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Summary 

Jf his thesis is intended to solve the radiative transfer equations of 

the interlocked multiplet lines for anisotropically scattering medium. 

This thesis contains five chapters and three appendices and is organized 

as follows. 

The chapter-1 is "General Introduction". At the beginning of this 

chapter, the focus is on "the interlocking problem in Radiative Transfer" 

and the formation of the general equation of the radiative transfer 

equations for m number of interlocked multiplet{{ lines, following the ,.,_ 
radiative transfer equation for interlocked triplets by Woolley and 

Stibbs. Chandrasekhar's discrete ordinates method is discussed with 
' 

the simplest form of a radiative transfer equation . Attempt has 

been made to list the different works on Radiative Transfer by using 

discrete ordinate methods, developed by Chandrasekhar and modified 

by different workers from time to time. Effort has also been made 

to enlist the works done by the different authors in connection with 

interlocked multiplet lines. 

In Chapter-2, mentioning the azimuth free planetary phase function, 

the works of a few workers on Radiative Transfer where this phase 

function is used are focused. The chapter actually opens with an 

attempt to solve radiative transfer equation of the rth interlocke~ line 

involving the planetary phase function and the linear Planck function. 
' 

The same equation with an exponential form of Planck function is also 

solved in this chapter. 



In Chapter-3, the author tries to solve the radiative transfer equation 

of rth interlocked line from the set of m equations for interlocked 

multiplets of order m with two different phase functions. One is 

Rayleigh phase function and the other is Pomraning phase function. 

Some works of different astrophysicists by using these two phase 

functions are also mentioned. 

The chapter-4 is concerned with the derivation of the diffusely 

reflected intensity and the emergent intensity from the radiative 

transfer equation of rth interlocked line with three term scattering 

indicatrix and the linear form of Planck function. A few works on 

Radiative Transfer by using the three terms scattering indicatrix are also 

highlighted in the chapter. 

In chapter-S, the values of H-functions for doublet lines with or 

without interlocking are derived by approximating the H -functions 

following the technique of Abu-Shumays. The results are compared 

with those obtained by Busbridge and Stibbs as well as Karanjai and 

Deb by preparing tables and drawing graphs. The residual intensities 

for three different cases those chosen by Eddington as well as Busbridge 

and Stibbs are obtained and results are compared with those obtained 

by Eddington as well as Busbridge'and Stibbs. 

In appendix-I, a few words on H-functions for interlocked multiplets 

has been said . 

. In appendix-II, some identities are derived. These identities are used 

in different chapters of this thesis. 

In appendix-III, an important identity is derived. This is used to 

derive an expression of the emergent intensity for the isotropic case. 
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I } 
Chapter I 
General Introduction 

§cattering is said to be coherent when radiation is emitted in the 

same frequency in which it was absorbed. On the other hand, when 

frequency of the emitted radiation differs from that of the absorbed 

radiation, it is said to be non-coherent scattering. The term 'completely 

non-coherent scattering' is sometimes used to mean that the scattering 

involves not only a change in the frequency but also a complete 

redistribution in frequency i.e. scattering in which the frequency 

of re-emission is uncorrelated with the frequency absorbed. It was 

pointed out by Thomas/02 and earlier by Henyey,S4 Unno207, 208 and 

Edmonds70 that from practical poir~t of view, purely coherent scattering 

(in frequency) is not possible in strict sense in stellar atmospheres. We 

designate the scattering as cohere'ht or non-coherent according to our 

theoretical consideration of the problem. In the word of J efferies,98 

"The generalization from coherent to non-coherent scattering made 

necessary the consideration of the simultaneous transfer of photons 

at all frequencies in the line along with the parallel recognition that 

the photons belong to the whole line and no longer to a particular 
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frequency. ....... " ( vide Athay13 ) 

When an atom absorbs energy of certain frequency, v, the probability 

that the energy will be re-emitted in the same frequency will be 

maximum if 

(i). the atom is at rest 

(ii). the atom is in the lowest quantum state 

(iii). the atom is in a weak radiation field. 

Departure from any of the above three conditions will cause non 

coherent scattering. 

In one of his classical papers entitled "The Formation of Absorption 

Lines", Eddington68 quoted," The crucial question is whether Jight 

absorbed in one part of a line is re-emitted in precisely the same part 

of the line. If so, the blackening in this frequency is independent 

of what is happening in neighbouring frequencies. The alternative is 

that there-emission has a probability distribution, and is correlated to, 

but not determined by, the absorbed frequency. For example, if the 

process is regarded as one of the transition between two energy levels, 

which are not sharp but are co;mposed of narrow bands of energy , 

the atom is not likely to return to the precise spot in the lower level 

from which it started, and the re-emission will not be the exact reverse 

of the absorption . In that case the line can only be studied as a 

whole. Modern attempts to interpret the contours of the absorJ?tion 

lines assume ( rightly or wrongly) that there is no such redistribution of 

frequencies." He further put the remark in this regard as footnote in the 

same paper,"If the above assumption is untrue, the usual treatment of 

the line contours is entirely unsound". 
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Besides the redistribution of the kind mentioned in his quotation, he 

noticed another departure from the simple case, known as interlocking 

of lines. 

When two or more lower ( sub states or ) lines in a spectrum 

posses a common upper state, the atom can be excited to that state 

by absorption in either lines ( i.e.' any of the lower sub states ); but 

there-emission will take place according to the transition probability, 

regardless of the path by which the excitation was made. Thus the 

absorption from a certain sub state of the lower state in C:l certain 

frequency v has a non-zero probability of the returning to another lower 

sub state emitting in frequency different from v giving rise to non:_ 

coherent scattering. Similar situation will arise when the numbers of 

upper sub states will posses a common lower state. This phenomenon 

is called interlocking of lines without redistribution. The lines are said 

to form doublet, triplet, quartet or multiplet according to the number of 

such interlocked lines viz. two, three, four or many. As for examples, 

some of the interlocked multiplets are n3 S - 23 P, the triplets of the 

alkali earths, and 22 P - 22S, the doublets of the alkali metals, which 

have the same upper states, and lower states which are not themselves 

the upper states of strong lines (vide Woollef27
). 

In the Mg triplet, at 5167A, 5173A, and 5184A, taken from 

Grotrain80
( vide Woolley227

), there are no other transitions connected 

with the 23S. The 23 P1 and 23 P3 state are not the upper state of any 

transitions, but 23 P2 is the upper state of a fairly weak line 11 S - 23 P2 

at 4571A. 

The interlocking of one member of a multiplet with the other 

members may be regarded in the following way. The formation of any 
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I 

. one line at any point in the atmosphere is governed by the number 

of atoms per c.c. of the atmosphere at that point in the two atomic 

states connected with the line. The atmosphere is not exactly in the 

thermodynamical equilibrium with radiation, and the number of atoms 

in any state will depend on the intensities of those lines involving 

transitions in which it is the upper state, the equilibrium condition 

being that the total number of transitions, per c.c. per sec., into the state 

must equal the number of transitions away from it, since there can be no 

secular increase in the number of atoms in any particular state. There 

is not, however, detailed balancing in each of the separate transitions 

(vide Woolley227 
). 

The equations of formation of the lines are not independent but 

contain cross-terms. 

The equation for the intensity in a particular frequency of a spectral 

line might then, in general, contain an infinite set of terms involving 

the intensities of other frequencies in the same line as well as terms 

involving the intensities in a finite number of other lines in the same 

spectrum. Fortunately, these difficulties do not arise in some important 

cases, namely principal lines in spectra, in which the ground state ( or 

metastable state) is sharp. The reason for this is that the distribution of 

energy levels within a state depends on the life of the state. The spread 

of energy in the ground ( or metastable ) state can be ignored. 

After coherent scattering, the next simplest case is that of 

interlocking of the principle lines, for p (v, v) takes a small number 

only of the non-zero values. Examples of this are the principal lines 

of Al, 2S1 - 2 Pg_, at .A3, 962A and 2S1 - 2 P1, at.A3, 944A, in which 2 P1 
2 2 2 2 2 

is the ground state and 2 S ~ metastable; and the principal triplet of M g, 
38 1 -

3 P2 at .A5, l84A, 38 1 - 3 P 1 at .A5, 173A and 3S1 - 3 P0 at .A5, 167 A. 
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In this case 3 P 2 and 3 P0 are metastable and 3 P 1 is linked by an inter 

combination line to the ground state 18 0. 

Figure 1.1: Interlocked principal lines of Aland M g 

Interlocking which is the core word of this thesis is associated 

with 11Transport Theory" of Astrophysics. Transport theory (Neutron 

Transport or Radiative Transfer) is such a subject whose study is a must 

for studying the physics of the distant celestial bodies. Mathematically, 

it is the underlying physical phenomenon in many astrophysical 

problems and its study has a great importance as radiation field which 

is not only the root cause of the change of the structure and dynamics 

of the medium it propagates through, but also, is practically the 

only source of information about distant celestial objects serves as an 

important diagnostic tool in establishing their properties. 

A major area of the study of the subject Radiative transfer concerned 

with the derivation of the distributipn function (or the specific Intensity) 

for a given scattering function from an equation of transfer (usually 

an integra-differential equation) which is constructed by assuming the 

physics of the source wherefrom the photons (in case of radiative 

transfer) or neutrons (in case of neutron transfer) emerge out is known 



Study of Interlocked Multiplet Problems in Anisotrpically Scattering Media 6 

and the scattering laws of the medium through which the photons 
"' 

(or neutrons) proceed are also known, subject to two-point boundary 

conditions which depend on the nature of the source and the medium. 

No one will disagree to admit that an integra-differential equation 

of transfer with two-point boundary conditions is a very difficult 

mathematical problem and in many cases it becomes a challenging one. 

An integra-differential equation of transfer related with interlocking 

problem is much more difficult. Only a few problems of interlocking 

have been solved till now. So far interlocking problem has been solved 

in isotropic medium only. This thesis is the first step in anisotropically 

scattering media for the case of interlocking problems. 

As the notion of plane parallelism is so common to so many stars 

and other physical situations (vide Collons II53), we shall confine our 

study in determining the solution of the radiative transfer equation for 

plane parallel atmosphere only. 

Before developing the general equation of radiative transfer 

equation for interlocked multiplet lines in anisotropically scattering 

medium, we shall write a few words about the phase function 

which makes a distinction between an equation in isotropic scattering 

atmosphere and one in anisotropic scattering atmosphere . 

Phase Functions : 

A phase function p (J-L, J-L1
) expresses the ratio of energy propagated in 

direction J-l compared to the energy coming from direction J-L1
• It satisfies 

two important properties that result directly from physics of light. First, 
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due to the Helmholtz Reciprocity Rule, p (f.-l, f.-L1
) is symmetric relative to 

f.-Land f.-L
1

: 

(1.1) 

Second, due to the Energy Conservation Law, p (f.-l, f.-L1
) has to fulfill 

the normalization condition : 

(1.2) 

Moreover p (f.-l, f.-L') is usually symmetric around the incident 

direction of light and sop (f.-l, p') depends only on the angle e between 

f.-land f.-L1
• Therefore Equation (1.2) can be written: 

1 1271" 111" 1 171" - p(8,1) sin8d8d1 =- p(8) sin8d8 = 1 
47r 0 0 2 0 

(1.3) 

Finally t = cos8 gives the following normalization condition: 

1
+1 

-1 p (t) dt = 2 (1.4) 

The following are some of the phase functions which we have used 

in our work: 

1. Planetary phase function: 

p (COS 8) = Wo (1 + W COS 8) ( -1 < W < 1) 

2. Rayleigh phase function : 

3 
p (cos e) = 4 ( 1 + cos2 e) 
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3. Pomraning phase ftmction : 

p (cos e) = ~ ( 1 + A cos2 e) 

4. Three term scattering indicatix: 

A= . 5wo 
5- 3wo 

p (cos 8) = 1 + w 1p 1 (cos 8) + W2P2 (cos 8) 

where w 1 and w 2 are constants. 

Planck Function: 

The functional form of the Planck-function Bv (T) follows immediately 

from Bose-Einstein quantum statistics which is given by 

where h = Planck constant, k = Boltzmamn constant, v = frequency, 

c = speed of light and T is the temperature which, in a model stellar 

atmosphere in radiative equilibrium, is determined as a function of 

height T, in the atmosphere. 

Different authors used the different approximate forms of the Planck 

function Bv (T). Some of them are 

(i). Linear form: 

Bv (T) = b0 + b1T, where b0 and b1 are constants. 

(ii). Non-linear forms: 

(a) Exponential form: 

Bv (T) = b0 + ble-137, where /3, b0 and b1 are constants. 
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(b) Bv (T) = b0 + b1 T + b2E2 ( T) where b0, b1 and b2 are constants 

and E 2 ( T) is the function 

00 

E 2 (T) = J e::x dx 

1 

1.1 Development of the 'equation:-

Woolley and Stibbs229 applied the theory of absorption lines by 

coherent scattering to the case of interlocking without redistribution 

to deduce the equation of transfer for interlocked triplets in the 

Milne-Eddigton model and they solved the problem by Eddington 

approximation method by making some assumptions which are stated 

below: 

(I). No distribution in frequency takes place other than due to 

inter locking; 

(II). The lines are so closed togeth~r that variations of the continuous 

absorptions coefficient and of the Planck-function with wave

length may be neglected. This also means that the lower 

states are nearly equal in excitation potential and they have the 

same classical damping constant. Then the ratios of the line 

absorption co-efficients to the continuous absorption co-efficients 

are proportional to the transition probabilities for spontaneous 

emission from the upper states to the respective lower states; 

(lli). The ratio of the line absorption co-efficients to the continuous 

absorption co-efficients are independent of the depth.; 

(IV). The Planck-function and the co-efficient, which is· introduced to 

allow for the thermal emission. associated with the absorption, are 

independent of the both frequency and depth. 
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With same logic and assumption, we attempt here to give the 

derivation of the general form of the equations of radiative transfer for 

the case of interlocking of multiplets of order m. 

Let vi, ( i = 1, 2, · · · · · · , m) be the central frequencies of the 

m number of multiplet lines and when a quantum of frequencies 

vi + ~vi, (i = 1, 2, · · · · · · , m) is absorbed the energy of the upper 

state will be E0 + h~v and the subsequent re-emission is any of 

vi + ~vi, ( i = 1, 2, · · · · · · , m) These 'm' frequencies are interlocked 

with each other but with no other frequencies. For each value of ~v 

there are 'm' simultaneous equat~ons of which the rth interlocked line is: 

dlr(z,19,¢) ( ) ( ) 
COS 19 d = kr + lr J r Z, 19, ¢ 

p z 
m 

+ (kr + Erlr) B (vn T) + (1- Er) LP (r, s) lrlr (1.5) 
s=l 

where 19 denotes the polar angle which the direction considered 

makes with the outward normal to an element of area 

du (across which the dEv amount of radiant energy in 

the frequency interval (v, z; + ~z;) is transported ), ¢ the 

azimuthal angle referred to a suitably chosen x-axis and 

p is the density of the material through which a pencil of 
·' 

radiation is propagated. 

Introducing the normal optical thickness 

T = 100 

kpdz 

measured, in terms of the scattering co-efficients k, from the boundary 

inward 

and 

1-l = cos 19 
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we have 

J-t dfr (:, J-t, ¢) = (kr + lr) Ir (T, J-t, ¢) 
T I 

m 

+ (kr + Erlr) B (vn T) + (1- cr) LP (r, s) lrlr (1.6) 
s=l 

We now have to evaluate the quantities p (r, s ). To do this we 

note that the number of transitions per c.c.. from the m number of 

lower states to a band of the upper states lying within E0 + h,6.v to 

E0 + h (,6.v + ov) is 

Figure 1.2: The Formation of m number of Interlocked lines 

with a common upper state 

pdxov {t l (vs + ,6.v) J (vs + ,6.v)} 
s=l h (vs + ,6.v) 

This must be equal to the number of transitions leaving the upper 

sub-state into the m-linesper c.c. p~r sec. 

Let the population of the upper state with energies between 

E0 + h,6.v and E0 + h (,6.v + ov) be Nu (,6.v) ov; then the number of 

transition is 



Study of Interlocked Multiplet Problems in Anisotrpically Scattering Media 12 

The secular equilibrium of the sub-state gives 

Nu (~v) Ov {Aui + Au2 + · · · 

A } =" d {~ l (vs + ~v) J (vs + ~v)} (1.7) 
+ um p X -s h (vs + ~v) 

The energy emitted in the first line is NuAu1h (v1 + ~v) , and 

similarly for the other lines. Acc~rdingly 

( ) 
Vr + ~V Aur 

p r,s = · 
1/8 + ~V Aul + Au2 + · · · Aum 

(1.8) 

The equations can be written more simply if we suppose that the 'm' 

number of lines are so close together that we may ignore differences in 

the frequencies, 

and 

and we take 

So, the expression for p (r, s) may be written as 

( ) 
Aur 

p r, s = m (1.9) 

2::: Aus 
s=l 

Since p does not involve 's' we set p (r, s) = ar, 

we notice that 
m 

Then with 

c1 = cz = · · · =Em = c, 
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the equations can be written as 

dJr ( T, J-l, cP) = (k + l ) I ( "") 
J-l dT r r T, J-l, \f/ 

m 

+ (k + Elr) Bv (T) + (1- c) LP (r, s) lrlr (1.10) 
s=l 

In these equations references to a particular ~v have been omitted 

for the sake of clarity. 

From Holtmann's equation we have 

(1.11) 

where the q/s are the statistical weights. 

Now, we have 

lv 
TJv = k 

where lv= line absorption coefficient and k = the coefficient of 

continuous absorption. 

But, the line absorption coefficient lv is related with the concentration 

N of the atoms forming line absorption is as follows: 

where a(v)n is the atomic line absorption co-efficient modified by 

Doppler effect due to thermal motion of the atom and pis the density 

of the atmosphere. 

So, we can write from above 

Na(v)n 
TJv = kp 

(1.12) 
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From the equations ( 1.11 ) and ( 1.12 ), we obtain TJn = canst. X 

qnf , the oscillator strength f being related to the downward transition 

probability, namely 

where "Yn is the classical damping constant 87r2e2v~/3mc3, where m is 

the mass of photon. Since "( is the same for m numbers of lines, 

for all flv, and from the equation ( 1.9 ), which defines an, we obtain 

TJm (1.13) 

Hence 

(1.14) 

which gives 

m 

ar = TJr! I: 'T/s (1.15) 
s=l 

and 
m 

r = 1 2 .. · m 
' ' ' 

(1.16) 

and the equation ( 1.6)becomes , 

dfr(T,J-L,¢) ( ) ( ) 
f-L dT = 1 + TJr fr T, p,, ¢ 

m 

- (1 + ETJr) Bv' (T) + (1- c) ar L TJsJs (1.17) 
s=l 
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But the source function ls ( 1J, ¢) or equivalently ls (J-l, ¢) is given by 

Chandrasekhar45 

1 1+11271" ls = 
4

7r _
1 0 

P (J-l, ¢; Ji, ¢}Is ( T, J-l, ¢) dJfdqf, J-l = COS 1J (1.18) 

where integration is taken over all directions ( 1J', q;) 

So, the equation of transfer becomes 

dir ( T, J-l, ¢) ( ) ( ) ( ) ( ) J-l dT = 1 + 1Jr Ir T, J-l, ¢ - 1 + E1Jr Bv T 

{ 

m 1 1+11271" 
+ (1- c) ar ~ 1Js 47r _

1 0 
p (J-l, ¢; Ji, c/f) X 

X Is (T, J-l, ¢) dJidqf} (1.19) 

It is evident that for the type of the problem we have formulated, 

solutions of the equation of transfer must be sought which exhibits axial 

symmetry about z-axis. The intensity and the source function must 

therefore be azimuth independent, and the equation of transfer ( 1.19) 
' 

becomes 

(1.20) 

In the above equation ( 1.20), T denotes the optical depth and 

1Jr = lr / k, lr denotes the absorption co-efficient for the rth interlocked 

line and k denotes the continuous absorption which is supposed to be 

constant for each line. c, the co-efficient, which is introduced to allow 

for thermal emission associated wit~ the line absorption, and Bv (T),the 

Planck-function, are considered to be constant for each line. 
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1.1.1 Boundary Conditions: 

The boundary conditions for solving the equation ( 1.20) 

(1.21) 

as T----+ oo 

i.e. 

Ir(T,J-L) isatmostlinearinT asTtends to infinity (1.22) 

Another form of the equation ( 1.20): 

In the equation( 1.17), 

The equation ( 1.17) now take the form 

dfr ( T, J-L, ¢) ( ) { ( ) } 
f-L dT = 1 + 'T/r Ir T, f-L, ¢ - B 

- (1- c) 7], { t, a, ( J,- B)} (1.23) 

The form ( 1.23) of the equation of transfer of interlocking lines for 

the case of triplet is used by Woolley and Stibbs229 for obtaining the 

solution by Eddington's approximation. This form is used nowhere in 

this thesis. 
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1.2 Discrete-ordinate method. 

The method used in this thesis was first extensively 

used by Chandrasekhar for solving a problem of stellar and 

atmospheric radiation and is popularly known as Chandrasekhar's 
' 

discrete-ordinate method. 

The method begins with the replacement of the source function 

Sv (Tv, f-L) of the radiative transfer equation 

\ 

(1.24) 

by the mean intensity J, given by 

11+1 Sv (Tv, J-L) = lv = 2 _
1 

Iv (Tv, f-LJ dfl (1.25) 

converting the resulting equation into an integra-differential equation 

div (Tv, f-L) = I ( ') - ! 1+1 I ( '\ d , f-l d v T, f-l 2 v Tv, f-LJ f-l 
Tv -1 

(1.26) 

It is noted that the integra-differential equation (1.26) is converted in 

terms of specific intensity Iv alone which, a function of two variables J-L 

and T, appears differentiated with respect toT and integrated over J-L: 

In this method, the radiation field and as such the total solid angle 

is divided into a finite number of discrete-ordinates (directions). The 

intensity of each discrete ordinate represents the whole intensity of 

the corresponding small section of solid angle. The integral in the 

integra-differential equation associated with any problem of radiative 

or heat or neutron transfer is replaced by a quadrature, such as 

Gaussian, Lobatto, or Chebyshev. The radiative transfer equations for 

the set of discrete directions are then solved and the solution set is used 

to construct the solution of the main problem. 

''"""'3" 7 3· e:c'. Ul' 
2 5 APR 2010 
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Chandrasekhar divided the radiation field into 2n number of 

discrete-ordinates in the directions J-li, ( i = ± 1, · · · , ±n), sub diving 

the interval [-1,+1] of Minto 2n points M-n1 J-l-(n-1), · · ·, M-11 M+1' 

· · ·, f-Ln-1 1 f-Ln so that the points are the 2n non-zero zeros of the even 

Legendre's polynomial P2n (J-L). Chandrasekhar replaced the definite 

integral of the integra-differential equation of radiative transfer by the 

Gaussian sums of numerical quadrature as follows: 

+1 j=+n L I (T, ji) dji = La; I (T, P,;) 
J=-;-n 

(1.27) 

where Mi 's with (j = ± 1, ±2, · · · , ±n) are the 2n zeros of the Legendre 

polynomial P2n (J-L) of order 2n and the ajs are the weight factors, given 

by 

(1.28) 

The quadrature constants ai and J-li can be chosen in a variety of 

ways. Wick224 suggested that the best choice for constants are those of 
I 

the Gaussian quadrature formula. Gauss himself has shown that for 

a given number of divisions the best representation of an integral is 

obtained when the spacing of the division points is symmetrical about 

the mid-point of the range of integration, the interval being divided 

according to the zeros /-lj of the Legendre polynomial P2n (M). 

Furthermore, J-L/S and a/s follow the following properties: 

by Abramowitz and Stegun5 ( vide Peraiah 159 ) 

(1.29a) 

(1.29b) 
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outward beam 
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·· ... inward beam 

·· .. .... 

Figure 1.3: Gaussian points J-t/s 

It is noticed that the Gaussian sum would give exact values of the 

integral, if I (t.t) could be written down as a polynomial in t.t of degree 

less than or equal to 4n - 1. 

He then discretized the differential equation so formed 

into 2n ordinary differential equations along 2n directions f.ti, 

( i = ± 1, · · · , ±n) and solved each individual equations and combined 

them to form the solution of the desire integra-differential equation. 

On the other hand, some workers, like Siewert,186 Barichello and 

Siewert,2°,21 forming the 2N ordinary differential equations in the same 

manner as Chandrasekhar, expressed them into a matrix form. They, in 

lieu of taking the points f.ki, ( i = ± 1, · · · , ±n) as the zeros of an even 

Legendre polynomial of order 2n, assume that the points as the eigen 

value of a matrix. This method is identified by a few authors as matrix 

form of discrete ordinate method. 

There are also some other authors who formed the ordinary 
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differential equations for each direction f..Li by dividing the interval 

[ -1, + 1] of f..L of the definite integral involved in the integra-differential 

equation following Chandrasekhar's method, but they used neither 

Chandrasekhar's form nor matrix form of the method. The equations 

so formed are known as discrete ordinate equations. 

Here we shall now present a solution of the simplest form of a 

transfer equation which Chandrasekhar solved by his discrete-ordinate 

method. 

1.2.1 Basic Radiative Transfer Equation, the Boundary 

Conditions and the use of Discrete Ordinate Method: 

1.2.1.1 Basic Radiative Transfer Equation: 

Simplest form of a transfer equation which Chandrasekhar solved 

by his discrete-ordinate method is 

di ( T, f..L) ( ) 1 /_+1 
( ') f..L d = I T, f..L - - I T, f..L djl 

T 2 -1 
(1.30) 

where I is the intensity, f..L is the cosine of the incident angle 19 made by 

the incident ray coming from any star to the surface at which intensity 

I is calculated with the outward normal and T is the normal optical 
00 

depth, given by, T = J kpdz, z being the linear distances normal to the 
z 

plane of stratification of a plane parallel atmosphere. 
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1.2.1.2 Boundary Conditions for Solving the Transfer Equation 

( 1.30): 

I (0, -J-L) = 0 , ( 0 < J-L < 1) (1.31a) 

and Ir(T,J-L). e-TJ.t-----* 0 

i.e. Ir ( T, J-L) is at most linear in T as T tends to infinity (1.31b) 

1.2.2 Chandrasekhar's solution: 

1.2.2.1 Use of Discrete-ordinate Method to Solve the Equation 

( 1.30), Subject to the Boundary Conditions ( 1.31a) and ( 1.31b): 

Dividing the radiation field into 2n streams in the direction 

J-li, (i = ±1, · · · , ±n), we can replace the equation of transfer ( 1.30) 

by the system of 2n linear differential equations: 

J-li ~; = Ii- ~ L ajij, (i = ±1, · · · , ±n) (1.32) 
j 

where the J-L/s, (i = ±1, · · · , ±n and J-l-i = -J-Li) are the zeros of 

the Legendre Polynomial P2n (J-L) and the aj 's (j = ± 1, · · · , ±n and 

a_j = ai) are the corresponding Gaussian Weights. Further Ii is used 

for I ( T, J-li) . 
' 

First we observe that the equation ( 1.32) admits a solution of the 

form: 

( i = ± 1, · · · , ±n ) (1.33) 

where gi and k are constants. 

Introducing the equation ( 1.33) in the equation ( 1.32), we obtain a 
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relation: 

Hence, 

1 
gi (1 + J-tik) = 2 L ajgj, (i = ±1, · · · , ±n ) 

j 

constant 
gi = (1 + J-tik)' 

(i = ±1 · · · ±n ) ' . ' ' 

(1.34) 

(1.35) 

where the 'constant' is independent of i . Substituting the foregoing 

form in the equation( 1.34), we obtain the characteristic equation: 

1- ~"""" aj 
- 2 ~ (1 + j.tjk) (

1.36) 
J 

Remembering that J-t-i = ---; J-ti and a_j aj , we can write the 

characteristic equation( 1.36)·in the form: 

1-~~ aj 
- 2 ~ (1 - j.t~k2) (1.37) 

J=1 J 

n 

which has two roots, each equal to zero, because 2:: aj = 1 and other 
j=1 

( 2n - 2) non zero distinct roots. 

With (2n- 2) distinct non-zero roots ± kcu a = 1, 2, · · · , n - 1, 

we can establish a relation with the zeros ± J-ti, i = 1, 2, · · · , n of the 

Legendre Polynomial P2n (J-t) which is 

1 
k1 · · · kn-1 ,. J-t1 · · · J-tn = J3 (1.38) 

With these distinct non-zero roots which are numerically greater 

than 1, we can show that the general solution of the system of equation 

( 1.32) is of the form: 

(

n-1 L -ko:T n-1 L +ko:T ) ae -ae 
Ii = b L 1 . k + L 1 . k + T + 1-ti + Q ' 

a=l + J-t~ a=1 + J-t~ 
(1.39) 

(i = ± 1 ±2 · · · ±n) ' ' ' 
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where L± a and b, which can be connected with the flux of radiation 

1r F normal to the plane of stratification of the plane-parallel scattering 

atmosphere by the relation 

(1.40) 

and Q, satisfying the relation, 
n n-1 

1 Q=L:Ili-2:-ka 
i=1 a=1 

(1.41) 

are arbitrary constants of integration. 

We have already mentioned the two boundary conditions (1.31a) 

and (1.31b) for this problem. By virtue of the boundary condition 

(1.31b) which gives that none of the 1/s increase more rapidly than e7 

as T --7 oo, we omit all the terms in e+ka7
, thus leaving 

li = b (I: ~oe-ka~ + T + 1"<+ Q) , 
a=1 + J.L~ 

(1.42) 

(i = ±1 ±2 · · · ±n) ' ' ' 

Next, the boundary condition (1.31a) implies that there is no 

radiation incident on T = 0. The absence of any radiation in the 

directions -1 < f.L < 0 at r = 0 gives in our present approximation 

that 

Ii = 0 at r = 0 and i = 1, 2. · · · , n 

Hence, by (1.42), we get 

n-1 L 
~ a - f.Li + Q = 0 ( i = 1, 2, · · · , n) 
L......t 1 - 1/.·k 
a=1 ~~ a 

(1.43) 

(1.44) 

which are then relations which determine then constants of integration 

La, (a = 1, 2, · · · , n) and Q . The constant b is left arbitrary and is 

related to the assigned constant n~t flux of the radiation through the 

atmosphere given by (1.40). 
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1.2.2.2 Closed form of emergent intensity I ( 0, J-t) 

Letting 
n-1 

S (J-t) = L 1 ~a k - f-t + Q' 
a=1 f-t 

(1.45) 

the boundary conditions ( 1.31b) can be expressed as: 

S (J-ti) = 0 , i = 1, 2, · · · , n (1.46) 
' 

and the artgular distribution of the emergent radiation is expressible as 

3 
I(O, J-t) = 4,FS(-J-t) (1.47) 

Now, multiplying S (J-t) by R (J.L), given by 
n-1 

(1.48) 
a=1 

we get a polynomial in J-t of degree n which vanishes for f.L = f.Li, helping 

us to conclude that the polynomial S (J-t) R (J.L) must be identical with 

the polynomial P (J.L), given by, 
n 

p (J.L) = II (J.L - f.Li) (1.49) 
i=l 

and so, the co-efficients of each term of the two polynomials must 

coincide and therefore, we shall get 

producing the relation: 

S ( -J-L) = k1k2 · · · kn-1/-Ll · · · f.Ln-1H (J.L) (1.50) 

where 
n 

1 IT (J-t + J.Li) 
H(J.L)= _i=_1 ____ __ 

ftl ... ~n-1 IT (1 + kaf-t) 
a=1 

(1.51) 
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So, from the equation ( 1.47), using the equation ( 1.50), we can write 

(1.52) 

Therefore, using the equation ( 1.38), we can express the emergent 

radiation in terms of H-function H (J-l) as 

y'3 
I (0, J-t) = 4 F H (J-t) (1.53) 

1.3 Works done so far 

1.3.1 Works done on discrete-ordinate method 

Discrete-ordinates method for the radiative transfer and the neutron 

transport is not a new, but has a long history. Though the method is 

an old one, even then it doesn't lose the importance. In the language 

of Atanackovic-Vukmanovic12 mentioned in an invited review paper 

of radiative transfer ,"In 1940s and 1950s several powerful methods 

for solving RT problems were developed: the method of discrete 

ordinates by Chandrasekhar, Ambarzumian's method based on the 

invariance principle, Sobolev's escape probability method (1957), etc. 

Their importance is twofold: on' one hand, they are the bases of 

many modern techniques and, on the other, their "exact" solutions to 

simplified transfer problems serve as a reliable test of accuracy of new 

numerical methods." 

Many workers worked on this method time to time. Among them, 

Chandrasekhar is noteworthy. Some authors gave the identity of the 

discrete ordinate method, which is well known as Chandrasekhar's 

discrete ordinate method, by using the term Wick-Chandrasekhar's 
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discrete ordinate method, though neither Wick nor Chandrasekhar 

presented the method first. 

The method was first brought to the transport theory from the 

Kinetic theory of gases as developed by Joule ( vide Peraiah159
) in 

a rather primitive form (two parallel and opposite intensities) by 

Schuster178 and Schwarzsohild,180 and Milne147 ( vide Kourganoff and 

Busbridge129
). 

In Kinetic theory of gases , the molecules in a box are presumed to 

be moving in three equal pairs of streams, parallel to length, breadth, 

and depth of the box in which the gas is situated and directed opposite 

direction to each other. (vide Peraiah159
). Same treatment was done by 

Schuster and Schwarzsohild in transport theory. The transfer equation 

in plane parallel stratification 

di (T, J-L) 1 /_+1 
, 

1-l dT =I (T, J-l)- 2 -1 I (T, 1-lJ dJ-l 

is replaced by a pair of equations for I+ and I_, the outward and inward 

intensities, thus 

ldi+ 1 
+ 2 dT =I+- 2 (I++ I_) (1.54a) 

ldi_ 1 
-2 dT =I_ - 2 (I++ I_) (1.54b) 

(vide Chandrasekhar45 and Peraiah159
). 

The factor~ on the LHS is chosen arbitrarily as in the kinetic theory 

of gases.( vide Peraiah159
) 

The method was genen1lized first by Wick224 
( vide Kourgano~ and 

Busbridge129 and Woolley and Stibbs229 
), in connection with a diffusion 

problem, by replacing the integral of the equation of transfer(1.24) by 

the Gaussian sums of numerical quadrature as in equation(1.27). 
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Chandrasekhar45 developed one dimensional mathematical models 

of radiative transfer and discussed the time independent problems at a 

length by using this technique. 

Considering the theory of diffuse reflection and transmission 

by a plane-parallel atmosphere of finite optical thickness under 

conditions of (I) isotropic scattering with an albedo & 0 < 1, (II) 

scattering in accordance with Rayleigh's Phase function (II) scattering 
I 

in accordance with the phase function A (1 + xcose), and (V) Rayleigh 

scattering with proper allowance for the polarization of radiation 

field, Chandrasekhar43 showed it is possible to eliminate the constants 

of integration (which are twice as many as in the case of semi 

infinite atmospheres) and expressed the solutions for the reflected and 

transmitted radiations in closed forms in general nth approximation. He 

also showed a pair of functions X (J.-L) and Y (J.-L) which depends only on 

the roots of a characteristic equation and the optical thickness of the 

atmosphere play the same basic role in the theory as H (J.-L) does in the. 

theory of semi-infinite atmospheres making possible the passage to the 

limit of infinite approximation and the determination of the exact laws 

of diffuse reflection and transmission. 

Chandrasekhar45 applied his method of discrete ordinates first 

to solve the transfer equation for coherent scattering in the stellar 

atmosphere with Planck's function as a linear function of optical depth 

( viz~,Bv (T) = bo + b1 T ). 

He discussed the equations of Radiative transfer for an electron 

scattering atmosphere and gave the solution of the equation by his 

method of discrete ordinates (vide Chandrasekhar45 and Woolley and 

Stibbs229
). 

A moving atmosphere, postulated for Cephied variables, is 

sometimes suspected of giving rise to irregular asymmetries and 
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displacement of lines in spectra of supergaints. Underhill206 applied 

the Chandrasekhar's theory, as explained in Chandrasekhar's paper40 

and his successive papers, of transfer of radiation through a 

Schuster- Schwarzschild model atmosphere to formulate the problem 

of a uniformly expanding atmosphere and applied conveniently 

the Chandrasekhar's discrete ordinate method to solve the transfer 

equation for the case. 

Rybicki173 wrote in a review paper about Chandrasekhar's works 

on the method of discrete ordinates, " Chandrasekhar's numerical 
' 

comparison of low order results withthe exact analytical result 

H (!-l) = (1 + !-l) exp _ f-l I log [ (1 -¢cot¢)_/ sin
2 

¢] d¢ (1.55) 
{ 

w~ } 

1r cos2 ¢ + f-l2 sm2 ¢ 
0 

convinced him that the approximation results of the discrete ordinate 

method would converge to the exact results in the limit n -+ oo. 

Only much later was this convergence proved mathematically" (vide 

Anselone10
'
11

). He also wrote,"Chandrasekhar also applied the method 

of discrete ordinates to the problem of diffuse reflection, in which 

radiation is incident on the medium at angle f-lo, and one is required 

to find the radiation emergent at angle 1-l· This relationship is giv~n in 

terms of a scattering functionS (f.l, f-lo). It had previously been shown 

by Hop£ [ Equation (191), of Hopf86 
] that the scattering function is 

related to the above H-function (1.55) by means of the relation 

(~ + _!_) S (f.l, f-lo) =waH (!-l) H (f-lo) 
1-l f-lo 

(1.56) 

Thus, the functionS (f.l, f-lo) of two variables, can be simply expressed 

iri terms of a single variable, the same H -function that appears in the 

solution for the radiative equilibrium problem. 

When Chandrasekhar applied the discrete ordinate method to the 
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* 

semi-infinite diffuse reflection problem (cf §26 of Chandrasekhar45), he 

found a result of the same form as equation (1.56), where the H -function 

n 

II (1 + fl! fli) 
H(fl) = _i=n_l __ _ (1.57) 

II (1 + flka) 
a=l 

were precisely the same as that for the discrete ordinate solution (1.57) 

to the radiative equilibrium problem". 

Rybicki173 further wrote,"For the case of a finite medium, besides the 

diffuse scattering functionS (fl, flo) there is also a diffuse transmission 

function T (fl, flo) to be determined. These functions satisfy the 

extended relations, given by Ambarstsumian8 

( _!_ + __!__) S (fl, flo) =waH (fl) H (flo) 
fl flo 

(1.58a) 

( _!_ + __!__) S (fl, flo) =waH (fl) H (flo) 
fl flo 

(1.58b) 

* where the functions X and Y were the solutions to certain functional 

equations. After seeing these forms in Ambartsumian's paper, 

Chandrasekhar43 was able to put the discrete ordinate solution for this 

problem into the same form, where the X- andY- functions were also 

expressible in closed form in terms of the roots of the characteristic 
' 

f ti• II unc on ..... . 

He further pointed out that "The transfer problems Chandrasekhar 

considered had already been simplified by making a number of physical 

assumptions and approximations; e.g., plane-parallel geometry, 

coherent scattering, and single-scattering albedo independent of depth. 

In a sense, choosing discrete angles is just one more simplifying 

Ambartsumian used the notation¢ and 1j; for these functions 
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approximation, on a par with the others made. Then the crucial 

questions to ask are whether these simplified equations are of practical 

use, can increase our mathematical or physical understanding, or 

satisfy some criterion of mathematical beauty. I believe for the discrete 

ordinates method the answer is 'yes' to each of these questions. 

As to the practicality of the method, remember that Chandrasekhar 

was not acting solely as a mathematical physicist, but as an 

astrophysicist attempting to fmd answers to practical problems in 

stellar atmospheres and planetary atmospheres......... The discrete 

ordinate method gave him highly accurate solutions in a completely 

straightforward way. 

As to the method's relation to mathematical and physical 

understanding, Chandrasekhar was obviously delighted when he 

continually found many results of this method that were perfectly 

consistent with exact requirements of the theory. Many known 

analytically exact results are obeyed precisely to all orders of 

approximation in the discrete ordinate method, for example, the 

Hopf-Bronstein relation J (0) = V3F/4 in the Milne problem, the 

structure of the diffuse scattering and transmission functions as given 

in equations (1.56) and (1.58a,l.58b ), and their reciprocity relations. 

Often he was able to determine the form of the exact solutions only 

after he had solved the discrete ordinate equations first. These 

circumstances convinced Chandrasekhar that the discrete ordinate 

method was more than just a convenient numerical method; it. also 

preserved essential mathematical and physical characteristics of the 

problem being investigated." 

The above discussion noted from the Rybicki's review paper173 gives 

us a clear picture and the usefulness about the Chandrasekhar discrete 

ordinate method. 
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The method of discrete ordinates developed by Wick224 and 

Chandrasekhar45 constitutes a powerful technique for the solution of 

transfer problems. The accuracy of the method is strongly dependent 

on the particular choice of finite stream quadrature formula used 

to represent continuous radiation field. Chandrasekhar's45 use of 

a Gaussian quadrature formula was criticized by Kourganoff and 

Pecker130 and Kourganoff and Busbridge.129 

Kourganoff and Pecker130 produced a paper on the choice 

of numerical integration formulae in the solution of the 
' 

integra-differential equations of transfer (radiation, neutrons) by 

the "method of discrete-ordinates". In their paper they commented 

that the method of Gaussian subdivisions and the characteristic roots 

used by Chandrasekhar in his treatment of radiative equilibrium is 

not necessarily the most effective one. To establish their comm~nt 
they performed the calculations of the 1st and 4th approximations in 

the "standard problem" of isotropic diffusion in the Newton-Cotes 

and Tchebycheff formulae and found that the former gives more 

accurate results in the 2nd and 4th approximations than were obtained 

by Chandrasekhar. This result was explained by discussing the 

distribution of the Gaussian subdivisions. 
' 

Sykes201 obtained highly accurate results from the discrete ordinate 

method by splitting the interval and fitting the Gaussian formula 

separately to the upward and downward hemispherical stream i.e. 

separately over the ranges ( -1, 0) and ( 0, 1). 

Kourganof£128 extended Chandrasekhar's limiting process on the 

nth approximation obtained by the method of discrete beams for 

emergent intensity to functions describing the internal state of the 

atmosphere. He showed how, by a suitable interpretation of the 

constant of integration, the solutions in the nth approximation for the 
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source function 8'7 can also be transformed into a form suitable for 

effecting the passage to infinite approximation and giving the exact 8'7 
for the problem of isotropic scattering in a gray atmosphere and for a 

line formation in a non gray atmosphere. 

Sen181 solved the equation of transfer of radiation in a spherically 

scattering symmetric atmosphere for non-conservative isotropic 

scattering by the method of Chandrasekhar in which the integrals are 

replaced by corresponding Gaussian sums, and first, approximation 

results have been fitted to two boundary conditions, one of no incident 

radiation and other of a very weak radiation field penetrating from 

outside. 

Sen182 solved the problem of softening of radiation by multiple 

compton scattering in stellar atmosphere containing free electrons in 

the first approximation ( in Chandrasekhar's method of solution by 

Gaussian approximation) by th~ method of trigonometric series and 

calculated the intensity distribution at the outer surface by retaining 

the first- and second-order terms of Taylor's expansion of scattering 

intensity. 

Horak89 considered the transfer of radiation by a plane parallel 

atmosphere containing a uniform distribution of emission sources for 

the cases: (a) scattering according to the Rayleigh phase function 

and (b)Rayleigh scattering and derived the exact expression for the 

emergent intensity for finite atmospheres. He also gave the solution 

in nth approximation for any depth 7 and calculated polarization for 

the atmosphere of optical thickness 7 = 0.20. 

King120 developed radiative' transfer theory for band -absorbing 

semi-infinite atmospheres possessing line structure by extending 

the formalism of Chandrasekhar to an integration over frequency 

space as well as over f.-l space and obtained the solution of the 
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monochromatic equation of transfer for a plane-parallel atmosphere in 

local thermodynamic equilibrium with the aid of the method of discrete 

ordinates. 

Under radiative equilibrium the emission co-efficient of a narrow 

band-absorbing gas is equal to the frequency integral of the average 

intensity and the band-absorption co-efficient. King119 developed a 

two-point Gaussian quadrature formula for the frequency integration, 

by using the Elsasser band of equally spaced, equally intense, Lorentz

broadened lines as the absorption model. By the use of that formula, he 

extended the Chandrasekhar method of discrete-ordinates to include an 

integration over frequency space as well as J-L-space. 

Krook131 translated the Wick-Chandrasekhar method of discrete 

ordinate into an equivalent moment procedure for the approximate 

solution of the equation of transfer for a plane-stratified gray 

atmosphere in radiative equilibt:ium and used it to discuss the 

relation between various methods that are also based on infinitely 

approximating to the angular distribution of intensity. 

Lenoble}38 applying the Chandrasekhar's method of 

approximations to the diffusion of radiation from sun and sky 'in 

a plane homogeneous scattering layer of large particles (fog or 

sea), gave notation and principle of the method and established the 

equations which were applied to two cases: (1) for sky radiation only 

and no solar radiation; (2) for an infinite layer with solar radiation only. 

Piotrowski161
,
162 

( vide Busbridge and Orchard32) found the 

asymptotic solution for the phase function 1 +w cos(} using the method 

of discrete ordinates as developed by Chandrasekhar41, 45 

King121 derived the exact form of the source function for a finite 

gray atmosphere in radiative equilibrium (planetary thermal problem) 
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forming the solution in nth approximation by using the meth~d of 

discrete ordinates. 

King122 developed the transport theory of non-gray atmosphere of 

finite thickness and treated this planetary thermal problem by using 

both an invariance attack and the method of discrete ordinates. 

Lenoble139 used the Chandrasekhar method to calculate the 

illumination 

(I) in the sea, for a uniform sky and for the sun at 59° from the zenith, 

assuming the absorption co-efficient to be half the scattering co

efficient and 
' {II) below, a mist of large drops, there being no absorption and a 

uniform sky. 

Lenoble140 gave the equation goverrung the penetration, 

summanzmg Chandrasekhar's approximate method of resolution, 

applied it to a layer of haze and to the sea and discussed the 

approximations. 

Jefferies and Thomas99 obtained an algebraic solution for the depth 

variation of the source function S L ( T) for resonance and strong 

subordinate lines by using Eddington approximation and the method 

of discrete ordinates. 
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Sen and Lee183 solved the problem of broadening of spectral lines 

by the Doppler effect due to thermal motion of electrons in an axially 

symmetric, plane-parallel electron atmosphere, scattering according to 

Rayleigh's phase matrix and takinq- into account the polarization of the 

radiation field in the first approximation of Chandrasekhar's method of 

discrete ordinates. 

