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INTRODUCTION 

The phenomenon of stress wave propagation in elastic solid offers us a rich variety of waves 

which wa~ developed a century ago. The first mathematician to describe the vibrations of pendulums, 

the resonance phenomenon and the vibration of strings was Galileo. The first stage of the 

investigation on wave propagation associated with the names ofNavier, Cauchy, Hooke, Poisson, 

Stokes,. Rayleigh, Kelvin, Green, Lame, Clebsch, Ostrogradsky, Christoffel is characterized by 

.:J· development of the extensive theory of elasticity to the problem of wave propagation and vibrating 

bodies in the elastic meterial. 

In the first three decades of the twentieth century the subject lost much of its glamour and 

interest to the research workers due to the lack of sophisticated instrument, electronic devices like 

high speed computer and practical methods for observing the passage of stress wave in elastic solids. 

But in the later part of the century the interest in the study of elastic waves has been growing rapidly 

. because of the application of the theory in Seismology, Geophysics and in Engineering Science. 

Since that time, the wave propagation has remained an interesting area in seismology because of the 

need for detailed information on earthquake phenomena, prospecting techniques and the detection 

of nuclear exploisions. Bullen [1963], Ewing et al [1957], Cagniard [1962], Pilant [1979] and Aki 

and Richards [1980] have discussed elaborately about the problems involving seismic waves in their 

respective books. 
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Here we point out some of the milestones of progress in elastic waves in chronological order: 

1678 : Robert Hooke (England) established the stress-strain relation for elastic bodies. 

1760 : John Michell (England) recognized that earthquakes originate within the earth and send out 

elastic waves through earth's interior. 

1821 : Louis Navier (France) derived the differential equations of the theory of elasticity. 

1828: Simeo-Denis Poisson (France) predicted theoretically the existence of longitudinal and 

transverse elastic waves. 

1849 : George Gabriel Stokes (England) conceived the first mathematical model of an earthquake 

source. 

1857 : First systematic attempt to apply physical principles to earthquake effects by Robert Mallet 

(Ireland). 

1885 : C. Somigliana (Italy) produced formal solutions to Navier equations for a wide class of 

sources and boundary conditions. 

1885 : Lord Rayleigh (England) predicted the existence of elastic surface waves. 

1899 : C. G. Knott (England) derived the general equations for the reflection and refraction of plane 

seismic waves at plane boundaries. 

1903 : A. E. H. Love (England) developed the fundamental theory of point sources in an infinite 

elastic space. 

1904: Horace Lamb (England) solved the problem on the propagation of tremors over the surface 

of an elastic solid. 

1907 : Vito Voltera (Italy) published the theory of dislocations based on Somigliana's solution. 

1940: Sir Harold Jeffreys (England) and K. E. Bullen (Australia) published travel time tables for 
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seismic waves in the earth. 

1949 : Lapwood, E. R. First considered the distribution due to a line source in a semi-infinite elastic 

medium . 

. . }- 1959 : Ari Ben-Menahem (Isreal) discovered that the energy release in earthquakes take place 

through a propagating rupture over the causative fault. 

During the last three decades there has been a remarkable revival of interest in this subject. 

Most of the experimental works carried out on the wave propagation of elasticity are concerned with 

studying propagation in specimens of comparatively simple geometrical shape, the results of this 

experiment could be compared directly with exact or approximate theoratical predictions. With 

increasing confidence in the experimental techniques and in the interpretation of observations, it is 

now possible to study more complicated problems of elastodynamics. 

All the elastic bodies may be divided roughly into two catagories : 

(I) · homogeneous and non-homogeneous 

(ii) isotropic and anisotropic 

~-
A homogeneous body is the body whose elastic properties are the same at different points 

and a non-homogeneous body has different elastic properties at different points. If the elastic moduli 

vary from point to point in a continuous manner, the non homogeneity may also be termed 

continuous. If, however, the elastic moduli undergo discontinuties in passing from point to point, for 

example change abruptly, the non-homogeneity is said to be discontinuous or discrete. 

An isotropic body, with regard to its elastic properties, is one in which these properties are 

the same for all directions drawm through a given point. An anisotropic body' has, in general, 

~-
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different elastic properties for different directions drawn through a given point. A body may be 

isotropic or anisotropic and at the same time homogeneous or non-homogeneous depending on its 

own structure. 

However, natural or artificial materials in our surroundings are generally inhomogeneous and 

anisotropic. 

Since 1950 the theory of elasticity for anisotropic bodies has been continually developed and 

enriched with new investigations of both serious problems as a general nature and individual aspects 

of these problems. Thus the general theory has been placed on a rigorous scientific basis and a 

number oflaws have been established with the result that this theory, first worked out by B. De Saint 

Venant and P.V. Bekhterev [1925], has been revived. 

Of great importance is the development and construction of many entirely new anisotropic 

materials which possesses a number of advantages over those previously known (for example, glass

fibre reinforced plastics). Thus, over two or three decades this branch of science has made great 

progress, both in a theoratical and a purely practical way, i.e. in constructing new anisotropic 

materials. 

Now we recapitulate the fundamental principles of the theory of elasticity and the general 

equations which will be used in what follows for the construction of solutions to specific problems 

of the theory of elasticity for anisotropic bodies. 

In studying the states of the stress and strain in anisotropic bodies produced by an external 

load, we make a number of assumptions imposing certain restrictions. The most important of these 

assumptions reduce to the following : 

(I) A body is solid (a continuous medium), the stresses on any plane within the body and 
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on its surface are forces per unit area,. In other words, the couple stresses are 

neglected, as is done in the classical theory of elasticity. 

(II) The relation between the components of strain and the projections of displacement 

.~. and their first derivatives with respect to the co-ordinate is linear. 

7)., 

(III) The stress-strain relations are linear i.e. the material follows the generalized Hooke's 

Jaw, the co-efficients in these linear relations may be either constant (homogeneous 

body) or variable, i.e. functions of position, continuous or discontinuous (in the case 

of a non-homogeneous body). 

(IV) The initial stresses i.e. those existing without any external load, including the thermal 

stresses are disgarded; specific problems of dynamics are not considered. 

Thus, the theory of anisotropic elastic bodies can be studied from the classical linear theory 

of homogeneous or non-homogeneous elastic bodies. 

In the general case of anisotropy each strain component is a linear function of all six 

compop.ents of stress. For a homogeneous body having anisotropy of the most general kind, the 

equations expressing the generalized Hooke's law for this system are 

(i,j,k,l = 1,2,3). (I) 

The number of all constants a;ikl with four subscripts is 81, but, when grouped, they reduce 

to 21 (of these 18 constants are independent) elastic constants. 

The generalized Hooke's law equations, solved for the stress components, are of the form 

0 ij = Aijkl Ekl · (2) 

The notation for the elastic constant "a" and "A" with four subscripts has been used by 

Malmeister, Tanuzh and Terters (1972) in their book. 
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However, if the elastic body is isotropic, then all directions in the body are elastically 

equivalent and the generalized Hooke's law for an isotropic.body reduces to 

\ 

-~ 

(3) 

Ez = ~ [ az- y (ax + ay)] 

1 1 1 
Yyz = _, 

Yxz = _, 
Yxy = _, 

~-, 
G yz' G xz' G xy 

where E, Young's modulous, y Poisson ratio and G shear modulous. 

In recent years, considering the elastic medium to be either isotropic or anisotropic, problems 

involving diffraction of elastic waves by crack or by inclusions have attracted considerable attention 

in view of their application in Seismology and Geophysics. Cracks or inclusions are present in 

essentially all structural materials· either as natural defects or as a result of fabrication processes. 

Moreover, on many cases the cracks or inclusions are sufficiently small so that their pressence does 

not significantly reduce the strength of the materiaL In other cases, however, the imperfections are 

large enough through fatigue, stress corosion cracking etc., so that they must be taken into account 

in determining the strength. From the stand point of engineering applications it has been the 

macroscopic theories based on the notions of continuum solid mechanics and classical 

thermodynamics which have provided the quantitative working tools for dealing with the fracture 
_).. 
r• ·r 
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of structural materiais. In the microscopic continuum approach to fracture it is implicitly assumed 

that the material contains some macroscopic flaw which may act as fracture nuclei and that the 

medium is a homogeneous continuum in the sense .that the size of the macroscopic flaws is large in 

"~ comparison with the characteristic microstructural dimension of the material. The problem is then 

to study the effects of the applied loads, the flaw geometry and the environmental conditions on the 

fracture process in the solid. 

Fracture mechanics is concerned with the analysis of the stability of cracks. A fracture 

criterion can subsequently be employed to determine the conditions for crack propagation, both 

stable and unstable, and for crack arrest. 

Fracture mechanics problems that have to be treated as dynamic problem may be classified 

in two types : 

(1) Cracked bodies subjected to rapidly varying loads 

(2) Bodies containing rapidly propagating cracks. 

In both the cases the crack tip is an environment disturbed by wave motions. 

Impact and vibration problems fall into the first type of dynamic problems. It is often found 

that at inhomogeneities in a body the dynamic stresses are higher than the stresses computed from 

the corresponding problem of static equillibrium in the analysis of this type of problem. 

The second type of problem is equally important. There are several kinds oflarge engineering 

structures e.g. gas transmission pipelines, ship-hulls, aircraft fuselages and nuclear reactor 

components, in which rapid crack growth is a definite possibility. The study of earthquake 

mechanisms is the another area to which the analysis of rapidly propagating cracks is relevant. 

Recently, there have been a number of comprehensive articles in the general area of fracture 
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mechanics. Some references are those of Achenbach [1972, 1976], Freund [1975, 1976, 1990] and 

Kanninen [1978]. 

Engineering structures requiring protection against the possibility oflarge scale catastrophic 

-~~ crack propagation are, however, generally constructed ofductile, tough materials. Current progress 

in this area, and a starting point for the development of a dynamic plastic propagating crack tip 

analysis have recently been presented by Achenbach and Kanninen. 

A problem of central importance in dynamic fracture mechanics is that of predicting the way 

in which a crack will grow in a deformable solid, given the geometrical configuration of the solid, 

a characterization of the material, the applied load distribution and suitable initial conditions. In th~. 

interpretation oflaboratory data on rapid crack propagation, a problem of equal importance is that 

of determining the values of fracture characterization parameters from measurements of the crack 

motion and applied load distribution. 

In order to determine an equation of motion for a crack tip, two main ingradients are 

essential. The first of these is a crack propagation criterion which must be stated as a fundamental 

physical postulate, distinct from the postulates dealing with bulk material behaviour and momentum 

balance. Generally these later potulates can be satisfied for any motion of the crack tip. It is the role 

of the fracture criterion to select the motion of the crack tip from the class of all such dynamically 

admissible motions. 

The only geometrical configuration for which exact solutions of the elastodynarnic field 

equations, valid for non-uniform crack motion, have been found is a semi-infinite crack motion in 

an otherwise unbounded solid or configurations which can be shown to be equivalent to this by linear 

superposition arguments. The solution for antiplane deformation was presented by Kostrov [1964. 
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1966] and Achenbach [1970] and ~n-plane deformation by Freund [1973], Burridge [1976] and 

Kostrov [1975]. Although these solutions have been of major importance in addressing certain 

fundamental questions on rapid crack propagation, they have been found to be inadequate for 

"~ describing some dynamic fracture processes of practical importance. 

The shape of the .cracks which have been studied uptil now are as follows : 

(I) Semi-infinite plane cracks 

(II) Finite Griffith cracks 

(Ill) Penny shaped and annular cracks 

(IV) Non-planer cracks. 

A transient problem in which a semi-infmite crack appears suddenly in a stretched elastic 

sheet was solved by Maue [1954] and was also discussed by Ang [1958] in his dissertation. Baker 

[1962] solved the problem of a semi-infinite crack suddenly appearing and growing at a constant 

velocity in a stretched body. A steady state problem in which a semi-infinite crack extends at 

constant speed through an elastic sheet was solved by Craggs [1960]. Using the method of matched 

asymptotic expansion the problem involving diffraction of plane elastic waves by a semi-infinite 

boundary of finite width was solved by Viswanathan and Sharma [1978] and by Viswanathan, 

Sharma and Datta [1982]. 

The diffraction problem of a semi-infinite crack has been solved by the Wiener-Hopf 

technique (Noble [1958]). 

In 1921 Griffith considered the problem of a fracture of a glass containing crack like defects. 

Griffith's work presented a theory of fracture. Among other workers investigating crack problems 

are Orowan [1948], Sack [1946], Irwin [1957] etc .. A number of crack problems in the theory of 

9 

' 



classical elasticity can be found in the literature (e.g. Sneddon and Lowengrub [1969], Sih [1972]}). 

Y offe [1951] considered the inplane problem of propagation of a fmite Griffith crack of fixed 

length at a constant speed in an isotropic elastic solid of infinite extend. Other references treating 

-~ elastodynamic problems involving a single finite Griffith crack are of Sato [1961 ], Williams [ 1957, 

1961], Karp and Karat [1962], Ang and Knopoff [1964], Loeber and Sih [1968], Sih and Loeber 

[1968, 1969, 1970], Willis [1967], Atkinson and Eshebly [1968], Mal [1970a, 1970b, 1972], Hilton 

and Sih [1971], Chang [1971], Thau and Lu [1971], Sih, Embley and Ravera [1972], Kanninen 

[1974], Chen [1978], Sih and Chen [1980], Takei, Shindo and Atsurni [1982], Ueda, Shindo and 

Atsumi [1983], Shindo [1985]. Some other references are of Srivastava, Palaiya and Karaulia 

[l980a, 1980b], Srivastava, Gupta and Palaiya [1981], Erguven [1987]. 

The problem of diffraction offmite Griffith crack along the interface of two dissimilar elastic 

media have been solved by Goldshtein [1966, 1967], Brock and Achenbach [1973a, 1973b, 1974], 

Atkinson [1974], Matczynski [1974], Brock [1975], Srivastava, Gupta and Palaiya [1978], Neerhoff 

[1979], Srivastava, Palaiya and Karaulia [1980]. Bostrom [1987] solved the two dimensional scalar 

problem of scattering of elastic waves under antiplane strain from an interface crack between two 

elastic half-spaces. The problem of interaction of anti plane shear waves by a Griffith crack at the 

interface of two bonded dissimilar elastic half-spaces was considered by Srivastava, Palaiya and 

Karaulia [1980]. 

The transient stress and displacement fields arround an embedded crack in the shape of a 

circle were first investigated by Embley and Sih [1971] for extensional impact and by Sih and 

Embl.ey [1971] for torsional impact. Their method of solution involves isolating the singular portion 

dynamic stresses in the Laplace transform domain such that the dynamic stress intensity factor can 
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be obtained by direct application of the Laplace inversion theorem. Some other references are Mal 

[1968, 1970a], Olesiak and Sneddon [1959], Pal and Sridharan [1980a, 1980b], Arwin and Erdogan 

[1971], Green [1949], Dhawan [1973.], Krenk and Schimidt [1982]. Robertson [1967] solved the 

··~ problem of diffraction of a plane longitudinal wave by penny-shaped crack. Carrier [1946] studied 

the propagation of waves in orthotropic medium. Achenbach and Bazant [1975] considered the 

problem of elastodynamic near-tip stress and displacement fields for rapidly propagating cracks in 

orthotropic materials. Kassir and Tse [1983] also solved the problem of moving a Griffith crack in 

an orthotropic material. 

The study of interfacial cracks between anisotropic media is of great impotance in fracture 

analysis of composites. For detection and quantitative measurement of interfacial cracks in a fiber 

reinforced composite solid, one needs to study the crack scattering problem in an anisotropic solid. 

A typical example of interfacial cracking in anisotropic solids is the delamination of fiber-reinforced 

composite laminates. The interfacial cracks in composites are introduced by fabrication defects such 

as incomplete wetting or trapped air bubles between layers, or by de bonding of two laminas as a 

result of high stress concentration at geometric or material discontinuities ( c.f. Pipes and Pagano 

[1970]). Kuo [1984] determined transient stress intensity factors of an interfacial crack between two 

dissimilar anisotropic half-spaces. To this effect, the mathematical problem has firstly been reduced 

to three coupled integral equations. Solution of the singular integral equation has been obtained by 

the use of the Jacobi polynomial and expressions for stress intensity factors at the crack tip of the 

interfacial crack has been determined. The surface response of a layered half-space, for both isotropic 

and anisotropic materials, du~ to a plane SH-wave, incident at an arbitrary angle, has been studied 

by Karim and Kundu [1988] using the technique ofNeerhoff (1979]. The scattering of elastic waves 
.~. 
' ' 
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by a circular crack in an anisotropic solid has also been studied by Kundu and Bostrom [1991]. 

We now discuss a certain type of mixed boundary value problems which are known as 

contact problem in the theory of elasticity. The contact problem is formulated as a problem about 

·~ the influence of a rigid body on an elastic body. 

Hertz investigated the punch problem in 1882. In this time many researchers followed his 

work. Chaplygin [1950] collected a number of punch problems worked out during the 19th century. 

Many authors such as Glagolev [1942], Mushkelishvilli [1953, 1963], Mossakovski [1958], Ufliand 

[1956], Spence [1968, 1975] investigated punch problems. In the literature (e.g. Gladwell [1980]) 

a variety of punch problems can be found. 

The problem of diffraction of antiplane shear wave by one or more finite rigid strip at the 

interface has been treated by Palaiya and Majumder [1981], Singh and Dhaliwal [1984], Tait and 

Moodie [1981], Mandai and Ghosh [1992a, 1992b]. Palaiya amd Majumder [1981] considered the 

problem of diffraction of anti plane shear wave by a finite rigid strip at the interface of two bonded 

dissimilar half-spaces. The problem of diffraction of anti plane shear wave by a pair of parallel rigid 

strips at the interface of two bonded dissimilar elastic media was solved by Mandai and Ghosh 

[1992a]. De S_arkar [1985a, 1985b] solved the punch problem on a micropolar elastic solid. 

Different techniques have been adopted by many authors to solve these type of crack and 

inclusion problems. From this stan~point, these problems may be divided into two catagories : 

(I) one for low frequency oscillation of the source or long wave scattering or 

transmission; and 

(II) the other for high frequency oscillation or short wave scattering or transmission in 

the medium. 
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The term long and short are used in comparison to the region of the source of disturbance or 

the size of the crack or strip etc. inside the medium to the wave length of disturbance. 

Here we briefly discuss some techniques which are generally used in crack problems in 

elastodynamics. 

INTEGRAL TRANSFORM TECHNIQUE 

As the equations of motion in the theory of elasticity are partial differential equations which 

may be discussed with reference either to Helmholtz equation or to Laplace's equation, the method 

of integral transform is one of the most effective methods for solving such equations as application 

of this method to such equations results in the lowering of the dimension of an equation by one. 

There are several forms of integral transform and the choice of an integral transform depends on the 

structure of the equation and the geometry of the domain. 

The integral transform f(p) of a function f(x) defined on an interval (a, oo) is an expression 

of the form 

f(p) = J f(x) K(x,p)dx (4) 
a 

where 'a' is a real number and pis a complex parameter varying over some region D of the complex 

plane. K(x,p) is called the kernel of the transformation. The transformation (4) becomes particularly 

useful if it possesses inverse mapping. Ip. that case one can express f(x) in terms of its integral 

transform by · 

1 -
f(x) = -. J f (p) M(x,p)dp (5) 

2m r 
where M(x,p) is a suitable function defined in a < x < "" and p E D and is called the kernel of the 
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inverse transform, which is defined for all x in the interval (a, oo). The complex parameter pis in the 

region D while r is a suitable path of integration in D. After reducing the governing partial 

-
differential equation, the reduced problem can be solved for f(p). The solution of the original 

-~- equation can be expressed in terms of the inverse integral, which may then be evaluated. The 

-+· 

inversion from the transformed ·space to the space of actual variables usually involves very 

complicated. integrations. In many cases even the numerical integration can not be performed 

successfully because of the highly oscillatory character of the integrands ( cf Eringen and Suhubi 

[1975]; Chap.7, Achenbach [1975]; Chap.7). In particular, mixed boundary value problems like the 

dynamic response of a punch on an elastic half-space and the problem involving the presence of a 

crack or a strip inside an elastic medium may be reduced to Fredholm integral equation of first kind 

or to dual integral equations. 

NOBLE'S METHOD 

Suppose that a mixed boundary value problem is formulated by suitable integral transform 

so as to be governed by a set of dual integral equations of the form 

J x -l ( l + K(x)] S(x) Jv(rx)dx = f(r); 
0 

jS(x) Jv(rx)dx = g(r); r>a 
0 

where the functions K(x), f(r) and g(r) are known. 

According to Noble [1963], when v > -112 

O,;r<a 

S(x) = J¥{f /f'8(t)Jv_i(xt)dt+ {tv•iG(t)Jv_i(xt)dt} 

14 
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where 0(t) satisfies the Fredholm integral equation 
a 

0(t) + ! I M(~,t) 0(~)d~ = t -vF(t)- H(t); 

0 

in which 

M(c;,t) = rc/(,i I xK(x) Jv-.!. (c;x) Jv-.!. (tx)dx 
. 0 2 2 

F(t) 

G(~) = I g(r)r-v+I (r2 -~2)-112dr 

' 

O:;;t<a (9) 

(10) 

(11) 

(12) 

(13) 

The integral equation (9) can be solved for 0(t) iteratively for low frequency and consequently S(x) 

can be determined. 

All the axisymmetrical contact problems may be solved by using Hankel transforms and they 

then reduce to the solution of a number of sets (or pairs) of dual integral equations. To solve these 

dual integral equations there are various methods one of which is Tranter's method. We discuss 

briefly the method of Tranter [1968] in solving axisymmetric problems. 

TRANTER'S METHOD 

The solution of certain physical problems involving axisymmetric geometry can be reduced 

to the determination of F(p) from so called dual integral equations of the form 

I G(p) F(p) \(rp)dp = f(r), O<r<1 (14) 
0 

15 
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J P F(p) Jv(rp)dp = 0, 1 <r<oo (15) 

0 

,'j}. where G(p) and f(r) are known functions. 

·A solution F(p) of the above integral equations as a series of Bessel functions can be found 

by setting 
00 

F(p) = P-kL amJv+2m+k(p) (16) 
. m=O 

where k is at present an arbitrary parameter, and proceeding as follows_: 

Substituting from (16) in the second equation of (15) and changing the order of integration 

and summation, one gets 

f pF(p)J.(rp)dp = ~ am J P l-k Jv(rp) Jv+2m+k(p)dp 
0 0 

provided v >"-1 and k > 0, the formula 

_ oo Jv(at)J~ (bt) 
I(v,J.L,A,a,b) - f dt 

0 
t). 

b~r( ~ +.!:: -~ +..!..) 
2 2 2 2 =----'--'::...___c=,-.::..._.:::...L _______ 

2~. ~-!.+Ire r)r( A. v- J.L r) a J.L+ -+- -+-
2 2 2 2 

(17) 

(18) 

shows that all the integrals on the right hand side of (17) vanish when r> I ( because of the factor 

r(-m) in the denominator of the term multiplying the hypergeometric function) and hence the series 

in (16) automatically satisfies the second of the dual equations (15). The coefficients a.n have now 

to be chosen so that the series in (16) satisfies the first of the dual equations (15). For this purpose 
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we need the result 

(19) 

•.)i where n is a positive integer or zero and 

,·-*. 

(20) 

is Jacobi's polynomial. 

Substituting from (16) in the first of (15), multiplication by 

integration with respect to r between 0 and 1, interchange of the order of integrations and use of (19) 

give 

where 

00 

~ am J G(p)p -ZkJv+2m+k(p) Jv+2n+k(p)dp = E(v,n,k) 
0 

E(v,n,k) = 

(21) 

(22) 

Equation (12) with n=O, I, 2, 3, ........... gives a set of simultaneous equations for the determination 

of the coefficients ~ . These simultaneous equations can be rewritten in more convenient form by 

making use of the formula 

f G(p)p -I Jv+2m+k(p) Jv+2n+k(p)dp 
0 

= { 0, m*n 

(2v+4n+2kt1
, m=n 

this being the form taken by equation 

f
oo Jv(at) J.,(at) rc ~ +..!::) 
~--~~--dt = ----------~2~~2 ________ __ 

o t 2r(l +~-..!::)r(l +~+..!::)r(l-~+.1::) 
2 2 2 2 2 2 

17 
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when!.! and v are replaced respectively by v+2n+k, v+2m+k and when 'at' is replaced by p;we find 

in this way 
00 

a +" L a = (2v+4n+2k)E(v,n,k) n L..., m,n m 
m=O 

,)I. where 
00 

Lm,n' = (2v+4n+2k) J (G(p)pl-2k -1 )p-I Jv+2m+k(p)\,zn•k(p)dp. 
0 

The iterative solution of the simultaneous equations (25) is 

an = En - E/ + En" - ....... . 

where 
00 

En= (2v+4n+2k)E(v,n,k), En1 = L LmnEm, 
m"'O 

and so on. 

E // = " L E' I n L..J m,n m 
m=O 

(25) 

(26) 

(27) 

(28) 

Equations (16), (27), (28), (26) and (23) provide a theoratical solution of the dual integral 

equations. For a practical solution it is necessary to be able to choose the parameter k so that the 

expression (G(p)p I-Zk- 1 ), which occurs in the formula (26) for Lm,n, is fairly small. 

Low frequency diffraction due to disc, cone and rigid cylinder have been studied by Asvestas 

and Kleinman [1970], Senior [1971], Datta [1974], Roy [1982a, 1982b, 1982c], Sleeman [1967], 

Roy and Sabina [1982], Datta [1970] considered the problem of diffraction of a plane compressional 

elastic wave by a rigid circular disc. 

Singh and Dhaliwal [1984] solved the closed form solutions of dynamic punch problems by 

integral transform _method. The mixed boundary value problem was reduced to a set of dual integral 

equations with trigonometrical kernals. The solutions were obtained by using Hilbert transform 

. . 
technique (Srivastava and Lowengrub [1968]). We now discuss the Hilbert transform technique as 

follows: 

18 



lllLBERT TRANSFORM TECHNIQUE 

Using the theorem (Tricomi [1951]) ifp E L,(a,b), then the equation 

1 b h ) - J ~dx ~ p(y); yE(a,b) 
1t, X -y 

a 

(29) 

has the solution 

h(x) = - _!_ ~ Jb ~b-y p(y) dy + c (30) 
1t ~~a y-a y-x {(x-a)(b-y) . 

where cis an arbitrary constant and the first term belongs to the class L,(a,b). Using the above 

theorem, Srivastava and Lowengrub [1968] found that the solution of the integral equation 
' b . 

_!_ J 2~h(t
2

} dt ~ p(y); yE(a,b) (31) 
1t a t -y 

(Provided that p satisfies the conditions of the above theorem) is given by 

h(t2) = - _!_ ~ "fb ~ b2 -y2 2yp(y) dy + c (32) 
1t ~~a y2-a2 y2-t2 V(t2-a2)(b2-t2) 

where c is an arbitrary constant. 

Using Hilbert transform technique problems involving pair of cracks or strips can easily be 

solved. Using Hilbert transform technique Sarkar, Mandai and Ghosh [1994] solved the 

elastodynamic problem involving two co-planar Griffith cracks in a orthotropic medium. Using the 

same technique Das and Ghosh [1992] treated four co-planar Griffith crack problems in an infinite 

elastic medium. Itou [1978] solved the problem of dynamic stress concentration around two co-

planar Griffith cracks in an infinite elastic medium using Schmidt method. Itou [1980a, 1980b] also 

considered two different problems involving two finite cracks using the same technique. The 

problem of determining the transient stress distribution in an infinite elastic medium weakened by 

two coplanar Griffith cracks has been reduced by Itou to the following equation 

43 

00 

( ) ( ) I cl . a+b n1t b-a 
2 J g(s,~)sm -~ -- Jn -~ cos(~x)d~ = -pcL(bs), a<x<b (33) 

k s 2b 
0 

2 2 2 
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with 

g (s./;) 
= r~l+klsl/(2c~)y -~lylyl 

hi 

CL __ ~ A+p2fl, where locations of the cracks are a ,; I x I ,; b, I y I < oo, z = 0, 

k = cL I~ and c. (s) are unknown coefficients. 

