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FOREWORD 

The problem that I have addressed in the dissertation is a critical 

statement of Bertrand Russell's philosophy of Mathematics, with special 

reference to his famous paradox. Russell's philosophy of Mathematics has 

a number of presuppositions, namely, his concept of logic, the relation of 

his position to such of his predecessors as Peano and Frege, and his thesis 

that mathematics is logic. I have opened the discussion by classifying the 

concept of paradox, and its· modes, semantic and syntactic. Opinions have 

differed as to which of these Ressell's paradox belong to. However, I have 

'!!feeling that Russell's paradox is conceptually related to the Liar's paradox. 

Secondly, in presenting Russell's paradox I have closely followed his 

own statement of the matter in Principles of Mathematics and Introduction 

to Mathematical Philosophy, together with the introduction to the second 

edition . of the Principia Mathematic a. 

I like to put on record that I could not always lay my hand on certain 

texts of Peano and Frege's. For that! had naturally to depend upon secondary 

sources. But the materials available have been rich enough to give a fairly 

adequate idea of the thrust. of their arguments. 

I am indebted to many persons regarding the successful completion 

·of my thesis. They have been acknowledged seperately in the following 

pages. It is my duty to express my gratitude to all of them. 

Alo Chakravarty. 
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LIST OF SYMBOLS AND THEIR DESIGNATIONS .. 

Designates the relation of identity 

Designates the relation of diversity 

Negation operation 

V ·Universal class or sum hold between any·two individuals 

A Null set or Conjunction 

R1 Complement 

<t Negation relation 

I Identity relation between two individuals 

D Diversity relation 

u 
R Converse relation 

· c Subordination 

Super-ordination 

E Belongs to, membership 

# Number 

U Union of two functions 

n · Intersectiop of two functions 



Implies 

~ If then 

~ If, and only if 

And, Conjunction 

L' Designates 

- Equivalence 



1. Epimenides 

Epimenides the Cretan said 11 All Cretans are liars 11
• 

Alluded to in St. Paul's epistle 

2. A man says that he is lying. Is what he says true or false ? 

Attributed Eubulides by Cicero, 

Prior Academics, II, p. 96 

3. Let w be the class of all those classes which are not members ofthemselves. 

Then, whatever class ~ may be, '~ is a w' is equivalent to '~ is not an ~'. 

Hence, giving to ~the value w, 'w is a w' is equivalent to 'w is not a w'. 

Principia Mathematica, I, p.60 



INTRODUCTION 

The present thesis is directed towards a statement and examination of the 

three paradoxes of Set Theory, namely, Cantor1s Paradox, Russell 1s Paradox and 

Burali-Forti Paradox. The thesis will concentrate Specially on Russell 1s Philosophy 

of Mathematics. 

Since the publication of Kurt Goede1 1s theorem concerning incompleteness 

of arithmetic in 1931 much of the lure of Axiomatic Systems has diminished. 

Goede! proved the. existence of formally undecidable propositions in any formal 

system of arithmetic. His second theorem, derived as corollary from the first, 

states that the consistency of a formal system of arithmetic cannot be proved by 

means formalizable within that system. 

This result was damazing to the prospects of completing Hilbert's programme 

for the foundations of mathematics. Under the spell of enthusiasm ofthose enamoured 

by axiomatic method it had come to be believed that every field of inquiry, if it 

generates knowledge worth the name, must be formalizable axiomatically. And 

it is well-known the construction can be axiomatized. Further, it had come to be 

admitted that axiomatic systems are to be identified in terms of the consistency, 

completeness and independence of the axioms. What Goede! brought to notice 

is the fact that there exists at least one formal system, that;of arithmetic, which 

cannot be axiomatized. In course of time axiomatic systems were proposed for 

logic, social sciences, and even for physics. 

But If mathematics includes arithmetic, then meta-mathematics, or the 

axiomatic system for mathematics should remain essentially incomplete. It should 

be noticed also that axiomatic system for logic differes from axiomatic system 

for arithmetic. Logic can express contingent truths, whereas arithmetic can only 
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express thruths or their negations. Again, axiomatic system for Physics should 

include observation statements. Arithmetic has nothing to do with statements such 

as these. 

To say that there cannot be a complete axtom system for all arithmetic 

means that we can always find some truth of arithmetic which is not a theorem 

of that system. It '.llso has been proved that there can be no decision procedure 

for axiom systems for arithmetic. That is, we can never construct a computer 
. . 

which will solve all of the problems of arithmetic .in a purely mechanical way. 

Not much attention has however been paid to connect or link up incomplete 

nature of the formal system for arithmetic with the paradoxes of set theory. There 

are sets of ordinal and cardinal members, and it is in connection with these that 

the paradoxes arise. The proposed thesis will pay special attention to that aspect 

of the linkage. 

The thesis is to be divided irt:to chapters as the schema stated under. 

I. The Concept and Types of Paradox 

Mathematics has been used to clarify the so-called logical paradoxes, some 

of which date back to the time of the Greeks. For example, the paradox of Zeno's 

arrow. 

A Paradox is a situation ansmg, when from a number of premises all 

generally accepted as true, a conclusion is reached by valid deductive argument 

that is either an outright contradiction or conflicts with other generally held or 

accepted beliefs. Such a result is both perplexing, and disturbing because it IS 

not clear which of one's well entrenched beliefs should be rejected, while it 1s 

plain that in the interests of consistency some modification must be made [ A set 

of statement is inconsistent if it entails a contradiction or has contradicting 
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consequences, and is consistent otherwise]. Paradoxes crop up in many theoretical 

disciplines relativity has its clock paradox and mathematics the Skolem paradox. 

The proof provided by Lowenheim in 1915 that any finite set r of sentences which 

has a model has a denumberable model, which result Skolem generali~ed in 1920 

to the case where I is a denumerably infinite set of sentences. This gives rise 

to the Skolem paradox, be_cause it is possible to formalize the theory of real 

numbers in a system with denumerably many axioms. Within this system it is 

possible to prove that the set of real numbers is non-denumerably infinite. Yet 

application of Skolem's result to the system means that if the system is consistents 

(has a model), it has a denumerable model (one in which there are demimerably 

many real numbers), There is however, a whole family of paradoxes, known as 

the self-:referential paradoxes, some of which have played a crucial role in the 

historical development of the foundations of mathematics. One of the best and 

oldest of these is the "liar paradox" of Epimenides of Crete. Russell's paradox 

is a logical paradox that has serious repurcussions in the theory of classes. 

Consider the class of all classes that do not belong to themselves. Does it belong 

to itself? Answering either 'Yes' or 'No' results in a contradictions. From this 

Russell· drew the conclusion that no such class exists, but it is not easily to justify 

this conclusion. 

··II. Basic Concepts : They are Class, Set, power set, ordinal and cardinal numbers, 

Real numbers and their notations 

I I I. Statement of the Pal"adoxes 

(A) Cantol"'s Pamdox : George Cantor discovered a paradox in set theory. 

It is generated by the question of whether the set of all sets is (a) equalto or (b) 

greater than its own power set. If (a}, a contradiction arises in that it can be proved 

that the power set of any given set is greater than the set itself. If (b), a contradiction 
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arises since the power set of any set is itself a set of sets and therefore a subset 

of the set of all sets, and it can be proved that the subset of any given set is not 

greatc;:r than the given set._. 

(B) Rusell's Paradox : It is an important paradox in set theory. Some sets 

(classes or collection) are members of themselves and some are not. For instance, 

the set of horses is not a member of itself since it is a set and not a horse, where 

as the set of non-horses is a member of itself. Is the set of all sets which are not 

members of themselves, a member of itself ? If it is then it is, then it is not. If 

it is not, then it is. The paradox was discovered by Russell in 1901, and it had· 

a profound influence on both the development of set theory and. on our understanding 

of what sets are. Increasingly sets were conceived of as being determined by their 

members rather· than determined by specifying conditions., 

(C) Burali-Forti Paradox : The paradox of the greatest ordinal. Consider 

the set of all ordinals; it can be 0. 0 can be well-ordered, by the' less than' relation, 

aq,d there is a proof that all well ordered sets have an ordinal. So the ordinal of 

a set of consecutive ordinals (starting from the lowest) will be greater than every" 

ordinal in the set. Thus 0 has an ordinal, OJ, greater than all the ord,inals in 0. But 

m is itself an ordinal, and therefore is a member of 0. So m both is, and is not 

a member of 0. In most versions of set theory, paradox is avoided by insisting 

that there is no set of all ordinals. 

IV. Examination of the Paradoxes Russell's theory of types deals with the 

problem of self reference. He became interested in his attempted definition of 

numbers in terms of classes. He encountered paradoxes generated by the notion 

of a class of classes, which includes itself as a member.! Not all classes are 

members of themselves. But is the class of classes which· are not members of 

themselves a member of itself or not? Whichever answer we choose, we are led 
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into .contradictions. 

Russell's solution to the paradox was to say that self-referring statements 

are without meaning, and in particular, to spJak of "all state~ents" is meaningless. 

Instead, we must speak of sets of statemfnt that form a genuine totality. A 

statement referring to other statements must, Russell says, be of a different type 

from ahigher order than the statement it is ~bout. So we must say that the class 

of all first order classes which are not members of themselves is a second order 

class, and hence it will be "obvious nonsenbe" to say of a class· either that it is 

or that it isn't a member of itself. Thus thJ paradox disappears. · 

Similarly Cantor's paradox and Burali-Forti paradox also may be made to 

disappear, and attempts would be made in that direction. An examination of the 

theory of types will also be undertaken. 



Chapter I 

INTRODUCING RUSSELL'S MATHEMATICAL PHILOSOPHY 

The object of Rt$ell's mathematical Philosophy is to show that mathematics 

can be shown to be a logical development of certain basic ideas; and that mathematics 

can be reduced to logic. 

The number of a class is the class of all those classes which are similar 

to it. Class~s are similar when their members can be put into a one-to-one relation 

with each other. 

An infinite cardinal number satisfies the equation, n equals a n plus 1. 

By distinguishing between types of entities it is possible to avoid paradoxes 

· · which have perplexed philosophers for centuries. 

Mathematical truths are a priori and have nothing to do with facts about 

the world, they are logical tautologies. 

Of Russell's three books on mathematical philosophy one is Introduction 

to mathematical philosophy. This work predates the famous Principia Mathematica, 

and I propose to take it as a representative work. It is expressed almost wholly 

in specially devised symbols and containing formal proofs showing that mathematics 

can be "reduced" to logic. Since these proofs are. somewhat formidable for one 

not versed in mathematics and not having an aptitude for mathematical symbolism. 

The general thesis of the book is that we can start with the familiar portions 

of mathematics, say such a statement as "2 plus 2 equals 4", (J.nd go either "up" 
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into higher mathematics, leading to the consideration of fractions, real numbers, . 
complex numbers, infinite numbers, integration and differentiations, or "down" 

into lower mathematics, leading through analysis to notions of greater abstractness 

and greater logical simplicity. The latter route, which is the approach adopted 

primarily in recent mathematics, and consequently less familiar tc· non-mathematicians, 

asks not what can be defined and deduced when we assume that "2 plus 2 equals 

4" b·ut what more general"Tdeas and principles can be found in terms of which 

"2 plus 2 equals 4" can be defined and deduced. "In other words, the most obvious 

and easy things in mathematics do not come logically at the beginning, but 

somewhere in the middle, just as the bodies which are easiest to see are neither 

those which are very near nor those which are very far, but those which are at 

a "moderate" distance. The easiest conceptions to grasp in mathematics are neither 

the complex and intricate ideas not the logically simple and abstract ideas, but 

the common-sense notions involved in the whole numbers. 

The reason why such a study can be called "mathematical philosophy" is 

to be found in the fact that although many of the notions considered in this type 

of investigation- numbers, class, relations, order, continuity, infinity have been 

traditionally examined by philosophers, without very much success, interesting 

r~ults can be Obtained when the methods of speculative philcsophers are replaced · 

by the more refined and precise methods of the mathematicians and logicians. In 

order to stress his point Russell frequently argues that these newer conceptions 

render the traditional philosophical problems insoluble, or perhaps meaningless. 

Perhaps the best examples of Russell's mathematical philosophy is his definition, 

followit:Jg Giuseppe Peano, ofthe notion of the natural numbers. One could hardly 

imagine a concept which would seem clearer to the ordina.ry man than that 

exemplified by the series: 

0, 1,2,3, ...... n, n+ 1, .... Yet Peano shows that though this notion is familiar 
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it is not understood. It can be reduced, in fact, to three primitive ideas and five 

primitive propositions. The notions involved in the use of "primitive" must first 

be explained. 

Since all terms that are defined only by means of other terms, we must 

accept some terms as initially clear in order to have a starting point for our 

definitions. This procedure does not require that these latter terms be incapable 

· of definition, for we might have stopped too soon and we might be able to define 

them if we go further. On the other hand, there may be certain terms which are 

logically simple in the sense that they cannot be analyzed into any other terms. 

The decision between these two possibilities is not important for logic; all that 

is needed is the knowledge that since human powers are finite, definitions must 

always begin with some terms which are at least undefined at the moment, though 

perhaps not permanently. 

Primitive propositions have the same status. Whenever we prove propositions 

to be true, we do so ~y reducing them to other propositions, which must themselves 

be proved by reducing them to still other propositions. Ultimate proof, therefore, 

presumably can not be achieved unless we assume certain propositions to be self

evident. But mathematicians have quite generally abandoned the notions of "self

evidence" since it seems to rest on psychological rather than on logical considerations 

and permits truth to vary from individual to individual. However, they have 

granted that there must be in any formal system certain propositions, usually 

called "postulates", which are unproved within the system, though they may be 

provable by going to still more basic postulates outside the system. 

Since Peano's axioms (we shall deal extensively with Peano's system in 

a later chapter) do not guarantee that there will be anything in the world which 

exemplifies them, and since we want our numbers to be such as can be used for 
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the purpose of counting common objects, we should supplement Peano's work 

by making it into a theory of arithmetic. This was done by another mathematician, 

named Gottlob Frege. It requires the introduction of the notion of "class". A class 

may be defined in two ways : by enume.rating its members- say, Brown, Jones, 

and Robinson - or by mentioning a defining property as "when we speak of 

"inhabitants ofLondon". The former is called "extensional", the latter "intentional". 

The latter is more fundamental, since extension can always be reduced to intention, 

but intention often cannot, even theoretically, be reduced to extension. This is 

important for the definition of numbers, for numbers themselves form an infinite 

collection and cannot be enumerated. Furthermore, It is probably true that there 

is an infinite numbers of collections in the world - for example, an infinite 

numbers of pairs. Finally we wish to define "number" in such a way as to permit 

the existence of infinite numbers as well as finite ones, and this requires that we 

be able to speak of the ~tenns in an infinite collection by means of a property which 

ts coll}mon to all its members and peculiar to them. 

Proceeding in this \Vay, Russell shows how it is possible to demonstrate 

when two classes "have the same number" - that is, exhibit a property in terms 

of which, their numbers could be defined. This can be done by shqwing that the 

classes are "similar", where "similarity" is defined in terms. of having a one-to

one relation to each other. 

For example, in countries where neither polygamy :itor polyandry is permitted, 

the relation "spouse of1 constitutes a relation on the basis of which the class of 

married men can be shown to be similar to the class of married women. The use 

of this criterion does not require that we be able to count ~ither class, and we 

can know that the numbers of married men is the same as the number of married 

women without knowing the number either. The notion of similarity Is therefore 

logically more simple that the notion of counting, though not necessarily more 
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familiar. If we now make a bundle of all pairs, of all trios, and of all quarters 

and then extend this to .a bundle of all classes that have only one member (unit 

class), and to a bundle of all classes that have no members (null classes), we could 

then go on to say that by "2" we mean the property which is common to all pairs, 

by "3" we mean the property which is common to all trios, and so on. 

However, Russell does not choose to do so because he is afraid that ifwe suppose 

some property in nature which we call "twoness" we may be unconsciously 

creating a metaphysical entity whose existence is debatable. Of the class of 

couples we can be sure, but 'of the metaphysical 2 we cannot. Therefore, he defines 

the number "2" simply as the class of all couples, not as the property which they 

all possess. And more generally, the number of a class is the class of all those 

classes which are similar to it. This definition sounds odd, but it is precise and 

indubitable and can be shown to apply to the world in such a way as to make 

arithmetic possible. 

The notion of "infinity", which has puzzled philosophers since the days 

of the Greeks, can easily be defined. There are many different kinds and levels 

of infinite numbers, and only the simplest, the infinite cardinal numbers,· are 

examined. Russell points out that what he had previously called the "natural" 

numbers can also be called the "inductive" numbers, such usage indicating merely 

that we are naming the numbers in terms of Peano' s fifth postulate rather than 

in terms of something else. The principle of mathematical induction can be crudely 

stated in the form, "what can be inferred from next to next can be inferred from 

first to last". 