King and Florance123 demonstrated the physical basis underlying 

Sykes' choice of a double-Gauss method in providing the optimum 

fit of the kernel in the Schwartzchild-Milne integral equation by an 

exponential function series. 

Abhyankar1 presented a numerical method for computing 

absorption-line profiles m a plane-parallel stratified moving 

atmosphere by extending the Rottenberg's171 idea of dividing the 

atmosphere into many thin layers, of course not for the spherical layers 

as done by Rottenberg, but for plane parallel layers and retaining the 

equation of transfer in its discrete ordinate form. 

King, Sillars and Harrison124 expressed the Hop£ q:..function in 

the equilibrium gray-atmosphere problem in the discrete-ordinate 

approximation to attain its extreme accurate value. 

Hummer94
, 95 (vide Rybicki and Hummer174

) solved the radiative 

transfer equation for spectral line formation by non-coherent scattering 

in inhomogeneous plane-parallel media by using a generalization of 

Chandrasekhar's discrete ordinate method. 

Avrett and Hummer14 used the generalization of the Wick

Chandrasekhar discrete-ordinate method in the theory of line formation 

to find the expression for the source function S ( T) 

Samuelson 176 extended the method of discrete ordinates to describe 

the steady-state distribution of thermal radiation and the corresponding 
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depth-dependent thermal structure of a plane parallel semi-infinite 

particulate medium in radiative equilibrium. 

Samuelson177 used the method of discrete ordinates to investigate 

the outgoing thermal radiation field at the top of cloudy atmospheres as 

a function of the scattering and thermal properties of the atmosphere. 

Black27 applied the method of discrete ordinates to calculate the 

diffusely reflected and transmitted spectral line profiles for uniform non 

coherent scattering media onto ~hich radiation of frequency near that 

of a resonance line of the medium incident. 

Blerkom and Hummer28 obtained numerical solutions of high 

accuracy for the ionization balance in an isothermal, p~ane

parallel hydrogen model nebulae of various optical thickness, using 

generalization of the Wick-Chandrasekhar discrete-ordinate method. 

Rybicki and Hummer174 gave the discrete-ordinate representation 

of the radiative transfer equation for spectral line formation by non

coherent scattering in inhomogeneous plane-parallel media casting 

it into matrix form and derived the Reccati-transformation for finite 

atmosphere. 

Assuming uniform velocity in each layer, Kulander130 solved the 

Eddington approximation to transfer equation by a discrete ordinate 

method for a semi-infinite, isothermal atmosphere with a constant 

density" of particles having only two discrete energy level. 

The DOM, described by Chandrasekhar in 1950,45 has been deeply 

studied by Lathrop and Carlson34 (vide Joseph, Coelho, Cuenot and 

Hafi101) in 60-70s and by Truelove, Fiveland and Jamaluddin in the 80s 

(vide Joseph, Coelho, Cuenot and Hafi101
). Significant improvements 

have been achieved in the last decade aiming at the reduction of- the 

ray effects and false scattering, more accurate quadratures and the 
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extension to complex geometries , ( vide Joseph Coelho Cuenot and 
HafilOl) 

Hummer96 used a generalized discrete ordinate method to obtain 

accurate numerical solutions of the line transfer problem in which the 

scattering is described by a redistribution function. 

Code47 solved the time-dependent equation of radiative transfer for 

a plane-parallel isotropic scattering medium by the method of discrete 

ordinates. 

Be23 developed a method for solving the one-dimensional 

multigroup transport equation in a homogeneous semi-infinite medium 

with anisotropic scattering and used a variational treatment to enable 
I 

the method to be applied to finite slabs where only the emergent 

angular fluxes are of interest. He showed the method which is not 

limited by any restriction on the number of spatial mesh intervals 

used to be competitive in computing time with conventional discrete 

ordinate techniques. 

Considering the problem of the radiation field in a plane-parallel 

multilayer system, whose outer boundary is irradiated by parallel 

rays, Barkov22 studied the case of non-isotropic radiation and gave a 

formal solution of the problem and using this, constructed the spatial 

angular distribution function of the intensity of the diffused radiation 

by applying the method of discrete, ordinates. 

Liou 142 developed theoretically the discrete-ordinate method for 

radiative transfer introduced originally by Chandrasekhar and verified 

numerically for use in solving the transfer of both solar and thermal 

infrared radiation through cloudy and hazy atmospheres. 

Liou143 derived explicitly the analytic equations in closed forms for 

the cases of two-stream and four-stream approximation from the exact 
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solutions provided by Liou.142 

Hansen and Travis81 said in their review paper that an advantage of 

the discrete ordinate method is that it yields the internal field as well 

as the reflection and transmission. A disadvantage is that considerable 

algebra is required prior to numerical computations. However, at least 

for azimuth-independent term, the discrete ordinate method can' give 

rather accurate results (within a percent or so) already for n = 3 or 4, 

so it is efficient procedure when accuracies of that order are sufficient ( 

cf Weinman and Guetter,221Liou142
). Liou143 has given a quasi-analytic 

solution for n=2 ( 4-stream approximation) which might be sufficiently 

accurate for computations of the flux in many applications. 

Roux and Smith170 approximated the equation for one-dimensional, 

axisymmetric radiative transfer in an absorbing, emitting, and 

isotropically scattering medium by the method of discrete ordinates. 

Homogeneous and particular solutions are derived from the discrete 

ordinate form of the radiative transport equation. 

Using a discrete ordinates method, Cram55 solved the radiative 

transfer equation in a gray atmosphere subject to a specific distribution 

of mechanical heating and determine the resulting changes in LTE and 

non LTE conditions. 

Nelson Jr. and Victory Jr.157 compared the Nystrom discrete 

ordinates method and interpolatory discrete ordinates method used in 

linear transport equation in the simple case of monoenergetic transport 

in azimuthally symmetric one dimensional slab geometry. 

Zasova and Ustinoy233 applied the method of discrete ordinates, by 

developing it for making applicable to an inhomogeneous atmosphere 

of large optical depth, to the solution of the transfer equation in the case 

of an inhomogeneous planetary atmosphere. 

Discussing the difficulties inherent in the conventional numerical 

implementation of the discrete ordinate method ( following the 

Chandrasekhar's prescription) for solving the radiative transfer 

equation, Stamnes and Swanson197 developed a matrix formulation to 

overcome the difficulties. Stamnes and Dale196 extended the method to 
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compute the full azimuthal dependence of the intensity. 

Khalil, Shultis and Lesste118 developed a plan systematic, gray 

model of coal particle suspension to test the accuracy of the low

order discrete-ordinates and flux method and of the differential 

approximation for calculating the radiant energy transport in multiply 

scattering and heat generating media bounded by diffusely reflecting 

surfaces and compared the results obtained by these three approximate 

techniques with those computed by a high order discrete-ordinates 

method. 

The standard discrete-ordinates method is a deterministic( non 

stochastic) method for solving the linearized Bolzmann transport 

equation. It is commonly applied to neutron and photon transport 

problems. Finding its applicability superior to Monte Carlo methods 

for one dimensional problems in electron transport, Morel and 

Wienke151 reviewed briefly the history of discrete-ordinates electron 

transport methods, described the state-of-art at that time and suggested 

directions of further works. 

One of the dominant numerical approximation methods for the 

integra-differential equation for ,neutron transport is the discrete 

ordinate method. In this method one collocates the equation at 

preselected angular directions which are the quadrature points of the 

integral scattering term (the "discrete ordinates"), and then solves the 

resulting linear hyperbolic system by a variety of difference schem~s. 

The problem with this hybrid collocation difference procedure lies 

in connecting the spatial differencing with the angular collocation. 

The possible mismatch can lead to distortions in the angular flux 

solution.· This have led to numerous meliorative procedures, and an 

extensive literature. The method of collocation is well established 

among the numerical approximation methods for ordinary and partial 
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differential equations and integral equations. Despite its very limited 

application in integro-differenti~l equations, Grossman79 felt it seemed 

of interest to apply a full collocation scheme to neutron transport 

equation; building in the required continuity and coupling between 

space and direction variables through suitable multidimensional spline 

basis functions and showed how this is done for a simple mono 

energetic one dimensional form of the neutron transport equation 

indicating its possible extensions of the method. 

Mengiic and Viskanta146 examined critically the accuracy of the two

flux, spherical harmonic and discrete ordinates method for predicting 

radiative transfer in a planar highly-forward scattering and absorbing 

medium. 

Karp117 showed that similar relations like the azimuth-averaged 

component of the intensity computed from the spherical harmonic 

method for solving the equation of the radiative transfer is 'exact' 

at Gaussian quadrature points holds for higher terms in the Fop_rier 

expansion of· the intensity, but that result is 'exact' at the zeros 

of the associated Legendre polynomials. The relationship between 

discrete ordinates and spherical harmonics methods follows from the 

discussion. A discrete ordinates quadrature scheme, based on the zeros 

of the associated Legendre polynomials was shown to maintain the 

correspondence of the methods for those problems as well as providing 

a better set of points than the ot~er methods in use. 

Bergmann, Houf and Incropera25 performed calculations, based on 

discrete-ordinate forward scattering and three-flux methods of solving -

the equation of transfer, to determine the effect of the scattering 

distribution, which had been systematically varied by changing the 

asymmetry factor used in the Heney-Greenstein form of the phase 

function, on radiative transfer in absorbing-scattering liquid which is 
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irradiated across an air interface. 

Larsen136 introduced· a parameter E into the discrete ordinates 

equations in such a way that as E tends to zero, the solution of these 

equations tends to the solution of the standard diffuse equation and 

then studied the behaviour of th~ spatial differencing scheme of the 

discrete ordinates equations for fixed spatial and angular meshes, in 

the limit as E tends to zero. 

Abhyankar and Bhatia2 gave a definition of the effective depth of line 

formation which incorporates its dependence on the angle of emergence 

as well as on the position of the line and obtained the solution for 

isotropic scattering in the third approximation of discrete ordinates for 

various points on the disc of a planet viewed at different phase angles. 

Marshak145 studied the one dimensional transport equation in slab 

geometry with periodic boundary conditions , reduced it to the integral 

equation of the Peierls type and estimated the spectral radius of the 

integral operator. He analyzed the discrete ordinates algorithm for. 

estimating the solution. 

Nakajima and Tanka156 presented matrix formulations for the 

discrete ordinate and matrix operator methods for solving the transfer 

of solar radiation in plane-parallel scattering atmosphere introducing 

eigenspace transformations of the symmetric matrices into the method 

of Starnes and Swanson instead of using the decomposition of an 

asymmetric matrix. They gave the representations of the reflection and 

transmission matrices in the matrix operator method and the solutions 

of the discrete-ordinates method for inhomogeneous sub layers through 

the addition technique of the matrix operator method. 

Nakajima and Tanka showed that the algebraic eigenvalue problem 

occurring in the discrete-ordinate and matrix operator methods can be 
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reduced to finding eigenvalues and eigenvectors of the product of two 

symmetric matrices, one of which is positive definite. Stamnes Tsay 

and Nakajima198 showed that d:wlesky decomposition of this positive 

definite matrix can be used to convert the eigenvalue problem into one 

involving a symmetric matrix and established, by a careful comparison 

of Nakajima and Tanka procedure, Cholesky decomposition method 

ofStamnes Tsay and Nakajima and the original procedure of Starp.nes 

and Swanson, that Stamnes and Swanson prescription is still the 

most accurate because it avoids round-off errors due to matrix 

multiplications needed to symmetrize the matrix in the two other 

procedures. 

Stamnes, Tsay, Wiscombe, and Jayaweera199 summarized an 

advanced, thoroughly documented, and quite general purpose discrete 

ordinate algorithm for time-independent transfer calculations in 

vertically inhomogeneous, nonisothermal, plane-parallel media and 

made some progresses, in both formulation and numerical solution, in 

the algorithm. 

Myneri, Asrar and Kanemasu154 discussed a finite element discrete 

ordinates method for solving the radiative transfer equation in non

rotationally invariant scattering media and the application of the 

method to the leaf canopy problem. 

Cefus and Larsen36 describing the non-linear "quasi diffusion" 

method developed by Gol'din and the "second moment" method 

proposed by Lewis and Miller for obtaining iterative solutions of 

discrete-ordinate problems, showed that the methods reduce to almost 

the same linear method for a special class of problems and performed a 

Fourier stability analysis of the two methods for these special problems. 

Yavuz and Larsen232 proposed a spatial domain decomposition 
( 

method for modifying the Source Iteration (SI) and Diffusion Synthetic 
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Acceleration (DSA) algorithms for solving discrete ordinates problems 

which consists of subdividing the spatial domain of the problem and 

performing the transport sweeps independently on each subdomain, 

has the advantage of being parallelizable because the calculations in 

each subdomain can be performed on separate processors. 

Ben Jaffel and Vidal-Madjar24 modified the discrete ordinate method 

developed by Wehrse219 and Schmidt and Wehrse179 for the resolution 

of the radiative transfer equation and showed that the construction of 

a quasi analytical solution to the corresponding matrix diagonalization 

problem reduces the time calculation and allows the use of more dense 

discrete frequency and angle grids. 

Viik211 solved a vector equation of the radiative transfer for 

conservative as well as non-conservative planetary atmospheres using 

the method of discrete ordinates. 

Viik212 solved another vector equation of the radiative transfer for 

non-conservative homogeneous plane parallel planetary atmosphere 
' 

using the method of discrete ordinates. 

Gouttebroze78 extended the discrete ordinate method of Wick

Chandrasekhar to the case of radiative transfer equation of infinitely 

long cylinders, in Eddington approximation, by replacing the 

exponentials by modified Bessel's functions. 

Wani18 gave a systematic extensions of Chandrasekhar's work to 

three dimensions including discussions of specular and diffused parts, 

reciprocity, solutions and approximations. 

Tsay and Stamnes205 verified a reliable and efficient discrete 

ordinate method for multiple scattering, radiative transfer calculations 

in vertically inhomogeneous, non-isothermal atmospheres in local 

thermodynamic equilibrium. 
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Helliwell, Sullivan Macdonald and Voss83 developed a finite 

difference discrete-ordinate iterative method to solve the three 

dimensional radiative transfer equation which is applicable to a volume 

of ocean with position dependent volumetric absorption and scattering 

coefficients. Input quantities include Sun position and sky radiation 

distribution, scattering phase function and absorbing, reflecting or 

emitting objects within the ocean volume. A solution of the one 

dimensional radiative transfer equation was used to provide boundary 

values for the 3D solutions. 

Larsen135 showed the distributional solutions of. the transport 

equation to be a certain weak limit of regular solutions of the discrete 

ordinates equations as N, the order of the angular quadrature set, tends 

to infinity. 

Viik213 described a method based on the method of discrete ordinates 

by Chandrasekhar45 to calculate the X-, Y- and H- matrices for 

molecular scattering in a homogeneous plane parallel atmosphere. 

Ganguly, Allen and Victory, Jr.76 suggested a new approach to 

disc~ete-ordinates neutron trans~ort in plane geometry. 

Jin and Levermore100 studied the discrete ordinate method in these 

limits and found formulae for the resulting diffusion equation and its 

boundary conditions . 

Karanjai and Deb111 obtained the solution of a transfer equation for 

coherent scattering in a stellar atmosphere with Planck's function as a 

nonlinear function of optical depth (viz., Bv(T) = b0 + b1e-f37
) by the 

method of discrete ordinates originally due to Chandrasekhar.45 

Kobayashi126 presented the discrete-ordinate solutions for a 

multidimensional radiative transfer equation for a collimated source 
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and to demonstrate the effect of atmospheric heterogeneity on radiative 

flux. 

Kylling133 solved the transfer equation for normal waves in finite, 

inhomogeneous and plane-parallel megnetoactive media using discrete 
' 

ordinate method developed by Chandrasekhar45 as well as Stammes, 

Tsay, Wiscombe, Jayaweera199 

Wehrse and Hof20 studied the transfer of gamma rays by means of 

numerically stable method that yields all emergent intensities as well 

as the energy converted to heat which were determined by solving the 

equations with the discrete-ordinate-matrix-exponential method. 

Weni23 established a theory for discretizing the vector integral 

differential radiative equation in which phase matrix was derived 

from averaging the sc,!tttering matrix over poly disperse particles and 

then making a linear transformation of the averaged scattering matrix 

according to spherical trigonometry. The phase matrix and radiative 

vector in the vector radiative transfer equation were both expanded 

into Fourier-cosine and sine series. The complete set of solutions for 

the discrete matrix equations for cosine and sine modes of the radiative 

vectors was obtained by solving for the eigenvalues and eigenvectors 

and particular solutions. The integration co-efficients in the solutions 

were determined through the continuity conditions at vertically layered 
' 

interface and the top and bottom boundaries. 

Wenr applied a multi-layer discrete ordinates method for 

vector radiative transfer in vertically inhomogeneous, emitted and 

scattering atmosphere and compared the upwelling radiance frdm 

the vector radiative transfer model already established by himself 

with Chandrasekhar's analytic solutions for a conservative Rayleigh 
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scattering atmosphere. 

Shibata and Uchiyama185 so incorporated the thermal infrared 

radiation with the discrete ordinate method that it becomes usable in 

climate models. 

Yavuz231 proposed a simplified discrete-ordinates (S N) method 

completely free from all spatial truncation errors for the solution of one

group and isotropic source plane-geometry transport problems with 

an arbitrary anisotropic scattering of order L ( = N - 1). The method 

is based on the expansion of the angular flux in spherical harmonic 

(PN_1) solutions. The analytic expression for the angular flux for 

each discrete-ordinates direction depends on the exponential functions, 

arbitrary constants and interior source. 

Barichello and Siewert18 established the equivalence between the 

discrete ordinates method and the spherical harmonics method in the 

works concerning steady-state radiative transfer calculations in plane

parallel media. i.e. established that the choice for a quadrature scheme 

for the discrete ordinates method as the zeros of the associated Legendre 

polynomials and the use of generalized Mark boundary conditions in 

spherical harmonics method for standard radiative transfer problems 

without the imposed restriction of the azimuthal symmetry give the 

identical result for the radiation intensity. 

Badchello and Siewerf0 used the discrete ordinate method to 

develop the solution to a class of non-gray problems in the theory 

of radiative transfer. The model considered allows for scattering 

with completely frequency redistribution ( completely non-coherent 

scattering) and continuum absorption. Some numerical aspects and the 

use of this discrete ordinates solution were discussed. The classical X 
and Y functions were also computed by using the solution. 
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Barichello and Siewertl9 used the discrete-ordinates method to 

develop a solution to a class of polarization problems in the theory of 

radiative transfer. 

Mitra and Chumside149 estimate the optical signal for an 

oceanographic lidar from the one-dimensional transient (time 

dependent) radiative transfer equation using the discrete ordinates 

method. 

Viik215 presented accurate num~rical solution for both the internal 

and external radiation field of a nonconservative plane-parallel semi

infinite Rayleigh-Cabannes scattering atmosphere using the method of 

discrete -ordinates of Chandrasekhar. 

Sharp and Allen 184 solved the time-dependent transport equation for 

both rod and plane geometries using the discrete-ordinate method. 

Barichello, Garcia and Siewert16 developed a full-range 

orthogonality relation and used it to construct the infinite-medium 

Green's function for a general form of the discrete ordinates 

approximation to the transport equation in plane geometry. The 

Green's function is then used to define a particular solution that is 

required in the solution of inhomogeneous version of the discrete 

ordinates equations. 

Siewertl87 used a discrete ordinate method along with elementary 

numerical Linear Algebra technique to establish an accurate solution 

for all components in a Fourier representation of the Stokes vector basic· 

to the scattering of polarized light. 

Siewert188 used a discrete ordinate method along with elementary 

numerical Linear Algebra technique to establish an efficient and 

accurate solution to a class of multigroup transport problems for which 

up scattering is an important aspect of the model. The problems 
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considered are defined for finite-plane parallel media, and anisotropic 

scattering from any group to any group is included in the formulation. 

Galinsky74 modified the forward discrete ordinate method, b'ased 

on an expansion of the direct beam source term, similar to the 

gradient correction method used already by Galinsky75 for diffusion 

approximation to include effects of a weak inhomogeneity of a medium. 

Elaloufi, Carminati and Greffef3 solved the time-dependent 

radiative transfer equation in the space-frequency domain by using a 

standard discrete-ordinate method to study the propagation of light 

pulses through scattering media: 

Aboughantous4 revisited the structure of the discrete ordinates set 

with a new approach and built a new set based on Gauss-Legendre 

(GL) quadrature. The new set comprises only positive direction co?ines 

for all specific intensities. The new set of discrete ordinates enabled 

transcribing the transfer equation into a complete set of equations i.e. 

into the set of equations which is closed (N equations inN unknowns) 

and conservative (the solution satisfies the conservation relation). 

A non-physical feature of the transfer equation in spherical geometry 

is that it is singular at the center of the sphere. This feature is 

intrinsic to the transfer equatipn in its native form as an abstract 

mathematical equation in spherical geometry. He cured this problem 

by an appropriate transformation of the frame of reference. 

The solutions for the discrete ordinates equations and the diffusion 

equations are presented in two forms: continuous in r and end-pbints 

form, and tested quantitatively. The end-points solution is particularly 

attractive in numerical computations in optically thick media. 

Spurr, Kurosu and Chance195 carried out an internal perturbation 

. analysis of the complete discrete ordinate solution in a plane-parallel 
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multi-layered multiply-scattering atmosphere. 

The discrete ordinates method fails in treating specular reflection 

at the boundary because the quadratures on the sphere do not 

assume any analytic representation of a function under integration 

and, therefore, the intensity of the specularly reflected beam is 

undetermined. Rukolaine and Yuferev172 presented a new approach to 

the construction of quadrature schemes to solve this problem. 

Spurr194 solved the radiative transfer equation in a multi-layer 

multiply-scattering atmosphere using discrete ordinate method and 

evaluated explicitly all the partial derivatives of the intensity field. 

Lemonnier and Dez137 derived the radiative transfer equation (RTE) 

in both conservative and non-conservative forms for a plane slab 

made of an absorbing-emitting material with a continuous transverse 

variation of the refractive index. The RTE was set in a form which 

displays an angular redistribution term analogous to what appears 

in curvilinear. media with uniform index. Numerical solutions were 

provided by means of discrete ordinates method. 

Barichello, Rodrigues and Siewert17 used a discrete ordinate meth()d 

along with Hermite cubic splines and Newton's method to solve a class 

of coupled nonlinear radiation-conduction heat transfer problems in a 

solid cylinder. 

Ray effects and false scattering are two major sources of inaccuracy 

of the discrete ordinates method. High order schemes may reduce 

false scattering, and the modified discrete ordinates method may 

mitigate ray effects. Although the ,origin of the two errors is different, 

there is an interaction between them, since they tend to compensate 

·each other. Coelho48 showed that decreasing of one of the errors 

while keeping the other unchanged in the standard discrete ordinates 
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method may decrease the solution accuracy because the compensation 

effect disappears and the modified discrete ordinates method does not 

decrease ray effects caused by sharp gradients of the temperature of the 

medium. He proposed a new version that successfully mitigates ray 

effects in that case. 

Coelho49 applied the discrete' ordinates and discrete transfer 

methods to the numerical simulation of radiative heat transfer from 

non-gray gases in three-dimensional enclosures. 

Qin, Jupp and Box166 extended an accurate and efficient algor~thm, 

the discrete ordinate method, to solve the radiative transfer problem of 

plane parallel scattering atmosphere illuminated by a parallel beam, an 

idealized case of the sun, from above the atmosphere so that radiative 

problem of more general sources such as parallel surface source that 

illuminated with a parallel beam in any direction and any vertical 

position, and general surface sources that illuminate continuously in 

a hemisphere, can be solved. , 

Lacroix, Parent, Asllanaj, and Jeandel134 solved the radiative heat 

transfer equation (RTE) using a 88 quadrature and a discrete ordinate 

method. 

Collin, Bou1et, Lacroix and Jeandel52 used 2-D discrete ordinate 
' 

method, formulated by Lacroix, Parent, Asllanaj, and Jeande1}34 

to solve the radiative transfer equation to stimulate the radiation 

propagation from the heat source through water spray curtains. 

van Oss and Spurr209 derived the homogeneous and particular 

solutions for the general discrete-ordinate model, noting especially the 

factor of 2 reduction that allows analytic solutions to be written down 

for the 4=6 stream cases. The equation of radiative transfer is solved for 

a vertically inhomogeneous atmosphere by assuming a division into a 

number of optically uniform adjacent sub-layers. 

Silva, Andraud, Charron, Stout and Lafait56 presented the model 

based on the resolution of the radiative transfer equation by the discrete 

ordinate method in steady state domain. 

Chalhoub37 used the discrete-ordinates method to solve radiative 
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transfer problems, in plane-parallel media and presented a generalized 

analytical discrete-ordinates model for solving single and multi-region 

problems in which internal sources, reflecting and emitting boundaries, 

incident distribution of radiation on each surface and a beam incident 

on one surface are included. 

Coelho50 proposed a new modified discrete ordinates method 

(NMDOM) to overcome the shortcomings of the standard discrete 

ordinate method (SDOM) and modified discrete ordinate method 

(MDOM). The standard discrete ordinates method suffers from two 

major sources of inaccuracy, the ray effects and false scattering. False 

scattering were significantly reduced using high order discretization 

schemes, while ray effects originated from abrupt changes of wall 

temperatures were mitigated by modified discrete ordinates method 

(MDOM). 

Qin, Box and Jupp167 presented two methods that can be used to 

derive the particular solution of the discrete-ordinate method for an 

arbitrary source in a plane-parallel atmosphere, which allows us to 

solve the transfer equation 1218% faster in the case of a single beam 

source and is even faster for the atffiosphere thermal emission source. 

An equation of radiative transfer is more accurate than a diffusion 

equation for the widely employed frequency-domain case. Ren, 

Abdoulaev, Bal, and Hielscher168 presented an algorithm by discretizipg 

the equation of radiative transfer by a combination of discrete-ordinate 

and finite-volume methods that provides a frequency-domain solution 

of the equation of radiative transfer for heterogeneous media of 

arbitrary shape to present two numerical simulations. 

Biological tissue is a turbid medium that both scatters and absorbs 

photons. An accurate model for the propagation of photons through 

tissue can be adopted from trc;msport theory, and its diffusion 
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approximation can be applied to predict the imaging signal around 

the biological tissue (vide Cong, Wang and Wang54).The use of short 

pulse laser for minimally invasive detection scheme has become an 

indispensable tool in the technology arsenal of modem medicine and 

biomedical engineering. Trevedi, Basu and Mitra204 used a time

resolved technique to detect tumors I inhomogeneities in tissue by 

measuring transmitted and reflected scattered temporal optical signals 

when a short pulse laser source is incident on tissue phantoms and 

validated the experimental measurements obtained by a parametric 

study involving different scattering and absorption coefficients of tissue 

phantoms and inhomogeneities, size of inhomogeneity as well as the 

detector position with a numerical solution of the transient radiative 

transport equation obtained by using discrete ordinates method. 

Considering the processes of' the solar radiation extinction in deep 

layers of the Venus atmosphere in a wavelength range from 0.44 

to 0.66 J-Lm and using the spectra of the solar radiation scattered in 

the atmosphere of Venus at various altitudes above the planetary 

surface measured by the Venera-11 entry probe in December '1978 

as observational data, Maiorov, Ignat' ev, Moroz, Zasova, Moshkin, 

Khatuntsev and Ekonomov144 solved the problem of the data analysis 

by selecting an atmospheric model applying the discrete-ordinate 

method in calculations. 

Elaloufi and Arridge72 used the discrete ordinate method to solve the 

radiative transfer equation (RTE) for slab geometry, taking into account 

rigorously the interfaces. The important role of interfaces in the ballistic 

regime and also the diffuse regime were underlined. 

Radiative transfer theory considers radiation in turbid media and is 

used in a wide range. of applications. Edstrom70 outlined a proplem 

formulation and a solution method for the radiative transfer problem 
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in multilayer scattering and absorbing media using discrete ordinate 

model geometry. 

Pimenta de Abreu160 derived nonstandard layer-edge conditions for 

efficient solution of multislab atmospheric radiative transfer problems. 

Defining a local radiative transfer problem on the lowermost layer 

of a multislab model atmosphere , he considered a standard discrete 

ordinates version of this local problem. 

Mishra Roy and Misra148 suggested a new quadrature scheme to 

make discrete ordinate method computationally more attractive by 

making the complicated mathematics for determination of direction 

cosines and weights simple and lucid. 

Zorzano, Mancho and Vazquez234 considered the radiation 

transfer problem in the discrete-ordinate, plane-parallel approach and 

introduced two benchmark problems with exact known solutions and 

show that for strongly non-homogeneous media the homogeneous 

layers approximation can lead to errors of 10% in the estimation of 

intensity. 

Pozzo, Brandi, Giombi, Baltanas and Cassano165 determined 

volumetric optical properties ( spectral absorption, scattering and 

extinction coefficients) of differently expanded narrow-path fluidized 

beds (FB) of photocatalyst obtained by plasma-CVD deposition of 

titania onto quartz sand, relavent for photoreactor design purposes by 

using an unidirectional and unidimensional model for solution of the 

radiative transfer equation(RTE). They used two simplified approaches: 

a Kubelka-Munk type of solution by which the RTE was transformed 

. into a pair of ordinary differential equations and a discrete ordinate 

method by which the complete RTE was transformed into an algebraic 

system. 
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Hua, Flamant, Lu and Gauthier93 developed a model to predict the 

bed-to-wall radiative heat transfer coefficient in the upper dilute zone 

of circulating fluidized bed (CFB) combustors and solved the radiative 

transfer equation by the discrete ordinate method. 

Li141 developed an easy-to-use and comprehensive method, named 

multi-rays method, on the basis of discrete ordinates scheme with 

(an) infinitely small weight(s) to calculate total, direct and medium 

intensities in arbitrary specified directions. In doing this, for each of 

the specified directions, three identical discrete directions with infinitely 

small weights are employed to represent the three intensities. 

Chalhoub38 used discrete ordinates method to solve uncou'pled 

multi-wavelength radiative transfer problems in multi-region 

plane-parallel media. They presented a generalized analytical 

discrete-ordinates formulation that includes internal sources, as well as 

reflecting and emitting boundaries, incident distribution of radiation 

on each surface and a beam incident on one surface, as boundary 

conditions. 
' 

Trabelsi, Sghaier and Sifaoui203 used a modified discrete ordinates 

method in a spherical participating media. By breaking up the radiative 

intensity into two components of which one component was traced 

back to the enclosure's source, called direct intensity and the other 
'· 

component was rather traced back to the contribution of the medium 

itself, called diffused intensity, they solved the diffuse RTE numerically 

using discrete ordinates method. 

Klose, Ntziachristos and Hielscher125 applied the ERT (equation 

of radiative transfer)-based forward model for light propagation in 

biological tissue using a finite-difference discrete-ordinates method. 

An, Ruan, Qi and Liu9 proposed a finite element method for 

simulation of radiative heat transfer in absorbing,. emitting and 
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anisotropic scattering. They developed the simulation on the basis of 

discrete ordinates method and the theories of finite element. 

Box and Qin29 presented an extension to the standard 

discrete-ordinate method (DOM) to consider generalized sources 

including: beam sources which can be placed at any (vertical) position 

and illuminate in any direction, thermal emission from the atmosphere 

and angularly distributed sources which illuminate from a surface as 

continuous functions of zenith and azimuth angles. 

Banerjee, Ogale and Mitra 1~ experimentally determined the 

information content of lightning optical emissions through clouds 

in the laboratory and they compared the experimental ·results with 

a transient radiative transfer formulation solved using the discrete 

ordinate method. 

To perform a comprehensive experimental and numerical analysis of 

the shortpulse laser interaction with a tissue medium with the goal of 

tumor-cancer diagnostics, Pal, Basu, Mitra, and Vo-Dinh158 formulated 

a numerical model using the discrete ordinates technique for solving 

the radiative transport equation associated with the problem. 

Rozanov and Kokhanovsky171 converted Siewert's187 form of vector 

radiative transfer equation for a 'homogeneous isotropic symmetric 

plane-parallel light scattering slab to a nice form in which the discrete 

ordinate technique was used comfortably to solve. 

Spurr, Haan, van Oss and Vasilko193 demonstrated that the discrete

ordinate radiative transfer(RT) equations may be solved analytically 

in a multi-layer multiple scattering atmosphere in the presence of 

rotational Raman scattering (RRS) treated as a first-order perturbation 

Coelho51 presented a comparison of discretization schemes required 

to evaluate the radiation intensity at the cell faces of a control volume 

in differential solution methods of the radiative transfer equation and 

compared several schemes devel~ped using the normalized variable 
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diagram and the total variation diminishing formalisms along with 

essentially non-oscillatory schemes and genuinely multidimensional 

schemes. The calculations were carried out using the discrete ordinates 

method, but the analysis is found to be equally valid for the finite

volume method. 

Kokhanovsky127 carried out the numerical calculations of the 'halo 

brightness and contrast using the discrete ordinate method of the 

integra-differential radiative transfer equation solution for a typical 

phase function of crystalline clouds exhibiting halo at 22 and 46A 0 . 

Abhiram, Deiveegan, Balaji and Venkateshan3 presented a 

multilayer differential discrete ordinate method to solve the 

radiative transfer equation for an absorbing, emitting and scattering 
' 

inhomogeneous plane parallel medium. 

1.3.2 Works done on interlocking problems. 

From the observational point of view, Houtgast92 first noticed 

the importance of non coherent scattering for the interpretation of 

strong absorption lines. He showed that the behaviour of strong 

fraunhorfer lines across the Sun's disc can only be interpreted under 

the assumption of non coherent scattering. Spitzer192 discussed 

the general characteristics of non coherency and concluded from 

physical arguments that non coherent scattering is important in stellar 

atmosphere and coherent scattering is comparatively rare there in. 
' 

Theoretical treatments of the problem for the case of interlocking have 

been given by Spitzer191 and Woolley.228 

Eddington68 derived the general method of calculating the contour 

of an absorption line when the number of atoms in the upper stat~ has 

been disturbed by interlocking. 
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Woolley226 discussed a case of two interlocked absorption lines. A 

direct solution was made of the simultaneous differential equations, 

obtained by making simplifying approximations as nearly as possible 

similar to those ordinarily made in the treatment of principle lines, and 

it was found that the widths of the lines were not appreciably affected 

by the interlocking. 

Woolley227 considered the case of triplet (or doublet) of lines and 

made the conclusion that the measurement of line width at the 

points for which lfj > {
0

, where H = J7r J J(fJ)cosfJdw and 

H~ = J7r J J(fJ)'cosfJdw in which J(fJ)'dv is the flow of radiation of 

frequency l/ to l/ + dv within the lirte in a direction making angle e with 

the outward direction, J (e) dv is the corresponding flow just outside the 

line and dw is the element of solid angle, can be interpreted exactly as if 

the lines were not interlocked with each other. 

· Woolley and Stibbs229 considered the problem of interlocking 

without redistribution in details and gave the integra-differential 

equations for triplets along with an approximate solution obtained 

by applying Eddington's approximation. To illustrate the effect of 

interlocking, they calculate the quantity 

1 1° 1 -w = (1- r) d7J-2 
2 'f/=00 

' 
for doublet and triplet lines in a region of the spectrum where b = ~a, 

and withE = 0 and drew conclusion that interlocking has an effect on 

the .curve of growth( the relation between the equivalent width and the 

number of oscillators) which should be appreciable but not markedly 

so. 

Considering the linear form of Planck-function, Busbridge and 

Stibbs33 solved the radiative transfer equation for interlocked multiplets 

by the method of principal of invariance governing the law of diffuse 
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reflection with a slight modification and calculated three hypothetical 

line profiles for doublets. 

Busbridge30 obtained the solution for interlocked multiplet lines by 

a mathematical method which was obtained by Busbridge and Stibbs33 

by the principle of in variance. 

Miyamoto150 investigated abnormally high residual intensities and 

very large Doppler core widths of Infrared Ca IT multiplets in solar 
' 

spectrum. The characteristic features of this multiplets are the 

metastability of the lower level and the strong interlocking with the 

resonance H and K lines through the upper level. By virtue of 

the metastability of the lower level, the nature of the line formation 
'· 

was found closer to absorption rather than scattering. This being 

combined with the strong interlocking with resonance line, explains an 

abnormally high residual intensities. 

Siewert and Ozi§ik190 developed a matrix form of the equations of 

transfer of the lines for the interlocking multiplets of order N from 

the equation of transfer of Busbridge and Stibbs33 for the interlocking 

multiplets of order k by makin& a suitable .substitution and produced 

a rigorous solution to the equation of transfer for interlocking doublets 

by the use of the normal modes and the methods of solution introduced 

by Siewert & Zweifel.189 

Karanjai103 profitably used the approximate form of H-functiont02 to 

minimize to a great extent the computational labour that involves in the 

calculation of H-function 

An exact solution of the equation of transfer was given by Das 

Gupta 59 by his modified form of Wiener-Hop£ technique. 

Deb65 used the following various approximate forms of the H

function, studied by Karanjai102 and Karanjai and Sen116 to calculate 
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the value of H -function and residual intensities for doublets as well as 

triplet lines. 

Dasgupta and Karanjai63 solved the radiative transfer equation for 

interlocked multiplets without redistribution with the Planck-function, 

linear in T, by applying Sobolev' s probabilistic method. 

Chamberlain and Wallace39 also studied the case of a multiplet with 

common lower state with the assumption of monochromatic scattering 

in each line. 

Nagirner and Shneivais155 analyzed the formation of lines with a 

common upper level in a semi-infinite medium and used an analytical 

method developed for two-level atom to study the problem of radiation 

transfer with the assumptions of a Boltzmann distribution of atoms 

over sublevels ofthe lower level and of complete frequency distribution 

of a radiation within each line. They expressed the intensity of the 
I 

radiation in the lines through the H-function, obtained the asymptotic 

and approximate equation for the H-function for the Doppler and 

Voigt coefficients of absorption and calculated the Doppler H-function 

estimating the accuracy of the asymptotic forms for the case of the 0.1 

resonance triplet. 

Das Gupta61 also obtained an exact solution of the transfer equation 

with the Planck-function, linear in T, for non-coherent scattering arising 

from interlocking principal lines by Laplace transform and the Wiener

Hop£ technique using a new representation of the H-function obtained 

by Das Gupta. 60 

Karanjai and Barman107 solved same problem by using the extension 

of the method of discrete-ordinates. 

Karanjai105 calculated Mg b line contours with the solution obtained 

by Dasgupta and Karanjai63 and showed that his calculated lines have 
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a good agreement with the observation. 

Karanjai and Karanjai114 solved the equation of transfer for 

interlocked multiplets with the Planck function as a non-:-linear function 

of optical depth following the method used by Das Gupta. 61 They 

considered two non-linear forms of Planck function viz., 

' (a). an exponential atmosphere,( vide Degl'Innocenti,66 equation(l.ll)), 

(b). an atmosphere ( vide Busbridge30
) in which 

Bv (T) = B (T) = bo + b1T + b2E2 (T) 

Deb, Biswas and Karanjai64 solved the radiative transfer equation 

for interlocked multiplets with non-linear Planck-function by using the 

extension of the method of discrete-ordinates and Deb and Karanjai110 

solved the same problem with the help of the the method of Busbridge 

and Stibbs.33 

Mukherjee and Karanjai152 used the double-ordinate spherical 

harmonic method presented by Wilson and Sen225 to solve the equation 

of radiative transfer in the Milne-Eddington model for interlocked 

doublets. Solutions have been obtained in the first and second 

approximation in a particular case r = 1. 



bhapter 2 ______ __.1 

Interlocked Multiplet in Anisotropically 

Scattering Medium with Planetary 
' 

Phase Function 

2.1 Introduction 

Planetary Phase Function: 

Planetary phase function is given by 

P (cos 8) = w 0 (1 + w cos 8) , -1 < w < 1 

which is equivalent to 

Its azimuth independent form is 
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Chandrasekhar44'.45 obtained the emergent intensity in semi infinite 

atmosphere with no incident radiation for scattering in accordance with 

thephasefunctionP (cos8) =w0 (1 +wcos8), -1 < w < 1 

Horak87 used the planetary phase function of the form 

w 0 (1 + xcos8) with two sets of different values of w 0 and x, for 
. ' 

yellow light w 0 = 0.985 and x = 0.9 and blue light w 0 = 0.925 and 

X= 0.65. 

The calculations involved in any given application are very 

laborious. Horak and Little90 wrote programmes in FORTRAN for 

calculations of the diffuse reflection by a semi-infinte atmospheres 

with different phase functions. One of them is the planetary 

phase function which he termed as Euler's phase function, given by 

p (cos()) = w 0 + w 1P1 (cos()); ( w 0 , w 1 = [0.95, 0.95], [0.95, -0.95], 

[0.95, 0.475] [0.95, -0.475]). 

Considering the transfer of radiation by a plane-parallel atmosphere 

containing a uniform distribution of emission source for the case 

scattering according to the asymmetric phase function of the form 

w 0 (1 + xcos8), Horak88 derived the exact expression for the emergent 

intensity for both semi-infinite and finite atmosphere by applying 

method of Chandrasekhar's principle of invariance. 

Mullikin153 gave the formulae for the reflection and transmission of 

light incident by a plane-parallel atmosphere of arbitrary thickness with 

a phase function 1 + xcos8 for the conservative azimuth-independent 

case. 

Busbridge and Orchard31 derived simple asymptotic formula for 

the azimuth independent case of thick atmosphere scattering with a 
' 

conservative phase function 1 + w cos e 
Busbridge and Orchard32 dealt with the reflection and transmission 

of light incident from an arbitrary direction on a non-absorbing 

plane-parallel atmosphere of large optical thickness bounded by the 
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' planes x = 0, x = 7 with a conservative phase function 1 + w cos 8, 

considering azimuth-independent terms only for deriving simple 

asymptotic formulae. 

Piotrowski161
,
162 (vide Busbridge and Orchard32 ) used the phase 

· function 1 + w cos 8 to find the asymptotic solution for it. 

To apply a self introduced new method, combined with Laplace 

transform and the Wiener-Hop£ technique, in a simpler problem of 

diffuse reflection by a plane-parallel atmosphere with axial symmetry 

scattering radiation with moderate anisotropy, Das Gupta62 used 

planetary phase function of the form p0 (f-l, 1-l') = w 0 + W 1f-lf-l1, where 

0 < w 0 < 1 and Jw1J < 3wo. 

In order to design cosmetics producing the optical properties that 

are required for a beautiful skin, Yamada, Kawamura, Miura, Takata 

and Ogawa230 investigated numerically the radiative transfer within the 

human skin by using a radiative transfer equation with scattering phase 

functionp asp (n' --t n) = 1 + aocoseo. 

Considering the transport equation for radiative transfer to a 
' 

problem in semi- infinite atmosphere with no incident radiation in 

which scattering takes place according to planetary phase function, 

Karanjai and Deb112 determined emergent intensity and the intensity 

at any optical depth by using Laplace transform and the Wiener-Hop£ 

technique. 

Busbridge and Stibbs33 solved their problem on the basis of some 

assumptions. All those assumptions are kept unchanged here also. 

This chapter is devoted fully on derivation of the solution of the 

radiative transfer equation of interlocked multiplets in anisotropically 

scattering media with planetary phase function by Chandrasekhar's 

method of discrete-ordinates. In section-2.3, a linear form of 
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Planck-function is used and in .the section-2.4, one of its exponential 

form Bv(T) = B(T) = b0 + b1e-f37, given by Degl'Innocenti,67 is used. 

2.2 The Equation of Transfer and the Boundary 

Conditions 

2.2.1 The Equation of Transfer 

The equation of transfer for the rth interlocked line is 

J-l dfr~~' J-l) = (1 + 7Jr)Jr(T, J-t)- (1 + ErJr)Bv(T) 

-~(1 - c)a, 't, 1), 1: p (p, Ji )I,( r, Ji )dj.{ (2.1) 

where ar 's ( r = 1, ... , m) are of the form: 

m 

(2.2) 

so that 

(2.3) 

the Planck-function, Bv(T), considered in this case, is of the form: ·• 

Bv(T) = B(T) = b0 + b1T [Linear form] 

Bv(T) = B(T) = b0 + b1e-/3T [Exponential form] 

(2.4a) 

(2.4b) 
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b0 and b11 being positive constants and the (azimuth independent ) 

planetary phase function p(f-l, Ji), taken here, is given by 

and c, the co-efficient, is introduced to allow for thermal emission 

associated with the line absorption. 

Using the relation ( 2.5) in the equation( 2.1), we get 

f-l dlr~~ !-l) = (1 + 'rJr)Ir(T, f.l)- (1 + crJr)Bv (T) 

-~(1- E)a,. t, 7), L (1+ 'W/1-Jf )I,( T, Jf )dJf (2.6) 

2.2.2 The Boundary Conditions 

The boundary conditions for solving the equation ( 2.6) are 

(2.7) 

Ir( T, 1-l) . e-T/1-L ----+ 0 

i.e. Ir ( T, f-l) is at most linear in T as T tends to infinity (2.8) 

2.3 The Equation of Radiative Transfer with Linear 

Form of Planck Function 

Using the relation ( 2.4a) in the equation ( 2.6), we get 

dlr(T,f-l) (.) ( ') ( )( ) 
•f-t dT = 1 + 'r/r Ir T, 1-l - 1 + crJr bo + blT 

-~(1- E)a, t 1), [ (1 + w11-Jf )I,(r, Jf )dJf (2.9) 
s=l -l 
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2.3.1 Reduction of the Equation ( 2.9) to a Simpler Form 

We assume, following Busbridge and Stibbs,33 that the solution of 

the equation ( 2.9) is 

which consists of two parts, the first part being the solution for an 

infinite unbounded atmosphere as T tends to infinity and the second 

part 1; ( T, 1-l) being the departure of the asymptotic solution from the 

value Ir(T, J-L) as we approach the boundary T = 0 

So, the equation ( 2.6), by virtue of the equations ( 2.4a) and (' 2.5), 

reduces to the form: 

Now, writing 

and 

1 
(r = 1 + 

TJr 

Wr = 
(1 -E) TJr 

1 + TJr 

(2.11) 

(2.12) 

(2.13) 
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the equation ( 2.11) can be reduced to the form: 
I 

di; ( 7, 1-") * ( ) 1 1 { ~ 11 
( 

(r/-l · d = Ir 7, !-" - 2 · Wr · --;;n:- L.....J TJ8 1 
7 L TJs s=1 -1 

s=l 

(2.14) 

and the boundary conditions ( 2.7) and ( 2.8) can be reduced to the form: 

I; (0, -!-") = b1f-l(r- b0 , where 0 < f-l < 1 (2.15) 

and 

I; ( 7, !-") is almost linear in 7 as 7 tends to infinity. (2.16) 

2.3.2 Solution of the Equation with Linear Form of Planck 

Function 

2.3.2.1 Solution of the Equation of Radiative Transfer in the nth 

Approximation 

In the nth approximation, we replace the integra-differential equation 

( 2.14) by the system of 2n differential equations: 

di(r)i 
(r/-l(r)i · ~ 1 I { m } 

I(r)i - 2 · Wr · --;;n:- L TJs L (1 + W /-l(r)i/-l(s)j )I(s)jaj 

L TJs s=1 j 
s=1 

m (2.17) 

s=l 
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where J-l(r)/s ( i = ±1, ±2, · · · , ±n; having the property that 

J-l(r)-i = -J-L(r)i) are the zeros of the Legendre polynomial P2n(J-L) 

which are independent on the lines of interlocking and a/s 

( j = ±1, ±2, · · · , ±n; having the property that a_j = aj ) are the 

corresponding Gaussian weight$. However it is to be noted that there 

is no term with j = 0. and the boundary conditions ( 2.15) and ( 2.16) 

will take the new forms as 

and 

I(r )i is almost linear in T as T tends to infinity. 

