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Abstract-In this paper non-linear static and dynamic behaviours of sandwich plates have been 
studied by a new set of"decoupled differential equations. Numerical results of rectangular sandwich 
plates under mechanical as well as dynamical loading, has been computed and compared with the 
other known results. 

INTRODUCTION 

Investigations on finite deformation of sandwich plates are gaining importance day by day 
due to its wide applications in modern designs. Outstanding research workers who carried 
out interesting investigations in this field are Reissner [1], Alwan [2], and Nowinski and 
Ohnabe [3]. 

Kamiya [ 4] has offered a new set of governing equations by using Berger's approxima
tion to study the non~linear static behaviours of sandwich plates. The author has analysed 
in detail the case of rectangular sandwich plates. The accuracy of his method depends on 
a correction factor F(b/a). Thus although Kamiya has been able to simplify the coupled 
differential equations of sandwich plates proposed by earlier authors, his attempt has been 
restricted to plate geometry due to introduction of this correction factor. Moreover Berger's 
method fails completely for movable edge conditions. 

In this paper a new set of differential equations of sandwich plates in ·rectangular 
a Cartesian co-ordinate system, have been derived in a decoupled form. The accuracy of this 
set does not depend on any correction factor and thus holds good for sandwich plates of 
different shapes. Moreover results for movable edge conditions can be derived from the 
same cubic equations. Numerical results of rectangular plates with different side ratios, both 
under mechanical and dynamical loading have been computed and compared with other 
known results. 

GOVERNING EQUATIONS 

First we posit a rectangular co-ordinate system x, y, z; x, yin the middle plane ofthe core, 
z thickness direction (positive downwards). 

For the sake of simplicity consider a sandwich plate with an isotropic core as well as 
isotropic upper and lower faces of identical thickness while the faces respond to the bending 
and membrane actions of the plate, the core is assumed to transfer only shear deformations. 
Moreover compared with the core thickness h, the face thickness t 1 is supposed to be thin 
enough to ignore a variation of stress in the thickness direction of the faces. 

By virtue of Hook's law for isotropic elastic materials, the strain energy per unit area of 
both the faces are represented as [ 4] 

-r Et1 [ mz 1(ar)2 
mz 1(as)2 

( m m 1 ar. as) 
Vo = 1 - V2 Bx + 4 ax + By + 4 ay + 2v Bx By + 4 8x ay 

~{ mz ~(ar)
2 

~(as)
2 

~ ar as}] + 2 Yxy + 4 ay + 4 ax + 2 ay ax (1) 

Furthermore, if we rewrite equation (1) by introducing two invariants of the averaged 
strains [ 4] 

I m m + m 1m m m 1 m2 (2) 1 = Bx By , 2 = Bx By - 4i'xy 
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we obtain 

-r Et1 [ m2 m 1 (ar)2 varas 1- v(ar as)2] 
Vo = 1 _ v2 I1 - 2(1 - v)I2 + 4 ax + 2 ax ay + -8- ay +ax . 

Since the shear strains of the core may be expressed as 

_ 1 I u aw . _ 1 I u aw 
'Yxz- h(U - U ) + ax' 'Yyz- h(V - V ) + ay 

the strain energy per unit area of the isotropic core due to the shear becomes [ 4] 

_ 1 [(r)2 (s)2 (aw)2 (aw)2 2( aw aw)J V8 = 2 hG' h + h + ax + ay - h r ax + s ay . 

In consequence, the total strain energy per unit area of the sandwich plate is 

Vo = v& + V8. 

(3) 

(4) 

(5) 

(6) 

Using the modified strain energy expression proposed by Banerjee [5], (3) can be 
re-written as 

v& = ~[nm2 + ~{(aw)2 + (aw)2}?: ~(ar)2 + ~(as)2 
1 - v2 4 ax ay 4 ax 4 ay 

+~ ar as+ 1- v(ar + as)2] 
2 ax ay 8 ay ax (7) 

where 

1m a u 1 a u 1 l(aw)2 
v (aw)2 

I 1 = a)u + u ) + v ay (V + V ) + 2 ax + 2 ay (7)' 

and A. is a constant given by [5]. 
Addition of equation (5) with equation (7) gives the total potential energy V. 
Executing the variational calculus so as to minimize the total potential energy of the 

present elastic system of the sandwich plate, we arrive at the following differential equations: 

lm aj aQ 1 (aw)2 
v (aw)2 

I 1 = ax + v ay + 2 ax + 2 ay = constant 

where 
(8) 