Suppose that we now take under consideration the collection of the inductive 

number themselves. This collection cannot itself have as its number one of the· 

inductive numbers, for if we suppose n to be any inductive number, the inclusion 
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of zero in our collection compels us to say that the number of such a collection 

will be 11 plus 1. Hence, the number of inductive numbers is a new number, which 

is different from all of them and is not possessed to all inductive properties. This 

number is called an "infinite cardinal number"_ and its unusual character is shown 
\ 

in the fact that it satisfies the equation, 11 equals 11 plus 1. A class possessing such 

characteristics is called a "reflexive" class and number of such a class is a 

reflexive cardinal number. A still more surprising characteristic of an infinite 

cardinal number is that it satisfies the equation, 11 equals 211. For example, the 

number of even inductive numbers is the same as the number of all inductive 

numbers, both odd and even. Leibniz used this fact to prove that infinite numbers 

are impossible, but modern mathematical logicians· use it only to show that the 

commonly accepted belief that the whole is greater than one of its parts is really 

not true and is based on an unperceived vagueness in some of its terms. 

Granting the existence of infinite numb~ers an interesting question arises 

: Does there exist in the world a class the number of whose members is infinite? 

An affirmative answer to this question appears to be demonstrable. Assume that 

the number of individuals (the meaning of the term "individual" is left undefined 

for the moment) is some finite number, say 11. Now there are mathematical truths 

which informs us, first, that given a class of 11 members there are 2n ways of 

selecting some of its members and, second, that 2n is always greater than n. If 

we now start with a class of 11 members, than add to this the class of classes 

that may be formed from 11, namely, 2", then add the class of classes of classes 

that may be formed from this, namely, 2"' and so on, we shall have a total whose 

number is the infinite cardinal. Hence, the number of "things" in the world is 

infinite. 

Russeli confesses that he formally believed this to be a valid proof. But 

he now rejects it because it involves what has come to be called the "confusion 
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of types". This fallacy consists in the formation of "impure" classes. If there are 

n individuals in the world, and 2 11 classes of individuals, we can not form a new 

class whose number is n plus 2 11
• Classes are logical constructions, not things, and 

the two "types" cannot be combined. Plato argued that since the number 1 has 

being, but is not identical with being, 1 plus being equals 2; then 1 plus 2 equals 

3; and so on; hence the world is infinite. Two mathematicians, Bernard Balzano 

and Richard Dedekind, argued that because ideas of things are "things", and 

because there is an idea of every thing, the class of "things" is a reflexive class 

(since it is similar to a part of itself) and its number must be infinite. Russell tries 

to show not only that these "proofs" have an air of hocus-pocus about them, but 

also that unless we prevent this confusion of types we shall be able to prove all 

sorts of self-contradictory statements - for example, that if a class is a member 

· of itself, it is not a member of itself. One way to avoid both the feeling of 

uneasiness and the paradoxes is to define the word "individual" as referring to 

an entity of a certain "type", the word "class" as referring to an entity of another 

type, the word "relation" as referring to an entity of still another type, and so on. 

The problem which Russell here formulates has given rise in recent literature 

to the distinction between languages and meta-languages, a meta language being 

a language which talks about a language. It then becomes important not to confuse 

these two "types" of lariguage because absurdities and paradoxes may develop if 

we do. 

In conclusion, Russell returns to the general question concerning the nature 

of mathematical philosophy and its relations to logic and empirical knowledge. 

Mathematics, formally defined as the science of quantity, can no longer be so 

defined. Many branches of geometry have nothing to do with quantity, and even 

arithmetic, which is commonly thought to deal with numbers, concerns itself 

rather with the more basic ideas of one-to-one relations and similarity between 
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classes. The generalization of the notion of order also means that mathematics 

IS no longer particularly concerned with the number series. 

What; then, is this n~_w study which starts with mathematics and ends with 

discussions of classes, relations and series? It may be called indifferently either 

"logic" or "mathematics", the choice of name is not important. But its characteristics 

should be clarified. 

We can say that the "form" of a proposition is that which remains unchanged 

when every constituent of the proposition "Socrates is earlier than Aristotle" has 

the same form as "Napoleon is greater than Wellington". In every language there 

are certain words whose function is merely to indicate form. These are called 

"logical constants". For example, the word "is" in the proposition "Socrates is 

human" is a logical constant. In pure mathematics the only constants which occur 

are logical constants. In these sense, therefore, logic and mathematics are one. 



Chapter II 

THE CONCEPT OF MATHEMATICAL LOGIC AND SOME 

RELATED ISSUE THE IDEA OF PARADOX 

To express thinking in mathematical terms and to subject it to computing 

is a very old idea. Pythagoras thought of numbers as being the essence of things 

and consequently the relation between numbers were thought to be the relation 

between things. Accordingly ideas and numbers, thinking an operation with numbers 

had the same meaning. 

At the end ofthe last century mathematical logic received its precise p.rofile 

as a result of the researches of Peano, the Italian mathematician and Frege, the 

German mathematician. Along the lines of Frege, Bertrand Russell argue to 

understand a logic as ~ mathematical theory and such a conception found its best 

expression in Principia Mathematica, (Hence forth PM), written together with 

A. Whiterfud. Therefore since 19 I 0 mathematical logic has c?me to exist and any 

subsequent development are but compilations and attempts' to find solutions to 

certain difficulties which arise from the very nature of the· formal construction 

of this theory. Symbolic logic has been conceived by mathematicians to explain 

logical processes in mathematics. 

·A very important part in the development of mathematical logic has been 

played by the contradiction of the set theory. These are known as paradoxes. Any 

one who intends to construct a formal system has to ensure that the formation 

rules, the derivation rules that he puts into his system should not, between them, 

generate antinomies. He wants to exclude the paradoxes, to guarantee that none 
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o£ the known ones will arise within his system, and if possible that no as yet 

unknown ones will break out their either. But it is a well known fact that paradoxes 

do arise and they constitute a radical challenge to the rationality of human thinking. 

Paradoxes are items about which it is difficult to say anything comprehensive 

without ourself falling into contradiction. If we are unwilling to adopt a general 

skepticism about re.ason, we must take up the challenge. But this does not mean 

that the paradoxes can be excluded from formal system. The challenge consists 

in showing how we can comment on them, wherever they arise, without being 

committed to contradicting ourself. For the constructor of formal system a solution 

needs only be an exclusion device. But a philosophically inclined thinker may do 

something different. He may try to show that these are only apparent antinomies. 

For example the so called paradox of material implication is said to be only 

aparrent. The case that a true proposition can be derived either from a true or a 

false premise is a consequence of defining implication in terms of negation and 

disjunction. 

It is possible to take the following stands in respect of the paradoxes. 

A. We may say that the paradoxes are unimportant and that they arise from 

the misuses of languages. 

B. A paradox may be important in one context but not in other contexts. 

C. A paradox can be solved or removed by valid proofs. 

D. A paradox compels us to revise our naive ideas. 

E. A paradox compels us to distinguish sharply between levels of language. 

F. A paradox show that our natural habits of thought and speech are in 

coherent and require revision, and so on. 

Let us now ask what is a paradox and what it would be to solve it. Typically 

a paradox is a apparently sound proof of an unacceptable conclusion, in most of 

the cases the conclusion is unacceptable because it is self contradictory. It is 

~:.J z:::;:;;;z.:;,._ 

~...:..~LY..;_,~ 

Or~..) f'c"-:- ~-i'--.....:-:::T 
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possible to distinguish between the branches of the reasoning within the paradox, 

and the conclusion of one branch contradicts that of the other'. To illustrate the 

case we may point to the liar paradox namely, an Indian says that all Indians are 

liars. In any version of the simple liar we seem to be able to argue that if the 

utterance is true then it is false, so it must be false, but also that if it is false then 

it is true, so it must be true that is, it must be both true and false. J.L. Mackie ... 

(Truth Probability and Paradox, p.238). This paradox is an ancient one. But 

over the last seventy years a paradox like that has cropped up within the attempts 

to formalize set theory and the foundation of arithmetic and to describe exact 

language stru,cture stating precise rules for determine truth and falsehood. It is 

easy to see how antinomies threaten such projects. If the formation rules for a 

formal system permit the construction ofitems which the other rules ofthe system 

than require to be characterized in incompatible ways, then as long as the system 

recognises the argument form "p, Not-p, therefore q", any well-formed formula 

becomes provable within the system. Proofwithin the system ceases to discriminate 

and it will be impossible to use any interpretation of the system for any ordinary 

purpose. 

Let us take two examples of paradoxes. We may think of a card such that 

a on one side of which is written, "The statement of the other side of the card 

is false." While on the. othe!fside. is written, "The statement of the other side of 

the card is true". Usually such paradoxes are classified as :a paradoxes of self

reference. There is an opinion to the effect that the example ,of the card does not 

contain any self reference. In order to have a more self-referring paradox we may 

think of a liar telling us "what I am now saying is true." Russell's a class paradox 

has been described as a paradox of self-reference. Is the class of all and only those 

classes that are members of themselves is a member of itself or not? If the class 

of self-membered classes is not a member of itself then it is not a member of itself. 
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And similarly if the class in question is a member of itself then it is a member 

of itself. What is paradoxical is that we can not decide whether this class is a 

me:mber of itself not. 

We may now mention some of the most important paradoxes of logical or 

mathematical type. 

I. C. Burali-Forti was an Italian mathematician. He published his famous paper: 

Una-questions Sui numeri transfiniti in 1897. In this paper Burali-Forti 

exposed the paradox of Peano's formal structure. We may try to express the 

paradox as follows : 

In the set theory it is demonstrated that 

A. Any set of ordinal numbers defines ordinal numbers. 

B. This ordinal number exceeds by one the greatest number in the relevant series. 

C. The series of ordinals is well-ordered. 

Let us now consider the series of all ordinal numbers. This senes defines an 

ordinal number we shall call it Q, which is the greatest of all ordinal numbers. 

If this be the case that the series of all ordinals contains the ordinal number Q, 

defined by the series and so the ordinal number it defines is Q+ 1 and not Q. 

The contradiction is self evident. The greatest ordinal number is not the greatest. 

2. Cantor discovered this antinomy almost at the same tiine when Burali-Forti 

published his paper referred to above. Cantor's paradox was brought to public 

knowledge only in 1927 by Zermelo, in his complete edition of Cantor's -works. 

Cantor's paradox may be stated as follows. 

If M is the set of all sets and Me its cardinal number, then Nc its greatest 

possible cardinal number. On the other hand a theorem in the set theory says that 
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the cardinal number of all the subset of a set M is greatest than the cardinal number 

of the set M. So the greatest cardinal number is not the greatest. 

There are other important logical mathematical paradoxes. These may be 

briefly mentioned. 

3. Richard's paradox (1905)- This paradox is concerned with the construction 

of the delinite decimal numbers. 

4. Zermalo-Konig' s paradox ( 1905) is concerned with the construction of well

ordered sets. 

5. Berry's paradox (1906) is similar to Richard's paradox. 

6. Skolen's paradox (1923) refers to formalization or axiomatization of set theory. 

7. Godel' s paradox is very similar t9fiar paradox. 

We propose to undertake a critical statement of Russell's paradox in the 

following chapter. But before we do that a brief account of RUssell's paradox may 
" 

be offered by way of introduction. 

The logic of classes was well constructed by Peano before PM Russell and 

Whitehead took over from Peano the whole calculus of classes. In the third chapter 

of PM they have enumerated the properties of classes. A class, they say must be 

something wholly determined by its membership, for example the class "Even 

primes" is identical with a class "numbers identical with 2." When the class is 

given the membership it is. determined. Further the null class is just as good as 

any other. It is also to be noted that two different sets of object can not form the 

same class. Again in the same sense in which there are classes there must also 

be classes of classes. For example, "The combination of!! things taken m at a 

time", where the n things form a class and each such a class is a member of the 

specified set of combinations, which set is therefore ai10ther class whose members 
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are classes. The class of unit classes or of couples is absolutely indispensable. 

The former is the number 1 and the latter the number 2. Thus without classes 

arithmetic becomes impossible. 

It must therefore be the case that under all circumstances it is meaningless 

to suppose a class identical with one of its member. If such 'a supposition have 

any meaning then "a is a member of a" and so would a is not a member of a. 

If we call this class A, then 

aEK = a- EK 
a 

If we call this class K, then we have 

aEK. = .a- EK 
a 

But this is a contradiction. Hence "a is a member of a', and "a is not a member 

of a" must always be meaningless. 

For Russell there is nothing surprising about this conclusion and he thinks 

we must take special notice to consequences of it. In the first place a class 

consisting only one member must not be identical with that one member. To think 

so would absolutely be meaningless not simply false. In the second place if the 

class of all class were a Class, then we must distinguish beh.Jeen two occurrences 

of the same symbol on the left and right side of membership. Peano had put the 

case as follows -

Cis E cis 

The first Cis need to have the different meaning from the second. 

It was the intension of the authocs of PM to construct the whole of 

mathematics in symbolic manner, in course of the reconstruction there appear the 

logical paradoxes in the very formalism. In order to solve the paradox Russell 
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was compelled to introduce the well known theory of Types, so that the paradoxes 

··could be avoided. In the following chapters we shall go over to a detail enquiry 

into that. 
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Chapter III 

RUSSELL'S PARADOX IN RELATION TO THE IDEA OF 

LOGICAL SYSTEMS 

Logical systems have been very useful tools for Philosophers, Logicians 

and Mathematicians. 

First, logic has been useful in clarifying long standing problems in Philosophy. 

Secondly, logic has been useful in accessing the validity ofPhilosophical arguments. 

Thirdly, logic has been useful in developing new theories - new Philosophical 

oppositions. Andfourth, the recent advances in logic have shed great light on the 

nature of logic itself, such as the nature of mathematics and the relationship of 

logic to mathematics. 

It has been appreciated that the predication ofproperties to properties leads 

to a difficult known as syntactical paradoxes. We may illustrate the point in the 

following manner. Let us call any property which can be predicted of itself, a 

predicable property, any property which can not be predicate ofitselfan impredicable 

property. We can say that the property of being common is a predicable property, 

since it seems true being common is a common property. But can we say that 
" the property of being rare is a rare property? 

What about the property of being impredicable? Can this property be truly 

predicated of itself'? The unfortunate answer seems to be that if the property of 

being impredicable is predicated of itself that it is not predicated of itself. And 

if is not not predicated of itself, then it is predicated of itself. Hence the paradox. 

To make this clear let us symbolize the property of being predicable as P and the 
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property of being impredicables as P'. Let us bear in mind that to say the given 

property F is P is to say that FF, and to say that the given property F is P' is to 

say that - FF. 

To start with P' is itself P' or else P' is P. Take the first possibility namely 

the P' is P'. If P' is P' then P' is predicated of itself and hence P' is P. So if P' 

is P' then P' is P. 

It follows that is P' is P, then it is P, and if P' is P, then it is P'. What we 

have shown is that if the property of being impredicable is impredicable, then 

it is predicated of itself, and hence it is predicable. And if the property of being 

impredicable is predicable, then it is not predicated of itself and hence it is 

impredicable. 

This contradictory result can be made by writing down the definition of 

P' and then constructing a simple argument as follows. 

1. PF = df- FF 

That is to say a property F is impredicable is to say that it is not the case 

that F is F. From which it follows that given any property F, F is P' if and only 

if it is not the case that F is F. 

2. (F) ( PF =- FF) 

Hence by substituting P for F, by universal instantiation (U.I.). 

3. pp =- pp 

From which an explicit contradiction can be determined. 

We may show in this context the logical structure of the paradox of the 

littr. It was first posed by ancient Greek. A modernized version of the paradox 

.. may be stated as under : 
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It seems reasonable to support that every declarative sentence is either true 

or false. 

But consider the sentence ( 1 ), sentence ( 1) is false. 

Is sentence ( 1) true or is it false? The unfortunate answer seems to be that 

if sentence ( 1) is true then it is false, and if it is false, then it is true. 

Let us take the first possibility namely that sentence ( 1) is true. If (I) is 

. true and (1) says that (I} is false, then it follows that (I) is false. So if(1) is true 

then ( 1) is false. 

Now suppose (I) is false. If (1) is false and (1) says that (I) is false, then 

it follows that it is false that (1) is false, and therefore it follows that (I) is true. 

So if ( l) is false, then (I) is true. Either way we have a contradiction and hence 

a paradox. 

It is often thought that the liar paradox can be solved by ruling out any 

··sentence which refers to itself. The logician divided among themselves as to 

whether, the liar paradox is a paradox of self reference. We shall take up the matter 

for discussion in a latter chapter. 

