X. Thus {Uyp,) | kb =
1,2,...,n} is a finite subcover of % for X. Hence by (c) of

Theorem 6.2, X is nearly pairwise compact. O

LEMMA 6.1. Fach (Z;)open cover % of a (P;, P;)reqularly
closed subset F' of a nearly pairwise compact space X has a finite
subfamily ¥ of % such that {(2;)int((ZP;)clA) | A € ¥} covers
F.

PROOF. The proof is straightforward and hence omitted. O

THEOREM 6.5. FEvery pairwise Hausdorff, nearly pairwise

compact space is pairwise almost reqular.

PROOF. Suppose X is a pairwise Hausdorff and nearly pair-
wise compact space. Let G be a (&, &;)regularly open set and
x be a point of X with x € GG. For each y € X — G, we obtain a
(Z;)open set U, and a (Z;)open set V, such that z € Uy, y € V,
and U,NV, = 0. Then¥ = {V, | y € X—G}is a (Z;)open cover
of the (&, Z;)regularly closed set X — G. So by Lemma 6.1,
¢ has a finite subcollection 57 = {V,, | k = 1,2,...,n} with
X -G C  H{(Z2)int((Z)clV,,) | k = 1,2,...,n}. We write
U= U, and V = U,_;(Z))int((Z)clV,,). Then U is
(Z;)open with x € U and V is (£j)open with X —G C V. Also
UNV = 0. For,ifx € UNV,thenz € U, forall k=1,2,... n,
and x € (£;)int((Z;)clV,,) for some k = 1,2,...,n. Suppose
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€ (2;)int((#)clV,,), I € {1,2,...,n}. Again since z € U,
and U, is (Z;)open with U, NV, = (), we have

r & (7)),
=z ¢ (Z;)int((F;)clVy,),
which is a contradiction. So UNV = (). Thus (Z;)clU C X -V
Therefore it follows that x € U C (22;)clU C G. O

THEOREM 6.6. If the topological space (X, T) is nearly com-
pact and the bitopological space (Y, 21, 25) is nearly pairwise
compact, then the product space (X XY, T x 21, X 25) is

nearly pairwise compact.

PROOF. Let  be a pairwise basic cover of X x Y. For each
Ue%,wehave U=Gx H, Ge Z and H € 2,1 € {1,2}.
For each z € X, the space {x} X Y is nearly pairwise com-
pact. Hence we get a finite number of elements G¥ x HE k =
1,2,...,n of 7 such that {z} xY C J]_1(7 x 2;)int((T X
2,)cl(GF x HF)) where we assume HY € 2;. We suppose
that all the sets G¥ x HF intersects {#} x Y. Then z € G,
where G, = (),_,G*¥ € 7. The (I )open cover {G, | x € X}
of X has a finite subfamily G,,,Gs,,..., G, such that X =
UL, (Z)int((T)clGy,). Hence the collection {(.7 x 2;)int((.F X
2))(GE xHE)) | k=1,2,...,n;1=1,2,...,m} covers X xY
and {G* x HE | k=1,2,...,n;1=1,2,...,m} is a finite sub-
collection of % . O

But the product of two nearly pairwise compact space need
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not be nearly pairwise compact. For, we consider Example 6.2.
The space (R, %1, 9,) is nearly pairwise compact, but the prod-
uct space (R x R, %1 X P, Py X P5) is not nearly pairwise

compact.

LEMMA 6.2. A bifilter & is mazximal iff for some i € {1, 2},
each (P;)open set A intersecting every member of F' belongs

to .

PROOF. Firstly, suppose .# is maximal. We write ¥ =
{G| G > ANB for some B € ' and G is (Z;)open} ] F/.
Obviously, ¢ is a bifilter with 4 D . and A € 4. Since .¥ is a

maximal bifilter, we have ¥ = .Z#.

Conversely, suppose the condition holds. If .# is not maxi-
mal, there exists a bifilter 57 such that 7 D .%. Let H € 57
and H be (Z;)open. Then by the definition of a bifilter, H
intersects every member of 7' and hence every member of %",

Thus H € .# and hence we have 7 = %. m

LEMMA 6.3. A bicluster point of a bifilter is a biconvergent

point if it 1s a maximal bifilter.

PROOF. Suppose the maximal bifilter .# has a bicluster
point p. Then for each F € %, p € (£;)clF whenever F is
(Z;)open for some i € {1,2}. So each (Z;)open nbd V of p
intersects every F' € #'. Thus by Lemma 6.2, V € .% which

implies p is a biconvergent point of .%. O
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LEMMA 6.4. Each pairwise open collection of subsets of X
with finite intersection property is contained in a maximal bifil-

ter.

PROOF. The proof is straightforward and hence omitted. O

THEOREM 6.7. Let X be pairwise almost reqular and each
bifilter o7 in X has the following property: for A, B € o/ with
Ae P and B € Py, AN B is nonempty (Z;)open for each
i € {1,2}. Then the following statements are equivalent:

(a) X is nearly pairwise compact.
(b) FEach bifilter in X has a bicluster point.

(¢) Fach mazimal bifilter in X has a biconvergent point.

PROOF. (a) = (b): Let ¥ = {G, | a € A} be a bifilter.
For each a € A, we write F, = (%;)clG,, if G, € £;. Then
F =A{F, | a € A} is a pairwise closed collection of subsets of X
with the following property: for any finite subcollection & C .%#,
({(Z)cl((2;)intF) | F € & X — F, € #;,i1 € {1,2}} # 0.
Hence by Theorem 6.2(e¢), (\{F. | o € A} # 0. Thus there
exists a p € X with p € I, for each o € A. So p is a bicluster
point of ¥4.