(9) 

(10) 

~[{(aw)
2 (aw)2}v2 (aw)2a2w +1 2 a + a w+ 2 a a 2 -V X y X X 

(11) 

where 
a2 a2 

v2 = ax2 + ay2' 

From somewhat re-written equations (9) and (10) it becomes 

·[ Et 1 2 G
1 J(ar as)., 2 

2(1 - v2 ) V - h ax + ay + G V w = O. (12) 
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Combining equations (11) and (12) we get 

(13) 

EXAMPLES OF ANALYSIS 

Non-linear static behaviours of sandwich plates 
We consider the bending of simply supported rectangular sandwich plates (a x b) with 

constrained in-plane displacements at the boundaries. The boundary conditions are ex
pressed as follows: 

at X = 0 and a, w = 0, Mx = 0, U 0 + U1 = 0 

vu + V1 = O; s = o 
aty=O and b,W=O, My=O, uu+U1 =0 

vu + V1 = 0, r = 0. 

Where Mx and My denote bending moments. 
For simply supported rectangular plate, we assume Win the following form: 

W W- . (nx) . (ny) = sm a sm b 0 

Putting (15) in (8) I lm is evaluated through integration over the plate as 

(14a) 

(14b) 

(15)--

Jlm = n28w2 (:2 + ;2). (16) 

We are interested in the normal displacement W only. Therefore the inplane displacement 
of the upper and lower faces namely uu, u\ vu, V1, have been eliminated through integration 
by assuming suitable expressions for these displacements compatible with their boundary 
conditions. 

Let us now pay our attention to the final equation (13). Putting (15) in this equation, 
remembering (16) and applying Galerkin procedure we arrive at the following cubic 
equation determining the deflection W(x, y). 

(17) 



316 S. DUTTA and B. BANERJEE 

The load q is considered to be sinusoidal given by 
_ . nx . ny 

q=qsm~smb. 

Table 1 shows numerical results of the maximum deflections of rectangular plates obtained 
by (17), where geometries of plates and the material constants are identical to those utilized 
in the investigation of Nowinski-Ohnabe [3] namely, 

a= 10 in., t 1 = 0.025 in., h = 0.6746 in., E = 10.45 x 106 psi 

G1 = 6 x 103 psi, v = O.Q.3 and A.= 0.09 [5]. 

Vibrations under dynamic lo(lding 
Let us now consider free vibrations.of sandwich plates. 
Adding the potential energy given in (7) to the total kinetic energy of the plate, one may 

form the Lagrangian function and then applying Hamilton's principle, the following 
equation is obtained (neglecting in-plane inertia) through Euler's equations 

2Etl lm[a
2w a

2 w] I 2 '(ar as) 
1 - v2 I 1 ax2 + v ay2 + hG V W- G ax + ay 

~[{(aw)
2 

(aw)
2

} 
2 (aw)

2

a
2

w +1 2 a +a VW+2a a2 -V X y X X 

+ 2(aw)
2

a
2

w + 4 a2 w aw aw] 
ay ay2 axay ax ay 

a2 w 
- (cpl t1 + IP2h) at2 = o (18a) 

where 

nm = cf(t) = :)uu + u1
) + v :y (vu + v1

) = ~(~: y + ~G; y (18b) 

cp 1 and cp 2 are the surface density and core density respectively and f(t) is a function of time. 

Let W = Wsin n: sin n: F(t) for fundamental mode of vibration, where F 2 (t) = f(t). 