For the simplicity we have used here 

Solution of the homogeneous part of the equation( 2.17) 

Now, we shall try to get the solution of the equation: 

df(r)i * 1 1 {~ ~( 
(rJ-l(r)i · ~ = J(r)i - 2 · Wr · ~ 0 'T/s ~ 1 

2..::: TJs s=l J 
s=l 

The system of the equation ( 2.21) admits integrals of the form: 

I * -kT · ±1 ± (r)i = g(r)i e ; ~ = ' ... ' n 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

(2.22) 
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So, the equation ( 2.21) gives 

k;- -kT -kT 1 1 { ~ ~ (1 
- 1,r/-t(r)i9(r)i e = 9(r)i e - 2 · Wr . ~ L......t 'T/s L......t 

2::::: 'T/s s=I j 
s=I 

) -kr } +w 1-t(r)i/-t(s)j 9(s)i e aj 

I.e. 

1 1 { m 
9(r)i { 1 + k(rf-t(r)i} = 2 · Wr · ---rn-- L 'T/s L (1 

' 2::::: 'T/s s=I j 
s=I 

Hence, 

PI/-t(r)i + P 

9(r)i = Wr 1 + k(r/-t(r)i 

where p and p1 are constants which are independent of f-t(r)i· 

69 

(2.24) 

If we use the equation ( 2.24) once again in the equation ( 2.23), then 

we get 

1 1 { ( ~ ~ aj/-t(s)j 
PI/-t(r)i + P = 2 · ---rn-- PI L......t TJsWs L......t 1 + k;- . 

2::::: 'T/s s=I j ~s/-t(s)J 
s=I 

m ) ( m 2 ~ . ~1-t~ 
+p L TJsWs L 1 + k( . + 'Wf-t(r)i PI L TJsWs L l+ k( . 

s=I j s/-t(s)J s=I. j s/-t(s)J 

+p t 'TJsWs L . aj/-t(s)j ) }: 

s=I j 1 + k(s/-t(s)j 

(2.25) 

(2.26) 
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and analysing the proof done in Section.3 by Busbridge and Stibbs,33 

we can write the above equation' in the following compact form: 

PlP,(r)i + P = 2~ [ {plDl (k(s) + pDo (k(s)} 

+wP,(r)i {p1D2 (k(s) + pDl (k(s)}] (2.27) 

where 
m 

s=l 

For the ease of calculation, denoting 

we get, from the equation ( 2.27), the following two equations: 

(2C- wD2) P1 - wpD1 = 0 

P1D1 + (Do - 2C) p = 0 

which, on elimination of p and p1, give 

(2.28) 

(2.29) 

(2.30a) 

(2.30b) 

2CD0 - wD0 D2 - 4C2 + 2CwD2 + wDi = 0 (2.31) 

By virtue of the relation ( II.20d) of Appendix II, the equation ( 2.31) 

takes the form: 

i.e. 

2CDo + w (2C- '1/Jo) D2 = 4C2 

which is the characteristic equation and is equivalent to 

D _ 4C2k2
(; + w (2C -¢0 ) 1/Jo 

0 
- 2Ck2(] + w (2C- '1/Jo) 

(2.32) 

(2.33) 
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Therefore, 

Therefore, 

Again, 

I.e. 

Planetary Phase Function 

w (2C- 'lj;0)
2 

2C- Do = 2Ck2(; + w (2C- '1/Jo) 

71 

(2.34) 

(2.36) 

Now, from the equation( 2.30b), using the equations ( 2.35) and 

( 2.36),we get 

( 
w (2C- 'l/Jo)

2 
) ( 2Ck(s (7/Jo- 2C) ) 

2Ck2(; + w (2C- '1/Jo) p = PI 2Ck2(; + w (2C- 'lj;0 ) 

i.e. 

w ( '1/Jo - 2C) 
PI=± 2Ck(

8 
p 

I.e. 

w ('1/Jo- 2C) . . . . 
PI = + 

2
Ck(s p, taking the positive sign. 

Therefore, the equation( 2.24) becomes 

2C k(s + W ( '1/Jo - 2C) /-l(r )i 

g(r)i = WrP 2C (1 + k(r/-l(r)i) k(s 
(2.37) 
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Now we observe that the characteristic equation ( 2.32) is expressible as 

1 · 1 ( 2C - 1/Jo) 
2CDo + w . 2C 2C D2 = 1 

i.e. 

~ """' aj [ 1 { (2C -1/Jo) 2 }] = 1 ~ 'rJsWs L: 1 + k(sfl>(s)j 2C 1 + W 2C fl>(s)j 

(2.38) 

This is the characteristic equation which is an equation in k of order 

2n and it will give 2n distinct non-zero roots which occur in pair as ±ku 

({,= 1,2,··· ,n),ifwr < 1 

Therefore, the equation( 2.21) admits 2n independent integrals of the 

form: 

I.e. 

J(r)i = WrP 

k)oe, =r= w cc2C ..Po) f"r,l• e=Fk,T 

k~(s (1 ± k~(rfl>(r)i) 
a = 1.2. · · · , n; i = ±1, ±2, · · · , ±n (2.39) 

Particular integral of the equation ( 2.17) 

To get the complete solution of the equation ( 2.17), we require 

a particular integral which can obtained as follows: 

we set 

I(r)i = WrAh(r)ifl>(r)i ; i = ±1, ±2, · · · , ±n (2.40) 

where 

m (2.41) 

~ 'l]s 
s=l 
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Then the equation ( 2.17) gives 

h(r)iJl(r)i = 2~ · {t fJ,W, 2)1 ~ Wf"(c)if"(,);)h(,)j/"(•)jaj} - Jl(r)i 
s=1 J 

(2.42) 

i.e. 

Le. 

0"1 
h(r )i = ( 0" - 1) + -

Jl(r)i 
(2.43) 

where a- and o-1 are connected by the relations obtained by putting h(r)i 

from the equation ( 2.43) to the the equation ( 2.42) i.e. 

1.e. 

i.e. 

1 
2Co-J1(r)i + 2Co-1 = 3 (a-- 1) w1JoJ1(r)i + o-11Jo (2.44) 

Since we have already obtained 
m 

1Jo = 2 L, TJsW s , 1J1 = 0 
s=1 

and 1J2 = 11Jo 

Since the equation ( 2.44) is valid for all i. So, we must have 

1 
2Co- = 3 (a-- 1) w'I/Jo; 2Co-1 = o-11Jo 

a- - -§-w1Jo . 
a-- 1 2C ' 

(2.45a) 

(2.45b) 
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From the relation ( 2.45a),we get 

2C 
0"-1=- 1 

2C - -gw'I/J0 

and from the equation ( 2.45b) 

(2C - '1/Jo) 0"1 = 0 

But, '1/Jo i= 2C. So, 0"1 = 0 

Therefore, 

2C 
(/ - 1 = -------:---

2C -1w'I/J0 

(2.46) 

Hence, the required particular integral [putting the values of 0"1 and 

O"- 1 from the equation ( 2.46) in the equation ( 2.43) and then putting 

the values of in the equation( 2.40) ] is 

f ( !Js ) 
s=1 1 + !Js 

t,~, (1-~ww,) 
/1(r)i ; 

i = ±1 ±2 · · · ±n (2.47) 
' ' ' 

Complete solution of the equation ( 2.17) 

The general solution ( 2.39) of the equation ( 2.21) together with 

the particular integral ( 2.47) of the equation ( 2.17) will constitute the 

complete solution of the equation( 2.17). 

According to the Chandrasekhar,45 the solution of the equation 
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( 2.17) satisfying the boundary conditions ( 2.18) can be put in the form: 

I(,)<= ~w,b, [ t { k,(,- w CC2-; 1/Jo) /'(c)i} X 

t, c:,~J 

"= 1.2. · · · , n; i = ±1, ±2, · · · , ±n 

(2.48) 

where k/s (" = 1, 2, · · · , n) are the positive roots of the characteristic 

equation ( 2.38) and L(r)/s are the constants of integration to be 

determined by the boundary conditions ( 2.18). 

Writing 

and 

' 

2C- '1/;0 

2C 

N = t, ( 1~ ~J 1t, ~' (1- ~ww,) 
the equation ( 2.48) can be put in a shorter form: 

(2.49) 

(2.50) 

(2.51) 
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2.3.2.2 Relation between the Characteristic Equation and Zeros of 

the Legendre Polynomial 

Let p2c be the co-efficient of JJ-2£ in the Legendre polynomial P2n (JJ-). 

Then 

using the definition ( 2.26) 

I.e. 

' 
Since, Jl-(s)/s are the zeros of the Legendre polynomial P2n (JJ-). 

So, 

L P2£ M(;)j = 0 (2.53) 
c 

and therefore, the equation ( 2.52) becomes 

n 

LP2cD2c ((sk) = 0 
£=0 

I.e. 

i.e. 

P2n {- k':(?" ( '!f;o - Do) - k2n-'l(;n-2 '!f;, + " · } + · · · + Po Do ~ 0 , 

using the equation (ILl) of Appendix II, 
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which, on using the equation ( 2.34) becomes 

P2n { 2C (2C- '!f;o)- ~'!{;ow (2C- '!f;o)} (Q~')" +···+Po (4C') = 0 

(2.54) 

which is an equation in ( (lk2) of degree n. 

Since the roots of the equation( 2.54) are ( (lki) , ... , ( (;\~) 

Therefore, we get 

( (lki) · · · ( (lk~) = the product of the roots of the equation ( 2.54) 

= ( -lf. Po (4C
2

) 

{ 2C (2C - 1/Jo) - 2wow (2C - '1/Jo)} P2n 

Therefore, we get 

This, by using the equation ( 2.49), can be put in the form: 

I.e. 

((,k1 · · · (,k.)
2 

= ( -1)" { M ( 1- ~w (1-M))}~: (2.55) 

Again, p,(s)l , ... , lh(s)n are the zeros of the Legendre polynomial 

£= P2t lh(;)j i.e. P2n (lh(s)j) 
2 

+ · · · +Po 
f=O 

So, we get 
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n 

f-Lcs)lf-LCs) 2 · · · 1-L(s)n =the product of the zeros of :Z:::: p2e 1-L(;)j 
£=0 

= ( -1r _EQ_ 
P2n 

i.e. 

(/-L(s)l/-L(s)2 · · · /-L(s)n)
2 

= ( -lt _EQ_ 
P2n 

(2.56) 

Multiplying the equation ( 2.55) and ( 2.56) together, we get 

( (,k1 · · · (,k. · /"(•)1/"(•)2 · · · i"C•ln) 
2 

= { M ( 1 - ~"' ( 1 - M)) } 

i.e. 
. 1 

(,k1 · · · (,kn · /"(•)1/"(•)2 • · · i"(•)n = { M ( 1 -~W (1 -M))} • (2.57) 

23.2.3 The Elimination of Constants and the Expression of the,Law 

of Diffuse Reflection in Closed Form 

From the equation ( 2.51), we can write 

(2.58) 

Now, we define 

Sr (!-L) = ~ { t ( k~(s + wM f-L) L(r)~ _ wN f-L _ 3(r/-L + 3b0 } 

T~ · ~=l k~(s (1- k~(rf-l) Wr Wrbl 

(2.59) 

where 

(2.60) 
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Then the boundary conditions ( 2.18) are expressible as 

1 { ~ ( kL(s + .r;:;M J.l(r)i) L(r)L N 3J.l(r)i(r 3bo } _ O - 0 - r;:; J.l(r)i + + - - , 
TL L=l kL(s ( 1 - kirJ.l(r)i) , Wr Wrbl 

I.e. 

Sr (J.l(r)i) = 0 i = 1, 2, · · · ,n (2.61) 

Again, we can express I; (0, J.l) in terms of Sr (J.t) as follows: 

1 1 { ~ ( kL(s - 'W M J.l) L(r)L 
3WrblTLSr ( -J.t) = 3wrb1 :::_ · kL(s (1 + kL(rJ.l) 

+wN f"} + bl(r!"- bo 

I.e. 

(2.62) 

Now, by virtue of the boundary conditions ( 2.61), we can write that 

J.l(r)i; i = 1, 2, · · · , n will make the value of any polynomial obtained 

by multiplying Sr (J.l) by an expression zero. 

Now, we define 
n 

Pr (J.t) =II (J.t- J.l(r)i) (2.63) 
i=l 

and 
n 

Rr (f-t) = II (1 - ki(rJ.l) (2.64) 
i=l 

Then 
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is a polynomial of degree ( n + 1) in J-L in whiCh the co-efficient of J-Ln+l 

in Sr (!l) Rr (!l) is 

(-1r+l ( 3() 
T~ . wN + w: k1(r · kz(r · · · kn(r 

Clearly J-l(r)v J-l(r)z, · · ·, f-L(r)n are the zeros of the polynomial 

Sr (J-L) Rr (J-L). In addition to these zeros Sr (J-L) Rr (J-l) has another zero, 

say, ~r· Also, f-L(r)V f-L(r)z, · · ·, f-L(r);, are the zeros of the polynomial Pr (J-L) 
in which the co-efficient of J-Ln is 1. 

So, the polynomials Sr (J-t) Rr (J-t) and (J-t - ~r) Pr (J-t) has exactly the 

same zeros, viz., J-l(r)v f-b(r)z, · · ·, f-b(r)n, ~r whose co-efficient of J-tn+I are 

(-1r+l( 3') T~ wN + w: k1(r · kz(r · · · kn(r and 1 

respectively. 

So, 

where ~r is a constant and Pr (J-l) and Rr (J-l) are given the equation 

( 2.63) and the equation ( 2.64). 

I.e. 

(2.66) 
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Therefore, using the equation( 2.65) in the equation( 2.66), we get 

I.e. 

where, 
n 

R(r)~ (J-L) = II (1 - k{J(rJ-L) 1 < ~ < n (2.68) 

I.e. 

{3(#~)=1 

Summing up both sides of the equation ( 2.67) over ~, we get 

't;LH, = ( -lr+' ( wN + ::) k,(r. k,(r ... kn(r X 

x t Pr (~) . 2_ (-1 _ ~) 
~=1 R'(r)~ ( k,1(s) ~ kl,s r 

where 

(2.69) 
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Now, we notice that the polynomial fr (x) is a degree (n- 1) in x 
which takes the value 

So, 

1 (1)(1 ) 1 T Pr k k ;- - ~r ' for X = k ;- ~ = 1, 2, · · · , n 
~ ~(s ~l.,s ~l.,s 

1 
(1 + Er8WMx2

) fr (x)- Pr (x) (x- ~r) = 0 for X= kls 

~ = 1, 2, · · · , n (2.71) 

This helps us to conclude that the polynomial on the left hand side of 

the equation ( 2.71) must be divisible by the polynomial Rr (x). Hence, 

we get the following relation: 

(1 + ErswMx
2

) fr (x)- Pr (x) (x- ~r) = Rr (x) (Arx + Br) 
' 

(2.72) 

Now, assuming w # 0, let us put x 

x = - y' ~. in the equation ( 2.72) to get 
Er8WM 

+ y' ~ M and 
Ers'W 

(2.73) 

and 

(2.74) 
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Then adding the equation ( 2.73) and the equation ( 2.74), 

B, = ( -1 )" (~,a'" + .J E"'~ M If") /-'(,)1/-'(,)2 · · · f-'(,)n (2.75) 

and subtracting the equation ( 2.74) from the equation ( 2.73), we get 

Ar = (-1f+l ( dr- i~rVErswM or) /h(r)l/h(r)2 · · · /h(r)n (2.76) 

where 

(2.77) 

and 

If,= H H, ( + ../E"'~M) - H, (- ../E"'~M)} (2.78) 

and H -function is given by 
n 

1 IT (p, + /h(r)i) 

Hr (p,) = _i:_l ---

/h(r)l/h(r)2 · · · /h(r)n IT (1 + ki(rP,) 
(2.79) 

i=l 

Now, putting x = 0 in the the equation( 2.72), we get 

which on using the equation (2.75) will yield 

J, (0) = ( -1)" {..; E"'~M If" - ~" (1 - a")} f-'(,)1/-'(,)2 ... f-'(,)n 

(2.80) 

So, using the equation ( 2.80) in the the equation ( 2.69), we have 

'fLed'= ( wN + ~:) { ~" (1- a',)-~ If,} x 

X /h(r)l/h(r)2 · · · /h(r)nkl (r · k2(r · · · kn(r 

{2.81) 
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But the roots of the characteristic equation ( 2.38) follow the relation: 

1 

/"(r)l/"(r)2 · · · /"(r)nkl(r · k2(r · · · kn(r = { M ( 1 - ~ W {1-M))}' 
(2.82) 

Applying the relation( 2.82) in the equation( 2.81), we, therefore, get 

(2.83) 

Again, by virtue of the result ( 2.82), the the equation ( 2.65) can be 

written as: 

( -lf+l ( 3(r) 
Sr (f-l) = TL wN + Wr kl(r. k2(r ... kn(r (f-l- ~r) X 

X ( -1 r /-l(r)l/-l(r)2 ... /-l(r)n . Hr (- f-l) 

i.e. 

So, 

1 

Sr (0) = ~ ( wN + ;: ) { M ( 1 - ~ w (1 - M)) } ' (2.85) 

Again, from the equation( 2.59), 

(2.86) 
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So, on comparing the equation ( 2.85) and the equation ( 2.86), we get 

n 

Using the value of 2.: L(r)~ from the equation( 2.87) in the 
~=1 

equation( 2.83), we get 

( 
3(r) { ( 1 · ) } i 3bo ( ~r wN + Wr M 1-3 w (1-M) - Wrbl = wN 

+13(r) {~r (1- a'r)- i Or} {M (1- ~ W (1-M)) }i 
Wr VEr 8WM 3 

I.e. 

I.e. 

where 

bo 
~r = ' G ar r 

~ li r 

a' r 
(2.88) 

G, = b, ( (, + ~ w,w N) { ~ ( 1 - ~ w ( 1 -M))} ~ (2.89) 

So,the equation( 2.84) will give the value of Sr (J-l) where ~r is given 

by the equation( 2.88). 
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Now, from the equation( 2.62), using the equation( 2.84), we get 

I; (0, !") = ~w,b1 [r, {- ~' ( wN + ~:) (-I" 

{ ( 
1 ) } ~ } 3(rf.l 3bo ] -~r) M 1--w(l-M) ·Hr(+J.L) --·--
3 ~ ~~ 

(2.90) 

i.e. 
1 

I; ( 0, I") = b1 ( (, + ~w, w N) { M ( 1 - ~ w ( 1 - M)) r x 

X (J.L + ~r) · Hr (J.L)- (rJ.L- bo 

I.e. 

where ~r and Gr are given by the equations( 2.88) and ( 2.89) 

respectively. 

Now, from the equation (2.10), we get 

i.e. 

i.e. 

(2.92) 

The solution( 2.92) is a desired solution of the equation ( 2.9) in nth 

approximation, when linear form of Planck-function is used. 
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2.3.2.4 The Exact Diffusely Reflected Intensity and The 

Exact Solution for The Emergent Intensity. 

Following Busbridge and Stibbs,33 we change the variable (rfl, and 

(sfl to x and x' respectively [and consequently (rM(r)i and (sM(s)/ to xi 

and x / respectively ] to get from the equation ( 2.38) 

I.e. 

I.e. 

(2.93) 

where, assuming that 

1]1 > 1]2 > · · · > 1Jm (2.94) 

so that 

(2.95) 

f T/sWs { 2b (1 + \wMx' 2)}, 
s=l (s (s 

W (x') = f Tl;-Ws { 2b (1 + \wMx' 2)}, if (r < x' < (r+l 
s=r+l '::,s (s 

0, 

(2.96) 
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Then 

1
1 

W ( x ) dx' < ~ 
0 2 

(2.97) 

Therefore, following the theory of H-function, developed by 

Chandrasekhar,45 we shall able to show, in the present case, that 

H (x), where x = (rJ-l or equivalently [H ((rJ-l) =] Hr (J-L), given by 

the equation( 2.79) satisfies, in the limit of infinite approximation, the 

non-integral equation: 

H ( x) = 1 + xH ( x) 11 

W ( x' ) H, ( x) dx' 
0 x+x 

I.e. 

Hr (J-l) = 1 + (rJ-lHr (J-l) 1' ~ \[1 ( (,( ~ H, (f.{ ) df.{ (2.98) 
' 0 rJ-l + sJ-l 

which is bounded in the entire half plane R( x) > 0. 

The characteristic function W (x') in the equation( 2.98) satisfies the 

necessary condition: 

[ W (X ) dx' < ~ (2.99) 

Now, we allow n to tend to infinity for both the equations( 2.91) 

and ( 2.92) to get the exact diffusely reflected intensity and the exact 

emergent intensity, given by: 

(2.100) 

and 

(2.101) 

where ~r and Gr are given by the equations( 2.88) and ( 2.89) 

respectively and Hr (J-l) is the solution of the equation( 2.98). 
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2.3.3 Derivation of Results of Previous Workers 

If we put w = 0 in the equation( 2.9), then the equation reduces 

to the form of the equation of the transfer for the rth interlocked 

line in the case of isotropically scattering media which was solved by 

Busbridge and Stibbs33 by the principle of invariance governing the 

law of diffuse reflection with a slight modification and by Karanjai and 

Barman106 by using the extension of the method of discrete-ordinates. 

Here, we have solved the equation by using the extension of the 

method of discrete-ordinates and therefore, we can hope for getting 

the diffusely reflected intensity I; (0, p,) and the emergent intensity 

I; (0, p,) for isotropically scattering media in the nth approximation, 

given by the equations (41) and (42) of Karanjai and Barman/06 from 

the equations( 2.91) and ( 2.92) of section: 2.3.2.3 by substituting w = 0. 

But the form of the equations ( 2.91) and ( 2.92) do not allow us to put 

w = 0 directly. Of course, if we put w = 0 directly in our solution( 2.51) 

of Section: 2.3.2.1, then it becomes, 

(2.102) 

which, subject to the boundary conditions ( 2.18), is equivalent to the 

equation (19) of Karanjai and Barman/06 subject to their boundary 

conditions (20). 

The equations ( 2.91) and ( 2.92) cannot be studied by putting w = 0 

directly, but can be studied in the limiting case by allowing w to tend to 

zero. 
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Using the equation ( 2.88) and ( 2.89) in the equation( 2.92), we get 

where 0: r and lf r are given by the equations ( 2.77)and ( 2.78) 

respectively 

Now, before allowing w to tend to zero, we see first the limiting 

values of 0: r and i J 1 lf r as w tends to zero. 
Er8WM 

Denoting the sum of the product of the roots ft(r)i; i = 1, 2, · · · , n 

taken t, where t E {1, 2, · · · , n }, at a time by the symbol Pt and the 

sum of the product of the roots (r k~; ~ = 1, 2, · · · , n taken tat a time by 

the symbol p~ , we have, 

ar= 1 {1+:··+Pn/P~(VErswM)
2

n} 
{ M ( 1 _ 1 W ( 1 _ M)) } ~ 1 + · · · + 1/ P~ 2 

( V Ers W M) 
2
n 

which -+ M~;z as w -+ 0 

Again, 

X 

(Pl _ ~) +, .. + (PnP; ;,Pn-1) (Jtr,wM)2n-2 

1 + · · · + p~2 
( VErswM)

2
n 
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· 1 Pn-1 
( 

I ) which ---+ Ml/2 P1 - p~ as w ---+ 0 

i.e. 

( ' ) 1 1 n n 1 
i y' M lf r ---+ fJJ L P,(r)i - L -;-y;; 

Ers W V lVl i=1 ~= 1 \,r ~ 
as w---+ 0 

i.e. 

i.e., in the limiting position as w approaches zero, 

I, (0, J.L) = viJ\1 H, (J.L) { bo +bl(,J.L+ b1(, ( t (,lk, - t, 1-'(c)i)} 
(2.104) 

which is identical with the equation (42) due to Karanjai and Barman,l06 

if we substitute their value of Cr from the equation (40) in the equation 

(42). Like emergent intensity, we can show that the diffusely reflected 

intensity for isotropically scattering media can also be derived from the 

anisotropically scattering media. 

The exact diffusely reflected intensity 1; (0, p,) and exact emergent 

intensity Ir (0, p,) for isotropically scattering media can also be derived 

from the anisotropically scattering media associated with the planetary 

phase function by allowing w of the phase function ( 2.5)to tend to 

zero. The characteristic function W (x') of the H-function Hr (p,) for 

isotropically scattering media is to be taken from the equation ( 2.96) by 
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putting w = 0 directly which is given by 

m 2::: !JsWs 
s=1 2C(s' 

if 0 < x' <(I 

W (x') = 
m 

2::: !}(1;' if (r < x' < (r+1 
s=r+1 l:.s 

(2.105) 

0, if (m < x' < 1 

2.4 The Equation of Radiative Transfer with 

Exponential Form of Planck Function 

Using the relation ( 2.4b) in the equation ( 2.6), we get 

p, dfr~~ p,) = (1 + !Jr)Ir(T, p,)- (1 + E!Jr) (bo + b1e-jh) 

1 m 11 
-2(1- c)ar?; !Js _

1 
(1 + wp,fl )Is(T, fl )dfl (2.106) 

2.4.1 Reduction of the Equation ( 2.106) to a Simpler Form 

We suppose, following Busbridge and Stibbs,33 that one of the 

solution of the equation ( 2.106) is 

( ) ( 
(1- c) !JrU + {Jp,) -(JT * ) 

Ir T, f-L = bo + b1 1 - {3 e + Ir ( T, p, 
1 + !Jr + P, 

(2.107) 

where U is given by 

1 ~ ( ) (1 + ?Js + {J) 
U = 1 - 2{J ~ as 1 + 1]8 log 1 + ?Js _ {3 

1 ( ) ~ ( 1 + !Js + fJ) 1 - 2{3 1 - E 4-' Q 8 7]8 log 1 + _ {3 
s=1 7ls 

(2.108) 
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The equation( 2.107) consists of two parts, the first part being the 

solution for an infinitely unbounded atmosphere as T tends to infinity 

and the second part 1; ( T, 1-l) being the departure of the asymptotic 

solution from the value Ir ( T, 1-l) as we approach the boundary T = 0 

Now, introducing the three symbols, given by the equations ( 2.12), 

( 2.13) and ( 2.28) and using the equation ( 2.4b ), we can write the 

equation ( 2.6) in the form: 

(2.109) 

and since ( 2.107) is one of the solutions of the equation ( 2.109), it can 

be put in the form: 
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i.e. 

r di;(T, M) I*( ) Wr ~ /_1 (1 , ).I*( , )d , 
~rM dT - r T, M - 2C · ~ TJs _

1 
+ W MM s T, M M 

-(3r [( ) 1 ~ ( ) { 1 ( 1 + f3(s) 
= b1e Wr 1- U - 20 · ~ 1]8 1- WsU f3(s log 1 _ f3(s 

WM 1 1 + /3(8 

+ (J(, (2- (J(, log ( 1 _ (J(J)} ' ] 
I.e. 

r di;(T,M) I*( ) Wr ~ /_1(1 , )I*( , )d, 
~rM dT - r T,M - 2C · 7::.TJs -l +WMM 8 T,M M 

= b1e-f3rwr [ (1- _1_ · t 7],iog (~) "•) 
2{3 s=l (s TJs 

-U . 1 - _I_ . L 1JsWs og ~ O:s 
( 

m l (l+f3(s) ) 
2/3 ' s=l (s TJs 

_ 2_ . w M . t 1]8 (1 - W 8 U) ( 2 _ log ( ~) ) ] 
2/3 C (s f3(s 

s=l 
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i.e. 

/" di;(T, f-L) I*( ) Wr ~ 11(1 ')I*( ')d ' 
o..,rf-L dT - r T, f-L - 2C . ~ 'T/s -1 + 'W f-Lf-L s T, f-L f-L 

[ ( 

m a 8 log (l+.B(s)) 
-,BT · 1 ~ 1-,8(8 

= b1e Wr 1 - 2(3 · ~ (s 
s=1 

X 

l (1 + fJ(s) 
- ~ . 'Wf-l . ~ 'Tls (1- WsU) og 1- f3(s 

2(J C D (s 
2 

- (J(s 
s=1 

Le. 

( di;(T,f-L) J*( ) Wr ~ 11(1 ')I*( ')d' 
rf-L dT = r T, f-L - 2C . ~ 'T/s -1 + 'W f-Lf-L s T, f-L f-L 

-~b . 2_ ~ 'T/s (1- WsU) { 2 __ 1 l (1 + fJ(s)} -,BT 

2 1W.r'W C ~ f3(s f3(s og 1 - f3(s f-Le 

(2.110) 

and the boundary conditions ( 2.7) and ( 2.8) can be converted into 

0 = I,(O, -11) = b0 + b!(l- w,U) ~ ( + I;(o, -11), 
1- f-lr 
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i.e. 

(2.111) 

and 

1; ( T, fJ) is atmost linear in T as T tends to infinity (2.112) 

2.4.2 Construction of a System of 2n lntegro-differential 

Equations from the Equation (2.110) Following 

Chandrasekhar45 

Making nth approximation/ the integra-differential equation ( 2.110) 

is replaced by the system of 2n linear differential equations: 

df(r)i 
(r /J( r )i ----a;:-

, m 

l(r)i- ;; · L T/s 2:::(1 + WIJ(r)i/J(r)j )J(s)jaj 

s=l j 

(2.113) 

and the boundary conditions ( 2.111) and ( 2.112) can be put in the 

following shorter form: 

* ( 1- WrU ) . 
J(r)-i = -bo - b1 1 _ j3 -( , 0 < !J(r)i < 1 

' /J(r)t r 
(2.114) 

and 

I(r)i is atmost linear in T as T tends to infinity (2.115) 

where the notations l(r)i / f.-l(r)i etc. have the same meaning as they are 

used for the equation ( 2.17). 
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2.4.3 Solution of the Equation with Exponential Form of 

Planck Function 

2.4.3.1 Diffusely Reflected Intensity and Emergent Intensity in nth 

Approximation 

The Solution of the Associated Homogeneous System of the 

Equation ( 2.113) 

The associated homogeneous part of the equation ( 2.113) 

dJ* m 

(r/-l d~)i = f(r)i- ;~ · L 'r/s ~(1 + WJ-l(r)iJ-l(r)j )J(s)jaj (2.116) 
s=l J 

which is same as the equation ( 2.21). So, its solution will be same as the 

solution ( 2.39) of the equation ( 2.21) i.e. 

I.e. 

J(r)i = WrP 

k,(, 'f W cc2c '!,/lo) /l(r)i e'fk,T 

k[(s (1 ± k[(rJ-l(r)i) 

t = 1, 2, · · · , n; i = ±1, ±2, · · · , ±n 

I * - k[(S =f w M /-l(r)i e=fk,,T 
(r)i - WrP k ;- (1 k ;- ) 

[":,s ± [":,r/-l(r)i 

t = 1.2. · · · , n; i = ±1, ±2, · · · , ±n (2.117) 

where ±k[; t = 1, 2, · · · , n are the zeros of the characteristic equation 

( 2.38) in k i.e. 

(2.118) 
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Particular integral of the equation ( 2.113) 

To constitute the complete solution of the equation ( 2.113), we 

have to add one more expression, known as a particular integral, to the 

solution ( 2.117) which is obtained as follows: 

We take 

·I* - b L h -f3r (r)i - -Wr 1 'W (r)il-t(r)ie (2.119) 

where 

~ 'f/8 (1- W 8 U) { 1 (1 + f3(s)} / ~ 
L = ~ f3(s 1 - 2f3(s log 1 _ f3(s ~ 'f/8 (2.120) 

So, the equation ( 2.113) gives 

1 m 

h(r)iJ-t(r)i {1 + (rf3J-t(r)i} = 2C · L 'f/sWs L(1 
s=1 j 

+wJ-t(r)il-t(r)j ) h(s)jl-t(s)jaj + 1-t(r)i 

(2.121) 

I.e. 

i.e. 

h _ P + (p 1 + 1) J-t(r)i 

(r)i - ( (3 ) 1 + (r 1-t(r)i 1-t(r)i 

(2.122) 

where p and p 1 are constants (free from J-t(r)i ). 
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Substituting h(r)i from the equation ( 2.122) to the equation ( 2.121) 

i.e. 

rf + rfrJ'(,)i = 2~ { (P Do (fJ(s) + (rf r + 1) Dr (fJ(s)) 

1.e. 

1.e. 

+wJ'(,)i (P ·Dr (fJ(s) + (rf 1 + 1) · D, (fJ(s))} 

2Cp = rf Do (f3(s) + p 1D1 (f3(s) + D1 (f3(s) 

2Cp 1 = wp · D1 (f3(s) + w (p 1 + 1) · D2 (f3(s) 

(2C- Do) rf- rf 1D1 = D1 

where De= De (f3(s). 

Solving the above two equations, we get 

, D1 , wMD2 
p = . p 1 = 

(2C- D0)- wMD2 ' (2C- Do)- wMD2 

99 

Now, from the equations ( II.Sa) and ( IT.Sb) of Appendix IT, we can 

establish that 
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and 

jj = D ({3() = ~ TJsWs l (1 + f3(s) 
0 0 s ~ f3(s og 1 - f3(s 

- ~ ( 1 (1+f3(s)) 'l/Jo - Do = 2 ~ T]8W 8 1 - 2f3(s log 1 _ f3(s 

and 

- ~ ( W 8 (1+f3(s)) 2C - Do = 2 ~ T]8 ~ - 2f3(r log 1 _ f3(s 

Therefore 

So, the equation ( 2.122) becomes 

h _ f3(s£' + f32
(; L"J-t(r)i 

(r)i- (L"f32('1 + wML') (1 + (rf3f-l(r)i) /-l(r)i 
(2.123) 

where 

1 ~ ( 1 (1 + {3(8
)) L = ~ TJ8W 8 1- 2f3(s log 1 _ {J(s (2.124) 
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and 

L" = ~ (1- ~1 (
1 + fJ(s)) 

~ TJs 2f3(s og 1 - f3(s 
(2.125) 

So, the equations ( 2.113) have particular integrals of the form: 

I* . =- WrblwL (f3(sL' + f3 2
(;L"f.-l(r)i) . e-f:h 

(r)~ ( L" {J2('1 + W M L') ( 1 + (r/3 f.-l(r)i) f.-l(r)i f.-l(r)~ . 
(2.126) 

The Complete Solution Of The Equation ( 2.113) 

The complete solution of the equation ( 2.113) is given by the sum 

of the solution ( 2.117) of the equation ( 2.116) and the particular integral 

of ( 2.126) of the equation ( 2.113). 

Following Chandrasekhar,45 we can write the solution of the 

equation ( 2.113) in the form: 

• 

(2.127) 

where k/s (£, = 1, 2, · · · , n) are the positive roots of the characteristic 

equation( 2.38) and L(r)/s are the constants of integration to be 

determined by the boundary conditions ( 2.114). 
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2.4.3.2 Elimination of Constants and the Diffusely Reflected 

Intensity and the Solution for the Emergent Intensity in 

Closed Form. 

From the equation (2.127), we get 

(2.128) 

We define, 

s ( ) = t ( ( kL(s + w M ~-t) L, (r)L - wL (f3(sL'- {P(;L '~-t) ) 
r /); L=l kL(s (1- kL(rf-t) (L '{P('; + wML') (1- (rf3f-t) 

bo 1- WrU +-+ -~-,-, -------:-
Wrbl Wr (1- f3~-t(r) 

(2.129) 

i.e., 

(2.130) 
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Now, the boundary conditions (2.114) are expressible as 

* ( ) b1 ( 1 - Wr U) 
Ir 0, - J-l(r)i = -bo -

1 
f3 ( 

- J-l(r)i r 

i.e. 

i.e. 

S (u.( )·) - 0 i = 1 2 · · · n r rrt - ' ' ' ' (2.131) 

Now, the boundary conditions (2.131) help us to draw the conclusipn 

that J-l(r)i; i = 1, 2, · · · , n will be the zeros of any polynomial when it is 

multiplied by Sr (J-L) . 

Now, we have 
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is polynomials in J-L of degree of (n + 1) in which the co-efficient of 1-Ln+l 

is 

whose (n + 1) roots are /-L(r)i ; i = 1, 2, · · · , n, and an additional root, 

say~' r· Again (J-L - ~ 'r) Pr (J-L) is also polynomials in J-L of same degree 

( n + 1) in which the co-efficient of 1-Ln+l is 1. 

So, we shall get 

where ~ 'r is a constant, Pr (1-t) and Rr (1-t) are given by the equations 

(2.63) and (2.64) and q~ is given by 

1 bo ~ L'(r)~ · w{P(;LL' 
. qr = Wrbl + wMf3(r ~ k~(s - (L '/32(] + wML') (2.133) 

Moreover, we observe from tl,le equation (2.129) that 

= L, (r)~ 
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where 7;_ is given by the equation (2.60). 

i.e. 

L, (r)~ = (2.134) 

Therefore, using the equation(2.132) in the equation(2.134), we get 

i.e. 

(2.135) 

where R(r)~ (1-l) is given by the equation (2.68). 

Summing up both sides of the equation (2.135) over [,, we get 

n 

L L '(r)~ = ( -lt+l q; · kl(r · k2(r · · · kn(rf3(r · X 
~=1 

i.e. 

n 

LL'(r)~ = (-lr+l q; · k1(r · k2(r · · · kn(rf3(r9r (0) (2.136) 
~=1 
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where 9r (x) is given by the equation 

Now, we notice that the polynomial 9r (x) is a polynomial of degree 

( n - 1) in x which takes the value 

So, 

~ Pr ( k~(J ( k~(, - ~ r) . ( 1 -1 & ) 
k,(s 

1 
for x = k 

1 
, ~ = 1, 2, · · · , n 

~':,s 

(1 + ~rswMx2) (1- f3(rx) 9r (x)- Pr (x) (x- ~ r) = 0 
1 

for x = k 
1 

, ~ = 1, 2, · · · , n (2.138) 
~':,s 

This helps us to conclude that' the polynomial on the left hand side of 

the equation (2.138) must be divisible by the polynomial Rr ( x). Hence, 

we get the following relation: 

(1 + Er8WM x 2
) (1 - f3(rX) 9r (x) - Pr (x) (x- ~r) 

= Rr (x) (A~x2 + B~x + C~) (2.139) 

Now, assuming w -=/- 0, let us put x = + ~ and x = -~ in 
trs'W trst:V' 

the equation (2.139) to get 

p (+ 't ) 
r VErs'WM 

R (+ . "' ) 
r V Ers'WM 

(2.140) 
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and 

(2.141) 

Then adding the equation ( 2.140) and the equation ( 2.141), 

A' r C , ( l)n (f: " i 0 ) 
- M + r = - ~:,r a r + V r /1(r)l/1(r)2 · · · /1(r)n 

Ers'W E wM rs 

(2.142) 
' 

Again subtracting the equation ( 2.141) from the equation ( 2.140), we 

get 

B 'r = (-lf+l ( d r- i~ ~V ErswM lf r) /1(r)l/1(r)2 · · · /1(r)n (2.143) 

where a r and lf r are respectively given by the equations ( 2.77) and 

( 2.78) and H-function is given by the equation ( 2.79). 

Again, putting x = f3~r in the equation( 2.139) and using the 

equation ( 2.143), we get 

A; tJ;(;' + C~ (-1 t · { H, (-;(J ( ~/- tl~J + tJ~, ( i~,o; -./<r, w M 

-a~)} · /1(r)l/1(r)2 · · '/1(r)n (2.144) 
' 

Now multiplying the equation ( 2.144) by the term 1 M and the 
Ers'W 

equation ( 2.142) by the term (3t and then adding, we get 

C l (-lf [ M(C' I ib~ ) 
r = (32 "2 M Ers'W '::,r ar + . I 

Sr + Ers'W V Ers'WM 

+ tl'(; { H, (- tl~J ( ~/- tl~J -tl~r (i~,o; -j e,,wM- a;)}] x 

X /1(r)l/1(r)2 · · · /1(r)n 

(2.145) 
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Now, putting x = 0 in the the equation ( 2.139), we get 

9r (0) = ( -lf+l ~~ f.l(r)lf.l(r)2 · · · f.l(r)n + 1 · Cr' 

Therefore, using the equation' ( 2.145), we get 

g,(O) = {3'('(-1
)" M[~/ {a~ErswM- ib~f3(rVErswM -1 

r + Ers'W 

+ H, (- {3~J {3'(;} - { {3(,H, (- {3~J - a~{3(, 
-ib~ ..jt,wM}] f."(r)li"(r)2 · · · i"(r)n 

(2.146) 

So, using the the equation ( 2.146) in the the equation ( 2.136) and 

applying the relation ( 2.57), we get, we have 

tL'crJ, = q;f3'(' {3(, M [~~/ {a~ErswM- ib~f3(rVErswM -1 
~=1 r + Ers'W 

+ H, (- {3~,) {3'(;} + { {3(,H, (- {3~,) - a;f3(, 

] { ( 
1 ) ·.}1/2 -ib~ V Er8WM} · M 1- 3ro (1- !VI) 

(2.147) 

Now, putting f.1 = 0 in the equation (2.129) 

( ) 
~ , wLL'{3(s bo 1- WrU 

Sr 0 = 7::: L (r)~- (L 'fJ2('f + wM L') + Wrbl + Wr (2.148) 

Again from the equation (2.132) 

S, (p,) = (
1 
!;p,(,) · q; · k,(, · k,(, · · · kn(r · X 

X f.l(r)lf.l(r)2 · · · f.l(r)n · Hr (- f.1) (f.l - ~, r) 
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i.e. using the relation(2.57), 

So, puttingp, = 0, we get 
1 

S, (0) = { M ( 1 - ~ w (1 - M))}' ~' · /3(, · q;~ ', (2.150) 

Now, comparing the equation (2.148) and the equation (2.150), we 

get 

n 1 

~ L '(rl• - { M ( 1 - ~ w (1 - M)) } ' · /3(, · q;C, 

wLL'/3(8 bo 1- WrU 
---------
(L /32('1 + wM L') 

Therefore, using the equation (2.147), 

[/3(, {/3(,H, (-/3~J- a;/3(,- ib;)E,wM} X 

x { M ( 1- ~w (1-M)) rJ q;- [/3(, {a;E,wM 

-ib;f3(,jE,wM -1 + H, (-:CJ /32('!:} + /3(, · (/3'(; 

+E,wM)J { M ( 1- ~w (1-M))} 
112 

</,.C, 

wLL'f3(s (/32
(/: + ErswM) bo (/32

(; + ErswM) 
( L '(32('1 + 'W M L') Wrbl 

(1 - WrU) (/3 2
(/: + ErswM) 

(2.151) 
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Now, proceeding as we have proceed to get the equation (2.134), we 

can get the equation: 

(2.152) 

where r: is given by 

(2.153) 

Now, we notice that the polynomial hr ( x) is a polynomial of degree 

( n - 1) in x which takes the value 

So, 

;tr V,J V(,- e r) · (1-\~~) 
1 

for x = k ( , [, = 1, 2, · · · , n 
(, s 

(1 + ~rswMx2) (1- f3(rx) hr (x)- Pr (x) X (x- ~ r) = 0 
1 

for x = k ( , L, = 1, 2, · · · , n (2.154) 
~ s 

This helps us to write the following equation: 

(1 + ErswMx2
) (1- f3(rx) hr (x)- Pr (x) X (x- ~/) 

= Rr (x) (A~x2 + B~x + C:) (2.155) 

Let us put x = + ~ and x = -~ in the equation (2.155) to 
€rs~ €rs~ 

get 

Pr(+~) 
Rr(+~) 

(2.156) 
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and 

(2.157) 

Then adding the equation (2.156) and the equation (2.157), 

B: = ( -1f ( ~r'dr + ilfrV ErsWM) P,(r)lfJ-(r)2 · · · P,(r)n (2.158) 

Again subtracting the equation (2.157) from the equation (2.156), we 

get 

A ll ( 1 "t:' ) r 11 n . , ~ l.,r , 
- M + Cr = ( -1) Mar - y' M br !1-(r)l!l-(r)z · · · !1-(r)n 

Er8 W Er8 W Er8 W 
(2.159) 

Again, putting x = f3~r in the eq:uation(2.155), we get 

~ ,8;(; + B; ,8~, +C; = ( -1 r l'(c)ll'(c)2 ... !'(c)n. H, (- .a~J Oc, -,8;(;) 
Now, using the equation (2.158), 

~ ,8;(; + c: = (-lr { H, (- .a~J Oc.- ,8;(;) 
- (~,'a;. + ilf,) E, W M) ,B~J l'(c)ll'(c)2 • · · !'(c)n (2.160) 

Now multiplying the equation (2.160) by the term ers~M and the 

equation (2.159) by the term f3~r and then adding, we get 

II ( -1 r [{ ( 1 ) ( , ) 
Cr = ~rswM + {32 ('/: Hr -73{; ~r'f3(r- 1 · 

-f3(r ( ~/dr + ilfrVErsWM)} + (ar 

-i ~/V ErsWM Dr)] fJ-(r)lfJ-(r)2 · · · P,(r)n (2.161) 
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Now, putting x = 0 in the the equation (2.155), we get 

hr ( 0) = Rr ( 0) c: = c: (2.162) 

i.e. 