(b) = (¢): A maximal bifilter is of course a bifilter. So by
(b), each maximal bifilter has a bicluster point and hence by

Lemma 6.3, it has a biconvergent point.
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(¢) = (a): Let Z be a pairwise regularly open cover of X.
Suppose % has no finite subcollection covering X. Again for
each x € X, there exists a U, € % such that x € U,. Sup-
pose U, is (&, &;)regularly open. Since X is pairwise almost
regular, we obtain a (&;)open set G, such that z € G, C
(Z2;)clG, C U,. We note here that 4 = {G, | z € X} is a
pairwise open cover of X. Also # = {X — (£;)clG, | G, € 4}
is a pairwise open collection of subsets of X with finite inter-
section property. Then by Lemma 6.4, we obtain a maximal
bifilter & which contains .. So by (c), & has a biconvergent
point p. A biconvergent point of a maximal bifilter is also a
bicluster point. So if £ € & is (£;)open then p € (Z)clE
for each £ € &. Hence p € (Z;)cl(X — (Z;)clG,) for each
G, € 4. Now we show p ¢ G, for any G, € 4. We need
only to prove the case when p ¢ X — (Z;)clG, but p is a
(Z;)limit point of X — (£;)clG,. If possible, let p € G, for
some G, € 4. For definiteness suppose, G, is (Z;)open. Now
each (Z;)open set A with p € A intersects each E € & when-
ever E is (;)open. Again G, intersects each E € & whenever
FE is (Z;)open. Therefore by Lemma 6.2, A,G, € &. So by

ZP;)open for each i € {1,2} and
P

the given condition, ANG. is (

pe ANG, C G,. Since p is a (Z;)limit point of X — (Z,)clG,
we have (AN G,) N (X — (Z)clG,) # 0 which is not possible,
since G, N (X — (£))clG,) = (). Thus our anticipation p ¢ G,
for any G, € ¢ is true. This contradicts the fact that ¢ is a
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pairwise open cover of X. So % must have a finite subcover.

Hence X is nearly pairwise compact. O

REMARK 6.1. Theorem 6.7 also holds good if the expression
‘X be parrwise almost reqular’ of the theorem is replaced by ‘X

be the bitopological space with each (X, ;) being reqular’.

We now give an example of a bitopological space which sat-

isfies the conditions of Theorem 6.7.

EXAMPLE 6.4. For any a € R, we define
71 = {0, R, (=00,0),(—00,d], (a,00), R — {a}},
Py = {0, R, (—0,a), (—o0,al}.
In the bitopological space (R, &1, &%), the nontrivial (£ )closed

sets are [a,00), (a,00), (—00,a] and {a}, and the nontrivial
(Z5)closed sets are [a, 00) and (a,00). Hence it follows that the
only nontrivial (£, %,)regularly closed set is (—o0, a], and the
only nontrivial (£, & )regularly closed set is (a,00). Now it
is easy to see that the bitopological space (R, 21, P,) is pair-
wise almost regular. The possible bifilters of this space are
{(—00,a], R} and {(—o00,a), (—o00,al, R—{a}, R}. Clearly, they
satisfy the conditions of Theorem 6.7. It also follows, the bitopo-

logical space (R, %1, %) is not pairwise regular.

THEOREM 6.8. Let f: X — Y be a pairwise almost contin-
uous, parrwise almost open mapping onto the space Y. Then Y

18 nearly pairwise compact if X is so.
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PROOF. Suppose X is nearly pairwise compact. Let () =
{U, | @ € A} be a pairwise regularly open cover of Y. Then
using pairwise almost continuity of f, we see X) = { f~1(U,,) |
« € A} is a pairwise open cover of X. Since X is nearly pairwise

compact, there exists a finite subcollection ¥ X) = { f=1(U,,) |
ar € A, k=1,2,...,n} such that {( i)lnt((@j)cl(f L u,)) |
Uy €%V N2;, k=1,2,...,n} covers X. Now we have

Y = f(X) (since f is onto)
= 1 (U_, {@ims((2)e(r~ 0a,)) |
FUUL) e v n2ic {1, 2}})
= U _ {F (2)int((2)el(f1(Ua)))) |
FUUL) e v n2,ie {1, 2}} (6.1)
A

Also f ((2)int((2))cl(f 1 (Uny)))) C £ ((2))el(f 1 (Usy))) and
F ((2)int((2))cl(f1(U,,)))) s (2;)open in Y. Thus we have

FU(2)int((25)el(f ' (Ua,)) € (2o)int(f((2))el(f~ (Uar))))-
Now we put Vj, = (2;)clU,,. Hence we have

Un, C Vi = U, C (2;)cl((2:)intV,, ).
Therefore from (6.2) we obtain

F ((2)imt((25)el(f~ (Uay))))
C (2o)int (f ((2)cl(f((25)cl((2)intVa,)))))
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C (2oint (f(f7(Var))) (6.3)
(by Theorem 6.1)

= (2))intV,, (since f is onto)

= U,,.

(since U,, is (2, 2;)regularly open)

Hence from (6.1) we obtain

Y C U:_ank.

Therefore Y is nearly pairwise compact. O

LEMMA 6.5. The bitopological space X is almost pairwise
compact iff each pairwise reqularly open cover % of X has a
finite subfamily ¥V such that {(2;)clV |V € ¥ NP0 € {1,2}}

covers X .

PROOF. We need to prove only the sufficiency of the lemma.
Let 4 = {G, | @ € A} be any pairwise open cover of X. We
write H, = (Z%)int((2;)clG,), a € A whenever G, € ¢ is
(Z;)open. Then # = {H, | a € A} is a pairwise regularly
open cover of X. Hence we have a finite subfamily ¥ = {H,, |
k=1,2,...,n} of 5 such that {(Z;)clH,, | H,, € Zi,k =
1,2,...,n} covers X. Now (Z;)clH,, = (2;)cl((Z)int((2;)cl
Go,)) = (25)clG,,. So {(Z;)clG,, | Go, € Pik=1,2,...,n}

covers X . O
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THEOREM 6.9. Let f : X — Y be pairwise almost continuous
onto the space Y. Then'Y is almost pairwise compact if X is

almost pairwise compact.

