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CHAPTER -1 

INTRODUCTION AND 
SCOPE OF WORK 

"Everything should be as simple as possible, but not simpler" (Albert Einstein) 



....... , I CHAPTER-1 

INTRODUCTION AND SCOPE OF WORK 

1.1 INTRODUCTION 

Water, one of the basic life supporting systems on the earth, has always been a very 

important factor in the social, cultural, economic and ecol0gical development of human 

civilization. Pollution of surface water resource like river is largely a problem due to 

rapid urbanization and industrialization though rivers are an important component of the 

natural environment and need to be protected from all source of pollution as man's own 

survival depends on sustainability of river. The large-scale urbanization due to population 

growth, generation of industrial effluents, cattle farming in riverbank, idol immersion in 

rivers affects the water quality of river like non-tidal Mahananda River in North Bengal. 

Point sources of pollution include domestic or industrial discharge directly or via pipeline 

connected to the river system. Three major water quality parameters Biochemical 

oxygen demand (BOD), Chemical oxygen demand (COD), Dissolved Oxygen (DO) and 

pH are taken into account to develop mathematical model by using some statistical 

methods namely graphing, curve fitting and correlation regression etc. The water 

quality model has been developed with the objective of describing the water quality 

parameters and their comparative study and forecasting. Since uncertainty is an inevitable 

component of all predictions, the analysis of uncertainty in river water quality modeling 

has been discussed in this thesis. Since the soil of North Bengal is highly porous, the 

impact of porosity factor (Das, Barman, Dey 2006) of the riverbed and application of 

Darcy's law are analyzed. 

The quality of water in many rivers in India continues to deteriorate at unprecedented 

rates, and in the process compromising the health of aquatic ecosystems, as well as the 

well being .and livelihoods of some water users. Catchment based land activities generate 

waste that is delivered into and transported by rivers. The diversity of catchments and 



.. _,, their rivers is often reflected by an assortment of water quality problems including 

eutrophication, increased salinity, increased turbidity, acidification and toxicity and the 

deteriorating quality of water in rivers presents a major challenge to the nation. 

The dissolved oxygen (DO) concentration is a primary measure of a stream's health, but 

the dissolved oxygen concentration responds to the biochemical oxygen demand (BOD) 

load. Many streams and rivers in India have suffered from DO deficit, which is very 

critical to aquatic life. Investigators have continuously studied the dissolved oxygen 

uptake characteristics in stream water in relation to different sinks and sources in order to 

develop mathematical models describing the DO consumption. The minimum value of 

the DO concentration has been of particular significance in wastewater treatment design 

calculations and to regulatory agencies. 

Water quality modeling in a river has developed from the pioneering work of Streeter and 

Phelps (1925) who developed a balance between the dissolved oxygen supply rate from 

reaeration and the dissolved oxygen consumption rate from stabilization of an organic 

waste in which the biochemical oxygen demand (BOD) deoxygenation rate was 

expressed as an empirical first order reaction, producing the classic DO sag model. When 

the dispersion process is considered, the governing equation becomes a partial differential 

equation. However, the effect of dispersion on BOD and DO in small rivers is negligible 

(Li, 1972; Thomann, 1974; McCutcheon, 1989). Adrian and Sanders (1998) developed an 

analytical solution for the DO sag equation which incorporated a second order BOD 

reaction, but their development involved integration of cumbersome equations. 

Obviously, there is a long tradition and considerable justification to continue describing 

the DO sag in a stream using first order BOD reactions although there are applications for 

BOD reaction orders that are other than first order. Respiroll).etry is a versatile method for 

measuring the degradation and the oxygen uptake characteristics of a wide variety of 

domestic and industrial wastewaters (Young and Cowan, 2004). Multiorder BOD data 

from Hewitt, et al. (1979) encouraged Adri~n et al. (1999) to develop a DO sag equation 

for the three-halves order BOD reaction and a multiorder BOD reaction (Adrian et al. 

2004). However, their development contained tedious mathematical expositions. The 

literature on BOD reaction orders which are less than first order has been reviewed by 

Adrian and Sanders (1992-93) while Adrian et al. (1999), Adrian and Sanders (1998), 
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and Adrian, et al. (2004) reviewed three-halves order, second order, and multiorder BOD 

reactions, respectively. 

First, this study is to demonstrate application of the Laplace transform method, which 

provides a user friendly approach to solution of differential equations, to develop a DO 

sag equation for a river in which a second order relationship describes the BOD decay of 

the loading to the river. Secondly, this study is to review the relationships which describe 

a three-halves order BOD reaction and have been applied to estimate BOD parameters, 

then to incorporate these BOD relationships into the differential equation for dissolved 

oxygen for a stream. Because of its ease in application the Laplace transform method is 

selected to solve the dissolved oxygen sag equation. Also, a methodology for locating the 

minimum dissolved oxygen concentration in a stream is developed. Then, examples are 

presented to illustrate application of the models and to compare results for DO 

concentrations with those predicted with a first order model. 

This study also explores data accumulated between 2001 and 2006 to investigate long 

term and spatial trend in water quality data with respect to the major pollution indicator 

variables; pH, DO, BOD, COD in the Mahananda River. 

1.2. SCOPE AND OBJECTIVE OF THE WORK 

The main objectives of this study are as follows: 

1. To develop a Mathematical model of the effect of organic pollution, defined as BOD, 

DO and COD. The result obtained from developed model has been compared with actual 

data to check the predicted variances. In the first comparison, DO values from six sites of 

the Mahananda river in North Bengal, taken at different seasons of the year, were fitted 

into the model along with times of the travel between those stations. In the second 

comparison DO and COD data from West Bengal Pollution Control Board (WBPCB) 

laboratory simulating movement of water downstream from the source of pollution were 

compared with values predicted by the model. In both cases, the data agreed well with the 

prediction of the model. 
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2. To develop the DO sag equation for a second order BOD model using the 

Laplace transform and the convolution integral to simplify the mathematical solution of 

the model equation. 

3. To review the relationships which describe a three-halves order BOD reaction, then to 

incorporate these BOD relationships into the differential equation for DO for a stream, 

with application of Laplace transform in solving the DO sag equation. 

The scope of this study includes the development of the second and the three:...halves order 

BOD models using the new approach, the Laplace transform method, which was selected 

to solve DO sag differential equations because of its ease in application. Also by using 

various statistical tools the qualitative behavior of the three water pollution parameters 

named DO, BOD and COD are discussed. 

1.3. Concept of Modeling and Simulation: 

The process of developing model or making simplified abstract representation of real

world events I activities or systems by capturing their behavioral characteristics are 

known also as modeling. Model building helps scientists, Engineers and researchers in 

better understanding of the system. It better explains the past behavior and predicts future 

behavior of the system. It also helps for better and efficient planning and for evaluating 

policies and strategies of controlling the system in a desired fashion without disturbing it. 

It is in human nature to want to understand dynamic systems, control them, and above all 

predict their future behavior. During the last century, this desire has lead to inter

disciplinary research into modeling and simulation, bringing together results from 

mathematics, computer science, cognitive sciences, and a variety of application domain

specific research. Modeling covers the understanding and representation of structure and 
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behavior at an abstract level, whereas simulation produces behavior as a function of time 

based on an abstract model and initial conditions. 

Mathematical modeling is a fast developing area of research and development field, 

which has a tremendous scope with respect to Environmental planning and conservation. 

Here simulation models are built or developed and experimented in nature. Deterministic 

Models can be developed for Water quality to study the impacts or movement of BOD, 

COD, and DO etc of the river. 

The following mathematical tools are most frequently used in the development of 

models. 

1. Set theory and Transformations:- Mostly used to represent any kind of model 
and it is employed in the development of state change of state models. 

2. Matrix algebra: It is concerned with the description and manipulation of lists and 
tables of numbers. 

3. Difference and Differential equations: These are used to develop models that 
describe quantatively the way systems change over time. 

A mathematical model is a qualitative representation of a system based on mathematical 

relationships. Actually models are built in order to: 

• understand functioning and internal structure of a system 

• program measuring campaigns or positioning sensors 

• monitor the system and control interventions 

Building a model involves a number of steps, but it is not a straight procedure; as 

illustrated in Figure 1.1. Where more than one model is possible for a judicious choice of 

a particular model based on any system physical simulation is very important. 

The models of any physical system can be classified into two class viz. deterministic 

models and probabilistic models. 
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Figure 1.1 : Modeling and Simulation 

Deterministic models are those in which, all parameters and functional relationships are 

known with certainty. In case of probabilistic models at least one parameter or decision 

variable is a random variable. These models reflect to some extent the complexity of the 

real world and uncertainty surrounding it. 

Static models are time independent, so they are useful to represent average values (e.g. 

energy balances in ecosystems). The relationships between inputs, disturbances and 

outputs are instantaneous since they are algebraic (y=f(u, d)), and they are based on mass 

and energy static balances and on static equilibrium equations. Dynamic models describe 

the behavior of time-varying quantities, and they are necessary to study the impact of 

any internal structure and I or external time-varying stimuli (e.g. populations dynamics, 
'f 
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energy fluxes in ecosystems, etc.). These parameters are based on differential equations . 

Generally the models are based on differential equation of the following two types: 

• Ordinary Differential Equations (ODE), e.g. continuous population dynamics 

• Partial Differential Equation (PDE), e.g. pollutants diffusion 

Numerical models can be statistical, stochastic or deterministic. 

A statistical model doesn't try to explain causal connections nor internal dynamics in the 

system, just traces the overall characteristics of the available data sets. However, we can 

make a qualitative deduction on pheno.mena that generated the data, their statistical 

properties and recognition of anomalous data. A stochastic model reproduces the 

temporal progress of data without the claim of understanding this progress. It is useful for 

predictive intents but doesn't improve the knowledge of the system, and its use must be 

preceded by a structural analysis in order to establish causal input I output 

correspondences; what's more, for its calibration it needs a huge amount of data even if 

its structure is very simple. It is advantageous when we want to obtain an operative 

instrument that reproduces at best the observed output. 

Deterministic models try to explain the internal mechanism of the process. The 

complexity of the model depends both on the available knowledge and the use we have 

for the model. A sound knowledge of the fundamental laws that rule the system is 

necessary. 

Actually model gives an accurate description of a system within the context of a given 

experimental frame. The term "accurate description" needs to be defined precisely. 

Usually, certain properties of the system's structure and/or behaviour must be reflected 

by the model within a certain range of accuracy. 
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Figure 1.2: System versus Experimental Frame 

There are also fuzzy models that enable to deal with concepts defined descriptively (e.g. 

High, Low, Much, Few ... ); they are based on logic-deductive reasoning, and are built of 

a number of ''rules" like: IF<this happens>THEN<thi~ is true>. Each proposition in not 

TRUE or FALSE, but its degree of truth can vary with continuity between 0 (false) and 1 

(true). To develop fuzzy reasoning we need fuzzy algebra in order to have a fuzzy object 

that, after being elaborated, needs to be defuzzyfied in order to be quantified and used 

deterministically. 

Model validation IS the process of comparing experimental measurements with 

simulation results within the context of a certain experimental frame. When comparison 

shows differences, the formal model built may not correspond to the real system. A large 

number of matching measurements and simulation results, though generates confidence, 

however does not always prove validity of the model. 
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The model methodology can be described as follows 

DEFINE PROBLEM 

DEFINE OBJECTIVES 

DELINEATE SYSTEM AND ENVIRONMENT 

IDENTIFY SYSTEM COMPONENTS 

DELINEATE SYST M COMPONENTS 

IDENTIFY INPUTS, OUTPUTS & PARAMETERS OF COMPONENTS 

DEVELOP COMPONENT MODELS 

DO SENSITIVITY ANALYSIS OF COMPONENT MODELS 

VALIDATE COMPONENT MODELS 

INTEGRATE COMPONENT MODELS 

PR DICT MODEL BEHAVIOUR 

,.__N_O-----l IS MODEL BEHAVIOUR SIMILAR TO OBSERVE? 

YES 
MODEL VALIDATION 

DEVELOP USER FRIENDLY ENVIRON MEN 

I USER 1!. ... ---r,-M-O_D_E_L_O_U_T_P_U_T_--, 
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Rea~ System modelling/abstraction.. Abstract Model 

,expe iment virtual e· .periment 

Exper~ment Results 
abstraction 

Simulation Results 

Figure 1.3: Modeling - Simulation Morphism 

Various kinds of validation can be identified; e.g., conceptual model validation, structural 

validation, and behavioural validation. Conceptual validation is the evaluation of a 

conceptual model with respect to the system, where the objective is primarily to evaluate 

the realism of the conceptual model with respect to the goals of the study. Structural 

validation is the evaluation of the structure of a simulation mode1 with respect to 

perceived structure of the system. Behavioural. validation is the evaluation of the 

simulation model behaviour. An overview of verification and validation activities is 

shown in Figure 1.4. It is noted that the correspondence in generated behaviour between a 

system and a model will only hold within the limited context of the experimental frame. 
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Cause System !Effect 

Conceptual! 
Model: 

Validatlon 

Structum~ · Conceptual Behavioura~ 

Val:idation Modei Validation 

1nput Simulation Output . 
Model ....,___..., 

Figure 1.4: Verification and validation activities 

Consequently, when using models to exchange information, a model must always be 

matched with an experimental frame before use. Conversely, a model should. never be 

developed without simultaneously developing its Experimental Frame. This requirement 

has its repercussions on the design of a model representation language. 

0 
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CHAPTER-2 

LITERATURE SURVEY 

2.1 MATHEMATICAL MODELING 

Mathematical modeling is the method of translation of the given physical or other 

information and data into mathematical relation, · into a mathematical model. The 

mechanism of translating physical or biological concepts of any system into a set of 

mathematical relationships, and the manipulation of the mathematical system thus 

derived is called a model and it is an abstract representation of real world. 

Models are, by their very nature, abstractions of reality used to simulate, rather than 

mimic, natural systems. They are seldom, if ever, truly correct (van Waveren, Groot et al. 

1999) and application of models for management is often considered as much an art as it 

is a science. This does not imply a lack of rigour, but rather a recognition of inherent 

uncertainties and the need for the modeller to make intelligent choices in the 

development, use and reporting of models. This is both the strength and weakness of the 

modelling process. On one hand a model can reduce highly complex processes to simple 

output but, on the other, the strength of a model is determined by the relevance, and often 

extent, of the input data. Modeling can provide a powerful tool for management, but can 

be fairly meaningless if there is an ill defined objective, poor conceptualization of the 

causative relationships and their uncertainty, or if insufficient attention is paid to essential 

technical aspects of the modelling process. Failure to address, or at least be acutely aware 

of, these issues restricts sensible interpretation of results. 

Mathematical models fall into a number of generic types that assemble and use data in 

different ways. All models have a domain, which provides the boundaries within which 

they were designed. Operating outside the defined domain is ill-advised. 

Mathematical modeling is a fast developing area of research and development field, 

which has a tremendous scope with respect to environmental planning and conservation. 
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Here simulation models are built or developed and experimented in nature. Deterministic 

Models can be developed for Water quality to study the impacts or movement of BOD, 

COD, and DO etc of the river. 

A mathematical model is a qualitative representation of a system based on mathematical 

relationships. Models are built in order to: 

• understand functioning and internal structure of a system 

• program measuring campaigns or positioning sensors 

• monitor the system and control interventions 

Building a model involves a number of steps, but it is not a straight procedure, as 

illustrated in Figure 2.1. Where more than one model is possible for a judicious choice of 

a particular model based on any system physical simulation is very important. 

Information Sources Activities 

~ pliorf 

knowledge 

modeller'a and 
eltp erimenteiJa 

goals 

experiment. obaervation 
(measurement) 

data 

- ~-· .,._ __ _ Experimental Frame Definition 

• claaa of parametric 
1
model candida!$ 

~ _-_-_-_-_ structure Characterisation 1--------.J. 

-· ----...:------

t 
parame!;Jrc model 

'-~----~~----

' moo!)) with meaningful parametel" value~; 

t 
simulated measurements 

validated model 

Figure 2.1: Model-based systems analysis 
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2.1.1 Water Quality Models 

Water is required to sustain human life. Rapid growth of population and industrialization 

has resulted in scarcity and pollution. Absences of good management practices and 

regulations have exacerbated the problems. Assessment of water quality of river is 

therefore very important for a sustainable future. 

General guidance relevant to application of models to support the implementation of the 

Water Framework Directive (WFD) includes: 

• Define the objective that specifies the domain of the problem and the scenarios to be 

addressed; 

• Determine if a mathematical model is needed to reach the objective; 

• What reliability of model solution is required and does the expertise exist to apply the 

model; 

• If a model is thought to be needed, provide a conceptual framework; 

• Determine scope and boundary conditions, which guide data needs; 

• Select a type of model; 

• Verify that the conceptual model is effectively addressed by the computer program 

chosen; 

• Check the suitability or robustness of the model to extreme values of input data; 

• Check the sensitivity of the model to changes in input values; 

• Calibrate the model against empirical data sets; 

• Validate the calibrated model with independent data; and 

• Check if objective has been achieved (did the model answer the question that is was 

supposed to). 

14 



2.2 The Streeter-Phelps River Pollution Model: 
Oxygen Sag Curve 

Streeter-Phelps derived an equation (1925) that described the oxygen profile in a river, 

which undergoes a steady influx of pollutant at some point upstream. Initially, 

biodegradation of the pollutant causes a decline in dissolved oxygen C or, viewed slightly 

differently, an increase in the oxygen deficit D=C* -C, where c* is the equilibrium 

solubility of oxygen in water. As the pollutant concentration L decreases. through 

biodegradation, the decline in oxygen concentration slows and ultimately passes through 

a minimum, the so-called critical point, as oxygen supply from the atmosphere 

replenishes the river. Further "reaeration" ultimately restores the oxygen concentration to 

fill saturation level.(See the figure). 

In this model, Streeter and Phelps did not consider pollutant adsorption on river sediment, 

an important removal mechanism that will be addressed in the following example. Here 

only biodegradation and reaeration rates needed to be considered, both of which were 

assumed to be first order in concentration. The model equations are then as follows: 

0 2 Concentration 
c 

t~~-------------- 0 

Critical point 

0 Oi~cez 

Oz oe.nou. 
D:::C"-C 

Figure: 2. 1, Streeter-Phelps model. Dissolved oxygen profiles in a river with a steady 
influx of a pollutant 
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Oxygen mass balance: 

Rate of oxygen in -Rate of oxygen out = 0 

which becomes, in the limit 11z __.. 0 then the above expression becomes 

_______ (2.2) 

where v=Q/Ac=Superficial river velocity, kL a = volumetric mass transfer coefficient 

m2/m3 river, kr =reaction rate coefficient and L =pollutant concentration. 

Alternatively we can write in terms of the oxygeri deficit D=C*-C then the above 

equation becomes 

dC 
v--kL+k aD=O dz r L -----------------------(2.3) 

Pollutant mass balance: 

Rate of pollutant in -Rate ofpollutant out =0 

Which yields the ODE: 

0 _________ (2.4) 

Using separable of variables it is obtained 
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L = L 0 exp(- _r ~) ________ (2.5) 

v 

this gives the pollutant concentration profile in river. Now from (2.3) and (2.5) we get the 

following ODE in the oxygen deficit: 

dD k 
v-+ kLaD = krLo exp( --z) c2.6) dz · v -------· 

This equation is of the form 

y' +f(x) y = g(x) 

which has the solution of the form 

y=exp -f(x)dx [ g(x) exp f(x)dx+K] 

Upon evaluation of the integrals we obtain: 

k a k T k a-k 
D=exp(--Lz)[ rLO exp( L r z)+K] (2.7) 

V kLa-kr V -----

Using the boundary condition D=Do at z=O to evaluate the integration constant K finally 

yields: 

k T · k a k T k a-k 
r~ ) exp(-__b__ z)[ r~ exp( L r z) + K] 

kLa-kr V kLa-kr V 

____ (2.8) 

This expression (2.8) is the oxygen deficit profile in the river shown in the figure 2.1. 

2J8~G8 oz o~c zroJ 
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2.3. River water quality modeling Concept 

Rivers are vital and vulnerable freshwater systems that are critical for the sustenance of 

all life. However, the declining quality of the water in these systems threatens their 

sustainability and is therefore a cause for concern. This subsection gives an insight about 

the general concepts of water quality modelling. First, the River Continuum Concept 

(RCC) is presented, and then the general water quality modeling methods including . 

types, terminologies and comparison of different modelling approaches are presented. 

2.3.1. River Continuum Concept: 

Rivers are longitudinal functional units whose flow is unidirectional, as e.:cplained by the 

'river continuum' concept (Davies & Day, 1998). This concept considers rivers as 

characterised by physical and chemical conditions that are progressively and 

continuously modified downstream from the headwaters to the sea (Davies & Day, 1998). 

Whilst the attributes and constituents of water vary naturally within and between rivers, 

almost all surface water bodies tend to exhibit some degree of natural intra and inter 

annual variation (King et al, 2003). 

Understanding the theoretical framework of the river as an ecological continuum 

provides a fundamental basis for understanding ecosystem dynamics and water quality 

modeling strategies in rivers. The River Continuum Concept (RCC) was first introduced 

by Vannote et al. (1980) (see Figure 2.2). It provides an insight in the way biological 

communities may change from the headwater stream to larger rivers in the absence of 

human influence. Since then, the concept is widely used in river water quality assessment 

and modelling (e.g. Shanahan et al., 2001; Carpenter, 2001). The physical basis of the 

RCC is the size of the river or stream (stream order) and location along the stream. 

According to the RCC concept, the biotic and abiotic structure and function of the 

running water is characterized by longitudinal, vertical and lateral gradients. 
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According to the concept of river continuum, longitudinally, the river system can be 

subdivided into three zones: the headwater stream (1st- 3rd order stream), mid-reach (4th 

- 6th order stream) and downstream regions (> 6th order stream). The headwater streams 

depen~ on the surrounding forest for energy and nutrients sources, where leaf-shredding 

macro invertebrates constitute a large portion of the macroinvertebrate population. As 

this part of the river is shaded by riparian vegetation, there is almost no algal growth and 

the main source of organic carbon is from allochthonous primary production, and 

heteroterophs dominate the microbial community. Consequently, the ratio of gross 

primary productivity (P) to community respiration (R), P/R, is less than one. The 

important compartments in this river section are the bulk water, the riverbed and the 

hyporheic compartment (the transition zone between surface water and groundwater). 

In the mid-reach, the influence of riparian vegetation becomes less important. The 

amount of grazers that scrape algae from rock surfaces and that are nearly absent in head 

streams becomes larger. 

The absence of the shading effect enhances the stream shift from heterotrophic to 

authotrophic, and the growth of attached algae or periphyton. Thus, P/R is larger than 1, 

and the main source of nutrient is from authochthonous (internal source) and 

allochthonous (external source) detritus. The important compartments are bulk water, 

riverbed and hyporheic compartment. 

The downstream regions receive fine particulate organic matters that are washed 

downstream from the upstream sections of the river. The collectors that filter or gather 

fine particles from the stream become dominant. As the effect of riparian vegetation is 

insignificant, the main source of nutrients is authochthonous detritus. The primary 

production is often limited by depth and turbidity, and hence P/R is less than 1. In this 

river section therefore, the important compartments are bulk water and flood plain. 
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Figure 2.2: River Continuum Concept (RCC): relationship between the stream size and 
the progressive shift of structure and function of lotic communities (after Vannote et al., 
1980) 
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Impact of human activity and influence, the structure and function of river ecosystems 

become unpredictable with the RCC (Stout, 1994; Carpenter, 2001). The presence of 

disturbances such as nutrient enrichment, organic pollution and alteration of riparian 

vegetation through grazing, clear-cutting or impoundment may cause the overall 

continuum response to be shifted. The shift in structure and function of the river 

continuum indicates strong human influence and pollution of the river system, and thus 

the '.river needs restoration. In order to restore the polluted river, identification of the 

water quality problems and the sources of pollution are required, and this must be 

supported by water quality rules and regulations. 

RCC clears the characteristics of the river ecosystem that should be considered in the 

river water quality modelling. The modelling approaches must address 'the ecological 

characteristics of the river by appropriate consideration of compartments (bulk water and 

benthic sediment) and processes description in representative spatial and temporal scales 

(Shanahan et al., 2001). For example, in the headwater and middle stream with coarse 

substrates, it is necessary to consider both suspended and benthic compartments and their 

processes. This means the model should include the activities of microbial biomass both 

in suspension and attached to the benthic sediment. The activities of attached bacteria and 

algae predominate the activities of suspended microbial biomass, especially in small 

rivers where the wetted surface area to volume ration is large. In large rivers or in the 

downstream region of a river on the other hand, the suspended bacteria and algae in the 

water column dominate the conversion rates. 

2.3.2. Water quality model type~ and terminologies: 

Types of water quality models and related terminologies are well documented in 

Carstensen et al. (1997). Basically, there are two types of water quality models called 

stochastic and deterministic. If the model contains elements of randomness it is called 

stochastic. Including randomness in a model can be considered in order to account for the 
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uncertainty aSsociated with the model input variables and parameter values and model 

structure. Thus, a stochastic model will generate a range of values (rather than a single 

one) as model output in the form of a frequency distribution of e.g. pollutant 

concentration. 

If the model contains no elements of randomness or does not comprise uncertainty, the 

model output is a single value. This type of model is termed deterministic. A 

deterministic model can be further described as mechanistic (white-box), grey-box and 

black-box model. Mechanistic (white-box) models are based on physical, biological and 

chemical laws, whereas the black-box models are those models that are not based on any 

physical or biological laws; instead they are based on a data driven transfer function, e.g. 

a neural network (Lek et al., 1999). If a model contains elements of both the white-box 

(mechanistic submodel) and the black-box model, the model is called grey-box. 

Mechanistic models may vary in their model components, level of representation and 

temporal representation. On the basis of the level of representation, the mechanistic 

models vary from very simple (lumped models) to very complex (distributed models). In 

the lumped models, several processes may be combined and expressed as one, whereas in 

the distributed model, the model attempts to represent every significant process. 

