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CHAPTER-V
LAME BPLITVDE TRGE VIGUSIONS OF INSGULAR PLATES

PLACED ON BLASTIC xam&ms o

'&n approximate metind for investigating the large daﬂaetian of
iumially fiat lzotropic plates has basn proposed by Be:eger {1985)« An
appliestion of this technigque has been made to the vibration problems
by Bash and Modeer (1960} who found the large amplitude free vibratilena
of z'eétangalar and circular plates.

_ m this paper & unified method for determining the lower paturel
frequency of large amplitude free vibrations of thin elastic plates ef
any shape and placed on elastie féundétion ig given. Fellowing Eerger’s
method & simple fourth order differential aquation coupled with &
second order nonlinsar equation is cbtalned. If the boundary of the
xmim is & curve hatural to any of the common eﬂoar:amate system, the
solution of the ﬁiff‘émtial cqaﬁzcm con be exzpressed in teyas of
known functions. Yor more "exotie® boundaries, the natuprel cowozdinates
mugt ﬁmt be determined and afier this ix done, the scalli%iaa would
inevitably involve some unfamiller functions. The determination of
natural frequencles in this case will then be very complicated,
Therefore & common ce-ordinate system and its associated func:tm i
s ‘used‘fo;‘fl’ the cage of plates with complicated boundariss.’

[ . L L o F— b

-

¥ = Apcepted for publication in the Internationaflournal of
Nonlinear Mechanics, Massachusetts, U.S.A.

(Pw@uom@l; vol. 11, 197¢)



18)

In az;ﬁaz* ta sntisi‘y the prescribed boundary conditions, the -
domain 151 confornelly Sransformed orite & unit cirele. Oncs the
transformation function 4s known, the problen is reduced to the
soluticn of the transfommed differentiol system. In thia paper
Galorkin'e method is used to solve the tmmf”a:&md gguations

fae ratle ‘ai' time periods for circular, xéguare' and cornered
plates placed on elastic foundation have heen determines under siwply
stpporied and clamped edge boundsry eonditionss The foundation is
azsmﬁﬁ to be of the Winkler type. Exparimental vaiues ars elsb -
obtained for cireular snd square plates under both the boundazy
conditions. The results are presented in the fora of graphs and they
are compared with other inown resultse

THEORY

Let ue consider the large émpimuds free vibrations of & thin
Qlastia plate placed on an slastic foundation having the renciion, 1
per mait arex per unit aefLaction, '

By adding the potmu&l anergy of the ’aunﬁatiaa reaction to the
;MGrEy exprasqs.en, using Hamilton‘s zarineipza and Zulorty variatmnal
squations one gets tha folloving two differontisl egwations af-t:ea'
neglesting op and the inortia offects In t“fzé plane of the plate
L ¥ash end Hodeer (1960) 7 | | '
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tnwateh  C.0 = %

£(5) betng squal to F (%)

Let w = W (%Y) F(%)

Conbining aqgs;gsfz) and (5.5) one gets

2 dF

G’-)VW o(FG-)VW ’f\tza—w—‘-j)wl:(g—o

Bqe{56) may be written as

4 oo 2 A2
w . Kk X 3\ VW \2 F
W g)FO - APOT g

A golution of Bge(5.7) is possible 1P

4
N W l<-'-1
w =
and
7w
MRS __.KL
W.
in which k is a constant.
Fron Bg.(5.83)
(=) (T W = 0
From Eqn(&ﬁ)

Qﬁ?j)_—\-K‘LW = 0

=0
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Therefore & solution of Eq,( 5.7) can be obtained by satisfying 2q.(5I0b).
b sé.tisi’y the preseribed boundary conditions for p;atag of any
irregular shape let tho domain be conformaly transfarmed onto & wnit
cciveles If z 2 x + iy, 2= x < 1y, Eqe{5:10b) changes into

