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6.1 INTRODUCTION 

This chapter deals with the i ndepth study of. the question of 

the existence of Lorentz Invariant Clocks <LIC) in a 

relativistic world. This is prompted by some recent claims and 

counter claims. <Schlegel 1973,1975, 1977; Rodrigues 1985> regarding 

LIC. Here we have reexamined the definition of a Lorentz 

Invariant <LI> clock in the light of the c, :~ventionality of 

distant Simultaneity thesis <C-S thesis). The main purpose of the 

present text is to first present a synchrony independent 

definition of a LI clock and then to prove generally that the 

existence of an invariant clock is indeed incompatible with 

Special Relativity <SR>. We hope that the present e>:position will 

also help readers grasp and appreciate once more the importance of 

the c-s thesis in understanding the foundational questions of 

relativity. 

In an article S~hlegel <1973,1975,1977> claimed that it 

is possible to construct theoretically a Lorentz Invariant (LI) 

clock whose rate does not d·epend on its state of motion. The 

author ~urther stated that the Principle of Relativity <PR) does 

not come in the w~~ in conceiving such a clock. To advance his 

~thesis, Schlegel theoretically built his gedanke~ clock (ball and 

track clock) and analysed its functioning to show that the clock 

rate was indeed Lorentz>invariant. 

Rodrigu·e~. (1985) correctly replies to Schlegel's paper 

by pointing ou~ explicitly the fault in Schlegel's analysis. 

However, we find it rather difficult to understand his "general 

·proof" that the theory of relativity forbids the existence of a LI 

clock. Rodrigues's "general proof" is unsatisfactory on two 
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counts. First, his definition of LI clock seems to be ambiguous. 

For, as we shall see later that the authors' definition itself 

presupposes a preferred inertial frame and therefore any effort to 

prove further that PR forbids the existence of a LI clock becomes 

meaningless. In our opinion a careful definition of a LI clock is 

no less crucial than the issue of its existence. In section 6.2 

we shall elaborate on lfJhat is wrong with Rodrigues' definition and 

then in section 5.3 we shall seek a more profound definition ~F 

an invariant clock. 

The second drawback of the paper concer~-:: '. ..... ,e author's 

i~difference to the Conventionali~y of distant Simultaneity thesis 

(C-S thesis) of special relativity (Reichenbach 1958; Grunbaum 

1963; Winnie 1970; Sjodin 1979; Ghosal et al 1991a, 1991b; 

Mansouri & Sexl 1977>. The c-s thesis observes that Einstein's 

formulation of SR rests on a special synchronization convention 

and since a convention is devoid of any empirical content, one is 

free to choose any value (with certain restrictions) to be 

assign9• to the One-Way Speed <OWS> of light in a ·given inertial 

frame. 

However we take this occasion to comment here once again 

that the above observation by no means imply that the Relativistic 

Physics <RP> is empirically empty and on the contrary, as we have 

observed in a receni paper <Ghosal et al 1991b}, we believe that 

the validity of Einstein's second relativity postulate, when 

reinterpreted in the light of the c-s thesis, distinguishes RP 

from other non-relativistic transformations. 

Now Rodrigues argues in his article that if LI c:l ocks 

(as defined by the author) exist it will be possible to 

91 



synchronize standard clocks in any inertial frame S with the help 

of a master LI clock and th~ resulting synchrony_ will not be 

equivalent to the standa~d Einstein synchrony or the so-called 

slow tra~sport synchrony. This would immediately imply that the 

velocity of li«;;~ht will not remain isotropic: in S. The author then 

argues that the principle of relativity as· if forbids such a 

situation to arise! Obviously this argument is contrary to the 

spirit of the C-S thesis. It is evident that when Rodrigues speaks 

about the velocity of light he refers to the OWS alone and as its 

value, according to the . c-s thesis, 

arbitrarily, any conclusion based on the OWS of 

falls through. 

c:an be assigned 

light definitely 

Now our aim is to first present a synchrony independent 

definition of a LI clock and then to prove generall"y that the 

existence of such an invariant clock is indeed incompatible with 

special relativity. The other sections of this text will 

the problem in details. 

