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NON-LINEAR DYNAMIC BEHAVIOUR OF PLATES 
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The large amplitude transverse vibration characteristics of a simply-supported isotropic 
equilateral triangular· plate on elastic foundation have been investigated by following 
Berger's well-known approximate method in conjunction with a special type of co-ordinates 
known as tri-linear co-ordinates. A second order non-linear differential equation for the 
unknown time function has been obtained and solved, as usual, in terms of Jacobian 
elliptic functions. Results obtained from numerical calculations are presented graphically. 

1. INTRODUCTION 

Timoshenko and Woinowsky-Krieger [1] have investigated small deflections of plates on 
elastic foundations on the assumption that the strains of the middle plane of the plate can be 
neglected. For moderately large deflections, however, the middle surface strains must be 
considered. Analytical solution of such problems are, in general, difficult, and thus recourse 
must be had to an approximate treatment. 

Such an approximate method for investigation of large deflections has been proposed by 
Berger [2]. This method is essentially based on the neglect of the second invariant, jn compari
son to the first invariant, of the middle surface strains in the expression for the total potential 
energy of the system. Thus the variation of potential energy with respect to the in-plane 
displacements leads to the drastic simplification that the first invariant of the middle surface 
strain is consta~t. The resulting differential equations for the deflection and displacements, 
though approximate, are still non-linear but may be decoupled in such a manner that they 
may be solved readily [2]. 

Berger [2] states that there appears to be no completely satisfactory simple physical justifica
tion for neglecting the second invariant of the middle surface strain and thus its justification 
must be based on comparison of the resulting approximate solutions with available exact 
solutions [3-9]. Iwinski and Nowinski [10] extended this method to the case of orthotropic 
plates. Nash and M~deer [II] too have followed Berger's [2] method to investigate large 
amplitude vibrations of rectangular and circular plates. The same approximate method of 
Berger [2] has also been applied by Sinha [12] to rectangular and circular plates with uniform 
load distribution, the plates being placed on elastic foundations. Von Karman equations for 
large deflections of plates have been extended to dynamic cases by Chu and Herrmann [13] 
who applied the perturbation method to investigate large amplitude vibrations of rectangular 
plates. Nash and Modeer [11 ], with the help of Berger's [2] technique, have achieved results 
accepted for- practical purposes [11 ]. 

Following Nash and Modeer [II], moderately large dynamic behaviour of an isotropic 
equilateral triangular plate resting on elastic foundation has been investigated in the present 
paper by the application of tri-linear co-ordinates [14], and the results obtained are presented 
in the form of graphs. 
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266 B. M. KARMAKAR 

2. TRILINEAR CO-ORDINATES 

Let ABC be the equilateral triangular isotropic plate (Figure 1). The origin of the co
ordinate system is taken at 0 which is the centroid of the triangle~ The axis OX is perpendicu
lar to the side BC, and the axis 0 Y is parallel to BC. 

X 

Figure 1. Geqmetry of the plate (tri-linear co-ordinates). 

X and Yare the Cartesian co-ordinates of any pointP(x,y) in the middle plane of the plate. 
The lengths of the three perpendiculars from Pare P1 on A C, p 2 on AB and p 3 on BC, respect
ively, such that 

P3=r-x, (I) 

where 

PI + P2 + P3 = 3r = av'3 = k (say), (2) 

r is the radius of the inscribed circle and PI> P2 and p 3 are independent variables with respect 
to displacement components since these contain x andy. 

The two-dimensional Laplace operator is obtained as 

v2 = 'iPfox2 + a2;ay2 

()2 ()2 ()2 ()2 ()2 ()2 
=-+-2+-2----------. 

opf op2 ap3 op1 aP2 aP2 op3 op3 op1 

If dv be an element of the outward drawn normal at any point of the boundary, one has 

for PI= 0, 

for p 2 = 0, 

forP3 = 0, 

a;av = -ofopi + t ofoP2 + t o(op3, 

ofov = -ofoP2 + t ofop3 + t a;api, 

ajav = -ofop3 + t o(op1 + t a;aP2· 

The boundary conditions for simply-supported edges are 

w=V2w=O when PI= O,p2 = 0 and p 3 = 0, 

for, from the expressions for the moments, one has 

M=Mx+My=-D(I +o)V2w. 