So, from the equation (2.152), we get 

Applying this to the equation(2.133), we get 
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Solving the equations (2.151) ana (2.163), we get 

e = N1 
r Dl 

(2.164) 

and 
, N2 

qr = D2 (2.165) 

with 

N1 { M(1- ~w (1-M)) r2 

[ { H, (-jJ~J- a, 

{ 
1 }-1/2} 

+ilfr/3(rVEr8WM- M(1- 3W (1-M)) X 

X { wLL'/3(8 (/32
(; + ErswM) _ bo ({P(; + Er8WM) 

( L '(32('1 + W M L') Wrbl 

_ (1- w,U)(j3~:; + 4,wM)} _ )3(, {j3(,H, ( _ (3~,) 

~a~(3(,- ib~)<,wM} CL 'j3':6'~~~L') - w~~J] 

D, N, = { M ( 1 ~ ~w (1 - ~\1)) } 112 

[[-)3(, {a;<, w M 

+ib;j3(,)<,wM + 1- H, (- (3~J )32
(/.} - (3(, · (J3'(; 

{ 
w(JZ(;LL' b0 } wM/32

(; , 

+Ers w M)] ( L fJ2('1 + w M L') - Wrbl - ers w M + /3 2(/: [ {f3(rar 

-H (--1 ) j3r + · I M lf }] (wLL'f3(s (/3
2
(; + ErswM) 

r f3(r ':,r ~ V ErsW r (L '(32(; + wM L') 

_ bo (/32
(; + Er8WM) _ (1- WrU) (/32

(; + ErswM))] 
Wrbl Wr 
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D, - {M ( 1- ~"'(1-M))} [[-,8(, {a;c,;wM 

+ib;,B(,.jc,wM + 1- H, (- ,B~J .B'C::} 

-,8(, · (,82
(; + t,wM)] { H, (- ,B~J -0:, 

Again, from the equation (2.149) 

1 

S, (- f1) = ( 1 q~· ;;,,) { M ( 1 - ~ w ( 1 - M)) r · H, (!1) (!1 H.,) 

So, we get from the equation(2.130), the diffusely reflected intensity as 
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I.e. 

* ( , ) ( ) b1 (1 - WrU) 
Jr (0, p,) = Gr · f-L + ~ r · Hr /-L - bo- (1 + (3p,(r) (2.167) 

where~' r is given by the equation (2.164) and Gr is given by 
1 

Gr = q~. Wrblf3(r {M (1- ~ w (1-M)) }2 

( 1 + (3 P,(r) 3 

in which q~ is given by the equation(2.165). 

Again, from the equation (2.107) 

( ) b1 ( 1 - Wr U) * ( ) 
Ir 0, f-L = bo + 1 + j3p,(r + fr T, f-L 

i.e. 

(2.168) 

2.4.4 Discussion 

If we put w = 0, then the equation (2.106) will be converted into 

the equation of Radiative transfer' for the case of isotropic scattering 

medium. We shall derive here the result for the case, from our result 

obtained above, by substituting w = 0. We observe that a'----+ M~/2 and 

i ..;}.m If, -+ }M (t, /l(r)i - t, (,1k,) as W -+ 0. 

Now, allowing w ----+ 0 in the equations (2.164)and (2.165), we get 

t = {J(,, [ b0 + b1 (1 - w,U) { 2 - M 1
1' H, (- f<;) } ] 

r boMl/2 [ { 1 - (32(; Hr (- /J~r) } + (32(;] 
(2.169) 

and 

(2.170) 
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Putting w = 0 in the equation ( 2.167) and the equation( 2.168)' 

I*(O J.L) = bof3(rVM (J.L + ~ ~) Hr (J.L) _ bo _ b1 (1- WrU) 

r ' (1 + JJJ.L(r) { VMHr (-1/JJ(r)- 2} (1 + JJJ.L(r) 

and 
Ir(O, J.L) = boJJ(rVM (J.L + ~ ~) Hr (J.L) 

(1 + JJJ.L(r,) { VMHr ( -1/ f3(r)- 2} 

which give the diffusely reflected intensity and emergent intensity 

for the case of interlocked multiplet lines in isotropkally scattering 

medium with an exponential atmosphere. This results were also 

obtained by Deb, Biswas and Karanjai.64 



bhapter 3 _______ ____. 
Interlocked Multiplets with Rayleigh 

and Rayleigh Like Phase Functions 

Rayleigh Like Phase Functions 

This chapter is devoted mainly to Rayleigh Phase Function. In 

1871 Lord Rayleigh introduced a phase function45 which is the simplest 

and in some ways the most important example of a physical law of light 

scattering, while in searching for the cause of the blueness of the sky. 

However it has wider applications. We have used this scattering law of 

light to find the emergent intensity from the radiative transfer equation 
' in section -I of this chapter. 

In 1998, Pomraning164 introduced a new phase function which 

appears to be Rayleigh like differing only with one more parameter .A, 

representing albedo, from that given by Rayleigh. This scattering law is 

used to derive the emergent intensity from a radiative transfer equation 
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in section - 3.2.2.1 of this chapter. 

We observe that by substituting albedo A = 1 in the phase function 

which we call as Pornraning phase function, we can derive the Rayleigh 

phase function. As the manipulation involved in the problem related 

with Pornraning phase function we have dealt with here is complicated 

enough, the same problem with Rayleigh phase function is discussed in 

the section-3.1.2 

3.1 Rayleigh Phase Function 

3.1.1 Introduction 

Rayleigh's law of scattering of light states that when a pencil 

of natural light of wave length A , intensity J, and solid angle dw, is 

incident on a particle of polaizability a, energy at the rate 

1287r5 3 dw' 

3
A4 a

21 dw x ,4 (1 + cos28) 47r 

is scattered in the direction making an angle 8 with the direction of the 

incidence and in a solid angle dw'. 

The Rayleighy's phase function, normalized to unity so that it 

becomes a case of perfect scattering, is 

3 
p (cos8) = 4 (1 + cos28) (3.1) 

In conservative cases of perfect scattering, net-flux is constant and 

due to this constancy in net flux, we meet with the type of problem of a 

semi-infinite plane parallel atmospheres with no incident radiation and 

with a constant net flux, 1r F,of radiation which is provided by the deep 

interior of the atmosphere flowing through it normal to the plane of 
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stratification. For this type of problem for the axial symmetry about the 

z-axis, the intensity and the source function are azimuth independent 
( 

and therefore, the phase function involved in the problem must be 

azimuth independent. 

The Rayleigh's phase function is 

3 
p (f.l, ¢;; 1-l'' ¢;') = 4 [ 1 + /-l2 1-l' 2 + ( 1 - /-l2) ( 1 - 1-l' 2) cos2 ( ¢; - ¢;') 

+ 2f-lf-l1 
( 1 - f-l2) ~ ( 1 - f-l1 2

) ~ cos ( ¢; - ¢;')] 

or, 

El-Wakil, Degheidy and Sallah71 considered the problem of 

time-dependent radiation transfer in a semi-infinite plane-parallel 

random medium with Rayleigh scattering phase function including 

polarization. 

Karanjai and Biswas108 solved t~e equation of radiative transfer with 

scattering according to Rayleigh's phase function by a modified version 

of the spherical-harmonic method proposed by Wan Wilson and Sen. 217 

Saad, El-Wakil and Haggag175 calculated diffuse reflection and 

transmission coefficients in a plane parallel medium for a Rayleigh 

phase function averaged over polarization and Rayleigh polarized 

phase function by embedding the finite medium into a semi-infinite 

scattering and absorbing medium. 

Constructing the solution of the equation of transfer in a semi

infinite atmosphere with no incident radiation for Rayleigh's phase 
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function by the method of the "Principles of Invariance" and using the 

law of diffuse reflection, Karanjai and Barman106 applied it to find the 

laws of darkening for Rayleigh's phase function . 

Sweigart?-00 solved numerically the Chandrasekhar's integral 

equations of radiative transfer for both conservative and non

conservative atmosphere in which the scattering is governed by 

Rayleigh phase function, polarization of the scattered radiation not 

being treated. 

Das58 used Chandrasekhar4~'s equation of radiative transfer for 

diffuse reflection and transmission with Rayleigh's phase function in a 

finite atmosphere to have the solution in terms of Chandrasekhar's X-Y 

equations exactly for emergent distributions from the bounding faces by 

employing the Laplace transform and the theory of singular oper~tors, 

as outlined by Das57 himself. 

Pomraning163 showed that the albedo is insensitive to whichever of 

the three descriptions of scattering such as an isotropic phase function, 

or Rayleigh phase function averaged over polarization, or Rayleigh 

scattering properly accounting for polarization, is used in the half

space. 

Chandrasekhar and Breen46 tabulated the various H-functions which 

occur in the solutions of the transfer problems involving Rayleigh's 

phase function and Rayleigh's scattering (including the state of 

polarization of the scattered radiation) and determined numerically 
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the H-functions as the solutions of the exact functional equations which 

they satisfy. 

Here, attempt has been made to derive the emergent intensity and 

diffusely reflected intensity from the radiative transfer equation of 

interlocked multiplet lines with Rayleigh's phase function. 

· 3.1.2 Formulation of the Problem 

3.1.2.1 The Equation of Radiative Transfer with Rayleigh Phase 

Function 

The equation transfer for the rth interlocked line is 

f-l dir~~' J-l) = (1 + TJr)Ir(T, J-l)- (1 + cTJr)Bv(T) 

-~(1- c)ar ~ w{ p (!", fl)I,( T, fl)dfl (3.2) 

where a~s (r = 1, ... , m) are of the form: 

m 

(3.3) 

so that 
m 

(3.4) 

the Planck-function, Bv(T), considered in this case, is of the form: 

(Linear form] (3.5) 
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b0 and b1, being positive constants and the (azimuth independent ) 

Rayleigh phase function p( J.l, ,J), taken here, is given by 

~ [ 1+ ~t'Ji' + ~ (1- tl) (1-'- Ji') l 
3 S [ ( 3 - M2

) + (3M2 
- 1) ,1 2

] (3.6) 

and c, the co-efficient, is introduced to allow for thermal emission 

associated with the line absorption. 

Using the relations (3.6) and (3.5) in the equation (3.2), we get 

(3.7) 

3.1.2.2 The Boundary Conditions 

The boundary conditions for solving the equation (3.7) are 

Ir(O, -M) = 0; (0 < J.l < 1) (3.8) 

and 

I (T u.) e-T I 1-L -----* 0 r 'r . 

i.e. Ir( T, J.l) is at most linear in T as T tends to infinity. (3.9) 

3.1.2.3 Reduction of the Equation of the Transfer to a Simpler Form 

As Busbridge and Stibbs33 assumed for solving an equation of 

transfer of the type (3.7), we assume that one of the solution of the 
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equation (3.7) is 

I 
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Ir (T, M) = bo + b1 (T + 
1 

M ) + I;(T, p,) (3.10) 
. ' + 'TJr 

which consists of two parts, the first part being the solution of for an 

infinite unbounded atmosphere as T tends to infinity and the second 

part I; ( T, M) being the departure of the asymptotic solution from the 

value Ir ( T, M) as we approach the boundary T = 0. 

Then we shall get 

1 

f-L . di;(T, M) = I;(T, M) _ ]__. (1- c)'TJr . O:r t 'TJs J {(3 
1 + 'TJr dT 16 1 + 'TJr 'TJr 

s=1 _ 1 

-J-L2
) +(3M2 -1) Jf 2

} I;(T,J-L')dJi 

(3.11) 

Now, writing 

(3.12) 

(1 - E) 'TJr w = --'-----'----~ 

r 1 + 'TJr 
(3.13) 

and 

(3.14) 

the equation (3.11) can be written as: 

(3.15) 
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The boundary conditions for solving the equation (3.15) will be 

(3.16) 

1; ( T, J-l) is at most linear in T as T tends to infinity. (3.17) 

[From the equations (3.8) and (3.9) 

3.1.3 Solution of the Equation 

3.1.3.1 Diffusely Reflected Intensity and Emergent Intensity in nth 

Approximation 

In the nth approximation, we replace the integra-differential 

equation (3.15) by the system of 2n linear differential equations: 

df(r )i * 3 ' ~ " { ( 2 ) 
(rf-t(r)i · ~ = J(r)i - 160 · Wr · 6 TJs 6 3- f-t(r)i 

s=l j 

+ ( 3f-l(r)i - 1) f-lcs)j} I(s)jaj (3.18) 

where J-l(r)/S, ( i = ±1, ±2, · · · , ±n); [having the property. that 

f.-l(r)-i = -J-l(r)i] are the zeros of the Legendre polynomial P2n(f.-l) 

which are independent of the lines of interlocking and a/s 
( j = ±1, ±2, · · · , ±n ); [having the property that a_j = aj ] are the 

corresponding Gaussian weights. However it is to be noted that there 

is no term with j = 0. For the simplicity we have used 

(3.19) 

in the equation (3.18). 
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The system of equations (3.18) admits integrals of the form: 

I * -kT ' ±1 ± 
(r)i = 9(r)i e ; ~ = ' ... ' n (3.20) 

So, use of the equations (3.20) in the equation (3.18) gives 

9(r)i {1 + k(r!"(r)i} = ~~ f 7],{ L (3- Jti,)j) + Jtir)i L (3p,i,)j 
s=l j j 

Hence, 

P + PlJ-lCr)i 
9(r)i = Wr 1 + k(rJ-l(r)i 

-1) }9(,)ja; (3.21) 

(3.22) 

where p and p1 are constants which are independent of J-l(r)i· 

If we use the equation (3.22) once again in the equation (3.21), then 

we get 

Now, defining 

D ( ) 
_ ~ """' ajJ-lZs)j 

£ X - D 'TJsWs D 
. 1 + J-l(s)J. X 

s=l J 

(3.23) 
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and analysing the proof done in subsection. 3 by Busbridge and 

Stibbs,33 we can write the above equation as 

P + Pl/l>(r)i = l:C [ {p (3Do ((,k)- D, ((,k)) + P1 (3D, ((,k) 

-D4 ((,k))} + {p (3D2 ((,k)- D0 ((,k)) 

+p1 (3D, ((,k)- D, ((,k)) }/J>(rlil 
(3.24) 

Since the relation (3.24) is valid for all /-L(r)i' we must, therefore, have 

two relations 

0 (3.25a) 

and 

0 (3.25b) 

in which notation D/s is used for De (k(s)· 

Now, eliminating p and p1 in between the relations (3.25a ) and 

(3.25b), we get 

256C2 - 48C (3D0 - 2D2 + 3D4) + 72 (DoD4- DD (3.26) 

Therefore, using the equations (II.20b) and (II.20g), 

9 (2C- 7/Jo) D4 + 3 (7/Jo- 4C) D2 + 18CD0 = 32C2 (3.27) 

' 
Using the equation (II.3b) and (II.3d), we can write the above equation 

as 

D _ 9 ( '1/Jo - 2C) 7/Jo + 6C'IjJ0 k2(; - 32C2k4
(; 

0 
- 9 ( '1/;0 - 2C) + 3 ( 4C - 7/Jo) k2(; - 18C k4(i (3.28) 
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Again, the equation (3.27) is reducible to the form:-

m a· . L L J 
7JsWs 

s=l j 1 + k(sf.L(s)j 
{ 

9M 4 3 ( ) 2 
16Cf.LCs)j - 16C 1 + M f.L(s)j 

+ l:C} = 1 (3.29) 

where 

(3.30) 

The equation (3.29) is the characteristic equation which, being an 

equation in k of order 2n, will give 2n distinct roots occurring in pair as 

±ku(~= 1,2,··· ,n). 

Now, from the relations (3.25a) and (3.25b) 

(8C- 3'f/10) + 3 ( 1+ k,l(;) ('l/lo- Do) 

PI = - -(-sc_+_k~-C-; )_+_3____,;( k-41-,s-4 -+--=k....:....21-(;_)_(_'I/J_o _D_o_) P 

But, 

'1/J _ D _ 3 (2C - '1/Jo) 'I/Jok2(; - 2C (9'1/Jo - 16C) k 4('f 
0 0 

- 9 ( '1/Jo - 2C) + 3 ( 4C- '1/Jo) k2('1 - 18Ck4(f 

So, using the relation (3.32) in the equation (3.31), we get 

k4('f- 4Mk2C +3M2 

p1 =-3Ck4(f- 4Mk2('1 + M 2 p 

I.e. 

3M- k\; 
Pl = 3k2('1- M p 

(3.31) 

(3.32) 

(3.33) 
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So, from the equation (3.22), using the equation (3.33), we get 

(3k2
(; - M) + 1-L(r)i (3M - k2

(;) 

g(r)i = WrP (3k2(;- M) (1 + k(rJ-l(r)i) 
(3.34) 

Therefore the equation (3.18) admits 2n- independent integrals of the 

form: 

* (3k;(; - M) + 1-L(r)i (3M- k;(;) =ck T 
I - w p e' ~ 

(r)i - r (3k21"2 - M) (1 ± k ;- ·) ' ~ ':.s ~~:.rJ-l(r)~ 

t = 1, 2, · · · , n (3.35) 

According to Chandrasekhar,45 the general solution of the system of 

equations (3.18) can be written in the form: 

where k/s, (t = 1, 2, · · · , n), are the positive roots of the Characteristic 

Equation (3.29) and L(r)/s are the constants of integration to be 

determined by the boundary conditions (3.16) i.e. 

(3.37) 

3.1.3.2 Relation between the roots of the characteristic equation with 

the zeros of an even onfer Legendre-polynomial: 

The proof of the result ( 3.43) is established below: 

If P2e be the co-efficient of J-L2e in the Legendre polynomial P2n (J-L). 
Then we have 

by the use of the definition ( 3.23) 
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i.e. 

Since, 1-t(s)/s are the zeros of the Legendre polynomial P2n (p,). 

So, 
' 

L P2E 1-t(;)j = 0 (3.39) 
E 

and therefore, the equation ( 3.38) becomes 

n 

LP2ED2£ ((sk) = 0 
£=0 

i.e. 

P2n { - k'}.('!;" ( 1/Jo - Do) - k'•-,
1
(;•-2 'if;, + · · · } + · · · + PoD o = 0 

using the equation ( II.l) of Appendix II, 

which, on using the equation ( II.4c) and (3.28) becomes 
' 

p,. { M ( 1 -
1
1
0 

( 1 - M)) } Y" + · · · + Po = 0 (3.40) 

which is an equation in y = ( clk2) of degree n. 

Since the roots of the equation ( 3.40) are ( clkn I ••• , (elk~) 

Therefore, we get 

((,k1 • • • (,k.)
2 

= ( -1)" { M ( 1- 1
1
0 (1-M))}~: (3.41) 

Again, 1-t(s)l' ... , ~-t(s)n are the zeros of the Legendre polynomial 

2£ . 2 ' n ( )2 L P2E 1-l(s)j I.e. P2n 1-l(s)j + · · · +Po 
£=0 
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So, we get 

(J-L(s)1/-l(s)2 · · "/-l(s)n)
2 

= (-1f ~ 
P2n 

(3.42) 

Multiplying the equation ( 3.41) and ( 3.42) together, we get 

1 

(,k, · · · (,kn · Jl(,JtJl(•l' · · · Jl(•l~ = { M ( 1 -
1
1
0 (1 - M))}' (3.43) 

3.1.3.3 The Elimination of Constants and the Expression of the Law 

of Diffuse Reflection in Closed Form 

We define 

S ( ) = t { (3k;(; - M) + J-L
2 
(3M- k;(;) } L _ (rl-l ~ 

r J-l ~= 1 (3k?(;- M) (1 + k~(rJ-L) (r)~ Wr + b1Wr 

(3.44) 

So, the boundary conditions (3.16) can be expressed as 

Sr (1-l(r)i) = 0 ; i = 1, 2, · · · , n ; (0 < 1-l(r)i < 1) (3.45) 

Now, we can express 1; ( 0, J-l) in terms of Sr (J-L) as follows: 

Now, by the boundary conditions (3.45), we can write that 

J-l(r)i; i = 1, 2, · · · , n, are the zeros of the polynomial Sr (J-L) which 

is a polynomial of degree (n + 1). Now, defining Rr (J-L) as 
n 

Rr (J-L) = IT ( 1 - (rk~f-l), we find that Sr (J-L) Rr (J-L) is a polynomial of 
~=1 

degree (n + 1) in J-l which vani~hes for J-l = J-l(r)i; i = 1, 2, · · · , n. So, 

/-l(r)1' J-l(r)2t ... , J-l(r)n are the zeros of the polynomial Sr (J-L) Rr (J-L). It has 

one more zero, say, ~r· 



Chapter: 3 Rayleigh Phase Functions 131 

n 

Also, we see that the polynm;nial Pr (f.L) = TI (f.L- f.L(r)i) is a 
i=l 

polynomial of degree n having its zeros as f.L(r)lt f.L(r)2, ... , f.L(r)n-

So,. the polynomials Sr (J-l) Rr (J-l) and Pr (J-l) (J-l - ~r) have the same 

zeros J-l(r)lt /-l(r)2t ... , f.L(r)n and ~r· 

But, the co-efficient of f.Ln+l in Sr (f-l) Rr (J-l) is qr(rkl · · · (rkn , 

whereqr = (-lf-1 (t Lcr)t. + SJ) 
t=l QlrkL r 

Again Pr (J-l) is a polynomial of degree nand the co-efficient of f.Ln in 

it is 1 so that the co-efficient of f.Ln+l in Pr (f.L) (f.L - ~r) is also 1. 

(3.47) 

where 
n 

Pr (J-l) =II (f-l- /-l(r)i) (3.48) 
i=l 

n 

Rr (f.L) = IT (1 - (rktf.L) (3.49) 
t=l 

and 

(3.50) 

in which 

(3.51) 

Again, we can write the equation (3.47) in the form: 

(3.52) 
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where 
n 

1 
IT (M + f-l(r)i) 

Hr(f-L)= _i~_1 ______ _ 

/-l(r)1 ... /-l(r)n IT (1 + k~(r/-l) 
(3.53) 

~=1 

So, using the relation (3.43), the equation (3.52) is equivalent to 

l 

S, (~J>) = ( -1)" q, { M ( 1-
1
1
0 

(1-M)) r (~J>- E,) H, ( -~J>) 
(3.54) 

Again, we observe that 

(3.55) 

provided that 

Now, using the equation (3.47) in the equation (3.55), we get 

where 
n 

R(r)~ (x) = II (1- (rkf3 x) 1 < t- < n (3.58) 
!3(#~)=1 

Summing up to both sid~s, we get 

n 

L L(r)~ = qrk1(r · k2(r · · · kn(rfr (0) (3.59) 
~=1 
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where 

(3.60) 

so that 

Now, fr (x), defined as in equation (3.60), is a polynomial of degree 

(n- 1) in x which takes the value 

~ P, ( k~J ( k~, - (,) for x = k~, i = 1, 2, · · · , n 

So, we get 

(3-M E;8 x
2) (x- ~r) 

3- (1 + M E;s) x2 +3M E;sx4Pr (x) = fr (x) ; Ers = (r/(s 

forx = (k~(rr 1 ~ = 1,2, · · · ,n 

Therefore, 

(3- (1 + ME;s) X
2 + 3ME;8 x~) fr (x)- (3-M E;8 x

2
) (x 

-~r) Pr (x) = 0 for x = (k~(rr 1 
, ~ = 1, 2, · · · , n 

(3.61) 

The left hand side of the equation (3.61) must, therefore, be exactly 

divisible by the polynomial Rr (x). So, we must, accordingly, have a 

relation of the form: 

{3- (1 + ME;s) x2 + 3ME;8 x4
} fr (x)- (3-M E;8 x 2

) (x 

-~r) Pr (x) = Rr (x) (A(r)1X
3 + A(r)2X

2 + A(r)3X + A(r)4) 

(3.62) 
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where A(r)11 A(r)21 A(r)3 and A(r)4 are constants. 

Now the equation 

3 - (1 + M E2 ) x2 + 3M E2 x 4 = 0 rs rs (3.63) 

will give four roots of the type ± v;_ and ± v;. 
Now, putting X = + v;_ and X = - vl in the equation (3.62), andthen 

adding we get 

A(r)2YS.2 + A(r)4 = (-1f (3-M E;8 v;_2) (b(r)lv;_ 

+a(r)l~r) /-l(r)l/-l(r)2 · · · /-l(r)n (3.64) 

where 
1 

a(r)l = 2 {Hr (+Vi)+ Hr (-11;_)} (3.65) 

and 
1 

b(r)l = 2 { Hr ( + Vl) - Hr (-11;_)} (3.66) 

Similarly, for x = + V2 and x = - V2, we shall get, 

A(r)2 Y;2 + A(r)4 = ( -1 r ( 3 - M E;s Y';2 ) (b(r)2 V2 

+a(r)2~r) /-l(r)l/-l(r)2 · · · /-l(r)n (3.67) 

where 

(3.68) 

and 
1 

b(r)2 = 2 { Hr ( + V2) - Hr (-V2)} (3.69) 

Multiplying the equation (3.64) by V{ and the equation (3.67) by 11;_2 

and subtracting, we get 

Acr)
4 

= ( -l)n /-l(r)l/-l(r)2 · · · /-l(r)n [c {3 (v;2 V? ) 
(V( _ Vi) . ~r 1 a(r)2 - 2 acr)l 

+ M E;s YS.2Y;2 ( a(r)l - a(r)2)} + { 311;_ V2 (v;_ b(r)2 - V2b(r)l) 

+ M E;8 11;_2Y';2 (Vi b(r)l - V2b(r)2)}] (3.70) 
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Now, putting x = 0 in the the equation (3.62), we get 

Jr (0) = ( -lf+l ~r f.-L(r)lf.-L(r)2 · · 'f.-L(r)n + ~ · A(r)4 (3.71) 

So, the equation (3.59), by using the equation (3.71) becomes 
n 

L L(r)~ = ( -1 r+
1 ~ k1 (r . k2(r,' .. kn(r f.-L(r)1f.-L(r)2 ... f.-L(r)n (3~r 

~=1 

(-1f+
1

A(r)4 ) + . 
f.-L(r)1/-l(r)2 · · · f.-L(r)n 

which, on using the equation (3.43), becomes 
n l 

~?l'l' = {-1)"+1 ~ { M ( 1- 1
1
0 (1-M)) r (3~, 

(-1f+
1

A(r)4 ) + . 
f.-L(r)1f.-L(r)2 · · · f.-L(r)n 

(3.72) 

Now, putting J-L 0 in the the equations (3.44) and (3.54), we 

respectively get 

and 

n ' bo 
Br (0) = """"L(r)~ + -b -

· ~ 1Wr 
1.=1 

1 

S, ( 0) = ( -1 )" q, { M ( 1 -
1
1
0 

( 1 - M)) r H ( 0) ( -~,) 
1 

= (-1 r+1 q,~, { M ( 1 - 1~ (1 - M)) } ' 

which, on comparing the two expressions for Sr (0), will produce 

{ 3 (~2a(r)2- 1/;2a(r)l) + M E;s V{V22 ( a(r)l - a(r)2)} qT~T 

+ { 31fr VZ (1frb(r)2- Vzb(r)1) + M E;8 ~
21/;2 (1frb(r)1 - Vzb(r)2)} qr 

C--1r+13 (~2- v22) bo 
1 

b1Wr { M ( 1 - 1~ (1 - M))} 
2 

(3.73) 
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Again to derive another relation involving · qr and ~r from the 

relations (3.50) and (3.51), we proceed as follows:-

We observe that 

where 

1 
3k;(;- (1 + M E;s) k(s)h(; +3M E;8 

T h = kh(r ( ~M E;
8 

- k;(;) 
(3.75) 

Therefore, using the equation ( 3.47) in the equation (3.74), we get, 

Summing up both sides of the equation (3.76) over &, we get 

(3.77) 

where 

Now, from the equation (3.77) 

But, 9r ( x) is a polynomial of degree ( n - 1) and it assumes the values 

1 (1)(1 ) -P - --~ 
T ~ r kh(r klr r 

1 
forx=- &=1 ... n 

k ;- ' ' 
h':,T 
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So, 

Observing the equation (3.80), we can conclude that the polynomial 

on the left hand side of the equation (3.80) must be divisible by Rr ( x). 
So, we must have the relation: 

{3ME;8 X2 - (1 + ME;8 ) X2 + 3} 9r (x) =X (3ME;8 X2 - 1) (x 

-er) Pr (x) + Rr (x) (B(r)1X
4 + B(r)2X

3 + B(r)3X
2 

+ B(r)4x + B(r)5) (3.81) 

where B(r)l' B(r)21 B(r)3t B(r)4 and B(r)5 are constant so that 

1 
9r (0) . '3 B(r)5 (3.82) 

Now, comparing the co-efficients of xn+l from both sides of the equation 

(3.81), we get 

(3.83) 

But, we have assumed that the roots of the equation (3.63) are ± 11;. and 

±v;. 
Now, putting x = + 11;. and x = - 11;., by turns, in the equation (3.81) 

and adding we get 

B(r)l V14 + B(r)3 Vr2 + B(r)5 = ( -1 r vl ( 1 - 3M E;s V12
) { vl a(r)l 

4-erb(r)l} /-L(r)l · · · /-L(r)n (3.84) 

Again, for x = + V2 and x = - v;, proceeding exactly as above, we shall 

get 

B(r)l 1/;4 + B(r)3 1/;2 + B(r)5 = ( -1 r V2 ( 1 - 3M E;s 11;2) { V2a(r)2 

+erb(r)l} /-L(r)2 · · · /-L(r)n (3.85) 
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Multiplying the equation (3.84) by V{and the equation (3.85) by v;_2 and 

subtracting and then using the equation (3.83) in the result, we get 

n+1 [ 3M E;s v;_211;
2 

V(Vz
2 

{ ( ) 
B(r)5 = ( -1) ( k ( k + v,2 v;2 a(r)1- a(r)2 

r 1 · · · r nJ-t(r)1 · · · J-t(r)n 1 - 2 

2 ( 2 2 )} ViV2 {( ) -3M Ers v;_ a(r)1 - v; a(r)2 + ~r . V,2 - v;2 V2b(r)1 - Vib(r)2 
' 1 2 

-3M E;8 Vi V2 (Vib(r)1 - V2b(r)2)}] J-t(r)1 · · · J-t(r)n 

I.e. 

using the equation (3.43) 

i.e. 

Now, from the equation (3.79), using the equation (3.82) and the 

equation (3.86), we get 

1 ViV2 [ {( ) 2 ( qr = 3 qrv;_2 _ 11;2 ~r · V2b(r)1- V]b(r)2 -3M Ers Vi 1/2 Vib(r)1 

- V2b(r)2)} +Vi V2 { ( a(r)1 - a(r)2) -3M E;s (v;_2a(r)1 - V{a(r)2)} 

3M E;8 Vi 1/2 (V( - 11;2) ] ' ;- k ;- k ( 1)n-1 (r + 1 J-t(r)1 · · · ':,r 1 · · · ':,r nJ-t(r)n + - -
{ M ( 1 - 1~ (1 - M)) } 2 

Wr 
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which, on using the equation (3.43), can be written as 

qr~r · Vi V2 { (V2b(r)1 - Vib(r)2) -3M E;8 Vi V2 (Vib(r)1 - V2b(r)2)} 

+qr vtv;2 { ( a(r)1 - a(r)2) - 3M E;s (~2a(r)1 - V';2a(r)2)} 

3 (ME;8~2V';2 -1) (~2 - 11;2) = (-1)n 3(r (~2 - V{) + 1 qr 1 

{ M ( 1 - {
0 

(1 - M))} 2 wr { M ( 1 - 1
1
0 (1 - M))} 2 

But ~2 and 11;2 are the roots of the equations (3.63). Therefore, 

M 2 V,2v;2 _ 1 d V,2 v;2 _ 1 + M E;8 
Ers 1 2 - an 1 + 2 - 3M 2 

Ers 

So, the above relation is equival~nt to 

qr~r {Vi V2 (V2b(r)1- Vib(r)2) - 3 (Vib(r)1- V2b(r)2)} 

+qr {~211;2 ( a(r)1 - a(r)2) - 3 (~2a(r)1 - V';2a(r)2)} 

= ( -1 r 3(r (~2 - v;2) 1 (3.87) 

Wr { M ( 1 - 1
1
0 ( 1 - M)) } 2 

Solving the equation (3.73) and (3.87), we get 

( )
n+1 3 (~2 

- 11;2) 
qr = -1 1 X 

wr { M ( 1 -
1
1
0 

( 1 - M)) } ' 

(3.88) 
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and 

[bo { 3 (V,'a(r)l - V,2a(cJ2) - V,'V,' ( a(r)l - a(r)2)} 

+b1 Cr { 31/i V, ( V,b(r)l - V1 b(r)2) + (V,b(r)2 - Vi b(r)l)}] 
&=~------------------------------------=---

[bo {1/iV, (V,b(r)l- Vib(r)2) - 3 (Vib(r)l - V,b(r)2)} 

+b1 (r { 3 (V,'a(r)2 - V,'a(r)l) + (a(r)l - a(r)2)}] 

(3.89) 

Now, using the equation (3.54) in the equation (3.46), we get 

1; (0, J-L) = Gr (J-L + ~r) Hr (J-L)- bo- bl(r/-L (3.90) 

with 

(3.91) 

and ~r given by the equation (3.89) . 

Now, from the equation(3.10), we get 
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i.e. 

(3.92) 

The solution(3.92) is a desired solution of the equation(3.7) in nth 

approximation. 

'. 

3.1.3.4 The Exact Diffusely Reflected Intensity and the Exact 

Solution For The Emergent Intensity. 

Following Busbridge and Stibbs,33 we change the variable (rft and 

(sfl to x and x' respectively [ and consequently (rft(r)i and (sft(s)/ to xi 

and x / respectively ] to get from the equation (3.29) 

i.e. 

(3.93) 

where, assuming that 

'TJ1 > 'TJ2 > · · · > 'TJm (3.94) 

so that 

(3.95) 
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~ ~ [ 1 {_1_ · ,9Mx' 4 _l_ · 3 (1 + M) x' 2 + 9}] 
~ (s I6V c: c: ' 

if 0 < x' < C1 

w (x' ) = £= !JsWs [1Jc { -k · 9M x' 4 
- ~ · 3 (1 + M) x' 2 + 9}] , 

s=r+1 (s (s C 

0, 

(3.96) 

Then 

1
1 

w (x ) dx = ~ (M + 5) . (1 - M) 
0 8 

which is less than or equal to ~ provided that 

IM+2I>5 

I.e. 

M > -2+VsorM < -2- J5 

i.e. 

[\II (X) dX < ~ 
provided that M > -2 + J5 or M < -2- J5 

(3.97) 

Therefore, following the theory of H-function, developed by 

Chandrasekhar,45 we shall able to show, in the present case, that 

H (x ), where x = (r~ or equivalently [H ( (r~) =] Hr (~ ), given by 
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the equation (3.53), satisfies, in the limit of infinite approximation, the 

non-integral equation: 
' 

H ( x) = 1 + xH ( x) f 
1 

W ( x' ) H, ( x) dx' 
} 0 x+x 

and 

which is bounded in the entire half plane JR(x) > 0. 

The characteristic function W (x') in the equation (3.98) satisfies the 

necessary condition: 

[ W (X) dx' < ~ (3.99) 

Now, we allow n to tend to infinity for both the equations (3.92) 

and (3.92) to get the exact diffusely reflected intensity and the exact 

emergent intensity, given by: 

(3.100) 

i.e. 

(3.101) 

where ~rand Gr are given by the equations (3.89) and (3.91) respectively 

and Hr (J-l) is the solution of the equation (3.98) 
' 
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3.2 Pomraning Phase Function 

3.2.1 Introduction 

Pomraning164 introduced a new phase function where the 

radiation is scattered according to the Rayleigh like phase function 

3 · . 5w0 p(cos8) =- (1 + .\cos2 8) ; .\ = ---
4 5-3w0 

which we call the Pomraning phase function. 

Its azimuth independent form is given by 

1 + ~P(Jl)P(Ji) = 1 + ~(3J12 -1)(3ji2 -1) 

1 + .\(9J12Jl2 _ 3jl2 _ 3112 _ 1) ; A= 5wo 
8 5- 3w0 

Viik216 used it to derive the intensities in a homogeneous plane-parallel 

optically semi-infinite atmosphere where there are sources of radiation 

infinitely deep in the atmosphe:r.e and where the radiation is scattered 

according to the Rayleigh like Pomraning phase function. He 

considered the accuracy of the phase function on the basis of the Milne 

problem in a homogeneous plane parallel atmosphere by solving the 

vector transfer equation using the Chandrasekhar's discrete ordinate 

method and the respective scalar equations by using Chandrasekhar

Ivanov principles of invariance to reduce the boundary value problem 

into a Cauchy initial-value problem. 

By using the same phase function, Viik & McCormick210 performed 

approximate polarized Rayleigh transfer calculations with a scalar 

radiative transfer equation. 
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Ghosh, Mukherjee and KaranjaF7 used some approximate forms of 

H-function already studied by Karanjai102 and Karanjai & Sen116 in· 

case of anisotropically scattering atmosphere with Pomraning Phase 

function. 

Islam, Mukherjee and Karanjai97 used the Pomraning Phase function 

to solve the equation of radiative transfer in a plane semi-infinite 

atmosphere with axial symmetry by Laplace Transform and Wiener

Hop£ technique with a non-linear source. They determined the 

emergent intensity in terms of Chandrasekhar's H-function and the 

intensity at any optical depth by inversion. 

In this section, the radiative transfer equation for interlocked 

multiplet problem has been solved'with Pomraning phase function. 

3.2.2 Formulation of the Problem 

3.2.2.1 The Equation of Radiative Transfer with Pomraning Phase 

Function 

The equation transfer for the rth interlocked line.: 

The general equation of transfer is 

(3.102) 

Here, a~s (r = 1, ... , m) are of the form: 
m 

(3.103) 
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and obey the relation: 
m 

(3.104) 
r=l 

T is the optical depth given by 

T = 100 

kpdz (3.105) 

measured, in terms of the scattering co-efficients k , from the boundary 

inward and 

J1 '= cos '!9 (3.106) 

where '!9 denotes the polar angle which the direction considered makes 

with the outward normal to an element of area dCJ (across which the 

dEv amount of radiant energy in the frequency interval ( v, v + dv) is 

transported), TJr = lr : K (where lr is the absorption co-efficient for 

the rth interlocked line and K the continuous absorption), Bv(T) is the 

Planck-function, considered in this case, is of the form: 

(3.107) 

b0 and b1 ,being positive constants and the (azimuth independent ) 

Pomraning phase function p(J1, Jl) , taken here, is given by 

i.e. 

P (Jl, Ji) = 1 + ~p ( Jl)P (ji), = 1 + ~ (3J12
- 1)(3jl2

- 1) 

P(Jl,Ji) = 1 + ~(9J12 ,_{2 - 3,£2
- 3j12 -1) ; 

).. = 5tvo 
5- 3tvo 

(3.108) 

and E , the co-efficient, is introduced to allow for thermal emission 

associated with the line absorption. 

Busbridge and Stibbs33 solved their problem on the basis of some 

assumptions. All of those assumptions are also considered here . 
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Using the relations (3.107) and (~.108) in the equation (3.102), we get: 

3.2.2.2 The boundary conditions 

The boundary conditions for solving the equation (3.109) are 

' 

Ir(O, -J-£) = 0; (0 < 1-£ < 1) (3.110) 

i.e. Ir(T, J-£) is at most linear in T as T tends to infinity (3.111) 

3.2.3 Solution of the Equation 

3.2.3.1 Solution in nth approximation 

We observe that if we assume, like Busbridge and Stibbs,33 that one of 

the solution of the Equation (3.109)' to be 

Ir(T, ~-£) = bo + b1 (T + /-£ ) + I;(T, J-£) 
1 + 'T/r 

(3.112) 

which consists of two parts , the first part being the solution for an 

infinitely unbounded atmosphere as T tends to infinity and the second 

part 1; ( T, 1-£) being the departure of the asymptotic solution from the 

value Ir ( T, 1-£) as we approach the boundary T = 0 
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Now, writing 

and 

1 
(r = 1 + (3.113) 

TJr 

(3.114) 

and using the equation (3.112), the equation (3.109) can be reduced to 

the form: 

(,JL ~; = b1(,JL +I; (T, JL)- (bo +b1T )w, 
-~ · W, · ,1- · t'l, [' { 1 + ~ (9JL2f{

2
- 3f{

2
- 3jL

2 + 1)} X 

'L::: TJs s=l -1 

s=l 

x { b0 ~ b,T + b,(,t£ +I; (T, JL) }dt£ (3.115) 

and the boundary conditions to the forms: 

(3.116) 

and 

1; ( T, J.-L) is at most linear in T as T tends to infinity (3.117) 

In the nth approximation , we replace the integra-differential 

equation (3.115) by the system of 2n linear differential equations: 

.dJ(r)i * 1 1 ~ "' 
(rJ-l(r)~~ = f(r)i - 2' · Wr · ----:;n- L...t TJs L...t {1 

'L::: TJs s=l j 
s=l 

(3.118) 
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where the symbol l(r)i' for brevity, is used for I;(T, J-l(r)i) , J-l(r)i's 

( i = 1, 2, · · · , n; assurrling that J-l(r)-i = -P,(r)i ) are the zeros of the 

Legendre polynomial P2n (p,) which are independent on the lines 

of interlocking and a/s ( j = 1, 2, · · · , n ; having the property that 

a_i = ai) are the corresponding Gaussian Weights . However it is to 

be noted that there is no term with j = 0. 

Now, we try to get the solution of the equation (3.118). The system 

of Equation(3.118) admits integrals, of the form: 

I(r)i = 9(r)ie-kr , i = ±1, ±2, · · · , ±n (3.119) 

then using the Equation(3.119) in Equation (3.118) ,we get 

Y{,)i { 1 + k(,f.'(,)i} = ;~ t, ~ { 1 + ~ (91-'(,)il-'(,)j 

-3p,(s)j - 3p,(r)i + 1)} 9(s)jaj (3.120) 

where 

Hence, 

m 

C = L7Js 
s=l 

P + Pll-l(r)i 
9(r)i = Wr 1 + k(rJ-l(r)i 

where p and p1 are constants which are independent of J-l(r)i· 

Now, defining 

m e 
( ) 
~ ~ ail-l(s)j 

De X = L...-t 7J8W 8 L...-t 1 s=l j + /-l(s)j X 

and, for simplification, replacing 

(3.121) 

(3.122) 

(3.123) 
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we can write the equation, obtained by using the equation (3.122) in 

equation (3.120), in the compact form as 

2C (p + PII'/rl.) = { p ( 1 + ~) Do -
3~,\ D, + p, ( 1+ ~) D, 

_ 3p1A D
4 2 - (9P1A D 9pA D _ 3pA D _ 3p!A D ) } 

8 + f-t(r)i 8 4 + 8 2 8 0 8 2 

(3.124) 

This equation is true for all f-t(r)i· So, it will produce the following 

two relations: 

} 
(3.125) 

Eliminating p and p1 from the above two equations we get 

72A (DoD4- DD- 144CAD4 + 96CAD2- 128CDo 

-16CAD0 + 256C2 = 0 (3.126) 

Using the equations (II.20b) and (II.20g) of Appendix-II, we get 

72A ('l/J0D4 - 'l/J2D2)- 144CAD4 + 96CAD2- 128CD0 

-16C ADo + 256C2 = 0 

1 3 '1/Jo 3 * 16C (8 +A) Do+ 16CA . 2CD2 - 8CAD2 

9 '1/Jo 9 
-

160
A · 

20
D 4 + 

160
AD4 = 1 (3.127) 

Now, writing 

(3.128) 
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the equation (3.127) can be converted into the form: 

l~C { (8 +.\)Do- 3.\ · (1 + M) D2 + 9M.\. D4 } = 1 

which is equivalent to: 

f,,w, L ( a; ) {(8 +.A)- 3.\ · (1 + M) f-l(s)j 
s=I j 16C 1 + k(s/-l(s)j 

+9M.\/-'(,J;} = 1 (3.129) 

The equation (3.129) is the characteristic equation which is an 

equation in k of order 2n and it will give 2n distinct non-zero roots 

which occur in pair as ±k~, (t. = 1, 2, · · · , n), if Wr < 1 

From the first equation of the pair of equations (3.125), we get 

3.\Do- 9.\D2 
PI= p. -------

9.\D4- 3.\D2 - 16C 

which, by the use of the equations (II.Sb) and (II.5d) of Appendix II and 

the relation(3.128), is equivalent to 

[ 6C .\ (1 - M) k4
(; + 3.\k2

(; (3 

-k2
(;) (2C (1 - M) - Do)] 

PI = p. ----=----------------=-
[ 3.\ (k2

(; - 3) (2C (1 - M) - D~) 

-2Ck2
(; ( 8k2

(; + 3.\ (1-M))] 

(3.130) 

' 
Again the equation (3.129), by the use of the equations (II.5b) and 

(II.Sd) of Appendix II, will produce 

D ·_ 16Ck4
(;- 6C.\ (1-M) P(; + 18CM.\ (1-M) (

3
_
131

) 
0

- (8 +.A) k4(f- 3.\ · (1 + M) k 2(; + 9M.\ 
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i.e. 

So, the equation (3.130) is equivalent to 

48C-\ ( k2
(; - 3M) k6(~ 

3-\ (P(;- 3M) 
PI = p. 3-\M- (8 + -\) k2('f (3.132) 

So, from the equation (3.122), using the equation (3.132), we get 
' 

3-\M- (8 + -\) k2
(; + {3-\ (k2

(;- 3M)} 1-L(r)i 
9(r)i = WrP {3-\M- (8 + -\) k2(;} (1 + k(r/-l(r)i) . (3.133) 

Therefore, the equation (3.118) admits the 2n-independent integrals 

of the form: 

3-\M- (8 + -\) k;(; + 3-\ (k;(; -3M) 1-l(r)i ~k 7 I* - w p e L 

(r)i - r {3-\M- (8 +A) k?(;} (1 ± k~(r/-l(r)i) ' 

i = ±1 ±2 · · · ±n ' ' ' 
(3.134) 

According to Chandrasekhar,45 the general solution of the system of 

equations (3.118) can be written in the form: 

I(r)i = Wrbl 2::.:: 2 2 3-\M n [ 1 { 
~=l {3-\M- (8 +A) k~ ( 8 } (1 + kL(r/-l(r)i) 

- (8 + .\) k?('; + 3.\ (k?C;- 3M) J.t(,J,}] L,,l,e -k,T , 

(3.135) 

where k/s ( ~ == 1, 2,· · ·, n ) are the positive roots of the characteristic 

equation (3.129) and L(r)/S are the constants of the integration to be 

determined by the boundary condition (3.116) i.e. 