The defining equation (18b) of nm is integrated over the plate and yields the result: 

(18c) 

Combining equations (12) and (18), inserting the expression of wand remembering (18c), 
one gets the final equation in the form: 

F + AF + BF 3 = 0. 

qa4 
Table l. - 4 = 10. Immovable edge 

Eh 

Value of bfa ratio wfh (calculated value) wfh [3, 4] (known value) 

I 
2 
3 

1.53 
1.822 
1.900 

qa4 
Table 2. -

4 
= 10. Movable edge 

Eh 

Value of bfa ratio 2 

Calculated value of iv/h 2.6 3.33 

2 

1.30 
1.77 
1.837 

3.60 

(19) 
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With the initial conditions F(O) = 1, F(O) = 0, the solution is 

F(t) = Cn(wtt, K). 

The ratio of non-linear and linear frequencies is given as 

where 

317 

(20) 

Numerical results of the ratio of n·on-linear and linear frequencies are shown in Tables 
3 and 4. 

Table 3. Immovable edge 

Value of bja ratio Value of wj2h wt fw 1 calculated value wt jw [6] (known value) 

2 

3 

Value of b/a ratio 

2 

3 

0 
0.5 
1 
1.5 
2 

0 
0.5 
I 
1.5 
2 

0 
0.5 
I 
1.5 
2 

I 
1.12 
1.42 
1.82 
2.24 

I 
1.08 
1.30 
1.60 
1.93 

I 
1.06 
1.25 
1.51 
1.81 

Table 4. Movable edge 

Value of wj2h 1 

0 
0.5 
1 
1.5 
2 

0 
0.5 
1.0 
1.5 
2 

0 
0.5 
1.0 
1.5 
2 

wf jw 1 calculated value 

I 
1.024 
1.094 
1.202 
1.338 

I 
1.023 
1.090 
U90 
1.320 

I 
1.018 
1.072 
1.156 
1.260 

I 
1.14 
1.48 
1.86 
2.38 

1 
1.08 
1.31 
1.63 
1.98 

1 
1.07 
1.28 
1.56 
1.87 
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OBSERVATIONS AND CONCLUSIONS 

(1) From the given tables it is observed that the present study yields greater deflections 
than those obtained from known theoretical analysis. It is also well-known that gperi
mental results always show greater values than those obtained in the theoretical analysis. 
Hence the method shown in the present study is more acceptable for the practical purpose. 

(2) From the decoupled equations presented in [ 4] results of immovable edges only can 
be obtained, but the present study yields accurate results both for movable as well as 
immovable edge conditions. This is certainly an advantage. 

(3) From the same cubic equation, results both for movable as well as immovable edge 
conditions can be obtained. This is an additional advantage of the present study. 

(4) Accuracy of Kamiya's [4] method depends on a correction factor which is a function 
of the ratio of the sides of plate geometries. So this correction factor will vary according to 
the plate goemetry. But the present study does not depend on any correction factor. The 
decoupled differential equations proposed in the present study is simple, accurate and thus 
able to supply void in the literature of the non-linear theory of sandwich plates. 
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fig. 2 Uncalibrated lime hislory of fillcrcd gauge oulpul for lhe fol
lowing test section condilions: Mach number = 3.1; \'elocity "' 3486 
mls; static pressure = 114 kPa; stagnalion enthalpy "' 12.1 MJ/kg; 
temperature = 3383 K. 
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2: 
:::> (b). a. 
:::> 

0 ., 
C1' 

(a) :::> 
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Fig. J ~lc<>sun·ll ~:augL' output in volts (line u) anti prcllic\ed ):llugc 

output (line b) ,.s theoretical shear stress for lesl section stagnation 
pressure from 0.77 to 5.88 MPa: line his determined frori1 nominal 
manufacturer's sensiti\'itics for the piezoccramics. 

were associated with the flow and nol wilh 1he gauge, a 
commercial piezoelectric pressure transducer was mounted in a 
second flat-plate model 10 measure static pressure on lhe sur
face. The second flat-plate model had substantially different 
geometry and different flow-induced stress wave reflection 
limes, but the onset of large fluctuations occurred in the un
filtered outputs from both the pressure transducer and one 
piezoceramic element at the same time, about 250 i'S after the 
start of the flow. We conclude that the large-scale un
steadiness after 250 f.!S is due either to shock wave reflections 
resulting from the impulsive flow meeting the back face of the 
dump tank or to the arrival of the helium driver gas. However, 
in the available 200 f.!S of useful test time, the skin-friction 
gauge indicated steady boundary-layer flow (Fig. 2). 

