
CHAPTER III 

THEORETICAL INVESTIGATIONS ON 

THE OPTICAL ABSORPTION, MAGNETIC SUSCEPTIBILITY, 

g-VALUES AND lf~GNETIC HEAT CAPACITY 

OF SOME RARE-EARTH COMPLEXES 
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This chapter deals with the interpretation of the 

optical, thermal and magnetic behaviours of some rare-earth 

complexes. A number of theoretical calculations on optical 

b t . 89- d 90,91. t f . h a sorp J.on an e.p.r spec-ra o varJ.ous rare-eart 

complexes havebeen done earlier. Theoretical works on the 

susceptibility of some RE complexes have also been done 

. 9 2-95 earlJ.er • Special mention may be made_ to the RE chlo-

rides and ethyl sulphates which have been studied extensively 

and parameters giving a good fit to the optical results have 

been already evaluated. Some workers3 ' 92- 95 also tried to fit 

the magnetic data. But still we find that there is no unified 

approach to explain the magnetic susceptibilities, g-values 

and the CF lev-els of RE crystals vd th a single set of para-

meters. Sometimes, this may be due to insufficient data. 

But in many cases we find that no rigorous approach to inter-

pret simultaneously the e. p. r , ':t:he magnetic susceptibility 

and the optical absorption data of RE complexes have been 

taken recourse to. While rigorous approac~ by using inter

mediate coupling and J-mixing is found in the case of inter-

preting many optical results, the theoretical interpretation 

of magnetic susceptibil~ty and e.p. r results -of same RE ions 

considered only the lowest Russel-Saunders term. We have 

;chosen the 4f2 , 4~ and 4f12 electronic configurations for our 

theoretical study on the optical absorption, the magnetic 
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susceptibility results, the g-values and in one case the 

magnetic heat capacity of a specific complex. In the present 

chapter we confine our attention mainly to some RE ethyl 

sulphates and double nitrates of the above mentioned system 

such as (i) Nd3+ ethyl sulphate' (ii) Trn37 ethyl sulphate, 

(iii) Pr3 + ethyl sulphate, (iv) Pr3 + double nitrate. These 

complexes received attention fairly long ago, but a unified 

theoryto·· interpret consistently and simultaneously all the 

different experimental results is still lacking. We enumerate 

the reasons for the choice of these complexes : 

(i) • The magnetic susceptibility and anisotropy data are avai-

lable in full details 'but the correct interpretation was not found 

(2) Due to the simple · electronic configuration it is easy to 

diagonalise the hamiltonian giving rigorous solution of the 

eigenvalue problem. The intermediate coupling and different 

J-mixing under the crystal field are then amtomatically 

taken into account in the rigorous solution. 

(3) The interpretation of the optical data of RE ethyl sul-

phates or double nitrates has been reliably done earlier. But 

in most cases the attempts were not done to test whether the 

interpretation of the optical result is also consistent with 

the magnetic susceptibility results and the g-values. i.e., 

whether the parameters which reproduce the CF levels faith-

fully can also successfully explain the magnetic suscepti-

bilities and the g-values or not • 
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(4) some of the early CF calculations re§Jarding the RE ethyl 

sulphates or double nitrates are in R.Se coupling scheme 

which are totally inadequate to explain the other experimental 

data like magnetic susceptibility and the g-values. 

So this invokes us to take up these problems. Our aim 

is to see how CF theory can successfully explain the optical 

absorption spectra and then to see whether the same theory 

can reproduce the magnetic and e.p.r data faithfully. During 

calculation we have considered not only t:he intermediate 

coupling scheme but also the J-mixing and in case of 4f2 and 

4f12 a rigorous approach which considers diagonalisation of 

the complete energy matrix has bee·n adopted. The results 

were then used to calculate the· susceptibility and the g-values 

(for 4f12 system magneti6 heat capacity is alsO calculated). 

In all cases we made an attempt to explain the optical 

' . 
absorption results, the susceptibility and g-values simul-

taneously from a single set of parameters. 

III.l. INTERPRETATION OF THE MAGNETIC BEHAVIOURS 

OF NEODYMIUM ETHYL SULPHATE 

III.l.l• INTRODUCTION 

In this section we shall make an attempt to give a 

theoretical interpretation of the magnetic susceptibility 
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values at different temperature, g values and also the 

optical spectra of Neodymium ethyl sulphate and we shall show 

that all these experimental results can be successfully 

explained by using a.· unique set of theoretical parameters, 

which will be evaluated from the experimental results them

selves. Elliott and Stevens3 were the first to give a theo-

retical interpretation of the e.p.r results of rare-earth 

ethylsulphates in terms of ~he crystal field theory. They 

considered a crystal ·field of D3h symmetry of the rare-earth 

ions in the ethyl sulphate lattice and in the case of NES 

(neodymium ethylsulphate) they achieved some success in 

interpreting the e.p.r and magnetic susceptibility data with 

the following set of crystal field parameters: B~ = -15 cm- 1 , 

0 -1 0 -1 6 -1 B4 = -35 em , B6 = -60 em and B6 = 640 em • The theory_ 

used the Russel Saunder 1 s (R.S.) coupling scheme and mixing 

of only 4 r 1112 with the free-ion ground level 4 r 912 • The 

predicted crystal field energy levels were found later to 

deviate considerably from the observed optical data of Gruber 

and Satten96 for the concentrated crystals of NES not only 

in magnitude but also in the order of some of the levels. 

It now appears that Elliott and Stevens3 tried to fit the 

e.p.r results of diluted crystal on the one hand and magnetic_ 

data of concentrated crystal on the other with the same set of 

parameters. The calculated g-values (i.e. gll = 3.56, g~ = 2.12), 

are not in good agreement with the latest experimental result 
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97 
g ll = 3. 594 and g .L = 2. 039 of Fisher et al for the concen-

trated crystals of NES and the fitting of magnetic data is 

also hot very satisfactory. 
- 96 

Gruber and Satten , in their theory, took intermediate 

coupling (IC) scheme into account although in an indirect way 

and used the miY~ng of the J-levels 4 r
1112 

, 4 r
1312 

and 4 r
1512 

4 0 -1 0 
with r

912 
With the set of para~~ters B2 = 58.4 em , B4 = 

-1 0 ._1 6 -1 
-68.2 em , B6 = -42.7 em and B6 = 595 em , a set quite 

different from that of Elliott and Stevens3/, they were able 

to fit the observed crystal field levels in their optical 

absorption experiment on c~}nconcentrated crystals of NES 

witn~n a mean deviation of only 4 cm-1 • However, they did 

not test whether the parameters quoted by them could faith-

fully reproduce the observed g-values and magnetic suscepti-

bilities. Moreover, they did not actually _carry out the IC 

calculation for NES, instead they used the IC wave functions 

of Neodymium chloride given by Wybourne98 to calculate the 

crystal field levels of NES • In fact, with the crystal field 

parameters given by Gruber and Satten and the correct IC wave 

functions of NES ebtained from direct IC calculation we found 

that the predicted crystal field levels deviate from the 

values calculated by Gruber and Satten and also from the 

experimental values (see table III.l.5); the calculated g-values 

(g1r = 3 .. 559, g...L = 2.15) do not agree well with the observed 

values for the concentrated crystal and the calculated magnetic 
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susceptibilities at different temperaturehalso deviate 

significantly from the experimental values. 

In the back-drop of discrepancies mentioned above we have 

reinvestigated the problem rigorously by carrying out the 

actual IC calculation and using different J-mixing of 4 I
1112 

, 

4 I
1312 

and· 4 I
1512 

with 4 I
912 

• Attempts are then made to 

evaluate a unique set of parameters that will make the theory 

consistent with the e.p.r , optical absorption and magnetic 

susceptibility experiments simultaneously. A consistent inter-

pretation of observed g-values, optical and magnetic suscep-

tibility results in terms of a uni~e set of parameters has 

been possible only after we introduce a very small covalency 

reduction of the orbital angular momentum which effectively 

lower~the g-values and susceptibilities without altering the 

crystal field levels in the frame work of our theory. Indeed, 

a very good fit of all the above-mentioned experimental data 

has been achieved with a single set.o£ parameters by introdu-

cing covalency reduction factors for the orbital moment very 

slightly less than unity into the present theory. 

III.l.2· CRYSTALLOGRAPHIC BACKGROUND OF 

RARE-EARTH ETHYL :SULPHATES 

Lanthanide ethyl sulphates, Ln(c2H
5
so4 )

3
.9H2o, whose X-ray , 

99 ' 
crystallography was investigated by Ketelaar (Eee Fig. rrr.JJ) CDd more: 
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Fig. III.l.l. Projection of the lower half of the elementary 

cell on a plane at right angles with the c-axis on 1/4 of its 

height. The numbers indicate the distance to the plane of 

projection in fractions of the elementary period. 

:s = • , Ce = ., 0 = o, H2o = o, c2H-? .= 0 • (The diameter 

of the various circles represents on scale the size of the 

atoms). 
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. 100 . 
recently by Fitzwater and Rundle • They studied the 

crystallographic structure of Pr, Er and Y • The la±er workers 

6 
sho~that all heavy atoms are found in the space group P 3/m 

and that probably the hydrogen positions also conform to this 

space group. The point symmetry at the lanthanide ion is c
3

h • 

This ion has nine water molecules as nearest neighbours; six 

form a triangular pwism with three above and three below the 

mirror plane containing the other three water oxygens and . 

the lanthanide ion (Fig •. III. 1. 2') • In Erbium compound the 

Er-0 distances to the prism are 0.237 nm, and the remaining 

three distances are 0.252 nm. If all but the nearest oxygen 

positions are neglected, the symmetry about the lanthanide 

ion is almost D
3

h • This structure has a vertical threefold 

axis of symmetry; if the structure were exactly D3h there 

would also be both a vertical and horizontal plane of reflec-

tion symmetry. The compounds are isomorphous throughout the 

group from La3 + to Lu3+ and also y3+ • 

III.1.3. METHOD OF CALCULATION 

· The Nd3+-ion in the ethyl su:n.lphate lattice is under a 

c'rystal field of hexagonal symmetry. Using thecentral field 

approximation the effective Hamiltonian of Nd3+-ion in the 

crystal is given by 
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. 
Fig. III.1.2. Arrangement of the double triangular prism of 

water oxygen ions in the lanthanide ethylsulphates, in a plan 

view as seen along the crystallographic c-axis. In (R,e,p) 

coordinates, the Ln3+ ion·is at the origin; there are three 

0: ions in the same plane at (0.252 nm, n/2, ~ = (2n+l)n/3), 

and six 0- ions (above and below) at (0.237 nmt e, ~ = 2nn/3) 

and (0. 237 nm, n-e, ~ =· 2n1i/3) with e approximately 40° • The 

values of R, e vary slightly with the lanthanide ion; the 
. 3+ 

values of R given are for Er • The radii of the circles 

denoting ions are drawn on about half scale relative to the 

inter-ionic distances. 
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~ Hij + H + H 
~ff = ~· so c 2 + T~lr··2· +He r. . L:,L_j J. J. 

lJ i 

Using the intermediate coupling scheme we first diagona

lise the matrix of ~j + H80 constructed in a basis of states 

represented by Ju~.SLJM>, where the symbol ____ :within the ket 

notation has been discussed in, chapter II. The crystal field 

interaction, H is then treated as a perturbation over the 
c ' 

resulting states which are actually the intermediate coupling 

wave functions. 