I(r)-i = bl(r/-l(r)i - b0 , where 0 < 1-l(r)i < 1 (3.136) 
' 
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3.2.3.2 Relation between the roots of the characteristic equation and 

zeros of the Legendre polynomial 

Let p2e be the co-efficient of p,2£ in the Legendre polynomial P2n (p,). 
Then 

using the definition ( 3.123) 

1.e. 

n k 

LpuDu ((sk) = L TJsWs L l + t~ . X 
£=0 s=l j s /1(s)J 

X L P2£ 11(;)j (3.137) 
p_ 

Since, /1(s)/s are the zeros of the Legendre polynomial P2n (p,). 

So, 

L P2£ p,(;)j = 0 (3.138) 
e 

and therefore, the equation ( 3.137) becomes 

n 

LP2£Du ((sk) = 0 
£=0 

i.e. 
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i.e. 

using the relations (ILl) and (II.2) of Appendix II, 

which, on using the equation ( 3.131) i.e 

'1/Jo- Do= 
20[{(1- M) .\- 8M}- 3.\M (1-M)(~)] 

(8+ .\)- 3.\ · (1 + M) ( k'
1
(;) + 9M.\ ( kl(:) 

becomes an equation in ( (;\2) of degree n of the form: 

P2n {2C { (1 - NI) A+ 8M} - 2C (1 - M) A · (1 
1 

+M)} ((;~2t +···+Po (16C) = 0 

Since the roots of the equation( 3.139) are ( (lkD, ... , ( (lk~) · 
llherefore,we get 

((,k,· · ·(,kn)' = (-1)" { M (1- 1
1
0.\(1- M))} :: 

(3.139) 

(3.140) 

Again, 1-L(s)l , ... , 1-L(s)n are the zeros of the Legendre polynomial 
n 

""""' 
2
£ s t 6 P2e 1-t(s)j • o, we ge 

£=0 

(J-L(s)IJ-l(s)2 · · · /-t(s)n)
2 

= (-It 1!5!_ 
Pzn 

(3.141) 

Multiplying the equation ( 3.140) and ( 3.141) together, we get 

( (,k1 · · · (,kn · /"(,)1 · · "/"(,Jn)
2 

= { M ( 1- :
0

.\ (1- M))} 
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i.e. 

1 

(,k1 · · · (,k. · J.'(,Jl · · · ~-'<* = { M ( 1- 1
1
0

>. (1-M))}, (3.142) 

3.2.3.3 The Elimination of the Constants and the Expression of the 

Law of Diffuse Reflection in Closed Form 

Now, we define 

Sr (J.L) = t [ {3>-.M- (8 + >.)
1
k?(}} (1- k,(rJ.L) { 3>-.M 

- (8 + .\) k;(; + 3.\ (k;(;- 3M) f-£2
}] Lcr)L - (r/-l + bbo 

Wr lWr 

(3.143) 

But, by the virtue of the definition of the function Sr (f-t), given 

in (3.143), the set of boundary conditions (3.116) can alernatively 

expressed as 

t[ 1 
{3.\M 

L=l {3.\M- (8 +A) k~(;} (1- klr/-l(r)i) 

( ') k2;-2 \ (k2;-2 M) 2 }] L (r/-l(r)i bo - 8 + /\ L ':.s + 3/\ L ':.s - 3 f-i(r)i (r)L = - -b 
Wr Wr 1 

i.e. 

Sr (1-l(r)i) = 0 , where 0 < f-i(r)i < 1 , i = 1, 2, · · · , n 

(3.144) 

Now, to express 1; ( 0, f-i) in terms of S (f-t) , we proceed as follows: 

155 



Study of Interlocked Multiplet Problems in Anisotrpically Scattering Media 156 

The equation (41) produces , 

I; (0, /1-) = Wrbl [ t, {3.\M- (8 + ,\/k?('f} (1 + k,(rtJ-) { 3,\M 

- (8 +A) k;(; + 3A (k;(;- 3M) J-L2
} L(r)~ + (r!-l .. 

Wr 

bo (rJ-b bo ] 
+ b1wr - Wr - b1Wr 

So, 

(3.145) 

Now, the boundary conditions (3.144) make it clear that 

1-l(r)i; i = 1, 2, · · · , n are the zeros of the polynomial Sr (p,) which 

is a polynomial of degree n + 1 . 

Now, we define the function Rr (p,) as 

n 

Rr (J-L) = II (1 - ki(rJ-b) (3.146) 
i=l 

Then we find that Sr (J-L) Rr (t-t) is a polynomial of degree ( n + 1) in 

p, which vanishes for f-t = f-t(r)i; i = 1, 2, · · · , n. So, J-b(r)ll J-b(r)z, ... , 1-i(r)n 

are the zeros of the polynomial Sr (p,) Rr (J-L). It should have another 

zero, say ~r· 

Also, we see that the 
n 

Pr (f-t) = II (!-t -. 1-i(r)i) (3.147) 
i=l 

is also a polynomial of degree n having its zeros as f-t(r)l' /-L(r)z, ... , J-b(r)n· 

So, the polynomials Pr (!-L) (p, - ~r) and Sr (J-L) R,. (!-L) have the same 

zeros f-t(r)ll 1-l(r)z, ... , 1-l(r)n and ~r possessing the co-efficient of p,n+l as 1 
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(3.148) 

Hence 

(3.149) 

which is equivalent to 

Sr (p,) = ( -1) n qrkl (r · kz(r · · · kn(r · /-L(r)l · /-L(r)2 · · · /-L(r)n X 

X (J-L - ~r) H (- J-L) (3.150) 

where 
n 

1 IT (J-L + /-L(r)i) 
Hr (J-L) = ' _:_i:_l ___ _ 

· J-l(r)l/-L(r)2 · · · /-L(r)n IT (1 + ki(r/-L) 
(3.151) 

i=l 

Using the equation (3.142), we get 

1 . 

S, (!') = ( -1 )" q, { M ( 1 - lAO ( 1 - M)) r (!' - ~,) H, (-11-) 

(3.152) 

Again we observe that 

. 1 
L(r)~ = hrn _

1 
T. (1 - (rk~Jt) Sr (Jt) 

Jl ~ (k~(r) ~ 
(3.153) 

provided that 

T. = (8 + -\) kz(; -.3-\ (1 + M E;8 ) k;C + 9M E;8 A . 
~ (8 +A) k((f - 3-\M E:skCs)~(; ' 

(3.154) 
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Therefore, using the equation (3.149) in the equation (3.153), we get 

where 

n 

R(s)~(x) = IT (1- k{3(rx) , 1 < ~ < n 
{3(#~)=1 

(3.155) 

(3.156) 

Summing up both sides of the equation (3.155) over~, we get 

n 

L L(r)~ = qrk1(r · k2(r · · · kn(rfr (0) (3.157) 
~=1 

with 

(3.158) 

Now, fr(x), defined as in the equation (3.158), is a polynomial of 

degree ( n - 1) in x which takes the value 

1 
for x = k~(r , ~ = 1, 2, · · · , n 

So, we get 

{ (8 +.A)- 3 (1 + Mc;s) A· x2 + 9.AMe;8 x4
} fr (x) 

- ((8 +.A)- 3ME;
8
A · x2

) (x- ~r) Pr (x) = 0 

for x = (k~(rf 1 
, ~ = 1, 2, · · · , n (3.159) 
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' 
The left hand side of the equation (3.159) must, therefore, be exactly 

divided by Rr ( x). So, we must, accordingly, have a relation of the form: 

{ (8 + -\)- 3 (1 + ME;8 ) A· x 2 
+ 9-\ME;8 x

4
} fr (x) = ((8 +A) 

-3ME;8 A · x 2
) (x- ~r) Pr (x) + Rr (x) (A(r)lx

3
· 

+A(r)2X
2 

+ A(r)3X + A(r)4) for x = (k~(rr 1 
, ~ = 1, 2, · · · , n 

(3.160) 

where A(r)l' A(r)2' A(r)3 and A(r)4 are constants. 

Now the equation 

(3.161) 

will give four roots of the type ±Vi and ± V2. 

Now, puttirtg x = +Vi and x = -Vi in the equation (3.161), and 

then adding we get 

A(r)2 ~2 
+ A(r)4 = ( -1f ( (8 + ,\) -3M E;SA. V{) (b(r)l vl 

+a(r)l ~r) /-L(r)I/-L(r)2 · · · /-L(r)n (3.162) 

where 

(3.163) 

and 

1 
b(r)l = 2 {Hr (+Vi)- Hr (-Vi)} (3.164) 

Again, putting x = + V2 and x = -1/2, by turns, in the equation (3.160) 

and then adding, we get, 

A(r)2 1/;2 
+ A(r)4 = ( -1f ( (8 + ,\) -3M E;SA. 1/;2) (b(r)2 v2 

+a(r)2~r) /-L(r)I/-l(r)2 · · · f-l(r)n (3.165) 
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where 

(3.166) 

and 

(3.167) 

Eliminating A(r)2 between the equations (3.162) and (3.165), we get 

A ( -1 f J-l(r)IJ-l(r)2 · · · J-l(r)n [c { ( ') (V,2 2 ) 
(r)4 = (V( _ 11;2) ~r 8 + /\ 1 a(r)2 - 11; a(r)I 

+3-AM E;s V?V2
2 

( a(r)l - a(r)2)} + { (8 +.A) v;. V2 (V';.b(r)2 - V2b(r)l) 

+3-AM E;8 11;_
2
V{ (V';.b(r)l - V2b(r)2)}] 

' 

(3.168) 

Now, putting x = 0 in the the equation (3.160), we get 

fr (0) = ( -lf+l ~r J-l(r)IJ-l(r)2 · · · J-l(r)n + 8 ~A · A(r)4 

So, by using the equation (3.168) it becomes 

f (0) ( l)n+l (: ( l)n J-l(r)IJ-l(r)2 · · · J-l(r)n 
r = - ~.r J-l(r)IJ-l(r)2 · · · J-l(r)n + - (8 +A) (V? _ 1/;2) X 

X [~r { (8 +.A) (v;_2a(r)2- 11;2a(r)l) + 3-AM E;s V{Vi ( a(r)l- a(r)2)} 

{ ( ' ) 2 2 2( + (8 +A) 11;. V2 V';.b(r)2- Y;b(r)l + 3-AM Ers v;_ 1/; V';.b(r)l 

- V2b(r)2)}] (3.169) 

So, by using the equations (3.169) and (3.142), we get from the 
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equation (3.157) that 

n {M(1-~(1-M))}![ 
n+1 10 

~ L(r)~ = ( -1) (8 +A) (V? _ 11;2 ) qr~r {(8 

+A) (V?- 11;2) - (8 +A) (~2a(r)2 - "V;2a(r)1) 

-3AM E;s ~211;2 ( a(r)1- a(r)2)} - qr { (8 +A) Vi v2 (Vib(r)2 

- Vib<,ll) + 3AM ~' v;'v,' (Vi b<,l• - Vib<,l') } l 
Now, putting J.t = 0 in the equation (3.143), we get 

and, in the equation (3.152), we get 
1 

S, (o) = Ht+1 
q,f,, { M ( 1- ~(1-M))}' 

and then comparing the two expression for Sr ( 0), we get 

n 

(3.170) 

Putting :Z:::: L(r)~ from the equation (3.170) in the equation (3.171), we 
~=1 

get 

qr~r { (8 +A) (11;.2a(r)2 - "V;2a(r)l) + 3AlVf E;s ~211;2 ( a(r)1 - a(r)2)} 

+qr { (8 +A) Vi V2 (Vib(r)2 - V2b(r)1) + 3AM E;s "V;_
2Vf (Vib(r)1 

( -1 r+ 1 bo ( 8 + A) ( 11;.2 
- 11;2 ) 

(3.172) 
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Again, from the equation (3.148) 

qr = ( -1 r-1 (t L(r)~ + (rJJ-) 
Q~k~(r Wr 

~=1 

which will give the second relation involving qr and ~r· To get that 
. n L 

relation the term ~ Q ~k:·(r is to be derived which can be done as 

follows: 

We have 

L(r)~ 

Q~k~(r 
(3.173) 

Therefore, using the equation ( 3.149) in the equation (3.173), we get, 

Summing up to both sides of the equation (3.175) over~, we get 

t QLb)( = q,(,k, ... (,k,.g, coJ , 
~=1 ~ ~ r 

(3.176) 

defining the function 9r ( x) as 

n P, (-1 ) 
g,(x) = L_~, ' k,~ (k~, -~,) R,(x) 

~=1 . t R(r)t. ( kt(r) 
(3.177) 

Now, from the equation (3.176) 

q, = ( -l)n-l ( q,(,k1 · · · (,k.g, (0) +:) (3.178) 
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But, 9r ( x) is a polynomial of degree ( n - 1) and it assumes the values 

1 (1)(1 ) -Po - .--~ 
T ~ r kir k~(r r 

so that 

1 
for x = k r , ~ = 1, · · · , n 

~':,r . 

{9MAE;8 X
4

- 3,\ (1 + ME;8 ) x2 + (8 +-A)} 9r (x) 

+3-Ax (1-3M E;8 x
2) (x- ~r) Pr (x) = 0 (3.179) 

1 for x = k r ; ~ = 1, ·. · · , n 
~':,r 

Therefore, the roots of Rr ( x) satisfies the polynomial on left hand 

side of the equation (3.179). So, we can conclude that the polynomial 

on the left hand side of the equation (3.179) must be divisible by Rr ( x). 
So, we can write the relation: 

{9MAE;8 X
4

- 3-A (1 + ME;8 ) x 2 + (8 +-A)} 9r (x) = 3-Ax (3ME;8 X
2 

-)) (x- ~r) Pr (x) + Rr (x) (B(r)1X
4 + B(r)2X

3 

+ B(r)sX
2 + B(r)4X + B(r)5) (3.180) 

where B(r)l! B(r)21 B(r)3, B(r)4 and B(r)5 are constant so that 

1 
9r (0) = 8 +A B(r)5 (3.181) 

Now, comparing the co-efficients of xn+4 from both sides of the equation 

(3.180), we get 

(3.182) 

Keeping in mind that the roots of the equation (3.161) are ±Vr and 

± v;, putting these roots in the equation (3.180), we shall be able to reach 
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the result 

in which using the equations (3.182) and (3.142), we shall get 

n+l Vi "\!2 [ { ( ) . B(r)5 = ( -1) 3,\V? _ 11;2 ~r · "\!2b(r)1 - Vi b(r)2 

-3M E;s Vi V2 (Vi b(r)l - V2b(r)2)} + Vi V2 { ( a(r)l 

-a(r)2) - 3M E;8 (v;_2
a(r)l - V';2a(r)2)} 

3M E;s Vi "\!2 (v;_2 
- 11;2) ] 

+ 1 P,(r)l · · · P,(r)n 

{ M ( 1 - ~ (1 - M)) r 
(3.183) 

Now, from the equation (3.178), using the equation (3.181) and the 

equation (3.183), we get 
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which, on using the equation (3.142), can be written as 

3,\ . vl v; { (v;b(r)l - 1/;.b(r)2) -3M E;s v;. v; (1/;.b(r)l - V';b(r)2)} qr~r 

+3.\ \1;.211;2 { ( atr)l - a(r)2) - 3M E;s (\1;.2a(r)l - 11;2a(r)2)} qr 

{9.\M E;s vl v;- (8 + .\)} (\1;.2 - 11;2) . + . 1 qr 

{ M ( 1 - :a (1 - M)) } ' 
= ( _ 1r 3(r (8 + .\) (\1;.2 - V{) 

1 

w, { M ( 1 - l~ (1 - M)) } ' 

But V( and 11;2 are the roots of the equations (3.161). Therefore, 

and 

So, the above relation is equivalent to 

3.\ . vl v; { (v;b(r)l - 11;.b(r)2) - 3M E;s v;. v; (1/;.b(r)l - v;b(r)2)} qr~r 

+3.\ \1;.211;2 { ( a(r)l - a(r)2) - 3M E;s (\1;.2a(r)l - V{a(r)2)} qr 

= ( -1 f 3 (r ( 8 + ,\) (\1;.2 - 11;2) 1 

Wr { M ( 1 - :o (1 - M))} 2 

(3.184) 
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Solving the equations (3.172) and (3.184), we get 

= (-1)n+1 { 3 (~2 ~ "\1;2) } qr 1/2 X 
b(wr { M (1 .___ 1

1
0
A (1-M))} 

{ b,(r (8 + .\) { 3 (v;'a<rl' - V,'a<rJt) + ( a<rlt - a<rJ2)} 

+bo { 9,\ Vi Vz (V2b(r)l - Vib(r)2) - 3 (8 +A) (Vlb(r)1 

- V,b(r)2)}} 
x~----~~~--~--------~-------------

[(8+ .\) { ( :~;, + v;') -
2 i~:{)} Hr (V,) · Hr ( -V,) 

and 

[ bo { 3 ( 8 + .\) (v;'a<rJt - V,'a<rJ2) - 9.\ v;'V2
2 ( a(rJt 

-a(r)2)} - bl(r (8 +A) { 3Vj_ Vz (Vib(r)2- Vzb(r)1) 

+ (Vib(r)1 - Vzb(r)2) }] 
~r = ---=-------------=~---------------

[bo {9.\V,V, (V,b(r)l-;- V,b(r)2)- 3 (8 + .\) (V,b(r)l 

- V2b(r)2)} + b1(r (8 +A) { 3 (V12a(r)2 - V{a(r)1) 

+ ( a(r)l - a(r)2)}] 

(3.185) 

(3'.186) 
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Now, from the equation ( 3.145), using.the equation (3.152) 

(3.187) 

where G r and ~r are given by 

(V,' - V,') [ b1 (r ( 8 + ,\) { 3 (V,'a(r)2 - V,'a(r)l) 

+ ( a(r)l- a(r)2)} + bo { 9-\ v;_ V2 (V2b(r)l - 11;_b(r)2) 

-3 (8 + ,\) (V, b(r)l - V,b(r)2) } ] 
Gr=~----~~~----~------~---------------

[(8 + .\) { ( :~;, + V,') - 2 ~~~{)} Hr (V,) · Hr ( -V,) 

and the equation (3.186) 

Now, from the equation( 3.112), we get 

and by virtue of the equation (3.187), we get 

(3.189) 

The solution ( 3.189) is a desired solution of the equation ( 3.109) in 
' 

nth approximation. 
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3.2.3.4 The Exact Diffusely Reflected Intensity and the Exact 

Solution for the Emergent Intensity. 

As Busbridge and Stibbs33 did, we change the .variable (r/L and 

(sJl to x and x respectively [ and consequently (r/-L(r)i and (s/-L(s)/ to 

xi and x /respectively] in the equation ( 3.129) to get the characteristic 

equation as: 

"' 0: j ~ TJsWs [ 1 { ( ) 3.\ ( ) 2 7 1 + kxi ~ (. 16C 8 +A - ('1 . 1 + M xi 

I.e. 

9M.\ 4 }] +C:xi = 1 

"'a:jw(xj) . , 
L...J 

1 
k . = 1 , w1th a j = (raj . + XJ 

J 

(3.190) 

where, with the assumption that 

'T/1 > 'T/2 > · · · > 'T/m (3.191) 

so that 

(3.192) 

W (x') is of the form 

~ TJ8W8 
[ 1 { (8 + .\) _ 3,\. (1 + M) X~+ 9M.\x~}] {=i (s I6V (: J (; J ' 

if 0 < x' < (1 

W (x') = ~ !}sWs [-1-{(8 + .\) _ 3.\. (1 + M) X~+ 9M.\x4}] {=i (8 16C (; J C J ' 

if (r < x' < (r+l 

0, if (nt < x' < 1 

I 

(3.193) 

I 

I 
I 

I 
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Then 

Pomraning Phase Function 

1
1 

W (x') dx' < ~ 
0 2 

(3.194) 

Therefore, by the theory of H-function, developed by 

Chandrasekhar,45 H (x), where x (r/.k or equivalently 

[H ((rf.k) =] Hr (f.k), given by the equation ( 3.151) satisfies, in the 

limit of infinite approximation, the non-integral equation: 

H ( x) = 1 + xH ( x) 11 

W ( x' ) H, ( x) dx' 
0 x+x 

i.e. 

(3.195) 

' 
which is bounded in the entire half plane R( x) > 0. 

The characteristic function W (x) in the equation ( 3.195) satisfies the 

necessary condition: 

(3.196) 

Now, we allow n to tend to infinity for both the equations ( 3.187) 

and ( 3.189) to get the exact diffusely reflected intensity and the exact 

emergent intensity, given by: 

(3.197) 

and 

(3.198) 

where ~r and Gr are given by the equations ( 3.186) and ( 3.1~8) 

respectively and Hr (J.k) is the solution of the equation ( 3.195). 
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3.2.4 Derivation of the.Solution with Rayleigh Phase Function 

from the Solution with Pomraning Phase Function 

If we put A = 1 in the phase function ( 3.108), the Pomraning phase 

function reduces to the Rayleigh phase funcion. So, the solution ( 3.i87) 

and ( 3.189) will be the solutions for the case of Rayleigh scattering if 

we substitute A = 1 in ~rand Gr, given by the equations ( 3.186) and 

( 3.188). 

Now, A= 1 reduces Gr to the form: 

3 ("V;'- V2
2

) [bl(r {3 (V1
2a(r)2- V,'a(r)l) 

+ ( a(r)l - a(r)2)} + bo {Vi 112 (112b(r)l - Vib(r)2) 

-3 (Vib(r)l- V,b(r)2)}] 

- { ~~;,} a(r)la(r)2 + { ~ e t~,E;,) Vil/2} b(r)lb(r)2] 

and ~r to the form : 

[bo { 3 (V1'acrll - V,'acrl,) - v;'V,' ( acrll - acrl,)} 

-bl(r { 31/i 112 (Vib(r)2- 112b(r)l) + (Vib(r)l - 112b(r)2) }] 
~=--=----------------------------------=-

[ bo {Vi V, (V,b(r)l - V, b(r)2) - 3 (Vib(r)l - V,b(r)2)} 

+bl (r { 3 (v;'a(r)2 - V,'a(r)l) + ( a(r)l - a(r)2)} l 
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which are the same as the equations(3.89) and (3.91) derived in the 

section - 3.1.2. Thus the emergent intensity , and the diffusely reflected 

intensity for Rayleigh scattering media can be derived. 

Likewise the exact diffusely reflected intensity 1; (0, 1-l) and exact 

emergent intensity Ir (0, !-l) for Rayleigh phase function can also be 

derived from the case of Pomraning phase function by putting A = 1. 

The characteristic function W ( x' ) of the H-function Hr (1-l) for the 

case of Rayleigh scattering phase function is observed to be the 

same as the characteristic function, obtained by putting A = 1 in the 

equation (3.193). 
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get different shapes for the phase function, implying different angular 

dependence of the energy distribution of the scattered radiation, 

Bhatia and Abhyankar26 observed how it affects the phase variation of 

equivalent widths. 

Karanjai and Deb109 used the three term scattering indicatrix to 

find an exact solution of the equation of transfer in an exponential 

atmosphere by the method of Laplace transform and Wiener-Hop£ 

technique. 

Karanjai and Karanjai113 proposed a numerical method for finding 

the approximate value of H-function involved in the radiative transfer 

equation for anisotropically scattering medium with three term 

scattering indicatrix. 

Here we obtain the expressions for diffusely reflected intensities and 

emergent intensities of interlocked multiplet lines in anisotropically 

scattering medium due to three ter~ scattering indicatrix. 

4.2 Formulation of the Problem 

4.2.1 The Equation of Transfer for the rth interlocked line and 

the Boundary Conditions: 

4.2.1.1 The Equation of Transfer : 

The equation of transfer for the rth interlocked line is of the form: 

f.L dfr~~' f.L) = (1 + TJr)Jr(T, f.L)- (1 + ETJr)Bv(T) 

-~(1 - t )a, 1:; 1), L p (J", Jf )I,( T, Jf )dJ[ (4.2) 
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in which 
m 

CXr = TJr/ L 'TJs (4.3) 
s=1 · 

so that 
m 

(4.4) 
r=1 

the Planck-function, Bv(T), is a linear function ofT which is of the form 

(4.5) 

in which the terms b0 and b1 are positive constants. 

The phase function p(f.k, Ji) is 

2 

P (!-£, fl) = L wzPz (!-£) Pz (Ji ) , Wo = 1 
l=O 

i.e. 

p (!-£, fl) = 1 + W1!-£Ji + ~ · w2 (31-£2
- 1) (3fl 2

- 1) , (4.6) 

is three term scattering indicatrix for non-conservative scattering. 

Here, T denotes the optical depth. The term 'TJr, being the ratio of the 

absorption co-efficient lr for the rth interlocked line to the continuous 

absorption k; c, the co-efficient, which is introduced to allow for 

the thermal emission associated with the line absorption, Bv (T), the 

Planck-functions are considered to be constant for each line. 

Placing Bv (T) from the equation (4.5) andp (!-£, Jl) from the equation 

(4.6) in the equation (4.2), we get 

dfr(T,f.-£) ( ) ( )( ) Wr~ 11

{ (r/-k dT = Ir T, I-£ - 1- Wr bo + b1T - 20 7::: 'T)8 _

1 
1 

+awtf + ~ · w, (3JL2
- 1) (3tf'- 1)} I,( r, tf )dtf 

(4.7) 
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where 

n 

(4~8) 
s=l 

1 
(r = 1 + (4.9) 

TJr 

and 

Wr = 
(1 - E) TJr 

(4.10) 
1 + TJr 

4.2.1.2 The Boundary Conditions: 

We wish to get the solution of the equation ( 4.7), subject to the 

boundary conditions : 

' 
Ir(O, -M) = 0; (0 < 1-l < 1) (4.11) 

i.e. Ir( T, 1-l) is at most linear in T as T tends to infinity (4.12) 
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4.3 Solution of the Equation 

4.3.1 Reduction of the Equation of Transfer and its 

Boundary Conditions to a Standard Form by using 

a Transformation: 

4.3.1.1 Reduction of the Equation of Transfer and Formation of 2n 

Discrete Ordinate Equations: 

We observe that if we assume, following Busbridge and Stibbs ,33 

that one of the solution of the equation ( 4.7) is 

Ir (T, ~) = bo + b1 (T + ~ ) + I;(T, ~) (4.13) 
· 1 + '!Jr 

in which there are two parts of which the first part is the solution for an 

infinitely unbounded atmosphere as T tends.to infinity and the second 

part 1; ( T, ~) is the departure of the asymptotic solution from the value 

Ir(T, ~)as we approachthe boundary T = 0 

Then, using the equation ( 4.13), we can write the equation ( 4:7) to 

the form: 

I" dJ;(T,~) J*( ) Wr ~ 1+1
{ ' 

":,r~ dT = r T, ~ - 2C ~ 'f/s -1 1 + r;:;1~~ 

+~w, (9112/1' 2
- 3J12

- 3J1'2 + 1) }1; (T,Jl') d11' 

m 
'V"' 'f/s 
L......t 1 + 'f/8 s=1 

m 

~ 'f/s 
s=1 

In nth approximation, we replace the above integra-differential 
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equation by the system of 2n linear differential equations: 

I df(r)i J* Wr ~ """" { 
~r/-t(r)i~ = (r)i- 20 ~ 'TJs 7 1 + Wlf-t(r)i/-t(s)j 

+ ~w2 ( 9 p,(d,p, (, li - 3 p,(" J• - 3 p,(, J; + 1) } I(, JP; 

1 ~ (1~ryJ 
-3wrb1w1 m 

~ 'TJs 

/-t(r)i (4.14) 

s=l 

Here, we have used, for brevity, the symbol 

I(r)i for 1; ( T, f-t(r)i) 

and f-t(r)/s (i = ±1, · · · ± n; having property that f-t(r)-i = -1-t(r)i) 

are the zeros of the Legendre polynomial P2n (~-t) which 

are independent of interlocking and a/ s (j = ± 1, 

· · · ± n ; having property that a-j, = aj) are the corresponding 

Gaussian weights. Ho"Yever it is to be noted that there is no term with 

j = 0. 

4.3.1.2 Reduction of boundary conditions and Discretization into 2n 

parts: 

Again with the help of above mentioned symbols, the boundary 

conditions (4.11) and (4.12) can be written as 

and 

f(r)-i = b1 (r/-t(r)i - bo ; ( 0 < f-t(r)i < 1) 

I* e-T/J.L(r)i ---+ 0 as T ---+ 0 (r)i · 

(4.15) 
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I.e. 

I(r)i is at most linear in T as T tends to infinity (4.16) 

4.3.2 Solution of the Discrete Ordinate Equations: 

4.3.2.1 Solution of the Associated Homogeneous Parts: 

Now, we shall solve the associated homogeneous part of the equation 

(4.14) i.e. 

(4.17) 

The system of the equations ( 4.17) admits integrals of the form: 

I(r)i = g(r)i e-kT ; ( i = ±1, · · · , ±n) 

Then, the equation ( 4.17) gives 

9(c)i { 1 + k(,Jl.(c)i} = ;~ t, 'fJ, ~ { 1 + WJJl.(c)iJl.(,)j 

~ (9 2 2 _.J 3 2 - 3 2 1) } . . + 4 w2 J..l(r)iJ..l(s)j J..l(r)i J..l(s)j + g(s)JaJ 

(4.18) 

(4.19) 
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i.e. 

P + PI/-L(r)i + P2/-LCr)i 
9(r)i = Wr . 1 + kr . 

~r/-L(r)z 
(4.20) 

where p, p1 and p2 are constants independent of /-L(r)i· 

Inserting 9{r)i from the equation (4.20) in the equation (4.19), we get 

a relation 

8C (p + PI/"(,)i + Pz!'z,),) = t 1J,W, L (1+ :~ ) [p{ (4 + w2 
s=l j s/-L(s)J 

-3w2pi,);) + ( 4w,p(,;;) Jl-(,)i + ( 9wzp(,); - 3wz) p(,)i} 

+p1 { ( 4 + w 2 - 3w2p(,);) i'(•)j + ( 4w1p(,);) Jl-(•);Jl-(,)i 

+ ( 9wzp(,); - 3wz) i'(•)j p(,)i} + Pz { ( 4 + Wz - 3wzp(,);) p(,); 

+ ( 4w,p(,);) p(,);Jl-(,)i + ( 9wzp(,); - 3wz) 1'(,);1'(,),}] 

Defining 

(4.21) 

and analyzing the proof done in Section.3 by Busbridge and Stibbs,33 
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we can write the above equation in the following compact form: 

8C (p + Pti'("l' + P21'("1,) = p { ( ( 4 + w,) Do ( k(,) - 3w2D2 ( k(,)) 

+4w1D1 (k(,)l'(")' + (9w2D2(k(,)- 3w2D0 (k(,)) 1'("1,} 

+Pt { ((4 + w2) D1(k(,) ·_ 3w,D3(k(,)) + 4w1D2(k(,)l'("l' 

+ (9w2D3(k(,)- 3w2D1(k(,)) 1'("1'} 

+p2 {(( 4 + w2) D2(k(,) - 3w2D4(k(,)) + 4w1D3(k(,)l'("): 

+ (9w2D4(k(,) - 3w2D2(k(,)) 1'("1,} 

Again, writing 

we can write the above equation as 

8C (p + Pti'("l' + P21'("1,) = { p ( ( 4 + w,) Do - 3w,D,) 

+p, ((4 + w,) D,- 3w2D3) + p, ((4 + w2) D2- 3w2D4)} 

+4w1 {pD1 + p1D2 + p2D3 }i'("l' + {P (9w2D,- 3w,D0) 

+Pt (9w2D3 - 3w2D1) + p2 (9w,D4 - 3w2D2)} 1'("1, 

' 

which is true for every J.l(r)i· So, equating the co-efficient of 1-l(r)i' the 

co-efficient of J.l(r)i and the constant terms separately from both sides of 
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the relation, we get 

p (9w2D2 - 3w2Do) + P1 (9w2D3 - 3w2Dl) 

+P2 (9w2D4- 3w2D2- 8C) = 0 

pw1D1 + P1 ( w1D2 - 2C) + P2w1D3 = 0 

p ((4 + w2) Do- 3w2D2- 8C) + P1 ((4 + w2) D1 

-3w2D3) + P2 ((4 + w2) D2- 3w2D4) = 0 

(4.22a) 

(4.22b) 

(4.22c) 

Eliminating p, p1, p2 from the equations (4.22a), (4.22b) and 

(4.22c),using the equation (II.4c) of·Appendix II, we get 

w1w2 {12'1/Jo (D~- D1D3)- 4'1/Jo (DoD2- Di) + 72C (D2D4- D~) 

-36'1/Jo (D2D4- DD + 24C (D1D3- DD + 12'1/Jo (D~- D1D3)} 

+w 11JJ~ { 3'1/Jo (D~ - D1 D3) - 9'1/Jo ( D2D 4 - DD - '1/Jo ( DoD2 - Di) 

+3'1/Jo (D0D4- D1D3)}- w2 {72C (D~- D1D3) + 72C (D1D3 

-D0D4) + 16C2D 0 - 96C2D2 + 144C2D4}- 32Cw1 (2C- '1/Jo) D2 

-64C2 D0 + 128C3 = 0 

which, by using the equations (II.20b ), (II.20d), (II.20e) and (II.20g) and 

the equation ( II.4c) of Appendix II, can written in the form: 

I.e. 

64C2 Do+ 32Cw1 (2C- '1/Ja) D2 + 16C2w2 (Do - 3D2) 

+24Cw2 (2C- '1/Jo) (3D4- D2) + 4wlw2'1/Jo (2C- '1/Jo) X 

X (D2- 3D4) = 128C3 (4.23) 

_2__{ (1 + ~w2) Do+ (Mw1- ~w2- ~Mw2 
2C 4 4 4 

+~. M (1- M)w1w 2 ) D2 + G · Mw, 

-~ · M(1-:- M)w1w2) D4 } = 1 
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I.e. 

m ' 

L TJsWs L ( aj ) { (4 + Wz) + ( 4Mwl- 3 (1 + M) Wz 
s=l j 8C 1 + k(s/-L(s)j . 

+M (1-M) w1w2) J.L(,h + M( 9w2 - 3 (1-M) w1w2) J.L(,J;} . 1 

(4.24) 

where 

m 

M = 2C _ '1/Jo = ?; Tis (1 - Ws) 

2C m 
~Tis 

(4.25) 

s=l 

The equation ( 4.24 ) is the characteristic equation which, being an 

equation in k of order 2n, will give 2n distinct non-zero roots which 

occur in pair as ±ku (~ = 1, 2, · · · , n), if Wr < 1 

Now, from the equation (4.23), using the equation (4.25), we get 

(4 + wz) Do+ { 4wlM- 3 (1 + M) Wz + W1W2 (1 

-M) M }Dz+{ 9wzM- 3wlwz (1-M) M }D4 = 8C 

Therefore, using the equations( II.5b ), ( II.Sd ) and ( II.4c ) of 

Appendix II, 

[(4 + w2) k4
(; + { 4w1M- 3 (1 + M) w2 + w1w2 (1-M) M }k'(; 

+3w,{ 3M- w 1 (1-M) M} l ('¢0 - D0 ) = -8Ck4
(; +(4 

+wz) 'I/Jok4C:- wz{ 3M- W1 (1-M) M }'I/Jok2(; 
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and .hence by using the equation (4.25), 

[(4 + w 2) k4
(; + { 4w1M -'3 (1 + M) w 2 + w 1w 2 (1-M) M }k\; 

+3w2{ 3M- w1 (1-M) M}] ('f/;0 - D 0) ~ 2C { -4M + w 2 (1 

-M)} k4
(;- 2C (1-M) w 2 { 3M- w 1 (1-M) M }k2

(; 

(4.26) 

I.e. 

[2c {w2 (1-M)- 4M} k4(f- 2C (1-M) x 

xw2 { 3M- w 1 (1-M) M }k2
(; l 

'1/Jo - Do = --=------------------=----

[(4 + w2) k4(f + { 4w1M- 3 (1 + M) w2 + w 1w 2 {1 

-M) M }P(~ +'3w2 { 3M- w, (1-M) M} l 
(4.27) 

Again, from the equation ( 4.26 ), using the equation (4.25), 

[(4 + w 2) k4
(; + { 4w1M- 3 (1 + M) w 2 + w 1w 2 (1-M) M }k2

(; 

+3w2 { 3M- w 1 (1-M) M} l D0 ~ [(4 +w2) k4
(: + { 4w1M 

-3 (1 + M) w2 + w 1w2 (1-M) M }k2(; + 3w2{ 3M

w, (1-M) M} ]2c (1-M)- [2c {w2 (1-M)- 4M} k4
(; 

-2C (1-M) w 2 { 3M- w 1 (1-M) M }k2(?] 
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i.e. 

[(4 + w2 ) k4
(: + { 4w1M- 3 (1 + M) w2 + w1w2 (1-M) M }k'(; 

+3W2 { 3M- w 1 (1-M) M}] D0 = 2C[4k4
(: + ( 4w1M- 3w,) ·x 

x (1 - M) k'C + 3w2 (1 - M) {3M - w1 (1 - M) M} l 
I.e. 

2C [4k4
(: + (4w1M- ,3w2) (1-M) k'(; 

+3w2 (1-M){ 3M- w1 (1 - M) M} l 
Do=-=----------------------------------~ 

[(4 + w,) k4(f + { 4w1M- 3 (1 + M) w2 + w1w2 (1 

. -M) M }k'(; + 3w2 { 3M- w, (1-M) M} l 
Now, from the equations ( 4.22b) and ( 4.22c ), we get 

p PI P2 
EI E2 E 3 

where 

E1 4wi (D~- D1D3) + w1w2 { (D~- D1D3) 

-3 (D2D4- Dn} ~ 2w2C (3D4- D2)- 8CD2 

16MC2 
[ 

3
z {3- wr(1- M)} Mw2 {3- w1 (1-M)} 

- (4 + w2) k2(;] 

E2 -{ 4wl (DoD3- DID2) + wiw2 (DoD3- DID2) 

+3wiw2 (DID4- D2D3) - 8CwiD3} 

64C~~2wi {3- 'WI (1 - !VI)} k(s 
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and 

E3 = { 4wl {2CD2·_ (DoD2- 'DD} + w1w2 {3 (D~- D1D3) 

- (DoD2- DD} + 2Cw2 (Do- 3D2) + 8CD0 - 16C2} 

1~
2 

Mw2 {3- w1 (1-M)} [k\;- M {3- w1 (1 __:_ M)}] 

in all of which the term Z is given by 

1.e. 

Le. 

Z = (4 + w2) k4C + { 4w1M- 3 (1 + M) w2 + W1W2 (1 

-M) M }k2(; + 3w2{ 3M- w1 (1-M) M} 

P P1 
Mw2 {3- W1 (1-M)}- (4 +•w2) k2(; 4Mwlk(s 

P2 
3w2 [k2(;- M {3- w1 (1-M)}] (4.

28
) 

(4.29a) 

(4.29b) 

With the values of p1 and p2, given by the equations (4.29a) and 

(4.29b), we shall get from the equation (4.20), the expression for 9(r)i 

as 
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The equation (4.17), by virtue of that value of 9(r)i' will admit 2n 

independent integrals of the form: 

[ {Mw, {3- w 1 (1-M)}- (4 + w,) kZ(;} 

±4wrM~~(s/-h(r)i + 3wz {kzC 

- M {3- Wt (1-M)}} ttir)i] . e'fk,r 

J(r)i = WrP · ------------=[-------------'"---
(1 ± k~(r/-l(r)i) Mwz {3- Wr (1 - M)} 

- (4+ w,) k;c;] 
& = 1 2 · · · n 

' ' ' 

(4.30) 

4.3.2.2 Determination of Particular Integrals: 
' 

Now, for obtaining the particular integral of the equation (4.14), we set 

1 
I().= --w b1w1 · . r t 3 r m 

L7Js 
h(r)i/-h(r)i ; i = ±1, ±2, · · · , ±n 

s=l 

. (4.31) 

Then, the equation (4.14) gives 

h(r)it'(r)i = 2~ [; 1),W, ~ { 1 + Wtt'(r)it'(,)j + ~W2 ( 9tt/r)it'/,)j 

- 3tt/r)i - 3tt/,); + 1) } · h(,)j{L(,);a; + t'(r)i (4.32) 
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i.e. 

~ 3 3 1 ·~ ~ ) 2 X 7 ajh(s)jf.l(s)j - ~iw2 20 :=t 1]8W 8 7 ajh(s)jf.l(s)j f-l(r)i 

Therefore,· 
(5 

h(r)i = CI1 + C52f.l(r)i + -
f.l(r )i 

(4.33) 

where CI, CI1 and CI2 are constants ( w.r.t. f.l(r)i ) connected by the 

following relation obtained by putting h(r)i from the equation (4.33) in 

the equation (4.32) 

30CCI + 30CCitf.l(r)i + 30CCI2f.l(r)i = (15m/Jo - W2CI2'1/Jo + 5CI2'1/Jo) 

+ (5w1CI1'1/Jo + 30C) f.l(r)i + 3w2C52'1/JoP(r)i 

Therefore, 

30CCI 

30CCI1 

30CCI2 

15CI'I/Jo - W2CI2'1/Jo + 5CI2'1/Jo 

Sw1 CI1 '1/Jo + 30C 

3w2CI2'1/Jo 

The equations (4.34a-4.34c) gives 

6C 
(5 = 0 ; (51 = c ~'· ; (52 = 0 6 - W1y.;o 

(4.34a) 

(4.34b) 

(4.34c) 

Putting these values of CI, CI1 and CI2 in the equation (4.33), we get 

6C 
h(r)i = 60 '1/J -w1 o 
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Hence, the particular integral of the equation (4.14) is 

1 ~(1:·~J 
I(r)i = 3wrb1W1 m 

1 
/-L(r)i; i = ±1, ±2, · · · , ±n 

2:: 'Tis (1- 3w1ws) 
s=l 

I.e. 

where 

(4.36) 

4.3.2.3 Complete Solutions 

The complete solution of the equation (4.14) is the sum of the general 

solution (4.30) of the homogeneous equation (4.17) and the particular 

integral (4.35). 

According to Chandrasekhar,45 the solution of the system of 

equation (4.14), satisfying the boundary condition (4.15), can be put in 

the form: 

1 
[ 

n L -k T 
'"""' () ·e ~ 

I(r)i = -Wrbl L......,; r ~ X 

3 ~=l (1 + k~(r/-L(r)i) [Mw2 {3- W1 (1-M)} 
- (4 + w2) k?(;] 

x { [Mw, {3- w1 (1-M)}- (4 + w,) k;C;] + 4w1Mk,(,J1,(d; 

+3w2 [k;(; - M {3- wi(1 - M)}] l"(r)i} + w1N l"(r).J 

(4.37) 
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where k/ s ( t, = 1, 2, · · · , n) are the positive roots of the characteristic 

equation ( 4.24 ) and L(r)/s are the constants of integration to be 

determined by the boundary conditions (4.15). 

4.3.3 Relation between the characteristic roots k11 k 21 · · · 1 kn of 

the characteristic equation ( 4.24) and the zeros f-l(r)ll f-l(r) 21 

· · · 1 f-l(r)n of the Legendre-polynomial P2n (!-l) 

If p2j be the co-efficient of f-L 2
j in the Legendre polynomial P2n (!-l ), then 

using the definition ( 4.21 ) 

Now, since f-L~!)/s are the zeros of the Legendre polynomial P2n (!-l) . 

So, 

n 

j=O 

Therefore, the equation (4.38) becmpes 

n 

LP2jD2j (k(s) = 0 
j=O 

(4.39) 
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Le. 

1.e 

P2n · M ( 1 - ~"'' ( 1 - M)) ( 1 - ~"'' ( 1 - M)) ( k'
1
(;)" 

+ · · · +Po = 0 (4.40) 

But, the equation (4.40) is an equation in ( e1(?) of order nand so, it 

will give n non-zero roots ( klC); ' = 1, 2, · · · , n. 

Therefore, we get 

= (-lf Po 

P2n · M ( 1 - ~"'' ( 1 - M)) ( 1 - ~"'' ( 1 - M)) 

(4.41) 

Again, /-l(r)/s being the roots of the equation (4.39) i.e. 

(4.42) 

will follow the relation: 

2 2 2 ( l)n Po 
f-l(r)l · f-l(r)2 · · · f-l(r)n = - -

P2n 
(4.43) 
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Now, dividing the equation (4.41) by the equation (4.43), we get 

k1 (s · k2(s · · · kn(sf-t(r)1 · f-t(r)2 · · · /-t(r)n 

= { M ( 1- ~w, (1-M)) ( 1- ~w2 (1-M))} 
112 

(4.44) 

4.3.4 The Elimination of the Constants and the Expression of 

the Law of Diffuse Reflection in Closed Form 

We get from the equation (4.37) 

I* ( T f-L) = -w b L (r)~ . e ~ x 1 [ n £ -k T 

r ' 3 r 
1 ~= 1 (1 + k~(r/L) [Mw2 {3- W1 (1-M)} 

- (4 + w2) kz(;] 

x { [Mw2 {3- w,{1- M)}- (4 + w2 ) k;(;] + 4w1Mk/:,,p. 

+3w2 [k;(;- M {3- w 1 (1-M)}] p.2 } + w 1Np.] 

(4.45) 

Now, we define a function Sr (t-t) as . 

Sr (t-t) = t L(r)~ { [Mw2 {3 
~=1 [(1- k~(rt-t) [Mw2{3- wr(1- M)} . 

. . - (4 + w2) k;(;J] · 
-w1 (1-M)}- (4 + w2) k;(;] - 4w1Mk~(st-t + 3w2 [k;(; 

] 2} 3(r/-t 3bo -M{3-w1 (1-M)} f-t -wrNt-t--+-
Wr brwr 

(4.46) 
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Then we can express the boundary conditions (4.15) in terms of the 

function Sr (M) as follows: 

i.e. 

t L(r)~ 
t=l (1- k~(rl-t(r)i) [Mro2 {3- W1 (1-M)}- (4 + ro2) k;(;] X 

x { ( Mw2 {3- w1 (1-M)} - (4 + w2) k;(;] - 4w1Mk,(,f"(cli 

+3w, (k;(;- M {3- 1AJ1 (1 - M)}] f"(c)i} - 1AJ1N !"(c); 

_ 3(rM(r)i + 3bo = O ( 1 O) ; - < 1-t(r)i < 
Wr Wrbl 

i.e. 