Other important concepts that must be considered in water quality modelling are related 

to the model components. There are three basic components: variables, constants and 

parameters. The model inputs (components that influence the system), outputs (the one 

that one wants to predict) and states (the components that are required to be known to 

calculate the output) are all variables, and therefore called input variables, output 

variables and state variables. The state variables can be all variables that must be 

calculated based on the other variables. Model components that do not change their 

values throughout all possible applications are termed constants, e.g. the gravity constant 

and unit conversion constants (day to seconds; mg to kg, etc). Model components that 

change their value according to the application are called parameters. The value of the 
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parameter can be related to time, location or input variables, e.g. bacterial maximum 

growth rate, temperature correction factors, etc. 

Concerning the temporal representation of the model, the distinction should be made 

between steady-state and dynamic (unsteady-state) models. In steady-state models, all 

inputs and state variables are constant in time. In dynamic models however, inputs 

variables and state variables may vary with time, and thus result in a time variable output. 

Primary interactions forming basis of water quality models 

' 
Hydraulic 

.. 
Thermodynamic 

... 
Water quali~ ...,.. r 

model +··············· model .......... ., ..... model 
+ I . I 
1 · I 
I I 
•--------------------------~--------------------------------------------------

Secondary interactions which are generally negleded 

Figure 2.3 The basic sub-models which make up a water quality model (Adapted 
from Thomann and Meuller 1987) 
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2.4. Dynamic mechanistic river water quality modeling 

The conservation of mass the main component of mechanistic river water quality models, 

i.e. within a finite volume of water, mass is neither created nor destroyed. In quantitative 

terms, the principle is expressed as mass-balance equations that account for all transfers 

of matter across the system's boundaries and all transformations occurring within the 

system. 

Due to various factors the pollutant loading into the river and the water quality variables 

(e.g. the concentration of dissolved oxygen) may vary such as storm events and sewer 

overflows. A dynamic mechanistic river water quality model therefore takes into account 

such temporal variability of pollutant loading and water quality variables in rivers. 

In the following subsection dynamic mechanistic river water quality modelling 

approaches that are applied in both basic water quality and organic contaminant fate and 

effect modeling are discussed under these subsections: (1) complex hydraulics routing, 

(2) complex pollutant transport, (3) conceptual hydraulic routing, (4) conceptual pollutant 

routing, 

2.4.1. Complex hydraulic routing 

Various models available to simulate dynamic water movement (flood propagation) in 

rivers are based on the usage of the St. Venant equations which comprise the mass and 

momentum balances on a one-dimensional channel. When the wind shear and eddy losses 

are omitted, the model is as follows: 

Continuity equation including lateral inflow (mass balance): 

aQ + aAcross = q 
ax at 

Momentum equation (momentum balance): 
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_l_(X2+ 1 a ( (f )+g(Jz -g(S -S )=0 
~ dt ~ (k ~ (k 0 f -----------------------(2.9) 

Local 
Acceleration 

convective 
acceleration 

pressure gravity friction 
force force force 

Kinematic wave 

+--------- Diffusive wave 

.---------------------------------- Dynamicwave 

Figure 2.4: Simplification of momentum equation by dropping terms (after Chow, 1988) 

Where 

Q flow rate [m3 s-1
] 

Across cross-sectional area [m2
] 

h absolute elevation of water level from the datum [m] 

g gravitational acceleration constant [m2 s-1
] 

q lateral inflow per unit length [m2 s-1
] 

So river channel side slope [-] 

SJ friction slope [-] 

X longitudinal distance of the river [m] 

The momentum balance in Figure 2.4 can be simplified by dropping terms (Chow, 1981). 
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the pressure and acceleration terms are when dropped or only the friction term and 

gravity force are considered, the equation describes the kinematical wave only, which is 

limited to the monotonically decreasing of the riverbed. When one ignores the variation 

of flow, the equation is simplified to the diffusive wave approximation, which allows 

describing backwater effects of weirs or other hydraulic controls like tidal effects. It can 

be applied when the river is not monotonically decreasing. If no term is ignored, the 

dynamic wave equations are able to describe the full dynamic wave. 

By considering constant water width and rearranging equation 2.9 and equation indicated 

in Figure 2.2, one can get the St. Venant equations as follows: 

ah 1 aQ q 
-=---+-at b ax b -------------------------------------------2.10 

aq a (J ah 
_ ==--( )- nA -+ nA (S -S ) at ax L1 & ~ross ax & ~oss 0 f --------------2.11 

1 ~ross 

where b is the river water width [m]. 

2.4.2. Complex pollutant transport (mass balance) modeling 

Pollutant routing in a river is often described by the advection-dispersion (mass balance) 

equation, which is based on the principle of conservation of mass and Pick's law. The 

mass balance for non-conservative (non-reactive) pollutants in three directions 

(longitudinal x, vertical y and lateral z) is written as: 

ac ac ac ac a2c a2c a2c 
-=-u --u --u -+E --+E --+E ---R 212 dt X dX y ()y z dZ X dX2 y ()y 2 z ()z 2 ------- . 
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where 

c 
T 

Ux,y,z 

x, y,z 

Ex,y,z 

R 

concentration [g m-3
] . 

time [s] 

average velocity in the ith direction [m s-1
] 

distances in x, y and z directions [m] 

the dispersion coefficients in the x, y and z directions [m2 s-1
] 

reaction transformation rate [g m-3 s-1
] 

Equation 2.12 is also called the basic water quality equation. It assumes both the flow 

velocity and dispersion coefficient to be constant over all the three directions. It cannot 

be solved alone in itself but requires the application of a hydraulic model as an input. 

The full-form of equation 2.12 is rarely applied in river water quality studies, as it 

requires a lot of data for the three-dimensional velocity fields. It is hence often applied in 

a simplified form. 

Assuming the absence of temporal velocity gradient in both vertical and lateral direction, 

pollution routing for one-dimensional river water quality can be expressed as follows: 

d(AcrossC) 

dt 
d(QC) EA d2C A R 

dX + cross dX2 - cross ----------------------2.13 

To solve equation 2.13 numerically, it is coupled to the numerical solution of open 

channel flow such as provided for the St. Venant equations (equations 2.10 and 2.11). 

The St. Venant equations require numerical methods (typically finite difference and finite 

element method) to solve them. These methods require small time steps to overcome the 

numerical problem of instability. As the application of the full St. Venant equations 

already requires long computation times, further extension of this model towards 

integrated water quality modelling will result in even more computation time. 
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Consequently, a conceptual mechanistic surrogate model was proposed for the sake of 

faster simulation and easy implementation of water quality models (e.g. Meirlaen et al., 

2001). 

Mathematical Modeling related to Flow Analysis: 

Fig 2.5 Structure of running water ecosystems 

2.4.3. Hydraulic routing (Conceptual Model) 

The conceptual model consisting of a cascade of Continuously Stirred Tank Reactor in 

Series (CSTRS) can be applied for dynamic hydraulic modelling in rivers. The schematic 

representation of this modelling approach is indicated in Figure 2.6. It is based on the 

mass balance of water that c~m be expressed around a control volume, an incremental 

element (slice) of stream volume, as follows: 

dv 
d{ = Q in'- Q out --------------2.14 
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Side stream/effluent discharge 

o .. c. 

Figu.re 2.6: River discretisation, a cascade of CSTRS model and mass balance 

where V control volume [m3
] 

Q;n inflow rate [m3 d-1
] 

Qout outflow rate [m3 d-1
] 

Around a control volume, box or river tank, a side stream or effluent discharge can be 

connected. In that case, equation 2.14 can be extended as follows: 

dv 
dt = Qin + Qd - Qout ------2.15 

where Qd is the flow rate of the side stream or effluent discharge [m3 d-1 
]. 
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Equations 2.14 and 2.15 are based on simple mass balance where the change in volume 

over time is the difference between the overall inflow rates and outflow rates. It respects 

the continuity equation, equation 2.9. The outflow rate Qout can be calculated in different 

ways, e.g. Shaw (1996), but the simplest way is as indicated in equation 2.16. The 

parameters of the power function a and b can be calculated on the basis of stage-flow 

data on available relationships, as follows: 

Q our == a h fJ --------2.16 

Equation 2.16 is conceptually equivalent to the momentum conservation. 

The underlying concept of the conceptual hydraulic model is that the river must be 

discretised (segmented) into a series of tanks (control volume). The only limitation of this 

formulation, however, is that it does not simulate backwater-effects due to dams, weirs or 

tidal effects. The conceptual hydraulic model can, however, be applied for dynamic flow 

propagation in nontidal influenced rivers. 

2.4.4. Pollutant routing (Conceptual Model) 

A cascade of CSTRS is among the simplest systems that can be used to model a natural 

water body (Chapra, 1997). This conceptual approach is also called moving segment 

model, box model or cells in series model, and has been successfully applied in river 

water quality modelling (Beck and Reda, 1994; Park and Lee, 1996; Lewis et al., 1997; 

Park and Lee, 2002). 

On the basis of equation 2.14, a pollutant mass balance for unsteady flow conditions in 

every CSTRS can be expressed as follows: 
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d(VC) - Q C - Q C V 
d t - in in out + r -------------------------------------2.17 

Where 

concentration in the inflow [g m-3
] 

C concentration in the outflow [g m-3
] 

r the overall reaction rate [g m-3 d-1
] 

If the side stream and wastewater effluent discharge is connected 

equation 2.9 can be extended as follows: 

d(VC) 
--- == Qin cin + Qd c d - Qout c + r v ___ ,: __________________________ 2.18 

dt 

where Cd is the concentration in the side stream or effluent discharge [g m-3
]. 

Equations 2.17 and 2.18 are based on a simple mass balance and relatively easy to apply. 

They can be used for both steady-state and dynamic flow conditions, where for the 

dynamic flow conditions, the derivative term must be solved numerically. 
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2.5 Dynamic river water quality modeling· (Simplified form) 

A simplified dynamic river water quality model is discussed in this chapter. It was 

derived from the already existing complex river water quality model, which was 

principally developed for data rich conditions. The simplified model is meant to be 

applied in data limited situations, as is the case in developing countries, as well as for 

integrated river water quality modelling. The model was applied on the Crocodile River 

case study (South Africa) in order to investigate the seasonal dynamics of nitrate and 

ammonia nitrogen concentrations. Its application was evaluated using monitoring data 

collected during the years 1987 to 1990. The relationship between river flow rates and 

inorganic nitrogen concentrations was analyzed. The sensitivity of the model output to 

changes of model input parameters is discussed. 

2.5.1. Introduction 

In developing countries the challenge of using mathematical models as a support tool to 

evaluate water quality remediation options is well documented (Ongley and Booty, 

1999). Modelling is expensive, requires substantial investment in reliable data, 

development of scientific capacity and a relatively sophisticated management culture. 

Nevertheless, new developments in water quality management policies and strategies 

require a mathematical model to predict the in-stream fate of pollutants as well as to 

estimate the likely effects that the resultant water quality may have on recognized water 

uses. Furthermore, the complex relationships between waste load inputs, and the resulting 

water quality responses in receiving water bodies are best described using mathematical 

models. 

Several types of river water quality models for conventional pollutants (e.g. organic and 

inorganic nutrients) are available. These models simulate the major reactions of nutrient 

cycles and their effect on the dissolved oxygen balance. The complexity and number of 

state variables of these models increase from the simplest Streeter-Phelps (Oxygen sag 

curve) (Streeter and Phelps, 1925) to extended models such as QUALJ (Masch and 

Associates, 1970), QUAL2 (Water Resource Engineering, 1973), and QUAL2E (Brown 

and Barnwell, 1987). Currently, QUAL2E is the most widely available stream water 
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quality model that has been adapted for use on a personal computer. However, the 

QUAL2E model types were indicated to have some limitations. One of the major 

limitations is the lack of provision for conversion of algal death to Biological Oxygen 

Demand (BOD) (autochtonous source of organic matter), denitrification, and Dissolved 

Oxygen (DO) change caused by fixed plants (Ambrose et al., 1996; Park and Lee, 2002). 

Furthermore, these models take into account neither suspended nor attached .microbial 

biomass as state variables despite the fact that microbial biomass are the main component 

in the biotransformation processes (Reichert et al., 2001). They are also using Biological 

Oxygen Demand (BOD) as a measure of carbonaceous organic matter, which cannot be 

fractionated properly to different phases (dissolved and particulate) of organic carbon, 

and therefore not suitable to calculate mass balance. 

An integrated water quality modelling approach requires a river water quality model that 

can be connected easily to, and is compatible with, a typical Activated Sludge wastewater 

treatment plant Models (ASM) (Reichert et al., 2001). In contrast to QUAL2E type 

models, ASMs are based on Chemical Oxygen Demand (COD) as a measure of 

carbonaceous organic matter, and also consider microbial biomass as state variable. 

Accordingly, the IW A Task Group on River Water Quality Modelling recently proposed 

the River Water Quality Model number 1 (RWQM1) (Reichert et al., 2001). This model 

considers microbial biomass as state variables, and it is also based on COD. It is thus 

compatible with the existing IWA Activated Sludge Models: ASMJ (Henze et al., 1987), 

ASM2 (Henze et al., 1995) and ASM3 (Gujer et al., 1999). RWQM1, however, is 

considered to be too comprehensive and complex to be applied directly in many 

situations, as is the case in developing countries where the availability of data is very 

limiting. In data poor situations, one needs to focus on a simple river water quality model 

that describes components of the C, 0, N and P cycles reasonably and which is still 

compatible with Activated Sludge Models. In this study, a simple dynamic river water 

quality model was developed based on a simple conceptual hydraulic model and the 

simplification of the available complex RWQM1 model (Reichert et al., 2001). 
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2.6 Basic river water quality models 

2.6.1 Introduction 

Rivers are waterways of strategic importance across the world, providing main water 

resources for domestic, industrial, and agricultural purposes. This is particularly true for 

India, a country that relies heavily on surface water resources to sustain its growing 

population and economy. So, water is life and the quality of water is an essential measure 

of the quality of life or rather the existence of life. Consequently water quality 

management is (or should be) one of the most important activities of mankind, so as to 

protect and save human life and the life of other living things, which latter is a 

precondition of human life as well. The management of water quality, or the protection of 

the aquatic ecosystem in a broader sense, means the control of pollution. Water pollution 

originates from point and non-point (diffuse) sources and it is always due to human 

action (the author strongly believes that no such thing as "natural pollution" exists, as 

sometimes advocated by other people). The control of water pollution, the protection of 

aquatic systems, is thus the control of human activities that result in pollution. One 

should also understand that the protection of the aquatic environment, and within this the 

control of pollution, is a profession and not an easy one. Professions like designing a 

house, a bridge, a road or just the making of a pair of shoes. This also means that no 

bridge designers (or hydraulic engineers) and no shoemakers and not even water chemists 

and aquatic ecologists can alone attempt the solving of water pollution control problems 

(although sometimes they think they can). A crucial element in the series of complex 

activities of planning and implementing water pollution control actions is the quantitative 

determination and description of the cause-and effect relationships between human 

activities and the state (the response) of the aquatic system, its quantity and quality. 

These activities together can be termed the modeling of aquatic systems (hydrological, 

hydraulic and water quality modelling). These activities are aimed at calculating the joint 

effect (the impact) of natural and anthropogenic processes on the state of water systems. 

The subject of this chapter is to introduce the basics of water quality modelling to the 

user. Although the qualitative and quantitative modelling of water systems (rivers, lakes 

and reservoirs) should be done simultaneously we will have to separate them for the 

purpose of this programme, always assuming that the quantitative state (the hydrological 
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and hydraulic parameters) of the water system is known and sufficiently well described . 

. With this one can focus on the quantitative, mathematical, description of processes that 

affect water quality. 

Even within water quality modelling one can go to deal with the most essential basics of 

river modeling which would deal with more details of it (including basic statistics of flow 

and quality data), lake and reservoir modelling and last but not least with the modelling 

of non-point source pollution, a crucial problem of ever growing importance of our era. 

2.6.2 Theory of river water quality models 

In logical order the teaching of this topic should have started with the description of both 

the quantitative and qualitative state of the water body. The more so since even the basic 

flow modelling techniques would fill a separate curriculum in itself. Consequently in the 

following sections of this programme all, hydraulic and hydrological river parameters 

(e.g rate of flow, flow velocity, stream depth and width, etc) will be considered as given 

input data. Thus we will start with the introduction of the basic mass transport and 

transformation processes, relying on continuity and conservation of mass considerations. 

Skipping again some of the details of deriving the basic equation (Jolankai 1979, 

Jolankai,1992) let us consider an elementary water body, a cube of dx, dy and dz 

dimensions. The quality of water within this elementary water body depends on the mass 

of a polluting substance present there. Water quality models then should describe the 

change of the mass of a polluting substance within this water body. The change of the 

mass of this substance is calculated as the difference between mass-flows (mass fluxes) 

entering and leaving this water body, considering also the effects of internal sources and 

sinks of the substance, if any. The mechanism of mass transfer into and out of this water 

body includes the following processes: 

Mass transported by the flow, by the vx, Vy, and vz, components of the flow velocity 
/ 

vector. This process is termed the advective mass transfer. The transfer of mass, that is 

the mass flux (in mass per time, M T 1
, dimension) can be calculated in the direction x as 

C*vx, *dy*dz, where C is the concentration of the substance in the water (in mass per 
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volume dimension, M L ), see also Equation 2.19. The other means of mass transfer is 

termed the dispersion or dispersive transport. Here one has to explain this term because 

there is usually considerable confusion with the terms diffusion and dispersion; -in short: 

dispersion is a term used for the combined effect of molecular diffusion and turbulent 

diffusion, and both of these latter processes is caused by pulsating motion, that is by the 

''Brownian" thermally induced motion of the molecule (molecular diffusion), and by the 

pulsation of the flow velocity around its mean value, caused by turbulence (called the 

turbulent diffusion). 

The dispersive mass transfer (Ex, Ev, Ez) has the dimension of mass per time per area (M 

T 1 L-2
) and it is usually expressed by the law of Fick which states that the transport of the 

substance in a space direction is proportional to the gradient of the concentration of this 

substance in that direction the proportionality factor being the coefficient of dispersion, 

as shown in equation 2.19.These equations describe the dispersive and advective 

transport of a polluting substance from the x direction into an elementary water body. 

The first term is actually the law of Fick which states that the diffusive (dispersive) 

transport of the substance in a space direction is proportional to the gradient of the 

concentration of this substance in that direction the proportionality factor being the 

coefficient of dispersion. The user finds more information on dispersion in the "general" 

part of this basic theory chapter and on the programme part on "dispersion river models". 

The second term is the advective transport term, which states that the specific (per unit 

area) transfer of mass to a spatial direction is· the product of the concentration of a 

substance and the velocity of flow in that spatial direction. These are the terms used in 

writing the overall mass balance (that is Eq. 2.20) of an elementary water body. 

--------------------------------- 2.19 

where 
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Ex - is the dispersive mass flux in the spatial direction x (M C 2 T 1 
), with the 

assumption that the law of Fick holds for the joint effect of molecular diffusion 

and turbulent diffusion, that is for dispersion . 

ADV x is the advective mass flux in the spatial direction x (iM L-2 T 1 
). 

C - is the concentration, the mass of the quality constituent in a unit 
volume of water (mass per volume, M L-3

); 

Dx - is the coefficient of dispersion in the direction of spatial coordinate x (in surface area 
per time, er1 units); 

V x - is the component of the flow velocity in spatial directions x. (length per time, L T 1
); 

2.6.3 The mass-balance equation of an elementary water body 

This equation was derived by writing a mass balance of in- and outflowing advective and 

dispersive mass fluxes of an elementary water body and expressing the change of the 

mass of the substance with time. The terms for one spatial direction include the inflowing 

mass flux and the outflowing mass flux, which latter is the difference between inflowing 

flux and the change of the flux within the water body. For more details see the "General 

description of basic theory", the "mass transport terms for deriving the basic model" and 

the "General description of dispersion river models". 
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atdxdydy ~ [(v.~C)+Bx]dydz+[(vYC)+EY]dxdz+[(VzC)+Ez]dxdy 

-tv,C)+E, + ![(v,C)+~]dx~dz-

-{vYC)EY + ~((vyC)+EyJdY}dxdy-

-fv,C)+E, + ![(v,C)+E.Jdz}dydx 

-------------------------------------------------------~-~() 

Where 

C - is the concentration, the mass of the quality constituent in a unit volume of water 

(mass per volume, M L-3
); 

Ex,Ey,Ez -are the dispersive mass fluxes in the spatial directions x, y, and z (in M L-2 T 
1 dimension), with the assumption that the law of Fick holds for the joint effect of 

molecular diffusion and turbulent diffusion, that is for dispersion; 

Vx,Vy,Vz - are the components of the flow velocity in spatial directions x, y , and z, 

(length per time, L T 1
); 

dx, dy,dz- are the side lengths of an elementary cube, an elementary water body. 
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2.6.4 The basic water quality model equation 

This equation forms the basis of all water quality models. It was derived from Equations 

2.19 and 2.20, by combining them, carrying out the operations, rearranging the result and 

dividing the equation by the elementary water volume dx*dy*dz and also by considering 

internal sources and sinks of the substance, as well as external sources. The basic 

equation describes the variation of the concentration of a quality constituent C with the 

time and space. Apart from the advective and dispersive transport terms that were 

discussed in relation to Equations 2.19 and 2.20 in this basic equation there is a general 

term, the internal source/sink term, or internal reaction term, that should be also discussed 

in somewhat more detail. They are also called the transformation processes with the 

meaning that the substance in concern is being transformed by various physical, 

chemical, biochemical and biological processes resulting in the change of the quantity of 

the substance in an elementary water body. This change is either a "loss" or sink term 

caused by processes such as settling, chemical-biochemical decomposition, uptake by 

living organisms or a "gain", a source term, such as scouring from the stream bed, 

product of chemical-biochemical reactions, biological growth, that is the "build-up " of 

the substance in concern on the expense of other substances present in the system. The 

actual form of these transformation processes will be presented in relation to concrete 

model equations such as the BOD-DO models, the models of the oxygen household. 

ac ac ac ac 
--+v --+v --+v -· - :: at xax_ YiJy z(Jz 

;;; ~(n ac)+l.(n ac)+j_(n ac)+S(x,yzt)±S ax x ax ay y ay az z az ' ' intemat 

---------------------------------------------2.21 
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Where 

C - is the concentration, the mass of the quality constituent in a unit volume of water 

(mass per volume, M L-3
); 

Dx, Dy, Dz- are the coefficient of dispersion in the direction of spatial coordinates x,y 
and z (in surface area per time, L2T 1 units); 

t-is the time(T): 

S(x,y,z,t)- denotes external sources and sinks of the substance in concern that may vary 
both time and space (mass per volume per time, ML-3T 1

); 

~nternai- denotes the internal sources and sinks of substance (ML-3T 1
); 

2.6.5 Derivation of simple water quality model from the basic 
model equation 

The basic three dimensional water quality model is seldom used in its original complex 

way (Eq. 2.21), mostly because three dimensional problems occur rarely. For example 

river problems can be frequently reduced to one-dimensional (linear) or two dimensional 

(longitudinal-transversal) problems, as it will be demonstrated in the programme. 

Another reason of using simplified models is that transversal or vertical velocity 

measurement data are seldom available. 

The internal source-sink terms that were only denoted in Eq. 2.21 should be specified for 

each problem explicitly and they vary with the components considered. Here it will be 

briefly demonstrated how can one derive the most simple (river) models version of Eq. 

2.21, which can be used in the practice. In order to arrive to the possible most simple 

water quality model we have to make first series of assumptions and approximations: a, 

Neglect, for the time being, all terms accounting for dispersion. With this we assume that 

the system is fully mixed, which means that any external material input (load) to the river 

will be instantaneously and fully mixed with the water. This is a very rough 

approximation and its consequences will be discussed in a subsequent sections dealing 
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with dispersion and mixing problems. However, this approximation holds with long 

linear systems, e.g in the case of smaller rivers with continuous steady input loads (waste 

water discharges). 

b, Considering a river and a sewage discharge of steady state conditions (with flow not 

varying in time) the initial concentration Co downstream of an effluent outfall can be 

described by the general dilution equation (see Equation 2.22). 

2.6.5.1 The general dilution equation 

Considering a river and an effluent discharge of steady state conditions (with flows and 

concentrations not varying in time) and assuming instantaneous full cross-sectional 

mixing of the sewage water with the river water the initial concentration Co downstream 

of an effluent outfall can be calculated by the dilution equation (Eq. 2.22), which stems 

from the balance equation of in- and outflowing fluxes written for the section of the 

discharge point (e.g. background river mass flux plus pollutant discharge mass flux 

equals the combined mass flow downstream of the point of discharge). This equation is 

used very frequently in simple analytical water quality models for calculating the initial 

concentration of pollutants. 