PROOF. Suppose Z = {U, | a € A} is a pairwise reg-
ularly open cover of Y. Then ¢ = {f}U,) | a € A} is a
pairwise open cover of X. Therefore 4 has a finite subfamily
A ={f"U,,) | k=1,2,...,n}such that {(2;)cl(f 1 (Uy,,)) |
YU, € # NP k=1,2,...,n} covers X. Since f is pair-
wise almost continuous, on using the scheme we adopt to es-
tablish (6.3) of Theorem 6.8, we obtain (22;)cl(f }(Uy,)) C
f1(2))clU,,). Hence the finite subcollection {(2;)clU,, |
Un, € i,k =1,2,...,n} of  covers Y. So by Lemma 6.5, Y

is almost pairwise compact. O

THEOREM 6.10. Let A be (Z;)open in X for each i € {1,2}.
Then A is nearly pairwise compact iff each pairwise open cover
U with respect to (X, X1, P5) of A has a finite subcollection ¥
of % such that {(Z%)int((Z;)clV)) | V € ¥ NP0 € {1,2}}

covers A.

PROOF. Firstly, suppose A is nearly pairwise compact. Let
% = {U, | a € I} be a pairwise open cover of A with respect
to (X, P, P). Now ANU, is (Z;4)open if U, is (Z;)open.
So %) = {ANU, | a € I} is a pairwise open cover of A
with respect to (A, 214, P24). Hence we obtain a finite sub-
collection ¥4 = {ANU,, |, €I, k=1,2,...,n} such that
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{(Zia)int((Pa)cl(ANU,,)) | Us, € i, k=1,2,...,n} covers
A. The ‘only if” part now follows from the following relations.
A = | {(@ainl(Z,)(AN U )}
= U { Dint((22;)cl(ANU,,))} (since a (Z24)open
set in (A, P14, P24) is a (Z;)open set in (X, P, P))
c U_ (@)int((2)clU,,).
To prove the ‘if’ part, let 4 = {G, | @ € T'} be a pairwise
open cover of A with respect to (A, P14, Po4). Then 4 is
also a pairwise open cover of A with respect to (X, 21, %),
since A is (Z;)open for each ¢ € {1,2}. Hence we have a

finite subcollection J# = {G,, | k¥ = 1,2,...,m} such that
{(Z)int((Z)clGy,) | Ga,, € N P} covers A. Now

A = U {An(z 1nt(( )clGly, )}
= U {(Zu)int(AN (2)int((2))lGa,))}
¢ U, {(Zi)int((2,4)dG0,)}-

Hence A is nearly pairwise compact. O

LEMMA 6.6. Fach proper subset of a pairwise Hausdorff space
X has a (2;)open cover.

PROOF. Obvious. O

THEOREM 6.11. Let X be pairwise Hausdorff and nearly
pairwise compact. A and B are (1, Py)reqularly closed and

(Lo, 1) reqularly closed subsets of X respectively with ANB =
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0. Then there exist a (Ps)open set U and a (P, Py)reqularly
open set V' such that AC U, B CV withUNV = (.

PRrOOF. Firstly, we fixed a y € B. Then for each z € A,
on using pairwise Hausdorffness of X, we obtain a (%% )open
set U, and a (Z1)open set V, such that x € U,,y € V, with
U:NV,=0. So% ={U, | x € A} is a (P5)open cover of A
which in turn implies U {X — A} is a pairwise open cover
of X. So near pairwise compactness of X ensure the existence
of a finite subcollection ¢ of % U {X — A} such that A C
U{(Z)int((2))clV) | V € 9N ;i € {1,2}}. Now we have
(2)int((P2)cl(X —A)) =X —A. Hence 94 =9 —{X — A} is
a finite subcollection of % such that A C [ J{(Z)int((2?)clV |
Vet Let 9a={U, | k=1,2,...,n}. Thusy € (i_1Va,

and
A c | _ (2)int((2r)ell,)
c (it (|J_ (20l )

— (P)int ((331)01 (Uzlemk)) |
We write U, = (P2)int ((21)cl (Up_1Uz,)) and V,, = (i—; Vay-

Then U, is (22, &) )regularly open with A C U, and V) is
(Z1)open with y € V,,. Now we show U,NV,, = (). If possible, let
z € U,NV,. Wenote, z € U, = (P2)int ((21)cl (Up_,Us.)) C
(21)cl (Up—1Us,) = Ui—1(221)clU,,. Hence for some [ € {1,2,
.o,n}, z € (P)cllU,,. Since z € V,, for all k=1,2,...,n and
Uy, NV, =0, we have z ¢ U,,. Also z € V,, and V,, is (£1)open
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with U,, NV, = (. Thus z cannot be a (£;)limit point of U,,
which contradicts to the fact, z € (£))clU,,.

Now we vary y € B over B. For each y € B, we obtain
a (P, P1)regularly open set U, and a (Z7)open set V, such
that A C U,y € V, and U, NV, = 0. So using the steps
describe above, we obtain a finite family {V,, |k =1,2,...,m}
of (£1)open sets with

B C U (2))int((P5)clV,)
C (Z)int ((@2)01 <U 1‘@)) :

We put U = LUy, and V' = (21)int ((P2)cl (Upei Vi)
Thus U is (%,)open and V' is (£, Py)regularly open with A C
UBCV. ToshowUNV =0,let z€ UNV. Then z € U, for
eachk =1,2,...,m. Alsoz € V = (22))int((P2) (U1 Vi) C
(22)l(Upe Vi) = Ui (P2)clV,,. Thus z € (Py)clV, for
some [ € {1,2,...,m}. But U, NV, = () which implies z ¢ V.
Also z € Uy, is (%2)open and U, NV, = (. So z is not a
(P)limit point of V,,. Thus z ¢ (2)clV,,, a contradiction.
Hence we conclude U NV = (). O

6.4. Concluding Remarks

The results of bitopological spaces are mainly the generaliza-
tions of the results of topological spaces. Several authors con-

tributed many works to bitopological spaces by generalizing
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many results of topological spaces. At the same time, due to ab-
sence of a suitable definition of paracompactness in a bitopolog-
ical setting, the generalizations of some notions like near para-
compactness of topological spaces in bitopological settings are
clogged. Since we have now the definition of pairwise paracom-
pactness, it may be generalized to get concepts like near pairwise

paracompactness and almost pairwise paracompactness.