Russell's paradox is a logical paradox that has very serious repercussion 

in the theory of classes and thus also in the foundation of mathematics. Consider 

the class of all classes that do not belong to themselves. Does it belong to itself? 
; 

Answering either "yes" or "no" results is a contradiction. From this Russell drew 

the conclusion that no such class exists, but it is not easy to justify this conclusion. 

The field of set theory was pioneered by Cantor and further developed by 

Russell and Zermalo. The original motivation that led to the formulation of the 

set theory derived from problems arising out of investigation into certain type of 

infinite set and recognition of a need for a theory of infinite. Russell showed that 
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most of received mathematics is deducible in set theory. Burali-Forti paradox and 

Cantor's paradox called into question, the size and existence of certain sets, and 

Rtlssell's paradox showed that the unrestricted conception of sets as being determined 

.. by all predicates or conditions was inconsistence. Sets are conceived of either 

being "build" from their members or as being defined by a condition. For instance 

the condition 'is red' defines the set of red things. Russell's paradox indicate not 

every condition defines a set. He showed the unrestricted conception of red leads 

to contradiction. 

We shall therefore consider Russell's paradox in the following order 

(a) We shall first consider the Russell's conception of s.et and how sets are built. 

(b) How are sets determined by a condition and then we shall be in a position 

to appreciate what has come to be known as Russell's paradox. 



Chapter IV 

RUSSELL'S CONCEPT OF CLASS 

In this chapter we shall be concerned with Russell's derivation of the 

concept of 'class'. Usually the concept of class is taken as a primitive concept. 

But Russell's does not take it as a primitive notion. On the contrary he seeks to 

derive the notion and it will be our purpose to see how does he do that . 

. Russell appears to derive the notion of a class from the notion of propositional 

function. 

For Russell a proposition is a form of words which expresses what is either 

true or false. He further says that the word 'proposition' consists of symbols as 

may give· expression to truth and falsity. Let us see what Russell means by the 

·statement. The bare formula 

'(a + b)2 = a2 + 2ab + b2 ' 

is not a proposition. That is to say the bare formula 

'(a + b)2 = a2 + 2ab + b2 ' 

does not say anything definite unless we further add or suppose that a and b are 

to have such and such values and it is only then, that the formula would become 

a proposition. 

When no assumptions are made about the values of the variables the 

mathematical formula would be a propositional function. As Russell explains it, 
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a propositional function is an expression containing 'undetermined constituent'. 

When values are assigned to this constituent, the expression becomes a proposition. 

The bare formula is a function whose values are propositions. 

Russell distinguishes a propositional function from a~ descriptive function. 

L~t us consider the expression "the most difficult theorem in geometry" is a 

.. descriptive function but not a propositional function although its values are propositions. 

A descriptive function describes a proposition which propositional function does 
' 

not. 

The expression 'xis human' is a propositional function, since xis undetermined, 

I.e. it is neither true nor false. But when a values is assigned to x, it becomes 

a true or false proposition. 

Further, Russell adds that any mathematical equation is a propositional 

function, so long as its variables have no definite values. A propositional function 

is a mere schema, 'an empty receptacle for meaning not something already significant' 1• 

Russell think that the propositional functions involved in the theory of 

classes and relations. 

We have already mentioned that Russell does not tre~t class as a primitive 

idea. In the calculus of classes the symbols for classes do not represent object 

called the classes. According to him classes are logical fiction or incomplete 

symbols. Let us ask why does Russell say that 'class' is a logical fiction or 

incomplete symbol. He does not regard classes· as part of the 'ultimate furniture' 

of the world. This means classes differ from the particulars or individuals. He says 

that we cannot take classes. in the pure extensional way. And this would make 

impossible for us to understand how there can be such a class as a null class. 

It is by no means easy to determine precisely the nature of a propositional 

function. In the Principia Mathematica Russell gives the following explanation. 
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A propositional function differs from a proposition solely by the fact that 

· it is ambiguous. It is the ambiguity of a propositional function that constitutes 

the difference. Critics of Russell find the ambiguity some what unfortunate. By 

'ambiguity' Russell seems to mean indeterminateness which is characteristic of 

the variable. To say that an expression containing a variable is 'ambiguous expression 

involves a misleading use of language. What is important is that there is a 

determinate correspondence specified by the functional relation holding between 

the variables. This is the characteristic of mathematical function. 

Russell further distinguishes between the propositional function and an 

u~determinate value of the function. To mark this distinction he writes ·~ is hurt' 

· · to express the propositional function and 'x is hurt' to express the undeterminate 

value of the function. To this distinction we shall return later. 

Let us now consider in what respect a propositional function resembles, 

and in what respect it differs from an ordinary mathematical function. Russell 

points out that they agree in containing unassigned variables and differing in that 

the values of a propositional functions are propositions. This does not seem a 

sufficiently precise account of the matter. Russell says that propositional functions 

are the fundamental kind from which other kinds of functions, such as 'sin x', 

'log x' or 'The father of x' are derived. Such functions are called descriptive 

function. They mean the term having such as such relation to x, so that the function 

describes the value of x which satisfies the function. Thus 'log x' means 'the 

logarithm of x'. If we substitute the determinate value 3 for x· in the expression 

'log x'. We get the 'logarithm of 3'. Now the 'logarithm of 3' describes the 

number 0.4771. Just as 'the father of Rama' describes Dasharatha. 

It is important to distinguish the number describing (0.4771) from ·the 

description of it (log 3), since the same number may have many different descriptions 

just as the same man may have many different descriptions applicable to him. For 
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example the same number 2 may be described by 'the only even prime', 'the 

square root of 4' or 'the sum of I and I'. In the mathematical function y_=log 

x, y is the value of the function and if 3 be is substituted for ·x, then the value 

of the function is 0.4771. 

Frege had supposed that there is a analogy between a propositional function 

and a mathematical function. We may now consider. his view. 

Frege thought that every proposition was a description which describes 

either they are true or they are false. For example, take "22 = 4", it describesthe 

truth. Again "3<2" describes t-he false. The functional expression X2 = 4, in 

Frege' s view has two values. The true for one argument Le. true. But false for 

all other arguments, namely !2,32,42 ... etc. If Frege's view is not mistaken, if his 

view were correct then propositional function is analogous to ~athematical functions. 

Russell's has discussed Frege's view in Principles of Mathematics. If Frege's 

view were correct we could write "y = x is hurt" and then y would be the dependent 

variable just as in "y = log x". But there is nothing in the propositional function 

standing to "x is hurt" as y stands to "log x", in the mathematical function, "y 

= log x". Thus the two kinds of function are not exactly analogous. In the case 
/ 

of a propositional function there seem to be nothing corresponding to the value 

of the function. Since there is nothing corresponding to the term described by 

the mathematical descriptive function, we can not then regard the propositional 

function as having anything exactly corresponding to the dependent variable in 

tbwe expression "y = log x". 

-- Derivation of the Concept of the Class from Propositional Function 

We have already indicated that Russell derives the concept of class from 

the concept of propositional function. But before we consider Russell's derivation. 

We should try to understand the notion of a class from a common sense point 

of view. 
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The notion of a class is just as familiar as the notion of an individual. 

Accordingly there are class propositions (e.g. All men are mortals) and singular 

proposition (e.g. Russell is a mathematician). No one supposes, that a class is a 

object of the same kind and type of an individual. Therefore we must ask what 

a class is. We shall do it in a two fold way : 

(a) By considering how we come to recognize a class. 

(b) How we use class symbols. 

Let us consider the case of the people who are learned. These constitute 

a class and they are referred to by the terms scholars. So we can say, scholars 

who are all the individuals who are learned. We have now a set of individuals 

distinguished from other sets of individuals in that each individuals of the set 

possesses the property of being learned. There are two ways of selecting the. 
' 

individuals who form a class. One way is to enumerate the. individuals one after 
. I 

the other. The order of enumeration may be indifferent. The second way is to select 

a certain propem which may belong to many individuals. 

Class names of geometrical figure are not derived by an enumeration of 

all the figures instantiating the class-forming property. It is a set determined by 

a conjunction of properties belonging to each individuals in the set and to no other 

individuals. Such a set is a class. 

There is an important difference between an enumerative set and a class. 

The later is determind by a property or conjunctions of properties. The former 

is selected by an enumeration. The enumerative selection of a class is possible 

only in the case of finite classes i.e. classess consisting of finite number of 

members. An infinite class is not denumerable so that such a class must be 

determined by a conjunction of properties, by means of which the class is selected. 

(b) The most remarkable statement that Russell makes concerning classes or the 
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concept of a class is that to be concerned with classes is to be concerned with 

the in the plural, for example 'the inhabitants of Calcutta'. He has also shown 

that a cardinal number is to be defined as a class of classes and that the number 

1 is to be defined as the class of all unit classes i.e. of all that have just one 

member. When the number 1 is defined as the class of all unit classes we must 

be clear about the notion of unit class. A class a is said to be a 'unit' class if 

the propositional function x is an a is not always false. This gives us a definition 
'_, t 

of unit class if we already know what a class in general is: 

Russell also says the symbol of classes are near conveniences and classes 

are in fact 'logical fictions'. Russell has a feeling that no' definition of class is 

finally satisfactory. Therefore he says that the classes· cannot be regarded as part 

of the ultimate furniture of the world. Classes cannot be taken in a pure extensional 

way as simply heaps, because in that case the null class cannot be regarded as 

a heap. And secondly, a class which has only one member would be identical of 

that one member. 

Therefore Russell is led on to define classes by propositional function 

which are true .of the member of the class and false of other things. Now it should 

be carefully noted that classess are not to be taken as identical with the propositional 

functions that may be true of its member. So we have. to decide that 

(a) the classess cannot be things of the same sort as their members; 

(b) that they cannot be just heaps or aggregates; and also 

(c) that they cannot identified by propositional functions. 

It still remains very difficult to see what classes actually are. Are they 

something more than the symbolic fictions or they are just symbolic fictions. 

What after all is Russell's intension in saying that classess are symbolic 

fictions and how does the view help us? 
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From the consideration made above the following conclusion should follow. 

(i) Every propositional function must determine a class, consisting ofthose arguments 

for which the function is true. Russell's final position is that the class is rendered 

determined by a propositional function and that every propositional function 

determines an appropriate class. 

(ii) Two formally equally propositional functions should determine the same class. 

Two propositional functions which are not formally equivalent must determine 

different classess. That is, a class is determined by its me~bership and no two 

different classess can have the same membership. If a class is determined by a 

function ¢(x), we may say that a is a member of the class if ¢(a) is true. 

(iii) Russell then proceeds to formulate the notion of classess of classess. In the 

Introduction to Mathematical Philosophy Russell gives the following definition 

of class of classes. 

"The number of a class is the class of all those classes that are similar to 

it"2
. The most crucial notien in this definition is that of similarity. Two classes 

are said to be similar where there is a one-one relation which co-relates the terms 

of the one class each with one term of the other class. One class is said to be 

similar to another when there is a one-one relation of which one class is the 

domain while the other is the converse domain. Two finite classes have the same 

number of te.rms if they are similar. The act of counting consists in establishing 

a one-one correlation between the set of objects counted and the natural numbers 

that are used up in the process. There are as many objects in'the set to be counted 

as there are numbers upto the last number used in the counting. 

It then follows that number is any collection which is the number of one 

of its member. It may be seen that Russell defines numbers of a given class. The 

class of fathers will be all those who are somebody' s father. · 
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(ix,) The most puzJding conclusion what Russell seeks to derive from what has gone 

bef6re is a distinction between meaninglessness and falsity. There may be certain 

propositions about classes that may be meaningless but not false. For example, 

to suppose a class ·as a member of itself or not a member of itself; this statement 

results from a contradiction of which we propose to deal with in what to follows: 

Russell introduces his concept of the contradiction of the greatest cardinal. 

1l1e number of classes contained in a given class is always greater than the number 

of the members of the class, and hence Cantor's paradox shows that there is no 

greatest cardinal number. But if we add together with one class the individuals, 

the classes of classes of individuals etc.,· we obtain a class of which its own 

subclasses would be members. The class consisting of all objects that can be 

counted must have a cardinal number which is the greatest possible. Since all its 

sub-classes will be members of it, there cannot be more of them than there are 
' -

members. Hence we arrive at a contradiction. Russell's now seeks to apply the 

proof of Cantor's paradox to a supposed class of all imaginable objects and 

thereby derive a fallacy which he calls confusion of types. 

Confusion .of Types : 

Russell begins with the idea of the contradiction of the greatest cardinal. 

The number of classes in a given class is always greater than the number of 

members of the class. From this he is to infer that there is no greatest cardinal 

number. If we would add together with one class that individual, the classes of 

individuals etc., we obtain a class of which one such class will be a member. "The 

class consisting of all objects that can be counted, of whatever sort, must if there · 

be such a class, have a cardinal number which is the greatest possible"3 • Since 

all its subclasses will be members of it, there cannot be more of them than there 

are members. Hence we arrive at a contradiction. 
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Russell discovers t~s contradiction in Cantor's proof that there is no 

greatest ca~dinal. Before we proceed to consider Russell's discovered contradiction, 

we should have a brief statement of Cantor's proof. Let us put Cantor's paradox 

m the following manner : 

Let C be the set of all sets. Then every subset of C is also a member of 

C is a subset of c, i.e. 

zc cc 

But zc CC implies that 

# (2c) < # (c) 

However, according to Cantor's theorem, 

# (C) < # (2c) 

thus the concept of the set of all sets leads to a contradiction. [Notations are 

··explained in the Appendix] 

The comprehensive class if it is to embrace every thing then it must 

embrace itself as OJ)e of its members. 

As Russell says "if there is such a thing as "everything" then "everything" 

ts something, and is a member of the class "everything"4
• 

But we know that the class is not a member of itself. Mankind is not a 

man. The assemblage of all classes which are not members of themselves is a 

class. And now the question is, is it a member of itself or not? 

If it is one of those classes that are not members of themselves or it is not 

a member of itself. If it is not the case, then it is not one of those classes that 

are not members of themselves that is it is a member of itself. There are two 

hypotheses, that it is and that it is not.Each implies its contradictory. This is a 



34 

contradiction. 
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Chapter V 

RUSSELL'S FORERUNNERS PEANO AND AND CANTOR 

Historically speaking the mathematics of number is a late development. We 

say this because a mathematics of number has not traditionally been organised 

in an axiomatic form. Arithmetic, school Algebra, the Differential and Integral 

Calculus have customarily been presented as collections of rules of calculation, 

rather than in the form of axiomatized systems of laws. The modern mathematics 

of numbers had originated in the mathematics of Babylonians, Hindus and Arabs 

than in that of Greeks. The Greeks gave geometrical interpretation to numbers. 

The Babylonians, Hindus and Arabs developed symbols and rules of calculations 

and made it possible to deal with numerical problems more abstractly than could 

the Greeks. But eastern mathematics did not concern themselves 

(a) with giving proofs, and 

(b) organising their knowledge of numbers into axiometric form. 

So it remains that Geometry has been handed down to us in an axiomatized 

form which Euclid had given. T~e development of the mathematics of numbers 

has given rise to 'Philosophical puzzlement. The whole numbers are not disturbing, 

fractions have been regarded as quotients of whole numbers. But when the Babylonians 

face a difficulty in referring to the result of substracting a number from itself, 

a symbol for zero was introduced and it began to be treated as though it were 

a genuine number. Another source of uneasiness must have,been encountered in 

the case of negative numbers. Sometimes they have been said to be Ghost of 
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number and so on. 

Philosophical puzzlements about vanous kinds of numbers came to be 

tackled by nineteenth centry mathematicians by developing a unified theory of 

numbers. This was a very important achievement. These mathematician tried to 

show. 

(a) The mathematical theories concerning sophisticated kinds of numbers can be 

reduced to or 'constructed from a theory concerning only the basic kinds of 

numbers. 

(b) How each ofthe more sophisticated kinds ofnumbers (together with operations 

such as addition and multiplication) performable on numbers of that kind can be 

defined in terms of the whole numbers and the operations performable upon them. 

(c) They also showed that these can be done in such a way that the laws which 

govern more sophisticated kinds of numbers can be deduced from the laws that 

govern the whole numbers. This development is called Arithmetization of analysis. 

That is to say the unified theory of numbers is concerned with showing that 

analytical mathematics can be reduced to elementary number theory of arithmetic. 

We have tried to show that unified theory of numbers enables us to regard 

the various kinds of numbers as belonging to a single family. We shall take a look 

at the way higher types of numbers can be reduced to the basic kinds of numbers. 