Figure 3 displays the skin-friction gauge averaged output 
voltage in the 200-f.!S test time plotted against theoreti.cal shear 
stress values obtained using the method of van Driest. 2 The 
test section stagnation pressure ranged from 0. 77 to 5. 88 MPa. 
The flow Mach number was nominally 3.2. The relationship is 
linear, confirming the fact that shear stress has effectively 
been isolated from the unwanted contributions due IO pres
sure, 1emperature, and flow-induced vibration. One of lhe 

- major problems encountered in the development of the gauge 
was the decoupling of pressure and shear stress. For the range 
of conditions considered, pressure varies as a nonlinear func
tion of shear stress. Hence, if the gauge were responding to 
pressure, the linear relationship in Fig. 3 would nol occur. Us
ing the nominal manufacturer's sensitivilies for the piezo
ccramic material, calculations indicate that the gauge outputs 
·for the theoretical shear stresses should lie along the second 
straight line in Fig. 3. This small difference is not surprising 
and further confirms the proper functioning of the gauge. 

Table 1 four test conditions 

2 

Stagnation 
enthalpy, l'vlf/kg 12.07 9.507 

Stagnation 
temperature, K 6348 5287 

Stagnation 
pressure, MPa 5.88 3.62 

Temperature, K 33S3 2262 
Pressure, kPa II.\ 65.8 
Density, kg/m 3 0.107 0.079 
Velocity, m/s 3486 3 I 3.J 
Mach number 3.10 3.13 

Conclusions 

7.34 

4373 

1.63 
1952 
27.4 
0.046 
2789 
3.20 

4 

5.76 

3763 

0.77 
1463 
12.1 
0.027. 
2444 
3.22 

Tests of a prototype skin friction gauge at Mach 3.2 in a 
small free piston shock tunnel have demonstrated the effec
tiveness of the design concept and the calibration against theo
retical skin-friction values in a simple flow. The gauge has a 
rise time of about 20 f.!S, sufficiently short for most shock
tunnel applications and approaching the rise times needed for 
expansion tube applications. 
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Large Deflections of Sandwich 
Plates with Orthotropic Cores-
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Introduction 

T HE problem of large deflections of is~tropic sandwich 
plates has been investigated_by several authors. 1- 6 Kamiya5 

presented governing equations for large deflections of 
isotropic sandwich pla1es following Berger's approximation. 
Accuracy of his solution depends on a correction factor- Dutta 
and Banerjee6 have offered a simplified approach to investi
gate the nonlinear slatic as well as dynamic behaviors of 
sandwich plates. The literature on large deflection analysis of 
sandwich plates of orthotropic materials is scarce. 7

•8 The pre
sen! study investigates the large deflections of rectangular 
sandwich plates with a core as an orthotropic honeycomb-type 
structure. It is felt thai this type of core corresponds more 
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Tublc I Values of central llcflct·lion for vuriuus louds 
============================--····----

Wolh immovable edge 

Obtained from classical equation 
Side ratio, bla Pres.:nt study given in the Appendix 

I 
2 
3 

1.548 1.49 
1.802 
1.855 

exactly to the behavior of actual sandwich construction used 
·[~industry. Numerical results o.btained from the present study 
lJave been compared with those obtained by solving the classi
cal equations given in the Appendix. 

Analysis 
First, we take a re.:tangular coordinate system X, i',Z: X, f 

in·the middle plane of the core. Z in the: thickness direction 
(positive upwards). 
.·The total potential energy of the system is given by 

(I) 

Wbere V~ i5 the strain energy per unit area of both isotropic 
filees proposed by Dutta and Banerjee6 and V ~-" is 1 he strain 
energy per unit area of the onhotropic core due to shear.x 

Executing the vuriatiunal culculus so as to minimize the 
total potential energy in Eq. ll) of the pn:s~.:nt clastic system or 
the iandwich plates, we arrive at th.: followin~ sets of differen
~Jal equations. 

a a 1 N· =- (u" + u') + 1•- (1•" + v') +-
ax . ,'lJo 2 

~-!:. (aw): = const 
2 ay 

· [ J::r ( a~r a~., )·, j 
' 2(1 - V) OX~ r I' 0.\'d_Y 

(
aw p) 

+ --- G.,= o · ax II 

[ 
Et (u2

s a2r )] Et (a"s a"r) -+v-- + -+--
, · 2(1 - v) ay 2 axay 4( I + v) ax 2 axay 

(
aw s·) + --- G, .. = 0 ay h · · 

Et l 1 (a"w a"w)' . [[ (aw) 1 
. -:--; 2/ttw~ - ... + v -... -r A - ..,... 

