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t.allQI AMPLXfUlm FJ.Um VI814f1- 9r· Imui$Aa ,J:.A.fta 
PLACD ,_, ILAS!tiC i'OtiiDA,lOf * -

·An $pproximat• ~tetbtlel for tnvestlgattng tue larg• deflection et 
1~1ttau,- ·flat isotropic plates ha.s beM propos•u by Berg$!" (1.955). ,an 

appli~tion o~ this tech1'11qtttt bas been •de to the vibratton pro'blirla 

by Nash artd Modeer (1960) W'b:t :tound tbe l$rge antplitUde free V1br&t1~ru 
• r . . ' 

o_r reetanglllar r;md c1rc\1la.r pla tu. 

In tbia paper a ttnitied_ method for d&temin!ng tho lower ~ turel. 

t:requenq oE larse amplitude tree 1ribrat.:tons or thin ela,sti~· plates •t 
any .sbap« .and placed on elastic foundation ts given. Following Berger•~ 

metilod a s!lnple t'ourth ordet.- Cliftc.\renttal eq~t1on coupled with a 
. . . 

$«Jeend orde» nonlinear equation l.$ .obte.bukt. xt the bounda~7 qt the 

plate is a qurvo natural to tmf •t the ~n coordinate eptea, the 
' . 

solution ot the differl!ntial e·quation. can be ~n:ptessed 1..'l. tetms of 

knoWn functions. l?ol" mon ..,exot1ett. bomda:r1•a, the na.ttWal co.ol'dinat• 

must first be 4etemd.ned and atte:r th:la j,J.S don.$• the solttt1ott wuld 

· · 1nev1 tabir 1nvo:l.ve some t1Qf$D11l.1ar ftltl.ctio01l. ~· · cleterminatl.on ot 
' . 

ll$t_um h•quenaies m this cu• wUl then b~ very eompJ.J.cat,d. 

1'beretore a comm.on co-crd~a.~e system ad 'o asaoct1at$i ,.l®c~lon is 
Used_ for· the_ C$-se. ot plates with oomplicatad boundaries.' 

* Accepted fo~ publication in the Internation~Uournai of 
~nlinear Mechanics, Massachusetts, U.s.. A. 

(Pu..t~kd.. 1 vaf.f!, fct7b) 
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:tn ort1•R to satisfy the prescribed boUAary cond1 tiontt ·the 

aDmaln is contoraallJ tranaf'omed onto • unl't c1ro1•· one• ·the 

tmns~omat1on tunctt.on is klwwn, thQ probl• is redttoed: t& the 

soltttl.on ot tb.e trattsfo.t't!ed c.U.tteNnt1·al syste:.1 .• In t"r~a. pa_po:r· 

GrAetkin 'e tn\it"Wd is used to solve the tnuutformod ~uat1on. 

~ae :r4t1o ot: tinle periods ~or o1ftn4ar, •quare and: eo~ered 

plates ·plaeed on elastic toundat1on ttave been determined under simplJ' 

attppor.t.ed and. clamped edge bound&%7 conditione. fh• :toa"'ldatioti 1a 

aJatt~ett to he ot the Winkle:r tJpe. Jrperlmental valun are &lao 

o~t&lfted. to%' circular tu"ld e~uare pla tea W'lder both tn• bo.unda:t · 

eondltiona• The r-esUlts· are z)ll'ea.-lt~ed 1n ·tne tom ot ~;pbs and thq 

are e:oatpand with otb.er Imown ruttl'tJ• 

.r.ttt us ~onside, th<J le~se ampl1 tUde :tr•e vib~ationa o~ a th1ll 

~aattc plat• placed. on an elastic tounattcn ha~1n& the fMc;tion, i' 
per untt ar• per ta1lt detl~ct1on. 

8J' adtt!ns. :the pottntta1. M•ro ot the toundat!cn r~tion to the 

~GrQ exprestd.on, wd.na ~milwn•s pl'!n.ciple ~ Euior•s variational 
. . . 