The basic kinds of numbers are called natural numbers (unfortunately there 

are mathematicians who do not like to include zero among natural numbers but 

there are others who count it in). By natural numbers:are meant all those numbers 

each of which can be reached by starting from zero and adding one as often as 

necessary. The Italian mathematician Peano was the first to organise the fundamental 

laws of rational numbers in axiomatic form. 
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We propose to give a brief outline of Peano' s achievement in the axiomatization 

of the arithmetical system. This is in Arithmetices Principia. 

The axiomatic theory of numbers set out in Arithmetices Principia (The 

Principles of Arithmetic) consists of the exclusive logical presentation of the 

axiomatic structure of the system of natural numbers. Peano' s axiomatization is 

in essence with the following. He has shown that the theory of natural numbers 

can be finally constructed starting from 3 primitive ideas and 5 initial propositions, 

besides the purely logical ones. The importance of this achievement was remarkable. 

Bertrand Russell underlines the importance ofPeano's axiomatization (Introduction 

to Mathematical Philosophy, Chap.1, London, 1919). He affirmed that the three 

ideas and five. propositions had become somehow the guarantees of the entire 

tradition in pure mathema_~cs. 

The primitive ideas in Peano's final aximoatization are the following 

Primitive ideas. 

(1) Zero 

(2) Number (Numerous - interger positions) 

(3) Successor (Sequens) 

These ideas are not defined, but only intuitively accepted. It is accepted 

that it is known what "zero" is. By "number" Peano understands the class of 

"natural numbers" and to say "2 is a number" means "2 belongs to the class of 

natural numbers". By "successor" he indicates the immediately following number 

to a given one. 1 is the successor of 0,2 is the successor of 1 and so on Peano's 

ax10ms : 

_ (1) 0 (zero) is a number. 

(2) The successor of a number is a number. 
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(3) Two numbers cannot have the same successor. 

(4) 0 (zero) is no successor to any number. 

(5) Any property of 0 (zero) as well as of any successor to a number which has 

this property is common to all numbers. 

With these 3 primitive ideas and 5 axioms, Peano succeeds in reconstructing 

··the arithmetic of natural numbers, and later the whole of arithmetic. 

Though Peano's axiomatization is the best logical achievement in the field 

of arithmetic, it still suffers from a drawback which has been pointed out by 

RusseiP. He says that Peano's primitive ideas, namely 0. (zero), number and 

successor, are compatible with an infinite ~umber of different interpretations 

which all satisfy the conditions set by the 5 axioms. For instance, supposing that 

"0" means 1 00~ and supposing also that the expression "number" stands for all 

numbers starting with 100 in the natural sequence of numbers, then the axioms 

are satisfied, even the fourth axiom, because-, although 100 is the successor of 99, 

this quantity 99 is not a "number" in the sense given to this word in this instance. 

·Let us now give to 0 (zero) its usual meaning, says Russell further, and let us 

designate by "number" that which we usually mean by even numbers; the "successor" 

will result if we add the number "2". So, the figure 1 will represent the quantity 

2, the figure 2, the quantity 4 etc. The sequence of natural numbers will then be: 

zero, two, four, six, eight, ... · 

It is clear that Peano's axioms are satisfied. 

Let us suppose now that "0" stands for the quantity "one" and that we call 

"numbers" the group 

I, 1/2, 1/4, 1/8, 1116, 
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admitting that "successor" means "one half'. The 5 axioms of Peano are valid 

for the above group. 

An infinite number of examples can be thus given : any progression satisfies 

· ·Peano's axioms and could consequently be taken as "the sequence of natural 

numbers". In Peano's system, says Russell, there is no possibility of distinguishing 

the various interpretations of the primitive ideas. In other words, what can be 

reproached to Peano's axiomatization is the fact that it is not characteristic of 

natural numbers (hence of the whole arithmetic), and consequently neither for the 

whole of mathematics. 

It may be noticed that peano' s axioms contained three undefined terms 

zero, successor and natural numbers. It should also be noticed that the axioms 

by themselves do not show us what these terms are supposed to mean, nor do they · 

give us any hint that the terms refer to anything real. Now if we are to accept 

the axioms are true then we must supply meaning and evidence from our sides. 

As the three terms are used in the axioms, we are to passively assume that "zero" 

refer to some one definite entity among numbers, and that there is just one entity 

among numbers that is its immediate successor. It follows from the axioms that 

nothing holds in a natural numbers which. is not covered .by the axioms. Also 

follows that since zero is not a successor to any natural numbers .the series cannot 

circle back to its starting point. Another important point to know is that the series 

of natural numbers cannot stop. On the basis of Peano's axioms we can introduce 

the names of the numbers-.-- For example we may· say, and in fact we do, "one" 

is by definition the name of immediate successor of zero or "two" by definition 

is the name of the immediate successor of one. 

Peano's axioms do not provide us with a complete theory of the natural 

numbers. Why? There appear to be two reasons for these 
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(1) If we limit ourselves to Peano's three primitive terms and his five axioms, 

it becomes impossible for us to define addition and multiplication for natural 

numbers and cannot also express them within the system. Can we prove within 

the system such laws as the sum of natural number x and y is always the same 

number as the sum of y and x ? Answer is no. 

If we are to reduce higher kind of numbers to natural numbers we need 

two important terms, namely set and ordered pair. These are not included among 

Peano's primitives. 

How are we to understand the terms set and ordered pair ? These terms 

are understood in a rarefied way. A set is a class, collection or group of things. 

The things belonging to a set may be of any kind, concrete (e.g. set of books) 

or abstract (e.g. set of theories). They may or may not be closely similar or closely 

connected with one another. But the essential point is that a set has to be thought 

of as a single entity, and has to be distinguished from the things that are members 

of it. The set is a very different thing from its member. Let us take a concrete 

example. Let there be a set of mathematicians. The members of this set will 
' 

include every mathematician but nothing else. Each member. is a mathematician 

but a set of all mathematicians is not itself a mathematician. The set is numerous 

that is it has many members but no mathematician is numerous. 

Two sets are sometimes said to be identical when they have exactly the 

same members. For example, the set of equilateral triangles is identical to the set 

of equi-angular triangles. Supposing We are permitted to say that there can be sets 

having no members, interesting results follow. According to the criterian of 

identity all empty sets are identical. This means there can b~ only one empty set. 
' 

For example the set of golden mountains is identical to the set of square circles. 

These sets have exactly the same members - none. 
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Let us now turn to the relationships between the sets. One set is a subset 

of another when all the members of the former are members of the later. Thus 

the set of mathematicians is a subset of the set of human beings. we must be very 

cautious to distinguish between a subset of and a member. Copernicus is a member 

but not the subset of a set of mathematicians. The set of mathematicians is of 

course a subset but not a member of the set of human beings. 

Let us turn to the concept of ordered pair. This term is also to be understood 

in the rarerified sets. Let us say that an ordered pair consists of two things of any 

kind whatever considering a certain order. The things may be concrete or abstract 

similar or dissimilar. Ordered pairs can also be identical. One ordered pair (x,y)can 

be said to be identical with another ordered pair (z, w) provided that the two first 

items, x and z are identical and the two second items y and w are identical. On 

this basis it should be possible to define ordered pairs as a kind of set of sets. 

Let us now see how higher kinds of numbers can be defined. The process 

of defining the higher kinds-of numbers by reducing them to the rational numbers. 

For example a theory of rational numbers, sets and ordered pairs. This is the first 

step in defining the higher kinds of numbers. The second step would consist in 

developing the theory of real numbers, again basing it upon our theory of the 

rational numbers. The theory of complex number is also developed in the same 

way. The process of developing the higher kinds of numbers may be formulated 

as follows. At each step we take for granted that it is understood what the 

preceeding kinds of numbers are and what it means to add and multiply them. 

On this basis we define what the next kinds of number are, and we define what 

it shall mean to add and to multiply them. 

The most interesting points to note in this connection is that with this 

higher kind of·numbers name "one" has several meanings. It appears first as the 
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name of a natural numbers i.e. the immediate successor of zero. Then it appears 

as the name of a rational nu·mber. In this case the rational number one is the set 

containing the ordered pair (1,1), (1,2), (1,3). Again "one" appears as the name 

of real number. A real __ number is a set of rationals. The real number one is the 

set of rational numbers smaller than the rational number one. The point is that 

we must distinguish between the natural number one, the rational number one, 

the real number one and so on. The same numeral is used to stand for all of this 

but they are essentially distinct mathematical entities. The German mathematician 

Kronecker significantly remarked, "Dear God made the whole number, all the 

others are h}lman works"2• 

It may well have been noticed that the definiti~ns of higher kinds of 

numbers we have already made use of the term set. The idea of developing a theory 

of sets goes back to the Gennan mathematician Cantor in the late nineteen centuty. 

Cantor's particular contribution was his theory of infinite set and of transfinite 

numbers. Let us see what these notions are. 

Let us consider the· passengers in a bus. If the conductor does not allow 

more passengers to get into the bus, then every seat is occupied by one passenger 

or every passenger occupies one seat. We can now say that the' set of passenger 

and the set of seats are in one-to-one correlation. This example may be taken to 

illustrate the notion of one-to-one correspondence. Cantor's theory employs this 

important notion : Formally speaking we may say that let there be two sets S
1 

and S2• Now the members of the set S
1 

standing one-to-one correspondence with 

the members of the set S
2 

only if the members of the one set are associated with 

those of the other, such that with each member of S
1 

exactly one member of S
2 

is ... associated and if each member of S2 is exactly one member of S1 is associated. 

Let us now go back to our example of the bus. The set of passengers has the same 

number of members as has the set of seats. But if every seat is occupied by a 
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passenger and some passengers do not have seats then a set of passengers shall 

be said to be larger than the set of seats. 

The matter is not simple as it looks like. Questions and doubt arise in this 

connection. 

(a) What 'do we really should mean when we. say that two sets are related 

to each other by one-to-one correspondence ? Shall we mean that there are two 

numerically different sets and that they have the same members and that there 

are the same number of members ? In that case may we say that the two sets in 

question come within the domain of the axiom of extentionality, which defines 

the notion of set identity. 

(b) If the point made in (a) is unexceptional then what is the guarantee that 

there are two numerically different sets and not one set. We say this because one

to-one correspondence may be viewed as obtaining between the members of the 

same set, of course reflexively. Let us illustarate the point. Suppose that there is 

a set of six unambiguous words. In that case the words and the meaning will be 

related in a reflexive manner. 

Difficulties such as-these will necessarily prevail in a conceptual discipline 

such as mathematics. We do not venture to suggest a solution but at times the 

awareness of the existence of the problem could be more rewarding that an actual 

solutions of it. 

Let us· now go back to Cantor. In our example of the bus we considered 

two sets of finite size, for buses can not be of an infinitely large size. Cantor had 

subjected that the members of infinitely large sets can stand in one-to-one correlation. 

His idea was that when sets contain infinitely many members we can compare 

the sizes of se~s. Cantor also held that two infinite sets are to have the same size 

if and only if their members can be correlated to one-to-one. Further an infinite 
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set is said to be larger than another if and only if when all the members of the 

latter are associated with members of the former, and some members ofthe former 

are left over. 

Let us give some concrete examples of the correlated sets. We all know 

that numbers are either odd or even. In that case the set of odd numbers having 

such members as 1,3,5,7,9 ... is ofthe same size as the set of even numbers because 

we can correlate their members in such a way that each odd number is associated 

with its immediate successor. That is to say the members of the two sets are related 

to one-to-one and it is on the basis of correspondence of the members of two sets 

that the sets are said to be of the same size. 

Let us vary the example to find more surprising consequences. Let us take 

two sets one of odd numbers and the other consisting of natural numbers as 

members. Can we say that these two sets are of the same size. Cantor thinks that 

by associating the first odd numbers with the first natural numbers and the nth 

odd number with the nth natural number, we can show that the members of these 

two sets are correlated to one-to-one. 

Odd numbers 

1,3,5,7,9,1 I, ........ 

Natural numbers 

0, 1,2,3,4,5,6, ... (pace Peano) 

Looking at. the table above it may be remarked that unless one agrees to bring 

in a point above nth numbers both odd and natural that the two sets can not perhaps 

be said to have the same size. 

Cantor thinks that the set. of natural numbers is of the same size of the set 

of rational numbers. But how can that be ? We all know that the set of rational 
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numbers are imagined to be much larger. Let us see how does Cantor show that 

what he does is the following. Let us arrange the rational numbers in a series 

so that every rational number has its definite place in the series and also that it 

is within a finite number of steps from the beginning of the series. 

0 1 2 3 - T I I I 

Jl l ~ ....1 
2 2 2 2 

0 1 2 3 
3 T 3 3 

We may now be able to correlate the first rational with the first natural number 

and Cantor adds that we may do so, in general the nth rational with nth natural 

number. In the series we have expressed each rational as' a fraction. 

It may be noted that the array is open to the right and down i.e. the series 

in both the direction does not stop. Every rational number must occur somewhere 

either of the right or downwards. 

It is also to be noticed that the array is two-dimensional but we can arrange 

all its members in a linear series, if we start with the upper left corner and weave 

c!iagonally through the array. So we get 
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Oil -7 1/1 2/1 -7 3/1 

~ 71 ~ 71 

0/2 1/2 2/2 3/2 

w 71 ~ 71 

0/3 1/3 2/3 3/3 

~ 71 

0/4 1/4 2/4 3/4 

w 71 

0/5 1/5 2/5 3/5 

0/6 1/6 2/6 3/6 

The linear series we get 

0/1, 111, 0/2. 0/3, 1/2, 2/1, 3/1, 2/2, 1/3, 

0/4, 0/5, 1/4, 2/3, 3/2, ................. . 
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Cantor wanted to have a series in which every rational numbers occurs 

only once. And each member of the series with a finite number of steps of the 

beginning : 

Rational numbers 0 1 1 2 3 1 _,_,_,_,_,_ 
1 1 2 1 1 3 

Natural numbers : 0, 1, 2, 3, 4, 5 ....... . 

It is in this way that a one-to-one correlation between the members of the set of 

rational numbers and the members of the set of natural numbers. can be shown. 

Therefore the two sets are of the same size. 

Some surprising results follow from Cantor's philosophy of number. 

(a) The odd numbers form a subset of the natural numbers. They are just 

as numerous as natural numbers. And it is also a fact that the natural numbers 

are as numerous as the rational numbers. Considering the. point it might strike 

some one that the whole thing goes against Euclid's axiom that the whole is 

greater than the any of its parts. The reason for this surprising state of affairs is 

that Euclid thought only of finite wholes and never about the Cantorian infinite 

whole. We are simply noting the point and it is not easy to reach a clear-cut 

conclusion. 

(b) Cantor may be taken to have suggested that all infinite sets are of the 

sa:me size. But this is not the case. Let us consider the real numbers that are greater 

.. than zero but not greater than one. Cantor. has maintained that there are more of 

these real numbers than there are natural numbers. 

Now the set of these real numbers may be supposed to be of the same size 

as the set of all natural numbers. That would mean that these real numbers could 
1 

somehow all be arranged in a series, for example (r
1

, r
2

, r
3

, ..... , rn, ...... ) so that 
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the first real number is correlated with the real natural il;l the series of natural 

numbers and the nth real number could be correlated with that nth natural number . 

. Real natural number can be represented in' decimal notation as a non

terminating decimal. A non-terminating decimal means that it never reaches a 

place after which all the digits are "0". 

Examples of non-terminating decimal 

1/3 = .3333 ..... 

Terminating decimal can also be put into non-terminating form 0.303 can be 

expressed as non-terminating form as 0.3029999 ... 

But if we consider the real number (r
0
) represented by the following non

terminating decimal its first digit is to be "5" if the first digit of r, is not "5" and 

is to be "6" otherwise, its second digit is to be "5" if the ,second digit of r
2 

is 

not "5" ·and is to be "6". Similar explanation will be imposed in th~ase of nth 

digit. 

This non-terminating decimal must represent a real number greater than 

0 and less than 1, yet this real number r0 is so defined that it can not be identical 

witljiny real number in the series rl'r2,r3, .••. , rn, .... 

Thus the real number r
0 

has not been correlated with any natural. number. 

This contradicts our supposition that a one-to-one correlation between these real 

numbers and the natural numbers was possible. Therefore such a one-to-one . 

correlation is not possible, and there are more of real numbers than natural 

numbers. Hence we conclude that the set of real numbers is larger than the set 

of rational numbers. 

Cantor's main contribution lies in the direction of development a theory 
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of transfinite cardinal numbers. We may explain the notions as follows. 

"A cardinal number measures the size of a set, finite or infinity; transfinite 

cardinals measure the sizes of infinite set. " 3 

(a) It foll~ that a set of natural numbers will have the smallest transfinite 

cardinal number. 

(b), The set of real numbers will have a larger transfinite cardinal number . 

. (c) The set of all subsets of the set of real numbers will have an even larger 

transfinite cardinal number. 

