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SYNOPSIS 

The present thesi·s is devoted to the theoretical 

studies on magnetic, thermal, e.p.r and optical absorption 

re·sul ts of some rare-earth complexes. Attempts have also been 

made here to pre~ent _a model calculation··· on the optical 

activity of a rare-earth double--nitrate crystal. The thesis 

consists of four chapters and.we give below a brief descrip-

tion of the contents of the different chapters. 

Chapter I opens with a general introduction of the 

crystal field (CF) and_ its modifications to what is called 

ligand field theory followed by a. qualitative discussion on 

the eff~ct:.of conf±guratidJ:}.._. interaction (C. I.) in the rare

earth groupo. This chapter alsg discusse~-'the origin. of para

magnetic behavidurp._··.of .:i;S,.x::_~::::-·earth complexes. The. phenomenon 

of optical activity of some types of rare-earth complexes is 

also discussed at the ena, 'Q_f thibs chapter • 
. ;. ·:;:. 

Chapter II discusses the mqthematical preliminaries 

specifically nec~ssary for our work in the subsequent chapters. 

In-order to make tbe thesis self sufficient we have started 

wi:th a discussion of the Hamil;&;nian of an ion embedded within 
~ ,• .- . 

a crystal _lattice. Thei-l"' we hCJ_ve ·mentioneq. the different 

coupling schemes that are used generally in the calculation 

of atomic energy levels. The scheme of perturbation calculation 
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depending on the relative magnit~des of the various interac-

tions present in the case of rare-earth complexes as well as 

the forms of the crystal field under various symme~ries of 

the ion are also discussed systematically. The tensor operator 

technique has been discussed fully along with the concept of 

coefficient of fractional parentage (c.f.p). The tensor 

operator technique in the calculation of CF problems in the 

case of rare-earth ions has also been discussed. The method 

of calculation of magnetic susceptibilj.ty, g-value of a 

paramagnetic ion has qeen indicated. The introduction of the 

covalency reduction factor of the orbital angular momentum 

operator has also been discussed. The concept of charge and 

polarizability contribution to the CF parameter and the method 

of calculation of electric-dipole transition moment from both 

static and dynamic contribution h~been dealt with in this 
:... 

chapter. The method of calculation of the magnetic dipole 

transition moment for f ~f transitio!l is also discussed. 

Finally, we give in this chapter the theoretical method of 

calculation of the rotational strength of an optically active 

RE ion. 

The chapter III describes a consistent interpretaticn of 

the principal magnetic susceptibilities, g-values,. optical 

absorption spectra and the magnetic heat capacity (where 

3+ 3+ available) for various rare-earth ions namely Nd , Pr ' 

Tm3+ in ethyl sulphate lattice and Pr3+ in double nitrate 
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lattice with the aid of a unified theory that simultaneously 

explains the results of all the different types of experi-

ments mentioned above. Each system was treated rigorously 

with due consideration of interrmediate coupling (IC) scheme 

and different J-mixing under the crystal field. The effect 

of c. I. in the CF level pattern were als·o taken into account 

in the case of praseodymium ethyl sulphate where the inclusion 

of this effect is found u::fe indispen~$ble. A rigorous treatment 

gives a very reliable information regarding the crystal field 
~ 

(CF) parameters, interelectronic repulsion parameters (ES) and 

the spin-orbit (SO) coupling coefficient of. the rare-earth ion. 

Investigation by direct diagonalisation of the complete energy 

matrix (consisting of :so~::~,ES and CF interactions in general) 

is presented in case of Pr3+ and Trn3+ ion. It gives the full 

J-mixing. The theoretical interpretation on the optical, 

magnetic and e.p.r behaviours (and also specific heat behaviour 

where available) has been done for the concentrated crystal 

of Pr3 +, Nd3+ and Tm3+ ions in ethyl sulphate lattice and the 

Pr3 +-ion in double nitrate lattice. Systematic analysis for 

each sample is given separately in the different sections 

under this chapter. The results show that in the case of Nd3+ 

in ethyl sulphate we have an excellent agreement between the 

theory and experiment when a small covalency reduction is 

introduced in the orbital angular momentum during the 

calculation of magnetic susceptibility and the g-values. 



3+ 3+ The results obtained for Pr I 'Tm show that the theory 

simultaneously describes both the aspects .. of magnetic and 

optical behaviours within certain limitations. Further scope 

for future refinement of the theory has been mentioned. 

Moreover, the need of more experimental work with the presently 

available refined techniques. has been pointed out. 

The chapter IV describes a model calculation(-:··on the 

optical activity of anhydrous K3Pr2 {N0
3

) 9 single crystal. 

A brief account of the experimental details of both optical 

absorption and circular dichroism spectra has been described. 

The rotational strength was theoretically obtained by evalua-

ting the imaginary part of the product of electric dipole 

transition moment and the magnetic dipole transition moment 

and then it was checked with the experimental value for both 

magnitude and relative sign for different transitions obtained. 

The calculation of electric dipole transition moment uses the 

odd order harmonics of the crystal field and the odd order 

harmonics were calculated with the point charge'model including 

polarizabilitycontribution. The CF energy level calculations 

were done first by the parameters.obtained from point charge 

model and polarizability contribution and then the values 

of even order CF parameters thus obtained were adjusted to 

give the best fit to the experimental CF levels and also the 

rotational strengths. -The contributions of both the electric 
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and magnetic dipole transition moments were calculated after 

due consideration of the J-mixing in the CF states. It is to 

be noted that for electric dipole transition moment both the 

static and dynamic contribution were taken into consideration. 

We also have mentioned the few discrepancies that arise in 

this model calculation. 

The investigations presented in the chapters III and IV 

contain the original work of the candidate, most of which 

have been published in different journals (see the list of 

publications). No part of this thesis has been submitted for 

any degree elsewhere. 
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CHAPTER I 

GENERAL INTRODUCTION 
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I. GENERAL INTRODUCTION 

The crystalline electric field theorY formulated by J.H. 

van Vleck1 was established on a firm basis fairly'long ago. 

This could explain in general, the paramagnetic behaviours of 

crystalline solids containing ions of the iron and transition 

group elements. Subsequently the crystalline electric field 

theory was devel0ped to throw light on the electronic energy 

level pattern of iron and transition metal ions embedded in 

crystals and to explain the electronic spectrum of the ions. 

It is well known that the unpaired electrons in the incomplete 

inner shells of these groups of elements are responsible for the 

paramagnetism of their compounds. In the rare-earth compounds 

some of the 4f electrons of the rare-earth atom·are often left 

out unpaired and would result in paramagnetism of the complexes 

and reflected finally in the crystals constituted by them in 

the solid state. We shall be mainly interested in the present 

thesis with the salts of rare-earth complexes. 

The rare-earth or 'lanthanide' series forms a distinctive 

group whose chemical properties are remarkably similar. The 

valency is usually 3 • The interesting feature of the lantha

nide group is the partial filling of the inner 4f shell inside 

a completely filled euter Ss and Sp shell. The closed shells 

of the electrons form the xenon core i.e. ls2 2s22p6 3s23p63d10 
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4s24p64d10ss· .. 2sp6 , wh-:ch ..;s the t · t t f L 3+ ~ ~ spec roscop1c s a e o a 

4+ and Ce • One more interesting point regarding lanthanides is 

that most compounds exhibit sharp lines in their optical 

spectra, partic'l.il.larly at low temperatures. Thes.e give us a 

detailed information for both ground and excited states. 

Van Vleck1 discussed in detail the paramagnetic behaviour 

of an assembly of non-interacting or free atoms each possessing 

identical o~ nonidentical quanta of magnetic moments associated 

with its resultant orbital and· spin angular momenta arising due 

to statistical -mixt'l.il.re o.f its electronic configuration in thermal 

equilibrium. The expressions for paramagnetic susceptibility 

under the three poss~ble conditions, the multiplet intervals 

larger than, smaller than and comparable to kT, the average 

thermal energy deciding the distribution of population among 

the various quantum states of the system, have bee~ derived by 

Van Vleck1 • He showed that the paramagnetic susceptibility of 

such a system of free atoms can be described, in general, by 

a simple CUrie-law, except when the multiplet intervals are 

comparable to kT, in which case the resultant atomic magnetic 

moment is itself a function of absolute temperature. When a 

paramagnetic i0n goes to form a complex molecule~obviously some 

of the freedom of the unpaired electrons in the ion is destroyed. 

Whatever, if any are left free will be able to constitute the 

paramagnetism of the molecule in the free state, which can be 

estimated on the 'basis of the electronic!~:;_:.: configuration of the 
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molecule. This will be further modified when the ions or 

their complexes go into the solid crystalline state in two 

ways (1) by further association between complexes tending to 

pair off residual electronic moments, (2) by causing the ions 

or complexes to take up crystalline anisotropic orientations 

and thus only the average moments of complexes are found to be 

along the crystalline directions and as a result the molecular 

anisotropies are reflected in crystalline anisotropies. 

From the- early measurements of the susceptibility of the 

lanthanides at the room temperature it was found that in most 

of the cases it was generally rather close to that expected 

from an assembly of free ions and Curie's law was fairly obeyed 

and the spectral lines found in the rare-earth salts are very 

sharp. These phenomena can be explained by the fact that 4f 

electrons are shielded by Ss and Sp subshell from the valence 

fields of the co-ordinating atoms called ligands. The spin

orbit interaction in case of rare-earth complexes is very high 

and so L and S are npt the good quantum numbers in case of rare

earth complexes but J remains a good quantum number. Now the 

strong electric fields from ligands and exchange fields from 

close neighbouring ions are still often effective enough to 

cause the J-degeneracy to be removed sufficiently. Van Vleck1 

established a number of essential features regarding the 

behaviours of paramagnetic ·salts from the quantum mechanical 



description. He took into account the correct description of 

the symmetry properties of the crystal field and also the group 

theoretical approach given by Bethe2 • The complete description 

of the pattern of the eigenstates generat_ed by splitting the 

ground manifold of the free ion in presence of the ligand atoms 
I 

depends upon the strength of binding as well as the symmetry 

of the cluster of ligand atoms. This theory of Bethe2 and Van 

VlecJJ- is called the • crystalline field theory•, the ligands 

are assumed to produce static electric· field. 

Elliott and Stevens3 tried to explain the magnetic suscep-

tibilities and the e.p.r g-values of rare-earth ethyl sulphates 

with the help of the crystalline field theory. The optical 

spectra of the rare-earth complexes was explained with the help 

of crystal field theory by a number of workers4 - 38 • The same 

type of calculation::': was:; done by Judd39 also. Their aim was 
~ ~ 

to examine the consistency of the CDJstalline field theory in 

explaining mostly the spectral and e.p.r behaviours of rare-

earth complexes. It is now well established that elementary 

crystal field theory though need some modif_ications ~is·:; still 

fruitful to a first approximation for the interpretation of the 

optical and magnetic behaviours of rare-earth substances. In 

the crystal field theory the covalent metal-ligand interaction 

is ignored. In the rare-earth complexes.though.this interaction 
"' 

is small due to shiel<fiing effect, ~->;_·- ~- sometimes it is 



necessary to take into account the metal-ligand covalency 
~~ .. 

effect to interpret the optical and magnetic results. So one 

has to incorporate the molecular orbital formalism due to 

Mulliken40 in the frame of the crystal field theory. This in-

elusion of the M.O. method in the crystal field theory resul-

ted in the development of what is known as ligand field 

theory41- 47 • The full M.O. calculation of rare-earth com-

plexes is extremely complicated. However, in most of the cases 

ligand field theory which incorporates in it the essential 

features of M.O. theory by introducing the covalency reduction 

of some parameters directly or indirectly, is enough for ex-

plainiBg the optical e.p.r and magnetic susceptibility results. 

Most of the crystal field calculations of rare-earth 
.. 

comptexes are done within the same configuration. The calcu-

lations were confined within the ground configuration and thus 

the mixing of the excited configuration with the ground confi

V guration i. e. the configuration interaction is ignored. The 

diagonalisation of the combined electrostatic and spin-orbit 

int.eraction matrices (for free rare-earth atoms) for a parti

cular configuration yields energy levels which disagree with 

the experimental value substantially very frequently. This 

mismatch( ) is due to neglect of configuration interaction. 
I ., ~· -.-

Configuration interaction plays a very important and frequently 

unrecognized role in the electroniq properties of rare-earths, 
' . .,..-; ~. 

which sometimes, has a profound effect on their hyperfine 
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structure, spectral intensities and their behaviour in 

crystal fields. The configuration interaction in free rare

earth atom may be divided into two classes :· 

6 

(1) strong configuration interactions where the perturbing 

configurations are energetically close to the perturbed con

figuration and there is appreciable coupling of the confi

gurations by way of the Coulomb field, ( --._ · 

(2) weak configuration interactions where the perturbing con

figurations are well separated from perturbed configuration_ 

and the coupling of the configurations in the Coulomb field 

1s weak. 

Where the configuration interaction is strong it becomes 

necessary to diagonalise energy matrices which include all the 

electrostatic interactions within and between the configura

tions. The eigenvectors resulting from the diagonalisation then 

allow us to express the states in terms of linear combinations 

of the states of the connected configurations. The effect of 

configuration interaction can be accomodated by introducing 

effective operators that act only within the configuration 

under study. The additional parameters that enter in the lowest 

order of perturbation theory are associated with two body 

operators ( cr., {31 "( are the three related parameters) introduced 

by Rajnak and Wybourne49 er with three electron operators 

(Tl, T2, T3, T4 , T5 , T 6) introduced by Judd50 Another 

contribution of the-configuration interaction in the free 
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atom coming from spin-spin and spin-other-orbit which is 

called by Judd et a1. 51 as 1 Intii3:-atomic magnetic interactions 

' ( 0 2 4 6 for £ electrons• the related parameters are M , M , M , M 

and p0
, P2 , P4 , p6 ). To- improve the free ion calculation·'~' of 

~ ... ) 

the rare-earth crystals this c. I. part:··, should be- taken into 

consideration. Recently Carnall et a111 did this type of 

calculation~-·) fer the rare-earth complexes to improve the 

theoretical crystal -field levels and hence to have a good fit 

with·the experimental levels. In the case of rare-earth ion 

embedded in a crystal lattice, the configuration interaction 

is brought about in the second order by both the crystal field 

interaction and inter-electronic repulsion. The odd harmonics 

of the crystal field interaction are known to have a profound 

effect on the intensity of transition between crystal field 

levels. 52- 53 

The theoretical approach for interpreting the spectral, 

magnetic, e.p.r and specific heat consists in finding a unique 

set of relevant parameters which enter into the theory and 

consistent with the results of all the aforesaid experiments. 

These par~eters in the case of rare-earth complexes are the 

Slater-Condon parameters54 for the electrostatic part (F2 ' F4 , 

F6 ), spin-orbit (SO) coupling constant ( s) and crystal field 

(CF) parameters and sometimes some additional parameters such as 

two and thiee body parameters, intra-atomic magnetic interaction 
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55 parameters mentioned earlier and covalency reduction factors 

for the orbital angular momentum may be necessary. It may 

be noted that covalency affects almost all the parameters. 

However, in a theory where the parameters are deduced from 

experiments by.adjusting them to give a good fit between the 

theory and experiment, the covalency effect on the parameters 

is automatically incl~ded in them. 

The information obtained from optical spectra, electron 

paramagnetic resonancei. m~gOetic specific heat of the rare-

earth ions in crystalline solid can be supplemented with 

magnetic susceptibility and anisotropy results. When the 

results of the optical spectra are not available in detail, 

it is difficult to get a unique set of parameters from the 

optical experiments alone. Even when the fine structure details 

are available, the validity of the parameters deduced from 

such optical experiments can only be confirmed if they are 

consistent with other experimental results. :So by studying the 

susceptibility., anisotropy and .:.g~values we have an opportunity 

to check the validity of the crystal field parameters suggested ;: 

by optical data. 

Optical activity56- 61 is the ability to rotate the plane of 

polarization of circularly polarized light. An optically active 

medium may owe its rotatory power to one or both of two causes: 

molecular dissymmetry and macroscopic anisotropy, the latter of 

these two may be due to the spatial arrangement of molecules ~.g. 
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crystal lattice) or to the presence of fields (e.g. the Faraday 

effect). 

The circular dichroism (CD) is the differential absorp

tion of left circularly polarized light and right circularly 

polarized light. After eventual transmission from·the system 

the incident circularly polarized light gets elliptically pola-

rized due to the differential absorption. Circular dichroism 

(CD) and optical activity are like twins wi~h their origins 

in the dyssmetric environment, the former being related to the 

difference in imaginary parts of the refractive indices of 

right and left circularly polarized light and the latter to the 

real parts. An important application of CD measurements li~s in 

the identification of magnetic dipole transitions, since the 

magnitude of these effects depends on the product of electric 

dipole transition moment and ~he magnetic dipole transition 

~oment •. It has been found that the weak f~f transi.tion (osci

-6 
llator strength f~ 10 ) has some magnetic dipole. character 

and in some special cases, magnetic dipole transitions have 

62-64 actually been detected. 

We have chosen trivalent RE compound (K
3
Pr

2
(N0

3
)

9
) for 

our.optical activity calculation. The fN-7fN transitions in 

trivalent RE complexes are frequently forced electric dipole 

allowed65 -~6 sometimes magnetic dipole allowed. 6 2- 63 We discuss 

a model calculation regarding the electric dipole moment and 

the magnetic dipole moment of the aforesaid compound. Rotational 
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strength67 is then calculated by considering the imaginary 

contributionsof their product. Static and dynamic contri-

bution to the electric dipole moment were calculated after 
. ' 

Richards0n and Faulkner68 • The contribution of the magnetic 

dipole moment fi6T\ term to term was calculated after Sen and 
•._r 

Ch~_t1.dhurt. 6 
g. The rotational strength can also be obtained 

from experiment. 70 The relative chang~in sign of the rota-

tional strengths of CF transitions were compared with the 

experimental CD spectrum. 
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MATHEMATICAL PRELIMINARIES 



II.l. INTERACTIO~~ IN A PARAMAGNETIC 

ION EMBEDDED IN A CRYSTAL - . --

11 

When a paramagnetic ion is embedded in a magnetically 

dilute crystal the Hamiltonian in presence of an externally 

applied magnetic field can be written a$ 

where, HF = nonrelativistic Hamiltonian for a free ion exclu

ding magnetic ·interactions of ele~tron orbits and spins. 

H80 = spin-orbit interaction energy, 

He = crystal field interaction, 

H~ = interaction energy due to the application of the external 

magnetic field~. The spin-spia interaction, the exchange 

interaction of electrons, nuclear interaction and other 

possible interactions are usually small and have been neglected 

in our calculation. The non relativistic free atom Hamiltonian 

H =~~. - ze2) +~ ~ (II.1.2) 
F ~ ~ r i i ( j r ij 

-ze2 where T~ = K.E. of the i-th electron and---- = P.E. of the ..... r. 
~ 

i-th electron ia the attractive coulomb field of the nucleus. 
2 

-~- = electron electron repulsion term. If we neglect the 
rij 
inter-electronic repulsion term then the method of separation 
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···~· 

of variables can be applicable and the Schrodinger equation 

corresponding to {II.l.2) can be solved. But this term is too 

large to be dropped and treated later by perturbation theory. 

so the general procedure for solving the eigenvalue problem 

of HF is then to use the central field approximation. This 

means actually that it is fairly good approximation first to 

repla:e HF by a central field Hamiltonian H0 which takes into 

account of the fact that each electron moves independently of 

the others in an effective central potential V(r) representing 

the combined effects of the attraction by the nuclear charge 

and a ·suitably averaged repulsion by the other electrons. Now 

we define (HF - H
0

) as the residual interaction H , which 
- r 

is treated as the perturbation potential. Thus we can write 

HF - H = H o r (II .1. 3) 

where H0 = central field Hamiltonian and is given by 

He =L~i ·+ veff{ri~ (II.l.,4) 
i ' 

Veff(ri) .= P.E. energy o'f the i-th ele.ctron in the effective 

central field. The residual interaction Hr is given by71 

H 
r 

=TI-
i 

thus consists 

veff(ri) - z~:) +~j r:~ (II. 1. 5) 

of one and two- e·lectron terms ·represented by 

(II.l. 6) 
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(II.l. 7) 

Now when one is interested entirely within the structure of a 

single configuration, the one electron term H;i may be omitted 

in H siBce its effect is simply to shift a configuration as a 
r 

whole. So we drop this term as calculations involving different 

electronic configurations will not be dealt with in the 

present thesis. 

Thus we can write finally the total effective Hamiltonian 

(II.l .. l) of a paramagnetic ion embedded in a crystalline lattice 

in presence of external field ~ using the central field 

approximation for free ion as follows : 

(II.l. 8) 

The eigen value problem of the total Hamiltonian H given in 

( II.l. 8) . ., is tackied by treating H
0 

as the unperturbed Harnil

t6nian and (H-H) ·as the perturbation Hamiltonian. Further the 
0 

perturbation (H-H ) consists of a number of parts in order of 
0 

decreasing strength, and the perturbation problem is tackled 

by applying these parts in stages in order of decreasing 

strength on the low ~ying states resulting from the previous 

perturbation p~rt. The calculation of the matrix elements of 

the perturbation Hamiltonian is facilitatea by defining a 

complete set of basis states in some well defined coupling 

schemes which are discussed in the next section. 
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11.2. COUPLING SCHEME 

We consider the following three coupling schemes that 

are used in the. theory of .atomic spectra 

(a) L-S coupling scheme 
0 

The free atom Hamiltonian HF , L2 , J3 2, Lz , Sz are mutually 

commuting dynamical variables where L and S are the resultants 

of individual electronic orbital angular momenta~ ~·sand spin 

angular momenta,s's respectively. That means HF, L2 , s 2 , Lz 

and Sz have simultaneous eigenstates and L, s, ~ , MS are 

good quantum numbers or in other words L2 , s 2 , Lz and Sz are 

constants of motion. From the same argument we can have simul-· 

2 2 2 taneous eigen states of HF , L , S , J and Jz. where J, the 

total angular momentum, is the resultant of L and S and also 

L2, s 2 , J 2 and Jz are constants of motion. We can then classify 

the energy eigen states of the atom by the eigen value of the 

constants of motion i.e., by specifying the definite values of 

L, s, ~ , M6 or L, s, J, MJ • This description of the atom 

is valid only when H is neglected in the free atom since so 
otherwise L2 or s2 will not commute with the Hamiltonian. 

So in case of lighter atoms for which atomic number is small 

and H80 is weak it is a good ap~roximation to take H50 as a 

snall perturbation on the states represented by JSLMSM~ or 

lSLJMJ) in the basis of which L2 and s 2 are diagonal. Any set 
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of states in which L2 and s 2 are diagonal is referred to as 

Russel-Saunder•s coupling scheme. 

(b) jj coupling scheme 

For heavy atoms (large atomic number), H80 can no longer 

be treated as a perturbation on L-S coupling states lS~MSML> 

or ISLJMJ) but must be taken into account at the very begining 

in the original single particle orbitals from which the 

resultant atomic states are built. This actually means that 

electronic wave functions are no longer simultaneous eigen

states of n, t , ms , m~ but the simultaneous eigen states of 

n, f, , j, m where j is the total angular momentum (resultant 

of t and s) of a single electron. The individual electronic 

j's then combine to produce the total J and its component MJ 

of the atom as constants of motion. The scheme characterised 

by the set of quantum numbers n, t, j for each electron and 

JMJ for the whole atom is known as the jj co~pling scheme. 