•ctuations one gets the .tolloving .tw· t11tferontt•1 •qtlntf.~n~,~ ~t·t&w 

nefl;eet1ng en and the inertia •tf~cts 1n. the plane of the plate 

~-,..aeb end Modeer (1960) j 

't 
1. '- 12. ow K' '74W - o( FL(-l)~ \Ai -r -T w - 0 

"' vv ~"Lc; I 0 P· 1) 

••• (6.8) 

'' 



f"( t) betnc .tqtal to F 'l ( -t.) 

Let w = W ('X}~) F(t) 

. ' 

COmbtnmc Bqe.(S.l) nn4 (5.5.) o• sets 

4 2. 3rJ · '2. \2. dF · k 1 
- · 

F(l) 'Y W- o\ F Li)VW + ~2 • ae-·W -+ :D w F(t) = o 
·n JO . 

A eolution ot Bq.(S.7) is possible 1t 
'4 

''J w ' .=: 1<4 
w 

l 
'V .W· ::: - kl.. 

w 
1ft whi-ch k is a. eonatant. 

- . 

=0 

.... (8.6) 

••• (8.8) 
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fb.eretore a solution or aq,.(S.?) can be obtained bT J&tlsf)'.tns ~q.(S-lQb). 

1\J se.t1&f'l the prescribed boundaQ' conditions tor platae ot ar17 
. . 

il.'resutar shape let the emain· be c~ntol'm&lb' ttanatcrmed onto a. unit 

Clftle• It Z • X + 171 i a X • 17-, lq.(S.l.Ob) changes into 

· ow 'L L\ .-t-KW==O . ozoz 
Let a = t ( ~ ) be tho analytic function vhich maps the boun.d&Z7 t.UICler 

con,1der&t1on in the l • plane onto a unit circle• Whtas B.q,.(fi•U) 

trenatol'lla : into· complu co.ordtnat•s " 

or · · 

'l..G 
T = rte , 

oC 

- w ~ L B~[l-(~~)h] 
'V'\=1 

ex: \") 2 

w ~ L Btl [1,-(~~) J -
t'l=J 

.... (6_.12) 

•nordlna to ·the preaor1b&tt boundaxv eond1t:tona. Bq.(S.l3&) 1• an· 

adm1ss11Jle function f•r tn• simply et.tpported edge con.d1t1on in the 
( 

a-..t tbat th1s sat18f1u the k11l.-t1c oouna...q eon41t1on v • oat 



_..... 
_, 

. ~-. ' 

!he tell* ot v m aq.(&-,13b) t.uA'tist1114 w = 0 = ~ :1- at· '· ~. ~~ •a 
c• be tat• as. -. adlnf.sslbl• fmlc~n tf>JJ tb• cluapea 008., $.ac.U*J.o.a-­
aul2•t1tut1n& ~q.(a,.-laa> •• -.(e .. Ub> .snto ·--cs .. lal .nat4~ ·ttA• .,.~' 

tunottoll, E]\,e, v~oh ~·• t10t v.n1•b, 1n ca.e~at, .•a~e ~~·(&..~.> 
~ "J • 

o~ ~q._c s .. l3b) &s Mil an .-ot nl.t~tion. <lalt~ld.n•a PllO_O•dDM .r•q•_...,. · 
. . . . . -

tbat, tb• ·~li funct1~. E,.,t)) \a. btl ortbogon&l e~ve tllf.f._dom&m. Udu 

considt:ra tion : 1. ••, 

j E)l,al~~) w (t ~)de= o (.., =- 1,2,3, ..... N) ..... (&.1.4) . 

c 
holll Eq .. (S.l4) a homogenltOUS syatem of linefn' ·~Wlt1ona b obtalfted• 

l'..toh a s1etem 031\ bave nontrtvlal solutions ul'll7 tt ~btl d<tterm:.l.nant 

-ot the· coettle1«lts ot thft tl%11mGvns va.rd.sbe• ·1c1cm.t1cally. h-om tJUe. 

c.t~temintai. equation.. the values ot ~., kJ. • ·~• k= ·caii 0. solved... 

VOJr the ttma.••tal frequency the low-.t Yaltte or Jta u to· be taken. 