(3) 

(4) 

(5) 

(6) 

Now along each rectilinear portion of the boundary, o2wjos2 = 0 since w = 0 at the boundary. 
Observing that Mn = 0 at a simply-supported edge, one can conclude also that o2 wfon2 = 0 
at the boundary. Thus 

iF wfos2 + o2w/on2 = V2w =-MID= 0 

at each boundary (see reference [1], page 92). 

(7) 
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3. EQUATION OF MOTION AND ITS SOLUTION 

The standard energy expression for plates with large deflections written in terms of the 
deflection and the strain of the middle surface is [1] (a list of notation is given in the Appendix) 

(8) 

where D is the flexural rigidity, e1 and e2 are the first and second invariants, respectively, of 
the middle surface strain, h.is4he'Plate thickness, w is the deflection, normal to the plane of 
the plate, and u is Poisson's ratio. The first and the second invariants are respectively defined 
by 

(9) 

. 1 ( ou ov ow ow) 
2 

e2 = Bxlly- {')';y = Bxlly- 4 oy +OX+ OX oy ' (10) 

where u and v are the displacements along the X and Y axes, respectively, ex and e:v are the 
strains along the X and Y axes, respe~tively, and 'l'x:v is the shearing strain. 

Neglecting the second invariant [2], one obtains from equation (8), for the case under 
consideration here, 

V= ~ J J [{ (V2
w)

2 + ~:ei}- 2(1- u) [~x:~Y:- ( 0~; f} +; w2
] dxdy, (11) 

where k1 is the foundation reaction per unit area per unit deflection. 
The kinetic energy is given by[12] 

T= P; J J (u2 + v2 + w2) dxdy, (12) 

where the dots represent derivatives with respect to time and p is the density of the plate 
material. 

The Lagrangian function may now be formed from the sum of the bending energies in 
conjunction with the expression for the kinetic energy. Applying Hamilton's principle and 
Euler's variational equations one obtains [11]: 

oe1/ox = (1/c;) o2 ufot 2, 

oelfoy = (1/c't) o2 vfot2, 

c;;2 = ph3f12D. 

(13) 

(14) 

(15) 

For problems in which vibrations take place principally transversely, it is rea~onable to 
neglect those terms corresponding to inertia effects in the plane of the plate. In this case 
equations (13) and (14) become, respectively, 

oelfox = 0, (16) 

oelfoy = 0, 

and thus e1 is independent of x andy, whence 

ou ov 1 (aw)2 
1 (aw) 2 

rx
2

h
2 

el =ox + oy + 2 ox + 2 oy = 12 f(t), 

(17) 

(18) 
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where f(t) is a function of time and where ct is a real normalized constant of integration. 
Finally the following equation [12] for w is obtained: 

(19) 

The equations retain their non-linearity, but they have been decoupled so that it is possible 
to solve equation (19) for w, since it is linear in w, and then to use this relation in expression 
(18), which is linear in u and v, to determine the constant ct [2]. 

The boundary conditions on u and v for simply-suppor.,ted edges are 

Up=O at P3=0, 
.<.1--..... __ 

(20) 

V3vP +uP= 0 at P2=0, (21). 

VJv -u -0 p p- at P1 =0," (22) 

where uP and vP are the values of u and v in triangular co-ordinates. The boundary conditions 
can be satisfied by expressions of the forms 

(23) 

(24) 

"' [ 2mr: 2mr: 2mr: ] w = L An sin-p1 + sin-p2 + sin-p3 F(t), 
n=l k k k 

(25) 

where H(t), G(t) and F(t) are functions of time. 
When p1 = 0, the expression within the bracket in (25) equals 

2 
. . (P2 + P3) CP2 - P3) O 

smmr:---cosnn = 
k k ' 

since in this case P2 + p3 = k (cf. equation (2)). Thus one finds that w = 0 when p1 = 0. 
From symmetry it is evident that w = 0 whenP2 = 0 andP3 = 0. Similarly one can show that 
V 2 w = 0 on these boundaries [14]. 

Equations (23)-(25) are now inserted in equation (18) to yield [12] 

P(t) = H(t) = G(t) = f(t). (26) 

Thus separ~tion of variables is possible. If one sets m = n = I in the expressions (23), (24) 
and (25), one obtains the fundamental mode of vibration (see reference [11]). 