In this scheme H80 is ~iagonal and coulomb repulsion term is 

then taken as perturbation. 

(c) Intermediate coupling scheme 

When the coulomb repulsion and the spin-orbit interaction 

terms are comparable' neither L-S nor j-j coupling gives a good 

approximation, since the Hamiltonian or a free atom (which 

85933 
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includes H
80

) is not diagonal in either case. In this case we 

have to diagonalize the Hamiltonian matrix which includes both 

coulomb repulsion and SO interaction exactly and its diagona

lization gives a representation in which both H~j and H80 are 

diagonal. This is known as the intermediate coupling. The wave 

function in this scheme is a linear Combination of states 

represented hy 'l :SLJMJ) • 

II.3. SCHEMESOF PERTURBATION CALCUh~TION , 

DEPENDING ON THE MAGNITUDE OF CRYSTAL 

FIELD RELATIVE TO OTHER INTERACTIONS 

The coupling scheme indicates the basis states:- necessary , __ , 

for starting perturbation calculation. The coupling schemes 

,:~·already stated are for the case ef a free atom. The above des-::-·~ 

cription has to be modified in the case of paramagnetic ion 

occupying a site in the crystalline lattice i.e. if He is inclu

ded in the perturbation (H-H
0
), the different parts of which are 

applied in stages as mentioned earlier. :So we have to knmv 

how He compares in order of magnitude with the other pertur

bing quantities of equation (II.l.B) particularly H80 and ~j 

part of Hr • We shall confine our discussion to the rare-earth 

groups only with which the present thesis is concerned. 

Now in case o:E rare-earth complexes, ~j~ H80))Hc • 

Evidently the intermediate coupling scheme described earlier 
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in the case of free atom is the most suitable one in this case 

and it is the mGst realistic approach for the perturbation 

procedure in rare-earth complexes. He is to be applied then 

on the Intermediate coupling states. 

II.4. TENSOR OPERATORS AND THEIR 

E§ES IN THE PRESENT THESIS 

For the calculation of the matrix elements of Hr , HSO , 

He (He = crystal field interaction) etc between the atomic 

states we can expand the atomic states in terms of antisymme-

trized product of one elec~ron wave functions follmving the 

method of Slater72 and the matrix elements of the operators are 

then evaluated in the manner as described by :Slater72 and Condon 

and Shortley54 • But this method, though in principle applicable 

to most of the·cases, is very cumbersome and extremely tedious 

in complex configurations. An alternative and much simpler but 

most powerful·and elegant method known as tensor operator 

method has been developed in conjunction with group theory and 

7 3 . 74 concept of fractional parentage by Racah and W~gner • 

I I. 4 .(a) • DEFINITION OF A TENSOR OPERATOR 

An irreducible tensor operator of rank k is defined by 

Racah75 as.~n operator T(k) whose (2X+l) components satisfy 
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the same commutation rule with respect to the total angular 

h h . 1 h . t yq . momentum J as t e sp er1ca armon1c opera ors k 1.e. 

(II.4.1) 

(II.4.2) 

Evidently, the spherical harmonics are themselves tensor ope

rator~ One can easily show from the above definition that 

suitable linear combinations of the components of the orbital 

angular momentum or the spin or the cartesian (x,y,z) operator 

are the components of tensor operators ·with k = 1 . The tensor 

operator form of x,'y,z may also be easily obtained by expr.:e-

ssing them in terms of the components of the first order 

h . 1 h . 76 sp er1ca armon1cs. 

II~S. COEFFICIENT OF ~TIONAL PARENTAGE 

Calculation with the help of Racah formalism needs 

frequent use of the concept of fractional parentage. The idea 

is as follows : 
n 

Any state ~(~nasLM8ML) ·of the configuration t may be expanded 

n-1 in terms of the products of states~(~ a 1s
1

L1M8ML) of the 

first (n-1) electrons with those of the n-th electron 

having the same £ .value as folloviS : 
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where ~<t1mtm ) represents the state of the n-th electron 
' s 

t9 

having quantum numbers ~ 1 rot 1 ms • The first summation extends 

over all the te.J:::rn.'s ':I.'(~n-l(a1s1L1)) of the complete set for the 

nn~l f' t' and the second sum 1 f the u . con ~gura ~on mere y per orrns 

vector coupling of the total S and L values. In other words the 

state ':I'( rPasL) representing a term of the tn configuration 

may be written as the following linear combination 

~(tnasL) ~~~(tn-l(a1s1L1)t;SL) <:tn-l<a1s1L1)t:SLIJ~0as~ 
ctlSlLl (II.S.2) 

The~ term a
1
s

1
L

1 
of the tn-l configuration is known as the parent 

of the term asL of the tn configuration and the co-efficient 

<~n-l(a1s1L1)t;SLI}fa~sL) commonly abbreviated as (WIJ':I.') 

is known as the coefficient of fractional parentage (c.f.p.) 

The c.·f.p. describes how the resultant sta·te ':I' is built up from 

its possible parents W when another electron with the same t 

quantum number is added to the parent and can be looked upon 

as defining the state. They are chosen to yield the properly 

antis}mrnetrized eigenfunctions of the tn configuration and 

are zero for all the forbidden states of the configuration. 
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Due to the equivalence of the electrons the matrix element 

of the sum of a single particle operator F =~fi between two 

states of the configuration tn is n times the cbrresponding 

matrix element for fi where fi is a single particle operator 

for the i-th particle, that is 

(II. 5. 3) 

Making use of (II.5.2) we get 

(s1L 1 ~SL M8ML jfiJ:S1L1 ft11S'L'~M~(tn-l(a1 :s1L1) ~S'L'IJ tna':s'L'/ 

(II.S.4) 

The matrix element of fi can be evaluated by expressing fi in 

terms of the appropriate tensor operator and then using the 

tensor operator_ technique. The problem then reduces to finding , 

the coefficients (e0
a.SL {!e?-1 <a

1
s

1
L

1
)tsL) and <tn-l(CG1s1L1)ts'L'~; 

e,0 a.'s'L'). We shall assume that the phases of the states of 

the configurations tn, ef-l and t have been chosen- to ensure 

_that the coefficients are real, hence 

(II. 5. 5) 

For matrix element of a single-particle opera~or F between two 

states of different configurations.we can write following 

Racah7 ~ 

<~nCG~SL M8~jF \ e,n-l(a.1s1L1) vs'L'M~~> 

= n112 /e,na:sLSl tn-l(a; :s L')osL\ /s L t. SL M M_jf IS L f,'S'L'M'~) 
~ l 1 1 1 ~ 1~1 1 n s-L n 1 1 n s L 

(II. 5. 6) 
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The coefficients of fractional parentages for dn and_fn con-

figurations have been tabulated in a convenient form by 

Nielson and Koster77 • These tables are available for confi-

gurations upto hali~filled shell. For configurationsmore than 

the half-filled shell, the c.f.p may be easily calculated from 

the recursion formula given by Racah73 

<t4t.+l-n(a.'s'L')tsLlJ t4~+2-D:·ex,s L) 

( . S-fHS' +Ir.I-L' -.t- 1 r (n+l) {28' +1) {2L' +1)' l 1/ 2 

-1) 2 [( 4 t+2-n) ( 218+ 1) ( 2L+ 1) :J 
.··· ,._ 

II.6. REPRESENTATION OF A WAVE FUNCTION BY RACAH 1 S 

CONVENTION IN THE CASE OF fG CONFIGURATION 

(II.5.7) 

In the particular case of the f shell, Racah78 intro-

duced two groups providing two sets of quantum numbers W and u. 

The first is a set of three integral numbers W = _{w1w2w3) with 

w1~ w2 ~w3 ~0 and all w ~2 , while the second is a set of two 

integral numbers Us {u1u 2). With a few exceptions these labels 

distinguish all states of the f shell and using the symbol a. 

to separate these exceptions, the wave functions are denoted by 

(II. 6. 1) 

The states of·any rare-earth ion having a configuration represe-
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ted in general by~fn are listed by Nielson and Koster77 using 

this representation. In earlier work Racah used a •seniority 

number• v, which is essentially equivalent to w, to label the 

states. The corresponding notation alternative to (II.6.1) is 

(II. 6. 2) 

II.?. ~~TATIC ENERGY FOR fn CONFIGURATION 

By expanding the electrostatic interaction <.hetween 

electrons in Legendre polynomials of the cosine of the angle 

between them, the electrost~tic energy ~~ay:_be written as 
/ 

a linear combination of Slate·r radial integrals54 , FK 

2t 
·LE = L fk Fk , k is even (II. 7.1) 

/. k .=0 

For the.two electron configuration the coefficients fk are 

simply an~lar integrals over spherical harmonics. Using the 

calculated c.f.p. together with equation (1) of Racah78 to 

. derive tbe coefficients of the Fk in the configuration .f from 

those in the configuration tn-l, we may build up a chain 

process from the known ~2 coefficients; but in the f shell 

such a process is tedious. 

To simplify the calculation, Racah observed that, in the 

two-electron problem, the coefficient fk is essentially the 

expectation value 'of the scalar product operator ( yk ( 1) • yk ( 2)} 

of two spherical harmonics. Although this operator is a scalar 
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with respect to rotations in three dimensions it is neither 

scalar nor has simple properties with respect to the more 

general groups of transformations used to classify the -v1ave 

functions. However, by taking certain linear combinations· of 

these operators one may construct new operators which have 

simple transformation properties under the groups employed. 

The energy becomes 

~~==ekE?< • (II.7.2) 

k== 0 

where the ~ are the expectation values of the new operators 

and. the Ek;,a are linear combinations of the, F~s. 
In the f shell we have 

o· 
E == F0 - lOF2 - 33F4 - 286F6 , 

El = ~ (70F2 -+ 231F4 + 2002F6 ), 

2 1( . ). E = g F2 - 3F4 + 7F6 

3 1 
E = 3(SF2 + 6F4 - 91F6) (II. 7. 3) 

For configuration fn Racah78 has shown that both e
0 

and e
1

·are 

diagonal in the UviSL scheme with values, 

1 
e

0 
= 2 n(n-1) , 

e 1 = ~ (n-v) + t v(v+2)-S(:S+l) 
(II.7.4) 

The remaining co-efficients are more difficult to derive and 

necessitate the use of the c.f.p. discussed in II.S • Using 

these, Racah has prepared subsidiary tables from which the 
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values of e
2 

and e
3 

may be derived in any configuration fn • 

One can calculate the electrostatic part of any fn system by 

using the a0ove mentioned procedure~ However, Nielson and 

Koster77 gave extensive tables where they gave the electrostatic 

part of any of fn system in terms of E0
, E1 , E2 , E3 and we have 

used this table in dealing with the problems discussed in the 

present thesis. 

I I. 8. MATRIX ELEMENTS OF THE ;SPIN-ORBIT INTERACT.ION 

Using the tensor operator methods of Racah75 together 

with the fractional parentage coefficients, .the matrix element 

of the spin-orbit operator l;'Ls2,.~ .. t,.) between two general 
i ""'l. ..,.l_ -

states ~JM , ~~ of the configuration tn is given by 

<~JM\~~<er &i> t~~) = -n l:{3 ~, < t+l) (2t+l) (2L+l) 

(2L'+l) (2S+l) (2S'+l)/2} l/
2 

(-l)J·"'-L*'S'+l {f, ~, ~~} 

2::=~ {IW)<~'{I W)<-l)s+B+L*L"~-t+ ~ ls 
1
s ~( {!. L ~j 

~ 1 - s'j 1 t L' 
2 (II. 8.1) 

where <~{I W) stands. for the coefficient of fractional paren-
~ 

tage. The SO matrix element:.- in terms of C:.: has been calculated 

by several workers. Spedding7 9 calculated the SO matrix elements 

2 80 for f system and Judd and Loudon calculated the matrix 

elements for f 3 system. ~at~r Nielson and Koster77 has given 



the values of the matrix elements of SO interaction in a 

tabular form for all fn systems. 

II. 9. THE CRYSTAL FIELD 

25 

Assuming that the crystal field potential V satisfies 

Laplace's equation over the space not occupied by charges, it 

can be expanded as a sum of spherical harmonics as follows 

V{r,e.~) = ~ L "kg rk YfC&,;p) {II.9.l) 

k= 0 q = -k 

with the sign convention(Yff = (-l)qY~q. It is to be noted 
.. 

that V is real which imposes the cond~tio~ ~q .= (-l)qa~-q • 

The quantities ~q•s are known as crystal field coefficients. 

The number of.terms in the potential expression may be 

considerably limited fOllowing the three rules. 

i) If there is a centre o~ inversion there will be no har-

monies of odd k in the potential expression. 

ii) Odd harmonics may also be omitted for non-centro-symmetric 

ion site provided we confine ourselves within P given confi-

guration. To show this we consider the state of an ion written 

a a a a in terms of product of one-electron wave functions pi(n tm~ms) 

(i refers to the i-th electron). The matrix element of crystal 

field interaction between two such states reduces to sum of 

( '*< a a) _ ( b b. one electron integrals Jpi ntmtms V~i n~mtms)d~ • 
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0 

The parity of two ~ functions are the same for a given 

configuration. When V is odd the integral becomes an odd 

function and therefore the integral vanishes. However, such 

odd order potentials may admix different configuratiomJand 

will have ·to 0e considered in the case of configuration mixing. 

~ * a a b b iii) For the integral ~.(ntmnm )V~.(ntmftm )d~ to be non-
1 ~ s 1 u s 

vanishing it has to fulfil the triangular condition (the 

triangle formed by the values representing order of the three 

spherical·harmonics i.e. t for both wave functions and k for 

the potential) which gives k~ 2 L • Hence, all terms in (II. 9. 1) 

having k > 2 2, may be t).mi tted. 

It may be shown that when we confine ourselves to a single 

configuration tn the matrix element of the k-th harmonics of 

the crystal field interaction between two states of the ion 

contains the reduced matrix element <g,u C( k)I\Q,.) as a factor 
. ( k) 

where C is an irreducible tensor operator corresponding to 

the k-th harmonic of the potential. The reduced matrix element 

is non-vanishing only when, 

(a) t+k+t is even i.e. k is even. 
( 

(b) t, k,f., satisfies··. the triangular condition i.e. k~ 2t • 

The above two rules thus immediately follow 

Again the number of terms will also be reduced by the 

symmetry of the surroundings of the ion and that the terms 

oc~urring depend very much on the co-ordinate axes chosen and 

are in their simplest form when the axes coincide with the 

i .,_ 
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symmetry axes of the point group. The present thesis deals 

with 4f electrons of rare-earth group so we shall retain the 

terms upto k = 6 • 

If we take a common example' the o3h symmetry, which means 

there is a threefold axis, a twofold axis perpendicular to it, 

and a reflection plane perpendicular to the threefold axis 

which makes aq 6 real (a crystal symmetry that is found approxi-

mately in the RE ethyl sulphates) , the development can be 

written 

v 2 0 4 0 6 0 *' a66r6 (~ + y-6) (II. 9. 2) 0 3h 
= a20r Y2 + a40r Y4 + a60r Y6 6 

.where for convenience the summation over i, the number of 4f 

electrons has been dropped out. 

This can be again rewritte~ as. 

v 
0 3h 

( 2) (4) ' (6) . (6" (6) 
= a20u0 '*' a40UO + a60UO + a66(U6' + u_6) (II.9.3) 

where u(k) 
q 

= rkY~ , which is called as the tensor operator of 

rank k and having q-th component. The quantities ~q1 s are 

called the crystal field coefficients. The crystal field inte-

raction of an ion having n electrons in the unfilled shell is 

=-Lief V (II.9.4) 

=-LL (II.9.5) 

ktq 

where the summation in (II.9.4) and first summation in (II.9.5) 

extend over all then el~ctrons. The quantities -lela /rk) 
Kq_>~ nt 

,1'1!1_~ . 
1/\,_.-1 
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which occur in crystal field calculations are known as crystal 

field par~eters where nl(rk)n~ is the radial integral given 

by nt(rk>n~ = r~:~pn~rkr2dr and pn~ is the radial part of -the 

wave function of the electron corresponding to the nt subshell. 

II.lb. MATRIX ELEViliNTS OF CRYSTAL FIELD INTE-

RACTION IN THE CASE OF RARE-EARTH IONS 

The fundamental problem is to calculate t;he matrix elements 

of the form 

Cf'R'uvsLJM ju < k) I fna"u'~1s' L' J" M") 
- J q J 

:Since u< k) does not contain any spfn variables so we have :s = s' q ' . 

B 1 · w· k t 81 " 82 h h y app y1ng 1gner Ec ar - t eorern we ave 

= (-1) J-MJ .c: 
J 

Again 

= (-l)S+k+J*-L' 

Therefore (II.l0.1) becomes ' 

( -1) 2J.;!-S+k+L' -MJ [S 2J+l) ( 2J' +1)] 1/2 ( J 
-M 

J 

k J') {J 
q M' L 

J 

(II. 10. 2) 

~ :J 
(II. 10. 3) 
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where, 

is called the reduced matrix element which is tabulated by 

Nielson and Koster77 • The same thing can be further reduced 

by using the fractional parentage as follows : 

<flo:uv:SL !lu(k) II flo:'u'v'sL') 

= n> ('I'll P) ('¥' fl p) (-l)L+k+3-L' +L+L' +3+3 
w 

)L L L~ 

l3 3 k) 
1/2 ( IT 2L+l) ( 2L' +1[} ( f II u k) ll f) 

= nL<'¥{1 W> ('¥' tl ~X-HL+k+3+L {L 
w . . 3 

1/2 
IT 2L+l~ ( 2L' + 1)] 

Cf 11 u<k> II f) (II.l0.4) 

Therefore 

= n L ( -1) 2J·4f-S+2k+L' -MJ+L~·3+L('¥{l i,F) (p' tl W) 
w c J 

{
L3 L' kL. j {JL ,J'L' k:sj. . 1/2 [2J+l) < 2J' +1) < 2L+l) (2L' +lU (f 11 u<k>ll f) 

3 (II.lO.S) 

~ 2J+S+L' ·+L-M +3+L . 
= n L____.._ ( -1) J ( '¥ fliii) (p' tl P)· 

( 

J k J') 
w 

{
L L' L ( {J 
3 3 kf L 

where ( '¥tl i¥) 

-M q 
J 

M' 
J 

J' k~s} 1/2 . ( ) 
L' II 2J+l) , 2J' +1) , 2L+l) , 2L' +ln {f uu k 11 f) 

(II.l0.6) I 

are the coefficient of fractional parentages (c.f.pJ' 
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and 

[
2k+l] 1/2 k . . 1/2 (03 = 41£" 4 f(r ) 4 f (-1)

3 ~?~).3+1> (4~J3+1D 
k 

0 

= -1 ~~],] 1/2 (; 
k 3) k 

0 4f(r >4f 
(II.l0.7) 

0 

The quanti ties like -lei· ~q 4 f<rk)4 f have been treated as crystal 

field parameters and a simple symbol ~q has been used for· 

-lei ~q 4f(rk)4f • 

The similar type of calculation can be done by using opera-

tor equivalent method which has been discussed by Stevens83 • 

When Steven's operator equivalent method is used the CF poten-

tial is expressed in cartesian form and the CF parameters are 

obtained in Steven's form and they are denoted by sf's instead 

-of ~q's. In our subsequent calculation we shall use ~q's 

which are the CF parameters in tensor operator form. Bf's are 

related with ~q's by simple constant factors given below 

Since the operator equivalent technique was not used in the 

subsequent CF. calculation, so the details of that is not 

discussed here. 

"·!' 
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II.ll. CALCULATION OF ~~GNETIC SUSCEPTIBILITY 

A free paramagnetic ion in the absence of an external 

magnetic field, will in general have a nnmber of degenerate 

and non-degenerate states. These states are classified according 

to their energy values into different groups labelled by the 

index m ; degenerate states having the same. energy form a group, 

each non-~egenerate state is a group by itself. Suppose a correct 

zeroth order state Pmt,i assumes an eneigy Wmt,i in the magne

tic field Jl which is applied in the direction i ( i E x, y, z). 

The additional suffix tis used to specify a particular compo-

nent state when it belongs to a degenerate group i.e. Pm~,i is 

the correct zeroth order ~-th state belonging to the m-th 

group, the correct zeroth order states of a degenerate group 

being decided by the fact that the Zeeman perturbation S~(Li+2Si); 

is diagonal in a basis of these states. The general expression 

for the ionic paramagnetic susceptibility of a system of free 

ions1 is given by 

(II.ll. 1) 

= Lt BkT 
~~0 ~ 

(II. 11. 2) 

where 

z. 
J.. 

( II.ll. 3) 

I 

-~ 
' 
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where the summation extends over all indices m,t correspon~ 

ding to all states. 

Van Vleck has also given a more convenient expression e.g. 

K. 
~ 

= 

NLJ(w~~J 2 

m t kT 

~exp (- w~:~ 
(II.ll~4) 

where W(O), w< ;> . and W( ~) ·. are defined by the expansion 
m m~,~ m~,~ 

of 

energy W n • in a -power series in the applied field J::i as follows :. 

Thus 

m"' ~ 

W n • = 
m~, ~ 

w<o> is 
m 

+ ••• (II.ll. 5) 

the unperturbed energy in the zero magnetic field 

(the indices t and i are superfluo~s in 

and hence are omitted in w<o>). w(l) .~ m m.e.,,~ 

the zeroth order energy 

( 2) hl2 and W n • 0"1 are the m ~~ ~ 

first and second order Zeeman perturbation when a magnetic 

field ~ is applied along the direction i • The quantities 

w(l) and w< 2) are explicitly given as follows, m Q,, i me,, i 

w~~~i = <ll'me,,ii'B(Li + 2Si) I~Pmit,i) (II.ll.6) 
2 

__ ~ 14'mt,i la<Li+2Si) lwnp,i)l 

w~~~ i - L . w<o) _ wTI5> (II.ll. 7) 
nJ:> '-.; n m 

The expression (II.ll.4) can be obtained from (II.ll.l) using 

the expansion (II.ll.S) and assuming ~hat (i) the Zeeman terms 

are very much smaller than kT so that exponentials when expan

ded can be approximated by neglecting higher terms in their 

: ., 
I' 
i 
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expaBsion and (ii) there is no permanent polarization in,-~ero 
"'~' 

magnetic field i.e. 

~ w(l). exp (- w~c;}) = o L_ me,,J. kT 
mQ, . 

The above derivation of susceptibility is quite general and 

holds good so far as any magnetic degeneracy is left over 

even in'the process of molecules or solid state formations. 

II.l2. CALCULATION OF g-VALUE§ 

Electron paramagnetic resonance spectrum corresponds to 

transition between the 'two components into which the lowest 

doublet (@1 , @1 ,) splits when an external magnetic field is 

applied. We shall assume uniaxial symmetry of the ion so that 

e.p.r spectrum for the two cases, magnetic field parallel and 

perpendicular to the symmetry axis will be considered. Diagona- ·! 

lisation of the Zeeman perturbation ,B J:i (Lz. +. 2Sz) constructed ; 

in a basis of two component states @1 and pl' of the lowest 

doublet gives the energies of the two components into which 

the doublet (@ 1 , ~ 1,) splits when ~llZ and the energy separa

tion AwZ between the two components·when ~liZ is given by 

Thus 

(II.12.1) 

·z. 
t!·' .I 
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Similarly diagonalisation of the matrix of Zeeman perturbation 
~-'--, 

.B J::l (La + 2Sa) constructed in a basis of· the states 9? 1 and ~1/_) 

when~ Jla. (a. :' x or y) gives the value of the splitting as 

where a = x or y and 

Awa. 
= gy = .BJ:t 

= 2 \~1\Lx + (II. 12. 2) 

II.l3. ~~CULATION OF THE MATRIX ELE~mNT 

OF THE TYPE(sLJM I (Li + zsi) I SL' JfJ!') 