(34) 

c =~ T ' p 

To determine the coefficients c. (s) by Schmidt's method [1958] equation (33) can be 

rewritten as 
00 

L c. (s) E
0 
(s,x) = - u(s,x), a<lxl<b 

n:::l 

where E.(s,x) and u(s,x) are known functions and the coefficients c.(s) are unknown. 

A set of functions P. (s,x) which satisfY the orthogonality conditions 
b b 

f P m(s,x) P 0 (s,x)dx = Nnomn' N 0 = f P;(s,x)dx 
0 0 

can be constructed from the function, E. (s,x), such that 

00 M. 
P n (s,x) = L -'-" E; (s,x) 

n~l Mnn 

where M;. is the cofactor of the element d;. of D., which is defined as 

dll dl2 ... ... d1n 

d21 d22 ... ... dzn 
n. = 

b 

d -in - J E; (s,x) E
0 
(s,x) dx. 

a 

Using equations (35) and (36) one can obtain 

- i--- Mnj 
- LJ q.-

. j M 
J=n jj 
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(36) 

(37) 

.(38) 

(39) 



with 

1 b 
q

1
. = -- J u(s,x) P (s,x)dx . 

N. J 
J a 

(40) 

:)I. KELLER'S GEOMETRICAL METHOD 

Keller's theory of geometrical diffraction applied to elastodynamics states that the two 

conical surfaces of diffracted rays are generated when an incident ray strikes an edge. The surface 

of the inner cone consists of rays of longitudinal motion, while the surface of the outer cone is 

composed of rays of transverse motion. The half-angles of the cones are related by Snell's law. Fig.l 

shows the cones generated by an incident longitudinal ray. For this case the diffracted longitudinal 

rays make the same angle <l>t with the tangent to the edge as the incident ray, and the diffracted rays 

of transverse motion are under an angle <!>, with the edge, where CL cos<j>T = CT cos<j>L . 

For a straight diffracting edge, and an incident longitudinal ray, the diffracted displacement 

fields are related quantitatively to the incident field by 

ii ~ = e iws,icL [ sl (1 + S/RL) l-1/2 DL i~ A e iw(S,iCL -t) (41) 

(42) 

Here Aexp[iw(S0 I CL- t)] defines the amplitude and the phase of the incident field at the point of 

diffraction, and DL and DT are diffraction coefficients which relate the diffracted field to the incident 

field. Also 81 and 82 are the smaller of the principal radii of curvature of the diffracted wave front, 

or equivalently the distances along the diffracted rays from the points of diffraction to the 

observation point. The unit vectors f~ and f~ relate the directions of displacement of the 

diffracted field to the direction of displacement of the incident field. For a straight diffracting edge 
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Fig. I. Cones of diffracted longitudinal and trandverse rays for an incident longitudinal ray. 
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Rr. is the radius of curvature at the point of diffraction of the curve formed by the intersection of the 

incident wave front and the plane which contains the incident ray and the edge, and 

sin<J>r tan<J>r 
R = R -- (43) 

d L sin <!\ tan <!\ 
.a_ In case of high frequency oscillation Wiener-Hopftechnique (Noble, [1958]) and Keller's [1958] 

geometrical theory are found to be most suitable. We now briefly discuss this methods. 

THE WIENER-HOPF TECHNIQUE 

Let a function <J>(z) analytic in the interval y _ <Imz<y +be defined in the plane of a complex 

variable z. It is required to express <j>(z) in the form 

<J>(z) = <1>. (z) <1> _ (z) (44) 

where <J>.(z) and <J>.(z) are functions analytic in the half-plane Imz>y. and the half-plane Imz<y+ 

respectively. The problem is called factorization problem. In a more general case, it is required to 

define two functions <J>+(z) and <J>.(z) which are analytic in the same half-planes respectively and 

which satisfy the following relation in the interval 

A(z) <I>. (z) + B(z) <1> _ (z) + C(z) = 0 (45) 

where A(z), B(z) and C(z) are given analytic functions in the interval. It is obvious that if C(z)=O, 

we obtain the representation ( 44) after the corresponding changes in the notation. 

Let us assume that the function <J>(z) which is to be factorised does not have any zeros in the 

interval y_ <Imz<y. and tend to infinity as x -=.In this case, neither of the functions <J>.(z) and 

<J>.(z) will have any zero, and we can tal<e the logarithm of both sides of the relation (44) 

log <J>(z) = log <J> + (z) + log <I>_ (z). (46) 

The function F(z) =log <j>(z) satisfies the condition 
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(p>O forx-=) 

and hence the relation (46) can always be solved with the help of the transformation 

F(z) = F, (z) + F _ (z) . 

. ')J. Finally, we get 

<f>(z) = eF,(z). eF_(z)• = <f>,(z) <f>_(z) .· 

If the function <f>(z) has zeros in the intervals we must consider a new function 

(z2 + b2)N/2 <f>(z) 
<f> I ( z) = -'----'-----'--'-"

N, 

II(z-zf' 
i=l 

(47) 

(48) 

(49) 

(50) 

where z, and a, are the zeros, their multiplicity in the interval N 1 ,;; N, where N is the total number 

of zeros, b > (y,, y_ ). The factor in the numerator of (50) ensures that the properties of auxiliary 

functions are conserved at infinity. 

Let us now consider the relation ( 45) and carry out its factorization into L+ and IlL_ for the 

same interval of the ratio AlB. The relation (45) can be represented in the form 

L,(z) <f>,(z) + L_(z) <f>_(z) + L_(z) C(z)/B(z) = 0. (51) 

The expression L_ (z) C(z)/B(z) Can be represented in the following form in accordance with (48) 

E, (z) + E_ (z) 

where <f>,(z) and <f>_(z) are functions analytic in the half-plane y > y_ and the half-plane y < y, 

respectively. Taking this into account, we get 

L,(z) <f>,(z) + E,(z) = - L_(z) <f>_(z) - E_(z). (52) 

It follows from the generalized Liouville's theorem that the left as well as right hand side of 

(52) represents the same polynomial P. (z) of nth degree. 

Wiener-Hopftechnique and different other techniques for solving partial differential equation 
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arising in solid mechanics have been elaborately discussed by Duffy [1994] in his book . 

• ( BOUNDARY ELEMENT METHOD 

··~ 

.~. 

The formulation of general wave diffraction problem by a crack in the half-space with the 

aid of the frequency-domain direct Boundary Element Method (BEM) has been done by Niwa and 

Hirose [1986] and has also been elaborately decribed in the book Boundary Element Method in 

Elastodynarnics [1988]. 

Consider the crack L with two faces :E- and :E • in the half-space V with a free surface S 

-r 
subjected to an oblique harmonic wave that creates a free displacement field ui . 

For this type of geometry one can write the two integral equations 

- J Gikt~ds + J Fikii~ds 
S+I' S+I' 

; l u:(x), 

0, XEV 0 

xEV 
(53) 

(54) 

where r represents the surface of a flat cavity Q that in the limit becomes the crack :E, superscripts 

s and f stand for scattered and free fields, respectively and superscript c denotes the complementary 

domain and Gii is the Green function in infinite medium due to the body force 

(55) 

where o denotes Dirac delta function and e is a constant unit vector and Fii is the corresponding stress 
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component given by 

Fii = {A.Gmk.m<\ + ll(G;kj +Gik.)}ni; 

Il_j being the outward pointing normal vector. 

Combination of equations (53) and (54) results in 

u:(x), xEV 

Jf';ki.i~ds + JF;kukds = xEO 
s r 

0, xEV 'nO' 

(56) 

(57) 

where the traction free boundary condition on r has been taken into account as well as the fact that 

u; = uf + u:. For crack problems (57) is unsuitable because it leads to an undetermined integral 

equation. Thus equation (57) is differentiated according to the constitutive law to give 

XEV 

rwijku~ds + J"Wijkukds = xEO (58) 
s r 

0, xEV 'nO' 

where 

(59) 

In the limit as the flat cavity approaches a crack, the above equation becomes 

xEV 
(60) 

0, xEV' 

where the third brackets denote the discontinuity across :E, i.e. 

(61) 

Taking the limit of equation (60) as the field point x approaches the boundary S or :E, one 
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obtains the traction boundary integral equations : 

rwijku~ds + Jwijk[uk]ds = 0; xonS (62) 
s :E 

~- jwijku~ds + jWijk[iik]ds = -tf; xon~ (63) 
s :E 

where the two parallel line segments on the integral sign signifY a finite part integral in the sense of 

Kutt [1975a-c], Equations (62) and (63) constitute a system of equations to be solved for the 

unknowns [uk] on~ and ii~ on S following standard direct BEM procedures, The singularities in 

( 62) and ( 63) are of order r·3 and as such stronger than then r·2 singularities of (57)- They are 

computed by using the rigid body motion concept and by introducing an auxiliary surface close to 

the discretized portion of S, 

Another special BEM is a direct method which starts with a reciprocity relation that finally 

yields for the scattered displacement field the integral representation 

u~ = J.Fik[ui]ds 0 (64) 
:E 

Equation (64) is then substituted into Hooke's law to derive expressions for the scattered stress 

tensors in terms of [iii]· Finally, use of the boundary conditions produces a set of singular integral 

equations for the [iii] . These equations are solved numerically either by employing special 

quadrature rules or by expanding known and unknown functions in terms of suitable basis functions 

and then determining the expansion co-efficients of of the [iii] . This method has been 

succeessfully used by Achenbach et al [1983, 1984], Vander Hijden and Neerhoff [1984a-b] and 

McMaken [1984] for the solution of wave diffraction problems in the infinite or semi-infinite half-

·plane containing a crack or in the infinite space containing circular cracks. 
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The thesis presented here consists of some boundary value problems in elastodynamics 

involving wave propagation due to some finite source or cracks. The work has been presented in four 

chapters. 

t::f, The first chapter deals with high frequency diffraction of elastic wave by Griffith cracks 

.~ 

which are either stationary or moving in character. 

In the second chapter, inclusion problem in elastodynamic in infinitely long elastic strip is 

considered. 

The third chapter deals with the scattering of elastic waves by vertical crack. 

Finally in the last chapter, elastodynamic Green's function due to ring source has been 

treated. 

The summary of the thesis is presented here chapterwise . 

In the first problem of chapter-I, the high frequency eiastodynamic problem involving the 

excitation of an interface crack of finite width lying between two dissimilar anisotropic elastic half 

planes has been analysed. The crack surface is excited by a pair of time harmonic anti plane line 

sources situated at the middle of the cracked surface. The problem has first been reduced to one with 

the interface crack lying between two dissimilar isotropic elastic half planes by a transformation of 

relevant co-ordinates and parameters. The problem has then been formulated as an extended Wiener

Hpof equation (cf. Noble. 1958) and the asymptotic solution for high frequency has been derived. 

The expression for the stress intensity factor at the crack tips has been derived and the numerical 

results for different pairs of materials have been presented graphically. 

In the second problem ofthis chapter, the transient elastodynamic problem involving the 

scattering of elastic waves by a Griffith crack of finite width lying at the interface of two dissimilar 
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anisotropic half planes has been analysed. The crack faces are subjected to a pair of suddenly applied 

antiplane line loads situated at the middle of the cracked surface. The problem has first been reduced 

to one with the interface crack of finite width lying between two dissimilar isotropic elastic half 

.• . planes by a transformation of relevant co-ordinates and parameters. Spatial and time transforms are 

the applied to the governing differential equations and to the boundary conditions which yield 

generalized Wiener-Hopftype equations. The integral equations arising are solved by the standard 

interation technique. Physically each successive order of iteration correspond to successive scattered 

or rescattered wave from one crack tip to the other. Finally, expression for the resulting mode III 

stress intensity factor are determined as a function of time for both symmetric and antisymmetric 

loadings. Each crack tip stress intensity factor has been plotted versus time for four pairs of different 

)f. 
types of materials. 

The third problem deals with the scattering of horizontally polarised shear wave by a 

Griffith crack moving with uniform velocity along a bimaterial interface has been investigated . 

• Using Fourier transform technique, the mixed boundary value problem has been reduced to the 

· solution of a pair of dual integral equations. These equations are further reduced to a pair of coupled 

Fredholm integral equation of the second kind. The singular character of the dynamic stress near the 

crack tip has been examined and the expression for dynamic stress intensity factor has been derived. 

The dynamic stress intensity factors for several values of wave number, angle of incidence, crack 

speed and material constants have been depicted by means of graphs. 

In chapter-2, we have considered the problem of diffraction of normally incident SH-wave 

by two co-planar finite rigid strips placed symmetrically in an infinitely long isotropic elastic strip 

perpendicular to the lateral suface of the elastic strip. The mixed boundary value problem gives rise 
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to the determination of the solution of the triple integral equations which finally have been reduced 

to the solution of a Fredholm integral equation of second kind. The equation has been solved 

numerically for low frequency range. Finally the elastodynamic stress intensity factors are obtained. 

¥ The variations of the stress intensity factors at the tips of the rigid strips with frequency have been 

depicted by means of graphs. 

The problem of chapter-3 deals with the scattering of elastic wave by an edge crack. A time 

harmonic plane longitudinal wave is incident on a half-space containing a vertical edge crack. Both 

the incident field as well as the scattered field have been decomposed into symmetric and 

antisymmetric fields with respect to the plane of the crack so that the problem is reduced to the 

boundary value problem for a 90° wedge. In both the synunetric and antisynunetric problem, incident 

body waves are at first diffracted by the edge of the crack. For high frequency solution, the diffracted 

body wave being insignificant after a few wave lengths, the significant part of the diffracted wave 

is the Rayleigh wave which is reflected back from the comer of the wedge giving rise to diffracted 

Rayleigh wave from the crack tip. This process of reflection of surface wave from the comer of the 

wedge and subsequent diffraction by the crack tip continues. Considering the contribution from the 

-.,.v 
incident body waves and all the reflected Rayleigh waves, stress intensity factors have been 

\ 

determined and their dependence on the frequency and on the angle of incidence has been depicted 

by means of graphs. · 

In the last chapter (chapter-4), the elastodynamic Green's functions for time harmonic 

radial and axial ring sources and for time harmonic torsional ring source as well in a transversely 

isotropic medium has been derived. The axis of material symmetry and the axis of ring source 

coincides. Fourier and Hankel transforms have been used to derive the solution in integral form. 
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Finally, stationary phase method has been used to evaluate the displacement at large distances away 

from the ring source. For Graphite-epoxy composite material, the displacements have been depicted 

by means of graphs. 

With this much of introduction, we now present the thesis chapterwise. References given in 

the thesis do not include all the previous workers in this line. But attempt has been made to include 

most ofthem. 

-~ 
' ' 
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Paper- 1. 

Paper- 2. 

Paper- 3. 

CHAPTER -1 

DIFFRACTION OF WA YES 

High frequency scattering due to a pair of time-harmonic 

anti plane forces on the faces of a finite interface crack 

between dissimilar anisotropic material. 

Transient response due to a pair of anti plane point impact 

loading on the faces of a finite Griffith crack at the bimaterial 

interface of anisotropic solids. 

Interaction of horizontally polarized SH-wave with a Griffith 

crack moving along the bimaterial interface. 
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1HIGH FREQUENCY SCATTERING DUE TO A PAIR OF TIME-HARMONIC 

ANTIPLANE FORCES ON THE FACES OF A FINITE INTERFACE CRACK 

BETWEEN DISSIMILAR ANISOTROPIC MATERIALS 

1. INTRODUCTION 

The extensive use of composite materials in modern technology has created interest among 

the scientists for carrying on considerable research work in the modeling, testing and analysis of 

laminated media. The laminated composites which behave as anisotropic material may be weakened 

by interface flaws which can lead to serious degradation in load carrying capacity. 

Neerhoff[l979], therefore, studied the diffraction of Love waves by a crack of finite width 

at the interface of a layered half-space. Kuo [1992] carried out numerical and analytical studies of 

transient response of an interfacial crack between two dissimilar orthotropic half-spaces. Kuo and 

Cheng [1991] studied the elastodynamic responses due to anti plane point impact loading on the faces 

of a semi-infinite crack lying at the interface of two dissimilar anisotropic elastic materials. The 

problem of diffraction of normally incident antiplane shear wave by a crack of finite width situated 

at the interface of two bonded dissimilar isotropic elastic half-spaces has been studied by Pal and 

Ghosh [1990]. 

In the present paper we are interested in finding the high-frequency solution of the diffraction 

of elastic waves by a Griffith crack of finite width excited by a pair of time-harmonic concentrated 

anti plane line loads situated at the centres of the cracked surfaces. The materials are assumed to 

possesss certain material symmetry and the crack plane is assumed to coincide with one of the planes 

1 Published in the European Journal of Mechanics A/Solids, V18, 1013-1026, 1999. 
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of material symmetry, so that the inplane and the anti plane motion are not coupled. 

The high-frequency solution of the diffraction of elastic waves by a crack of finite size is 

interesting in view of the fact that the transient solution close to the wave front can be represented 

#. by an integral of the high-frequency component of the solution. The analysis of the paper is first 

based on the observation of several researchers, e.g., Achenbach and Kuo [1986], Ma and Hou 

[1989], Markenscoffand Ni [1984] that antiplane shear deformation in an anisotropic solid can be 

deduced from the corresponding deformations of an isotropic solid by a transformation of relevant 

co-ordinates and parameters. Based on this observation, analysis ofthe.interface crack by line loads 

between two bonded dissimilar anisotropic elastic solids can first be converted to that of a crack 

between two dissimilar isotropic elastic materials. Later, following the method of Chang [1971], the 

problem has been formulated as an extended Wiener-Hopf equation. The Wiener-Hopf equation in 

brief can be found in the book of Achenbach [1973]. The asymptotic solutions for high-frequencies 

or for wave lengths short compared to the width of the crack have been derived. Expression for the 

dynamic stress intensity factor near the crack tips has been obtained and the results have been 

illustrated for different pairs of materials. 

2. FORMULATION OF THE PROBLEM 

Let (X,Y,Z) be rectangular Cartesian co-ordinates. The X-axis is taken along the interface, 

Y-axis vertically upwards into the medium and Z-axis is perpendicular to the plane of the paper. Let 

an open crack of finite width 2L be located at the interface of two bonded dissimilar anisotropic 

semi-infinite elastic solids lying parallel to X-axis. The anisotropic half-planes are characterized by 

·the elastic moduli (C ik)j; (i,k=4,5) and mass density Pj. The subscriptj (j=1,2) corresponds to the 
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Fig. I. Geometry of the problem. 
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upper and lower semi-infinite media respectively. 

A pair of concentrated time-harmonic antiplane shear forces in the Z-direction of magnitudes 

F1 and F2 act on the crack faces Y=O+ and Y=O- respectively at X=O as shown in Fig.!. Thus the 

crack boundary conditions are 
_ ~-F 1 o(X)e-i"'t;· IXI<L, Y~O+, 

ayz(X,Y,t) - . 
F

2
1l(X)e _,.,t; lXI <L, Y ~o-, 

a~l(X,Y,t) ~ a~l(X,Y,t) at Y~O, IXI>L 

W 1(X,Y,t) ~ W2 (X,Y,t) at Y~o, IXI>L, 

(I) 

(2) 

(3) 

where w·is the circular frequency. Two dimensional antiplane wave motions of homogeneous 

anisotropic linearly elastic solids are governed by 

a2w. a2W. a2W. - a2w. 
(C ) J + 2(C ) J + (C ) J. ~ p. __ J 

55 j axz . 45 j axav 44 j avz J atz G ~1,2), (4) 

where Wi (X,Y,t) are the out-of-plane displacements. 

The XY -plane has been assumed to coincide with one of the planes of material symmetry 

such that inplane and anti-plane motions are not coupled. 

The relevant stress components are 

G) aw. aw. 
a ~(C)-J+(C) J xz 55 j ax 45 j av , (5) 

G) aw aw. 
a - (C ) · .J + (C ) _J 
vz- 45iax 44iaY· (6) 

-
Following Achenbach and Kuo [1986] and Kuo and Cheng [1991] we introduce a co-ordinate 

transformation 

(C45). 
x~X---JY 

(C44). , 
J 

- flj y y- (C) , 
44 j 

z ~ z, 

(j=1,2) (7) 
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where 

G = 1, 2). (8) 

Equation (7) and the chain rule of diffrentiation reduced ( 4) to the standard wave equation 

&W. &w. 2 &W . 
__ J + __ J = S· __ J (9) 
axz ciyz J at2 ' 

where 

2 P· Pj (C44\ 
S· = __l and P· = . , 
J ll· J ll· 

J J 

(10) 

si is the slowness of shear waves. Without loss of generality we assume that 

(II) 

Assume 

(12) 

so that wi (x,y) satisfy the following Helmholtz equations 

V2w/x,y) + k}w/x,y) = 0, j = 1,2, (13) 

& az 
V2 =- +- andk=ws j=l,2. axz ay2 J J' 

with 

It follows from equation (11) that k2 > k1 • 

It is easily verified from (4), (5) and (6) that the relevant displacement and the stress 

component in a physical anisotropic solid are related to those in the corresponding isotropic solid 

by 

Wi(X,Y,t) = W/x,y,t), 

U) ll· Ul 
Oxz(X,Y,t) = (C J) oxz(x,y,t) 

44 . 
U) - U) J 

Oyz (X,Y,t) - ayz (x,y,t). 

(C4s). Ul 
+ __ J a (xyt) 

(C44)· yz , ' , 
J 

Further writing 

o~(x,y,t) = 1:~(x,y)e -iwt, j = 1,2, 
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under the changed co-ordinate system the boundary conditions (1), (2) and (3) reduce to 

't"~(x,y) 
awl 

-F1o(x); lxi<L, y=O+, =J.!- = 
I ay 

't"~(x,y) 
aw2 

F2 o(x); I xi <L, y=O-= 1.!- = lay 
~ and 

lxi>L, y=O, 

lxi>L. 

(18) 

(19) 

(20) 

(21) 

To obtain the solution to the wave equation (13), introduce the Fourier transform defmed by 

:--? 
' 

- 1 foo . 
w(a,y) = -- w(x,y)e'""dx. 

{Iii -oo 

The transformed wave equations are 
2-

d WI 2 2 -
---(a -k1 )w1 (a,y) = 0, y;,O, 

dy2 

2-
d w2 2 2 -
---(a -k2 )w2 (a,y) = 0, y,;O. 

dy2 

The solutions of (23) and (24) which are bounded as y - oc are 

where 

w
1 

(a,y) = A
1
(a)e -y,y; y;,q, 

w
2 

(a,y) = Az(a)e y,y; y<o, 

Ia I >ki, 

Ia I <ki. 

Introduce, for a complex a 

G,(a) = .~ j 't"~(x,O)ei•(x-Lldx, 
V 21t L . 

1 G_(a) = -
{Iii 

-L 

J 't"~(x,O)ei•(.,Lldx, 
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(25) 

(26) 
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L 

G/a) =_I_ J 't"~(x,O)ei"xdx. 
Iii -L 

The transformed stress at interface y=O can therefore be written as 

i"~ (a,O) = G+(a)ei•L + G_(a)e -iaL + G/a). 

Using the boundary conditions (I8) and (I9), we get 

. F. 
G.(a) = (-I)J _J · G=I,2). 

J Iii 
Now 

i~l (a,O-) 

Using (33) and (34), equation (3I) can be written in the form 

(-I)iJ.!.y.A.(a) = G (a)ei•L+G (a)e-i•L+(-l)il. 
JJJ + - Iii 

Therefore 

Now 

Ai(a) = (-I)i[G.(a)ei•L +G_(a)e-i•L + (-I)il]. 
J.!iYi fii 

L 

w1(a,O+) -w2(a,O-) =_I_ f {w1(x,O+) -w2(x,O-)}ei"xdx = B(a), say 
Iii -L 

(30) 

(3I) 

(32) 

(33) 

(34) 

(35) 

which is the measure of the displacement discontinuity across the crack surface. Therefore 

(36) 

Substituting the values of Ai (a) from (35) in equation (36) one fmds an extended Wiener-Hopf 

equation namely 

G+(a)ei•L + G_(a)e -iaL + B(a)K(a) = K(a) {2-2}, 
fii 1-!1 Y1 J.!z Yz 

where 

K(a) = 
J.!lJ.!zY1Yz 

J.!1Yl+J.!zY2 
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~--<( . ~-

and 

CJ.11 + J.lz) 1<rxz- k{) 
R~)=--~==~v~~=== 

J.l) v<rx2- k~) + J.lz v<rxz- k{) 

(39) 

In order to obtain the high-frequency solution of the Wiener-Hopf equation given by (37) one 

assumes that the branch points rx.=k1 and rx=k2 ofK(rx.) possess a small imaginary part. Therefore k1 

and k2 are replaced by k1+ik1' and k2+ik2' respectively where k1' and k2' are infinitesimally small 

positive quantities which would ultimately be made to tend to zero. 

Now K(rx.)=K.(rx) K_(rx.) where K.(rx) is analytic in the upper half-plane Imrx. >- k; whereas 

K_(rx.) is analytic in the lower half-plane Imrx. < k2' are given by (cf. Pal and Ghosh [I990]; Wickham 

[I980]) 

K:(rx) = dt , 

where 

Since 'tyz (x,O) decreases exponentially as x- ±co, G+(rx.) and G_(rx.) have the common region 

of regularity as K.(rx) and K_(rx.). It may be noted that B(rx) is analytic in the whole of a-plane. 

Now (37) can easily be expressed as two integral equations relating G+(a), G_(a) and B(a) 

as follows: 

G:(a) +_I_ G,(s)e•2isL ds- _I_· e•isLK,(s) { FI 

K:(a) 2rci L (s-o:)K;,(s) 2rci L .[Ii(s-o:) J.1 1y1(s) 

. I G (s)e +2isL I e +isLK (s) { F 
= - B(a)K (a)e +taL--- " ds + ·-- " 1 . 

" 2rci J (s-a)K;,(s) 2rci J ,fii(s-a) J.l 1Y1(s) 
c" c:;: 
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Fz }ds, (40) 
J.lzYz(s) 



Im ( s) 

kl 
k2 

c. ' --t• Re ( s) 

' c+ • - kl ·k 2 

Fig.2. Path of integration in the complex s-plane. 
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where C+ and C. are the straight contours situated within the common region of regularity ofG+(s), 

G_(s), K,(s) and K_(s) as shown in Fig.2. 

In the first equation of(40) (i.e. the equation involving upper subscripts), the left-hand side 

~ is analytic in the upperhalfplane whereas the right-hand side is analytic in the lowerhalfplane and 

both of them are equal in the common region of analyticity of these two functions. So by analytic 

continuation, both sides of the equation are analytic in the whole of the s-plane. Now, since 

as x-:!:L 

so G+(o:) = O(o:- 112
) as l.o:l-"', Imo:>O 

and also K.,(o:) = O(o: 112
) as lo:l-"', Imo:,.O. 

So it follows that 

G+(o:) = O(o:-') 
K+(o:) 

as lo:l-"', Imo:>O. 

Presumably one has w1(x,O+) -w2(x,O-) = O(lx+LI 112 ) as x-±L. 

Then it follows by standard Abelian asymptotics (cf. Noble [1958]; p.36) that 

Consequently one has 

as lo:l-oo, Imo:<O. 

Thus both sides of the first equation of ( 40) are 0( ct. -I) as I a 1- "' in the respective half-planes. 

Therefore by Liouville's Theorem, both sides of the first equation of (40) are equal to zero. 

The second equation of ( 40) (i.e. the equation involving lower subscripts) can be treated similarly. 

Therefore from (40) one obtains the system of integral equations given by 

G.,(o:) 1 G.(s)e•2isL 1 e•isLK,(s) { F, Fz } 

K±(o:) + 21ti £cs-o:)K±(s) ds- 21ti £-.[iit(s-o:) J.l,y,(s)- llzYz(s) ds = 0. 
(41) 
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Since 't"~ (x,O) is an even function of x, so from (28) and (29) it can be shown that 

. G,(-a) ~G_(a) and K,(-a) =iK_(a) (cf. Pal and Ghosh [1990]). Using these results and 

replacing a by -a and s by -s in the first equation of ( 41) it can easily be shown that both the 
I 

__).._ equations in (41) are identical. So G, (a) andG_ (a) are to be determined from any one of the integral 

·-t 

equations in ( 41 ). 