In this thesis, we have so far developed and obtained some
characterizations of the notions of pairwise paracompactness,
countable pairwise paracompactness and near pairwise com-
pactness of a bitopological space. We hope these notions can be
further developed. There also remains a lot of similar notions

which may be undertaken in future.



CHAPTER VII

A Generalization of Bitopological Spaces

7.1. Introduction

The purpose of this chapter is to study a space equipped with
countable number of topologies. The notion of bitopological
spaces was introduced by Kelly [26] and the notion of (w)topo-
logical spaces was introduced by Bose and Tiwari [6]. General-
izing both of the above notions, we introduce here the notion
of (Ng)topological spaces (Definition 7.1). In the (Xg)topological
spaces, we define (Xy)Hausdorffness, (Xg)regularity, (Xg)normali-
ty and (Ng)compactness. We also define complete (Rg)regularity
and complete (Ng)normality. We prove some results on these

notions.

In the (Ng)topological spaces, we introduce (X)paracompact-
ness. A space which is (Rg)Hausdorff and (Ng)paracompact is
(Ng)regular (Theorem 7.14). Raghavan and Reilly [38] intro-
duced a-, -, v- and d-pairwise paracompactness. We introduce
here ([5-Ny)paracompactness and prove the Michael’s theorem
for (8-Ng)paracompactness of the space X when it is (Ng)regular
(Theorem 7.15). From this, we obtain an analogue of Michael’s
theorem for [-pairwise paracompactness of a pairwise regular

bitopological space, as a particular case.

The subject matter of this chapter forms our paper: Novi Sad J. Math. 40 (2) (2010), 7-16,
[1].

105
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A set X equipped with an increasing sequence {.7,} of topolo-
gies is called an (w)topological space. If 7, = Z, for all n,n/,
then the (w)topological space X becomes a topological space.
Thus the notion of (w)topological spaces generalizes the notion
of topological spaces. But it does not generalize the notion of

bitopological spaces.

7.2. Definitions

Let {£2,} be a sequence of topologies on a set X. The sequence
{Z,} is said to satisfy the condition (x) (resp. condition (a))
if for any positive integer m, the union (resp. intersection) of

a finite number of sets belonging to [ J
to U, i Pn-

We introduce the following definitions.

P, 1s a set belonging

n#m

DEFINITION 7.1. If {£2,} is a sequence of topologies on a
set X satisfying the condition (%), then the pair (X,{Z,}) is
called an (Xg)topological space. A set G € |J, 2, is called an
(No) open set.

Unless otherwise mentioned, X denotes the (Xj)topological
space (X,{Z,}). Elements of X are denoted by z,y etc. All
the sets considered here are subsets of X. The members of N

are generally denoted by k, [, m,n etc.

ExXAMPLE 7.1. We enumerate all the rational numbers: 7y,

ro,73,.... Let 2, denote the particular point topology (Steen
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and Seebach, Jr. [44]) on R, where each nonempty set belonging

to £,, contains r,,.

Then (R,{2,}) is an (X)topological space, where the se-
quence {2, } does not satisfy the condition (a). In the (¥g)topo-
logical space considered in Example 7.2, {£,,} satisfies the con-

dition (a).

DEFINITION 7.2. Suppose Y C X and £, | Y denotes the
subspace topology on Y induced by &,,. Then (Y,{Z, | Y'}) is
called a subspace of (X, {2,}).

DEFINITION 7.3. A function f : X — R is said to be
(UneMﬂn) upper semi-continuous (resp. (UneMﬁzn) lower semi-
continuous) if for every a € R, f~1((—00,a)) € U, ey P (vesp.
[ ((a,00)) € U,,epsPn) where M C N.

DEFINITION 7.4. X is said to be an (Xg)compact space if
every (Ng)open cover ¢ of X with € N 22, # () for at least two
values of n has a finite subcover. Let M C N. X is said to be
(M) compact if every cover of X consisting of sets belonging to

Une 1Y has a finite subcover.

DEFINITION 7.5. An (Xg)open cover {U, | U, € £, } of X
is said to be (Wg)shrinkable if there is another (Ng)open cover
{Vo | Vo € £, } of X with (£2,,)clV,, C U, for some n # n,,.

DEFINITION 7.6. A set D is called a (£2,,)neighbourhood, or
in short a (£2,)nbd, of a set A if A C (£,)intD.
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DEFINITION 7.7. X is said to be (m)Hausdorff if for any
pair of distinct points x,y € X, there exist U € £, and
V € U,z Pn such that v € Uy € Vand UNV = . If
X is (m)Hausdorff for all m € N, then X is said to be an
(No) Hausdorff space.

The (Ng)topological space (R,{2,}) considered in Example
7.1, is not (n)Hausdorff for any n. Also for any n, the topological
space (R, 2,) is not Hausdorff and for any pair of integers m, n,

the bitopological space (R, 2,, Z,,) is not pairwise Hausdorff.

EXAMPLE 7.2. Let the sequence {£,,} of topologies on R be
defined by
Py =U,
P, ={0tU{GU (n,00) | G %} for all n > 1,
where 7% is the usual topology on R.

Then the (Ng)topological space (R,{Z,}) is (1)Hausdorff
but it is not (n)Hausdorff for any n # 1, and so it is not
(No)Hausdorff. For, let z,y € R with x # y. Without loss
of generality, we suppose that x < y. Now we choose a,b,c € R
such that « < z < b <y < ¢. Then (a,b), (b,c) € & with
xr € (a,b) and y € (b,c). We choose n € N such that n > c.
Hence y € (b,¢) U (n,00) € &, and x € (a,b) U (n,00) € Z,,.
Thus (R,{Z,}) is (1)Hausdorft.

