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5.1 Introduction 

The local, or effective electric field for a polarisable infinite 

lat.tice has beEm studied for a .long time (see for example, Born and 

Wolf46 ). Nijboer & Wette47 ( 1958) evaluated the dipole field for both the 

cubic and non cubic (tetragonal 1 hexagonal, orthorhombic and monoclinic) 

lattices. They have considered a slab of dielectric material and 

obtained the dipole field by plane-wise summation. Using the same 

plane~wise summation ·method Kar & Bagchi48 (1~78) calculated the dipole 

moment and the self-consistent local field near the surface of some 

cubic lattices. In this chapter, we consider three other structures, 

simple hexagonal, hex~gonal close-packed (hcp) and diamond structure. 

The first two do not belong to the cubic system and so the Lorentz~ 

Lorenz relation is not expected to hold (although, for the ideal hcp 

structure, the relation does hold); the Bravais lattice for the diamond 

structure is face-centred cubic, but the fact that there exis~s a two 

atom basis m·eans that in addition to the atomic sites for tqe face-. 

centred cubic structure there would be an equal number of atoms in other 

sites and the local field in the surface plane is quite different from 

the face-centred cubic case, as we shall disc~ss later. 

The procedure fo'r calculating the self-consistent local 

field is essentially·the same as in ref 48; we have also used similar 

notations. A slab geometry of finite number of lattice plane have been 

considered - the lattice planes are assumed to be infinite, parallel to. 

the surface. We have considered an electric field normal to the surface 

plane; the polarizability tensor was assumed to be qiagonal; the 

molecules in each site would be po~arised- these were taken as point': 

dipoles - and all the dipoles lying in one plane would be par~llel to· 

one another and would have the same magnitude. 
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The first step is to 
··; 



compute the field from an infinite two-dimensional lattice of parallel 

dipoles of equal moment. This can be evaluated either by explicit sum 

within a finite reg ion and approximating the rest by an integration with 

uniform dipole density49 or by transforming the discrete lattice sum to 

a highly convergent sum analytically47 ' 50 ,51 • We have used the former 

technique to evaluate the two dimensional lattice sum. A major part of 

- 52 
this work has already been published . 

-4 
Let us denote different planes by the index V and take P, 

to be the local dipole moment density for the lattice plane v. We shall 

consider V=O to be the reference plane - positive values of V denote 

planes with a positive value of z (above the reference plane) and. 

negative v values refer to planes below the reference plane. We shall 

~ 

consider an applied field ~ = E0 ~ in the z- direction. The field from 

the dipoles in t:he plane v will 
-'t 

depend linearly on P, and the z-

component of the total contribuLcon of all the dipole fields may be 

written as 

(50 1) 

where the sum over v includes in principle all the planes in the slab we 

are considering and the coefficient ~v has to be determined f~r each 

lattice structure. However, only a few of the ~v 'shave non-zerd values 

- at least to-the accuracy we are concerned with. 

We now consider a slab of L lattice planes. ·The local 

electric field at a lattice point in the p-th plane, (p=1,2, . Lf 

may be written as 
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(5.2) 

where the sum over v is from 1 to L (although, in practice, only those . 

terms for which e's are non-zero have to be retained). 

Taking the volume polari::;abil ty to be r I the self-consistency. 

condition for the local dipole moment density, given below 

P11 = rEfoc.z 

will yield the matrix equation 

l: ,..,.,P., = rEo I J.L=l, 2, ... L 

Whe:r:e ~y = [(1 - r~Q) 61&V - r~I&-V (1-6 11\1,] 
( 5 • 3 ) 

Inversion of the matrix M, where it is permissible, gives us the self-

consistent dipole moment dPnsity on each plane; in particular, it would. 

give the behaviour near· the surface. Then, by using formula ( 5, 2) we c~n 

compute the dipolar field on each plane. 

In the following ,.,.e shall consider the three structures -:- simple 

hexagonal, hexagonal close-packed and diamond, separately. In each case 

we shall give expressions for ~ and compute the self-consistent dipole 

moment and the dipolar field plane by plane. We shall also discuss the 

significance of the results obtained. 

5.2 SIMPLE HEXAGONAL STRUCTURE 

In fig. 5.1 we have sho"""n a hexagonal close-packed structure 

where, the zero'th Blane and the second (even) planes are the same for 

the simple hexagonal structure. For the simple hexagonal lattice,· the 

s"i tes in a plane wi.th referepce to an origin at a lattice po·int may',·be·;·· · 

written· as 
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thpla.ne 

Fig 5.1 Schematic representation (Jf hexagonal close-packed str0cture 
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and for any other plane parallel to it, we may write 

where a=c/a and the surface is taken to be perpendicular to the z-axis. 