To calculate the matrix element of ~LJM\(Li+2Si)lsL'J'M';>' 

we have to express Li and si in tensor operator form as follows: 1 

For i = Z 

Lz and Sz can be tre~ted as T~l) tensor operator. Fori = x, 

Sx can be written as, 

fi.(T(l) - T(l)) 
'-J2 -1 1 

And for i = y, Ly or sy can be \vri tten as, 

i fl (T(l) + T(:I.)) ..J2 1 -1 

L Ol.~ 
X 

And if the tensor operator form be applied here we shall obtain 

the following results : 

L(L+l)+J(J+l)-S(S+l) 
MJ 2J(J+l) 
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/c S(S+l)+J(J+l)-L(L+l) 
~LJMJj s 2 \ SLJMJ> = MJ .2J(J+l) 

<sLJMJ (L2 l SLJ +J.:-.MJ) = -(sLJMJ 1 Szl SLJ+lMJ) 

~ _n~+MJ+l) (J-MJ+l) (S+LN+2) (S+L-'-J) (S-L+J+l) (-S+L+.T~ J l/2 

t- - (2J+3) (2J+2) 2 (2J+l) --

DJ-MJ) (J+MJ+l)] 1/2 
~LJMJI Lxl SLJMJ+l) = - 4 J(J+l) _ [J<J+l)f_S-(:S+l) +L(L+lTI 

~J~MJ) (J+MJ+lUl/2 
~LJMJ l sx' SLJMJ+l> = 4J(J+l) '0- (J+l) +S(fS+l) -L(L+lTI 

UJ+MJ) (J-MJ+l>] 1/2 
(sLJMJILxlSLJMa-1) ~ 4 J(J+l) [J(J+l)+L(L+l)-s(s+lU 

~J+MJ) (J-HJ+l[ll/2 

~LJMJjsxiSLJMJ-1) = 4J(J+l) [J(J+l)+SUS+l)-L(L+lU 

~LJMJILxiSLJ+lMJ+l) =- <:sLJMJ\Sx\SLJ+TMJ + ~ l/
2 

= l [(J+MJ+l)(J+HJ+2) (J+L+S+2)(-J+L+S)(J-L+S+l)(J+L-S+l)l 

4 ( J+l) ( 2J+l) ( 2J +3) j 

~LJMJILx\SLJ+lMJ-1>=- ~LJMJJSxiSLJ+lMJ-1) 
I 

l r(J-MJ+l) (J-MJ+2) (J~L+S+2) (-J--H-L+S) (J-tri-S+l) (J+L-S+l)Jl/2~-
= - 4 (J+l> L-

< 2J+l)( 2J+3) : 

II.l4. COVALENCY REDUCTION OF ORBITAL ANGULAR MOMENTUM 

Sin~e the magnetic properties and optical absorption 

are connected with the orbitals of the unfilled shell of the 

central metal atoms, such aspects of them as are determined by 

the behaviour of electrons close to the nucleus of the central 
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rti.e±;aL io:n. \ will be reduced if the orbitals overspill on the 
-: __ ,- - ~ • .<~ 

ligands. Particularly the orbital angular momentum and the 

spin-orbit coupling co-efficient will be effectively reduced 

by such covalency effect from their respective free ion values. 

Now the covalency effect in the case of rare-earth ion, 

although small has been felt necessary for the past fevl years. 

We also find during our calculations that unless a reduction 

of the orbital moment matrices presumably due to the covalency 

effect is assumed, it becomes impossible to achieve a good fit 

to the g-values and magnetic susceptibilities in some of the 

rare-earth complexes. The coy~~·ep.cy effect implies that the 
. ' ' / 

electrons in the unfilled shell of the rare-earth ion do not 

move in pure £-orbitals, they move in modified orbitals• 

the so called molecular orbitals, in v1hich the £-orbitals of 

the metal atom are admixed slightly with the orbitals of 

the ligand electrons as required by the s~metry of the 

complex. Denoting the molecular orbital corresponding to a 

pure £-orbital by tTI01 we define the covalency reduction 

factor for the orbital angular momentum operator by the ratios: 

(II. 14. 1) 

-For .rare-earth 

than unity. The matrix elements of L· (i =. x. y,/'-ri') that occur 
l \r 

in the calculation of g-values and magnetic susceptibilities 
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are of the type 

(II. 14. 2) 

In (II.l4.2) the states between which the matrix element of 

the resultant orbital angular momentum Li is considered refer 

to the whole atom built up from the individual electron states. 

Now if the electrons are of~. }?Ure f-type, the matrix element 

in (II.l4.2) will be denoted by Qi • If they are not of pure 

f-type its value will be modified from the value that one 

would obtain \'Then the resultant atomic states are built up 

from pure £-electrons and will be denoted by Q~ • This modi
J. 

m . 
fied value Qi has to be used in place of Qi • To find the 

relation between Qi and Q~ one should e~~ress the states 

lSLJM) and js'L'J'M') in terms of determinantal product states 

and :!:hen repl_ace the individual pure £-states of electrons 

by their corresponding molecular orbital states fTI01 • We now 

make a simplifying approximation that k~b is the same for all 

pairs of orbitals and further consider that the reduction 

factor partakes of the symmetry of the complex. In the case 

of uniaxial symmetry of the complex (e.g. D
3

h) we will have 

only two covalency reduction factors kl\ (=kz) and kJL(~kx or 

k ). In the case of rare-earth ions these reduction factors 
y 

are all very near to unity and the above approximation may be 

considered as quite reasonable. With the above approximation 

we shall have Q~ = k.Q. (i ~ x, y, z). In the case of uniaxial 
J_ l J_ 
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symmetry when i refers to the z direction we shall denote 

ki by kll and when i = x or y , kt will be denoted by k~. This 

means that in order to take the effect of covalency' into 

account we have to replace the operator Li by the effective 

operator kiLi in the matrix element between two resultant 

atomic states. In ~he present thesis kll and kJLwill be treated 

as two additional parameters to be evaluated from experiment. 

II.l5. ELECTRIC DIPOLE TRANSITION MOMENTS 

The crystal field of Ln3*" ion in either a crystalline 

or molecular environment, is pictured as arising from the 

electrostatic potential due to the net charges of the 

surrounding ligands
84 

• This electrostatic potential then acts 

to split the Ln3~ free ion electronic energy levels in the 

familiar weak field approximation. But this idea is not general 

while calculating the crystal field splittings from parameters 

'b~sed solely on the net charges and spatial distribution of the . ___ .. , 

ligands because the predicted splittings are often much 

smaller in magnitude than the observed level spacings. 

We take a ~anthanide ion s:i~r-~1.i~;l~-~~~f.N'-i~~1l~~~ealso 
-·--- ------· 

consider that the ligands are non-interacting- and partit'i:On,-/;_ 
'_.,.·~--............. .......... _/ 

the total system into two. The Ln3+ ion subsystem is desig-

nated by A and the ligand subsystem by B and an individual 

ligand will be denoted by L . 
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So the complete hamiltonian of our system can be 

written as follmvs : 

(II.lS.l) 

where 

Ho = L3+ free ion hamiltonian • A n 

Ho = L~ B L 

~ = hamiltonian for the L-th ligand. 

_ HAB = A-B interaction hamiltonian. 

The interaction hamiltonian may be expanded in metal 

ion-ligand pairwise potentials : 

L I. ~ VL( ~ , it> 
L V,A t:L . 

(II. 15. 2) 

where VL(~A'~) =electrostatic potential between the tA-th 

multipole of the lanthanide ion charge distribution and LL-th 

multipole of the charge distribution of the L-th ligand. 

(II.l5.4) 

The operator~ represents the electrostatic interactions 

between the metal ion multipoles and the ligand monopoles 

(net charges) and as such represents the standard point charge 

·, 
I 
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crystal field. ~is the interaction between the metal ion 

multipoles and the higher (f,L~ 1) multipoles of the ligands. 

In the present thesis we take ~L = 1 • 

v, = .?~~L(~' 1) 

Richardson termed qJ as the 'static-coupling' operator and ~ 

as the 'dynamic coupling operator' • 

II.lS(a). POINT CHARGE PART 

Now let us try to find out the expression for the crystal 

field parameter for static coupling operator (which is actually 

called the point charge part). In absence of any external 

radiation the cen·tral metal ion and the ligand charges may be 

treated as point charges. i.e. the charge distribution of the 

central metal ion and the ligands are assumed to be centred 

to two points. This is the basic consideration of the pa,int 

charge model. The theory disregards the metal-ligand electron 

exchange. In case of point charge model it is generally 

considered that a particular charge distribution of the ligands 

taken to be that of the ground state, perturbs all the 

electronic states of the metal-ion. On expansion of the poten-

tial provided by the point charges around the central metal 

ion we have the form of the potential as 
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by expanding the CF potential the following form of the CF 

parameters will come as 

where 

R-(k+l) 
L 

I 
(II.lS(a).l) 

(RL I eLI ~L) =spherical polar co-ordinates of the ligand 

group L • 

II.lS(b). POLARIZABILITY CONTRIBUTION 

From the dynamic contribution on the crystal field 

potential we have the crystal field parameters due to the pola-

rizability contribution. An approximation to the CF potential 

is afforded by a multipole expansion of each of the charge 

distributions of metal ion and the ligand, centred upon their 

respeptive co-ordinate origins, and the truncation of each 

seri~s is done after the leading term. The term retained for 

'the ligand group charge distributions is up to the electric 

dipole. The allowed electric charge distributions of an l~t 

n metal ion transition are the even multipole moments, 2 -poles, 

with n = 21 41 ••• 2~ 1 each having (2n+l) components. In the 

ligand polarization model the electron exchange between the 
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ligands and the metal ions is also neglected as in the case 

of point charge model. 

The polarizability contribution thus comes from the 

interaction of the dipole moment of the ligand with the 

quadrupole, hexadecapole etc. moment of the central metal ion. 

And this comes out as second order effect and should be 

included in the crystal, field parameter. This contribution 

. 1 . . 85 ,---- -, 
1n the crysta f1eld was extens1vely used by Mason • Lat.~t>) 

Richardson and Faulkner6 8 introduced this polarizabili ty ·--· 

contribution in the CF level calculations. 

The polarizability contribution to the crystal field 

t . i by68 parame er 1s g ven 

A (pol) = 14e(k+l)(~l)q -l<q 

where 

(
0

3 _ k

0 

3) ~ . -<k+4) r_41i Jl/2 
O qA f-CiL ~ - [2k+l 

( II. 15 (b) • 1) 

= net charge on Ln3 + = 3, 

= •mean• isotropic polarizability of ligand L • 

This is a constant for a particular ligand group. Saxe et 

86 -al. gave the values of aL in a tabular form for different 

ligand group..O. 

So the resultant crystal field parameter is obtained 

from both the charge and the polarizability contribution : 

. ' 



II.l5(c). STATIC-COUPLING MECHANISM IN THE 

ELECTRIC DIPOLE TRANSITION MOMENT 

43 

The static-coupling contribution to the electric dipole 

transition moment is defined as that arising from ~ part of 

HAB •. This operator operates only on metal ion (A) wave 

functions and it connects metal ion states-of oppo9ite parity. 

That means the matrix element (or the electric dipole moment) 

of this operator only exists between one state in·4fn confi-

h 
. n-1 , n-1 , . 

guration and the ot er 2n 4f n d or 4f n g • Follow2ng. 

Judd-Of~~.~ 2- 53 rnechanis~ Richardson and Faul}mer
68 

obtained 

the static contribution to the electric dipole transition 

moment from p. state IA
0

) to an excited state IAa) as. follows :· 

( :S) 
P oa = :static contribution of the electric dipole moment. 

(2X+l) (: 
A ~ )( J X J') (-l)S+L'+J+A 

-rn -q rnA -MJ rnA+q M; A 

~ 2J+l> < 2J' +lU l/z ~I 
A ~'} ~J;,L II u< X) II h:;i 
s :SL') A (tAlA) 

( II. 15 (c) • 1) 
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wnere 

~) 
1 €}') ( f' Q.,A ~) 

. e, 
(4f llrlln'~") <n't" II r :A.II4f)/.6<n'i:'>. 

0 0 0 0 

The summation L is taken over 'n' d and n' g and for f system 
-nut"' H 

t = 3 • The calculation of A ( €-A , /i.) has been discussed by 

Krupke87 • Ll(n'~') is defined as an 'average energy' parameter. 

( SL ll U( A.) II SL') is called the reduced matrix element -:-·,which 
' . I 

can be obtained from, Nielson and Koster's table. 

II.lS(d). ~~IC COUPLING MECHANISM IN THE 

ELECTRIC DIPOLE TRANSITION MOMENT 

~ •..._ .... 

In the Judd-Of~~~ 2 ' 53 theory the ligands surrounding 

the lanthanide ion are considered only in as much as their 

ground state field produces the perturbation required to mix 

e~cited configuration into the 4f configurations. But the 

ligand wave functions are also perturbed by the metal ion. 

Now we try to explain what is meant by Dyn&~ic Coupling mecha-

nism. Let us ·call the metal ground and excited functions as 

\M
0

) and jMa) and those of the ligand as jL0) and I~) . 
The combined wave function of the total system will be simply 

the product functions i.e. \M
0

L
0
) • 

The first order perturbed ground and excited states lA> 

and IB) as 



where 

Ea = jMa)~jM0> transitional energy. 

Eb = I~) +-J L
0

) transitional energy. 
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The summation on the right hand side of lA) and IB) runs over 

all transitions of the ligand which are electric dipole allowed. 

~ represents the coulombic interaction of the charge 

distributions on metal and ligand. 

The f f7 f transition thus acquires a first order electric 

dipole transition moment vvhich is given by 

e<AjD~l)l B)= e ~ 2Eb(E~ - E:)-l~o~aL~£jL0L0~0 jD~1)j Lb) 

D(l) = induced dipole operator. The electric dipole moments 
q 

~0 I~~~) I ~) located on the ligand are correlated coulombically 

with the charge distribution at the lanthanide ion caused by 

the f Bf transition. The correla·tion is given by the matrix 

element ~0MalY:IL0~) • 

Now applying the Judd-Ofelt mechanism and by expressing 

the wave function·in l4fa[s~JM)> form we ultimately have the 

contribution of the electric dipole moment due to dynamic 

68 
coupling as 



4~ 

p(d) = Dynamic contribution of the electric dipole moment 
oa 

from a state IA
0
) to an excited state lAa) 

= e(A0 l D~l)\ Aa) 

= ~ ~" ~(-1~7f(iL(qq)T(f,~,l) (L)Z(d)(P._ , rnA) L n L L J.c rnA q oa "A 
q ttA rnA -

where 

(£.A, I 1) 
T'"~- . (L) = 
.mA)' -q 
i _ .. \ 

z(d)(~ ,m) = 
oa A A 

l+mA+q 
( -1) 

(II. 15 (d). 1) 

\tA tA . 
l.Aa) = -eLra. ~0\ C:~'A( Sa.' 9?a.) I Aa) 

d. ' 
aL(qq) = q-th diagonal component of the polarizability tensor 

for the 

= 

and 
m 

y A( Q <D )' 
~ \:;/CG I -a. 

since the transition charge distribution, arises entirely 

~rom within the 4fG configuration of the metal ion, the only 

values of ~A leading to nonvanishing values of Z(d) are 
o.a 

~A = 2, 4 and 6 • Other terms are already explained before. 

The computational model is followed from the procedures of 

Mason, Peacock and Stewart88 , Richardson and Faulkner
68 
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II.l6. ~~G~C DIPOLE TRANSITION MOMENT 

The theory of magnetic dipole transitions is well 

· known53 , and there£ore we are interested only in the applica-

tion to the crystal field problem. Generally the magnetic 

dipole transitionsare 10-6 times less intense than the ele~tric 

divole transition. But in cases of parity-forbidden (i.e. 

g ~ g, u---7u) transitions in complexes, having inversion 

sy_rnmetry·, the electric dipole moment will vanish owing to 

symmetry reasons but magnetic dipole moment may play a signi-

ficant role in making the purely electronic 0-0 band allowable. 

The magnetic dipole moment operator is given by 

M = - 2~c ~(~i +_ 2§i) 
~ 

(II. 16. 1) 

Express±~~ ~i and §i in tensor operator and utilizing the 

intermediate coupling notation for the metal ion (f--? f) states, 

the magnetic dipole transition moment for the transition 

is given by" 

·.: 

= o(p,p')o(s,s')o(L,L')(-l)J-M ( J 
-M 

1 

q 

J') 
M' 

(II.l6. 2) 
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where m is the q-th (spheriQal) component of the magnetic ._..q 

dipole m9ment operator. The reduced matrix elements of m are ..... 

given by 

{<gs-1) (s<s+l)-L(L+lU+<gs+l)J(J+l~ 

~L]J 1\~ ll WL]J+l) = ~ 1ls(gs-l) {8s+L+l)
2
-(J+l)2J 

. } 1/2 UJ+l) 2 -(L-S)~ (J+l)-l 

and 

J 

In equations ( II.l6. 3) - (II.l6.:.5) 
J 

1lB 
= - _ertr 

2mc 

gs = gyromagnetic ratio of the electron. 

(II.l6.3) 

(II.l6.4) 

(II.l6.5) 

To compute the magnetic dipole transition moment for a 

transition between crystal field levels, the spherical basis 

results of equation (II.l6.2) can be converted into the crystal 

field basis using appropriate crystal field wave functions. 

It is important to emphasize, however, that a simple symmetry 

transformation of the spherical into the crystal field basis 

is inadequate in tbis case. In particular for J ~ J.±2 tran

sitions it is the inter-term crystal field mixings that 

I 
I 

. I 
I 
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contributehto the magnetic dipole intensity. It is essential 

then, that crystal field induced J-mixing be included in the 

magnetic-dipole moment calculations. 

II.l7. CALCULATION OF ROTATIONAL STRENGTH 

The electric and magnetic field vector of a right/ 

left circularly polarised lignt wave along the +Z direction 

is given by 

E coswt + E sinwt = 1(E +iE ) e -iwt + 1(E -iE )e iwt 
X y 2 X y 2 X Y 

sinwt H coswt lc . -iwt + 1(~-iH ) e 
iwt H + =- H +iH ) e 

X y 2 Y -X 2 ; ~ X 
r--

When we are c~onsidering the case of an- absorption, the tenn 

contai~ing e -iwt will on~ybeimportant for brir;tging about tran

sition (Rotating wave;J-_·; approxiljlation). For circularly polarized 
,;•. .. 

light Ex = E = E (say) and H = H · = ~ (say) o y X y 
So we can write 

E(coswt ~ sinwt) -7 ~ E(l±i)e-iwt 

1 ~( .. -iwt 
j:{(s.tnwt .± coswt) ~ 2 ~ 1.±1) e 

(II.l7.1) 

(II.l7.2) 

neglecting the term containing eiwt for the problem under 

discussion. The time average of (II.l7.1) and (II.l7.2) gives 

E/2 and ~2 o Now the Hamiltonian of interaction between the 

light wave and molecule is given by 
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= e -~ ( ;!$. .± i_x) + 2~c ~ ( ~Y + i!;x) 

(e E e ~ 'll + . ( E e d=i L \1 
= 2 3 + 2ffic 2 !:y' 2 e 2 Z + 2ffic 2 ~' 

Let 

A 
a. = eEX. + -L ~ L 

~- 2mc "'Y 

eE y + -~ J::{ L 
. .-.,., 2mc -x 

A s = 

••• H~~~ ~ .= interaction hamiltonian = ~ a .± ~ iS = 2' .± iS' • 

The probability of absof.ption of right and left circularly 

polarised.light correspondin,g to transition between non

degenerate level a -7 b is given by the well-known expression 

PR =~<ala'+ is'lb)~l~' + iB'Ib)~ 

PL = -w ~12' ... i~'lb)~l~' iB'Ib)~ 

6 a,b+w 

6 a,b+W 

The circular dichroism i·s the difference of absorption of 

right and left circularly polarised light. Therefore the 

difference in absorption 

where 

PR-PL =7 W [~I~' + i$' 1 b) ~-Ia' + is' 1 b)~ 

-~l~'~iS'I b)~la'-is'l b)*] 6a,b+w 

(a\a'+is'l b)<a.la'+is'l b)~ (al&.'-i$'·1 b) ~\&:'-i.e'l b)* 

= z[-i~ \a' I b)~ IS' I b)* +. i~-ls'l b) (a\~;\~*] 

I 

i 
~I 

.I 

I 
I 

I 
I 

~ 



= -2i(ala'\ b) (ale' I b)* + 2i(al/3'1 b) (ala' I b)* 

~ -21 [~,a., b) ~tB'I b)"' - {<at il•t b)~ 1.8'1 b> i ~ 
= -2 x 2 x i x i x Imaginary part of <al&'\ b) -<ale' I b)'* 

~ 4 x Imaginary part of [<at iX•t b) <a ta• \b)~ 
= 4xf.xfx Imaginary part of [<aId I b) .(a I ,81 bf ~ . 

= Im <_a!~ Jb)~ )$\ o/ 

= Im (a\eE .15 + 2~c~ f'ylb)(ble .E _x + 2~~J:i f'xla) 
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= Im [{eE(aJ25lb) + 2~~ <al~yl b>} {eE~l.zJa> + 2~~ (blhx\ a>1} 

= Im&
2

E
2
(aJ3Jb) (bl.zl a> + e~!~ <al~lb)(b l~xl a> 

2 2 2-
+ e 2!E <al~ylb)(bl_xla) +: ~ 2 (al~ylb)(bl~~ a) 

. m c 2 2 
In the above expression e

2
E

2 
(a 1~ lb)(b l.z I a> and ~ 'f 2 (a l~yl b) 

4m c 
~ l~yl a) are real so we can omit these. So the above e:;xpre-

ssion becomes 

= Im ~~!~ [<al~lb)(blf!xl a) + 41~y\b)(b~z.la~ 

= Im [ <al eE~.\b) (b 1 ~! ~x\ a) + <a l 2~~ ~yl b) (b le~~~ a)] 

= Im [(a JeE (~+i_y) rb)<b I 2~ <~y + i!;x> \ a>] 

This expression .is for oriented set of molecules with light 

propagating ·along Z direction. For randomly oriented !JlOlecules, 

- we have to take the average over all possible (-'f.: orientations 
. ·~-( 

and then .- the above expression turns to Imaginary part 
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of (all:Jb)<biJ1la) . Bence the Rotational strength in proper 

unit is given by 

= 

The above derivation seems to be the most straight:}orward and 

. . ,, t f d . . . f c 70 
slmp~es way o erlvlng an expresslon or D • 



CHAPTER III 

THEORETICAL INVESTIGATIONS ON 

THE OPTICAL ABSORPTION, MAGNETIC SUSCEPTIBILITY, 

g-VALUES AND lf~GNETIC HEAT CAPACITY 

OF SOME RARE-EARTH COMPLEXES 



p .. 