------------------------------------~-~~ 

Where 

Cb- background concentration of the polluting substance in concern in the river, (ML-3
); 

Cs - concentration of the pollutant in the waste water, (MC3
); 

Q- discharge (rate of flow) of the river upstream of the effluent outfall, (L3 T 1
); 

q- the effluent discharge, (L3 T\ 
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2.6.5.2 The most simple water quality model (2) 

Averaging flow and concentration over the cross section Equation 2.21 simplifies into 

Equation 2.23 where v is the average flow velocity along the stream. Introducing the 

"time of travel" t = x/v and assuming first order reaction kinetics for a single decay or 

decomposition process, as the only internal process (sink) one obtains the possible most 

simple river water quality model in the form of Equation 2.24. This equation (the 

principle of first order reaction kinetics) states that the decay/decomposition of a 

pollutant is proportional to the concentration of the pollutant and the factor of 

proportionality is K, the decay rate coefficient (T1
). Solving Eq. 2.24 for the initial 

conditions defined above (C = Co at x=x0, that is t = to the simple exponential decay 

equation (Equation 2.25) is obtained, which is at the same time the most simple water 

quality model used in the practice. Equation 2.25 will be subsequently referred to also as 

the "Decay Equation". This equation can be used for a number of water quality 

'modelling purposes (such as the "decay" of BOD, COD, etc, see also at the description 

of' BOD-DO models), and forms an essential part in developing coupled reaction models 

(see under this heading for more details). 

dC v--
dx 

± S internal 

dC = -KC 
dt 

C - C e-Kt 
- 0 

----------------------------------------~.~~ 

-----------------------------------------~.~4 

------------------------------------------~.~!5 
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Where 

C-is the concentration, the mass of quality constituent in a unit volume of water (mass 
per volume, ML -3); 

C0- is the initial concentration of the pollutant downstream of a point source of pollution 
(ref.eq.l.4); 

v-is the mean flow velocity of a river reach investigated (LT1
); 

SinternaJ- denotes the internal sources and sinks of substance, (M L-3 T 1
); 

K- is the reaction rate coefficient for first order kinetics(T-1
) 

t-is the time of travel interpreted as t=xlv 

x- the distance downstream (L) 

2.6.5.3 Derivation of coupled reaction models 

Chemical, biological or biochemical processes to which water quality constituents are 

subjected seldom occur alone but in a coupled way. If we consider such a coupled 

process situation, still in a generalizable way, assuming that the product of a 

decomposition/decay process of a water quality component (C1) is another water quality 

constituent (C2) which latter is subjected to further decay/decomposition then we can 

derive a simple set of coupled reaction models in the form of Equations 2.26 and 2.27, 

where K1 and K2 are the respective reaction rate coefficients of the not yet named water 

quality processes. With this we have actually derived the still most frequently used basic 

river model, the oxygen sag curve model (Streeter and Phelps, 1925). Assuming that the 

parameter C1 is the biologically decomposable organic matter content of the water 

(expressed in Biochemical Oxygen Demand, BOD which is the amount of oxygen 

utilized by microorganisms from a unit volume of water for the decomposition of organic 

matter during a selected period of time) and assuming that the other parameter C2 is the 
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oxygen deficit compared to saturation level Eq 2.26 and 2.27 are the basic equations of 

the traditional oxygen sag curve model which states that the oxygen consumed by 

microorganisms adds to the oxygen deficit, while the process of aeration (or reaeration; 

the uptake of oxygen across the water surface due to turbulence and molecular diffusion) 

reduces this deficit. 

Here the reaction rate coefficients gain specific meaning, that is 

K1- is the rate coefficient of biochemical decomposition of organic matter (T1
) 

K2 - is the reaeration rate coefficient (T1
) 

t-is the time, that is the time of travel in the river interpreted as t=x/v, where 

x is the distance downstream of the point of effluent discharge 

The set of differential equations (Eq 2.26 and 2.27) can be solved for initial conditions 

C1 =C~,0 and C2=C2,o at x=O; (t=to) (to be calculated with the dilution equation (Eq 2.20) 

in a similar way as shown there), obt~ning Equations 2.28 and 2.29. Equation 2.29 is 

termed in the relevant literature the "Oxygen-Sag Equation" and will be referred to as 

such later on. 

At this point we have arrived to a model which is actually used in the practice (along with 

its more or less modified, expanded, versions) as it will demonstrate in the subsequent 

parts of the programme. 

------------------------------2.26 

--------------------------------2.2jr 

C 
-K t C ::; e 1 

1 1.0 

-----------------------------2.2El 
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Where 

C1, C2 - are concentrations of interacting water quality constituents (the product of the 

"decomposition" process of Cl is C, which latter is also a decaying 

decomposing constituent (ML-3
) 

C10, C20 - are initial concentrations of the above two water quality constituents 

(see also Eq. 2.22) (ML-3
) 

K1, K2 - are the reaction rate coefficients of the above processes, (T1
) 

t- is the time of travel interpreted as t =xlv, (T) 

X- the distance downstream (L) 

2.7 BOD-DO River Models 

2.7.1 General introduction of BOD-DO river models 

BOD-DO river models deal with the oxygen household conditions of the river, by 

considering some of the main processes that affect dissolved oxygen (DO) concentrations 

of the water.These models are of basic importance since aquatic life, and thus the 

existence of the aquatic ecosystem, depend on the presence of dissolved oxygen in the 

water. 
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All river water quality models, and thus the BOD-DO models, can be derived from the 

general basic water quality model equation (Eq. 2.19). For some details of this derivation 

procedure see the Chapter on Basic Theory. 

The main process that affect (deplete) the oxygen content of water is the oxygen 

consumption of microorganisms, living in the water, .while they decompose 

biodegradable organic matter. 

This means that the presence of biodegradable organic matter is the one that mostly affect 

the fate of oxygen in the water. There are internal and external.sources of such 

biodegradable organic matter. Internal sources include organic matter that stem from the 

decay (death) of living organisms, aquatic plants and animals (also termed "detritus", or 

dead organic matter). 

Among external sources anthropogenic ones are of major concern and this includes waste 

water (sewage) discharges and runoff induced non-point source or diffuse loads of 

organic matter. 

In the models biodegradable organic matter is taken into consideration by a parameter 

termed "Biochemical oxygen demand, BOD". BOD is defined as the quantity (mass) of 

oxygen consumed from a unit volume of water by microorganisms, while they 

decompose organic matter, during a specified period of time. Thus BOD5 is the five day 

biochemical oxygen demand, that is the amount of oxygen that was used up by micro

organisms in a unit volume of water during five days "incubation" time in the respective 

laboratory experiment. Thus the unit of BOD is mass per volume (e.g g02/m
3

, which 

equals mgOz/1). 

Another main process in the oxygen household of streams is the process of reaeration, the 

uptake of oxygen across the water surface due to the turbulent motion of water and to 

molecular diffusion. This process reduces the "oxygen deficit" (D) of water, which is 

defined as the difference between saturation oxygen content and the actual dissolved 

oxygen level. 

These two counteracting processes are considered in the traditional BOD-DO model 

(Streeter and Phelps, 1925) in the mathematical form that can seen in the "Graph 

window" on chapter "The traditional BOD-DO model", the "Oxygen-sag curve". 
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2.7.2 The traditional BOD-DO model, the "oxygen-sag curve" 

In this model the decomposition of biodegradable organic matter is expressed as the "first 

order" decay of BOD (termed here L) in function of the time (where time is the time of 

travel t =xlv) by Eq 2.30 and 2.31. 

The oxygen line, the oxygen sag curve, is written for the oxygen deficit Dis such a way 

that oxyg~n consumed by microorganisms adds to the oxygen deficit, while the process 

of aeration (or reaeration; the uptake of oxygen across the water surface due to turbulence 

and molecular diffusion) reduces this deficit (Equations 2.32 and 2.33). 

In these equations the initial conditions, e.g L = Lo and D = Do at x =0 (t =to) should be 

calculated using the "Dilution equation" (Eq 2.22). The substitution of waste water and 

river parameter values is relatively straight forward in the case of calculating Lo (Eq. 

2.34), while for calculating Do first the initial oxygen concentration should be calculated 

(Eq. 2.35) and the result of this should be subtracted from the saturation DO 

concentration to achieve Do (Eq.2.36). 

The saturation dissolved oxygen concentration of the water is temperature dependent, and 

the respective values can be obtained either from tables published in the relevant 

literature or from experimental expressions. In this teaching aid we will use the latter 

method in the form of Equation 2.37 (Wang et. al, ref. Gromiec, 1983): 

The oxygen sag curve has a critical point where the dissolved oxygen content of water is 

the lowest, that is when the oxygen deficit is the highest. The time of travel (or the 

corresponding downstream distance) can be expressed by finding the minimum of the sag 

curve. It is obtained in the form of Eq. 2.38 for tent.. Eq. 2.39 for Xcrit. and Eq. 2.40 for 

Dent· Thus the critical dissolved oxygen concentration is obtained as the difference 

between saturation oxygen concentration and the critical oxygen deficit (Eq. 2.41). 

For the practical use of the above simple model equations one should find, estimate, the 

values of the two model parameters K 1 and K2• 

There are two basic ways of estimating values of the reaction rate parameters: 
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1. If one has in-stream measurement data of DO and BOD then one can calibrate the 

model, by fitting the calculated curves to the measured ones. This can be easily done for 

BOD (for K1), expressing K1 from Eq. 2.31; but the value of reaeration coefficient K2 can 

be found only by trial-error model simulations. 

2. If it has not access to measurement data then one can estimate model parameters using 

formulae and tables published in the relevant literature. 

The value of the reaeration coefficient K2 depends, eventually, on the hydraulic 

parameters of the stream and a large number of experimental formulae have been 

presented in the literature along with reviews of these literature equations (Gromiec, 

1983, Jolankai 1979, 1992). These expressions deviate from each other, sometimes 

substantially. It has been developed a special equation on the basis of a number of 

literature published equations that give, the value of K2 in function of flow velocity v and 

stream depth H, by simply averaging the coefficient values. Thus the obtained formula is 

Equation 2.42. For the estimation of the value of K1 the Table 2.1 of Fair (ref. Jolankai, 

1979) can be used, when knowing the value of K2 can be used. This Table expresses the 

ratio f= Kz/Kr in function of the verbally described hydraulic condition of the stream. 

Both the reaeration coefficient K2 and especially the decomposition rate coefficient K1 

depend on the ambient (water) temperature. For this latter the most widely accepted 

formula is Eq. 2.43 

One should note that reported literature values of K1 and K2 vary over wide ranges of 

which, for this teaching aid programme, we will consider the following domain: 

Kr- 0.1-1.7 dai1 

Kz- 0.2- 1.2 dai1 

If we discretize this domain at 0.1 dai1 steps one can obtain the variation of the f 

=K2/K1 ratio. From this table one should not adopt values of f lower than 0.5 or higher 

than 5 .0. 
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2.7.3 The BOD decay model 

The BOD decay model describes the decomposition of biodegradable organic matter is 

expressed as the "first order" decay of BOD (termed here L) in function of the time 

(which is the time of travel along the stream t =x/v). 

In Equation 2.31 the initial conditions, e. g L = Lo at x = 0 (t = to should be calculated 

using the "Dilution equation" (Equation 2.12 and 2.34). 

More information is available in the "Basic theory", the "General description ofBOD

DO river models" and the "General description of the traditional oxygen sag curve". 

-~-~~---~--~--~-------------~-~---~---~---;2.(J() 

------------------------------~------------;2.(J1 

Where 

L- BOD in the water (M, usually g02 /m
3
) 

L0 - initial BOD in the stream (below wastewater discharge), see also Eq. 2.34 (M, 

usually g o2/m
3

) 

K1 - is the rate coefficient of biochemical decomposition of organic matter (T1 usually 

day--1) 

t-is the time, that is the time of travel in the river interpreted as t =x/v, where xis the 

distance downstream of the point of effluent discharge (T, usually days) 
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2. 7.4 The dissolved oxygen model 

The traditional dissolved oxygen model describes the fate, the "sag", of the dissolved 

oxygen in the river as influenced by the decay of biodegradable organic matter and the 

reaeration process (across the water surface). In Equation 2.4 the initial conditions, e.g 

D=Do, L=Lo at x~O (at t=to) should be calculated using the "Dilution equation" (Equation 

2.22, 2.34 and 2.35). 

-----------------------2.3 2 

------------2.33 

Where 

D- is the oxygen deficit of water (g02/m
3
), see also equations 2.36 and 2.37. 

D0- is the initial oxygen deficit in the water (downstream of effluent outfall) (g02!m\ see 

also equations 2.35 and 2.36 

L0 - is the initial BOD concentration in the water (g021m\ (downstream of effluent 

discharge), see also Eq 2.34 

K1- is the rate coefficient of biochemical decomposition of organic matter (T1 usually 

dai-I) 
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K2 - is the reaeration rate coefficient (T1
, usually dai1

) 

t- is the time, that is the time of travel in the river interpreted as t=xlv, where xis the 

distance downstream of the point of effluent discharge; and v - is the mean flow 

velocity of the river reach in concern. (T) 

Ll 

2.7.4.1 The "dilution equations" for BOD and DO 

Considering a river and an effluent discharge of steady state conditions (with flows and 

concentrations not varying in time) and assuming instantaneous full cross-sectional 

mixing of the sewage water with the river water the initial concentration C, downstream 

of an effluent outfall can be calculated by the dilution equation (Eq. 2.22), which stems 

from the balance equation of in- and outflowing fluxes written for the section of the 

discharge point (e.g. back-ground river mass flux plus pollutant discharge mass flux 

equals the combined mass flow downstream of the point of discharge). This equation is 

used very frequently in simple analytical water quality models for calculating the initial 

concentration of pollutants. This two dilution equations compute the initial concentration 

of BOD and DO in the river downstream of a point source sewage discharge, with the 

assumption of instantaneous mixing. 

-----------------------------~.:JLI 
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Where 

Lo - is the initial concentration of BOD in the river, downstream of the effluent discharge 

point (ML-3
, e.g. mg0,/1); 

Lb- is the background concentration of BOD in the river, (ML-3
, e.g. mg02/1); 

Ls- is the BOD content of the waste water, (ML-3
, e.g. mg02/l); 

D00 - is the initial concentration of dissolved oxygen in the river, downstream of the 

effluent discharge point (ML-3
, e.g. mg0211); 

DOb - is the background concentration of dissolved oxygen in the river, (ML-3
, e.g. 

mgOz/1); 

DOs - is the dissolved oxygen content of the waste water, (ML-3
, e.g. mg02/l); 

Qb - discharge (rate of flow) of the river upstream of the effluent outfall, (L3 T\ e.g. 

m3/s); 

qs- the effluent discharge, (L3 T\ e.g. m3/s); 
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2.7.4.2 The initial oxygen deficit equation 

This set equations is used to calculate the initial oxygen deficit of the water downstream 

of a point source sewage discharge as compared to the saturation dissolved oxygen 

concentration, which latter is temperature dependent. 

The initial oxygen deficit is calculated by subtracting the initial oxygen concentration Do 

from the saturation oxygen concentration DOsat (Equation 2.36). 

The saturation dissolved oxygen concentration of the water is temperature dependent, and 

the respective values can be obtained either from tables published in the relevant 

literature or from experimental expressions. In this teaching aid we will use the latter 

method in the form of Equation 2.37 (Wang et. al, ref. Gromiec, 1983). 

D0 = DOsat-000 , lmgO:JlitreJ 

-------------------------------~.~{) 

DO sat ;& 14.61996 -0.4042T-t-0.00842T2 -0.00009T 3 

--------------------------------~.~17 

Where 

DO- is the initial concentration of dissolved oxygen deficit in the river, downstream of 

the effluent discharge point (ML-3
, e.g. mg02/l); 

DOo- is the initial concentration of dissolved oxygen in the river, downstream of the 

effluent discharge point (ML-3
, e.g. mg02/l); see also Eq. 2.35; 

DOsac is the saturation oxygen concentration of water (ML-3
, e.g. mg02/l); 

T-is the water temperature (°C). 
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2.7.4.3 Oxygen sag curve and its critical values 

The oxygen sag equation has a critical point where the dissolved oxygen content of water 

is the lowest that is when the oxygen deficit is the highest. The time of travel (or the 

corresponding downstream distance) can be expressed by finding the minimum of the sag 

curve. It is obtained in the form of Equation 2.38 for l:crit. Equation 2.39 for Xcrit. and 

Equation 2.40 for Dcrit· Thus the critical dissolved oxygen concentration is obtained as the 

difference between saturation oxygen concentration and the critical oxygen deficit 

(Equation 2.41). 

This set of four equations is used to computes the lowest dissolved oxygen concentration 

(highest oxygen deficit) in the river water downstream of a single source of sewage water 

along with the corresponding time of travel and downstream distance. For more details 

please see the "Basic theory", the "General description of BOD-DO river models" and 

the "General description of the traditional oxygen sag curve". 

tcrit = 
------- 2.38 

v tcrit 
---------------------------------------------2.3~ 

Dcrlt 

------------------------2.4() 

DO crit = DO sat.-D cri1 

---------------------------------2.41 
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Where 

!:eric the critical time of travel(time during which the water particle arrives to point of 

lowest DO concentration in the stream); 

Do - is the initial concentration of dissolved oxygen deficit in the river, downstream of 

the effluent discharge point (ML-3
); 

Lo -is the initial concentration of BOD in the river, downstream of the effluent discharge 

point (ML-3
); 

. K1- is the rate coefficient of biochemical decomposition of organic matter, the BOD . 
decay rate, (T1

, usually dai1
) 

K2 - is the reaeration rate coefficient, the rate at which oxygen enters the water from the 

atmosphere, (T1
, usually day-1

) 

X crit- the critical distance downstream of the point of effluent discharge (the point of 

lowest DO concentration) (L); 

V- is the average flow velocity of the river reach in concern (L T 1
); 

Dent- is the critical (highest) oxygen deficit in the water, along the river, (ML-3
, e.g. 

mg02/l) 

DOcrit- is the critical (lowest) dissolved oxygen concentration ofthe water (ML-3
, e.g. 

mg02/l) 

DOsat- is the saturation oxygen content of water, see also equation 2.37 (ML-3
, e.g. 

mg02/1); 
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K2 estimation and its equation 

This equation is used for the estimation of the value of the reaeration rate coefficient K2 

in function of the flow velocity and flow depth. Note that this equation have been 

"generated" for the purpose of this study and thus it differs from the many other formulas 

offered by the relevant literature. 

The value of the reaeration coefficient· K2 depends, eventually, on the hydraulic. 

parameters of the stream and a large number of experimental formulae have been 

presented in the literature along with reviews of these literature equations (Gromiec, 

1983, Jolankai 1979, 1992). These expressions deviate from each other, sometimes 

substantially. Thus the obtained formula is Equation 2.42. 

This equation is used for the estimation of the value of the reaeration rate coefficient K2 

in function of the flow velocity and flow depth. Note that this equation have been 

"generated" for the purpose of this study and thus it differs from the many other formulas 

offered by the relevant literature. 

Note that mean velocity v and average flow depth H can not be arbitrarily selected (the 

more so since you have already specified river flow Q before). As Q =B*H*v, the river 

width B is defined by the other three variables. It calculates the width to depth ratio B/H 

and gives a warning signal when it indicates irregular channel dimensions. Moreover, 

velocity v and flow depth H are interrelated by hydraulic relationships, such as the Chezy 

or the Strickler-Manning formula. Selecting this latter the ratio v/H213 remains constant 

for a given river reach (of constant channel slope and channel roughness). The user might 

wish to consider this, by manually checking that this ratio remains constant for the same 

example, when either v or H is altered. The authors have also incorporated a control 

which keeps this ratio within realistic literature ranges of the combination of channel 

slope and channel roughness, by releasing a warning signal when this range is exceeded. 

~ = 2.148 V0.878 H -1.48 

-----------------------~-~~ 
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where 

K2- is the reaeration rate coefficient, the rate at which oxygen enters the water from the 

atmosphere, (day-1
) 

v-is the average flow velocity in the river reach, (rnls) 

H - is the average depth of flow over the river reach, (m) 

Temperature correction formula for K1 

Both the reaeration coefficient K2 and especially the decomposition rate coefficient K1 

depend on the ambient (water) temperature. For this latter the most widely accepted 

formula is Equation 2.43. 

This equation is used for the correction of the value of BOD decomposition rate 

coefficient K1 in function of the water temperature. Note that this formula has been 

selected for this study from among the many others offered by the relevant literature. 

Also note that in algorithm that guides the selection of the value of K1at 20°C 

temperature in function of the type and size of the river and of the already calculated 

value of K2. For more details please see the, the "General description of BOD-DO river 

models" and the "General description of the traditional oxygen sag curve". 

-------------------------------~-~~ 

Where 

K I(T) - is the value of rate coefficient K1 at water temperature T °C 

K1c2o q - is the value of rate coefficient K, at water temperature T=20 °C 

T - water temperature (T>C) 
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Ratio f=K 2 I K1 in function of verbally described hydraulic condition of the stream 

Description of water body Range of f=K2/ Kt 
Large slow river 1.5-2.0 
Large river of medium flow velocity 2.0-3.0 

Table 2.1 

2.7.5 Exp~nded, modified, BOD-DO river models 

In addition to the decay of organic matter and the process of reaeration, discussed under 

the above headings, there are many other processes in a stream which affect the fate (the 

sag) of the dissolved oxygen content. These processes are, without claiming 

completeness, as follows: 

Physical processes: 

Effects of dispersion (mixing), spreading, mixing, diluting pollutants, thus 

reducing BOD (and increasing aeration, a process that is to be included in the 

reaeration rate coefficient K2); 

Settling of particulate organic matter, that reduces in-stream BOD values; 

Chemical, biological and biochemical processes: 

Effects of benthic deposits of organic matter (e.g the diffuse source of BOD . 

represented by the decay of organic matter that had settled out earlier onto the 

channel bottom); 

Sinks and sources of oxygen due to the respiration and photosynthesis of aquatic 

plants [macrophytes, phytoplankton (algae) and attached benthic algae]; 
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oxygen consumption by oxidizing biochemical processes, such as nitrification. 

Of the many modifications of the traditional oxygen sag curve we have selected two 

models for inclusion in this. The criteria of selection was that the model should take 

many or most of the above processes into consideration (for the first model) and it should 

also consider longitudinally varying flow and with this non-point source external loads 

(for the second model). It is to be noted that the models that deal with dispersion and 

mixing, since such models will be separately discussed later on. 

2.7.5.1 The first expanded BOD-DO model 

This expanded BOD-DO model is the modification of the traditional oxygen sag curve 

model .The first expanded BOD-DO model, was developed by Camp (1963) and_it 

involves the following processes in addition to the decay of organic matter (BOD decay) 

and reaeration: 

Sedimentation of biodegradable organic matter; 

Benthic oxygen demand (e.g the diffuse source of BOD represented by the 

decay of organic matter that had settled out earlier onto the channel bottom); 

Internal oxygen source represented by the photosynthetic activity of aquatic 

plants. (In this case one should note that the term accounting for this process 

in the model is rather the balance between oxygen input via photosynthesis 

and oxygen consumption via the respiration of aquatic plants, since respiration 

is not represented by a separate term in this model). 

It is also worthwhile to mention that due to the diurnal variation of light the variation of 

the photosynthetic oxygen source can be best represented by a periodical function of the 

time, as it is done in some other, more complex, models (not discussed here). There are 

three new parameters in this model, the sedimentation rate constant K3 the benthic BOD; 

B, and the photosynthetic input of DO; P. Estimation of these parameters is rather 
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difficult in the absence of measurement data. (measurement is also rather complicated: 

the white-black bottle method is used for measuring the net input of oxygen by 

photosynthesis; a bell-shaped device set into the bottom sediment is used for measuring 

the benthic oxygen demand; and sedimentation of biodegradable organic matter is 

indicated by the change of the slope of a straight line (in logarithmic paper) showing the 

longitudinal variation of in-stream BOD measurement data;- the user is advised to consult 

the literature for more details ofthese techniques, when so required). Nevertheless for the 

purpose of this study it can be set pre-defined ranges of these model parameter values for 

the calculation example, and for that only. It will, however, indicate the way how such 

models are used in the practice, when no field measurement data on the parameter values 

are available;- e.g they are used for trying to explain unaccounted differences between 

measured and calculated in-stream data. That is when an observed BOD DO profile can 

not be simulated with reasonable parameter values of K1 and K2 then parameters B, P, 

and K3 can be used to account for unknown internal sources or sinks in a trial-error 

manner. 

The first expanded BOD model 

These equations (the differential equation and its solution) describe the decomposition of 

organic matter (BOD decay), its sedimentation and the benthic source of it. See also: 

"General introduction of BOD-DO" models, the "General introduction of the traditional 

oxygen sag equation" and the "General introduction of the Expanded BOD-DO models". 

dL 
dt 

---------.:--------------------2.44 

L = IL- B ]exnr -(K +K }t]+ 8 
o ~~ +K3) --"''"l 1 3 Kt +K3 

---------------2.45 
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Where 

L- is BOD in the water (M L -3, g 0 2 /m
3

) 

Lo- is the initial BOD in the stream (downstream of the waste water discharge), see 

also Eq. 2.34 (M L ·3, g 0 2 /m3
) 

K 1- is the rate coefficient of biochemical decomposition of organic matter (T1
, usually 

daii). 

K3 - is the rate constant for BOD removal by sedimentation (T1
, usually dai1

); 

B - is the benthic oxygen demand, the rate of BOD addition to overlying water from the 

bottom sediment (M T 1 L-3
, usually g02/m

3/day) 

t-is the time of travel (t= x/v) expressed in days 

The 1st expanded oxygen model 

The model describes the variation of the dissolved oxygen deficit of the water with the 

time of travel in function of the processes of reaeration, decomposition/decay of organic 

matter and oxygen production by photosynthesis. For details information please see also 

the following topics: "General introduction of BOD-DO" models, the "General 

introduction of the traditional oxygen sag equation" and the "General introduction of the 

Expanded BOD-DO models", as "General introduction of the Expanded BOD-DO 

models", as well as equations 2.44 and 2.45 

dD -=-K D+KL-P dt 2 1 

~------------~------------~-~() 
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D= K1 [Lo- 8 
] {exP[ -{K1 +~)t] -exp(-~t.)} + 

~-(KI+~) (KI+K3) 

+ K1 
[ B -~] [1-exp( -K2t)] + D0exp( -~t) 

~ (Kl+K3) K• 

---------------------------2.4 7 . 