Substitution of equations (23)-(25) in equation (18) together with the aid of equation (26), 
yields 

(27) 

after equating terms independent of PI, p 2 and p3. Determination of u and vis oflittle interest .. 
Thus these are eliminated by choosing suitable expressions of the forms (23) and (24) and 
equating terms independent of p1, p 2 and p3. · 

Determination of w is of primary interest. But it is not necessary in this particular investiga
tion that the expression for w in equation (25) should be orthogonal since the final solution 
is obtained by putting n = 1 for the fundamental mode of vibration. 

Inserting the values of V 2 w and V4 w obtained from equation (3), the value of (J2wfot 2 

t 

4 
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obtained from equation (25) and remembering equations (26) and (27) one obtains finally 
the expression 

F+ P~4[16;4 + k~4]F+[1;~:4.Pi]P=O, 
where P1 = A 1/h is the relative amplitude. Evidently equation (28) is of the form 

F+yF+ ~p = 0, 

where 

"(= p:a4 [16;4 +kF]' 

~ = 16Dn
4 

2 
pha4 P1· 

(28) 

(29) 

(30) 

Subject to the initial conditions F(O) = 1 and F(O) = 0, the solution of equa:tion (29) is 
F(t) = cn(w* t, k*), where 

w* = [y + ~] 112 and k* = [t:5/2(y + o)]ll2. (31) 

Here w* is the frequency of the fundamental mode of non-linear vibration and y112 is that of 
the linear vibration. When the values of y and o given by" equations (30) are substituted 
into the first of the relations (31), one obtains the following equation relating the relative 
amplitude to the frequency: 

P1 = tA 1/h) = [(pha4 wUf16Dn4
)- (kF + 1/9))112

• (32) 

The ratio of the time-periods is now evidently given by 

T* 2K [ 16n
4 

] -
112 

T =---;--
1 

+ (16/9)n4 + kF Pi ' (33) 

where K is the complete elliptic integral of the first kind and T* and Tare, respectively, the 
non-linear and linear time periods. 

The frequency of non-linear vibration may be expressed as [15] 

w* = CNfaV3, (34) 

where (aylj) is the height of the triangle, and CN, which has the dimensions of velocity, is 
given by 

(35) 

5·0 

4·0 

* ,-/<V 
?i: >.. 3·0 

2·0 

1·0 

0 0·2 0·4 0·6 0·8 1·0 

{31 
Figure 2. Frequency vs. relative amplitude response curve: theory, n = 1. 
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Inspection of equation (34) reveals that w* is the same as the frequency of the fundamental 
mode of a square plate [15] whose diagonal is ay3. Equation (34) also discloses that the 
frequency is higher when the plate is placed on an elastic foundation than when not. The 
frequency w* is increased ~ccording to the relation 

w* = [Q2 + kFja4]112, (36) 

where Q is the frequency when the plate is not placed on foundation. "~ 

The frequency vs. relative amplitude relationship is graphically presented in Figure 2; 
and the relative period vs. amplitude is shown in Figure 3. 

0 0·2 0·4 0·6 0·8 1·0 

/3, 
Figure 3. Relative period vs. relative amplitude: theory, n = 1. 
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APPENDIX: NOTATION 

a half of each side of the plate 
A., Bm series coefficients 

D flexural rigidity 
et. e2 first and second invariant, respectively, of the middle surface strain 

h plate thickness · 
k1 foundation reaction per unit area per unit deflection 

T, T* time periods oflinear and non-linear vibrations, respectively 
w deflection, normal to the plane of the plate 
cc real normalized constant of integration 

ex, By strains along X and Y axes, respectively 
p density of the plate material 
u Poisson's ratio 

w* radian frequency of non-linear motion 

·~ 
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ABSTRACT 

Large amplitude vibrations of an isotropic clamped circular plate with variable 
rigidity has been investigated by Galerlcin procedure applied to Berger's approxi
mate method for large deflections. The non-linear second order differential equation 
thus obtained for the unknown time function is solved in terms of Jacobian elliptic 
functions. 

Results obtained from numerical calculations are presented graphically. 

Key words: Amplitude-frequency, Galer kin procedure, Berger's method; transverse 
vibrations, Jacobian functions. 