53 

This chapter deals with the interpretation of the 

optical, thermal and magnetic behaviours of some rare-earth 

complexes. A number of theoretical calculations on optical 

b t . 89- d 90,91. t f . h a sorp J.on an e.p.r spec-ra o varJ.ous rare-eart 

complexes havebeen done earlier. Theoretical works on the 

susceptibility of some RE complexes have also been done 

. 9 2-95 earlJ.er • Special mention may be made_ to the RE chlo-

rides and ethyl sulphates which have been studied extensively 

and parameters giving a good fit to the optical results have 

been already evaluated. Some workers3 ' 92- 95 also tried to fit 

the magnetic data. But still we find that there is no unified 

approach to explain the magnetic susceptibilities, g-values 

and the CF lev-els of RE crystals vd th a single set of para-

meters. Sometimes, this may be due to insufficient data. 

But in many cases we find that no rigorous approach to inter-

pret simultaneously the e. p. r , ':t:he magnetic susceptibility 

and the optical absorption data of RE complexes have been 

taken recourse to. While rigorous approac~ by using inter

mediate coupling and J-mixing is found in the case of inter-

preting many optical results, the theoretical interpretation 

of magnetic susceptibil~ty and e.p. r results -of same RE ions 

considered only the lowest Russel-Saunders term. We have 

;chosen the 4f2 , 4~ and 4f12 electronic configurations for our 

theoretical study on the optical absorption, the magnetic 
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susceptibility results, the g-values and in one case the 

magnetic heat capacity of a specific complex. In the present 

chapter we confine our attention mainly to some RE ethyl 

sulphates and double nitrates of the above mentioned system 

such as (i) Nd3+ ethyl sulphate' (ii) Trn37 ethyl sulphate, 

(iii) Pr3 + ethyl sulphate, (iv) Pr3 + double nitrate. These 

complexes received attention fairly long ago, but a unified 

theoryto·· interpret consistently and simultaneously all the 

different experimental results is still lacking. We enumerate 

the reasons for the choice of these complexes : 

(i) • The magnetic susceptibility and anisotropy data are avai-

lable in full details 'but the correct interpretation was not found 

(2) Due to the simple · electronic configuration it is easy to 

diagonalise the hamiltonian giving rigorous solution of the 

eigenvalue problem. The intermediate coupling and different 

J-mixing under the crystal field are then amtomatically 

taken into account in the rigorous solution. 

(3) The interpretation of the optical data of RE ethyl sul-

phates or double nitrates has been reliably done earlier. But 

in most cases the attempts were not done to test whether the 

interpretation of the optical result is also consistent with 

the magnetic susceptibility results and the g-values. i.e., 

whether the parameters which reproduce the CF levels faith-

fully can also successfully explain the magnetic suscepti-

bilities and the g-values or not • 
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(4) some of the early CF calculations re§Jarding the RE ethyl 

sulphates or double nitrates are in R.Se coupling scheme 

which are totally inadequate to explain the other experimental 

data like magnetic susceptibility and the g-values. 

So this invokes us to take up these problems. Our aim 

is to see how CF theory can successfully explain the optical 

absorption spectra and then to see whether the same theory 

can reproduce the magnetic and e.p.r data faithfully. During 

calculation we have considered not only t:he intermediate 

coupling scheme but also the J-mixing and in case of 4f2 and 

4f12 a rigorous approach which considers diagonalisation of 

the complete energy matrix has bee·n adopted. The results 

were then used to calculate the· susceptibility and the g-values 

(for 4f12 system magneti6 heat capacity is alsO calculated). 

In all cases we made an attempt to explain the optical 

' . 
absorption results, the susceptibility and g-values simul-

taneously from a single set of parameters. 

III.l. INTERPRETATION OF THE MAGNETIC BEHAVIOURS 

OF NEODYMIUM ETHYL SULPHATE 

III.l.l• INTRODUCTION 

In this section we shall make an attempt to give a 

theoretical interpretation of the magnetic susceptibility 
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values at different temperature, g values and also the 

optical spectra of Neodymium ethyl sulphate and we shall show 

that all these experimental results can be successfully 

explained by using a.· unique set of theoretical parameters, 

which will be evaluated from the experimental results them

selves. Elliott and Stevens3 were the first to give a theo-

retical interpretation of the e.p.r results of rare-earth 

ethylsulphates in terms of ~he crystal field theory. They 

considered a crystal ·field of D3h symmetry of the rare-earth 

ions in the ethyl sulphate lattice and in the case of NES 

(neodymium ethylsulphate) they achieved some success in 

interpreting the e.p.r and magnetic susceptibility data with 

the following set of crystal field parameters: B~ = -15 cm- 1 , 

0 -1 0 -1 6 -1 B4 = -35 em , B6 = -60 em and B6 = 640 em • The theory_ 

used the Russel Saunder 1 s (R.S.) coupling scheme and mixing 

of only 4 r 1112 with the free-ion ground level 4 r 912 • The 

predicted crystal field energy levels were found later to 

deviate considerably from the observed optical data of Gruber 

and Satten96 for the concentrated crystals of NES not only 

in magnitude but also in the order of some of the levels. 

It now appears that Elliott and Stevens3 tried to fit the 

e.p.r results of diluted crystal on the one hand and magnetic_ 

data of concentrated crystal on the other with the same set of 

parameters. The calculated g-values (i.e. gll = 3.56, g~ = 2.12), 

are not in good agreement with the latest experimental result 
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97 
g ll = 3. 594 and g .L = 2. 039 of Fisher et al for the concen-

trated crystals of NES and the fitting of magnetic data is 

also hot very satisfactory. 
- 96 

Gruber and Satten , in their theory, took intermediate 

coupling (IC) scheme into account although in an indirect way 

and used the miY~ng of the J-levels 4 r
1112 

, 4 r
1312 

and 4 r
1512 

4 0 -1 0 
with r

912 
With the set of para~~ters B2 = 58.4 em , B4 = 

-1 0 ._1 6 -1 
-68.2 em , B6 = -42.7 em and B6 = 595 em , a set quite 

different from that of Elliott and Stevens3/, they were able 

to fit the observed crystal field levels in their optical 

absorption experiment on c~}nconcentrated crystals of NES 

witn~n a mean deviation of only 4 cm-1 • However, they did 

not test whether the parameters quoted by them could faith-

fully reproduce the observed g-values and magnetic suscepti-

bilities. Moreover, they did not actually _carry out the IC 

calculation for NES, instead they used the IC wave functions 

of Neodymium chloride given by Wybourne98 to calculate the 

crystal field levels of NES • In fact, with the crystal field 

parameters given by Gruber and Satten and the correct IC wave 

functions of NES ebtained from direct IC calculation we found 

that the predicted crystal field levels deviate from the 

values calculated by Gruber and Satten and also from the 

experimental values (see table III.l.5); the calculated g-values 

(g1r = 3 .. 559, g...L = 2.15) do not agree well with the observed 

values for the concentrated crystal and the calculated magnetic 
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susceptibilities at different temperaturehalso deviate 

significantly from the experimental values. 

In the back-drop of discrepancies mentioned above we have 

reinvestigated the problem rigorously by carrying out the 

actual IC calculation and using different J-mixing of 4 I
1112 

, 

4 I
1312 

and· 4 I
1512 

with 4 I
912 

• Attempts are then made to 

evaluate a unique set of parameters that will make the theory 

consistent with the e.p.r , optical absorption and magnetic 

susceptibility experiments simultaneously. A consistent inter-

pretation of observed g-values, optical and magnetic suscep-

tibility results in terms of a uni~e set of parameters has 

been possible only after we introduce a very small covalency 

reduction of the orbital angular momentum which effectively 

lower~the g-values and susceptibilities without altering the 

crystal field levels in the frame work of our theory. Indeed, 

a very good fit of all the above-mentioned experimental data 

has been achieved with a single set.o£ parameters by introdu-

cing covalency reduction factors for the orbital moment very 

slightly less than unity into the present theory. 

III.l.2· CRYSTALLOGRAPHIC BACKGROUND OF 

RARE-EARTH ETHYL :SULPHATES 

Lanthanide ethyl sulphates, Ln(c2H
5
so4 )

3
.9H2o, whose X-ray , 

99 ' 
crystallography was investigated by Ketelaar (Eee Fig. rrr.JJ) CDd more: 
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Fig. III.l.l. Projection of the lower half of the elementary 

cell on a plane at right angles with the c-axis on 1/4 of its 

height. The numbers indicate the distance to the plane of 

projection in fractions of the elementary period. 

:s = • , Ce = ., 0 = o, H2o = o, c2H-? .= 0 • (The diameter 

of the various circles represents on scale the size of the 

atoms). 
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. 100 . 
recently by Fitzwater and Rundle • They studied the 

crystallographic structure of Pr, Er and Y • The la±er workers 

6 
sho~that all heavy atoms are found in the space group P 3/m 

and that probably the hydrogen positions also conform to this 

space group. The point symmetry at the lanthanide ion is c
3

h • 

This ion has nine water molecules as nearest neighbours; six 

form a triangular pwism with three above and three below the 

mirror plane containing the other three water oxygens and . 

the lanthanide ion (Fig •. III. 1. 2') • In Erbium compound the 

Er-0 distances to the prism are 0.237 nm, and the remaining 

three distances are 0.252 nm. If all but the nearest oxygen 

positions are neglected, the symmetry about the lanthanide 

ion is almost D
3

h • This structure has a vertical threefold 

axis of symmetry; if the structure were exactly D3h there 

would also be both a vertical and horizontal plane of reflec-

tion symmetry. The compounds are isomorphous throughout the 

group from La3 + to Lu3+ and also y3+ • 

III.1.3. METHOD OF CALCULATION 

· The Nd3+-ion in the ethyl su:n.lphate lattice is under a 

c'rystal field of hexagonal symmetry. Using thecentral field 

approximation the effective Hamiltonian of Nd3+-ion in the 

crystal is given by 
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. 
Fig. III.1.2. Arrangement of the double triangular prism of 

water oxygen ions in the lanthanide ethylsulphates, in a plan 

view as seen along the crystallographic c-axis. In (R,e,p) 

coordinates, the Ln3+ ion·is at the origin; there are three 

0: ions in the same plane at (0.252 nm, n/2, ~ = (2n+l)n/3), 

and six 0- ions (above and below) at (0.237 nmt e, ~ = 2nn/3) 

and (0. 237 nm, n-e, ~ =· 2n1i/3) with e approximately 40° • The 

values of R, e vary slightly with the lanthanide ion; the 
. 3+ 

values of R given are for Er • The radii of the circles 

denoting ions are drawn on about half scale relative to the 

inter-ionic distances. 
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~ Hij + H + H 
~ff = ~· so c 2 + T~lr··2· +He r. . L:,L_j J. J. 

lJ i 

Using the intermediate coupling scheme we first diagona

lise the matrix of ~j + H80 constructed in a basis of states 

represented by Ju~.SLJM>, where the symbol ____ :within the ket 

notation has been discussed in, chapter II. The crystal field 

interaction, H is then treated as a perturbation over the 
c ' 

resulting states which are actually the intermediate coupling 

wave functions. 

Finally we apply Zeeman perturbation caused by an exter

nal magnetic field ~ along and perpendicular to the symmetry 

axis of the ion in the form !3 ~(k \\ Lz + 2Sz) and .B~ (k..LlAx + 2Sx) 

respectively whe~e the covalency effect on the orbital angular 

momentum is introduced by associating the reduction factors 

kl\ and k..L with __ Lz and L_x respectively. This way of intro

ducing covalency reduction of orbital moment into the theory 

has been discussed earlier (chapter II). We ultimately obtain 

the principal g-values (g11 and g.L ) and principal magnetic 

susceptibilities (Kll and K~) of Nd3+-ion a 

III.l.4. INTERMEDIATE COUPLING WAVE FUNCTIONS ----

_The diagonalisation of the matrix of ~j + H80 yields 

what are known as intermediate coupling wave-functions and 

their_eigenvalues. For this we need the matrix elements of 
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H;j and H
80 

both. The spin-orbit matrix element _for 4f3 

- 80 
configuration has been calculated, by Judd and Loudon • This 

can also be calculated by the general formula (II~B.l) given 

in chapter II along with the use of the tables of c.f.p. 

given by Nielson and Koster. The method of calculation;:_'of 

the matrix elements of electrostatic interaction Hij has been 
r 

described in chapter II. Gruber and Satten, in order to fit 

the 'free-ion' spectrum, deduced the values of the electro-

static parameters F2 = 
-1 F6 = 5. 313 .em and ;so 

-1 . -1 
331.33 em , F4 = 47.956 em , 

coupling parameter~= 880.11 cm-1 for 

NES from those of NdC13 following a procedure developed by 

Wong~01 without carrying out the IC calculation. We have used 

the same values for the parameters to calculate the numerical 

va·lues of the IC matrix elements. The matrix of H;j + H80 

constructed thus in a basis of states lu~:SLJM) reduce's to 

block form and each block corresponds to a particular value of J • 

However' we need to consider only the .four block matrices 

corresponding ,to J = 9/2, 11/2, 13/2 and 15/2 in our calcula-

tion and the results for other values of J are not needed 

since the energy levels corresponding to other values of J 

are too high (more than 10,000 cm-1 ) to be included in the 

calculation of different J-mixing under the crystal field 

and of magnetic susceptibilities. It. is
1 
to be noted that we 

need only the following four ·lowest v.mve functions and thei.T 

corresponding energies in our subsequent calculation : 
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0.1636 J
2

H9/ 2 ( 2lt> 

+ o. 9845 \
4

I 912) 

with energy 

E~ 0) ), 
1· 

( 0) ( E
11 

= 0 zero of the energy scale is taken at 
1 

P 2 = 0.0071\
4
Gll/2) + 0.0367 \

2
Hll/2 (11)> _- 0.0945l 2Hll/2 (21~ 

with 

with 

( 0) 
energy E

11 
= 

2 

- O. 015lf
2

u:1112) + O. 994 7 '
4

I 1112) 

1867.66 em -l , . 

_ p3 = -o. 0231}
2

I 1312) + o. 0644}
2

K1312) + o. 9977 \
4

I 1312) 

(0) -1 
energy Ep = 3856. 16 em ,_ 

3 

P4 = O. 9930 \
4 r 1512) -j- 0•~17.~4 {2

K15l/2') :-O.QO~·c)"\4 r 15i~J 
E(O) -1 with energy 

114 
= 5921.36 em • 

III. 1. 5. CRYSTAL FIELD ENERGY LEVELS 

For our purpose we actually need to calculate the crystal 

field effect only on the lowest intermediate coupling wave 

function· ':!'
1 

• The effect o·f'·the crystal field is obtained by 

first diagonalising the matrix of H constructed in a basis 
' c 

of 10 states represented by }P1 J-2)where J 2 = .±9/2, ,±7/2, 

.±5/2, .±3/2 and .±1/2 • This vlill give the first order correc-

0 
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tion to the energy of ~l yielding a splitting of ~l into 

five doublets and the correct zeroth order states for each 

component of the five doublets. The first order correction 

of the state is obtained by using the perturbation formula 

which involves the mixing of each of the aforesaid correct 

zeroth order state having J = 9/2 with the stat~,belonging 

to ~2 , ~3 and ~4 having J-values eqt.ial to 11/2, 13/2 and 

15/2 respectively. Thus the different J-mixing under the crystal 

field is obtained from the first order correction to the 

states. 

Th~ Nd3+ ion in ethyl sulphate lattice is under a crystal 

102 field of c
3

h symmetry. However, as pointed out by Wybourne 
103 ,_, 

and Abragam and Bleaney we can also safely replace c
3

h 

symmetry by a D3 h symmetry for the sake of calculation and 

indeed this has been the usual practice in treating the rare-

earth ethyl sulphate ions. The CF interaction He assuming o
3

h 

symmetry is given by 

H = c 
A U ( 2) + A U ( 4 ) --:-l- A U ( 6 ) +A ( U ( 6 ) +U ( 6 ) ) 

20 0 40 0 60 0 66 6 -6 

The CF parameters ~'~ are not th€3 same as B~~which are 

obtained when Stevens operator equivalent method is used and 

they are related as shov.m in chapter>_ II. 

By extensive trial method we haveobta\:neJthe following 

set of paran~ters : 

-1 -1 -1 -1, 
A

20 
= 180 ern , A40 = -645 em , A60 = -730 em , A66 = 624 em , 
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q 0 -i 0 and the corresponding Bk values are B2 = 56.8 em , B4 = -68.2 
-1 0 -1 6 ' -1 . em , B6 = -46.4 em , B6 = 602.8 em • Us1ng these values 

of the parameters the diagonalisation of the matrix of H c 

constructed in a basis of the ten states I '1'1 J-2
) where 

J 2 = _±9/2, .±7/2, _t5/2, .±3/2, _:t-1/2 yields the following zeroth 

order CF sta~es comprising five doublets and the first-order 

energy correction 

iP ( 0) 
1 

""(0) 
'i'l' 

<D(O) 
-2 

-:·'~'< 0) 
iP 2' 

= :p.9105}'l'l 7/2) + 0.41361'1'1-5/2) ( 

= 0~91051'1'1-7/2)> + 0.41361'1'1 5/~5 
= o. 75521'1'1 9/2) + o. 65551'1'1-3/2) ( 

= o. 75521'1'1-9/2) + 0~ 6555 )'1'1 3/2) J 

e ( 1) = 
1 

-1 -183.19 em , 

<P~o)_ = }'l'l ~) ( 

<Pj9> - 1'1'1 - ~>J 
e ( 1) = 

3 
-1 -30.96 em , 

""(0) 
'±'4' 

-o. 6555 \'1'1 9/2) + o. 7552j'l'1-3/:) 2 
= -o. 65551 '1'1-9/2) + o. 755 2 j'l'1 3/2) S 

iP~O) = -0.41361'1'1 7/2>-+ 0.91051'1'1-5/2> ( 

<P~9) = -0.41361'1'1-7/2).+ 0.91051'1'1 5/2>JI 

"" ( 1) 125 18 -l ... 4 = • em , 

e ( 1) = 
5 110.44 -1 em 

( 0) 
Next, we take the effect of J-mixing. Remembering that E'l' 

1 
is the zero of the energy scale, the state correct to firs~ 

order due to 

(III.1.1) 
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where t = 2, 3, 4 and N is the normalization factor so that 

<q;i\ q;i) = 1 and the CF energy correct to second order is 

e. = e ~ 1) - Li(wt1Hcl~l0)\ 21E~~) (III. 1. 2) 
J. J. 

t 

there exist selection rules for MJ (the crystal quantum number 

is conserved) which ·strongly reduce the number of matrix 

elements to be considered in sum in (III.l.l) and (III.1.2). 

The above crystal field states forming five doublets and 

originating from the lm'lest intermediate coupling wave func-

tion ~l comprise the lowest group of levels originating from ~2 • 

III.l.6. COVALENCY REDUCTION OF ANGULAR MOMENTUM 

We find that unless a reduction of the orbital momentum 

matrices is assumed presumably due to the covalency effect 

implying motion of the magnetic electrons in molecular orbitals, 

it becomes impossible to achieve a good fit to the g-values and 

magnetic susceptibilities. It has been discussed in chapter II 

that the matrix elements of L that occtlr in the calculation of 

g-values and magnetic susceptibilities are of the tYPe 

(III. 1. 3) 



68 

where 

in which the states refer to the whole atom built up from the 

individual electron state which are not pure f states but 

slightly modified due to covalency effect. It has also been 

discussed in chapter II that the effect of covalency on such 

matrix element will be to reduce the operator L~ to kaL~ and 

then calculate· the matrix element of k~L~ between the atomic 

states built up from pure f electronic states. The k~ is the 

orbital reduction factor. Further it was shown in chapter II 

that in case of unaxial symmetry we will have only two 

covalency reduction factors k 11 ( = kz) and ~ (= kx· or ky). 

In the present theory the orbital reduction factors k 11 and 

k-L will· be treated as two additional parameters to be 
.. > 

evaluated from experiment. 

III.l.7. CALCULATION OF g-VALUES 

For the calculation of the principal g-values one is 

interested only. in the lowest doublet (~1 , ~ 1 ,) in the CF 

level pattern. With the introduction of covalency reduction 

factors for the orbital momentum the expressions for the 

g-values are 
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III.1.8. C~LATION OF SUSCEPTIBILITY 

A:significant contribution to the magnetic susceptibility 

comes from only the lowest group of ten CF states @i forming 

five doublets. The general expression for the ionic para-

magnetic susceptibility is obtained by the same way as 

described in chapter II. 

III.l.9. RESULTS AND DISCUS~ 

The values of the parameters used in the theory are 

F2 = 331.33 crn- 1 , F4 = 47.956 cm-1 , F
6 

= 5.313 cm- 1 , ~= 880.11 

ern -l, 0. -1 0 . -1 0 -1 6 
B2 = 56.8 em , B4 = -68.2 ern 1 B6 = -46.4 ern 1 B6 = 

602.8 -1 em 1 ku = o. 987, k ..L = o. 997 • The values of the crystal 

field energy levels, g-values (g 11 and g...L) and magnetic 

susceptibility values K11 and K ...L at different temperatures of 

Nd3+ ion in NES calculated with the parameters mentioned above 

are shown in the tables III. 1. 5 - III.l. 7 • The sy-mbols II and 

JL are used as suffix to indicate the quantities along the 

parallel and perpendicular to the symmetry axis of the ion. 

These tables also show the experimental values to facilitate 

comparison of the theory with the experiment. 

B~fore we start interpreting the experimental results 

w·i th the theory presented here we make a brief survey of the 

eXperimental results which are of interest to us. The principal 
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magnetic susceptibilities Ku and K..L of Nd3 + -ion in the 

undiluted NES are available at different temperatures ranging 

104 
from 14K to 291K from the works·of Van den Handel and Hupse 

(see table III.l.7). From the optical-absorption experiment 

at 77K on undiluted NES Gruber and Satten. gave the details 

of the crystal field energy levels into which the ground 4 r
912 

level of the free ion splits (see table III.l.5). However, 

the resonance g-values that are available in the literature 

for the undiluted NES appear to be a little confusing. 

A magn~tic resonance value g 11 = 3.61 and g..L = 2.05 for 

undiluted NES were quote~d by Elliott and :Stevens3 , although 

·the source was not mentioned. For NES which was diluted 

. 91 
200.:1 with La-ethyl sulphate Bleaney et al gave the 

following g-values for their e.p.r experiment at 20K : 

g 1\ = J. 53., g ..L = 2·. 08 • They further reported that for concen

trated NES similar values were obtained, cr course with a less 

degree of accuracy. It is not clear whether these 'similar' 

values which refer to the concentrated crystal were identical 

with those for the diluted crystal. On the other hand, very 

recently Fisher et a1. 97 from magneto-thermodynamic studies 

at extremely low temperature (about 4K) found the accurate 

g-values of the coBcent·rated crystals to be g H = 3. 594 and 

g~ = 2.039 which is very close to the values quoted by 

Elliott and Stevens3 • 
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Without actually carrying out the diagonalisation of 

IC matrices of NES, Gruber and :Satten evaluated the electro

static parameters F2 , F4 , F6 and SO parameter C: in the 

new system of NES from those of NdCl3 following a method 

developed by Wong105 in which a Taylor series expansion of 

the energy values was used. Wong also indicated that Taylor 

series expansion method can also be ~pplied to find the wave 

function in the new system. Gruber and Satten did not make 

any attempt to find the wave function of NE:S from those of 

NdC13 and instead he used those of NdC1
3 

for further calcula

tion of crystal field splitting. We have used the values of 

the above parameters to calculate the IC wave functions by 

diagonalisation of IC matrices and the corresponding energy 

values calculated with these values of F2 , F4 , F6 and £: 
are presented in tables III.l.l- III.l.4 • As expected, the 

'free-iori' levels of NES that are obtained thus from actual 

diagonalisation of IC matr~ces are in exact agreement with 

those obtained by Gruber and :sat ten using Wong' s procedure. 

