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'* CHAPTER 1 

IhTRODUCTION 

* This is mostly a review of earlier works. 



··-· 
,( . '\ .. ' ··~- : . .,_ .... 

I. 1. Introduct.ion - Background and Object.i ve. : 

During the.last two" decades, the deveJopment_s ;in particle 

physics have mostly ~entred a~ound gauge symmetries of particle 

interactions. It· is now generally believed that Quantum 

Chromodyn~mics (QCD>, the _gauge theory of c;olour · SU<3>, 

0 descr-'i bes 'the strong interactions . of particl~s· while the 

Sal am-Wei nbe'rg-Bl.ashow gauge theory describes 
• l 

their- weal{ and electt--omagnetic interac"tions. A further,_step,in. the 

direction of .finding 'a complete and fundam£mtal 1aw' :for ·particle 
,'··. -

interaction will be to try to unify these forces. An intensive 

study of QCD and the 'inter-quark interaction,_ in . p~,.;:t-ii:ul~r, ·.· may 

provide useful information in our- quest for- a.successful theory of 

unification. Jhe recently discovered quarkonium •state's present 

objects of .gr-eat interest in this connection • 

. The quar:-koniurn spectroscopy provides a field where the t;:oncepts 

·of QCD could be tested e>:perimemtally. Deep-Ine:tastiC::; . "Lepton 

scattering processes have already provided some confirmation of c 

the perfurbative QCD. The quarkonium spectrosc-opy has the 

potential of' becoming another field, within the ra_nge ·.of our 

experimental capabilities, where QCD may be tested· qualitatively 

at all distance scales. The results obtained so far tend to 

confirm the e):pectation that QCD is the- most promising c~n-ididate 

for a dynamical theory of strong. interactions. It is a no~:_abelian 

local gauge theory which describes the interaction ofquarks'_ with 
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massless coloured spin 1 gauge bosons, the gluons~ U~li~e· ii1 QED, 

the effective coupling constant in QCD becomes feeble_· at large 

momentum transfers at !;>hart-distances } , ·so that quarJ~s no 

longer interact : strongly at small i nterquarl~ separations. > This 

concept of asymptotic 
1 

freedom is' consistent· with the 

2 
deep~ine1astic scatt~ring result•.- In QCD, the three colours of 

a ~uark are assumed to transform as a fundamental representation 

whereas the gluons transform. as a~ adjoint representation ·of 

SU{3} 
c_ An important constraint on the theory is that- elementary 

coloured quarJ~s and gluons are -not directly observablt? in an 

e>:peri ment. Thus the observed · bound states are supposed _ to be 

singlets in _the colour spac~. 

In. QCD calculations, .the results of a p~rtLtrbation-- theory 

are expected to be accurate for large momentum transfers~ 

Since 'tne· effet:tive quark gl!-Jon coupling . bet:omes sm~-~{ at ~ hig~' 

energies, the one-gluon-e>:change term dominates the potent-ial and 

the in:teraction potential is roughly of the coulomb type· .v-<r} .... 

1/r. However , perturba:t i ve· QCD does not give any e>:pl an at ion of 

the quark confinement. The general Eh:pectation is that·at a large 

separation, quarks feel an increasingly stroi-t'g restorin~ force 

which is responsible ·for their confinement. The Confjning 

hypothesis now seems to be an essential .ingrad~ent _- for bui.lding 

models of quarkonia. The interaction is supposed·to guarantee that 

all hadronic states observable in r-.ature are colour singlets.- .The 

large distance part of the' potential is, however, not yet 

determined accurately .. Its behavior may be as given by ··the· 
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. 3 4 -
str1ng and flu>:-tube models. Lattice gauge 

- C" - ~ 

theories provide 

some useful g\.lidance here~ It ·is· not yet clear whether·_ the- ·rate 

of growth of the potential is logarithmic
6 

_ qr 
- .- -'7 8 

some power '- -- of 

distance. A popular belief is that the potent-ial rises linearly 

with the inter-quark distance, i.e. is ·the 

·string constant, a behavior also e>:pected from Wilson's area law. 

While the t:hoi.ce of the long distance potential gets some guidance 

from our theoretical bias, practically not much is Jmown about the 

n'ature of _the potential in 'th~- intermediate range. This is where 

the heavy quarkonium - spi?ctr,ciscopy proves to be -useful. The 

spectroscopy carries inform.ation about the shape of the potential 

at all distances, including the c~oss-over region; i.~. in t~~ g~p 

between the one-gl uon-e>:change potential and the confining 

potential. 

It may be recalled that the e>;.istence of five flavours of
'i 

·quarks ( u_.,d,c,s,b-} has so _far been found to be. consistent with 

the e>:perimental results._ 1--fow_ever; on theoretical grounds, a:. si>:th 

massive quark ( top quad~ > is ese;enti al for the standard -_three 

gererati on model. 
9 

Al thqt.tgh the top quark is yet to be di sc:overed, 

the search is on, particularly for the' toponium states, which 

would have properties similar to ~ and Y systems. All these 

state_s should be described fairly accurately by the Schrodinger _ 

equation with a flavou·r independent non-relativistic potential 

V<r>. 10 Since the mass of the quar~~ is assumed t.o be lar.ge 

compared to its binding energy, the relativistic: effects should 

give only small corrections. 

4 
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To test the concepts outlined abmte, one has . .fo . calculate. 

the energy levels, leptonic decay widths as well as El transition 

rates for heavy quarl<oni.a by considering the spin-indep~ndent 

potential as the sum of the.short and long-range potentials. 

We have undertaken a similar study in.chapt~r 11. As a first step, 

we have considered a non-relativistic-potential consi~ting 'of a 

short-range 2-loop QCDpotential.matched to a confining potential 

at a large_ dis:tance. Apart from the cc and bb·states, we have ~lso 

studied the postulated tt ·states using the same flavour 

independent potential. We repeated the calculations including the 

rel ati vi sti c correctiorts. We have noted that the standard 

d t t 1 t t - f .t il Breit-Fermi type of spin- ependent po en ia s canno. sa l.S ac_o~y 

e>q:ilain the fine-hyperfine splittings· of heavy quarJ~onium states. 
. . . 1 
The recent observati~ns of P 

1 
states of the' bb and cc fami 1 ies 

have sharply focussed on the limd:.ations of the standard 

potentials. In c_hapter III, we have tried to fi.t the .e>eperimental· 

results by considering an additional contribution to' the 

fine-hyperfine interaction p~tentials staying w~thin the frame\<')od~-

of Breit -Fermi form. In chapter IV, we have made use of the 

general proper-ties qf Schrooi nger equation to predict some results 

for the wave:-func.tion. at the origin pertaining .to 3s and 
·1 

states of QQ systems. In the. last chapter7 . using a similar 

technique, some useful results for the two gluino bound states 
. . 

.have also been obtained by maJdng use of super-symmetry (SUSV) • · 

The aim of this thesis· was to study the properties of some 

newly discovered mesons which are identified as'bound ?tates of a 

5 



heavy quar~~ and its antiparticle so as to obtain some constraints 

on QCD. Considerabl'e phenomenological studies have already been 

made in this field but this rapidly developing area of studies 

make it necessary that our theoretical results be continuously 

compared with new e>:peri mental results. The phenomenology of heavy 

quarl;onia provides tests for the entire model based on QCD, the 

standard electrowea~{ theory and other theoretical· ideas of 

particle interactions. Using SUSY as an additional input, we could 

study the two gluino bound states within the same formalism. Our 

results on gg bound states will be useful in the confirmation of 

both QCD and SUSY and in establishing the· interplay between the 

two most appealing theoretical ingradients of high energy physics. 

II.2. Heavy QuarJconia - Experimental Results : 

Considerable e>:perimental results are now available for a 

detailed study of quarkonium spectroscopy. The spectroscopic 

25+1L notation for a QQ level is denoted by n J, where the symbols 

have their usual meaning. The two spin-half quarks can form 
The. 

spin-singlet and spin-triplet states.11<~.state with L=O is split into 

and 1s states. 
0 

For L ~ 1, one expects four states 

fine-hyperfine interactions. Some states have already been 

discovered. 

Electron-positron colliders are well-suited for the study of 

heavy quarkonia. The triplet S-states are produced di~ectly in 

6 



+ -e e annihilations whereas other states are produced yia 

electromagnetic and hadronic transitions. The present experimental 

information about th~ s-states , · P-states and their radial 

e>:ci tati ons for bh and cc systems are presented bel ow. 

F bb Y,
11 

our resonance, 
1 .... 1~ 

y• 'J:.' _, y,.12 and Y"' 14. have been 

+ -
observed in e e annihilation. But no singlet S-state (?~b) and 

state have so far been seen. Four- e>:periments, i. &. 

cuss/
5 

CLEo,
1 -? ARGUs

17 
and Crystal, Ba11

18
'

19 
detectors have 

observed the. states from the radiative decays of Y(2S>. 

1 2 
Each group confirmed the e>:istence of x and x states.-· But ·some 

-0 
discrepancy in the mass of x · state has· been r.eported. However,. 

the mass value repor,ted by ARGUS is po.ssjbly more r-eli,able.because 

of their accurate measurement of photon energy~. The e>:istence of 

2P bound states xbJ have been reported by CUSB group20 ·while the 

spin-singlet P--state in bottomonium, hb' has been reported by CLEO 

21 
Collaboration. -

The charmoni um states V' and ~I'' - have been observed in 
- ..,.., 

pp annihilation.L~ Subsequently, further states, vi~. 

2 
:~c states were also observed in pp annihilation by· the R704 

. .-,-:r 
Coll aborati on ..... _, Gaiser 

. '">4 
t ' l'-'& a . have measured the masses of 

J x · states by 
c 

studying the process lj.I(2S) + YX . The r~ state c: . ' 24 . 
has been detected in the inclusive photon spectra of. both' 'Y'. and 

V''. In addition, another paracharmonium 

discovered 25 by the Crystal Ball group. 

+ -

state 
..,.. 

The y.s r-'n
1 

> 

n' _has c 
. ' 26 
state. 

been 

has 

also been observed in .the e e cross-section. The R704 
. ?7 

Coll abor· at ion~ has reported some preliminary r·esul ts about· _the 

7 



spin-singlet· state h .-1hi ch 1 i es below the lJ'' · level. A· review of 
c 

particle properties.· by Particle Data 
. . '")8 
Groups4 gives. us the 

e>:perimental· ihftirmation ·for different states of the quarkonium 

systems. The.masses of all. the confirmed levels have been shown in 

Tabl~ 3.3 and.Table 3.4. So far there is nb signature of a 

toponium and .the general belief is that the mass of the 

top quar•{; if. it e>:ists, should be much higher-74 than 30-50 GeV, 

as anticipated by UAl 
' . ':'1'9 

Coli aborati on.""· The aspect~ of the 

qua':"l~oni urn spectroscopy which are usual! y studied. are· discussed 

breifly in the following : 

i) Masses o:f quarks and quarJcohla : 

The mass spectrum of a quad~onii...\m f ami l y i s given by 

Mn HlQ} = 21'1Q + En(MQ, V > < 1. 1} 

where 11
9 

is the quark mass and·En is the energy eigenvalue of the 

• 
non-relativistic Schrodinger equation with the chosen QQ potential 

V<r>. The input mass in.this calculation is the mass assigned· to 

the relevant quark flavour. Since free quarks have not y~t been 
' . . 

seen, it is difficult to measure its mass in the usual way. The 

quark masses are known indirectly ·from'measurements on hadrons and 

different measurements may, in principl·e·, lead to di~ferent 

masses. Two different types of masses are usually asso.ciated with 

the quarJ~ of a given flavour-,· the current mass and the .constituent 

mass. The processes involving larcje momentum transfers . are 

associated "'i th the current mass. For dealing with the ·static 

a 



properties of hadrons~ constituent. mass is more suitable. 

It may be noted that.inside the haqron~ qt.~arks' are.associated with 

gluon field. An alternative definati on. of the constituent ... quark 

mass is that 'it minimizes the effects, of gluons and sea quarl's in 

a calculation of the static p'roperties. However, the co'nstituent 

quark masses are usually treated as free'paramt:?ters in a.potential 

model calculation of the quarkonium. 

ii) Lept.onic Widt.h : 

The leptonic decay mode of a vector me~on is due to QQ 

annihilation via a vi~tual photon. The non-relativistic formula 

for the decay of a quar-k-antiquark bound state into a lepton 

. 30 
pal. r is 

r = ee 
( 1.2) 

Thu·s tt)e annihilation amplitude is proportional to r/>(0), the value 

of the wave~function of the QQ state at zero separation. The 

formula should, however, be corrected for vacuum polarization 

' 31 
ef feet,· which has been treated by a num~?er of at.,thors. . In most 

cases the correction may be included by following the suggestion 

of Poggio and Schnitzer, uiz. by replacing ¢><0> by rj>(1/M
9

>, where 

MQ is the quark mass~ Physically this .e>:presses ·the simple fact 

that the annihilation may ta~~e place once the particl·es.are w~thin 

the de:-Broglie wavelengths of each other. The· measured. leptonic 

9 



widths of the heavy quarkonia provide useful constraints on the 

wave-function and hence on the QQ potential. 

iii) E1 TJ·ansit.ions : 

The transitions of heavier quar-!a:mia to lighter ones ta~~e 

place through either strong or electromagnetic interaction. Some 

of the electr-omagnetic transitions which have been observed are 

13 P 
""'\ ""'\ 

13 8 ?38 13 P "3P c:>3S 3 3 8 -+ 1-s .,~p 
-+ -+ ..... -+ 

J 1 
, 

.L. J 1 
, - 1 J 

, 
.L. J .L 1 'J 1 

13 P ..,.3s 7 

and -+ .,-'p These ar-e all £1 transitions. Some Ml 
J _, 1 -'- J . 

transitions have also been observed but this will not be tr-eated 

here. The quarkonium wave-function t.-lhich is approximately 

determined by the potential model calculation helps in the 

evaluation of the relevant decay width, rEl' 

rates of the quarkonia are ·given by 

The E1 transition 

00 
7 

n' 351) 4 2 
..,.. 7 )2 r (n-'P J 
_, 

( f R (R , 
1
r-'dr (1. 3) -+ r + == 9 a eQ c.:. 

n•n , 
0 

00 

3 
n'

3
PJ> 

4 2J+l 2 7 ...., 
)2 _, 

( f RnORn, 1r--'dr r<n s 1 -+ y + = 3 -9- a eQ c.:. ( 1.4) 

0 

where e 0 is the electric charge of· the quark, c.:. represents the 

photon energy and R, the radial "'#ave-function. This transition 

occurs between states with opposite parity and the partial width 

is proportional to the square of an overlap integral involving the 

10 



1P and, 18 wave-functions. Thus one can.measure the overlap between 

the two wave~functions from the transition rate. 