3. HIGH FREQUENCY SOLUTION OF THE INTEGRAL EQUATION 

To solve the second integral equation of(41) in the case when the normalized wave number 

k1L » 1, the integration along the path C in ( 41) is replaced by the integration along the contours Lk 
I 

and Lk, around the branch cuts through the branch points k1 and k2 of the function K_ (s) as shown 

in Fig.3. Thus the second equation in ( 41) takes the form 

- K_(a) G,(s)e 2isL K_(a) eisLK,(s) { F F } 
G (a)= J ds+ J 1 

-
2 ds.(42) 

- 21ti , (s-a)K_(s) 21ti , {fii(s-a) J.l 1Y1(s) J.l2Y2(s) 
t..,, t..,, t..,, t..,, 

For k1L » 1, it can be shown that 

f 
G,(s)e

2
isL d _ -1 ~ G,(kj)K,(kj) in/4 2ik-L 

s - - - e e 1 , j=1,2, 
t.., (s -a)K_(s) J.li kiL (ki -a) 

and ' 

(43) 

J + s l - 2 eisLds" L (-1)i i + i e . (44) 
K () { F F } 2 F K (k) i(k;L•n/4) 

t..,,•t..,, {fii(s-a) lltV(s2-k~) J.l2V(s2-k{) j=t J.lj(kj-a)JkiL 

Using the results of(43) and (44) and also the relationsG, (-a) = G_ (a) and K_ (a) = -iK, (-a) one 

obtains from ( 42) 

where· 

2 

F.(-a) + L 
j=l 

F.(~) = 

(45) 

= (46) 

43 



Im ( s) 

c_ 

'--t 
--....,0~--------+ Re ( s) 

Fig.3. Path of integration C , Lk , Lk . 
- I 2 
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~-. -

~
·--~ 

All;)~ [K,(~)]2ein/4, 

2{if. . 
1 2 F. K (k) i(kiL•n/4) 

C@ ~ -. L (-l)i•l_J , J e . 
21t1 i=I lli (ki +~) VkiL 

Substituting a=-k1 and a=-k2 in (45) one obtains respectively the equations 

[ 1 + MI (kl)e 2ik,L ]F' (kl) + _!2M I (k,)e 2i'sLp' (k,) ~ - C(kl) 
ll2 

and 

where 

M (~) ~ A(~) 
J ll/kJ + ~) yU: 

Now solution of(49) and (50) gives 

where 

F,(km) ~ [ ::Mm(kn)C(kn)e
21

k"L- C(km){l +Mn(kn)e
21

k"L}]P(kpk,) 

(for m=l, n=2 and for m=2, n=l) 

(47) 

(48) 

(49) 

(50) 

(51) 

(52) 

-I 

P(kpk,) ~ 1 + MI (ki)e2ik,L + M,(k,)e2ilsL + ( ki- k,) 2 MI (ki)M,(k,)e2i(k,•~)L (53) 
kl + kz 

For high-frequency, expanding P(k1, kz) up to O(kiL) -I and neglecting the terms involving (ki L) -2 

and the higher order terms in F+(k1) and F+(k2) in (52) respectively, one obtains from equations (45) 

and (46) 

where 

G_(a) = 

K.(~) e i(IL•n/4) 
L(~) ~ ---

jf;[ 

(54) 

(55) 
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Replacing a by -a and using the relations K _(-a) =- iK.(a) and G_(-a) = G,(a) one obtains, 

G.(a) = - K,(a) t (-1)iL(k.)F.{ 1 - t 
21t j~l J J (kj +a) J.lj m~l 

Mj (km) 2ikm L 
--"--=--e 
llm(km +a) 

2 2 

+ E E 
m"'l n=l 

Mi(km)Mm(kn) e2i(km•k,)L}· 

lln (kn +a) 

4. STRESS INTENSITY FACTOR NEAR THE CRACK TIPS 

For a - +oo along the real axis, 

J.l1 + J.l2 

From (53) and (56) one obtains, 

where 

s = 

G,(a) - S a-112 and G_(a) - -iS a-112 , 

1 

21t 

+ ~ t ~(km~~m(kn) e2i(km•k,)L}· 

Using (57) and (58), equation (37) yields 

B(a) = _S_{ie -i•L _ e iaL }( J.l1 + J.l2) + _1_ {F1 _ F2 }..!. . 
a.[ri. J.l1 J.l2 {Iii J.l1 J.l2 a 

From equations (18), (19) and (20) one obtains, 

-r;;> (x,O+)- -r;;> (x,O-) = - (F
1 

+ F
2
)o(x). 

Taking Fourier transformation on both sides, we obtain 

~~\a,O+) - ~g\a,O-) = - (Fl + F2) 
{Iii 

or 
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(56) 

(57) 

(58) 

(59) 

(60) 

(61) 



From equations (60), (61) and (36) one obtains when a-+= along the real axis, 

Now 

··I F 
A.(N) __ (-1)J S [· -iaL iaLJ 1 1 j. 

J ~ -'-'--'---'- te - e + ----, 
llj a ra {f1i a llj 

j=1,2. 

'~ (x,y) - aw/x,y) - a I 1 f~A ( ) -r;IYJ-iaxd I -ll· -11.--- .ae a 
J ay Jay {fi_~ J 

= (-1)i~ J~ y.A.(a)e-r;IYI[e-iax+eiax]da 
{fioJJ 

as by equation (3 S) Ai (a) is an even function of a. 

(62) 

(63) 

Substituting the values of Ai (a) as I a I - =we can write the stress in the vicinity of the crack 

tip as 

where 

. F. ~ 
+ ( -1)J...l J e -aJyJ cosxada 

ll . 
0 

S (1- .) ~ -ajyj 
= 

1 J _e __ [ cosa(x+L) -sina(x+L) +cosa(x-L) +sina(x-L)]da + 
{f1i o ra 

+ ( -J)i Fi j e -aJyJ cosxada . 

ll 0 

= S(l-i) -cos-1 +-cos--2 +(-1)J...l , 
[ 

1 8 1 8] . F. IYI 
{r; 2 {r;. 2 n x2 +y2 

(64) 

(65) 

It is to be noted that the final term in equation (64) which can be reduced to - Fi Y describes 
n x2 +y2 

the behaviour of the stress near the source. Therefore at the interface (y=O) we obtain 

' = s (1 - i) 
yz J(x- L) 

as x-L+O, (66) 
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s (1 -i) 

J-(x+L) 
as x--L-0. 

Now the dimensionless stress intensity factor is defined by, 

K = S(1 - i) 

Ftjk; 

where S is given by (59). 

5. RESULTS AND DISCUSSIONS 

(67) 

(68) 

Since from equations (7) and (16) we note that for Y=O, x=X and y=O and that 

a~z(X,O,t) =a~(x,O,t), therefore, the elastodynamic mode-ill stress intensity factor of the interface 

crack in an anisotropic bimaterials is the same as that of an interface crack of the corresponding 

isotropic bimaterial given by (68). 

Numerical calculations have been carried out for both the cases of antisymmetric (F1 = -F2 

=F) and symmetric (F1 = F2 =F) antipla11e loadings. For numerical evalution of the stress intensity 

factors, the three material pairs (Nayfen, [1995]), given in Table-1, h11ve been considered. 

Table-1. Engineering elastic constants of different materials. 

Medium Name p(Kg m ·3) C44 (Gpa) c55 (Gpa) C45 (Gpa) 

Type of material pair : I 
1. Carbon-epoxy 1.57 X 103 3.98 6.4 0 
2. Graphite-epoxy 1.60 X 103 6.55 2.6 0 

Type o~ material pair : II 
1. Isotropic Chromium 7.20 X 103 115.2 115.2 0 
2. Isotropic Steel 7.90 X 103 81.91 81.91 0 

Type of material pair : III 
1. Graphite 1.79 X 103 5.52 28.3 0 
2. Carbon-epoxy 1.57 X 103 3.98 6.4 0 
-----------------------------------------------------------------------------------------------------------------
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The absolute values of the complex stress intensity factors defined by ( 68) have been plotted 

against k1L in Figs. 4-6, for symmetric as well as for antisymmetric loadings for values of 

dimensionless frequency k1L varying from 1.01 to 10. 

It is interesting to note that in the case of symmetric loading, the stress intensity factor fust 

increases with the increasing k1L, attains a maximum and the with further increase ofk1L, decreases 

gradually with oscillatory behavior. On the other hand in the case of antisymmetric loading, stress 

intensity factor at first decreases sharply but with the increase of k1L, it shows almost the same 

behaviours as the case for symmetric loading. The general oscillatory feature for the curves in Figs. 

4-6 are due to the effect of interaction between the waves generated by the two tips of the crack. 

----X----
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2TRANSIENT RESPONSE DUE TO A PAIR OF ANTIPLANE POINT IMPACT 

LOADING ON THE FACES OF A FINITE GRIFFITH CRACK AT THE 

BIMATERIAL INTERFACE OF ANISOTROPIC SOLIDS 

1. INTRODUCTION 

The problem of a crack in an elastic material under the action of impulsive loading has been 

a subject of considerable interest recently. Sih et a! [1972] have considered the problem for an 

infinite isotropic material and Kassir and Bandyopadhyay [1983] studied infinite orthotropic 

material. Stephen and Hwel [1970] also investigated the problem of diffraction of transient SH

waves by a crack of finite width and a rigid ribbon, also of finite width. 

However in present years the extensive use of composite materials in the modem technology 

has created interest among scientists for carrying on considerable research work in the modeling, 

testing and analysis of laminated media. The laminated composites which behave as anisotropic 

material may be weakened by interface flaws which lead to serious degradation in load carrying 

capacity. 

Kuo [1984] carried out numerical and analytical studies of transient response of an interfacial 

semi-infinite crack between two dissimilar orthotropic half spaces. The problem of diffraction of 

transient horizontal shear waves by a finite crack located at the interface of two bonded dissimilar 

elastic half spaces has been treated by Takei eta! [1982]. 

Neerhoff [1979] studied the diffraction of Love waves by a crack of finite width at the 

interface of a layered half space. Kuo and Cheng [1991] considered the elastodynamic response due 

2 Published in the Int. J. Engineering Science, V36, 1197-1213, 1998. 
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'-!If·. 

to antiplane point impact loadings on the faces of an interface semi-infinite crack along dissimilar 

anisotropic materials. 

In our present paper, we are interested in the antiplane transient elastodynamic responses and 

stress intensity factors of a Griffith crack of finite width lying along the interface of two dissimilar 

anisotropic elastic materials. The crack is subjected to a pair of suddenly applied antiplane 

concentrated line loading situated at the middle of the cracked surface. The materials are assumed 

to possess certain material symmetry and the crack plane is assumed to coincide with one of the 

planes of material symmetry, so that the in plane and the anti plane motion are not coupled. 

The analysis of the paper is first based on the observation of several researches, e.g. 

Markenscoff and Ni [1984], Achenbach and Kuo [1981], that antiplane shear deformation in an 

anisotropic solid can be deduced from the corresponding deformations of an isotropic solid by a 

transformation of relevant co-ordinates and parameters. Based on this observation, analysis of the 

interface crack by transient line loads between two bonded dissimilar anisotropic elastic materials 

has first been converted to the corresponding problem between two dissimilar isotropic elastic solids. 

Later following Thau and Lu [1970], spatial and time transform are applied to the governing 

differential equations and generalized Wiener-Hopf type equations are obtained. The integral 

equation arising are solved by the standard iteration procedure. Physically, each successive order of 

iteration corresponds to successive scattered or rescattered wave from one crack tip to other. 

Finally results are presented for the stress intensity factor near the crack tips. Each crack tip 

stress intensity factor is plotted versus time for a pair of different type of anisotropic materials. 
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Fig. I. Geometry of the problem. 
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2. FORMULATION OF THE PROBLEM 

Consider antiplane deformation of a Griffith crack of finite width 2L lying between dissimilar 

anisotropic half planes which are characterized by the elastic moduli (C ik).; (i,k=4,5) and mass 
J 

+ density~. The subscriptj (j=1,2) refers to the upper and lower media respectively. Let (X,Y,Z) be 

the Cartesian co-ordinates. The X-axis is taken along the interface, Y -axis vertically upwards into 

the mediiun and Z-axis is perpendicular to the plane of the paper (Fig.!). 

For time t<O, the elastic solids are at rest. For time t;,O, a pair of concentrated antiplane shear 

forces in the Z-direction of magnitudes F1 and F2 act on the crack faces Y=O+ and Y=O- respectively 

at X=O. Thus the crack boundary conditions are 

" {-F1o(X)H(t); 
Oyz (X,Y,t) = 

F2 o(X) H(t); 

IXI<L, Y=O+, 

IXI<L, Y=O-, 
(1) 

where HO and 60 are the Heaviside step and Dirac delta functions respectively. Ahead of the crack 

tips, the interface boundary conditions which corresponds to the continuity of the displacement and 

traction along the welded part of the interface along IXJ>L, Y=O are 

"(I) "(2) 
Oyz (X, 0, t) = Oyz (X, 0, t) (2) 

1\ 1\ 

W1 (X,O,t) = W2 (X,O,t). (3) 

Two dimensional anti plane wave motions of homogeneous anisotropic linearly elastic solids are · 

governed by ( Carnprin [ 19 81]) 

" 2 1\ azwl. a w. 
(C ) -- + 2(C ) l 55 j ax2 45 j axay 

56 

2 1\ " a w. 
= p--J 

J at 2 
(j = 1,2), (4) 



+ 

1\ 

where W j (X, Y, t) is the out-of-plane displacement. 

The crack plane has been assumed to coincide with one of the planes of material symmetry 

such that inplane and out-plane motions are not coupled. 

The relevant stress components are 

/\G) 
Oxz (X, Y, t) 

1\ aw. 
- (C ) J 
- 55 j ax 

1\ aw. 
+ (C ) J 

45 j aY 

" aw. 
+ (C ) J 44 j aY 

(5) 

(6) 

Following Achenbach and Kuo [1986] and Ma [1989], we introduce a co-ordinate 

transformation which has also been used by Kuo and Cheng [1991] 

where 

(C45)· 
x=X---1 Y 

. (C44)· , 
J 

- ~j y 
y - (C44)· , 

J 
z = z, 

(j=1,2) 

G = 1, 2). 

Transformation given by equation (7) reduce equation ( 4) to the standard wave equation 

1\ " a2w. a2w. __ J + __ J 

ax2 ay2 
where 

2/\ 
2 a w. 

= S· __ J 
J at2 , 
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(8) 
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+ 

(10) 

si is the slowness of shear waves. Without any loss of generality we assume that 

(11) 

It is easily verified from equations ( 4) - ( 6) that the relevant displacement and the stress 

component in the physical anisotropic solid are related to those in the corresponding isotropic solid 

by 

1\ 

Wj(X,Y,t) = W/X,y,t), 

/\G) 
Oxz (X,Y,t) 

1\G) G) 
Oyz (X,Y,t) = ayz(x,y,t). 

(C4s). Gl 
+ __ J a (xyt) 

(C ) yz , , , 
44 j 

(12) 

(13) 

(14) 

From equations (9) and (12), the anti plane wave motions of the corresponding isotropic 

bimaterial in the transformed co-ordinate are governed by the standard wave equation 

2 a2w. 
= S· __ J. 

J at2 , 

and the relevant stress components are 

G) awj 
.ayz(x,y, t) = "·.... J ay . 

G = 1,2) 
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Under the changed co-ordinate system the boundary conditions equations (1) - (3) reduce to 

_ r F1 o(x) H(t); lxi<L, y=O+ 
ayz(x,y, t) -

lxi<L, Y=O-· F
2
o(x)H(t); 

+ 
(17) 

(I) _ (2) , ayz (x,y,t) - ayz (x,y,t), lxi>L, y=O, (18) 

w1 (x,y,t) = w2 (x,y,t); lxi>L, y=O. (19) 

Hence 

awl 
111 - = -F1 o(x)H(t); lxi<L, y=O+ ay 

(20) 

(21) 

and 

lxi>L, y=O (22) 

w1(x,O,t) = wz(x,O,t); lxi>L, y=O. (23) 

We begin the analysis by introducing unknown functions wi and awi I ay along the x-axis 

over the intervals where the functions are not specified by equations (22) and (23). 

Assume that 

-L<x<L (24) 

0 and 
>-. 
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<J>(x + L, t); 

<J>(x- L, t); 

y=O, x+L<O 

y=O, x-L>O 

Now we introduce Laplace anfFourier transforms defined as 

F(x,y,p) = J f(x,y,t) e -p'dt, 

0 

so that their inverse transforms are 

f(x,y,t) = ~ J F(x,y,p)eP1dp, 
2m 

BR 

-
F((,y,p) = J F(x,y,p)e -iCxdx 

F(x,y,p) =_I JOOF((,y,p) eiCxd(. 
2n: 

Taking Laplace transform with respect tot of both sides of equation (24) (for I xI< L) 

(25) 

(26) 

(27) 

W/x,O,p) = J wi(x,O,t)e-P'dt = J g/x,O,t)e-P1dt = G/x,O,p); lxi<L. (28) 

0 0 

Next taking Laplace and Fourier transform on wave equation (15) one obtains 

2-a WI 2 2 -
---((+k)w =0; y>O, 

dy2 I I 
(29) 

(30) 

where 

k2 
= s2 p 2

· (" 1 2) J J , J=, . (31) 
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The solutions of equations (29) and (30) which are bounded as IYI- = are 

(32) 

+ 
W2 ((,y,p) = ~(()e YzY; y<o, (33) 

where 

(34) 

The transformed stress at the interface y=O can be written as 

BW/(,O,p) 1 - · 
1-!j ay = eiO-<I>.((,p) + P elj + e-iO-([>_((,p), [j=1,2, ej=(-l)l], (35) 

where 

and 

<I>. and <I>_ are analytic in the complex half plane Im( () > -k1 and Im( () < k1 respectively. So from 

equations (32) and (33) one obtains 

61 



).-

(36) 

Equation (35) with aid of equation (36) yields 

Taking aid of equations (19), (28), (32) and (33) one obtains 

- -
WI ((,O,p)- w2 ((,O,p) = J {WI (x,O,p) - W2(x,O,p) }e -iCx dx 

L 

= J { G1 (x,O,p)- G2 (x,O,p) }e -iCx dx = B(() (say) 

-L 
so that 

(38) 

By the help of equations (37) and (38) one finds an extended Wiener-Hopf equation namely 

where 

K(() = 
lliil2Y1Y2 

1-LIYI + ll2Y2 
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so that 

(42) 

(43) 

The solution of equation (39) along with two transform inversions completes the problem. 

Here we shall concentrate on fmding and then inverting <I>. and <I>_ since <j>(x+L, t) and <j>(x-L,t) 

from equation (25) are egual to the shear stresses directly ahead of the crack tips. Hence they are 

required for the determination of dynamic stress intensity factors at the crack tips. 

In order to solve equation (39), the function K(() is at first made single valued by drawing 

branch cuts along the 1]-axis (recall (=~+iT]) from T]=k1 to oo and from Tj=-k1 to -oo. It is then broken 

up into the pr9duct of two functions which are analytic in the overlapping regions Im( ()>-k1 and 

Im(()<k1 so that 

K(() = K.(()K_((). (44) 

Next we divide equation (39) by K.(() and change ( to ( 1 in it and redivide it by 

2 1t i e K'L ( ( 1 - () which yields 

e -i,'LK_((1)B((1) 

2ni((1- () 
= 

<I>.((') <!> _((')e -2i(
1
L 

------------ + ------------
2niK.((1)((1 -() 2niK.((1)((1 -() 

(45) 

Now with ( 1 
= ~1 + i1] 1

, take a line 1 1 in the ( 1-plane lying in the strip - k 1 <1]1 <k1 ; choose 
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.~· 

(to be a point lying above L1 (i.e. 1]>1]1) and integrate equation (45) along L1 from -oo<~1<oo 

;p ((') ;p ((')e -2K
1
L -J + d(' + J - d(' 

21tiK ((1)((1 -() 21tiK ((1)((1 -() 
Ll + Lt + 

(46) 

Since B((') is analytic in the entire plane and K_ ((1)e -i,'L is analytic in the lower half 

plane, so considering semicircular contour in the lower half plane the first integral is found to be 

equal to zero. 

Again while evaluating the second integral, a semicircular contour in the upper half plane is 

considered. Consequently the second integral is found to yield the value <Il. (()IK. ((). 

Next for the last two integrals the integration path is deformed to the path round the branch 

cut through the branch points ( = -ik1 and -ik2 as shown in. Fig.2 so that fiQ.ally equation ( 46) takes 

the form 

iK.(() 00 ii>J-ik1(l+A.)]K_[-ik1(l+A.)]e-2Lk,(l•l.) dA. 

1t f.l1 I [ikl o +A.) +(]{A.( A.+ 2) 

+ iK.( () 00 ;p- [ -ikz (1 +A.)] K_ [ -ikz (1 +A.)] e -2LI<,(I •l.J dA. 

1tf.l2 I [ikz(l +A.)+(] v'A.(J.. +2) 

+ iF I K. (() oo K_ [ -ikl (1 +A.)] e -Lk,(I •l.) dA. 

ltf.l1P I [ikl(l+A.)+(]JA.(A.+2) 

_ iF2K.(() 00 K_[ -ikz(l +A.)] e -LI<,(I •l.l dA.. 

1tf.l2P. I [ikz(l +A.)+(] JA.(A.+2) 
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Jm-z;' 

ik2 

ik, 
l c-oo Lz ic+oo 

·~ 

• ~ et;' 

-ic-= -ik, L1 -i c-+oo 

-ik 2 -' -· 

Fig.2. Patli of integration. 
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Similarly we can derive an equation for <I>_(~) by dividing equation (39) by 

21tie -l{'L K_ ((') (~1 -~) after first changing~ to (' and then choosing a line of integration 1 2 in the 

strip - k1 < 1]1 <k1 . The point ~ is taken below 1 2 and the result analogous to equation ( 4 7), then 

~ becomes; 

<I>_(~) 
= iK_(() ~ <l>.[ik1(1 +A.)]K.[ik1(1 +A.)]e-2Lk,(I•J.) dA. 

lt!ll £ [ikl(l+A.)-~]JA.(A.+2) 
+ iK_(O ~ <l>.[i~(l +A.)]KJi~(l +A.)] e -

2
Lk,(l•J.) dA. 

ltl-12 £ [i~(l+A.)-~]JA.(A.+2) 
_ iF1 K_(~) ~ KJik1(1+A.)]e-Lk,(I+i.) dA. 

1tll1P £ [ik1 (1+A.)-~lJA.(A.+2) 
iF2K_(~) ~ KJilr (1 +A.)] e -Lk,(I +I.) 

+ f ·~ ·dA.. 
1t ll2P 0 [i~ (1 +A.) - ~] JA.(A. + 2) 

(48) 

The integral equations have been solved by the standard iteration method and it may be noted 

that each successive order of iteration is a solution of the problem for successively increasing units 

of time starting from t=O. Since each unit of time here corresponds exactly to the time required for 

an SH-wave to traverse the crack width, we can interpret physically each order of iteration in terms 

of the successive scatterings of waves from one crack to other and back again. Now we consider the 

zeroth order solutions of equations (47) and (48) as 

= _iF...:1c....K_._(~_)_e_-Lk_, ~ K_ [ -ik1 (1 +A.)] e -Lk,i. dA. 

£ [ikl (I +A.) + ~] JA.(A. + 2) 

_ iF2K+(~)e-Lk, ~ K_[i~(1+A.)]e-Lk,i. dA. 

1tll2P £ [ikz(l +A.)+(] JA.(A. +2) 
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and 

= _ iF
1
K_(()e -Lk, ~ K.[ik

1
(1 +A.)] e -Lk,i. dA. 

1t lltP I [ikl (1 +A.) -(]{A.( A.+ 2) 

+ iF2K_(()e -LI<, ~ K.[iJs(l +A.)] e -Lk,i. dA.. 

1t).l2p I [iJs(l +A.)- (J vA.(A.+2) 
(50) 

Due to the presence of exponentially decaying terms in the integrands the main contribution 

to the integrals would be from small values of A.. So approximately evaluating the integrals we obtain 

finally 

F
1
K+(()K+(ik

1
)e -Lk, 

).11 p ( ( + ik1) J2 n:Lk1 

iF
1 
K_(()K+(ik

1
)e -Lk, 

J.l 1p(( -ik1) J2n:Lk1 

F2K+ (()K+ (iJs)e -LI<, 

).l2p(( +iJs) J2n:LJs 

iF2K_(()K+(iJs)e -Lk, 

).l2p(( -iJs) Jzn:LJs 

(51 a) 

(51 b) 

The expression for ~~)(()and ~~)(()may be recognised as the solutions corresponding 

to the separate problems of diffraction of semi-infinite cracks y=O, x>-L and y=O, x<L respectively 

because until the scattered wave emanating from a given crack tip reaches the opposite crack tip, the 

semi-infinite crack solution must apply. 

The waves originating from concentrated line sources at x=O, y=O+ and x=O, y=O- arrive at 

the crack edges at t=s1L and t=s2L respectively. 

The waves arriving at one edge at time t=s1L and t=s2L respectively through the upper and 

lower media reach the opposite edge at times t=3s1L, s2L+2s1L through the upper medium and at 

time t=s 1L+2s2L, 3s2L through the lower medium. So the first order solution ~~1l(() and ~~\0 

which we obtain by substituting equations (51 a- b) into the integral equations (47) and (48) gives 
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the effect of these waves and it is valid until t=5s1L when the second scattered wave from the 

opposite edge first arrives. So the first order iteration becomes 

- 2 K (r)i£><0l(-ik )K (ik )e -2Lk, 2 (-1)'F K (()K (ik )e-Lk, 
<1>~1) (() = L ' <, - r ' r - L r ' ' r (52a) 

r=l 2J.L,(( + ik,) JnLk, r=l Jl,p(( + ik,) J2nLk, 

and 

- 2 K cr)ii>(O)(ik )K (ik )e -2Lk, 
<1>~1) ( () = _ i L - > • r , r 

r=l 2J.L,( (- ik,) JnLk, 

2 (-l)'F K (r)K (ik )e-Lk, 
- i L r - <, ' r . (52b) 

r=l Jl,p(( -ik,) J2nLk, 

For stress intensity factor since we are interested in the singular part of the stress near the 

crack tip, so making Kl-= and noting that R~·2 CO tends to unity as Kl-= we obtain 

and 

i£>~l( -ik,)K,(ik,)e -2Lk, 

2J.L,JC( +ik,) JnLk, 
- L r ' r (53a) 

2 (-1)'F K (ik )e-Lk, I 
r=l Jl,PJC( + ik,) J2nLk, 

- L r ' r . (53b) 
2 ( -1) 'F K (ik ) e-Lk, I 

r=l Jl,PJ(( -ik,) J2nLk, 

Taking inverse Fourier transform we obtain, 

<I> (x±L) = ± Jll Jl2 1 - I ' I e 
( )

2 I F [RI(ik )]3 s1p(±x-2L) 

± Jl1 + Jl2 2nJ(L lx±LI) J.Li JJ.Ls1 L p 312 
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(54) 

Next from equation (54) the normalized stress intensity factors K,.L (t) where subscripts -L, 

+L refer to the corresponding values at the crack tips at x~-L and x~L respectively have been 

derived. 

Noting that R~·2 (ik1) and R? (ikz) are independent of p and using shifting theorem, the 

inverse Laplace transform finally gives the normalised dynamic stress intensity factors as 

Fz z. 3 r"t ) l - ~ [R. (lkz)] ~ l y - 3) H(1:- 3y) , I <1:<5, (55) 
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where 

ll2 s2 t 
m = -, y =- and 1:--

111 s1 s1 L 

It may be noted that stress intensity factors at the both edges [K+L (t)[ and [K-L (t)[ are the 

.)r same which is also obvious from the symmetry of the problem. 