Where 

D- is the oxygen deficit of water (ML-3 ,e.g. g02!m\ see also equations 2.36 and 2.37 

D0 - is the initial oxygen deficit of water (ML-3 ,e.g. g02!m\ downstream of the effluent 

discharge, see also equations 2.35 and 2.36 

L- is the BOD in the water (ML-3 ,e.g. g 0 2/m
3

) 

Lo - is the initial BOD in the stream (downstream of the waste water discharge) (ML-3 

,e.g. g 0 2/m\ see also Eq. 2.34 

K1 - is the rate coefficient of biochemical decomposition of organic matter (T1
, usually 

Daii) 

K2- is the reaeration rate coefficient (T1
, usually day-1

) 

K3 -is the rate constant for BOD removal by sedimentation (T\ usually day--1
); 

B - is the benthic oxygen demand, the rate of BOD addition to overlying water from the 

bottom sediment (M T 1 L-3
, usually g 0 2/m

3/day) 
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P- is the rate of oxygen addition to water by the photosynthetic activity of aquatic plants 

(M Y 1 L-3
, usually g 0 2/m

3/day); 

t-is the time of travel (t = x/v) expressed in days 

2.7.5.2 The second expanded BOD-DO model 

Although in this model the basic modelling concept has also been changed slightly the 

reader/user is kindly requested to consult also the following topics: "General introduction 

of BOD-DO models", the :'General introduction of the traditional oxygen sag equation", 

the "General introduction of the Expanded BOD-DO models" and the "General 

introduction of the first expanded BOD-DO models". 

The main differences of this modelling concept are as follows: 

1. Longitudinal variation of the mass flux (the product of flow and concentration) is 

expressed, instead of expressing the variation of concentration with the time (of travel), 

thus allowing for the consideration of longitudinally varying river flow. 

2. The DO equation is written for the dissolved oxygen (termed ·here Cox) instead of the 

oxygen deficit D. 

3. Non-point source input loads are also considered in terms of concentrations of BOD 

and DO in the lateral inflow (here the term lateral inflow q (L2 Y 1
) refers to the increment 

of river flow Q (L3 Y 1
) over a unit downstream distance (L) of the river, assuming 

uniform q values over a given river reach. 
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4. Photosynthesis and respiration of aquatic plants are considered separately, that is rather 

with their difference, e.g. (P-R). 

The 2nd expanded BOD-DO model, selected for this study has essentially the same 

parameters as the first expanded BOD-DO model and the same limitations refer to the 

possibilities of parameter.estimation. The differences are: 

a, the parameter q, the lateral inflow, that can be relatively easily obtained from the 

hydrological (longitudinal) profile. For a given river reach of length x it obtained as the 

flow increment over the reach divided by the length of the reach. 

b, Concentrations of the constituents in the lateral inflow should be either estimated by 

another submodel or a literature estimate of runoff concentration of the respective 

substance must be used. 

C, Parameters of BOD decay rate K1 and reaeration rate K2 have slightly different values 

from those of the previous models (due to the difference in modelling concept and thus in 

-the exponents of the model equations). A correction algorithm is built in the programme 

to facilitate conversion (not shown in the written material), so as to allow the use of the 

respective parameter estimation formulae and tables. 

In the calculation example of this study it can be used pre-defined ranges of parameter 

values, within which the user may select one, so as to see their effect on the final 

outcome of the model simulation. 

The 2nd expanded BOD model 

The model equations describe the longitudinal variation (profile) of BOD in function of 

the decomposition process of organic matter, non-point source inputs represented by 

lateral inflow and a benthic source of BOD. For more details please see also the 

following topics: "General introduction of BOD-DO models", the "General introduction 
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of the traditional oxygen sag equation", the "General introduction of the Expanded BOD

DO models", and the "General description of the 2nd expanded BOD-DO Model". 

-----------------------------~-~El 

L(x) ;:::: L<fpl+ La+B~(x)[ 1-FPt] 
~1 

where 
Q 

~ 
---.!+x 

F . p 1 =1 + K1~(x) . ~(x)~ 
q 

' :II 

~+qx v 

---------------------------------~-~~ 

L- is the BOD in the water (MC3 ,e.g. g 0 2/m
3

) 

Lo- is the initial BOD in the stream (downstream of the waste water discharge) (ML-3 

,e.g. g 0 2/m
3
), see also Eq. 2.34 

K1 -is the rate coefficient of biochemical decomposition of organic matter (T1
, usually 

Dai1
) 

Lct - is the concentration of BOD in the lateral inflow to the stream, (the diffuse load 

· components, (M L-3
, g02/m

3
) 

Q - is the rate of flow in the river (L3 T 1
, usually m3 /s) 

Q0 -is the rate of flow at the beginning of the river reach, just upstream of the waste water 

discharge (L3
, T 1

, usually m3/s) 
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q- is the lateral, specific, inflow rate to the river (L2 T 1
, usually m2/s) 

A - is the wetted cross-section area of the stream (L2), defined as the rate of flow Q 

divided by the cross-sectional mean flow velocity v. (usually m2) 

B -is the benthic oxygen demand (M T 1 L-1
, here g02/rnlday), 

x-is the distance downstream along the river (L, usually in meters). 

v-is the mean flow velocity along the river reach in concern (L T 1
, rnls), 

The 2nd expanded dissolved oxygen model 

The model describes the longitudinal variation of the dissolved oxygen content of the 

river as affected by point and non-point sources of biodegradable organic matter and 

dissolved oxygen (BOD, DO), . the decomposition process of organic matter, the 

reaeration process and by the photosynthesis and respiration of aquatic plants. 

For more details see also the following topics: "General introduction of BOD-DO 

models", the "General introduction of the traditional oxygen sag equation", the "General 

introduction of the Expanded BOD-DO models", the "General introduction of the first 

expanded BOD-DO models" and the "General description of the 2nd expanded BOD-DO 

Model". 

--------------------------------------~.!)() 
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F 

Where 

Qo+x 
(j>(x)=--=q:....__ ; 

v 

--------------------------------------2.51 

Cox - the dissolved oxygen concentration of water, referred to as DO in the 

former equations (M L-3
, g02!m\ 

C ox,o - is the initial dissolved oxygen concentration downstream of the waste water 

discharge (M L-3
, g02!m\ see also Eq. 2.35 

Cox,d- is the concentration of DO in the lateral inflow to the stream, the diffuse load 

component, (M L-3
, g02/m

3
) 

Cox,sat - is the saturated dissolved oxygen concentration of water termed before also as 

DOsat(M L-3
, gOzlm\see also Eq. 2.37, 

Lo-is the initial BOD in the stream (downstream of the waste water discharge), 

see also Eq. 2.5 (M L-3
, g02/m

3
) 

Ld - is the concentration of BOD in the lateral inflow to the stream, (the diffuse 

load components, (M L-3
, g02/m

3
) 
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K1 - the rate coefficient of biochemical decomposition of-organic matter (T1
, 

·usually dai1
) 

K2 - is the reaeration rate coefficient (T1
, usually day"1

) 

Q- the rate of flow in the river (L3 T 1
, usually m3/s) 

Q0 - is the rate of flow at the beginning of the river reach, just upstream of the 

waste water discharge (L3 T\ usually m3/s) 

q- is the lateral, specific, inflow rate to the river (e T 1
, usually m2/s) 

A - is. the wetted cross-section area of the stream (L 2), defined as the rate of flow Q 

divided by the cross-sectional mean flow velocity v. (usually m2
) 

B -is the benthic oxygen demand (M T 1 L-1
, here g 0 2/m/day), 

P-R - is the net difference between oxygen production by the photosynthesis and 

oxygen consumption by the respiration of aquatic plants (M T 1 L-3
, g02/m

3/day). 

x - is the distance downstream along the river (L, usually in meters). 

v-is the mean stream flow velocity in the river section investigated (L T 1
, rnls) 
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2.8 ANALYSIS OF WATER QUALITY BY USING STATISTICAL METHODS 

The use of statistical techniques in aquatic environmental monitoring is a relatively new 

subject (Hamed & Rao, 1998). Statistical tests are currently considered invaluable in the 

design and analysis of the results of monitoring programmes (Antonopoulos et al, 2001; 

McBride & Loftis, 1994 ). Routine water quality monitoring programmes often serve 

many purposes, but are primarily aimed at assessing the environmental state of water and 

detecting trends (EEA, 1996). Often, monitoring programmes produce a wealth of long 

term time series data. Statistical tests are the principal means used in the analysis of these 

time series data to " ... arrive at a deeper understanding of the causal mechanisms that 

generated it..." (Kendall et al, 1983). A time series generally has four components: a 

trend or long term movement; oscillations about the trend, of greater or less regularity; a 

seasonal effect and an irregular or random component (Kendall et al, 1983). Quantitative 

statements about time series data are obtained from the series by decomposing it into its 

individual components (Mattikalli, 1996). Of key interest in this study is the trend 

component. 

2.8.1 TREND TESTING IN WATER QUALITY DATA 

Detecting temporal trend in water quality data is a subject that is currently very topical in 

the water research fraternity (Hess et al, 2001; Hamed & Rao, 1998; Helsel & Hirsch, 

1991; Hirsch et al, 1991). 

A trend in wat~r quality data is defined as a monotonic change in a particular constituent 

with time (Helsel & Hirsch, 1991), the causes of which may or may not be known. The 

purpose of trend testing is to investigate whether the measured values of a water quality 

constituent are increasing or decreasing over time in statistically significant terms (Onoz 

& Bayazit, 2003; Helsel & Hirsch, 1991). When checking for an increase or decrease in 

variable values, statistically it means determining whether the probability distribution 

from which they arise has changed with time (Antonopoulos et al, 2001; Helsel & Hirsch, 

1991). 

Trend detection involves statistical testing of the null hypothesis that there is no trend 

with time, the alternative hypothesis being that there is an overall increase or decrease in 

69 



a constituent with time at some specified significance level (Onoz & Bayazit, 2003; 

Zipper et al, 1998). The significance level is the probability of incorrectly rejecting the 

null hypothesis when it is in fact true (McBride & Loftis, 1994; Helsel & Hirsch, 1991). 

The traditional default significance value usually used in statistics is 5% (Griffith et al, 

2001; Helsel & Hirsch, 1991). A statistically significant trend is obtained when a smaller 

p value than the significance level (0.05) is obtained (Griffith et al, 2001). 

When selecting the trend. detection method to follow, seve~al considerations must be 

made. These considerations include, taking into account the characteristics of the data 

itself; the type of trend expected (monotonic or step); the general category of statistical 

methods to employ (parametric or non parametric); adherence of data to assumptions of 

normality, independence, linearity, as required by various analytical procedures; as well 

as the objectives of the study (Darken et al, 2002; Qian et al, 2000; Hirsch et al, 1991 ). 

2.8.2 Characteristics of water quality data 

Water quality data exhibit many characteristics that complicate trend analysis and 

influence the choice of analysis procedures (Darken, 1999; Helsel & Hirsch, 1991). A 

mere application of analysis procedures that assume that data possess characteristics that 

they may in fact not, often results in the incorrect interpretation of the actual situation and 

therefore, add no value to the analysis at hand (Helsel & Hirsch, 1991). Helsel & Hirsch 

(1991), state that all statistical methods, from simple summarization methods to the more 

complex procedures should recognize the characteristics of most water resources data 

outlined below; 

• No negative values are possible, the lower boundary is zero. 

• Outliers, that is, those values that are considerably higher or lower than most of the data 

occur regularly. 

• Due to the two characteristics above, positive skewness occurs. Skewness is an 

indication of the departure of the distribution from the normal symmetrical curve. The 

data are positively skewed if the curve has a longer right tail and are negatively skewed if 

it has a longer left tail. In many cases water quality data are·positively skewed, indicating 

the presence of many relatively low values and a few high values (Grabow et al, 1999). 
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The measure of skewness is known as the coefficient of skewness. In perfectly normally 

distributed data, the coefficient of skewness is zero. Values that are greater than one, 

point to a degree of skewness that ought to be addressed (Grabow et al, 1999). 

• Owing to the three characteristics above, non-normal distribution of data often occurs. 

Most inferential methods, or parametric methods including linear regression, are founded 

on the assumption 'Of a normal (Gaussian) distribution and yet water quality data and their 

regression residuals are often 'distinctly non-normally distributed' (Vant & Smith, 2004; 

Lietz, 2000; Darken, 1999; Zipper et al, 1992). Tests for normality include the Shapiro

Wilk test (test statistic, W) and the Kolmogorov-Smirnov (test statistic D) among a few 

other tests. The Shapiro- Wilk test statistic (W) which is frequently used, ranges from 

zero to one, with low p-values (smaller than 0.05) resulting in the rejection of the 

hypothesis of normality (Grabow et al, 1999). Values that are greater than 0.05 suggest 

that there is insufficient evidence to reject the null hypothesis, and lead to the assumption 

that the data are indeed from a normal distribution. 

• Censored data. This refers to observations that fall below or above some threshold, 

often occurring because of imprecision in laboratory analytic techniques when measuring 

minute or very large quantities (Darken,. 1999). The magnitudes of water quality 

observations that occur beyond technically possible detection limits are often unknown. 

In linear regression, this amounts to incomplete information that cannot be used 

effectively (Darken, 1999; Zipper et al, 1992). Whilst the IDT (1989) have suggested that 

censored values can be eliminated by assigning a value of half the detection limit to each 

of the affected records, Cox et al (2005) argue that in their experience this method results 

in low outliers. Low outliers often result in skewness. Therefore, they propose that the 

detection limit itself be used instead (Cox et al, 2005). 

• Seasonal patterns are common in water resources data, as most concentrations in 

surface water respond to seasonal changes in stream flow and catchment inputs (Helsel & 

Hirsch, 1991). 

• Serial correlation also known as autocorrelation is another common feature of long term 

water quality data whose extent is a critical consideration. Serial correlation is a situation 

where water samples carry over information from one sample to the next, such that data 

have redundant information and less information for. the same number of independent 

observations (Grabow et al, 1999). This is usually a result of monitoring the same station 
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at very close time intervals (McBride & Loftis, 1994). For example, data that is collected 

more frequently than monthly tends to lose its independence (Cox et al, 2005, McBride & 

Loftis, 1994). The power of statistical tests is a function of independent sample size. 

Therefore, if data lose their independence, the tests become prone to falsely rejecting the 

null hypothesis of no trend (Type I error), leading to a wrong conclusion of the presence 

of a trend (McBride & Loftis, 1994). According to Grabow et al (1999) the easiest way to 

eliminate autocorrelation, is to aggregate or average the data into longer time steps (data 

reduction). Alternatively, one could employ the Seasonal Kendall Test with the 

covariance sum method to allow for serial dependence. However, when seri,al correlation 

is negligible, tests such as the Seasonal Kendall Test may be applied in· their original 

form (Darken et al, 2002). 

• Covariance. This is a situation where the behaviour of the variables under study is 

influenced by other and uncontrolled variables. For example, the concentration of some 

water quality variables, such as conductivity is influenced by stream flow. Therefore, two 

analyses must be carried out on the data; one on the non-flow adjusted data and another 

on flow adjusted data where flow data are available, to determine whether a trend 

detected is genuine or a result of flow. Analysis of trend on flow adjusted variables 

eliminates the influence of flow, thereby, giving a more reliable trend (Vant & Smith, 

2004; Griffith et al, 2001; Zipper et al, 1998). 

• Another feature of time series data that complicates analysis is unequal sampling, which 

is often viewed as equal sampling intervals with missing data (Darken 1999). 

In multiple station studies, multiple starting and ending dates complicate trend analys1s. 

Therefore, in order to correctly interpret data, the water quality records must be 

concurrent and yet long enough to discern true trends. Hirsch et al (1991) state that when 

one is doing a study of data, for instance, from 1970 to 1985, a record that starts in 1972 

or ends in 1983 need not be excluded from the study, similarly a record with a two year 

gap need not be disqualified from the study. 

The water quality characteristics discussed above often present problems in trend analysis 

particularly when conventional parametric techniques such as linear regression are used 

(Lietz, 2000; Darken, 1999; Zipper et al, 1992). However, Zipper et al, (1992) state that 

in spite of the limitations identified thus far, linear regression has been observed to be 
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capable of detecting water quality trends, particularly where those trends were well 

defined. 

2.8.3 Types of trend 

Two types of trend are considered for hypothesis testing and trend estimation in 

literature; these are the monotonic and step trends (Qian et al, 2000; Darken, 1999; 

Hirsch et al, 1991). 

2.8.3.1 Monotonic trend 

Monotonic trend occurs when a response variable changes with a concomitant change in 

the explanatory variable. The change is unidirectional over time and the hypothesis in this 

case does not specify whether this shift is continuous, linear, in one or more discrete 

steps, or in any particular pattern (Zipper et al, 1998; Hirsch et al, 1991). If no prior 

hypothesis of a time change is known, or if records from multiple stations are being 

analysed in a single study, then monotonic trend procedures are appropriate (Hirsch et al 

1991). 

For monotonic trend, the hypothesis that the data shifts monotonically is often tested with 

regression analysis of the water quality variable as a function of time (Hirsch et al, 1991). 

The alternative test is the nonparametric Mann-Kendall test for trend (Hirsch et al, 1991). 

A number of variations of the Mann Kendall test are currently in use, these include the 

Seasonal Kendall Test with its variations, the covariance sum test, or the covariance 

eigenvalue test (Darken, 1999). 

2.8.3.2 Step trend 

The step trend occurs when a variable changes from one constant level to another 

constant level (Darken, 1999; Hirsch et al, 1991). The assumption made is that the 

locations (means or median values) of data collected before and after a specific time are 

distinctly different. The trend hypothesis tested here is more specific than with the 

monotonic trend in that it requires that certain facts be known before examining the data 

(Hirsch et al, 1991). Step trend procedures are particularly useful in two instances; firstly, 
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when there is a relatively large gap in time separating data into two distinct groups 

(Darken, 1999; Hirsch et al, 1991). While there is no hard and fast rule as to the length of 

the gap, a time gap of over a third of the study period warrants the use of the step trend 

procedures (Hirsch et al, 1991). Secondly, if an event that is likely to have resulted in 

change in water quality is known, then two time periods are considered, that is the before " 

and after the incident. Examples of such events include the introduction of point or non 

point sources of pollution, or a ban of certain polluting activities. 

Step trend techniques include the two-sample t-test with the associated estimates of 

change in magnitude based on the difference in sample means. The alternative is the 

Mann-Whitney-Wilcoxon Rank sum test and the Hodges-Lehmann estimator of trend 

magnitude (Darken, 1999; Hirsch et al, 1991). 

2.8. 4 METHODS FOR DETECTING TREND 

Whilst many techniques are available for trend detection and estimation in environmental 

data (Griffith et al, 2001, Hess et al, 2001) none are published as standard tests for 

assessing water quality data (Griffith et al, 2001). However, many have been proposed 

(Qian et al, 2000) and established through common practice (Griffith et al, 2001). The 

various trend detection tests fall under two broad categories, the parametric and the 

nonparametric methods (Hess et al, 2001; Hamed & Rao 1998; Hirsch et al, 1991). 

2.8.4.1 Parametric methods 

Parametric statistical tests are those tests that are based on estimates of statistical 

parameters such as mean and standard deviation. Parametric statistical methods are based 

on linear regression and therefore check only for linear or monotonic trend. They assume 

that the random variable (water quality constituent) is independent and follows the 

normal distribution 'or very nearly so' (Onoz & Bayazit, 2003; Grabow et al, 1999; 

Helsel & Hirsch, 1991). A normal distribution is bell shaped, but as has been asserted in 

the discussion above, water quality data are often skewed and therefore seldom normally 

distributed. 

However, when the data do follow a normal distribution and are independent, parametric 

methods are perceived to be the most powerful tests, far more powerful than their 
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nonparametric counterparts at any significance level (Darken, 1999; Hamed & Rao, 

1998; Zipper et al, 1992; Hirsch et al, 1991). However, if the data do not follow normal 

distribution, the parametric tests tend to lose their power to detect trends (Hirsch et al, 

1991). Examples of parametric tests include the ordinary least squares also known as 

linear regression, the t-test and the rank sum test. 

Transformations have been carried out on data to make them more linear, symmetric and 

normally distributed (see for example Verhallen et al, undated; Cox et al, 2005) and, thus 

more suited to parametric methods. However, Hirsch et al (1991) argue that 

transformations are not always recommended, particularly with multiple record data. 

They state that data transformations are subjective; because data can easily be 

manipulated until a desired or preconceived result is achieved (Hirsch et al, 1991). 

2.8.4.2 Linear Regression 

Simple linear regression is an important and commonly used parametric method for 

identifying monotonic trend in a time series (Zipper et al, 1992; Helsel & Hirsch, 1991). 

It is used to describe the relationship between one variable with another or other variables 

of interest. It is often performed to obtain the slope coefficient of a water quality variable 

on time. The slope coefficient is tested under the null hypothesis that it is equal to zero. 

Regression has the advantage that it provides a measure of significance based on the 

hypothesis test on the slope or correlation coefficient; and also gives the magnitude of the 

rate of change (Hirsch et al, 1991). 

2.8.4.3 T-Testfor difference between means 

The t-test is a simple trend detection method that is often used by researchers with very 

basic training in statistics (Hess et al, 2001). It is based on whether a statistically 

significant difference exists between the means first half of data and last half (Hess et al, 

2001). The mean of second half of data is simply subtracted from the mean of the first 

half of data. The statistical significance at 95% confidence interval is then calculated. 

However, Hess et al (2001) state that the t-test is only valid when observations are 

random and stress that t-tests ought to be used with extreme caution in serially correlated 

data. 
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Onoz & Bayazit (2003) used Monte Carlo simulation to investigate the relative power of 

the parametric t-test, in comparison with the non parametric Mann-Kendall test. They 

found the t-test to be slightly more powerful under normal probability distribution, 

decreasing in power ratio with an increase in the coefficient of skewness. However, ~or 

moderately skewed distributions, they observed the t-test to be nearly as powerful as the 

Mann-Kendall test. They then used the two tests on water quality data of25 to 65 years at 

107 sites in various river basins in Turkey. They found that both tests detected trend in 29 

series; at two sites trends were detected by the t-test only; at two other sites by the Mann 

Kendall test only; and at four sites the two tests gav~ different results. Onoz & Bayazit 

(2003) then concluded that the two tests could be used interchangeably in practical 

applications with identical results. 

2.8.4.2 'Non-parametric methods 

These are hypothesis tests that are distribution free (Zipper et al 1992), not requiring the 

assumption that data follow any particular distribution and not restricted to linear trend 

(Onoz & Bayazit, 2003). Non parametric tests demand independence of data and use rank 

order statistics only. They extract trend information based on the relative magnitudes of 

the data, but do not quantify the size of change (Hamed & Rao 1998; Helsel & Hirsch 

1991). Tests including the Seasonal Kendall Slope Estimator and the Sen's slope 

estimator are available to quantify the trends (Libiseller, 2002; Zipper et al, 1992). 

Non-parametric tests are thought to be more powerful than their parametric counterparts 

for non-normally distributed data, and are therefore useful in water resources data (Yue et 

al, 2002; Lietz, 2000; Helsel & Hirsch 1991). When dealing with normally distributed 

data, these tests are said to be as powerful as their parametric counterparts (Lietz, 2000; 

Hirsch et al, 1991). There are two basic non-parametric tests for trend analysis, the Mann 

Kendall and the Spearman's rho test (Onoz & Bayazit, 2003). These tests are discussed in 

subsequent sections. 

The decision to use either the parametric or non-parametric tests is based on the 

considerations of power and efficiency (Hirsch et al, 1991). Power is defined as the 

probability to reject the null hypothesis (no trend) when it is truly false (McBride & 

Loftis, 1994). Therefore in order to be useful, the tests chosen should have good power to 

detect environmentally important trends (Griffith et al, 2001). 
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Monte Carlo simulation analyses used by Hirsch et al (1991) to compare the performance 

of both the parametric and non-parametric methods under various probability distribution 

conditions revealed that the non-parametric methods suffer minute disadvantages in terms 

of power and efficiency when data are normally distributed. However, when data depart 

slightly or largely from normality then modest and significant advantages are observed 

respectively. 
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CHAPTER-3 

MAHANANDA RIVER CASE STUDY 

3.1 Introduction: 

The R~ver Mahananda, a tributary of the mighty river Ganga, rises from springs in the 

Dow Hills forest also known as Mahanadi in the Darjeeling hills originating from the 

Mahaldiram range, near Chimli (Lat.26°.55'15"N an Long.88°28'5"E at an elevation at 

2060 metres)), below Darjeeling town falls in the spectacular cascade named 

Paglajhora near Kurseang (7407 ft) in to the sloping plains of southern Darjeeling district 

of Weat Bengal and fed by three other similar rivers the Mahanadi, the Balason and the 

Machi. It bifurcates into two channels at Barsoi in Bihar, one flow through Bihar by the 

name Fulhar and the other flows through West Bengal as Mahananda which runs a zig

zag course through Malda district into the Padma in Bangladesh. 

This river is a rain fed river. During summer or winter it has very low water level and 

during monsoon it carries large amount of rainwater often causing floods as well as 

erosion. The river meanders conspicuously through the lofty Himalayas, North Bengal 

plain (Distance 376 KM) and Bangladesh (36 KM).This river is perhaps the longest river 

in West Bengal. The upper catchment have been deforested and the clearing of the steep 

slopes have been used for the extension of settlement, agriculture, tea plantation, 

disrupting the overall ecological balance. As a result, during heavy and concentrated 

rainfall, innumerable land slides are caused carrying huge amount of sediments to the 

river, which is incapable of transporting the suspended solid efficiently under the present 

hydrological conditions, mainly along its lower reaches. Thus the river bed is rising at the 

many places in the plains, causing devastating floods during monsoon time. The 

important tributaries of this river are the Balason, Mechi, Kankoi, Panar,Dauk, Kalindri, 

Nagar,Tangon and Punarbhaba etc. The total catchment area is 25043 sq.km of 4500 

sq.km in Nepal, 6340 sq.km in West Bengal, 11100 sq.km in Bihar and 3103 sq.km in 
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Bangladesh. Some major places by the side of the river are Siliguri and Maida both in 

West Bengal, India. 