~ ~ 
The electric.field due to a dipole of moment di at point r 1 is 

( 5. 4) 

If· we consider 1-. as the lattice vectors 
l 

in the reference plane and 

noting that if ~P is.the dipole moment for the dipole in the plane p, 

then the dipole moment density for that plane )P is 

·Using equation (5.1 & 5.4) we can obtain the expression for ~O as 

( 5 • 5 ) 

(the p~int n1=n2=o is excluded) 

Similarly, for the other planes we note that ~p=~-p and 

( 5 • 6 ) 

3nfu 2 
- lnt+nt+nin2 +« 2nfJ 

rnt+nf+n:l~ +u 2n:]i 

with the plane index p=n3, n3=1, 2, , etc. The values of ~O, 

~!' etc. calculated from equation (5.5-6) are shown in Table 1 for 
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Table il: ~ for various Illanes 
"'II 

for simple hexagonal, hcp and 

diamond structure. 

Plane ~~~ 
' . 

-
Index Hex~gonal Hexagonal Close-Packed Diamond 

a = 1. 59 a. = 1. 63 a. = 1.86 
l.l 

0 -15.6046 -7.8023 -7.8023 -3.1939 

1 0.0043 -0.2868 -0.1460 -2.0862 

2 0.0000 0.0015 0.0003 -0.5054 

3 o.oooo 0.0006 0.0000 -0.0062 
• j 

4 0.0000 0.0000 0.0000 0.0080 

5 0.0000 0.0000 0.0000 0.0000 
.. 
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a=l.59 (this value is typical of si~ple hexagonal structures). These are 

47 51 in agreement with the previously computed values ' . Further, 

tp the accuracy we are interested in, it is necessary to take only ~O and 

~I into account- so the sum in equation(5.2) would be 

I p -vi s 1. 

restricted to 

52 We have also calculated' P/Pb and E~/Eb (where Pb and Eb ~.re the 

bulk values of the dipole moment and the dipole field) for a 21-· layer 

' film with a number of values of the volume polarizability r. In figure 

5 ,_2, we have plotted E /E. 
~ 0 

and P~/Pb for r =-0.1, but there is virtually 

no change if we take any other value of r. We have seen that 21 layers 

are enough to ensure convergence; actually, in this case convergence 

may be achieved even with a fewer number of layers. Except. for a very 

small range near r =- 0.064 for which the matrix cannot be inverted, the 

results look the same - with virtually no change at the surface plane 

~or the dipole moment or the dipolar field. This is no~ unexpecLed -

since we have seen that I ~0 ;~ 1 1 .....,3. 6xl03 , almost the entire contribution 

to the dipolar field eomes from the in-plane dipoles - and so there is 

almost no variation in PP/Pb or ·E~/Eb from plane to ~lane. 

5.3 HEXAGONAL CLOSE-PACKED STRUCTURE 

For this structure, in addition to the lattice 

planes for the simple hexagonal case we have another set of planes 

halfway between the former ones as shown in Figure 5.1. The coefficient 

~O can be calculated using the same formula ( 5. 5) as in the ·case of 

simple hexagonal structure, with an additional factor of 1/2 which comes 

in as there are now two atoms per unit cell. The original planes 'of the 

simple hexagonal lattice now become even numbered planes, and we may.use, 

equation (5.6) to calculat0 ~' with an additional factor of 1/2 with 

p=2n3• For the odd-numbered planes we note that the sites may be denotsd 
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Fig 5.2 Variation of [aJ <P~/Pb> and [bJ <E~/Eb) against ~for r =-0.1 

in simple hexagonal lattice 



by the vectors 

with 

We can then write, for odd planes 

{5.7) 

with p=2n3+ 1 ' . 

In Table 1, we have shown the Gomputed values of ~ll obtained from 

equation (5.5-7) for two values of a, 1.~3 (corresponding to IDEAL HCP 

structure) and 1.86. For cubic symmetry, it is known that 

which gives the familiar Lorentz-Lorenz result. We note that for the 

ideal HCP structure also, this relation holds - although the symmetry is 

not cubic. For a=1.86 however, the sum over ell does not give -8n/3. This 

is perh'aps another illustration of the close relationship between the 

face-centred cubic and ideal hexagonal close-packed structur~. 

For determining\ the dipole moment and the dipolar field 

in the surface region, we have taken a 21 layer slab and constructed the' 

matrix M in equation (5.3) and inverted it to obtain the dipole moments· 
~ 

P and the dipola~ field, layer by layer. It may be mentioned here that ll . . ,, 
~ . 

taking 21 layer ensures convergence· and increasing the number"of layef~· 

does not change P
11
/Pb or Ell/Eb, at least to the accuracy we are interested 
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in, For a= 1. 6 3 1 in figure 5. 3 1 w~:- show P ~/Pb and E
11
/Eb for three values 

of r. Actually the points for integ~al values of p are relevant - these 

points have been joined by lines for visual aid. r =-0.10 and r =-0.14 

correspond to values of r just beyond the range for which the matrix M 

may not be inverted. For r =-0.14. i.e. just below the forbidd~n range, 

we see the maximum~enhancement in the dipolar field for the surface 

layer - although the enhancement is not very large, The behaviour for 

both E~/Eb and P
11
/Pb is both oscillatory for this value of r - again the 

similarity of behaviour with face-centred cubic 48 case may be noted. 