However, the IC wave functions for NE:S obtained from diagona-

lisation of the IC matrices are slightly different from those 

of NdC13 since the parameters in the two systerrsare slightly 

different. 

The crystal field parameters A
20 

, A40 , A60 and A
66 

are then chosen by an exhaustive trial method and so as to 

\ 
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fit the theory with the observed crystal field spectra as 

close as possible. The parameters giving the best fit are 

shown in table III.l.S, the predicted and observed crystal 

field levels agree almost exactly (within a mean deviation of 

1 cm- 1 only). The crystal field parameters in our theory are 

somewhat different from those of Gruber and Satten. Gruber 

and Satten evaluated them by fitting the predicted levels 

obtained by using IC wave functions of NdC13 instead of NES 

with the observed levels within a mean deviation of 4 cm-1• 

However, with the correct IC wave functions of NES their 

parameters predict the crystal field levels which deviate 

considerably (about 12 cm-1 in some cases) from the observed 

spectra (see table III.l.S). 

Having found the 'free-ion' and crystal field parameters 

which fit the predicted and ob-served spectra so nicely, it is 

expected that they should also faithfully reproduce the 

observed g-values and magnetic susceptibilities. On actual 

calculation with the crystal -field parameters obtained by us 

and with the correct IC wave ·functions of NES without taking 

covalency effect into consideration (i.e. ku = ~ = l)_ 

g-values come out to be g 11 = 3.674, g..L. =. 2.052 as ggainst 

the recent values determined by Fisher et a1 .. 97 g 11 = 3. 594, 

g..L = 2.039~~ ~ Horeover, both the principa.l susceptibilities 

K11 and -~_are found to be larger than the experimental values. 
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However, if we introduce a very small covalency effect on 

the orbital angular momentum operator by using the covalency 

reduction factors k\\ -= 0. 987 and k..L = o. 997, we arrive at a 

good fitting of not only the g-values but also the principal 

magnetic susceptibilities, ·with the same set of parameters 

that explained the optical spectra with remarkable success. 

;, .. 

The predicted g-values are g 11 = 3. 596, g_L :::: 2. 041 in excellent ) v' 

agreement with the observed values. Also the theory is found 

to fit the magnetic data almost exactly (within 0.37%) at the 

lowest temperature of measurement (14K). At room temperature 

the theory is found to agree with the magnetic data-within 

1._4% and the maximum deviation that occurs at some intermediate 
' . 

temperature is found to be about 6% of the observed values. 

The values of k 11 and k_L indicate that the covalency 

effect is very small as expected in the case of rare-earth 
v;. 

i.ons. The covalency should also ~ffect all parameters. :·. 

I f t Ell . d N 106 ' d t . b ' 't' n ac , 1s an ewrnan carr1e ou an a 1n1 10 calcu-

lation for the theoretical estimates of the contribution 

from various factors including covalency to the CF parameters. 

However, in a theory using adjustable parameters to be 

evaluated from experiment, the values of the parameters 

deduced from experiment will automatically include the effect 

of covalency. 

Some of the CF parameters given by Gruber and" 1Satten., 

have been slightly modified in the present investigation to 
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improve the fittin~ of the theory with the experiments on 

g~values and magnetic susceptibilities. In the present work 

B~ remains unchanged at the value given by Gruber and Satten, 

0 -1· 0 -1 B
2 

changes from 58.4 to 56.8 em , B6 from -42.7 to -46.4 em 

and B~ from 595 to 602.8 cm- 1 ·• Since these changes are small, 

the present values of the parameters are expected not to 

disturb seriously-the whole crystal field spectra. In fact, 

with the present CF parameters energy val~es of t~e CF compo-

nents of the ground term have already been determined in the 

course of our calculation on the magnetic properties. They are 

shown in table III.l®7 alongwith the experimental results. 

The table III.l.S shows that the small changes in the values 

of some of the CF parameters from those of Gruber and Satten 

in no way disturb the fitting of the CF spectra of the ground 

group of levels. V'Te expect that excited CF levels will also 

not be seriously affected owing to the small changes that have 

been made in the 'values of the CF' parameters· given by Gruber 

and Satten. 

In the present investigation we have considered that the 

crystal field parameters are independent of temperature as 

otherwise the solution of the parameters from the available 

experimental data will be nonunique. In the iron group the 

anisotropic component of the ligand field is found to vary v 

with temperature in/many cases107- 109 • Variation of the 
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crystal field parameters in our case,_ if any, must be small 

as found from the nature of agreement of the theory with the 

magnetic data and may account for the slight discrepancy that 

still persists at some temperature. There may also exist a 

very slight distortion from the c3h _symmetry to c3v symmetry 

as was postulated by Elliott and Stevens110 in the case of 

Ce-ethylsulphat~. Howev~r, for furrther refinement of the theory 

a redetermination of the magnetic data with the presently 

available refined technique and purer samples is considered 

to be imperative. The magnetic measurements were done long 

ago and an accurate redetermination will ascertain whether 

the small discrepancy that still persists while interpreting 

the magnetic data with the present theory is really of any 

significance. 

Numerical computation was done with the help of the 

computer (Burroughs 6700) at the Regional Computer Centre, 

Calcutta as far as practicable leaving hand calculation to 

the minimum. 



:!2ble III.lel 

IC wave functions and corresponding energies of Nd3+ for J = 9/2(8.), (b) 

Energy 

14645.51 20877.77 47738.63 19375.66 32560.43 12475.50 0 
Eigen 
Vectors 

4F 

2 
(320 

2 8 21 
4G 

2 
Hll 

2 
H21 

4I 

0.8703 

-0.13 25 

0.0909 

-0.0339 

-0.1570 

0.4306 

0.0746 

o. 2766 . o. 0156 

0.6020 0.6436 

-0.4911 0.7598 

o. 5190 -0.0218 

0.0045 0.0814 

-0.2234 0.0341 

-0.0244 0.0004 

-o. 1959 

-0.3026 

o. 2869 

0.8394 

-0.1296 

o. 2552 

0.0345 

0.0037 -0.3570 

-o. 0159 "o. 3372 

-0.1000 -0.2842 

0.0655 -0~1415 

' 0.9283 -0.2947 

0.3517 0.7403 

0.0048 0.1527 

·o. oo3i 

-0.0170 

0.0151 

0.0076 

0.0577 

-0.1636 

0.9845 

-1 
(a) F

2 
= 331.33 em , -1 F 4 = 4 7. 956 em , -1 T -l F6 = 5.313 em '~= 880.11 em 

(b) Energy of IC wave functions are given at the' top of the columns. For the 

IC wave function of a particular energy the co-efficient of each constitu

ent 2S+lLuv state shown tn the first column is given by the corresponding 

entry in the column where this energy occurs. 
. ~ I 

-.J 
en 
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Table III. 1. 2 

IC wave functions and the corresponding energ!f-es of Nd 3+ 

for J = 11/2 (a)' (b) 

Energy 

21432.40 33902.63 15770.0 28459.26 1867.66 
Eicgren 

Vectors 

4G 0.9642 0.1128 -0~2308 -0.0661 o. 0071 

2 
Hll -0.2109 0.8372 -0.3746 -0.2362 0.0367 

2 
H21 0.1598 0.4005 o. 8910 - -o. 1059 -0.0945 

2r 0.0101 0.3548 -0~0520 0.9333 -0.0151 

4I o. 0162 o. 0117 0.0994 0.1700 0.9947 

(a) Parameters same as Table III.l.l. 

(b) Explanation of the table same as Table III.l.l. 
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Table III. 1. 3 

IC wave functions and the corresponding energies of Nd3+ 

for J.= 13/2(a), (b) 

Energy 

29770.80 3856. 16 18040.81 
Eigen 

Vectors 

2r 0.9948 -0.0231 :-0.0995 

4I o. 0166 0.9977 -0.0664 

2K 0.1008 0.0644 0.9928 

(a) Parameters same as Table III.l.l. 

(b) Explanation of the table same as Table III.l.l. 



Table III.l.4 

IC wave functions and the corresponding energies of Nd3 + 

for J = 15/2(a), (b) • 

Energy 

5921.36 20777.68 29 233. 16 
Eigen 

Vectors 

4I 0.9930 -0.1166 -o. 0161 

2K o. 1174 0.9705 0.2107 

2L -0.0090 -0.2111 0.9774 

(a) Parameters same as Table III.l. 1-

(b) Explanation of the table same as Table III. 1. 1 • 
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Table III. 1. 5 

Compari~on of the calculated crystal field energy levels with the experimentally observed 

96 levels • 

Crystalline 

Stark 

Component 

---· 
;i!:S/2 

.±3/2 

.±1/2 

.±5/2 

.±3/2 

Experimental 

energy 

level 

0 

149 

154 

279 

311 

Predicted energy level considering 

second order correction with present 
0 -1 set of parameters: B
2 

= 56.8 em 1 

0 -1 0 . -1 
B

4 
= -68e2 em 1 B

6 
= -46.4 em , 

6 -1 
B6 = 602.8 em 

0 

149 

155 

279 

310 

Predicted energy level 

considering second order 

correction with the Gru

ber• .s set of parameters'! 
0 -1 0 -1 

B
2
=58.4 em 1 B4=-68.2 em 

0 -1 6 -1 B6 =-42.7 em 1 B6 =595 em 
·---

0 

142 

154 

268 

299 

·-----------·--------·-------------------------------------------------r 

a:> 
c:> 



Table II I. 1. 6 

Comparison betv1een calculated and experimental g-values 

(Covalency reduction-factors k 11 = 0.989, k.L = 0.998). 

Calculated 

g = 3. 608 
II 

g-L = 2.044 

g" = 

g = :.L 

Experimental 

3.59497 , g = -U· 
3. 613 

2.039?7 ~ ~·::: 2.05 3 

. 81 



Table III.1.7 

Comparison of calculated values K
11

1 K.L with the experimentally observed values. __ , 
Predicted 'results EA~erimental resultslO~ 

Temp. (T), 
6 6 6 6 

':;K Kll X 10 I c. g. s. K_L X 10 I c. g. s K 11 x 10 ; c. g. s. - K ..L x 10 , c• g. s. 

e. m. u.,' e. rn. u e. m. u. e.m.u 

0 

14. 27 90525.34 34619.00 90257.08 34623.54 

17.70 73949.83 29296.33 72873.73 29490.34 

20.34 64998.27 26422.75 64625.1 26572.67 
\ 

64.6 23113.42 13455.66 21616.72 12877.31 

71.0 21225.60 12906.89 20046.49 12270.60 

77.7 19553.10 12402.42 18644.50 11895.67 

139.3 11264.58 9100.89 10682.24 8643.96 

216.8 7261.65 6560.05 7103.31 6455.70 

226 .. 8 6938.90 6319.6 2 6905.62 6278.46 

249.8 6293.15 5822.57 6292.09 5787.63 

287.5 5456.17 5147.12 5474.05 5119.57 

291.5 5380.00 5083.94 5378.61 4996 .. 86 
'' 

():) 

N 



III.2. INTERPRETATION OF THE OPTICAL, MAGNETIC h~D 

THERMAL BEHAVIOURS OF THULIUM ETHYL :SULP~ 

III.2.1. INTRODUCTION 

83 

The present section aims at a consistent interpretation 

of the optical absorption spectra, magnetic heat capacity and· 

magnetic susceptibility of Thulium ethyl sulphate (Tm.ES.) 

with a single set of parameters~~°From the results of optical 

absorption experiment on c.:concentrated Tm..,EiS. Gruber and 

Conway111- 112 first determined a set of electrostatic (E:S)' · 

spin-orbit Cso) and crystal field ( CF) parameters that 

accounted for the observed levels which were limited in number. 

Wong and Richman113 also did the spectroscopic investigation 

on the diluted crystals of Tm.ES. and gave a different set 

of crystal field parameters. Gerstein et a1. 114 measured the 

magnetic susceptibility and magnetic heat capacity of cono-

entrated-·Tm.ES. at different temperatures and tried to fit 

their experimental data theoretically with the parameters 

. 113 112 obtained from Wong and R1chman and Gruber and Conway • 

Gerstein et al found that Wong's crystal field parameters 

. 3+ 
which actually referred to the diluted crystals of Tm in 

La(C2 H
5

so
4

)
3
.9H

2
o gave a· better fitting of the magnetic 

susceptibility and magnetic heat capacity data than the 

parameters given by Gruber et al for undiluted crystals of Tm. EiS. 



84 

In a later investigation more levels were observed by 

Krupke and Gruber115 in optical absorption experiment on 

undiluted crystal of Tm. EfS. ·: • But all the crystal field 

calculations oB Tm.ES. primarily meant to fit the optical 

data were restricted to first order perturbation calcula

tions (i.e. , neglecting ~tni:XLtig:-a"rnong the states). But in the 

pres~nt work we have carried out the diagonalisation of the 

matrix of spin-orbit (SO), electrostatic (ES) and the crystal 

field (CF) interaction of Tm.ES. considered together, the 

matrix being constrpcted in a basis of all states of Tm3
'*" ion 

in the 4f12 configuration. Thus the full J-mixing was taken 

into acc?unt and which is the most realistic approach. Finally 

these results ~tV"ere used to obtain the magnetic susceptibility 

and magnetic heat capacity data. We find that the set of 

parameters given by Krupke and Grubei-
15 

when used in our full 

J-mixing calculation, can fit very well the magnetic suscep

tibility, optical levels and the magnetic heat capacity data, 

though ~:)slight discrepancies arise,-· in some optical levels 

which will be discussed-later. 

III. 2. 2. SPECTRA OF, Tm~§.· 

The effective Hami'ltonian of Tm3 + in Tm.E~s. crystal 

having a D
3

h symmetry is given by 



~ff = 

2 e 
r .. lJ 
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+ 

+A (u( 6 ) +U( 6 )) 
. 66 6 -6 

where u~k) = rkyi is an irreducible tensor operator. ~gsare 

the crystal field parameters which are related with Stevens 

form ~sas shown in chapter II. 

The matrix of the effective Hamiltonian ~ff is cons

tructed in a basis of states represented by lu~!SLJM) • All 

states belonging to the different multiplet terms 3 PFH1SDGI 

of Tm3 + have been taken into consideration for the representa-

tion of the above matrix and it turns out to be a 9lx91 
,, 

matrix. The matrix elements of ES interaction for 4f2 confi-

guration expressed in terms of Slater-Condon parameters Fk's 

have been tabulated by Nielson and Koster77 • We used those 

for our f 12 system since ;lt will be exactly same. The :SO 

matrix elements can be easily calculated by using the formula 

given by Elliott et a1. 89 The so matrix elements for f 2 

system baye also been already calculated by .. 'S_pedding79 • 

2 12 . 
We use these results of f in our f system by reversing the 

sign of each matrix element of the spin-orbit interaction. 

(k) 
The matrix element of U was obtained by procedure described 

q 

earlier; (Chapter II), using tensor operator technique and thus 

the 9lx91 full matrix is set up. But due to the crystal symmetry, 

the whole matrix splits up into 2 matrices of dimension 16xl6 



(crystal quantum number jj, = _±2), 3 matrices of dimension 

14xl4 (of which 2 matrices have ~ = ±1 and another ~ = 3) 

and one matrix of dimension 17xl7 (jj, = 0). 
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A complete computer program was then made in which the 

CF matrix elements were automatically generated and then 

added up to spin-orbit and electrostatic contribution and 

after that 6 matrices were diagonalized individually by the 

same program. The program then invokes a second portion of 

the program which automatically calculates the susceptibilities 

and the magnetic heat capacity at different temperatures. 

III.2.3. CALCULATION OF SUSCEPTIBILITY 

A significant contribution to the magnetic suscepti

bility of Tm3 + comes ~rom only the lowest multiplet of 3H6 • 

It contains 13 crystal field states pi's of which 4 are doublets 

and 5 are singlets. The general expression for calculating 

the ionic susceptibility is given in chapter II. The 13 CF 

states are given in Appendix III.2 at the end of this section. 

III.2.4. CALCULATION OF MAGNETIC HEAT CAPACITY 

The magnetic heat capacity of Tm. ES. is theoretically 

obtained from 

[z~(:~J 
2 

(-~) exp (- ~~)] 
n Eo 

c R -L_k~ = -- exp m z2 
m= 1 m=l 
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o o o o 1 1 H Em = Wm - w
1 

where w1 = Energy of lowest CF eve • ere 

n = 13 since· fo_r Tm3 ~ ion 3H6 is the ground term and it splits 

into 13.levels in a crystal field1 where 

k = Boltzman constant, 

R = N!r;~· 

T = Temperature. 

We then calculate the magnetic heat capacity of Tm.ES. at 

different temperatures using the energy values of the CF levels 

which give the best fit to the experimental crystal field 

energy levels and the magnetic susceptibility. 

III. 2. 5. RE:SULT:S AND DISCUSSION 

In our present calculation we have done an exhaustive 

trial method to see which set of parameters can give an over-

all good fitting. We found that Krupke and Gruber's set of 

parameters gave an overall good agreement. The parameters 

taken are as follows 

F
2 

= 449.16 cm- 1 , F
4 

= 64.57 cm-l, F6 = 7.065 cm- 1 , 

·r -1 o< 2 > -1 o< 4> -1 ~ = 2667.9 em , B2 r = 135.3 em , B4 r = -71.35 em , 

0/, 6> -1 6 < 6> . -1 B 6 ~r = -28.8 em , B6 r = 428.1 em • Table III.2.1 

shows the experimental crystal field levels and the theoretical 

levels obtained from the above exact calculation by using 

Krupke and Gruber's set of parameters. Fig. III.2.1 shows 

. I 
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the theoretical points and the experimental curves of 

and l\...1.at different temperatures. Fig. III.2.2 shows the 

theoretical points and the experimental curve of ern at 

different temperatures. 

We find that Johns$n116 and all the subsequent workers 

wrongly assigned the 
. 10 

LaC13 Gruber et al 

3 F level. In a recent work on Trn3 + in 
4 

obtained the 3H4 multiplet at about 

12624 crn-l (mean value) from the ground level. But in his works 

on Tm.E.'S. which were done earlier it was wrongly interpreted 

that the 3 F
4 

manifold lies at about 12600 crn- 1 from the ground 

term. It now appears from our theoretical calculation that it 

is the 3 H
4 

and not 3 F4 which lies at 12600 crn-l and 3 F
4 

lies 

at 6000 cm-l • The observed levels of Trn3 + in LaC1
3 

also 

confirm'. ···this., We also find that_ Krupke and Gruber's set of 

parameters can fit almost all the experimental optical levels 

with the theoretical levels except the 1 I 6 level. We also find 

that no n~w set of parameters can improve the 1 I 6 level 

without affecting the other lev,els like 1
G.

4 
and so on. This 

discrepancy in 1 I 6 may be due to the configuration mixing. 

Fig. III.2.1 shows that above 24K a good fit is obtained 

between the theoretical points and the experimental curve for 

-~11 • Gerstein et al also could not fit this portion with 

Wong's parameters. They expressed doubt about the reliability 

of the absolute values of experimental data in this portion 

due to some experimental inaccuracies. The theoretical values 
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I 

• 
~ 2·.5 
~ 

E 2.0 () . 
0 1~5 r ...- ' I 

X 

~ 1.0 

0.5 

,·1 3 ( \1-1 
Fig. III. 2•1· K11 and K..L of Tmi9;s., ern g~ at. wt, • 

o -~'heo-retical poibts. 
- Expe1'i-menta1 smooinea. cu.tsve. 
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of _l(,...L are very close to the experimental curve. From Fig. 

III.2.2 we find that there is a sharp rise of eh~erimental 

curve of em values upto 16~ and then a gradual decrease in 

the value upto 40K then again a gradual rise in the value 

upto 80K after that again a rapid fall occurs. Fig. III.2.2 

also shows that the theoretical values do not fit well at low 

temperatures but at higher tempera·tures they are .almost on 

the experimental curve. 



() 
/ 

Fig. III. 2. 2. 
-1 Cm_of Tm.ES., J (g.at. wt.deg) • 

o Theo-relical points. 

Expe,..imental smootbea. cu:~ve. 

91 
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Table III.2.1 

Comparison between experimental and theoretical values 
of crystal -field splitting. 

,.·--~ ..;. Experimental Theoretical Terms. ... 
fJ. levels levels 

3H : 0 0 0 
6 +1 32 33 

+2 112 115 
~3 176 165 
+1 201 207 
""':'o 219 

0 224 
+2 277 278 
"":"3 305' . 305 

3H 0 12592 4 3 12637 
+1 12672 
:±2 12692' 

3 12785 
.±2 12820 

3F 3 14407 14402 
3 +1 ' 14466 14455 

:±2 14486 14483 
3 14487 14493 

3F -+2 15079 14966 
2 

±1 15106 14983 
1G +2 21168 21120 4 "+1 ·21191 21138 

-0 21255 20945 
.;!:2 21279 21233 

3 21341 21276 
3 21379 21420 

1D, :_ +2 27906 27885 2• 
±1 27977 27951 

li .±2 34844 33801 
6 3 34871 33825 

.±2 34900 33854 
3p 

0 
0 35442 3~456 

3 0 36401 36304 pl. 
.±1 3~486 36385 

_3p +2 38147 38166 
2 "+1 38188 38200 

-0 38312 38350 
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APPENDIX III.2. 

CF wave functions and the energy values of the ground term 

(3H
6
) of Thulium ethyl sulphate obtained from Krupke and 

Gruber•s115 set of parameters 

qil = o. 1154j 3
H66)40. 9820 l3H6o)-+O.ll54I 3

H6-6) 

-o.ooooi 3
H5o)-o.oo2si 3H4o)-oeOOl8l3 F4o) 

-o.oooo\3F3o)+O.o02BI3 F2o)-o.oo21\3P 2o> (O) 
wl = 0 

-o. oooo I 3 P1o)-o.oo~9l3 P0o) +O. olo9l1r 66) 

+0.0936l1r6o)+o.olo911r6-6)..:.!-0.ooo911G4o). 

-o. 0011 \1 n2o)-tO. 0002 }1s0o) 

p2 = o. 285 s '
3

H6s)+o. 953sj
3

H6-l)-o. 0021I
3

H5s) 

-0. 006Sj 3
H5- J)-o. 0007j 3

H4 -1>7!-0· 0002j 3 F 4 -1) 

+0.0032\3F3-l)+o.ooo7\3F 2-l)-o.oo21}3P 2-l> w;o)=3~ cm-1 

-o. ooo9 \3 P1-l)+o. 0212 \1 r6s)+O. 0910 \1 r6-1) 

+O.ooosi 1G4-I)-o.ooo9 \1n2-1) 



94 

\P 2.ir = Oe:2858)3 H6 -5> + 0~ 9535 \3 H~1) - Oe,0021j 3H5~~ 
-o. oo65 l3~1). . - o.,ooo1!