It is now well-known that the electric dipol~ transition 

v1' ..,. ·r:x ., is relatively suppressed •. A number of factors seem to 

contri.bute to. this effect. The dipole matri>: element is influenced 

by th~ relativistic wave-function distortions. The quantity 

is particularly, sen.sitive to the relativistic 

ccw'rect ions. This is because the integral . is found to be the sum 

of the tli'JO contributions of opposite sign pue to the presence' of a 

node in the 28 wave-function.· A shift in the wave-function caused 

by the rel ati vi sti c corr.ecti ons reduce the value of ·the matri>: 

' ~2 
element. The coupled channel effects~ for y;' which ·also reduce 

the ove~lap befween its wave-function and that of the ~-wave. x 

state should also be considered. It is important to note that 

relativi?tic corrections in the Y syste~ are much smaller than 

that in the y.t system. 

1.3. Heavy Quarkonia Theoretical aspects : 

For heavy quarkonia, a non-relativistic treatment·based on 

a Schrodinger equation with a static potential should be a very 

good appro>:imation., so far as the .spin-averaged ,properties are 

concerned. A number ·of authors have discussed relativi!:;tic 

spin-dependent calculations making use of this non-relativistic 

potential. The spin-dependent ·effects have been obtained by 

inserting the one-gluon-e>:change interac:tion in'to the relativistic 

11 



wave-equation 7 such 
? 7 ._\.....::, 

as Bethe-Salpeter (BS} equation with a 

suitable ~'ernel. The Breit-Fermi reduction34735 of the BS equation 

leads to the well-lmown sp~n-dependent interaction terms. However, 

the reduction in.volves an appro>:imation of the BS equation which 

essentially reduces it to a non-relativistic Schr6dinger equation 

with correction terms including both spin-dependent and 

spin-independent terms. One of the many well-known difficulties in 

the treatment of the BS equation is related to the relative time 

coordinate. A number of authors36 , 37 have solved the BS equation 

for quarkonium in the 'instantaneous' approximation so that in the 

centre of mass frame, the relative time coordinate vanishes. This 

. 38 reduces the BS equation to a Salpeter equat1on. A QCD. oriented 

BS equation has been discussed by Mittal and M•t 39 
~ ra in the 

'null-plane' approxi~ation in order to obtain the mass-s~ectra of 

heavy as well as light quarkonia. Jacobs et a~. 40 also have 

considered an 'instantaneous· approximation to solve the BS 

. . 
equation in momentum space with vector and seal ar 1-~ernel s but the 

results seem to be quite complicated. It may be pointed out. that 

the non-relativistic SchrOdinger .equation with the usual 

Brei t-Fermi correction terms can be derived from the Breit 

equation itself. 

Eichten and Feinberg41 have described the spin-dependent 

forces in heavy quarl~ systems by taking into account the 

non-abelian nature of QCD and using a gauge invariant formalism. 

They start from the wilson loop where a 1/M e>:pansion of the quark 

propagator is inserted. They relate the spin-dependent parts of 

12 



the potential to correlation functions of electric and magnetic 

field strengths. They assume that the colour-magnetic field 

interactions vanish at a l·a1··ge distance. Assuming that the 

1 ong-ra':lge ·.·part.· · of the potential transforms like- a Lorentz 

scalar, it is argued that the confinement is associated with a 

purely electric term while the hyperfine potential is associated 

with the magnetic one. 42 
Gromes also has claimed that the 

confining potential must be a scalar. Grames has obtained an 

important relation connecting vt , v._ and v 7 v = v., - v~ which , _._ _._ 

follows from the Lorentz invariance of the theory where v1 and 

represent the spin-orbit potentials and v gives the 

non-relativistic potential. Representing the magnetic field by a 

space--lila? loop integral and applying the area laYl, Grames arrives 

at the conclusion that the sign of the spin-orbit term is opposite 

to that obtained by Eichten and Feinberg41 and in an earlier paper 

43 44 by Grames and is identical with that of BuchmUller. 

Using a modified Richardson potential 

plus coulomb form, Mo~hay and 45 Rosner 

instead of 1 inear 

have included the 

relativistic corrections to the spin-independent potential. 

Following the approach of EF, they calculated the energies, 

leptonic widths and dipole transition rates of 'I' and Y systems. 

Some consequences of relativistic effects have been discussed by 

46 McClary and Byer--s choosing a seal ar potential for- the confining 

potential. The sign of the spin-·orbit contribution arising from a 

scalar potential is the same as proposed by Buchmtillar44 and 

42 47 Grames •. Pantaleone et al. also adopt an approach based on the 
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wor•' of EF to calculate ~he spin-dependent corrections to the 

static QCD potential upto a 2 term •. They e>:tend the formalism for 
s 

'. ' 
both equal and unequal·masses to obtain spin-9ependent terms which 

contain ~ogarithmic as well as inverse powers of the heavy quark 

rrsass. 

On the otherhand, Gupta, Radford and Repl,o48 , 49 <GRR> have 
. \ ,· ~ 

given a potential which incm-porates higher order perturbative 

corre~1;ions to spin-dependent and spin-independent terms of the QQ 

potenti~l. They have calculated the fine-hyperfine splittings by a 

perturbative approach. They consider a renormalization scale 

parameter p which is fixed by minimizing the effect pf higher 

.order terms which occun:;. in a renormalization group improvement of 

the potential. Their study reveals that the confining potential 

may be regarded as the effect of a scalar exchange. Using GRR 

. 50 
scheme; Igi and Ono have investigated the properties of cc and 

bb states for variot:ts values of A--
MS 

and observed that the 

fine....,h'yperfine interaction is not only ·sensitive to the choice of 

the QO potential but aiso very sensitive.to the value of· AMS 
. 51 

Fulcher has d~veloped an abbreviated form of GRR scheme which is 

based on the numerical solution of the Schrodinger equ~tion. He 

. 2 
has considered the a correction to the static potential but 

s 

neglectt:?d these corrections for the spin-dependent part.: He has 

included a coulomb term in the confinement potential. by. 

introducing a join radius, v1here the running coupling· constant 

stops running. All these modifications yielded better results for 

the Y system than what one gets in the original GRR potent-ial. 

14 



In the GRR renormalization scheme, the perturbative 

potenti:al not only depends on the renormalization scheme_, but also 

on the renormalization ·scale parameter. The method generally 

involves a long. calculation. On the other-hand, in the EF approach, 

the quantity AMS is usually chosen as one of the free parameters. 

In our calculation, we have followed the EF approach. 

I. 4.. Supersynunet.J'Y and bound st.at.es 

The super-symmetric theories have been found to offer a very 

e>:citing field of resea~ch' in the conte>:t of the unification 

schemes of the elementary particle interactions. The idea of 

super-symmetry <SUSY> was initially introduced to solve the gauge 

hie~archy problem in GUTS. It has also an aesthetic appeal. It 

is, therefore, not surprising that these theories have 

opened up a very attractive field of_ research~ 

In super-symmetric theories, elementary bosons have 

super symmetric fermion partners and vice-versa. The 

supersymmetric partners have the same mass when SUSY is unbroken. 

The fermionic and bosonic masses and couplings get related to 

each other when SUSY is imposed on a theory, thereby reducing the 

number of free parameters in the theory. 

If SUSY is broken, the energy of the lowest lying state need 

not be e>:ac:tly zero. One e>:pects SUSY to be approximate in 

nature, so that the superpartners will be split.. One of the 

important features of a supersymmetric theory is that it predicts 

~~.~ r:. ·• -~ ·Jt'oai~·tti·•t; 

UilA' i. ~ ~-· ' : \J' ~l'oR'W 
fNU.,i ~. ~ .. t> hli Mi. ·u N P Vi 
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the ·e>:istence of a·ssoc:iated particles differi.ng by one-half unit 

of ~pin. A~ong the ·susy particles, t~e gluino, the SUSY partner of 

the gauge b9?on gluon, seems to of'fe,r a wide range of interactions 

accesible by the present . e>: peri mental f aci 1 i.ti.es • Each 

superpartnt?r.·carries .a good quantum number, 
. . 5'"> 
R-parity, • which 

pl ~ys the role of .a f 1 avour-conservi ng quantum number. In almost 

all models, the gl_uino is'e>:pected to.·be the lightest sparticle, 

apart from: the photino, the· spin 1/2 partner of photon. Phot:lno 

is e)q3ected to. be a "very· light particle and its detection· is very 

much· difficult due tci its relativt?lY weak int·eraction. In most 

models, supersymlf,e~ric particles may· be detected by their decay 

pr.odu~ts. The gluino decays predominantly via the process g -+" QQ y 
where photino -is ass.umed to be loru,;J-lived. The photino carries off 

energy and momentum which are not detected. 

Like gluon, g~uino is a colour octet. Due to this nature and 

its.lar.ge coupling· strength, the c.ros,s---sec-tipn ·for pr·oducton of a 

gluino pair'.is h·nmty times larger than those of the quark pair of 

equal mass. Since t~e lifetime is believed to be relatively long, 

it can p~ssibly be easily identified. The light gluino search can 
=..,.. 

be t:arri ed out in Beam dump· e>~peri ments....s...> with beam energy 1 

TeV. At a ·hadron collider., gluino pair production occur via 

. ' ' 54 
glu.on-gluon scattering. The hadron c·ollider is a suitable place 

for the search of a heavy gluino. 
" == 

The UA1 Collaboration....s.J 'have 

analysed the·ET data ~nd have cbncluded that the mass limit of 

~luino is greater than 53 GeV. E~plic.it search for gluino :of a 

mass .upto· 150-200 GeV at the Fermilab Tevatrori have been suggested 

16 



. 56 . 57 
by dif.f.erent authors. · Barnet-t et al. surveyed the decay modes 

.and signatures of ~luinos in minimal supersymmetric .model. The 

important features of these decays and their phenomenological 

:i,mpli.cation have also been discussed.· 

The gfui~o 7 being a self-conjugate majorana fermion., may 

bind with· quar~s, gluons and other gluinos and form colour·singlet 

bound states. Li~e ordinary fermion-anti'fermion states.,~ the parity 

of gluinonium state is 
. . . L 

given by P = -(~1> and C-parity 

positive. The bindin-g energy and wave-function at the origin of gg 

state are 1 arge. Since the gluino mass is heavy, the gluinonium 

state can be desi:ribe(j by the non-relativistic potential model as 

in the QQ sy_stem although some differences occur in, . the case of 

gluinos. The differences arise mainly because.gluinos are major-ana 

fernii ons and · also because they belong· to a col our octet.. The 

·short-range_ part of the potential may be represented as v-.... (r) = gg 
9 . . ' 

4 v
0

Q<r> where 9/4 ·comes from the ratio of quadratic casimir 

operators for the adjoint andfundamental representations. This is 

valid only for the short-range part of the potential. Some 

58 59 , 
authors, " however, assumed that this relation holds for the 

enti.re gg potential. Among ott:ter· gluino states, the. glueballino 

.... ' 

<gg> states may be formed by replacing one gluino in a gluinonium 

state by ·on'e gl,.•on. These states should be exper·imentall y 

identified more easily than other glue. ball. !5tates. Mitra and 

60 
Ono · have studied the properties of the glueballino ._and · hybrino 

\gQQ) states .by usir,g a BS model. The di sco:very of any of these 

states will be extremely exciting. 

17 



I. 5., Stmuna'r y of t.he wor Jc done : 

.The fqllowing gives the chapter-wise summary of the war•~ 

rep6~t~d in the thesis.:_ 

a) In chapter I I , the properties of the heavy quarJ~oni a have been 

stud~ed by the non~relativ~stic potenti·al model. The potential 

chosen is the vacuum· polarization. corrected 2-:-loop QCD potential 

supplemented by a confining.··potential. The energy levels, leptonic 

decay widths. with and wl.thout Poggid-Schnitzer correction and E1 

transition r~tes of V' and Y families ~re calculated and are found 

to b.e in good agreement with the expe~imental· results. The 

top.oni um spectroscopy is studied for the e>:pected · · range of top 

quarl~ mass·< 30-70 GeV ) • Considering the · e>:perime.ntal branching 

ratio, the .total width . and the hadroni c decay ·width of the 

.:t:~ 'states are also dett:?rmined. Potential model calculations seem 

to be fairly successful in describing the non-relativistic 

properties of'heavy quarkonia. 
. . ' 

b> In chapter III,·we discuss the spin-dependent interactions in 

· . .- . 1 
QQ systems. We not_e· that . the newly dJ. scovered P 

1 
states of bb and 

cc systems, . in particular,· pose serious problems to the standard 

· moc:fel s. We present an e>:tensi ve analysis to show that· the standard 

Breit-Fermi .type of interactions cannot fit the e>:perimental 

results accurate! y. A modi fi·cati on of the formal_i sm is suggested. 

A model calculation with a realistic potential' is carried out. The 

potential. consi"sts of· a 2c-loop ,QCD short-range potef'tial and a 

scalar long-range potential with a.n additional term, .as suggest'ed 

18 
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by Luscher and also supported by lattice-gauge results. The energy 

level splittings are calculated with this potential. The 

possibility of including t~e spin-dependent contribution of a 

pseudo-scalar exchange is also considered. It is seen that 

although the modi·f i ed formalism just about accommodates the trend 

of data for 1P
1 

states, the Breit~Fermi interactions in. general 

lead to severe constraints on the parameters of the potential when 

one tries to fit the entire range of quarkonia data. The choice of 

the BrEit-Fermi form for the spin-dependent interactions do not 

allow enough freedom to fit the recent data on 
1

P levels. 
1 

c) In chapter IV, we note that apart from the inadequacy of 

Breit--Fermi type of interactions for describing the fine-hypel~fine 

splittings of heavy quarkonia., the presence of highly singular 

terms like 3 6 (r} and 
~ 

1 /r~' terms also tend to mak~ the 

perturbative calculations unreliable. Exact results or bounds, 

even ·if weak, will be very useful in this context. Using Martin's 

techniques, some ~o-~eak inequalities for the values of ·the 

wave-function at the origin for the triplet and singlet S-states 

have been derived for a large class of QQ potentials, including 

the recently proposed Gupta's potential. The inequalities could be 

used to predict bounds for the decay vli dths of the l)b states. This 

inequality will be useful in quarl~onium spectroscopy. 

d} In chapter V, the effect of the long-range confining potential 

on the two gluino bound states has been studied in a particular 

potential model. A power law potential has been chosen as the 

long-range part of the potential. The asymtotically free nature 
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of QCD suggests that the short-range behavior- is du.e 

to one-gluon-e>:change. From super-symmetric considerations, we may 

e>:pect that the short-distance part of the gg potential, is 

9/4 times the QQ potential, v
0
6. However, the relation between 

. 
long-range parts of Vgg and VQQ is completely unknown. We have 

chosen a long-range potential which is ~-times the 

long-range potential for QQ where r~ lies in the interval 0.5 ~ r~ ~ 

3. We have applied Martin's techniques to derive some useful 

inequalities for the value of the wave-function at the origin, 

y,..~~~(O), for a general class of po'ti9ntials. The results are useful gg . 

for estimating various decay widths and production cross-sections. 