3. RESULTS AND DISCUSSIONS 

From equations (7) and (14) it is to be noted that Y=O, x=X and y=O and that 

"G> - . Oyz (X, 0, t) - dyz (x, 0, t). 

Therefore, elastodynamic mode III stress intensity factors at the crack tips of the interface 

crack in an anisotropic bimaterial are the same as that of the interface crack of the corresponding 

isotropic bimaterial given by equation (55). 

While carrying out numerical calculations both the cases of symmetric (F1 = F2 =F) and 

antisymmetric (F1 = -F2 =F) loading have been treated. For numerical evaluation of stress intensity 

factors at the tips of the cracks of finite width situated at the interface, the four ma~erial pairs (N ayfeh . 

[1995]), given in Table- I, have been considered. 

The· absolute value of the stress intensity factors defined by equation (55) has been plotted 

against 1: ( = _t_) for different material pairs in Figs. 3 - 6 for both the symmetric and 
s1L 

antisymmetric loading for values of 1: varying from 1.0 to 5.0. 

It is to be noted that in the case of antisymmetric loading, stress intensity factor increases in 

two steps, the first step corresponds to the first arrival of the wave at the crack tip moving along the 

upper face of the crack from the source and the second jump occurring because of the arrival of the 

wave at the crack tip due to wave moving along the lower face of the crack. 
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Table-I. Engineering elastic constants of different materials. 

Medium Name C44 (Gpa) C55 (Gpa) C45 (Gpa) 

Type of material pair: I 

1. Carbon-epoxy 1.57 X 103 3.98 6.4 0 

2. Graphite-epoxy 1.60 X 103 6.55 2.6 0 

Type of material pair : II .,_ 
1. Isotropic Chromiwn 7.20 X 103 115.2 115.2 0 

2. Isotropic Steel 7.90 X 103 81.91 81.91 0 

Type of material pair : III 

1. Isotropic Aluminium 2.70 X 103 26.45 26.45 0 

2. Carbon-epoxy 1.57 X 103 3.98 6.4 0 

Type of material pair : IV 

1. Copper coated 8.00 X 103 91 135 0 

Stainless Steel 

2. Isotropic Alwniniwn 2.70 X 103 26.45 26.45 0 
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It is interesting to note that after the arrival of the first scattered wave from the opposite edge 

of the crack, the stress intensity factor gradually decreases in the case of anti symmetric loading. 

However in the case of symmetric loading stress intensity factor at first increases when the 

~· wave moving from the source along the upper face of the crack surface reaches the crack tip but as 
0 0 

soon as the wave from the source moving along the lower face of the crack reaches the crack tip, 

suddenly it decreases for Type I and Type II material pairs and increases for Type ill and Type IV 

material pairs until the scattered wave from the opposite crack tip arrives when the stress intensity 

factor shows tendency of increasing but with slow oscillations. 

Appendix A 

where 

From equation (40) we obtain 

112 
m--

Ill 

m 1 '2+k~ 
--+--
l+m l+m '2+ki 

Taking logarithm on both sides, one obtains 
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~ 

So 

logR!CO 
1 

21ti 

-ic+.., 

J 
-ic-oo 

m 1 =-log--+--
1 +m 1 +m 

logR 1 (z) dz. 
z-( 

Replacing z by -z and using R\-z) = R1(z) 

1 
ic+oo 

logR 1 (z) dz = _I_ 
ic+"" 

logR!CO = J J 21ti z+( 21ti 
ic-oo ic-""' 

m l 
log 1+-

l+m m\ 

z+( 

z2+k2 1 
log 1+- 1 

1 
ic+CIO m, z2+k2 

J 2 dz --
21ti z+( 

ic-oo 

which yields, 

Similarly, 
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z2+k2 
1 

z2+k2 2 dz 

(A.2) 



Similarly, it can be shown that 

R1C<:) 

where R2
(() is given by equation (43). 

Using equation ( 40) or equation ( 41) it can be shown that 

K±(() = ( lltllz )tl2((±ikt)t/2R.1C() 
llt + llz 

From either equation (A.S) or equation (A.6) it can be easily shown that 

K_( -() = - iK+((). 

----x----

• 
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3INTERACTION OF HORIZONTALLY POLARISED SH-WA VE WITH A GRIFFITH 

CRACK MOVING ALONG THE BIMATERIAL INTERFACE 

1. INTRODUCTION 

Scattering of elastic waves by a stationary or moving crack of finite width at the interface of 

two dissimilar elastic materials is important in view of its application in seismology as well as in 

fracture mechanics. The diffraction of Love waves by a stationary crack of finite width at the 

interface was investigated by Neerhoff[l979]. Kuo [1984] carried out analytical and numerical 

studies of transient response of an interfacial crack between two dissimilar ortbotropic half spaces. 

Srivastava eta! [1980] also derived the low frequency solution of the interaction of SH-wave by a 

Griffith crack at the interface of two bonded dissimilar elastic media. 

In the case of cracks of finite size, moving with uniform velocity, loads, for mathematical 

simplicity, are usually assumed to be independent of time. However, in practice, structures are often 

required to sustain oscillating loads where the dynamic disturbances propagate through the elastic 

medium in the form of stress waves. The problem of diffraction of a plane harmonic polarized shear 

wave by a half-plane crack extended under anti plane strain was first studied by Jahanshahi [1967]. 

Later Sih and Loeber [1970] and Chen and Sih [1975] also considered the problem of scattering of 

plane harmonic wave by a running crack of finite length. Recently the high frequency solution of the 

problem of diffraction of the horizontally polarizes shear wave by a finite crack moving on a 

bimaterial interface has been investigated by Pal and Ghosh [1993] using Wiener-Hopftechnique. 

3 In press, Indian Journal of Pure and Applied Mathematics, 2000. 
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In the present paper, we have investigated the low frequency solution of the scattering of 

plane SH-wave by a finite crack moving on bimaterial interface with uniform velocity. Using moving 

co-ordinate system and Fourier transform technique, the elastodynamic problem has been reduced 

to two pairs of dual integral equations. Following Sih and Loeber [1969], the solution is then 

obtained in terms of a pair of coupled Fredholm integral equations. Finally the singular nature of the 

stress near about the crack tip has been determined. The numerical values of dynamic stress intensity 

factor versus demensionless wave number have been depicted by means of graphs for various 

parameters of material properties, crack speed and the angle of incidence. 

2. FORMULATION OF THE PROBLEM AND ITS SOLUTION 

Let a plane crack offmite length 2a located at the interface of two bonded dissimilar semi-

infinite elastic media be moving with a constant velocity V due to the incidence of plane harmonic 

SH-wave 

(2.1) 

where W0 is the wave amplitude, A1 wave number, Q(=A1C1) circular frequency, (ll/2- 8 1) angle 

\ 
of incidence and C1 is the shear wave velocity in the upper medium denoted by (1 ). 

The crack lies in XZ plane with Z axis directed parallel to the edge of the crack with respect 

to the rectangular co-ordinate system (X,Y,Z) as shown in Fig. I. 

We assume that the displacement and the stress due to scattered fields are 

w. = w. (X Y) e .;en 
J J , (2.2) 

and 

aw 
- II J 
- "j ar (2.3) 
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(1) 

0 

(2) 

1 y 
. ~ Incident SH-wavc 

·y,~A_ 
I< __ ----- Vt-------- --' 

X 
0 

-( ----) <------·2a--------- . 

~ V=Crack velocity r-- ' 

. 1 Moving interface crack. F1g. · 
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where the subscripts j= 1,2 refer to the upper and lower half plane respectively and T denotes time. 

The equations of SH wave motion in either elastic half spaces are given by 

B2 W. B2 W. 1 &W. 
__ J + __ J = ___ J. (j=1,2) (2.4) 
axz ay2 c2 aTz , 

J 

where Ci = ~. f!i is the shear wave velocity and fli , Pi are co-efficient of rigidity and material 
pi 

density respectively. Without any loss of generality we further assume that C,>C2• 

Due to the incident wave given in equation (2.1 ), the reflected and transmitted wave in the 

absence of the crack may be written as 

and 

(2.5) 

where 

(2.6) 

A, B are the reflected and transmitted wave amplitudes, J\ wave number, Q(=J\Ci ) the 

circular frequency and (n/2- 6 1 ) and (n/2- 62 ) the angles of incidence and refraction respectively. 

A set of moving co-ordinate system (x, yi, z, t) moving· along with the crack at a constant 

velocity V in X-direction is introduced in accordance with 

x =X- Vt, Yi = siY, . z = Z, t = T (2.7) 

·where s/ = 1 - M/ and Mi = V /Ci is the Mach number. 
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Mi <1, since the crack is assumed to travel at subsonic speed. 

In terms of moving co-ordinate system (x, Yi• t) equation (2.4) becomes 

a2 w. a2 w. 1 a [ aw awi] __ J + __ J + --- 2V--J --- = o. 
ax 2 ;:),,2 c2 s2 at ax at 

V)j j J 

Further, referred to moving coordinate system, incident and reflected and transmitted wave given by 

(2.8) 

equations (2.1) and (2.5) take the following form, 

w?> = W0e-1"'exp[ -iA.1(xcos8 1 + ::sin81)]. 

W 1(R) = Ae-1"'exp[ -iA.1(xcos8 1 - ::sin81)] 

and wy> = Be -i"'exp[ -i~(xcos82 + :: sin82 ) l (2.9) 

(2.10) 

It is convenient to write the solution of the equation (2.8) in the form 

(2.11) 

A 
where\ = --ia. (2.12) 

si 
Substitution of equation (2.11) into equation (2.8) yields the Helmhlotz equation governing wi 

a2 w. a2 w. 2 
__ J + __ J + A.. w. = 0. (2.13) 
ax2 ayf J J 

The solution of equation (2.13) can be written as 

w.(x,y.) = _1_ J~ A.(~)e -i;x-P;Iy;ld~ 
J J 21t J 

(2.14) 

where pi = J~2 
- >..J. (2.15) 

From equations (2.11) and (2.14) the displacement components of the diffracted field can be 

expressed as 

W/x,y) = 2~ j Bi(~)e -i;x-v;lr;ld~ (2.16) 
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where 

B-(0 =A(~+A..M.) 
J J J J 

(2.17) 

The unknown quantities·B,(~) and B GS) are to be determined from the following boundary 

~ conditions 

aw, aw2 
J.l, s1 -- = J.l2 s2 -- for all x, Yj = 0 

ay, ay2 
W1 =W2 ; lx l>a; Y=O J 

aw aw (i) aw ,(R) 

--
1 + --

1 
+ = O· lxl<a· ay, ay, ay, , , (2.18) 

From the first boundary condition of equations (2.18) one obtains 

(2.19) 

The other two boundary conditions yield the following dual integral equations 

and 

where 

00 

_1 J P (~)e -i~xd~ = 0; 
21t I 

00 

lx l>a, Y· =0 
J 

2~ J E,(~)P,(~)e-i~xd~ = -D,e-iA1xcos81 ; lxl<a (2.20) 

(2.21) 

(2.22) 

(2.23) 

The equation (2.20) can further be reduced to two sets of dual integral equations. They are 
00 ! J P 1.(~)cos(~x)d~ = 0; 

0 

! j E1.(~)P 10(~)cos(~x)d~ 
0 

lx l>a, y. =0; 
J 
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00 

= -2D1cos(A1xcosB 1)-! J E10 (~)P 10(0cos(~x)d~; lxka. (2.24) 

! j P 10 (~)sin(~x)d~ = 0; 
0 

and lx I> a, y. =0; 
J 

0 

--A 
! j E10 (~)P 10(~)sin(~x)d~ 

0 
00 

= - 2D1 sin(A1 xcosB 1)- ! J E10 (~)P 10(~)sin(~x)d~; lxka. (2.25) 

0 

where 

pI (~) = ~ [pI(~) +pI (- ~) l + ~ [pI @ - p k ~) l = p le (~) + p lo (~) 

E1 (~) = ~ [E1 (~) + Ek~)] + ~ [E1@-Ek~)] = E1/~) + E10 (~). (2.26) 

The problems in equation (2.24) and (2.25) are respectively even and odd in x. The solution 

~ procedure described in Sih and Loeber [1969], can be used to solve equations (2.24) and (2.25) and 

the result is a coupled Fredholm integral equation of the second kind. In order to solve equations 

(2.24) and (2.25) it is assumed that 

nD a 2 1 

Pie(~) = ~ J Vs A1 (s) J0 (a~s)ds (2.27) 

0 

Pio(~) = 1t:~ a i ,fori (s) Jo(~s)ds- iQI (l)Io(~) I (2.28) 

I 

where iQ1 (1) = J for1 (s)ds (2.29) 
0 

Substitution of equations (2.27) and (2.28) in equations (2.24) and (2.25) yields the following 

coupled integral equations for the determination of A1(s) and r 1(s) 
I I 

AI (s) - f AI (1l)MI (s, 1l)d11 - f rl (11)[NI (s, 11)- v'ilNI (s,l) ]d, 
0 0 
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where K = - __ I:___ 
(sill! + Szllz) 

(J..,Mlszllz + AzMzsllll) K I = - ~:...._:..-=:~__:::........;::.....:..:....:..:... 

(S 11l1 + Szllzf 

M 1 (s, T]) = ~ j ~H 1,(~/a)lo(~TJ)J0 (~s)d~ 
0 

N 1 (s, T]) = {sTl j ~E10 (~/a)J0 (~T])J0 (~s)d~ 
K o ~ 

L1 (s, T]) = {sTl j a~H10 (~/a)la(~T])J0 (~s)d~ 
K o 

in which H1, (~) and H10 (~) are defined as 

3. STRESS INTENSITY FACTOR 

(2.30) 

(2.31) 

(2.32) 

(2.33) 

(2.34) 

(2.35) 

(2.36) 

Since the condition of the crack propagation is controlled by the stresses near the crack tips, 

we are mainly interested in determining the singular behaviour of the stress field near the crack tips. 

With the aid of equation (2.16) and (2.21) the stress in medium 1 can be written as 
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= - ~~ s, J~ E @P (~)e -i~x-M d~. 
21t I I 

(3.1) 

For an examination of the singular behaviour of the stress near the crack tip (x=±a) it is 

sufficient to consider the domonating terms in the integrand of the integral (3.1) as 1~1 _,co, 

~ Accordingly near the crack tip 

~ 

·::J. 

Further as I x I __, co 

(3.3) 

Substituting the asymptotic expression ofP1• (~)and P 1• (~)as given by equation (3.3) in equation 

(3.2) the singular stress field around x=a, y=O is obtained as 

).LSD {a: 
[('t'yz) l = - I I I {Q1 (1) + A1 (1)}f(s1) + 0(1) 

I x=a,y=O .j2r 

a {a:[ pine l = - 1 
-

1 2 (01 (1) + ll1 (1)) f(s1) + 0(1) 
{fi ~~ + ~2 cote 1 tane2 

where 

f 2 (s1) = se;<!>[(1 +sttan2 <!>)-
112 

+(1 +s1
2 tan2 <!>)-'] 

r = Jcx-ai +y 2
, <!> = tan-'( _Y ) 

x-a 

and a 1 =-2i).12 A2 W0 • 

Dynamic stress intensity factor K1 is defined by 
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(3.4) 

(3.5) 

(3.6) 

(3.7) 



~ 

[ 

)l sinB . ] 
K1 = crJa 1 2 (01(1) +ll1(1)) 

)l1 + )l2 cote 1 tanB2 
(3.8) 

While studying the dynamic crack propagation the determination of stress intensity factor is 

important because it supplies useful information regarding the rate at which elastic and kinetic 

energies are released by the propagating crack. 

4. NUMERICAL RESULTS AND DISCUSSIONS 

Numerical results have been calculated to plot normalized stress intensity factor 

IK1 !( cr1 ra) I at the carck tip x=a, y=O versus the normalized wave number Ala for different values 

of the Mach number M1 and the angle of incidence for the following sets of materials: 

First set: 

Steel p1 = 7.6 gm/cm3
, Jll = 8.32 X 1011 dyne/cm2 

Aluminium p2 = 2.7 gm/cm3
, Jl2 = 2.63 X 1011 dyne/cm2 

Second set: 

Wrought iron p1 = 7.8 grn/cm3
, ill = 7.7 X 1011 dyne/cm2 

Copper p2 = 8.96 grn/cm3
, 112 = 4.5 X 1011 dyne/cm2 

The numerical results have been obtained for low frequencies. The case M1=0 corresponds 

to the stationary crack solution. It is found that by increasing the crack speed, the dimensionless 

stress intensity factor IK/( cr1 ra) I decreases with the normalized wave number Ala. It is 

*· interesting to note that as the velocity of the crack increases, the picks of the curves decreases in 

magnitude and occur at lower values of A1a (Figs. 2-7 ). For both the pair of solids, graphs of stress 

intensity factor versus normalised wave number (A1a) have been plotted for the angles B1=n/3, 

B1=n/4, and as well as B1=n/6. It is also found that for a given pair of materials and for a given 

Mach number, the peak values of the stress intensity factors decrease with the decrease in the values 
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4SHEAR WAVE INTERACTION WITH A PAIR OF RIGID STRIPS 

EMBEDDED IN AN INFINITELY LONG ELASTIC STRIP 

. ..,._ 1. INTRODUCTION 

In recent years great interest has been developed in studying elastic wave interaction with 

singularities in the form of cracks or inclusion located in an elastic medium, in view of their 

application in engineering fracture mechanics and geophysics. Most of the attempts have been based 

on the assumption that the crack or the inclusion is situated sufficiently far from the neighbouring 

boundaries. Mathematically, this type of problem reduces to the study of the elastic field due to the 

presence of cracks or inclusions in an infinite elastic medium. A detailed reference of work done on 

the determination of the dynamic stress field around a crack or an inclusion in an infinite elastic solid 

has been given by Sih [1997]. However in the presence of finite boundaries, the problem becomes 

complicated since they involve additional geometric parameters, describing the dimension of the 

solids. Papers involving a crack or a rigid strip in an infinitely long elastic strip are very few. The 

problem of an infinite elastic strip containing an arbitrary number of Griffith cracks of unequal size, 

't- located parallel to its surfaces and opened by an arbitrary internal pressure, has been treated by Adam 

[1980]. Finite crack perpendicular to the surface of the infinitely long elastic strip has been studied 

by Chen [1978] for impact load, and by Srivastava et al [1981] fornormally incident waves. Recently 

Shindo eta! [1986] considered the problem of impact response of a finite crack in an orthotropic 

strip. Itou [1980] also studied the response of a central crack in a finite strip under inplane 

compression impact. 

4 Published in the Journal of Technical Physics, V39, 1, 31-44, 1999. 

94 



But these solutions were limited to the problems involving a single crack or a finite rigid strip 

embedded in an elastic strip because of severe mathematical complexity involved in finding 

solutions for two or more cracks or inclusions. Recently Srivastava et al [1983] considered the 

problem of interaction of shear waves with two co-planar Griffith cracks situated in an infinitely long 

elastic strip. Tai and Li [1987] also derived the elastodynamic response of a finite strip with two co-

planar cracks under impact loading. The solution of the mixed boundary value problem was 

expressed in terms of two Cauchy-type singular integral equations which were solved numerically, 

following a collocation scheme due to Erdogan and Gupta [1972]. A numerical Laplace transform 

inversion technique described by Miller and Guy [1966] are then used to obtain the solution. 

In our paper, we have considered the diffraction of normally incident SH-wave by two co-

planar finite rigid strips situated in an infinitely long isotropic elastic strip perpendicular to the lateral 

surface. The mixed boundary value problem gives rise to the determination of the solution of triple 

integral equations which finally have been reduced to the solution of a Fredholm integral equation 

of second kind. The equation h~ been solved numerically for low frequency range. Finally the 

elastodynamic stress intensity factors are obtained. The variations of the stress intensity factors at 

the tips of the rigid strips with variable frequency have been depicted by means of graphs. 

2. FORMULATION OF THE PROBLEM 

Consider an infinite long homogeneous isotropic elastic strip of width 2H containing two 

coplanar rigid strips embedded in it. Consider a rectangular Cartesian co-ordinate system (X,Y,Z) 

with origin at the centre of the elastic strip, such that the rigid strips occupy the region -b:>X:>-a; 

a,;; X,; b, I Yl <oo, Z=O. A time-harmonic antiplane shear wave is assumed to be incident normally on 
~ ( \ 
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the rigid strips. 

Since the non-vanishing component of displacement is only the component V, all stress 

components except Gyz and aXY vanish identically. Thus the problem is to find the stress 

-~ distribution near the edge of strips subject to the following boundary conditions : 

~-

and 

Gyz(X,O+) = Gyz(X,O-) = 0; 

Gxy(±h,Z) = 0. 

a,:;IXI,:;b, 

lXI >b, lXI <a, 

The displacement V satisfies the wave equation 

(2.1) 

a2V a2V 1 a2V 
- +- = ---, (2.2) 
ax2 ay2 c2 at2 

2 

C2 being shear wave velocity. It is convenient to normalize all lengths with respect to b so that 

X Y Z V Vo a H b = X, b = y, b = z, b = V, b = Yo, b = C, b = h. 

Therefore the strips are defined by -1,:;x,:;-c, c,:;x,:;1, IYI<oo. z=O (Fig.1). Supressing the time 

factor e -iwt, the boundary conditions reduce to 

and 

v(x,O+) = v(x,O-) = -v
0

; 

ayz(x,O+) = ayz(x,O-) = 0; lxl>1, lxl<c, (2.3) 

The scattered field v subject to the above boundary conditions should be a solution of the 

2 w2b 2 
where k2 = --. 

2 
c2 

The solution of equation (2.4) can be taken as 

(2.4) 
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v (x,z) = J A@e -~lzl cos(~x)d~ + J B(,)cosh(P 1 x) cos(,z)d' (2.5) 
0 . 0 

so that 

oyz(x,z) =Ill -sgn(z) [ pA(~)e_~·lzl cos(~x)d~- { 'B(,)cosh(~ 1 x)sin(,z)d,], (2.6) 

where 

and 

3. DERIVATION OF INTEGRAL EQUATION 

The condition of vanishing of oyz at z=O outside the strips yields 
~ . 

J PA(~)cos(~x)d~ = 0; lxl <c, lxl>l. (3.1) 
0 

Again the boundary condition v(x,O) =- v0 at c,; lxl ,; I gives 

J A(~)cos(~x)d~ + J B(0cosh(P1 x) cos(,z)d' = -v0 ; c,; lxl,; I. (3.2) 
0 0 

Using the boundary condition oxy(±h,z) = 0 one obtains 
~ ~ 

J P1 B(,)sinh(p1 h) cos(,z)d' = J ~A@e -~lzl sin(~h)d~ 
0 0 

which after Fourier cosine inversion yields 

P1B(0sinh(P1h) = ~ J~ ~p A(~)sin(~h)d~. (3.3) 
no pz+'z 

Eliminating B(') from equations (3.2) and (3.3) one obtains 

j A(~)cos(~x)d~ = -v
0 
-~ j co~h(P 1 x) d' j. ~p A(~)sin(~h)d~; c,; lxl d. (3.4) 

o n o Pts!nh(Pth) o pz+'z. 
Replacing PA(~) by C(~), equations (3.1) and (3.4) become 

J C@cos(~x)d~ = 0; lxl<c, lxl>l (3.5) 
0 

and 
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H(~) = U -1} ~ 0 as 1~1 ~ oo. 

In order to solve the integral equations (3.5) and (3.6) we set 
1 2 

C(~) = J h(: ) { 1 - cos(~t)} dt 
c 

where the unknown function h(t') is to be determined. 

Substituting C(~) from (3.8) in equation (3.5) we note that 

00 1h(t2)[ 1 1 l J C(~)cos(~x)dx = 1t J -t- o(x)- 2 o(x +t)- 2 o( lx -tl) dt 
0 c 

so that equation (3.5) is automatically satisfied. 

Again, the substitution of the value of C(~) from (3 .8) in equation (3 .6) yields 
1 2 2 2 1 2 ..!. J h(t ) log x - t dt = - v - J h(t ) dt 

2 t x 2 0 
t 

c c 

1 ' 00 

h(t 2
) -J -

1
-dt J ~- 1 H(~)cos(~x){l -cos(~t)}d~, c,;lxl :d 

c 0 

where the result 

j cos(~x){l-cos(~t)} d~ =log 

0 ~ 
has been used. 

(3.7) 

(3.8) 

(3.9) 

Differentiating both sides of equation (3 .9) with respect to x and next multiplying by ( -2x/n), 

one obtains 
1 1 

2 J th(t2) dt = 2x J h(t2) dt 
1t t 2 -x 2 1t t 

c c 
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+ J 1-cos(p;t) d( - J H(~)sin(~x){l-cos(~t)}d~ ; c~ Jx\ d. (3.10) 
k, cos(p; x) cos(p; h) { } 

00 J 
o s~~~ o 

It is known that using Hilbert transform technique, the solution of the integra equation (Srivastava 

and Lowengrue [1968]) 
b 2 

3. J th(t ) dt = R(y), a<y<b 
1t t2 -y2 

a 

can be obtained in the form 

h(t2) = - 3_ ~ b ~ b2 -y2 yR(y) dy + D (3.11) 
1t ~ ~ I y2 -a 2 y2 -t2 y(t2 -a2)(b2 -t2) 

with condition that R must be an even function of y so as to make integral convergent. D is an 

arbitrary constant. 

Following (3.11), the solution of equation (3.10) is given by 
I 2 

h(u2) + J h(t ){KI(u2,t2) +Kz(u2,t2)}dt = D 
c t . y(u 2-c 2)(1-u2) 

where 

and 

In order to 

x and integrated from c to 1 with respect to x, and using the result 
y(x2-c2)(1-x2) 

we finally obtain 
I J h(~2) du = 

c 

2vo - 4 Jl h(t2) dt 
1 -c t 

1tlog -- c 
1 +c 

100 
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I 

x J x [A1(x,t2)+A2(x,t 2)]dx 
c vcx2-c2)(1-x2) 

(3.15) 

where 

(3.16) 

~(x,t 2) = J ~- 1 H(~)cos(~x){1-cos(~t)}d' 
0 

= ~log x:~t
2 

- ~iHJ1l(xJs) + :iHJ
1
l{(x+t)Js}+ :iHd

1
){1x-t1Js}· (3.17) 

Again, by substituting h(u2
) from equation (3.12) in the left-hand side of equation (3.15) and 

simplifying, one obtains 

where 

D = ___ 2v-r'0'---c--, 
1-c 

1tlog --
1 +c 

I 2 
8c J h(tt ) dt 

2 I -c 
1t log-- c 

1 +c 
I 

x J x [A1(x,t 2)+A2(x,t 2)]dx 
c vcx2-c2)(1-x2) 

c c 
Eliminating Dfrom equations (3.12) and (3.18) and simplifying on obtains 

I h( 2 
y(u 2-c 2)0 -u 2)h(u 2) + J -P +[K.(u 2,t 2) +Kb(u 2,t 2)]dt 

c 

= 
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(3.18) 

(3.19) 

(3.20) 



1 J x [A1(x,t 2)+A2(x,t 2)]dx, 
c V(x2-c2)(1-x2) 

Kc(u2,t2) = - :22 i ~ :2-_xc22 [·:x {Al(x,t2) +~(x,t2)}]dx. 
Next for further simplification we put 

and make the substitution 

in equation (3 .19) which the~ reduces to the form 
7tl2 

G(<j>)+ f G(e) [K~(<j>,8)+K~(<j>,8)+K:(<j>,8)]de 

where 

c 2cos28 + sin28 
0 

= 
4v0 c 

1-c 
1tlog --

1 +c 

K~(<j>,8) = K.(c 2cos2<1> +sin2<1>, c 2cos28 +sin28), 

K~(<j>,8) = Kb(c 2cos2<1> +sin2<1>, c 2cos28 +sin28), 

K:(<j>,8) = Kc(c 2cos2<1> +sin2<1>, c 2cos28 +sin28). 