How did Cantor arrive at the conclusion mark (c)? The question can be 

answered in the following manner. 

A non-empty set may be either finite or infinite. But in either case a non

empty set has more subsets than it has members. This means that the cardinal 

numbers of the set of subsets of a given non-empty set must always be larger than 

the cardinal number of the given set. We find that however large a cardinal number 

is, there may be other cardinal numbers larger than it. So it follows that there are 

infinite number of cardinal numbers and they can be arranged in an ascending 

order. 

We may now round up our discussion of Cantor's theory of transfinite 

cardinal number. We have noticed that Cantor's conclusion have been surprising 

enough to make us feel uneasy. But they are quite natural from the mathematical 

point of view. His results are to be looked upon as theorems of a system whose 

axioms express the basic laws of a natural numbers and of sets and ordered pair. 

It may be pointed out in passing that not all mathematicians agree with 

Cantor's theory of ~nsfinites. For ~xample the intuitionist school of mathematics 

takes a radial line. According to them the numbers are the creations of the mind. 
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Definitions construct the entity defined and therefore a set cannot be regarded as 

existing unless it has previously being constructed by our deciding . what its 

members are. 

There is another school of mathematics represented by Russell and Whitehead. 

'According to them the law of the ~mathematics of number are derivable from or 

can be reduced to logic alone. This is known as the logistic thesis. Acccording 

to the logistic thesis the laws of Arthmetic and the rest of the mathematics of the 

number are related to those oflogic in the same way as the theorems of Geometry 

are related to its axioms. 

"Ordered pair" and the laws governing sets of ordered pair are counted as 

belonging to logic rather than to mathematics. They defined the natural numbers 

as certain kinds of sets of sets. "0" is defined as the set o(all empty set. "One" 

is defined as the set of all non-empty sets, each of which is such that anything 

belonging to it are identical and so on. One set of sets is said to be immediate 

successor of another when one member is removed from any set" belonging to the 

former, then the diminished-set belongs to the latter. All the natural numbers have 

been defined in the logistic thesis as anything belonging to every set to which 

zero belongs and to which belongs the immediate successor of anything that 

belongs. 

Refferen ces 
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Chapter VI 

RUSSELL'S CONCEPT OF LOGIC 

In the prece{ding chapter we have referred to Russell's 'logistic' method. 

This fact behooves us to state explicitly Russell 's concept of logic in particular, 

and its relationship with mathematics. 

Mathematics and logic are independent sciences, but they have remained 

in a closer rela,tionship to the theory of knowledge. It is no accident that Russell's 

achievements in the sphere ofmathematics and logic are no less than in the sphere 

of the theory of knowledge and in a certain sense his work presents mathematics 

as practically a branch of logic. When the mathematicians of the nineteenth and 

· twentieth centuries were about to place mathematics on a new and what seemed 

a completely secure basis, the whole structure was shattered by Russell's discovery 

of the paradoxy of the theory of classes. The revelation of a paradox is an 

.. achievement in logic. 

Russell proposed to reduce mathematics to loge. In order to achieve this 

he had shown that the fundamental terms of mathematics could be defined by 

means of purely logical concepts. But more importantly he had to transform logic 

itself. He had to elaborate a system of logic which would be rigorous and rich 

enough to allow the propositions of mathematics to be incorporated in it. The first 

of this undertaking was carried out in the principles of Mat~ematics (1903). The 

second led to Principia Mathematica extended to three large volumes (I 910, 

1.912 and 1913). A comparatively untechnical account of the main ideas of the 
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works was given by Russell in his Introduction to Mathematical Philosophy, 

which he wrote in prison as the result of his agitation against the First World War 

and published in 1919. 

In his idea that mathematics could be reduced to logic, Russell had been 

anticipated by Frege. For example, in their defit?-ition of the natural numbers both 

Russell and Frege made use of the concept of a one-one relation. In the present 

sequel we propose to state what Russell's concept of logic ~ould be to which he 

proposed mathematics to reduce to. 

For Russell 'logic' includes not just the elementary rules of deduction, but · 

also assumptions. Russell wishes to make' concerning certain entities - the so

called 'propositional entities'. Thus logic has a universe of discourse of its own: 

the collection of all individuals plus the collection of all propositional functions 

taking individuals as agruments, plus the collection of all propositional functions 

taking propositional functions as arguments, and so on. We have already enumerated 

leyels zero; one and two. 

Russell's treatment of the matter has come to be understood in the following 

manner. In the expression F(x), the symbol F is taken to stand for an arbitrary 

predicate of appropriate level. Accordingly F(x) means 'x has the property F'. 

Propositional functions are then identified with predicates. Again in terms of the 

Axiom of Extentionality, two predicates are said to be identical if they have the 

same extension. 

The classical interpretation of 'predicate' as universal taken in intension 

would have the case of extentional identity as false. Even if all squares were blue 

and only squares were blue, blue and square would be different predicates in 

the classical sense. 'Predicate', in the post-Russell simnplification has in effect 

come to mean 'set'. F(x) now means. 'x belongs to the set F'. Propositional 
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function are now taken to be set of individuals, sets of sets o~ individuals, sets 

of sets of sets and so on. 

Hilary Putnam1 has pointed it out that the reinterpretation amounts to 

saying that logic is set theory, and that then the universe of discourse proper to 

logic is the system· of all sets of finite arbitrary type. But the reinterpretation is 

contrary to Russell's statement in Principia. His reasons for the rejection of the 

reinterpretation may be the following. 

I. Russell wished to--reduce number theory to set the~ry, and set theo_ry in 

turn to logic, which he meant to be the th©lloy of propositional functions. Instead 

Russell's interpreators have done the other way round. In order to introduce 

special mathematical entities together with axioms governing them, besides the 

axioms of quantification theory, they introduce sets
1 

and reduce member to sets. 

Putnam thinks that they could have redefined 'logic' to include member theory 

by stipulation. 

II. Putnam has offere~ an interpretation ofRussell's concept of propositional 

functions. He s31ys that it is a function whose values are propositions. They are 

one-one correlated to predicate. Corresponding to the predicate Blue we have the 

propositional functions ~ is blue, i.e., the function whose value applied to any 

x is the proposition that x is blue. 

III. Putnam finds that Russell's logicism is merited by the fact that it can 

.. handle the problem of the application of mathematical methods to empirical 

subject matters, and this what Russell has always stressed. It is well known that 

by the application of logic itself to empirical premises an empirical conclusion 

may be derived. A simple syllogism will do. The principle, for all A, B and C, 

if all A are B and all B are C then all A are C is a principle of pure logic. The 

principle is valid since the principle holds even when empirical subject matter 
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terms are plugged in for A, B and C. 

IV. let us take an inference from applied arithmetic 

There are two apples on the desk 

There are two apples on the table 

The apples on the desk and table are all the ones in this room 

No apple is both on the desk and on the table 

Two plus two equals four 

(therefore) There are four apples in this room. The inference corresponds 

·to the formula that for every A,B,C, if C is the union of A' and B and A and B 

are disjoint, and A has two membersand B has two members, then C has four 

members. It should be noted in the content that the formula 'two plus two equals 

four' in the inference above is the principle by which the conclusion is derived 

from the other premises. The inference is an inference in pure logic, and the 

formula principle 'two plus two equals four' is used to derive empirical conclusions 

from empirical premises. To say that a principle of pure logic is valid is to assert 

that the principle is good under all substitutions for the predicate letters A,· B, 

C, etc. even substitutions of empirical subject matter terms. 

This discussion contains what is of permanent value in logicism. It shows 

that there is no sharp line between mathematics and logic. Putnam has argued that 

Russell has shown at least some mathematical truths are part of logic or that part 

of logic is identical wi'th part of mathematics, and it was., the achievement· of 

Principia. 
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Chapter VII 

RUSSELL'S PARADOX 

In the opening chapter· we have distinguished between paradoxes of self 

reference from other forms of paradoxes. Russell's paradox is a modern example 

of paradoxes of self-reference in the field of set theory. 

We propose to discuss Russell's paradox under two heads 

(a) Paradoxes of Set Theory and 

(b) The Simple Theory of Types 

. Russell proposes the theory of logical types in order to find a solution to 

certain contradiction ·which became apparent in the set theory and in the mathematical 

logic. Russell has been of the opinion that this theory serves a larger scope and 

that it has also a certain consonance with common sense which makes it credible1• 

We have already referred to Burali-Forti's antinomy with reference to the greatest 

ordinal number : the greatest ordinal number is not the greatest. Russell formulated 

his paradox in 1903. We may venture to summarise the Russell's paradox as under. 

If we examine all sets of classes we observe two points 

(a) Some of them contain themselves as an element. 

(b) others do not.· 

We may give the following examples. The class of mammals is not a 

mammal itself. So it does not contain itself. But the class of abstract notion is 
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an abstract notion itself, so_ it contains itself as an element. Let us now form the 

class of all classes that do not contain themselves as a,n element. Let us call it 

M. It follows that for the class M the question arises namely it .contains itself as 

an element or it does not. This is a simple application of law of Excluded Middle. 

So the third possibility does not exit. If M contains itself as an element then as 

it groups only classes which do not contain themselves, it does not contain itself 

Again if M does not contain itself as an element then M groups all classes that 

do not contain themselves, it contains itself The contradiction is evident. 

In order to avoid this paradox Russell -introduces the so called "vicious 

circle principle". This vicious circle which appears. in the abov~ contradiction 
' ' 

follows from the supposition that a certain collection of objects could contain such 

a member which can be defined only by m~ans of the collection_taken as a whole. 

·The principle which allows us to avoid illegitimately formed totalities is expressed 

a!:: follows. 

- "Whatever includes ·all of a collection must not be one of the collection"2• 

So the rule which follows -from the principle of the vicious circle is that "No 

member of a collection can be defined by the collection the member of which 

it is". In this case the class of all class_es which do not contain themselves is not 

possible, because it could define as a new member by means of the class to which 

it belongs. Russell-thinks that this principle-can help to avoid logico mathematical 

paradoxes. 

Let us now see how this principle is applied to the mathematical -logic. 

Accordingly to. Russell, a class is an ol:,ject which is derived from a propo-sitional 

function_ ~x and it· supposes the function all which verify ~x. The argument x of 

a propositional function ~x carinot be the function itself, or the class defined by 

the same function. The value-s which the argument of a propositional function ·of 
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one single argument may take are limited and of a certain 'type'. In other words, 

in. order to derive from a propositional function a true or false proposition by the 

. substitution of the argument with a certain value, it is ne"1essary that all values 

of the argument be of the same type, such type being imp9sed by the nature of 

the function itself, otherwise an expression which is neither true nor false will 

result. Such a situation is called meaningless by Russell. 

This leads Russell to clarify logical objects by types on the basis of the 

principle of the vicious circle. The hierarchy of the logical object will be a type 

hierarchy. The definition of the lowest type is not truly precise. Russell's claim 

that what is important in this hierarchy is the hierarchy itself, and not which is 

the lowest object. In the lowest type we have the individuals. The properties of 

individuals will be logical object ofthe second type. The property ofthe properties 

of the individuals will be the logical object of the third type, and so on. So if 

¢x is a propositional function in which 1> is of the type n, the argument can only 

take values of n1 type. Any value of another type of argument we leave to a 

meaningless expression, and expression which is neither true nor false. 

In Principia Mathematica Russell intended to set up k logical mathematical 

instrument able to express logically all mathematics. He classifies the propositional 

functions in the following order: 

(a) a function of the first order is a function which contains no variable 

as arguments except individuals. 

(b) a function of the (n+ 1 )th order is a function which contains at least 

one argument or an apparent variable which is not either an individual or a 

function of the first, second or ... nth order. 

(c) a predicative function is a function which contains no apparent variables. 

It is called a matrix. 
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(d) a function of(l) and (2) argument is formally equivalent with a predicative 

function having the same arguments of arguments. 

In order to avoid new series of difficulties of the nature of paradoxes 

Russell introduces the Axiom of Reducibility. The properties of classes are enumerated 

as follows : 

(a) Every propositional function determines a class which may be regarded 

as the collection of all the argument satisfying the function in question. 

(b) When no argument is satisfied a function that is the null class is just 

as good a class as any other. 

(c) Two propositional functions which are formally equivalent, that is, such 

··that any argument which satisfies the other, must determines the same class. A 

class must be something, which is only determined by its members, such that the 

class that 'even prime' as identical with the class "numbers identical with 2". 

(d) Two propositional functions which determines th~ same class must be 

formally equivalent. When the class is given the membership is determinant. Two 

different sets of objects cannot form the same class. 

(e) In the same sense in which there are classes there must also be classes 

of classes. 

For example "The combination of n-things taken m at a time", where then-things 

form a class and each such a class is a member of the specified set of combination, 

which set is therefore another class whose members are classes. 

(f) The class of unit classes or of couples is absolutely indispensable. The 

class of unit classes is the number one and the class of couples is the number two. 

Thus arithmetic would become, impossible without classes. and lastly, 
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·(g) . It must all under circumstances be meaningless to suppose a class 

·identical with one of its member. 

For if such a supposition had any meaning, "a is a member of a" would 

be a significant propositional function and so would a in not a member of a a . 

Hence there would be a class of all classes satisfies the function a is not a member 

of a. If we call this class K, we shall have a EK.::.(a)al;t:a 

By hypothesis K is a member of K is supposed significant. The above equivalence 

which holds with all possible values of a, holds with the value K i.e. 

K is member of K = K is not a member of K. 

But this is a contradiction. Hence "a is a member of a and a is not a 

member of a" must always be meaningless. 

There is nothing surprising about this conclusion and we should take · 

special notice of two consequences of it. 

(a) A class consisting of only one member must not be identical with that one 

member. For instance the highest mountain of the world is never identical with 

the unit class or in symbols 

L 1 X= X 

(b) It might appear as if the class of all classes were a class. This means supposing 

we use this symbols "CLS" for class then "CLS" is a member of "CLS" would 

be a true proposition. But this combination of symbols must be meaningless. 

Because of ambiguity in the meaning "CLS". The first CLS can be supposed to 

have different. meaning from the second. 

Russell worked under the idea of constituting logic as a completely formal 

system. But there is a certain limit to symbolism. The difficulty of the formalism 
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in PM generated logical paradoxes. Russell was compelled to introduce the type 

theory in order' to avoid paradoxes and not to solve them. 

References and Notes : 

1. PM, Vol. I, Chap 2, P.38. 

2. PM, Vol. I, Chap 2. 
! 

We may now consider certain distinctions relevant to the theory :of relations as well as 

the theory of sets. It may be observed that the theory of relations does not enjoy an 

independent status. It is a simple translation of the theory of sets, though the PM contains 

a full exposition of the theory of relations. 

Usually it is held that in~ividuals have properties. But we also know that various 

properties can be predicated or individuals. In the same manner properties can also have 

properties. For example, the property of being honest has the property of being desirable. 

We may now ask just as some properties are predicated of other properties, can we 

predicate certain properties of themselves ? To give an example, we may say that the 

property of being abstract seems itself to be abstract, but the property of being concrete 

1s hardly itself concrete. 

This has led logicians to distinguish a property that can be predicated of itself 

or a prcdicab le property. It is said that any property that can be truly predicated of itself 

is to be called a predicable property. On the other hand any property that cannot be 

predicated of itself should be an impredicable property. We get two positions to consider. 

(a) Being predicable is a property that belongs to all, those and only those 

properties that cannot be truly predicated as themselves. 

(b) Being impredicable is a property which belongs to all those and only those 

properties that cannot be truely predicated as themselves. 

However innocent (a) arid (b) may look, they give rise to unhappy conclusions 

we may now state that :-

If the property of being impredicable can be truely predicated of itself, then it 
' 

has the property of being impredicable. Therefore it cannot be truly predicated as itself. 

Again if the properties of being impredicable cannot be truely predicated as itself, then 
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it has the property of being impredicable. Therefore it can be truely predicated as itself. 
' 

This is an obvious contradiction. 

The contradiction can be shown to be derivable in the . following manner. 

Let there be a property P and if this property is impredicable let us say IP, then 

we may now define IP as not ~ PP 

This definition can be turned into a general proposition namely 

(P) (IP = - PP) 

It may further be noted that if we can instantiate P by I (I is the name of any property 

which is impredicable) then 

I I = -1.1 

This is a paradox generated from (a) and (b) above. The problem now is, how to avoid 

such contradiction and Russell's theory of types is directed towards avoiding them. We 

have already noted in an earlier chapter that Russell divided entities into a hierarchy of 

different logical types in the following order. 

The lowest of these types consists of all individuals. The next consists of the 

properties of a individuals. Then the type consisting of all properties of all individuals. 

Further types consist of all properties of properties of properties of individuals and so 

on. Relations and their properties also would· yield ·additional hierarchy. 