Sr (~-t(r)i) = 0 ; (0 < 1-t(r)i < 1) ; i = 1, 2, · · · , n (4.47) 

Also, I; (0, ~-t) can be expressed, from the equation (4.45), in term of 

Sr (M) as follows: 

I* (0 11.) = ~w b [~ L(r)~ x . 
r 'f"" r 1 L...,; 

3 ~=l (1 + k~(rM) [Mro2 {3- W1 (1-M)} 
- ( 4 + ro2) k;(;] 

x { [Mw2 {3- w1 (1-M)}- (4 + w,) k;(;] + 4w,Mk,(,J" 

+3w2 (k;(;- M {3- w 1 (1-M)}] !"2
} + w 1Np 

3(rM 3bol +-+- - bi(rM- bo 
Wr Wr 

I.e. 

(4.48) 
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Now, we define two polynomials 

n 

Pr (J-l) =II (/-l-J-l(r)i) (4.49) 
i=I 

and 

n 

Rr (J-l) = II (1 - (rkt/-l) (4.50) 
£=I I 

and construct another polynomial Sr (1-l) Rr (1-l) 

Obviously the polynomial Pr (1-l) has n-zeros viz. J-l(r)I' /-l(r)2' · · · , 
J-l(r)n and by virtue of the condition (4.47), the polynomial Sr (1-l) Rr (J-l) 
has at least n-zeros J-l(r)I 1 J-l(r)2 1 • • • , J-l(r)n- But the polynomial 

Sr (J-l) Rr (J-l) is a polynomial of degree (n + 1). So, this polynomial 

has another zero, say ~r· Hence, the polynomial (1-l - ~r) Pr (1-l) and 

Sr (J-l) Rr (J-l) have exactly the identical zeros which are /-l(r)l' J-l(r)2, · · ·, 
/-l(r)n and ~r· Now, we notice that the co-efficient of highest power of 1-l 
in (1-l - ~r) Pr (1-l) is 1, but that of J-l in Sr (1-l) Rr (1-l) is 

I.e. 

where 

and 

( )n-I ( N 3(r ~ L(r)t, ) k ;- k ;- k ;-
-1 WI + Wr + ~ Qt(sk£ I'::os • 2'::os • • • n'::os 

[Mw2 {3- WI (1-M)}- (4 + w2) k;c;] 
Q£ = 3w2 [k;c;- M{3- w1 (1-M)}] 

(4.52) 
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Hence, 

i.e. 

Sr (J-t) = Qrk1 (s · k2(s · · · kn(sJ-l(r)1 · J-l(r)2 · · · /-l(r)n (p, - ~r) X 
n 

IT (p, - J-l(r)i) 
i=1 

x------------~n--------

J-l(r)1 · J-l(r)2 · · · J-l(r)n IT (1 _ (rk~p,) 

1 

~=1 

I.e. 

Sr (p,) = ( -1 r qrk1 (s . k2(s ... kn(sJ-l(r)1 X 

X J-l(r)2 · · · J-l(r)n (p, - ~r) Hr (-P,) (4.54) 

where 
n 

1 n (p, + J-l(r)i) 
Hr (p,) = . ~~ 1 (4.55) 

P,(r)1 · J-l(r)2 · · · J-l(r)n IT (1 + (rk~p,) 
~=1 

But we have established the relation ( 4.44 ) between the characteristic 

roots k1, k2, · · · , kn of the characteristic equation ( 4.24 ) and the zeros 

J-l(r)v J-l(r)2, · · ·, J-l(r)n in the the Legendre-polynomial P2n (p,) of section 

4.3.3 which is given by: 

k1(s · k2(s · · · kn(s/-l(r)1 · J-l(r)2 · · · J-l(r)n 

= { M (1 -~w1 (1 - M)) ( 1 - ~w2 ( 1 - M)) } 
112 

So, the equation (4.54) is equivalent to 

S, (p,) = ( -1 )" q, { M ( 1 - ~w.( 1 - M)) ( 1 - ~Wz ( 1 - M) }r x 

X (p,- ~r) Hr ( -p,) 

(4.56) 
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Again, we observe that 

. 1 
L(r)~ = hm _

1 
T. (1 - (rk~f-l) Sr (J-l) 

/-l ____, ( k~(r) ~ 
(4.57) 

provided that 

[(4 + w2) k;c,;- [Mw2 {3 ~ w1 (1-M)},;,- 4w1Mt,., 

+3w2] k;t,; + 3Mw2 {3- w1 (1-M)},;,] 
~=------~--------------~--~----~~~~ 

kz('/: [(4 + w2) kz('/:- Mw2 {3- w1 (1-M)} E;sJ 
Ers = (r/ (s 

(4.58) 

Now, using the equation (4.53) in the equation (4.57), we get 

where 
n 

R(r)~ (x) = II (1- (rkf3 x) , 1 < & < n (4.60) 
{3(#~)=1 

Summing up both sides of the equation (4.59) over&, we get 

n 

L L(r)~ = qrk1(r · k2(r · · · kn(rfr (0) (4.61) 
~=1 

where 

n 1 P, (~) ( 1 ) 
fr (x) = ~ J: · ( l ) · k~(r- ~r R(r)~ (x) 

~-1 R() -r ~ k ;-
~l:,r 

(4.62) 
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Now, the polynomial fr (x), defined above as in equation (4.62), is a 

polynomial of degree ( n - 1) in x assuming the values 

1 
for x = k~(r , ~ = 1, 2, · · · , n 

So, we get 

[(4 + w 2)- [Mw2 {3- w1 (1-M)} E;,- 4w1ME" + 3w2] x2 

+3Mw2{3- w 1 n- M)} ,;,x•] fr (x)- [(4 + w 2) 

-Mw2 {3- WI (1-M)} E;
8
x2

] (x- ~r) Pr (x) = 0 

for x = (k~Crri , ~ = 1, 2, · · · , n 

(4.63) 

The left hand side of the equation (4.63) must, therefore, be exactly 

divided by the polynomial Rr ( x). So, we must have a relation of the 

type: 

[(4 + w 2)- [Mw2 {3- w1 (1-M)},;,- 4w1ME" + 3w2] x' 

+3Mw,{3- w!(1- M)} E;,x•] fr (x) = [( 4 + w2) 

-Mw2 {3- WI (1-M)} E;8 x 2
] (x- ~r) Pr (x) 

+Rr (x) (A(r)IX
3 + A(r)2X

2 + A(r)3X + A(r)4) 

(4.64) 

where A(r)ll A(r)21 A(r)3 and A(r)4 are constants. 

Now the equation 

(4 + w2)- [Mw2 {3- WI (1-M)} E;8 - 4wiMErs + 3w2] x2 

+3Mw2 {3- WI (1-M)} E;
8
x 4 = 0 

(4.65) 
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will give four roots of the type ±Vi and ± V2. 
' 

The numbers Vi and 1/2 may be purely positive real numbers (if 

the quadratic equation (4.65) in x gives two positive rear'numbers v;2 

and Vz2 
). The numbers Vi or 1/2 or both are purely imaginary (if the 

quadratic equation (4.65) in x gives roots 11;_2 and Vi so that 11;_2 or V2
2 .or 

both negative). The numbers Vi and 1/2 may also be conjugate complex 

numbers ( if 11;.2 and Vi are complex or 11;_2 and Y;2 are purely imaginary 

differing in sign only.) 

Now, putting x =+Vi and x = -Vi in the equation (4.64), 

(-Vi+ ~r) [(4 + Wz)- Mwz {3- W1 (1-M)} E;8 11;_2] Pr (+Vi) 

= Rr (+Vi) ( A(r)l ~3 + A(r)2 11;_
2 + A(r)3 Vi + A(r)4) 

(4.66) 

and 

(Vi+ ~r) [(4 + Wz)- Mwz {3- W1 (1-M)} E;8 11;_2] Pr (-Vi) 
= Rr (-Vi) ( -A(r)l 11;_3 + A(r)2 11;_2 

- A(r)3 Vi+ A(r)4) 

which, when added, will produce 

A(r)2 11;_2 + A(r)4 = ( -1f [(4 + Wz)- lVfwz {3 

-wl (1 - M)} E;s 11;_
2
] (bcr)l Vi + a(r)l~r) /-t(r)l/-t(r)2 ... /-t(r)n 

where 

and 

(4.67) 

(4.68) 

(4.69) 

(4.70) 
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Again, putting x = + 112 and x = -112, by turns, in the equation (4.64) 

and then adding, we get, 

A(r)2v;2 + A(r)4 = ( -1)n [(4 + w2)- Mw2 {3 

-w1 (1 - M)} E;s v;2] (b(r)2 112 + a(r)2~r) !t(r)1!£(r)2 . .. !t(r)n 

(4.71) 

where 

1 
a(r)2 = 2 { Hr ( + 112) + Hr (-112)} (4.72) 

and 

1 
b(r)2 = 2 { Hr ( + 112) - Hr (-112)} (4.73) 

The equations (4.68) and (4.71) will give 

A 
( -1 t !£(r)1!£(r)2 · · · !t(r)n [c { (4 ) (V,2 172 ) 

(r)4 = (V? _ V:2) ~r + w2 1 a(r)2 - v2 a(r)1 
1 2 ' 

+Mw2 {3- W1 (1-M)} E;8 V12v;2 
(a(r)1- a(r)2)} 

+ { ( 4 + W2) Vi 112 (1frb(r)2.- 112b(r)1) 

+ M W2 {3- W1 (1 - M)} E;8 "V;.2V{ (Vrb(r)1 - 112b(r)2)}] 

(4.74) 

Now, putting x = 0 in the equation (4.64), we get 

fr (0) = ( -1t+
1 ~r !t(r)1!t(r)2 · · · !t(r)n + 

4 
+
1 

w
2 

· A(r)4 (4.75) 

So, the equation (4.61), by using the equation (4.75), becomes 

n 

L L(r)~ . ( -1) n+
1 

4 :r w2 k1 (; . k2(r ... kn(r !t(r)1!£(r)2 ... !t(r)n X 

~=1 

X (( 4 + w2) ~r + ( -1 t+1 A(r)4 ·) 

!£(r)1!£(r)2 · · · {t(r)n 
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Applying the relation (4.44) to it, we get 

(4.76) 

Now, putting J-l = 0 in the the equation (4.46), we get 

(4.77) 

and in equation (4.56), we get 

S, ( 0) = ( -1) n+
1 q,~, { M ( 1 - ~w1 ( 1 - M)) ( 1 - ~"'' ( 1 - M)) } 

112 

' 

(4.78) 

Therefore, comparing the equations (4.77) and (4.78), 

3bo 

(4.79) 
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So, comparing the equation (4.76) and (4.79), and using the equation 

(4.74) we get 

[ ( 4 + w2) (11;_2a(r)2 - v;2a(r)l) + M 'W2 {3 - 'W1 (1 - M)} E;8 X 

xv;_2v;2 (a(r)l- a(r)2)] qr~r + [(4 + w2) ViV2 (Vib(r)2- Y;b(r)l) 

+Mw2 {3- W1 (1-M)} E;8v{v;2 (Vib(r)l- V2b(r)2)] qr 

( -1f+1 3 (4 + w2) b0 (V(- v;2) 

b1wr { M (1- !w1 (1-M)) (1- iw2 (1-M))} 
112 

(4.80) 

which is a linear equation involving the variables qr~r and qr 

Again, we observe that 

(4.81) 

where 

[(4 + w 2 ) k;(:- { ME;,w, {3- w1 (1-M)}- 4w1ME., 

+3w2 }k?C + 3w2M E;8 {3- W1 (1- M)}l 
T I=---------------------=--

~ 3w2M c;
8 
{3- W1 (1 - M)} k~(r - 3w2k~(~ 

Ers = (r/ (s 

(4.82) 

Now, using the equation (4.53) in the equation (4.81), we get 

(4.83) 
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Summing up both sides of the equation (4.83) over~, we get 

i.e. 

(4.84) 

where 

Using the equation (4.84) in the equation (4.51), we get 

( )
n-1 ( 3(r ' ( )) qr= -1 .w1N+ Wr +qrkl(s·k2(s···kngr 0 (4.86) 

where gr (0) can be obtained from the fun<;:tion gr (x), given by (4.85). 

So, 

But, gr ( x) is a polynomial of degree ( n - 1) and it takes the values 

;,Pr (k
1
1 ) (k

1
1 -~r) forx = k

1
. , ~ = 1, · ·· ,n 

~· ~~r ~~r ~~r 

[(4 + w 2)- {ME~,w2 {3- w 1 (1-M)}- 4w1ME,., + 3w2 }x' 
+3w2M E;, {3- w1 (1 - .M)} x4

] 9r (x) - [ 3w2M E;, {3 

-w1 (1- M)}x3
- 3w,x] Pr (x) (x- er) = 0 

1 
for x = k~(r , ~ = 1, · · · , n (4.87) 
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This helps us to reach the conclusion that the polynomial on the 

left hand side of the above equation must be divisible by R ( x) and 

therefore we can write that 

[(4 + w2)- { ME;,w, {3- w1 (1-M)}- 4w1ME, + 3w2}x' 

+3w2ME;, {3- w!(1 ~ M)} x'] 9r (x) = [ 3w2ME;, {3 

-w, (1-M)} x3
- 3w,x] Pr (x) (x- ~r) 

+Rr (x) (B(r)1X
4 + B(r)2X

3 + B(r)3X
2 + B(r)4X + B(r)5) 

(.4.88) 

where B(r)ll B(r)2t B(r)3t B(r)4 and B(r)5 are constants. 

Putting x = 0 in the equation (4.88), we get 

(4.89) 

Since,± V2 and± V2 are the roots pf the equation (4.65), we put x = +Vi 
and x = -Vi in the equation (4.88), and simplify to get 

B(r)1 11;_
4 + B(r)3 v; + B(r)5 = ( -1r+l [3w2M E;s {3- wl (1-M)} 11;_3 

-3w2 Vi] (Via(r)1 + ~rb(r)l) /-l(r)l · · · f:l(r)n 

(4.90) 

Since, + v2 and - V2 are the roots of the equation (4.65), putting X = + V2 
and x = - V2 in the equation (4.88), we get similarly 

B(r)l v;4 + B(r)3 v;2 + B(r)5 = ( -1f+
1 

[3w2M E;s {3- w1 (1-M)} v;3 

-3w2 V2] (V2a(r)2 + ~rb(r)2) f.l(r)l · · · f.l(r)n 
' 

(4.91) 
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Eliminating B(r)3 between the equations (4.90) and (4.91) we can get, 

B = (-1)n J-l(r)l · · · J-l(r)n [(-1)n V?Vz
2 

(V? - 11;
2
) B 

(r)5 1T2 T/2 . (r)1 
V1 - V2 J-l(r)1 · · · fl(r)n 

+3w2 11;_2V22 [ M E;s {3- w1 (1 - M)} (11;_2a(r)1 - v;a(r)2) 

- ( a(r)1 - a(r)2)] + 3w2 V1 V2~r [M11;_ 1/2E;s {3 

-w, (1-M)} (Vib(•)l- V2b(.)z) - (V,b(r)l - V,b(•)')]] (4.92) 

Again, comparing the co-efficients of xn+4 from both sides of the 

equation (4.88), we get 

B = (-1)n+1 3w2M f.;s {3- W1 (1-M)} (4.93) 
(r)

1 
(rk1 · · · (rkn 

So, using the equation (4.93) in the equation (4.92), we get 

B _ (-1)n+1 3 /-l(r)1 · · · /-l(r)n 
(r)5 - W2 11,2 _ v;2 X 

1 2 

X [11;_211;2 (11;_2 - 11;2) M E;s {3- W1 (1 - M)} 
J-l(r)1 · · · J-l(r)n · (rkl · · · (rkn 

+ 11;_211;2 [-M E;8 {3- W1 (1 - M)} (V';_2a(r)1 - 11;2a(r)2) 

+ ( a(r)1 - a(r)2) J + Vr V2~r [-MVr v;E;s {3 

-w, (1 - M)} ( V, b(r)l - \12b(r)2) + (Vzb(•)l - V, b(r)2) J] 
i.e. using the relation ( 4.44) 

B ( )n+1 J-l(r)1 · · · J-l(r)n [c V, 11 [ (T 1 b ) (r)5 = -1 3w2 V? _ v;2 ~r · 1 v2 V2 (r)l - 1/;_b(r)2 

- MVr 1/2E;s {3- w1 (1 - M)} (Vrb(r)1 - V2b(r)2)] 

+ V12V22 [ ( a(r)1 - a(r)2) - M E;s {3- wl (1 - M)} (V12a(r)1 

T72 )] 11;_211;2 (11;_2- 11;2) M E;s {3- w1 (1 - M)} ] 
- v2 a(r)2 + 1/2 

{ M (1- *w1 (1-M)) (1- iw2 (1 - M))} 
(4.94) 
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Now, using the equations (4.89) and (4.94) in the equation (4.86), we 

get 

3wz · 11;_1/2 [MV';_1/2E;8 {3 -'wi (1-M)} (1i;_b(r)I- V2b(r)z) 

- (V2b(r)I - Vib(r)z)] qr~r + 3wz 11;_2v;2 [ M E;8 {3- W1 (1 

- M)} (11;_2a(r)I - v;a(r)2) - ( a(r)I - a(r)2) J qT 

[( 4 + Wz) - 3w2 11;_2v;2M E;s {3- 'WI (1 - M) }] (11;_2 - v;2) . 
+ { ( I ) ( I ) } I/2 qT ·. M 1 - 3wi (1 - M) 1 - 5w2 (1 - M) 

(wiN+ ~) (11;_2 -Vi) ( 4 + wz) 
= ( -1r-I T 

{ M (1- *w1 (1-M)) (1- kw2 (1-M))} I/
2 

But 11;_2 and V22 are the roots of the equations (4.65). 

(4 + w2)- [Mw2 {3- 'WI (1 '_ M)} E;
8

- 4wiMErs + 3w2] X2 

+3Mw2 {3- 'WI (1-M)} E;
8
x4 = 0 

Therefore, 

and 

(4.95) 

V? + V.:2 = [Mw2 {3- 'WI (1-M)} E;8 - 4wlM Ers + 3w2] (4.97) 
1 2 3M W2 {3- 'WI (1 - M)} E;s 

By virtue of the relations (4.96) and (4.96), the equations (4.80) and (4.95) 

become respectively 

[3 (11;_2a(r)2 - v;2a(r)I) + ( a(r)I'- a(r)2) J qr~r 
+ [3Vi1/2 (1i;_b(r)2- V2b(r)I) + (Vib(r)I- V2b(r)2)] qr 

( -1 t+l 9b0 (VI2 
- v;2 ) 

biwr { M (1- *WI (1-M)) (1- kw2 (1-M))} 
112

. 
(4.98) 
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3w2 ·Vi V2 [ MVi 1/2E;8 {3- W1 (1 - M)} (Vib(r)l - V2b(r)2) 

- (V2b(r)1 - Vib(r)2) J qr~r + 3w2 V/11;2 [M E;s {3 - wl (1 

- M)} (V';.2a(r)1 - 1f;2acr)2) - ( a(r)l - a(r)2)] qr 

[( 4 + w2) - 3w2 V';.211;2 M E;
8 
{3- w 1 (1 - M)}] (V';.2 - 11;2) 

+ ' V2 ~ 
{ M (1- ~w1 (1-M)) (1- ~w2 (1-M))} 

__ 
1 

n-l ( w1N + ~) (V';.2- 11;2) (4 + w2) 

- ( ) { ( 1 ) ( 1 ) } 1/2 M 1 - 3w1 (1 - M) 1 - 5w2 (1 - M) 

Solving the equations (4.98) and (4.99), we get 
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(4.99) 

= ( -1r+l { 3 (v;.2- v;2) } 
qr b1wr { M (1- ~wr(1- M)) (1- ~W2 (1-M))} 112 

X 

{ [b, (, ( 4 + w,) { 3 (V?aw - V,'al•l') + ( al•)l - al•l')} 

+bo { 9w2 Vi V2 (V2b(r)l - Vib(r)2) - 3 ( 4 + w2) (Vib(r)l 
- V2b(r)2)} +~w1b1wrN ( 4 + w2) { 3 (V';.2a(r)2 - 1f;2a(r)l) 

+ ( al•)l - al•l')}] } 
x~------~--------------------~------

{ Vi' (3V{- 1){3w2 V,'- (4 + w2)} H, (Vi) · H, (-V1) 

+ 11;2 (3V';.2- 1) {3w2 V';.2- (4 + w2)} Hr (V2) · Hr (-1/2) 
+ { ( 4 + w2) (3 (V';.4 + 11;4) - (V';.2 + V22)) - 3w2 v;.2v22 (3 (V';.2 

+V2
2)- 2)} a(r)la(r)2 + {(4 + w2) ViV2 (2- 3 (V';.2 + V2

2)) 

+3w, Vi V., ( 6 Vi'V,' - ( V{ + V,'))} b1") 1 b1, )2} 
' 

(4.100) 
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and 

[ b0 { 3 ( 4 + ro2) (V,' aw - V2'a<,J2) - 9ro, V1'V,' ( a(,Jl 

-a(r)2)}- bl(r (4 + Wz) {3Vj_Y; (Vib(r)2- Y;b(r)l) 

+ (Vib(r)l- Y;b(r)z)}- ~w1b1wrN (4 + Wz) {3Vj_Y;x 

x (Vi b(,)2 - V,b(,)l) + (Vi b(,)l - V,b(r)2) } l 
~=-=------------------------------~-

[ bo { 9ro, Vi V, ( V,b(,)l - Vi b(,)2) - 3 ( 4 + ro,) (V,b(,)l 

-V2b(r)z)} + bl(r (4 +wz) {3 (V1
2a(r)2- Vla(r)l) 

+ ( a(r)l - a(r)z)} + ~w1b1wrN ( 4 + Wz) { 3 (V?a(r)2 

- V,'a(r)l) + ( a(,)l - aH,)}] 

(4.101) 

Now, using the equation (4.56) in the equation (4.48), we get 

with 

(V,2 - 11.,2) { b1 (, ( 4 + ro2) { 3 ( V,2a(,)2 - V,' a(,)l) 

+ ( a(r)l - a(r)z)} + bo {'9wz Vi V2 (V2b(r)l - V1b(r)2) 

-3 (4 + Wz) (Vib(r)l- Y;b(r)z)} + ~b1wrw1N (4 + Wz) X 

x { 3 (V,2a(,J2 - V,'a(,J1) + ( a(,)l - a(,J2)}} 
Gr=~--------------------------~---------

{ V,2 (3V2
2 - 1) {3ro, V2

2
- (4 + ro,)} H, (Vi) · H, (-Vi) 

+Vi (3V{- 1) {3wzV{- (4 + Wz)} Hr (V2) · Hr (-112) 
+ {(4 + Wz) (3 (V'r4 + 11;4)- (V( + Vl))- 3wzV1

2V';2 (3 (V1
2 

+11;2)- 2)} a(r)la(r)2 + {(4 + Wz) ViVz (2- 3 (V'r2 + 11;2)) 

+3ro2 Vi V2 ( 6V(V2
2 

- (V1
2 + V,'))} b(dl bH,} 

(4.103) 
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and ~r given by the equation (4.101). 

Now, from the equation (4.13), using the equation (4.102), we get 

fr (0, f-l) = Gr · (f-l + ~r) · Hr (f-l) (4.104) 

The result (4.102) gives the diffusely reflected intensity 1; (0, {l) a~d 
the result (4.104) gives the desired emergent intensity Ir (0, f-l) in nth 

approximation. 

4.3.5 The Exact Diffusely Reflected Intensity and the Exact 

Solution for the Emergent Intensity. 

Following Busbridge and Stibbs,33 we change the variable (rf-l and 

(s!i to X and x' respectively [ and consequently (r!-l(r)i and (s!-l(s)j to xi 

and x j respectively ] to get from the equation ( 4.24 ) 

207 

try,w, L ( a; ) {(4 + w2) + (;2( 4Mw1 - 3 (1 + M) w2 
s=l j 8C 1 + k(sf-l(s)j 

+M (1-M) w1w2)x~ + (;4M(9w2 - 3 (1-M) w1w2) xj} = 1 

i.e. 

(4.105) 

where, assumption made is 

'T/1 > 'T/2 > · · · > 'Tim (4.106) 

so that 

(4.107) 
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E T. [ sb{ (4 + w,) + (;'( 4Mw,- 3 (1 + M) w, 

+M (1-M) w1w2)x; + (;-4M(9w2 

-3 (1-M) w1w,) xj}] , ifO <X < (1 

\1! (X)= ,1, "(~' [ sb{ (4 + w,) + (;'( 4Mw1 - 3 (1 + M) w 2 

+M (1-M) wlw2)x; + c-4M( 9wz 

-3 (1-M) w,w,) xJ}] , if (r < x' < (r+I 

0, 

(4.108) 

Then the characteristic function W (x') 1n the equation (4.108) 

satisfies the necessary condition: 

1
1 1 

0 

-w (x) dx' < 2 (4.109) 

if the following condition is satisfied 

1 1 1 2 
3w1 (1-M)+ 5w2 (1-M)-

15 
w 1w 2 (1-M) < 1 (4.110) 

Now, from the theory of H-function, developed by Chandrasekhar,45 

H-function Hr(f.L) i.e. H((rf.L) , defined by the equation (4.55) 

which is expressed in terms of the positive roots of the Characteristic 

Equation (4.24),must satisfies, in the limit of infinite approximation, the 

non-integral equation: 

1
1 w (x' ) H (x) , 

H ( x) = 1 + xH ( x) , dx 
0 x+x 

I.e. 

(4.111) 
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which is bounded in the entire half plane JR(x) > 0. 

So, we shall get, from the equations (4.102) and (4.104), in infinite 

approximation, the exact diffusely, reflected intensity I; (0, J.L) and the 

exact emergent intensity Ir (0, J.L) expressible in the form 

(4.112) 

and 

(4.113) 

where ~r and Gr are given by the equations (4.101) and (4.103) 

respectively and Hr (J.L) is the solution of the equation (4.111) 

4.4 Discussion 

In the phase function (4.6), if we put wi = w and w 2 = 0, it 

turns into the planetary phase function, if we w 1 = 0 and w 2 = ~>.; 

>. = 5 ~3Wo , wo is albedo of single scattering, the phase function will 

be Pomraning phase function and if we put w 1 = 0 and w 2 = ~'it will 

be Rayleigh Phase Function. 

Now, putting WI = w and w 2 = 0 in the term Gr and ~n given 

by the equations (4.103) and (4.101), we shall get the expressions for Gr 

and ~r for the case of planetary phase function. 

Now, for WI = w and w 2 = 0, the equation (4.103) and (4.101) 

209 
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reduce to the forms: 

("V;' - \1;2) { 4b, (r { 3 (V(a(r)2 - V,'a(r)l) 

. + ( a(r)l - a(r)2)} - 12bo (v;_b(r)l - 11;b(r)2) 

+ ~brwr w N { 3 (V,2a(r)2 - \1;2 a(r)l) + ( a(r)l - a(r)2) } } 
Gr=~------------------------------------~---

{ -4V,2 (3\1;2- 1) Hr (V,) · Hr ( -V,)- 4\1;2 (3V(- 1) X 

and 

xHr (11;) · Hr (-11;) + 4 (3 (1/;4 + V1
4
)- (V? + 1/;2)) a(r)Ia(r)2 

+4 V, V, ( 2 - 3 (V( + V,')) b(r)l b(r)2} 

{ bo { 12 (V(a(r)I - \1;2a(rJ2) - 3 ( a(r)I - a(r)2)} 

-4bl(r { 3v;_ 1/; (v;_b(r)2- 1/;b(r)l) + (v;_b(r)l 

-V,b(r)2)}}- ~b,wwrN {3V,V, (V,b(r)2- V,b(r)l) 

+ (v;_b(r)l - 1/;b(r)2)} 
&=~-----------------------------------

{ 4b1 (r { 3 (V,'acrJ2 - V,'acrJ,) + ( acrll - acrJ2)} 

+bo { -12 (v;_b(r)l - 1/;b(r)2)} 

+!blwrwN { 3 (V,2a(r)2 - Vz'a(r)l) + ( a(r)l - a(r)2)}} 

Now, as in chapter2, we can show that a(r)l ---+ ar: b(r)l ---+ br: 

a(r) 2 ---+ 
1 

1; 2 and b(r)2 ---+ 0 as we substitute 

{ M ( 1 - ~w1 (1 - M)) } 

the values v;_ = i ~ and ~ = 0 for the case of planetary phase 
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function. Substituting these values in 

( ~; - 1) { 4b1 (, { 3 ( ~ a(c)2 - a(c)l) 

+~i (a(r)!- a(r)2)}- 12~2b0 (Vib(r)!- V2b(r)2) 

+~b,w,wN { 3 ( ~a(c)2- a(c)l) + i,r ( a(c)l - a(c)z)}} 
Gr=~----------------------------------------~-----

{ -4~ ( 3- ~') H, (111) · H, (-111)- 4 ( 3~- 0,) x 

we get 

X Hr (V2) · Hr (-1/2) + 4 ( 3 ( ~ + 1) - ~2 ( ~ + 1)) a(r)l a(r)2 

+41;:; ( 2i; - 3 ( ~ + 1)) b(c)lb(c)2} 

G, = b1 ( (, + ~w,wN) { M ( 1- ~w (1-M))} 
112 

which is same as the equation ( 2.89) of the section-2.3 of chapter-2 

Again substituting the same values in 

{ bo { 12 ( ~ a(c)l - a(c)2) - 3i,r ( a(c)l - a(c)z)} 

-4b1 (r { 3Vj_ ( ~~ b(r)2 - b(r)l) + ~2 (Vi b(r)! 

- V,b(c)2)}} - ~bl Wt w,N { 3111 ( ~ b(c)2 - b(c)l) 

+Ji (Vib(r)! - Vzb(r)d)} 
&=~----------------~---------------------

{ 4b,(, { 3 (~}%)2- a(,)l) + i,r (a(c)l- a(c)z)} 

+bo { -12~i (Vib(r)! - V2b(r)2)} 

+~b,w,wN { 3 (~a(,Jz- aw) + J,r (a<,Jt- a(,Jz)}} 

we get 

~ = -12boa(r)2 + 12bl(r Vib(r)! + 4b1W(wrNVib(r)1 
r -12b1(r3a(r)1 - 4b1wrw1N a(r)I 
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i.e. 

I.e. 

which is same as the equation ( 2.88) of the section-2.3 of chapter-2. 

T~us the emergent intensity and diffusely reflected intensity for 

anisotropically scattering medium with planetary phase function can 

be derived as a particular case from the results for the case of 

anisotropically scattering medium with three term scattering indicatrix 

with w 1 = w and w 2 = 0. 

Again putting w 1 = 0 and w 2 = ~A in the equations (4.103) and 

(4.101), we get 

(V;' - 11,2) { b, (, (8 + A) { 3 (Vj2a(c)2 - V,2a(c)l) 

+ ( acr)l - acr)2)} + bo { 9.\ Vi 11; (Y;b(r)l - V1b(r)2) 

-3 (8 +A) (Vib(c)l- V,b(c)2)}} 
Gr=~----------------------~-----------------

{ Vj2 (311,2 - 1) {3A V,'- (8 +A)} H, (Vi) · H, (-Vi) 

+ 11;2 (3V?- 1) {3.\ V?- (8 +.A)} Hr (11;) · Hr (-11;) 
+ {(8 +.A) (3 (~4 + 11;4) ~ (~2 + 11;2)) _ 3.\~211;2 (3 (~2 

+ 11;2) - 2)} a(r)la(r)2 + { (8 +.A) Vi 11; (2- 3 (V1
2 + 11;2)) 

+3A Vi V, ( 6V,'V,' - (V1
2 + V,'))} bccJ1 bc,l'} 

and 
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[bo { 3 (8 + .\) (v;'acr)l - V{acrl') - 9.\ VtV,' ( acr)l 

-a(r)2)}- bi(r (8 + ..\) {3"V;.V'; (Vrb(r)2- V2b(r)I) 

+ (Vi b(r)l - V,b(r)2)}] • 
~r = ---=---------==-----------'-----

[bo {9.\V,V, (V,b(r)l- 1/ib(r)2)- 3 (8 + .\) (Vlb(r)l 

i.e. 

and 

- V2b(r)2)} + bi(r (8 + ..\) { 3 (VI2a(r)2- V22a(r)I) 

+ ( U(r)l - U(r)2)}] 

213 
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[ bo { 3 ( 8 + .\) (V( a(r)l - V,' a(r)2) - 9.\ V.'V,' ( a(r)l 

-a(r)z)}- bl(r (8 +A) {3\1;."\12 (V';.b(r)2- V2b(r)l) 

+ (V,b(r)l - V,b(r)2)}] 
~=~--------------~-----------------------

[ bo { 9.\ V, V, (V,b(r)l - V, b(r)2) - 3 ( 8 + .\) (V, b(r)l 

- Vzb(r)z)} + bl(r (8 +.A) { 3 (V?a(r)2- \1;2a(r)l) 

+ ( a(r)l - a(r)2)}] 

which are the same as the equations (3.188) and (3.186) of Section-3.2.2.1 

of Chapter-3 

Again we have shown, in the section-3.2.4 of Chapter-3, that Grand 

~r' given by the equations (3.91) and (3.89) of section-3.1.3.3 of Chapter-3 

for Rayleigh phase function can be derived from the equations (3.188) 

and (3.186) of Section-3.2.2.1 of Chapter-3 by substituting A= 1. 

So, the emergent intensity and diffusely reflected intensity for the 

case of anisotropically scattering medium with three term scattering 

indicatrix yield the same for allisotropically scattering medium with 

Pomraning phase function as a particular case with. w 1 = 0 and 

w 2 = ~A and hence those for anisotropically scattering medium with 

Rayleigh phase function as a particular case with w 1 = 0 and w 2 = ~-
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the H-functions for complex albedo w of single scattering. Other 

argument of the H-function - the angular variable f.l is kept real and 

allowed to vary in the region 0 < f.l < oo. Here we have attempted 

to derive approximate expression for H-functions considering the case 

of the interlocked multiplets in an atmosphere which is isotropically 

scattering in which the the variable 1-l of the H-function remains always 

real. 

Many authors tried from time to time to give some suitable 

approximation of the H-function for different atmospheres so that the 

labour in computing its value is minimized. Abu-Shumays6~ 7Harris,S2 

Karanjai,102~ 103~ 104 Karanjai and Sen,115, 67 Holubec and McConnell85 

are some of them. Abu-Shumays7 gave three approximated forms 

of H-functions and compared the arithmetic mean of last two of 

those three approximate forms with the values of H-function given 

by Chandrasekhar45 and Carlstedt and Mullikin35 and showed that his 

values were remarkably accurate to the approximation of H-function 

obtained by them. 

In section 5.2.1, we propose the approximate form· of H -function 

involved in the solution of a radiative transfer equation of interlocked 

multiplet lines in isotropically scattering atmosphere for minimizing 

the labour involved in the numerical calculation for determining its the 

values at non-zero f.l: 
. 2 

H (x) = ao + a1x + a2x x = ;- 11_ 
1 + kx ' ":,rr 

where a~s are functions of albedo w, so that, for a0 = A or 1, 

a1 =BorA' and a2 = 0 orB', it reduces to the two approximate 

forms of Abu-Shumays7 needed for the purpose. Likewise in section 

5.2.2 for H -functions for multiplet lines without interlocking, we take 

the same approximate form, but the variable x taken in this case is 

X= f.l· 
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5.2 H-function for Multiplet Lines 

5.2.1 H-function for Multiplet Lines with Interlocking 

H -function involved in the solution of a radiative transfer equation 

of interlocked multiplet lines in isotropically scattering medium, as 

given by Busbridge and Stibbs,33 is given by 

H(x)=1+xH(x) {
1

'1/(x)H~x) dx'; x=(rf-L (5.1) 
} 0 x+x 

where W ( x') is given by 

W (x) = 

m 

m 
_l_ ""' "lsWs 0 < x' < r 
2C L...J r ' · - - ~1 

s=l ~s 
m 

1 ""'"lsWs r < '<r 
2C L...J r ' ~r - X - ':.r+ 1 

s=r+1 '::.s 

0, (k < x' < 1 

in which C is C = L !]8 so that 
s=1 

1 ' J W ( x) dx = ~ (1 - M) 
0 

m 

writing M = ...c...s=-..:1:...._____,m=----

L "ls 
s=1 

We observe that W (x) satisfies the condition 
1 

j w(x)dx < ~ 
0 

(5.2) 

(5.3) 

(5.4) 
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provided that M > 0 

Now, the equation (5.2) is equivalent to 

1 . m -1 1 (s H ( XJ ' 
H (x) = 1 + -

0
xH (x) L TJ8W8 ( 8 ,dx ; X= (rJ-l (5.5) 

2 0 x+x 
s=1 

and the above form of H-function can also be written, by rearranging 

its terms, in the form: 

1 1 m -11(s H(x) ' 
H ( ) = 1 - - 0 x L TJ8W8 ( 8 , dx 

X 2 s=1 o X+ X 

' 
Some of the properties which a H-function satisfies are 

1. 

2. 

1 [ 1 ] ~ 
[ H(x),P(x)dx=l- 1-2 [ iJi(x)dx 

1 

I '1/J (x) H (x) = 
1

. 
1- kx ' 

0 

where k is determined by 

_1_ . ~ TJ8W8 • l ( 1 + k(s) = 
2kC 7:t (s ' n 1 - k(s 

1 

We shall find as's by using the properties (1 and 2). 

(5.6) 

. (5.7) 

(5.8) 

(5.9) 

Now, by using the definition (5.2) and the relation(5.3) derived from 

the definition, we can rewrite the (5.7) and (5.8) as 

1 m 1(s - L TJsWs H (x') dx'= 1- VM 
2C (s 0 

s=1 

(5.10) 
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and 

J_ t TJsWs 1'" H (x) dx' = 1 
2C ( 8 0 1- kx' 

s=l ' 

(5.11) 

5.2.1.1 An Approximate Form of H-function: 

First Approximation Form: 

Keeping Abu-Shumays'7 approximation of H -function in mind, we 

approximate H-function involved in the solution of the rthinterlocked 

multiplet line for non-zero J.-L as 

' 

H (x) = a0 + a1x + azx
2 

__j_ 

1 + kx X = (rf.-L r 0 (5.12) 

where as's are the functions of albedo to be determined from 

the properties which a H-function satisfies and k is a root of the 

transcendental equation (5.9) 

Second Approximation Form: 

Now, from (5.10), by using the equation (5.12), we can construct a linear 

equation involving a0, a 1 and a 2 as 

(5.13) 
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/ 

where 

Ao ~ t '7(~' In (1 + k(,) 
s=l 

(5.14a) 

(5.14b) 

Again, the equation (5.11) and (5.12) can be used to constitute the 

second linear equation involving a0, a1 and a2 as 

where 

A' 0 

A' 1 

A' 2 

c' 0 

(5.15) 

~ t 1JsWs ln (1 + k(s) (5.16a) 
2k (s 1- k(s 

s=l 

_1 ~ 1JsWs l (1- k2 ( 2) (5.16b) 
2k2~ (s .n s 

s=l 

1 ~1]8W8 (1+k(s) 1 ~ 
2k3 -s T ln 1 _ k(s - k2 ~ 1JsWs (5.16c) 

2C (5.16d) 

Now, from the equation (5.6), we get the second approximation of 

H -function as: 
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Thus we get the approximate form of H -function suggested by 

Abu-Shumays7 for getting its value at non-zero f.-£, with a little error 

lying within the limit from 0.001% to 0.005%, as 

1 
H(AS) (x) = 2 { H(AS-I) (x) + H(AS-II) (x)} ; X= (rf.-l 

(5.18) 

where H(AS-I) (x) is obtained from the equations (5.1) and (5.17) by 

putting ao =A, a1 =Band a2 = 0 and H(AS-II) (x) by putting a0 = 1, 

a1 =A' and a 2 = B '.So, their first approximation forms are as 

' 
A+Bx 

H(AS-I) (x) = 1 + kx (5.19) 

and 
1 + A'x + B 'f.-£2 

H(AS-II) (x) = 1 + kx (5.20) 

and second approximation forms are as 

and 
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in which A, B, A' and B' as 

with 

Ao 

Ar 

A2 

co 

A' 0 

A' 1 

A' 2 

c' 0 

A 

B 

A' 

and B' 

Arc~+ c0A~ 
AoA~ + ArA~ 
eaA~- Aoc'0 

AoA~ + ArA~ 
A2A~ - A0A~ - A2c~ + c0A~ 

ArA~ + A2A~ 
Arc~- ArA~- AoA~ + coA~ 

ArA~ + A2A~ 

m , 

1 L 7}8Ws ( ) k (,In 1 + k(s 
s=r 

1 t 1 t 7}8W8 
( ) k 7}8W8 - k2 (,ln 1 + k(s 

s=r s=l 

(5.23a) 

(5.23b) 

(5.23c) 

(5.23d) 

(5.24a) 

(5.24b) 

1 t 1 t 1 t 7]8W8 
) 

2k 7JsWs(s - k2 7JsWs + k3 (,In (1 + k(s 
s=l s=l s=l 

(5.24c) 

2C (1- JM) (5.24d) 

_!_ :t 1/,W, Inc+ k(,) (5.24e) 
2k (s 1- k(s 

s=l · 
m ' 

_1 L 7JsWs l ( 1 _ k2(2) (5.24£) 2k2 (s n s 
s=l 

2_ t 1],W, I c +k(,) - _!_ t (5.24g) 2k3 (s ll 1 - k(s k2 7JsWs 
s=l s=l 

2C (5.24h) 
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5.2.2 H-function for Multiplet Lines without Interlocking 

Busbridge and Stibbs33 obtained the residual intensities for 

multiplet lines without interlocking which are nothing but the lines in 

isotropically coherent scattering and showed the effect of interlocking 

on them. Of course, they didn't form any table showing the values 

of the H -function of the multiplet lines for this case. In this section, 

we shall calculate the value of the H -function for multiplet lines 

without interlocking (i.e. for lines in coherent scattering) with the help 

of Abu-Shumays'7 approximate form of H -function and compare 

the results with value of the H-function for multiplet lines with 

interlocking. 

We have the characteristic function '1}; (Jl) of the 

H-function (pages xxxvii- xliii) for the solution of a radiative 

transfer equation of anisotropic coherent scattering with planetary 

phase function is 

where p =!wand p1 = !w (1- w) in which w is w = 'TJ il+-TJe:) 

The characteristic function '1}; (Jl) of the H -function H (Jl) for 

coherent isotropically scattering medium can be obtained as a particular 

case of the above by putting w = 0. So, in that case the characteristic 

function '1}; (Jl) is given by 

(5.25) 

For a H-function the characteristic function satisfies the relation 

(5.26) 



,. 
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So, we must have 

w < 1 (6.27) 

Abu-Shumays'7 approximate form of H -function for multiplet lines 

without interlocking is given by 

1 
H (fl,) = 2 { H(AS-I) (fl,) + H(AS-II) (fl,)} 

in which H(AS-I) (fl,) and H(AS-II) (fl,), in first approximate forms, are 

' A+Bfl, 
H(AS-I) (fl,) = 1 + kfl, (5.28) 

·and 

1 + A' f1, + B' f1,
2 

H(AS-II) (fl,) = 1 + kfl, "('5.29) 

and in the second approximation forms, they are 

H(AS-I) (!") = [ 1- 2 (t.': k!") {(A- B11-) ln ('": 
1

) 

_ (A_!) ln (1 +k)} r (5.30) 

and 

H(AS-II) (!") = [ 1 - 2 (1 ~ k!") { (1 - A'11- + B' 11-') In ('": 
1

) 

_ ( 1 _ ~, + :~) ln ( 1 + k) + B' G _ '") } r5.31) 

in which k is given by the transcendental equation 

~lnl+k=l 
2k 1- k 

(5.32) 
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and the constant terms A, B, A' and B' are given by 
' 

A= A1e' + eA~ 
· AoA~ + A1AS 

A' 
AzA~- A0A;- A2e' + eA; 

A1A; + AzA~ 

and 

B' A1e'- A1A~- A0A~ + eA~ 

A1A; + A2A~ 

with 

Ao 
1 

=·-In (1 + k) 
k 

A1 
1 1 1 1 
- - - ln ( 1 + k) = - - - A0 k k2 k k 

A2 
1 1 1 1 1 
2k- k2 + k3ln(l+k) = 2k- kAl 

2- 2vl- w 
e 

w 

A' .0 
_l_!nc+k) 
2k 1- k 

A' 1 -
1 

ln (1- k2) 
2k2 

A' 2 
1 c+k) 1 1 , 1 

2k2 ln 1 - k - k2 = k2 Ao - k2 

e' 
2 

w 

225 

(5.33a) 

(5.33b) 

(5.33c) 

(5.33d) 

(5.33e) 

(5.34a) 

(5.34b) 

(5.34c) 

(5.34d) 

(5.34e) 

(5.34£) 

(5.34g) 

(5.34h) 
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5.3 Doublet Lines: 

5.3.1 H~functions for Doublet Lines with Interlocking: 

' 
A few calculations had been done only for interlocked doublets 

and triplets. Busbridge and Stibbs33 calculated for the first time the 

numerical values of H-functions for doublets only to use the results 

in determining the residual intensity of the doublet lines. They 

approximated the first line of the doublets as follows: 

H (n1{l) H (1-'-- a1A1- a2A2- k1, f-t) (5.35) 
'T/r 

· r = 1 2 (5.36) ar 
'T/1 + 'T/2 ' ' 

Ar 
1 + E'TJr 

(5.37) 
1 + 'T/r 

1 
nr 

1 + 'T/rr 
· r = 1 2 
' ' (5.38) 

k1 1 ( n 1
) (5.39) - -as (1 -As) 1 - -

2 n2 

and wrote down the value of H ( n 1{l) directly from the table of 

H ( w, {l) prepared by Chandrasekhar45 for 0 < {l < 1 or by 

interpolating linearly between two successive values from the table 

when necessary. After that to find the values of H ( n 2{l ), they used 

the relation 

H(n2f')=H(n1 · ::1') (5.40) 

which shows that the values of H ( n2{l) in the interval become not only 

equivalent to a value of H (n1{l) in the interval 0 < {l < 1, but also 

becomes sometimes equivalent to its value in the interval 1 < 1-l < ~~. 
To have those values, they used an extrapolation formula of the form 
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in which the values of c1 and c2 are obtained from the two values of 

H (n1 ~-t) for J-t = 0.95 and J-t = 1. They did not calculate the values for 

triplets or higher multiplets. 