1. . INTRODUCTION 

The general theory of transverse vibrations of circular plates was obtained 
by Kirchoff. 1 Vibration problems of various members have alw been 
investigated by Lord Rayleigh 2• Non-linear vibration problems have 
been solved using the method of multiple time-scales by Nayfeh, 3 Kevor
kian4 and Atluri.5 

Grigoliuk6 investigated non-linear vibrations of beams and shallow 
axially symmetrical shells employing Galerkin procedure to a set of equa
tions representing generalisation of von Karman 7 equations in their dyna
mical form. Hu-nan-chu and Herrmann8 applied the dynamic counter
part of von Karman 7 equations to the study of large vibrations of rectangular 
plates supported freely along the boundary using perturbation procedure 
and the pl"inciple of conservation of energy. Nowinski9 investigated large 
amplitude vibrations of circular plates using von Karman 7 dynamic equa
tions in combination with an orthogonalisation procedure. 

For such moderately large deflections, the strain of the middle plane 
of the plate must be considered which, however, is ignored in the investiga-
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Vibrations of Circular Plates of Variable Rigidity 493: 

tion of small deflection problems. But analytical investigation of large 
deflections by inCluding the strain of the middle plane of the plate, parti
cularly having variable rigidity, seldom lend themselve!> to exact analysis.10 

Recourse must then be had to an approximate method, 10 such as that 
of Berger.U Berger's method11 is essentially based on the neglect of the 
second invariant, in comparison to the first invariant, of the middle surface 
strains in the expression for the total potential energy of the system. Thus 
the variation of potential energy with respect to the in-plane displacements 
leads to the drastic simplification that the first invariant of the middle 
surface strain is constant. Thus the resulting differential equations for 
deflection, though approximate, are still non-linear and may be decoupled 
in such a manner that they may be readily solved.U The fact that the 
first invariant is a constant11 is consistent with the results of exact solu
tions,12-13 though at present no completely satisfactory physical explana
tion Is av.ailable.U 

Nash and Modeer14 extended Berger'& 11 method to the investigation of 
non-linear behaviour of vibrating rectangular plates with hinged restrained 
edges, and of circular plates with periphery somewhat elastically restrained 
against rotation/ Berger's 11 method has been used by Nowinski15 to the 
case of orthotropic plates. 

The same approximate method of Berger11 bas been adopted by the 
present author . too to investigate the amplitude frequency characteristics 
<?f 'large tra~sverse vibrations of clamped isotropic elastic circular plates 
of variable rigidity· .. 

2. ANALYSIS 

The transverse deflections of the plate under investigation is assumed 
to be of the order of the plate thickness. For analysis of such moderately 
large deflections, we neglect the second invariant of the middle surface 
strain, 11 and thus the potential energy· of the system, in polar co-ordinates, 
will be14 : 

V _! JJ D [(\7 2 ) 2 + 12 2 _ 2 (1 - v) dw d
2 w] d 

- 2 v w h2 el r dr dr2 r r (1) 

in which the B co-ordinate does not occur. due to circular symmetry, and 
where 

· V .~ potential energy, 

D =:flexural rigidity, variable, 
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h = plate thickness, variable, 

w = deflection, normal to plate-plane, 

r = any radius of the plate, (0 < r < a, a = radius), 

v = Poisson'& ratio, 

e1 = first invariant of the middle surface strain. 

Transformed to polar co-ordinates, e1 is given by, 14 

du u 1 (dw)2 
el - €r + €0 = dr + f + 2 dr 

u =displacement along radial direction, 

(2) 

Er, Eo =unit elongations respectively along radial and cross-radial 
directions. 

The kinetic energy of the plate, in polar co-ordinates, is given by14 

(3) 

where p = density of the plate material, and the dots represent derivatives 
with respect to time . 

. The Lagrangian function may now be formed from the sum of the 
bending energies in· conjunction with the expression for the kinetic energy 
and· then application of Hamilton's principle and Euler's variational equa
tions will yield14 ·: 

- dD d3 w 
D\,74w-a.2Dof(t)\,72w+2 dr dra 

d2 w (3 + v dD d2 D) 2 dw dD + dr2 -r- dr + dr2 - f2 dr dr 

+ ~ d2 D dw + h . d
2 w = 0 r· dr 2 dr P dt2 (4) 

with 

h = h [du + ~ + ! (dw)2] = a.2 hoa f(t) 
e1 dr r 2 dr 12 (5) 

whe!-"e v 2, v 4 are Laplacian operators and a is a real normalised constant 
of integration. 