I-,- _ax- ay- ax 

(2) 

(3) 

(4) 

+ h (cr. ~-~ + G,. _a:_w)' - (c,. dr + G,., ~s)·. + q = o 
. ax! . . ay ~ . ax . u y 

where 
a: a" 

"'V"2=-+
ax2 ily 2 

(5) 

For a movable edg.:, / 11 ~ = 0. Here r = u"- u'. s"" I'"- V 1
, 

and Gx: are the shear modulii. 
\Ve consider the bending of a simply supported re~tangular 

sandwich. plate (a x b) with constraints in-plane displacemems 
at the boundaries. 

For a simply supported rectangular plate, we assume 

iiX r.r 
ll' = IV sin - sin ~ 

·• a b 
(6) 

W.,lir movable edge 

Obtained from classical equation Load runclion. 
Presen1 study given in the Appendix Qoa~l EhJ 

2.46 2.48 10 
10 
10 

3.055 
3.18 

r and s are assumed as follows 5: 

1rX . 1ry 
r = r 0 cos - Slfl -

a b 
(7) 

11'.\' 1f I' 
s = S

0 
sin -- cos __ :_ 

a b 
(X) 

Putting Eq. (6) into Eq. (2), Jim is evaluated through integra
tion over the plate as 

J'm=-"- -+-W21r~(l ") 
I 8 a 2 b 2 . 

(9) 

The in-plane displucernents u", u 1, v'', v 1 of the upper and 
lower faces have been eliminated through integration by 
choosing suitable: cxprt·ssions for th~.:m, compatible with their 
boundary conditions. This is because the normal displacement 
"W" is our primary interest. 

Putting Eqs. (6-8) into Eq. (5), recalling the valties orr,. and 
S., and the value of Jim obtained from Eqs. (3), (4), and (9). Wt' 

arrive: at the following cubic equation determining the: C.:L'ntral 
detlection l·V.,(x,y) after applying Galerkin procedure. 

[<b" + ,.a 2r2 I 1 9 (b a)J. J . ----·--- + f.. -- + - - + - W' 
16a.I/JJ . 32ab 64 al b-' " 

Jrl JSfll 

·r.---·-
(1/J l 

. 
b a bk k a ~t(c.,. --- + u ... -) + c,. - 3

- c, .. -'-I ~ r1 .. .. a ·' /J · • k2 · • k2b_\ 

(10) 

where 

( 
2 I - ") G,, l 

a 2 +y +h 

and th~ load "q" r:onsiclered b<;ing sinusodial and gi1·t:n by 

. 1rX . 1rY 
q = Cfo Sill -;; sm b 

Numerical results have: bccn obluin~.:cl for n reclangular sand
wich plate or onholropic core with the following data~·': 
a= 10 in., 1 = 0.025 in., h = 0.6746 in., E = 10.45 x 106 psi. 
v = : •. 0_3, f..= 0.09, G"' = 10~ psi, and G_..< = 103 psi. 

Tabie I shows the maximum deflection parameter ( Wu/h 1 
for simply supported rectangular sandwich plates with differ
ent side ratios, for the given load function (q0 aJ/EhJ). 

Conclusions 
The res tilts or the present study have been obtained "it h 

cas~.: and <H:curacy whereas the solutions to the classical <:qua-

\· 
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tion involves mathematical complexity and much computa
tional labor. Thus, the differential equations proposed in the 
present study are simple because of its decoupled form and 
seem to predict the nonlinear behaviors of sandwich plates 
with orthotropic core with much ease and accuracy. 