CODtbinini liqs.( s. ?),. (tieS .l and (5.9) tll• tollovma dU:t•~t.lal 

e,\lation of' or. dete~ '8 ( t) is obtained •. 

f ( o) :::: 1 ~ F (o) -::::: o 



' ' .. 

'l. 

?\2.. -

to- 4•temi!}e: o( -~cs.a') 1s· transto-•ed into complex co-ortl.inatu bV 

tbe t:ranatonatioa • _• x + ty,_ i Xi x ·.. iJ"t -us ene ceta 

~~ tht mappitls tmottoa • = t ( 1 ) b•· !nt1'04uced, Sq.(s.aa) 

recl\1..- tt> 

o(~t?...d:z .d~ f (-t) ==- d'\A d~ -t d'k dz 
12 ~~- ~~ ~'4 + 

\ 

rrow ·tne no-.lts.ed. conotant o( can be detNmlned £• IQ..(S.~3&') •• 
I 

(6.13b) Qd (5.23) b7 intspatina Eq.(&-23) over the cycl• 2 .7\". !b• 

t•••· tnw1vmc u end Y em b• ee.atlv et!minate4 ( •tnce ta and v 

att•· f>t little Szaportant:e- in thtt ease ot la»ge qpl1tu.de vibration) 



b7 ecnts1dR12li· aut table txl).resatona ro~ \'A M.d .,. · OQJ1pattbl•· v1th 

tbi bQWldal'f con4111ont• ftll~l-1 _the foll~1~ ~te~ v111 

d•tortaine o( · 

.• 

7-'htis baV1n,z deteliftlitled k and o( , the nonl.irteal'. fr4tqueno7, · w, · ;- · 
. . . 

is completel7 det•mined. 'l'ne nonlinear pericdt T1, 1s given b:t· 

Jt being tile compl•te ftlliptic tnte;ral ot: th• tint kind~ !he linaat 

peri0d, ta, to at:va b7 

F(t:) + 7\,F(t) - 0 

m tbe tom 

1 



. ~ 

•· Let UtJ apply the proeedur• explained above to the eaae ot a 

clamped cornered plate.. !he mapping fUnction 1s c1nn bf 

. 25 .. ~ 1 :S's z a . 48 ., ( l - 25 l .) 

167 

Using lq.(5 •. 13b} witb n :: 1. ~ JWproxtmate value of ~ .it{-obtal.ne4 

:tNm Bq,(S.l4) 

_lb 7eterm1ne ct: tb• following functions tor u and Y an taktll, 
·~ .. . . ____ ; _..;_ 

- .··.·-
oa 

L u"' (it) e~ W\8 F'\-t) 
h'l= I, 3...,S, •.. 

oC 

v = L_ VW\ ln) ~~ W\S f
2

(1:) 
W\= 1,3~5, ... 

. St.lbat1tutitl8 l'ile~~>(5.32) ~ (5.33) 111 Btl•(S.23) one gets BQ..(5.M) 

·. determininc ·~ is'e d•termine thtt vaJ.ue of o( for: the tund6)mental treque.c7, 
- . - --- -- -- ------ I· .' 

. the val:ue of -n 1n Sq,.(5,.13b) Is tak•n to be l• Subat1t'ltin& 

Bq •. (S.l3b) with n • 1, and Eq.(S.OO) 1n iq.(5.24) the :toUow!ng value 

ot' o( co'respondmg to tn. lowes·t rreqa«nCJ' is obt&inod,. 

'l. B·. 2 
o( 1 -= m•g; 

,.~hr ••• cs.M) 



' ' 

1n •btt#h the ttondimen.stonal. .tounaatton modaiws, .Xir , 1-a i1Ven by 

.... _ :1e .. 
~ =--a 

D 

!be apptn1 function ot ·a sqtiare plate la givm b,-

Bains lq.(l5.13b) with n = 1 antl pl?Oc$64lnl .tn the ~· mannt~ as 

bt~t'<n'O on• s•ta tor a o16lDlped square plate 

z· c a 1 

T1 2!t 
'i =· ~ • 

1 
.. . a 
,-,_. ~. ·( 
~· ha-. 