For r =-0.10, just above the forbidden range and r =0.1, the variation 

in the dipolar field for the surface layer is smaller and the 

oscillatory behaviour is a~so absent. For a=1.86, we have plotted (fig 

5. 4) P /Ph and E /Eb for the same three values of r - and the behaviou.r 
. ~ jl 

is qualitatively the same - but the difference between the surface and 

bulk values for E~ (or P
11

) is smaller than ·for the ideal case. 

5.4 DIAMOND STRUCTURE 

The diamond structure has the face-centred cubic lattice as 

the underlying Bravais lattice with a two atom basis. ~n this case we 
:· 

have, therefore, in addition to FCC lattice planes, an equal number of 

planes interspaced between these as shown in fig 5. 5. Here, the 

expression for dipole moment density would be 

and for the reference plane, 

- .:l ( .,. ~) R ;::; -·- n1 ~+~J l2 

~O is given by 
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Fig 5.3 Vat'iation of [aJ F'~/Pb .:1nd [bJ EJ.&IEt:. against ~' fat' r =-0.14 · 
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Fig 5.4 Variation of Cal P~/Pb and CbJ E~/Eb against p, for r =-0.14 

' 
<U, -0.1 (II) and 0.1 <I I I) in hcp stt~uctLwe with u=l. 86 
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( 5 • 8 ) 

~0 - - !L:...,. [ 1 ]' 
..! (n;+ni) 2 
2 

For planes located at distance (n+l/4)a from the reference plane (i,e. 

1st plane, 5th plane etc.) i.e. 1 

we have 

(n3 =0,1,2, ... ) 

( 5 . 9 ) 

For planes at distance (n+l/2)a from the reference plane (i.~. 2nd, 6th 

etc.) given by 

(n3 =0, 1, 2, .. etc) 

(5.10) 

Similarly, for planes denoted by p=3,7, .. etc 
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3 (n3+ 43 )a-[..!. Cn +..!.)2+..! (n +1)2+(2~·n·>2] 
1 2 1 2 2 2 .4 3 

S ~,n2 ___ [_l_(n_+_1_)_2_+ __ ,-1-(-n-_+_1_)_2_+_( _3_+_n_)_2_]_-::-~---
2 1 2 2-'"2 4 3 

(5.11) 

and for planes denoted by p=4,8 , ... etc., 

(5.12) 

3n{ -[~ (n{+ni> +n{] 

[..! (nt+n:> +n{]~ 
2 

(n3 =1, 2, ..• ) 

The even numbered planes are those in common with the FCC 

structure the odd numbered planes are the new ones. As in the 

previous cases, h.ere also ~! = t~; we give the values of ~~-in Table 1 and 

some portions of the computer programs are given in appendix IV. Again 

to the accuracy we are interested, only ~ 0 , ~ 1 , ~ 2 , ~ 3 , and ~ 4 (calculated 

from equation 5.8-12) have non-zero values - the rest of them can be 

taken to be zero. We note also that ~P~P =-Brr/3 (to 0.05 percentJ as is 

to ·be expected, since diamond structure has cubic symmetry. 

To determine the local field near the surface, we consider for 

this case a 33 layer slab - we take a larger number of l~yers as now 

there are more.non-zero ~~·sand also because, in contrast to the other 

cases, the influence· ·of the other two planes above and below the 

reference plane is comparable to the reference plane itself. 

The results for the dipole moment density and the dipolar· field· 

obtained by inverting the matrix M also show (Fig.5.6) some interesting 
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results. There is a large range of r, from·-0.12(--3/Bn) to very large 

negative values, for which the inversion process breaks down. We have 

shown the results for r =-0. 1 j.ust above this range. We see the 

behavio'ur similar to the other cases - both P~/Pb and E~/Eb are less than 

one on the surface ~lane and monotonically goes to one as we go into the 

bulk. For large positive values of.r, p /P. 
p 0 

behave in a 

different manner. We show in figure(5.6), the results for r =10. We see 

that PP/Pb hai a large oscillatory behaviour; The first layer has a PP 

greater than tw'ice the bulk value while the second layer has a 

negative value - i.e. the dipole moment is in the direction opposite. 

that of the bulk The dipolar field is also oscillatory - but the 

dipolar fields for the first ind second layers are 0.98Eb and l.OlEb -

which is quite a contrast to the behaviour for the dipole ~aments. This 

can happen, because, as we have remarked ~bove, the influenc~ of the two 

neighbouring planes together is actually greater than that of the 

reference plane. The oscillations ir. Pp are such that their total effect 

is to make the dipolar field for each layer remains almost the same. For 

r =0.5, the results shown in figure (5.6), are similar - but now the 

oscillations in Pp/Pb are smaller. For values of r larger than 10, the 

oscillations grow larger and at.some stage 33 layers are inadequate to 

achieve convergence. However, for the values of r shown in the Fig. 5.6 

convergence was achieved with 33 layers. In fig 5.7 we show the 

polarisation fo~ r=-0.18, where our method is not strictly valid, as no 

convergence can be achieved. It ls clear from looking at the figure why 

convergence cannot be achieved the almost perfect oscillatory 

behaviour is ~ strong indication that for t~is value of r a polarisation 

wave mode is supported by the system. However, our results for this 

value of r is only indicative, as our method is not formally valid for 
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