3.2 Mahananda catchments Area: 

A. Siliguri: 

Siliguri is a subdivision of the district Darjeeling, West Bengal. It is a major city of North 

Bengal and an important business town of North-Eastern part of India and importance 

comes from its strategic location near international and national borders. It is situated on 

the banks of the river Mahananda and spread around the foothills of Eastern Himalayas 

and the gateway to Sikkim and all other North Eastern States. Siliguri is a convenient 

base for travel to the Himalayan Hill stations like Darjeeling, Kalimpong and Gangtok. It 

is also foreign transit rout for Bangladesh, Bhutan, Nepal and Tibet (China) via Nathula. 

The ~evelopment of Siliguri started from British period when the English people started 

to spend summer in Darjeeling and extend their Territorial Domain activities in the North 

Eastern part of India, Bhutan and Nepal.Siliguri was first declared as a Municipal town in 

1950 with an area of 15.54 sq.km. This area was subsequently increased and in 1994 it 

reached to 41.90 sq.km and now it is upgraded to Siliguri Municipal Corporation (SMC) 

and the area is extended to about 120 sq.km, about 70% area falls under Jalpaiguri 

district. 

The population growth rate is much larger than average from less than 5,000 in 1931 to 

more than 5, 50,000 currently. The advantageous locqtion of Siliguri has made it an ideal 

place for immigration of people from the adjacent States and Countries. Though lots of 

communication systems viz, railways, roadways, airways are developed in rapid space in 

this area but the other important components as power, healthcare, sanitation, drinking 

water systems has not been developed yet to meet the demand. Presently some industries 

are also growing in this region. All these things have imposed environmental stress in this 

area. Non existence of proper drainage and sewage facilities is causing a great problem. 

A huge quantity of municipal sewage and other kinds of waste all of which pass through 

the open drain discharge in the Mahananda river. 
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B. Maida (English Bazar): 

English Bazar urban agglomeration comprises of Maida and En~lish Bazar. The town lies 

east of the confluence of the Mahananda and Kalindlj rivers. It is the district headquarters 

of Maida and it became a municipality in 1867. Greater part of Kaliachack, English Bazar 

and Manikchack P.S. is situated in between the Ganga and Mahananda. The Bhagirathi

Pagla in the southern part is completely at loss to find its direction and has cut across a 

loop of 24 KM contour to wander in the diara lands for a link up, with both Ganga and 

Mahananda. If the Mahananda is in spate, the water will flow into the Bhagirathi-Pagla 

towards the Ganga. On the other hand, if a spate comes down from upper reaches along 

the Ganga and the Mahananda does not receive much rain simultaneously, the flow in the 

Bhagirathi-Pagla will be reversed i.e. towards the Mahananda. The 4ischarge of 

pollutants from English Bazar Mahananda is heavy due to high density of population. 

The most alarming situation has developed because of large scale waterside defection. 

Due to rapid urbanization in this region the slums have grown up in and around English 

Bazar, where waste disposal into the adjoining watercourses have increased manifold. 

3.3 Location of Sample Sites: 

Most of the rivers in North Bengal area are flowing from North to South we denoted E 

for East river bank, M for middle of the river and W for the other side of the river bank. 

All the sample sites and other positions are pointed in the river and catchments area maps 

of the region under consideration. Photographs of the sample sites are also presented. 
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3.3.1 River Mahananda (Siliguri): 

The river MahanaQda flows through the heart of the Siliguri town. Three road bridges 

connect both parts of the town and about 5 Km of the river flows through the town. The 

first spot (A) is selected for collecting sample at the river bridge at Champasari; The river 

gorge in this location is about 40m in width and it varies seasonally from 30m to lOrn. 

The Champasari Market side riverbank is denoted by (W), and the other bank side is 

denoted by (E).The river from this spot enters the city area. The second location (B) has 

been taken at under the road bridge on Hillcart Road, Siliguri. The bank side (E) is 

denoted to the river bank in which Airview hotel is located. The other bank is denoted as 

location side (W). The river gorge in this area is about 50 m wide with a stream width 

varies from 10 ft to 50ft depending on the season. Understanding the importance of 

investigation of the water quality the third location (C) is taken at Mahananda Barrage. 

The mark (E) is used for the bank on the side where the pump house is located (Fulbari 

side) (W) marked off the side (Phansidaoa side) of the river bank. 

3.3.2 River Mahananda (English Bazar): 

River Mahananda flows through the western side of English Bazar town. The sample site

A is chosen at Mokadipur. This is the closest approachable site where the river enters the 

town area. Here the river is about 50 m wide and except the rainy season the width is 

revised to about 10m. Mission Ghat is selected as sample site B since it is in the middle 

of the river segment around the English Bazar area. Here the river is about 70m in width 

and varies about 20 m seasonally barring the rainy season. Here the town people reside 

on both side of the river. The third spot (C) is selected at Raipur Ghat as down steam 

location. Here the river is about 50m in width and varies about 20 m seasonally. 
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Figure 3.4 

Site map of Siliguri Municipal Corporation (SMC) (Not in Scale) 
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3.4 Data acquisition 

Water quality data were obtained from the library division of WBPCB, Salt Lake, 

Kolkata, office as accumulated in their published annual project report of various years. 

The water quality data were taken of Mahananda river at two important station named 

Siliguri and Maida (English Bazar).Only DO, BOD, COD and pH were taken into 

account as major water quality parameters. 

3.5 Selected water quality parameters of Mahananda river: 

A. Dissolved Oxygen 

Fish and other aquatic animals depend on dissolved oxygen (the oxygen present in water) 

to live. The amount of dissolved oxygen in streams is· dependent on the water 

temperature, the quantity of sediment in the stream, the amount of oxygen taken out of 

the system by respiring and decaying organisms, and the amount of oxygen put back into 

the system by photosynthesizing plants, stream flow, and aeration. Dissolved oxygen is 

measured in milligrams per liter (mg/1) or parts per million (ppm). The temperature of 

stream water influences the amount of dissolved oxygen present; less oxygen dissolves in 

warm water than cold water. For this reason, there is cause for concern for streams with 

warm water. 

Dissolved oxygen (DO) concentrations in streams and reservoirs are influenced by 

several factors. Among these are 

• water temperature that affects the solubility of oxygen 

• oxygen production via photosynthetic activity (primarily by algae) 

• oxygen depletion via respiration 

• the time of day the sample is collected 

• reaction rates (affected by turbulence, temperature, ice cover, exposed water surface 

area, and stratifi~ation) 

Because each of these factors is important in determining dissolved oxygen 

concentrations, this important parameter is particularly difficult to interpret. But of more 

importance than the concentration of dissolved oxygen is the percentage of saturation. 

According to Davis and Cornwell (1991) the depletion of DO and the effect of aeration 
can be 
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described as: d ( ° C) = kt L- ka (OC) 
dt 

where: 

OC= the change in oxygen concentration per unit time 
[mg L-1

], 

L =total oxygen consumption [mg L-1
] =ultimate OC, 

kt =deoxygenation coefficient constant [dai1
], 

ka =aeration coefficient [day-1
] derived from the method of DO determination by stirring 

the sample when using a probe to take DO measurements and, 

t =time [day]. 

DO and Water quality table: 

DO Concentration Mg/L River water quality River Ecosystem 
High 7-11 Excellent Healthy 
Medium 4-7 Good Borderline healthy 
Low 2-4 Poor Unhealthy 
Very Low 0-2 Very Poor Won't support life 

Table:3.1 

B. Biochemical Oxygen Demand (BOD) 

Biochemical oxygen demand (BOD) determinations measure the amount of oxygen that 

decomposing organisms require utilizing carbonaceous compounds under aerobic 

conditions. The BOD test is one of the important measurements to know the pollution 

strength of wastewater. It is basically a bioassay that measures the oxygen consumed by 

bacteria while utilizing the organic matter present in the sample. A quantifiable 

relationship exists between the amount of oxygen required to convert the organic matter 

to the end products of carbon dioxide, water, and ammonia. If we introduce an amount of 

organic matter into some water and monitor its decomposition, we would observe that the 

amount of organic material remaining would decrease exponentially with time. The 

amount of BOD which remains after some period of time is proportional to the remaining 

organic material. 

Natural organic detritus and organic waste from waste water treatment plants, failing 

septic systems, and agricultural and urban runoff, acts as a food source for water-borne 
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bacteria. Bacteria decompose these organic materials using dissolved oxygen, thus 

reducing the DO present for fish. Biochemical oxygen demand (BOD) is a measure of the 

amount of oxygen that bacteria will consume while decomposing organic matter under 

aerobic conditions. Biochemical oxygen demand is determined by incubating a sealed 

sample of water for five days and measuring the loss of oxygen from the beginning to the 

end of the test. Samples often must be diluted prior to incubation or the bacteria will 

deplete all of the oxygen in the bottle before the test is complete. The main focus of 

wastewater treatment plants is to reduce the BOD in the effluent discharged to natural 

waters. Wastewater treatment plants are designed to function as bacteria farms, where 

bacteria are fed oxygen and organic waste. The excess bacteria grown in the system are 

removed as sludge, and this "solid" waste is then disposed of on land. Chemical oxygen 

demand (COD) does not differentiate between biologically available and inert organic 

matter, and it is a measure of the total quantity of oxygen required to oxidize all organic 

material into carbon dioxide and water. COD values are always greater than BOD values, 

but COD measurements can be made in a few hours while BOD measurements take five 

days. 

If effluent with high BOD levels is discharged into a stream or river, it will accelerate 

bacterial growth in the river and consume the oxygen levels in the river. The oxygen may 

diminish to levels that are lethal for most fish and many aquatic. insects. As the river re

aerates due to atmospheric mixing and as algal photosynthesis adds oxygen to the water, 

the oxygen levels will slowly increase downstream. The drop .and rise in DO levels 

downstream from a source of BOD is called the DO sag curve. 

C. CHEMICAL OXYGEN DEMAND (COD) 

COD is a measure of the oxidation of reduced chemicals in water . It is commonly used 

to indirectly measure the amount of organic compounds in water. The measure of COD 

determines the quantities of organic matter found in water. This makes COD useful as an 

indicator of organic pollution in surface water. 

It does not differentiate between biologically available and inert organic matter, and it is 

a measure of the total quantity of oxygen required to oxidize all organic material into 

carbon dioxide and water. COD values are always greater than BOD values, but COD 

measurements can be made in a few hours while BOD measurements take five days. 
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COD test is used to measure the content of organic matter of both wastewater and natural 

waters. The oxygen equivalent of the organic matter that can be oxidized is measured by 

using a strong chemical oxidizing agent in an acidic medium. Potassium dichromate has 

been found to be excellent chemical for this purpose. The test is required to be performed 

at the elevated temperature. A catalyst silver sulfate is used to break long chain 

compounds into simple fragments. 

The COD of the waste is higher than the BOD because more compounds can be 

chemically oxidized than can be oxidized biologically. 

D. pH 

pH indicates the acidity or alkalinity of any sample and it is a measure of the amount of 

free hydrogen ions in water. Specifically, it is defined as negative logarithm of the molar 

concentration of hydrogen ions. 

pH= -logw [H+] 

pH is measured on a logarithmic scale, an increase of one unit indicates an increase of ten 

times the amount of hydrogen ions. A pH of 7 is considered to be neutral. It is an 

indicator of acidification and is often used in the general characterization of water quality 

Acidity increases as pH values decrease, and alkalinity increases as pH values increase. 

Such changes in pH affect stream water chemistry. 

To construct mathematical model and statistical analysis the major water quality 

parameters viz BOD, COD, DO are being considered. 

3.6 STATISTICAL ANALYSIS OF WATER QUALITY 

The use ofstatistical techniques in aquatic environmental monitoring is a relatively new 

subject. Statistical tests are currently considered invaluable in the design and analysis of 

the results of monitoring programmes. Routine water quality monitoring programmes 

often serve many purposes, but are primarily aimed at assessing the environmental state 

of water and detecting trends. Often, monitoring programmes produce a wealth of long 

term time series data. Statistical tests are the principal means used in the analysis of these 

time series data to arrive at a deeper understanding of the causal mechanisms that 

generated it. 
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3.6.1 Arithmetic Mean: 

Arithmetic mean is commonly called as average. Mean or Average is defined as the 

sum of all the given elements divided by the total number of elements. 

Formula: 

Mean = sum of elements I number of elements 

3.6.2 Standard Deviation: 

Standard deviation is a statistical measure of spread or variability. The standard 

deviation is the root mean square (RMS) deviation of the values from their arithmetic 

mean. 

Formula: 

S= 
L(X-M)~ 

n-1. 

3.6.3Variance: 

The variance is the square of the standard deviation and it is a measure of the degree 

of spread among a set of values; a measure of the tendency of individual values to vary 

from the mean value. 

Variance = s2 
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Table 3.1: Statistical Analysis of water quality parameters of River Mahananda at 
Siliguri during 2005-2006 

Parameters DO BOD COD 

Season Dry Monsoon Dry Monsoon Dry Monsoon 

Mean 3.83 6.92 4.43 2.72 27.07 30.83 

Standard 
Deviation 1.42 2.04 3.09 1.31 7.68 8.87 

(SD) 

Variance 2.01 4.16 9.56 1.72 58.92 78.68 

Min 1.40 2.03 1.33 0.90 24.43 13.01 

Max 5.77 8.36 6.13 3.60 40.72 30.24 

All units are at mg/L and 26°C 
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Table 3.2: Statistical Analysis of water quality parameters of River Mahananda at 
Maida during 2005-2006 

Parameters DO BOD COD 

Season Dry Monsoon Dry Monsoon Dry Monsoon 

Mean 4.92 8.22 1.197 1.43 17.85 27.12 

S.D 1.05 2.44 0.81 0.69 10.22 11.62 

Variance 1.11 5.94 0.66 0.48 104.59 135.09 

Min 3.10 5.10 0.36 0.73 10.90 19.97 

Max 6.50 10.97 3.26 2.27 22.80 51.58 

All units are at mg/L and 26°C 
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3.6.4 Calculation of Correlation Coefficient (r) of selected Parameters: 

Definition of Karl-Pearson's Correlation Co-efficient: 

A measure of the strength of linear association between two variables which states that 

wheather the variables under study move in the same direction or in reverse direction .. 

Correlation will always between -1.0 and + 1.0. If the correlation is positive, we have a 

positive relationship between two variables if it is negative, then the relationship is 

negative. Actually correlation analysis helps in discussing the relationship i.e covariation 

between two variables. 

Formula: 

Correlation Co-efficient : 

Correlation(r) = NLXY- (LX)(LY) I Sqrt([NLX2
- (LX)2][NLY2

- (LY)2
]) 

where 

N = Number of values or elements 

X= First Score 

Y = Second Score 

LXY = Sum of the product of first and Second Scores 

LX = Sum of First Scores 

LY = Sum of Second Scores 

LX2 = Sum of square First Scores 

LY2 = Sum of square Second Scores 
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Between BOD and COD: 

Place SILIGURI 
Value of Sampling points 

Correlation A B 
Coefficient(r) 

0.7428 0.8343 

Between DO and BOD: 

Place SILIGURI 
Value of Sampling points 

Correlation A B 
Coefficient(r) 

0.7159 0.9916 

)Jetween DO and COD: 

Place SILIGURI 
Value of Sampling points 

Correlation A B 
Coefficient(r) 

0.7862 0.8978 

MALDA(English Bazar) 
Samplin~ points 

c A B c 

0.7270 0.3534 0.9957 0.2841 

MALDA(English Bazar) 
Sampling points 

c A B c 

0.7379 0.8330 0.1671 0.9173 

MALDA(English Bazar) 
Sampling points 

c A B c 

0.9610 0.0315 0.1416 0.0293 
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3.6.5 Regression Analysis: 

3.6.5.1 :Definition: 

The term 'regression' was first used by a British Biometrician Sir Francis Galton 

(1822-1911). 'Regression' stands for some sort of functional relationship between two or 

more related variables. The only fundamental difference, if any, between the problems of 

curve fitting and regression is that in regression, any of the variables may be considered 

as independent or dependent while in curve fitting, one variable cannot be dependent. 

Actually a regression is a statistical analysis assessing the association between two 

variables which is used to find the relationship between two variables and it measures the 

nature and extent of correlation. Also regression is the estimation or prediction of 

unknown values of one variable from known values of another variable. 

3.6.5.2 Linear regression lines: 

Simple linear regression is an important and commonly used parametric method for 

identifying monotonic trend in a time series model . It is used to describe the relationship 

between one variable with another or other variables of interest. It is often performed to 

obtain the slope coefficient of a water quality variable on time. The slope coefficient is 

tested under the null hypothesis that it is equal to zero. Regression has the advantage that 

it provides a measure of significance based on the hypothesis test on the slope or 

correlation coefficient; and also gives the magnitude of the rate of change. 

The regression is called linear when the points of the scatter diagram concentrate round a 

straight line and this straight line is known as the line of regression which gives the best 

fit in the least square sense to the given frequency. In case of n pairs (xi, yi); i = 1,2, ... ,n 

from a bivariate data then there is no reason or justification to assume y as dependent 

variable and x as independent variable. Either of the two may be estimated for the given 

values of the other. Thus it is desired to estimate y for given values of x, then the 

regression equation of the form y = a + bx, called the regression line of y on x. To 

estimate x for given values of y, then the regression line of the form x= A+ By, called the 

regression line of x on y. Thus it implies, in general, there are two lines of regression. In 

regression analysis the independent variable is called predictor or regresser or 
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explanatory and the dependent variable is called the predictant or regressed or explained 

variable. 

The regression line of y on x can be written as Y - Y = b yx (X - X) 

- aY 
Where X and y are the mean values and b yx - T a where r is the coefficient of 

X 

correlation and ax and aY are the standard deviations of x and y respectively. 

It can also be derived the regression line of x on y as X - X = b xy ( Y - Y) where bxy is 

the regression coefficient of x on y and is given by b xy 

have their usual meanings. 

3.6.5.3 Regression Formula: 

Regression Equation(y) = a+ bx 

Slope(b) = (NLXY- (LX)(LY)) I (NLX2
- (LXi) 

Intercept( a) = (LY - b(LX)) IN 

where 

x and y are the variables. 

b = The slope of the regression line 

(J'x 

r a where the terms 
y 

a = The intercept point of the regression line and the y axis. 

N =Number of values or elements 

X = First Score 

Y = Second Score 

LXY = Sum of the product of first and Second Scores 

LX = Sum of First Scores 

LY = Sum of Second Scores 

LX2 =Sum of square First Scores 
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In the field of environmental preservation and planning especially the projection of water 

pollution scenario of river is of great use. 

3.6.5.4 Linear regression lines between DO and BOD: 

If X is taken as DO and Y is taken BOD value at Siliguri then the regression line is 

(Table 3.3) 

Location A : Y = 0.14X+l.02 

Location B Y = 0.13X+ 1.68 

Location C Y = 0.29X+l.30 

If X is taken as DO and Y is taken BOD value at Maida then the regression line is (Table 

3.4) 

Location A : Y = 0.12 X+ 0.72 

Location B : Y = 0.15X + 1.09 

Location C : Y = 0.14 X+ 0.73 

3.6.5.5 Linear regression lines between DO and COD: 

If X is taken as DO and Y is taken COD value at Siliguri then the regression line is 

(Table 3.3) 

Location A : Y = 2.78X+ 11.46 

Location B Y = 3.32X+10.55 

Location C Y = 3.92X+12.84 
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If X is taken as DO and Y is taken COD value at Maida then the regression line is (Table 

3.4) 

Location A : Y = 1.82 X+ 12.98 

Location B Y = 1.80 X+ 12.84 

Location C Y = 1.94 X+ 14.04 

3.6.5.6 Linear regression lines between BOD and COD: 

If X is taken as BOD and Y is taken COD value at Siliguri then the regression line is 

(Table 3.3) 

Location A Y=5.58X+19.08 

Location B : Y=5.83X+20.80 

Location C : Y=7.46X+12.61 

If X is taken as BOD and Y is taken CQD value at Maida then the regression line are as 

follows (ref.Table 3.4) 

LocationA : Y=10.11X+13.76 

LocationB Y=7.95X+11.14 

Location C Y=9.97X+15.72 
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3.6.6 'C' Program to fit a regression line between DO & BOD; DO & 

COD ; BOD & COD values: 

3.6.6.1 Algorithm for linear regression: 

1. Read n 

2. sumx ~o 

3. sumxsq ~ 0 

4. sum y~ 0 

5. sumxy ~o 

6. for i = 1 to n do 

7. Read x, y 

8. sum x ~ sum x + x 

9. sum xsq ~sum xsq +x2 

10. sum y ~ sum y + y 

11.sum xy ~ sum xy + x y 

end for 

12.denom ~ n x sum x sq- sum x xsum x 

13.a~ (sum y x sum x sq-sum x x sumxy)/denom 

14.b~(n x sum xy-sumx x sum y)/denom 

15.write b,a 

16.stop 
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3.6.6.2 Program: 

/* PROGRAM TO IMPLEMENT LEAST SQUARE FIT OF A REGRESSION LINE 

OFYONX*/ 

#include<stdio.h> 

# include<conio.h> 

# include<math.h> 

void main() 

{ 

int data,i; 

float x[lO] , y[lO], xy[lO],x2[10],z; 

float suml=O.O, sum2=0.0, sum3=0.0, sum4=0.0; 

clrscr ( ); 

printf("ENTER THE NUMBER OF DATA POINTS:"); 

scanf("%d" ,&data); 

for (i= 1 ;i<data;i++) 

{ 

printf("VALUE OF x%d:",i+ 1); 

scanf("%f' ,&x[i]); 

} 

printf("\n ENTER THE VALUE OF f(x):\n"); 

for(i=O; i<data;i++) 

{ 

printf("Value of f(x%d):",i+ 1); 

scanf("%f' ,&y[i]); 

} 

For(i=O;i<data;i++) 

xy[i]=x[i]*y[i]; 
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x2[i]=x[i]*x[i]; 

suml +=xy[i]; 

sum2 +=x2[i]; 

sum3 +=x[i]; 

sum4 +=y[i]; 

sum3 =sum3 /2; 

sum4=sum4 /2; 

//printf("%.2f %.2f %.2f' suml,sum2,sum3,sum4); 

suml=(suml/sum2); 

z=(suml *sum3)-sum4; 

printf("\t\t\t y=%.2f *x-(%.2f)",suml,z); 

getche( ); 
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3.7 Graphical models of DO, BOD and COD at different sampling 
stations: 

A. River Mahananda around Siliguri (Last four year data) 

Year Location pH DO COD BOD 

A 6.52 7.47 52.47 1.53 

2001-2002 B 6.48 6.45 44.25 1.79 

c 6.49 5.50 43.33 2.83 

A 6.48 7.37 23.43 2.55 

2002-2003 B 6.33 6.19 30.64 2.59 

c 6.69 4.62 20.38 2.36 

A 6.43 6.64 21.50 1.43 

2004-2005 B 6.30 6.11 19.67 2.36 

c 6.87 3.83 18.48 2.04 

A 6.50 6.36 20.79 2.20 

2005-2006 B 6.31 4.45 20.78 2.76 

c 7.17 3.08 27.90 2.30 

A= Sample site at Champasari Road bridge. 
B= Sample site near Mahananda Road bridge on Hili Cart Road 
C= Sample site at Mahananda Barrage (Fulbari). 

DO,COD &BOD (26uC) in mg!L 

Table-3.3 
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B.River Mahananda around English Bazar, Malda (Last four year 
data) 

Year Location pH DO COD BOD 

A 6.06 6.70 43.08 1.58 

2001- B 6.28 6.05 37.00 3.16 
2002 

c 6.38 6.52 43.19 1.67 

A 6.75 7.25 17.03 1.71 

2002-
B 6.82 6.92 22.65 1.81 2003 

c 6.80 7.40 19.48 1.87 

A 6.50 5.98 17.54 1.13 

2004- B 6.50 5.82 15.19 1.27 
2005 

c 6:90 5.86 '17.83 1.05 

A 6.65 6.94 17.83 1.34 

2005- B 6.79 6.69 17.42 1.55 
2006 

c 7.08 6.63 22.24 1.68 

A= Sample site at Mokadipur, Old Maida (Up Stream). 
B= Sample site near Mission Ghat (Middle Stream) 
C= Sample site at Raipur Ghat 

DO,COD &BOD (26°C) in mg/L 

Table 3.4 
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3.8 Biochemical Oxygen Demand (BOD) and its modeling as a First

Order Reaction (FOR): 

Biochemical oxygen demand (BOD) determinations measure the amount of oxygen that 

decomposing organisms require utilizing carbonaceous compounds under aerobic 

conditions. 

The initial value of BOD will be the total oxygen requirement to oxidize the organic 

material. The quantity is called the ultimate BOD or BODL or L0 • It is assumed that the 

rate of decomposition of organic wastes is proportional to the amount of waste available. 

If 4 represents the amount of oxygen demand left after time t, then, assuming first order 

reaction, we can write 

dLr = -K L 
d t d t -------------------------------------------------------3.1 

where l«J = BOD rate constant I time which indicates the rate of biodegradation of wastes 

or oxygen consumption rate and it depends upon the nature of waste, bacterial population 

and temperature of water. 