-~ 
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· Let the rigidity be considered now to vary. according to the equat~on/9 · 

[ .:\r]3 D =Do 1-c; (6) 

where 

(7)> . 

where 

.:\ = a positive constant determining the varia~ion of plate thickness 

a = radius of the plate, 

,. E =Young's modulus, 

h0 = maximum plate thickness at centre. 

It is to be noted that such a variation in rigidity corresponds to ~ 

thickness variation given by, 10 

h =·ho[ 1- :J (8) 

where 0 < h < h0 

The solution to the governing differentjal eq. ( 4) is sought, in conjunc
tion with (5), in the form 

[ rz]z w = w0 (t) 1 - a2 (9) 

where w0
2 (t) = f(t) and u = w0

2 (t)f(r), for immovable clamped edges, 
the boundary conditions of which are given by 

. (dw) (w)r=a = 0 = -d 
r r=a 

:Now from (5) one gets 

f(r) ~ J 
12 
(t~'~) dr-

8
::' J r' (I - ~)dr + c · (li) 

where cis a constant of integration which can be determined for f(r)-;--- 0 
at r = a. Thus u (r) is determined. Also, since f (r) = 0 at r = 0, the 
relation determining a becomes 

(12) 
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~liich-in:the limit A --:;.0 (i.e.,_for uniform thickness of the plate). reduces to 

(13) 

Now applying Galerkin procedure to eq. (4) and putting the value Of 
a._2'from eq. (12), the equation for the time-function is obtained in the form 

20 Do (b1 + -i) 
"/ = ph0 a4 (b2 + -!) 
S _ 40 Do A2 (w0)

2 

· - 3phoa4 · (bz +-!)[A- log (1 +A)] h0 

where again, 

...... ,/ 

b = 256A3 + (22- v) A2 + 32 (7- v) A _ 6v (~ + 16) A2 
1 105 4 35 5 8 35 

128A 
b2 = 693 . 

.. Thus from eqs. (15) and (16), the ratio 

q _ 2 A2 (w0)2 
y - 3 · (b1 +~)[A -log (1+ i\)] h0 

is obtained, which in the limit A __,. 0 reduces- to 

(14) 

(15) 

(16) 

(17) 

(18) 

ct9Y 

,___ ... The solution to eq. (14) may be represented; as usual, in terms of the 
cosine-type Jacobian elliptic function, as 

w0 (t) = en (w* t, k*) (21) 

where en. is Jacobi's elliptic function, 

and 

w* 2 = y + 3 

k*2 = 2 (~ ~ ~) 
)Vhere again, 

,._ · · w* =fundamental frequency of non-linear free vibration, 

(22) 

(2-') 

"' 

' \ .... 
·~ 
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·yi~= fundamental -frequency of linear free vibration, 

k* =modulus of the elliptic function. 

497 

'Now insertion for y and () from. eqs. (15) and (16) respectively, into 
eq. (22) ·leads to ·the relation · · 

(~0) 2 = _3 _ . [,\-log (1 + ,\)] 
ho 40 D0 • ,\2 

X [ph 0 a4 (b2 +-!) w* 2 - 20 Do (b1 + ~)·] 
which, in the limit ,\ ~ 0, ·may be conveniently put in the form: 

w* = ~ 'y5 . . JDo . /2 (Wo)2 + 4. 
a v3 ' pho '\/ ho 

'The period ·r* of non~linear vibration is given by 

. * 4K _ 4K 
T -= ~*- [ ("].1. . ·w r+o' 

and the period T of linear vibration by 

T _.27T 
- yi 

so that their .ratio is 

T* 2K/7T 

T = [t -r~r 
where y and b are respectively given by eqs. (15) and (16), and 
complete elliptic integral of the first kind. 

For ,\ -+ 0, eq. (28) reduces to 

(24) 

(25) 

(26) 

. (27) 

"(28) 

K is the 

(29) 

The result, corresponding to eq. (29), obtained by Nowinski9 under 
similar boundary conditions is 

(30) 
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where 11 *, T1 , w1 and h are respectively the sa:~,ne as T*, T, w0 and· h0 of 
eq. (29). 