Finally we apply Zeeman perturbation caused by an exter

nal magnetic field ~ along and perpendicular to the symmetry 

axis of the ion in the form !3 ~(k \\ Lz + 2Sz) and .B~ (k..LlAx + 2Sx) 

respectively whe~e the covalency effect on the orbital angular 

momentum is introduced by associating the reduction factors 

kl\ and k..L with __ Lz and L_x respectively. This way of intro

ducing covalency reduction of orbital moment into the theory 

has been discussed earlier (chapter II). We ultimately obtain 

the principal g-values (g11 and g.L ) and principal magnetic 

susceptibilities (Kll and K~) of Nd3+-ion a 

III.l.4. INTERMEDIATE COUPLING WAVE FUNCTIONS ----

_The diagonalisation of the matrix of ~j + H80 yields 

what are known as intermediate coupling wave-functions and 

their_eigenvalues. For this we need the matrix elements of 
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H;j and H
80 

both. The spin-orbit matrix element _for 4f3 

- 80 
configuration has been calculated, by Judd and Loudon • This 

can also be calculated by the general formula (II~B.l) given 

in chapter II along with the use of the tables of c.f.p. 

given by Nielson and Koster. The method of calculation;:_'of 

the matrix elements of electrostatic interaction Hij has been 
r 

described in chapter II. Gruber and Satten, in order to fit 

the 'free-ion' spectrum, deduced the values of the electro-

static parameters F2 = 
-1 F6 = 5. 313 .em and ;so 

-1 . -1 
331.33 em , F4 = 47.956 em , 

coupling parameter~= 880.11 cm-1 for 

NES from those of NdC13 following a procedure developed by 

Wong~01 without carrying out the IC calculation. We have used 

the same values for the parameters to calculate the numerical 

va·lues of the IC matrix elements. The matrix of H;j + H80 

constructed thus in a basis of states lu~:SLJM) reduce's to 

block form and each block corresponds to a particular value of J • 

However' we need to consider only the .four block matrices 

corresponding ,to J = 9/2, 11/2, 13/2 and 15/2 in our calcula-

tion and the results for other values of J are not needed 

since the energy levels corresponding to other values of J 

are too high (more than 10,000 cm-1 ) to be included in the 

calculation of different J-mixing under the crystal field 

and of magnetic susceptibilities. It. is
1 
to be noted that we 

need only the following four ·lowest v.mve functions and thei.T 

corresponding energies in our subsequent calculation : 
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0.1636 J
2

H9/ 2 ( 2lt> 

+ o. 9845 \
4

I 912) 

with energy 

E~ 0) ), 
1· 

( 0) ( E
11 

= 0 zero of the energy scale is taken at 
1 

P 2 = 0.0071\
4
Gll/2) + 0.0367 \

2
Hll/2 (11)> _- 0.0945l 2Hll/2 (21~ 

with 

with 

( 0) 
energy E

11 
= 

2 

- O. 015lf
2

u:1112) + O. 994 7 '
4

I 1112) 

1867.66 em -l , . 

_ p3 = -o. 0231}
2

I 1312) + o. 0644}
2

K1312) + o. 9977 \
4

I 1312) 

(0) -1 
energy Ep = 3856. 16 em ,_ 

3 

P4 = O. 9930 \
4 r 1512) -j- 0•~17.~4 {2

K15l/2') :-O.QO~·c)"\4 r 15i~J 
E(O) -1 with energy 

114 
= 5921.36 em • 

III. 1. 5. CRYSTAL FIELD ENERGY LEVELS 

For our purpose we actually need to calculate the crystal 

field effect only on the lowest intermediate coupling wave 

function· ':!'
1 

• The effect o·f'·the crystal field is obtained by 

first diagonalising the matrix of H constructed in a basis 
' c 

of 10 states represented by }P1 J-2)where J 2 = .±9/2, ,±7/2, 

.±5/2, .±3/2 and .±1/2 • This vlill give the first order correc-

0 
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tion to the energy of ~l yielding a splitting of ~l into 

five doublets and the correct zeroth order states for each 

component of the five doublets. The first order correction 

of the state is obtained by using the perturbation formula 

which involves the mixing of each of the aforesaid correct 

zeroth order state having J = 9/2 with the stat~,belonging 

to ~2 , ~3 and ~4 having J-values eqt.ial to 11/2, 13/2 and 

15/2 respectively. Thus the different J-mixing under the crystal 

field is obtained from the first order correction to the 

states. 

Th~ Nd3+ ion in ethyl sulphate lattice is under a crystal 

102 field of c
3

h symmetry. However, as pointed out by Wybourne 
103 ,_, 

and Abragam and Bleaney we can also safely replace c
3

h 

symmetry by a D3 h symmetry for the sake of calculation and 

indeed this has been the usual practice in treating the rare-

earth ethyl sulphate ions. The CF interaction He assuming o
3

h 

symmetry is given by 

H = c 
A U ( 2) + A U ( 4 ) --:-l- A U ( 6 ) +A ( U ( 6 ) +U ( 6 ) ) 

20 0 40 0 60 0 66 6 -6 

The CF parameters ~'~ are not th€3 same as B~~which are 

obtained when Stevens operator equivalent method is used and 

they are related as shov.m in chapter>_ II. 

By extensive trial method we haveobta\:neJthe following 

set of paran~ters : 

-1 -1 -1 -1, 
A

20 
= 180 ern , A40 = -645 em , A60 = -730 em , A66 = 624 em , 
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q 0 -i 0 and the corresponding Bk values are B2 = 56.8 em , B4 = -68.2 
-1 0 -1 6 ' -1 . em , B6 = -46.4 em , B6 = 602.8 em • Us1ng these values 

of the parameters the diagonalisation of the matrix of H c 

constructed in a basis of the ten states I '1'1 J-2
) where 

J 2 = _±9/2, .±7/2, _t5/2, .±3/2, _:t-1/2 yields the following zeroth 

order CF sta~es comprising five doublets and the first-order 

energy correction 

iP ( 0) 
1 

""(0) 
'i'l' 

<D(O) 
-2 

-:·'~'< 0) 
iP 2' 

= :p.9105}'l'l 7/2) + 0.41361'1'1-5/2) ( 

= 0~91051'1'1-7/2)> + 0.41361'1'1 5/~5 
= o. 75521'1'1 9/2) + o. 65551'1'1-3/2) ( 

= o. 75521'1'1-9/2) + 0~ 6555 )'1'1 3/2) J 

e ( 1) = 
1 

-1 -183.19 em , 

<P~o)_ = }'l'l ~) ( 

<Pj9> - 1'1'1 - ~>J 
e ( 1) = 

3 
-1 -30.96 em , 

""(0) 
'±'4' 

-o. 6555 \'1'1 9/2) + o. 7552j'l'1-3/:) 2 
= -o. 65551 '1'1-9/2) + o. 755 2 j'l'1 3/2) S 

iP~O) = -0.41361'1'1 7/2>-+ 0.91051'1'1-5/2> ( 

<P~9) = -0.41361'1'1-7/2).+ 0.91051'1'1 5/2>JI 

"" ( 1) 125 18 -l ... 4 = • em , 

e ( 1) = 
5 110.44 -1 em 

( 0) 
Next, we take the effect of J-mixing. Remembering that E'l' 

1 
is the zero of the energy scale, the state correct to firs~ 

order due to 

(III.1.1) 
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where t = 2, 3, 4 and N is the normalization factor so that 

<q;i\ q;i) = 1 and the CF energy correct to second order is 

e. = e ~ 1) - Li(wt1Hcl~l0)\ 21E~~) (III. 1. 2) 
J. J. 

t 

there exist selection rules for MJ (the crystal quantum number 

is conserved) which ·strongly reduce the number of matrix 

elements to be considered in sum in (III.l.l) and (III.1.2). 

The above crystal field states forming five doublets and 

originating from the lm'lest intermediate coupling wave func-

tion ~l comprise the lowest group of levels originating from ~2 • 

III.l.6. COVALENCY REDUCTION OF ANGULAR MOMENTUM 

We find that unless a reduction of the orbital momentum 

matrices is assumed presumably due to the covalency effect 

implying motion of the magnetic electrons in molecular orbitals, 

it becomes impossible to achieve a good fit to the g-values and 

magnetic susceptibilities. It has been discussed in chapter II 

that the matrix elements of L that occtlr in the calculation of 

g-values and magnetic susceptibilities are of the tYPe 

(III. 1. 3) 
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where 

in which the states refer to the whole atom built up from the 

individual electron state which are not pure f states but 

slightly modified due to covalency effect. It has also been 

discussed in chapter II that the effect of covalency on such 

matrix element will be to reduce the operator L~ to kaL~ and 

then calculate· the matrix element of k~L~ between the atomic 

states built up from pure f electronic states. The k~ is the 

orbital reduction factor. Further it was shown in chapter II 

that in case of unaxial symmetry we will have only two 

covalency reduction factors k 11 ( = kz) and ~ (= kx· or ky). 

In the present theory the orbital reduction factors k 11 and 

k-L will· be treated as two additional parameters to be 
.. > 

evaluated from experiment. 

III.l.7. CALCULATION OF g-VALUES 

For the calculation of the principal g-values one is 

interested only. in the lowest doublet (~1 , ~ 1 ,) in the CF 

level pattern. With the introduction of covalency reduction 

factors for the orbital momentum the expressions for the 

g-values are 
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III.1.8. C~LATION OF SUSCEPTIBILITY 

A:significant contribution to the magnetic susceptibility 

comes from only the lowest group of ten CF states @i forming 

five doublets. The general expression for the ionic para-

magnetic susceptibility is obtained by the same way as 

described in chapter II. 

III.l.9. RESULTS AND DISCUS~ 

The values of the parameters used in the theory are 

F2 = 331.33 crn- 1 , F4 = 47.956 cm-1 , F
6 

= 5.313 cm- 1 , ~= 880.11 

ern -l, 0. -1 0 . -1 0 -1 6 
B2 = 56.8 em , B4 = -68.2 ern 1 B6 = -46.4 ern 1 B6 = 

602.8 -1 em 1 ku = o. 987, k ..L = o. 997 • The values of the crystal 

field energy levels, g-values (g 11 and g...L) and magnetic 

susceptibility values K11 and K ...L at different temperatures of 

Nd3+ ion in NES calculated with the parameters mentioned above 

are shown in the tables III. 1. 5 - III.l. 7 • The sy-mbols II and 

JL are used as suffix to indicate the quantities along the 

parallel and perpendicular to the symmetry axis of the ion. 

These tables also show the experimental values to facilitate 

comparison of the theory with the experiment. 

B~fore we start interpreting the experimental results 

w·i th the theory presented here we make a brief survey of the 

eXperimental results which are of interest to us. The principal 
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magnetic susceptibilities Ku and K..L of Nd3 + -ion in the 

undiluted NES are available at different temperatures ranging 

104 
from 14K to 291K from the works·of Van den Handel and Hupse 

(see table III.l.7). From the optical-absorption experiment 

at 77K on undiluted NES Gruber and Satten. gave the details 

of the crystal field energy levels into which the ground 4 r
912 

level of the free ion splits (see table III.l.5). However, 

the resonance g-values that are available in the literature 

for the undiluted NES appear to be a little confusing. 

A magn~tic resonance value g 11 = 3.61 and g..L = 2.05 for 

undiluted NES were quote~d by Elliott and :Stevens3 , although 

·the source was not mentioned. For NES which was diluted 

. 91 
200.:1 with La-ethyl sulphate Bleaney et al gave the 

following g-values for their e.p.r experiment at 20K : 

g 1\ = J. 53., g ..L = 2·. 08 • They further reported that for concen

trated NES similar values were obtained, cr course with a less 

degree of accuracy. It is not clear whether these 'similar' 

values which refer to the concentrated crystal were identical 

with those for the diluted crystal. On the other hand, very 

recently Fisher et a1. 97 from magneto-thermodynamic studies 

at extremely low temperature (about 4K) found the accurate 

g-values of the coBcent·rated crystals to be g H = 3. 594 and 

g~ = 2.039 which is very close to the values quoted by 

Elliott and Stevens3 • 
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Without actually carrying out the diagonalisation of 

IC matrices of NES, Gruber and :Satten evaluated the electro

static parameters F2 , F4 , F6 and SO parameter C: in the 

new system of NES from those of NdCl3 following a method 

developed by Wong105 in which a Taylor series expansion of 

the energy values was used. Wong also indicated that Taylor 

series expansion method can also be ~pplied to find the wave 

function in the new system. Gruber and Satten did not make 

any attempt to find the wave function of NE:S from those of 

NdC13 and instead he used those of NdC1
3 

for further calcula

tion of crystal field splitting. We have used the values of 

the above parameters to calculate the IC wave functions by 

diagonalisation of IC matrices and the corresponding energy 

values calculated with these values of F2 , F4 , F6 and £: 
are presented in tables III.l.l- III.l.4 • As expected, the 

'free-iori' levels of NES that are obtained thus from actual 

diagonalisation of IC matr~ces are in exact agreement with 

those obtained by Gruber and :sat ten using Wong' s procedure. 

However, the IC wave functions for NE:S obtained from diagona-

lisation of the IC matrices are slightly different from those 

of NdC13 since the parameters in the two systerrsare slightly 

different. 

The crystal field parameters A
20 

, A40 , A60 and A
66 

are then chosen by an exhaustive trial method and so as to 

\ 
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fit the theory with the observed crystal field spectra as 

close as possible. The parameters giving the best fit are 

shown in table III.l.S, the predicted and observed crystal 

field levels agree almost exactly (within a mean deviation of 

1 cm- 1 only). The crystal field parameters in our theory are 

somewhat different from those of Gruber and Satten. Gruber 

and Satten evaluated them by fitting the predicted levels 

obtained by using IC wave functions of NdC13 instead of NES 

with the observed levels within a mean deviation of 4 cm-1• 

However, with the correct IC wave functions of NES their 

parameters predict the crystal field levels which deviate 

considerably (about 12 cm-1 in some cases) from the observed 

spectra (see table III.l.S). 