4. STRESS INTENSITY FACTOR 

From equation (2.6) for z- 0, c,; lxl <1, one obtains 

oyz(x,O±) = + 1.1 J PA@cos(~x)d~. 
0 

(3.21) 

(3.22) 

(3.23) 

(3.24) 

(3.25) 

(3.26) 

(3.27) 

(3.28) 

It is useful to determine the difference of the stress components on the lower and upper 
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surfaces of the strips. Weput 

then 

~ayz(x,O) = -211 J C(~)cos(~x)d~, c< I xi <1. 
0 

Substituting the value of C(~) and next changing the order of integration and integrating, one 

obtains 

(4.1) 

Since 

and hence equation ( 4.1) becomes 

~ayz(x,O) = jl1tG(Q>) (4.2) 

xv(x 2 -c 2)(1-x 2
) 

So the stress intensity factors N. and N 1 at the two tips of the strip can be expressed as 

Nc = Lt [ ~ayz(x,O) .j(x -c)] (4.3) 
x-c+ ll1t 

and 

N 1 = Lt [ ~a:~,o) {(1-x)]. 
x-I-

(4.4) 

With the aid of equation ( 4.2) one obtains 

N = c G(O) = G(O) = cv2c(l-c 2)N 
cJ2c(l -c 2 ) · c 

(4.5) 

and 

N
1 

= G(1t/2) = G(1t/2) = V2(1-c 2)N
1

• 

cv2(1-c 2 ) 

(4.6) 

Making c tend to zero, the two strips merge into one and in that case 

1 N1 = -G(1t/2). 
12 
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5. RESULTS AND DISCUSSIONS 

The numerical calculations have been carried out for the determination of stress intensity 

factors for different values of the dimensionless frequency k2 within the range 0.1 to 0.8. The 

"- integrals A1(x,t2) and Az(x,f) given by (3.16) and (3.17), respectively, appearing in the kernel of 

integral equation (3.23) have been evaluated using the Gauss quadrature formula. Following Fox and 

Goodwin [1953], the solution of integral equation (3.23) has been obtained by converting it into a· 

system oflinear algebraic equations. Substituting these values of [G( Q> )] in equations ( 4.3) and (4.4), 

the stress intensity factors N, and N1 at the inner and outer tips, respectively, of the rigid strips have 

been found to be related with G(O) and G(n/2) through the relations (4.5) and (4.6). The amplitudes 

IG(O)I and IG( n/2)1 have been plotted against k2 with different values of h for c=0.2, 0.4, 0.6; the 

values chosen for k2 range from 0.1 to 0.8, at step of0.05. 

From the graphs it can be concluded that for fixed values ofh, the stress intensity factor near 

the inner tip of the rigid strip decreases with the increase in the values of frequency within the range 

0.1 to 0.8 (Figs. 2, 4 and 6), and for fixed values ofh the stress intensity factor near the outer tip of 

the rigid strip at first decreases, attains a minimum and then it gradually increases with the increase 

in the values of frequency within the range 0.1 to 0.8 (Figs. 3, 5 and 7) for different values of c 

( c=0.2, 0.4 and 0.6). 

It is interesting to note that for different values ofk2 within the range 0.1 to 0.8, the stress 

intensity factor of the inner tip of the strips, for a given value ofk2, increases with the increase in the 

values ofh, whereas the stress intensity factor at the outer tip of strips, within the given range of 

values of k2,.decreases with the increase in the values of h for small values of k2 but shows the 

reverse character for higher values of k, for any given value of the parameter c. 
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CHAPTER -3 

SCATTERING OF WAVES 

High frequency solution of elastodynamic stress intensity 

factors due to diffraction of plane longitudinal wave by 

an edge crack in a semi-infinite medium. 
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5HIGH FREQUENCY SOLUTION OF ELASTODYNAMIC STRESS INTENSITY 

FACTORS DUE TO THE DIFFRACTION OF PLANE LONGITUDINAL WAVE 

BY AN EDGE CRACK IN A SEMI-INFINITE MEDIUM 

1. INTRODUCTION 

The problem of scattering of elastic waves by a surface breaking crack is of considerable 

importance in a variety of engineering applications. In fracture mechanics, the interest is in the 

determination of the stress field near the crack tip as a prerequisite to the study of crack propagation 

under dynamic loading. 

Elastodynamic analysis of an edge crack has been done by Achenbach eta! [1980] when the 

cracked half plane is subjected to time harmonic line load applied to its free surface. Stress intensity 

factors for three dimensional dynamic loading of a cracked half space has also been studied by Angel 

and Achenbach [1985]. Low frequency solution of the scattering ofSH-wave by an inclined edge 

crack in a semi-infinite medium was studied by Dutta [1979] using the method of matched 

asymptotic expansion. The problem of anti-plane shear waves by an edge crack was studied by Stone 

et a! [ 1980]. Scattering of body waves by an inclined surface breaking crack has also been studied 

by Zhang and Achenbach [1988] using Boundary Integral Equation method. Detailed discussion on 

the problems of fracture mechanics can be found in the books of Freund [1990], Brock [1986] and 

Cherepanov [1979]. 

In the present paper, the problem of the determination of the high frequency solution of 

5 Communicated to The Journal of Technical Physics, 2000. 
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elastodynamic stress intensity factor due to the incidence of a time harmonic plane longitudinal wave 

in the presence of a vertical edge crack in a serni-infmite medium has been studied. The solution of 

the diffraction problem is complicated by the presence of the free surface of the medium in addition 

•· to the crack surface and the associated sharp comers. The resulting boundary value problem for the 

cracked half-plane is decomposed into two problems for the quarter plane, which represent the 

symmetric and antisyrnmetric motions relative to the plane of the crack, respectively. 

The plane longitudinal wave, when incident on the free surface of the semi-infinite medium, 

gives rise to reflected longitudinal and shear waves. These body waves are broken up into symmetric 

and antisymmetric parts with respect to the plane of the crack. In both the symmetric and 

antisyrnmetric motion, firstly, assuming the free surface of the semi~infinite medium to be absent, 

• 
body waves are assumed to be incident on the semi-infinite crack. Using Wiener-Hopftechnique, 

diffracted field arising from the tip of the crack consisting of both the body waves and Rayleigh 
~ 

surface wave moving along the surface of the crack are obtained. For high frequency, body waves 

after a few wave lengths are found to be insignificant so that important part of the diffracted field 

which reaches the comer of the 90° wedge formed by the plane free surface and the surface of the 

• crack is Rayleigh wave. The Rayleigh wave on reaching the corner of the wedge is reflected back 

as Rayleigh wave, the reflection coefficient being given by Li et al [1992]. Diffracted body waves 

from the corner of the wedge being again insignificant after a few wave lengths may be n_eglected 

for high frequency solution. This reflected Rayleigh wave on reaching the crack tip again gives rise 

to diffracted Rayleigh wave which reaches the corner of the wedge and is again reflected back. This 

process of reflection of Rayleigh wave from the comer and subsequent diffraction from the edge of 

the crack tip continues. Using Wiener-Hopftechnique, stress components just ahead of the crack tip 
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due to the incidence of body waves and all the reflected Rayleigh waves on the crack tip have been 

obtained. The expression for the resulting stress intensity factors have been determined. The 

dependence of the stress intensity factors on the frequency and on the angle of incidence has been 

.,_ depicted by means of graphs. 

2. FORMULATION OF THE PROBLEM AND ITS SOLUTION 

Let us consider a plane harmonic compressional (P-) wave of frequency w to be incident on 

an edge crack of length h located at right angles to the free surface of an homogeneous isotropic 

semi-infinite medium. The x-axis is taken along the free surface andy-axis along the direction of the 

crack as shown in Fig.1. 

In the absence of the crack, the free surface of the medium would give rise to the reflected plane (P) 

and inplane shear (SV) waves. Let the three waves be represented by the Stokes-Helmholtz potentials 

e·iwt Q>1, e·iwt Q>R and eiwt ljJR respectively. Then 

<!>1 = A 0exp[ -ik1 (xsin81 + ycos8 1) J 

<I>R = ARexp[ -ik1(xsin8 1 - ycos8 1)j 

ljJR = BRexp[ -iJs(xsin82 - ycos82) J 

(1) 

where 8 1 is the angle of incidence, Ao the amplitude of the incident wave, k1, k2 are the P and S wave 

numbers respectively related to their phase velocities c1, c2 through k 1 = w/c1 and k2 = wlc, . The 

remaining quantities in (l) are given by the laws of reflection of elastic waves as 

k1 sin8 1 = k2 sin82 (Snell'slaw) 

AR (sin282 sin28 1 - k 2 cos2282) =--...;:_ _ __:_ ____ -=.._ 

Ao (sin282 sin281 + k 2cos2282 ) 
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B R = - 2 cos282 sin2(\ (
2

) 

. Ao (sin282 sin281 + k 2 cos2282 ) 

where k2 is the ratio of the square of longitudinal and shear wave velocities and is given by 
2 2 

2 c, k2 
k =- = -. 

2 2 c2 k1 

We shall now determine the scattered field produced by the vertical crack when cP1, cPR and 

ljrR are incident on it assuming for the time being that the free surface y=O is absent. 

To this end, firstly we consider the scattered field when the longitudinal wave given by 

is incident on a semi-infinite crack in an infinite medium. The crack is on they-axis extending from 

y=-= to y=h. The diffrection of elastic waves by a semi-infinite crack in an infinite medium has been 

studied by Maue [1953], De-Hoop [1958] and also by Achenbach [1975] using Wiener-Hopf 

technique. 

We write cjJ1 in the form cjJ1 = <J>1, + <l>1o where 

(3) 

Clearly <J>1, is even in x and <j>10 is odd in x. 

Symmetric problem : 

Now consider the interaction of the field given by <J>1, with the semi-infinite crack. If <J>(ll and 

ljr<'l be the displacement potentials of the scattered field d].!e to the incidence of <J>1, on the semi-

infinite crack, then the displacement components corresponding to the scattered field are 

<•J _ a<j>(ll aljr(l) <•J _ a<j>(ll aw(IJ 
u1 - -- + -- and Uz - -- - --. ax ay ay ax 
From the geometry, it follows that in this symmetric problem <J>(ll, nz<•J and the stress 

components,,,, 'n are even functions in X while w<'l, u,<•J and 1:12 are odd functions in X. Thus the ,. 
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boundary conditions satisfied by the scattered field due to the incidence of <!>1, are 

u (e)= 0° 
I ' 

y>h, x=O (i) 

c12 = 0; -oo<y<oo, x=O (ii) 

_ 21 2c{cos
2

8 11 0 
0 't' 11 - A0 pw 1 - c~ exp( -1k1 ycose 1 ), y<h, x =Oo (iii) 

Introducing Fourier transform defined by 

- 1 00 

<1>(1\x,a) = -.- J <J>(ll(x,y)e iay dy 
{fi -oo 

we have 

<J)Cll = Ae -y1x and l]iC'l = Be -y,x for x;;, 0 

where Yj = Ja2 -ki
2

; j=1,2o 

(4) 

(5) 

(6) 

Branches ofyi are chosen such that Rey 1>0 and Rey2>0 for lm(-k1)<1m(a)<Im(k1)o 

and 

where 

The boundary conditions (i)-(iii) now become 

iah h 
-y

1
A- iaB = _e_ J u,c·:co+,y)ei•(y-hldy = ei•hu_(a) 

{fi -oo 

B(a2
- k/12)- iay1A = 0 
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M 

and G .(a.) = - 1- J 't 11 (0+,y)eia(y-h)dy. (10) 
{iih 

Eliminating A and B from equation (7), (8) and (9) one obtains the Wiener-Hopf equation 

Be -ia0h 

CI<z(a.)U_(a.) + G.(a) = (11) 
. (ex -ex

0
) 

where 

B = (12) 

and j = 1,2. (13) 

Following Chang [1971], it can be shown that 

(14) 
-, .. 

where 

(a.±k,) exp _!_ Jk, tan-1{f(s)} ~s I 
(cx±Js) 1t (s±ex) 

k, 

(15) 

with 

(16) 

where I(,.( ex) and K_(ex) are analytic in upper and lower half of the complex ex-plane and k,. is the root 

ofRay1eigh wave equation R(a.)=O. 

By the usual Wiener-Hopf argument, equation (11) subsequently yields 

G.(ex) = - ---=--Be -ia,h.Kz.(ex) [ 1 1 ] 

(ex -ex0 ) Kz.(ex) Kz.(ex0 ) 
(17) 

(18) 

In order to determine the value of 1:11 just ahead of crack tip, we need the form of G+(ex) as ex-=. 
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Using the fact that K2.(a:) -a:112 as la:l-oo, we obtain from equation (17) 

G.( a:)= Ea:-112
, as la:l-oo, -1t/2 <argo:< 31t/2 

Be -ia0 h 
E = - -::-::----c----:-

~+(a:o) 
where 

;). Taking Fourier inversion, we obtain 
oo+ic E I e -ia(y-h) 

[ • 11 (O+,y)j = - f do:. (19) 
y-h+O IF r;:; 

V £ 1t -w+ic
1 

V CJ. 

Here o:=O is the branch point We draw a cut from a:=O along negative imaginary axis. The line of 

integration is deformed into a loop round the branch cut as shown in Fig.2. 

So equation (19) reduces to 

E(l-i) ~ e-P(y-h) (i-1)Be -ia,h 
[ 1: (O+,y)] = f d~ = (20) 

II y-h+O .fit 0 -% ~+ (a:o)\f(y- h) 

Next, in order to determine the scattered field of displacement due to the incidence of <l>1e on 

the semi-infinite crack we consider equation (18) which yields 
. h oo+ic1 

u[el(O+,y) = Be -lao J e -ia(y-h) do:- Im(o:)<Im(o:o) 

{iitc~.(o:o) --•ic
1 
(o:-a:o)~_(o:) ' 

where the line of integration is in the common region of regularity ofU_(o:) and G.( a). We draw cuts 

through k1 and k2 parallel to the imaginary axis in the upper half of the complex a-plane. 

Taking a semi circular contour with loops round the cuts in the upper half plane as shown 

in Fig.3, we get (for y<h) 

where 

21tiBe -ia,y + 21tiBe -ia,h .j(k,- is) e -ik,(y-h) + 

{iii C~ ( o:o) {iii C(k, - o:o) ~ • ( o:o) S(k,) 
+ contribution from the branch line integrals (21) 

S(k,) = expl_!_ Jk, tan-1{f(s)} ds _ (22) 
1t k (s- k,) 

I 

Now consider the contribution from the branch line integral along the loop Lk round the 
I 

branch point o:=k,. This is equal to 
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·~ 

(y<h) (24) 

where RYl (k1 + ik1 u) is the value of R~'l on the right hand side of the cut whereasR~2l (k1 + ik1 u) 

is its value on the left hand side. 

If (h-y) > 0, then for large values ofk1(h-y), the main contribution to the integral (24) will 

be from the value of the integrand near u=O. So, for large values of k1(h-y), the integral (24) can 

approximately be written as 

Now 

where 

1 

Bie -ia0h- ik1(y-h) J e -k1 (h-y)u 

v'21t)C~-k,)C~.(a0 ) 0 [u-i(l-aofk1)] Lt R~1l(k 1 +ik1u) x 
u-0 

R~'l (k1 + ik1 u)) 
x Lt 1 - du. 

u-0 R~2\k1 + ik1 u) 

exp j=1,2. 

Next consider the evaluation of 
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Lt R~ll(kl + ikr u) = Lt R~IJ(S) (Say). 

u~O R <2l(k + ik u) u~O R <2l(t) - I I - 1 
We know 

R_(a) = (k,-a) exp[_!_ II<, tan-l{f(s)} ds I 
~-a) rc (s-a) 

k, 

,;_~ where a is either t1 or ~ . 

Following~:~ [1971],/t can be shown~ that R_(~~~:~~~2be wnl"tte::s 

R_(a) = exp- I log 1 -----=---
(~-a) 2rci 2 ~k2{z4Ik2 (s-a) 

L' +L'k z z - 1 z - 2 
kl 2 

where the paths L 'k, and L 1 k, are shown in Fig.4. 

The point t1 and~ being just on opposite sides of the cut through k1, the pathL 'k is deformed so as 
I 

= - 1 + 
2.jU(1 -i)k(/ki-k~ -

(k~- k"f/2)
2 

Using the results (25) and (27), the integral (24) reduces to the form 
2BC e ni/4 lj( e -i•oh e -ik, (y-h) oo -k, (h-y)u r:: 

I V"I I e yu du 
yiz1tC(k, -k1 )~.(a0 ) 0 {u-i(1-a0/k1)} 

= 
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where 

w 
0
(-iz) = Joo e-"(udu ={it +2{itie-izJZ{F(vz)} 

U-!Z 
0 

where F(y) is the Fresnel integral given by 

F(y) = J e iu' du ( c.f. Noble [1958] ). 

y 

Using the asymptotic value of 

W ( -iz) = {it as lzl-oo 
0 -2iz 

expression (28) becomes 

Be 
. ni/4 /j( -ia0h -ik1 (y-h) 

11e V"Ie e 

provided k1(h-y) is large and cos8 1 is neither equal to 1 nor nearly equal to 1. 

(29) 

Expression (29) is the diffracted P-wave originating from the edge of the crack due to the 

incidence of <!>1,. 

Next consider the contribution to u1 (e) (O+,y), (y<h) from the branch line integral along the 

(30) 

Using similar procedure as used while evaluating (23), it can be shown that for large value 

ofk1(h-y), the expression (30) becomes 

4iBC2 e in/4(kz- kl )/kl (kz + kl) e -ia,h e -ik,(y-h) 
(31) 

Therefore in the symmetric problem involving <j>,, the x-component of displacement 

u,C•l (0+ ;y), (y<h) due to scattering by semi-infinite crack is given by 
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(32) 

The first term ofu1<eJ (O+,y) in (32) arises due to the reflection of <P1e on the surface of the 

crack. The second term gives the Rayleigh wave and the last two terms are difffracted body waves 

due to the diffraction of <P1e from the edge of the crack. While evaluating body wave contribution, 

it has been assumed that k1(h-y) is large and that (1 - cos81) is different from zero. For cos81=1, the 

third term of(32) giving diffracted P-wave is o{[kl (h -y) Y12 } for large values of[kl(h-y)]. 

The diffracted body waves near the edge of the crack are of the same order as the Rayleigh 

wave terms since their joint contribution must vanish at the edge. However, at high frequencies the 

order of these body wave terms change to 0 {[ k1 (h- y) J-312 } within the distance of a few wave 

lengths from the edge. Therefore at distances away from the crack, the displacement on the crack 

J"' surface can be approximated very well by Rayleigh wave contribution in (32) (c. f. Achenbach eta! 
"' 

[1982]) 

. D M -ik (y-hl + 2m e ' I 2 (33) 

where 

j=1,2. (34) 

The first term of (33) is due to the geometrical reflection of <P1e from the surface of the crack. 
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The geometrically reflected rays from the surface of the crack after striking the free surface y=O 

generate reflected rays again. These reflected rays do not reach the surface of the crack and therefore 

do not make any new contribution to u1 (o) (O+,y). The second term of (33) is due to diffracted 

-~ Rayleigh wave arising from the edge of the crack occuring due to the incidence of cp1, • The 

corresponding displacement component in the y-direction which is even in x can easily be 

determined and is found to be equal to 

21tiD
1 
Mz (2k; - k{) e -ik,(y-h) 

2ik, Jck,
2 

- k1
2

) 

(35) 

The Rayleigh wave with displacement components given by (35) and the second term of(33) 

when incident on the free surface y=O gives rise to reflected Rayleigh wave and body waves. 

The displacement on the surface of the crack arising from the reflected body waves can again 

be neglected as in the case of direct incidence. The reflection co-efficient of the Rayleigh waves 

when Rayleigh wave is incident on a wedge has been determined by Hudson and Knopoff [1964] 

and by Mal and Knopoff [1965] theoretically and also recently by Li, Achenbach et al [1992]. We 

denote the complex reflection co-efficient for a 90° comer by ;\/";a where A,=0.32, 3=0.106 for 

"f, Poisson ratio equal to 1/4 (c. f. Li, Achenbach eta! [1992]). Therefore the reflected Rayleigh wave 

components on the surface of the crack corresponding to the incident Rayleigh wave given by (35) 

and second term of (33) are 

and 

Rayleigh waves which can be determined by the usual Wiener-Hopftechnique. While carrying out 
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the Wiener-Hopf procedure, it should be remembered that Rayleigh waves from the comer given by 

(36) which are incident on the crack tip are such that u1R(eJ is odd in x whereas li:JR(e) is even in'x. 

Clearly the shear stress 't'\~l of the first reflected Rayleigh wave given by (36) is odd in x and 

··'~ the stress 't'rr\o + ,y) ·for that Rayleigh wave is even in x. Since the total x-component of 

displacement for y>h, x=O is zero, the scattered field due to incidence of the Rayleigh wave given 

by equation (3 6) on the crack musi: satisfy the boundary conditions 

u (O+y) = -21tiD M A e 2nilieik,(y+h) 
lRD ' 1 .... ~ r ' 

't'\~ (O+,y) = 0; 

't'\?(O+,y) = 0; 

-oo<y<oo, 

y<h, x=O. 

x=O 

y>h, x=O (iv) 

(v) 

(vi) 

where 't'\~ (0 + ,y) and 't'\? (0 + ,y) are stresses of the scattered field due to the incidence of the 

Rayleigh wave given by (36) on the crack tip. 

where 

The boundary conditi[ns yield the Wiener-Hopf equatio~ 
{ii D M A e 2nili e 2•k,h 

Gl• (~) = - CI<z(~) Ul_(~) + 1 2 r 
<~ + k,) 

1 h . 
Ul_(~) = -- J Um0 (0+,y)e'"(y-hldy. 

{ii -oo 

By the usual Wiener-Hopf argument, equation (3 7) subsequently yields 

G (~) C '2nD M lA I e2nioe2ik,h 
1 + = _ V "-" 1 2 r T(' ( k )· 

Kz.(~) (~+k,) ·~- - r' 
Im(~)>- Im(k,) 

(37) 

(38) 

(39) 

_ {liD!~ IA,Ie2nilie2ik,h 
u~-<~) - - <~+k,)Kz_(~) [Kz_(~) -Kz_(-k,)j. (40) 

In order to determine the value of 't'\? (O+,y) just ahead of the crack tip, we need the form 
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.;i; 

G 1.(a) asa-oo. Usingthefact ~.(a)-a112 as lal-oo, weobtainfromequation(39) 

C{fiiD ~ lA I e2nioe2ik,h 
G1.(a) =-

1 
r ~-(-k,); as lal-""· 

.;a 
Fourier inversion gives 

Be -i•ohM lA I e2nioe2ik,hl< ( -k )(1-i) •\? (O+,y) = _ .,'"2 r •'2- r 

(k,- a0)~. (a0 ) y(y-h) 
just ahead of the crack tip. 

0 

(41) 

Assuming the Rayleigh waves given by equation (36) to be incident on the semi-infinite 

crack extending from y= -oo to y=h on the y-axis in an infinite medium, the x -component of the 

displacement on the cracked surface due to the diffracted Rayleigh wave from the crack tip is 

obtained by taking the Fourier inversion of equation ( 40) and considering only the contribution to 

the integral from the Rayleigh pole a=k, in the upper half of the complex a-plane for y<h, the 

Rayleigh wave part of the diffracted wave ~· s given by I 
. M ~ ( k ) 2ik,h · -e -ik-h u (0+ y) = 27ti I A I e2mllD M 2 - r e ,(Y l. 

IRD ' r I 2 2k 
r 

This waves on rdlection from the comer (x=O, y=O) again gives rise to Rayleigh waves with 

displacement on the crack surface . 

I

M 1< ( k) 2ik,hl 
(0 ) = 2 ·1 A 12 4nioD M 2·'2- - r e ik,(y•hl 

UIRDR +,y 1tl r e I 2 2k e 
r 

and the corresponding stress •\1/l due to the incidence of the Rayleigh wave given by equation ( 42) 

(42) 

just ahead of the crack tip is 

Be-i•ohM lA le2nioe2ik,hl< (-k)IIA le2nioe2ik,hM 1< (-k)l _. 
•\1/)(0+,y) = _ 2 r •'2- r r .,'"2.'2- r (1 1) . (43) 

(k,- a0)~.(a0 ) 2k, y(y-h) 

In presence of the free surface at y=O Rayleigh wave which originates at the crack tip and 

moves along the surface of the crack is reflected back to the crack tip which again gives rise to the 

Rayleigh wave that is subsequently reflected from the free surface. This process continues again and 

again. Considering the contribution to 't11 at the crack tip due to the incidence of all Rayleigh waves 
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which are reflected from the free surface and sununing up and adding with (20), the total stress just 

ahead of the crack tip due to the incidence of cp1e is obtained as 

1: 0+ = - 1 + 
Be -ia,h [ N2 ] ( 1 - i) 

[ II ( ,y) ly-h+o ~. (a
0

) (k,- a
0

) ,f(Y=r1j (44) 

dt where 

-j.' 

I A, I e 2xi8MJ. e 2ik,h KJ_ ( -k,) 
~= . ~ 

-[ . I A I e 2xiaM. e 2ik,h K. (-k ) I 
1-(-1)l r J J- r 

2k, 

Next suppose that cp1, = -iA0 exp( -ik1ycos8 1) sin(k1xsin8
1

) is incident on the semi-infinite 

crack given by -oo<y<h, x=O in an infinite medium. 

Antisymmetric problem : 

From geometry, it follows that in the antisymmetric problem involving cp1,, the scattered field 

given by q,C2l, ui2), <W, 1:~ will be odd functions of x whereas ljPl, u1(
2), <\~ Will be even 

functions of x. 

q 

where 

So the conditions to be satisfied are 

y>h, x=O 

~C2J - o· 
loll - ' -oo<y<oo, X =0 

(2) _ 2k2A . 28 -ia0 y. 
'12 - p c2 I osm I e , y<h, x=O. 

Using these conditions we obtain the Wiener-Hopf equation 

H.(a) 

Pe -ia0h 

~ 

= _1_ J <\~(O+,y) eia(y-h) dy 
{21ih 
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(viii) 

(ix) 

(46) 

(47) 



and 

and 

Q>,. as 

where 

h 

v - (a) = _1_ J uJ2l (0 + ,y) e ia(y-h) dy. 
{ii -oo 

(48) 

Using the usual Wiener-Hopf argument, equation ( 46) subsequently yields 

H.(o:) = Pe-ia,h[ 1 I l 
K 1.(o:) (o:-o:0) K 1.(o:) K 1.(o:0 ) 

(49) 

(SO) 

From (49) we can derive the shear stress just ahead of the crack tip due to the incidence of 

(2)(0 ) __ Pe -ia,h (1-i) 
'12 +,y -

K,.Co:o) {Cy-h) 

Taking Fourier inversion of (50) we obtain (neglecting the diffracted body waves) 

ui2)(0+,y) = 

Pe -ia0h 
D = 2 

{iiCK1.(o:0 )(k, -o:0 ) 

(51) 

(52) 

(53) 

The first term of(52) is due to the geometrical reflection of Q>,. from the surface of the crack 

and the second term is due to diffracted Rayleigh wave arising from the crack tip. Taking account 

_., of the shear stress contribution due to successive reflection and diffraction of the Rayleigh wave 
'. 

given by the second term of(S2) from the comer of the wedge and the edge of the crack respectively 

and summing up, we obtain fmally the shear stress just ahead of the crack tip due to the incidence 

Pe -ittoh [ N, ] (1 -i) 
['12 (Q>,.)lr-h•O = - 1 - --,......._..:.- --'-~'--

K,.(o:o) (k,-o:o) {(y-h). 
(54) 

Following the same procedure, the stresses just ahead of the crack tip due to the incidence of 
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(55) 

where 

(56) 

-t and 

f..-

(57) 

where 

iARI-lkfsin28 1 pI = - _.:.:_-'-------'-

.fin 
(58) 

Similarly the stresses just ahead of the crack tip due to the incidence of tjrR=tlrRo +tJrRe are 

given by B i~oh [ N l 
2e 2 (1-i) 

't (tjr ) = - 1 + 
[ II Ro ] y-h+O Kz.( -Po) (k, +Po) ~ 

where 

and 

where 

p = 
2 

iBRI-lk1\cf /c{)cos282 

{2TI 

(59) 

(60) 

(61) 

(62) 

Therefore considering the contribution from <j>1, <I>R and tjrR together, the resultant stress components 

(63) 

and 
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(64) 

3. STRESS INTENSITY FACTOR 

The singular parts of the stress components 1:" and 1: 12just ahead of the crack tip may be 

expressed in the form 

Kr Kn 'li = and '12 = ---;=:;;:::::::::; 
Jy/h -1 Jy/h -1 

and the corres~onding stress intensity factors at the crack tip are defmed by 

/fii Kr /fii Kn 
sl = (65) and s2 = 

(1-i)A0 ~-Lk~ (1-i)A0 ~-Lk~ 
(66) 

'i: .. , 

4. NUMERICAL RESULTS AND DISCUSSION 

The absolute values of the complex dynamic stress intensity factors S1 and S2 as defmed by 

equations ( 65) and ( 66) have been plotted against the dimensionless wave number k1h for different 

values of the angle of incidence 81=30°, 40°, and 50°. Numerical results have been computed for 

Poisson ratio y=1/4 so that 
c c {3 
__!_ = {3 and - 1 

= . In the figure, values ofk1h have been taken 
C2 · CR 0.9194 

to vary from k1h=1 to 30. 