3
H4 1) + o~poo2} 3 F4 1) 

+0<:>,0032j
3

F 31) + o.ooo71
3

F 2 J} - Oe;0021 j3 P 21) 
w (0) 

= 33 
-1 

2 
em 

-o. ooo9 \
3

P11) + 0':',0212 \
1

r 65) + o~,0910 j1 r 61) 

+0 .... 0005 \
1

G4 1) - Oe 0009 \
1

D 2 lJ 

9?3 = o.1s964 \
3

H6 2) +0.4327\
3

H6-4> + o .. oo5sj
3

H5 2) 

+Oe,006si3H5-4> +0. 0024 j3H4 2> + Oe~0013}3H4-o/ 
+0~j0015 \3F 4 2) -o. 0069 PF 4-9 - Oe)0002\

3
F 32) ·w(o) 

3 =115 
-1 

ern 

-o. 0021 .\3F 22) -Oe,0017I 3P 22) + o.,,0859}1r6~ 
+O. 0414 \

1
r 6-o/ -0~~0010 \1G4 2) - 0~,0031} 1G4-9 

+0.,,0005 j1D22) 

9?3, = O. 8964}3 H6-2) +0., 43 27 \3H64) + o •. oo5s \
3

H5-2) 

+O. oo6si 3H54) +0. 0024\3H4-2) + 0., 0013 j3 H4 4) 

.ro. 0015 \
3

F 4 -2) -o. 0069 \3F 44) -0~,0002 \3F 
3 
~2) w~o) = 115 -1 ern 

-o .. 0021 I3 F 2-2) -0.0017 \3P 2-2) -ro. 0859 \tr6-~ 
+0.,0414 \1 r 64) -o. 0010 I1G4-2) -0"'.0031 ~G44) 
+O.ooo5f 1D2~2) :; 

9?4 = o~:703s}3H63) +Oe}038 PH6-3; -oep033 \3H5~ 
+0':' 0033 \3H5-3) +Oe.:0034 \3H4 3) +O':'J0034l

3
H4-:9 

-o. oo23 I3F 4 3) -OG0023 \ 3F4~o/ +0.,0045 \3F 
3

:3) w(o)_ 
4 - 165 ern- 1 ; 

-o. 0045 \3F 3-~ +O<:>i0676 l1r6~ +Oe 0676 )1r6-~ 
-0.,,0029 j1G43) -0.0029\1G4-3) 



p
5 

= 0.9535 \3H65)-0.2857)3H6-1)+0.0020l3H55) 

3 3 . 
+O. 0099j H5-1)+0. 00241 H4 -1) +0. 0079 )3F 

4 
-~ 

·ro·.oo4? l 3 ~3.-J)+o.0029)3 F2-J)·+!-O.oo11I 3 P 2-J) 

+O.ooo9) 3 P1-1)+0.091311
I 65)-o.0275 l1 I 6-1) 

-f{).0012 \1G4-1)-o.ooos}1n 2-l) 

p
5

, = o. 9535} 3H6-5)-o. 2857 )3H6 1) -rl-0. oo2o )3H5-5) 

~.0099 j3H51)+ 0.0024) 3H41)+0.0079)3 F41) 

+0.0049}3 F3 1)+0.0029}~F21) ·i'l- 0.0011} 3P 2J) 

+o.ooo9) 3P11)+0.0913j1
I 6-5)-o.o275 j1 I 6 1> 

+0. oo12j 1G 41)-o. oop.sl1n 21) 

-o.0079}3 F3o)+ o .. oooo) 3 F2o)+a.oooo\ 3P 2o> 

-o. 0020 \3 P1o) +O. oooo \3 P0o) -o. 0670 \1 I 66) 

-o.oooo\1 I 6o)40.067oj1 I 6-6)+o.ooooj1G4o) 

-o.oooo }1n 2o)-o.oooo\1 s 0o> 

95 

Ttl(O) =207 
5 ' 

-1 em 

w<o>=207 em-1 
5 

w~0)=219 -1' 
em . 
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~7 = 0.6944\ 3H66)-0.1632J3H60)+0.6944\ 3H6-6) 

+O. 0000 }3H
5
o) .fO. 0028:eH4 0)+0. 0000 }3 F 4 0> 

-0.0079\ 3 F 3o)+O.OOOOj 3 F 2o>+0.0000\3 P2o) w<o>=224 
7 

em 
-1 

-o. 0020 l3 P 
1 
o) .ro. oooo \3P 0o) -o. 0670 \1 166) 

-o.oooo\1 16o)+o.o67oj1 16-6)~.oooo}1G4S> 

· -o. oooo l1n
2
o) -o. oooo \1 s 0o) 

~8 = -o. 4327 13 H6 2)+o. 8961l3H6-4)-o.0121 \3 H5 2) 

+0 .. 0020 13H5 -4) +0. 0007 \3H4 2) +O. 0013 }3H4 -4) 
/ 

+O.oo7oj3 F4 2)-o.0197I3 F4-4)-o.oo4o\3F
3

2) 
w<o) -278 -1: 

8 - em , 

+0.0026\3 F 22)+0.0011j3P 22)-o.0417 j1 r 6 2) 

+0.0864 \1 16~4)+0.0019 \1G4 2)-o.Oo76 \ 1G4-~ 

-o. ooo1j
1

n 22> 

~ 8 ,= -o.4327}3H6-2)+o.8961I3H64)..:o.o121\3H5 -2) 

+0.0020 \3H54)+0.00071 3H4-2)+o.0013\3 H44)-

+0. 0070 13 F 4- 2)-0. 0197 13 F 4 4>-o• 0040. )3 F 3- 2) 

w<o> =278 em-1 ; 
+0.0026 \3 F 2-2>+0.0011}3 P 2-2)-o .. 04171 1 16-2) 8 I 

I 

+0.0864I 1 r 64)+o.oo19 11G4-2)-o.o076 l1G44) 

-o. ooo7j 1 n 2-2) 



~ 9 = -0.7037\3H63)70.7037\3H6-3)-o.oo72\3H53) 

~o.oo721 3H5-3)-o.qols\ 3H43)+0.0015 \3H4-~ 

+O.OOB91 3F43)-o.oosg \3F4-3)-o.oo6si3F33) 

-o.oo6s\3F3-3)-o.o6sol1I63)+o.o6soi1I6-3) 

+o.oo4o\1G43)-o.oo4o\1G4-3) 
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III. 3. , INTERPRETATION OF THE OPTICAL SPECTRA, 

MAGNETIC SUSCEPTIBILITY AND g-VALUE 

OF PRASEODYMIUM ETHYL iSULPHATE 

III.3.1. INTRODUCTION 

In this section we aim at a consistent interpretation 

of the magnetic' susceptibility, optical absorption spectra 

and e.p.r data of praseodymium ethyl sulphate (Pr.ES.) • 

Previous workers have reported different values of some para-

,meters to interpret the different experimental results such as 

t . 1 b t' 117,118 t' t'b'l't d op 2ca a sorp 2on , magne 2c suscep 2 2 2 y an 

anisotropy. We shall investigate to what extent it is possible 

to interpret the available optical, magnetic susceptibility 

and e.p.r data simultaneously with a unique set of parameters. 

The diagonalisation of the complete Hamiltonian consisting 

of interelectronic repulsion (ES), spin-orbit interaction (SO) 

and the crystal field interaction (CF) considered together 

has been carried out. The full J-mixing is thus taken into 

account. The same type of treatment was done by Gruber to 

interpret the optical data of Pr.EIS. and <he deduced the E:S 

parameters (F2 , F4 , F6 ) :SO coupling constant <C:) and CF 

parameters by fitting a· large number of optical levels to 

within 0. 1ro • But he did not test whether his parameters 

deduced from optical data were co!Pi~nt with the magnetic 
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susceptibility and e.p.r data. It is to be noted that e.p.r 1 

optical absorption and magnetic :measurements were not per-

formed with the identical samples of Pr. EiS. ;~~~· The e. p. r 

3+ experiment was performed at low temperature for Pr in 

yttrium ethyl sulphate119 • The optical absorption experiment 

for concentrated crystal of Pr.ES. was done by Hufner117 • 

. 3+ 
For diluted crystal_of Pr 1 the same experiment was done by 

HelhTege et a1120 and by Gruber118 .• The magnetic suscepti-

bili ty measurements of concentrated crystal of Pr. ES. were 

performed.earlier by Van den Hande1121 and later by 

Hellweg·e et a112 2 ·at different temperatures. But nobody made 

any attempt to fit theoretically the three experiments: 

optical absorption, magnetic susceptibility and e.p.r measure-

ments of concentrated Pr. E:S. with a single set of parameters. 

This invokes us to reinvestigate'the problem systematically. 

III.3.2. CRYSTAL FIELD ENERGY LEVEL~ 

The Pr3 + ion in Pr. ES. crystal is~· considered to be in 

a D
3

h symmetry. :so the effective hamiltonian of Pr3 + ion in 

D
3

h site symmetry and in absence of configuration interaction 

(c.r.) is given by 

_e2 
r .. 
~J 

+T~t .. s. + 
~~ /..,---_ .... ~ -~ 

i 

·if. A U ( 6 ) +A ( U ( 6 ) 4 U_( 6
6

) ) 
' 60 0 66 6 (III.3.1) 



Gruber diagonalised the matrix of (III.3.1) in a basis of 

all the- states belonging to 3PFH1SDGI ·terms of the Pr3+ ion. 

But he did not quote the various CF states in his paper which 

are required to calculate the magnetic susceptibilit::Les and 

the g-values. So we repeat_ the diagonalisation of the complete 

energy matrix •. Equation (III. 3. 1} does. not include the term 

arising from C.I. which has.been discussed earlier in 

chapter I and which was actually introduced by Rajhak and 

. 49 
Wybourne • In course of our investigation we find that 

unless these c. I. terms are inc,luded, a satisfactory agreement 

of th~ theory with the experiment is not possible. So by 

introqucing the C.I. term the form of l.J becomes o"'"''eff 

}leff = L r:~~ + C:"h·.ei + 
iL j l.J ~ 

A u< 2) +A u< 4 )+A u< 6> 
20 0 40 0 60 0 

+ A (u( 6 ) +U( 6 ) )+ctL(L,.,~1)!-M3G(G·J + -{G(R ) 
6 6 6 -6 ;·.· ' 2 7 (III. 3. 2) 

where G(G2) and G(~) are the eigenvalues of Casimir 1 s 

operators for the groups G2 and ~ used to classify the 

states of fn configuration. These eigenvalues may be calcula-

ted in terms of the integ~rs (u1u 2) and Cw1w2w3 ) used to 

label the ~rreducible representations of the groups G2 and R7 

and are tabulated by Wybourne102 • We use those values.<X, .B; 

'Y are to be treated as adjustable parameters. In both the 

above, eqUations ~~are the crystal field parameters in tensor 

operator form and U(k) is the irreducible tensor operator. 
q 
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The matrix elements of (III.3.1) or (III.3.2) were obtained 

by the same procedure as was mentioned in section III.2. 

III.3.3. COVALENCY REDUCTION OF ORBITAL ANGULAR MOMENTUM 

We find that (as in the case of NES) it is impossible to 

achieve a good fit to the g-values and magnetic susceptibilities 

unless a reduction of the orbital angular momentum is used 

in the calculation of these quantities. So a small covalency 

reduction is introduced here to fit the experimental results. 

The details of the covalency reduction of the orbital angular 

momentum has been discussed earlier (chapter II). 

III.3.4. CALCULATION OF THE PARAMAGNETIC .SUSCEPTIBILITY 

Significant contribution to the magnetic susceptibility 

3+ 3 3 of Pr comes from only the lowest multiplet of H4 • H4 

contains 9 crystal field states of which 3 are doublets and 

3 are singlets. The paramagnetic ionic susceptibility at 

different temperatureSis obtained from Van Vleck's expression 

as given in chapter II. The 9CF states are given in Appendix 

III.3 at the end of this section. 

III.3.5. CALCULATION OF g-VALUEiS 

For the calculation of principal g-values one is inte-

rested only in the lOi.vest doublet (q;
1 

, q;
1
,) in the CF level 



pattern. With the introduction of the covalency reduction 

factors 0;.-}
1 

and k..L) for the orbital angular momentum operator, 

the expressions for the g-values are -

gn = gz = · l <q;llkuLz + 2szJ9.il) - <(9?1 1 lkuLz + 2sz lq;1?l 1 

g..L. = gx = gy = 2 ( ~1 jl~Lx + 2Sxl q;l ;;I= 21~11 ~ Ly + 2iSY jq;l~\ 
= 0 

III. 3. 6. P.ESULTS Al'ID DISCUSSION:_~, 

---
Before we start interpreting the experimental data with 

the present theory it should be noted that the e.p.r1 optical 

absorption and magnetic.measurements were not performed with 

identical samples of Pr.EfS~ The e.p.r experiment was per

formed at low temperature for Pr3 + in Yttrium ethyl sulphate119• 

There are three sets of optical data that are available, one 

for the concentrated crystal of Pr.E:S.ll7 and two others for 

the diluted crystals of Pr3 + in lanthanum ethyl ul h t 118,120 s p a e • 

Magnetic measurements at different temperatures were however 

performed for the undiluted crystals of Pr. E~S. ,.- The levels 

that could. only be observed in the spectrum of concentrated 

3 3 1 3 crystals of Pr.ES. are. H
4 

, P
1 

1 I 6 and P
2

• Our aim will 

be to have a good fit of these levels along with the magnetic 

susceptibility data, g-value and structural observation. 

Earlier Gruber claimed to fit the whole spectrum having a 

lar<je number of levels by exact ~-iagonalisation of the energy 



matrix. He quoted the values of three electrostatic parameterS;t 

one spin-orbit coupling parameter and four crystal field para

meters. We repeated the calculation as we needed crystal 

field wave functions. After diagonalising the same matrix 
' 

with Gruber's set of parameters, we were surprised to observe 

that not only the centre of gravity of all the levels were 

shifted but also 3 P
1 

multiplet goes above the 1 r 6 multiplet 

contrary to Gruber's calculation and experimental findings. 

Also the position of ~1 and 0 components of 1 r 6 manifold are 

reversed. The separation between~2 and 3 components of 3H4 

manifold comes out to be 17.2 cm-1 against 12.2 cm-l as quoted 

by Gruber • ~he separation betvJeen ,;i!-2 and 3 components piays 

an important role in the calculation of the susceptibility. 

So at this stage we are unable to find any reason for having 

results different from those of Gruber even though calcula-

tion with identi~al set of parameters was done. When the 

results obtained from CF calculations by using Gruber's set 

of parameters are used further for g-value and magnetic suscep-

tibility calculation, it is found that the g-value comes out 

to be large (2.26 compared to the experimental value 1.525), 

about 46% larger than the observed value. Experimental data 

shows that at l.ower temperature K 11 is smaller than K...L and 

around.l37K the two curves cross over~ But unfortunately we 

could not reproduce it with Gruber's set of parameters. No 

reversal of anisotropy (K..l-- K11) occurs at any temperature in 

c ' 



the entire range from liquid helium upto room temperature, 

but K ll is smaller than K.L throughout the range. It is also 

noticed that. for K
11 

the calculated values are higher than the 

experimental one throughout the whole range of temperature. 

The difference between the observed and the calculated values 

varies fDOm 102.8% to 5.9%. It is pronounced at low temperature 

region and it is largest (102.8%) at the lowest temperature 

of measurement (6.25K). On the other hand in the case of K~ 

this difference between calculated and observed values is 

less pronounced (varying from 18.5% to 4.2%) and the calcula

ted values are higher than-observed values except at the 

temperatures 6.25K and 12.5K. Now from the large values of 

gil and also K11 and K_L one may suggest that a covalency 

reduction should be introduced in the orbital angular momentum. 

Next introducing covalency reduction for the orbital moment 

· we made exhaustiye trials and found that to have an 

appropriate reduction in gil value a covalency reduction 

factor as high asG.B .should be introduced in the calculation-

of the Kll and about0.95 in the K..L. The gil value comes down 

to wi;thin 1% but the deviation of the susceptibility still 

remains as high as 41.7% ·and the reversal point does not 

occur. Thus we are unable to fit the susceptibility data even 

within 10% with Gruber-• s set. 

While fitting the observed splitting between the crystal 

field levels of the concentrated crystals of Pr.E'S. using 



R-s coupling and without doing J-mixing, Hlifner quoted 

four crystal field parameters. Although such calculation 

cannot give electrostatic and SO parameter as it concerns with 

the splitting of individual free ion levels in a crystal field, 

it was found that fitting of the crystal field splittings 

was more or less satisfactory. But there were discrepancies 
-

in the assignment of the different crystal field components. 

The lowest crystal field component of ground term 3H4 according 

to their calculation was the doublet (M = ~1), whereas from 

the later experiment of Gruber it is the doublet (~~2) which 

is lowest. Also in Hlifner•s calculation the components 0 

andzl of 1 r 6 multiplet_and ~2 and ~1 components of 3 P
2 

multi

plet interchanged their positions when compared with the 

observed spect~a. We first used these CF parameters of Hufner 

along with the s!1J~ct. 1:'F4 -,- F~ :'and ''G·- of·: Grube:r :·to diagonalise 

exactly the full matrix and obtained the g-value and suscep-

tibility. While carrying out the exact diagonalisation the 

fitting becomesworse, the optical absorption spectra cannot 

be explained, the lowes_l::. CF component:.: of ground level 

comes out to be a singlet M = 3 in complete disagreement 

with the observed spectra. 

So it was clear that both Gruber 1 s and Hufner•s parameters 
I 

were not satisfactory for a consistent study of all the physical: 

properties mentioned earlier. If the theory is made to agree 

with results of one type of experiment, it deviates 



considerably from the other types of experiment. We made an 

extensive trial method and the following facts were revealed 

i) It is only possible to fit the theory with all the experi-

mental data within some optimum limit with a single set of 

parameters but an exact agreement between .the theory and all 

the experiments is too much to be expected. 

ii) To change the centre of gravity of the multiplets1 so that 

all of them come in right order, introduction of c.r. para-

meters a., ,Bt i in our calculation becomes imperative. 

iii) The covalency reduction factors 0<: 11 and k_t_) for the 

orbital angular-momentum are to be introduced for having a good 

fit to (a) the g-values, (b) to reproduce the reversal Of the 

anisotropy (K..L. - Kl\) at about 137K, and (c) the susceptibilities 

within 19% throughout the entire range of temperature. 

We use the following set of parameters which-gave a good 

fit to the optical, e.p.r and magnetic susceptibility data : 

-1 -1 -1 T F 2 = 307~5 em , F4 =50 em 1 F6 = 5.0 em 1 ~= 727.9 -1 em , 

..r 0 2 -1 a.= 11.01 B = -4so.o, , = lOOo.o~ B2<r) = 32.94 em 1 

o< 4) -1 Bo
6 

/,r6) -1 6 ;~6) B4 r = -77.57 em 1 ~ = ;..53.33 em , B6 ~ = 985.49 
-1 . 

em , k \\ = 0. 9 9 1 X...L. = 0. 9 8 • 

118 The set of parameters which were used by Gruber are 

as follows : 

·-1 -1 
F2 = 307.4 em , F4 = 49.44 em 1 F6 = 5.138.cm-l~ l:= 727.9 

-1 0 < 2) -1 0 < 4> em , B
2 

r = 15.31 em· 1 B4 r -1 0 /, 6> = -88. 32 em 1 B6 '...r = -48. 76 

cm- 1 ,. B~ (r6j= 5'48. 48 cm-l . 



The set of parameters due to ~ufner117 are as follows 

B~<r2) 23 -1 B~ <r
4> -so -1 B~~6) -1 

= em , = em 1 = -44 em 1 

B~<t6> = 695 cm- 1 

In table III.3.1 we have presented the experimental 

optical levels and also the theoretical levels with different 

sets of parameters chosen.!' In the same table we have also 

placed the results obtained by Gruber from their own calcula-

tion. Fig. III.3-.l shows that the maximum deviation in Kll is 

about 10% and in K..L is about 6%' from the experimental curve. 

Our calculated gil value deviatescfrom the eA.rperimental value 

by 1 •. 3%' (the experimental g 11 = 1.52 and the theoretical gJI 

is 1.54). The·slight di~crepancy in g
11 

value is quite expected 

as the theoretical value is referred to the concentrated 
' . 

crystal of Pr.E~. but the experimental result obtained for the 

diluted crystal of Pr.ES. Table III.3.1 shows that there 

remains :> slight discrepancies in 1r mul tiplets and 3P multi-
6 2 

plets when we use our mm set of parameters. Two components 

~1 and 0 of 1 I 6 manifold haveinterchanged their positio~and 

two components ..±2 and .±1 of 3 P
2 

have-interchanged their normal 

positions.These discrepancies cannot be improved by any adjust-

ment of the 13 parameters which we have mentioned earlier. 

The possible correction~which may improve the results are the 

following : 
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.· i) ;small distortion in the crystals of Pr. ES. may exist even 

at room temperature. A small departure from reflection symmetry 

in X-Y plane will change the symmetry of the ion from pure 
+3 +3 

c
3

h ~nd introduce terms Y4 and Y6 into the crystal poten-

tial, i.e. the new potential will be c
3

v in which A43 , A
63 

parameters will have very low value. Noting that the new 

potential. does not further lift the degeneracy found with 

pure c
3
h' such distortion was suggested by Elliott and 

~Stevens110 for Ce-ethyl sulphate to interpret simultaneously 

the temperature variation of susceptibility and the observed 

g-values, the latter being much less than the values calcula-

ted on the assumption of a pure c
3

h symmetry. The second one 

is that we have assumed in our calculation that all the CF 

parameters are temperature independent. There may be some -

temperature dependence of the CF parameters. 

Finally we conclude that for future refinement of the 

theory in the light of the above discussion precise and more 

experimental data for the concentrated crystal, particularly 

the optical data of the ground manifold are necessary. This 

will help to calculate the magnetic susceptibilities and the 

g-values accurately. 

All the calculations which have been presented here were 

done by computer B6700 using a complete program. developed 

by us. 
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Comparison of the experimen~al and the theoretical crystal field levels· 

3 

0 

.±2 
±l 

3 

.3 

3 

±2 
±1 

0 

±2 

3 

3. 
0 

.±2 

.±1 
.±2 

0 

.±2 
±1 

Experim8n tal. 
levels 

683lb 

6863b 

6872b 

6896b 

9794b \ 

98llb 

9863b 

l6709b 

.16858b 

l6955b 

0 20687b 

_----2 12 7 6a 
.±1~2128l.lb 

o-=::--2129oa b 
----21290.6 . 

0 

0 

.±1 
0 

±2 
±l· 

3 

.±2 
3 

0 

.±2 

.±l 

21399a 

21408
8 

214478
. 

2l456a 

22425a 

224416 

22448a. 

Theoretical levels 
obtained from the 

best fit parameters 

.o 
.12 

19'0 

303 

241 
·314 ~ 

6345 

6344 

6358 

6417 

6458 

6917 

6972 

6990. 

7025 

7027 

7060 

9749 

10091. 

10070 

10071 

10162 

10399 

16994 

17144 

17203. 

20651 

21234 

. 21254 

21367 

21384 

21426 

21417 

21515 

21527 

21570 

21639 

21665 

22447 

22473 

22466 

Theoretical levels 
obtained by usinq 
Gruber~s set of 

pa.rameters iti out 
calculations 

0 

17 

17·2. 