Having found the 'free-ion' and crystal field parameters 

which fit the predicted and ob-served spectra so nicely, it is 

expected that they should also faithfully reproduce the 

observed g-values and magnetic susceptibilities. On actual 

calculation with the crystal -field parameters obtained by us 

and with the correct IC wave ·functions of NES without taking 

covalency effect into consideration (i.e. ku = ~ = l)_ 

g-values come out to be g 11 = 3.674, g..L. =. 2.052 as ggainst 

the recent values determined by Fisher et a1 .. 97 g 11 = 3. 594, 

g..L = 2.039~~ ~ Horeover, both the principa.l susceptibilities 

K11 and -~_are found to be larger than the experimental values. 
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However, if we introduce a very small covalency effect on 

the orbital angular momentum operator by using the covalency 

reduction factors k\\ -= 0. 987 and k..L = o. 997, we arrive at a 

good fitting of not only the g-values but also the principal 

magnetic susceptibilities, ·with the same set of parameters 

that explained the optical spectra with remarkable success. 

;, .. 

The predicted g-values are g 11 = 3. 596, g_L :::: 2. 041 in excellent ) v' 

agreement with the observed values. Also the theory is found 

to fit the magnetic data almost exactly (within 0.37%) at the 

lowest temperature of measurement (14K). At room temperature 

the theory is found to agree with the magnetic data-within 

1._4% and the maximum deviation that occurs at some intermediate 
' . 

temperature is found to be about 6% of the observed values. 

The values of k 11 and k_L indicate that the covalency 

effect is very small as expected in the case of rare-earth 
v;. 

i.ons. The covalency should also ~ffect all parameters. :·. 

I f t Ell . d N 106 ' d t . b ' 't' n ac , 1s an ewrnan carr1e ou an a 1n1 10 calcu-

lation for the theoretical estimates of the contribution 

from various factors including covalency to the CF parameters. 

However, in a theory using adjustable parameters to be 

evaluated from experiment, the values of the parameters 

deduced from experiment will automatically include the effect 

of covalency. 

Some of the CF parameters given by Gruber and" 1Satten., 

have been slightly modified in the present investigation to 
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improve the fittin~ of the theory with the experiments on 

g~values and magnetic susceptibilities. In the present work 

B~ remains unchanged at the value given by Gruber and Satten, 

0 -1· 0 -1 B
2 

changes from 58.4 to 56.8 em , B6 from -42.7 to -46.4 em 

and B~ from 595 to 602.8 cm- 1 ·• Since these changes are small, 

the present values of the parameters are expected not to 

disturb seriously-the whole crystal field spectra. In fact, 

with the present CF parameters energy val~es of t~e CF compo-

nents of the ground term have already been determined in the 

course of our calculation on the magnetic properties. They are 

shown in table III.l®7 alongwith the experimental results. 

The table III.l.S shows that the small changes in the values 

of some of the CF parameters from those of Gruber and Satten 

in no way disturb the fitting of the CF spectra of the ground 

group of levels. V'Te expect that excited CF levels will also 

not be seriously affected owing to the small changes that have 

been made in the 'values of the CF' parameters· given by Gruber 

and Satten. 

In the present investigation we have considered that the 

crystal field parameters are independent of temperature as 

otherwise the solution of the parameters from the available 

experimental data will be nonunique. In the iron group the 

anisotropic component of the ligand field is found to vary v 

with temperature in/many cases107- 109 • Variation of the 
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crystal field parameters in our case,_ if any, must be small 

as found from the nature of agreement of the theory with the 

magnetic data and may account for the slight discrepancy that 

still persists at some temperature. There may also exist a 

very slight distortion from the c3h _symmetry to c3v symmetry 

as was postulated by Elliott and Stevens110 in the case of 

Ce-ethylsulphat~. Howev~r, for furrther refinement of the theory 

a redetermination of the magnetic data with the presently 

available refined technique and purer samples is considered 

to be imperative. The magnetic measurements were done long 

ago and an accurate redetermination will ascertain whether 

the small discrepancy that still persists while interpreting 

the magnetic data with the present theory is really of any 

significance. 

Numerical computation was done with the help of the 

computer (Burroughs 6700) at the Regional Computer Centre, 

Calcutta as far as practicable leaving hand calculation to 

the minimum. 



:!2ble III.lel 

IC wave functions and corresponding energies of Nd3+ for J = 9/2(8.), (b) 

Energy 

14645.51 20877.77 47738.63 19375.66 32560.43 12475.50 0 
Eigen 
Vectors 

4F 

2 
(320 

2 8 21 
4G 

2 
Hll 

2 
H21 

4I 

0.8703 

-0.13 25 

0.0909 

-0.0339 

-0.1570 

0.4306 

0.0746 

o. 2766 . o. 0156 

0.6020 0.6436 

-0.4911 0.7598 

o. 5190 -0.0218 

0.0045 0.0814 

-0.2234 0.0341 

-0.0244 0.0004 

-o. 1959 

-0.3026 

o. 2869 

0.8394 

-0.1296 

o. 2552 

0.0345 

0.0037 -0.3570 

-o. 0159 "o. 3372 

-0.1000 -0.2842 

0.0655 -0~1415 

' 0.9283 -0.2947 

0.3517 0.7403 

0.0048 0.1527 

·o. oo3i 

-0.0170 

0.0151 

0.0076 

0.0577 

-0.1636 

0.9845 

-1 
(a) F

2 
= 331.33 em , -1 F 4 = 4 7. 956 em , -1 T -l F6 = 5.313 em '~= 880.11 em 

(b) Energy of IC wave functions are given at the' top of the columns. For the 

IC wave function of a particular energy the co-efficient of each constitu

ent 2S+lLuv state shown tn the first column is given by the corresponding 

entry in the column where this energy occurs. 
. ~ I 

-.J 
en 
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Table III. 1. 2 

IC wave functions and the corresponding energ!f-es of Nd 3+ 

for J = 11/2 (a)' (b) 

Energy 

21432.40 33902.63 15770.0 28459.26 1867.66 
Eicgren 

Vectors 

4G 0.9642 0.1128 -0~2308 -0.0661 o. 0071 

2 
Hll -0.2109 0.8372 -0.3746 -0.2362 0.0367 

2 
H21 0.1598 0.4005 o. 8910 - -o. 1059 -0.0945 

2r 0.0101 0.3548 -0~0520 0.9333 -0.0151 

4I o. 0162 o. 0117 0.0994 0.1700 0.9947 

(a) Parameters same as Table III.l.l. 

(b) Explanation of the table same as Table III.l.l. 
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Table III. 1. 3 

IC wave functions and the corresponding energies of Nd3+ 

for J.= 13/2(a), (b) 

Energy 

29770.80 3856. 16 18040.81 
Eigen 

Vectors 

2r 0.9948 -0.0231 :-0.0995 

4I o. 0166 0.9977 -0.0664 

2K 0.1008 0.0644 0.9928 

(a) Parameters same as Table III.l.l. 

(b) Explanation of the table same as Table III.l.l. 



Table III.l.4 

IC wave functions and the corresponding energies of Nd3 + 

for J = 15/2(a), (b) • 

Energy 

5921.36 20777.68 29 233. 16 
Eigen 

Vectors 

4I 0.9930 -0.1166 -o. 0161 

2K o. 1174 0.9705 0.2107 

2L -0.0090 -0.2111 0.9774 

(a) Parameters same as Table III.l. 1-

(b) Explanation of the table same as Table III. 1. 1 • 
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Table III. 1. 5 

Compari~on of the calculated crystal field energy levels with the experimentally observed 

96 levels • 

Crystalline 

Stark 

Component 

---· 
;i!:S/2 

.±3/2 

.±1/2 

.±5/2 

.±3/2 

Experimental 

energy 

level 

0 

149 

154 

279 

311 

Predicted energy level considering 

second order correction with present 
0 -1 set of parameters: B
2 

= 56.8 em 1 

0 -1 0 . -1 
B

4 
= -68e2 em 1 B

6 
= -46.4 em , 

6 -1 
B6 = 602.8 em 

0 

149 

155 

279 

310 

Predicted energy level 

considering second order 

correction with the Gru

ber• .s set of parameters'! 
0 -1 0 -1 

B
2
=58.4 em 1 B4=-68.2 em 

0 -1 6 -1 B6 =-42.7 em 1 B6 =595 em 
·---

0 

142 

154 

268 

299 

·-----------·--------·-------------------------------------------------r 

a:> 
c:> 



Table II I. 1. 6 

Comparison betv1een calculated and experimental g-values 

(Covalency reduction-factors k 11 = 0.989, k.L = 0.998). 

Calculated 

g = 3. 608 
II 

g-L = 2.044 

g" = 

g = :.L 

Experimental 

3.59497 , g = -U· 
3. 613 

2.039?7 ~ ~·::: 2.05 3 

. 81 



Table III.1.7 

Comparison of calculated values K
11

1 K.L with the experimentally observed values. __ , 
Predicted 'results EA~erimental resultslO~ 

Temp. (T), 
6 6 6 6 

':;K Kll X 10 I c. g. s. K_L X 10 I c. g. s K 11 x 10 ; c. g. s. - K ..L x 10 , c• g. s. 

e. m. u.,' e. rn. u e. m. u. e.m.u 

0 

14. 27 90525.34 34619.00 90257.08 34623.54 

17.70 73949.83 29296.33 72873.73 29490.34 

20.34 64998.27 26422.75 64625.1 26572.67 
\ 

64.6 23113.42 13455.66 21616.72 12877.31 

71.0 21225.60 12906.89 20046.49 12270.60 

77.7 19553.10 12402.42 18644.50 11895.67 

139.3 11264.58 9100.89 10682.24 8643.96 

216.8 7261.65 6560.05 7103.31 6455.70 

226 .. 8 6938.90 6319.6 2 6905.62 6278.46 

249.8 6293.15 5822.57 6292.09 5787.63 

287.5 5456.17 5147.12 5474.05 5119.57 

291.5 5380.00 5083.94 5378.61 4996 .. 86 
'' 

():) 

N 



III.2. INTERPRETATION OF THE OPTICAL, MAGNETIC h~D 

THERMAL BEHAVIOURS OF THULIUM ETHYL :SULP~ 

III.2.1. INTRODUCTION 

83 

The present section aims at a consistent interpretation 

of the optical absorption spectra, magnetic heat capacity and· 

magnetic susceptibility of Thulium ethyl sulphate (Tm.ES.) 

with a single set of parameters~~°From the results of optical 

absorption experiment on c.:concentrated Tm..,EiS. Gruber and 

Conway111- 112 first determined a set of electrostatic (E:S)' · 

spin-orbit Cso) and crystal field ( CF) parameters that 

accounted for the observed levels which were limited in number. 

Wong and Richman113 also did the spectroscopic investigation 

on the diluted crystals of Tm.ES. and gave a different set 

of crystal field parameters. Gerstein et a1. 114 measured the 

magnetic susceptibility and magnetic heat capacity of cono-

entrated-·Tm.ES. at different temperatures and tried to fit 

their experimental data theoretically with the parameters 

. 113 112 obtained from Wong and R1chman and Gruber and Conway • 

Gerstein et al found that Wong's crystal field parameters 

. 3+ 
which actually referred to the diluted crystals of Tm in 

La(C2 H
5

so
4

)
3
.9H

2
o gave a· better fitting of the magnetic 

susceptibility and magnetic heat capacity data than the 

parameters given by Gruber et al for undiluted crystals of Tm. EiS. 
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In a later investigation more levels were observed by 

Krupke and Gruber115 in optical absorption experiment on 

undiluted crystal of Tm. EfS. ·: • But all the crystal field 

calculations oB Tm.ES. primarily meant to fit the optical 

data were restricted to first order perturbation calcula

tions (i.e. , neglecting ~tni:XLtig:-a"rnong the states). But in the 

pres~nt work we have carried out the diagonalisation of the 

matrix of spin-orbit (SO), electrostatic (ES) and the crystal 

field (CF) interaction of Tm.ES. considered together, the 

matrix being constrpcted in a basis of all states of Tm3
'*" ion 

in the 4f12 configuration. Thus the full J-mixing was taken 

into acc?unt and which is the most realistic approach. Finally 

these results ~tV"ere used to obtain the magnetic susceptibility 

and magnetic heat capacity data. We find that the set of 

parameters given by Krupke and Grubei-
15 

when used in our full 

J-mixing calculation, can fit very well the magnetic suscep

tibility, optical levels and the magnetic heat capacity data, 

though ~:)slight discrepancies arise,-· in some optical levels 

which will be discussed-later. 

