
Chapter VII 

RUSSELL'S PARADOX 

In the opening chapter· we have distinguished between paradoxes of self 

reference from other forms of paradoxes. Russell's paradox is a modern example 

of paradoxes of self-reference in the field of set theory. 

We propose to discuss Russell's paradox under two heads 

(a) Paradoxes of Set Theory and 

(b) The Simple Theory of Types 

. Russell proposes the theory of logical types in order to find a solution to 

certain contradiction ·which became apparent in the set theory and in the mathematical 

logic. Russell has been of the opinion that this theory serves a larger scope and 

that it has also a certain consonance with common sense which makes it credible1• 

We have already referred to Burali-Forti's antinomy with reference to the greatest 

ordinal number : the greatest ordinal number is not the greatest. Russell formulated 

his paradox in 1903. We may venture to summarise the Russell's paradox as under. 

If we examine all sets of classes we observe two points 

(a) Some of them contain themselves as an element. 

(b) others do not.· 

We may give the following examples. The class of mammals is not a 

mammal itself. So it does not contain itself. But the class of abstract notion is 
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an abstract notion itself, so_ it contains itself as an element. Let us now form the 

class of all classes that do not contain themselves as a,n element. Let us call it 

M. It follows that for the class M the question arises namely it .contains itself as 

an element or it does not. This is a simple application of law of Excluded Middle. 

So the third possibility does not exit. If M contains itself as an element then as 

it groups only classes which do not contain themselves, it does not contain itself 

Again if M does not contain itself as an element then M groups all classes that 

do not contain themselves, it contains itself The contradiction is evident. 

In order to avoid this paradox Russell -introduces the so called "vicious 

circle principle". This vicious circle which appears. in the abov~ contradiction 
' ' 

follows from the supposition that a certain collection of objects could contain such 

a member which can be defined only by m~ans of the collection_taken as a whole. 

·The principle which allows us to avoid illegitimately formed totalities is expressed 

a!:: follows. 

- "Whatever includes ·all of a collection must not be one of the collection"2• 

So the rule which follows -from the principle of the vicious circle is that "No 

member of a collection can be defined by the collection the member of which 

it is". In this case the class of all class_es which do not contain themselves is not 

possible, because it could define as a new member by means of the class to which 

it belongs. Russell-thinks that this principle-can help to avoid logico mathematical 

paradoxes. 

Let us now see how this principle is applied to the mathematical -logic. 

Accordingly to. Russell, a class is an ol:,ject which is derived from a propo-sitional 

function_ ~x and it· supposes the function all which verify ~x. The argument x of 

a propositional function ~x carinot be the function itself, or the class defined by 

the same function. The value-s which the argument of a propositional function ·of 
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one single argument may take are limited and of a certain 'type'. In other words, 

in. order to derive from a propositional function a true or false proposition by the 

. substitution of the argument with a certain value, it is ne"1essary that all values 

of the argument be of the same type, such type being imp9sed by the nature of 

the function itself, otherwise an expression which is neither true nor false will 

result. Such a situation is called meaningless by Russell. 

This leads Russell to clarify logical objects by types on the basis of the 

principle of the vicious circle. The hierarchy of the logical object will be a type 

hierarchy. The definition of the lowest type is not truly precise. Russell's claim 

that what is important in this hierarchy is the hierarchy itself, and not which is 

the lowest object. In the lowest type we have the individuals. The properties of 

individuals will be logical object ofthe second type. The property ofthe properties 

of the individuals will be the logical object of the third type, and so on. So if 

¢x is a propositional function in which 1> is of the type n, the argument can only 

take values of n1 type. Any value of another type of argument we leave to a 

meaningless expression, and expression which is neither true nor false. 

In Principia Mathematica Russell intended to set up k logical mathematical 

instrument able to express logically all mathematics. He classifies the propositional 

functions in the following order: 

(a) a function of the first order is a function which contains no variable 

as arguments except individuals. 

(b) a function of the (n+ 1 )th order is a function which contains at least 

one argument or an apparent variable which is not either an individual or a 

function of the first, second or ... nth order. 

(c) a predicative function is a function which contains no apparent variables. 

It is called a matrix. 
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(d) a function of(l) and (2) argument is formally equivalent with a predicative 

function having the same arguments of arguments. 

In order to avoid new series of difficulties of the nature of paradoxes 

Russell introduces the Axiom of Reducibility. The properties of classes are enumerated 

as follows : 

(a) Every propositional function determines a class which may be regarded 

as the collection of all the argument satisfying the function in question. 

(b) When no argument is satisfied a function that is the null class is just 

as good a class as any other. 

(c) Two propositional functions which are formally equivalent, that is, such 

··that any argument which satisfies the other, must determines the same class. A 

class must be something, which is only determined by its members, such that the 

class that 'even prime' as identical with the class "numbers identical with 2". 

(d) Two propositional functions which determines th~ same class must be 

formally equivalent. When the class is given the membership is determinant. Two 

different sets of objects cannot form the same class. 