6.2 LI CLOCK : A DEFINITIONAL PROBLEM 

discuss 

In trying to refute Schlegel's "claim" that the existence of 

a Lorentz invariant clock is consistent with special 

Rodrigues defines his LI clock in the following way ,: 

relativity 

<A> It is a clock such that when in motion relative to an inertial 

frame s 0 , does not lag behind relative to a series of clocks 

sy·nchroni :zed acc:ordi ng to Einstein in s
0

• 

Rodrigues' analysis is based on the above definition; 

therefore before one proceeds it is necessary first to examine its 

content carefully. Note that the statement <A> refers to a 
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particular inertial the set of standard clocks 

belonging to s
0 

are used as refere~ce clocks with ·.which 

clock (non~standard clock) rate is to be compared. 

the LI 

Now the 

question is whether the in·ertial frame s
0 

is a 

not. Obviousiy it should b~ a tacit stipulation 

preferred one or 

that 

iner.tial frame, otherwise the whole exercise of refuting 

Schlegel's "claim'' becomes meaningless. Unfortunately we shall see 

in a moment that the frame s
0 

is a pref~rred one by definition. 

But before giving the formal proof to this effect let us first 

point out another feature of the definition <A>, the cognizance of 

which itself will provide us some preparedhess for the journey to 

the next section. In the definition (A) the rate of a LI clock in 

motion is compared with that 6f standard clo~ks at ~est in s
0

. It 

is evident th~refore that any such comparison automatically calls 

fur a pa~ticular proc~dure fdr distant clock synchrony in s
0

. 

SinL~ the experimental clock moves fr-.om one point to an6ther in s
0 

the rate of the single LI clock is actually compared. with the 

difference of readings of the two spatially separafed clocks in S 
0 

which are to be synchronized beforehand. Obviously the result of 

such a comparison depends on the adopted synchronization 

convention for the separated clocks in s
0

. The above fact thus 

makes the definition <A> convention dependent. This is another 

undesirable feature of the definition. 

Now consider an inertial ·frame S in motion relative. to s
0

• 

The proper period ~T of a standard clock C comoving· with S is 
s 

given by 

(6. 1} 
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u where t.t is the period of Cs as.observed from s 0 and 

relative speed between the reference frames in question. 

is the 

Let us 

~uppose tha~ an Intelligent Observer <ID> sitting on S i~ able to 

change the time rate of C with the help of a rate adjuster. If, 
s 

by using the adjuster the rate·of C is ·continuously changed in 
. . s 

some arbitrary way depending on the state of motiun of S with 

respect to s
0

, Cs can no longer be considered to be a standard 

one. If in particular the adjusted time rate ~T' is given by 

(6.2) 

equations (6.1) and (6.2) yield 

~T 1 = f.t (6.3) 

The above relation will continue to hold as long as the observer 

"knows" the state of motion of S relative to s
0 

and adjusts the 

cl~~k rate according to equation (6.2>. Equation <6.3) now implies 

that the clock C behaves like a LI clock according to Aodrigues' 
s 

definition. 

If we now consider another inertial frame s
1 

moving with respect 

to s
0 

l.-l~ ~h a relative speed v along their common x-axis, we obtain 

for the proper period of a standard clock in S 

, 1 2 1 2}1/2At 
\ -\fJ c L}. 1 (6.4) 

where ~tl is.thE per:Dd Of the same clock as metisUred from S
1 

and 

w is given by the well known velocity transformation formula 

94 



v- u (6.5}. - 2 
1 - uv/c 

Inserting (6.2} in (6.4) we obtain 

~T I 
2 2 2 2 1/2 = [(1-w /c )/(1-u /c >J ~t 1 (6.6} 

which implies that the clock C , even though invariant from the 
s 

point of vie1r1 of s
0

, now differs :i11 its t-ate ~rlith respect to the 

series of clocks synchronized a la Einstein in s 1 unless v=O i.e 

when s
1 

and s
0 

coinci_de. This means, in other words ~hat as if the 

frame s
0 

has some spe~lal ~~gnificance~ 

The above fact thus makes the definition uninteresting 

if not total1y meaningle~,s, since nc•vJ th"=' E'>:ist.el:ce of the so-

called LI clock of Rodrigues, the definition of which itself givP~ 

a preferential status to s
0 

can no longer be cited as an evidenc, 

for or against PR. 