0202

Let z =f (35 ) be the analytic function which maps the boundery under
~ conglderation in the § - plane onto a unit circie. Thus Eqe(5.11)

transforms into complex co-ordinates as
. P x ' -

[V + K )]w(§§) e €812)

in whieh .
L
$=ne , T=wmg

The golution of Eqe{5.12) can be expressed in the form

W= S e[1-G] e (Be230)
N=j\ , : .
o
o< —Nn_2
\/\/ —~ ;'Bh['—(§§) J A sss £5:230)

according to the prescribed boundary conditions. E¢.(5:13%) is an
admisgzible fanetion fer the simply supported edge condition ijn the
sege thet this satisfles the kinesatic boundary condition w = O ab
=3, but-f does not gatisfy the foroe boundary condition M; = O,
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the fom of ¥ in Bqe (5e3D) mmrs,aa vade «‘5& a& s z and

can be taken as an adnissibie funsticn for the alwpaa a@g@ @m&ﬁam
gubgtituting Eg-i&ﬂl%) er m,easmé into 3@6{5;13) mmm $he erzop
 Sumekion, €, 04 wh&eh does not vanishy in genoral, sinw m,ts.m}

- or Bgei{S.13b) 1s mm an szaot solution. Galerkin's gmgagim_uqﬂzm '
that the error function, €y,¢ to be orthogonsl over the dowdin wnder

congidevation 3 lees,

j eﬁ'g(§$)W(§§)OtC=O (n=1,2,3,..... N) sen {Bell) -

4 | | |
From Bqw(S.14) & homogeneous systen of linear equutions is sbtained.
fich a syatm ¢an have nontrivial solutions only Af tha déeﬁammﬁrzﬁ
of the coefficients of the unknowns vanishes 4dentleally. From this
dgtammm a@ua&iﬁn, the values of kg, kg sene x:% can be solveds
Yor the fundamental frequency the lowest value of k2 is to be taken,
Combining Bms(5.7), (5.8) and (5.9) the following aiffesential |
aquatim fox detemining # H;) is @btammu |

EOMFS 1 AFE = 0 cre (5028)
in which
= A Ky e
Xy = (K + D))?\ Co . vee {6416)
by 2 1 2N ‘ .
M= (K KHG) ver (5:17)

Bgs(5.15) 4s to be solved subject to the initisl conditions

F(O) =1, F() = 0 sus (5018)
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;ﬂq&zﬁ%ﬁ.@n of Bge(5.158) can ba taken in the fomm

F@ = Ch (@t, 2) tn {5.39)

in which W, and A, ars positive a@z;am&s glven by

2
|

iy

IS 4 L m e
R L (l-r @ :Dkﬂ)%\g"K | vue (5,20)

3 | !
A, = -
K’ ' aes $(5221)
2(\-\- o 'Do("k1> u eex (5221)
#nd o is «f‘iae;abi s elliptic function.
To determine o Bael(S5.2) 1z transformed into complex soeordinates by

the transfommetion s =x +1iy, % = x - iy, Thus cne gels

o dw D |
75( 32 *52)‘* (- az>" 1T T e (6mR)

2&* the wapping funetion 5 = £ ( 3 ) be introduosd, zqais.aa)
reduces to :

M- dz dz ou dz . du dz
AR 5H ST

{ Vv dz dv Ol'z} 23\«1 Aw E |

oz d5 ~ 9z dj BZ 32 wes (B.23)
Yow the s’:@mizs:aﬁ gonntant o ean be dstermined from Bq.{S.13a) or
(5:120) and (5.23) by Integrating Dq.{5.23) over ﬁhé ¢ycle 2 A » The
temms involving u end v cen be ensily eliminated (since © and v
ars of 1ittia imporiance in the case of large amplitude vibration) |
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by caasid&mg aisitable ﬁ:pxﬁazaiong for @ and v compatible with
eha boundary mﬂiﬁians, Mmlly !;tm following intagral will
detornine o -

33&3‘?‘-1%%%43 =~2H-a-?%?%

This having determined k &nd of , the nonlinear fraguencyy o 5
is complotely determineds Thne nonlinear peried, Ty, is given by

vre (5.94)

2— L - . ! *e ¥ (502&)
1 !