Both stress intensity factors show a tendency to decrease, though oscillatory for increasing 

k1h. The general oscillatory feature for the curves in Fig.5 and Fig.6 is due to the effect of interaction 

between the incident plane waves and Rayleigh waves which originate at the crack tip and are 

reflected back and forth between the crack tip and the comer of the free surface. In both the figures 

Fig.5 and Fig.6, S1 and S2 show distinct peaks, which indicate constructive interference phenomena. 
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Fig.S Stress intensity factor S1 versus dimensionless wave number k1h for 6 1=30°, 40°, and 50°. 
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CHAPTER -4 

ELASTODYNAMIC GREEN'S FUNCTION 
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Paper- 6. Green's function due to ring source in an anisotropic elastic 133 

medium. 
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6ELASTODYNAMIC GREEN'S FUNCTION FOR TIME-HARMONIC 

RING SOURCE IN AN INFINITE ANISOTROPIC MEDIUM 

1. INTRODUCTION 

The study of the scattering of the elastic waves by cracks or inclusions in an elastic medium 

is of considerable importance in view of its application in the quantitative nondestructive evaluation 

of materials. When there are only axially symmetric scatterers like circular cracks or inclusions, the 

incidence of torsional waves results in torsional waves only where as the incidence of logitudinal 

"1' waves gives rise longitudinal wave consisting of axial and radial components of the displacement 

which are coupled. The torsional wave modes are useful in detecting longitudinal flaws in cylindrical 

materials and longitudinal wave modes are useful for detecting transverse flaws and corrosion 

defects. 

Keeping this fact in view different investigators studied diffraction of elastic waves by 

cirdular cracks and inclusions in different times. Work of Kundu and Bostrom [1991], Kundu 

~ [1990], Krenk and Schmidt [1982], Schmidt and Krenk [1982] may be mentioned in this connection. 

While studing elastodynamic scattering due to axisymmetric scatter, calculation can be 

greatly simplified if an elastodynamic Green's function for ring source is available and used. 

In our paper the elastodynamic Green's function for a torsional ring source as well as for a 

axial and a radial ring source in a transversely isotropic solid has been obtained. The axis of material 

6 Communicated to the journal ARCHIVES OF MECHANICS, 2000. 
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symmetric and the axis of the ring source have been assumed to coincide. The Green's functions are 

derived using Fourier and Hankel transforms in the integral form. Using stationary phase method, 

the far field displacement has been derived and depicted by means of graphs in the case of Graphite-

..... epoxy composite. Recently, the elastodynamic Green's function for a circular ring source in 

homogeneous isotropic elastic medium has been derived by Lu [1998, 1999]. 

2. RING SOURCE OF FORCE IN RADIAL DIRECTION 

Consider a cylindrical polar co-ordinate system r, B, z with the cetre of the ring source on 

the z-axis so that the ring source of radius r= r 1 is located at z = z 1• The time dependence of all the 

field quantities, assumed to be of the form exp( -iwt), will be suppressed in the subsequent 

development. 

The material is assumed to be a unidirectionally fiber-reinforced composite solid whose fiber 

diameter is small compared to the wave length so that one can consider the material as a transversely 

isotropic solid. The fiber direction is parallel to the z-axis. 

Since the problem is axisymmetric for radial ring source afforce, so the only non-vanishing 

~ displacement compq_nents are urr(r,z) and uzr(r,z) where the first subscript denotes the direction 

of the displacement and the second one the direction of the ring source of force. The equations of 

' 

motion for the probleme are 

and 

&uzr 
+c--

3 araz 
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o(r-r 1) o(z-z 1) 

r 

(2.1) 



( 
a
2

urr 1 aurr) 
(c +c) --+--

3 5 araz r ar 
(2.2) 

h · th · 1 d "ty d th t 0 (r- r 
1
) 

0 ( z- z 
1
) represent the radt"al rt"ng source of w ere p IS· e matena ens! an e erm 

r 

force. 

We apply the Fourier transform to the axial co-ordinate, z, and the Hankel transform to the 

radial co-ordinate, r. The Fourier transform is defined as 

U • (r, T]; r 1, z 1) = J U (r, z ;r 1 ,z 1) e -i~z dz (2.3a) 

~ 

U(r z·r 1 z 1) , , , = 2~ f u·(r,T];r 1 ,z 1)ei~zdT] (2.3b) 

-~ 

while the Hankel transform is defined as 

• ~ I I urr (_,T];r ,z) = f U~ (r,T] ;r I ,z 1) J1 (~r) rdr (2.4a) 

0 

U • ( I I rr r,T];r ,z) = f u~ (~,T];r 1 ,z 1)Jl(~r)~d~ (2.4b) 

0 

u; (~, T] ;r 1,z 1
) = f u; (r,rp 1,z 1) Jo(~r) rdr (2.5a) 

0 

zr r,T],r ,z - Uzr(.,;rp ,z )J0 (~r)~d~ U •( · I I) - f • C I I (2.5b) 
0 

where T] and~ are transform parameters and J0 (z) and J1 (z) are the Bessel functions of the first kind 

of order zero and one respectively. 

Using Fourier transform with respect to z to equations (2.1) and (2.2) one obtains, 

( ~2 • a··) · crurr 1 Urr Urr au O r r I -i~z 1 

C1 --+----- + iT](c
3 
+c)~- c T]2U • + pc.>2u • = - ( - ) e (2 6a) 

ar2 r ar r2 5 ar 5 rr rr r . 
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. ( au~ u~ ) 1 [ a au; ] 2 • 2 • 0 lT](c3+c
5

) -+- +c5--(r-) -c4l]Uzr +pwuzr = ar r r ar ar 

Use of equation (2.5b) and (2.5a) to equations (2.6a) and (2.6b) respectively yield 

(pw2-ci~2-Csll2)ii~ -i~l](c3+cs)u; = -J~(~r')e-i~z' 

~ and 

Solving equations (2.7a) and (2.7b) one obtains 

where 

- . u = -rr 

TJf = _1_{ b2 -bi ~2 +( -J)i (BI ~4 + B2·e + Bjl2} 
2c4c5 

'!]~ and lli are the roots of the quadratic equation in '1]
2 given by 

(2.6b) 

(2.7a) 

(2.7b) 

(2.8a) 

(2.8b) 

(2.9a) 

c4 c5l]4 + { ( c1 c4 -c3
2- 2c3 c5 )~2 - pw2( c4 +c5)} '1]2 + {c1 c5 ~4 - pw2( c1 +c5 )~2 + p2w4} = 0 (2.9b) 

and 

B2 = 4pw2c4c5(c1 +c5)- 2b1 b2 

B3 = p2w4(c4-csf· 

From equation (2.9a) it can be shown that 'lli G=1,2) is equal to zero at ~=k; ·where 
f 

(2.10) 

k 1 = wJp!c 1 , ~ = wJp!c5 (2.11) 

For ~ < ki; ll/ is positive and 'lli is taken to be a positive real number whereas for ~ > Js; ll/ is 

negative and 'lli is taken to be a positive imaginary number. 
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Now we apply equation (2.3b) to equations (2.8a) and (2.8b) to obtain 

I 2 ~2 2) ( 2- ~2- 2) ) 
- ~ I I) i (pw -CS~ -C4111 i~ 1 1z-z 11 pW Cs~ C4112 i~,lz-z'l J (~rl) 
u ( z ·r z = -- - e + e 1 ~ rr '"' 2 2 2 2 2 

c4c5 111(111-112) 112(111-112) 
. 9.12~ 

--~ and 

- (~ • 1 1) = _ sgn(z-z
1
)(c3+cs)[ i1] 11z-z11_ i~2 lz-z'I]~J (~rl). uzr ~ ,z,r ,z 2 2 e e ~ 1 ~ 

2c4c5(11t -112) 
(2.12b) 

Taking Hankel inversion one obtains 
• 2 

urr(r,z;r 1,z 1) = - 1-L (-1)i J ~Fj(~)ei~;lz-z'IJ1 (~r)d~ 
2c4 c5 j=l 

0 

(2.13a) 

where 

(2.13b) 

and 

(2.14a) 

where 

E(O = 
~312 Jl (~r I) 

2 2 
11t-112 

(2.14b) 

3. FAR FIELD CALCULATION FOR RING SOURCE OF FORCE IN RADIAL DIRECTION 

· In the near field (small z and r ), the integrals in equation (2.13a) and in equation (2.14a) can 

be evaluated numerically. However, in the far field, the numerical evaluation of these integrals is 

awkward because of the rapid oscillation introduced in the integral by the Bessel functions and 

trigonometric functions. 

Assume the ring source to be situated at z=O-plane so that z 1 =0. Next for large ~r, taking the 

first term in the asymptotic expansion of the Bessel function 

1 [ei~r-i(2m+l)nl4 + e -i~r+i(2m+l)7tl4]. 
{2 1t~r 

(3.1) 
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Fig. I. Schematic diagram of the problem geometry. 
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Displacement components given by equation (2.13a) and equation (2.14a) become, 

u(rz·r 1 0)= 
rr ' ' ' 

So, oscillations in the integrand are introduced by the factors of the form exp(i'lilzl ± i~r ). 

This type of oscillatory integrals can be evaluated by the method of stationary phase [1950] for large 

distance away from the source: 

For this purpose, we substitute 

I z I = R cos<jl and r = R sin<jl 

where R is large; then 

i~,·lzl±i~r iR(~,.coscj>±~sincj>) iR1J!,·(~) iRx,·«l 
e = e = e or e 

(3.4) 

(3.5) 

(3.6) 

With the help of equation (3.5), equ:tion (3.2

1

) and eq~ation (3.3) can be express~d as I 
urr(r,z;r',O) = 1 . ~ (-1)i e-in/4 J F/0eiR1J!;Wd~ -ein/4 J F/~)eiRx;Wd~ 

2c4cd21tRsm<jJJ-l 0 0 

~ (3.7) 

and 

uz,(r,z;r',O) e-in/4 j E(OeiR1J!;Wd~+ ein/4 j E@eiRx;Wd~]· 
0 0 

The statonary points are given by iJr/ ( 0 = 0 and x/ ( ~) = 0 which yield, 

2b 1 ~-(-1)i(2B 1 ~3 +B2 0/B(O 
_.:..._ ___ __: __ ..::..._...,..,..--'-. = ± Js c

4 
c

5 
tan<jl 

[bz- bl ~2 + ( -1 )iB(~)]t/2 
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---+ 

...... 

.!.:.-, 

~ 

where (3.1 0) 

and positive sign in the equation (3.9) on right hand side corresponds to w/CO =0 whereas 

negative sign corresponds to x/ ( ~) = 0 . 

For an anisotropic material the roots of equation (3.9) can be solved numerically. We know 

that for Graphite-epoxy composite, c1=13.92 Gpa, c2=6.92 Gpa, c3=6.44 Gpa, c4=160.73 Gpa, 

c5=7.07 Gpa, p=1578 kg/m3
, [1991]. For this type of material, it can be showp. that the equation 

x/ ( 0 = 0 does not give any positive root of~. 1Jr / ( 0 = 0 gives only one positive root whereas 

wz' ( ~) = 0 gives three positive roots for some values of<!> and a single positive root for other values 

of <!>. These roots are denoted by ~01 and ~~2 respectively. For multiple values of ~02 , the 

superscript m takes the values 1, 2, 3. The values of ~01 and ~~2 for different values of<!> are 

given in the following table : 

Table-1. Roots ofthe equatio~s wt'CO =0 and wz'CO =0. 

<!> ~01 ~~2 ~~2 ~~2 

10° 0.5079 0.0971 0 0 
15° 0.5845 0.1460 0 0 
20" 0.6200 0.1952 0 0 
25° 0.6402 0.2448 0 0 
30" 0.6537 0.2948 0.8194 0.9172 
35° 0.6636 0.3452 0.7995 0.9459 
40" 0.6714 0.3958 0.7873 0.9626 
45° 0.6779 0.4463 0.7780 0.9738 
so• 0.6835 0.4964 0.7702 0.9815 
ss• 0.6885 0.5454 0.7630 0.9871 
60° 0.6931 0.5927 0.7558 0.9913 
65° 0.6974 0.6377 0.7478 0.9943 
70" 0.7015 0.6815 0.7363 0.9965 
75° 0.7054 0 0 0.9981 
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-~ 
J' 

. ->-. 

For far field computation we can neglect all the terms containinge -i~r in equation (3.7) and 

also in equation (3.8) because x/ ( 0 = 0 does not give any positive root. Using the stationary-phase 

method the far field components of displacement are thus given by 

and 

uzr(r,z;r 1,0) 

where 

and M is the number of roots of the equation w/ ( ~) = 0 and 

W/'(~) =- ~[{2b1 -(-1)iB-3 (~)(2B 12 ~6 +3B 1 B2~4 +6B 1 B3 ~2 +B2B3 )} 
C4CS 

X {b2- bl ~2 +( -1 )iB(O }-312 

where bi> ~. B1, B2, B3, B(~) have been defmed previously . 
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(3.14) 



.~ 

4. RING SOURCE OF FORCE IN AXIAL DIRECTION 

(4.1) 

and 

+ c ( ifuzz +.!.Buzz) 
5 ar 2 r ar 

+ c4 a
2

uzz + pw2u =- o(r-r
1
)o(z-z

1
) 

az 2 zz r 

Using the similar procedure which has been applied previously, we obtain, 

- • I I i~1l(c3+c5)Jo(~rl)e-i~z' 
urz (~, 11; r ,z ) = - _..:...._.::...._-"--"----

where 

H(O = 

uzz(r,z;r 1,0) = 

where 

~312 Jo(~rl) 

( ,i -,;) 

c4 Cs ( 112- lli)( 112 -11~) 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

Nj(O ~ ~(pw2-~~~2:Cs11J) Io(~r~). (4.8) 

11/llt _,2) 
Using the method of stationary phase for evaluation of the integrals arising in equation ( 4.5) * and (4.6) for large distance away from the ring source we have 
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u (r z·r 1 0) 
rz ' ' ' 

M 

-E (4.9) 
ffi"'l 

and 

(4.10) 

5. NUMERICAL RESULTS FOR RADIAL AND AXIAL RING SOURCE 

Numerical results ,fornormalized displacement components 12 c 4 R urr I , 12 c 4 R uzr I for radial 

ring source and l2c4Rurzl, l2c4Ruzzl for axial ring source at large distace away from the source 

for different values of Isr 1 (=2,8) have been plotted graphically for different values of R/r 1 (=20, 

40, 60) in the graphite-epoxy composite for which the material properties have been presented in the 

earlier section. Variation of normalized displacement components for different values of<!> varying 

from 10" to 75" where <!> =tan-1 _E.. has been depicted by means of graphs (Figs.2-9). It is interesting 
lzl 

1':- to naote that for smaller angles less than 25" and for angles greater than 70", the variation of the 

normalized displacement components with values of R/ r 1 is not prominent. 
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6. TORSIONAL RING SOURCE OF FORCE 

For torsional ring source of force , the equation of motion for Green's function 

u6 (r, z ;r 1,z 1), can be Written as 

o(r-r 1) o(z-z') 

r 
(6.1) 

where u8 is the tangential component of displacement and )l and G are shear moduli in the Bz and 

ed. . . I o(r-r 1)o(z-z 1
) th . a!. . th 'a! r 1rect10ns respective y. represents e torsiOn nng source, pIS e maten 

r 

density. The time dependence of all the field quantities, assumed to be of the form exp(-iwt), will 

be suppressed in the subsequent development. 

We use the Fourier transform for the axial co-ordinate, z, and the Hankel transform for the 

radial co-ordinate, r. The Fourier transform is defined as 

u·cr Tj'r' z') = J u (r z·r' z 1)e -i~zdz 6,,, 6''' 

~ 

u (r z·r' z 1) = -
1- J u·cr..,·r' z 1)ei~ 2 d7] e ' ' ' 21t e ' ' ' 

;If. The Hankel transform is defined as 

ua· (~,1j;r 1,z 1) = J ua· (r;rp 1,z 1)Jl(~r)rdr 
0 

U6'(r,tp 1,z 1
) = f U6• (~,1];r 1,z 1)J1 (~rgd~ 

0 

where 1J and ~ are transform parameters. 

Applying Fourier and Hankel transform equation (6.1) becomes 

Jl (~r') e -i~z' 
W (~, 1]; r ', z ') = --'-:---::---:--::-

G[a27]2 + ~2 _ k2] 
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(6.2a) 

(6.2b) 

(6.3a) 

(6.3b) 

(6.4) 



where 

(6.5) 

Substituting equation (6.4) into equation (6.3b) and then taking Fourier inversion one 

obtains, using residue theorem 

U (r z·r 1 z 1) = -
1- Joo 

8 ' ' ' 2 ~ 0 

where 

~ = .lee- k2)1'2 
a 

= - i..!. (k2- ~2)112 
a 

=- i~ 1 (say). 

for ~>k 

for~ <k 

(6.6) 

(6.7a) 

(6.7b) 

7. FAR-FJELD CALCULATIONS AND NUMERJCAL RESULTS FOR TORSIONAL RJNG 

SOURCE 

The integral arising in (6.6) can be evaluated numerically in the near field (small z, and r) .. 

However in the far-field the numerical evaluation of this integral is not possible because of the rapid 

oscillation introduced in the integrand by the Bessel function. For large ~r 

J
1 
(~r) = 1 [ei;r-Jni/4 + e -i;r+Jni/4]. 

../2 rr.~r 
Substituting equation (7.1) into equation (6.6), one obtains 

where 

Ue(r,z;r',z') = e-ni/4 i L(OeiPIIzl+i<rd~ 
2~.j2rr.r 0 

L(~) = 
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(7.1) 

(7.2) 

(7.3) 



So oscillations in the integrand are introduced by the factors of the form exp(i~ 1 lzl ± i~r). This 

type of oscillatary integrals can be easily evaluated by the method of stationary phase [1950]. 

For this purpo.se we substitute lzl = R cos<!> and r = R sin<!> where R, the distance from the 

centre of the ring source, is taken to be large. 

So, 
iRf2 (~) e (7.4) 

where ~<0 = ~ 1 cos<j>-(-1)i~sin<j>, j=1,2. (7.5) 

The stationary points can be obtained from f/ ( 0 = 0 and f/ ( 0 = 0. Thus one gets the 

stationary points ~0, where 

~0 = ± k ( /iL!Gtan<l>) 
Jr +(J.I./G)tan2 <!> 

If one defines 

tano: = v'J.I.!Gtan<!> 

then equation (7.6) simplifies to 

~0 = ± k sino:. 

(7.6) 

(7.7) 

(7.8) 

One needs to consider only the positive value of ~0 since the negative value is not within the 

;*: limit of the integral, hence 

(7.9) 

where 

(7.10) 

Numerical results for normalized displacement I J.I.Ru6 I for torsional ring source at large 

distances away from the source have been depicted by means of graph for graphite-epoxy composite 
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material. For this type of material shear modulus 11=7.07 Gpa and shear modulus G=3.50 Gpa 

whereas density p=l578 Kg/m3. For different values of k2 r 1(=5, 20), normalized displacement has 

been plotted against <!> where<!> =tan-1 ..2:.. , shown in Fig.IO. It is found that as the frequency 
izl 

increases the displacement becomes stronger near Q>=O and diminishes for larger values of Q>. 
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Abstr.:&ct -The high· frequency clastodynamic problem involving the excitation of an imcrfacc cmck of finite width lying bc!Wl.'Cll twu dh.~imilar 
anisotropic clastic half·planes has been analyzed. The cr.tck surface is cxcih:d by a pair of timc·harmunic :mtiphme line ~uun:es situated at the middle 
of the cracked surface. The prohlcm.has first been reduced to une with the interface crack lying between twu dissimilar isotropic clastic h:tlf·pl:ine~ hy a 
transformation of re)cv • .mt CO·Ordinatcs and parameters. The problem has then been furmulat~d as an Clth:nd.:d Wkner-Hopf equation ccr. Noble. 195HJ 
and the asymptotic solution for high·frequency has been derived. The expression li1r the stress intensity factor a! the crack tips has hc..-cn derived and the
numerical results for different pairs of materials have been presented graphically. © 1999 E:ditiuns scicntiliqucs ClmCdicalcs Elsevier SAS 

crack in anisotropic media I high rrequency scattering I \Viener-Hopr technique 

1. Introduction 

The extensive use of composite materials in modem technology has created interest among the scientists for 
carrying on considerable research work in the modeling, testing and analysis of laminated media. The laminated 
composites· which behave as anisotropic material may be weakened by interface flaws which can lead to serious 
degradation in load carrying capacity. 

Neerhoff ( !979), therefore, studied the diffraction of Love waves by a crack of finite width at the interface 
of a layered half-space. Kuo (1992) carried out numerical and analytical studies of transient response of 
an interfacial crack between two dissimilar orthotropic half-spaces. Kuo and Cheng ( 1991) studied the 
elastodynamlc responses due to antiplane point i·mpact loading on the faces of a semi-infinite crack lying at 
the interface of two dissimilar anisou opic elastic materials. The problem of diffraction of normally incident 
antiplane shear wave by a crack of finite width situated at the interface of two bonded dissimilar isotropic 
elastic half-spaces has been studied by Pal and Ghosh ( 1990). 

In the present paper we are interested in finding the high-frequency solution of the diffraction of elastic 
waves by a Griffith crack of finite width excited by a pair of time-harmonic concentrated antiplane line loads 
situated at the centres of the cracked surfaces. The materials are assumed to possess certain material symmetry 
and the crack plane is assumed to coincide with one of the planes of material symmetry, so that the in plane and 
the antiplane motion are not coupled. 

The high-frequency solution of the diffraction of elastic waves by a crack of finite size is interesting in view 
of the fact that the transient' solution close to the wave front can be represented by an integral of the high
frequency component of the solution. The analysis of the paper is first based on the observation of several 
researchers, e.g., Achenbach and Kuo ( 1986), Ma and Hou (I 989). Markenscoff and Ni ( 1984) that anti plane 
shear deformation in an anisotropic solid can be deduced from the corresponding deformations of an isotropic 
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Figure I. Geometry of the problem. 

solid by a transfonnation of relevant co-ordinates and parameters. Based on this observation, analysis of the 
interface crack by line loads between two bonded dissimilar anisotropic elastic solids can first be converted to 
that of a crack between two dissimilar isotropic elastic materials. Later, following the method of Chang (1971 ), 
the problem has been fonnulated as an extended Wiener-Hopf equation. The Wiener-Hopf equation in brief 
can be found in tlie book of Achenbach (1973). The asymptotic solutions for high-frequencies or for wave 
lengths short compared to the width of the crack have been derived. Expression for the dynamic stress intensity 
factor near the crack tips has been obtained and the results have been illustrated for different pairs of materials. 'it_ 

2. Formulation of the problem 

Let (X, Y. Z) be rectangular Cartesian co-ordinates. The X -axis is taken along the interface, Y -axis vertically 
upwards into the medium and Z-axis is perpendicular to the plane of the paper. Let an open crack of finite width 
2L be located at the intCiiace of two bonded dissimilar anisotropic semi-infinite elastic solids lying parallel 
ro X -axis. The anisotropic halt~ planes are characterized by the elastic moduli (C1d i; (i, k = 4, 5) and mass 
density Pi· The subscript j (j = I, 2) corresponds to the upper and lower semi-infinite media respectively. 

A pair of concentrated time-harmonic antiplane shear forces in the Z-direction of magnitudes F1 and F2 act 
on the crack faces Y = 0+ and Y = 0- respectively at X = 0 as shown in figure I. Thus the crack boundary 
conditions are 

and 

OJ t2J X ) ayz(X, Y, I)= ayz( , Y, I 

lXI < L, Y =0+, 
IXI<L, Y=O-, 

at Y = 0, lXI > L 

W1 (X, Y, 1) = W2(X, Y, 1) at Y = 0, lXI > L, 

(I) 

(2) 

(3) 

where w is the circular frequency. Two dimensional antiplane wave motions of homogeneous anisotropic 
linearly elastic solids are governed by 

a2 wi a2 wi a2 wi _ a2 wi 
(Css)j ax2 + 2(C4s)j axar + (C44)i ar2 = Piiif2 (j =I, 2), (4) 

where W;(X, Y, r) ure the out-of-plane displacements. 

. ' 
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The X Y -plane has been assumed to coincide with one of the planes of material symmetry such that inplane 
and anti-pl. me motions are not coupled. 

The relevant stress components are 

(5) 

<i> awi awi 
crrz = (C4slj ax + (C4•lr-ay-· (6) 

F?llowing Achenbach and Kuo ( 1986) and Kuo and Cheng (1991) we introduce a co-ordinate transformation 

(j =I. 2) 

where 

(j = 1.2). 

Equation (7) and the chain rule of differentiation reduced (4) to the standard wave equation 

where 

2 Pi S-=-
1 /1- j 

and 

s i is the slowness of shear waves. Without loss of generality .we assume that 

Assume · 

Wj(x,y,t) =Wj(x,y)e-iwr, j= 1,2, 

so that w i (x, y) satisfy the following Helmholtz equations 

with 

It follows from Eq. (II) that k2 > k1• 

(7) 

(8) 

(9) 

(10) 

(II) 

(12) 

(13) 



1016 R. Pramanik et al. 

It is easily verified from (4), (5) and (6) that the relevant displacement and the stress component in a physical 
anisotropic solid are related to those in the corresponding isotropic solid by 

Wj(X. Y, t) = Wj(X, y, t), 

Further writing 

(j) ( t) - (j) ( . ) -iwt . - ] 2 rrl.z x,y, -rv-. x,ye , 1-,, . .. 
under the changed co-ordinate system the boundary conditions (I), (2) and (3) reduce to 

(2) - aw2- . rJ .. (x, y)- 11-2-- F28(x), lxl < L, y = 0-• ay 
and 

awl aw2 
f.l.!-=11-2-, lxi>L, y=O, ay ay 

w,(x,O+) =w2(x,O-), lxl > L. 

To obtain the solutions to the wave equations (13), introduce the Fourier transform defined by 

1 /_oo . 
w(a,y)= ~ w(x,y)e'axdx. 

-v2rr -oo 
The transformed wave equations are 

d2-w, ( 2 2) -dy2 - a - k1 w 1 (a, y) = 0, y;;;: 0, 

y ~0. 