6.3 INVARIANT CLOCKS AND TRANSFORMATION LAWS 

From the last section it is clear that a 1 og i ,t: a 11 y 

consistent definition of an invariant clock should not refer to 

any particular reference frame or to any parti cul -~~~~ 

synchronization convention. Keeping this in mind let us proceed to 

present our definition (Definition 8) : A clock is such that when 

initially compared and adjusted <rate and phase> with an inertial 

standard clock at any given point in space does not differ its 

phase with the standard clock when th~y meet a~ter the former 

performs a round-trip. Note that the above definition makes no 
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reference to any particular inertial frame and the fact that the 

comparison of clocks are performed between the same __ pair of clocks 

(at the same space point> does away with any need for 

synchronization of distant clocks. 

We shall now first.look for the transformation laws between 

inertial frames if standard clocks are replaced by the invariant 

ones (according to definition B>. In order to do so we shall take 

the so-called conventionalists' view point of special relativity 

and follow Sjodin's approach in particular {Sjodin 1979). 

According to Sjodin, relativistic physics can be described 

consistently in terms of real length contr ction and time 

dilatation of moving rods and standard clocks with respect to a 

given inertial frame so and it is held following the c-s thesis 

(vide sec.5.1) that a plethora of transfbrmation equation~ 

between inertial frames with different synchronization parameters 

may describe the same physical reality. Sjodin derived from some 

simple considerations the general form of the transformation 

equations between two inertial frames s
0 

and S' (\l'lhen the latter 

moves with a velocity u with respect to so along their common 

~-a~is) as 

~ I 
-1 

(>:-ut> = ¢u 

y' = y (6.7) 

t' A·v + <n -uA>t u 

where the values for the length contraction factor ¢ and time 

dilatation factor 0 depend on the world that the above equations 

represent and A is :hE:! synchronization parametEr which according 
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to c-s thesis' can be a~signed arbitrarily. 

For the relativistic world <Sjodin 

1991b> 

where as usual y 
tl 

-1 
v 
'u = 0 u 

. ..., ..., -1/'""> 
{1 ""-;· .L..} .._ = . -u c . 

1979; Ghosal et al 

For the Galilean world (SjHdin 1979) on the other hand 

0 
u 

1 

1991a, 

(6.8) 

(6.9}. 

It may· appear at a first sight. that since· equations· (6. 7) are not 

formal·ly symmetric. between s
0 

and S', s
0 

might have been given .a 

preferred· status; but tha-t is not so. For example for a 

relativistic world <¢ = 0 = -1 r > one may choose the standard 

synchrony so that (6.7} would represent Lorentz Transformations 

<LT) in which case s 0 is just any inertial frame. 

One may now also write down the t~ansformations if standard 

clocks (but not the rods) are replaced by non-standard ones. In 

this case the value of ¢u 

arbitrary ·in <6.7) 

= 

X; Y U (x-ut} 

is retained but n 
u 

remains 

y t y (6. 10) ~ 

t' = Ax + (0 -uA>t 
u 

We may now define a "Semi. Relativistic World" <SRW} when the non-

standard clocks of (6.10) are the invariant clocks in particular. 
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One may easily find out the value of n 1n this case by explicitly 
u 

using definition <B> ~iven at the begining of this section for 

invariant clocks. Howeve~ for the present analysis, in order to 

obtain a better insight into the present problem we first 

intuitively po~t-ulate the .transformations for the SRL-J and hence 

prove afterwards that the clocks of the s-aid world are indeed 

invariant (according to definition B>. 

The proposed transformations are 

X I = (x-ut> 

y' = y (6.11). 

t 1 = Ax + <1-uA)t 

Note that ll'le have taken the val L\e of ¢ f r·om (6. 8) and that of 0 
u u 

from <6.9} and inserted these values in (6.10}. 

6.4 Standard Synchrony in SRW.- V~locity transfo~mation equations 

that follow from (6.11} are given by 

V I 
>: 

V I 
y 

1+A<v u> 

1+A<v 
>: 

u) 

<6.12> 

(6.-13) 

wher '? v and v are the components of ·velocity of a .__ .. .1ti cle 
X y (for 

instance as observed from s 0 and the corresponding quantities 

with ~rime denote the same as observed from S/. 