Appendix 
Alwi\J1H ptdpos¢d difTercp!ial cqllations for large deflection 

of sandwich plates with ortbolropic core in terms of the Airy 
stress function. Now the displacement formulations of his 
proposed equ~tion take the following forml 

a2u (1 - v) a2u 0 + v) a2v 
- + --- -- + --- ---ax2 2 ay2 2 axay 

aw a2w (1 - v) aw a2w (1 + v) aw a2w 
= - ax ax2- -2- ax ay2- -2- ay . axay 

a2v (! - v) a2 v (1 + v) a2u - + --- -- + --- ---ay2 2 ox2 2 axay 
aw a2w (l - v) aw a2w (1 + v) aw a2w 

= - ay ay2 - -2- i)y ox2 - -2- ax . axay 

(AI) 

(A2) 

( 
az az ) 1 [ ( 2D,.) az 1 - Dy -

2 
- Dx -

2 
~~ W == - 1 - Dy + --·- --

2 ax ay D 1- v ax 

(D 2D,.) a2 2DxDy ] ( o2F a2w - +--· -+--~~ q+--
x 1 - v ay2 1 - Jl oy2 ax2 

a2F a2w o2F a2 w + -- --- - 2 --- . -----
ax2 ay2 axay axay (A3) 

where 

~z~ = 2Et (au+~ (aw)
2 

+ ~~[~~ + ~ (aw) 2
JJ- (A 3a) ay- . I - ,,z /._ax 2 ax ay 2 ay 

a2~=_l_!!!_ (av +~ (aw)
2 
+v[au +~ (aw)

2
]/ ax- 1- v2 l._ay 2 ay ax 2 ax j (A

3
b) 

Et au av aw aw 
----+-+-·-

! + v ay ax ax ay (A3c) 

F being the Airy's stress function. 
Here u, v, w are displacement components along the X, Y, 

Z, directions, respectivelY, and 

(l- v)D 
Dx= ' 

2hGxz 

(1- v)D 
Dy ==..:___-~ 

· 2hGyz 

For homogeneous plates, Dx = Dy = 0. 
Let us now analyze the case of a simply supported square 

plate of side a. For this purpose, we solve first the equations 
for u and v. Let W == W0 sin(11"xla) sin(1lylb), which satisfies 
the simply supported edge conditions. Putting the value of W 
in Eqs. (I) and (2), the solutions of u and v can be obtained in 
the following form: 

27rX 211"X 21ry 
u =Ax + C1 sin -- + C2 sin - cos __ c_ (A4) 

· a a r• 

21rX 211"Y 21ry 
v = By + C3 cos - sin - + C4 sin - (AS) 

a a a 

where A and Bare determinded from the boundary conditions. 
For movable edges, 

A= B = 

and for immovable edge conditions, A = B = 0. Here C1, C2, 

C3 , and C4 are given by 

w.;1r(l - v) 

16a 

Putting W = W0 sin(1rx!a) sin(1ry/b), values of u and v 
obtained from Eqs. (A4) and (AS), using Eqs. (A3a-A3c), we 
finally obtain the following two cubic equations after applying 
Galer kin's technique. 

For immovable edges: 

\ Ezt11"6hJ [7s(1- v + ~ \- (31 + 20v)(l- v + 2 \ 
/._64a 8(1- vl) Gxz Gy"J G.vz Gd 

Et(h + 1)2~(33- 16v)] Eh41r4(! + 2vf/ 
+ 2(1 - v2)a 2hGx,Gy, - 16a 6(h + t) 2 j W~ 

(A6) 

For iminovable edges: 

\_E_zt_-;r_6J_'3-, [ 7 5 (-1 -_v + _2_) - (31 + 20v) (-1 -_v + _2_\ 
/._64a 8(1 ~ ,,-) G_,., G,., G" GxJ 

Eh 4-,r [ Et1r1(h + t)2 
( 1 1 ).] +-- I+--·----- - +- W 

a 6 
· 4a 21i (I + 11) ,G,-:. Gyz . 

0 

= h 2
q0 [h 2

(1- v
2

) + ljh~(3- v) (~- +-!-) 
2a 1 t(h + t)2 4a 2 G« Gy4 

£211"4/(h + t)2 J 
+ 2(7 4(1 - vl)GxzGvz 

(t\7) 
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