Now we choose z,y € R such that z,y > m € N and x # y.
Hence for any (£,,)open set U,,, we have x,y € U,. Thus
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it is not possible to obtain a U € £,V € Un#m,@n such
that r € U,y € V with UNV = (. Thus (R,{2,}) is not
(n)Hausdorff for any n # 1 and so it is not (Rg)Hausdorff.

DEFINITION 7.8. X is said to be (m)regular if for any point
r € X and any (Z,)closed set A with n # m and = ¢ A,
there exist U € Un?ﬁmWn and V € £, such that v € U, A C
V,UNV =0. X is said to be (Ng)regular if it is (m)regular for
all m € N.

It is easy to see that X is (m)regular iff for any point © € X
and any (Z,)open set G containing x with n # m, there exists
a U € U4, P containing x such that (,)clU C G.

DEFINITION 7.9. X is said to be completely (m)regular if
for any point x € X and any (42,)closed set A with n # m
and = ¢ A, there exists a function f : X — [0, 1] such that
f(x) =0,f(y) =1forally € A, f is (Un?ﬁm(@n)upper semi-
continuous and (Z,,)lower semi-continuous. X is completely

(No)regular if it is completely (m)regular for all m € N.

DEFINITION 7.10. X is said to be (m)normal if given a
(Pp)closed set A and a (Z,)closed set B with n # m and
AN B =0, there exist U € U,,, % and V € &, such that
ACUBCVandUNV =0. If X is (m)normal for all m € N,

then it is said to be (Xg)normal.
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From the definition, it follows that X is (m)normal iff for
any (Z,)closed set A and any (£2,)open set W containing A
with n # m, there exists a U € |J,_, &, such that A C U C
(L)l C W,

n#Em

DEFINITION 7.11. X is said to be completely (m)normal if
for each pair A, B of subsets of X satisfying (A N (£,)clB) U
(Zn)clAN B) = 0,n # m, there exist U € |, &, and
VeP,suchthat ACUBCVandUNV = 0.

n#Em

Complete (Xg)normality is defined in the obvious way.

The (Ng)topological space (R,{2,}) considered in Example
7.1, is completely (Xy)normal but for no n, the topological space
(R, 2,,) is normal. Also for no n, (R,{2,}) is (n)regular.

EXAMPLE 7.3. Let X be an infinite set and a,b,c € X.
Suppose ¥ (resp. ) is a collection of subsets of X, which
contains, in addition to ) and X, all those subsets E of X for
whicha ¢ E and ¢ € E (resp. a,b ¢ F and ¢ € F). Then ¢ and
2 form topologies on X. Let &, = ¢ for odd n, and = 57 for

even n.

Then the (Rg)topological space (X, {Z,}) is (Ng)normal but
not completely (Rg)normal. In fact, it is completely (m)normal

for no m.

DEFINITION 7.12. A collection € of subsets of X is said to
be (Ng)locally finite if each x € X has a (£2,)open nbd, for at
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least two values of n, intersecting at most finitely many U € ¥ .
For any m € N, € is said to be (|, ., Z,)locally finite if for

each x € X, there exists a set € |J , &7, containing x and

n#m

n#m

intersecting at most finitely many U € €.

DEFINITION 7.13. A refinement ¥ of an (Xg)open cover % is

said to be a parallel refinement if V€ ¥ is (£2,,)open whenever
VcUe€% and U is (Z2,)open.

DEFINITION 7.14. X is said to be (Xg)paracompact if every
(Ng)open cover % of X with N &2, # () for at least two values

of n has an (Xg)locally finite parallel refinement.

It follows from the definitions that an (Xy)compact space is

(Ng)paracompact. The converse is not true:

EXAMPLE 7.4. Let .7 be the indiscrete topology on R, and
U, be the subspace topology % | I, on I, = (—n,n), of the
usual topology % on R. If &, = T U%,, then (R,{Z,})
is an (Ng)topological space, which is (Rg)paracompact but not

(Ng)compact.

Let &2 denote the smallest topology containing all the topolo-
gies Z,,n € N. We call a cover ¢ of X, a (|, P)cover if
C C Unzm Pn-

n#Em

DEFINITION 7.15. X is said to be (8-Yg)paracompact if for
all m € N, every (U,,, &n)cover of X has a (U, ., n)locally

finite (#?)open refinement.
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The following example shows that a (8-Rg)paracompact space

may not be (Xg)paracompact.

EXAMPLE 7.5. Suppose X = [0,00) and % is the usual
topology on X. Let & = discrete topology on X, Py = %
and for n > 2, 2, = {0} U{G U (n,o0) | G € }. Then the
(Ng)topological space (X, {£2,}) is (6-Ng)paracompact but not

(Ng)paracompact.

[t remains to see whether (Xg)paracompactness of a space

implies (5-X)paracompactness of the space.

7.3. Results

THEOREM 7.1. If X is (Ng)compact, and K is (Z,,)closed
for some m, then K is (Xg)compact. If K is a proper subset of
X, then K is (£2,)compact for all n # m.

ProoF. We prove only the second part. Choose ny # m.
Let 7 be a (Z,,)open cover of K. Then 2% = % U{X — K}
is an (Ng)open cover of X with 24 N &, # 0 for two values of
n. Therefore 74 has a finite subcover. Hence % has a finite

subcover. O

THEOREM 7.2. If (X, 2,) is a Hausdorff topological space
for eachn, and (X,{Z,}) is (Ng)compact, then all P, are iden-

tical.
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Proor. Consider a topology &2, and let G be a nonempty
set belonging to &2,,. Then A = X —G is (£, )closed and hence
by Theorem 7.1, A is (£2,)compact for all n # m. Since for all
n, (X, 2,) are Hausdorff, it follows that for all n # m, A is
(Z,)closed and so G is (£, )open. Therefore &, C &, for all
n. O

THEOREM 7.3. Let M = {n € N | n # m}. If X is
(m)Hausdorff and (M)compact, then &, C P, for all n.