To summarize, our calculations seem to confirm that the 

phenomenology of the heavy quarl,onia are in general consistent 

with the Qasic concepts of QCD, although some details are yet to 

be understood. With the new accelerators becoming operational in 

near future, a more definite ~onclusion may hopefully be drawn. 
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CHAPTER I I 

NON-RELATIVISTIC POTENTIAL 



II.2. Introduction : 

The discovery of the heavy quarkonia has~. led to a very 

active field of research involving the theoretical predictions of 

the QCD aryd some inspired phenomenology guided by the experimental 

results. Considerable progress has already been made in 

understanding the properties of these QQ states, considered to be 

bound by a flavour-independent non--relativistic potential. The 

observed spin-averaged proper-ties of heavy quarkonia could be 

e~plained by different authors with varying degr~es of success. 

However, recent measur-ement of the , fine-hyperfine interactions 

have led to renewed activities in this field, particularly because 

the earlier parameters are found to be inadequate. 

considered in this chapter a non-t-elativistic potential 

We have 

model to 

study the spectroscopy of heavy quarkonia, particularly those 

which do "not require a relativistic treatment. The study will 

provide the basic structure for incorporating th.e relativistic 

corrections, in particular-~ the fine-hyperfine interactions~ which 

will be considered in the neMt chapter. Whil~ choosing a potential 

for· the QQ system, we e>:pect the pE?rturbative QCD to be valid at 

_short-distances, while at large distances, a confining potential, 

possibly a linear one ( or a }jttle modification thereof ) should 

be adequate. We have, therefore, considered in this chapter a 

static potential which consists of a short-range 2-loop QCD 

potential which is matched to a modified linear potential for 
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1 arge distances~ We· have sb.1di ed in detai 1 the bb and cc systems. 

Si nee the QQ potential is assumed to be f l a;.,.oL\r independent 'J the 

same potential is used to st~tdy the toponi um. states also for a . '· 

range of p'ossible t-quarJ~ mas9es. The study. of toponium is 

important ·particularly because the topo.ni um states probe 

effectively a very short-distance par:-t of the QQ potential which 

is not probed accurately by the bb and cc sy.stems. The toponium 

may provide a possible .method of production of the Higgs particle 

through the decay T -+ H + y if al]owed Jdnematically. Lastly., 

the toponium may provide us with sighatures for the.ories beyond 

the standard mode~., if) particular;-·., in_ ?ur. search for sparticles. 

The scheme 6f presentat·i:on is as .folJows. In section 11.2, 

~le discuss bn~ifly the non-relativistic· QQ potential w.e have taken 

to calculate the spec.troscopy. Calculations of spi n-avera9ed mass 

spectrum., leptonic decay widths, El transition r.-ates of bb and cc 

mesons have been done by . so!'vi·ng .the Schrodi nger equation 

numerically. Various boLtnds ori .tt quarkoniurn mass are discussed in 

' . 
section II.3 •. The preclicted energy levels of tt systems are also 

given. By making use of the e>:perimental _branching ratio, the 

' . .J 
total width and hadronic decay width of :~b state are predicted in 

section II.4. Section II.5 contains some concluding remarks • 

... 
II. 2. Non-•-elati vistic QQ pot.entlal :· 

The extensive wor•~ on the cc. and bb , spectroscopy has 

helped in determining ~~iquely the QQ static potential within the 



range 0.1 fm < r < 1 fm. In fact 7 the different pot~ntials6761 

that fit th~ spin-averaged data reasonably well all agree within 

this range. For small distances 7 the QQ potential should be given 

accurately by the one-gluon-exchange term with a running coupling 

constant. This potential upto 2-loop. corrections has 

considered by a number of 2 62 
authors. ' We, however, 

special choice for the non-relativistic QQ potential 

V ·-<r-) 
QQ ' 

been 

make a 

(2. 1} 

vJhere VQCD(r) is the 2-loop QCD potent'ial, VL is the long-range 

potential and f (r} is the ~loods-Sa;:on function 

f (r} = 
-r /s 

1 + e o 
(r r ) /s 

1 + e o 

The 2-loop QCD potential 7 VQCD(r} may be li'witten 

4n c..,<R> 
.L.. 

2 2 
b 0 r ln(l/AMS r > 

In above, yE is the Euler constant and 

11 = ~ C...,(G) 
~ .<.. 
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bl 
34 [ C,_,(G> ]2 . 10 

C.., \.G} Nf 2C.-;<R> Nf = 3 3 
-

' .A'- ..... 
' "' 

31 
C..,(G) 

1(1 
Nf c = 9 - 9 . ... 

In abov~, C~(R) and C..,<G> are the invariant. quadratic· casimir 
~ .... 

operators., which for SU(3) equal 4/3 and 3 n?kpective.ly. Nf gives . c 

the number of quarl' flavours relevant for the problem, which we 

choos:e to be equal to 4. !n the standard MS scheme, it .~is 

customary to choose Nf as the number of quark flavours with mass :5 

p , where p gives the renormaJization scale. , 

For the lorig-range potential, we choose the form 

Vl,. (r} = Ar + B < lnAt-lS r + 1> (2.4} 

We have included the logarithmic term to take into account ~i.~·a 

small modifiiaiion of the linear potential. The reason for. the 

choi~e will be explained in th~ next chapt~r. The Woods-Sa>:on 

function interpolates smoothly between the short-range potential 

and the long-range part. The position and the extension of the 

cross-over reg~on can be fi>:ed by vat-ying the parameters r and s. 
0 

However, the va.riation of s is limited within a narrow range, 

·since _the cross-over Tegion is appro>:imately· J'nown. Combinations 

. . 64 65 
of different potentials havE- been studied by several authors. ' 

!.>Je ha,ve followed, in particular, . . .63 
Ig~ and H~kasa •. 

·We have solved numer.ically the Schrc;dinger equation with 

potential (2.1). We have developed a comprehensive computer 
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programme for the relevant calculations. I,>Je have chosen = 

0.~96 GeV, Mb = 4.783 GeV and M = 1.364 GeV respectively. c - Bound 

state masses of QQ iystems are obtained from Eq. (1.1} of the first 

chapter. The parameters of the potential giving the best fit 

are r = 0.105 fm , s = 0.02 fm, A= 
0 

2 0.019 GeV , B = 0.677 GeV. 

Since no spin-dependent interactions are considered in· this 

chapter, a direct comparison 1-1ith e>:perimental results is not 

a.lv1ays possible. Thus the calculated spin-~veraged 1S state of 

bb has a mass of 9445.5 MeV while e>:pet-i mental value -for 38 
1 

state 

is 9460.32 ± 0.22 -MeV. The other state 1,__ 
;:Jo has not yet bef:m 

discovered. The problem will be taken up in the next chapter. The 

agreement with the experimental result is reasonably good. In 

Ref. {66), the authors have matched the 18 levels with the 

e>:pe..--imental value vlithout performing fine--hyper-fine calculations. 

It is, hov1ever, e>:pected that the inclusion of .the fine-hyperfine 

contribution will shift the energy levels upwards. In that case, 

the input quark masses will have to be adjusted for better 

agree~ent. For the cc system, we vary the i~put c-quark mass so as 

to obtain the spin-averaged masses. This gives M
18

ccc} = 3(168. 7 

MeV and M28 ccc) = 3662.8 MeV respectively. The e:xperi mental 

results for these states, determined . very accurate! y, are 

M15 (cc) = 3067.93 ± 1.16 Me\.1 and M28 \cc) = 3663 ± 1.15 MeV, giving 

an excellent agreement. In Table 2.1, the spin-averaged masses for 

bb and cc systems are shown. However, in the case of 1P and 2P 

states of bb, we c~n compar~ only the centre of 

values. The value of 1P state is shifted downwards by about 15 MeV 
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Table 2.1. Calculated energy values of the bb and cc states. 

Bound state 

18 

28 

3S 

49 

lP 

2P 

10 

2D 

Spin-averaged mass of bb 
system(MeV> 

9445.5 

1003(1.0 

10358.0 

10593.0 

9895.8 

10257.0 

10155.0 

10433.0 

27 

Spin-averaged mass of cc 
system( MeV> 

3068.7 

3662.8 

4009.6 

4265.6 

3505.2 

3897.1 

3784.0 

4083.0 



for both the flavour·s. The reason for this shift will be discussed 

1 ater on. ln Figs. 2.1 7 2.2 and we show the variation of 

the energy difference as a function of AM~ 7 r and 
,;:, 0 

s. \.>Je 

repres~nt the differences as ~ 1 and ~l = E\lP> - EOS) 

and 6~= E<2Pl- E<1Sl respectively • .... 

We have also calculated the leptonic decay widths and El 

transition rates of heavy quarkonia. In calculating the leptonic 

width we included the Poggio-Schnitzer <PS) correction to the 

Van·-Royen-We:i sskopf formula., given in the first chapter. The 

leptonic widths al6ng with the PS correction are presented in the 

Table 2.2. It is seen that the value o·f PS correction factor for 

the cc and bb systems is about 0.4 to 0.8. As can be seen from 

Table 2.2., the results for cc system with PS correction are in 

agreement with the experim8ltal values. However, in the 

case of bb states, it is clear that the PS correction is not 

necessary. This is e>:pected., as for bb systems., the relevant 

distance scales are such that the 2-loop QCD potential, which 

already incorporates the \."acuum polal'"·i:zation effect is dominant 

and no further correction is r·equired. 

The El transition rates of heavy quarkonia between an 

i ni ti al state i and a final state f are given by the Eqs. <1.3) 

and ( 1. 4}. The photon energy w may be e>:pressed as 

li.' = 

., ':> 
M .... (v1> M-(v2) 

2t1 (v ) 
l ' 

M (v 
1

) > M <v.,> 
.L. 

.(2.5) 
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Tab~e 2.2. Predicted leptonic decay widths of bb and cc systems 

without and rli th Poggi o~Schni tzer corrections •. E>: peri mental 

values are taken from R~f. C28}. 

Stp.te I rp(O) 12 E>:peri mental Uncorrect.ed Poggio-Schnit-

(GeV3 > O<eV} <~<ev> zer corrected 
U<eV> 

Y(9.460} 5. 1738 1.34 ± 0.05 1. 373. 1.087 

y ( 10. 023) 2.5943 0.60.± 0.036 0.611 0.462 

Y<10.355) 1.8058 0.44 ± 0.03 0.398 0.294 

y ( 10. 580) 1.4192 0.24 ± 0.05 0~299 0.217 

'1'~3.097) 0.7088 4.72 ± 0.35 7.:127 4.559 

lp(3.685) 0.3832 2.14.± 0.21 2.704 1.468 

0.2766 0.75 ± 0.15 1.629. 0.801 

lp(4.415) 0.2327 0.47 ± 0.10 1. 211 0.553 
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Since we have not considered the fine-hyper-fine structure in this 

chapter~ we calculate this rates using 'available experimental 

\tal ues of u.:.. We have" given our results in Table 2.3 and 2.4. We 

compare our results with the results o.f some other 

51 67 45 workers. " ~ 1<:v1ong et a~. 67 used the inverse scattering 

method to construct the QQ potential. Our results almost agree 

with the results of the models of Ref. (51) and (67). We have also 

shown in Table 2.5 the values of the electric dipole matrix 

elements which are evaluated non-relativistically. The transition 

rates of 35 ..., 1P for bb system are very small due to 

cancellations in the overlap· integral for· the 3S and lP 

wave--functions. This point .,Jas also mentioned by 68 Fulcher. In 

case of cc 7 we obtain higher values than the observed rates. This 

is because the relativistic effects are more important for cc than 

for bb system and the relativistic correction is very important 

for these transition rates. 

Il. 3. t-quaJ~Jc mass and Toponiwn : 

Recent e): peri mental results indicate that the mass of the 

top quark does not lie around 50 GeV as suggested earlier by the 

UA1 experimental group at CERN. 29 However 7 some suitable 

signatures for detection of the t-quar-k hayt; been identified69 

recently. One now e>:pects direct as lflell as indir·ect signals for 

the presence of t-quark in the ne>:t genet-ation collider energy 

range 7 if not earlier. The indirect evidence for a t-quark comes 



Table 2.3. E1 transition rates for bb system~· E>:perimental values 

of ware taken from Ref. (28>. 

- Transition width O<eV> E>: peri menta 1 

Transit-ion E>:peri mental 
.:..;. <MeV} MR45 FUL

51 KR67 OURS width {l<eV> 

...,35 
-:r 

... 1 ~'p 162.3 ± 1. 3 1.0 1.38 1.39 1.277 1.29 ± 0.31 ..... 1 0 

13 P 
1 

130.6 ± 0.7 2.1 2.17 2.18 2.000 2.01 ± 0.49 
-:r 

1 ~'p 109.6 ± 0.6 ? "') 2.13 2.14 1.966 1.98 ± 0.48 
"') -- ...... ..... 