Now, since our definition of the invar·i~mt. clock is 
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independent of clock synchrony one is free to adopt· any 

convention for distant synchrony in SRI1J II'Ji thout any loss of 

generality. We shall use for the following analysis the so-called 

Staridard Synchrony <SS> <Winnie 1970; Sj~din 1979; Ghosal et. al 

199la; Mansouri and Sexl 1977),according to which one way 'speed of 

,light is independent of direction in any inertial frame. We c:an 

explicitly use the above definition of SS to obtain the vafue of A 

as follows. Consider a·l~ght signal travels in the x-direc:tion. 

Now if one puts, for the "one way speeds" of li•-'- 1-:t in s
0

, u=±c in 

(6.li) 7 according to the SS the corresponding speeds of light v , 
X 

<in· 5') will also be equal in magnitude i.e 

ttJhi ch gives 

y (C-1..1) 
u 

1 + A <c - uY -::::: 

2 2 A = -<uic )y 
u 

r (c + u) 
u 

-----,,.--,-------'--
1 - A<c + u> 

Inserting this value of the parameter for synchrony in 

(t,.14l 

(6.15>. 

(6. 11> 

obtain the transformations with standard synchrony in SRW : 

X, = 

Y' = y 

t' 

x - ut 

t 

1 

2 ux/c 
2/ 2 u c 

(6.16}. 

Now we shall proceed to prove that the clocks of SRW as 

represented by the transformations (6.16) are indeed invariant 
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(according to definition B). From (6.16) we can write down the 

transformations between any two frames S' and . S 11 for e:x ample, 

where the late~ moves with a relative velocity v :~ith respect to 

the first frame s0 . They are obtained as 

and 

""") 

x" = r [y (1-uv/c~>x'-<v-u>t'] 
v u 

t'' 
2 . 2 , 2 r [(1-uv/c )t -<r /c ) <v.-u»:'] 
v u 

and also inverting the above equations we obtain 

and t" 

? 
y [y ( 1-uv/c ~,X 11 + (v-u} t 11 ) 

u v 

2 . 2 2 = r [ (1-uv/c )t''+<r /c ) (v-u);.:"] 
u v 

(6.17} 

(6.18a> 

(6.18b>. 

Suppose now a clock c 1 of SRW is placed at the origin (:x "'=0) of 

.s~. From eqn. C6.18b) the observed period ~t' of c
1 

f~dm S' may be 

.obtained in terms of its "proper" period 

observed from the clockws own rest frame> as 

? 
( 1-uv/c~) f>.T II 

( - . 
. 1. e the period as 

(6.19}. 

Note that in order to arrive at (6.19) we have put A:xh=O & 

At!'=.t.:r•• in <6.1Bb>. 

Observe that the time dilatation factor in (6.19) differs 

from unity in general. If for the moment we anticipate that the 

clocks under qu~stion are invariant, the time dilatation effect 

(e~h. 6.19) appears to be a bit surprising. Ho\I'Jever, there is 
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little to be surprised since here the invariance of the clock 

peri'od is clearly masked by the process of distant c;;lock synchrony. 

in S'. This is the precise reason why it is necessary to define 

invariant clock in a syn~hrbny indepeMdent way. 

Now suppose c
1 

completes its journey in the following way. 

It first starts from the origin of 5 1 at t=O, travels with a 

uniform speed v with respect to s0 a distance x' of S' and after a 

~rief period of deceleration g, returns to the origin of s', with 

a veiocity -v with respect to 5
0

. Now if there is another clock C 

at the origin of S', one·is able to measure the time required for 

the round-trip journPy of c
1 

by C and as well as by c
1

. Note that 

the time measurements in this case are independent of the process 

of distant clock synchrony in the concerned inertial frames. We 

rewrite (6.19> with a change of notations 

(6.20) 

-and (6.21> 

where the indices f .and r represent the respective quantities for 

the forward and return journey o~ c
1 

respectively. Note that the 

last equation is obtained by replacing v by -v for the return 

journey in <6.19>. 

For the round-trip journey of c
1

, C time -<rid c
1 

time are 

given by 

= /::,.TI• + /::,.T'' 
f r 

(6.22} 
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and .t.t ; = .t.t f + .t.t ~ (6.23) 

respectively. 