K being the complete elliptic integral of the first kind. The iinear
periody Tg, 1is given by
2R ~
Tg = """Z:-',Z" * n;‘-dg ‘50%)

in which @y is to be d@temim'él from the eguation
Fit) + A\ Fb) = © con (5.27)
i the fora W, = A,

S T
Thus the mtio of the periods, "2%" s 1s cbtalned as

5 S 1 . 3 | ,_
Tg ' ' F / \ ‘ K"a('l‘ ‘ Yy} (ng}
| SN -
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PLICATIO

&, ILat us apply the procedurs explained above to the case of a
' clsupad cornered plate. The mapping function is ziven by

. a5 ,, 1 .5, '
z L. ] ! E R Y . 'Y 8 &I -
; 43 a (3 25 LR * o (5:3)

Using Eqe{5.13b) with rn=1 an appmximatt velus of ¥2 is obtained
: fmm qu(5c14)
kfa = M , sen (5-33)

% oz m L ans ‘5931)

o aetermino % the fonwing functions for u and v are %akﬁa,

»»»»»

oc . _ ,
u = ZUM (7\) Cosmoe FIQC) ’ ‘wue (Be32)
m=\3s,... -
_ o< N '
v = Y_vm(n) S mp F(¥) | wos (5:33)
. m=1,3,5,..

’ mbaf;ituting B538.{5.,32) and {(5:,38) 4in Kq«{8:23) one gats By.(5.24)

determining 0| ‘h determine the value of « for the fundemental frequency,
~ the Wlilﬁ of n in Bqe{5+13b) 15 taken to be 1e Substituting
Eqs{5.13b) with n = 3, and Bg.(5,29) in BEq.(5.24) the following value
of o ecorresponding to the lowest freguency is obiained,
0( ‘ 2° B azh‘“s ) sna Gﬁt&)
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2, . |
Thus e iz obtalned from Bq.{5.23)
» )
B L . ; ' S ’ ‘5 35’
iy 6% é. ane Rde
L , C %‘?1*&5- 3"?

in which the nondimensional foundatlon modulus, Xp , is given by

p

The mapping funetion of & square plate is given by

Z = 3°08a /" nff””i? ® o enn 7 cer (6:36)

Using Ege(5.13b) with n =1 and pm&@dins in the sane mannyr as
before one goets for a clemped square plate

1 2K 1 (S
% - «rw 4 1-2 NE——— % wee (5.37)

< h? 400+ 12°3 Ky )7

The mapping funetion for & cireular plate is glven by
Z2 & aj - . ses {56.33)

and for a clampad circulay plate one gete

L 2x . ;A _ _
%Y~ "x T T ——— S |
2 A » Bl _ 480 @ . aE see (B0}
Fap TS A e ¥4 oo
' ne 400 + 9 Kp



i

be Lot us consider the case of & sinply supported circuwise plake.
Uzing Eg.{5.132) with n = 1 and procesding in the sane manner ag

__befors one gets the ratie %L ,
T2

an-.ﬁ L . I!:L - ,

B ?ﬁ
4‘1 ‘% %*W

ees £5:40)

y 7%

Yor Ky = 0y Eqe (5:40) becomss

n, 28 1 ) . ‘
gg ‘ 7(’ ' ' ' esa (S.41)

L1z _7*

Thwe mrrupazzﬁmg resilt for the elrcuiary plate cbimined by Nush and .
NModear (19680) is

?1 QK . i

5 Ty | " res (B442)

L 1*@-—% 32 7t

whera 3, (ER) = 0O, R being the redius of the olrcles
Yor & simply supported squars plate one gats

T y : _ ,
g = = LI BE e - ‘. - (5"3)
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' Sxperinental verificabions wers mads with civeular and squere
plates under sioply supported and clamped edge boundery e&zidmiam;
The eirculsr plates wers 150 ma diampter and tho sguare plates with