Now the solution of the above equation is Lt=Lo exp(-l«J.t) --------------3.2 

Where Lo =ultimate carbonaceous oxygen demand. 

ultimate carbonaceous oxygen demand is the sum of the amount of oxygen consumed by 

the waste in the first t days i.e (BOD)t, plus the amount of oxygen remaining to be 

consumed after time t, i.e 

------------------------------------------------------3.3 

From 2 and 3 the following result i.e equation (3.4) is obtainable 

(BOD)t= L0 (1- exp( -l«J.t)) 
... 
" 

-----------------------------------------------3.~ 
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The above results can be presented graphically as shown below: 

Lo 

time {days}--)

(a) 

fig.l.2 

Lo 

fig 1.3 
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CHAPTER4 

DEVELOPMENT OF OXYGEN SAG MODEL (SIMPLIFIED FORM) 

4.1 Introduction 

Water quality modeling in a river has been developed from the pioneering 

work of Streeter and Phelps (1925) who developed a balance between the dissolved 

oxygen supply rate from reaeration and the dissolved oxygen consumption rate from 

stabilization of an organic waste in which the biochemical oxygen demand (BOD) de 

oxygenation rate was expressed as an empirical first order reaction, producing the classic 

dissolved oxygen sag (DO) model. When the dispersion process is considered, the 

governing equation becomes a partial differential equation. However, the effect of 

dispersion on BOD and DO in small rivers is negligible (Li 1972; Thomann, 1974; 

McCutcheon, 1989). The minimum value of the DO concentration has been of particular 

significance in wastewater treatment design calculations and to regulatory agencies. By 

contrast the BOD decay characteristics of leaves and logging debris are relatively 

unknown (Ponce, 1974), although these items represent sources of loads on streams and 

are important in Total Maximum Daily Load (TMDL) studies. Several investigators 

(Thomas, 1957; Young and Clark, 1965; Clark and Viessman, 1965; Nemerow, 1974; 

Tebbutt and Berkun, 1976) presented data showing that second order rather than first 

order reactions frequently describe the stabilization of wastewaters, but none of these 

authors incorporated a second order BOD reaction into the DO sag equation. Butts and 

Kothandaraman 1970) analyzed stream samples from the Illinois River and found that the 

majority of these samples' BOD decay was described better by a first order reaction 

model, while a minority of the samples' BOD decay was described by a second order 

reaction model. In spite of these results they did not develop a DO sag equation which 

included a second order BOD model. Adrian and Sanders (1998) developed an analytical 

solution for the DO sag equation which incorporated a second order BOD reaction but 

their development involved integration of cumbersome equations. The Laplace transform 

method provides a user friendly approach to solution of differential equations. The 

purpose of this study is to demonstrate application of the Laplace transform method to 



develop a DO sag equation for a river in which a second order relationship describes the 

BOD decay of the loading to the river. 

4.2 LAPLACE TRANSFORMATION: 

Firstly the reason behind to use such a procedure is strongly motivated by real 

engineering problems. There, typically we encounter models for the dynamics of 

phenomena which depend on rates of change of functions, eg velocities and accelerations 

of particles or points on rigid bodies, which prompts the use of ordinary differential 

equations (ODEs). Ordinary caiculus can be used to solve ODEs, provided that the 

functions are nicely behaved-which means continuous and with continuous derivatives. 

Unfortunately, there is much interest in engineering dynamical problems involving 

functions that input step change or spike impulses to systems-playing pool is one 

example. Now, there is an easy way to smooth out discontinuities in functions of time: 

simply take an average value over all time. But an ordinary average will replace the 

function by a constant, so it is used a kind of moving average which takes continuous 

averages over all possible intervals oft. This very neatly deals with the discontinuities by 

encoding them as a smooth function of interval length s. The amazing thing about using 

Laplace Transforms is that it can be converted a whole ODE initial value problem into a 

Laplace transformed version as functions of s, simplify the algebra, find the transformed 

solution f(s), then undo the transform to get back to the required solution f as a function 

oft. Interestingly, it turns out that the transform of a derivative of a function is a simple 

combination of the transform of the function and its initial value. So a calculus problem is 

converted into an algebraic problem involving polynomial functions, which is easier. 

There is one further point of great importance: calculus operations of differentiation and 

integration are linear. So the Laplace Transform of a sum of functions is the sum of their 

Laplace Transforms and multiplication of a function by a constant can be done before or 

after taking its transform. 
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4.2.1 The transform concept and definition: 

-too 

An improper integral of the form J K(s,t)F(t)dt is called integral transform of F(t) 

if it is convergent. Sometimes it is denoted by f(s) or T{F(t) }.Thus 

+oo 

f(s) = T{F(t)}= f K(s,t)F(t)dt ---------------------------(A) 

The function K(s,t) appearing in the integrand is called kernel of the transformation. Here 

s is a parameter and is independent oft, s may be real or complex number. 

If it is taken as K(s,t)=1e-st ,t~O and K(s,t)=O when t < 0 then the equation (A) 

+oo 

becomes f(s) = T{F(t)}= Je-st F(t)dt, this transform is known as Laplace 
0 

transformation where F(t) is a piecewise continuous over every finite interval in the range 

t;:::: 0 and of exponential order as t -------7oo. 

+oo 

This transformation can also be written as f(s) = L{F(t)}= Je-st F(t)dt, where Lis 
0 

called Laplace transformation operator. The Laplace transform is said to exist if the 

integral in right hand side is convergent for some value of s. 

4.3 DO Sag Model Formulation 

The differential equation describing the DO concentration in a river subject to a 

BOD reaction is 

~~ = k .. {c .. - c)- Jsf(t) --------------------~.1 

where Cis the DO concentration, g/m3
, Cs is the saturation value for DO, g/m3

, ks is the 

reaeration rate, dai1
, tis flow time, days, k2 is the rate constant in the BOD expression, 
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and f(t) is a function that expresses the BOD concentration as a function of time. The 

form of the BOD function is related to the expression selected to describe the BOD 

reaction. The units of the rate constant k2 depend on the BOD function. Several 

investigators (Young and Clark, 1965; Clark and Viessman, 1965; Woodward, 1953) 

express the second order BOD equation as 

---------------------~.2 

where L is the BOD yet to be satisfied, g/m3, t is time, days, k2 is the second order rate 

constant having units of volume/mass-time, such as mlfg-day, while Lois the initial 

ultimate first stage BOD. The term f (t) in equation (~.1) for a second order BOD reaction 

is given by the square of equation ( ~.2) which enables the differential equation for the 

DO concentration to be formed. 

Conventional BOD tests give values of y, the amount of DO consumed by a sample, g/ml, 

as a function to time. The relationship L =Lo-y can be substituted into equation (~.2) 

which is then rearranged to obtain 

Js~t 
Y= 

1.+ k:J.Lot 
. ------------------------------~.3 

Examples are available of calculating the parameters k2 and Lo from linearized forms of 

equation (~.3) (Young and Clark, 1965; Butts and Kothandaraman, 1970; Weber and 

Carlson, 1965). A preferable procedure for determining kz and Lois to find their values 

such that the best fit in the least squares sense is obtained using equation (~.3) and the 

measured values of y versus t (Marske and Polkowski, 1972; Bates and Watts, 1988; 

Borsuk and Stow, 2000). 

Adrian and Sanders (1998) applied an integrating factor to equation (~.1), after it 

had been modified to include f(t) equal to the square of equation (~.2), then integrated 

several rather unwieldy expressions to obtain the DO concentration. The Laplace 

transform method which is presented below is easier to follow than the previous solution. 
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Equation (4.1) is modified by noting f(t) = L2, given by equation (4 . .2), then the 

Laplace transform of modified equation ( 4.1) is 

- - "c 1 { ( )2.} pC- Cl) + k~C = _....L.!.._ -k ~ 11 a+ t 
p 2 

------------------4.4 

where a= 1/(k2Lo), pis the parameter in the Laplace transform, the Laplace transform of 

C(t) is designated by the overbar, Co is the initial DO concentration, and < { 1/( a + t)2 
} is 

the Laplace transform of 1/(a + t)\ which for a> 0 is (Nemerow, 1974) 

----------------------------4.5 

in which the term Ei(-ap) signifies the exponentialintegral with argument (-ap). 

Equation (4.4) is rearranged to show the Laplace transform of the DO concentration 

-------------------------4.6 

The inverse transform of equation ( 4.6) is expressed as 

1 1 
C{t) = Coe-k~ + c .. (l- e-k~)- k2 e-k.r +(a+ t2) 

------------------------4.7 

where the* notation means exp(-k,t) is convoluted with 1/(a + t)2 (Churchill, 1958). In 

other words 

129 



-------------------------~.8 

where 't and x are dummy variables of integration and the change in variable x = a+ 't has 

been introduced. Gradshteyn and Ryzhik (1980) show 

-------------------------~.9 

Thus, equation (~.7) is expressed as 

---------~.1 0 

Equation (~.10) is identical to the DO sag equation derived by Adrian and Sanders 

(1998). However, the Laplace transform method is easier to apply and involves fewer 

steps than the earlier method which used an integrating factor and several transformations 

of variables to integrate equation ( ~.1 ). 

The DO deficit, D = Cs- Co g/ml, is commonly used instead of C. Equation (~.10) is 

rearranged to 

D = D0 exp(- k;<t) + Lo exp{- k,J)- ; 
1+ 2Lot 

+ k" .... _..r _ (_.!2._+ k..t)] [Ei(_!s_+ k,J) _ Ei(~l] 
k2 I_ k2Lo k2Lo k2Lo) 

--------------------------------~.11 
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where Dais the DO deficit, g/m3
, when t = 0. 

4.3.1 The Exponential Integral 

The exponential integral Ei(x) is tabulated in mathematical tables (Abramowicz and 

Stegun, 1965). However, in equations (4.10) and (4.11) it is convenient to calculate the 

exponential integral directly from its series expansion. There are two series expansions 

for the exponential integral, one convenient to use for small values of the argument, x, 

and the other convenient to use for larger values of x. The first series expansion is 

(Abramowicz and Stegun, 1965) 

m x" 
Ei(x)= r+ tn(x)+ 'L-

li=I n. n! 

----------------------------4.1~ 

where y =Euler's constant= 0.577~15 ... This series converges for all values of x, 

however, it converges slowly for large values of x. An alternative method for calculating 

Ei(x) for large values of x is to use an asymptotic expansion series (Abramowicz and 

Stegun, 1965) 

ix ( m 1! 2! n!) ex m=n m! 
Ei(x)=- -+-+-+· .. +- =-~-

x X<l X 1 X 2 Xn X ~oX~ 

---------------------4.13 

The asymptotic expansion is a divergent series if n ~ oo, yet the difference between the 

true value of Ei(x) and the sum of a finite number of terms in the truncated series may be 

very small especially when xis large. Kaplan (195~) presents a simple, practical rule for 

selecting n: the best approximation of the asymptotic expansion series to Ei(x) occurs 

when n is the closest integer to x. It is not permissible to differentiate an asymptotic 
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expansion (Gradshteyn and Ryzhik, 1980). In DO sag modeling both small and large 

values of x are encountered. Equation (4.12) has been recommended for use instead of 

equation (4.13) when x < 5 due to error in the asymptotic expansion, but when x ;::: 5 

either equation (4.12) or (4.13) could be used if one was aware that equation (4.12) may 

require n to be large to converge (Adrian and Sanders, 1998). Examples presented later 

will show how large n may be for equation (4.12) to converge. 

4.3.2 The Oxygen Sag Equation(Two Forms) 

Combining equation (4.10) with the asymptotic expansion, equation (4.13), yields 

------------------------------------4.14 

This expression is a computationally tractable approximate form of equation (4.10) which 

is suitable when the term ks I (k2 L0 ) is greater than 5. N and M are selected as the 

nearest integers to the arguments of the exponential integrals by using the round off 

function, 

where 

M = round [ks I (k2 Lu)] ---------------------------------------------( 4.15) 

N = round [ks/(k2 Lu) + kst] ----------------------------------------( 4.16) 

A form of the DO sag equation that is always applicable is obtained by combining 

equation (4.10) with the convergent series, equation (4.12). The result is 
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----------------------------------4.15 

4.3.3 Minimum DO Concentration 

The minimum DO concentration will occur either at t = 0 or at the time called the 

critical time, tc, when dC/dt = 0 in equation ( 4.1 0). The derivative of equation ( 4.1 0) 

when dC/dt = 0 is 

--------------------------------4.16 

This equation is solved for the root tc by a numerical root finding method in a software 

package such as MATHCADTM with equation (4.12) or (4.13) used to evaluate the 

exponential integrals. If tc is negative, then the minimum DO concentration occurs at t = 

0 where C(O) =Co. A positive tc is substituted into equation (4.14) or (4.17) to calculate 

the minimum DO concentration. The value of N is not known a priori so a few trials may 
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be needed to find the value of N that is consistent with tc. An alternative procedure to find 

the minimum DO and tc is to apply a series of times in equations (4.14) or (4.17) and 

record the value of the minimum DO concentration and the time to which it corresponds. 

· 4.4 Application of the DO Sag Equation 

The DO sag equation for a second order BOD demand is illustrated in an example 

developed from data presented by Ponce (1974) in which needles from Douglas Fir in 

samples prepared with stream water are tested for BOD. The second order reaction rate 

coefficient of 0.000440 m3/(g-day) is calculated from BOD test data. Assume that the 
• 

streamflow and temperature are such that after mixing with the Douglas Fir needles the 

ultimate first stage BOD is 100 g/m3 and the reaction rate coefficient remains unchanged 

(due to the small rate constant the 5 day BOD would be about 82 g/m3). Ponce (1974) 

carried the BOD test out for 90 days yet found no evidence of nitrification. His data for 

Douglas Fir are presented in Table 3.1. 

Table 4.1. BOD Data for Douglas Fir Needles (Ponce, 1974)'· 2
• 

Time Oxygen Consumed Time Oxygen Consumed 
[Day] [glm3] [Day] [glm3] 

0 0 45 432 

5 252 60 440 

10 312 90 460 

20 408 

1 Each value of oxygen consumed is an average of four samples. 

2 Nonlinear least squares analysis yields rate coefficient k2 = 0.000440 m3/(g day) and 

ultimate BOD Lo = 481.445 g/m3 for second order BOD. 
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The DO saturation value in the application is 9.08 g/m3 and the initial DO value is 7 

g/m3. The reaeration rate is 0.6/day. The DO concentrations are calculated at daily 

intervals for the first seven days ·using the exact and the approximate equations for the 

exponential integral, and the minimum DO concentration is found using equation ( 4.18) . 

These data are input into equations ( 4.14) and ( 4.17) for comparison while the results are 

tabulated in Table 3.2. The value of kJ(k2Lo) was calculated as 13.63, by equation 

(4.15), so M was set to 14, and N calculated from equation (4.16), varied with t as shown 

in Table 4.2. The time tc = 3.3 day was calculated using equation (4.18) with the 

exponential integral calculated by equation (4.13) instead of equation (4.12) due to the 

reduced number of calculations using equation (4.13) when MorN are larger than 5 or 6. 

The DO concentration was 3.516 g/m3 at the critical time. The error was calculated by 

finding the difference between C(t) from equations (4.14) and (4.17). Negligible error 

was found in using equation (4.14) which contained the approximate series expression. 

The complete DO sag curve is shown in Figure 4.1 using both equations (4.14) and 

( 4.17). The DO sag curve is of interest in TMDL studies. 
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Table 4.2. Comparison of DO Concentrations for Second Order BOD Reaction 

t 
c c 

N Cfllllct - Capprox Eq.(3.17) Eq.(3.14) days (Exact) (Approximate) Eq.(3.16) Error 

0 7.000 7.000 14 0.000 

1 4.781 7.782 14 -0.001 

2 3.819 3.819 15 0.000 

3 3.516 3.516 15 0.000 

3.3 = tc 3.500 3.500 16 0.000 

4 3.549 3.549 16 0.000 

5 3.746 3.746 17 0.000 

6 4.014 4.014 17 0.000 

7 4.305 4.305 18 0.000 

4.5 Conclusions 

A DO sag equation for a stream has been developed in which the biochemical oxygen 

demand is evaluated as a second order reaction. The differential equation for the DO sag 

model was solved by applying the Laplace transform method. The DO sag model, 

equation (4.10), contains exponential integrals which are evaluated by either an exact 

series or an approximate asymptotic series. The location of the minimum DO 

concentration is found by calculating the time at which dC/dt = 0 in equation (4.18). 

Other simulations have shown the asymptotic series should not be used to 

calculate the 
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k2 = 0.000440 m3g-1day·1 
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15 

DO Sag curve for a stream which receives BOD loading from Douglas Fir Needles. The 

BOD Reaction is Second Order. The time at which the minimum DO concentration 

occurs is 3.3 days and the minimum DO concentration is 3.5 G/M3
. 

DO concentration in equation (4.10) or the critical time in equation (4.18) at which the 

minimum DO occurs if the values of MorN from equations (4.15) and (4.16) are less 

than five. Also, other simulations have shown that when N is less than 7 a plot of 

equation (4.14) may produce a rough appearing DO sag curve which may have a jump or 

a sudden change in slope each time N takes on a different integer value in equation 

(4.16). It has been recommended that equation (4.14) not be used forM or N less than 5 

(Adrian and Sanders, 1998). The example presented in this study in which Douglas Fir 

needles produced BOD, showed that the DO sag model which incorporated an asymptotic 

series was virtually identical in its predictions with M = 14 and N ranging from 14 to 18 

to predictions using the exact series. It is necessary to experiment with equation (4.12), 
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the exact series for the exponential integral, to find the number of terms to sum. 150 

terms were used in the calculations in, although more terms may have been needed for 

calculations at larger times. Thus, the DO sag equation for second order BOD is not 

suitable for calculation without a computer. Figure 4.1 shows that the small value of the 

BOD reaction rate constant results in the stream being able to carry a large BOD 

concentration from Douglas Fir needles without having the DO concentration being 

exhausted. The result is of interest in TMDL studies involving waste load allocation to 

stream. 
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CHAPTERS 

APPLICATION OF LAPLACE TRANSFORM TO A 
NONTRADITIONAL DISSOLVED OXYGEN MODEL 

5.1 Introduction 

The first order BOD decay equation has been widely applied since 1925 in modeling the 

dissolved oxygen (DO) in a river stream (Streeter and Phelps, 1925). Literature reviews 

on BOD reaction orders which are three-halves order, second order, and multiorder are 

available (Adrian et al., 1999; Adrian and Sanders, 1998; Adrian et al, 2004). The steady

state DO model developed Streeter and Phelps (1925), which predicts DO concentration 

in streams using first order BOD kinetics, is well understood and accepted (Mulligan and 

Brown, 1998). Modifications have included accounting for sedimentation (Thomas, 

1948), benthic addition of BOD (Thomann, 1974), effects of algae (Beck and Young, 

1975), and dispersion (Dresnack and Dobbins, 1968). The effect of dispersion on BOD 

and DO concentration in small rivers is negligible (McCutcheon, 1989). Few studies have 

examined the effect that BOD reaction orders which were other than first order have on 

theDO behavior in a stream. Respirometry is a versatile method for measuring the BOD 

reaction characteristics of a wide variety of wastewaters and stream samples (Young and 

Cowan, 2004). Multiorder BOD data (Hewitt, et al, 1979) encouraged development of a 

DO sag equation for the three-halves order BOD reaction and a multiorder BOD reaction 

(Adrian, et al., 1999; Adrian, et al., 2004), although tedious mathematical expositions 

were plentiful. The purpose of this investigation is to review the relationships which 

describe a three-halves order BOD reaction, then to incorporate these BOD relationships 

into the differential equation for DO for a stream. Because of its ease in application the 

Laplace transform method is selected to solve the DO sag equation. Also, a methodology 

for locating the minimum DO concentration in a stream is developed, and examples are 

presented to illustrate application of the models. 



5.2 Three-halves Order BOD Equation: 

The three-halves order BOD equation is given by (Adrian et al., 1999; Hewitt etal., 1979) 

dL _ -k IJI2 
dt - 3/2 -----------------------------------------5.1 

where L is the BOD remaining, g/m3
, at time t, and IG12 is the three-halves order rate 

constant having units of (mJ/g)112/day. Equation (5.1) is integrated, combined with Lo-y 

= L and rearranged to 

4 
y = 4 - k~,z (T + t)z -------------------------------5.2 

where T= 21 k312 Li12 is a time constant having units of days and Lois the carbonaceous 

BOD remaining at time zero. By comparison, the first order BOD equation is (Adrian et 

al., 2004) 

L L o e - kIt -----------------------------------------------5.3 

where k1 is the first order BOD rate constant with units of day-I. The conventional BOD 

test or respirometry gives values of yi, the BOD exerted, or the amount of oxygen 

consumed by a sample at tiine, ti (Young and Cowan, 2004). Parameters k312 and L are 

estimated from the measured Yi and ti values with a nonlinear least squares procedure as 

those values which minimize the root mean squared error objective function 
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where (N - 2) represents the number of degrees of freedom. The RMSE (k3n, L) function 

is minimized by selecting the values of k312 and Lo for the data set consisting of the values 

of y; on day ti using an iterative technique, such as the Newton Raphson method or the 

Levenburg-Marquardt compromise (Bates and Watts,1998). The RMSE methodology 

was applied to estimate the rate constant and ultimate BOD for samples taken from 

several New Jersey brooks and rivers (Hewitt et al., 1979). 

A Bayesian estimation method is available for calculating rate constants and ultimate 

BOD while providing the probability distribution of the parameters (Borsuk and Stow, 

2000). Table 4.1 shows the rate constant, designated as k3tz, and the ultimate BOD, Lo, 

reported in two investigations in which river samples were analyzed in respirometers to 

determine how well the BOD data fit first order and three-halves order reactions. In data 

sets 1-7 the RMSE was smaller for the three-halves order BOD model than for the first 

order reaction (Hewitt et al., 1979; Rodriguez, 1999). 

5.3 Laplace Transform of Oxygen Sag Equation for Three-halves Order BOD 
Reaction 

The differential equation for DO concentration in a stream with a three-halves order BOD 

reaction is found from conservation of mass combined with equation (5.2) expressed as L 

to yield 
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Data Location Rate Constant Ultimate BOD RMSE 
Set kl k3/2 Lo Lo First Three-

Three- First Three- halves 
First halves halves 
Dail (m'/g)11.l/day g/m' g/m' g/mj g/mj 

1. Mahananda 0.237 0.0487 21.72 24.51 0.6870 0.6511 
River, 
Siliguri 

2. Mahananda 0.134 0.0259 19.50 23.00 0.2386 0.1883 
River. 
Siliguri 

3. Mahananda 0.101 0.0246 10.47 12.81 0.3491 0.1042 
River, 
Siliguri · 

4. Mahananda 0.140 0.0322 14.96 17.43 0.3349 0.1248 
River, 
Maida 

5. Mahananda 0.217 0.0648 8.121 9.595 0.2106 0.1975 
River, 
Maida 
Mahananda 0.123 0.0411 5.648 6.870 0.0762 0.0681 

6. River, 
Maida 

Table 5.1. BOD Reaction Orders, Rate Constants, Ultimate BODs and Root Mean Square 

Errors for First and Three-Halves Order BOD Reactions from Mahananda river water 

quality data. 
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where C is the DO concentration, g/m\ and ks is the reaeration rate constant, day-1(Adrian 

et al., 1999). The DO concentration at time zero is Co and the saturation concentration is 

Cs. The Laplace transform of equation (5.7) yields (Oberhettinger and Badii, 1973) 

---------------5.6 

where the Laplace transform of C(t) is defined by 

= 
~ {C(t)} = C= J C(t) 1F!Rdt 

I} 

-----------------------------------5.7 

The inverse transform of equation (5.8) is found from Laplace transform tables and 

convolution (Oberhettinger and Badii, 1973) 

C(t) = C. ti-'tJ + C {1- e-r,t)- -8
- e-t.r *-1~ 

\ II s ki/2 (T + t)3 
---------------5.8 

where the symbol "*" means convolution 

1 t 1 ks(t+1) U 

-k t * J -k (t----r) d k2 -kr J e du e s = e s r= e s -

(T+tY 
0 

(T-rY s u3 

ksT 

-------------5.9 

with the change in variables u = ks(T+ -r ). The integral in equation (5.11) is 

(Petit Bois, 1961; Abramowitz and Stegun, 1965) 
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ks (t+T) U [ 1 1 1 1 ] 
J ~= --eu(-+-)+-li(eu) lks(t+T) 

3 2 2 2 ksT kT U U U 
s 

---------------------------5.10 

where li(eu) is the logarithmic integral of eu. The logarithmic integral is not commonly 

tabulated, but a related function, the exponential integral, is tabulated. The definition is 

li(x) = Ei(ln(x)) for x > 0, where Ei(ln(x)) is the exponential integral of ln(x) 

(Abramowitz and Stegun, 1965). After incorporating equations (5.11) and (5.12) into 

equation (5.8), the DO sag curve becomes 

C(t) = Cs- (Cs- Co)e-kst 

4ks 
2 

[( 1 1 J -kst ( 1 1 Jl + 2 2 2+ -e 2 2+--
k312 k s (T + t) ks (T + t) k sT ksT 

- ;:• 

2 

{ e-k,(T+tl [ E1 (k, (T + t))- E1 (k,T) )J 
3/2 

--------------------5.11 

This result, easily obtained by means of the Laplace transform and inversion using the 

convolution integral, agrees with a DO sag equation obtained by a more difficult 

procedure (Arian et al., 2999). Equation (4.12) can be applied to rivers in a manner 

analogous to that used in applying the Streeter-Phelps DO sag equation (1925). 

The exponential integral Ei(x) which appears in equation (4.12) is calculated from its 

series expansion. There are two series expansions; one convenient for small values of 

argument x, and the other convenient for larger values of x. The first series expansion is 

(Abramowitz and Stegun, 1965). 
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Ei == r + ln X + L ~ ---------------------------------5.12 
n=l nn. 

where y = Euler's constant = 0.577215 ... This series converges for all values of x but 

may converge slowly for large values of x. For large values of x, an asymptotic 

expansion will converge more rapidly than equation (4.13) to an approximate value of 

Ei(x) 

ex (0! 1! 2! n! J ex m=n m! 
E.=~ x0 +X+ :f + ...... +X' =~ ~x"' 

-------------·------5.13 
where n! = n(n - 1) (n - 2) ... (3)(2)(1) and 0! = 1. The asymptotic expansion is a 

divergent series, yet for a finite number of terms, the difference between the true value of 

Ei(x) and the sum of a finite number of terms in the series may be small. For a fixed 

value of x, the closest approximation is obtained when n is the closest integer to x. The 

exact series expression should be used in DO modeling when x < 5 to reduce error 

(Adrian and Sanders, 1998). 