III. 2. 2. SPECTRA OF, Tm~§.· 

The effective Hami'ltonian of Tm3 + in Tm.E~s. crystal 

having a D
3

h symmetry is given by 



~ff = 

2 e 
r .. lJ 

85 

+ 

+A (u( 6 ) +U( 6 )) 
. 66 6 -6 

where u~k) = rkyi is an irreducible tensor operator. ~gsare 

the crystal field parameters which are related with Stevens 

form ~sas shown in chapter II. 

The matrix of the effective Hamiltonian ~ff is cons

tructed in a basis of states represented by lu~!SLJM) • All 

states belonging to the different multiplet terms 3 PFH1SDGI 

of Tm3 + have been taken into consideration for the representa-

tion of the above matrix and it turns out to be a 9lx91 
,, 

matrix. The matrix elements of ES interaction for 4f2 confi-

guration expressed in terms of Slater-Condon parameters Fk's 

have been tabulated by Nielson and Koster77 • We used those 

for our f 12 system since ;lt will be exactly same. The :SO 

matrix elements can be easily calculated by using the formula 

given by Elliott et a1. 89 The so matrix elements for f 2 

system baye also been already calculated by .. 'S_pedding79 • 

2 12 . 
We use these results of f in our f system by reversing the 

sign of each matrix element of the spin-orbit interaction. 

(k) 
The matrix element of U was obtained by procedure described 

q 

earlier; (Chapter II), using tensor operator technique and thus 

the 9lx91 full matrix is set up. But due to the crystal symmetry, 

the whole matrix splits up into 2 matrices of dimension 16xl6 



(crystal quantum number jj, = _±2), 3 matrices of dimension 

14xl4 (of which 2 matrices have ~ = ±1 and another ~ = 3) 

and one matrix of dimension 17xl7 (jj, = 0). 
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A complete computer program was then made in which the 

CF matrix elements were automatically generated and then 

added up to spin-orbit and electrostatic contribution and 

after that 6 matrices were diagonalized individually by the 

same program. The program then invokes a second portion of 

the program which automatically calculates the susceptibilities 

and the magnetic heat capacity at different temperatures. 

III.2.3. CALCULATION OF SUSCEPTIBILITY 

A significant contribution to the magnetic suscepti

bility of Tm3 + comes ~rom only the lowest multiplet of 3H6 • 

It contains 13 crystal field states pi's of which 4 are doublets 

and 5 are singlets. The general expression for calculating 

the ionic susceptibility is given in chapter II. The 13 CF 

states are given in Appendix III.2 at the end of this section. 

III.2.4. CALCULATION OF MAGNETIC HEAT CAPACITY 

The magnetic heat capacity of Tm. ES. is theoretically 

obtained from 

[z~(:~J 
2 

(-~) exp (- ~~)] 
n Eo 

c R -L_k~ = -- exp m z2 
m= 1 m=l 



87 

o o o o 1 1 H Em = Wm - w
1 

where w1 = Energy of lowest CF eve • ere 

n = 13 since· fo_r Tm3 ~ ion 3H6 is the ground term and it splits 

into 13.levels in a crystal field1 where 

k = Boltzman constant, 

R = N!r;~· 

T = Temperature. 

We then calculate the magnetic heat capacity of Tm.ES. at 

different temperatures using the energy values of the CF levels 

which give the best fit to the experimental crystal field 

energy levels and the magnetic susceptibility. 

III. 2. 5. RE:SULT:S AND DISCUSSION 

In our present calculation we have done an exhaustive 

trial method to see which set of parameters can give an over-

all good fitting. We found that Krupke and Gruber's set of 

parameters gave an overall good agreement. The parameters 

taken are as follows 

F
2 

= 449.16 cm- 1 , F
4 

= 64.57 cm-l, F6 = 7.065 cm- 1 , 

·r -1 o< 2 > -1 o< 4> -1 ~ = 2667.9 em , B2 r = 135.3 em , B4 r = -71.35 em , 

0/, 6> -1 6 < 6> . -1 B 6 ~r = -28.8 em , B6 r = 428.1 em • Table III.2.1 

shows the experimental crystal field levels and the theoretical 

levels obtained from the above exact calculation by using 

Krupke and Gruber's set of parameters. Fig. III.2.1 shows 

. I 
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the theoretical points and the experimental curves of 

and l\...1.at different temperatures. Fig. III.2.2 shows the 

theoretical points and the experimental curve of ern at 

different temperatures. 

We find that Johns$n116 and all the subsequent workers 

wrongly assigned the 
. 10 

LaC13 Gruber et al 

3 F level. In a recent work on Trn3 + in 
4 

obtained the 3H4 multiplet at about 

12624 crn-l (mean value) from the ground level. But in his works 

on Tm.E.'S. which were done earlier it was wrongly interpreted 

that the 3 F
4 

manifold lies at about 12600 crn- 1 from the ground 

term. It now appears from our theoretical calculation that it 

is the 3 H
4 

and not 3 F4 which lies at 12600 crn-l and 3 F
4 

lies 

at 6000 cm-l • The observed levels of Trn3 + in LaC1
3 

also 

confirm'. ···this., We also find that_ Krupke and Gruber's set of 

parameters can fit almost all the experimental optical levels 

with the theoretical levels except the 1 I 6 level. We also find 

that no n~w set of parameters can improve the 1 I 6 level 

without affecting the other lev,els like 1
G.

4 
and so on. This 

discrepancy in 1 I 6 may be due to the configuration mixing. 

Fig. III.2.1 shows that above 24K a good fit is obtained 

between the theoretical points and the experimental curve for 

-~11 • Gerstein et al also could not fit this portion with 

Wong's parameters. They expressed doubt about the reliability 

of the absolute values of experimental data in this portion 

due to some experimental inaccuracies. The theoretical values 
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I 

• 
~ 2·.5 
~ 

E 2.0 () . 
0 1~5 r ...- ' I 

X 

~ 1.0 

0.5 

,·1 3 ( \1-1 
Fig. III. 2•1· K11 and K..L of Tmi9;s., ern g~ at. wt, • 

o -~'heo-retical poibts. 
- Expe1'i-menta1 smooinea. cu.tsve. 
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of _l(,...L are very close to the experimental curve. From Fig. 

III.2.2 we find that there is a sharp rise of eh~erimental 

curve of em values upto 16~ and then a gradual decrease in 

the value upto 40K then again a gradual rise in the value 

upto 80K after that again a rapid fall occurs. Fig. III.2.2 

also shows that the theoretical values do not fit well at low 

temperatures but at higher tempera·tures they are .almost on 

the experimental curve. 



() 
/ 

Fig. III. 2. 2. 
-1 Cm_of Tm.ES., J (g.at. wt.deg) • 

o Theo-relical points. 

Expe,..imental smootbea. cu:~ve. 

91 
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Table III.2.1 

Comparison between experimental and theoretical values 
of crystal -field splitting. 

,.·--~ ..;. Experimental Theoretical Terms. ... 
fJ. levels levels 

3H : 0 0 0 
6 +1 32 33 

+2 112 115 
~3 176 165 
+1 201 207 
""':'o 219 

0 224 
+2 277 278 
"":"3 305' . 305 

3H 0 12592 4 3 12637 
+1 12672 
:±2 12692' 

3 12785 
.±2 12820 

3F 3 14407 14402 
3 +1 ' 14466 14455 

:±2 14486 14483 
3 14487 14493 

3F -+2 15079 14966 
2 

±1 15106 14983 
1G +2 21168 21120 4 "+1 ·21191 21138 

-0 21255 20945 
.;!:2 21279 21233 

3 21341 21276 
3 21379 21420 

1D, :_ +2 27906 27885 2• 
±1 27977 27951 

li .±2 34844 33801 
6 3 34871 33825 

.±2 34900 33854 
3p 

0 
0 35442 3~456 

3 0 36401 36304 pl. 
.±1 3~486 36385 

_3p +2 38147 38166 
2 "+1 38188 38200 

-0 38312 38350 
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APPENDIX III.2. 

CF wave functions and the energy values of the ground term 

(3H
6
) of Thulium ethyl sulphate obtained from Krupke and 

Gruber•s115 set of parameters 

qil = o. 1154j 3
H66)40. 9820 l3H6o)-+O.ll54I 3

H6-6) 

-o.ooooi 3
H5o)-o.oo2si 3H4o)-oeOOl8l3 F4o) 

-o.oooo\3F3o)+O.o02BI3 F2o)-o.oo21\3P 2o> (O) 
wl = 0 

-o. oooo I 3 P1o)-o.oo~9l3 P0o) +O. olo9l1r 66) 

+0.0936l1r6o)+o.olo911r6-6)..:.!-0.ooo911G4o). 

-o. 0011 \1 n2o)-tO. 0002 }1s0o) 

p2 = o. 285 s '
3

H6s)+o. 953sj
3

H6-l)-o. 0021I
3

H5s) 

-0. 006Sj 3
H5- J)-o. 0007j 3

H4 -1>7!-0· 0002j 3 F 4 -1) 

+0.0032\3F3-l)+o.ooo7\3F 2-l)-o.oo21}3P 2-l> w;o)=3~ cm-1 

-o. ooo9 \3 P1-l)+o. 0212 \1 r6s)+O. 0910 \1 r6-1) 

+O.ooosi 1G4-I)-o.ooo9 \1n2-1) 
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\P 2.ir = Oe:2858)3 H6 -5> + 0~ 9535 \3 H~1) - Oe,0021j 3H5~~ 
-o. oo65 l3~1). . - o.,ooo1!

3
H4 1) + o~poo2} 3 F4 1) 

+0<:>,0032j
3

F 31) + o.ooo71
3

F 2 J} - Oe;0021 j3 P 21) 
w (0) 

= 33 
-1 

2 
em 

-o. ooo9 \
3

P11) + 0':',0212 \
1

r 65) + o~,0910 j1 r 61) 

+0 .... 0005 \
1

G4 1) - Oe 0009 \
1

D 2 lJ 

9?3 = o.1s964 \
3

H6 2) +0.4327\
3

H6-4> + o .. oo5sj
3

H5 2) 

+Oe,006si3H5-4> +0. 0024 j3H4 2> + Oe~0013}3H4-o/ 
+0~j0015 \3F 4 2) -o. 0069 PF 4-9 - Oe)0002\

3
F 32) ·w(o) 

3 =115 
-1 

ern 

-o. 0021 .\3F 22) -Oe,0017I 3P 22) + o.,,0859}1r6~ 
+O. 0414 \

1
r 6-o/ -0~~0010 \1G4 2) - 0~,0031} 1G4-9 

+0.,,0005 j1D22) 

9?3, = O. 8964}3 H6-2) +0., 43 27 \3H64) + o •. oo5s \
3

H5-2) 

+O. oo6si 3H54) +0. 0024\3H4-2) + 0., 0013 j3 H4 4) 

.ro. 0015 \
3

F 4 -2) -o. 0069 \3F 44) -0~,0002 \3F 
3 
~2) w~o) = 115 -1 ern 

-o .. 0021 I3 F 2-2) -0.0017 \3P 2-2) -ro. 0859 \tr6-~ 
+0.,0414 \1 r 64) -o. 0010 I1G4-2) -0"'.0031 ~G44) 
+O.ooo5f 1D2~2) :; 

9?4 = o~:703s}3H63) +Oe}038 PH6-3; -oep033 \3H5~ 
+0':' 0033 \3H5-3) +Oe.:0034 \3H4 3) +O':'J0034l

3
H4-:9 

-o. oo23 I3F 4 3) -OG0023 \ 3F4~o/ +0.,0045 \3F 
3

:3) w(o)_ 
4 - 165 ern- 1 ; 

-o. 0045 \3F 3-~ +O<:>i0676 l1r6~ +Oe 0676 )1r6-~ 
-0.,,0029 j1G43) -0.0029\1G4-3) 



p
5 

= 0.9535 \3H65)-0.2857)3H6-1)+0.0020l3H55) 

3 3 . 
+O. 0099j H5-1)+0. 00241 H4 -1) +0. 0079 )3F 

4 
-~ 

·ro·.oo4? l 3 ~3.-J)+o.0029)3 F2-J)·+!-O.oo11I 3 P 2-J) 

+O.ooo9) 3 P1-1)+0.091311
I 65)-o.0275 l1 I 6-1) 

-f{).0012 \1G4-1)-o.ooos}1n 2-l) 

p
5

, = o. 9535} 3H6-5)-o. 2857 )3H6 1) -rl-0. oo2o )3H5-5) 

~.0099 j3H51)+ 0.0024) 3H41)+0.0079)3 F41) 

+0.0049}3 F3 1)+0.0029}~F21) ·i'l- 0.0011} 3P 2J) 

+o.ooo9) 3P11)+0.0913j1
I 6-5)-o.o275 j1 I 6 1> 

+0. oo12j 1G 41)-o. oop.sl1n 21) 