..,.35 _, 1 .... 1 3 P 
(l 

483.8 ± 1.4 0.025 0.005 0.007 0.010 

~ 
1 ~·p 

1 
453.2 ± 0.9 0.025 0.011 0.017 0.026 0.04 ± 0.03 

13 P 
2 

432.8 ± 0.8 0.15 0.016 0.025 (1.037 0.06 ± 0.05 

-;r 

~~'5 .:...\ 1 ... 2 3 P_ 
u 119.3 ± 1.1 1.4 1. 35 1.65 1.475 1.22 ± 0.3 

23P1 99.6 ± 0.4 2.8 2,. 36 2.52 2.575 3.08 ± 0.6 

...,3p 
_._ 2 85.9 ± 0.7 2.7 ,..., C"'-:"' 

.L. • ..J-\. 2.78 2.753 3.26 ± 0.7 

-;r 

1
3s 1 -'p ... 391.7 ± 1.3 31 30.8 26.1 27.917 0 1 

t
3

P 1 
422.5 ± 0.7 36 38.6 32.8 35.034 

t 3
P 2 

442.9 ± 0.6 38 44.5 37.8 40.357 

-:r -:r ,.,-'. 1-'s 741.5 ± 2.3 7.5 7.62 8.48 6.744 ..._ Po .... 
1 

~3p 
L 1 764.8 ± 0.8 12 8.19 9.31 7.400 

,_,3p 
..... 2 776.8 ± 0.7 14 8.60 9.75 7.753 

,..,3p 
-;r 

... .,-'s 205.0 ± ,.., ..,.. 12 13.0 11.3 12.390 ..... 0 ..... 1 ... . ..._\. 

-;r 

..,~'p 

..... 1 229.7 ± 0.9 14 17.0 15.9 17.430 

.,3p ..._ "') 

""-
242.3 ± 0.8 16 20.1 18.7 20.459 
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Table 2.4. El transition rates for cc system. Experimental values 

of cu are used. 

Transition E>:perimental u;. 

<MeV} 

--~----------- ·----

1
3

P 
..,.. 

..,. 1 ~'s 1 3(}3. 2 
0 

1
3

P 
1 

388.7 

1
3

P 2 
429.4 

..,.. 
1

3
P ...,~'s _,. 261.0 

.L. 1 0 

t 3
P 

1 
171.8 

t 3
P 

2 
127.7 

Transition width (KeV) 

OURS 

226 186~33 

460 392.60 

609 529.28 

77 
~'' 69.83 

48 59.75 

41 40.90 



Table 2.5. Dipole matr-i>: element <r> ·= J R R'r
3 

dr for bh and cc 

systems. 

-1 
<r->(GeV > (bb) <r> (GeV-l) (cc) 

Tr-ansition 

FUL51 KR67 4C:C MR ~ OURS NR45 OURS 

t
3

P 
.,.. 

~ 1 ~'s 1.194 1. 098 1. 08 1.135 2.08 2.15 
J 1 

~ 

t
3

PJ .....,~·s 
~ -1.644 -1.646 1.64 -1.577 2.65 -2.86 

.L. 1 

.....,3p 

.L. •. J ~ 1 ::.'s 
1 

0.226 0.240 0.26 0.214 0.37 

...,3p 
J.:. J ~ 

...,3s 

.L. 1 1.970 1.911 1.89 1.998 3.72 

..,..3 
t

3
P 0.0185 0.023 -0.024 -0.0.28 ,:_, 81 -+ -0.07 J 

-;r3,... 7 

~' .:::11 ~ z~'pJ -2.573 -2.672 2.68 -2.689 -4.83 
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+ -
from the observed forward-backward asymmetry in e e ~ bb as 

Nell as the absence of flavour changing neutral decay of b quark. 

The indirect constraints 40 < Mt < 200 GeV on the top quark mass 

are available from i} the ~-adiative correction toW and Z .boson 

masses and ii} the Bd ~ Bd mixing. A direct quark search~ on 

+ -
the otherhand, may be available in the e e collider although the 

curr·ent energy range is rather 1 ow. ·rhe data from PETRA and 

'0 TRISTAN·' suggest Mt > 26 GeV. The ne>:t generation LEPI and 

LEPII colliders are expected to probe t-quark mass upto 50 GeV and 

100 GeV respectively. The pp colliders seem to be more promising 

in this respect because of their high energy reach. Ho¥1ever, the 

corresponding t-signal is not very clean and one has to use 

. 1 t d l t t } . t 71 Th t lSO a e e ec ron .muon s1gna ure. e curren data from the 

CERN pp 
7? 

collider - suggest conforming with the 

theoretical lower limit. In near future pp data from the Tevatron 

and the upgraded CERN coll i ders are e>:pected to probe the upper 

mass limit73 _of the t-quark mass. These results are expected to be 

available by mid-ninties. The CDF collaboration at the Tevatron 

and UA1 and UA2 at CERN have put the e>:perimental 

quark mass above or at least 60 74 .GeV. \.>Je shall 

discussions here t~ the range 30 S Mt S 70 GeV. 

Table 2.6 gives some predicted toponium 

1 i mit on top 

confine our 

levels for 

di f fet-ent val LIE'S of top quark mass. Fot- M (tt} ..... 8(1 GeV, we expect 

about 10 S-states below the threshold. A graph of the variation 

of the binding energies versus the mass of is shown in 

. Fig.2.4 and its nature is found to be almost linear. The lev~ls 
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Table 2.6. Energy levels of tt states. 

Energy levels for various states in GeV 
Mass of t quar~~ 

(GeV> 

30 

40 

45 

50 

55 

60 

• 1:" 
O.J 

70 

lS 

59.15 

69.07 

79.01 

88.95 

98.89 

108.84 

118.78 

128.73 

138.68 

28 

59.78 

69.71 

79.66 

89.60 

99.56 

109.51 

119.48 

129.44 

139.40 

38 

1P 2P 

59.64 60.02 

69.58 69.97 

79.53 79.92 

89.49 89.87 

99.45 99.84 

109.41 109.80 

119.38 119.77 

129.35 129.74 

139.32 139.71 
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Fig. 2.4. Level Separation VS. top quar~~ mass. 

39 

80 



are not yet coulombic. 

J 
II.4. Total and hadJ•oauc decay widt..hs of' .~b st..at..as a 

The Crystal Ball Collaboration at DEsv
19 

have studied 

radiative decays of the Y<2S> resonance in which they detected 

two monochromatic photon lines at energies 107.0 ± 1.1 ± 1.3} 

MeV and ( 131.7 ± 0.9 ± 1.3} MeV along ~~ith a pair of leptons. 

The decay mechanism may be written as 

Y(2S> -1- y + xb 

j._ _ ___,.,, )" + y (1 s) 

~-.1 -~~~- + - + ·-
e e or J..1 J..1 (2.6) 

The product branching ratio is given by 

+ - J J 
BRJ [ Y<2S) -1- yyl 1 ] - BR [ Y(2S> -1- YXb J x BR ( Xb -1- rY<1S) J 

. +-
X BR [ y ( 1 s} -1- 1 1 ] (2.7} 

By ma~dng use of the e>:perimental branching ratio, we can find out 

the total width and hadronic decay width of 

g'i ven by 

X [ .J 
BR(xb 

Our calculated results are as follows : 

40 

1 

J 
X b 

state., which is 

- 1 ] • 
Y(S>) 

{2.8) 



C1} CalcuJated E1 tr~nsitiori widths : 

Transition"- Transition width in l<eV 

35.034 
..,.. ..,.. 

1 -'p "") _,. 1 -'s 
4 1 

40.357-

2.000 

1.966 

(2) We make use of the e>:peri mental· values of the branching 

ratios 
18 

BR.., [ Y<2S> 2 
) ( 5.8 ± 0.7 ± 1.0 )% _,. r:xb = .... 

BR1 
[ Y<-2S> 1 

] ( 6.5 ± 0.7 ;t 1.2 >X _,. Y'Xb = 

to determine roughly the average total width of Y(2S) 33 KeV., 

whi.ch may be compared \o~i th the e>:peri mental results ( 44 ± 9 } 

l<eV. 

(3} We next consider the J 
.'Xb states : · From _ (2) above and . the 

+ -measured values of the product branching ratio BR'")£Y(2S) _,. yyl 1 J 
_. 4 

" . -4 . . . + -
= (. 4 • 4 ± 0. 9 ± 0. 5 ) x 1 0 _ and BR 

1 
[ Y ( 28) _,. yyl 1 ) = . ( 5. 8 ± 0. 9 

4 . . . . 19 
± 0.7 } x 10- , given by Crystal Ball Collaboration and average 

branching ratio for Y<1S) ·_,. l+i

width and the hadroni.c width of x~: · 

Total width 

2 
X b 

1 
X b 

<KeVl 

143.63 

106.01 

0.027, 28 we get the· total 

Hadronic width 
<KeV> ·-

103.27 

70.98 

Since th~re is no measured value of the product branching ratio· 

f 
0 d t •' . . t or xb , we_ cannot e erm1.ne 1 ts w1d h, e-..,.en if we have the E1 
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transition rates involving the 
0 

.Xb state. The e>:perimental results 

involving 
0 

xb will be ver~ much welcome. 

II.5. Conclusions : 

We have shown that the non-relativistic· description of the 

heavy quarkonia by a potential comprising of a short-range QCD 

potential which is matched to a confining potential generates the 

mass spectrum and decay widths of the bb as well as cc states. We 

find that the values of the leptonic widths including 

Poggiu-Schnit~er corrections are in good agreement with 

e>:periments in the case of cc states. Hot-lever, this correction is 

negligible for heavy quarkonia. We are unable to find a good fit 

of El transition rates of cc due to the fact that we neglected the 

relativistic as .,.1ell as coupled channel effects, which reduce the 

overlap bet!.'Jeen the- two states considerably. It is e>:pected that 

the parameters of the potential may require slight adjustment 

while calc~lating relativistic: effects. Since the branching ratio 

of bb state has not been determined theoretically by us here, we 

use eMperimental branching ratio to determine the total width and 

1 2 
hadronic width of the xb and xb states. The results shO\o'l the 

overall efficacy of a non-relativistic description for the Heavy 

quarkonia. However., for quantitative agreement with e>:perimental 

results, one should include spin-dependent interactions, which are 

relativistic in nature. This will be taken up in the ne>:t chapter. 
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*CHAPTER III 

FI NE-HYPERFI 1'lE INTERACTION 

*A part of the contents of this chapter has already been 

published in Ref.(75). 



III .1. Introduction : 

The spin-averaged properties of heavy quarkonia seem to be 

described fairly accurately by a Schr6dinger equation with a 

quark-antiquar~~ potential., which has been determined empirically, 

with some guidance from quantum chromod·fnamics. The 

spin-independent potential is determined accurately at least in 

the range 0.1 fm < r <1 fm. The potential is in general agreement 

with the calculation of lattice gauge theory. The situation is, 

however, less satisfactory t.olhen one considers the spin-dependent 

effects, e.g. fine-hyperfine splittings. The fine-structures of 

x-states, which hav~ been measured fairl~ accurately presents, 

in particular, a case where the simple-minded theoretical results 

seem to fail. This may appear a bit surprising, since the 

fine-hyperfine inter~ctions are essentially ~hort-distance effects 

and one may e>: pect a QCD-motivated potential to yield good 

results. Hot.o~ever, fjne-hyper·fjne irster·ac.·tions are relativistic in 

origin and the failure of the standard non-relativistic potentials 

may be due to the fact that the spin-dependent potentials are not 

related to the non-relativistic potentials in the simple way 

normally assumed. The method of studying the spin-dependent 

interactions have been· developed by Eichten and Feinberg, 41 

Buchmuller; 44 ' 76 

prescription will 

35 42 Gromes ' and 

be summari2ed in the ne>:t 

Their 

section. The 

Breit-Fermi interaction potential which is obtained within the 
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framework of Bethe-Salpeter equation are also discussed. In 

section III.3, we consider a modification of the Brei t-Fermi 

interaction potential which leads to a better agreement with the 

e>:perimental results. The calculated results are given in section 

III.4. Theoretical results obtained by some other authors have 

been compared with our results in this section. The possible 

modification of the results due to the inclusion of a pseudoscalar 

e>:change potential is also studied. Our conclusions are summarized 

in the last section. 

III. 2. Bn~i t-Fe•·nti. potential : 

The general form of the nearly non-relativistic 

potential, as defined by the Wilson loop, can be written to lowest 

order in 

'where 

s = 

2 (v/c) as 

s + s 
1 2 

S.L 
+ ----'")-

'?M.L.· ..... Q 

( - 4 
r 

dV'")<rl 

d~ ) 

' 
(3. 1) 

(3.2} 

and v81 is the spin-independent potential, and V~, V~, V are the 
. ..... .;) 4 . 

spin-dependent ones, related to the correlation functions of 

colour electric and colour magnetic fields which are different 

from those that determine the spin-independent potential. The 

potentials V~, V~, V4 may not, in principle, be simply related to 
.L.. ~ 
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V . However, it has been noted that a conceptually simple picture 
SI · . 

may be obtained if one assumes relations similar td those that 

emerge when one considers the Breit~Fermi interaction potentials 

obtained in the non-relativistic limit of a Bethe-Salpeter 

equation with vector and scalar exchange kernels. Thus one makes 

the following identification : 

V R(r} = V (r) + V (r) 
n v s 

(3.3) 

V"(r) = v (r) <3.4> .._ v 

., 
d.<:.~} (r > dV (r} /d1~ 

V~<r> 
v v 

(3.5) = + 
.;_, 

dr 2 r 

" V
4

(r} = rv {r) (3.6) 
v ' 

where V <r> and V (r} represent the vector 
v s anl;i seal ar excha.nge 

potentials respectively. With the usual non-relativistic reduction 

of the Bethe--Salpeter equation, the fine-hyperfine energies are 

given by 

where, 
3dV /dr - dV ldr 1 < v s 

) a = --"-
"M""'" r 
.L. Q 

(3.7} 

'") 

1 
dV /dr d.L.V 

b < v v 
) = --"-

""'\M .... r 
dr 

2 
~ Q 

<3.8} 
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2 .... 
c = < ..-r-v > (3.9) 

2 v 
·3MQ 

1 -:r 

and < s1.s2 ) [ 5(5+1) 
_, 

] = 2 - 2 

< L.S > 1 
[ J (.J+1) L <L+1 > S <S+U ] 

2 ·- -

2 '") '") 

- < L.S > - (1/2){ L.S ) + ( 1 /3) < L .... >< s ..... ) 
< 5 12 > = <2L+3> <2L- 0 

It can be seen that both seal ar and vector potentials enter into 

the sp:in:._orb:it interaction term whereas the spin-spin and tensor 

interactions depend only on the vector part. The spin-dependent 

mass-splitting formula can be written conveniently in the matri>: 

form as 
"':! 