Rejectir.g the non-linear term of eq. (14), the equation governing linear 
osc1lltion is obviously obtained; and thence the fundamental frequency8 

for a plate of constant thickness (A -+ 0) is found to be 

f _ 8 '\15 . JDo (31) 
'Y - a 2 '\13 ph0 

Plates of constant thickness find extensive use in telephone industries ;2 

whereas plates of- variable thickness find application as parts of various 
machines.16 

The numerical coefficient, corresponding to that in eq. (31), computed 
by Nowinski9 is 10 · 38; and that by Timoshenko, 16 a& a first approximation, 
is 10·33. 

It may be noted that eq. (31) may also be had from eq. (25), by putting 
the amplitude eqLal to zero. 

Fig. 1 displays the relative period against the relative amplitude 
llccm·ding to eqs. (2R) and (29). For the sake of comparison, the results 
of Nowimki9 ba\e also been shown in the same Fig. 1. 

The amplitude frequency variation given by eqs. (24) and (25) ate grapbi~ 
~ally presented in Fig. 2. 

0 0'5 

(~) 

NOWiNSKI 
( A,=. D) 

----~ 

1'5 

FIG. 1. Relative period vs. relative amplitude. 
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THEORY--~-----

'15'0 
0 ro 

FIG. 2. FrequencY vs. amplitude relation. 

NOTATIONS 

The following symbols have been adopt~d : 

a , radius of the plate, 

D flexural rigidity of the plate, 

E Young's modu[us 

e1 . .first invar1ant of middle surface strains, 

h0 maximum plate thickness ·at centre, 

499' 

u, v displacements along radial arid :cross racl.ial directions, respectively, 

Er, Ee ·un.it elongations along radial and cross-radial directions, respec-
tively, 

V strain energy, 

w deflection, normal to plate plane, 

v Poisson's ratio, 

~ a constant· determining the variation of plate thickness, 

w* fundamental frequency of non-linear vibration. 
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ABSTRACT 

The solution to the thermal shock-induced vibration, of a right-angled isotropic 
isosceles triangular plate on elastic foundatiolJ, is obtained in a closed form. Nodal 
lines are also located. Incidentally this confirms the truth of the assumed boundary 
conditions. 

In this paper vibrations of an isotropic right-angled isosceles triangular plate, 
due to a thermal shock, have been investigated. The solution presented is a rigorous 
one, since it is not based on assumptions of the type underlying strength of materia1s 
analyses. 

The plate is considered free of external tractions. The problem is solved in 
terms of' a ·double tdgonometric series. _ The complete solution is derived from the 
sum of two deflections-quasi-static and dynamic. The dynamic solutiofl is obtained 
by the method of Laplace transform. 

The results obtained are exhibited in graphs which are found to be qualitatively 
similar ·to those of standard works. 

Location of nodal lines confirm the vali~ity of the assumed boundary conditions. 

Keywords: Boundary value problems; Closed form solution; Foundation; Isotropic; 
Induced; Nodes; Plates; Shock; Thermal; Trigonometric series; Traingular; Tones; Vibration 

INTRODUCTION 

Thermally induced vibrations are of interest in aircraft and machine 
designs, in chemical and nuclear engineering and even in astronautical 
engineering. 

The general theory of the transverse vibrations of a circular plate was 
obtained by Kirchoff [1] who gave a full numerical discussion of the results. 
The problem has also been discussed very.extensively by .Lord: Rayleigh [2]. 
In the problems of non-stationary quasi-static stresses in plates, the tempe-
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rature field varies very slowly with time. But iri case of sudden heating 
or for temperature fields varying harmonically with time, the elastic plates 
undergo some vibrations. Nowacki [3] and Boley and Weiner [4] inde
pendently investigated vibrations of rectangular isotropic plates due to 
thermal shocks. Both set of workers have exihibited results graphically 
which are qualitatively similar in nature. · 

· In this -paper the author has investigated thermally induced vibration 
of an isoscales right-angled triangular plate placed on elastic folmdation. 
Problems on th((rmal vibrations on elastic foundations of any plate-shape 
are not found in earlier works. So the present author has chosen the 
problem of a triangular plate on an elastic foundation. A traingular plate 

. ·is more irregular in shape than a rectangular or a circular plate. The 
' form of the deflection w, as also a closed form solution are new features in 
. ·the present. authors' work. 