The solutions of (23) and (24) which are bounded as y-> oo are 

w,(a,y)=A,(a)e-YIY; y;;;,O, 

where 

w2(a, y) = A2(a) eY2Y; y < 0, 

Ia I> ki, 

lal <ki. 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

·cl(_ 
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Introduce. for a complex ex 

I !-L . G_(ex)= i;c r~;>(x,O)e'a(x+L>dx, 
-v2rr -oo · • 

I !L (') . Gj(ex)= = r,.~ (x,O)e'a·•q.r. 
-v2rr -L · 

The transformed stress at the interface y = 0 can therefore be written as 

Using the boundary conditions (18) and (19), we get 

Now 

. Fi 
Gj(ex) = (-1)1 = (j =I, 2). 

-v2rr 

-!•> aw1 (ex, O+) 
r,., (ex,O+)=IL• ay =-ILIYIAJ(ex), 

(2> aw2(a,O-) 
i', .. (ex, 0-) =·1L2 a = 1L2Y2A2(ex) . . • y 

Using (33) and (34), Eq. (31) can be written in the form 

. Therefore, 

+:. Now 

( -l)j ILjYjAj(a) = G+(ex) eiaL + G_(ex) e-ial. + ( -J)i ~
v2rr 

w,(ex,0+)-w2(ex,0-)=. ~!L {w,(x,0+)-w2(x,0-)}e1axdx=B(ex), 
-v2rr -L 

which is the measure of the displacement discontinuity across the crack surface. Therefore 

1017 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 

say 

(36) 

Substituting the values of Aj(ex) from (35) in Eq. (36) one finds an extended Wiener-Hopf equation namely 

G+(ex)e'a + G_(ex)e-w + B(a)K(ex) = -- ----- , ·1. ·1. K(ex){F' Fz} 
..fiii IL1Y1 IL2Y2 

(37) 

where 

(ex2 e1 ,,2 
K(ex) = IL11L2Y1Y2 = 1L11L2 - 1 R(ex) 

IL1 Y1 + 1L2Y2 ILl + 1L2 
(38) 

•·. 
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and 

(P.I + P.2)(a2- k~)l/2 
R(a) = ' ., II" ; ., If"' 

111 (a-- k;) • + P.2(a-- ki) -
(39) 

In order to obtain the high-frequency solution of the Wiener-Hopf equation given by (37) one assumes that 
the branch points a= k1 and a= k2 of K(a) possess a small imaginary part. Therefore k1 and k2 are replaced 
by k1 + ik; and k2 + ik2 respectively where k; and k2 are infinitesimally small positive quantities which would 
ultimately be made to tend to zero. 

Now K(a) = K+(a)K_(a) where K+(a) is analytic in the upper half-plane !rna> -k1. whereas K_(a) is 
analytic in the lower half-plane Im a < k2 are given by (cf. Pal and Ghosh, 1990; Wickham, 1980) 

1/2 [ t -1 { (1
2
-1)1/Z } ] 

K±(a) = (P.2(a ± kJ)) exp _I_ /,Y an m(y1 121111 dt , 
l+m rr 1 t±f.-

where 111 =~andy=~-
Since ry,(x, 0) decreases exponentially as x -> ±oo, G+(a) and G_(a) have the common region of 

regularity as K+(a) and K_(a). It may be noted that B(a) is analytic in the whole of a-plane. 

Now (37) can easily be expressed as two integral equations relating G+(a), G_(a) and B(a) as follows: 

G±(a) I l G'F(s) e'~'2isL --+- ds 
K±(a) 2rri c. (s- a)K±(s) 

I f e'fisL K'F(s) { F1 F, } 
- 2rri Jc. $(s-a) J.L;YI(s)- J.L2Y;(s) ds 

I l G (s) e'F2i.,L 
= -B(a)K (a)e'fiaL-- '~' ds 

'~' 2rri c,. (s- a)K±(s) 

+- 'F I 2 ds I l e'fist. K (s) { F F } 

2rri c,. $(s-a) J.t1Y1(s) ll2Y2(s) ' 
(40) 

where C+ and C_ are the straight contours situated within the common region of regularity of G+(s), G_(s), 
K+(s) and K_(s) as shown infigure 2. 

In the first equation of (40) (i.e. the equation involving upper subscripts), the left-hand side is analytic in the 
upperhalf plane whereas the right-hand side is analytic in the lowerhalf plane and both of them are equal in the 4 

Im ( s) 

kt 
k:l 

c. ' 
Re ( s) 

' ' c+ 
- k2 

• 11:1 

Figure 2. Path of intl!grution in the complex .~·plane. 
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common region of analyticity of these two functions. So by analytic continuation, both sides of the equation 
are analytic in the whole of the s-plane. Now. ·:nee 

so 

and also 

So it follows that 

G+(a) -- 0(~-') I Cl ~ as Ia I -> oo, m a > . 
K+(a) 

Presumably one has w1 (x, 0+)- w2(x, 0-) = O(ix 'f Ll 1' 2) as x-> ±L. 

Then it follows by standard Abelian asymptotics (cf. Noble, \ 958; p. 36) that 

B(a) =e'aLo(a-J/2) +e-iaLo(a-312) asIa I-> oo. 

Consequently one has 

B(a)K_(a)e-laL=O(a- 1) aslal-> oo, !rna <0. 

Thus both sides of the first equation of (40) are O(a-1) as Ia I-> oo in the respective half-planes. 

Therefore by Liouville's Theorem, both sides of the first equation of (40) arc equal to zero. The second 
equation of (40) (i.e. the equation involving lower subscripts) can be treated similarly. Therefore from (40) one 
obtains the system of integral equations given by 

(41) 

Since T>~;>(x, 0) is an even function of x, so from (28) and (29) it can be shown that G +<-a) = G _(a) and 
that K+(-a) = iK_(a) (cf. Pal and Ghosh, 1990). Using these results and replacing a by -a and s by -s 
in the first equation of(41) it can easily be shown that both the equations in (41) are identical. So G+(a) and 
G_(a) are to be detennined from any one of the integral equations in (41). 

3. High frequency solution of the integral equation 

To solve the second integral equation of (41) in the case when the nonnalized wave number k 1 L » I, the 
integration along the path C_ in (41) is replaced by the integration along the contours Lk, and Lk, around the 
branch cuts through the branch points k, and k2 of the function K_(s) as shown in figure 3. Thus the second 
equation in (41) takes the fonn 

(42) 
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Im ( s) 

c. 
----~0~-----------------rRe(s) 

Figure 3. Paths of integration C-. L1.q, Lk~. 

For k1 L » I, it can be shown that 

j = 1,2, (43) 

and 

(44) 

Using the results of (43) and (44) and also the relations G+(-a) = G_(a) and K_(a) = -iK+(-a) one 
obtains from (42) 

where 

F (~) = G+(~) = G_(-s) 
+ . L<-s> K-<-s>' 

[K+(s)feirr/4 
A<s> = 2-rrr . 

I 2 . F· K (k·) ei(kjL+n/4) 
C(")-- "'(-1)1+1- 1 + 1 

5 
- 2rri f=; J.Lj (kj +s) (kjL)if2 · 

Substituting a':" -k1 and a= -k2 in (45) one obtains respectively the equations 

and 

[I + M1 (k1) e
21

k' L] F+(ki) + 1!:..!_ M1 (k2) e21
k2L F+(kz) = -C(kJ) 

J.L2 

(45) 

(46) 

(47) 

(48) 

(49) 

(50) 
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where 

Now solution of (49) and (50) gives 

where 

F+(k .. ) = [~: M.,(k.)C(k.,) e21k.,L- C(k.., ){ 1 + M.(k,.) e21k.,L}] P(k~o k1) 

(form = 1, 11 = 2 and form = 2, 11 = 1 ), 

1021 

(51) 

(52) 

For high-frequency, expanding P(k1, k2) up to O(kjL)-1 and neglecting the terms involving (kjL)-2 and the 
higher order terms in F+(k1) and F+(k2) in (52) respectively, one obtains from Eqs (45)·and (46) 

2 2 
G_(a) = K_(~) L(-l)j L(k )F·{ 1 - L Mj(k..,) e2ikml. 

2n:l j=l 1 1 (kj- a)(J. J m=l IJ..,(k.,- a) 

+ t t Mj(km)M..,(k.) e21Ckm+k.,>L}. 
m=ln=l IJ.,(k., -a) 

(54) 

where 

K+(~) e'!~L+N/4) 
L(~) = ,jf[ (55) 

Replacing a by -a and using the relation K_( -a)= -i K+(a) and G_(-a) = G+(a) one obtains. 

G+(a)=- K+(a)t(-l)iL(kj)Fj{ 1 - t Mi(km) e2ikmL 
2n: j=l (kj +a)IJ.j m=iiJ.m(km +a) 

+ t t Mj(km)Mm(k.) e21!km+k.,JL}· 

m=i n=i 11-n (k. +a) 
(56) 

.. 
4. Stress intensity fa~tor near the crack tips 

For a --+ +oo along the real axis, . 

(57) 

From (53) and (56) one obtains, 

(58) 

where 
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+ t t _I Mj(km)M,.(k,)e2Hk,+k.,JL}· 
m=l n=l Jl.n 

Using (57) and (58), Eq. (37) yields 

B(a) = _s_{i e-iaL _ ei•L} (Ill + 112) + _1_ { !5_ _ Fz} .!.. 
a..ja Jl1Jl2 ../2ii ill Jlz a 

From Eqs ( 18), (19) and (20) one obtains, 

r}~l(x, 0+)- r};l(x, 0-) = -(F1 + F2 )8(x). 

Taking Fourier transformation on both sides, we obtain 

or 

•(I)( 0 ) -(21 ( 0 ) ry: a, + - ry: a, - = 

(F1 + Fz) 
JllY!Az(a)+JlzYzAz(a)= = 

-v2rr 
From Eqs (60), (61) and (36) one obtains when a--> +oo along the real axis, 

Now 
., 

A () (-l)j+IS[. -iaL iaLJ + I I Fi. ·a = 1e -e ----, 1 
Jl i a ..ja ../2ii a Jl i 

j =I, 2. 

,c~J(x, y) = Jl.awj(x, y) = Jl"~ [-'- {""A ·(a) e-Y11.vl-ia.< da] 
,_ . 1 ay 1 ay ../2ii 1-oo 1 

= (-J)i % ["" YiAj(a)e-YiiYI[e-iax + e;"·'] da 
-v2rr Jo 

as by Eq. (35) A i (a) is an even function of a. 

Substituting the values of Aj(a) as ial--> oo we can write the stress in the vicinity of the crack tip as 

T~{>(x, )') ~ __ _e _ [eia(x+L) _ i eia(:r:-L) _ i e-ia(x+L) + e-ia(x-L)] da S fn"" -•IYI 
) - ../2ii 0 ..;a 

+(-J)iFi ["" e-•IYicosaxda 
rr lo 

S(l - i) oo e-•IYI 
../'iii in ..;a [cosa(x+L)-sina(x+L)+cosa(x-L)+sina(x-L)]da 

+(-J)iFi ["" e-•IYicosaxda 
rr lo 

=S(l-i) -cos-+-cos- +(-1)1 • [ 
I Bz I Bz] · Fi IY I 

.jri 2 .ji'2 2 rr x2 + y2 

.. 

(59) 

(60) 

(61) 

(62) 

(63) 

(64) 



,. ... 

High frequency scattering due to forces on the faces of an interface crack 1023 

where 

(65) 

It is to be noted that the final term in Eq. (64) which can be reduced to-!,!-_..:, .. describes the behaviour of the 
stress near the source. Therefore at the interface (y = 0) we obtain · 

S(l - i) 
T ,.. :>: r::---i' 
·• -vx-L 

S(I - i) 
r_,., :>: J-(x + L) 

asx-> L+O. 

asx->-L-0. 

Now the dimensionless stress intensity factor is defined by,' 

_,S(J -i)l 
K- rc , 

F1vk1 

where S is given by (59). 

5. Results and discussions 

(66) 

(67) 

(68) 

Since from Eqs {7) and (16) we note that for Y = 0, x =X andy= 0 and that aW(X, 0,1) = o-;~{ 1 (x. O.t). 
therefore, the elastodynamic mode-Ill stress intensity factor of the interface crack in an anisotropic bimaterials 
is the same as that of an interface crack of the corresponding isotropic bimaterial given by (68). 

Numerical calculations have been carried out for both the cases of antisymmetric ( F 1 = - F 2 = F) and 
symmetric (F1 = F2 = F) antiplane loadings. For numerical evaluation of the stress intensity factors, the three 
material pairs (Nayfen, 1995), given in table I, have been considered. 

The absolute values of the complex stress intensity factors defined by (68) have been plotted against k1 L in 
figures 4-6, for symmetric as well as for antisymmetric loadings for values of dimensionless frequency k 1 L 
varying from 1.01 to 10. 

It is interesting to note that in the case of symmetric loading, the stress intensity factor first increases with 
increasing k1 L, attains a maximum and then with further increase of k1 L, decreases gradually with oscillatory 

Table I. Engineering ela,.tic constants of different materials. 

Medium Name p (kg m 3) C44 (GPa) Css (GP.•l C45 (GPa) 

Type ~f material pair: I 
I. Carbon-epoxy 1.57 X 103 3.98 6.4 0 

2. Graphite-epoxy 1.60 X 1oJ 6.55 2.6 0 

Type of material pair: II 
I. Isotropic Chromium 7.20 X 1oJ 115.2 115.2 0 

2. Isotropic Steel 7.90 X 1oJ 81.91 81.91 0 

Type of material pair: Ill 
I. Graphite 1.79 X 1oJ 5.52 28.3 0 

2. Carbon-epoxy 1.57 X 1oJ 3.98 6.4 0 
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behavior. On the other hand in the case of antisymmet'ric loading, stress intensity factor at first decreases 
sharply but with the increase of k1 L, it shows almost the same behaviours as the case for symmetric loading. 
The geneial oscillatory feature for the curves in figures 4-{; are due to the effect of interaction between the 
waves generated by the two tips of the crack. 
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Abstract 

The transient elastodynamic problem involving the sca!lering of elastic waves by a Griffith crack of 
finite width lying at the interface of two dissimilar anisotropic half planes has been analysed. The crack 
faces are subjected to a pair of suddenly applied antiplane line loads situated at the middle of the 
cracked surface. The problem has first been reduced to one with the interface crack of finite width lying 
between two dissimilar isotropic elastic half planes by a trunsformation of relevant coordinates and 
parameters. Spatial and time transforms are then applied to the governing differential equations and 
boundary conditions which yield generalized Wiener-Hopf type equations. The integral equations 
arising are solved by the standard iteration technique. Physically each successive order of iteration 
corresponds to successive scattered or rescattered wave from one crack tip to the other. Finally. 
expressions for the resulting mode III stress intensity factors are determined as a function of time for 
both symmetric and antisymmetric loadings. Each crack tip stress intensity factor has been plotted 
versus time for four pairs of different types of materials. © 1998 Elsevier Science Ltd. All rights 
reserved . 

1. Introduction 

The problem of a crack in an elastic material under the action of impulsive loading has been 
a subject of considerable interest recently. Sih et al. [I] have considered the problem for an 
infinite isotropic material and Kassir and Bandyopadhyay [2] studied infinite orthotropic 

• Corresponding author. Tel.: +91-0353-450-440; fax: +91-0353-450-546. 

0020-7225/98f$l9.00 © 1998 Elsevier Science ltd. All rights reserved. 
Pll: 80020-7225(98)000 19-6 
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material. Stephen and Hwel [3] also investigated the problem of diffraction of transient SH
waves by a crack llf finite width and a rigid ribbon, also of finite width. 

However in present years the extensive use of composite materials in the modern technology 
has created interest among scientists for carrying on considerable research work in the 
modeling, testing and analysis of laminated media. The laminated composites which behave as 
anisotropic material may be weakened by interface flaws which lead to serious degradation in 
load carrying capacity. 

Kuo [4] carried out numerical and analytical studies of transient response of an interfacial 
semi-infinite crack between two dissimilar orthotropic half spaces. The problem of diffraction 
of transient horizontal shear waves by a finite crack located at the interface of two bonded 
dissimilar elastic half spaces has been treated by Takei et al. [5]. 

Neerhoff [6] studied the diffraction of Love waves by a crack of finite width at the interface 
of a layered half space. Kuo and Cheng [7] considered the elastodynamic response due to 
antiplane point impact loadings on the faces of an interface semi-infinite crack along dissimilar 
anisotropic materials. 

In our present paper, we are interested in the antiplane transient elastodynamic responses 
and stress intensity factors of a Griffith crack of finite width lying along the interface of two 
dissimilar anisotropic elastic materials. The crack is subjected to a pair of suddenly applied 
antiplane concentrated line loading situated at the middle of the cracked surface. The materials 
are assumed to possess certain material symmetry and the crack plane is assumed to coincide 
with one of the planes of material symmetry, so that the in plane and the anti plane motion are 
not coupled. 

The analysis of the paper is first based on the observation of several researches, e.g. 
Markenscoff and Ni [8], Achenbach and Kuo [9], that antiplane shear deformation in an 
anisotropic solid can be deduced from the corresponding deformations of an isotropic solid by 
a transformation of relevant co-ordinates and parameters. Based on this observation, analysis 
of the interface crack by transient line loads between two bonded dissimilar anisotropic elastic 
materials has first been converted to the corresponding problem between two dissimilar 
isotropic elastic solids. Later following Thau and Lu [3], spatial and time transforms are 
applied to the governing differential equations and generalized Wiener-Hopf type equations 
are obtained. The integral equation arising are solved by the standard iteration procedure. 
Physically, each successive order of iteration corresponds to successive scattered or rescattered 
wave from one crack tip to other. 

Finally results are presented for the stress intensity factor near the crack tips. Each crack tip 
stress intensity factor is plotted versus time for a pair of different type of anisotropic materials. 

2. Formulation of the problem 

Consider anti plane deformation of a Griffith crack of finite width 2L lying. between 
dissimilar anisotropic half planes which are characterized by the elastic moduli (c1dj; i, k .= 4, 5 
a11d m<)ss de11sities />j. The subscripts j (} = I, 2) refers to the upper and lower media 
respectively. Let (X, Y, Z) be Cartesian co-ordinates. The X-axis is taken along the interface, 
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y 

Fig. I. Geometry of the problem. 

Y-axis vertically upwards into the medium and Z-axis is perpendicular to the plane of the 
paper (Fig. 1). 

For time 1 < 0, the elastic solids are at rest. For time 1 ;::>: 0, a pair of concentrated anti plane 
shear forces in the Z-direction of magnitudes F1 and F2 act on the crack faces Y = 0 + and 
Y = 0- respectively at X = 0. Thus the crack face boundary conditions are 

• {-Fto(X)H(I);IXI<L,Y=O+ 
<Trz(X, Y, I)= F2o(X)H(1);[X[<L, Y = 0- ' (I) 

where H() and o() are the Heaviside step and Dirac delta functions respectively. Ahead of I he 
crack tips, the interface boundary conditions which corresponds to the continuity of the 
displacement and traction along the welded part of the interface along lxJ > L, Y = 0 are 

a~~cx. o, 1) = a~~cx. o, 1) (2) 

Wt (X, 0, 1) = W2(X, 0, 1). (3) 

Two dimensional antiplane wave motions of homogeneous anisotropic linearly elastic solids 
are governed by [10] 

(4) 

where WiX, Y, 1) is the out-of-plane displacement. 
The crack plane has been assumed to coincide with one of the plane of material symmetry 

such that inplane and outplane motions are not coupled. 
The relevant stress components are 

(5) 

(6) 
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Following Achenbach and Kuo (9] and Ma [11], we introduce a co-ordinate transformation 
which has also been used by Kuo and Cheng [7] 

. =X_ (C45)i y 
.\ ( C44)i 

!Ji 
y = (C44)i y 

(j = 1, 2), (7) 

:=Z 

where 

(8) 

Transformation given by Eq. (7) reduce Eq. (4) to the standard wave equation 

(9) 

where 

' Pi d. P/C44)i 
Sj =-an Pi= 

!Ji !Ji 
(10) 

si is the slowness of shear waves. Without any loss of generality we assume that 

(ll) 

It is easily verified from Eqs. (4)-(6) that the relevant displacement and the stress 
component in the physical anisotropic solid are related to those in the corresponding isotropic 
solid by 

1-i-j(X, Y, 1) = llj(X, y, 1), (12) 

</i'(X xz ' 
- __!1_ < Jl • ' ) ( C45)i < Jl • ) Y, !) - (C ) a_"(.\, J, I + (C ) "r' (.\, y, I' 

44 . 44 .. 1 j 

(I 3) 

-U>(x y ) . U>( ) a yz , , t = Uy= X, y, t . (14) 

From Eqs. (9) and (12), the antiplane wave motions of the corresponding isotropic 
bimaterial in the transformed co-ordinate are governed by the standard wave equation 

(15) 
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and the relevant stress component is 

< 11 _ . _ ow; 
a_,·= (.t, y, 1)- Jlj oy . 

Under the changed co-ordinate system the boundary conditions Eqs. (1)-{3) reduce to 

{ 
-F,o(x)H(t);lxi<L,y = 0+ 

ar-(X, )', 1) = 
·- F2o(x)H(t);lxi<L,y = 0-

a~.~(x, y, 1) = a~~(x, y, t); lxl > L, y = 0, 

w1 (x, )', 1) = W2(x, )', I); lxl > L, y = 0. 

Hence 

and 

aw1 11 1 - = -F,o(x)H(t); lxi<L, y = 0+ 
ay 

a w2 
112 ay = F2o(x)H(1); lxi<L, y = o-

w1 (x, 0, 1) = 11'2(x, 0, J); lxl > L, y = 0. 

( 16) 

(17) 

( 18) 

(19) 

(20) 

(21) 

(22) 

(23) 

We begin the analysis by introducing unknown functions 11) and ollj/oy along the x-axis over 
the intervals where the functions are not specified by Eqs. (22) and (23). 

Assume that 

. wj(x, 0, 1) = gj(X, 0, 1); - L<X<L (24) 

and 

l1j OIVj = { </J(x + L, l):y: Ox+ L<O 

o y </J(x - L, l),y - Ox - L > 0. 
(25) 

Now we introduce Laplace and Fourier transforms defined as 

F(x, y, p) = r f(x, y, l)e-p1dl, (26) 
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so that their inverse transforms are 

f(x. y. t) = -
2
1 .J F(x, y, p)eP1dp, 
1rl BR 

""( . ) - I J"' F-(. . ) i(xd" r•X,J,p --
2 

<,,J,pe 1,. 
1t -oc 

Taking Laplace transform with respect to t of both sides of Eq. (24) (for lxl < L) 

Wj(x, 0, p) = J"' w;(x, 0, t)e-P1dt = J"" gj(x, 0, t)e-P1dt = G;(x, 0, p); JxJ <L. 
() 0 

Next taking Laplace and Fourier transform on wave Eq. (15) one obtains 

o'-u~\r\ ....... "J 

a.v2 - (<,- + kj)ii·~ = o; (y > O). 

a2·,., . ., .. ., ., 
-
3 

,-- (c,- + k;)il·2 = o; (y<O), 
y- -

where 

' ' ' kj=SjfF; {)=1,2). 

The solutions of the Eqs. (29) and (30) which are bounded as jyj-+ oo are 

l'>0 . . 

where 

The transfonned stress at the interface y = 0 can be written as 

a Jfj((. o, p) 
fl· ' ay 

where 

and 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 
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<!>+and<!>_ are analytic in the complex half plane lm(O>-k1 and lm(() < k1 respectively. So 
from Eqs. (32) and (33) one obtains ·· 

Eq. (35) with aid of Eq. (36) yields 

(-I) j !l;y
1
A;(O = ei(L<!>+((, p) + e-i{L<!>_((, p) + (-I) i Fj; (j = I, 2). 

• . p 

Taking aid of Eqs. (19), (28), (32), and (33) one obtains 

WtCC o. p)- W2((, o, p) =I"" [W1(x, o, p)- W2(x, o, p)Je-i;.'dx 
-oo 

so that 

=IL [Gt(X, 0, p)- G2(x, 0, p)]e-i(xdx = B(() (say) 
-L 

By the help of Eqs. (37) and (38) one finds an extended Wiener-Hopf equation namely 

K(()B(() = -<!>+((, p)eiCL + <li_((, p)e-iCL + K(() [.!l_ _ F2 ]. 
P 1'1 Yt 1'2/'2 

where 

so that 

Rl - (Ill + 1'2)((2 + k~)l/2 
co -Ill ((2 + kTJl/2 + 1'2<e +J4>1/2. 

(36) 

(37) 

(38) 

(39) 

(40) 

(41) 

(42) 

(43) 

The solution of Eq. (39) along with two transform inversions completes the problem. Here 
we shall concentrate on finding and then inverting ell+ and ell_ since tf>(x + L, 1) and tf>(x- L, 1) 
from Eq. (25) are equal to the shear stresses directly ahead of the crack tips. Hence they are 
required for the determination of dynamic stress intensity factors at the crack tips. 
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In order to solve Eq. (39), the function K(() is at first made single valued by drawing branch 
cuts along the ~-axis (recall ( = ~ + i11) from 'I = k1 to oo and from 11 = - k 1 to -oo. It is 
then broken up into the product of two functions which are analytic in the overlapping regions 
Im(() > - k1 and lm(O < k 1 so that 

(44) 

Next we divide Eq. (39) by K + (() and change ( to (' in it and redivide it by 2nie;'"L (('- () 
which yields 

e-;;'LK_(C)B(\') 

2ni(('- () 

ell+(t) ell_(l')e-2;;·~. K_(C)e-;;'L 

2niK+(\')(('- 0 + 2niK+((')(('- 0 + 2ni(('- ()p 

(45) 

Now with('=~·+ ;~·.take a line L 1 in the ('-plane lying in the strip -k1 <1( < k 1; choose 
( to be a point lying above L 1 (i.e. ~ > 1() and integrate Eq. (45) along L 1 from -oo < ~· < oo 

I e-;;'LK_(i;')B((') d"' __ I ell+((') , J ell_((')e-2;;'L , 
L, 2ni(C'- 0 \, - L, 2niK+(\')(\'- 0 d( + L, 2niK+(('JW- 0 d( 

J K-(\')e-;''L [ F1 F2 Jd , 
+ L, 2niW- Op 111W2 + kf)1/2- /12{('2 + ki}1/2 ( . 

(46) 

Since B((') is analytic in the entire plane and K_((')e_;;·t. is analytic in the lower half plane, 
so considering semicircular contour in the lower half plane the first integral' is found to be 
equal to zero. 

Again while evaluating the second integral, a semicircular contour in the upper half plane is 
considered. Consequently the second integral is found to yield the value ell+(OfK+CO· 

Next for the last two integrals the integration path is deformed to the path round the branch 
cut through the branch points ( = - ik 1 and -ik2 as shown in Fig. 2 so that finally Eq. (46) 
takes the form 

- • iK+(OJ"'ell-[-ik1(1 +i.)]K_[-ik1(1 +l.)]e-2Lki11+i.l , 
<!>+((,) = -- > dl. 

1!1'1 o [ik1Cl +I.J+mW.+2JJ11-

iK+co J"" ell_[ -ik2( l + I.)]K_[ -ik2(1 + ).)]e-2Lk,(1+i.) d). 

+ 1!J12 0 [ik2(1 + i.) + (][i.(ic + 2)]112 

iF1K+(0J"" K_[-ik1(1 + i.)]e-Lk,< 1+i.J dJ. 

+ 1!J11P o [ik1(1 + 1.) + (][/.(). + 2)] 112 

_ iF2K+(O I"" K_[-ik2(1 + i.)]e-Lk,(1+;.J d) .. 

1<J12P 0 [ik2(i + ),) + (][).(). + 2)] 112 (47) 
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Fig. 2. Path of integration. 

Similarly we can derive an equation for <ii_(~) by dividing Eq. (39) by 2nie-2C'LK_((')(('- ~) 
after first changing~ to(' and then choosing a line of integration L2 in the strip -k1 <r( < k 1• 

The point ( is taken below L2 and the result analogous to Eq. (47), then becomes; 

<li - iK_(O 1"" <li+[ik, (I + ,\))K+[ik, (I + J.))e-2Lko<<+i.l d). 