(e) In the same sense in which there are classes there must also be classes 

of classes. 

For example "The combination of n-things taken m at a time", where then-things 

form a class and each such a class is a member of the specified set of combination, 

which set is therefore another class whose members are classes. 

(f) The class of unit classes or of couples is absolutely indispensable. The 

class of unit classes is the number one and the class of couples is the number two. 

Thus arithmetic would become, impossible without classes. and lastly, 
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·(g) . It must all under circumstances be meaningless to suppose a class 

·identical with one of its member. 

For if such a supposition had any meaning, "a is a member of a" would 

be a significant propositional function and so would a in not a member of a a . 

Hence there would be a class of all classes satisfies the function a is not a member 

of a. If we call this class K, we shall have a EK.::.(a)al;t:a 

By hypothesis K is a member of K is supposed significant. The above equivalence 

which holds with all possible values of a, holds with the value K i.e. 

K is member of K = K is not a member of K. 

But this is a contradiction. Hence "a is a member of a and a is not a 

member of a" must always be meaningless. 

There is nothing surprising about this conclusion and we should take · 

special notice of two consequences of it. 

(a) A class consisting of only one member must not be identical with that one 

member. For instance the highest mountain of the world is never identical with 

the unit class or in symbols 

L 1 X= X 

(b) It might appear as if the class of all classes were a class. This means supposing 

we use this symbols "CLS" for class then "CLS" is a member of "CLS" would 

be a true proposition. But this combination of symbols must be meaningless. 

Because of ambiguity in the meaning "CLS". The first CLS can be supposed to 

have different. meaning from the second. 

Russell worked under the idea of constituting logic as a completely formal 

system. But there is a certain limit to symbolism. The difficulty of the formalism 
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in PM generated logical paradoxes. Russell was compelled to introduce the type 

theory in order' to avoid paradoxes and not to solve them. 
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We may now consider certain distinctions relevant to the theory :of relations as well as 

the theory of sets. It may be observed that the theory of relations does not enjoy an 

independent status. It is a simple translation of the theory of sets, though the PM contains 

a full exposition of the theory of relations. 

Usually it is held that in~ividuals have properties. But we also know that various 

properties can be predicated or individuals. In the same manner properties can also have 

properties. For example, the property of being honest has the property of being desirable. 

We may now ask just as some properties are predicated of other properties, can we 

predicate certain properties of themselves ? To give an example, we may say that the 

property of being abstract seems itself to be abstract, but the property of being concrete 

1s hardly itself concrete. 

This has led logicians to distinguish a property that can be predicated of itself 

or a prcdicab le property. It is said that any property that can be truly predicated of itself 

is to be called a predicable property. On the other hand any property that cannot be 

predicated of itself should be an impredicable property. We get two positions to consider. 

(a) Being predicable is a property that belongs to all, those and only those 

properties that cannot be truly predicated as themselves. 

(b) Being impredicable is a property which belongs to all those and only those 

properties that cannot be truely predicated as themselves. 

However innocent (a) arid (b) may look, they give rise to unhappy conclusions 

we may now state that :-

If the property of being impredicable can be truely predicated of itself, then it 
' 

has the property of being impredicable. Therefore it cannot be truly predicated as itself. 

Again if the properties of being impredicable cannot be truely predicated as itself, then 
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it has the property of being impredicable. Therefore it can be truely predicated as itself. 
' 

This is an obvious contradiction. 

The contradiction can be shown to be derivable in the . following manner. 

Let there be a property P and if this property is impredicable let us say IP, then 

we may now define IP as not ~ PP 

This definition can be turned into a general proposition namely 

(P) (IP = - PP) 

It may further be noted that if we can instantiate P by I (I is the name of any property 

which is impredicable) then 

I I = -1.1 

This is a paradox generated from (a) and (b) above. The problem now is, how to avoid 

such contradiction and Russell's theory of types is directed towards avoiding them. We 

have already noted in an earlier chapter that Russell divided entities into a hierarchy of 

different logical types in the following order. 

The lowest of these types consists of all individuals. The next consists of the 

properties of a individuals. Then the type consisting of all properties of all individuals. 

Further types consist of all properties of properties of properties of individuals and so 

on. Relations and their properties also would· yield ·additional hierarchy. 

The theory of types is not merely the division of all entities into different logical 

types, it is intended to restrict that any property which may significantly be predicated 

of an entity of one logical type cannot significantly be predicated of an entity of any 

other logical type. 

To give an obvious example. There may be an individual thing of orange colour 

but the property of being the orange in colour cannot be sensibly said to be orange in 

colour. Another point may be noted in this context. A property has many instances, for 

example the skin of a fruit may be orange, a piece of cloth may be orange, a sunset may 

be orange but w,e cannot say that an individual thing has many instances. Therefore the 

theory of logical types seems acceptable on account of its naturalness and obviousness. 

It permits also to avoid contradiction of the type 

I I = ~1.1 
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In short according to this theory the type of a property is always higher than the type 

of any entity of which it can predicated. As such the theory is said to be the Simple 

Theory of Types. 