192 

180 

288 

6266 

6251 

6264 

6317 

6346 

6763· 

6810 

6841 

6882 

6886 

6916 

9566 

9804 

9858 

986~ 

9930 

10055 

17051 

17184 

17267 

.20720 

21302 

21311 

20867 

20880 

20909 

20893 

21009 

21038 

21078 

21138 

21146 

22521 

22524 

22531 

Results obtainea 
from Gruber's :1.'11! 

original ·Table II 
- ·- ,.j- "-' ~ __ ~,... 

0 

15 

176 . 

192 

181 

288 

6330 

6309. 

6330 

6383 

6413 

6767 

6798 

6825 

6864 

6873 

6895 

9476 

9736 

9789 

9806 

9867 

10000 

1672.4 

16857 

16951 

20687 

21281 

. 21290 

21401 

21410 

21443 

21447 

2.1540 

21570 

21610 

21672 

21679 

21422 

22443 

22450 

. 1U,120 . . 117 
baesults ·of diluted crystal of Pr.ES. 1 

aResu1te of concentrated crystal of Pr.ES . 
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APPENDIX III.~-

CF wave functions and the energy values of the 'ground term._ 

( 3H4 ) of Praseodymium ethyl sulphate obtained from our own set 

of fitted parameters 

<P
1 

= -·o.oos4\ 3H6 2)-o.ol88 \3 H6-4)-o.o229 \3H
5

2) 

+0.0587\3H5-4)+0.9066\3 H4 2)-0.3904}3 H4-4) 

-o.oo99 I3F42)-o.oos7j3 F4-4>-o.Oll913 F3~ 

+0.0314 \3 F 2-2)+0.0037 \3 P 2 2)-11-0.0008j1 r 6 2) 

+0.0017l 1 r6-~+0.l314 11G4 2)-o.os3oj 1G4-~ 

+O. oo21l 1n 22) 

<P 1 , = -o. oos4 I3H6- 2)-o. 0188 j3H64) -o. 0229 I3 :H5 - 2> 

+O. 0587 }3H54) ro. 9066 \3H4 -2) -o. 39041 3 H4 4) 

+0.0017l 1 r 64)+o.l31411G4-2)-o.os3o \1 G44) 
0 



<1>2 

q;3 

= -o .. oo6'1 \3 H:6 3)+o. o061l3 H6-3>+0· 0754l
3

H5 3> 

+0. 0754j 3 H5 -3)+0. 694 2 \3H4 3) -0. 694 2 \3 H4 -~ 

-0.0198 \3 F 4 3>-ll{). 0198 \3 F 4 -3)-w. 0308 \3F 33) 

+0.0308 \3 F3-3)+0 .. ooo8 \1 r 6 3)-o.ooo8l1 r 6-:p 
+0.1050 11 G43)-0.1050 \1 G4-3) 

= -0. 0156j 3H65) +O. 0079 \3H6-1)-o. 0503 j3H55) 

+o.o668 PH;-1)+0. 9844l3.H4 -1)-o.o267 \3 F4-1) 

-0.0122 \3 F3.-.::J-)-?·0113\
3

F 2-1)-o.0032j 3
P2-1) 

. -o. 0034:l
3 P1::- 1)+o.~OOJ..9 l1 r6s )7o. 0012 \

1
r 6-1) 

+0 .. 1502 11 G4-i)-o.0003 l1n2-1) 

qs
3
,= .-0.0156 \ 3 H6-5)-.;J-o.oo79I 3H6 1)-o~o503\3H5 -5) 

+0 .. 0668 \3 H5 1)-1-0.9844 \3H4 1)-0.0267 \3 F41) 

-0.0122 \3 F31)-o.o113l3 F21)-o.oo32}3 P 21) 

-o. 0034 }3 P 11j -;tO. 0019 11 r 6-s)-o. 0012j1 r 6 1) 

· +0.1502 \1 G41)-o. ooo3 11n21) 

112 

r,/ 0 ) ==12 
2 

cm-1 

w<o);190 
3 

cm-1 

vJ~ O) ==190 em - 1 · 
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@4 = -0.0071j3 H6 2)-o.0019 \ 3H6-~-0.0479 \ 3~5 2) 
~D.0351l 3H5~4)+0.3854 J

3H4 2>+0.9066 \
3

H4-4) 

-0.1091 PF42>-0.0272I3 F4...:9-o.0370·}3E·32) 
w<o)_203 -1; 

em · 

-0.0071\
3

F 22)-o.0043\3 P22>+0.0010 \1 r 6 2) 
4 -

+o.ooosl
1

r 6 -4)+o._0626j1G4 2>-:-0.1395 I1G4-4) 

+o.ooos)
1

n 22> 

@4' = -o. oo71j3 H6.:..2)-o. 0019}3
H64>-o. 0479}3

H5-2) 

+0·~ 0351} 3H
5

4)+0• 3854l3
H4 -2)+0. 90661 3H44) 

0 

-0.0191 \3 F4-2).:..o.,0272j3 F44_)-o.0370I3F3-~ w~0)=203 -1 em 

+0.0008 \1 r 64-)+0.0626j1 G4-2)+0.139Sj1 G44> 

·W.0005 \1D2-2) 

\lis = -0.0150 \
3

H63)-o.01Soi
3

H6-3)-o.oo71}3H5 3> 

-~.0071}3H5-3)+0.6957}3H43)-o.6957j 3H4-3) 
-o.0424 } 3 F43)-o.0424} 3 F4-3>-o.oos1l3 F3~) w~0)=241 -1· em 

+O.oos1l3F3-3)+0.002sl1 r 63>+0.002sl
1

r 6 -3) 

40.117B}1 G43)+0.117B}1G4-3) 



~ 6 = -0.0121}3H66>+0.0146 l3H6b>-0.0121 j3H6-6) 

-o.ooool3H5o)+0.9B67 J3H4o>-o.6373l 3F4o) 

+o.oooo I3F3o)+o.o027)3F2o):o.,oo2s \3P2S) 

-OeOOoo)3P1o>+0.0049\3P00>+0.0015 l1r 66) 

-o. 0024 \1r 6o) +O. 0015 \1r 6 -6) +0. 1566 \1G 4 o) 

·-o. ooo6 \1n 2o>+o. ooos l 1 s~o) 

~· 

114 . 

-1 em 
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III.4. STUDY OF THE CRY;STAL FIELD :SPECTRA, MAGNETIC 

.. 

SUSCEPTIBILITIES AND THE g-VALUES OF 

Pr2Mg
3

(N0
3

)
12

.24H
2

0 

III.4.1. INTRODUCTION 

The present section attempts a consistent interpretation 

of the results of the optical absorption experiment, the 

magnetic susceptibility measurement and the g-values of 

Pr2Mg3 (N03 ) 12• 24H
2
o, (Pr. DN.) with the help of a single set of 

parameters. Here we have presented a rigorous theoretical 

approach to the problem. The optical absorption experiment of 

123 Pr. DN. was performed by Hellwege and Hellwege • They per-

formed their experiment at about 58K and observed certain 

crystal field levels. Later Judd124 tried to explain theo

retically the crystal field levels which were obtained by 

123 124 Hellwege and Hellwege • Judd supposed that the rare-earth 

ion in a double nitrate crystal has a C
3

V point group symmetry. 

He did a first order perturbation calculation for crystal 

field splitting. Judd was the pioneer worker in the theore

tica~ calculation of crystal field splitting of Pr. DN. ,:'"\He 
"~··-1"" 

concluded that the Russel~-Saunders coupling is totally 

inadequate to explain the various multiplets. However, he did 

not carry out the intermediate_C"oupling calculation. The first 
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order perturbation calculation for the crystal field splitti-

ng do~.S not necessarily take into account the J-mixing which 

has an important role in the crystal field splitting. It is 

therefore quite natural that such calculation will give only 

an approximate fit to the crystal field components of the 

various levels. The first order calculation of the crystal 

field levels by Judd gave the 9ix crystal field parameters 

o 1 .2> o/,4> o<6) 6(9) 3<4) 3 1,6> A2,r 1 A4 ~r , A6 r , A6 r , A4 r 1 A6 ~ • The values 

of the electrostatic parameters F
2 

, F4 , F
6 

and spin-orbit . 

coupling constant ,c: cannot be obtained from the first-order 

calculation. 

Cooke and Duffus90 obtained the gJI value of Pr3+ diluted 

in La2Mg3 (N0 3 ) 12.24H2o. The parallel and perpendicular sus

ceptibility measurements of Pr. DN. from 4. 4K to 300K :. 'Were done 

by Hellwege et a1. 125 •. But : hobody made any attempt to fit 

the magnetic susceptibility results and the g-value as yet 

with the values of the parameters that ~it the optical absorp

tion results. It was al~eady pointed out by Judd that-the 

parameter deduced by him, using R.S. coupling will not 

faithfully reproduce the results of optical absorption 

measurement. Hence, one would therefore cannot expect that 

simultaneous fitting of the optical, e.p.r and magnetic 

susceptibility measurements can be made with this set of 

parameters. 
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We have presented. a rigorous approach which takes into 

account not only the intermediate coupling but also all 

possible J-mixi~g under the crystal field. We have carried out 

diagonalisation of the matrix of spin-orbit (so), electro

static (ES). and crystal field (CF) interaction considered 

together, the matrix being constructed in a basis of all states 

of Pr3 + in 4f2 configuration. This takes into account the full 

J-mixing. When the parameters given by Judd were used in such 

calculation it is found that not only the optical levels deviate 

from the experimental results (see table III.4.1), but also the 

g-value and susceptibility results deviate considerably from 

the observed values' the g-value comes out to be g
11 

= 1 •. 26 

_against the experimental g II = 1. 55 and maximum dev.iatior:>J.> of 

the parallel and perpendicular susceptibility from the experi

mental value come out to be about 177o and SlZ respectively. 

The aim of this chapter is to see whether it is possible 

to interpret the optical data, the· magnetic susceptibility 

results and the g-value of Pr.DN. with a single set of para-

meters which gives a good fit to these experiment:s-' . simul ta-
·. 

neously!-26 

-:--·-

III.4.2. CRYSTALLOGRAPHIC BAOKGROU~m 

The detailed X-ray crystallographic study of,C~2Mg3 (No3 > 12 • 

24H20 has been carried out by Zalkin et a1 127
j. Pr

2
Mg

3 
(N0

3
) 

12
• 
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24H
2
o is considered to be isomorphous to the cerium crystal. 

The crystals are rhombohedral, space group is R3 . The 

lanthanide ion is surrounded by twelve oxygen atoms at an 

average distance of 0.264 nm. These atoms belonging to six 

nitrate ions, are at the corners of a somewhat irregular 

icosahedron. The Mg atoms are of two kinds, .each surrounded 

by six water.molecules whose oxjgen atoms lie at the corners 

of an octahedron with Mg-0 distance of 0.207 nm (see ·Fig. 

III.4.1). The site symmetry at the lanthanide ion found by 

Zalkin et a1127 (Fig.III.4.2) is c3 • But the-spectroscopic and 

the resonance data have mostly been interpreted assuming the 

symmetry to be c3v • Later Devine
128 

suggested that Th symmetry 

is a-more realistic approximation to the nearest neighbours of 

the rare-earth ion than c
3

v as there is a complete absence of 

mirror plane. But Th site symmetry disregards the presence of 

A~ parameter in the crystal field which actually governs the 

splitting of 3 P
1 

level. On the other hand the IIa line.in the 

transition 3H
4
----7 3 P

1 
of Pr.DN.kcomparatively weak. This led 

Hellwege and Hellwege125 to deci~e on c
3

v rather than c3 for 

the site symmetry, as an extra selection rule arises owing 

to the two types of A levels in the irreducible representations 

of c3v • Devine also could not fit very well the spectros

copic results of Pr.DN. due to the absence of A~ term in Th 

crystal field • 

. ' 
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Fig. III.4.1. Positions of the magnesium ions (distances 

in nanometres) relative to a cerium ion in 

ceriBID magnesium nitrate· (Zalkin, Forrester 

and Templeton 1963). 
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• CERIUM 

0 OXYGEN 

• HYDROGEN ,. 

Fig. III.4.2. Crystal structure of ce2Mg
3

(N0
3

)
12

.24H
2
o. 

Atoms of Ce and Mg which lie in a section parallel with 

c and llO are shown together with nitrate ions and water 

molecule, near this section. Examples are shown of each 

kind of hydrogen atom and bond. 
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:So this invokes us to take the site symmetry of Pr.DN. 

as c
3

v where the six order parameters should be of high values 

in comparison to A20 1 A40 1 A43 parameter~. This indicates 

that the actual symmetry is somewhat a distorted icosahedron 

having a 3-fold highest symmetry axis. 

III.4.3. INTERPRETATION OF TBE SPECTRA 

OR Pr2Mg
3

0hlo
3

)
12

.24H
2
0 

. 3+ . 
The effective Hamiltonian of Pr in a crystal is given by 

L 2 e - - + ~ff- r .. 
i<j lJ 

H = crystal field interaction of the 4f electrons with the c. 

ligands. 

Assuming a c
3

v site symmetry He may be written as 

H = c 

( ) 
where Uqk = rkYf is an irreducible tensor operator. 

The crystal field parameter ~q· s c·::.=. are related with the 

Stevens parameters B~sby a constant factor. The matrix eleme

nts of the effective Hamiltonian ~eff is constructed in a 

basis of states represented bX ju~SLJM) • All states belonging 

to the diffe~ent multiplet terms 3 PFH1SDGI have been taken 

into consideration for the represen~ation of the above matrix 
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and it turns out to be 91 x 91 matrix. The matrix elements 

of electrostatic part for 4f2 configuration expressed in 

terms of Slater-Condon parameters Fk's have been tabulated by 

Nielson and Koster. we.use those values. The matrix elements 

of spin-orbit interaction for 4f2 configuration have also 

been calculated by Spedding ® We use those results of 

Spedding for 4f2 configuration. The matrix element of uk was 
q 

obtained by the same procedure as mentioned in chapter II. 

Thus the 9lx91 matrix is set up •. But due to the crystal symmetry 

the whole matrix splits up into 2 matrices of dimension 30x30 

(crystal QUan~um number~ = ±1) and one matrix of dimension 

3lx31 (~ = 0). 

A computer program was then developed in which the crystal 

field matrix elements were automatically generated and then 

added up to SO and ES contribution and after that the three 

matrices were diagonalised individually giving the crystal 

field states and corresponding energies.- The program was then 

extended so that the crystal field results can invoke a second 

portion of the program which automatically calculates the 

parallel and perpendic';llar susceptibilities at different 

temperature~. It also calculates the g-values for the lowest 

3 doublet of the ground term H4 • 
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III.4.4. CALCULATION OF g-VALUES 

For the calculation of the ppincipal g-values one is 

interested only in the lowest doublet in the CF level pattern. 

The two components of the lowest doublet arises from the two 

30x30 matrices mentioned above. The cQmponents of the lowest 

doublet are denoted by iP 1 and iP'i/ • 

gH = gz ~ l<iPl\Lz + 2SzJP~- ~l'JLz + 2SzjP1?1 

~L = zJ<iPl\ Lx + 2:Sx \ P11l = 2 \01 \Ly + 2Sy \iP 1y} = 0 

III.4.5. CALCULATION OF PARAMAGNETIC SUSCEPTIBILITY 

Significant contribution to the par~agnetic suscepti-

3~ 3 3 bility of Pr · comes from only the lowest multiplet of H4 • H4 

contains 9 crystal field states pi's of which 3. are doublets 

and 3 are singlets. The ionic susceptibility is calculated 

using the formula (II.ll.4) discussed earlier. The 9 CF states 

are given in Appendix III.4 at the end of this section. 

III.4.6. RESULTS AND DISCUSSION 

We use the following set of parameters which give a good 

fit to the optical, e.p.r and paramagnetic susceptibility data 
~ 

-1 l: cm- 1 , 60.5 cm- 1 , F6 = 5.65 -1 
F2 = 303 F4 = em , = 730 em , 

B~(r2) = -75.02 cm- 1 , B~<r:> = -19.39 cm- 1 , B~~6> = -49.91 em -l, 

B~~6> 702.74 cm- 1 , 34/ - -1 34~ -1 
= B6 r = +2907. 92 em , B4 = .±393.3 em • 
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· The· crystal field parameters which were given by Judd 

as follows 

B~<r2) = -70 

B~(r6) = 700 

-1 em , 

-1 em 1 

. -1 
-20 em , -1 em 1 

It is found that our values of the three CF parameters 
0 0. 6 

B4 , Bg and B6 differ only very slightly from the corresponding 

values given by Judd, but the values of the B~ and B~ differ 

by about 7% from those of Judd.and our value of B~ differs very 

appreciably from that of Judd by about 26% • 

Table III.4.1 shows the calculated and the observed 

crystal field levels of Pr. DN. ·· The experimental levels which 

b d 1 3H lD 3po' 3pl d 3- lt' 1 were o serve are on y 4 , 2, an P 
2 

mu ~p ets • 

. ,-:Regarding 3 ~ 2 multiplets one should note that Hellwege and 

. Hellwege123 obtained the tl.vo multiplets. ~ = _±1 and jj, = 0 within 

3 cm- 1• But it is very much doubtful. Since at that time the 

optical instrument was not so much sophisticated that this 

amount of resolution may be reliably done. After an extensive 

trial with several sets of parameters we also found that it is 

actually impossible to fit these two levels of 3P 2 as were 

given by Hellwege and Hellwege. We also found that 1n2 level 

could not be fitted very well by any adjustment of the 

parameters. The discrepancy probably be explained if we consider 

the effect of configuration interaction on the crystal field 
. I 
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splitting and also the actual site mymmetry of Pr3+ ion in the 

double nitrate •. ·other crystal field· levels are in close 

agreement with the experimental levels. The calculated 

g-values ·, ____ gtl= l.ss, g.L = 0 show.· excellent agreement with 

the experimental g-values. · The <:!alculated gH value differs 

from ~he experimental_ value only by 0.03 • One should also 

note that the experimental g-value refers to diluted crysta~ 

while the _theoretical value refers to the concentrated crystal. 

This may account for the slight discrepancy in the theoretical 

and experimental g-valu~~-For Nd3 + in ethyl sulphate55 crystal, 

such differences between the diluted and undiluted crystals 

are already known to exist. Fig. III. 4.'$_\ shows the· experi-

1 1 mental curves. for~ and -K plotted against temperature 
II ~ 

along with the theoretical values at intervals of 20K. It 

clearly shows an overall good agreement between the theore-

tical and experimental susceptibility values over a wide range 

of temperatures with a maximum deviations of about 10% for 

K..L and 4% for K11. 

So we find that c3v symmetry can successfully explain 

g-values the optical and magnetic data of Pr. DN. ,·· - On the 

other hand Th site symmetry as assumed by Devine will not 

be able to account for the splitting of 3P1 • This splitting 

0 entirely depends on the parameter B
2 

which does not exist in 

the Th symmetry. There may b:?a,slight improvement in the crystal 
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field levels of Pr.DN. - ~ done by adopting a least square 

technique. But due to small number in crystal field levels 

we do not attempt any least square fitting. All calculations 

presented in this section were done by a complete program 

developed by us in B6700 computer. 
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Table III. 4. 1. 

C0mparison between the calculated and experimental values for the crystal field 

energy _levels. ~ ~ 

Experimental Predicted energy Predicted energy levels when 
. -1 

Judd's set of parameters were - energy levels in em when Terms ll 
levels our own set of para- used 

in. em-~ meters were used 
. 

3H ±1 0 0 0 
4 3,8 36.5 31.9 .o v 

+1 96 92.4 56.6 

0 - 419.9 362.4 

0 - 499.5 396.1 

+l - 0 566.5 461.7 

lD 
2 .±1 16872 16888.8 16853.2 

.±1 16920 16965.5 16931.5 

0 16934 17005.5 16930.4 

3p 
0 

0 20846 20875.0 20797.1 

3p 
1 

0 21422 21409.5 21333.3 

j-1 21461 21453. 5· 21374.0 

3p 
2 .±1 22630 22650.0 22556.1 

0 22696 22681.9 22598.1 

+1 22693 22705.1 22605.7 

f--4 
N 
.co 
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APPENDIX III.4. 