PROOF. Let n # m. If &, ¢ &, then there exists a set
U e &, such that U ¢ &,,. Then X — U is (£,)closed, and
hence (M)compact. Since X — U is not (2, )closed, there is a
point p € U which is a (£, )limit point of X —U. Again since X
is (m)Hausdorff, for each x € X — U, there exist U, € |, i Pn
and V,, € &, such that x € U,,p € V,, and U, NV, = (). Then
{U, | © € X —U} is a cover of X — U by sets belonging to
UnersrPn- Therefore it has a finite subcover Uy, U,,, ..., U,,.
VvV =N_Ve, then Ve, pcVadVnNX-U)=0a
contradiction, since p is a (ZZ,;,)limit point of X — U. O

THEOREM 7.4. X is (m)Hausdorff iff for all x,
{z} = ﬂ{(@n)clU ln#m,U¢e Py, xelU}.

PROOF. Let the space be (m)Hausdorff. Then for any y € X

with x # y, there exist a (£,,)open set U and a (£?,,)open set
Vsuch that x €e Uy € Vand UNV =10. Soy ¢ (£,)clU.
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Thus we have

(W(2w)U | n#m,U € P,z €U} ={z}.

For the converse, we consider x,y € X with x # y. There
exists a U € &, such that x € U and y ¢ (£,)clU, n # m.
Theny €V =X — (£,)clU and UNV = 0. O

THEOREM 7.5. If X is (m)Hausdorff, then for each filterbase
F on X such that F is (P,,) convergent to x and () convergent
toy for somen # m, x =vy. The converse is also true if {,}

satisfies the condition (a).

PROOF. Let X be (m)Hausdorff, and .# be a filterbase on
X, which is (£, )convergent to x. Let y # x. Then there exist
Ué€ PpandV €, ,Pnsuchthat z €U,y eV, UNV = 0.
There is an A € % with A Cc U. If V € &,,n #* m, then ¥
cannot be (£, )convergent to y. For, if it is so, there must be
a B € . with B C V, which is not possible, since any two

elements of . have nonempty intersection.

To prove the converse, suppose X is not (m)Hausdorff. Then
there exists a pair z,y (z # y) such that for any U € &, and
Ve U,zn@n with z € Uyy € V, we have UNV # (. So
the class ¥ = {UNV | U € £,,V € U, Pn,z € Uy €
V} is a filterbase on X, which is (Z2,)convergent to x and

n#Em

(£, )convergent to y for all n # m. O
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If X is (Xg)Hausdorff, then Theorem 7.5 is true for any pair

of elements m,n € N.

Likewise, each of the following theorems with (m) has a

corresponding result with (Xp).

THEOREM 7.6. If X is (m)Hausdorff and M = {n | n # m},
then (M)compact subsets are (Py,)closed.

PROOF. Let K be an (M)compact subset of X and x €
X — K. If y € K, then there exist sets U,, € &, and V,, €
Un#mgzn such that © € Uy, y € V,y, and Uy, NV, = 0. Then
¥V = {Vy | y € K} forms a cover of K by sets belonging to
U,enrZn- Therefore 7 has a finite subcover Vi, Vigs,s - .., Vi,
IfV, = U Vay, and U, = N\ Uy, then = € U, € 2,
K CcV, € Uyzn@n and U, NV, = (). Now

X-K c (JU:|lzeXx-K}
c | J{x-Vilzex-K}
C X —Ksince K CV,
=X-K = | U, |z e X - K}.
Thus K is (£,,)closed. O

THEOREM 7.7. X is (m)regular if and only if for ng #

m, any (Pp,)closed set A is the intersection of all (2,)closed
(Pn)nbds of A, n # m.

PROOF. Let X be (m)regular. Suppose =z belongs to the
complement X — A of the (£,,)closed set A with ng # m.
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Since X — A is (Z,,)open, ng # m, there exists a set G €
Upzm @n such that € G C (P)clG C X — A. Then A C
X —(Zy)clG € X —G. Thus X — G is a (£,)closed (£,,)nbd
of A with n # m and x ¢ X — G. Hence the intersection of all
(Z,)closed (Z,,)nbds of A with n # m, is the set A.

To prove the converse, suppose for ng # m, Aisa (Z,,)closed
set not containing the point x. Then there exists a (£, )closed
(ZPp)nbd F of Awithn #mand x ¢ F. If U = X — F and
V = (Zp)intl, then U € U, ., %0,V € Pz € UUACYV
and UNV = 10. O

THEOREM 7.8. If X is (Ng)compact and (m)Hausdorff, and
if {2} satisfies the condition (a), then X is (m)regular.

PROOF. Let z € X and A be a (£,)closed set with n # m
and z ¢ A. If y € A, then by (m)Hausdorffness of X, there
exist Uy € U, 2, @n and V), € &, such that x € Uy,y € V,, and
U,NV, =0. Then ¥ = {V, | y € A} forms a (Z,,)open cover of
A. Since A is (£,,)closed, by Theorem 7.1, it is (£, )compact,
and hence ¥ has a finite subcover Vj,,...,V,,. f U = ﬂlein
and V =,V then U € U,y P .V € Pz €U ACV
and UNV =10, O

THEOREM 7.9. FEvery completely (m)reqular space is (m)regular.

PROOF. Let X be a completely (m)regular space. Also let
r € X and A be a (Z,)closed set with n # m and = ¢ A.
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Then by complete (m)regularity of X, there exists a function
f X — [0,1] such that f(z) = 0, f(y) = 1 for all y €
A. Also f is (Un ¢m<@n> upper semicontinuous and (Z,,)lower
semicontinuous. Hence U = f~!((—oc,1)) € Uyzm @ and
V = f"Y(3,0)) € Z,. Then we have z € U, A C V and
UNV =0. Hence X is (m)regular. O

THEOREM 7.10. If X is (Ng)compact and (m)reqular, then

X is (m)normal.