In the above calculations we have considered onl~ uniform motion 

for c
1 

both for the forward and for the return jouney and omitted 

any effect of ~ts retardation at the end of the forward journey, 

because the retardation effect in time dilatation ( - . . 1n this case 

apparent> ~alculations can be made arbitrarily small as the 

retardation g-+-oo at constant v· (vide clock paradox calculations due 

to Moler (1972>, for e>:ample}. 

To prove that c
1 

represents an invariant clock we shall 

prove l:.T" = .t.t' i.e 

.t.t I + .t,t I = f.T lr + f.T rt . 
f r f r 

or, in. her words, using (6.201 and (6.21} 

The above identity may ei3.si1y be verified by noting that 

U.\ .t, t I = C.:• .t, t I 
f f r r == >! •' or, .t.t'. 

r 
<w /w ).t,t / 

f r. f 

have to 

{6.24} 

(6.25). 

(6.26} 

where wf and t..:·r are the speeds of c
1 

L~i th respect to S" for the 

forwar~ and the return journies. resp~ctively which, 

are given by 

w 
f 

= tv-u>Jr (1-uv/c 2 ) 
u 

102 

from (6.17) 

(6.27) 



and 
2 

Cv+u)/y (l+uv/c ) 
u 

By virtt..te of (6.26), the .t.t.f cancels from both '!!licle-s of 

giv:ng 

") -- 1 
+lwf/c.:.r) \l+uv/c'} ] 

(6. 28). 

(6.25} 

(6. 29} -

If one ncn·J makes use of -(6.27) and (6.28)., the verification of the 

above identity becon ~s a trivial exercise. 

Observe that the identity (6.24) or (6.25} thus establ1shed 

is not·generally valid since similar calculations with Lorentz 

transformations for e>:ample, unlike the case in hand, would 

display real time dilatation effect <Moller 1972}. 

6.5 SRW ~nd its incompatibility with PR.- In section 6.1 

'observed that Rodrigues in his "general proof" did not take into 

.acc..._u.nt the C-S thes-is properly and on the contrary he equated the 

possible existence of a LI clock with the possibility of a 

particular non-standaid synchronization giving rise to •nisotropy 

of OWS of light in a general frame. 1.-Je shall however work with the 

"Two-Way-Speed" CTWSJ of light the definition of which does not 

call for distant synchrony <Ghosal et al 199la & 199lb). The 

following steps will provid~ the proof that the invariant clocks 

are really incompatible with PR. 

Consider that the light speed in s 0 is c and is the same in 

all directions. Recall the velocity transformation formula (6.12) 

v' = 
X 

y (v - u} 
U X 

l+A(v - u) 
X 
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and assume in particular that in s 0 , v =-c 
>: 

for the r-eturn 

journey (obtained by reflection) of a 1 i ght .signal in the 

:-:-direction of s
0

• The corresponding speeds of light as observed 

for S' will be given (using 6.12> by 

c:' = 
f 

r <c - u> 
u 

1 +A(c:-u} 
(6. 30}. 

for the forward journey of light and for the return journey 

c" = 
r 

r (c: + u} 
u 

1 - A<c+u} 

The harmonic: mean of last two speeds give the TWS of 

ob~er-~ea from S' which is given by 

c' = 
1 
2 

( __ 1_ 
c" 

f 

+ 1 . } -1 = --zr 
r 

c<1 
2. 2}1/2 

V .IC • 

(6. 31)-

light as 

<b. 32). 

r·L:te that the synchronization parameter A has no role in the 

last expression. This is expected since TWS r-equi~-es a single 

clock for its measurement and therefore its value ought to be 

indep~ndent of synchrony. Similarly <Ghosal et al i991b} one may 

obtairJ the value of TWS in the y-dir-ection or any direction for 

that matter and verify that the observed round-trip speed is 

independent of direction. But it is evident that· while in a 

general frame S 1 the isotropy of light speed <TWS) is maintained, 

its magnitude differs and therefore in violation of PR one can 

tell one frame from the other just by performing experiments to 

determine TWS of light in different inertial frames. 

However in tune with Rodrigues' final remark (1985) we also hold 
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that the above proof cannot. forbid invariant clocks to e>:ist in 

nature but for that, only PR has to be discarded once and for all. 
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