-o.0079}3 F3o)+ o .. oooo) 3 F2o)+a.oooo\ 3P 2o> 

-o. 0020 \3 P1o) +O. oooo \3 P0o) -o. 0670 \1 I 66) 

-o.oooo\1 I 6o)40.067oj1 I 6-6)+o.ooooj1G4o) 

-o.oooo }1n 2o)-o.oooo\1 s 0o> 

95 

Ttl(O) =207 
5 ' 

-1 em 

w<o>=207 em-1 
5 

w~0)=219 -1' 
em . 
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~7 = 0.6944\ 3H66)-0.1632J3H60)+0.6944\ 3H6-6) 

+O. 0000 }3H
5
o) .fO. 0028:eH4 0)+0. 0000 }3 F 4 0> 

-0.0079\ 3 F 3o)+O.OOOOj 3 F 2o>+0.0000\3 P2o) w<o>=224 
7 

em 
-1 

-o. 0020 l3 P 
1 
o) .ro. oooo \3P 0o) -o. 0670 \1 166) 

-o.oooo\1 16o)+o.o67oj1 16-6)~.oooo}1G4S> 

· -o. oooo l1n
2
o) -o. oooo \1 s 0o) 

~8 = -o. 4327 13 H6 2)+o. 8961l3H6-4)-o.0121 \3 H5 2) 

+0 .. 0020 13H5 -4) +0. 0007 \3H4 2) +O. 0013 }3H4 -4) 
/ 

+O.oo7oj3 F4 2)-o.0197I3 F4-4)-o.oo4o\3F
3

2) 
w<o) -278 -1: 

8 - em , 

+0.0026\3 F 22)+0.0011j3P 22)-o.0417 j1 r 6 2) 

+0.0864 \1 16~4)+0.0019 \1G4 2)-o.Oo76 \ 1G4-~ 

-o. ooo1j
1

n 22> 

~ 8 ,= -o.4327}3H6-2)+o.8961I3H64)..:o.o121\3H5 -2) 

+0.0020 \3H54)+0.00071 3H4-2)+o.0013\3 H44)-

+0. 0070 13 F 4- 2)-0. 0197 13 F 4 4>-o• 0040. )3 F 3- 2) 

w<o> =278 em-1 ; 
+0.0026 \3 F 2-2>+0.0011}3 P 2-2)-o .. 04171 1 16-2) 8 I 

I 

+0.0864I 1 r 64)+o.oo19 11G4-2)-o.o076 l1G44) 

-o. ooo7j 1 n 2-2) 



~ 9 = -0.7037\3H63)70.7037\3H6-3)-o.oo72\3H53) 

~o.oo721 3H5-3)-o.qols\ 3H43)+0.0015 \3H4-~ 

+O.OOB91 3F43)-o.oosg \3F4-3)-o.oo6si3F33) 

-o.oo6s\3F3-3)-o.o6sol1I63)+o.o6soi1I6-3) 

+o.oo4o\1G43)-o.oo4o\1G4-3) 
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III. 3. , INTERPRETATION OF THE OPTICAL SPECTRA, 

MAGNETIC SUSCEPTIBILITY AND g-VALUE 

OF PRASEODYMIUM ETHYL iSULPHATE 

III.3.1. INTRODUCTION 

In this section we aim at a consistent interpretation 

of the magnetic' susceptibility, optical absorption spectra 

and e.p.r data of praseodymium ethyl sulphate (Pr.ES.) • 

Previous workers have reported different values of some para-

,meters to interpret the different experimental results such as 

t . 1 b t' 117,118 t' t'b'l't d op 2ca a sorp 2on , magne 2c suscep 2 2 2 y an 

anisotropy. We shall investigate to what extent it is possible 

to interpret the available optical, magnetic susceptibility 

and e.p.r data simultaneously with a unique set of parameters. 

The diagonalisation of the complete Hamiltonian consisting 

of interelectronic repulsion (ES), spin-orbit interaction (SO) 

and the crystal field interaction (CF) considered together 

has been carried out. The full J-mixing is thus taken into 

account. The same type of treatment was done by Gruber to 

interpret the optical data of Pr.EIS. and <he deduced the E:S 

parameters (F2 , F4 , F6 ) :SO coupling constant <C:) and CF 

parameters by fitting a· large number of optical levels to 

within 0. 1ro • But he did not test whether his parameters 

deduced from optical data were co!Pi~nt with the magnetic 
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susceptibility and e.p.r data. It is to be noted that e.p.r 1 

optical absorption and magnetic :measurements were not per-

formed with the identical samples of Pr. EiS. ;~~~· The e. p. r 

3+ experiment was performed at low temperature for Pr in 

yttrium ethyl sulphate119 • The optical absorption experiment 

for concentrated crystal of Pr.ES. was done by Hufner117 • 

. 3+ 
For diluted crystal_of Pr 1 the same experiment was done by 

HelhTege et a1120 and by Gruber118 .• The magnetic suscepti-

bili ty measurements of concentrated crystal of Pr. ES. were 

performed.earlier by Van den Hande1121 and later by 

Hellweg·e et a112 2 ·at different temperatures. But nobody made 

any attempt to fit theoretically the three experiments: 

optical absorption, magnetic susceptibility and e.p.r measure-

ments of concentrated Pr. E:S. with a single set of parameters. 

This invokes us to reinvestigate'the problem systematically. 

III.3.2. CRYSTAL FIELD ENERGY LEVEL~ 

The Pr3 + ion in Pr. ES. crystal is~· considered to be in 

a D
3

h symmetry. :so the effective hamiltonian of Pr3 + ion in 

D
3

h site symmetry and in absence of configuration interaction 

(c.r.) is given by 

_e2 
r .. 
~J 

+T~t .. s. + 
~~ /..,---_ .... ~ -~ 

i 

·if. A U ( 6 ) +A ( U ( 6 ) 4 U_( 6
6

) ) 
' 60 0 66 6 (III.3.1) 



Gruber diagonalised the matrix of (III.3.1) in a basis of 

all the- states belonging to 3PFH1SDGI ·terms of the Pr3+ ion. 

But he did not quote the various CF states in his paper which 

are required to calculate the magnetic susceptibilit::Les and 

the g-values. So we repeat_ the diagonalisation of the complete 

energy matrix •. Equation (III. 3. 1} does. not include the term 

arising from C.I. which has.been discussed earlier in 

chapter I and which was actually introduced by Rajhak and 

. 49 
Wybourne • In course of our investigation we find that 

unless these c. I. terms are inc,luded, a satisfactory agreement 

of th~ theory with the experiment is not possible. So by 

introqucing the C.I. term the form of l.J becomes o"'"''eff 

}leff = L r:~~ + C:"h·.ei + 
iL j l.J ~ 

A u< 2) +A u< 4 )+A u< 6> 
20 0 40 0 60 0 

+ A (u( 6 ) +U( 6 ) )+ctL(L,.,~1)!-M3G(G·J + -{G(R ) 
6 6 6 -6 ;·.· ' 2 7 (III. 3. 2) 

where G(G2) and G(~) are the eigenvalues of Casimir 1 s 

operators for the groups G2 and ~ used to classify the 

states of fn configuration. These eigenvalues may be calcula-

ted in terms of the integ~rs (u1u 2) and Cw1w2w3 ) used to 

label the ~rreducible representations of the groups G2 and R7 

and are tabulated by Wybourne102 • We use those values.<X, .B; 

'Y are to be treated as adjustable parameters. In both the 

above, eqUations ~~are the crystal field parameters in tensor 

operator form and U(k) is the irreducible tensor operator. 
q 
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The matrix elements of (III.3.1) or (III.3.2) were obtained 

by the same procedure as was mentioned in section III.2. 

III.3.3. COVALENCY REDUCTION OF ORBITAL ANGULAR MOMENTUM 

We find that (as in the case of NES) it is impossible to 

achieve a good fit to the g-values and magnetic susceptibilities 

unless a reduction of the orbital angular momentum is used 

in the calculation of these quantities. So a small covalency 

reduction is introduced here to fit the experimental results. 

The details of the covalency reduction of the orbital angular 

momentum has been discussed earlier (chapter II). 

III.3.4. CALCULATION OF THE PARAMAGNETIC .SUSCEPTIBILITY 

Significant contribution to the magnetic susceptibility 

3+ 3 3 of Pr comes from only the lowest multiplet of H4 • H4 

contains 9 crystal field states of which 3 are doublets and 

3 are singlets. The paramagnetic ionic susceptibility at 

different temperatureSis obtained from Van Vleck's expression 

as given in chapter II. The 9CF states are given in Appendix 

III.3 at the end of this section. 

III.3.5. CALCULATION OF g-VALUEiS 

For the calculation of principal g-values one is inte-

rested only in the lOi.vest doublet (q;
1 

, q;
1
,) in the CF level 



pattern. With the introduction of the covalency reduction 

factors 0;.-}
1 

and k..L) for the orbital angular momentum operator, 

the expressions for the g-values are -

gn = gz = · l <q;llkuLz + 2szJ9.il) - <(9?1 1 lkuLz + 2sz lq;1?l 1 

g..L. = gx = gy = 2 ( ~1 jl~Lx + 2Sxl q;l ;;I= 21~11 ~ Ly + 2iSY jq;l~\ 
= 0 

III. 3. 6. P.ESULTS Al'ID DISCUSSION:_~, 

---
Before we start interpreting the experimental data with 

the present theory it should be noted that the e.p.r1 optical 

absorption and magnetic.measurements were not performed with 

identical samples of Pr.EfS~ The e.p.r experiment was per

formed at low temperature for Pr3 + in Yttrium ethyl sulphate119• 

There are three sets of optical data that are available, one 

for the concentrated crystal of Pr.E:S.ll7 and two others for 

the diluted crystals of Pr3 + in lanthanum ethyl ul h t 118,120 s p a e • 

Magnetic measurements at different temperatures were however 

performed for the undiluted crystals of Pr. E~S. ,.- The levels 

that could. only be observed in the spectrum of concentrated 

3 3 1 3 crystals of Pr.ES. are. H
4 

, P
1 

1 I 6 and P
2

• Our aim will 

be to have a good fit of these levels along with the magnetic 

susceptibility data, g-value and structural observation. 

Earlier Gruber claimed to fit the whole spectrum having a 

lar<je number of levels by exact ~-iagonalisation of the energy 



matrix. He quoted the values of three electrostatic parameterS;t 

one spin-orbit coupling parameter and four crystal field para

meters. We repeated the calculation as we needed crystal 

field wave functions. After diagonalising the same matrix 
' 

with Gruber's set of parameters, we were surprised to observe 

that not only the centre of gravity of all the levels were 

shifted but also 3 P
1 

multiplet goes above the 1 r 6 multiplet 

contrary to Gruber's calculation and experimental findings. 

Also the position of ~1 and 0 components of 1 r 6 manifold are 

reversed. The separation between~2 and 3 components of 3H4 

manifold comes out to be 17.2 cm-1 against 12.2 cm-l as quoted 

by Gruber • ~he separation betvJeen ,;i!-2 and 3 components piays 

an important role in the calculation of the susceptibility. 

So at this stage we are unable to find any reason for having 

results different from those of Gruber even though calcula-

tion with identi~al set of parameters was done. When the 

results obtained from CF calculations by using Gruber's set 

of parameters are used further for g-value and magnetic suscep-

tibility calculation, it is found that the g-value comes out 

to be large (2.26 compared to the experimental value 1.525), 

about 46% larger than the observed value. Experimental data 

shows that at l.ower temperature K 11 is smaller than K...L and 

around.l37K the two curves cross over~ But unfortunately we 

could not reproduce it with Gruber's set of parameters. No 

reversal of anisotropy (K..l-- K11) occurs at any temperature in 

c ' 



the entire range from liquid helium upto room temperature, 

but K ll is smaller than K.L throughout the range. It is also 

noticed that. for K
11 

the calculated values are higher than the 

experimental one throughout the whole range of temperature. 

The difference between the observed and the calculated values 

varies fDOm 102.8% to 5.9%. It is pronounced at low temperature 

region and it is largest (102.8%) at the lowest temperature 

of measurement (6.25K). On the other hand in the case of K~ 

this difference between calculated and observed values is 

less pronounced (varying from 18.5% to 4.2%) and the calcula

ted values are higher than-observed values except at the 

temperatures 6.25K and 12.5K. Now from the large values of 

gil and also K11 and K_L one may suggest that a covalency 

reduction should be introduced in the orbital angular momentum. 