PROOF. Suppose A is a (£, )closed set and B is a (£, )closed
set with n £ m and AN B = (. For x € A, thereis a U, €
Un¢m@n and V, € £, such that v € U,, BC V,, U, NV, = 0.
Since % = {U, | x € A} is a cover of A with sets belong-
ing to U, 4, &, and X is (Ng)compact, it follows that there
is a finite subcollection U, ,U,,,...,U;, of % covering A. If
U=U_U, and V = (Vi then U € U,.nPn, V €
P, UNV=0ACUDBCYV. O

COROLLARY 7.1. If X is (Ng)compact and (m)Hausdorff,
and if {P,} satisfies the condition (a), then X is (m)normal.

PrROOF. Given X is (Ng)compact and (m)Hausdorff. Then
by Theorem 7.8, X is (m)regular and so the result follows from
Theorem 7.10. O

From the definitions, it is clear that completely (m)normal

space is (m)normal. Also it can be shown that complete (m)nor-
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mality is a hereditary property but (m)normality is not heredi-
tary. (m)Hausdorff property, (m)regularity and complete (m)re-
gularity are hereditary.

THEOREM 7.11. X is completely (m)normal iff every sub-

space of X is (m)normal.

PROOF. Since complete (m)normality is hereditary, and
complete (m)normality implies (m)normality, the necessary part

follows.

Conversely, suppose every subspace of X is (m)normal. Let
A and B be two subsets of X with

(AN (Z,)clB)U ((Pm)clAN B) =0, n # m. (7.1)

Let
S =(X—(Pn)clA) U (X — (£,)clB). (7.2)

Since S N (P,)clA is (L, | S)closed, SN (Z,)clB is (£, |
S)closed and

(SN (P2)clA)N (SN (2,)clB) =)

and since by hypothesis, (S, {£2, | S}) is (m)normal, there exist

GelU,znPn | Sand H € &, | S such that
SN (2,)clA C G, (7.3)
SN (P,)clB C H, (7.4)

GNH=0. (7.5)
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Now
SN (Py)clA = (X — (2,)clB) N (Py,)clA
D AN (Z2,)clA=A (by (7.1)).
Similarly,
SN(L,)clB D B.
From (7.4) we get
(SN (L,)clB)N (X — (Py)clA)
C HN(X — (P)clA) =V (say)
= SN(P,)clBCV=BCVW.
Since H € &, | S and X — (Z,)clA € £, from (7.2) it
follows that V' € #,,. Again since G € U, 4, % | S, there
exists U € Uy &2, such that U NS = G. Then
UNnV c UnH=UnNS)NH (since HCS)
= GNH=0(by (7.5)).
Also from (7.3) and (7.4), we have A C U and B C V. O

THEOREM 7.12. FEvery finite (Ng)open cover % = {Uy, Us,
.., U} of an (Ng)normal space X with U; € &, and n; # ny
if 1 #14', is (Rg)shrinkable.

PROOF. Let X be (Np)normal. We choose a finite (Xy)open
cover % = {Uy,Us,..., U} of X, satisfying the above men-
tioned conditions. Then (X —Up)N(X —=Us)N...N(X =Uy) = 0,
and so (X —U;) and (X —Us2)N...N(X —U}) are disjoint. Again



Results 120

X—=Uyis (P, )closed and (X —Uz)N...N(X—=Uy) is (P, )closed
for some ng # ny. So there exist Vi € &2, for some n # n; and
Wi € #,, suchthat X—-U; C Vi, (X—=Us)N...N(X—=U;) C W,
and Vi N Wy, = (. Then (£2,)clW, ¢ X =V} C Uy, n # ny.
Therefore it follows that {W7,Us, ..., U} forms an (Xg)open
cover of X with (£,)clW; C Uy, n # ny. If we apply the
process k times, we obtain an (Xg)open cover {Wy, Wy, ... W;}
such that W; € &2, and (£,)clW; C U;, n # n,. O

THEOREM 7.13. If X is (Ng)paracompact, and if K is a
(P,) closed subset of X for somem, then K is (Ng)paracompact.

PROOF. Let % be an (Xg)open cover of K with N &, #
0 for atleast two values of n. Hence ¥ = % U{X — K} is
also an (Ng)open cover of X with % N &2, # 0 for atleast two
values of n. Then by the definition of (Xy)paracompactness of
X, ¥ has an (Ng)locally finite parallel refinement and hence %
also has an (Ng)locally finite parallel refinement. Hence K is

Ny )paracompact. O
(Ro)p p

THEOREM 7.14. If X is (m)Hausdorff and (Xo)paracompact,
and if {2,} satisfies the condition (a), then X is (m)regular.

PROOF. We choose any m € N. Let x € X and F' be a
(Z,)closed set withn # m and x ¢ F. Since X is (m)Hausdorff,
for each y € F there exist U, € Un#mﬁzn and V, € £,
such that © € Uy, y € V, and U, NV, = (. The collection
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v ={V, |y € F} U{X — F} is an (Nyp)open cover of X
with ¥ N &2, for atleast two values of n. Therefore there ex-
ists an (Ng)locally finite parallel refinement ¢ of ¥. We write
V=U{Geg|GNF #0} Then V € £,. We choose a
(£,)open nbd H of x with n # m, meeting only a finite number
of sets G1,Go,...,Grof¥Y. Let G; CV,, ,y; € Fi=1,2,... k.
Then U = H N (VU ) € UpePnz € U,F C V and
UNV =0. Therefore X is (m)regular. O

THEOREM 7.15. Let X be (Ng)regular, and let {22,} satisfy
the condition (a). Then X is (8-Ng)paracompact iff for all m €
N, every (U4, @n) cover of X has a (2)open refinement ¥ =

Uz, 7, where each ¥ is (Ui @n)locally finite.

PROOF. Since the ‘only if ” part of the theorem is obviously

true, we prove the ‘if’ part. It is done in three steps.