.-••. (S.37) 

••• (8.38) 

••• (6.3il) 
.·' ' 



b. f.et \15 consider tha ease ot a aimpl.¥ anpported c1rct4a~ plate. 

tratns 1Jq~~(s.l3&) with n • 1 aQd pzoc-.dtng m the sam• manner •a ,, 
befbM one. gets the at.to • tS •• , 

Ja . 

ax 1 
I j "". ... 1. J 1. •. . . 't . " ·.it I I c·. .II• 

7f ... D · · · ta · > _ . .., .. ;1, £ l~ .:&.. ( ..... · ..-...--...- J .. 
b8 56 + lfr· 

2X 1 ..... --......... ~-----7\ . . . Ba .. 1. 

, ' ,-1+2 ..:l. j· • 
. ha . 

%. -· ~a 

1M ~rre•pon41nl re•Ul' tor tn• clttcuta.r · plat• · obtaine4· b7 M~sh au.4 . 

Ho4et:r C 1960) ie 

rt. -. 'a 
1 

••<it-• II!JCiJr ·~ • i · • . r·. · • .., • a n ••• 

..;.. f.B a . ·. !-
C. 1~ -;a 11 (lta)j 

.if 

vhera 10 ( 8) u o, .a be tnt the ttdiU.s ot tru. circle~t: 
tor. ._. s:faJ)17 supported squar• plate osut · cots 

ax 1 
T • --·•-•-• ..,.. ~.-.~~~.~IP-. -·-·· ~--· -· a•.•n-·-• -·-···. 

- liJ"' 61.1 _.t. I:. 1+ -:t' ... ( ).j"fC 
n- 36+1.S? EB -. 

. . \ 

••• (6.43) 
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. --·~!mental· ve»J.tteat~na. wer• ·ad• Wl·tla Olftttlar and eqtar• 

platee unaer simplp sUppo,-ted m')d clamped eaae bQmt.'lr.u.-,. cond1tton••· 
fh• ei~culaJ.- plates were l5t) rom cU.aiietcm and ~he quare. plates w1th 

l.SOa· side,.· Plate material ·was mUd steel ot· 0.?6 a thlokn:oas. 
' ' ' - ' . ' . . . . ' . ' ~ 

Pree t~svor$0 vib~tlons ct different m~plltttd\ls and t're~u.&clea 

v•~e ·mitiatea· 1n tluJ appaatll$ snow!\ 1n l'i.g .. s.1 .. - ·In$. t•at piece,. 

1', ~as staticall'y deflected by_ ·the load spindle, L ana the eentt*l 

d~tleet:ton wae measured by the dial indieatott ~~ Attar gttr:tng a 

pr•tf)mined c.entw deflsot.ion ·tile spindle, L, wae lUted q~tlwtly· 

by tbc r$l.as$ sprt.~~ttg,_ ·B, and the corresponding trequenq vas meaau~ 

1ft a vi~ration meter,· M, vi tb. th• help ot a noncontaet type o~ 

Vibration pick Up, p., Simpli suppolrte:t4 edge conditiou were real!aed 

by·pl.-c1ng the edge~ of the plates over a kntfe edge plaoed arounct 

tho per1pht;t7 ot the eavlty, eft the ahnpe ot which _eontoD~Ild the ah&p• 

ot. the niat•s us.a..· Clamped <idee c-onditions war• acl'lteve« i>y-cl6lll.Pini 
. . ' . ' 

the dies ot the plates·· r!g1clly b7 -ans o:r etgbt bolts, Bt td th the 

base o~ the ~ppaatu~ ~eritltmts wo:fe ca:rried o\lt' rtr:et with the 
• # • ' ' ' = 

' ' 

cavtty,, _spty and n~t b_7.Plar:1ns th.$ platQ.s ovor e1g~t tree hft11Cil. 

sp~inf:$J s, .-cb sprlng b.trl& located at the c•ntre of Gtsht •qual 

u-.s ot th~ pla.tu. the co11bined ~tion Qt th~ spr:t.np. ws,$1 waa 

aotc;t~m1n~td oxp~r1tlen~~lf to be Xp lillt e~_a. · Care was takiQ ln '· ' · .. 

sel_ect1ng the st1Un&ss or the sprins, · a, so tb.tat the spin<U.e, L. waa 

r.ol&as~ qutclrJ.)r hom· the plate without obs~ruotin& tile upward J&tOtlon 

e>f th'l pla tea. 