5.4 Minimum DO Concentration 

The time tc at· which the minimum DO concentration occurs is an important parameter 

which is found from equation (4.12) when dC/dt = 0. If dC/dt :f:. 0, fort> 0, then the 

minimum DO concentration will occur when t = 0, for the case in which DO addition by 

reaeration is greater than the DO uptake rate by BOD. The derivative of equation (4.12), 

designated as f(tc), is 
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------------5.14 

The critical time occurs when f (t c)= 0 which is found in root finding methods. An 

alternative to applying equation (4.15) is to find tc directly from equation (4.12). In this 

case, one sets up equation (4.12) and uses a software package to calculate when dC/dt = 

0. The derivative of equation (4.12) found by numerical methods and the corresponding 

time, tc, are listed. 

l* .:-----------,--,----~--.,..-----~---..----------

.I 
SIIIISiitl¥ ~~~ o-f DO ~a BOD Lal!.d. 

4- 1 ,: :Jhi!J. t.., - 1 Jl1.69 d 
C(~) • -'·!5 l 0 liJ/IW 

Lo - 2:5- :g/JIIll .. ..... ...... E -1,o!J ..... ,.J . 
~•.}- :us~ ;g~m.j 

lop ... ].!§. :a:.fflaJ. ~. -1.73'34. 
C(t.J.., 0'.3i!li6 l!llrnl 

•o s JO 1:5 :10 
Time,. days 

Figure 5.1. Effect of BOD Load on DO Sag Curves for Three-halves Order BOD 
Reaction 

Data set 2 in Table 5.1 is for the river which has a three-halves order reaction rate 

coefficient of 0.0259 (mJfg)112/day and an ultimate first stage BOD of 23.0 g/m3 (Hewitt et 

al., 1979). DO saturation is 9.2 g/m3, initial DO is 6.0 g/m3, and the reaeration rate 

constant is 0.6/day. Time constant T= 2 I (kJnLo) = 16.101 day and k,T = 9.661. The 
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corresponding rate constant and ultimate BOD for first order reaction are 0.134 day-1 and 

19.50 g/m3 (Hewitt et al., 1979). The appropriate rate constant and ultimate BOD are 

input to equation (5.13) to obtain the DO concentrations which are shown in Table 5.2. 

Both equation (5:14) with 50 terms and equation (5.15) can be used to calculate Ei(x). 

5.5 Conclusions 

1. Table 5.1 shows the three-halves order rate constant and ultimate BOD for seven 

analyses of BOD reaction data from six different locations of Mahananda rivers at 

Siliguri and Maida of North Bengal. 

2. A DO sag equation developed for BOD consumption modeled as a three-halves order 

reaction is solved easily using the Laplace transform method and convolution. The DO 

sag equation contains exponential integrals which are evaluated from their series 

expressions. The exact series expression of an exponential integral may require 

summation of several hundred terms although 50 terms were adequate in the examples. 

The number of terms to include in an asymptotic expansion depends upon the magnitude 

of the argument. 14 terms were required in one example. An asymptotic expansion is not 

used to evaluate an exponential integral unless the argument is greater than five. The 

maximum error in the DO concentration was less than 0.79% on day 1.402 when 

comparing the two alternative methods of evaluating Ei(x) when the argument was 9.661. 

3. The minimum value of the DO concentration occurs at the critical time, tc, which may 

be 0 if the reaeration rate is greater than or equal to the DO consumption rate, otherwise 

tc > 0. tc is calculated numerically from the DO sag equation by a root finding method. 

As the rate constant, k312, increases both the minimum DO and tc become smaller. 
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CHAPTER -6 

UNCERTAINITY OF MATHEMATICAL 

MODELING 

It is possible to predict an incorrect future with great accuracy or a correct future 
with great uncertainty" (Beck 1987). 



CHAPTER-6 

Uncertainty of Mathematical modeling 

6.1 Introduction: 

The case is given for attention to the evaluation of uncertainty in water quality modelling, in the 

contexts of new demands for assessment of risk to water quality status, and typical paucity of 

supporting data. A framework for the modelling of water quality is outlined and presented as a 

potentially valuable component of broader risk assessment methodologies, and potentially useful 

methods of numerical uncertainty analysis are reviewed and demonstrated. A selective library of 

dynamic models and numerical tools for model solving and uncertainty analysis are compiled into 

novel software for model uncertainty analysis and risk-based decision-support. This software is 

applied to a series of case studies in an exploration of the underlying numerical problems and 

their relevance to modelling and management objectives using relatively sparse data sets. Issues 

examined in some detail are the importance of reconciling numerical solution tolerances with 

overall model precision; relative effects of numerical approximations, data and model structural 

biases on optimal design of field experiments and on prediction reliability; and the value and 

limitations of extending established methods of uncertainty analysis to decision-support. These 

investigations lead to discussions about priorities for the water quality modelling research 

community, in the face of contemporary and emerging numerical, technological and management 

problems. The main conclusion is that the current generation of modelling software can make 

very limited contribution to risk-based decision support, due to general absence of formal 

uncertainty analysis capabilities. This restriction is becoming more important due to new, 

ambitious spatial and ecological management challenges. Further research into numerical issues 

is needed to provide tools that allow these new challenges to be met, as well as to resolve 

persistent deficiencies in modelling capability. A more pressing concern, however, is that 

practitioners and their clients begin to confront issues of uncertainty, and create a demand for 

software that facilitates risk-based planning. 

In other side, any measurement is subject to imperfections; some of these are due to 

random effects, such as short-term fluctuations in temperature, humidity and air-pressure 

or variability in the performance of the measurement device. Repeated measurements will 



show variation because of these random effects. Other imperfections are due to the 

practical limits to which correction can be made for systematic effects, such as the offset 

of a measuring instrument, drift in its characteristics between calibrations or the personal 

bias in reading an analogue scale. 

These imperfections in measurement data are usually expressed by the word 'uncertainty'. 

This term does not inspire confidence. However, when used in a technical sense as in 

'measurement uncertainty' or 'uncertainty in the result of a laboratory analysis of a water 

quality sample' it carries a specific meaning (Taylor, 1997). It is a parameter, associated 

with the result of the measurement that defines the range of the values that could 

reasonably be attributed to the measured quantity. When uncertainty is evaluated and 

reported in a specified way it indicates the level of confidence that the value actually lies 

within the range defined by the uncertainty interval. 

6.2. Model Uncertainty 

Physico-chemical water quality measurements are frequently applied for river quality 

management purposes, e.g. for the assessment of current and historical state of S].lrface 

waters, for water quality risk assessment, for calibration and validation of river quality 

simulation models, etc. The measurements are, however, subject to errors, which might 

be considerable in some cases or for some variables. The errors cause uncertainties in the 

assessments and in the model calibration and validation. 

A level of uncertainty applies to all models and application·of any model should include 

testing and sensitivity analysis. Sensitivity analysis shows how variation of a single factor 

affects model outputs. Uncertainty affects data collection and all stages of the modelling 

process and tends to increase with both the number of processes that feed onto the model 

along the DPSIR chain, and with complexity within the relevant model domain. In 

predictive models, uncertainty arises from inherent variability in natural processes, model 

uncertainty and parameter uncertainty. While the importance of uncertainty analysis is 

well recognised (Reckhow 1994) it is usually not included in pollutant transport models. 

This is a serious omission because if variability of input variables are large, so too will be 
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output predictability. (Beck 1987),provide excellent discussion of this issue. If within 

ecosystem variability is large, many samples need to be analysed to provide a given, 

defined, level of certainty in a mean value. Combined spatial, temporal and analytical 

uncertainty may be particularly high for measurements of some of the most important 

chemical ecosystem drivers, e.g. total phosphorus. This has profound implications for the 

reliability of use of simple models that predict ecosystem response from, e.g. nutrient 

loadings. Model uncertainty is clearly of importance in the conceptualization of the 

process for which predictions are required. 

For example, a one-dimensional hydrological model would be expected to have greater 

predictive power than an ecological food-web systems model for lakes. 

Investigations into, e.g. nutrient response models, suggest that prediction errors in both 

empirical and mechanistic models are unlikely to be under + 30% and can be more than + 

100% (Beck 1987; Reckhow 1994). However it is possible that the impact on modelling 

of individual error terms may be overestimated compared with combined effect of pairs 

of related parameters (Reckhow & Chapra, 1998). However, it is also clear that error 

estimation is often neglected when it should not be. 

·Increasingly, however, techniques such as Monte Carlo simulation are applied to predict 

.frequency distribution of variables, especially in sparse data sets (Shanahan et al., 1998). 

Further discussion of uncertainty and techniques to address this are given in (Cox and 

Baybutt 1981; Inman and Helton 1988; Chapra 1997). 
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6.2.1 Sources of Uncertainty and their Propagation: 

A definition of uncertainty analysis is 'the means of calculating and representing the 

certainty with which the model results represent reality'. The difference between a 

deterministic model result and reality will arise from, 

a. model parameter error, 

b. model structure error (where the model structure is the set of numerical equations 

which define the uncalibrated model), 

c. numerical errors - truncation errors, rounding errors and typographical mistakes in the 

numerical implementation, 

d. boundary condition uncertainties. 

As reality can only be approximated by field data, data error analysis is a fundamental 

part of the uncertainty analysis. Data errors arise from, 

e. sampling errors (i.e . . the data not representing the required spatial and temporal 

averages), 

f. measurement errors (e.g. due to methods of handling and laboratory analysis), 

g. human reliability. 

Realising that an error-free model would equate to the error-free observations, the 

relationship between the actual model result M and the actual observations 0 can be 

summarized by, 

M- ~>1- ~>2- 1>3- 1>4 = 0- ~>s- ~>6- 1>7 ------------------(6.1) 

where s1 to s4 represent the model error arising from the four sources in the order listed 

above, and s5 to s7 represent the data error arising from the sources listed above. 

Representing the overall error on either side of Equation 6.1 is not generally a simple task 

of adding the error variances together, as might be implied by the equation. This is 

because the errors may be unknown, and/or not of a random nature (see below), and/or 

the model output may be interdependent on the various sources of error in a manner that 

precludes their simple addition. 

It is the goal of the modeller to achieve, to within an arbitrary tolerance, an error-free 

model by removal of s1 to s4. However, the modeller is generally neither in control of 

model structure errors s2, nor numerical errors s3, nor boundary condition errors s4• 

Commonly, only the values of the model parameters are under the direct control of the 
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modeller. The aim would then become one of compensating as far as possible for cz to E4 

by identification of optimum effective parameter values. Central to this Thesis is the 

argument that there is always some ambiguity in the optimum effective parameter values 

caused by the unknown natures of, and inseparability of, c2 to c7 , and that this ambiguity 

can be represented by parametric uncertainty. As such, the model parameters are used as 

error-handling variables, and are identified according to their ability to mathematically 

explain c2 to c7. In most environmental modelling problems, significant bias in one or 

more of these errors will inevitably lead to biased parameter estimates. While the ideal 

solution would be to eliminate bias, for example by compensatory adjustments to data or 

by model structure refinement, such measures are often not practical and never 

comprehensive. In recognition of this, the potential importance of biased model 

calibration will be illustrated in this chapter, and significant attention is given to methods 

of uncertainty analysis which aim to deliver some robustness to bias. 

The difficult task of identifying parameter uncertainty is generally approached using 

methods of calibration which derive, from the pre-calibration (a priori) parameter 

distributions, calibrated (a posteriori) distributions. In hydrological modelling, due to 

lack of prior knowledge, the a priori distributions are often taken as uniform and 

independent (e.g. Hornberger and Spear 1980). On the other hand, the a posteriori 

distributions, constrained by the data, may be multi-modal and non-linearly 

interdependent (Sorooshian and Gupta 1995). Inter-dependency arises when the model 

result is simultaneously significantly affected by two or more parameters, such that the 

distribution of each parameter must be regarded as conditional on the value of all 

interdependent parameters. Therefore, it is necessary to refer to the joint parameter 

distribution which is defined by a continuous function of all the parameters, and to 

sampled parameter sets rather than individual parameter values. 
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Fig 6.1: Experimental Frame - model relationship 

6.2.2 Causes of uncertainty 

Uncertainty in a water quality simulation model is inevitable due to the difficulty of identifying a 

single model (including grid-scale, process formulations and parameter values) which can 

accurately represent the water quality under all required model tasks (see the discussions of Beck 

1987, Van Straten 1998, and Adams and Reckhow 2001). Although we have extensive 

knowledge about water quality processes from laboratory experiments, extrapolation of this 

knowledge to models of the real environment has consistently proven to be difficult. This is partly 

because the modelling scale is different to the laboratory scale, and the diversity of species and 

heterogeneity found in natural environments must (to some degree) be modelled approximately 

using lumped state variables. This means that formulations and parameter values identified at 

laboratory scale can only be used as a starting point for model design, rather than as a definitive 

end result. Nor is there yet any- basis for regionalisation of water quality models. Therefore, 

models identified for one case study cannot be used with any confidence for another. Literature 

which describes established formulations and parameter values (Bowie et al. 1985, Thomann and 

Mueller 1987, Chapra 1997), is evidence of the wide range of models which are equally justified 

prior to observing a system's behaviour in detail, and that the uncertainty associated with 

modelling water quality on the basis of prior knowledge is extremely large. Given that it is 
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desirable to evaluate the performance of models with respect to observed water quality data, the 

accuracy, frequency and relevance of the available data dictates the attainable degree of certainty 

in the model. Unfortunately, water quality data can be expensive to collect and analyse, often 

requiring special handling and analysis in laboratories. This means that data to support model 

identification are generally sparse, often coming from sampling programmes which are fixed in 

frequency and location for regulation purposes, rather than designed to encapture the system's 

dynamic responses as required for successful model identification (Berthouex and Brown 1994). 

Also, water quality data are· susceptible to noise and bias due to sampling, handling and 

measurement procedures (see Keith 1990). In addition, information about model boundary 

conditions such as sources of pollution, often suffers from the same short-comings, especially for 

distributed variables which are difficult to measure (pollution runoff, sediment quality, etc). In 

summary, lack of good quality data to support model identification is a major cause of model 

uncertainty. Closely related to the issue of data quality is model equifinality, whereby different 

models appear equally justified at the model design stage, but may give widely different 

realisations of the future. Equifinality is caused by interactions between model parameters, and by 

the near-equivalence of different model structures at the stage of model identification. This means 

that the same (or effectively the same within the context of the data errors) response can be 

achieved using different models. Clearly, the problem magnifies as both the number of interacting 

parameters increases, and as the precision of the data decreases. The use of parsimonious models, 

i.e. models which only include parameters which can be uniquely identified from the data, is one 

approach to avoiding equifinality. A parsimonious model implies that model components that are 

inactive during model identification are left out, and that strongly interacting components are 

combined into one (Young et al. 1996, Wagener et al. 2001). The inevitable omission of model 

components which are potentially relevant means that parsimonious models may seriously 

underestimate the uncertainty in model forecasts (Reichart and Omlin 1996). When the aim of the 

modelling is to investigate risks associated with proposed water quality interventions or other 

disturbances, it is essential that the uncertainty arising from previously unobserved behaviour is 

adequately allowed for, and so parsimonious models may be inappropriate. Thus, it may be said 

that identifying a single optimal model may not be a justifiable approach. The problem of 

equifinality and uncertainty in modelling environmental systems is inevitable and model 

predictions based on a single 'optimal' model will, in general, be rather arbitrary, and of very 

limited value. For this reason, a number of investigators have devoted their attention to 

rationalising the modelling problem, and redefining it as essentially stochastic whereby a 

population of feasible models (and by implication, a population of model predictions) are 

identified (Beven and Binley 1992). 
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6.2.3 Analysis· of uncertainty 

Water quality measurement uncertainty can be quantified either by evaluation of the 

results of several repeated measurements or by estimation based on data from records, 

previous measurements, knowledge of the equipment and experience with the · 

measurement, or through comparison with a reference instrument. 

The method, repeated measurements, has both advantages and disadvantages. 

Disadvantages are its limitations when using destructive tests. In the latter case, there 

must be the opportunity to repeat the test to another sample, often at significant extra cost 

and with the additional uncertainty due to sample variation, and at high economic cost. 

Advantages are that the method allows statistical analysis of the repeated measurement 

results. When these results are distributed around the average in the familiar bell-shaped 

curve, a normal distribution can be calibrated and the measurement uncertainty can be 

represented by the mean and standard deviation of this distribution. The mean reflects the 

bias (the systematic deviation) and the standard deviation the level of random error. Other 

measures of random error are the mean absolute error and the mean relative error. They 

may strongly depend on the magnitude of the water quality values, most often in a 

proportional way. In the latter case, the relative errors are independent on the water 

quality values, and the measurement uncertainty can be represented by the mean relative 

error as a single measure. 

Identification of a population of feasible models can include both identification of alternative 

model structures (grid-scales and process formulations) and corresponding parameter 

distributions. Model structures should be of a complexity consistent with the difficulty and scale 

of the modelling task, and the supporting information and resources. They should be consistent 

with prior knowledge of how best to represent system processes at the scale and complexity in 

question. Given adequate supporting data, they can be assessed and amended using various 

identification techniques (e.g. Beck 1983). If one structure can be demonstrated as the most 

suitable for a particular modelling task (that is, for the particular system, and the particular 

information which the modeller aims to retrieve) then it would be reasonable to use this structure 

exclusively. On the other hand, if there are justified alternatives then ideally, from an analytical 
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point of view, the implications of these also should be considered (van der Perk 1997). 

This raises two issues. Firstly, it may be that no structures can be identified as 'suitable'. Then 

either an improved structure should be developed, or the stringency of the model assessment 

should be reviewed and the parameter uncertainty increased. Secondly, analysis of more than one 

structure may not be feasible given the available resources - such analysis will be costly, perhaps 

requiring purchase of additional software. Even using tools which offer some flexibility in the 

choice of water quality model structure, such as DESERT (Ivanov et al. 1996) or RWQM1 

(Vanrolleghem et al. 2001) exploring candidate structures can significantly add to the burden on 

human and computer resources. In such a case (and this tends to be the case) all the significant 

model uncertainty must be represented, as far as possible, as parameter uncertainty within a single 

suitable structure. From a mathematical point of view, this has implications for the reliability of 

predictions (Draper 1995), but in a management context it is justifiable if it has relatively little 

bearing on the decisions being supported. In summary, investigating the sensitivity of decisions to 

different model structures is commendable, but may be neither viable due to resource constraints, 

nor worthwhile due to over-riding uncertainty in boundary conditions and parameter values. 

Given a model structure, the identification of feasible sets of parameter values can be approached 

by conditioning (constraining) the prior population of parameter sets so that a specified modeling 

objective is better achieved. The modeling objective at this stage is generally to simulate 

observed data, and is generally expressed objectively as a function of the model residuals (the 

distances between the model result and the observed data). In traditional deterministic modeling, 

the response of this objective function (OF) to changes in the model parameters is used to 

estimate an optimum set of model parameters. This is achieved by manual perturbations of the 

parameters or, more suitably for complex models, by automatic algorithms. For uncertainty 

analysis, a joint distribution of parameters is identified rather than a single optimum, by recording 

the response of the OF across the parameter space. Depending partly on the algorithm which has 

been used, this joint distribution may be represented as a variance-covariance matrix, or as a 

discrete distribution (point estimates of probability mass over the parameter space), or as a 

population of feasible parameter sets .. Selecting an objective function to use for the conditioning 

of an environmental model is a difficult issue which involves a degree of speculation and 

subjectivity. This is because statistically-based identification of the parameter uncertainty 

requires knowledge of the combined error structure of the model, the data and the boundary 

conditions. However, especially when data are sparse or unreliable and the model structure is 

complex, there is little or no theoretical basis for estimation of the error structure . While 

parameter conditioning is often based on statistical likelihood functions (e.g. van Straten 1983), 

the result is dependent on the simplifying assumptions made about the error structure. As well as 
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being difficult to justify from prior information, such assumptions can lead to significant mis

representation of model uncertainty (Beven et al. 2001), in which case the model will fail to 

adequately explain the real system. In particular, the common assumption that the model and/or 

data are unbiased can lead to a serious underestimation of parameter and prediction uncertainties . 

As an alternative to statistical measures, the conditioning of the model can be based on 

subjectively derived rules, for example, "if the parameter set returns a model result that is highly 

consistent with my belief of true system behaviour then I wiV associate a relatively high 

weighting", or some objective expression of this, for example, "the relative probability of each 

parameter set will be equal to the proportion of the variance of the observed data explained by the 

model". Given that it is subjectively based, such an approach allows some freedom in achieving a 

satisfactory description of uncertainty, without the encumbrance of statistical rules and the long 

list of associated simplifying assumptions. Such conditioning of an environmental model, with 

the OF transformed to a probability without necessarily being related objectively to the error 

structure, was promoted by Beven and Binley (1992) in the context of their Generalised 

Likelihood Uncertainty Estimation. Once the uncertainty in the model is estimated, it can be 

propagated to give predictions. Methods of uncertainty propagation which are relevant to 

simulation modelling can be classified as variance propagation methods, point estimate methods, 

and Monte Carlo methods. Tung (1996) gives an overview of these methods, and a review and 

demonstration is included in the next chapter. The choice of method partly depends on the 

description of the parameter uncertainty, and partly on the computational resources, with the 

Monte Carlo methods generally (but not always) being more reliable and computationally 

demanding. 

6.3 Surface water quality modelling applications 

There is a variety of literature promoting understanding and application of uncertainty analysis in 

surface water quality modelling (e.g. Beck 1983, Beck 1987, Reckhow 1994, Adams and 

Reckhow 2001). However, the application of uncertainty analysis to surface water quality 

modelling seems to be relatively scarce, especially in practical decision support. 

In the most widely used river water quality models, formal investigation of model uncertainty is 

very rare. Uncertainty identification in many contemporary models such as WASPS (Ambrose et 

al. 1993), MIKEll (Havn!/1 et al. 1995), CE-QUAL-W2 (Cole and Wells 2000) and ISIS 

(Wallingford Software 2002) is difficult because they are relatively complex, and often linked to 

computationally intensive hydrodynamic, among other, modules. Although these models are well 
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founded in theory and well established in practice (see Ambrose et al. 1996), their usefulness is 

arguably limited by their high demand on resources, and the unknown uncertainty in their 

predictions. The large number of decision-support applications of these models which do not 

include analysis of uncertainty (amongst many others, Gunduz et al. 1998 and Warwick et al. 

1999) is evidence of this. It is reasonable to assume that unpublished commercial applications of 

such models also under-represent the significance of uncertainty. The popular modelling tool 

QUAL2E-UNCAS (Brown and Barnwe111987), which is a river modelling component of the US 

EPA's BASINS tool, has a built-in uncertainty analysis option. Reckhow (1994) recognises 

QUAL2E-UNCAS as an especially useful development, not only because it allows formal 

uncertainty analysis, but the associated documentation promotes uncertainty analysis amongst a 

large body of decision-makers. QUAL2E-UNCAS relies on estimation of prediction uncertainty 

through specification of feasible parameter and boundary condition ranges, and does not include a 

tool for conditioning the input uncertainties on observed data. Nor does the model allow 

covariance of inputs to be considered, meaning that uncertainty may be significantly over or 

under-estimated (Reckhow 1994, Brown 2002). Further to his commentary on QUAL2E

UNCAS, Reckhow (1994) notes that regulators in the USA tend to favour relatively simple water 

quality models, as complex models are too demanding on human resources, in addition to their 

high data demands. The UK Environment Agency have developed the relatively simple steady

state SIMCAT model to support regulation of river water quality (UK Environment Agency 

2001a). SIMCAT is based on the recognition that model prediction uncertainties stem mainly 

from limitations in the calibration and pollution load data, rather than from the assumptions 

implicit to the model equations. SIMCAT was arguably a major step forward in the practice of 

river water quality modelling, in that parameter uncertainty can be identified from data sampling 

error by optimising the model parameters against different realisations of the data. As the model 

formulations used in SIMCAT are simple and easily solved, it is practical to use the 

computationally intensive sampling method. At the same time, the simplicity of the model 

structure makes the model less suitable for some tasks, such as extrapolation to changed boundary 

conditions, or simulation of dynamic events, when the effects of model structural error are more 

likely to be significant. The decision-support role of relatively simple models coupled with 

uncertainty analysis is evident from the continuing practices of both the UK and US 

environmental regulators. This contrast with the popularity of complex, resource-intensive 

models such as WASPS, MIKEll and CE-QUAL. Accepting that both modelling approaches 

may have a role depending on the degree of detail sought and the resources available, there is 

arguably a benefit in providing tools that include a hierarchy of models. Supplementing this with 

uncertainty analysis facilities allows the limitations of both approaches to be evaluated for 
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specific modelling tasks. DESERT (Ivanov et al. 1996, also see Somlyody 1997) is a tool for 

catchments management optimization which provides a framework in which the user can design 

his own one-dimensional river water quality model. DESERT allows parameter conditioning, 

although the effect of parameter interactions cannot be included in application of the conditioned 

model. Based on dynamic programming, DESERT identifies all the sets of model inputs which 

conform to a series of constraints, which can include cost constraints for pollution control 

interventions, as well as in-river water quality criteria. In these respects, DESERT has the 

capacity for uncertainty analysis and flexibility of model design which will be needed for future 

water quality management problems, and is a valuable precedent for future developments. 

6.4 Risks in Context 

In the present context, risk may be usefully defined as "a combined measure of the degree of 

detriment to society or the aquatic ecosystem caused by a defined event (or combination of 

events), and the probability of that event occurring". Traditionally, in surface water quality 

management, the degree of detriment is simplified to a series of pass-faH criteria, each criterion 

representing a class of water quality (e.g. UK Environment Agency 1998). Risk can then be 

evaluated as probability of failure to achieve the target class. Modelling, then, has at least two 

potentially valuable roles - to extrapolate point measurements of water quality so that spatial and 

temporal criteria can be used in water quality classification rather than discrete, localised 

measurements of concentration; and to predict the response of risk to changing controls, to allow 

objective risk management. 