ANALYSIS 

- . 
Let ABC be the plate (Fig. 1-Inset) bounded by the space defined by 

x=a, y=O and x=y. (1) 
... . . 

; The _z-axis is through the thickness of the plate, and perpendicular to both 
the x and y axes. The face z ·= + h/2 is exposed to a step heat input Q, 
constant along the plate surface; the other face z = - h/2 together with 
all edges are insulated. 

For plates of uniform thickness, we start with the following heat 
conduction equation [3], governing the deflection w, viz., 

where 

\j4 w (x, y; t) + (I + v) at 'V 2 
T (x, y; t) + cw (x, y; t) 

ph ... 
-1--w=O 
'N 

· v = Poisson's ratio; 

at - temperature co-efficient of the plate material; 

. :r = absolute temperature of the plate; 

(2) 

/ 
' 

! 
.) . . . 
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Ehs N fi I . 'd' N = 12 (1 _ v2) = exur~ ng1 1ty; 

E = Young's modulus of the plate material; 

density of "the plate material; .p 

h thickness of the plate ; 

w = deflection of the plate; 

V 2 = Laplacian operator. 

49 

The boundary conditions for solving equation {2) do not involve· deri
vative with respect to time, and they simply play the role of parameters 
only. 

The temperature distribution is assumed to be of the following fbrm, 
viz., 

00 00 

T (x, y; t) E E Tmn (t) · G 

where 

. m'li"X . n'll"y . n'li"X . m'll"y 
G =Sill-- Slll- -Sill-- Sill-. 

a a a a 

The co-efficients Tmn (t) are given by 

16m 
Tmn (t) = - 2--( 2 ~) T 71"nn-m 

T (x, y; t) clearly satisfies the following boundary conditions : 

T (x, y; t) = 0 at x = a, y = 0 and x = y. 

The deflection is found as the sum of two deflections, viz., 

W = Ws + Wd 

where 

w8 = quasi-static deflection 

wa. = dynamic deflection. ~; 

(3) 

(4) 

(5) 

(6) 

:. - (7) 
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First we proceed to find the quasi-static deflection where we disregard 
the inertia effect and assume that the temperature varies very slowly with 
time; and re-write . equation (2) modified as 

\14 Ws + (1 + v) at V 2 T (x, y; t) + cw8 = 0. (8) 

Let us assume the solution to the static deflection in the form 

00 00 

Ws= E E Amn · G (9) 
m=2, 4, ••. n=l, 3, ... 

This represents the amplitude of a stationary wave. w8 evidently satisfies 
the simply supported boundary conditions along the edges of the plate. 
The co-efficients Amn are . given by 

. Amn = C~,. · -r (t) 

where 

C _ 16 ma2 (1 + v) at (n2 + m2) 
mn- n(n2- m2) [7T4 (n2 + m2)2 + a4 c] 

so that the quasi-static deflection becomes ' 

00 00 

Ws = E E C!n · '1" (t) · G 
m=2, 4, .,, n=l, 3, ... 

T (t) is given by [3] 

00 

) Q [ 96 \' _I _.;, f3t] 
T (t = 2.:\ 1 - 7T4 LJ .4 e ' 

.I 
j-1. 3, ... 

k7T2 
where A. = co-efficient of heat conduction; f3 = v· 

(10) 

(11) 

(12) 

(13) 

Amn assumes a constant magnitude in a very short time, since it is 
approximately invariant with time. 

The solution which takes inertia into account, for the case of sudden 
heating, will be referred to as a " dynamic " solution. The equation now 
to .be solved is 

ph .. ph .. 
\1 4 

Wd + CWd + N C!n T (t) + N Wd .= 0 (14) 
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where we assume the solution to the deflection in the form 

co co 

Wd = E E Bmn (t) · G. (15) 
m=2, 4, ••• n=l, 3, ••• 

The solution of equation (14) is 
.. .. 
Bmn (t) + w!n Bmn (t) = - C!n T (t) (16) 

where 

wmn ~ ~'~~_f ... -~ .. [,< (n' + m')' +a' c] (17) 

00 co 

(18) 
m-2, 4, ••• n=l, 3, ... 

where 
wmn = angular frequency of vibration of the plate; 

-~. kt d' . I ..,., = h2' a 1menswn ess parameter; 

k = thermal diffusivity; 

h (N)1'4 
B1 = a yk. ph . 