The theory of types is not merely the division of all entities into different logical 

types, it is intended to restrict that any property which may significantly be predicated 

of an entity of one logical type cannot significantly be predicated of an entity of any 

other logical type. 

To give an obvious example. There may be an individual thing of orange colour 

but the property of being the orange in colour cannot be sensibly said to be orange in 

colour. Another point may be noted in this context. A property has many instances, for 

example the skin of a fruit may be orange, a piece of cloth may be orange, a sunset may 

be orange but w,e cannot say that an individual thing has many instances. Therefore the 

theory of logical types seems acceptable on account of its naturalness and obviousness. 

It permits also to avoid contradiction of the type 

I I = ~1.1 
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In short according to this theory the type of a property is always higher than the type 

of any entity of which it can predicated. As such the theory is said to be the Simple 

Theory of Types. 



Chapter VIII 

RUSSELL'S PARADOX AND ITS CRITICS 

We shall now consider a couple of critical points concerning the set theoretical 

problems. 

W.O.Quine has dealt with the problem concerning the theory of proof in 

class theory vis-a-vis mathematics. He remarks that the general method of proof 

in the theory of classes is deduction of theorem from axioms. In mathematics the 

axioms give laws for the special predicate "=". In the theory of classes the starting 

point consists of axioms giving laws for the special predicate "E". According to 

Quine the most notable point is the principle of construction namely every movadic 

predicate has a class as extension which may be formulated as follows 

(3a)(x)(x Ea. =Fx) 

There is an a, and for every value of x, x is a member of a equals that x has 

the predicate or property F. 

We have already noted that the reduction of the theory of natural numbers 

to the theory of classes and relation was done by Frege. The execution of the whole 

reduction program with full detail came with Russell's PM. Hence it is a remarkable 

fact that the concept of all the branches of pure mathematics can be defined within 

the notion of the theory of classes. So it may be said that the classical mathematics 

reduces to logic but this entails a problem. 

Kurt Godel has argued for the incompletability ofthe number theory. From 
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Go del's conclusion there follows the corresponding conclusion regarding the· 

theory of classes. Godel's discovery came as a shock to preconceptions. Common 

sense had been on the side of supposing that complete method of proof for number 

theory and for mathematics in general, not merely were possible and principle, 

but were even already at hand. Where does the mathematical truth lie if not in 

the possibility of truth. Since the number theory is translatable into the notation 

of the theory of classes, the incompletability of the number theory implies the 

incompletability of the theory of classes. Any effort towards a complete deductive 

tbeory of classes and of classical mathematics is doomed to failure. In view of 

the Go del's result our knowledge about the class of numbers is subjected to 

unexpected limitations. 

Go del's proof was published in 1931, and it was the proof of the existence 

of formally undecidable propositions in any formal system of arithmetic. His first 

incompleteness theorem states that in any formal system S of arithmetic, there 

will be a sentence P of the language of S such that if S is consistent, neither P 

nor its negation can be proved in S. The technique used in proving this result is 

to translate the syntax of the language of S into arithmetic, thus making S capable 

of representing its own syntax. This makes it possible· to show that there must 

be a sentence P of S which can be interpreted, very roughly, as saying 'I am not 

provable'. It is shown that if S is consistent, this sentence is not provable, and 

hence, it is sometimes argued, P must be true. 

Godel's results bring a new branch of mathematical theory to maturity. It 

is known as Metamathematics or proof theory. The subject matter of this branch 

1s a mathematical theory itself. 

Russell's paradox of set theory implies that if there were s~ch a set as 

designated by an open sentence such as 
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- (x is not a member of x), 

then it determines no set at all. In that case it would have to be a member of itself 

if and only if not a member of itself . There have been attempts to . get over the 

logical uneasiness generated by Russell's paradox. Nobody wishes to assert that 

the class of man is a man. 

It is so because the class does not belong to itself. When we say that 

something belongs to a class we mean that it falls under the concept whose 

extension the class is. Now, let us try to understand the concept, namely the class 

does not belong to itself. The extension of this concept is a class of classes that 

does not belong to themselves. Let us call it class K. Does it belong to itself ? 

Let us suppose that it does. If anything belong to a class it falls under the concept 

whose extension the class is. Thus if our class renounced itself it is a class that 

does not belong to itself. This supposition leads to self-contradiction. Again if 

we suppose that our class K does not belong to itself, then it falls under the concept 

V{hose extension it itself is. Therefore it belongs to itself. In this case we get a 

contradiction. 

This is a very unsatisfactory situation. Can we say .that there might be 

concepts if no corresponding classes exist. If we may be permitted to suggest that 

the concept of a class which is not a member of itself is such a concept with no 

corresponding classes, then Russell's paradox may disappear. This is so thou.ght 

because in the conjecture there is no class of all classes which are not members 

of themselves. In point of fact the conjecture is known as Frege's way out by 

Quine1• But Frege did not reconcile himself to this revolutionary idea. 

Russell in course of time came to suggest that there could be some propositional 

functions which did not determine genuine classes. In that case the propositional 

function is non-predicated. But the contradiction arises because if classes are 
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ad'mitted incautiously and they turn out to be self productive. In short non- . 

· 'ptedicative functions determine self producting classes .. 

It has also been suggested that such classes could be excluded by special 

limitation on the use of the class notation. But this suggestion is also not very 

satisfactory. 

It may be worked out while to ask about, William and Martha Kneale say, 

the sole cause of difficulty, in Russell's account, they put forward the view that 

Russell's "no classes" theory itself discovers a paradox. Could we not talk in some 

other way in order to avoid paradox ? Can we not talk of the class of ... ? The 

following suggestions may be considered. In step of the class which is supposed 

to contain all the classes that are not members of themselves, let us consider the 

property of being a property which does not exemplify itself. If this property · 

exemplified itself then it cannot exemplify itself; and if it does not exemplify itself 

then it must exemplify itself. So it is clear that even if there is no talk of classes 

the nature of the trouble is the same as is the original paradox. 

It may be noted that the French mathematician Henry, Poincare' had suggested 

that-Russell's paradox resulted from the wrong conception of mathematics. Poincare' 

accepted Russell's distinction of predicative and non-predicative functions and 

pointed out that some phrases which looks like definition do not define anything .. 

Russell believed that the paradoxes all had a common root in their violation 

of a definitely valid rule which he ·called 'the vicious circle principle. · 

Formulation of this principle 

"If provided a certain collection had a total, it would have members only . 

definible check in terms of that total, then the said collection has no total!7 

In Poincare's view the vicious circle which gives rise to the paradoxes of 
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the theory of sets is connected with the attempt to treat of a definite set as a 

completed one. 

It is interesting to know Russell's reaction to Poincare's criticism. Russell 

agr~es that all paradoxes as due to vicious circle. But such circles can be avoided 

by following a principle, namely whatever involves all of a collection must not 

be one of a collection. Russell says further that Poincare' did not appreciate the 

difficulties of applying the principles. 

We have already taken into account how close Russell's paradox is to the 

theory of paradox. In point of fact, Russell's paradox arises as a consequence of 

not heeding to the type distinction. In course of time it has been found that all 

paradoxes are not of the same stock. A distinction has come to be made between 

logical paradoxes and epistomological paradoxes. This distinction was made by 

F.P.Ramsay in his paper titled: "Foundation ofMathematics". Russell's paradox 

is a logical paradox, and so were the paradoxes of Burali-Forti and Cantor, but 

it has epistomological overtones. 

An epistemological paradox is sometimes called semantical paradox. An 

example of semantical paradox may be illustrated by words which designate 

property but is not exemplified, by itself. For example, the word 'French' is not 

a French word. Such word is called 'heterological'. The contr~diction will arise 

if and when we ask whether or not, the word 'heterological' is heterological. If 

it is heterological then it designates a property which is not exemplified, and since 

it designates heterological it is not heterological. But if it is not heterological then 

the property which it designates is-exemplified by itself, so that it is heterological. 

The contradiction therefore is this: - If it is, then it is not and if it is not, then 

it is heterological. Let us symbolise the property of heterologicality by 'Het'. 

Then the contradiction may be stated as follows 
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Het ('Het') = - Het ('Het') 

Now the problem is how shall one eliminate the contradiction. It has been 

suggested that an elimination is possible by advocating a more complicated version 

of the theory of logical types, known as the Ramified theory of logical types. 

According to simple theory of logical types all entities are divided into different 

logical types of which is lowest contents all individuals, the next consists of all 

properties of individuals designated by functions of individuals. The next type will 

consist of all properties of properties of individuals and so on. This is in short 

the simple theory oflogical types. The Ramified theory divides each type, excepting 

the type of individuals into a further hierarchy. Thus all functions which may be . 

significantly predicated ofindividuals are divided into different orders into different 

orders. 

The difference between the two theory of types may be stated as under. 

The simple theory of types proceeds from speaking about of all functions or 

property. We are permitted to speak only about all functions of functions of 

individuals. The Ramified theory of types f'efrains from speaking about of all 

functions and properties of a given type. We are permitted to· speak only about 

all first order functions of a given type or all second order functions of a given 

type. 

It should also be noted that the Ramified theory of logical types divides 

propositions into a hierarchy of propositions of different orders. Any propositions 
,. 

is said to be a first order proposition if it made no reference to any totality of 

propositions. 

It has been noticed that the Ramified theory of logical types prevents the 

paradox of the liar namely that an Indian says that alllndians are liars. This theory, 

including both the hierarchy oftypes and the hierarchy of orders, was recommended 
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by Russell for its ability to solve certain contradictions. 
rr 

Notes 

I. It is well known that Quine has built a logical system meant to replace 

the system of PM, but which maintains all the theories of this system. The theory 

of types is replaced in his system by the "theory of stratification". Quine has 

shown that his system excludes the antinomies of Burali Forti and that of Russell, 

but it is however not certain that it excludes all possible antinomies. This is 

another story,. we simply note the fact, we are not directly concerned with the 

matter. 

II. Godel's contributions in mathematical logic are important and spectacular. 

Of these the foll-owing are worth mentioning for our purpose. 

(a) The arithmetisation of meta-languages. The problem was also treated 

by Leibniz. 

(b) The proof of limitation of the logical formalisms. 

(c) The corollary of_ this proof, according to which the consistency of a 

system cannot be demonstrated in the system itself. 

(d) The impossibility of demonstrating the consistency of the real members 

starting from the consistency of the whole numbers. 

III. It is claimed that the paradoxes in the set theory find their solution in 

the intuitionistic conception. Paradoxes do invalidate the principle of the excluded 

middle, they offer propositions whi'ch cannot be declared either true or false. In 

order to find a way out, the Dutch mathematician L.E.J. Brouwer set up a new 

logical philosophical doctrine as inZtuitionism. His ideas began to be expounded 

about 1907. 
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Brouwer's initial principle is that any proposition which has any contents 

~ust indicate one or more states of affairs which are well defined and accessible 

to our experience. The consequence of this principle is that, according to Brouwer, 

in the field of infinite collections it is meaningless to say that a certain element 
~ . 

belongs to a set E. without being able to point this out. How can we then claim 

that a collection has an infinity of elements, if we cannot point out every member 

of the collection? Thus a proposition has a certain content when our immediafe 

intuition relates it to certain states of facts. In the following proposition ~. "every 

elementin the set K has the property P", ifthe set K is infinite, then the negation 

of this proposition, "a is false" does not satisfy the principle, as it is not possible 

to prove for an infinity of elements, these states of facts which impede them 

having the property P.Brouwer's conclusion is that - without any justification -

mathematicians, imitating what happens in philosophy, extrapolate logical truths, 

considering them as being "ideal" and admitting them as valid even where a direct 

verification is not possible, namely the field of tftnite. The belief in the unlimited 

efficiency of the .principle of the excluded middle for the study of natural laws 

involves the belief in the finite character and atomic structure of the world. In 

other words, the principle of the excluded middle is not vai'id and originates only 

by the projection of mathematics on a finite system in natural sciences. In Brouwer's 

opinion, this is why paradoxes have appeared. 

Only in the range of the finite does a negation of a proposition have a 

precise meaning. The principle of the excluded middle cannot be applied in a 

general form. The proposition "the object A has the property P", if it is affirmed 

that it is absurd that this ·proposition is false, if does follow that it is true. The 

absurdity of absurdity does not imply truth, though the converse is true. The 

absurdity of absurdity gives a particular modality to propositions, which differs 

from the simple notions of true and false. By straightening the domain of validity 
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of. the principle of the excluded middle, Brouwer believes· he can eliminate the 

··paradoxes of the infinite. 

In intuitionistic mathematics neither logic nor philosophy IS presumed. 

Mathematics is made independent ofany hypothesis outside itself, and the whole 

mathematics is reduced to arithmetic, the fundamental concepts of which are 

offered by intuition. 

IV. Rudolf Carnap has a point against Russell's formulation of the paradox. 

Carnap does not think that Russell's introduction of the distinction between types . 

is really avoid the so-called antinomies. Russell's antinomy centres on the concept 

of those properties which do not apply to themselves. So long as no distinction 

is made between predicates of different levels, it will appear meaningful to say 

of a ~roperty F that either it applies to itself or it does not .. Thus we might make 

some such definition as the following : a property is impredicable in case it does 

not apply to itself. Symbolically, 

'Impr (F) = - F (F)' 

Substituing for the free variable 'F' of this ·definitional' formula the defined 

·predicate 'Impr' itself, we obtain 

'Impr (Impr) = - Impr (Impr)' 

But this sentence, in Carnap's idiom, like every sentence of the form 

'p= - p' is L-false. By 'L-false' Carnap means that the range of the sentence is 

the total range, hence provided it is true in every possible case. Every L-true 

sentence is true, for since it holds in every possible case. Hence the range of an 

L-false sentence is the complement of the L-true sentence. 

As the definition leads to a contradiction, it is antinomous. Carnap now 

makes the point that if the distinction of types is introduced, then the expression 
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'F(F)' is not an admissible substantial formula because a predicate must always 

be of higher level than its argument expression. In other words, the definition 

above cannot be set up, and the antinomy above cannot be set up, and the antinomy 

vanishes with it. 

Carnap follows Ramsey in remarking that Russell originally undertook a · 

further subdivision of the types, which led to the so-called ramified system of 

types. In connection with this ramified system certain fresh difficulties arise, for 

whose elimination Russell required the axiom of reducibility. According to this 

axiom, for any function of an arbitrary order there exists another function of the 

first order formally equivalent with it. The introduction of this axiom, required 

by the foundations of mathematics, has been criticized, mainly because it could 

lead to new paradoxes. Ramsey has shown that a further sub~division of types is 

unnecessary, and that the simple system of types is sufficient. Thus the axiom 

reducibility becomes superfluous. As a consequence of this criticism, especially 

that of L.Chwistck Russell recognized the difficulties of the ramified theory of 

types and t.he axiom of reducibility, and he has pointed it out in the "Introduction" 

to the second edition of Principia. 
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Chapter IX 

CONCLUDING REMARKS 

In this part of the dissertation we shall be chiefly concerned with making 

a couple of critical comments on the basic concepts that have come up in course 

our discussion of Russell's paradox. 

I. The concept of 'propositional function' has played a significant role in 

Russell's formulation of set. It is with the help of the notion of propositional 

function and its satisfaction that Russell defines the notion of a set or class. Yet 

a logician and mathematician of later days does not seem to be happy with 

Russell's concept of a propositional function. Alfred Tarski for example appears 
' 

to have some reservation concerning the concept of propositional function. 

He contends that the 'xis an integer' is not a sentence, because the variable 

x does not have a meaning by itself. Tarski adduces the following reasons. The 

question - Is x is an interger ? Cannot answered meaningfully. Tarski deplores 

· that in text books of elementary mathematics such an impression is conveyed that 

it is possible to attribute an independent meaning to variables. The symbols "x" 

or "y" is taken to denote the so called "variable numbers". Tar ski thinks that the 

statement of these kinds have their source in gross misunderstanding. The "variable 

number" x could not possibly have any specified property. It could be neither 

positive nor negative nor equal to zero. The property of such a number would 

change from case to case. The number would sometimes be positive, sometimes 

negative and sometimes equal to zero. We do not find entities of such a kind in 
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ou~ world at all. Their existence would contradict the fundamental laws of thought. 

}he point for Tarski is that the ciassification of symbols into constants and 

variables does _not have any analogue in the form of a similar classification for 

the numbers such as "constant number" ·and "variable numbers". 

The phrase "x is an integer" is not a sentence, but it does have the grammatical 

form of a sentence. It does not express the difinite assertion and therefore can 

be neither conformed nor refuted. We can only obtain a sentence from "x is an 

integer" when we replace "x" by a constant denoting a definite number. If "x" 

is replaced by the symbol "1" the result is a true sentence, where as a false 

sentence arises on replacing ''x" by "1/2". The point is summarized by Tarski in 

the following manner : 

An expression, which contains variable, when replaced by constants becomes 

a sentence and it is what Tarski calls a sentential function. It may be noted now 

that Tarski's sentential function is what Russell's called a propositional function. 