Karanjai103 first attempted to calculate H-functional values and 

residual intensities for higher multiplates. He calculated H-functions 

numerically for interlocked doublets and triplets by using his 

approximation of H -function 

(5.42) 

where a is a function of w 0 and is given by 

(5.43) 

and compared his results for H-functions of doublets with those 

given by Busbridge and Stibbs.33 

He used only one case of the three 

cases of Busbridge and Stibbs.33 

Comparison of the values of 

H-functions of Karanjai103 with the 

results of Busbridge and Stibbs}3 

are mentioned in the Table-5.1 ( 

prepared by Karanjai ) and the 

comparison is made more clear by 

drawing graph in Fig. 5.1. 

jJ 

0.0 
0.1 
0.2 
0.4 
0.6 
0.8 
1.0 

1Jr=l and 772=0.5 

Busbridge Karanj~i 

and Stibbs 1954 1968 
H1(1.1) j H2(1.1) H1(1.1) ! H2(1.1) I 

. I 
1.0000 I 1.0000 1.0000 : 1.0000 
1.0598 11.0724 1.06016 1.07269 
1.0935 1 1.1108 1.09353 1.11049 
1.1382 j 1.1591 1.13703 1.15717 
1. 1679 I 1.1896 1.17139 1.18620 
1.1896!1.2111 1.18620 1.20634 
1.2064 I 1.2271 1.2018911.22121 

Table-5.1 
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1.3 

Lines-! 

1.2 " Lines-If 

Ill 
r:: 
0 1.2 
~ 
r:: 
::s -. 
:I: 
0 1.1 
Ill 
Cl) 
::s 
iii 
> 1.1 

1. 0 +-----.-----,--,----,-------, 

0.0 0.2 0.4 0.6 0.8 1.0 

Values of, !.I 

Fig 5.1 (111 = 1 and 112 = 1/2) 

- - 8 us bridge and 
Stibbs' Lines 

--Karanjai's Lines 

Siewert and Ozil?ik190 wrote the solution of interlocked doublets 

deriving the expression for emergent intensity of interlocked multiplets 

lines, but they did not show any calculation in their paper, though' they 

reported in their paper that some numerical calculation for H-function 

of interest had been made and would be available upon request. 

Deb65 calculated H-functions for doublets and triplets by using its 

four approximate forms given by Karanjai and Sen 115
, 116 which are 

given below: 

1. H (w, J.L) = 1 + aJ.L + bJ.L2 + GJ..L
3 

2.· H (w, J.L) = 1 +aX! ~t
2 

in which A= v1- w 

3. H (w, J.L) = 1 + ag ~bt
2

2~ cp
3 

in which A is same as (2) 

b 2 3 

4. H (w, y) = 1 + ag i !( k~ cg in which k is a root of the 

transcendental equation 2k = log [ i ~ % J 

In the above four approximate forms of H-function, a, band care 

the functions of albedo w. He used these approximations to find the 



II) 
s:: 
0 

~ 
s:: 
~ 
J: ... 
0 
II) 
Ql 
:I 

~ 
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values of H (n1J-L) and H (n2J-L), following the Busbridge and Stibbs' 

procedure, by taking w as w = 1 --;- a 1>. 1 - a 2>.2 - k1 and determined 

corresponding residual intensities for each case chosen by Busbridge 

and Stibbs.33 Only difference is that he used the second approximation 

forms, given by Karanjai and Sen115
' 
116 to find the values of H ( n 1J-L) 

in lieu of using interpolation and extrapolation. He also compared his 

results by the results of Busbridge and Stibbs.33 For ready reference 

these are tabulated in Table 5.2 (a), 5.2(b) and 5.2(c) ( prepared by 

Deb65
) and comparisons are made more clear by drawing their graphs 

in the fig.5.2 (a), 5.2(b) and 5.2(c). 

1"\J=lO and 1"\2=5 

IJ 
Busbridge and Deb(1996) Deb(1996) Deb(1996) Deb(1996) 
Stibbs (1954) ( Form-1) ( Form-2) ( Form-3) ( Form-4) 

H1(1J) H2(1J) H1(1J) H2(1J) H1(1J) H2(1J) H1(1J) I H2(1J) H1(1J) I H2(1J) 
0.0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1,0000 i 1.0000 1.0000 i 1.0000 
0.1 1.1440 1.2278 1.1443 1.2249 1.1370 1.2142 1.1443! 1.2249 1.1447 i 1.2253 
0.2 1.2429 1.37 45 1.2392 1.3602 1.2279 1 .3452 1.2391 ! 1.3600 1 .2396 ! 1 .3605 
0.4 1.3975 1.5893 1.3807 1.5444 1.3652 1.5261 1.3806! 1.5441 1.3811 ! 1.5446 
0 .. 6 1.5197 1.7462 1 .4866 1. 6686 1.4690 1.6497 104863 i 1.6683 1.4868! 1.6687 
0.8 1.6211 1.8684 1.5703 1. 7592 1.5518 1.7407 1 .5700 ! 1. 7589 1.5705! 1.7961 
1.0 1.7075 1.9670 1.6388 1.8286 1.6199 1.8108 1.6385! 1.8282 1.6389! 1.8286 

Table-5.2 (a) 

0.0 0.2 0.4 0.6 0.8 1.0 

Values of 1J 

- Busbridge and Stibbs' Lines 
- - - -Deb's Lines (Form-1) 
- -Deb's Lines (Form-2) 

II) 
s:: 
0 
t; 
s:: 
of 
J: 

'0 
II) 
Gl 
:I 
iii 
> 

2.2 

2.0 

1.8 

1.6 

1.4 

1.2 

0.0 0.2 0.4 0.6 0.8 1.0 

Values of!J 

- Busbridge and Stibbs' Lines 
- •Deb's Lines (Form-3) 
--Deb's Lines (Form-4) 

Fig-5.2 (a) 
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1'11=4 and 1h=2 

1.1 
Busbridge and Deb(1996) Deb(1996) Deb(1996) Deb(1996) 
Stibbs (1954) ( Form-1) ' ( Form~2) ( Form-3) ( Form-4) 

H1(1.1) Hz(l.l) H1(1.1) Hz(l.l) H1(1.1) ! Hz(l.l) H1(1.1) Hz(l.l) H1(1.1) ! Hz(l.l) 

0.0 1.0000 1.0000 1.0000 1.0000 1.0000! 1.0000 1.0000 1.0000 1.0000! 1.0000 
0.1 1.1140 1.1647 1.1153 1.1651 1.11 04 i 1.1586 1 .1154 1.1652 1 .1155 ! 1. 1653 
0.2 1.1869 1 .2620 1.1867 1.2585 1.1795! 1.2496 1.1868 1.2586 1.1869 1.2587 
0.4 1.2936 1.3944 1.2881 1.3802 1.2786 i 1.3697 1.2882 1.3801 1.2883 1.3802 
0.6 1.3722 1.4844 1.3603 1.4590 1.3499! 1.4484 1.3602 1.4589 1.3604 1.4590 
0.8 1.4341.! 1.5509 1.4153 1.5150 1.4047! 1.5049 1.4552! 1.5149 1.4153 1.5150 
1.0 1.4844! 1.6020 1.4590 1.5571 1.4484! 1.5475 1.4589! 1.5570 1.4590 1.5570 

Table-5.2 (b) 

1.7 1.7 

1.6 1.6 

Ul 1.5 c: 
Ltnes -11' 

Ul 1.5 c: 
0 0 

:;::; 
u 1.4 c: tl 1.4 c: 
::I 
"; 

::I 
"; 

J: 1.3 ... 
0 

J: 1.3 ... 
0 

Ul 
1.2 Cll 

::I 
iii 
> 1.1 

Ul 1.2 Cll 
::I 
iii 
> 1.1 

1.0 1.0 
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 

Values of1.1 Values of!J 

--Busbridge and Stibbs' Lines - Busbridge and Stibbs' Lines 
- - - - Deb's Lines (Form-1) - •Deb's Lines (Form-3) 
- -Deb's Lines (Form-2) --Deb's Lines (Form-4) 

Fig-5.2 (b) 
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TlJ=l and 'llz=l/2 

Busbridge and Deb(1996) Deb(1996) Deb{1996) Deb(1999) 
J.1 Sti bbs ( 1954) ( Form-1) ( Form-2) ( Form-3) (Form-fl.) 

H1(J.1) H2(1-!) H1()J) H2(J.1) H1(J.1) H2(J.1) H1(J.1) H2(J.1) H1(J.1) l H2(J.1) 

0.0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000! 1.0000 
0.1 1.0598 1.0724 1.0602 1.0728 1.0589 1.0712 1.0603 1.0729 1.0603!1.0729 
0.2 1.0935 1.1108 1.0937 1.11 07 1.0918 1.1086 1.0938 1.11 08 1.0938! 1.11 08 
0.4 1.1382 1.1591 1.1374 1.1577 1.1351 1.1553 1.1375 1.1577 1.1373!1.1577 
0.6 1.1679 1.1896 1 . 1661 1 .1869 1.1673 1.1845 1.1662 1.1869 1.1662!1.1869 
0.8 1.1896 1.2111 1.1869 1.2071 1.1845 1.2049 1.1869 1.2072 1.1869!1.2072 
1.0 1.2064 1.2271 1.2027 1.2221 1.2004 1.2200 1.2027 1.2221 1.2027! 1.2221 

Table-5.2 (c) 
1.3 1.3 

1.2 I 
1.2 

en 
c 

1.2 0 

~ 1.2 
c 
::I Lines-! ... 

1.1 l.'ines-l :I: - 1.1 
0 
en 
Cll 

1.1 ::I 
iij 1.1 > 

1.0 +--.------,----,---r---. 

0.0 0.2 0.4 0.6 0.8 1.0 
0.0 0.2 0.4 0.6 0.8 1.0 

Values of1.1 
Values of1.1 

-Bus bridge and Stibbs.' Lines 
- •Deb's Lines (Form-3) 
--Deb's Lines (Form-4) 

- Busbridge and stibbs' Lines 
- - - - D.eb's Lines (Form-1) 
- -Deb's Lines (Form-2) 

Fig-5.2 (c) 

Abu-Shumays7 used two forms (5.19) and (5.20) to evaluate the 

numerical values of H -function involved in a basic radiative transfer for 

isotropically scattering medium and showed that accuracy of the form 

is four places of decimal in most cases. We have intended it to use here 

to have the numerical results of H -function involved in the solution of a 

radiative transfer equation of interlocked multiplet lines in isotropically 

scattering atmosphere with an expectation to get more accurate results 

than the previous. We have neither used the results nor used the second 
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approximation form of H -function for lines of coherent scattering as 

the other authors did. Here, we develop a new method. We derive the 

second approximation form considering the effect of interlocking and 

multiplets as well on the lines and use it to find the numerical values of 

H -function. 

The calculated values of H -function for a set of interlocked doublet 

lines are given in Table-5.3. 

H-functions Case-I Case-II Case-lli Case-IV Case-V 

IJ for 771=16.0; 771=10.0; 771=6.0; 771=4.0; 771=1.0; 
Doublets 772=8.0 772=5.0 772=3.0 772=2.0 772=0.5 

H1(1-1) 1.15632 ,1.14443 1.12874 1.11435 1.05993 
0.1 

Hz(IJ) 1.25528 1.22820 1.19420 1.16498 1.07255 

H1(1-1) 1.26656 1.24330 1.21358 1.18717 1.09365 
0.2 

Hz(IJ) 1.42606 1.37485 1.31319 1.26226 1.11096 

H1 (IJ) 1.36049 1.32587 1.28265 1.24517 1.11856 
0.3 

Hz(IJ) 1.56591 1.49174 1.40519 1.33571 1.13826 

H1 (IJ) 1.44382 1.39788 1.34163 1.29380 1.13826 
0.4 

Hz(IJ) 1.68550 1.58952 1.48030• 1.39459 1.15919 

H1(1-1) 1.51923 1.46206 1.39324 1.33571 1.15442 
0.5 

Hz(IJ) 1.790Cl5 1.67340 1.54343 1.44334 1.17594 

H1(1J) 1.58830 1.52003 1.43910 1.37244 1.16800 
0.6 

Hz(IJ) 1.88275 1.74656 1.59754 1.48461 1.18971 

H1(1-1) 1.65207 1.57289 1.48030 1.40505 1.17962 
0.7 

Hz(IJ) 1.96580 1.81114 1.64458 1.52010 1.20128 

H1(1-1) 1.71131 1.62144 1.51762 1.43426 1.18971 
0.8 

Hz(IJ) 2.04077 1.86869 1.68595 1.55101 1.21115 

H1(1J) 1.76661 1.66626 1.55166 1.46064 1.19856 
0.9 

Hz(IJ) 2.10891 1.92037 1.72265 1.57822 1.21969 

H1(1-1) 1.81843 1.70784 1.58287 1.48461 1.20640 
1.0 

Hz(IJ) 2.17117 1.96709 1.75548 1.60237 1.22716 
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Tables 5.3(a)- 5.3(c) and Figs . .S.3(a)- 5.3(i) are given below for the 

comparative study of our results with the results of Busbridge and 

Stibbs.33 

IJ 
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0.2 

0.4 

0.6 

0.8 
1.0 

2.2 

t/'1 2.0 
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::::s 1.6 ..... 
I 

J: ..... 
1.4 0 

t/'1 
Cl) 
::::s 1.2 
ca 
> 

1.0 
0.0 

'Tl!= 10 and 

Busbridge and Stibbs 
( 1954) 

H1(1:.1) H2(1:.1) 

1.0000 1.0000 

1.1440 1.2278 

1.2429 1.3745 

1.3975 1.5893 

1.5197 1.7462 

1.6211 1.8684 
1.7075 1.9670 

Tabl'e-5.3(a) 

1\z= 5 

Present Results 

H1(1:.1) H2(1:.1) 

1.14443 1.22820 

1.24330 1.37485 

1.39788 1.58952 

1.52003 1.74656 

1.62144 1.86869 
1.70784 1.96709 
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Busbridge and Stibbs Lines (Case-1) 

Fig. 5.3 (a) 
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~ 1.0 

0.0 0.2 

0.0 

0.4 0.6 0.8 
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Present Lines ( Case-1) 

Fig. 5.3 (b) 

0.5 
Values of 1..1 

1.0 

Both Sets of Lines together (Case-1) 

Fig. 5.3 (c) 
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- - Busbridge and 
Stibbs Lines 

Present Lines 
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111=4 and 11z=2 

1-1 Busbridge and Stibbs 
Present Results 

( 1954) 

H1(1-1) H2(1-1) H1(1-1) H2(1-1) 
0.0 1.0000 1.0000 
0.1 1.1140 1.1647 1.11435 1.16498 
0.2 1.1869 1.2620 1.18717 1.26226 
0.4 1.2936 1.3944 1.29380 1.39459 
0.6 1.3722 1.4844 1.37244 1.48461 
0.8 1.4341 1.5509 1.43426 1.55101 
1.0 1.4844 1.6020 1.48461 1.60237 

Table-5.3(b) 
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0 1.4 c 
:::::s -. 
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Fig. 5.3 (d) 
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1.7 

1.6 

1.5 

1.4 

1.3 

1.2 

1.1 

1.0 

1.7 

1.6 

1.5 

1.4 

1.3 

1.2 

1.1 

1.0 

0.0 

0.0 0.2 

0.2 

0.4 0.6 0.8 

. Values of1.1 

Present Lines (Case-11) 

Fig. 5.3 (e) 

0.4 0.6 0.8 

Values of 1J 

1.0 

1.0 

- - Busbridge and 
Stbbs' Lines 

--Present Lines 

Both Sets of lines together ( Case-11) 

Fig. 5.3 (f) 
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llJ=l and llz=l/2 

j.J Busbridge and Stibbs 
Present Results 

( 1954) 

H1(1J) H2(jj) H1(1J) H2(1J) 
0.0 1.0000 1.0000 i 

0.1 1.0598 1.0724 1.05993 1.07255 
0.2 1.0935 1.1108 1.09365 1.11096 
0.4 1.1382 1.1591 1.13826 i 1.15919 
0.6 1.1679 1.1896 1.16800 1.18971 
0.8 1.1896 1.2111 1.18971 1.21115 
1.0 1.2064 1.2271 1.20640 i 1.22716 

Table-5.3(c) 

1.3 --1.2 Line-n ....... -..,... --Ill ,..,... 
....... -s:::: ..,... 
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,.,. ...,..."' 
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/ ~ / Line-I '";" 
J: .... 1.1 // 
0 /./ Ul 
Q) !/ ::I 1.1 iii 
> II 

1.0 +-----,-------,--------,------,--------, 

0.0 0.2 0.4 0.6 0.8 1.0 

Values of 1J 

Busbridge and Stibbs Lines (Case-lli) 

Fig. 5.3 (g) 
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1.1 
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1.0 
0.0 

0.2 

0.2 

0.4 0.6 0.8 

Values oftJ 

Present Lines (Case-lli) 

Fig. 5.3 (h) 

0.4 0.6 0.8 

Values of JJ 

1.0 

Both Sets of Lines together (Case-Ill) 

Fig. 5.3 (i) 

1.0 

- - Busbridge and 
Stbbs' Lines 

--Present Lines 

--Present Lines 
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Conclusions-1: 

Abu-Shumays7 was surprised to notice that his results for H -functions 

are much closure to the values obtained by Breen and Chandrasekhar45 

considering H -functions as the so~ution of the exact integral equation 

which they satisfy. It was found that the agreement is better than 

0.005% for albedo equal to 1 and better than 0.001% for the albedos 

less than equal to 0.5. So, we may expect that the values of H -functions 

obtained in Table 5.3 by usirig Abu-Shumays' 7 approximation for 

interlocked doublet lines are much more closure to its exact values. We 

have compared our present results with the results of Busbridge and 

Stibbs33 and found them to be almost coincident. The graphs of our 

present results (as shown figures 5.3(c), 5.3(f), 5.3(i)) in the three cases 

adopted by Busbridge and Stibbs33 coincide with the graphs of their 

results. For comparative study of the work of Karanjai103 and Deb65 

with the work of Busbridge and Stibbs,33 the tables 5.2, 5.2 (a), 5.2(b) 

and 5.2(c) and the graphs 5.2, 5.2 (a), 5.2(b) and 5.2(c)are furnished. As 

our results are almost the same as those of Busbridge and Stibbs,33 the 

comparison of our present results with those of Karanjai 103 and Deb65 

will be nothing but the repetition of the same work. 
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5.3.2 H-functions for .Doublet Lines without Interlocking: 

The following table 5.4 shows th~ value of the H -function for multiplet 

lines without interlocking. 

H-functions 
for Doublets 

Case-1 Case-11 Case-lli Case-IV Cas~-V 

IJ without 77t=16.0; 77t=l0.0; 77t=6.0; 77t=4.0; 77t=l.O; 
Interlocking 772=8.0 772=5.0 772=3.0 772=2.0 112=0.5 

H1 (IJ) 1.19068 1.17596 1.15660 1.13890 1.07241 
0.1 

H2(1J) 1.16793 1.14887 1.12536 1.10551 1.04491 

H1 (IJ) 1.32793 1.29870 1.26153 1.22868 1.11348 
0.2 

H2(1-1) 1.28313 1.24707 1.20422 1.16933 1.06908 

H1(1J) 1.44601 1~40207 1.34756 1.30060 1.14390 
0.3 

H2(1-1) 1.37904 1.32675 1.26632 1.21840 1.08646 

H1(1J) 1.55137 1.49263 1.42128 1.36108 1.16797 
0.4 

H2(1-1) 1.46229 1.39446 1.31784 1.25835 1.09992 

H1(1J) 1.64700 1.57352 1.48588 1.41324 1.18773 
0.5 

H2(1J) 1.53604 1.45337 1.36178 1.29191 1.11079 

H1(1J) 1.73469 1.64663 1.54329 1.45896 1.20434 
0.6 

H2(1J) 1.60222 1.50539 1.39992 1.32066 1.11979 

H1 (IJ) 1.81569 1.71328 1.59483 1.49950 1.21855 
0.7 

H2(1J) 1.66215 1.55185 1.43346 1.34566 1.12741 
I 

H1(JJ) 1.89089 1.77441 1.64145 1.53579 1.23087 
0.8 

H2(1J) 1.71679 1.59367 1.46324 1.36765 1.13395 

H1(1J) 1.96100 1.83078 1.68391 1.56850 1.24168 
0.9 

H2(1-1) 1.76690 1.63157 1.48992 1.38717 1.13964 

H1(1J) 2.02658 1.88297 1.72277 1.59817 1.25125 
1.0 

H2(1-1) 1.81306 1.66613 1.51398 1.40463 1.14464 

Table-5.4 
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5.3.3 Comparison of H-functions for Doublet Lines with and 

without Interlocking: 

The values computed in the table 5.4 for H -function of multiplet 

lines without interlocking are co~pared with table 5.3 calculated for 

multiplet lines with interlocking in the tables 5.4(a), 5.4(b), 5.4(c), 5.4(d) 

and 5.4(e). Comparisons are also shown by drawing their graphs in the 

figures 5.4(a), 5.4(b), 5.4(c), 5.4(d) and 5.4(e). 
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Fig-5.4 (a) 
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0.1 1.14443 1.22820 1.17596 1.14887 

0.2 1.24330 1.37485 1.29870 1.24707 

0.3 1.32587 1.49174 1.40207 1.32675 

0.4 1.39788 1.58952 1.49263 1.39446 

0.5 1.46206 1.67340 1.57352 1.45337 

0.6 1.52003 1.74656 1.64663 1.50539 

0.7 1.57289 1.81114 1.71328 1.55185 
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Fig-5.4 (b) 
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r~t=6 and 772=3 

1..1 Doblets with Doblets without 

interlocking interlocking 

H1 (1..1) 
I 

Hz(IJ) H1 (1..1) Hz(IJ) I 
I 
I 

I 

0.1 1.12874 I 1.19420 1.15660 1.12536 I 
I 

i 

0.2 1.21358 I 1.31319 1.26153 1.20422 I 
I 

I 

0.3 1.28265 I 1.40519 1.34756 1.26632 

0.4 1.34163 1.48030 1.42128 1.31784 

0.5 1.39324 1.54343 1.48588 1.36178 

0.6 1.43910 1.59754 1.54329 1.39992 

0.7 1.48030 1.64458 1.59483 1.43346 

0.8 1.51762 1.68595 1.64145 1.46324 

0.9 1.55166 1.72265 1.68391 1.48992 

1.0 1.58287 1.75548 1.72277 1.51398 

Table-5.4 (c) 

2.1 

2.0 - Doblets with 
Interlocking 

1.9 Line I 

1.8 
--Doblets with 

1.7 interlocking 
Line-II 

1.6 

1.5 - -Doblets 
without 

1.4 Interlocking 

1.3 Line-I 

1.2 
--- Doblets 

without 

1.1 interlocking 
Line-II 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
Values of l.l 

Interlocked Doblets verses Non-interlocked Doublets 
(Case-lli) 

Fig-5.4 (c) 
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Conclusions-II: 

The effect of interlocking decrease the value of H 1 (f-l) and increases the 

value of H 2 (f-t) for all values of f-l i.e. the effect of interlocking is to 

increase the value of H 1 (f-t) and to decrease the value of H 2 (M) for all 

values of f-l· 

5.3.4 Residual Intensities for Interlocked Multiplet Lines 

The residual intensity r r (f-l) of the rth interlocked line is given by 

'100Ir (0, M) 
Tr (f-t) = J(cont) (0, f-t) 

where J(cont) (0, f-t) is given by 

J(cont) (0, f-t) = bo + b1f-l 

(5.44) 

(5.45) 

Busbridge and Stibbs33 calculated r 1 (f-l) and r 2 (f-l) for the following 

three cases 

(I): 'f/1 = 10, 'f/2 = 5 

(II): 'f/1 = 4, 'f/2 = 2 

(III): 'f/1 = 1, 'f/2 = 1/2 
' 

for a region of spectrum where b1 = ~b0 

But, we. have obtained the emergent intensity Ir ( 0, f-l) for rth 

interlocked line for isotropically scattering medium in equation (2.104) 

of section (2.3.3) of chapter-2 as 
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i.e. for the region of spectrum where b1 = ~b0, 

100VMHr (J-L) {2 + 3(rP, + 3(r (t (rklr 
0 

- t /-L(r)j)} 
a=l () J=l 

tr(J-L) = (2+3J-L) 

(5.46) 

But from the theory of Chandrasekhar,45 it can be shown that 

lim 

n ---t oo (

n 1 n ) 1 m 

~ ka(r - ~ /-L(r)i = 2CJM ~ TJrWrCX(r)l (5.47) 

where 

O<(c)l = 1' p,H, (p,) dp, (5.48) 

100Hr (J-L) { ;--;-; ~ } 
lr (J-L) = 2C (2 + 3J.L) 2Cv M (2 + 3(rJ.L) + 3(r ~ TJrWrCX(r)l 

(5.49) 

where a 1 (r) is the first moment of H-function of rth line and is given l:>y 

"''(c) 1' p,' H (x') dp,' ; x' = (,p, 

(
1 1 ) (1 1 1 

ao (sk - (;k2 ln (1 + k(s) + al 2k - (sk2 + (;k3 X 

( 

( 8 1 1 1 ) 
X ln (1 + k(s)) + a2 3k- 2k2 + (sk3 - (;k4 ln (1 + k(s) 

(5.50) 
' 

so that the first moments of H-functions a 1(r)(AS-I) and a 1(r)(AS-II) will 

be respectively 

"'*)(AS-I) =A C:-~k - (;~'In (1 + k(,)) + B ( 2
1
k - (,~' 

+ r:;;~3 ln (1 + k(,)) (5.51) 
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and 

( 
1 1 ( )) A' ( 1 (r 1 

al(r)(AS-II) = (rk - (; k2 ln 1 + k(r + 2k - (rk2 + (; k3 X 

x In (1+ k(,)) + B' u~- 2~, + (,~3 - (,'~4 1n (1 +k(,)) 

(5.52) 

We have obtained the residual intensities for interlocked doublet 

lines in the following table by using our approximated form derived 

above for three different cases which are used by Eddington and 

Busbridge and Stibbs33 also: 

"' 7]1=10 and 7]1=4 and "' 1Jz=5 7Jz=2 7]1=1 and 7]2=1/2 ~£1 
" "' .,_ 

IJJ 
- .c 
" ::J - 0 Busbridge Busbridge Busbridge (ijO 
::J ~ Eddington Present Eddington Present Eddington Present 
~.E & Stibbs & Stibbs & Stibbs 

"' !!:: 

r1(~) 40.38 39.09 35.27 58.43 56.88 50.85 84.21 82.58 77.07 
0.1 

rz(~) 46.97 46.39 43.26 66.50 65.74 57.68 89.69 88.80 80.39 

r1(~) 38.64 38.16 34.34 55.77 55.17 49.27 81.06 80.24 75.05 
0.2 

rz(~) 46.27 46.35 43.74 64.82 64.76 57.68 87.67 87.28. 80.03 

r1(~) 35.74 35.86 32.18 51.42 51.49 46.03 76.21 75.97 71.42 
0.4 

rz(~) 44.31 44.73 42.78 61.53 61.81 56.09 84.47 84.39 78.65 

r1(~) 33.40 33.70 30.21 48.04 48.28 43.26 72.66 72.60 68.59 
0.6 

r z(IJ) 42.26 42.70 41.15 58.65 58.95 54.15 82.07 82.07 77.31 

r1(~) 31.46 31.82 28.52 45.32 45.60 40.98 69.96 69.96 66.38 
0.8 

rz(~) 40.36 40.75 39.47 56.22 56.50 52.34 80.23 80.26 76.17 

r1(~) 29.84 30.18 27.07 43.09 43.37 39.09 67.83 67.86 64.63 
1.0 ' 

rz(~) 38.65 39.00 37.91 54.18 54.41 50.75 78.77 78.80 75.24 

Table-5.5 
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Conclusions-III: 

The errors in results those we have found in comparison with 

Eddington's results are in the range 1.9%-13.2% and with Busbridge 

and Stibbs' results are in the range 2.8% -- 12.3%. 
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H -functions for Interlocked Multiplets 
' 

Lines 

The equation of transfer of Chandrasekhar,45 for isotropically 

scattering media, is 

di(T,f-l) ( ) 11-1 
( "\ , 

fJ, dT = I T, f-l - 2 1 I T, f-l J df-l (I.l) 

The equation of transfer of Busbridge and Stibbs,33 for rth interlocked 

multiplet line, is 

Ir ( T, f-l) - ArBv (T) 

-~ (1- .\,.) o:, t 1), [

1 

!, ( T, tf) dti, 
TJr s=1 1 

(r = 1, · · · · · · ,m) (I.2) 
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in which 

·1 

1 + 'TJr 
1 + ETJr = 1 _ W 

1 + 'TJr r 

and 

(I.3) 

so that 

(I.4) 

The solution of the equation,( I.l), by Chandrasekhar,45 involves a 

H -function H (J-L) which satisfies the non-linear integral equation : 

H (J-L) = 1 + J-LH (J-L) 11 

\l1 (ji) H, (J-L) dji (I.S) 
0 J-L+J-L 

and the solution of the equation ( I.2), by Busbridge and Stibbs,33 

involves a H-function Hr (J-L) i.e. H ((rJ-L) satisfying the non-linear 

integral equation : 

H (x) = 1 + xH (x) 11 

w (x') H _(x) dx 
0 x+x 

1.e. 

H (x) = 1 + -xH (x) L ~s (1- As) x ,dx 
1 m 1(s H ( ') 

2 s=1 ~s 0 X+ X 

I.e. 
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where assumption made is that 

T/1 > T/2 > · · · · · · > TJm 

so that 

0 < (I < (2 <, · · · · · · (m < 1 

The function \ll ( x/) is given by 
m 

~ 2: as (1- As) /(s, 
s=l 

m 

\ll (x' ) = . ~ 2: as (1 - As)/ (s, if (s < x' < (s+l 
s=r+l 

0, if (s < x' < 1 

(I.7) 

(I.8) 

(I.9) 

Chandrasekhar 42 established n;vo theorems regarding H -functions 

in his paper that 

Theorem(!): The solution for the emergent (or the reflected) 

radiation obtained in the nth approximation of the integra-differential 

equation of the radiative transfer or neutron transport involves 

H -functions of the form: 

IT (tt + tLi) 
H (f.l) = 1 -=i==-1~. --

/-li · · · J-ln IT (1 + kaJ-l) 
(I.lO) 

a=l 

where the /-li 's are the positive zeros of the Legendre polynomial P2n (J-l) 

and ka's are the roots of the characteristic equation 

1 

(\ll an even 

2 ~ ai \ll (J-ld) 
D 1- k2J-l~ 
j=l J 

{1 1 
polynomial in f-l and Jo \ll (f-l) df-l < 2 ) 

(I.ll) 
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then, in the limit of infinite approximation, the H -functions become 

solutions of the functional equations of a certain standard form, namely, 

H (J-t) = 1 + J-LH (J-t) f 
1 

w (J-t') H, (J-t) dJ-t' 
Jo 1-" + 1-" 

Theorem(II): The solution of the functional equation: 

where W (f.[) is an even polynomial satisfying the condition: 

is the limit function 

By the theorems(!) and (II), we can conclude that the solution of the 

functional equations ( 16) is the limit of the function : 

n 

1 
IT (x +xi) 

H(x)= ~i=~~~.----
xl · · · Xn IT (1 + kax) 

(1.12) 

et=l 

as n tends to infinity, where the x/ s are the positive zeros of the 

Legendre polynomial P2n ( x) and kc/s are the roots of the characteristic 

equation: 

(1.13) 
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The function W ( x ') satisfies the condition: 

{1 1 
Jo \]! (x) dx' < 2 

as proved by Busbridge and Stibbs.33 

v 

Replacing x by (r/-L or, equivalently Xi by (r/-L(r)i in the equation ( 1.12), 

we get 
n 

1 IT ( (rf-t + (r/-L(r)i) 

H(~f-t)= ~i=l~------
(r/-L(r)l · ' · (r/-L(r)n IT (1 + ko:(r/-L) 

o:=l 

I.e. 
1' n (!-L + /-L(r)i) 

H ( (r f-L) = -=~ :::--:------
/-L(r)l · · · J-l(r)n IT (1 + ko:J-L) 

which is used by Karanjai and Barman107 and the followers. 

·The function W (xi), in the equation ( I.l3), will take the form: 

~ (saj 1 ~ ( ) / 
1 = 2 L...J 1 - k2(2 2 . 2 L...J as 1 - As (s 

j=l s 1-L(s)J s=l 

I.e. 

1.e 

s=l 

(114) 

which is the characteristic equation (17), constructed by Karanjai a:r.d 

Barman.107 The above form of characteristic equation can also be put in 

the form: 

(I.15) 
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m 

in which C = 2::: 'TJs 
s=l 

Now, we take the characteristic equation: 
' 

and the characteristic function W ( x) in the form: 

m 
1 '""" TJsWs (t: '2p 2C . 6 ;-2v+l • 1,pX 

s=l "'" 
1: '2p-2 1: '2 1: ) 

+l,p-1X + · · · + 1,1X + 1,0 , 

W (x') 
m 

2~ . L P~~·l . ( ~pX -2p 
s=r+1 • 

+~p-1X ' 2
P-

2 + · · · + 6x ' 2 + ~o) , 

0, 

We consider the characteristic function 
m 

1 '""" !JsWs '2p 
2C . 6 (2p+l • X ' 

s=1 • 

m 

if (m <X< 1 

(117) 

W (x') = 1 '""" !JsWs '2p 'f ;- < ' < ;-2C . 6 (2p+l . X ' 1 ":,r - X - ":,r+ 1 
s=r+1 s 

(118) 

0, 

Assumption made is 

'T/1 > 'T/2 > · · · > 'TJm 

so that 
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Then 

{1 lTr ( ' ) d ' 1 - M 
J 0 ~ X X = 2 ( 2p + 1) 

So, for the equation ( !.17) 

l iii (X) dx' 1 ( ) ( ' 6 ~p-2 ~p ) 2 1 -M ~o + 3 + ... + (2p- 1) + (2p + 1) 

(!.19) 

which will satisfy the condition: 

provided that 

(1 - M) (~o + 6 + · · · + ~p-2 + ~P ) < 1 
3 (2p- 1) (2p + 1) -

Using the definition ( 1.18) in the equation ( 1.16), we get 

n , 
1 

m 

1 - 2 "'""'""' aj "'""'""' TJsWs 'P . , - ;- , d , - ;-- ~ 1 - k2x~ . 2C . ~ ;-P+l . x ' x - ":.s/-l an aj - ":.saj 
j=l J s=l ":,s 

i.e. 
m n a .JJ.P 

2c - L I: Jr'(r)i 
- TJsWs 

s=l j=l 1 + k(s/-l(r)i 

i.e. 

if we take the following definition 

(1.20) 
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From this we can conclude that replacement of x from the definition 

( I.20) by k(s is equivalent to the replacement of .x from the equ~tion 

( 1.13) by (sP, and conversely. 

Theorem(III): The solution for the emergent( or the reflected) 

radiation( obtained in the nth approximation of the integra-differential 

equation of the radiative transfer or neutron transport involves 

H -functions of the form: 

'1 IT (p, + ft(r)i) 
Hr (p,) = _i=l __ _ 

J-l(r)l · · · J-l(r)n IT (1 + kaP,) 
(I.21) 

a=l 

where the J-l(r)/s are the positive zeros of the Legendre polynomial 

P2n (J-L) and ka's are the roots of the characteristic equation 

1 = ~ aj\ll (xj) 
2 L...J 

1 
_ k2 x~ ; x' = (8 ji and aj = (saj 

j=l Q J 

(I.22) 

[\IT is an even polynomial in X and 1' \IT (tt) dtt < ~] 
then, in the limit of infinite approximation, the H -functions become 

solutions of the functional equations of a certain standard form, namely, 

H (x) = 1 + xH (x) {
1 

w (x) H_(x) dx' 
} 0 x+x 

Some Properties of H -functions: 

For the H -functions involved in the interlocked multiplets lines, 

the characteristic function W has the form defined by (I.l8). With this 



Appendix: I H-function IX 

1 1 

characteristic function the integral~ J \]! ( x ') dx ' and J \]! ( x ') x ' 2 dx ' 
0 0 

becomes 

and 

l 

1 

I W (x') dx' = ( 
1 

) ·(1-M) 
2 2p+ 1 

0 

I W (x ')x''dx' = 2C (2~ + 3) . t "T),w,c:;; 
0 s=1 

Property: (I) 

1 

I H (x ')"' (x ') dx' = 1 -[ 1 -2/ w (x ') dx r 
i.e. 

~"""" 7]. sWs H (x') x'2Pdx' = 1 - 1 - 1 - M m 1(
8 

( ) 1/2 

2c ~ c:P+1 o 2p+ 1 

I.e. 

1 m 11 ( 1 _ M) 1/2 

2
C 2.:: 7]8W 8 H ((sJl) jl 2Pdjl = 1- 1-

2 
+ 

1 
s=1 ° , p 

Property: (II) 

i.e. 

1 

I 'ljJ (x') H (x') _ . 
k , - 1, 1- X 

0 

1 m 1 (s H ( ') '2p 
_ """" 7]8W 8 X X d , = 
2C ~ ~;P+1 1- kx' x 1 

s=1 ~:,. 0 

(1.23) 
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i.e. 

""'7] w di/ = 1 
1 m 11H((sJi)ji2p 

2C L......t 8 8 1 - k~'" ' r 
s=l 0 o.,sJ-L 

where k is determined by 

_1_ . t 7]8W 8 
• ln ( 1 + k(s) = 1 

2kC (s 1- k(s 
s=l 

Property: (III) 

1 

[1- 2/ ili(x')dx'] 

2 j H(x').,P(x')x''dx' 

[ 

1 ] 2 1 

+ ~ J H (x ') 7/J (x ') x 'dx' = J W (x ') x ' 2dx' 

0 ' 0 

I.e. 
1/2 m (s 

(1 _ 1 - M·)· ~ '"""' 7JsWs J H ( ') ,2p+2d , 2 1 20 L......t 2p+l X X X 
p + s=l (s 0 

1 1 7]8W 8 , , 2p+l , _ 1 2 

[ 

m (s ] 

2 

m 

+2 2C ~ (~+1 / H (x )x dx - 2C (2p + 3) · ~ 'f/,w,(, 

I.e. 

+ 4~ [ 't, 'f/,w,(, l H ((,t£) /1 ''P+'dll ']' = 2p ~ 3 . t. 'f/,w,r:,; 

(I.24) 
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Property: (IV) 

in which 

i.e. 

i.e. 

1 
H(x)H(-x) = T(x) 

+1 

T (x) = 1- 2x2 j \J!
2
(x') ~~ 

• X -X 
-1 

1 2 m 'TJ8W 8 1 (s X 2Pdx' 
T (x) = 1 - ex ?; c;p+l 0 x2 -X '2 

XI 

(I.25) 

(I.26) 

The above properties of H -functions can be used easily to write 

the properties of H -functions involved in an absorption lines in an 

isotropically scattering medium or an anisotropically scattering media 

by replacing the characteristic function 11 ' 2
P by 1 ( for the case 

of isotropically scattering medium), ~1 /-L ' 2 + ~0 ( for the case of 

anisptropically scattering medium with planetary phase function) a~d 

~2 J.-L '
4 +6J.-L ' 2 + ~0 ( for the case of anisptropically scattering medium 

with Rayleigh phase function or Pomraning phase function or three 

term scattering indicatrix etc. ) 

For isotropically scattering medium the properties will be 

Property: (I) 

m ( . 

_I_ I,: 'TJsWs 1 s H (x') dx' = 1 - VM 
2C (s 0 

s=1 

(I.27) 
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Property: (II) 

~. ~ TJsWs r's H (x) d '= 
2C ~ (s } o 1 - kx' X 

1 
s=1 ° 

where k is determined by 

Property: (III) 

' 1 

VM t 7J,w,(! j H ( (,tf) f1 '' dfl' 
s=1 0 

+ 4~ [ t. 7],W ,(.J H ( (,tf) /1 _ dfl r = ~ . t. 7],W ,(; (1.28) 

Property: (IV) 

in which 

1 
H (X). H (~X) = T (X) (1.29) 

. 1 m { 1 d~-t' 
T (x) - 1 - cx2 L TJsWs lo x2 - (2 '2 

s=1 0 s f.-t 

1 - _I_ X t TJsWs ln (X+ (s) (1.30) 
2C ( 8 X- (s 

s=l 
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Characteristic Equation Generating 

Functions 

We have already defined De ( x) as 

which yields 

1 1 
De (x) = -7/Je-I - -De-I (x), 

X X 

where 

m 

7/Je = L TJsWs L ajp,(s)j 

s=l j 

The above recurrence relation will ultimately produce 

De (x) = 'l/Je-1 _ 'l/Je-2 + '1/Je-3 _ ... + ( _1)e-2 _:h_ 
x x2 x3 xe-1 

+ (-1)e-I le ('¢0 - D0 (x)) (ILl) 
X 
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where the function '1/Je is defined as 

m 

'1/Je = I: TJsWs I: aiJ.l(s)j (II.2) 
s=1 j 

The relation (II.l) is same as the equation (49) as obtained by Karanjai 

and Barman.107 

Applying the relations (ILl) and (II.2) and using the notation 'De for 

De (x), we get 

1 
V1 D1 (x) =- ('1/Jo- 'Do) (II.3a) 

X 

V2 
'1/;1 1 

(II.3b) D2 (x) =--- ('1/Jo- 'Do) 
x , x2 

v3 
( ) 'lj;2 'lj;1 1 ( ) 

D3 x = - - - + - '1/Jo - 'Do 
x x2 x3 

(II.3c) 

v4 
'1/J 3 '1/J 2 'ljJ 1 1 . 

(II.3d) D 4 ( x) = - - - +- - - ( '1/Jo - 'Do) 
x x2 x3 x4 

But, 

m 

'1/Jo 2 L TJ8W8 (II.4a) 
s=1 

'1/;1 0 (II.4b) 

1j;2 
1 
-1./Jo (II.4c) 
3 

'1/;3 
' 0 (II.4d) -

'1/;4 
1 
-1./Jo (II.4e) 
5 

So, from the equations ( II.3a-II.3d ), we get, respectively the 
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following equations: 

1 
Dl - (1/Jo- Do) 

X 

1 
D2 -- (1/Jo- Do) x2 

D3 
'l/J2 1 - +- (1/Jo- Do) 
x x3 

D4 
1/J2 ' 1 

---- ('1/Jo- Do) x2 x4 

Now, from the equations (II.Sa) and (II.Sb), we get 

Again, from the equations (Il.Sc) and (Il.Sd), we get 

and from the equation (II.Sc), using the equation (II.Sb), we get 

xD3 = 'l/J2 - D2 

From the equations (Il.6) and (II.7),. we get 

Multiplying the both sides of the equation (Il.Sd) by D 0, we get 

¢2 (1/Jo- Do) 1 2 
DoD4- D1D3 = 2 + 4 ('1/Jo- Do) + 1/JoD4 

X X 

XV 

(II. Sa) 

(II.Sb) 

(II.Sc) 

(II.Sd) 

(R6) 

(II.7) 

(II.8) 

'l/J2 1 2 
- x2 ( 1/Jo - Do) - x4 ( 1/Jo - Do) (II.lO) 

and using the equation (II.Sd), we get 

D0D4 = 'l/J2 ('1/Jo- Do) + ~ ('1/Jo- Do)2 + 1/JoD4 (II.ll) 
x2 x4 

Therefore, the equations (II.ll) and, (II.lO) gives 

DoD4- D1D3 = 'I/JoD4 (II.l2) 
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From the equations (II.Sc) and (II.Sd), we get 

7/Ji 27/J2 1 2 . 
D3D4 = -- - - ( '1/Jo -Do) - - ( '1/Jo -Do) CIT.13) x3 x5 x7 

Multiplying the equation (II.Sa) by the equation (II.S), we get 

(II.l4) 

Now, from the equations (ll.Sa) and (II.6), we obtain, 

(II.l5) 

Again, multiplying the equations (II.Sc) and (II.7), we get 

(II.16) 

From the equations (II.Sa) and (II.Sc), we get 

i.e. 

'lj;2 1 2 
D1D3 = 2 ('1/Jo- 'Do)+ 4 ('1/Jo- Do) 

X X 
(II.l7) 

and from the equations (ll.Sb), we get 

{ }

2 
2 1 1 2 

D = -- ('1/Jo- 'Do) =- ('1/Jo- Do) 
2 x2 x4 (II.18) 

So, from the equations (II.17) and (II.18), we get 

2 1 2 'lj;2 1 2 
D2 - 'D1D3 = x4 ('1/Jo- Do) - x2 ('1/Jo- Do)- x4 ('1/Jo- Do) 

I.e. 
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I.e. 

'D~ - 'D1 'D3 = ,p, {-:, ( '1/Jo - 'Do)} 

Therefore , using the equation (II.5b ), we get 

(ll,19) 

Thus, we have obtained, as in the equations ( 1I.9,ll.12, 11.14, 11.16, 

ll.19, and II.19 ), the following relations: 

D1D4 = D2D3 

DoD4- D1D3 = 'I/JoD4 

DoD3 - D1D2 == 'I/JoD3 - 'I/J2D1 

DoD2 - D~ = 'I/JoD2 

DzD4- D~ = 'I/JzD4 

D4D6- D~ = 'I/J4D6 

D~- D1D3 = 'I/J2D2 

(II.20a) 

(II.20b) 

(II.20c) 

(II.20d) 

(II.20e) 

(II.20£) 

(II.20g) 

Again, by virtue of the relations ( II.4a, II.4c, ll.4c ), the above seven 

relations can also be reduced further. 
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An Important Identity 

lim 

n ----7 oo 

We construct the function 

(III.l) 

where k~s (a= 1, 2, · · · , n) are the positive roots of the characteristic 

equation and la 's (a = 1, 2, · · · , n) are the n constants to be 

determined from the condition . 

sr(!-L(r)i) =0; i= 1,2,··· ,n (III.2) 



Appendix: III An Important Identity XIX 

Now, 

n n l 
- IT (1 - ka(r~) L 1 - ; ( 

a=l a=l a r/-L 
n 

+II (1 - ka(r/-L) 
a=l 

i.e. 

I.e. 

i.e. 