To find Bmn (t), we apply Laplace transform method [3] and obtain 

( ) C 2 Q [ 12{3 . Bmn t = mn • 2\ 2 Sill Wmnt 
1\ 7T Wmn · 

;=1, 3, •.. 

X (cos wmnt + }:"$ sin wmnt - e-j• flt) J (19) 

For maximum value of Bmn (t), we shall have (neglecting higher powers 
of t), 

96 f3 2. 12(3 96]'2 (38 Wmn 

7T4 (j6 f34+ p w;,n) - -;;:T + 7T4 (j4 (34 + w!,,.) 
t = 96 (32 w!n 96 j4 [34 

7T4 (j4 f3~+w!M) + 7T~ u~ W+w!.) 
=-= t1 (say,) 

(20) 
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Thus 

[Bmn (t)Jmax ' 

J=l, a, ... 

00 

X ·r; ·a {34 ~ ·2 2 }] 1 1 w.,n 
J=l, 3, '" 

As 

Wmn-+0, 

and then 

6{3 2 - 3{34 + 3 
[Bmn (t)]max = 2{32 

For this value of t1 given by equation (22), we have, 

3 (1 - /3 2) 
[T]max = 2 

Further, f3-+ oo as wmn -+0, so that 

[ Wdmax] = [Wdmax] = 1. 
Wsmax Wsmax 

Lt Wmn40 

and hence [4] 

Ws max + Wd max = 2. 
·Ws max 

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 

We now proceed to find the nodal lines [2] and assume the general 
solution in the form 

W = Ws +Wei, 

00 00 

E G · Dmn = E 
m•2 1 4, .•• n:c.z, a, ••. 

(27) 
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where 

Dmn = Amn + Bmn (28) 

The lowest tone is found by putting m = 2 and n = 1 m equation (27) so 
that 

(29) 

and we obtain the edges of the triangle for the nodal lines as follows: With 
the condition given by equation (29), 

(2) · 7TX · 7TY ( 7TX 7TY) w oo · sm - sm- cos - - cos -
a a a a 

(30) 

which vanishes giving the locations of the nodal lines at the edges, 

x=a, y = 0 and x = y. (31) 

For the lowest tone the number of interior nodal lines parallel to the 
x-axis is nil, and that parallel to the y-axis is one. 

DISCUSSION 

Dynamic systems are often subjected to the abrupt application of exci
tation. The term " shock " generally denotes a rapid application of 
excitation, having a short duration, to a system. 

Our analysis rests on the following assumptions [4]: the temperature 
can be determined independently of the deflection of the plate, that the 
deflections are small, and that the material behaves elastically at all tirries. 
The first of these assumptions requires the omission of mechanical coupling 
terms in the heat conduction equation. The second implies that the dis
placements are sufficiently small as also the displacement gradients, so 
that their products may be neglected. The third assumption imples that 
neither the temperature changes nor the stresses are too large. 

Equations (17) and (18) reveal that the frequency of the vibrating 
plate is higher when the plate is placed on an elastic foundation than when 
not. 

The ratio of the greatest deflection at the centroid of the plate to the 
greatest quasi-static deflection for the fundmental mode is plotted in Fig. 1 
for various values of the parameter B1 • The second abscissa scale (Labelled 
h) gives. the plate-thickness alongside each value of B1 • Such a diagram 
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may be used to .estimate the error committed by adopting the static solu
tion alone [4]. 

-
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FIG. 1. Ratio of maximum dynamic to maximum quasi-static deflection (Inset :-.Geometry 
of the aluminium plate). 
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Non-dimensional plot of deflection against time for B1 = 1, shown in 
Fig. _ 2, indicates that the dynamic solution oscillates about the quasi~ 
static one. The importance of the inertia effects increases as B1 becomes 
Spialler. In effect, they prevent deflection for B1 = 0. On the other hand, 
as B1 - oo, the inertia forces disappear and the qusi-static solution alone
remains [4]. 

The nodal-lines investigation establishes the validity of the . assumed 
boundary conditions. Similar inference may also be drawn from the investi~ 
gations of the subsequent overtones. 
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