( i ) M ( -·s } = • 1/4 M0 <nS> .1 
1 

for S-states 

M ( 
1 
so } 1 -3/4 c(nS} 

7 

~ i i } M ( ~'p } = 1 1 -1/10 1/4 M
0

<nP> 
2 

N 3p } 1 -1 1 ,..., 1/4 a(nP> 
1 ~ -<-

for P-states 
...,. 

M ( -'p 
0 

} 1 -2 -1 1/4 b<nP> 

M ( ' 1 p 
1 

} 1 0 (I -3/4 c(nP) 

(iii) M 3D } = 1 2 -1/7 1/4 M0 <nD> 3 

M ( 3D } 1 -1 1/2 1/4 a.<nD> 2 for D-states 
~ 

M -D ) 
1 

1 -3 -1/2 1/4 b(nD> 

M ( 1D 
2 

) 1 0 0 -3/4 c(nD} 
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Her·e M. (nL) r·epresents the spin·-aver·aged mas~ of the system. ·Thus 
0 . . 

tor· P-·states., the centre of gravity of the triplet state· is 

given by 

M. 
3

PCOG } = ( M<
3

P0 > + 3 M<
3

P 1 > + 5 Mt
3

P2 > ) I 9 • 

7 

From the l'nown masses of ~'p J states of bb anp cc systems., it is 

customary to define the fine-structure ratio r as 

r = (3. 10}-

where MJ are the masses of the :;r-states with. total spin J. The 

e>:peri mental values give r .-- 0.8 for all .x-states. ln the limit .. 
of a coulomb potential., r = 0.8. E>:perimentall y r = o .. b7 ± 0 .. 05 

for· bb UP} ·and r = 0. 48 ± 0. 01 for cc <lP>. Therefore., ·as e>:pe~ted., 

the bb system is more.ceulombic in nature thait cc system. 

The simple prescription, Eqs. 

imposes severe constraints on the potentials VnR<r> and V (r) 
v 

and it is not surprising that the potentials fail to account for 

the observed fine-hyperfine splittings. It is now recognised that 

the hyperfine structure of P-states, in particular, cannot be 

78 . 5o 79. explained within the framework mentioned above. Ig1 and Ono ' 

have considered the radiative corrections to the potential, as 

given by Gupta., Radford and Repko48 , 49 for the spin-dependent 

interactions and foLind that the ~~ecent data on hb and he cannot be 

accounted for. Pantaleone and T 47.,80 ye, 

48 

using the potentials 



derived by the method of Eichten and Feinberg,
41 

have also reached 

similar conclusions. They even suggested a reexamination of the 

experimental results. 
81 Gupta et aL. have also noted that both bb 

and cc'data cannot be fitted with the same set of potential 

parameters. It appears that the spin-dependent interactions are 

not yet understood and further investigation is essential. 

III.3. Modi.fied Breit-Fermi potential : 

While looldng for a modification, it ¥~ill be useful 

within the frame~ork of Breit-Fermi form, although the_ validity of 

the Eqs. (3.3} - (3.6), in particular, will have to be examined 

critically. We intend to undertal{e such a study. As a first step, 

we consider a simple empirical variation of the relations 

(3.3}-(3.6>, aimed at fitting the fine-hyperfine data, without 

losing contact with the fairly successful non-relativistic 

treatment. 

We note that while the static potential has to be equal to the 

sum of V and V 
v s 

35 42 
<Grames ' sum rule), v...., does not 

.4. . 

have to be 

equal to V . This provides a possible direction for introducing a v . 

modification. We write the non-relativistic' QQ potential as in the 

previous chapter, e.~., 

where 
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f<r> = 
-r /s 

<1 + e 
0 

} 

(r-r > /s 
(1 + e o } 

, 

(2} 
and VQCD(r} is the 2-loop QCD potential. The long-range part VL is 

not well-determined and we choose 

= Ar + B ( 1 + lnAMS r } ( 3. 11> 

The motivation for including the lnAMS r term may be mentioned 

here. As has been pointed out by Olsson and 82 Suchyta, . the 

spin-orbit contribution of the confinement potential can be 

separated in the observed fine-structure of 

results are 

a conf 

aconf 

bb > = -7.7 ± 2.1 MeV 

cc > = -25.9 ± 1.3 MeV ' 

1P states and the 

(3. 12) 

,., 
while a linear confinement term kr, with k ~~ 0.2 GeV"" gives the 

values a f(bb} = -2.8 MeV and a f.(c~} = -18 MeV. Thus if the 
con . con 

Breit -Fermi form is accepted, a modification in the long-range 

potentia·} is necessary, and this can be done conveniently in the 

83 intermediate range of r values. Olsson and Suchyta considered a 

modification of the form VL(r} = Ar - air, which is supported by 

lattice gauge calculations. 84 Ltisher85 also s~ggested similar 

form from flu>:-tube considerations. We, however, prefer the form 

<3.11} because it leads to a milder behavior for the corresponding 

spin-orbit term at short-distances. We now looh for a simple 

modification of the standard Breit-Fermi relations by choosing V R 
~ n 
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= v~~r} + v (r), where 
.... s 

(2} = f . ( r > V QCD ( r > 
3 'I 

AMS r"'" ( 1-(~Jr- > , 

= 0 r > {~ (3.13> 

, 

= (1 f (r} )vL <t-) r --- ~ (3.14} _,-

2 2 
dV,_,\r)/dr 

v~·k > -L. 
(3.15} = d V,_,(r}/dr + 

,:_, 
~ r 

":> 
'./'l(r} = "l~V,_,(r) (3. 16} ..._ 

The potentials cho_sen have the following features : 

(1) The non-relativistic potential V R remains unchanged. There is . n 

no discontinuity in VnR' and the discontinuity in dVnR/dr occurs 

at a large value of r = ~ = 1.835 fm, so that the short-range 

spin-dependent results are not appreciably disturbed. 

(2) V,_,(r} differs from V <r>, the difference indicating a possible 
L './ 

contribution from non-perturbative interactions. As r ~ 0, one 

regains the one-gl uon-e>:change term. 

(3} The Woods-Sa>:on function has been introduced
66 

to interpolate 

between the perturbative and the confining regions. One may hope 

that the fine-hyp~rfine splittings could be fitted by adjusting 

these parameters. The e>:pection, hot-iever, is not fulfilled. The 
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obvious conclusion is that within the framework of Breit-Fermi 

scheme., the potentials Vv(r} and VL (r·} need some modifications. 1.-Je 

have given above a simple modification with an e>:tra parameter~· 

., f(r)V <r> 
v 

is already negligibly small., 

where a cut-off is introduced. The cut-off 

tb eliminate the unphysical perturbative QCD singularity at r = 
-1 . 

AMs· The cut-off should not affect the calculated results with 

our choice of A = 
MS 

196 MeV. 

(5} The potentials V2 <r> and Vs(r) and Vt = VnR have been shown in 

Fig.3.1. Whether the potential V~(r) should still be 
.L 

called the 

vector e~change potential is not clear., but the e>:tensi ve 

modification of the QCD potentials needed even for a modest fit 

with the eiperimental fine-hyperfine results is an indication of 

the constraints on the potentials. 

III. 4. F.ine-hypert'ine spli t.t..ing:s • 

With the choice of VnR as in above., we have solved the 

Schrooinger equation numerically and have also evaluted the 

quantities relevant for fine-hyperfine splitting replacing v by 
v 

V~ in Eqs. (3.7) - (3.9). The values of 
.L. 

the parameters Mb, Me' 

AMS ., A., B., r and 
0 

s are the same as in the previous chapter. To 

determine fine-hyperfine splittings, we have used only one extra 

parameter ~ =1.835 fm. 

The results obtained may be summarized as follows : 
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(1) The non~relativistic potential VnR gives fhe spin-averaged 

spectra fairly accurately 7 excepting for the centre of gravi!Y 

mass for the 1P states., which is about 15 MeV less than the 

experimental value. In the case of Martin potentia1, 86 the lowest 

mass Y P-state is obtained 40 MeV below the COG value. The 

absence of a coulomb-like singularity raises the S-··states 

with respect to P-states. This problem e>: i sts with Cornell 

potential also., although not recognized by the earlier workers. 

87 The reason, as given by Jacobs et aL., is that earlier worl{ers 

used the ~., lP., ~· masses while one considers, in the present 

conte~t, the COG values of the split levels. For ~and ~·., this 

change means a difference of about 25-30 MeV, whereas the shift 

for lP state is much smaller, leading to the observed 

disagr-eement. ~le have not tr-ied to remedy this, because the 

fine-hyper-fine splittings are not likely to be much altered by 

this small shift of' the COG value. We have not considered the 

spin-independent relativistic corrections. For the bb states 7 

these are anyway very small. 

(2} To study the spin-dependent interactions, we fi·rst consider 

the Breit-Fermi potentials without any modification., viz. vr') = ..... 

Vv and V
5 

= (1-fCr>) VL. The calculate~ values fqr a.,b.,c for the 

five levels C 1S,2S.,1P of cc and 1P,2P of bb >, for which the 

experimental results are available, have been shown in Table 3.1. 

It is obvious that the naive choice V = V and V = (. 1-f(r>) VL do 
2 v s 

not agree at all with the experim~ntal results. Note., in 

particular., that with V = V , one gets negative values for a and c 2 v 

54 



lable 3.1. Results for unmodified Breit-Fermi interaction (i) 

without and Ui} with pseudoscalar e>:change contribution. 

State 

bb OP> 

bb\2P> 

cc ( 15) 

cc(25) 

cc<lP) 

atMeV) 

E>:pt. 

10.3 
± 1.2 

34.9 
± 0.3 

Theory 

5.64 

6.97 

-18.41 

-

b~MeV> 

E>:pt. Theory 

(i) 9. 44 
12.0 
± 0.9 {ii}12.16 

0) 7. 67 
9.8 
± 1. 4 ( i i ) 1 3. 54 

(i} 8.64 
40.1 
± 0.8 (ii }30.18 

aNo 6 3 (r) term was considered for evaluating c. 
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c<MeV> 

Expt. Theory 

(i} -4.87 
5.4 

± 2.2 (ii)-5.12 

(i} -3. 16 

(ii) -0.35 

116 
± 5 (ii}167.82a 

92 
± 5 

(l 

(i} -5.99 

± 0. 9 ( i i } -1 • 25 



for cc states, while the eMperimental values are positivg. A 

modification of the naive choice is definitely called for. 

<3> With the choice of Eqs.<3.13}-(3.16>, we get the results shown 

in Table 3.2. The overall agreement for the fine-hyperfine 

splittings of the P-states for both bb and cc systems is 
• 

satisfactory, but leaves scopes for improvement. It has been 

possible to get a positive value (though smaller than the 

experimental value> for c for Y<1P> state. This may be taJ~en as 

indicative of the trend of the modification needed to explain 

these data. The fine interaction results are in general agreement 

with the experimental results. It may be pointed out that our 

attempt to get a positive c for 1P bb state has led to a little 

worsening of the agreement for the values of a and b. This can be 

seen by increasing the value of ~ a little, say to ~ = 1.86 fm 

where we get a·= 19.33 MeV, b = 12.9 MeV and c = 1.94 MeV for bb 

lP state. While smaller values of a and b can be obtained by 

choosing a smaller ~' the value for c becomes negative. Igi 

and Ono79 and Pantaleone and 
80 . Tye obt.:n ned negative values 

for c. None of the calculations ·could accurately fit the value 

of b for the lP(cc) state. Also, the value of c(2S) is generally 

lower than the experimental results. We have not considered any 

o3 (r) term in the spin-spin potential. Our values for a are 

slightly higher than the experimental results. It is possible 

that the lnAMS r term in the confining potential cannot describe 

accurately the necessary modification in the potential in the 

distance scales scanned by 1P or 2P bb states. 
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T~ble 3.2. Expectatio~ values of the spin~orbit (a) ~ tensor (b) 

and spin:-spin (c) potentials obtained in different.mo.dels •. 

State Values E>:peri mental . Pantaleone Igi and' Ours 
of values in MeV 

et al.. 
47.,80 0 50.,79 Eqs. no (3. 13} " <MeV> with AMS - = -(3.16) 

. 200 MeV (MeV> 

(MeV) 

bb ('1 S>- c 35.0 39.5 cog a~b 
...J • ~' 

bb<2S> c 19.0 21.5 30.8b 

a 14 .• 1 ± 0.4 13.0 14.3 19.07 

bb <1P> - 'b 12.0 ± 0.9 9.0 11.76 12.86b 

5.4 ± 2.2 
. a 

-0.772 1. 74 c -0.4,-0.5 

a 10.3 ± 1.2 9.3 9.-38 13.88 

bbC2P> b 9.8 ± 1.4 6.7 7.92 9.98 

c -0.3,-0.4a -0.542 -0.88 

cc(1S.> 116 ± 5 101.0 140 b 
r; 122.69 

cc(2S> c 92 ± 5 69.0 84 34.78b 

a 34.9 ± 0.3 48.0 40.5 33.22 

cc ( 1P> b 40.1 ± 0.8 46.0 43.6 30 .. 97 

0 ± 0.9 
.. a 

-3.49 0 .. 98 c -3.6.,-1.4 

a . 
New values obtained. 80 

bNo o3 (r} term considered for evaluating c. 
'-

-
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\4) Table 3. 3 and Table 3. 4 sho~t~ the fine-'hyperfi'ne structure of 

bb and cc systems. We have compared our results ·with recent 
. . 88 

calculations by Gupta., Radford and Sl.tchyta III <GRS>., Schmitz., 

Beavis and l<aus89 (SBI<>, .Fulcher51 (FUL) and also the e>:perimental. 