I. 



J:71 

~ 

btr1cal •• vell as experimental r•sul ts tor the case of almplJ' 

suppo:-ted o:J.routar and aqua:re plates without foundation baYe o.en· 
p:.aesenttSd 1n Fig.s.a·and 5.3 :vgspect1vely. tbe eo~respondinc restll'ta 

obtl.i~~d by Nash and Mode.~:r (1960) ::a~ tba circular and a.quare ~-latea 

and the. r&sults obto.!nad by (;hu and He~l'D!ann · (1955) tor t..l1e square 

plates. ha.ve alao be.n· presonte.d tor eompa.riJlon. Zf~aerical and 

$XpGI'!me..'lta.\ results to-; clamped e1rcUJAI' and aquar• platea both vlth 

and w1th~ut tQundation have been pren$Uted in F1g.S.4 and 5.6 

respeotively. 

laovsst natural tre<tttenc1es of lar-t:e Bl!plitUde treti vibr&tiont ot 

tbin pla.t•s ot any shsp$ can rodily be calcula.t;ad b7 the eonfor'QU 

mapping technique use.t in th1$ study, U' the ~appina tun~t1ons ar•· 

knQ'W'll• · ho:n F1gs.S,.4~ and 5.5 it is ·obsened that the cet\.llb obta~d 

with on~ tom appro~tion ot the trial· ftinct:.tert Bq.(5.13b) for the 

clamp~ ad.ge boun.d&r~ con.Q1t1ons are 1n ao•ll.m; asr•••nt with the 

pact1oal values. !'or tba s!mply aUppo;rted edge conditiona the 

theoretical results givC'l 1n Fig.s.a and s.a ar• in somwhat poc>l'er 

agreeen:t with the values' ohtt\1n.ed experim.Qntally., ·By wsing higher 

term appro~imations of· the triel. functions Eq.(5 •. 13a) and (5.130) and 

w.ith ~moothened mapping tunet1ona the ro&Ults for bGth s1mpl.7 aup;orted 

and clamped edge boUQdary conditione will bo refined. int this, w.Ul 

involve additional numerical computations. 

tn~ periods fo~ rectane~~ar plates dbtained b¥ Cbu and Herraann 

is d~endoo.t ott the aspect ~t,.o or the plate• whereaa the ct.u:rospond1DC 

roeutts· obtained by Nash end Modeer a..re. 1ndepGndent o~ that ratt•• Jht 

mapping tu:Aot1ona tor rGctari.cular pla.tea Vlth ditte.ron.t a•pect :rat1• 



. ..._ 

wUl b$ 41tterent and tb•r•for• th• pl.'esent •tw17 truU.oatu that. ihe 

pe~ode wiil dcaarld Oil the aspect ~&tlo •. Xt ohoUld oo pointed -ou.t tat 
tbo theorY used in this atuur allowa the· sol.utton ot ·tile eissnv&lue 

p~bl• untie~ consider.a.~iOA -~a ·UO.uied point or viw since tile 

t~~ functions uae4 are tho : aaae :tor au allapes. conaidetins the tact 

tna t oue tea approxtaatj,on :reduces considerably the cospu:ta.tional 

etro.:rt• ~be resUlts obtained 1n this study are ·con~;ideHO. excellent. 

tor pra~t1cal. PtU'POsea• 
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FJ6. 5'2 SIMPLY SUPPORTED' CIR_CUL~ PLATE. 
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FIG.5~ CLAMPED CIR.CULAR PlA.TE. 
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FIG. 5'5 CLAMPED SQ..UAR.E PLATE. 
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