Next introducing covalency reduction for the orbital moment 

· we made exhaustiye trials and found that to have an 

appropriate reduction in gil value a covalency reduction 

factor as high asG.B .should be introduced in the calculation-

of the Kll and about0.95 in the K..L. The gil value comes down 

to wi;thin 1% but the deviation of the susceptibility still 

remains as high as 41.7% ·and the reversal point does not 

occur. Thus we are unable to fit the susceptibility data even 

within 10% with Gruber-• s set. 

While fitting the observed splitting between the crystal 

field levels of the concentrated crystals of Pr.E'S. using 



R-s coupling and without doing J-mixing, Hlifner quoted 

four crystal field parameters. Although such calculation 

cannot give electrostatic and SO parameter as it concerns with 

the splitting of individual free ion levels in a crystal field, 

it was found that fitting of the crystal field splittings 

was more or less satisfactory. But there were discrepancies 
-

in the assignment of the different crystal field components. 

The lowest crystal field component of ground term 3H4 according 

to their calculation was the doublet (M = ~1), whereas from 

the later experiment of Gruber it is the doublet (~~2) which 

is lowest. Also in Hlifner•s calculation the components 0 

andzl of 1 r 6 multiplet_and ~2 and ~1 components of 3 P
2 

multi

plet interchanged their positions when compared with the 

observed spect~a. We first used these CF parameters of Hufner 

along with the s!1J~ct. 1:'F4 -,- F~ :'and ''G·- of·: Grube:r :·to diagonalise 

exactly the full matrix and obtained the g-value and suscep-

tibility. While carrying out the exact diagonalisation the 

fitting becomesworse, the optical absorption spectra cannot 

be explained, the lowes_l::. CF component:.: of ground level 

comes out to be a singlet M = 3 in complete disagreement 

with the observed spectra. 

So it was clear that both Gruber 1 s and Hufner•s parameters 
I 

were not satisfactory for a consistent study of all the physical: 

properties mentioned earlier. If the theory is made to agree 

with results of one type of experiment, it deviates 



considerably from the other types of experiment. We made an 

extensive trial method and the following facts were revealed 

i) It is only possible to fit the theory with all the experi-

mental data within some optimum limit with a single set of 

parameters but an exact agreement between .the theory and all 

the experiments is too much to be expected. 

ii) To change the centre of gravity of the multiplets1 so that 

all of them come in right order, introduction of c.r. para-

meters a., ,Bt i in our calculation becomes imperative. 

iii) The covalency reduction factors 0<: 11 and k_t_) for the 

orbital angular-momentum are to be introduced for having a good 

fit to (a) the g-values, (b) to reproduce the reversal Of the 

anisotropy (K..L. - Kl\) at about 137K, and (c) the susceptibilities 

within 19% throughout the entire range of temperature. 

We use the following set of parameters which-gave a good 

fit to the optical, e.p.r and magnetic susceptibility data : 

-1 -1 -1 T F 2 = 307~5 em , F4 =50 em 1 F6 = 5.0 em 1 ~= 727.9 -1 em , 

..r 0 2 -1 a.= 11.01 B = -4so.o, , = lOOo.o~ B2<r) = 32.94 em 1 

o< 4) -1 Bo
6 

/,r6) -1 6 ;~6) B4 r = -77.57 em 1 ~ = ;..53.33 em , B6 ~ = 985.49 
-1 . 

em , k \\ = 0. 9 9 1 X...L. = 0. 9 8 • 

118 The set of parameters which were used by Gruber are 

as follows : 

·-1 -1 
F2 = 307.4 em , F4 = 49.44 em 1 F6 = 5.138.cm-l~ l:= 727.9 

-1 0 < 2) -1 0 < 4> em , B
2 

r = 15.31 em· 1 B4 r -1 0 /, 6> = -88. 32 em 1 B6 '...r = -48. 76 

cm- 1 ,. B~ (r6j= 5'48. 48 cm-l . 



The set of parameters due to ~ufner117 are as follows 

B~<r2) 23 -1 B~ <r
4> -so -1 B~~6) -1 

= em , = em 1 = -44 em 1 

B~<t6> = 695 cm- 1 

In table III.3.1 we have presented the experimental 

optical levels and also the theoretical levels with different 

sets of parameters chosen.!' In the same table we have also 

placed the results obtained by Gruber from their own calcula-

tion. Fig. III.3-.l shows that the maximum deviation in Kll is 

about 10% and in K..L is about 6%' from the experimental curve. 

Our calculated gil value deviatescfrom the eA.rperimental value 

by 1 •. 3%' (the experimental g 11 = 1.52 and the theoretical gJI 

is 1.54). The·slight di~crepancy in g
11 

value is quite expected 

as the theoretical value is referred to the concentrated 
' . 

crystal of Pr.E~. but the experimental result obtained for the 

diluted crystal of Pr.ES. Table III.3.1 shows that there 

remains :> slight discrepancies in 1r mul tiplets and 3P multi-
6 2 

plets when we use our mm set of parameters. Two components 

~1 and 0 of 1 I 6 manifold haveinterchanged their positio~and 

two components ..±2 and .±1 of 3 P
2 

have-interchanged their normal 

positions.These discrepancies cannot be improved by any adjust-

ment of the 13 parameters which we have mentioned earlier. 

The possible correction~which may improve the results are the 

following : 
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.· i) ;small distortion in the crystals of Pr. ES. may exist even 

at room temperature. A small departure from reflection symmetry 

in X-Y plane will change the symmetry of the ion from pure 
+3 +3 

c
3

h ~nd introduce terms Y4 and Y6 into the crystal poten-

tial, i.e. the new potential will be c
3

v in which A43 , A
63 

parameters will have very low value. Noting that the new 

potential. does not further lift the degeneracy found with 

pure c
3
h' such distortion was suggested by Elliott and 

~Stevens110 for Ce-ethyl sulphate to interpret simultaneously 

the temperature variation of susceptibility and the observed 

g-values, the latter being much less than the values calcula-

ted on the assumption of a pure c
3

h symmetry. The second one 

is that we have assumed in our calculation that all the CF 

parameters are temperature independent. There may be some -

temperature dependence of the CF parameters. 

Finally we conclude that for future refinement of the 

theory in the light of the above discussion precise and more 

experimental data for the concentrated crystal, particularly 

the optical data of the ground manifold are necessary. This 

will help to calculate the magnetic susceptibilities and the 

g-values accurately. 

All the calculations which have been presented here were 

done by computer B6700 using a complete program. developed 

by us. 
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Comparison of the experimen~al and the theoretical crystal field levels· 

3 

0 

.±2 
±l 

3 

.3 

3 

±2 
±1 

0 

±2 

3 

3. 
0 

.±2 

.±1 
.±2 

0 

.±2 
±1 

Experim8n tal. 
levels 

683lb 

6863b 

6872b 

6896b 

9794b \ 

98llb 

9863b 

l6709b 

.16858b 

l6955b 

0 20687b 

_----2 12 7 6a 
.±1~2128l.lb 

o-=::--2129oa b 
----21290.6 . 

0 

0 

.±1 
0 

±2 
±l· 

3 

.±2 
3 

0 

.±2 

.±l 

21399a 

21408
8 

214478
. 

2l456a 

22425a 

224416 

22448a. 

Theoretical levels 
obtained from the 

best fit parameters 

.o 
.12 

19'0 

303 

241 
·314 ~ 

6345 

6344 

6358 

6417 

6458 

6917 

6972 

6990. 

7025 

7027 

7060 

9749 

10091. 

10070 

10071 

10162 

10399 

16994 

17144 

17203. 

20651 

21234 

. 21254 

21367 

21384 

21426 

21417 

21515 

21527 

21570 

21639 

21665 

22447 

22473 

22466 

Theoretical levels 
obtained by usinq 
Gruber~s set of 

pa.rameters iti out 
calculations 

0 

17 

17·2. 

192 

180 

288 

6266 

6251 

6264 

6317 

6346 

6763· 

6810 

6841 

6882 

6886 

6916 

9566 

9804 

9858 

986~ 

9930 

10055 

17051 

17184 

17267 

.20720 

21302 

21311 

20867 

20880 

20909 

20893 

21009 

21038 

21078 

21138 

21146 

22521 

22524 

22531 

Results obtainea 
from Gruber's :1.'11! 

original ·Table II 
- ·- ,.j- "-' ~ __ ~,... 

0 

15 

176 . 

192 

181 

288 

6330 

6309. 

6330 

6383 

6413 

6767 

6798 

6825 

6864 

6873 

6895 

9476 

9736 

9789 

9806 

9867 

10000 

1672.4 

16857 

16951 

20687 

21281 

. 21290 

21401 

21410 

21443 

21447 

2.1540 

21570 

21610 

21672 

21679 

21422 

22443 

22450 

. 1U,120 . . 117 
baesults ·of diluted crystal of Pr.ES. 1 

aResu1te of concentrated crystal of Pr.ES . 
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APPENDIX III.~-

CF wave functions and the energy values of the 'ground term._ 

( 3H4 ) of Praseodymium ethyl sulphate obtained from our own set 

of fitted parameters 

<P
1 

= -·o.oos4\ 3H6 2)-o.ol88 \3 H6-4)-o.o229 \3H
5

2) 

+0.0587\3H5-4)+0.9066\3 H4 2)-0.3904}3 H4-4) 

-o.oo99 I3F42)-o.oos7j3 F4-4>-o.Oll913 F3~ 

+0.0314 \3 F 2-2)+0.0037 \3 P 2 2)-11-0.0008j1 r 6 2) 

+0.0017l 1 r6-~+0.l314 11G4 2)-o.os3oj 1G4-~ 

+O. oo21l 1n 22) 

<P 1 , = -o. oos4 I3H6- 2)-o. 0188 j3H64) -o. 0229 I3 :H5 - 2> 

+O. 0587 }3H54) ro. 9066 \3H4 -2) -o. 39041 3 H4 4) 

+0.0017l 1 r 64)+o.l31411G4-2)-o.os3o \1 G44) 
0 



<1>2 

q;3 

= -o .. oo6'1 \3 H:6 3)+o. o061l3 H6-3>+0· 0754l
3

H5 3> 

+0. 0754j 3 H5 -3)+0. 694 2 \3H4 3) -0. 694 2 \3 H4 -~ 

-0.0198 \3 F 4 3>-ll{). 0198 \3 F 4 -3)-w. 0308 \3F 33) 

+0.0308 \3 F3-3)+0 .. ooo8 \1 r 6 3)-o.ooo8l1 r 6-:p 
+0.1050 11 G43)-0.1050 \1 G4-3) 

= -0. 0156j 3H65) +O. 0079 \3H6-1)-o. 0503 j3H55) 

+o.o668 PH;-1)+0. 9844l3.H4 -1)-o.o267 \3 F4-1) 

-0.0122 \3 F3.-.::J-)-?·0113\
3

F 2-1)-o.0032j 3
P2-1) 

. -o. 0034:l
3 P1::- 1)+o.~OOJ..9 l1 r6s )7o. 0012 \

1
r 6-1) 

+0 .. 1502 11 G4-i)-o.0003 l1n2-1) 

qs
3
,= .-0.0156 \ 3 H6-5)-.;J-o.oo79I 3H6 1)-o~o503\3H5 -5) 

+0 .. 0668 \3 H5 1)-1-0.9844 \3H4 1)-0.0267 \3 F41) 

-0.0122 \3 F31)-o.o113l3 F21)-o.oo32}3 P 21) 

-o. 0034 }3 P 11j -;tO. 0019 11 r 6-s)-o. 0012j1 r 6 1) 

· +0.1502 \1 G41)-o. ooo3 11n21) 
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r,/ 0 ) ==12 
2 

cm-1 

w<o);190 
3 

cm-1 

vJ~ O) ==190 em - 1 · 
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@4 = -0.0071j3 H6 2)-o.0019 \ 3H6-~-0.0479 \ 3~5 2) 
~D.0351l 3H5~4)+0.3854 J

3H4 2>+0.9066 \
3

H4-4) 

-0.1091 PF42>-0.0272I3 F4...:9-o.0370·}3E·32) 
w<o)_203 -1; 

em · 

-0.0071\
3

F 22)-o.0043\3 P22>+0.0010 \1 r 6 2) 
4 -

+o.ooosl
1

r 6 -4)+o._0626j1G4 2>-:-0.1395 I1G4-4) 

+o.ooos)
1

n 22> 

@4' = -o. oo71j3 H6.:..2)-o. 0019}3
H64>-o. 0479}3

H5-2) 

+0·~ 0351} 3H
5

4)+0• 3854l3
H4 -2)+0. 90661 3H44) 

0 

-0.0191 \3 F4-2).:..o.,0272j3 F44_)-o.0370I3F3-~ w~0)=203 -1 em 

+0.0008 \1 r 64-)+0.0626j1 G4-2)+0.139Sj1 G44> 

·W.0005 \1D2-2) 

\lis = -0.0150 \
3

H63)-o.01Soi
3

H6-3)-o.oo71}3H5 3> 

-~.0071}3H5-3)+0.6957}3H43)-o.6957j 3H4-3) 
-o.0424 } 3 F43)-o.0424} 3 F4-3>-o.oos1l3 F3~) w~0)=241 -1· em 

+O.oos1l3F3-3)+0.002sl1 r 63>+0.002sl
1

r 6 -3) 

40.117B}1 G43)+0.117B}1G4-3) 



~ 6 = -0.0121}3H66>+0.0146 l3H6b>-0.0121 j3H6-6) 

-o.ooool3H5o)+0.9B67 J3H4o>-o.6373l 3F4o) 

+o.oooo I3F3o)+o.o027)3F2o):o.,oo2s \3P2S) 

-OeOOoo)3P1o>+0.0049\3P00>+0.0015 l1r 66) 

-o. 0024 \1r 6o) +O. 0015 \1r 6 -6) +0. 1566 \1G 4 o) 

·-o. ooo6 \1n 2o>+o. ooos l 1 s~o) 

~· 

114 . 