28· values • However, GRS use a non-singular potential. by considering 

different values of the .scalar-vector mi>:ing parameter for 

different flavours which need a justification. The potential 

chosen by SBJ< includes a .running coupling constant cdr) with some 

modification to avoid a singularity·. Fulcher's work is based on a 

on~-loop perturbative potential !:?Upplemented by a linear 

confining potential and a long-range spin:-orbit potential~ The 

.. 
pseudoscalar partner nc of ~ meson in our case is .very ·close to 

the e>:perimental value whereas the ·1s
0 

partner of ~·<n >·is. too c . 

high. In the Y system, the predicted centre of gravity value of lP 

state is too low if we fix the value of 13 51 energy level at 9!'60 

MeV. SBK also found similar differences but the results 'of FUL 

agree ·with the e>:periments. However, our, result for the COG of 2P 

states is very close to the experimental. value and it almos~ 

agrees with FUL's result whereas in SBI<~'s calculation, the COG is 

shifted upward by appro>:imately 20 MeV. In case of ~ mesons, the 

spin-averaged ;~-level predicted by us is about 20 MeV below its 

observed value. The energy levels of D-:-state of bh and cc systems 

are listed in Table 3.5. Her~, our results are compared with the 

51 calculated results of FUL and also of Sebastian et 

who used the poter~ti al propos~d by Gupta., Radford and Repko. In 

theY system, almost all the potential models predict .nearly 'the 
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Table 3.3. Ener·gy level spl~ttings for the Y system. · 

GRS
88 FUL51 .. SBJ<B9. 

•''·· 

State Experimental value OURS' 
<MeV) <MeV> <MeV) <MeV> <MeV) 

. 

1
3s 1 <Y> 

,,. 

9460.32 + 0.22 9460.0 946() 9461 9460.21 

1 . 
1 so (?)b) 9412.2 9420 9401.38 

2 3
8 1 <Y' > 10023.29 ± 0.31 10015.8 10006 10023 10037.70 

..-,1 r- ( • } 

.L ;:30 "7)b 9992.5 9983 1000.6.90 

3 39 (Y ... > 
1 

10355.3 ± 0.5 10357.8 10355 10362.95 

3190 <7)i;> 10339.7 10336 10343.14 

439 <Y .. ' > 
1 

10580 ± 3.5 10596.51 

4
19 <n .. ' > 0 b 

10582.46 

3 2 
1 P2<xb> .9913.2 ± 0.6 9913.9 9908 9908 9904.02 

3 1 
1 P 1 <xb> 9891.9 + 0.7 9893.3' 9895 9880 9873.60 

13P ( 0> 
. O·-~b 9859.8' ± 1. 3. 9861..8 9874 9849 9835.24 

1 . 
9894.8 .± 1 C" ' 9900.1 9901 1 p1 (hb) • ..s 9884.50 

..,. ..-, 
2...>P (· '.L.> 2 .xb 10269.0 ± 0.7 10269.8 10268 10292 10269.·66 

~ 1 _,_,._ p ( , ) 10255.2 ± 0.4 10253.7 10256 10270 10247.89 ""' 1 xb 

_,_,3P <· .o> """ o xb 10235.3 ± 1.1 10228.8 •10239 10245 10219.04 

21
P 1 <ht/ 10259.0 10262 10257.66 
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Table 3.4 Energy level splittings for the 'IJ' system. 

State E>:peri mental value GRS
98 

SBI<
99 

OURS 
<MeV) <MeV) <MeV) <MeV> 

..,.. 
1-'s

1 
<ll'> 3096.93 ± 0.09 3096.9 3107 3099.37 

1 + 1.7 2981.1 2982 2976.68 1 s_ h) > 2979.6 1.6 {_) c 

..,.. 
2~'s 

1 
<'II'' > 3686.0 ± 0.1 3689.7 3692 3671.50 

1 
2 so h)~> 3594.0 ± 5.0 3619. 1 3636.72 

...,.. ":> 
1-'p ( "'} 3556.3 ± 0.4 7C"C"'"?' ~ 3561 3535.57 2 XC ._\..._j.J-'- .:J 

13P ( 1> 
1 XC 3510.6 ± 0.5 3507.0 3490 3487.71 

3 0 
1 Po<.:t:c> 3415.1 ± 1.0 3412.2 3412 3408.04 

1 
1 Plo-,c> 3525.4 ± a 

0.8. 3518.5 3504.47 

aBaglin et aL. <Ref.27}. 
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ta~le 3.5. Predicted D-stat'f? energy level splittings for Y and 

lJI systems in MeV. 

bb system cc system 
St.ate 

FUL51 , SGZ90 OURS SGZ90 OURS 
' 

..,.. 
1-'n 

3 
10162 10153 10163.3 3830 3783~9 

·...,. 
1-'n 10160 10149 10152.4 3822' 3782.~'6 

2 

3 
1 D1 

10155' 10143 10141.5 3801 3782.1 

,< 

1 ., 
1- D2 

101'60 10150 1015~\.8 3822 3800.,0 

2
3

0 
3 

_10451 10436.6 

...,3D 
·.L. 2 10446 10432.0 

..,.. 
...,-'n 
.L. 1 10440 10425.2 

2 1
0 

2 
10447 10433.6 

' !{ 
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same spin-averaged D-state B.E. to within ± 10 MeV. For the 1D 

level of cc, the experim~ntal 
3 

value of l~D 1 state is already 

known," i.e. M<
3

D
1

} = 3769.9 ± 2.5 MeV. From the Table 3.5, we see 

that our results are marginally_better than SGZ's results, but 

leaves scope for improvement~ Moreover, using the theoretical 

value of the radiated photon energy, we have studied the- E1 

tl~ansition rates for both bb and cc systems. These are listed in 

Table 3.6 and Table 3.7. 

<5> While we are 'convinc~d of the need f_or a modification of the 

naive BF interactiqn potentials, the-question whether· this could 

come as a contribution from a po_ssible pseudoscalar e>:change 

. 35 42 potent:1al · .. ·' should also be e>:amined. The pseudoscalar e>:change 

makes no contribution in the non-relativistic . · 1 i mit . but 

contributes the following (v/c) 2 correction to the fine-hyperfine 

interaction : 

HPS 
1 si.s2 2 1 ( 2 2 

-:· 2 V VPS(r) + 2 d VPS/dr 
3MQ 3M9 (3.17> 

We .choose a fairly general VPS(r) , i.. e. ' 

' 
(3.18} 

and try for. a fit with the e>:peri mental results for 'b and c. Note 

that 2 r term does not contribute to b and the 1:/r term contributes 

only a 63 <~> term to:c~ which-we neglect for the time being. The 

results, as shown in Table. 3. 1 disagree with the ~:,;peri mental 
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Table 3.6. E1 transition rates for Y states.· 

Ex peri menta 1 Calculated . 1 El <E>:pt.) . 1 El <Theo. > 
Tran5;ition .. 

u:: <MeV> U} <MeV>. (l<eV> (l<eV> 

-
':)38 

.,. .. 1'-'p . 162.3 ± 1. 3 200.42 1.29 ± 0.31 2.40 
.L. 1 (I 

i 3 p· 
1 

130 .. 7 ± 0.7 162.76 2 .. 01 ± ().49 3 .. 86 

13 P . 2 109 .. 5. ± 0.6 132.79 1.98 ± 0.48 3 .. 50 

.,. . ?" 
-..~' 

t--'F-0 483.8 ± 1.4 512.27 0.01 ..;_, 81 .. 
13 P 

1. 
453.2 ± 0.9 477.80 0.04 ± 0.03 0.03 

13 P . 2 432.8 ± o.a 448.77 0.06 ± 0.05 0.04 

3
3 S ... 1 .. 2 3

P 0 119.3 ± 1.1 142.91 1.22 ± 0.3 2.54 

...,3p 
L 1 99.6 ± 0.4 114.42 3.08.± o~6 3.90 

.., 
'"',_)P 
.L. ·, 2 85.9 ± 0.7 92.87 3.20 ± 0 .. 7 3.48 

13P 
0 

.. 7 

1 -->r-. 
~1 39t". 7 ± 1.3 367.88 23.·13 

""" 1~P 422.5 ± 0.7 404.73 30.80 
1 

13 ? 2 
442 .. 9 ± 0.6 433.87 37.94 

':)3p 
L. 

' () 
.. t 3s 

1 
741.5 ± 2.3 730.66 6.45 

..,3p 
-<- 1 764.8 ± 0.8 757.41 7.19 

...,3p 
L 2 776.8 ± 0.7 777~.55 7. 78. 

.,. 
~.23s ':)'-'p 205.0 + 2.3 179.73 8.35 

L 0 1 
':)3p 
L 1 229.7 ± 0.9 208 .. 03 12.95 

,3p 
.£. 

2 
242 .. 3 ± 0.8 229.34 17.35 
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Table 3.7. El transition rates for_VJ states. 

E>:perimental w Calculated' w· 
Transition 

<MeV> . <MeV> 

;_,38 . 
.4. 1 .... t

3P· 0 ·261.0 254.0 

t 3 P 
1 

171.8 179.19 

13 P 2 127.7 133.41 

t
3P 

(I 
... 138 

1 
303,.2 294.69 

t
3

P 
1 

388.7 366.72 
.,. 

1 -;-'p" 
-<... 

429.4 409.29 

3351 -)> 13
P 0 558.98 

7 

1...>P 
. 1 490.52 

13 P. 
2 448.64 

..,. ..,. 
'7~'8 ---'p 149.55 ~· ' 1 

-)> 
.L. (I 

7 

---'p 
.L. 1 111.94 

2 3 P · . 2 118.48 

..,.. 
138. 2-'p _,. 685.78 

0 1 
3· 

717.64 2 P· 1 
":)3p 
""' 2 712.15 

-->3p 
.L 0 _,. "38 

~ 1 184.01 

"" 220.88 -->~p 
.L . 1 

..,.. 
-->-'p 214.52 ~ 2 
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r El <Theo.) 

<l<eV> 

64.36 

67.79. 

46.63 

170.08 

329.69 

458.35 

0.36 

0.72 

0.92 

. 37.48 

47.16 

93.20 

64.11 

73.47 

71.79 

124 .• 50 

215.34 

197.27 



results. The parameters have been chosen as E = 1.297, F = 3.2 

GeV, G = -2.052 GeV2 and H = 0.1636 GeV3 • ~Je note, in particular, 

that ·(1} pseudoscalar exchange term does not modify the spin-orbit 

interaction and hence the value!~ .. of· a remains t.m~cc~ptably .. low; .,.,.... 

(2} c for bb(1P> is still negative and (3} c for lS' and 2S states· 

can be altered by including a term = ·0.073 

-2 GeV , giving for the cc system, the values c(1S> = 116 MeV and 

cC2S> = 117.6 MeV, the latter being about 25 MeV larger than the 

experimental value- Our conclusion is that the addition of a 

pseudoscalar exchange potential-alone is not sufficient. 

I I~. 5. Conc1 usi oJ-ls : 

We have shown that the naive Breit-Fermi interactions 

CEqs. 3 .. 3-3. 6> are not consistent with the fine-hyperfine 

The formal relationships may 

perhaps be maintained-if the vector and scalar potentials are 

modified at least in the intermediate range of r values. The 

modificat1on cannot be described by a pseudoscalar exchange 

potential. It appears that the measurement of the splittings of a 

few more levels should provide suffic-ient additional constraints 

and help in deciding if the ~reit-Fermi form. of interaction is at 

all valid for he.avy quarkoni a. 
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* CHAPTER IV 

EXACT RESULTS FOR HYPERFI NE I 1'tTERACTIOl·t' 

• A major par~ of the contents of this chapter has already 

been reported in Refs. (91} and (92). 



IV.1. !J'ltroduct.ion : 

0s pointed out in the earlier chapter, the spin-dependent 

potentials are not yet knot.om accurate! y. The recent! y discovered 

hyperf i ne .splitting of P-states cannot be accomodat~d comfortabl·y 

within the framework of the standard Breit-Fermi form. The 

uncertainty regarding the long-range confining part of the 

potential is one of the factors contributing to the comple>:ity of 

the problem. However, the S-states of the quarl~oni a have only 

hyperfine splitting and therefore, a careful study of and 

states can provide some useful i nformati C•n about 

spin-dependent potential and hence about if 

Breit -Fermi form ( Eqs.<3.1,3.3-3.6} ] is accepted. It may be 

mentioned that the st a·ndar-d appr-oach 1 eads to· highly si ngul a:-

terms, like. 1/r-
3 

and 6
3

\r}, for the hyper-fine inter-actions. As 

has 
9""'\ 

been pointed out by Bhadur-i et a!. , ~ a treatment of such 

singular potentials is not reliable as the hamiltonian becomes 

unbounded. The conventional ~ppr-oach has been to ignore this 

difficulty and tr-eat the singular- ter-ms per-tur-batively. Some 

attempts have, of course, been made to recast the spin-dependent 

potentials in 

parameter, some 

1 ess singular 
. 94 

authors 

form. 

used 

Introducing an additional 

cut-off to reduce the 

singularity. Ono and Schober1
95 

replaced 6
3

\r) by a short-ranged 

. 96 
function and Gupta obtained a form of the QQ potential which is 

not more singular than 
2 1/r . Obviously, the problem needs further 
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investi~ation. Apart from the hyperfine splitting, the decay 

1s states 
0 

may prmiide some essential 

information. Some e>:per-:imental results on these decay widths are 

' . 
already available. Model independent or e>:act results or bounds on 

the wavt-:>··-·hmc:tions at the oJ··igin, evE>n if weak, will be very 

useful in this cont~~t. We present in this chapter some general 

results which are valid for a large class of QQ potentials with a 

generally eMpected radial dependence. 

The presentation in this chapter is as follows. In section 

IV.2, some inequalities for the wave--function at the origin, valid 

for a general class of QQ potential have been obtained. In section 

IV.3, we make use of the QQ potential obtained by Gupta which 

an 
exhibits~explicit mass dependence and obtain some exact results 

for the hyperfine splittings of the S-states. These are used to 

obtain limits on the decay width of the nb states. The final 

section gives our conclusions. 

IV. 2. Son1e inequalities for S-state wave-functions : 

For a class of QQ potentials, it is possible to prove the 

inequality, 

v1here "~'t <r > and 

lp {(>} 
s 

} ~t (0) ' 

'If' <r) s 
denote the triplet 

wave-functions. ~Je write y.st {r} = ut (r)/r and 

(4. 1) 

and singlet radial 

V' (r) 
s 

= u (r}/r 
s 

u (r}, chosen real and 
s 

positive, satisfy the 
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Schrodinger equations 

2 2j.J d ut 
+ 2 [ 

dr 2 
h 

and 
2 2j.J d u s [ + -;=; " dr ..... h""-

ltle assume that the 

1 
Et - v (r) 4 v 

0 

7 

E v ~r) ~' v + 4 s C• 

spin-independent 

(r) Jut = 0 
a 

{r) ]us 0 = 
a 

potential V <r> 
0 

(4. 2) 

{4.3} 

is 

funnel-shaped with dV /dr_ > 
0 

(l and < 0 and that 

the hyperfine potential V (r} decreases monotonically, dV /dr < 0. - a a 

While the first assumption is generally accepted, the =:.econd is 

rmasonable or at least there is no known objection against it. 