(III.3) 

Again 

(1 - ka(r/-L) Sr (p,) 

- {1- ka(,f") (t 1 _ ~a(,f" + 1) 

---+ la as 1-L ---+ ( ka(r rl 
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So,. 

i.e. 

p (-1) 
. . . k ( . _1_. r ka(r 

n r ka(r R(r)a ( k:(r) 

i.e. 

~ k~(r = (-1)" kl(r.k2(r · · · kn(clr (0) (ITI.4) 

where 

( ) ~ Pr (1/ ka(r) 1 ( ) 
fr X = ~ R (1/k ( )"k( R(r)a X 

a=l (r)a a r a r 
(III.5) 

Now, fr (x) is a degree of polynomial (n- 1) in x which takes the 

values k;(r Pr (1/ka(r) for X= k;(r , a= 1, 2, · · · , n. 

So, 

1 
xPr ( x) - fr (X) = 0 for X = k( , a = 1, 2, · · · , n (TII.6) 

a r 

This helps us to conclude that the polynomial on the left hand 

side of the above equation must divide the polynomial Rr ( x). Hence, 

we get the following relation: 

(TII.7) 
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Putting x = 0, we get 

(III.8) 

and comparing the co-efficient of xn+1and xn, we get 

1 + (-f+1 
Ar · k1(r · k2(r · · · · kn(r = 0 (III.9a) 

n . n 1 
- ~ 1-l(r)i + ( -1 f k1 Cr · k2Cr · · · · kn(r Ar ~ kCi(r 

+ (-1f-1 
k1(r · k2Cr · · · · kn(rBr = 0 (III.9b) 

giving 

(III.lO) 

So, 

n+l 1 (~ 1 ~ ) fr (0) = ( -1) VM ~ kCi(r - 7::: Jl(r)i fl(r)1·fl(r)2 · · · Jl(r)n 

(III.ll) 

Therefore 

n la. n n 1 L ke<(r = ~ /-t(r)i - L ket(r 
Ci=1 ~=1 et=1 

(III.l2) 

But k:Ci(r can also be expressed in terms of Hr (JL) . We consider 
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n 

L ai/t(r)iS ( -J.t(r)i) 
i=l 

Since s(J.t(r)i) = 0 (i = 1, 2, · · · , n) , we can extend the summation 

for the negative values of i also. !fence 

n +n 

L aift(r)iS ( -J.t(r)i) = L ai/t(r)iS ( -J.t(r)i) (III.13) 
i=l i=-n 

Now substituting the expressions for s( -J.t(r)i) from the equation 

(III.l) in the above relation we obtain 

Then using the equations (III.3) and (III.12), we get 
' 

i.e. 

I.e. 

n • n l +n k ;-. rr:;"' ( ) "' Q "' ai cx~r/t(r)i 
V lVl L.J aifL(r)iHr /t(r)i = L.J kf L.J 1 + k ( 

i=l u=l u r i=-n ex r/t 
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i.e. 

i.e. 

i.e. 

m n 

= Vii L 'TJrWr L ai/-L(r)iHr (f-L(r)i) 

r=l i=l 

i.e. 

m n 

= Vii L 'TJrWr L aif-L(r)iHr (J-L(r)i) 

r=l i=l 

i.e. 

n 

= Vii L aif-L(r)iHr (J-L(r)i) 

i=l 
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i.e. 

n l m n 

L k ( ( '1/Jo - Do) = VM 2::: TJrWr L aif.t(r)iHr (!-t(r)i) 
a=l a r r=l i=l 

i.e. 

i.e. 

I.e. 

Now, allowing n ---+ oo, Hr (J.t) becomes the solution of the equation 

(1.6) of Appendix- I which is bounded in the half plane JR > 0 and 

therefore, we get 

lim ( n 1 n ) 1 m 

n ---+ oo ~ ka(r - ~ /-t(r)i . = 2CVM ~ TJrWra(r)l 

where 

(III.l4) 
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' 

INTERLOCKING PROBLEM IN· ANISOTROPJCALLY 
SCAlTERING MEDIA (PietJebiry Phase Function) 

S. BASAK ANQ S. KARANJAl 
- - . . 

RECEIVE;O : 29th April, 2004 

Th4 e(Juation ·of transfer for the interlocked multiplets. with planek•fuiaction as a linear function 
of optical depth in an~otropically scattering media with·planetaryphase functions is solved by 
the methtxJ; of disc~te-ol'dinaJes'ait, 4tfenipt has also been made for getting the exact solution 
IJy itifinite approximation. 

~OQUCI'IQN : WooU~yagd Stibbs. (1] applied the theory ofabsotption lines by coher
ent scattering to the .case .of •ntcrlocking WithoUt redistribution to deduce the equation of 
ttansfer for interlocked tripletS :in. the Milne-Edcligtoo model and they solved the problem ~Y 
Eddington approXimation method. 

The. same problem· With tb~ linear Pl~k-ftnlction has been solved by (i) Busbridge and 
Stibbs [2]by the metbodofpriJicip• of in~ govcmigg ·~.law 9f diffuse ~:eflection with 
a silsbt JllO(JfficatiQn; (ii) Das.gupta and Karanjai[S] by. applyigg Sobolcv~s probabilistic 
method: (iii) 'DasguJ*:(4}:by:LaplllCe Transform and Wiener Hopf technique, (iv) Kaatnjai and 
Bannan ~7) by using .the extenSion of die method of discrete-ordinates. · 
~jai and Karanjai [8l and Deb, Biswas and Karaqjai [6] soh•ed. the same problem with 
non-iinear·PJanck-nmction; 

Here, we have so~v.ed. tbe. ~on. 0{ ·~~ · for. intedocbd multipletS in aniso11'0picaJly, 
~ttering ~. The :pbue functi~ CQDsidercd here is Planetaty phase function. 

FORMULATION :QJ.i' THE. PROBLEM· : The equation transfer anci the boundary concti
don: 

We ~c the equaiton of transfer for ,Jh interlocked line in the form : 

tl1,(1, J.L) ('1. 'I 1; ) (1 ) B· (7) J.L dt = · + Tlrl r \~• J.L - . + ETJ;. v .. 

l . l i+l . 
""'--2. (1 - e)Cl, :E 'lp . . p(J.L, Jl') lp (-r, Jl') dJ.L' 

. p•l -1 

l t 
where . a,= fir/ I. Tip• r = 1, 2, ••• , k so thllt l: a,= 1 

p:~l . r•l 

abe Pianek.,functioQ B., (7), f:OilSicier m. this case, is .of the· .form : 

Bv (T) = B (t) = bo+ bs 'f 

... (1) 

bo and ~1• being positive constants and the (uimuth independen~) Planetary phase functio~ 
p(J.L, p.'), taken here, fs given by AA p.') = 1 + W1 J.L J.L' · 

In the above equation 't' denotes tho· opUca1 depth and fit = K1/K. K1 denotes the absorption 
co-efficient for .the ;;It interlocked line and K denQteS the. continuous absorption which is 

OEPAR,-._.ENT OF MATH~TIP$. 
KOKRAJHAR cou:.EGE, KOKRAIHAR, e;r.c., ASSAM, INDIA·7S3 370. 

"DEP.ARTMENT·OF·MATHEMATJCS, 
UNIVERSITY .OF NORTH ~WEST BENCMI., INDIA·734 430. 01-MCM 
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suppoSed to be C0d$t&D1 ~.each U~. et 1he co-effiCient, Wbich is introduced to allow for 
thermal·emission ~bued -~UI the line-absorption;·~ llv(T) •. the Planc:k-function, are 
con~id.ered .to be constant ·ror each line. · · 

So, the Eq. (:1) becomes 

di, (1f, p:r .· . . . 
JL ~-···· = (l.+ 11,) 1, (t, J.&)- (l + £1lr) Bv (7) 

.. k i+l 
- -2

1 
(1 - e)a, :t Tip . (1 + w1 JLJl'> Ip ('t, t.L') $' 

p= l -I 
... (2) 

The boundary conditions for sotvmg the ~· (2) are 

1, (O.- J&.) •. o.· co<" s 1) ... (3) 

and 

i.~ .• I,c('e, tL) isatniost linear in -ras 't~ to-infinity. . .. (4) 

SQLJJTION QF THE ~Y~TION : We .~e that, if we assume, like Busbridge and 
.Stibbs· [1], that one of"the sobitiQn. of, the Eq. (2) tO ~. . 

•.. (5) 

which consists of two parts~ . die fust part being .tJle S()ltJtipn •for an infinitely unbounded 
atmospllere as t tends ·to. infilli~ and the secand· p8rt I,*(t, J.&) being· the dep~ of the 
asymptOtic solutionJiwn t1Je val~I,.(t, JL) as we approaCh tbe bOundary 't S: 0 

Now, writing 

,. =-1- and m = (J ... e) TJ, 
~r l+7lr · ' 1+1'), 

and using the Eq. (5), the Eq. (2) can be reduced to the form: 

. r d[;*(-r:, JL) r*(' ) 1 1 I ! . f (1 w ') l .( ') d I ':trJ.l dt = r 't,JJ;-lro,.-1-· ~_Tip · +. )1~· p 't,J.l. J.1 
l: p-1 

Tip. 
p•l 

. lk ( Jl ' 1 1 . -.!JL · --3 co,b,Wt ~.I l f.l 
~ =I . +T)p 

. . 'lp . 
p=.l 

and the boundary conditions can be transf~ to: . . . 

'l,•(o,- P,) = b1 l;, 11:- bo~ :where 0 < J1 s 1 

and 

... (6) 

, ... (7) 

~~·('tt}l)"is atmost linear in 't as 't ~ ~9 inflDity. ...(8) 

In the nth approximation, we replace .the integro-dift'erential &I• (6) by the system of 2n linear 
differential equations : · 
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~r ll(r) .dt.d(r) :::; Jtr) - -
2
1 m, ~ ~ · 1\p :E (1 + Wu~ ll(p) ).Lep\ aj 

1 r . 1 . ;. p= 1 j · •v>1 ~ ~ 
~ T\p . 

. pml 

I ~·(~)., ' 1 p :If 1 l+ Tlp •. 
-JmrbtW . k . . Jl{r), ... (9~ 

::t 1\p 
. . . pal 

where the symbol ~r>l• fot brevity,. it used f« 1:(-r, Jl(r))• Jl(~>1's (i = 1, 2, .••• , n; assuming that 

ll(r)i=- J.'(r)i) are·· the· zeros of'tbe Legen~ polynomial P2n0Ll Which are independent on the 
line$ ofhtterlocking and als (} = 1,.2, .. .• n; having. the property that C1...j = f11) are the cone~ , 
sponding Gaussian Weigltts, llo~ever. it:• is to be ~ ~ there ~. no term with j =0. For the 
simplicity we have·u.sed here Ith1tor t;('e, Jl) in the ~· {9). 

Now, we try to get the solution·Qf the equation : 

dl(~ 1 ·t .k 
~r ll(r), = ~~~ = !(~),- 2CJ)r -k- E 11~ ·~ (I + WJI.(r)l J.l{p)) ~~)1 aj 

. ~ 11p p•l J . 

p=l 

The system of Eq. {10) admits integrals ofthe fonn : 

Hence, 

where r:1 and p are. cons~ts which are independent of J&<r>t 

Now, defining 

... (10) 

... (ll) 

... (12) 

... (13) 

lc aJll(~1 
D,.(x) = :E llp Wp l: l + . X ••• (14) 

. p= 1 J ll(r)J 
and, for silupl~n. ~na. Dlll(tp k) by D ... , we ~.an write the ~Uiltion, obtained.by using 
the Eq. (14) in ~Eq. (1.3)~ in thecomp~Ct form: . · 

C1~n1 ~ P·~~ {OLh(~k)+PDo (l;pk)} + WJ!(r),.{cr~(l;pk) + pD1.(t;pk)} ... (15) 

lc 
wb<'re C= :E 'Qp 

p=l 

The Eq. ( 15); as it is true fc:>r all P{r), , wiU produce the following two relations: 
(2C- WOVa- WpDt=O and .cr Dt +(Do-2C) p=O ... (16) 

which. on elimination of a and p, Jive 

2C-WD0D2 -4C+2WCD2+ WD1
2 =0 ... (17)' 
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which, by using the result (48) and (49) ofKalanjai .nd Barman [7], becomes equivalent to : 
k . a 
o TJp(J)p I.lC(l ( k . V (1 +M W~) \ = l ... (18) 

p a 1 j . + . r tl{p) . 'I' 

where 

M ::J ~ 1lp (J - mp))/ .~ 1lp= 2C;; lVo and 'I'm = .~ 1lp mp I. ai ~) l.,.-1 ') p=l p=l 1 '} 

The Bq. (18) is the ~cblraderistle equation wbichis an equation ht K of order 2n and it will 
give 2n distinct non-zero J'C)()tS. whi~h exiqur in pair ai ±ktr>a~ (a= l, 2, •...• n), if m,. < 1. 

Now,. from two equatlCJils m (16); wc,ean construct· the rdation: o =·-t ~p 
whi~h. on u~itlg in the· :eq. (13) and uaing the result in the Eq. (U), we get 2n independent 
integrals, cortespondingcto 2n distinct non-zero roots ·of the :c~~Jistic.Eq. (18) which occur 
in pair as ± ~r)a• (« = 1, 2~ ... , n),, of the fonn · · 

• . . t;,.lc(p)11 +MWJA.c,.>, +A( a.' . 
I(r),=m,.,p.(ld::'k ,, 1-• .• e , ,a=1,2, ... ,mi~~=±·l, ... ,.±n .. :(19) 

• . J.l(r)t • v>a 

To get the coinplete solutioo of the Eq. (9), we require a particular integral which can be 
obtained as follows : - · 

1(~), = m, Ah(i·), ll(r)l: i=±l, ... ±n ... (20) 

where . l .,,u~.~l)pJl 
-A=3b1 mW 1: . 

I. 1lp . 
' p=l 

Now, using the Eq. (20);in the Eq. (9); wc.·get the relation : 

h(i')l JA.(r), = fc t.~ 1 1lp Olp ;: (1 + W fl<r); Jl{,;>) h{P)JI4(p)J 1-·flc,.>, ... (21) 

which is of the fonn : 
li 

h(r' =y-1 +-. - ... (22) 
II J'{r)l 

where y arid & are CObltanta which are independent of ~r),· PUtting this c:Xpres$ion for h(r), in 

the Eq. (21) we sJtallsct a relation which iS valid for illll(r), producing two eqUations which 

give y and &. Using tM Bq. {22) with tbcsc y and 6 in Eq. (20). we get the Rlquired particular 
integral as : 

.. 1 b l(r), = 3 Ol; 1 WNJ.I(r), .•• (23) 

where . I 1: ( 1'1 J·lt !· k ( 1 ~ N= I. .· ~· :t ·11_, 1-j(I}PW · 
p•l 'llp ,. ' P'"'1 

The genei'ilholution (23} of the P.q. (10) together with the particular integral (23) will consti
tUte the complete sOiutiQD ofthe Eq. (9). 
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According to· Chan_dl'!lsekltar [3], the solution :of the Eq. (9), satisfying the boundary eonditions 
(l4) can be. put in tile fortn,: · 

l ~- n (l;p k(,;) ... M WJ!< >) 1· 
r(;)l = 3 co, bl a: .-(1·+:~ *;>J'<r>) -~~\II . ~r:>a~~ k(p) fl.:"+ w N f'(r)l . ...(24) 

where Kv;>a:'s (a= l, 2 ••.. ,,,_) arc the positive roots of the cha.facte{iStic Eq. (27). and ~r>11's ' 
.-e the: constants oftbe integration .to be determined. by the b®JJclary condriollS. (7) 

i.e., l(;). =bt ~ IDt) -IJo. where 0 < J.l(;) S 1 ... (25) 
-1 I\:. I . I 

THE ltLEMINTATION or· THE CONSTANTS AND THE, EXPltESSION 'EOR TilE 
LAW OFDIFFUSE:REJ'LBcTJONJN~SED.FORM: -Fmin theEq. (25) we can write 

· 1 1• n (~kc,> -·MW~) ·j 
-1). ~( t, ~) = 3 co;. bt · };.· ·. (1 +:t k a ) t;, icP • Lf.,~rJ.e-: lc(p) a" + W N fl. . ,. ;(26) 

· ~= 1 · 'P (p)a 1.1. · . >a 
. .. .

11 <t;.kw>a -MWJL) ~,a 3~~-: 3lJo . 
Nowwedefine S,(~)= l: _(l ·r· J. •... >' "· , -WN~--. +-_ b .. ;(21) 

. a .. 1 • +, "P 'V).« Jl Y 'V)a co, (1), 1 

Then th~'boundtiry conditions (2$). ate e~pressiblein the fonn : 

Sr (J.I(r)) = 0 ..• (28) 

Again, we·can express ,f,*(Q,· fl;) m t~ Qf S,.(p.) as follows : 

•. 1 {····.3ttll 3~} 1,. (O,.p.)=,....
3

-. co, bt .S,(M.)---+ --:--b 
. . . . CJ), CJ)r , I 

... (29) 

Now, we define tw() polyn<)Jilials : 
• n .. 

P, (jt) = n (J.L- J.l(r:)) and R, (JL)= 11 0 -~ t;,k{p}a J.L) 
1~1 r a=l ·· 

Mareover, we observe that 

.... (31) 

provided that 
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where .,. 
R(l')g(x)= . n (,1- ~rk(p)_X), 

. IJ(~tt «) = J . 'JI 
.•. (33) 

SUmming up both si~s Qhhe Eq. {32) over a; we get 

i. i(r) =(--1)"+ t(MV+~.·)~;fcv,) ~k(ph• •. ;, ~rk(p) /,1..0) 
a=l ~ .m,. . ·' . . " 

... (34) 

. . • l p.[~.~l.) ·( . l . )•• . 
f~xl=' CJ T: . _ ·~·· . 1.. J: r J.. . -A, 'R._<r>c.(x) a=l a. R; . · - 'ltrv)a · 

(r>a, .. r J..~ .. . 
wv)u. 

where ... (35) 

NowJ we observe tbat the polynomialf,(x) is ofdegree (n-1) in xwhich tak~thevalues·: 

1 ( l]•( 1 ) .. l T. P; r k .. .. 1'! •·.·. -A,. for x=,. h ,a=l,2, .... n 
a w (p)Q 'w v>a 'Dr v>a . 

So, (1 + MW:J?)[,(x)- P;{x) (x- 'J..,)=O 

for x=~ ~ ,a=1,2, ... ,ri 
,. >a. ' 

... (36) 

Thidielps us to-conclude-that.polynomial on the left hand side ·of the Eq. (36) must be divisible 
by R,(x).lJerice, we getthe·followitig relation : · 

(1 +M \V.J)J,(~)-P,.(x)(x-A,)=R,.(x)'(A,x+Br) ... (37) 
where. A,. and B, are constant$. 

Now, assuming l}lat .w ¢.Q. putting as X= ii'iJ(MWt) and X=- ii~(MWt) in the Eq. (37) we' can 
derive the values of ..4, amd B,. as ; · · 

A,.=(•-1)11 + 1(a/ -0.,. ~Mwb,.') 11(r)
1
• ... , J.l.(r)n ... (38) 

""d B,=(-l)"(J..,a; + i 4~- b;JJ1,.1, ... , Jl(r)it ... (39) 

where 

a:=i {nr{+ i~)+n,(-;~)} 
b/=t,{n,(+ ;~)-H,.(-~~)} 

in which the ~tion H,(p.) is defmed as : 
II 

... (40) 

... (41) 

.nl (J.C.+ J.C.(r>) 
H,{JL) = l ,: = ... (42) 

~r). J1<rn ... fl(r)n n (1 + ~r~)a.'J.C.) 
a=l 

Now, putting ex= 0 in the Eq. (37)~ using the Eq. (39), we get 

/,. (0) = (- 1 )" + 1 {(1 -a,.') ').,,- i ~~W b;} Jl(~1 ... J1<r>n ... ( 43) 
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So, using the .Eq. (43l in ~-Eq. (34), we get 

I L(r)a =(NW + ~'):{<1-a.,') A;- i 4~ b:}_· • t,.kep)1 t,.A(,n' .•. , t,.k(p),. X Jl{r)1• .... )J.r(n) 
~~ r . . 

... (44) 

But the rO()ts of the c~stic Eq.- (18) obey the relation : 

l;.kt,)1 I;,. lw!,• ... , l;.kt,).ll(.)1 1'(.),• .... 11(,). = {M (I -l Wt(l - M) )}
112 

., .(4S) 

Applying the rehltion (45) in the.Eq~ (44), we, .tJterefore, obtain : 

I Lfr>a =(NW·+ ~'):_· ·{. 0-·a•,.')l.,.-_i =J..·.Jw. • b,.' }· {M(t·i'W1 (t-AI})l 
112 

~ •• (46) 
a= 1 . r . , , .. , . . . . J 

Again, from the Eq; (ltl).and (45), we:sball pt · · · ·· 

s.w.>~(NW + !t){M( 1-t w,o-M>)}
112 

o•-A..JH,H•> ... (47> 

Now, by putting.JL=O in·the,Eq. (30) and (47), we· can constructtbo eqw&tion: 

I_·. Lcr>a =A,.(NW+ ~')·. {M(t-.f Wi.(l-M))~~12 ~ ~b: ... (48) 
a':"l . .r If r 1 

Compating the Bq, (4(;) and (48), we get 

" bo L· !!i "';= .. ;0·. -1 ~·'lUI , , .. (49) a,..,,. ,.,., a,. 

where G, =b1 (!;,.+to>, WN~~f-t w, (t-M)r ... (50) 

Now, from the Eq. (29),, by using the Eq. (47), we can·wri"te 

1;(0, J.L}=G;-()J.+A,)H;.(Jl)-b1(rJL-bo ... (Sl) 

where A., and G, are given by the Eqs; (49) _and (SO) respectively. · 

Now, ti:om the .Eq. (5), we aet 
I, (0, Jl) = G; (Jl + X,) H r (fl) :. ;(S2) 

The Eq. (Sl) will give- diffusely refleci¢ in,telll:iJY }/(0, JL). and the Eq. (52) will give the 
.emergent intensity Jr(O, p.) in the rith a~proXimation. · . . 

TlmEL\CT DIFFVSELYREFLECTEo IND.Nsm 4N.D ~~CrSOUJTioN 
FOR111E EMERGENT INTENSITY : FoUoiD& BusbricJ&e. and $tibbs [2], we .chinge the 
variables·~; Jl and l;p j,!.' to x and ~ rcspectiv~ly: (conseq~nd)' ~r Jl(r), and ~&, Jl{p)

1 
to.x1 and xi 

.espectively] . to get, from the Eq. (18), tl'uU . . . . . . . 

21: •/::~ ~ I wilh af =!;,. ~. . ... (53) 
J l- .. 

where assuming that 
..• (54) 

os~1 <~2 < ... <~Sl ... (55) 



Study of Interlocked Multiplet Problems in Anisotrpically Scattering Media xxxvi 

Acta'Citrteia Indica. Vol.)DlXJM, No.2 (2005) 

... (56) 

Then, 
r• ..• 

Jo ¥(4 ch' <'~ . . .. (57) 

Therefore, folloWinJ ~-~of H~ de~klped by Cliandrasekhar (3], we shall be 
able to show,.in tile·· JX*ot-·case, that H(x), wltere x = trf.L or eqUivalently H,.(JJ.), given by the 
&:). (42) ~tisfies, in the limit ofinfinite app~mation, the taon~gral equation : 

H~) =- l + .xll(x) f 
1
· Dtj H(X) ch', x =· t;,. ¢ .lo x+~ . 

i.e., · · H ti•) i: 1 +,. H ·t") f<1 
••• (t,JA.') H ,tn') .,,, 

r~ 'trll r~ Jo ~J.L+·tp;J1', ,~...., .. ,.(58) 

which is boun.ded in the entU-e ba1f pia R(%)~·0. 
The characteristiC function '!'(X) in the Bq. (58) satisfies the necessary condition : 

r• t 
.lo "'(X}~~ 2 ... (59) 

. Now; we allow n to. tead to Infinity for both the Eqs •. (S l) and (52) to get the exact diffusely 
. ·reflected intensity I;(O,.p) IDd:the.exact41DCfFDt iaterwity I,(O, p); given by: 

1:(0, J,L~~GI"_(Il +.ArlH,(IL)- ~~~JL-- bo ... (00) 

aod . 1,(_~ •. 1'):=-G,(Il,+~II,,(J~l- ... (61)· 

where A, and G, are Jiven by d!e..eqa. (49) .-1 (SO) aod;the H~fuDction H;(l') is the solution 
of the Eq. (58). . 
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1. Introduction 

Woolley and Stibbs (1953) and Chandrasekhar (1960) 
gave the equation of the radiative transfer for the case of 
coherent scattering. Woolley and Stibbs (1953) solved it by 
Eddington method and Stromgren method, Chandrase
khar (1960) solved it with linear form of Planck function by 
the discrete ordinate method, Busbridge (1953) by using 
principle of in variance. 

The same equation of radiative transfer was solved by 
Karanjai and Deb (1992) with an exponential form of 
Planck function by discrete ordinate method and again by 
Karanjai and Deb (1991) using Eddington's approximation 
method. Ghosh and Karanjai (2004,2006) solved the 
equation of transfer for coherent anisotropic scattering 
with different phase functions by double interval spherical 
harmonic method. 

Here, we have solved the problem for the case of 
coherent anisotropic scattering by Chandrasekhar's dis
crete ordinate method where scattering occur in accordance 
with planetary phase function. 

.. Corresponding author. Tel.: +9!9435644735. 
E-mail addresses: bshibu_math@yahoo.com (S. Basak), 

skaranjai_math@yahoo.co.in (S. Karanjai). 

0032-0633/$- see front matter © 2007 Elsevier Ltd. All rights reserved. 
doi: 10.10 16/j.pss.2007.07.001 

2. Equation-of transfer and its boundary conditions 

2.1. Equation of transfer 

The equation of transfer suitable for this problem is 

d/(r, /1) (I + )/( . ) (1 - e)YJ 1+! ( ') !1--= fJ 7:,/1 ---- p /1,/1 
d-r 2 -1 

X 1(-r,p')dt.l- (I+ erJ)Bv(T), (!) 

in which all the symbols are brought from Woolley and 
Stibbs (1953). 

Here, we have taken the phase function P(/1, p'), given by 

p(/1, !11
) = 1 + WJ-l/11 (2) 

and a linear form of Planck function Bv(T), given by 

Bv(T) = bo + b1-r. (3) 

With these two, Eq. (1) is expressible as 

dl(-r /1) 1 1+1 

C!l'"([;-=l(-c,p)-2w _
1 

(1+W/1J-l
1
) 

x/(-r, p') dp' - (1 - w)(bo + b1-r),' (4) 

where C and w are 

1 
C=1+YJ (5) 
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and 

(1 - e)YJ 
W=---. 

(I+ YJ) 

Now changing the variable 1 to t as follows: 

1: = Ct 

Eq. (4) can be reduced to the form: 

d<P(t Jl) 1 1+1 
jl--'- = IP(t, Jl)-- (1) (I + WJlJl1

) 

dt 2 -1 

x IP(t,Jl')dtl- (I- w)(bo + b1Ct), 

where 

In nth approximation, 

2.2. Reduction of Eq. ( 10) to a standard form 

Now, let 

bi 
IP(t, Jl) = b0 +-I - (t + Jl) + IP*(t, Jl) 

+YJ 

i.e. 

~~>; = bo + b1Ct + b1J1;C + ~~>r 
be a solution of Eq. (10). 

Then 

2.3. Boundary conditions 

(6) 

(7) 

(8) 

(9) 

(10) 

(II) 

(12) 

The equation of transfer (12) is to be solved subject to 
the boundary conditions: 

(i) /(0, p.) = 0 for O;:;:;p.< 1, 
(ii) /(1:, Jl)e-' -7 0 as 1: -7 oo 

so that 

(i) IP(O,Jl)=O forO;:;:;Jl<l, 
(ii) IP(t, J.L)e-1 -7 0 as t -7 oo 

each of which can be split into 2n parts which by the use of 
Eq. (11) as follows: 

(13) 

and 

~~>r is almost linear in t as t tends to oo. 

3. Solution of the equation 

Now, we shall try to get the solution of the part 

d~~>r • I "c ) . Jl;dt= If>; - 2 w ~ 1 +wJl;Jlj lf>jaj 
J 

of Eq. (12). 
Let 

If>* = g-e-kt 
I I 

be a solution of Eq. (15). 
Then 

1 
g;(l + kJ.L;) = 2 w L (I + WJl;J.lj)gjaj 

i.e. 

P + Pi!li 
g; = w I k . + J.l; 

J 

3.1. Determination of the characteristic equation 

Using Eq. (I8) in Eq. (I7), we get 

P + PiJli = !w{(pDo + p1D1) + J.L;(pwDi + p1wD2)J, 

which gives 

(2- wDo)P + ( -wDi)Pi = 0, 

wwD1p + (wwD2- 2)p 1 = 0, 

where 

De= De(k) 

and 

{ 

"" ajJlj De= ~-I-k-. 
j + Jlj 

(14) 

(15) 

(16) 

(17) 

(18) 

(19a) 

(19b) 

(20) 

Eliminating p and p 1 between Eqs. (I9a) and (19b), we get 

4 - 2wDo - 2wwD2 + w2w(D2Do - Df) = 0. 

Now the use of relation (A.9) of Appendix A will give 

wDo + ww(I- w)D2 = 2 (21) 

(22) 

which is known as the characteristic ·equation and an 
equation in k of order 2n. This equation will give 2n non
zero roots of the form ±ka. rx = I, ... , n. 
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3.2. Solution of Eq. ( 15) 

Now, using Eq. (A.7) of Appendix A in Eq. (19a), we get 

k(2- OJDo) 
PI = OJ(2 -Do) p. (23) 

Now, using relation (A.8) of Appendix A, we get, from the 
form (21) of the characteristic equation, that 

D 2k2 + 2wOJ(1 -OJ) 
0 = k20J + wOJ(1- OJ) · 

Therefore, 

2- Do = - 2e(l -OJ) 
k2

0J + wOJ(l -OJ) 

and 

2- OJDo = 2wOJ(I - OJ)z . 
eOJ + wOJ(1 -OJ) 

So, from Eq. (23) 

w(l -OJ) 
PI=- k p. 

So, Eq. (18) will take the form 

p- (w(1 - OJ)/k)PJ.I.; 
gi =OJ 1 +kf./.; 

i.e. 

k- w(l - OJ)f.J.; 
g; = OJp k(l + kf./.;) . 

(24) 

(25) 

So, Eq. (15) admits 2n independent integrals of the form: 

* _ ka =f w(1- OJ)f./.; 'fk.~ 
tP; - OJP ka(1 ± kaf./.;) e . ' 

a = ± 1, ±2, ... , ±n. (26) 

3.3. Particular integral of Eq. (12) 

To get the complete solution of Eq. (12), we require a 
particular integral of the form. To obtain this we put 

tPj = tOJwb1MJ.1.;· 

Then 

dtPi = 0. 
dt 

So, Eq. (12) becomes 

h; = G OJ ;;>jhjf./.j) ± 
+ G OJ ytajwf.J.]hj + 1) 

(27) 

(28) 

i.e. 
al 

h;=-+a, (29) 
It; 

where a and a1 are the constants independent of f./.;· 
Using Eq. (29) in Eq. (28), we get 

a1 + aJ.I.; = (~OJ ytaj) (a1 + aJ.I.) 

+ J.I.;G OJ ~aj'WJ.I.ia 1 +a f./.)+ 1), 
' which gives 

(OJ- 1)al = 0, ctOJw- 1)a + 1 = 0 

i.e. 

a= I . 
1 - ]'WOJ 

So, from Eq. (29), we get 

1 
h;= I . 

1 - ]'WOJ 

Therefore, the particular integral of Eq. (12) 

* twOJ 
I; = bl I Ci-L;· 

1 - 3WOJ 

3.4. Complete solution of Eq. (12) 

(30) 

The complete solution of Eq. (12) can be written from 
the integrals (26) and the particular integrals (30). 

Following Chandrasekhar (1960), we can write the 
complete solution of Eq. (12) as 

tP~ = ~ b,OJ{tk"- w(l - OJ)!-L; Lae-k,t 
1 

3 a= I ka(1 + kaf./.;) 

+w C~; }' i = ±1, ±2, ... , ±n, 
1 - ]'WOJ 

(31) 

where ka's (a= 1, 2, ... , n) are the positive roots of the 
characteristic equation (22) and La's are the constants of 
integration· to be determined by the boundary conditions 
(13). 

Writing 

M=1-0J 

and 

c 
N= I 

1- 3'WOJ 

, Eq. (31) can be put in a shorter form: 

* 1 {..f-. (ka - w M J.I.;)Lae-k.t } 
tP;=-3 b,OJ~ k(1 k ·) +wNJ.i.;, 

a=l " + af./., 

i=±1,±2, ... ,±n. 

(32) 

(33) 

(34) 
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3.5. Diffusely reflected intensity and emergent intensity in 
closed form 

From Eq. (34), we can write 

<P*( ) = !b {~(ka- wM}l)Lae-k,t 
t, J.l. 3 1 w L k (1 + k ) a=l a aJ.I. 

+wNp.}. (3S) 

Now, we define 

Again, from Eq. (42), using Eq. (41), 

La= (-1) - wN +- kt · · ·kn n+l 1 ( 3() 
Ta. w 

X (_!__ _ A) P(l I ka) 
ka. Ra.O I ka.)' 

(44) 

where Ra. is given by 

n 

Ra.(J.L) = II (1 - kpp.). (4S) 
{J(,<a.)=l 

Summing over ex to both sides of Eq. (44) 

t;La. = (-1r+
1 

( wN + ~)k1 •• -k,j(O), (46) 

(36) where 

Now, using definition (36) of S(p.), we get, from the set of 
boundary conditions (13), we get ' 

S(J.L;) = 0 for O:::;J.L;:::; I (37) 

and from Eq. (35), applying relations (36) and (9), we get 

I*(O,p.)=1blwS(-~-t)-bi(J.L-bo. (38) 

Now, we define two new functions P(J.L) and R(J.L) as 
n 

~ 1 ( I ) P(l I ka.) 
f(x) = ~ Ta. ka.- A Ra.(IIka.) Ra.(x). 

-Now, we see thatf(x) is a polynomial of degree n- I in 
x. It takes the values · 

;a Ga. -A)P(L) forx= ~a.' ct= I, ... ,n. 

So, 

P(J.L) = II (J.L - J.l.;) (39) (1 + wMx2)f(x)- (x- A)P(x) = 0 for 
i=l 

and 
1 

x=ka.' ct=1, ... ,n. (47) 

n 

R(J.L) = II (1 - ka/1-). ( 40) Therefore, 

a= I 

Then, by virtue of relation (37), we can conclude that the 
polynomial S(J.L)R(J.L) has n zeros J.L;; i = I, ... , n and as it is 
a polynomial of degree n + I, it has, therefore, one more 
zero which is different from these n zeros, say A, in which 
the co-efficient of 11-n+l is (-1t+ 1(wN + 3(lw)k1 · · · kn. 

Clearly, the polynomial (J.L- A)P(J.L) has also the sa,me 
zeros as the polynomial S(J.t)R(J.L) has, but its co-efficient of 
p.n+l is 1. 

Therefore, 

n+l ( 3() k ) P(J.L) S(~-t)=(-1) wN+- k1 ... n(/1--A -, 
w R(~-t) 

(41) 

where A is a constant. 
Again, taking form (36) of S(J.L), we observe that 

. 1 1 ( wM) hm -T (1 - kaJ.L)S(~-t) = -T 1 + - 2 La. 
p-->(k.r1 a a ka 

Therefore, 

La= lim T
1 

(I- ka.J.L)S,(J.L) (42) 
p-->(k.r1 a 

provided that 

wM 
Ta= I+-2 . 

ka 

(I + wMx2)f(x) - (x - A)P(x) = (Ax+ B)R(x). (48) 

Now, defining another function H(J.L) as 

H(p.)= 1 I17=t(!-t+~-t;) 
fLI '' 'fLn rr:=l (I + ka.(/1-)' 

(49) 

we put x = +il ..;r;;M and x = -il ..;r;;M, with the 
assumption that w,PO, to get 

~+B= (A--i-)(-1tfLI'"fLn 
..;r;;M ,JwM 

x H(-~). (SOa) 

iA ( i ) n - ..;r;;JJ+B= A+ ..;r;;Jl (-!) J.l.t"'fLn 

x H( + ~)- (SOb) 

Adding and subtracting the two relations (SOa) and (SOb) 
and writing 

(Sla) 

and 

(S1b) 
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we can express A and B as where 

A = ( -l)n+l.U! ... .Un(a- i)....;:;;x;J. b) 

and 
(
52

a) , G = b1 (C + twwN) { M( I-~ w(l- M)) r12
. (59) 

B= (-ltJ.l1 ·-·J.ln(}..·a+ k·b). 

Now, putting x = 0 in Eq. (48), we get 

f(O) = ( -lr+1
}.. · .U! · · · .Un +B. 

Therefore, using Eq. (52b) 

f(O) = (-Ir{~- }..(1- a)}· .U1 · · · .Um 

which on using the equation in Eq. (46), yields 

tL,. = (wN + 3() {}..(1-a)-~} 
a=l W ~ 

X k1 • · · kn · J.li · · · J.ln-

But 

k1 · · ·kn · J.li · · ·J.ln = {M(1 -~w(l- M)) }
1
/
2

, 

which is Eq. (B.5) from Appendix A. 
Therefore, . 

(52b) 

(53) 

(54) 

Again from Eq. (41), using Eq. (B.5) from Appendix A, we 
get 

S(,u) = - ( wN + ~) { M(l-~ w(1- M))} 112 

x (J.l- }..)H(-,u). (55) 

So, putting J.l = 0, we get 

So, from Eq. (55), 

S(,u) = ( wN + ~) { M ( 1 - ~ w(I - M))} 112 

x (:~- k-~- J.l)H(-,u), 

where G is given by Eq. (58). 
So, from Eq. (38), 

l*(O,,u) = b1 (c +~ wwN) { M(1 -~ w(1- M)) r/2 

i.e. 

(
bo i b ) x ----·-+.u H(,u)-biC.u-bo 
aG ..,!WM a 

1*(0, ,u) = G(.u + }..)H(,u)- b1 C.u- bo, (60) 

where}.. and G are given, respectively, by Eqs. (58) and (59). 
Again from Eq. (11), using Eq. (60), we get 

l(O,,u)=G(,u+}..)H(J.l), (61) 

which is the desired solution in nth approximation. 

3. 6. The exact diffusely reflected intensity and the exact 
emergent intensity 

The characteristic equation (22) can be written as 

~ aj 1 2 Y (l + k,u) 2 w{1 + w(l - w),uj} = I 

i.e. 

(62) 

S(O) = ,t ( wN + ~) { M ( 1 - ~ w( 1 - M)) } 
112

. (56) P(J.l) = ~w{1 + w(1- w),u2
}. (63) 

Again, putting .u = 0 in Eq. (36), we get 

n 3 bo 
S(O) = 2::= L,. + -b . 

a=l WI 

Therefore, using Eq. (54), we get 

S(O) = ( wN + ~) { }..(1 -a)-~} 

x { M( I-~ w(l- M))} 112 
+ !~~. (57) 

So, comparing Eqs. (56) and (57) and simplifying we get 

,t-~ __ i __ ~ (58) 
-aG ~a' 

Then 

11 

P(J.l1
) dp.

1 
= 11 

~ w{ 1 + w(1 - w)J.l'2 ) dp.
1 

< ~ if we choose .w < 1 and since 0 < w < 1. 

Therefore, following the theory of H-function, developed 
by Chandrasekhar (1960), we can show, in the present case, 
that H(,u), given by Eq. (49) satisfies, in the limit of infinite 
approximation, the non-integral equation: 

Hf ") = 1 + H( ) 11 P(.ui)H(.ul) d I 
\}'- /). J.l + I J.l, 

0 .u .u 
(64) 

which is bounded in the entire half plane !R(,u) ~ 0. 
The characteristic function (63) satisfies the necessary 
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condition: 

r' 1 Jo IJ'(fl.') dfl.' ~ 2 · (65) 

Allowing n--+ oo, we shall get, the exact diffusely 
reflected intensity from Eq. (60) as 

1*(0, p) = G(p + J..)H(!l) - b1 fl. - bo 

and the exact emergent intensity from Eq. (61} as 

/(0, fl.) = G(fl. + J..)H(/l), 

(66) 

(67) 

where A. and G are given, in infinite approximation, by 
Eqs. (58) and (59), respectively, and H(JJ.) is given by 
Eq. (64). 

4. Discussion 

Now, as w--+ 0, we observe that 

I 1 1 (n n 1) 
a--+-- and i--b--+ -- I>·-L-

M'/2 ...fWM .JlVi i=l ' "'=' k"' 

so that 

l(O,fl.)--+ JM[b!C{JJ.- (tfl.i- ~~,)} +bo]Hr(fl.) 

i.e., in the limiting position as w approaches zero, 

l(O,fl.) = JAfH(JJ.){bo +b!CJJ.+b,((t~"'- tfl.i) }• 

(68) 

which is the solution for the case of coherent isotropic 
scattering. 

Like emergent intensity, we can show that the diffusely 
reflected intensity for isotropically scattering media can 
also be derived from the anisotropically scattering media. 

The solution obtained by Chandrasekhar (1960) from 
the equation of the form: 

dfv 1( )~+I 'd' 1 ) JJ.-d = fv- -
2 

1 - Av lv(tv, f1.) fl. - AvBv(tv , 
4 -1 

(69) 

where 

Av = kv + (Jvllv = 1 + Ev11v (11 = av) and 
k.+a. 1+1]. • k. 

Bv = If.Ol + B~l)r:v 
is 

Busbridge (1953)'s result with e = 0, obtained by using the 
principle of invariance, is 

lv(O, f1.) = (b~0l + J..b~l) f1.)J.~I2 H(/l) 

+ !Cl- Av)J.vb~1)a!H(/l). 

The exact diffusely reflected intensity /*(0, fl.) and exact 
emergent intensity /(0, fl.) for isotropically scattering media 
can also be derived from the anisotropically scattering 
media associated with the planetary phase function by 
allowing w of the phase function (2) to tend to zero. The 
characteristic function lJ'(fJ.') of the H-function H(fJ.) for 
isotropically scattering media is to be taken from Eq. (63) 
by putting w = 0 directly which is given by 

(70) 
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Appendix A. Relation among De(k)'s ; f = 0, 1, 2 

We have defined in Eq. (20) 

ajfJ.e 
De= "'--

1
-TI +kfl.j 

'* De(x) = ~ ( ~ ajJJ.J-
1 
-De-l (x)) 

=} De(x) = ~ Gee,odd- De-!(x)), 

where 

{ 
1 if e is odd, 

Et,odd = 0 if f is even. 

But Eq. (A.1) gives 

D2j-!(x) = ~ cj ~ l- De-!(x)), 

1 
Dzj(x) = --Dzj-l(x). 

X 

(A.l) 

(A.2) 

(A.3) 

(A.4) 

From the two relations (A.3) and (A.4), we readily deduce 
that 

2 2 2 
D 2j-J(x) = (2}- 1)x + (2}- 1)x3 + · · · + 3x2j-J 

1 + xZj-l {2- Do(x)}(j = 1, ... , 2n), (A.5) 

2 2 2 
Dzj(x) = - (2}- 1)x2 (2}- 1)x4- · · ·- 3x2j-Z 

1 . 
--

2
. {2- Do(x)}(j = 1, ... , 2n), (A.6) 

x'l 

which are Eqs. (24) and (25) of Chandrasekhar (1960, 
Chapter-III, p.73) 
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Now from Eq. (A.5), puttingj = 1, we get 

1 
D1(x) = -{2- Do(x)}. 

X 

Now from Eq. (A.6), puttingj = 1, we get 

1 
Dz(x} = - 2 {2- Do(x)}. 

X 

Replacing x by k in the above equations and using the 
notation De for De(k), we get 

1 
Dr(k) = k(2- Do) (A. 7) 

and 

1 
Dz = - 2 (2- Do) 

k 
giving 

DoDz - DI = 2Dz. 

(A.8) 

(A.9) 

Appendix B. Relation involving characteristic roots ka's and 
Jl.;'S 

Let p2i be the co-efficients of J1.2j of the Legendre 
polynomial P0 ,(J1.). 

Then, 
n 

P2n(J.L) = LPzjJ.l1i· (B.l) 
j=l 

Now, we have 

tPzjDzj(k) = ~ l :iJl.-k (tP')JJ.L
2
i) = 0. 

;=I J J ;=I 

Since Jl./S are zeros of the Legendre polynomial P2n(J.L). 
Therefore, 

n 

LPzjDzj(k) = 0. 
j=l 

(B.2) 

Now Eq. (B.2), using Eqs. (A.6) and (24), gives 

Therefore, 

Again, J.L;'s are zeros of the Legendre polynomial P2n(J1.) 
and so, 

2 2 2 ( l)" Po J.l1 · Jl.z · · · Jl.n = - P2n · (B.4) 

Multiplying Eqs. (B.3) and (B.4), we get 

k1·k2·"kn ·J1.1· Jl.z"·Jl.n = {M(l-1ro(l-M))}
1
/
2

• 

(B.5) 

References 

Busbridge, I.W., 1953. Coherent and non-coherent scattering in the theory 
of line formation. Mon. Not. R. Astron. Soc. 113, 52-66. 

Chandrasekhar, S., 1960. Radiative Transfer. Dover Publication, 
New York. 

Ghosh, M., Karanjai, S., 2004. Solution of the equation of transfer .for 
coherent Rayleigh scattering· by double interval spherical harmonic 
method. Indian J. Theor. Phys, accepted for publication. 

Ghosh, M., Karanjai, S., 2006. Solution of the equation of transfer for 
coherent anisotropic scattering by double interval spherical harmonic 
method. JQSRT 98, 277-289. 

Karanjai, S., Deb, T.K., 1991. Solution of the equation of transfer for the 
coherent scattering in an exponential atmosphere by Eddington's 
method. Astrophys. Space Sci. 178, 299-302. 

Karanjai, S., Deb, T.K., 1992. An exact solution of the equation of 
transfer for the coherent scattering in an exponential atmosphere. 
Astrophys. Space Sci. 189, 119-122. 

Woolley, R.V.D.R., Stibbs, D.W.N., 1953. The Outer Layer of a Star. 
Clarendon Press, Oxford. 