_(()- 1!Jlt 0 [ikt(l + ,\)- {][,\(). + 2))''2 

+ iK_(O [ <li+[ik2(1 + ,\))K+[ik2( I + ).))e-2Lk,!l+i.l d). 

1!Jl2 0 [ik2(1 + ).) - {][,\(). + 2)1''2 

iFtK_(() I"" K+[ikt(l + ,\))e-Lko(l+i.) d,\ 

1lJltP o [ikt(l + J.)- {][J.(J. + 2)]112 

iF2K-(C) 1"" K+[ik2(1 + .l))e-Lk,(l+i.) 
+ 1/2 d,\. 

1!Jl2P 0 [ik2(1 + J.)- {][J.(J. + 2)) 
(48) 

The integral equations have been solved by the standard iteration method and it may be 
noted that each successive order of iteration 'is a solution of the problem for successively 
increasing units of time starting from t = 0. Since each unit of time here corresponds exactly 
to the time required for an SH-wave to traverse the crack width, we can interpret physically 
each order of iteration in terms of the successive scatterings of waves from one crack to other 
and back again. Now we consider the zeroth order solutions of Eqs. (47) and ·(48) as 

iF1K+(C)e-Lko 1"" K_(-ik1(1 + .l.))e-Lko< d.l. 

1lJltP o [ikt(l + ,\) + ()[.l(.l. + 2))1' 2 

iF2K+(Oe-Lk'1"" K_[ik2(l + .l.))e-u,;. d.l. 

1!Jl2P 0 [ik2(1 + ,\) + {][J.(.l. + 2)) 112 (49) 
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and 

(50) 

Due to the presence of exponentially decaying terms in the integrands the main contribution 
to the integrals would be from small values of} .. So approximately evaluating the integrals we 
obtain finally 

<!JIOJ(() = FIK+(OK+(ik.l)e-Lk, 
+ . J1 1p(( + ikJ)(2nLkJ) 112 

F2K+(0K+(ik2)e-Lk' 

J12P(( + ik2)(2nLk2)112 ' 

iF2K-(0K+(ik2)e-Lk' 

f12P((- ik2)(2nLk2)1i 2 · 

(51 a) 

(51 b) 

The expressions for <!J~l(O and <ll~\0 may be recognised as the solutions corresponding to 
the separate problems of diffraction of semi-infinite cracks y = 0, x > - L and y = 0, x < L 
respectively because until the scattered wave emanating from a given crack tip reaches the 
opposite crack tip, the semi-infinite crack solution must apply. 

The waves originating from concentrated line sources at x = 0, y = 0 + and x = 0, y = 0-
arrive at the crack edges at 1 = s 1L and 1 = s2L respectively. 

The waves arriving at one edge at time I = s1L and 1 = s2L respectively through the upper 
and lower media reach the opposite edge at times 1 = 3s 1L, s2L + 2s 1L through the upper 
medium and at time 1 = s1L + 2s2L, 3s2L through the lower medium. So the first order 
solution <!J~l(O and <!J~l(() which we obtain by substituting Eqs. (51a}-(b) into the integral 
Eqs. (47) and (48) gives the effect of these waves and it is valid until 1 = 5s1L when the second 
scattered wave from the opposite edge first arrives .. So the first order iteration becomes 

(52a) 

and 

-~ (-I)' F,K-(()K+(ik,)e-Lk, 
1L .. · ~ 112 · ,~ 1 Jl,p(, - lk,)(2nLk,) 

(52b) 

For stress intensity factor since we are interested in the singular part of the stress near the 
crack tips, so making j(J--+ oo and noting that R~2(() tends to unity as J(J--+ oo we obtain 

-(IJ ( Jlilt2 )'12
[ 

2 <!J~l(-ik,)K+(ik,)e-2Lk, 2 
(-l)'F,K+(ik,)e-Lk, ] 

<ll+ ((} = J11 + /12 ~ 2J1,(( + ik,) 112(nLk,) 112 - ~ Jt,p(( + ik,) 112(2nLk,) 112 (53a) 
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and 

(53 b) 

Taking inverse Fourier transfom1 we obtain, 

<!J (x+ L) = + I 2 _ I + I 
( 

fll l )2 1 [ F[RI (ik )]3 e-<•t•<±x-2LI 

± - - /11 + 1'2 2rr(Lix± LJ) 112 I'T (rrs1 L) 112 p312 

+ F2 R~(ikl )R~(ik2).R~(ikJ) eP<±•ox-.o,L-.o,L) 

f111l2 (1!S2L)I/2 pl/2 

Ft R~(ik2)R~(ikt )R~(ik2) e PI±.,,.,-.,,L-.o,LI 

f1tf12 (rrsiL)I/2 pl/2 , 

F2 [R~(ik2)f e''PI ±x-2LI J I ( f11f12 ) I 
+ ~~~ (rrszL) 112 P312 ± ;;- !11 + 112 (Lix± Ll) 112 

2 (-1)'+1 F,R 1 (ik,)e±·'•·'P . 
x L + as x--+(L + 0). 

r=l JL,p 
(54) 

Next from Eq. (54) the normalized stress intensity factors K±L(t) where subscripts -L, + L 

refer to the corresponding values at the crack tips at x = - L and x = L respectively have 
been derived. 

Noting that R~2(ik 1 ) and R~2(ik2) are independent of p and using shifting theorem, the 
inverse Laplace transform finally gives the normalised dynamic stress intensity factors as 

II </J(x + L) I I I [ . F, , . J IK:FL(t)l = -F Lt._+L - 112 = - (I ) mR~(1k1)H(r- I)- F- R+(1k2)H(r- }') 
• I (Ljx±LI) rr..+m 1 

I <r<5, (55) 

where 
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J.11 s., I 
m =-. I' = --=. and r = -

Ill S] .I"]L 

It may be noted that stress intensity factors at the both edges IK +L(tJI and IK-L(I)I are the 
same which is also obvious from the symmetry of the problem. 

3. Results and discussions 

From Eqs. (7) and (14) it is to be noted that for Y = 0, x =X andy= 0 and that o\~(X, 0, 1) 
= a~z(X, 0, 1). 

Therefore, elastodynamic mode III stress intensity factors at the crack tips of the interface 
crack in an anisotropic bimaterial are the same as that of the interface crack of the 
corresponding isotropic bimaterial given by Eq. (55). 

While carrying _out numerical calculations both the cases of symmetric (F1 = F2 =F) and 
antisymmetric (F1 = - F2 =F) loading have been treated. For numerical evaluation of stress 
intensity factors at the tips of the cracks of finite width situated at the interface, the four 
material pairs [12], given in Table I, have been considered. 

The absolute value of the stress intensity factors defined by Eq. (55) has been plotted against" 
r( = tf(s1 L)) for different material pairs in Figs. 3-6 for both the symmetric and antisymmetric 
loading for values of r varying from I .0 to 5.0. 

It is to be noted that in the case of antisymmetric loading, stress intensity factor increases in 
two steps, the first step corresponds to the first arrival of the wave at the crack tip moving 
along the upper face of the crack from the source and the second jump occurring because of 
the arrival of the wave at the crack tip due to wave moving along the lower face of the crack. 

Table I 
Engineering elastic constants of different materials 

Medium Name p (kg m--') C.w (GPa) C55 (GPa) C45 (GPa) 

Type of material pair II 
(I) Carbon-epoxy 1.57 X 10-' 3.98 6.4 0 
(2) Graphite-epoxy 1.6 X (Q-' 6.55 2.6 0 

Type of material pair II 
(I) Isotropic chromium 7.2 x to-' 115.2 115.2 0 
(2) Isotropic steel 7.9 X 10-' 81.91 81.91 0 

Type of material pair III 
(I) Isotropic aluminium 2.7 X 10-' 26.45 26.45 0 
(2) Carbon-epoxy 1.57 X 10-' 3.98 6.4 0 

Type of material pair IV 
(I) Copper coated stainless steel 8 X 10-' 91 135 0 
(2) Isotropic aluminium 2.7 X 10-' 26.45 26.45 0 

~-

~}(;,.\ 
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It is interesting to note that after th!! arrival of the first scattered wave from the opposite edge 
of the crack, the stress intensity factor gradually decreases in the case of antisymmetric 
loading. 

However in the case of symmetric loading stress intensity factor at first increases when the 
wave moving from the source along the upper face of the crack surface reaches the crack tip 
but as soon as the wave from the source moving along the lower face of the crack reaches the 
crack tip, suddenly it decreases for type I and Type II material pairs and increases for type Ill 
and type IV material pairs until the scattered wave from the opposite crack tip arrives when 
the stress intensity factor shows tendency of increasing but with slow oscillations. 
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Appendix A 

From £q. (40) we obtain 

Rl _ (Ill + 112)((2 +·k~) 112 

(()- 111((2 + kfll/2 + 112((2 + k~)l/1 

where 

Taking logarithm on both sides, one obtains 

So 

m I 2 + k2 

[ ( )
1/2] logR1 (~)=logR~(~)+logR~(~)=-log -

1
-+-- s, ; .. + m I + m ~;- + k2 

log R~ (1;) = -~-. J-ic+oo log R I (z) dz. 
2m -ic-oo z - i; 

(A.I) 
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Replacing= by-: and using R 1
(-:) = R1

(:) 

. . . log[_!!l__ {I+ _I_ (=2 + ky) 1/2}] 
_ _!_, J"·+oo log R

1
.(:) d.-= _?I. J""+oo I + m. Ill • z

2 + k~ d_-log R~(~) = 
2m ic-oc = + \, -rrl k-oo (= + \,) 

[ 
1 ( _2 + k2) 1/2] [ ( 112 _ k2 ) 1/2] 

· . log I +- - ~ . log I + i 1 

= __!__, J" +oo m- =2 + k2 dz = ~I'' m2(~~ - 112) du-
2m ic-oo (- + 0 -1t1 ; 1 (11- 1() 

[ ( 
112 - k2 ) l/2] 

. log I - i , , 1 

I I'' m-(k2 - u
1

) 
- 2rri ;

1 
(11 - iO dll 

which yields. 

(A.2) 

Similarly, 

(A.3) 

Similarly, it can be shown that 

(A.4) 

where R2(0 is given by Eq. (43). 

Using Eq. (40) or Eq. (41) it can be shown that 

(A.5) 

(A.6) 
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From either Eq. (A.5) or Eq. (A.6) it can be easily shown that 
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In this paper, the problem of diffraction of normally incident SH wave by two co-planar finite rigid 
strips placed symmetrically in an infinitely long isotropic elastic strip perpendicular to the lateral surface 
of the clastic strip has been treated. The mixed boundary value problem gives rise to the determination 
of the solution of triple integral equations which finally have been reduced to the solution of a Fredholm 
integral equation of second kind. The equation has been solved numerically for low frequency rang(~. 
Finally the elastodynamic stress intensity factors are obtained. The variations of the stress inlensity 
factors at the tips of the rigid strips with frequency have been depicted by means of graphs. 

1. Introduction 

In recent years great interest has been developed in studying elastic wave interaction 
with singularities in the form of cracks or inclusion located in an elastic medium, in 
view of their application in engineering fracture mechanics and geophysics. Most of the 
attempts have been based on the assumption that the crack or the inclusion is situated 
sufficiently far from the neighbouring boundaries. Mathematically, this type of problem 
reduces. to the study of the elastic field due to the presence of cracks or inclusions 
in an infinite elastic medium: A detailed reference of work done on the determination 
of the dynamic stress field around a crack or an inclusion in an infinite elastic, solid 
has been given by Sm [1[. However in the presence of finite boundaries, the problem 
becomes complicated since they involve additional geometric parameters, describing tl1e 
dimension of the solids. Papers involving a crack or a rigid strip in an infinitely long 
elastic strip are very few. The prOblem of an infinite elastic strip containing an arh~t rary 
number of Griffith cracks of unequal size, located parallel to its surfaces and opcucd by 
an arbitrary internal pressure, has been treated by ADAM [2[. Finite crack perpeudicular 
to the surface of the infinitely long elastic strip has been studied by CHEN [3[ for impact 
load, and by SRIVASTAVA et al. [4[ for normally incident waves. Recently SHIN DO et al. [5[ 
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considered the problem of impact response of a finite crack in an orthtropic strip. ITOU 
[6[ also studied the response of a central crack in a finite strip under inplane compression 
impact. 

But these solutions were limited to the problems involving a single crar.k or a finite 
rigid strip embedded in an clastic strip because of sevCre mathematical cmb.plexity invo
lved in finding solutions for two or more cracks or inclusions. Recently SRIVASTAVA et al: 
[7[ considered the problem of interaction of shear waves with two co-planar Griffith cracks 
situated in an infinitely long elastic strip. T AI and LI [8[ also derived the elastodynamic 
response of a finite strip with two co-planar cracks under impact loading. The solution of 
the mixed boundary value problem was expressed in terms of two Cauchy-type singular 
integral equations which were solved numerically, following a collocation scheme due to 
ERDOGAN and GUPTA [9[. A numerical.Laplace transform inversion technique described 
by MILLER and GuY [10[ are then used to obtain the solution. 

In our paper, we have considered the diffraction of normally incident SH wave by 
two co-planar finite rigid strips situated in an infinitely long isotropic elastic strip per
pendicular to the lateral surface .. The mixed boundary value problem gives rise to the 
determination of the solution of triple integral equations which finally have been reduced 
I.o the solution of a Fredholm integral equation of second kind. The equation has been 
Solved numerically for low frequency range. FinaHy the· elastodynamic stress Intensity 
factors arc obtained. The variations of the stress intensity factors at the tips of the rigid 
strips with variable frequency have been depicted by means of graphs. 

2. Formulation of the Problem 

Consider an ·infinitely long homogeneous isotropic elastic strip of width 2H con
taining two coplanar rigid strips embedded in it.· Consider a rectangular Cartesian co
ordinate system (X, Y, Z} with origin at the centre of the elastic strip, such that the rigid 
strips occupy the region -b ( X ~ -a; a ~ X ~ b, IYI < oo, Z = 0. A time-harmonic 
a.ntiplanc shear wave is assumed to be incident normally on the rigid strips. 

Since the non-vanishing component of displacement is only the component V, all 
stress components except al- z and ax•r vanish identically. Thus the problem is to find 
the stress distribution ncar the edges of strips subject to the following boundary condi
tions: 

V(X,O+} _V(X, 0-} = - Voe-iwt.; a.;; lXI< b, 
(2.1} 

ayz(X,O+} = ayz(X,O-} = 0; lXI > b, IXI<a, 

and 
a.n·(±h, Z} = Q. 

The displacement V satisfies the wave equation 

(2.2} 
IJ2V i)2V 1 i)2V 

IJX2 + DYi = CJ 1Jt2 , 

C2 being shear wave velocity. It is convenient to normalize ·all lengths with respect to b 
so that ·" 

\ 

I 
1 
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Therefore the strips are defined by -1 ~ x ~ -c, c ~ x ~ 1, IYI < oo, z = 0 (Fig. 1). 
Suppressing the time factor e-iwt, the boundary conditions reduce to 

v(x,O+) = v(x, 0-) = -vo; c ~ lxl ~ 1, 
(2.3) 

<Tyz(x, 0+) = <Tyz(x, 0-) = 0; lxl > 1, lxl <c, 

and <Tzy(±h, z) =' 0. z ~ 

h ' I' ' 

-1 -c c 1 
'X 

0 ' 

FIG. 1. Geometry or the problem. 

The scattered field v subject to the above boundary conditions.sbould be a solution 
of the equation 

(2.4) 

w2fl 
where k~ = -,-. 

cz 

The solution of Eq. (2A) can be taken as 

00 00 

(2,5) v(x, z) = j A(~)e-illzi cos(€x)d€ + j B(() cos h(fhx) cos((z)d( 
0 . 0 

so that 

(2.6) ay,(x, z) = f.l [ -sgn(z) l.BA(~)e-illzl cos(€x)d€ 

where 
(€'- k~ji/2; 

-i(k~ ~ e)l/2; 

'-l (B(() cosh(.Bix) sin((z)d(] , 
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. ((2- ki)ll'; 

-i(ki - (2)1/'; 

( > k2, 

( < k2, 

so that {31 = -i(k~- ( 2) 112 = -i{J; where ( < k2 • 

3. Derivation of Integral Equation 

The condit~on of vanishing of "•' at z = 0 outside the strips yields 

00 

(3.1) J {JA(~) cos(~x)~ = 0; JxJ <c, JxJ > 1. 
0 . 

Again the boundary condition v(x, 0) = -v0 at c <:; JxJ <:; 1 gives 

00 00 

j A(Ocos(~x)d~ + j B(()cosh({J,x)d( = -vo; 
0 . 0 

(3.2) c <:; JxJ <:; L 

Using the boundary condition a,y(±h, z) = 0 one obtains 

00 00 J {31 B(() sin h({31 h) cos((z)d( = J ~A(Oe-131'1 sin(~h)d~ 
0 0 

which after Fourier cosine inversion yields 

00 

(3.3) {31B(()sinh({31h) = ~ J {32~:(2 A(Osin(~h)d~. 
0 

Eliminating B(()) from equations (3.2) and (3.3) one obtains 

00 00 

J 2 j cosh({J,x) 
(3.4) A(O cos(~x)d~ = -vo-; {3, sinh({J,h) d( 

0 0 

00 

J ~{3 . 
x {32 + (2 A(O sin(~h)d~; 

0 

Replacing {JA(~) by C(O, Eqs. (3.1) and (3.4) become 

00 

(3.5) j C(O cos(~x)d~ = .0;. JxJ < c; JxJ > I 
0 

and 

c <:; JxJ <:; 1. 
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00 00 

(3.6) I 1 · 2 I cosh(.6,x) 
C {1 + H(~)] C(~) cos(~x)~ = -vo-;;: p, sinh(.6th) d( 

0 . 0 

c <:; lxl <:; 1, 

where 

(3.7) 

In order to solve the integral Eqs. (3.5) and (3.6) we set 

l 

(3.8) C(O =I h(:•) {1- cos(~t)} dt 
c 

where the unknown function h(t2 ) is to be determined. 
Substituting C(~) from (3.8) in equation (3.5) we note that 

00 l I C(~) cos(~x)dx = 11" I h(:•) [o(x)- ~c5(x + t)- ~c5(1x- m] dt 
0 c 

so that Eq. (3.5) is automatically satisfied. 
. Again, the substitution of the value of C(~) from (3.8) in equation (3.6) yields 

(3.9) 

l l 

1 I h{t') lx2 
_ ~·1 I h(t

2
) - --log -- dt = -vo - --dt 

2 t x2 t 
c c 

ll00

cosh(.61x)e-"il• {1 - I( ")}dr-lk'cos(.6;x)cos(.6;h){ _ (·,, )}dr] 
X a . I (" I) cos 1 t,_,, , ,, . ("'!) 1 cos ,_,1 t , 

tJ'I Sill 1 tJ"I t fJ'I Slll fJ't I. 
, .o 

where the result 

has been used. 

. l 00 -I h(:•) dt I C 1 H(~) cos(~x){l- cos(~t)} d(. 
c 0 

00 

I cos(~x){1- cos(~t)} d 1 I x2 
- ! 2

1 
~= og --

~ x• 
0 

Differentiating both sides of Eq. (3.9) with respect to x and next multiplying by 
( -2xjrr), one obtains 
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(3.10) 

R.K. Pnimanik. S.C. Pal and M.L. Ghosh 

I 2. 1 2.loo h/3 ~ J th(t ) dt = 2x J h(t ) dt j sinh(lhx)e- ' {1 _ cosh(tlh)} d( 
rr (t2- x2) rr t . sinh(lhh) 

c c ":J 

k, 

+ j sin(,B~x) cos(,B( h) {1 _ cos(,B; t)} d( 
sm(.B;h) 

0 

-l H(0sin(~x){1- cos(~t)}~J; 
It is known that using Hilbert transform technique, the solution of the integral equation 
(SRIVASTAVA and LOWENGI!UE [11]) 

b 

2 J th(t
2

) 
- ( 2 2 )dt = R(y), 
'ff t -y 

a<y<b 

a 

can be obtained in the form 

(3.11) 
2 2 1/2 b 2 2 1/2 

h(t2) = -~ (~) J (b - y ) yR(y) dy rr b2 _ 12 y2 _ a2 y2 _ 12 

a 

D 
+ (t2 _ a~)'f2(b2 _ t2)l/2 

with condition that R must be an even function of y so as to make integral convergent. 
D is an arbitrary constant. 

Following (3.11), the solution of Eq. (3.10) is given by 

l 

( 2) J h(t
2

) { ( 2 2) 2 2)} D (3.12) h u + - 1- K, u , t + K2(u , t dt = (u2 _ c2)'/2(1 _ u2) 1/ 2 
c 

where 

(3.13) 
4(2 2)1/2/

1(1 2)
1
1
2

x2dx ·K,(u2,t2)=--, u1-c2 2-x2 2 2 
n -u x-c x-u 

c 

l/
00 

sinh(,B1x)e-h/3, { _ ( ,8 )} d( Jk, sin(,B(x) cos(,B;h) {1 _ (,8' )} d ] 
x .l(,BI) 1 cost 1 + . (,B'I) cos 1t ( 

Sinl 11. . Sin 11. 

' 0 

and 
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(3.14) 2 2 4 ("2-c2)1/2j'(1-x2)'/2 x2dx 
K2(u ,t ) = +2 1 2 2 ·2 2 2 

1r -u x-c x-u 
c 

00 

x J H({)sin({x) {1- cos{{t)} d.{. 

0 

In order to determine the arbitrary constant D, Eq. (3.9) is multiplied by 

(x2 _ c2)1/~(1 _ x2 )112 and integrated from c to 1 with respect to x, and using the 

result 

I 

! xlogl1-t
2
/x

21 1r ~1-cl 
(x2 - c2)1/2(1 - x2)'/2 dx = 2log 1 + c 

c 

we finally obtain 

(3.15) 

where 

(3.16) 

. (3.17) 

I j h(:2) du = 2vo 
I 

4 ! h(t2) dt 

I
I- cl t 

1rlog 1 +c c II cl log --=-c 
l+c 

I 

x! (x2 _ c2)'1~(1- x2 ) 112 [A,(x, t
2
) + A2(x, t

2
)] dx 

c 

{I - cosh( tfJJ)} d( 

k, _! cos(IJ;x) cos(IJ;h) {I_ ("' )} d( 
"' . ("'!) cos ,..,t , p 1 Smp1 t 

0 
00 

A2(x,t2) =! C 1H({)cos({x) {!- cos({t)}d{ 

0 

Again, by substituting h(u2 ) from Eq. (3.12) in the left-hand side of equation (3.15) and 
simplifying, one obtains 

0· --
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4voc 
1 

Be j h(t
2

) dt 

1
1- cl t 

1r2 log -- c 
. 1 + c 

(3.18) D= 

1

1- cl rrlog --
1+c 

1 

x J (x2 - c2)1/~(l - x2)1/2 [ A1 (x, t2) + A2(x, t2)] dx 
.c 

1 1 

+ 2c J h(t2) dt j.!. { Iqu2, t2) + K2(u2, t2)} du. 
11" t u 

. c c 

Eliminating D from Eqs. (3.12) and (3.18) and simplifying one obtains 

(3.19) 
1 2 

[(u2 _ c2)(1 _ u2)] 1/2 h(u2) + J h(: ) 

c 

4voc 

rrlog --
1

1- cl 
1+c 

where 

1 

Sc J xdx 

I
I- cl (x2 _ c2)1/2(J _ x2)1/2 

1r2 log -- c 
l+c 

. (3.21) 

'v 
' 

. ' 
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Next for. further simplification we put 

[(u2
- c2)(1- u2

)]
112 h(u2

) = H(u2 ) 

and make the substitution · 

u2 = c2 cos2 ¢> + sin2 ¢> and t2 = c2 cos2 9 + sin2 9 

in Eq. (3.19) which then reduces to the form 

>'/2 

(3.23) G(¢>) + I c2 ;><o) . 2 [K~(¢>, o) + I<b(¢>, o) +I<~(¢>, o)J dO · 
cos O+sm 9 

0 

where 

{3.2-1) 

(3.25) 

(3.26) 

(3.27) 

(3.28) 

G(¢>) = H(c2 cos2 ¢> + sin2 ¢>), 

G(O) = H(c2 cos2 9 + sin2 9), 

[(~(¢>, 0) = K.(c2 cos2 ¢> + sin2 ¢>, c2 cos2 9.+ sin2 9), 

Kb(¢>, 0) I<b(c2 cos2 ¢> + sin2 ¢>, c2 cos2 9 + sin2 0), 

<1. Stress Intensity Factor 

From equation {2.6) for z ~ 0, c.;; lxl < 1, one obtains 

00 

uy,(x, 0±) = 'fl' I P'A(") cos((x)~. 
0 

4voc 

1rlog --
1
1- cl 
l+c 

It is useful to determine the difference of the stress components on the lower and 
upper surfaces of the strips. We put 

t.hcn 
00 

Llu.,(x, 0) = -2p. I C(() cos((x)d(, 

0 

c < lxl < 1. 
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Substituting the value of C(O and next changing the order of integration and inte
grating, one obtai1..s 

(4.1) 
prrh(x2

) 
Ll<Tyz (x, 0) = . 

X 

Since 
h(x2

) = [(x2 - c2)(1 - x2)j-112 H(x2
) 

and 

and hence Eq. (4.1) becomes 

(4.2) Ll ( ~ prrG(¢) 
<Tyz x, = x [(x2- c2)(1- x2)jl/2" 

So the stress intensity factors Nc and N 1 at the two tips of the strip can be expressed as 

(4.3) Nc = Lt 
x-c+ 

[ Lluy;~x,O) (x _ cJ''2] 

and 

(;!.4) N 1 = Lt 
:<-1-

.[ Ll<Tyz(x,O) (1 - xJ''2]. 
JL7T . 

With the aid of Eq. (4.2) one obtains 

(4.5) 

and 

(4.6) 

G(O) 
Nc = =? G(O) = cy'2c(1- c2)Nc 

cy'2c(1- c2) 

N,= G(rr/
2

) '* G(rr/2) = y'2(1- c2)N1. 
y'2(1- c2) 

Making C tend to zero, the two strips merge into one and iii that case 

I 
N, = J?.G(rr/2). 

5. Results and Discussions 

The numerical calculations have been carried out for the determination of stress 
intensity factors for different values of the dimensionless frequency k2 within the range 
0.1 to 0.8. The integrals A 1(x,t 2

) and A 2 (x,t 2
) given by (3.16) and (3.17), respectively, 

appearing in the kernel of integral Eq. (3.23) have been evaluated using the Gauss 
quadrature formula. Following Fox and GOODWIN [12], the solution of integral equation 
(3.23) has been obtained by converting it into -a system of linear algebraic equations. 
Substituting these values of [G(¢)] in equations (4.3) and (4.4), the stress intensity 
factors Nc. and N, at the inner and outer tips, respectively, of the rigid strips have been 
found to be related with G(O) and G(rr/2) through the relations (4.5) and (4.6). The 
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amplitudes IG(O)I and IG(7r/2)1 have been plotted against k2with different values of h 
for c = 0.2, 0.4, 0.6; the values chosen for k2 range from '0.1 to 0.8, at step of 0.05. 

· From the graphs it can be concluded that for fixed values of h, the stress intensity 
factor near the inner tip of the rigid strip decreases with the increase in the values of 
frequency within the range 0.1 to 0.8 (Figs. 2, 4 and 6), and for fixed values of h the 
stress intensity factor near the outer lip of the rigid strip at first decreases, attains a 
minimum and then it gradually increases with the increase in the values of frequency 
within the range 0.1 to 0.8 (Figs. 3, 5 and 7) for different values of c (c = 0.2, 0.4 and 
0.6). 

It is interesting to note that for different values of k2 within the range 0.1 to 0.8, 
the stress intensity factor of the inner tip of the strips, for a given value of k2 , increases 
with the increase in the values of h, whereas the stress intens;.ty factor at the outer tip 
of the strips, within the given range of values of k2 , decreases with the increase in the 
values of h for small values of k2 but shows the reverse character for higher values of k2 
for any given value of the parameter c. 
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