Note that V (r) 
a 

is short-ranged and in the Breit-Fermi form, 
':) 

V = 'V.;.:..V V being the vector e>: change potent i al • _We, however, 
(..'Y v ' v 

..,.. 
ignore any 6~Cr} type term and assume that V (r} 

a 

in terms of a shor-t-ranged continuous function. 

can be given 

To derive the inequality we follow the steps given in Ref. 

(97) which 'generalise the. techniques developed by Grosse and 

.... t' 98 nar l.n. The steps are outlined below : 

a) We know that at a large distance, there is no spin-spin 

interaction, V (r) ~ 0 as r ~ ro 
a 

From the large distance 

behavior of the Eqs. (4.2) and <4.3>, we see that 

> u (r) 
s 

as since E ' s 

as given by experimental results for both · bb and cc states. 
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b) We note that the Wronskian 

I<r> = ( 

2j..J 

h 
2 

is also given by 

I {r} = 

r 

J 
0 

utus [ v (I~} 
a 

2j..J 

-r..? J ut u 5 [ V a ( r} 
r 

(4.5) 

as l(oo} = 0. Note that for r ~ 0, I (r} > 0 and for r ~ oo , 

l(r)' > 0 ., 

c) We note that since V is monotonic, the integrand has only 
a 

one zero, say at r = r • Hence for 
0 

r < 1~ , we use Eq. (4.4} 
0 

and 

for r .> r , we use Eq. (4. 5} to =-how that I (r} 
0 

> 0 for all r. 

One can now prove that ut - u has only one :o:ero, say at r 
s 

From (4.4), we get 

u~ (r 1 > ] > (I ' 

and since u > 0 , we see that ut - us can vanish only once. 

= 

> u <r> 
s 

u vanishes only 
s 

once, we see that us '> ut near the origin. 

e> !.IJe now consider the e>:pression 

.., 
llf's(O)j..._ 

.., dV 
1 

u"'-> --
0 dr + J 

s dr 4 
(! 
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00 

2 dVo dV '") 

< I ( .L. u } ·---· dr- since fY < 0 .lit s dr dr 
0 

Since both ut and u are normalised ' we have 
s 

00 dV d'./ 
-2 2 I 

? ? 

[ 0 0 ] IV~t ((l} I - IV's(O>j < (ut u-> 
dr- dr lr=r- dr s 

0 
1 

'") 

d..._V 
·' 0 since 0 < 0 <4.6) '• ' -·-2 

dr 

Thus the singlet wave-function is larger than the triplet 

~~ave-function at the origin, although in perturbative 

calculations, one takes 

The inequality (4.6} may be converted intq useful 

i nequal i ties for the decay widths of the ?)b and '~~c states. We 

first note some useful QCD relations involving ~~ave-functions at 

the origin of the vector meson v : 

+ - 16rz 
f'( v ~ JJ JJ } = --;::;-

f'( v ~ 3g ) 

f'( v ~ 2gy 

= 

} -· 

M""
v 

160" 

81M
2 
v 

128 
""9 C( 

3 
a 

2 
eo 

M 
2 
v 
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s 

C( 

2 
C( 

s 

2 
lv't<o>j' 

'") 2 
(rr - 9} I l#t ((I) I.L. 

2 
s 

<n 2 9) -

2 
lv's<O>I 

lv't (O> I 

(4.7} 

, (4.8} 

2 
' (4.9} 

(4.10} 



Using expe~imental 
. 28 

values for r· ( lJ' -j. 3g ) = 58.5 l<eV and 

r-: n -j. 2g > 
c = 10.3~~:: MeV, we get ·from Eqs. <4.8) and (4.10>, 

2 
lv't <O> I 

,., 
IV's<O>I""'" 

= 0 .,.41-0.146 
• ..J +0.267 (4. 11) 

if a < cc ) = 0.2048 , which may be obtained by considering the 
s 

ratio of <4.8) and C4.7) and using the experimental value ·for 

+ ry,< e e } = 4.72 ± 0.35 KeV. Thus experimentally V't (0) Ill's {0) 

o.6 - 0.9 for th~ cc system. In case of bb system, using the input 

+ -
value of r< Y -j. e e ) = 1.34 ± 0.05 l<eV, \fie get from Eq. (4. 7}' 

the value of 
2 ~ 

IV't ((I} I bb = 0. 403 GeV~, which now becomes a lolfJer 

bound for the wave-function at the origin of the yet unobserved 

1 s
0 

bb state. The simple inequality (4.6} should hold for all 

S-states for all heavy quarkonia for the class of potentials 

considered and hence useful in predicting the order of the 

two-gluon widths for all no states, yet to be discovered. 

IV. 3. Mass-dependent. pot-ential and decay width of' nb : 

As pointed out earlier, most of the eMisting potential 
.,.. 

models involve highly singular interaction terms, like 6~(r) or 

3 
1/r terms. The validity of a perturbative calculation with such 

terms is indeed questionable. 96 Gupta has proposed a new QQ 

potential, which is less singular. This is obtained_by considering 

a non-relativistic appro>:imation of the QQ scattering matri>: 
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..., "'} ..., ..., 
element by treating -'-; .L. (rather than p"'-/M .... > as the small p Po 

2 1 ..., 1 2 
e>:pansion parameter, where p = 4 

1<-'- + 4 s , I< = p'- p , s = 
..., ..., 

p' + p, it being. assumed that s- is very small compared to K ..... The 

appro>: i ~ati on 1 eads to the second-order perturbati ve potential 

4et -2Mr ..,..f f..., 1 4e ..., 
~) 

~' 1 
V(r) s [ (8~ L.S ..:. 

8 12] Ar, (4.12) = --::;:- - 3r 
- 2r 

-
4r + 

~' r 

where 

f1 [ 1 ( 1 2Mr )e 
-2Mr ] 

"") ,.., , t-r"'"r .._ (4.13) = - + ' , 

4 ..., ..., -"Mr 2 2 
f..., = [ 1 - ( 1 + 2Mr + 3 

M-'-r .L") e .... ] I M r (4.14} 
.L.. 

The potential has some interesting features, the most notable 

being its explicit mass dependence. We note that for an 8-state, 

the potential may be written as 

(4. 15) 

~~here ¢
1 

<Mr> is a matri>: function of Mr. In a recent paper, Gupta 

88 
et al.. have taken a mi >:ture of seal ar and vector exchange terms 

with an arbitrary mixing parameter B and have chosen different 

values of B for the bb and cc systems. A justification for this 

choice is not clear. If we assume that B is the same for all 

flavours and that the QQ potential is, in fact, of the type 

(4.15>, we may use the mass scaling properties of the 

corresponding Schrodinger equation to ·ctet-i ve some interesting 

results. 
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Let Me, M0 be the quark masses and let 
u(r) 

r 
and 

v~r> 

r 
be the singlet radial wave-functions satisfying 

2 2M d u c 
( E - M ¢><M r·} Ar Ju 0 ----=--=i + - 2 - = 

dr.L. ·h. 
. c c {4. 16} 

., 2M d.L-v b 
( E'- Mb¢(1'1br} Ar Jv (I 

2 
+ -----:;- - = 

dr h~ 

1.4.17} 

Mb 
We now consider a scaling transformation, r'= M r ., of Eq. {4.17> 

Mb 1/2 
' c 

and substitute ~{r} = ( M) '·i(r}. Arguments similar to those 
c 

given before, will lead to the inequality 

(4. 18) 

This behaviour is, in fact, expected even in more general cases. 

For a mass-independent power-law potential v V = ~r , one gets 

<4.19) 

Thus for a coulomb potential is a 

constant, but for v > -1., decreases as M 

increases as in 96 the case of Gupta·'s potential. For -2 < v < -1, 

the ratjo increases with M. The inequality (4.18) is a weak one 

but can still be converted into useful results, as is shown below: 

a> We note that with Mb = 4.78 GeV and Me= 1.36 GeV, which we 

have used in the previous chapter to fit the fine-hyperfine 

74 



spectra, the inequality gives 

b> Using <4.10> and the e>:perimental value of M<n } 
c 

...,. 

(4.20) 

== ":>979 ~ +1. 7 
~ ·"-'-1.6 

MeV, t.o~e get GeV~. Thus the upper bound of 

2.83 GeV3 • 

c) One may estimate 

giving 

r< YOS> 

a (bb> = 0.1946 
s 

from the rc.tio99 

... 2gy ) 

..,. 3g } 

d) The width of nb can now be bounded as 

321T 
2 

ct 
s 
2 M -QQ 

< 40 MeV 

(4.21) 

<4. 22} 

e> It may be noted that the potential of Gupta for the S-states 

quarl~oni a can also be written in the for-m 

2 "OW" 

v v (r) v ( ~' } = + s - 4 0 (.."11 
<4. 23) 

..., 
d'.,l d"""V dV 

with 
0 > 0 

0 < 0 
l.Y < 0 dr ' ~ ' dr 

dr 
Thus the first 

inequality ¢>b (0} > 
s 

¢~(0} , should also hold. 

f} The value of ¢>~(0} is already l'nown from its leptonic decay 

width>, j¢>~<O>j 2 ~ 
"?" 

0.403 GeV~'. We, therefore, get a lower 

bound for 

> 5.7 MeV . (4.24) 
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100 g) Rosner et al. obtained the inequality 

2 
!J'M' ( 0) (4.25) 

which is valid for power-law potentials and also for the class of 

potentials.discussed in 97 this chapter. t.>Je have given elsewhere a 

proof of this inequality for more general potentials. Since 2 lJI ((!} 

7 

for cc state is (l. 0651 GeV ~', we obtain the bound 

> 3-23 MeV (4.26) 

which is, however, weaker than the bound in <4.24). 

IV.4. Conclusions : 

We have presented in this .chapter some general results on the 

hyperfine members of the S-states quarkonia for a general class of 

potentials. The results will.be valid even if the Breit-Fermi form 

of the spin-dependent potential is not valid. We first use a 

flavour-independent potential and obtain a lower bound on the 

wave-function of the singlet S-states of bb. We consider in this 

conte>:t Gupta's potential for the QQ system and mal~e use of the 

mass-scaling properties of· the relevant Schrodinger equation to 

predict that the width r< nb ~ 2g ) should lie within the range 

6 "" ..IJO MeV. Thus even the wea~: inequalities considered here are 

useful in quarkonium spectroscopy. 
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* CHAPTER V 

TWO GLUil't'O BOUND STATES 

* A part of the contents of this chapter has already been 

published in Ref.(97}. 



V. 1. I nlroduc ti on : 

Super-symmetric QCD gives a simple method of studying the 

two gluino gg l bound states. The production and decay rates of 

~~ states have already been studied by a number of authors. 58 Th~ 

gluinos are e>:pected to have a lc::mg li-fe and can, therefore, -form 

bound statei which may be detected. The study of gg states is 

expected to provide a simple method of detecting a sparticle. 

However, there are considerable uncertainties in the theoretical 

predictions for the gg states, ·!oo~hich stem from the uncertainties 

in the gluino mass as v1ell as in the two 

potential, v~~~~ • The speculations about the gluino mass have been 
gg 

centred around 5 GeV ( light gluino > or 60 GeV (heavy gluino ), 

with the experimental bias shifting towards a heavier gluino. 101 

For these gluino masses, non-relativistic bound state model is 

adequate to predict wave-functions and binding energies of gg 

states. The potential for the gg system is only partially known. A 

simple minded application of super-symmetric QCD to the gluino 

sector suggests that the shor-t-distance part of the gg potential 

is rei ated to the short-distance par·t of the quark-antiquark 

potential by the colour- factor 9/4. There is, no such 

relation for the long-range part of the potentials. Some 

58 59 
authors ' have assumed the same proportionality constant 9/4 

bet\o'leen the two potentials"~ even for the 

long-range part, just because it makes the total 
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non-perturbative 

v~~·- potential 
gg 



propo~tional to the QQ potential, Vg5· Since the~e is a qua~k in 

each of the mass ranges presently considered for the gluino, it is 

indeed convenient to study the gg states by compa~ing with the 

qua~l:onium.states 7 which are rathe~ well-studied. In the hadron 

colliders, gg states may be p~oduced via the gg ~ gg and QQ~ gg 

subprocesses. Goldman and Haber 102 discussed the method of 

detection of the gluinonium states· v1hich may be produced in hadron 

collider and in quarkonium decay. A convenient method of detecting 

the~~ states will be to look fo~ a radiative decay, (tt> ... y + 

""r~ 1 
gg( Sr>, if permitted kinematically. To estimate this and 

~) 
other 

decay widths and production cr·osssection, one needs the particle 

density at the origin, Jvr::..-..(0} t 2 of the gg states. The uncertainty 
gg 

in the contribution of the long-range potential ma~~es any 

theoretical prediction for 
..., 

l"'l""~r~(O) 1.._ unreliable. We shall show 
gg . 

by 

considering a particular potential model that there is a 

significant dependence of the theoretical results on the 

long-range potential. Given this situation, it seems reasonable to 

look for model independent results or bounds. The observation that 

heavy quarkonia can be described by a Schr~dinger equation with a 

non-relativistic QQ potential has led to considerable activities 

in the study of general properties of the Schrodinger equation 

with confining potentials. The scaling properties of the 

6 
Schr~dinger equation for power-law potentials have been found to 

be very useful in deriving results of this nature. Rigorous 

results on level ordering for more general potentials have been 

obtained by· Grosse and Martin.
98 

The value of the S-states 
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wave-function at the origin ~<O> has a ~pecial significance in 

quarl~onium spectroscopy as this quantity occurs in the 

e>:pressions for various decay widths of the state. Nartin has 

obtained rigorous results for the relative magnitudes of the 

wave-function at the origin for 19 and 25 states for the usual 

. t t" 1 M t" 103 
quarkon~um po en 1a s. ar 1n has, in particular, shown that 

for convex <concave> QQ potentials, > 

< lvs
15

<0) I) which was found useful in comparing the 

leptonic decay widths of the quarkonia. Some of the techniques 

used by Nartin are now familiar· and we shall use them to derive 

some inequalities relevant for t~e study of gg states. The purpose 

of this chapter is to point out that the results can be 

generalised further to obtain some .useful information about the 

two gluino bound states. 