-1 em 
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III.4. STUDY OF THE CRY;STAL FIELD :SPECTRA, MAGNETIC 

.. 

SUSCEPTIBILITIES AND THE g-VALUES OF 

Pr2Mg
3

(N0
3

)
12

.24H
2

0 

III.4.1. INTRODUCTION 

The present section attempts a consistent interpretation 

of the results of the optical absorption experiment, the 

magnetic susceptibility measurement and the g-values of 

Pr2Mg3 (N03 ) 12• 24H
2
o, (Pr. DN.) with the help of a single set of 

parameters. Here we have presented a rigorous theoretical 

approach to the problem. The optical absorption experiment of 

123 Pr. DN. was performed by Hellwege and Hellwege • They per-

formed their experiment at about 58K and observed certain 

crystal field levels. Later Judd124 tried to explain theo

retically the crystal field levels which were obtained by 

123 124 Hellwege and Hellwege • Judd supposed that the rare-earth 

ion in a double nitrate crystal has a C
3

V point group symmetry. 

He did a first order perturbation calculation for crystal 

field splitting. Judd was the pioneer worker in the theore

tica~ calculation of crystal field splitting of Pr. DN. ,:'"\He 
"~··-1"" 

concluded that the Russel~-Saunders coupling is totally 

inadequate to explain the various multiplets. However, he did 

not carry out the intermediate_C"oupling calculation. The first 
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order perturbation calculation for the crystal field splitti-

ng do~.S not necessarily take into account the J-mixing which 

has an important role in the crystal field splitting. It is 

therefore quite natural that such calculation will give only 

an approximate fit to the crystal field components of the 

various levels. The first order calculation of the crystal 

field levels by Judd gave the 9ix crystal field parameters 

o 1 .2> o/,4> o<6) 6(9) 3<4) 3 1,6> A2,r 1 A4 ~r , A6 r , A6 r , A4 r 1 A6 ~ • The values 

of the electrostatic parameters F
2 

, F4 , F
6 

and spin-orbit . 

coupling constant ,c: cannot be obtained from the first-order 

calculation. 

Cooke and Duffus90 obtained the gJI value of Pr3+ diluted 

in La2Mg3 (N0 3 ) 12.24H2o. The parallel and perpendicular sus

ceptibility measurements of Pr. DN. from 4. 4K to 300K :. 'Were done 

by Hellwege et a1. 125 •. But : hobody made any attempt to fit 

the magnetic susceptibility results and the g-value as yet 

with the values of the parameters that ~it the optical absorp

tion results. It was al~eady pointed out by Judd that-the 

parameter deduced by him, using R.S. coupling will not 

faithfully reproduce the results of optical absorption 

measurement. Hence, one would therefore cannot expect that 

simultaneous fitting of the optical, e.p.r and magnetic 

susceptibility measurements can be made with this set of 

parameters. 
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We have presented. a rigorous approach which takes into 

account not only the intermediate coupling but also all 

possible J-mixi~g under the crystal field. We have carried out 

diagonalisation of the matrix of spin-orbit (so), electro

static (ES). and crystal field (CF) interaction considered 

together, the matrix being constructed in a basis of all states 

of Pr3 + in 4f2 configuration. This takes into account the full 

J-mixing. When the parameters given by Judd were used in such 

calculation it is found that not only the optical levels deviate 

from the experimental results (see table III.4.1), but also the 

g-value and susceptibility results deviate considerably from 

the observed values' the g-value comes out to be g
11 

= 1 •. 26 

_against the experimental g II = 1. 55 and maximum dev.iatior:>J.> of 

the parallel and perpendicular susceptibility from the experi

mental value come out to be about 177o and SlZ respectively. 

The aim of this chapter is to see whether it is possible 

to interpret the optical data, the· magnetic susceptibility 

results and the g-value of Pr.DN. with a single set of para-

meters which gives a good fit to these experiment:s-' . simul ta-
·. 

neously!-26 

-:--·-

III.4.2. CRYSTALLOGRAPHIC BAOKGROU~m 

The detailed X-ray crystallographic study of,C~2Mg3 (No3 > 12 • 

24H20 has been carried out by Zalkin et a1 127
j. Pr

2
Mg

3 
(N0

3
) 

12
• 
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24H
2
o is considered to be isomorphous to the cerium crystal. 

The crystals are rhombohedral, space group is R3 . The 

lanthanide ion is surrounded by twelve oxygen atoms at an 

average distance of 0.264 nm. These atoms belonging to six 

nitrate ions, are at the corners of a somewhat irregular 

icosahedron. The Mg atoms are of two kinds, .each surrounded 

by six water.molecules whose oxjgen atoms lie at the corners 

of an octahedron with Mg-0 distance of 0.207 nm (see ·Fig. 

III.4.1). The site symmetry at the lanthanide ion found by 

Zalkin et a1127 (Fig.III.4.2) is c3 • But the-spectroscopic and 

the resonance data have mostly been interpreted assuming the 

symmetry to be c3v • Later Devine
128 

suggested that Th symmetry 

is a-more realistic approximation to the nearest neighbours of 

the rare-earth ion than c
3

v as there is a complete absence of 

mirror plane. But Th site symmetry disregards the presence of 

A~ parameter in the crystal field which actually governs the 

splitting of 3 P
1 

level. On the other hand the IIa line.in the 

transition 3H
4
----7 3 P

1 
of Pr.DN.kcomparatively weak. This led 

Hellwege and Hellwege125 to deci~e on c
3

v rather than c3 for 

the site symmetry, as an extra selection rule arises owing 

to the two types of A levels in the irreducible representations 

of c3v • Devine also could not fit very well the spectros

copic results of Pr.DN. due to the absence of A~ term in Th 

crystal field • 

. ' 
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Fig. III.4.1. Positions of the magnesium ions (distances 

in nanometres) relative to a cerium ion in 

ceriBID magnesium nitrate· (Zalkin, Forrester 

and Templeton 1963). 
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• CERIUM 

0 OXYGEN 

• HYDROGEN ,. 

Fig. III.4.2. Crystal structure of ce2Mg
3

(N0
3

)
12

.24H
2
o. 

Atoms of Ce and Mg which lie in a section parallel with 

c and llO are shown together with nitrate ions and water 

molecule, near this section. Examples are shown of each 

kind of hydrogen atom and bond. 
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:So this invokes us to take the site symmetry of Pr.DN. 

as c
3

v where the six order parameters should be of high values 

in comparison to A20 1 A40 1 A43 parameter~. This indicates 

that the actual symmetry is somewhat a distorted icosahedron 

having a 3-fold highest symmetry axis. 

III.4.3. INTERPRETATION OF TBE SPECTRA 

OR Pr2Mg
3

0hlo
3

)
12

.24H
2
0 

. 3+ . 
The effective Hamiltonian of Pr in a crystal is given by 

L 2 e - - + ~ff- r .. 
i<j lJ 

H = crystal field interaction of the 4f electrons with the c. 

ligands. 

Assuming a c
3

v site symmetry He may be written as 

H = c 

( ) 
where Uqk = rkYf is an irreducible tensor operator. 

The crystal field parameter ~q· s c·::.=. are related with the 

Stevens parameters B~sby a constant factor. The matrix eleme

nts of the effective Hamiltonian ~eff is constructed in a 

basis of states represented bX ju~SLJM) • All states belonging 

to the diffe~ent multiplet terms 3 PFH1SDGI have been taken 

into consideration for the represen~ation of the above matrix 
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and it turns out to be 91 x 91 matrix. The matrix elements 

of electrostatic part for 4f2 configuration expressed in 

terms of Slater-Condon parameters Fk's have been tabulated by 

Nielson and Koster. we.use those values. The matrix elements 

of spin-orbit interaction for 4f2 configuration have also 

been calculated by Spedding ® We use those results of 

Spedding for 4f2 configuration. The matrix element of uk was 
q 

obtained by the same procedure as mentioned in chapter II. 

Thus the 9lx91 matrix is set up •. But due to the crystal symmetry 

the whole matrix splits up into 2 matrices of dimension 30x30 

(crystal QUan~um number~ = ±1) and one matrix of dimension 

3lx31 (~ = 0). 

A computer program was then developed in which the crystal 

field matrix elements were automatically generated and then 

added up to SO and ES contribution and after that the three 

matrices were diagonalised individually giving the crystal 

field states and corresponding energies.- The program was then 

extended so that the crystal field results can invoke a second 

portion of the program which automatically calculates the 

parallel and perpendic';llar susceptibilities at different 

temperature~. It also calculates the g-values for the lowest 

3 doublet of the ground term H4 • 
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III.4.4. CALCULATION OF g-VALUES 

For the calculation of the ppincipal g-values one is 

interested only in the lowest doublet in the CF level pattern. 

The two components of the lowest doublet arises from the two 

30x30 matrices mentioned above. The cQmponents of the lowest 

doublet are denoted by iP 1 and iP'i/ • 

gH = gz ~ l<iPl\Lz + 2SzJP~- ~l'JLz + 2SzjP1?1 

~L = zJ<iPl\ Lx + 2:Sx \ P11l = 2 \01 \Ly + 2Sy \iP 1y} = 0 

III.4.5. CALCULATION OF PARAMAGNETIC SUSCEPTIBILITY 

Significant contribution to the par~agnetic suscepti-

3~ 3 3 bility of Pr · comes from only the lowest multiplet of H4 • H4 

contains 9 crystal field states pi's of which 3. are doublets 

and 3 are singlets. The ionic susceptibility is calculated 

using the formula (II.ll.4) discussed earlier. The 9 CF states 

are given in Appendix III.4 at the end of this section. 

III.4.6. RESULTS AND DISCUSSION 

We use the following set of parameters which give a good 

fit to the optical, e.p.r and paramagnetic susceptibility data 
~ 

-1 l: cm- 1 , 60.5 cm- 1 , F6 = 5.65 -1 
F2 = 303 F4 = em , = 730 em , 

B~(r2) = -75.02 cm- 1 , B~<r:> = -19.39 cm- 1 , B~~6> = -49.91 em -l, 

B~~6> 702.74 cm- 1 , 34/ - -1 34~ -1 
= B6 r = +2907. 92 em , B4 = .±393.3 em • 



12-4 

· The· crystal field parameters which were given by Judd 

as follows 

B~<r2) = -70 

B~(r6) = 700 

-1 em , 

-1 em 1 

. -1 
-20 em , -1 em 1 

It is found that our values of the three CF parameters 
0 0. 6 

B4 , Bg and B6 differ only very slightly from the corresponding 

values given by Judd, but the values of the B~ and B~ differ 

by about 7% from those of Judd.and our value of B~ differs very 

appreciably from that of Judd by about 26% • 

Table III.4.1 shows the calculated and the observed 

crystal field levels of Pr. DN. ·· The experimental levels which 

b d 1 3H lD 3po' 3pl d 3- lt' 1 were o serve are on y 4 , 2, an P 
2 

mu ~p ets • 

. ,-:Regarding 3 ~ 2 multiplets one should note that Hellwege and 

. Hellwege123 obtained the tl.vo multiplets. ~ = _±1 and jj, = 0 within 

3 cm- 1• But it is very much doubtful. Since at that time the 

optical instrument was not so much sophisticated that this 

amount of resolution may be reliably done. After an extensive 

trial with several sets of parameters we also found that it is 

actually impossible to fit these two levels of 3P 2 as were 

given by Hellwege and Hellwege. We also found that 1n2 level 

could not be fitted very well by any adjustment of the 

parameters. The discrepancy probably be explained if we consider 

the effect of configuration interaction on the crystal field 
. I 
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splitting and also the actual site mymmetry of Pr3+ ion in the 

double nitrate •. ·other crystal field· levels are in close 

agreement with the experimental levels. The calculated 

g-values ·, ____ gtl= l.ss, g.L = 0 show.· excellent agreement with 

the experimental g-values. · The <:!alculated gH value differs 

from ~he experimental_ value only by 0.03 • One should also 

note that the experimental g-value refers to diluted crysta~ 

while the _theoretical value refers to the concentrated crystal. 