This brief introduction to the role of modelling in risk-based water quality management raises a 

few issues. Firstly, it is important to differentiate between the frequency of failure that will 

actually occur due to system variability, and the modelled probability of failure, which includes 

(or should include) the influence of the uncertainty in the model and in the estimates of future 

boundary conditions. That is, there is a risk that any water quality intervention will fail to achieve 

its objectives due to the limitations of the modelling employed at planning stage. Consequently, 

where a modelling study implies a management option to be high-risk, thls may be mainly due to 

the limited information and resources available for model and boundary condition identification, 

and a clear management priority would be to invest in more research. Also, there may be 

considerable risk associated with ill-defined objectives - that is, a water quality intervention may 

fail to be successful because at the time of planning the objectives were under-researched or 
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impossible to clearly define. For example, while it is reasonable to suggest that there will be 

lengthy debate over local and regional definitions of 'good ecological status' (Definition 22 in 

CEC 2000), the planning required to achieve such questionable status is already underway (e.g. 

UK Environment Agency 200lb). Finally on the point of associating risk, it is useful to 

distinguish between the risk stemming from anthropogenic system variabilities (for example 

diurnal variations in effluents) which are generally manageable, and risk stemming from 'natural' 

system variabilities (for example those due to meteorological influences) which are less 

manageable. In particular, if the risk of failure is predominantly due to unmanageable natural 

processes then reviewing the targets would be a logical way forward. With the capability of 

exploring reasons for risk, modelling has an essential role in, not only appraising pollution 

intervention options, but identifying sensible precursors to intervention. 

6.5 A framework outline 

Figure 6.2 outlines a general framework for risk-based modelling of water quality that will be 

further justified, developed, demonstrated and reviewed in the course of this chapter. Using such 

a framework it is intended that water quality managers have access to risk-based evaluation of 

surface water quality, and be able to respond to and develop this evaluation by, 

Identification of the principal factors affecting risk to water quality status. 

Evaluation of risk associated with alternative pollution control strategies, potentially with 

integration of external criteria, such as social and economic costs of water quality improvements. 

· Consideration of alternative modeling criteria, in terms of identifying feasible water quality 

targets, and identifying acceptable compromises between no commensurate criteria (e.g. between 

water quality status and need for water abstractions). 

Consideration of different models for forecasting water quality response to pollution 

interventions (to reduce and evaluate risk associated with model structure uncertainty). 

· Establishing priorities for collecting more data with which to improve model identification 

(reducing risk associated with data uncertainty), 

Using modelling in this manner is consistent with more general risk assessment guidelines and 

frameworks used by environmental regulators. For example, UK environmental regulators 

(DETR et al. 2000) encourage proactive risk management using a tiered framework of 

quantitative risk assessments, whereby models, monitoring, and management options are 

reviewed as the analysis moves from risk screening to the advanced stages. This includes analysis 

of how the different sources of uncertainty contribute to the final risk estimate, and review of 
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costs and benefits.· Such a tiered approach to risk assessment has been recommended for 

implementing the requirements of the Water Framework Directive (UK Environment Agency 

2002). In applying this general risk assessment framework to management of water quality and 

aquatic ecology, there is clearly scope for iterative, model-based risk analyses, such as that 

promoted by Figure 6.2. 

6.6 Technical considerations 

In pursuit of a practical modelling tool that provides such a capacity for risk evaluation, the 

following tool features are considered essential; 

I. Accessibility (ease of use), flexibility and extensibility (to cover a range of modelling tasks). 

2. Efficiency of numerical techniques (to achieve the maximum benefit from Monte Carlo 

simulation). 

3. Sensitivity analysis and risk evaluation capabilities. 

Although the former three stipulations are common goals in the design and development of 

modelling tools in general, there are important implications in the water quality modelling context 

which deserve further discussion. 

6.6.1 Need for accessibility, flexibility and extensibility 

Accessibility of results is an important issue, as major management decisions usually must be 

supported using visually insightful reports, hence the benefit of an adequate interface for the 

graphical reporting of results. The value of advanced modeling techniques, for example Monte 

Carlo simulation, should not be diminished by perceptions that they are not transparent to 

decision-makers and stakeholders; effective interfaces may go a far way to avoid or resolve this 

concern. Furthermore, investigation of a variety of potential sources of risk, possibly including a 

large number of pollution sources and other system characteristics, requires careful attention to 

the thoroughness of model input specification. This draws attention to the value of an effective 

interface for model specification and data input. 
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Figure 6.2 A framework for risk-based modelling of water quality 

The requirement for flexibility is applicable to a number of aspects of a risk-based wa~er quality 

modelling tool. Firstly, unavoidable subjectivity in estimating model uncertainty means that some 

choice of estimator should be provided, which is illustrated in studies by Freer et al. (1996) and 

Beven (1997). Application of multi-objective optimisation and sensitivity analysis (e.g. Bastidas 

et al. 1999) also requires flexibility in specification of model performance criteria. Central to the 

modelling procedure illustrated in Figure 1.1 is the capacity to explore different model structures, 

depending on the modelling task, data and computational resources available. If the model 

uncertainty is to be adequately represented by parameter uncertainty, the modeller should have 

the opportunity to identify a model structure which best allows this. In particular, the modelling 

grid scale (the spatial and temporal resolution of model) must be selected according to the water 

quality problem. Uncertainty introduced by spatial and temporal aggregations should be explored. 

Extensibility is essential so that new model structures and water quality determinands can be 
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incorporated, and so that the tool can be linked to new databases and other conjunctive software. 

In particular, as the directives driving water quality modelling promote integrated catchment 

management, and as the challenge of diffuse pollution management gathers pace, the increased 

use of Geographical Information Systems (GIS) as interfaces and platforms for water quality 

models is inevitable, and this might be borne in mind at the development stage, whatever the 

immediate modelling applications. 

6.6.2 Need for Numerical Efficiency 

Monte Carlo simulation provides us with the capability to retrieve a large amount of information 

about the sensitivity of model results to model inputs, which is extremely advantageous given the 

current limitations in the practice of water quality modelling. Although computational costs 

continue to diminish, the value of a Monte Carlo simulation will always depend on how well the 

continuum of possible model inputs/outputs is represented by a finite number of realisations. This 

would be especially relevant, for example, in catchment-scale distributed GIS-based modelling, 

due to the large amount of computation involved as well as the large number of spatially 

distributed model inputs which may be included in the analysis. There is therefore a need to either 

maximise the number of realisations achievable at a given computational cost, for example by 

implementing efficient numerical solvers and specifying numerical tolerances that are consistent 

with the overall reliability of the analysis, or to reduce the number of realisations required for an 

adequate representation by using variance reduction techniques (Cochran 1977). For example, a 

variance reduction technique which has been found useful in water quality modelling applications 

is Latin hypercube sampling (LHS; MacKay et al. 1979). LHS is, in the current context, designed 

to thoroughly sample the univariate distribution of each model input while leaving the sampling 

of interactions to chance. While some water quality modellers (e.g. Melching and Bauwens 2001) 

have successfully employed LHS to enormously improve the efficiency of sensitivity analysis, 

Press et al. (1988) note "if there is an important interaction between the design parameters, then 

Latin hypercube sampling gives no particular advantage (over simple random sampling)". 

Notwithstanding the merits of efficient sampling and solution schemes, more fundamental 

precursors to successful Monte Carlo analysis are, 1) appropriate limitation of model complexity, 

and 2) minimisation of the number of inputs to be sampled. Again, this draws attention to the 

need to match the model complexity to the specific modelling task, and the need to provide tools 

that offer some flexibility in model structure choice. 
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! 6.6.3 Need for Sensitivity Analysis and Risk Evaluation Capabilities: 

Monte Carlo-based approaches to sensitivity analysis such as those implemented by Hornberger 

and Spear (1980), Beven and Binley (1992) and Kuczera and Parent (1998) have found wide 

application in environmental modelling, including a limited number of applications to surface 

water quality modeling. Incorporation of these methods into water quality modelling tools is an 

essential part of implementing. the framework outlined in Figure, 1.1. Firstly, they allow 

evaluation of the suitability of a model, in terms of reviewing the ability of the model and the 

associated parameter uncertainty to explain observed data. Thereafter, uncertainty in model 

forecasts can be estimated (e.g. Van Straten and Keesman 1991), avoiding the need for 

unqualified 'best estimate' forecasts. Monte Carlo methods not only have the potential to produce 

summary statistics of model sensitivities (e.g. Spear and Hornberger 1980, Wade et al. 2001), but 

can be used to evaluate risk to water quality status due to individual pollution sources and system 

properties, and can be extended to incorporate uncertainties in water quality criteria .Such 

evaluation has clear potential for risk-based decision making, particularly under conditions where 

data for identification of model and boundary conditions are limited. It also has the potential to be 

extended to simulating ecological risks, including spatial and temporal exposure as well as 

probability of occurrence. 

Emphasis has been put on the value of Monte Carlo simulation because it is a relatively 

straightforward way of analysing how water quality objective functions respond over all feasible 

combinations of model inputs. This can be supplemented by alternative, computationally less 

demanding techniques of sensitivity analysis and uncertainty propagation. Using first order 

sensitivity analysis, the effect on a model response of perturbing each input variable around a 

specified value, while keeping the values of all other inputs fixed, is calculated. This has the 

advantage of allowing for the response components to be associated with individual inputs in a 

simple manner (e.g. Melching and Bowens 2001). However, the interactions between inputs are 

not explored and nonlinear responses are not estimated, so there is very restricted scope for 

exploring response surfaces, and effects (for example on risk) of low-probability values of model 

inputs are likely to be misrepresented. Also, the result will generally be dependent on the value 

around which the input is perturbed, as well as on the fixed values of all the other inputs, which 

may be quite arbitrary given the problem of model equifinality. 
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6. 7. Quality of models 

Models are, by their very nature, abstractions of reality used to simulate, rather than 

mimic, natural systems. They are seldom, if ever, truly correct (van Waveren, Groot 

et al. 1999) and application of models for management is often considered as much an art 

as it is a science. This does not imply a lack of rigour, but rather a recognition of 

inherent uncertainties and the need for the modeller to make intelligent choices in the 

development, use and reporting of models. This is both the strength and weakness of the 

modelling process. On one hand a model can reduce highly complex processes to simple 

output but, on the other, the strength of a model is determined by the relevance, and often 

extent, of the input data. Modelling can provide a powerful tool for management, but can 

be fairly meaningless if there is an ill defined objective, poor conceptualization of the 

causative relationships and their uncertainty, or if insufficient attention is paid to essential 

technical aspects of the modelling process. Failure to address, or at least be acutely aware 

of, these issues restricts se~sible interpretation of results. 

Mathematical models fall into a number of generic types that assemble and use data in 

different ways. All models have a domain, which provides the boundaries within which 

they were designed. Operating outside the defined domain is ill-advised. 

Model development, however, often comprises hierarchical building blocks employing an 

array of methods and scales (e.g. bench scale, small field, field studies) in order to 

provide a conceptual model of the system. A good conceptual model is essential for the 

successful application of modelling which, itself, can help develop the concepts. A major 

distinction often made between models is the division into the, so called, empirical 

models or the process models. Empirical models provide relationships between variables 

without taking into account the dynamics of the processes modelled. They are based only 

on statistical or judgemental summary of data (Reckhow and Chapra 1998) and generally 

predict the magnitude of a response variable to a change in a driving variable. Time 

variant processes are not identified separately, but may be incorporated through 

amalgamation into long time-steps, such as annual means, to provide estimates of steady

state. In contrast, process (also known as dynamic or deterministic) models are very 

much concerned with changes of variables over time, commonly denoted as e.g. dN/dt, 

and generally depend on mathematical descriptions of the processes involved. 
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They are based strictly on scientific theory with processes described typically by 

scientifically reasonable equations. For example, they may include in the model such 

processes as change in partitioning of a chemical between states (e.g. dissolved or 

adsorbed onto a particle) in response to ambient conditions or rate of transport through a 

system by, e.g. advection-dispersion. Spatial resolution of models is also 

important, with broad distinction between lumped and distributed models which 

describes the extent to which models addresses areas, such as land-use categories, as 

homogenous units as opposed to treating, and modelling, spatial units separately. 

Broadly, model complexity and data requirements, increase with spatial and temporal 

resolution. Existing models often link a number of domains and may include a mix of 

modelling approaches. It ( Frisk et al. 1988) reviewed pros and cons of empirical and 

dynamic models for river eutrophication studies. Dynamic models can provide better 

causal relationships, which can clearly guide management, but often it may not be 

possible to collect the extensive data needed to develop or apply them. 

The factors that guide the selection of an appropriate model or models relate to 1) 

applicability, 2) data requirements and 3) ease and cost of use, including necessary 

provisions for training. Complex mathematical models may not be transparent in their 

working and, therefore, difficult to explain to a non-technical audience. Models which 

require extensive and detailed data may not be feasible for operational purposes, unless 

they can reliably depend on one-off calibrations and validations. Simple models, on the 

other hand, may not be sufficiently intricate to be generally useful. For both complex and 

simple models, appropriate formulation of processes is important in order to provide a 

realistic conceptual model. 

Applicability of models need to be guided by a realistic appreciation of what is required. 

Complex, data-hungry, models are not necessarily the best. Simple methods 

often suffice and are certainly appropriate where only rough or relative estimates are 

required and where overall estimates of annual net impact provides enough information 

to effect management (USEPA, 1999). Examples of simple methods would be nutrient 

export coefficient or simple regression models to predict nutrient loads. These can help 

particularly with catchment characterization under Article 5 of the (Water Framework 

Directive) WFD as part of the risk assessment process that water bodies may fail to meet 
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environmental objectives as outlined in Article 4 of the WFD. Both aspects can guide 

monitoring programmes required under Article 8 of the WFD. 

Where a more detailed understanding is required, such as where a pressure may have 

important seasonal components but where there is, nevertheless, no capacity to apply 

very detailed modelling, the use of 'midrange' models (e.g. GWLF, AGNPS) might be 

employed (USEPA, 1999). In implementation of the WFD it could be envisaged that such 
" 

an approach may be needed in some operatio!lal or investigative monitoring. 

The most detailed models need only be applied to help management if it is clear that 

explicit analysis and understanding of underlying mechanisms are required. This could 

include a need to know high resolution temporal or spatial patterns of behaviour or 

impact of a pollutant. Under such circumstances, explicit process models (e.g. 

QUAL2E, HSPF, MODFLOW 3) can be powerful tools (USEPA, 1999). Mid-range and 

complex modelling are likely to be required mainly for investigative monitoring (Article 

8) and for the implementation of Programmes 9f Measures (Article 11) where the cause 

of the failure to meet the Environmental Objectives are uncertain or contentious. 

A handbook on Good Modelling Practice has been produced by a Dutch consortium 

(STOWA/RIZA, 1999; accessible free of charge from: http://www.info.wageningenur. 

nl/research%20projects/gmp.htm). The Handbook focuses on numerical and 

process orientated models, but contains principles of general applicability to all 

modelling. It provides a seven-step format and checklist for wise use of models. In 

addition to describing, in ,broad terms, the components required for each step, it also 

highlights essential considerations for the use of models and some common pitfalls. 

General guidance relevant to application of models to support the implementation of the 

Water Framework Directive include: 

• Define the objective that specifies the domain of the problem and the scenarios to be 

addressed; 

• Determine if a mathematical model is needed to reach the objective; 

• What reliability of model solution is required and does the expertise exist to apply the 

model; 

• If a model is thought to be needed, provide a conceptual framework; 
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• Determine scope and boundary conditions, which guide data needs; 

• Select a type of model; 

• Verify that the conceptual model is effectively addressed by the computer programme 

chosen; 

• Check the suitability or robustness of the model to extreme values of input data; 

• Check the sensitivity of the model to changes in input values; 

• Calibrate the model against empirical data sets; 

• Validate the calibrated model with independent data; and 

• Check if objective has been achieved (did the model answer the question that is was 

supposed to). 

Failure to take account of any of these factors can result in a poor model output with 

limited descriptive or predictive value. For application to support the WFD, it may be 

tempting to use models which require data that, for whatever reasons, are not feasible to 

obtain or, conversely to use very simple models for which a very low degree of 

confidence can be placed in the results. Such models are not necessarily useless providing 

there is a realistic understanding of their strengths and weaknesses. But, inappropriate 

model use, or inexpert interpretation, can lead to results that lack credibility. 

6.8 Conclusion: 

The uncertainties in the water quality sampling data were estimated through comparison 

of the two or three sampling values for the same location and time moment (in few cases 

up to nine samples were taken for some specific variables). Both the absolute and the 

relative errors were calculated, and statistically analyzed. It was found that the errors are 

proportional. Mean relative errors therefore can be reported independent on the water 

quality concentration magnitudes. 

The overall impression gained from the development of this chapter is that, at the 

moment, further research into improving river water quality models (and perhaps 
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environmental models in general) for decision-support is not warranted. Real 

improvements in the practical value of models lie in the willingness of modellers to 

seriously promote and confront the problem of uncertainty in research and tool 

development; and for decision makers t9 accept and use the outcomes, and integrate 

uncertainty in results into risk assessments. The complexity of commonly used models 

far surpasses the complexity of thought given to using the results properly. This view 

might be extended to say that further development of modeling methods (possibly 

including development of tools for uncertainty analysis) is not warranted by the current 

inclination of decision-makers to properly use them. 

The reliability of the information produced by statistical analyses is only as reliable as the 

data from which it is generated. Greater commitment to consistency, frequency and. 

accuracy is critical when accumulating the data. When dealing with frequency, it is 

important to note that observations that are accumulated too frequently, for instance 

weekly or biweekly, tends to compromise data independence. Therefore, for purposes of 

temporal trend detection, monthly observations are considered sufficient (Cox et al, 2005, 

McBride & Loftis, 1994). It is also important to be consistent and accurate when 

collecting the data in order to curtail the limitations presented by missing, inaccurate and. 

insufficient data. 
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CHAPTER7 

Results and Discussions 

Statistical analyses were conducted for the purpose of identifying water quality trends in 

the Mahananda River. Chapter 3 is a presentation and discussion of the results from both 

the standard regression analysis and comparative discussion of arithmetic mean, standard 

· deviation and variance on the individual water quality variables at each of the monitoring 

stations from 2001 to 2006 (as per the WBPCB data). The Karl-Pearson correlation 

coefficient values, the regression slope for each water quality parameter at each of the 

stations are presented in 3.7 and 3.8. 

It should be reiterated at this point that the results of the regression analysis are applied 

with great caution. This is because the data were characterized by skewness, nonlinearity, 

non-normality and a possible lack of independence and thus violated the assumptions 

required for linear regression. 

The results from statistical analysis show that, the water is certainly unfit for drinking 

purposes without any form of treatment, but for various other surface water usage 

purposes, it still could be considered quite acceptable. But as it is known, once a trend in 

pollution sets in, it generally accelerates to cause greater deterioration. So few years from 

now, serious water quality deterioration could take place. 

As per the water quality data during 2005-2006 (March-July) the statistical analysis of 

mean value (ref. below mentioned statistical results table.) and the result of DO shows 

that in dry season it is just 3.83 mg/L i.e the water becomes so polluted at this period at 

Siliguri .Since the river Mahananda is totally rain fed so in rainy season the DO value 

goes up to 6.92mg/L and it becomes low polluted then i.e this statistical result collinear 

with the physical and natural phenomena of this river. 

The difference pollution situation can be understood from the results of BOD and COD 

also. The result of standard deviation and variance of these parameters also show the rate 

of pollution load at dry and monsoon season. Since the soil of this region is highly porous 



,:;..)' ·r, 
. ' 

·.·Y· ·~ 

-~ 
I 

and temperature goes up in summer then it flows very slowly and it becomes highly 

polluted. 

Parameters DO BOD COD 

Season Dry Monsoon Dry Monsoon Dry Monsoon 

Mean 3.83 6.92 4.43 2.72 27.07 30.83 

Standard 
Deviation 1.42 2.04 3.09 1.31 7.68 8.87 

(SD) 

Variance 2.01 4.16 9.56 1.72 58.92 78.68 

Min 1.40 2.03 1.33 0.90 24.43 13.01 

Max 5.77 8.36 6.13 3.60 40.72 30.24 

Statistical Analysis of water quality parameters of River Mahananda at Siliguri 
during 2005-2006.All units are at mg/L and 26°C 

7.1 Analysis of pH: 

Since the river originates from Darjeeling hill of Himalaya (See 3.1 of chapter 3) where 

some dolomite ores are there so the difference of result of pH is negligible over the length 

of the river. In fact it was found that total hardness of the Mahananda River increases 
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Fig-7.1 pH vabie at different sampling stations ofMahananda 

along the downstream from Siliguri to Maida since some industrial and agricultural 

effluents are directly connected to this river over this region .. Actually there are no 

significant trends in pH values at any of the stations during the study period (Table 3.3 

and Table 3.4). 

7.2 Results analysis of Dissolved Oxygen (DO): 

It is observed from the statistical data fitted in the figure 3.6, 3.7 and 3.8 that at location 

A of Siliguri DO value was decreasing up to 2004-2005 but returned in 2005-2006. In 

location B i.e just the river is entering the city it is decreasing i.e. its get polluted over the 

years .Again in location C i.e. after crossed over the city its water quality is sharply 

falling (DO value from 5.5 to 3.08). 

At English Bazar, Maida (ref.figure 3.15, 3.16 and 3.17) the zigzag graphical models of 

DO value are generated. After receiving all effluents from Maida city it gets polluted. 

The same scenario is coming from the results of correlation coefficient and regression 

analysis both for Siliguri and Maida. (ref. 3.6.4 and 3.6.5). 
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7.3 Results analysis of BOD: 

Graphical inodels 3.9, 3.10, 3.11 for Siliguri and 3.18, 3.19, 3.20 for English Bazar 

(Maida) shows the slightly monotonic increasing pollution load of this river. The linear 

regression line analysis (ref.3.6.5) between DO and BOD, BOD and COD also states the 

pollution status of the river which is not in alarming standard. The figure 7.4 states the 

BOD status during summer time around Siliguri in 2003.Figure-7.5 is giving the BOD 

variation between dry and monsoon season at different sampling points. 

BOD Variation at different sampling points 
around Siliguri during April-May 2003 
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2 +---+---------------------------------------~~ 
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Fig.7.4 (X axis as sampling pts andY axis as BOD (mg/L)) 
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7.4 Results analysis of COD: 

The linear regression models are presented at 3.6.5 and the results analysis of different 

correlation coefficients (ref.3.6.4) reveals that the rate of water pollution of the river 

Mahananda is gradually increasing over the last five years. Also the graphical models 

3.12, 3.13, 3.14 (around Siliguri) and 3.21, 3.22, 3.23 (around Maida) are giving that the 

water quality is falling. The results suggested that it is going to be dangerous for aquatic 

life as well as drinking purpose. The model 7.6 is presenting the COD fluctuation during 

summer time around Siliguri in the year2003. 
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COD variation at Siliguri during April-May 2003 
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Dissolved Bio Chemical 
Oxygen(mg/1) Oxygen Chemical Oxygen 

Demand(mg/1) Demand(mg/1) 
Station 
Name 

2001 2006 2001 2006 2001 2006 

A.Siliguri 7.47 3.08 1.53 20.79 22.24 52.47 

B.Malda 6.90 2.96 1.94 22.78 19.67 53.77 

Table 7.1 Summer Average Values for Water Quality of River Mahananda 

Above table7.1 shows the overall rate of depletion of water quality of the river 

Mahananda over the period of five years. In one side DO falls, another side BOD, COD 

values are raised which clearly indicate the total scenario of this river . 
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CHAPTER-S 

CONCLUSIONS 

This thesis provides information regarding fruitful application of Mathematical Modeling 

for river water quality parameters viz.DO, BOD, COD and pH by using graphical model, 

curve fitting and correlation -regression analysis. This is not the ultimate study but an 

attempt to asses the water quality and its pollution scenario by using mathematical tools. 

Introduction, scope of the work and the concept of modeling and simulation are discussed 

in first chapter. The survey of literature from around the world depicts widespread 

concern over the deterioration of the world's surface water quality in both space and 

time, which is discussed in second chapter. In third chapter the extensive study of 

Mahananda river is discussed which includes origin of river, location and sample sites, 

water quality parameters and various statistical analysis and corresponding algorithm and 

'C' program , graphical models of water quality data. Development of oxygen sag model 

and Laplace transformation process are discussed in forth chapter. In fifth chapter 

application of Laplace Transform to non traditional oxygen sag model and three-half 

order BOD equation and verification by Mahananda river water quality data are 

discussed. 

Uncertainty of mathematical modeling including causes analysis of uncertainty, technical 

consideration; risk factors etc are discussed in sixth chapter. Results and discussion are 

analyzed in seventh chapter. Chapter eight and nine contain conclusions and complete 

references with the publication. 

Trend testing of water quality data provides useful information that ensures a sound 

appreciation of the cause and effect processes within a catchment. The ability to 

understand the changing environment and predict future scenarios is fundamental in 

achieving sustainable management of water resources. However, to attain this 

understanding, it is critical to be able to detect practically significant trends. 



• 

This review reveals that an array of statistical techniques is currently in use across the 

world to produce information on long-term trends in water quality. However, the 

selection of the appropriate method (parametric versus non-parametric) is influenced 

mainly by the data characteristics and the type of trend expected (monotonic versus step). 

The justification of the use of different trend detection techniques is often centered on the 

knowledge that water quality data often exhibits characteristics that render some 

techniques inappropriate. The complexities that often characterize water quality data and 

influence the choice of test for trend include serial dependence, non-normal distribution 

and skewness. 

The future work can be done by taking huge amount of data for long period of time and 

constructing modeling and simulation to forecast the pollution status and taking 

appropriate measure to counter that. 

• A predictive study to model or forecast future trends and provide estimates of the rates 

of change in water quality is also recommended as a basis for water quality management 

strategies. 

• A comprehensive study to investigate the impacts associated with the catchments 

activities such as cattle farming in the river bank, immersions of idol during festival time, 

burning point based activities etc. 

Water pollution is now a burning issue across the world and in this thesis mathematical 
sciences are used to specify and control this real life problem. · 
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