The presentation in the remaining par·t of this chapter is as 

follows. In section V.7, the two gluino bound state ~otential is 

briefly reviewed. In section V.3, we consider a class of 

potentials to study the effect of the long-range part of the 

potential on the spectroscopy of the two gluino system, using some 

general properties of the Schrodinger equation.· The results may 

provide bounds on decay width~. The 1 ast section gives our 

cone I usi ons. 

V.2. Two gluino hound st.at.e s 

Gluinos are a self-conjugate majorana spinor, transformi~g 
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as an octet of col our SU (3} and a1~e supersymmetri c partners of 

gluons. It would be e~actly massless at the tree level if 

super-symmetry were an unbroken symmetry. The gluino-gluino bound 

states are known to follow the general decomposition rule 

* 8 x 8 = 1 +. 8S + SA + 10 + 10 + 27 . 

We 7 however- 7 need consider only the singlet sector. Starting 

from an octet QCD action, Zuk et at.
58· followed the method of 

. 104 
Br1nk et at. to extend the original QCD lagrangian to the 

super-symmetric sector. The action is given by 

s == 
:i r-a 
- g ·.v.D 
2 

\f~h:ich describes the interaction bet~t~een the SLH3} gauge vector 

boson ~~11d its supet·par·tner gluino fields. 

derivative,. D = 
/-J 

~~ . Ta Aa v + 1g • 
J-1 /-J 

D is a covariant 
J-1 

the 

Yang-Mi 11 s ·fields constructed from the adjoint representation of 

gluon field. Ta are colour matrices. The gluino (major-ana) field 

.-..a NaT 
ga satisfies the condition g = cg which is necessary to ~alve 

the number of fermionic degrees of freedom to match the number of 

bosonic degrees of freldom. The majorana_constraint is SU(3) gauge 

invariant. The interaction lagrangian term of gluino and gluon is 

obtai ned as. 
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is a gluino current~ written as J~(M) 
<;I 

= 
1 
2 

and g is the strong QCD coupling constant. The matrix elements of 

the gluino current is 

g )- == 

where k and s denote the momentum and spin of the free gluino 

states. We now consider gg. sc:attE·ri ng at the one .. ~gl uon-e>:change 

level. The relevant diagram gives the matrix element 

2 = g 

Comparing this matrix element with that for e e scattering with 

one-photon-e>:change ,, v~e see that 

. .., 
C~CG)g~ v - - I 2 

L e e e =1 

Considering a similar graph for QQ ~ OQ, 

relation 

= ::: 9/4 

The above relation is valid for large· 
'"J 

Q.L-

v~e note the sealing 

v -QQ 

' 
in the 

(5. 1} 

region of 

'T 

perturbative QCD. But at small Q~f we have no knowledge of QCD 

pqtential and the scaling relation need not hold for the long 

distance part of the potential. In the ne>:t !:-ect ion, we show the 

dependence of the theoretical results on the undetermined long-
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range part of the potential •. 

V. 3. Long-range potential and results : 

To study the effec~ of the long-range part of the 

potential, we.conside~ a simple parametrization by assuming that 

v - = QQ 

V··-··- == gg 

' 
(5.2) 

(5.3) 

ar·e real parameters. is the short-range 

potential, which is attractive and dominant near r = 0. The long-

range part, VL (r) becomes positive and divergent as r ~ ro. We 

first consider a particular non-relativistic potential VQ5 = v
5 

+ 

·- f ( r ) V ~~~ {r- ) 

( 1 + 
and f<r> = 

(1 - f (r->) 

-a/s 
e ) 

\.) (I'. } 
M 

(5.4) 

where v5 is estimated from the two-loop QCD calculations, given by 

the Eq. <2.3). We choose AMS = 0.200 Ge'-1 and Nf = 4. 

VM is a Martin-type power-law potential given by 

8 08
,- 0. 1 VM<r> = -7.392 + • 0r 

8 ""'! ·-· 

In (5.4}, 

(5.5) 



with r in fm. The choice is motivated so that 

VQCD<r~al = VM<r=a) (5.6) 

We have chosen' the parameters in the pqtentials v5 and VL so that 

the condition (5.6) is satisfied. Because of this condition, the 

calculated spin-averaged results are not very sensitive to the 

' 66 
choice of the values of a and s. We have chosen a == 0.0723 fm 

and s = 0.01 fm in the following calculations. The singularity of 

~;<2> ( } at 
-1 

should be ignored in calculating vs<r>. One QeD r r· -- AMS 

< -1 
may truncate v5 <r> for r )· r o' where one chooses r AMS so 

0 

that <r -a} /s >> 1. The results are then insensitive to the value 
0 

of r chosen. 
0 

\IJe now assume = 9/4 

binding energies and the values of 

+ and calculate 

"'} 

I 'lj.Jrw~~ ((l) 1-<- of the gg system 
gg 

the 

for 

a range of ~values < 0.5 5 ~ 5 3 )and with different gluino mass. 

Our results are shown in Figs.5.1-5.4. We do not e>:pect a large 

deviation for these results for any other acceptable potential 

2 model. We note, in particular, that f~(O) I for both light and 

heavy gluinos show a significant dependence on ~- It is obvious 

that the long-range part needs more attention. 

The decay rates of gluinonium are given by e):pressions similar 

to those of the corresponding quarkonia, apart from the group 

factors 

1 
2 

8 2 ...,.. I c '1 (G) I c .... ( R) l = 27 I 4 
_, "'- .L.. 

Thus the decay width of two gluino bound state is given by 
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1'-Jo~... -+ 
l ( gg { 0 ) ~ gg) = 27 8 2 2 2 

- :::;:- a lll'r~ ..... < (l} I .I M • 4 . .:_, s gg 
(5.7) 

The standard formula for gg production cross-section in hadron 

collisions is 

f'(gg -i' gg) 1 

0 -- C2.J _._ 1) 

....., 

---- ., 
>: 

f ():) 
g 

f {·Tl>:) 
I] 

= 

\5.8) 

where T = ML/S 7 M 7 the gluinonium mass and 3 ( 1->:} ..s /;: is 

assums-d to gi \IE' the di stl~i buti on function fo1r gl uons. We have 

consider-ed only the cr·oss-secti on foF- pseudo!:::.cal ar production. We 

have shown in Fig.5.5, the cross-section versus pr~ for two 
g 

different beam energies <-J/S) considering tvm different values of 

~- An increase in ~ decreases the cross-section for a given gluino 

mass. Our calculated results agree with those of l<uhn and Ono
58 

but differ slightly from the results of Kane and Leveille105 at a 

higher beam energy. 

A study of the general features of the potentials (5.2) and 

(5.3) provides some information ~Jhich may be obtained in the form 

of inequalities. The proof of the. inequality ma,{es use of the 

techniques developed by Martin. that both the 

short-range and the long-range parts of the potential are 

monotonically increasing. The assumption is true for almost all 

the potential models considered for the QQ systems. Thus v
8 

and VL 

in (5.2} and (5.3) satisfy 

dVc 
.~ 

err > 0 ' 
> (t (5.9) 

89 



-30 
10-

N 

'E 
(.) 

c 
0 

-31 
10 

·;::. -32 
~10 
!/) 

!/) 
I/) 
0 .... 
L) 

-33 
10 

-34 
10 

Fig.5.5. 

Vs = 540 GeV 

I 
I 
I 

I 
I 
I 
I 
I 
I 

-I 
I 
I 
I 
I 
I 
I 
I 
\ 
I 
I 

10 

The values of 

20 30 40 50 
,ug (GeV) 

cross-section Co) for pseudoscalar 

production \.'S. J-1~~. The solid line corresponds to ()':=2.25 
g 

and the·broken line to (Y=3 • 

90 



2 d v~~~~ 
gg 

and < 0 concave ·downwards } (5. 10} 

but are otherwise arbitrary. We can derive the following results: 

(a) If J-1~/ J-Ig 1/a and 

we have for the 1 S stat·es 

Min~ a,~ } C JJ-Ip
0

> g . 

f?J > J-1 I p~~ 
Q g 

where Min( <-'t.-,{~ ) is the smaller of the two parameters. 

(b} If 1/ct and (~ ·- < I I I I·~~ 
',....Q ,....g ' 

2 
llf'gg <o> I •, 

' 

(5. 11) 

<5.12) 

Let y.,.....~~ = v(r}/r 
gg 

'IJ' -·<r) = u (r) /r QQ be the iS radial 

r~-

SOlutiOnS for the gg and QQ systems respectively. Both u abd v are 

chosen positive. To prove the inequality (5. u}' ~;o~e . follow the 

steps outlined bel O\'l: 

(i} For r ~ oo, we can make use of the large r behavior of the 

radial equations to show that 

<i i > It can be sho~m that 2 2 v - u has a unique zero. Consider t~e 

WronsJd an 

I (r} = (v'u u'v)(r}· 

r 
1 

f [ (a J-Jo>vs (~ J-lg>VL. = ---;::;- uv p~~ - + pr~ -
h.L. g g 

(I 

-- ( E' J-lN - E J-1 } ] dr 
g Q 

(5.13} 

Since I (oo} = 0, we may also wri'te th·e following representation 
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I <r) = 

(5.14> 

From (5.13), it follows that for r o, the integrand is - (~ p~.. -
9 

p
0

>v
9 

and negative and hence l(r) < 0. For r ~ oo, one finds that 

the integrand is (5.14>, it 

follows that l(r} is also negative at large r. Since both vs and 

v 
L 

are monotonic ' u and v are nonzero and positive. It has, 

therefore, only one zero, say at r = r . For r < r o' we use 
0 

the 

relation (5.13) and for r > we use the relation (5.14> to show 

that l(r) < 0 for all r. We can now show that v- u vanishes only 

once, say at r = r
1

• The relation (5.13) gives 

(5. 15} 

Thus ( v'- u'} < 0, since u > 0. 
r=r

1 
The uniqueness of the 

zero of v - u and hence of 

(iii) Si nee 2 2 
v - u < 0 for 

unique zero, we conclude that 

2 2 v - u ) follows from above. 

r -> oo and since 2 
v 

2 
v 

2 
u > 0, for r o. 

2 
u has a 

(i v) In the 1 a=-t step, we make use of the well-known relations 

like 

'I 
u' .... ((l} = dV dr 

dr 
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·we consider, wih ~ ~ a , 

2 
lv""~~~ < o > I gg 

J.r~ 
g 

~ llf' --{0) 12 
J..lg QQ 

= 
., 

v, .... ((I) - ~~ 

v~ 
g 

== ~~ 
h.L. f dr <v 

J dr 

> 0 ' 
since 

2 d v~~~ 
gg 

< 0 

For f"Y > a , !.ole can show that 

p~~ 

g 

J.l' Q 

.., 

.... : 

2 
Ll' ((I) 

d\.lr~r~ 

""') gg 
u..._}--

dr 

2 u ) 

p·-~ 

dV8 g 
2 

f dr + --;:;- u ~C1 ~)-
·h.L. dr 

{5~17} 

1s positive definite. This completes the proof of the inequality 

( 5. 11) . For 

steps to derive an 

~ < p
0

1p- , we may . g 

upper bound for 

foll o~~ · the same 

viz. the 

inequality (5.12). Our results are sho~m e>:plicitly in Fig.5.6 for 

a = 9/4. We cannot mal'e any prediction ·for- the str-iped r-egions. We· 

note the following: 

~i} For quarl~onium states, an useful inequalit.y for two QQ states 
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· Fig.5 •. 6. The inequalities (5.11) and (5.12) shown e>:plic:itly. 
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with masses ~Q and ~Q' 

, 
)// J... -· ( 0} 
""Q' Q' 

J.lQ, 

l-lg 

100 
was considered by Rosner et al. 

> J.Jo (5.18} 

lhe inequality has been shown to be valid for power-law'potentials 

and also for a potential satisfying conditions like (5.9) and 

(5.10) in the WKB approxim~tion. Our results, with a = p = 1 

provide a rigorous proof of this inequality for a large class of 

potentials. 

( i i ) For p- ~ 
g 

-4 
~ J-lt we have the equality ..,,..~~~ ~ (I ) = 'I' - ( 0} 

gg tt for P = 

9 I 4 • F Ol'- a sm a l l er {:Y, ¥' t t ('..) ) > }~'gg ( 0 ) 1 ~--ihi 1 e for a 1 arger {~, 

the situation is reversed. The variation of v~i th f) is 

expected to be smooth, as has also been seen in our model 

calculations. 

(iii) The results may be useful for estimating bounds on decay 

widths. As an example, consider the two gluon decay width (5. 7). 

Suppose p 9/4 and J-1 = 45 GeV. 1 f p~-
t g 

=: 20 GeV, 

N~~ -+ 
rcgg<o > ~ gg> ~ 190 MeV, (5.19) . 

l-~her-e \o-le have used the result 

seen from calculations with the potential (5.4). This may be 

compared with the two gluon width of the 15 toponium stat~ for J..lt 

45 GeV which is about 5 MeV. The latter estimate is in general 

59 agreement with the results of Nanopoulos 9t al., who consider a 

particular QQ potential. Combining the inequalities"· of Fig.5.6 

with the results (5.19>, we can now derive some crude bounds on 
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the decay widths. The kQowledge of ~~ ~ or some strict constraints 

on f-J~- } 'lo'~i 11 help 
g 

in making the predictions sharper. If f-J-If-J > g t 

1, the inequalities become valid for larger ranges of~-

~i··.;) For the cla=.s of potentials considered, Martin has proved 

that { - } 
Y'2s ' 0 > ~18 (0}. Thus we can obtain a weak inequality if 

v~e replace for state in the 

r e J at i on ( 5 . 11 ) . 

V.4-. Conclusions: 

·we have shown that the long-range part of the gg potential may 

affect significantly the theoretical prediction fot- jtp:-~- ~(l} 12-
gg 

\.>le have also studi eq the dependence of the binding energy 

difference and the value of the wave-function at the origin on the 

gluino mas=- for variou!:. values of~ (0.5 S ~ S 3}. Although, the 

long-range part of the gg potential is not known, it is 

interesting to note· that by using Martin's technique, one can 

derive useful inequalities relevant for the study of gg states. 

The inequality holds for a range of values ·of-~ and f-J~If-JQ as 

in the absence of any definite shown in Fig.5.6. In fact, 

information about either J.r- or [~, the theoretical predictions will 
g 

perhaps be no better than the predictions of the inequalities 

shown in Fig.5.6. 
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