This may account for the slight discrepancy in the theoretical 

and experimental g-valu~~-For Nd3 + in ethyl sulphate55 crystal, 

such differences between the diluted and undiluted crystals 

are already known to exist. Fig. III. 4.'$_\ shows the· experi-

1 1 mental curves. for~ and -K plotted against temperature 
II ~ 

along with the theoretical values at intervals of 20K. It 

clearly shows an overall good agreement between the theore-

tical and experimental susceptibility values over a wide range 

of temperatures with a maximum deviations of about 10% for 

K..L and 4% for K11. 

So we find that c3v symmetry can successfully explain 

g-values the optical and magnetic data of Pr. DN. ,·· - On the 

other hand Th site symmetry as assumed by Devine will not 

be able to account for the splitting of 3P1 • This splitting 

0 entirely depends on the parameter B
2 

which does not exist in 

the Th symmetry. There may b:?a,slight improvement in the crystal 
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field levels of Pr.DN. - ~ done by adopting a least square 

technique. But due to small number in crystal field levels 

we do not attempt any least square fitting. All calculations 

presented in this section were done by a complete program 

developed by us in B6700 computer. 
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Table III. 4. 1. 

C0mparison between the calculated and experimental values for the crystal field 

energy _levels. ~ ~ 

Experimental Predicted energy Predicted energy levels when 
. -1 

Judd's set of parameters were - energy levels in em when Terms ll 
levels our own set of para- used 

in. em-~ meters were used 
. 

3H ±1 0 0 0 
4 3,8 36.5 31.9 .o v 

+1 96 92.4 56.6 

0 - 419.9 362.4 

0 - 499.5 396.1 

+l - 0 566.5 461.7 

lD 
2 .±1 16872 16888.8 16853.2 

.±1 16920 16965.5 16931.5 

0 16934 17005.5 16930.4 

3p 
0 

0 20846 20875.0 20797.1 

3p 
1 

0 21422 21409.5 21333.3 

j-1 21461 21453. 5· 21374.0 

3p 
2 .±1 22630 22650.0 22556.1 

0 22696 22681.9 22598.1 

+1 22693 22705.1 22605.7 

f--4 
N 
.co 



129 

APPENDIX III.4. 

CF wave functions and the energy values of the ground term 

( 3H
4

) of Praseodynaurn double nitrate (hydrated) obtained from 

our own set of fitted parameters 

!P 1 = o .. 0034j 3H66) -o. 036si 3H6 3>+o. 0326 l3H6 o> 

-O.Ol65j 3H6 -3)-o.0787 J3H6 -6)-0.0576 j3 H5 ~ 

+o.0516j 3H5o)·+O.l013I3H5 -3)+0.4316 I3H4 3) 

>il-0. 7459 \3H40)+0. 4659 \3 H4 -3)+0. 0058l3 F 4 3) 

+Oe0042j3 F4o)+0.0076j3 F4-3)+o.Ol95j3 F
3
3) 

D 

+0.0122 j3 F
3
o)-o.o2oo 13 F3-3)-o.024213F 2o) 

-o.oos4 f3 P 2o)-o.oo7o l3 P
1
o)-o.ooo3 13P0o) 

-o.ooo3 )1r 6 6)+0.0032 11r 6 3)-o.oo3ol
1 r 6o) 

+O.oo17 J1 r 6-3)+0.0507 11 r 6 -6)+a.oss9 j1G4 3) 

+0.054lj1G4o>-o.ooos j1G4 -3>-o.oo16 \
1n 2o) 



\P
1

, = Oi0034 l 3H66)-o. 0365 ~ 3H6 3}~:.o .. 0326I3H6o) 

-o.o165J) 3
H6-3)-o.o787I3H6-6)-o.0576j3H53) 

-J{). 0516 \3H5o)+0.1013 13H5-3)+o. 4316 PH4 3) 

4-0.7459 \3 H40)+0.4659}3H4-3)-+0.0058}3 F4 3> 

-K).0042j 3 F4o)+0.0076j 3 F4~3)+0.0195 13 F33) 

+0.0122 j3 F3o)-0.0200I 3F
3
-3)-o.o242 j3F

2
o) 

-o. oo84 \3 P 2o)-o. oo7o 13P 1o)-o. ooo3 PP0o) 

-o. 0003 \1 r 6 3)-J{). 0032 11r 6o) -o. 0030 11r 6-3> 

+0. oo17l 1 r
6 
-6) +O. oso7 I1G 4 3) +o. 0889 11

G 4 o) 

,-.. ~,#0~05411 1ct4e)-o.ooosi 1G4-,3)-o.oo16l 1n2o) 

\P 2 =="'-9• 0278 j3H66)-os 0126 \3H63) -o. 0289\ 3H6o) 

-.w.0126 \3H6-3>-o."o278j 3H6-6) -r-6.1070 }3H
5

3) 

-b.ooooi3H5o)+0.107o I3H5-3)+a.5252 13H43) 

+O. 6387j3H4o)-o.5252j3
H4-3)+o.oo67\ 3

F4 3) 

+0.0026 \3F4o)-o.0067 j3F4-3)-0.0197]3F33> 

· -b~oooo \3 F3o)-o.ol97li 3 F3-3)+0.0155} 3 F2o) 

+0. 01141 3l?2o)+O. oooo l3P1 o)-o. ooo5 PP0o) 

+0.0026 t1 r6 6)+0'e.~012 j1 I63)i0.0024l
1r6o), 

-o.o012) 1 r 6 -3)+6.oo26 11 r 6 -6)+0.062ol 1s4 3) 

· +0.0762I1g4o)-o.o620 i1G4-3)-o.ooo811n
2
o) 

-O.OOOll1s0o)-

130 



w3 = -0.0313 13 H65)+0.0054}3H6 2)+0.0199}3H
6
-1) 

'+0• 0254 l3H6-4)+0. 0945 13H55) -0.0196 l3H
5 

2) 

+Qe1853I 3H5-1)-0.0213 \3H
5
-4)-0.7929\3H4 2) 

+0. 1191I3 H4 -1)-*o. S429l3H4 -4)+o. 0158l3 F·4 2) 

-0.0037 l3 F 4 -1)-o. 0064 l3 F 4 -4>+0· 0088 f3F 
3

2) 

-0.0052j3 F 3-1)-o.0037}3
F 2 2)-H-0.0291l3 F 2-1)" 

-o.oo63j3 P 22)+o.o105 \3 P 2-1)-o.ooo513 P
1
-1) 

+0.0031I 1 I65)~o.ooo2 I1 I 6 2)-o.oo2o}1
I 6-1) 

-0.0019( 1
I 6-4)-0.1003 l1G4 2)+0.0158 \1G4~1> 

+Oe 0668 \1 G4 -4)+0. ooo811n 22)+o. 0008 }1n 2-1) 

@ 3 , = -0.0313 }3H6-5)·ro. 0054 j3H62) +0. 0199 j3H~1) 

+0.0254I:?.H64)+0.094Sj 3H
5
-5)-o.0196j3H

5
-2) 

+0.1853j3H51)-0.0213 13 H54)-0.7929 l3H4-2) 

+0.1191j3 H41)+0. 5429 j3H4 4>+0. 0158 j3 F 4 2> 

-o.oo37 fF41)-o.oo64I3
F44)-ro .. oo88l3 F 3-2> 

-0.0052j3 F 31)-o.0037)3
F 2-2)to.0291j3

F 21> 

-o.oo6313 P 2-2)+0.0105 \3 P21)-o.ooo5l3 P:i_1) 

+0.0031 \1 I 6 -5)-o .. ooo2 I1 I 6-2)-o.oo2o ~I6 1> 
-0.0019 \1 I 64)-0.1003 l1G4-2)+0.0158 l1G41) 

+0. 0668-j1G 
4
4) +0. 0008 }1D

2
-2)+0· 0008 \1 n 21) 
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v/0 > =92. 4 
3 

-1 em 



~ 4 = -~.0155\3H6 6>-o.0016l 3H63)-o.oooo\3H6o> 
-0.0016 \3H6-3)+0.0155 \3H6-6)+0.0078\3H

5
3) 

+O. o113 J3H5o)-o. oo78}3H5-3>+o. 6954 13H4 3) 

-o.oooo j3 H4o)~.6954 \~H4-3)-o.0374 \3F43) 

+o. oooo \3F 4o)-o. 0374' l3F 4 -3)-o. o126 \3F 
3
3) 

-o.o956 \3 F 3o)+o.o126 \3 F 3-3)+o.,oooo PF2o) 

+O.oooo\3 P 2o)+0.0014 }3P1o)-o .. oooo\3P0o) 

-~'-0. 0023 11 r 66>40· 0011 11 r 63) +O. oooo l1 r 6o) 

' 
' 

-K>. 0011 11 r 6-3>-o .. oo23 \1 r 6-6) +O. 0993l 1G 4 3) 

+a.oooo\1G4o)~o.o993 \1G4 -3)-o .. oooo 11n
2
o) 

-o. oooo \1 s 0o) 

.. ~ 5 = -O·~<DQ5:~i 3H66),itD.0083 \ 3H63)-o.,0171j3H6o> 

-o.0083I3H6-3)-o. 0059} 3H6-6) -0.0258j 3H
5

3) 

-o.oooo j3H5o)-o.0258\3H5-3)-ro.4565 \3H43> 

-o. 7398l 3H4 o)-o. 4565 \3H4 -3) -o. 0296l 3F 4 3) 

+0.0571\ 3 F40)+0.0297j 3 F4-3)+0.05~11 3 F33) 
~o.oooo }3 F 3o)+0.0571 )~F3-3)-ro .. 027213

F 2o) 

+Oe0034l 3 P2o)-o.ooooj 3 p 1o)-o.Oo18\ 3 P0o) 

.:tO. ooo7}1 r 66)-o. oo13 11 r 63) +0. 0037 \1 r 6o) 

·40. 0013 J1 r 6--3)+0. ooo7 \1 r6 -6)+o~ 0681 j1G4 3) 

-0.1119 11 G4 o)-o. 0681 j1 G4 -3)-ro. oo23 11n 2o) 

-o.ooo3 j1s0o) 
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w~0)= 419.9 -1 em 

-1 em 



3 3 . 3 
@6 = -0.01091 H65)-0.0049l H6 2)-0.0139J H6-J) 

-o. 0133 \3 H6-4)+o. 0297J 3H55) -o .. 0277l 3H5 2) 

-o. 0544}3 H5-l)+O .. o5oo j3H5-4) -o. :3673 \3 H4 2) 
- ., ' 

+0~622o I3H4-1)-o.6614\3 H4-4)+o.o262 \3 F4 2) 

-0.0501}3 F4-l)+0.0449}3 F4-4)~.0635 l3 F
3

2) 

-o.o435 l3 F3-l)...;o.oos2 )~F22)+0.0066)3 F2-l) 
-0.0016)

3
P 2 2)-'J-0.0009 \3 P 2-1)+0.0002 \3 P1-1> 

+0.0022l
1 r65)+o.o012 \1 r6 2)+o .. o025j1 r6-l> 

,it0.0016) 1 r 6-4)-o.0560 11G4 2)40.0952 \1G4-y 
-0.0983 \1G4-4>-0.0003j1D22)+0.0002 }1n

2
-1) 

!P 6 , = -o.o1o9 PH6-s)-o.oo49j3H6 -2)_...;o.o13s \3H6lj 

-o.0133 \3H64)+0.0297}3H5-5j-o .. o277J3H5--2> 
-o~o54.41_)}3 H:5 l)+O.o5.oo l3H5 4f-o~3673\3H4-2) 
+0.6220 PH41)-o.6614l3 i-I44)+o.0262 }3 F4-2) 

-0.0501 f3 :F41)+0.0449l3.F44)+o.0635 j3 F 3-2) 

-0.0435l
3

F 31>-0.0082j3 F 2-2)+0.0066 f3F 21> 

-o.oo16l3 P2-2)+o~ooo9i3P21)+o.ooo2 }3 P11) 

+o.oo22 11 r~J)-*D. 0012J . .(1 r 6 -2)-f.{). oo25 l1 r6 1) 
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vJ~o) =566. 5 ern - 1 

~o.oo16 \1 r64)'-o.o56ll1~~-2)+0.o952I1G4 1);~.c ·s2f~·c4 ,~> 
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