Step L. For m € N, let ¢ be a (U, 4, %n)cover of X. Then
it has a (#)open refinement ¥ = |J,—, 7, where each ¥ is
(Upzm @n)locally finite. Suppose 7, = {Vio | @ € A}, Let
Via C Groa € 9. We write Wi, = U, Gra, W' = Upe Wi, A1 =
Wiy, and for i > 1,4; = W; — WL, Then {W; | k € N}
is a cover of X, and so {A4; | i € N} is a cover of X. This
cover is (U, &@n)locally finite. In fact, if k(z) is the first k
for which x € Wy, then z € G, for some o, Gi)a €
U, 2 Pny and Gj(y)a does not intersect any A; for i > k(x).



Results 122

Thus &(9) = {Fka | k € N,a € A}, where Ey, = A N Vg, is
a (U,zmPn)locally finite refinement of &.

Step II. For m € N, let 5 be a (,,, &n)cover of X. For
x € X, we choose an H, € 5 such that x € H,. Since X is
(Ng)regular, and since H, is (£, )open with n # m, there exists
aset H € | . P, such that v € H! C (#,)clH. C H,.
Since &, C &, we have

n#*Em

(P)clH} C (P,,)clH]. C H,. (7.6)

Now #! = {H! | x € X} isalsoa (Ui @n)cover of X. Hence
by Step I, we get a (U,,, #n)locally finite refinement & (1)
of 1. For E € &), we get an H. € s with E C H!
and hence by (7.6), (£)clE C H,. Thus Z () = {(Z)clE |
E € &)} is a (P)closed refinement of 2#. Also .7 ()
is (U,zm Pn)locally finite: since &) is (U, mPn)locally
finite, there exists, for z € X, a G € £,, n # m such that
z € G, and for all but finitely many F € &), GNE =0 =
GN(Z)lE=0=GnN(P)clE =10.

Step III. We choose an m € N. Let % be a (|
of X. By Step I, % has a (U,
E). For x € X, suppose W, € |
x and intersecting a finite number of members of &(% ). Then
W =A{W, |z € X} forms a (., &n)cover of X. Therefore by
Step II, # has a (|, _,, &n)locally finite (£?)closed refinement

ntm P n) COVEr

P)locally finite refinement

n #m@n 1S a set containing

n#Em
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FW). For E€ &), let

Sp=X-|\J{FeFWw)|FNE=0}
Since the collection 7 (%) of (#)closed sets is ({U,,.,, #»)locally
finite, and since (J,, #m,@n C &, by Theorem 3.1, it follows that
theset | J{F € #(#') | FNE = 0} is (£)closed, and hence Sk is
(P)open. Since &(% ) is a cover of X, ¥ ={Sp | F € &)}
is a (Z)open cover of X. & is also (U, 4, Zn)locally finite.
For, consider a set D, € Un#mg@n containing x and intersecting
Fi, B, ..., F, € Z(W). Now

D, NSg #0,

= F;NSg+#0 forsome:=1,2,...,k,

= FENE#0) forsomei=1,2,...,k.
Since each Fj is contained in some W, it can intersect at most

finitely many F € &(% ). Therefore D, can intersect at most
finitely many S € ..

For every £ € & (%), we take Up € % such that £ C Ug.
Then the collection {UgNSg | £ € &(% )} is a (U,4,, Pn)locally
finite (Z2)open refinement of % . Therefore it follows that X is
(B-Yg)paracompact. O
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Ng)Hausdorff space, 108

Ng)compact space, 107
Ng)locally finite, 110
Ng)normal, 109
Ng)paracompact, 111

N )regular, 109
Ng)topological space, 106
Ng)open set, 106

*)pairwise normal, 43

ZP)open barycentric refinement, 32
P, P;j)-nearly compact, 81

P, Pj)regularly closed, 82

P, P;)regularly open, 82

P )closed, 32

Z7)open, 32

T )closure-preserving collection, 43
w)topological space, 106
m)Hausdorff, 108

m)normal, 109

m)regular, 109

Ng)shrinkable, 107

a*-pairwise normal, 69

a-pairwise normal, 32

d-pairwise paracompactness, 11

(Une M @n)lower semi-continuous, 107
(UnGM @n)upper semi-continuous, 107
U -discrete, 46

% -locally finite, 18

% -locally finite refinement, 19
m-pairwise normal, 70

a-pairwise fully normal, 32
(8-Rg)paracompact, 111

A
almost pairwise compact, 86

B

barycentric refinement, 31
base, 1
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bicluster point, 88
biconvergent point, 88
bifilter, 87
bitopological space, 5

C

closed set, 1

compact, 3

completely (m)normal, 110
completely (m)regular, 109
condition (x), 106

condition (a), 106

consistency, 3

continuous, 67

countably (x)pairwise paracompact, 68
countably pairwise paracompact, 68
countably paracompact, 66

cover, 2

D
Dieudonné, 66

F
first countable, 8

H
Hausdorff space, 2

hereditarily pairwise closure-preserving,
46

L
locally finite, 3
lower semi-continuous, 7

M
maximal bifilter, 87
Michael’s theorem, 11



N

near compactness, 81
nearly pairwise compact, 83
neighbourhood, 1, 107
normal space, 2

(0]
open cover, 2
open sets, 1

P

pairwise almost continuous, 83
pairwise almost open, 83
pairwise almost regular, 82
pairwise basic cover, 87
pairwise closure-preserving, 46
pairwise compact, 10

pairwise fully normal, 32
pairwise Hausdorff, 7, 20
pairwise nearly compact, 81
pairwise normal, 7, 20
pairwise open, 9

pairwise open collection, 82
pairwise paracompact, 10, 19
pairwise regular, 7

pairwise regularly closed, 87
pairwise regularly open, 87
pairwise semiregular, 82
paracompact, 3
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parallel closed refinement, 67
parallel refinement, 11, 111
parallel star refinement, 31
point finite, 31, 67

product bitopological space, 67

Q
quasi-metric, 5
quasi-pseudo-metric, 5

R
refinement, 3
regular space, 2

S

second countable, 8
shrinkable, 32

strongly pairwise regular, 20
subbase, 1

subcover, 2

subspace, 107

T
topological space, 1

U
upper semi-continuous, 7