CF wave functions and the energy values of the ground term 

( 3H
4

) of Praseodynaurn double nitrate (hydrated) obtained from 

our own set of fitted parameters 

!P 1 = o .. 0034j 3H66) -o. 036si 3H6 3>+o. 0326 l3H6 o> 

-O.Ol65j 3H6 -3)-o.0787 J3H6 -6)-0.0576 j3 H5 ~ 

+o.0516j 3H5o)·+O.l013I3H5 -3)+0.4316 I3H4 3) 

>il-0. 7459 \3H40)+0. 4659 \3 H4 -3)+0. 0058l3 F 4 3) 

+Oe0042j3 F4o)+0.0076j3 F4-3)+o.Ol95j3 F
3
3) 

D 

+0.0122 j3 F
3
o)-o.o2oo 13 F3-3)-o.024213F 2o) 

-o.oos4 f3 P 2o)-o.oo7o l3 P
1
o)-o.ooo3 13P0o) 

-o.ooo3 )1r 6 6)+0.0032 11r 6 3)-o.oo3ol
1 r 6o) 

+O.oo17 J1 r 6-3)+0.0507 11 r 6 -6)+a.oss9 j1G4 3) 

+0.054lj1G4o>-o.ooos j1G4 -3>-o.oo16 \
1n 2o) 



\P
1

, = Oi0034 l 3H66)-o. 0365 ~ 3H6 3}~:.o .. 0326I3H6o) 

-o.o165J) 3
H6-3)-o.o787I3H6-6)-o.0576j3H53) 

-J{). 0516 \3H5o)+0.1013 13H5-3)+o. 4316 PH4 3) 

4-0.7459 \3 H40)+0.4659}3H4-3)-+0.0058}3 F4 3> 

-K).0042j 3 F4o)+0.0076j 3 F4~3)+0.0195 13 F33) 

+0.0122 j3 F3o)-0.0200I 3F
3
-3)-o.o242 j3F

2
o) 

-o. oo84 \3 P 2o)-o. oo7o 13P 1o)-o. ooo3 PP0o) 

-o. 0003 \1 r 6 3)-J{). 0032 11r 6o) -o. 0030 11r 6-3> 

+0. oo17l 1 r
6 
-6) +O. oso7 I1G 4 3) +o. 0889 11

G 4 o) 

,-.. ~,#0~05411 1ct4e)-o.ooosi 1G4-,3)-o.oo16l 1n2o) 

\P 2 =="'-9• 0278 j3H66)-os 0126 \3H63) -o. 0289\ 3H6o) 

-.w.0126 \3H6-3>-o."o278j 3H6-6) -r-6.1070 }3H
5

3) 

-b.ooooi3H5o)+0.107o I3H5-3)+a.5252 13H43) 

+O. 6387j3H4o)-o.5252j3
H4-3)+o.oo67\ 3

F4 3) 

+0.0026 \3F4o)-o.0067 j3F4-3)-0.0197]3F33> 

· -b~oooo \3 F3o)-o.ol97li 3 F3-3)+0.0155} 3 F2o) 

+0. 01141 3l?2o)+O. oooo l3P1 o)-o. ooo5 PP0o) 

+0.0026 t1 r6 6)+0'e.~012 j1 I63)i0.0024l
1r6o), 

-o.o012) 1 r 6 -3)+6.oo26 11 r 6 -6)+0.062ol 1s4 3) 

· +0.0762I1g4o)-o.o620 i1G4-3)-o.ooo811n
2
o) 

-O.OOOll1s0o)-
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w3 = -0.0313 13 H65)+0.0054}3H6 2)+0.0199}3H
6
-1) 

'+0• 0254 l3H6-4)+0. 0945 13H55) -0.0196 l3H
5 

2) 

+Qe1853I 3H5-1)-0.0213 \3H
5
-4)-0.7929\3H4 2) 

+0. 1191I3 H4 -1)-*o. S429l3H4 -4)+o. 0158l3 F·4 2) 

-0.0037 l3 F 4 -1)-o. 0064 l3 F 4 -4>+0· 0088 f3F 
3

2) 

-0.0052j3 F 3-1)-o.0037}3
F 2 2)-H-0.0291l3 F 2-1)" 

-o.oo63j3 P 22)+o.o105 \3 P 2-1)-o.ooo513 P
1
-1) 

+0.0031I 1 I65)~o.ooo2 I1 I 6 2)-o.oo2o}1
I 6-1) 

-0.0019( 1
I 6-4)-0.1003 l1G4 2)+0.0158 \1G4~1> 

+Oe 0668 \1 G4 -4)+0. ooo811n 22)+o. 0008 }1n 2-1) 

@ 3 , = -0.0313 }3H6-5)·ro. 0054 j3H62) +0. 0199 j3H~1) 

+0.0254I:?.H64)+0.094Sj 3H
5
-5)-o.0196j3H

5
-2) 

+0.1853j3H51)-0.0213 13 H54)-0.7929 l3H4-2) 

+0.1191j3 H41)+0. 5429 j3H4 4>+0. 0158 j3 F 4 2> 

-o.oo37 fF41)-o.oo64I3
F44)-ro .. oo88l3 F 3-2> 

-0.0052j3 F 31)-o.0037)3
F 2-2)to.0291j3

F 21> 

-o.oo6313 P 2-2)+0.0105 \3 P21)-o.ooo5l3 P:i_1) 

+0.0031 \1 I 6 -5)-o .. ooo2 I1 I 6-2)-o.oo2o ~I6 1> 
-0.0019 \1 I 64)-0.1003 l1G4-2)+0.0158 l1G41) 

+0. 0668-j1G 
4
4) +0. 0008 }1D

2
-2)+0· 0008 \1 n 21) 
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v/0 > =92. 4 
3 

-1 em 



~ 4 = -~.0155\3H6 6>-o.0016l 3H63)-o.oooo\3H6o> 
-0.0016 \3H6-3)+0.0155 \3H6-6)+0.0078\3H

5
3) 

+O. o113 J3H5o)-o. oo78}3H5-3>+o. 6954 13H4 3) 

-o.oooo j3 H4o)~.6954 \~H4-3)-o.0374 \3F43) 

+o. oooo \3F 4o)-o. 0374' l3F 4 -3)-o. o126 \3F 
3
3) 

-o.o956 \3 F 3o)+o.o126 \3 F 3-3)+o.,oooo PF2o) 

+O.oooo\3 P 2o)+0.0014 }3P1o)-o .. oooo\3P0o) 

-~'-0. 0023 11 r 66>40· 0011 11 r 63) +O. oooo l1 r 6o) 

' 
' 

-K>. 0011 11 r 6-3>-o .. oo23 \1 r 6-6) +O. 0993l 1G 4 3) 

+a.oooo\1G4o)~o.o993 \1G4 -3)-o .. oooo 11n
2
o) 

-o. oooo \1 s 0o) 

.. ~ 5 = -O·~<DQ5:~i 3H66),itD.0083 \ 3H63)-o.,0171j3H6o> 

-o.0083I3H6-3)-o. 0059} 3H6-6) -0.0258j 3H
5

3) 

-o.oooo j3H5o)-o.0258\3H5-3)-ro.4565 \3H43> 

-o. 7398l 3H4 o)-o. 4565 \3H4 -3) -o. 0296l 3F 4 3) 

+0.0571\ 3 F40)+0.0297j 3 F4-3)+0.05~11 3 F33) 
~o.oooo }3 F 3o)+0.0571 )~F3-3)-ro .. 027213

F 2o) 

+Oe0034l 3 P2o)-o.ooooj 3 p 1o)-o.Oo18\ 3 P0o) 

.:tO. ooo7}1 r 66)-o. oo13 11 r 63) +0. 0037 \1 r 6o) 

·40. 0013 J1 r 6--3)+0. ooo7 \1 r6 -6)+o~ 0681 j1G4 3) 

-0.1119 11 G4 o)-o. 0681 j1 G4 -3)-ro. oo23 11n 2o) 

-o.ooo3 j1s0o) 
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w~0)= 419.9 -1 em 
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CHAPTER IV 

INTERPRETATION OF THE ABSORPTION AND 

CIRCULAR DICHROISM SPECTRA OF THE OPTICALLY ACTIVE 

K3Pr2 (N03) 9 SINGLE CRYSTAL 
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IV.l. ~ODUCTION 

In this chapter we present a model calculation on optical 

activity to correlate the_rotational strengths for different 

CF transitions of .anhydrous K3Pr
2

(No3 ) 9 single crystal/ 

experimentally·.obtained by Chatterjee12 • Sen et a1
69

' 130 

developed a theoretical model to calculate the rotational 

strength for optically active lanthanide crystals. They did 

extensive studies on lanthanide dyglycolate' (Ln~DG.) crystals. 

They calculated the magnetic dipole transition moment and the 

electric dipole transition moment considering the component 

to component transition of the CF states. They used the Judd

Ofelt mechanism to calculate the lanthanide intensities. Later 

68 Richardson and Faulkner developed an elaborate theoretical 

model which takes into account in addition to 'static' contri-

bution the 'dynamic' ligand polarization contribution to the 

lanthanide electric dipole moment. Tpe details of the static 

and Dynamic contribution to the electric d,ipole moment has 
' ' 

been discussed in chapter II. In collaboration with Chatterjee 

and Chowdhury131 we tried to fit the relative change in sign 

of the theoretical~ (DK is the dipole strength which :·is::.the 
K 

sum of the squares of the absolute value-s of all the dipole 
R 

moments) with the experimental one. The values of _K for the 
DK 

K-th band were omtained from experiment by Chatterjee • Our 

attempt is to see how far our theoretical model can explain 

the experimental results i.e. the CF spectra and the CD spectra. 
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The purpose of the present chapter is to see: (1) how 

far the model is successful in predicting the relative sign 

and order of rnagni tude;·· of rotational strel)gtl;ls o~ our 

anhydrous praseodymium double nitrate crystal; (2) a compa

rative study between the results obtained from the best fitted 

CF parameters {.emperical) and that obtained from the theo

retical parameters ( ~ ~q(total), which is the sum of point 

charge and polarizabillty contributions); (3) whether we 

can evaluate a best set of parameters which can explain 

simultaneously the all obserVed CF levels and the relative 

change.in sign 
RK 

of -- of the CD spectrum. 
DK 

IV.2. ~~ACCOUNT OF THE EXPERIMENT 

The experimental · da.ta (i.e. both the optical absorp-

' tion spectra and the CD spectra) were obtained by Chatterjee 

using Cary 17~ and JASCO 500 at room temperature and~r~o20°K 

They are reproduced in table IV. 3 • 

IV.3. CRYSTAL STRUCTURE 

I • -..__, 

The cryst;al is cubic with the space group P~3 3 2·~~· .-::.. :--, 

The four body diagonals are the four three-~old axes. Eight 

RE-ions, having identical environments occupy the eight 

corners of the cube. The site symm~try of a RE ion is a twelve 
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nitrate groups. The actual symmetry is c
3 

which makes each 

i t
. 11 . 1~<2- ~- - . '\; 

un t_ op 2ca y act2ve see F2g. IV.l, • 

. IV.4. METHOD OF CALCULATIO~ 

We can divide our calculation into three parts: In 

the first part we tried to calculate the various theoretical 

CF levels and their corresponding wave functions with some set 

of CF parameters. During our CF calculations we have taken the 

full J-mixing into consideration. Then in the second part 

we have calculated the electric dipole transition moment and 

the magnetic dipole transition moment and in each case the 

component to component CF tftansition was taken into account. 

Finally in the last portion of our calculation we have cal

culated the rotational strength (~) for different transitions. 

Now we shall discuss the calculations in details. 

IV.-4(a) CRYSTAL FIELD CALCULATIONS 

The effec~ive Hamiltonian of Pr37 in a crystal assuming 

a c
3 

site symmetry is given by 
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Fig<!> IV. 1. Projection of 11 A11 -:-type (a) and 
11
B 
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-type .<b) 

configurations~ on the xy plane of K3 Pr2 (N03 ) 9 ~ 
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~A u< 2) +A u< 4 > +A u< 6 > 
.,.- . 20 0 40 0 . 60 0 

·-"- ' A' ( U ( 4 ) +U ( 4 ) \ + ' A' ( U ( 6 ) . .'L, U ( 6 ) ) + ' A' ( U ( 6 ) -U ( 6 ) ~~ 
Tl. 43 3 -3 I 1. 63 3 T -3 1. 66 6 -6 I 

I 
where ~q and Akq are the real and imaginary part of the CF 

parameters in the tensor operator form. And u(k) = rkyf is an 
. q 

irreducible tensor operator of r~mk k haV.i:ag q-th component. 

The matrix elements ofjieff is constructed in ·a basis 

of states represented by \Uv:SLJM > (see chapter II). All states 

belonging to the different multiplet terms 3 P3F3H1s1n1G1 I have 

been taken into consideration for the representation of the 

above matrix and it turns out to be a 9lx91 matrix. The matrix 

element of the electrostatic part is obtained by a trial method 

by solving the Spe~ding•s79 matrix with a guess value of C: 
so that it reproduces the free-ion energies given by Dieke65 • 

The spin-orbit matrix elements for 4f2 ~onfiguration is given 

. 79 T 
by Spedding • We take. those values. The value of ~ was deter-

mined by a trial procedure. The matrix element of U(k) is 
q 

obtained by the tensor operator technique.mentioned earlier 

i~ chapter II. Thus the 9lx91 matrix is set up. But due to the 

crystal symmetry the whole matrix splits up into 2 matrices 

of dimension 30x30 (crystal quantum number ~ = ±1) and one 

matrix of dimension 3lx31 (~ = 0). Now one thing should be 

pointed here that the expansion of c3 crystal field potential 
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contains both the 'C' term (real coefficient) and the 'S' 
' ' 133 

'term (imaginary coefficient) in the CF parameters. The 

three CF parameters A~ 3 , A~ 3 an~ A~ 6 are corning from •s• 
term. A~ 3 ,_ A~ 3 and A~ 6 are indiv~dually real parameters. 

So iA~3 , iA~ 3 and iA~ 6 will be the crystal field parameters 

which are purely imaginary. Since the CF potential is always 

real so we take the combination of u~ 4 ) and u~;>; u;~) and 

u< 6 ) and u< 6 ) and u( 6 ) in the last three combinations of CF 
-3 6 -6 

interaction in such a way that the combination gives an 

imaginary i which on multiplication with i~q parameters 

makes the CF interaction real. But according to the choice of 

our basis states the matrix element of the CF interaction 

part will be complex here. So this makes the three matrices 

complex. But still the whole matrix remains hermitian. One 

can solve the 3 above matrices by a direct complex matrix 

diagonalisation procedure. The same diagonalization can also be 

done by diagonalizing a real matrix in which the dimension 

of the whole matrix is made double of the original matrix. 

The detailed procedure has been described by Wilkinson134 

and we use the technique. So we have to diagonalize 2 matrices 

(g = ~1) of di~ension 60x60 and one matrix of dimension 62x62 , 

During the diagonalisation of the matrix' the initial guess 

value of the different CF parameters were obtained as follows: 

A20 parameter was estimated from ~P1 splittings, A40 and A43 

parameters from 1n2 splitting keeping A43/A40 ratio as 
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obtained from point charge model. A60 , A63 and A66 parameters 

wer~ guessed from the overall splittings of partially resolved 
3 3 - 1 . -

F
3 

1 F4 and G4 spectrum. The initial guess parameters A~ 3 1 

A~ 3 and A~ 6 were chosen directly from charge + polarizability 

contribution of the CF parameters (see chapter II). A complete 

computer program was then developed in which the CF matrix 

elements were automatically generated and then added up with 

SO and ES contribution and then the three matrices were dia-

gonalized individually giving the different CF states and the 

corresponding energies. This takes into account the full 

J-mixing and also the intermediate coupling scheme which has 

already been discussed in chapter III. Starti~g with the guess 

value of the CF parameters we made an exhaustive trial method 

to see for which set of parameters the CF levels give the 
' 

best fit with the experimental levels. The similar diagona-

lization was done with the parameters obtained from point 

charge + polarizability (theoretical) contribution. The two 

results were used to have a comparative study. 

IV. 4 (b). CALCULATION OF· THE MA.GNETIC DIPOLE TRANSITION 

MOMENT AND THE ELECTRIC DIPOLE TRANSITION MOV~NT 

The contribution of the magnetic dipole transition 

moment between the different CF states was calculated using 

the computer diagonalised CF states and following the 
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appropriate selection rules for magnetic dipole transition 

(see chapter II). None of the transitions.which we are 

considering, are directly magnetic dipole allowed but stilt 

the CF states cont~ibute tq the magnetic dipole intensity 

by mixing states of different J .- The mag·netic dipole moment 

calculation was done both for our. fitted i('einperical) CF 

parameters and also wi"th the _theo.retical parameters indepen-

dently. The details of the calculati9n of the magnetic dip6le 

moment is given in chapter II •. 

The electric dipole transition moment arises in the 

fN.~ fJ transitions by mixing with the. odd parity states 

through the odd CF parameters, v-1here , 

"-.., ' ( t) . 
V = · / At D ; with t odd 
. ~ p p 

In the c3 pot~ntial the allowed terms are A3~3 , A5±3 and A7+3 • 

Faulkner and Richardson68 gave a nice-looking expression-for 

the calculation of electric dipole transition moment both for 

static and the dynamic parts (see chapter II). The'expression 

does not need the explicit values of odd CF parameters. \liTe 

.use their expression{for calculating the static and the 

dynamic contributions of the electric· 'dipole moment. and· finally 
~A.. 

they were added up. While calculating the electric dipole 

moment vle always consider the CF component to component 

transition. The electric dipole transition moment was calcu-

lated again with two sets of CF states (one is obtained from 
- 't 

the ~~:perical CF parameters and the other i-s obtained from 

the theoretical CF parameters). 
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The process for computing the magnetic dipole moment 

and the electric dipole moment was made in two separate 

computer programs. 

IV. 4 (c) • . fALCULATION OF THE ROTATIONAL_§TRENGTH 

?he rotational strength (~) for a tra!lsition a~ b 

is given by67 the dot product 

RK = Imaginary part ( a\t>lo/·~lm\a) 
p and m are the electric and the magnetic dipole moment 

operators. ·We have already discussed how to obtain the contri-

bution of the electric dipole mome:pt and the magnetic dipole 

moment. As the CF states are complex for our system so the 

contribution of both the electric dipole moment and the 

magnetic dipole moments have real and the imaginary parts 

simultaneously. While calculating the rotational strength we 

n~ed only the imaginary part of the product of electric dipole 

· moment and the magnetic dipole moment. :So in our case we can 

write the rotational strength as follows : 

· ~ = (Imaginary part of ~\plb>).~eal part of <a\ml~> + (Real 

part of ~\P\b>)x(Imaginary part of·~lm\bj). The product of 

the to·tal electric dipole moment and the magneti_c dipole 

moment which has :.: .··~~~;n ca1c-ulaVeC\. . for the local axis 

system of each unit,~astben r~~expressed in terms of cubic 
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axis system and summed over the eight RE ions of the unit 
! 

cell. It may be pointed out that the two ions located on 

opposite sides of any body diagonal of the cube are rotationally 

related (space group P4
3

32) and their contributions are added 

instead of cancelling. These are then compared ~ith the 

experimental rotational strengths. 

IV.S; RE.'SULTS AND DISCUSSIONS , 

r In the table IV.l we have presented the values of~, 

<r
2> ,(r

4 
), <r

6
), o:L , qL and c. I. parameters ~~( t,;~) which 

we have used in our calculations. ·The different set of CF 

parameters are presented in table IV.2 • Table IV.3 contains 

the different stark splitting and different~ obtained from 
K 

experiment and from two sets of CF parameters. Where DK is the 

dipole strength of the K-th band and it can be obtained 

theoretically by summing over the squares of all the dipole 

moments (i.e. both the electric and the magnetic dipole 

moments). The contribution of magnetic dipole moment is very 

small and hence the squares of this is again very small so 

we can neglect this safely from DK • Since due to complex 

wave functions we have both the real part and the imaginary 

part of the electric dipole moment and the magnetic dipole 

moment, we can write 
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DK = (Real part of the electric dipole moment) 2 

+(Imaginary part of the electric dipole mo~ent) 2 • 

We first tried to fit the experimental CF levels by 

adjusting the CF parameters. This was done by a trial 

procedure. The same CF level calculations were done by 

theoretical parameters alsp. In table IV.3 we have given the 

different stark splitting obtained for 1n2 1 
3 P

0 
1 

3P1 and 

3 P2 manifold both from experiment and from our calculations. 

We find that overall stark splitting of the CF levels obtained 

from e~erical parameters are in good agreement with the 

experimental findings. On the other hand the same thing 

obtained from theoretical parameters are significantly off 

from the experimental findings. So one may expect that the 

emperical CF parameters will give a better fitting with the 

experimental ~ than that obtained from theoretical parameters. 
K RK 

For a comparative study we have placed the experimental D-
together with the theoretical ~ (obtained both from ernpe~ical 

. K 
CF parameters and theoretical parameters) in table IV. 3 • 

.R 
The results show that the theoretical values of #eoare-.:-,always ·· 

K 
higher in magnitude than the experimental one&".- Specially 

~ some -- due to emperical set 
DK 

of CF parameters give very 

values. Now, regarding the signs of 

following things : 

RK 
we observe the 

DK 

large 

R 
In case of 3H4-->1n2 transition the D; values for the 

theoretical parameters are as follows, out of four resolved 
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transitions all the four have the positive signs but iB the 

experimental ~ we have two are positive and two are negative. 

On the other h~nd ~ obtained from emPerical CF parameters 
K 

gave a slight improvement in relative sign with the experi-

mental findings. For the transition 3H4 --7 3 P0 both the 
R 

absolute and relative sign of D~ obtained from theoretical CF 
K . 

parameters exactly match with the experiment. On the other 
R 

hand only the relative sign of D~ obtained from fitted set 
K 3 3 

match with the experiment. For the fully resolved H4~ P
1 

transitions we find that the signs of three experimental 

~are positive and one.is negative. The same results due to 

t~eoretica1 parameters show that the sign of three ~ are 
K 

positive and one is negative. We also find that the absolute 
R:tz . 

sign of n; for two component to component transitions in both 

the above two-cases exactly match but the rest two transitions 

do not match exactly. For theoretical parameters we find that 
RK 

the relative sign of-- for l~st three consicutive transitions 
DK 

match with the experiment, but one component to component 

transition does ',not ___ mattc:h at a11. 

In case of 3H4·~ 3 P 2 transition, the absolute and 

relative sign of ~ with theoretical parameters exactly matches 
K 

with the experiment, whereas in case of emperical parameters 

we succeed only in two. 
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So comparing the results obtained from 

theoretical parameters and the emperical parameters we con-

elude that optical activity calculation with the theoretical 

CF parameters is 'a be,tter proposition for intensity matching 

than that with emperical CF parameters. 

I • 



Table IV., 1. 

Valuesfor Praseodymium ion Parameters 

~soicm- 1 

a, /A 3 
li 

qrfee SeUe 

<r2)/m2 

/f4)}n4 

~6)/m6 
H 2-1 
~H 1 (1.-.2)/m J" 

iH.}( 3• 2) /m4 J~l 
1-,_:;i- ' 4 -1 ,_:.-..,( 3, 4) /m J 

H 6 -1 
~(5.4)m J 

Mc5,6) /m6 
J-1 

tm( 7 ,6) /m8J-l 

H 
~(t,A,).-

* 

730 

0eJ45 
··' 

-4.,8 X 10-10 

3. 04 X 10-21 

2.\21 
.i 

X 10-~ 1 

3~45 X 10-61 

-le78 X 10-3 

10154 X 10-23 

le,75 X 10-23 

-1.27 X 10-43 

-5.45 X 10-43 

4._54 X l0-63 

: are the configuration interaction 

parameters. 
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Table IV.2 

Values of Crystal field parameters (even ranke~ for anhydrous and hydrated double 

nitrate single crystal. 

~q 

A20 

A40 

A60 

A43 

A63 

A66 

A~3 

A~3 

A~6 

Values from Point 

charge + Polarizability 
model in cm-l 

•*-7 2. 3 

-141.3 

+96.7 

+368.7 

+241. 7 

-191.0 

+139.7 

-85.0 

+23.3 

Emp,erical parameters 

for K3Pr2 (No3) 9 
in cm-l 

+150 

-107 

+1296 

+202 

+810 

+1755 

+89 

·-4615 

+203 

Emperical parameters~2+ 

for Pr2~n3 (N~l) 12.24H2o 
~n em 

._ ~~-~:-

,·.+19.1 

\ -181 

+1022 

.±160 

+2294 

-941 

J.--.A. 
~ 
OJ 
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Table IV.3. 

. R 
Comparison of experimental, eii1J::e·rical and calculated 0~•s of K3Pr

2 
( N03 ) 9 

Results. with emperical CF para- Results with Theoretical 
Experiillenta f results meters (Point charge+Po1arizabilityJ 

Transitions -----------------------
. ' . CF parameters 

.-------------------------------- -------------~-------------------Stark RK 
104 Stark Assignment R Stark Assignment R 

splitting -x splitting of _!S X 104 
splittiyg of _!S X 104 

in cm-l DK in cm-l transition ·DK , in em- transition DK 

0 -t-12.1 0 A--+A -20456.0 0 A~1E +2 .a 

61 -13.5 15 A~lE +21 .• 25 4 E-lE +100.52 

3H4~~2 <61 <E-:+-A . 
+11.5 . 

<45 
A--+A +190.6 

109 +6.12 <E~-A 76 E-lE +1205 .10 50 +51.94 

<12~ A --')oo2E -76.2 : ·<ll4L <A~2E +107 .13 
.152 -10.22 ·<E~2E 189 +452 .60 118 E~2E +201.5 

. ' ---------
3H~P 

0 +1.65 0 A~ -3016.5 0 A-A +21.08 

4 0 59 -0.93 60 E-A +33.5 4 E--A -137 .o 

---------
0 ;-4. 46 0 ·A~A +45 .9 0 A---"-A +567 .15 

3H.r-JP1 
32 +0.57 32 A4>-E -164.6 5 E~A +68.67 

59 -0.84 61 E->A +68.07 16 A~E +14.67 

96 +1.18 92 E-"'E -1718.35 21 E~E .-193.6 

·---------
0 +3.1 0 A--irlE -7.0 0 .A --)olE +2 .94 

( . (_,. -1.6 {a: ·(---+'-' -174.06 

3H~P 53 -2.17 61 . E----?-lE -10204.54 A~A· -16.86 
4 2 

80 . A-:-:'>'A -2146.8 24 A---?2E -20.97 

<100 . <E->2E -8125.66 -<27 
E ----:>-A . +5 .9:; 

106 -2.28 -<E~2E -106.19 141 E~A +345 .4 29 
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