160 ma’ side. Plate material was nild steel of 0,75 mn thickness. |
Pres trensverse vibmetions of different emplitudes and freguencies
Were Initiated in the appamtﬁs shown 4in Fige5.1. The test plecas,

Ty was statically deflected by the losd spindle, L and the ecentral
ﬂgﬂeetmn wag neasured by the gial indicator, De _Af—tar givmg &
predetomined centrel deflsction the spindle, L, wes 1ifted quiekly
by the raleass ;eprmgf,_ ‘B, and the corresponding fxvaiqmey was measursd
in & vibration meter, ¥, with the help of a noncontact Syps of
vibration pick up, Fe Simply supported edge conditions were realised
by placing the edges of the plates over a knife sdge placed around
the periphery of the cavity, G, the shape of uhich mnféméa the shape
of the plates 'uq*edg Clanped eﬁaa conditions were athieved by elemping
the edges of the xs:l;itﬂes"rzgmw by means of eight bolis, By with the
base of tho apparatius. Experiments woze carried out first with the
cavity, eapty and a@t i;y_plaﬁing the plates over es.gaé free hellcal
spﬁngs, 5, sach spéfing being located ai the centre of aight eguad
arskg of ﬁh@ plates, Ths comnbined m‘%&m oL ihg;-s speings. iﬁsgﬁ' wag
detormined experinentally to be Kp = 6°2. Cave vas taken in'
selecting the stiffhess of me spring;- B so that the spinéla; 1 wag
released quickly from the plate without obstructing the upward motion
of the platess



171

EEaTLIS
Maserical a2z well a3 experﬁ.menéal rés-izlt‘s i"ar the case of simply
supported cireular and squaze plates without foundation have besn
pregented In Fig.5.2 and 5.3 raspuetively. The .cam'-espaaéing resuits
obtained by Nash and Modeor (1980) fox the eircular and square plates
and the r&sﬂltzé abtained by (hn ané! 'Hexmgann' {19588) for the aguare
pla*!:‘ea‘ ﬁavé also besn presented for comparison. Juerical and
gxporimental resulbs for clamped elrenlar and zquare plates both with
ané@ without foundation have been prazsnied in Fig.8.4 and 5.5
respeetively. '
' Iowesd natural fxeqﬂméz‘es of large amplitude fres vibrationg of
thin plates of any ahape can readily be caléulatqd by the conformal
mapping technique used in this study, il the mapping functions are
known,. from Pigs.5.4 and 5.5 it is observed that the resulis obisined
with one term approximation of the frial funebion Bge(5.13b) for the
clamped edge boundsry condltions are in excellent sgreement with the
practioal values. Por the siuply supported adge eonditions the
theoretical posulis given in Pige5.2 and 5,3 are in souewhat poorer
agresaent with the values obtained expoarimanially. By using highoey
torm approximations of the trigl functlons HEqe(5.138) and (5.13k) and
with suoothenad mapping functions the results Zor boih simply supporied
end clamped edge boundaery conditions will be vefined. Buk this will
inwolve additional numerical computaiionss |
' The perlods for rectengular plates chbiained by Chu and Herrasnn
is dependent on the aspect vatis of the plate, wheress the carrespending
rosuits obtained by MNosh and Modeer sre lndepandent of that raties The
mapping functions for ractangalar plates with different aspect ratle
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Will b different and therefors the present gtudy indicates ShAt the
periods will depend on the aspect ratic. It ghould be pointed out that
tho theory used in this study mllows the sclution of the éigmvalm
probles under considezation fyom & unified peint of view sinee the
trial funetions used are tho same for S11 shapes. Congidering the fact
that one tem approximetion reduces considersbly the computational
effort, the results obtzined in this study ere considered excellent
for practical PUrpoOsess ' |
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F1G.52 SIMPLY SUPPORTED’ CIRCULAR PLATE. |
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 F1G.54 CLAMPED CIRCULAR PLATE .
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F IG.5'5 CLAMPED SQUARE PLATE,