Tarski' s "sentence" is Russell's proposition. 

In mathematics however the concept of function is a little different. A 

mathematical function such as "x+y=S" is composed entirely by mathematical 

symbol and not of word of language. Mathematician would call it a formula. We 

may therefore say that the Russell's "propositional function" and Tarski's "sentential 

function" are properly speaking concepts of logic rather than of mathematics. 

II. Let us now turn to Russell. His theory of ciasses and of class membership 

follows closely in the footsteps of his immediate predecessors. It is in terms of 

classes Russell Proposes to define natural numbers, and through that definition 

all the fundamental notions of arithmetic. Arithmeticians like Peano had already 

maintained that all other numbers could be defined in terms of the natural numbers. 

If Russell can define the natural numbers in terms of classes then he may be taken 
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to have proved that mathematics has no need of numericals, as distinct from 

nearly logical constants. 

We have seen that Russell defines a cardinal number as the number of a 

class, as the class of all classes similar to the given· class. A class has six members, 

if it belongs to the class to which all classes belong. 'Similar' has a special 

technical sense. It means that having the same number as. It has been argued 

that Russell's definition of cardinal number is circular. Russell has been said to 

h;ve defined the number of a class as that class to which all classes with the same 

··number belong. Let us see what Russell can say in his own defense. He can define 

'similarity' or 'having the same number' in non-numerical terms. Two classes 

may be said to have the same number when·.they can be correlated one to one. 

Russell maintains that he does not need the number one to establish a 'one-to

one' correlation. A relation is one-to-one if x stands in relation to y and so does 

x1, then x and x1 are identical. And if x has this relation to. y and y1 then y and 

y1 are identical. We may put the case in terms of concrete example : there is a 

· one-to-one correlation between legal wives to legal husbands in a monogamous 

community. This means that if x is the legal husband of y and x1 is the legal 

husband of y, then x and x1 are identical. If x is the legal husband of y and y 

and y1 are identical. Thus Russell maintains that his definition of numbers in terms . 

of similar classes involves no circularity. 

III. Russell's definition ofnumber illustrates the central technique ofRussell's 

philosophical method. This is what he calls the principle of abstraction. Normally 

a number is picked out by abstraction from a set of group which possesses a 

common numerical property. But Russell points out that there is only such property. 

Russell objects that there is no way of showing that there is only one property. 

One we have picked out. We are in search of a singfe property but there is a class 

of properties. Russell claims_that the principle of abstraction avoids this difficulties. 
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It defines by referring to a class consisting of all the classes which have unique 

relation namely one-to-one correspondence to each other there may be a property 

common to all the members of these chtlles but we need not make that presumption. 

Russell's philosophical motivation is to reduce the number of entities of properties 

which are to be presumed to exist i1order to give the complete account of the 

world. 

IV. We may look at the notion of a propositional function a little more 

closely. A definition of the variable presupposes the notion of any.· The variable 

represent any one of a set or class. A variable is a symbol which denotes any one 

of class of element. Frege had suggested that the variable keeps an empty place 

which must be filled in by an element of the class represented by a variable in 

order that the expression in which the variable occurs may be completed. Frege's 

statement is some what ambiguious. It does not take into account the fact that 

variables represent any one but not a determinant one, of a set of element, set 

being defined by the specific functional relation. It is for this reason that Russell 

brings in the specific form of function called a propositional function. 

It is by no means easy to detemine precisely the nature of a propositional 

function. From the PM We gather that a propositional function is something which 

contains a variable x and expresses as a proposition as soon as a value is assigned 

to x. It differs from a proposition by the fact that it is ambiguious, that is, it 

contains variable of which the value is unassigned. Russell also points out that 
/ 

a propositional function agrees with the ordinary function of mathematics in the 

fact of containing an unassigned variable; where it differs is in the fact that the 

values of the function are the proposition. It is to be noted that Russell lays stress 

upon the ambiguity of the propositional function and since that this ambiguity 

constitutes the sole difference between the propositional function and a proposition. 

By 'ambiguity' Russell means indeterminateness which is the characteristic of 
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the variable. But it may be questioned whether Russell's way of putting the matter 

is clear enough. What is important is that there is a determinant correspondence 

specified by· the fun'ctional relation holding between the variables. This is the 

cll,.aracteristic of the mathematical function. Russell further says that propositional 

functions are the fundamental kind from which the more usual kind of functions 

such as 'sin x' or 'log x' or' the father ofx' are derfived. Such a function is called 

descriptive function, that is, it means that the term having such and such relation 

to x so that the function describes the value of x which satisfies the function. We 

may therefore say that in the case of a propositional function there are seems to 

be nothing corresponding to the value of the function, since there is nothing 

corresponding to the term described by the mathematical descriptive function. The 

two kinds of functions : 

Mathematical and propositional functions are not exactly analogous. The 

propositional function does not have anything corresponding to the dependent 

variable, for example, in the expression 'y = log x'. 

We may briefly indicate the symbolism of PM in respect of propositional 

function. The large Greek letters, ¢, 1/J, X are used to express variable functions 

involving one variable, e.g. "¢(x)", "1/'(x)". It is usually found convenient to omit 

the brackets round the variable and thus we write "¢(x)" as "¢x". Propositional 

functions involving two, or more, variables may be written "¢(x,y)", "¢(x,y,z)". 

But it is usually more convenient to express a function involving two variables 

by the symbols for relations, as follows : "XR Y". 

V. Wittgenstein has- been one of the early critics of Russell's paradox, 

which he believes could be dispos!ed of. In the Tractatus Logico-Philosophicus 

(3 .331) Wittgenstein remarks that Russell does not mention the meaning of signs 

when establishing the rules for them. Wittgenstein argues that an useless sign is 



78 

meaningless. The meaning of a sign is no part of logical syntax. He further says 

that no proposition can make a statement about itself, because a propositional sign 

cannot be contained in itself. A function therefore is not contained itself, and 

therefore a function cannot be its own argument. If, Wittgenstein says, the function 

F(x) is its own argument, then in the proposition 'F'(F(fx))' the outer and the inner 

F' s cannot have the same meanings. The inner function has the form ¢(fx), while 

the outer one has 1/J(¢(fx)). F is common to both the functions, but it itself signifies 

nothing. Wittgenstein then argues that instead of 'F(Fu)' if we write 

'(3¢) : F (¢u).¢u = Fu' then the paradox is disposed of. 

Whether Wittgensteirfs argument really disposes of Russell's paradox 1s 

a -matter we need not decide now at once. what is intriguing is the fact Russell 

who had written ·the "Introduction" to the Tractatus did not take notice of 

Wittgenstein's argument. Wittgenstein's objections rests on his theory of symbolism. 

According to him logic is a syntax showing how to use the symbols correctly. 

He distinguishes between a sign and a symbol. A sign becomes a symbol only 

when it has significant use. We can build up a logical grammar of signs in 

disregard oftheir symbolic meanings. Based on this theory of symbolism Wittgenstein 

thinks Russell's theory of types erroneous. He emphasizes th·.e actual impossibility 

of a formal sign speaking of its content. If the problem is to constitute a syntax 

of signs devoid of any content, then their possible meanings cannot be hinted at, 

smce otherwise their formal nature be altered . 

. Quill~ d I . VI. In recent t1mes/\nas eat extensively with set theory and its logic. 

Quine's work is basically a ramification of Russell's work. Quine's book Set 

theory and its Logic, is dedicated to Russell, whose ideas loomed large in this 

subject and whose writings inspired Quine's interest. We propose to have a look 

at Quine's statement and critical points made in the context of that classical body 

of the set theory which comes down from Cantor to Russell. 
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We should note that Quine-defines set theory as the mathematical theory 

of classes. He agrees with Zermalo's view, namely "set theory is that branch of 

mathematics whose task is to investigate mathematically the fundamental notions 

of 'number', 'order', and 'function' taking them in their simple form and to 

develop them by the logical foundation of all arithmetic and analysis"~ [Quoted 

by Quine in Set theory, Introduction page 4] 

As Quine conceives the problem of set theory, the question is; what classes 

there are, or, a major concern of set theory is to decide what open sentences (or 

what Russell called 'propositional functions') to view as determining clauses. 

Quine adds also that because of Russell's paradox and other antinomies 

much of set theory has to be persued self-consciously. Quine has given full credit 

to cantor for "the discoverty or creation" of set theory. Quine states that Cantorian 

set theory consists of the following : 

(a) The general assumption of the existence of classes and general laws 

concerning them. 

(b) The derivation of the theory of relations from (a), and particularly a 

thyeory of functions. 

(c) Then the integers are defined and the real numbers and the arithmatical 

laws that govern the integer of real numbers are derived. ; 

(d) Finally, one gets infinite numbers and the theory of relative sizes of 

infinite classes. Quine knows that (d) constitutes the most characteristic business 

of Set theory. 

Quine has followed in distinguishing between Abstract set theo1·y and 

point-set theory. Quine thinks that his own work is an abstract set theory. He also 

says that abstract set theory is more concerned about its logic. 
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VII. We may now state llissell's contribution to philosophy of mathematics 

in a summary form. His theory of classes and of class-membership at first follows 

in the footsteps of his immediate predecessors. He proposes to define natural 

member in terms of classes, and through that definition all the fundamental 

notions of arithmetic. Peano had maintained that all other members could be 

defined in terms of the natural numbers. Russell's claim as to the definability of 

natural members in terms of classes implies that mathematics has no need of 

numericals, as distinct from merely logical, constants. 

We have seen that Russell defines a cardinal number, which is always the 

number of a class, as "the class of all classes similar to the given class". A class 

has six members, if it belongs to the class to which all classes similar to it belong. 

'Similar' has the special technical sense of 'having the same number as'. Is 

Russell's definition circular ? He has to meet this objection. Does he not define 

the number of a class as that class' to which all classes with the same number 

belong ? Russell would reply that he defines 'similarity' or 'having the same 

member' in non-numerical terms. Two classes have the same member if they are 

correlated one-to-one. One does not even need the number one to establish 'one

to-one' correlation .. Russell says that a relation is one-to-one if x stands in this 

relation to y, and so does x1
, then x and x1 are identical. If x has this relation 

to y and to y1
; then y and y1 are identical. To say that there is a one-to-one 

correlation between legal wives and legal husbands in a monogamous society is 

to assert that x is a legal husband of y and x1 is the legal husband of y, then x 

and x 1 are identical. And x is the legal husband of y and y1
, then y and y1 are 

identicl. As per the argument Russell would remark that his definition.is not circular. 

Russell's definition of number is significant enough in illustrating his 

philosophical method. This is known, and is called by Russell, 'the principle of 

abstraction'. This principle, as it has often been suggested, may also be called 
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the principle of dispensing with abstractions. Let us see how this principle works. 

A 'number' is picked out, by abstraction, from a set of groups which possess a 

common numerical property - this is what we ordinarily do. But Russell says that 

there is no way of showing that there is only one such property - the one we have 

picked out. Abstrction leaves us, indeed, with a class of properties instead of a 

single property. The 'principle of abstraction avoids this difficulty. The principle 

defines by reference to a class consisting of all the classes which have a unique 

relation, i.e., one-to-one correspondence, to each other. Such a definition does not 

rule out the possibility that there is a property common to all the members of these 

classes. But it does not need to make that presumption. At this point emerges a 

principal driving force behind Russell's philosophy - the desire to reduce the 

number of entities and properties which must be presumed to. exist in order to 

give a 'complete account of the world'. 

The definition of number in terms of classes is not itself paradoxical. But, 

as Russell has noted, it threatens to produce a paradox. The notion of 'a class 

of all classes' is particularly difficult. The class of all classes is itself a class. It 

follows that it is itself a member of the class of all classes. It means that it includes 

itself as a memb.er. The case is generalisable. The class of things which are not 

men is itself something whieh is not a man. But it is also true that there are classes 

which do not include themselves. For e~ample, the class of things which are men 

is not itself a man. 

We must then admit that classes can be either oftwo types : (a) those which 

are memb-ers of themselves, and (b) those which are not members of themselves. 

Let us consider the class which consists of all the classes which· are not members 

of themselves. Is this class a member of itself or not ? If it is a member of itself, 

then it is not one of the classes which are not members of themselves. And yet 

to be a member of itself, it must be one of those classes. ,Here, then, there is a 
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manifest contradiction. Equally if it is not a member of itself, then it is not one 

of those classes which are not members ofthemselves. This again is a contradiction, 

which leads us· to an antinomy. Either alternative implies .~ contradiction. 

This contradiction has come to be known as Russell's. paradox. There have 

been paradoxes earlier in Philosophy, for example, we have referred to the famous 

liar's paradox in the first chapter, as an instance of self-referencial paradox. It 

is noteworthy that Russell has restated the liar's paradox and has given it a great 

importance. Suppose a man says "I am lying". In this case if what the man says 

is true he is lying that is what he says not true. Again if what he says is not true, 

then also he is lying that is what he says is true. Does this paradox stand on the 

same footing with the paradox· of the class of all classes ? The liar paradox could 

be passe:=-d by as .a mere ingenuity. But the paradox of all class of all classes could 

not be similarly regarded. 

We have considered, in an earlier chapter, Frege' s awareness oft he difficulties 

of the logical system by which he attempted to establish logical bases of arthmetic. 

Frege had written to a correspondence : "I found it hard to~decide to accept the 

classes or the extension of concept, because it does not apgear to say enough to 

me, and this indeed has proved to be so ... I am now sure thar it was a mistake 

to venture so far in this initial idea ofmine" 1
• Russell was aware ofFrege's work 

and sent him his paradox. Frege was greatly purterbed. He wrote in the appendix 

to his Fundamental Laws of Arithmetic that hardly anything more is unfortunate 

can affect a scientific writer than to have one of the foundations of his edifice, 

shaken after the work is finished. In short Frege thought that Russell's paradox 

did shake the foundation. 

Frege's reaction to Russell's paradox may be put as follows. If the logistic 

construction of arithmetic is to be carried through we must be aple to pass from 

a properly constitute a concept to its extension. So that we ought to be able to 
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talk without contradiction about the members of the property constituted class of 

classes which are not members of themselves. Yet this is just what Rusell's 

paradox seem to rule out. It n1ay be noted in this context that Frege attempted 

the solution of the difficulty. He modified his account of equal extension so as 

to exclude the extention of a concept from the class of object which fall under 

it. In doing so it will no longer will be permissible to say that the class of things 

which are not meant (the extension of the concept of not-men) itself not a man. 

In other words, the class of classes which are not member of themselves is a 

member of itself. Frege believed that by addition of limiting condition to his proof 

he would be able to avoid Russell's paradoxes. 

We have seen in a preceeding chapters that Russell introduceithe theory 

of types as a solution of his paradoxes, though he was never wholly satisfied with 
~ 

it. Russell describes his theory of types as chaotic and unfinished, even though 

·it has had important effects on the development of contemporary philosophy. 

Let us now look back to Russell's own solution to his paradoxes. Russell 

says that all paradoxes arise out of a certain kind of vicious circle. Whenever we 

suppose that a collection of objects may contain members which can only be 

defined by means of the collection as a whole,the vicious circle raises its head 

in Mathematics and in Logic. Let us take a case. Suppdse we say that, 'All 

propositions have the property cf>.' Now this is itself a proposition. The class of 

propositions has among its member the proposition that all propositions have the 

property cp. This is a contradiction because the class is both completed or not 

·completed. It then brings out the fact that there is no such class. 

What shall we do now ? Russell says that statements about all propositions 

are meangingless. The only way of developing a theory of propositions is to break 

up the pseudo-totality into sets of propositions. Each set has to be a genuine 

totality and a separate account must be given of each such set. This breaking up 
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is the object of the theory of types, but we should also note that the theory of 

types applies to propositional functions rather than a proposition. Russell thought 

that it is not propositions but propositional function that is more important for 

mathematics. 

The theory of types has two forms - The simple and the ramified. It is 

sometimes said that there are two theories of types. In the earlier chapters we have 

dwelt upon the simple theory of types, and had left the ramified theory unconsidered. 

However we shall say something more about it. 

The simple theory depends upon the conception of a range of significance. 

In the propositional function '~is mortal',~ can be replaced by a certain constants, 

in such a way as to form a true proposition. But in certain cases the resulting 

proposition may be neither true nor false but meaningless. The trichotomy, true, 

false and meaningless is nothing new as Russell himself has pointed out. In Mill's 

System of Logic one can come across it, traces of the tricotomy may be found 

in Frege as well. The constants which when substituted for x are said to constitute 

the range of significance or type of the function. In the case of 'x is mortal' the 

range of significance is restricted to particular entities. Mortality can be sensibly 

asserted of any particular thing. But it is without meaning to describe "class of 

m-en" or "humanity" as being mortal. The general principle is that a function must 

. always be of a higher type than its argument. In the proposition 'so cates is mortal', 

'Socates is the argument" of "mortal" which is the function. It is now clear that 

mortality or 'mortal' cannot be meaningfully predicated of 'class men'. It is so 
' ' 

because a thing can be a member of a class, and a class cannot be a member of 

anything less than a class of classes. An individual can be a member of a club 

but club cannot be a member of anything less than a association of class. In the 

paradox of the class which is a membr of itself this rule is ignored when it is 

presumed that all classes are of a single type and that any class could be a member 
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of another class a vicious circle arises. 'The class of all classes' becomes a class 

additional to all the classes of which it is the class. Russell has tried to show that 

if the distinction between the types is formally maintained then one would not 

say of a class either that it is or that it is not a member of itself. In this way the 

paradox would vanish. It is true that distinction between types are respected in 

everyday speech. No one says that 'humanity is not a man'. But the problem lies 

elsewhere. The difference in type between humanity and a man is obvious. But 

such fundamental notions of Logic as truth, falsity, fti):tion, property class etc. 

have no fixed definite type. As a result different kinds of truth, for example, 

a) The first order truth, (x is y) 

b) The second order truth, (x is y) is true 

c) The thrid order truth, (((xis y) is true) is true) are simple talked about as truth. 

Paradoxes inevitably arise as we are led to imagine that proposition about truth 

are about themselves. In point of fact (b) & (c) are really higher order truths about 

the first order truth. The only way out of the paradox is explicitly to mention what 

order of truths or classes or functions we are talking about. 

There hangs an uneasiness about the concept of type. How is it possible 

to say that Socrates and mankind are of different types, unless there is some 

single general sense of type. To ascribe a single function are of different types 

to arguments of different types is to sin against the different types. Several 

commentators, notably, Rudolf Carnap, have suggested a linguistic interpretation 

of the theory of types. Russell has been inclined to say that it is a mistake to 

speak of entities as being of this or that type. It is expressions which differ in 

type. It is the words 'Socrates' and 'humanity' have different syntactical functions. 

This means that the theory of types has its applicatiory. in the language of the 

second order language. 
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It has been suggested that Russell ha!:. · grouped together paradoxes that 

are different in character e.g. the paradox about classes and. the paradox of the liar. 

The paradox about classes arise within the attempt to construct a logical system. 

But the paradox of the liar is linguistic and arises only when we try to talk about 

that system. The simple theory of types aims at resolving paradoxes within a 

logical system. And the logician needs not concern himself with the paradoxes 

of the linguistic sort. These can be removed by clearing up ambiguities. 
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Appendix I 

The Idea of Set Theory and other Related Matters 

Mathematics and logic depend on each other. It is usually considered that 

logic ends and mathematics begins. Mathematics has been connected with science, 

logic with Greek. Both have developed in modern times, logic has become more 

mathematical and mathematics has become more logical. Modern mathematical 

work is obviously on the borderline of logic, so much of modern logic is symbolic 

and formal, that the very close relationship of logic and mathematics has become 

obvious to every instructed student. 

Mathematics is the science of "quantity". "Quantity" is a vague word, but 

for the sake of argument we may replace it by the word "number". Probably only 

a person with some mathematical knowledge would think of beginning with 0 

instead of with 1, but we will presume this degree of knowledge; we will take 

as our starting point the series : 

0, 1,2,3, ... n, n+l, ... (pace Peano) 

Which is known as the "series of natural numbers". Very few people are prepared 

with a definition of what is meant by "number", or "0" or "1". It is not very 

difficult to see that starting from 0, any other of the natural numbers can be 

reached by repeated additions of 1, 

Peano showed that the entire theory of the natural numbers could be 

derived from three primitive ideas and five primitive propositions in addition to 

those of pure logic. 

The three primitive ideas of Peano's arithmetic are 

0, number, successor. 

The five primitive propositions which Peano assumes are 
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(I) 0 is a number 

(2) The successor of any number is a number 

(3) No two numbers have the same successor 

( 4) 0 is not the successor of any number' 

(5) Any property which belongs to 0, and also to the successor of every number 

which has the property, to belong to all numbers. 

The most elementary properties of numbers are concerned with one-one 

relations, and similarity between classes. Addition is concerned with the construction 

of mutually exclusive classes respectively similar to a set of classes which are 

not known to be mutually exclusive. Multiplication is merged in the theory of 

"selections" i.e., of a certain kind of one-many relations. The ordinal properties 

of the various kinds of number-series, and the elements of the theory of continuity 

of functions and the limits of functions, can be generalised. So as to involve no 

longer any essential reference to numbers. 

In any given branch of science or mathematics, one of the most powerful 

methods for eliminating conceptual vagueness is to isolate a small number of 

concepts basic to the subject at hand and then to define the other concepts of the 

discipline in terms of the basic set. Set theory, or the general theory of classes 

as it is sometimes called, is the basic discipline of mathematics, for with a few 

rare exceptions the' entities which are studied and analyzed in mathematics may 

be regarded as certain particular sets or classes of objects. Any part ofmathematics 

may be called a special branch of Set theory. 

The axi~atization of a theory within set theory is an important initial step 

m making its structure both exact and explicit. Logic is the theory of valid 

arguments or the theory of deductive inference. The theory of definition together 
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with the theory of sets provides an exact foundation for. the axiomatic method, 

the study of which is informally considered part of logic by most mathematicians. 

Every logician has recognized that logic is concerned with form but only 

recently that it has been recognized that there is a science of pure logic which 

is concerned with nothing but form. Logic is regarded as the art of thinking. 

Consequently, much stress has been laid upon the fallacies incident to language 

and upon the causes of erroneous beliefs. The port Royal Logicians regarded 

themselves as carrying on the tradition of Aristotle but there is good ground for 

believing that Aristotle himself was the first logician to be primarily interested 

in form. He saw clearly that propositions have form and that it is their form that 

is essential to deduction. Again in their theory of form, both .Aristotle and subsequent 

logicians came very near to the theory of the logical variable. We have already 

laid stress upon the imp~!tance of form and have seen that the syllogism is a form 

of implication, deductive solely in virtue of its form. 

If we believe that the premises are true, we shall accept the conclusion as 

true. But the pure logician is not interested in their truth or falsity; he is concerned 

only with the implication, that is, the form. The form of every syllogism which 

consists of a premises relating two classes and a premise relating an individual 

to a class of which it is a member. In the pure propositional form of implication 

the material constituents are replaced by variables, the form is expressed by 

logical constants. The historical development of a science reflects the mental 

development of man. Science begins by establishing a connection between one 

particular fact and another, and only gradually disentangles those properties upon 

which the connection depends. It is not otherwise with logic. Only as the result 

of a long process of development has it been possible to r;ealize that all deduction 

depends upon the formal. The different kinds of logical·constants represent the 

different types of deduction' as the propositional form determines what material 
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constants can be fitted into the form. 

All deduction depends upon the logical properties of relations. 'The concept 

of relation is of fundamental importance. Any object of which we can think of 

possesses characteristics that enables us to distinguish it from other objects. These 

characteristics are of two kinds; qualities and relations. By a relation we mean 

a characteristic that belongs to A considered with reference to some other object 

B. The great importance of relations deductive theory is due to the fact that they 

possess certain formal, i.e., purely logical, properties that lie at the basis of all 

inference. It is worth stating that one of Russell's achievements is to have presented 

in PM a theory relations in fullness. Though we are not directly concerned with 

relations, yet we propose to give a brief statement of relations below. We consider 

only those properties of relations that are important for inference. 

(I) Symmetrical relation, Asymmetrical relation and non-symmetrical 

relation. 

Transitiveness 

(2) Transitive relation, intransitive relation and non-transitive relation. 

The properties of symmetry and transitiveness and their opposites are 

independent. 

Relations that are both transitive and symmetrical have the formal properties 

of equality. There is a third important property that belongs to such relations 

known as reflexiveness. 

A relation is reflexive when it holds between a term and itself. The relation 

of identity is reflexive - Russell has pointed out that the only relation that can 

be said to be reflexive without limitation is the relation of identity. The properties 

of reflexiveness, symmetry, transitiveness are the formal properties that belong 
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to the relations of identity and equality. We shall accordingly distinguish four 

kinds of relations, defined as follows 

(I) Ma_ny - many relation 

(2) Many - one relation 

(3) One - many relation 

( 4) One - one relation 

We have now to consider the combination of two relations. Such a mode 

of combination is called relative multiplication and the relation thus obtained is 

called the relative product of R and S. Russell symbolizes the relative product 

of R and S by R I S. R and S are called the factors of their relative product. The 

converse of a relative product is obtained by reversing the order of the factors 

and then substituting their converses. 

. u u 
(R IS) == S/R 

That (R I S) = SIR. 

The relative product of R and R is the square of R. That is R I R = R2
. 

For example, the relative product of father ·and father is parental grand 

father. The converse of the square of father is son's son. The square of ancestor 

ts ancestor. 

We may now say something about the idea of system, as the theory of 

members and sets are often spoken as a system. 

A system consists of elements standing in certain relations. For example, 

the solar system is a system consisting of certain elements viz. the sun, the planets 

and their satellites, standing in certain relations. In any given system the fact that 

an element stands in a given relation can be expressed by a proposition. A 
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deductive system is a special kind of system in which the elements are propositions 

and the relations between the elements are logical relations. Self evidence seems 

to combine two elements, obviousness and logical priority, though it is not a 

notion useful for logic. It might, however, be supposed that we could define 

axioms in terms of logical priority. But logical priority is not absolute. The notion 

of logical priority is somewhat obscure. 

A primitive concept and a primitive proposition are, then, primitive only 

in relation to a given system. The selection ofthese primitive notions and primitive 

propositions determines a given deductive system. This may be made clearer by 

considering the logical relation of physics and mathematics. There is a sense in 

which physics presupposes mathematics, since physics cannot,be developed without 

reference to mathematics, where as mathematics can be developed without reference 

to physics. But it would be a mistake to argue from this that mathematics is in 

an unqualified sense logically prior to, or necessarily presupposed by physics. The 

propositions of a deductive system are established as true only by means of 

inductive verification. Such verification is never complete, it could not amount 

to demonstration. The complete generality of a deductive system is due to the fact 

that the primitive propositions do not determine a unique set of objects. When 

such deductive system can be constructed it becomes possible to develop a part 

of several abstract sciences at the same time. 

A calculus is an instrument for reasoning. Its purpose is to economtze 

thought by providing a mechanical method of obtaining results, which can then 

be interpreted in a manner analogous to the way in. which a mathematical equation 

can be interpreted. As a matter of historical fact recent work on the logical 

foundations of mathematics has- grown out of the attempt to develop a logical 

calculus. In order to obtain a calculus a well-defined symbolism must be used. 

In this way an almost mechanical process of calculation takes the place of reasoning. 
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Thus the development of a calculus prepared the way for the analysis of deductive 

systems. We shall consider the calculus only in so far as it throws light upon the 

process of the generalization of logic. The most fundamental relation between 

propositions is implication, the most fundamental relation between classes is 

inclusion. The connection of two elements by a relation does not yield a result 

which is of the same kind as the elements related. For example, the relation 

between classes yields a proposition, not a class. A deductive system is generated 

by logical relations, not by operations. The calculus was first worked out for 

classes and was then interpreted so as to apply to propositions. 

We have two special relations, the UNIVERSAL Relations V and the 

NULL Relation A, 

- the first relation holds between any two individuals and the second relation 

between none. Calculus of relations are of different types 

Different relations on calculus of relations : 

1. Relation of inclusion : R C S 

2. Relation of Diversity : X < Y 

X;eY 

3. Relati~n of Identity R = S 

4. Relation of Union : RUS 

IX (R u S)Y I 

5. Relation of Intersection : R n S 

X (R n S)Y 

6. Relation of Negation 

or 

Complement / 
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7. Relative product or Composition of R and S R I S 

8. Relative sum of two relations 
u 

9. Converse relation R 

RUS 

We may distinguish relations of different orders. 

1. First order relations are those relation which hold between individuals 

2. Second order relations - are those relation which hold between classes or 

relations, of the first order 

3. Mixed relation - are those relation whose predecessor are, for instance, 

classes of the fist order and its successors classes of the second order. 

The domain of a relation is the first components of the ordered pairs of 

the relation. 

The range of a relation is the second components of the ordered pairs of 

the relations. 

Again we can say the class of ail predecessors with respect to the relation 

- is known as domain and the class of ail successors - is known as Counter domain 

or 

Converse domain 

There is a familiar relation not by means ofwhich from a given proposition 

p we obtain another proposition not ~ p. The proposition not ~ p wiii be caiied 

the contradictory of p. 

There modes of combining two, or more propositions are familiar, viz. the 

mode of combining by means of the logical relations and, or, 'implies'. Thus, 

given any two propositions there is a third proposition which consists in their 
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simultaneous assertion, t:e., the assertion of both together. This proposition 1s 

derived from combining p,q by means of and, which yields p and q. 

These mode of combinations are called functions of the propositions so 

combined, and the derivation of a proposition by means of 'not' is called a 

function of the original proposition. These four functions have appropriate names 

and symbols : 

Logical Relation Functions 

( 1) not negation or contradiction 

(2) or addition or disjunction 

(J) and multiplication or conjunction 

(4) implies implication 

Symbolized by 

~p 

pVq 

p.q 

p=>q 

It is not necessary to take all the modes of combination as undefined 

modes. Given negation, we can define disjunction if we assume conjunction; 

conversely, we can define conjunction if we assume disjunction; finally we can 

define implication if we assume conjunction or if we assume disjunction. 

There is a paradox in sentential or propositional calculus as well we may 

state that in passing. 

As Russell has admitted, 'whenever p is false, "not p or q" is true, but is 

useless for inference, which requires that p should be true. Whenever q is already 

known to be true, "not-p or q" is of course also known to be true, but is again 

useless for inference, since q is already known, and therefore does not need to 

be inferred'. He draws a distinction between the validity of the inference and what 

he calls the 'practical feasibility of the inference'. False prop~sitions imply other 

propositions, but they cannot be made the basis of valid inferences in which the 

conclusion is asserted to be true. There is, then no reason to regard the consequences 
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of the definition of implication as· paradoxical. They would be paradoxical only 

if they were taken to be paradoxes of inference. But in that case th·ey would not 

strictly speaking be paradoxical; they would be false. 



98 

Appendix II 

Some definition of concepts related with the Thesis 

The set theory was developed by the German mathematician 

GEORGE CANTOR (1845- 1918). 

Arithmetic involves the study of sets of numbers, Algebra involves the 

study of variables. Geometry involves the study of the set of points on a straight 

line or curved line. 

Cantor is regarded as the founder of the theory of sets and it was he who 

introduced it to the mathematical world. 

· 1. Class : · Any (kind of)cellection of entities made on the· basis of shared 

character of any sort is known as class. Many other words are used synonymously 

with sets 

Example : (i) Set of numbers 

(ii) Bunch of vegetables 

(iii) A class of student 

That means any group or set of living or non-living things which is not 

completely specified is known as a class . 

. 2. Set : In mathematics, we use the word 'set' to denote any "well - defined" 

collection of objects, things or symbols. 

By "well - defined" we mean that it must be possible to tell beyond doubt 

whether or not a given object belongs to the collection that we are considering. 

Example : (i) Set of rational numbers. 

(ii) Bunch of green vegetables. 

(iii) A class of M.A. students who had mathematics combinations in 1990. 
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Union of 
two sets 

AUB 
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Set Operations 

w 
Intersection 
of two sets 

AnB 

Difference 
of two sets 

A-B 

\1.
Complement 

of a set 

A' 

3. Cardinal N urn her : Cardinal number of afinite set 'A'- is the number of 

elements in the set 'A'. It is denoted by n(A). 

All infinite sets were considered to be equivalent. The following definition, 

which has revolutionized the entire theory of sets, is attributed to the German 

mathematician George Cantor (1845-1918). 

Let A be any set and let denote the family. of sets which are equivalent 

to A. Then a is called a cardinal number and is denoted by 

a = #(A) 

The symbol alpha null (~) used to denote cardinally of denumberable sets. i.e., 

= # (N) 

4. Denumerable Set: If a set is equivalent to natural numbers (N), then Dis called 

denumberable and is said t~ have cardinality a. 

i.e., D ::: N (have a cardinality a) 

5. Non-denumerable Set : A set is called non-denumerable if it is infinite and 

is not equivalent to N, the set of natural numbers. 

i.e., D j:. N 
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