
Chapter 7

Sphericity based flow analysis at

FAIR conditions

The concept of event shape determination in high-energy physics was introduced in the

late seventies as a quantitative method to understand the nature of gluon bremsstrahlung

process [1–3]. Experimental data analysis in this regard was performed for the first time

by the OPAL Collaboration [4] while attempting to test the asymptotic freedom in e+e−

annihilation, and then by the ZEUS Collaboration [5] in an attempt to extract the strong

force coupling constant from lepton induced deep inelastic scattering. Later, hadronic event

shape [6, 7] was examined in pp collisions at the LHC energies phenomenologically by using

PYTHIA8 [8, 9], and experimentally by the ALICE [10, 11], ATLAS [12, 13], and CMS [14]

collaborations. An event shape variable called transverse sphericity (ST ), has successfully

been employed to understand the dynamics of particle production mechanism, collective flow

of hadronic matter, and in medium jet modification etc., in pp collisions at the LHC energies

[10, 12]. This however is not to be confused with the transverse spherocity [15], another event

shape variable that too has been used to separate out the jetty and isotropic events in some

of the above mentioned experiments. In this simulation based study we are going to present

an analysis on the centrality dependence of the yields of charged hadrons, their transverse

momentum spectra and some characteristics of the second (v2) and third (v3) harmonic

flow coefficients, with reference to an event shape engineering implemented by using the

ST -parameter. It has been reported that in a spherocity based event classification, the

magnitude of v2-coefficient for the jetty events is larger, whereas the same for the isotropic

events is smaller than those obtained for the entire class of events [15]. This clearly suggests

that measurements made without incorporating any classification scheme do not contain
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every piece of information about collectivity. For our analysis a sample of minimum bias

Au+Au events at Elab = 30A GeV has been generated by using the AMPT (string melting)

model. One of the major objectives of this investigation is to study the dynamics of particle

production with different degrees of collectivity in the framework of the AMPT model in its

string melting configuration.

7.1 Methodology

The event shape variables generally refer to the geometrical distribution of pT of the outgoing

particles. This restriction to the transverse plane is imposed in order to avoid any bias

coming from the longitudinal boost along the beam direction [6]. To define the transverse

sphericity parameter we start with a transverse momentum matrix [10, 12],

Sxy =

(
a11 a12

a21 a22

)
(7.1)

where

a11 =
1∑
i pTi

∑
i

p2
xi

pTi
, a22 =

1∑
i pTi

∑
i

p2
yi

pTi
, a12 = a21 =

1∑
i pTi

∑
i

pxipyi
pTi

(7.2)

Here pTi is the transverse momentum of the ith particle in an event, pxi and pyi are the

components of pTi . In Equation (7.2) each sum runs over the particle number within the

kinematic limit(s) considered and belonging to an event. In the above expressions the

1/
∑

i pTi term is introduced to avoid the dependence on possible collinear splittings of

particle momenta. The diagonalization of the matrix Sxy will result in two eigenvalues, say

λ1 and λ2. If we assume λ1 > λ2, the transverse sphericity ST is defined as [10, 12],

ST =
2λ2

λ1 + λ2
(7.3)

By definition ST has been made infrared and collinear safe [16]. The quantity however has

a multiplicity dependence. The event-wise ST values should lie between 0 and 1, and the

extreme limits are classified as,

ST =

0 : ‘jetty limit’

1 : ‘isotropic limit’

The jetty events originate from hard QCD-processes corresponding to high-pT jets with a

pencil-like emission structure, while the isotropic events have a large number of soft pro-

ductions associated with low momentum transfer, and as the name suggests, an isotropic
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emission of the final state particles (hadrons). Once the jetty events are properly identi-

fied, it would be possible to study the jet medium modification and jet chemistry in an

efficient way.

7.2 Results and discussions

In this section we describe some simulation results obtained from the Au+Au collision at

an incident beam energy Elab = 30A GeV. We have used 10 million minimum bias Au+Au

events generated by the AMPT (string melting) model. The analysis is performed over all

charged hadrons falling within the central pseudorapidity (η) region defined by |η − η0| <
1.0, where η0 is the centroid of the η-distribution. In Figure 7.1 we plot the sphericity
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Figure 7.1: Sphericity distribution of charged hadrons in Au+Au collision at Elab =
30A GeV.

distributions for events belonging to different centrality classes, as well as for the entire event

sample. We observe that the ST -distributions are strongly left-skewed, and as we move from

peripheral to central collisions the peak of the distribution shifts more and more towards

isotropic limit (ST = 1.0). In the 0 − 10% centrality class almost every event has a ST -

value more than 80%. At Elab = 30A GeV the jet production cross section should be small.

Compared to the number of isotropic events, not too many jetty events are therefore expected

in our min-bias event sample. They should predominantly belong to the peripheral collisions

in which the overlapping part of the colliding nuclei is small sized. On the other hand,

in central collisions the pencil-like structures of the jets are either destroyed by multiple
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rescattering or absorbed in the medium as they try to penetrate through a comparatively

larger sized collision region. With increasing system size a shift towards isotropy in the

spherocity distribution has been reported as well [17]. These observations suggest that the

event shape engineering should have a significant implication on the event characteristics,

which may be useful to explore different mechanisms of multiparticle production in different

classes of events. In order to disentangle the low and high sphericity events we have followed

Table 7.1: Limiting values of transverse sphericity for jetty and isotropic events

Centrality (%) Jetty Isotropic

0 - 10 0 - 0.8938 0.91405 - 1
10 - 20 0 - 0.8736 0.89385 - 1
20 - 30 0 - 0.8433 0.88375 - 1
30 - 40 0 - 0.8232 0.87365 - 1
40 - 50 0 - 0.8023 0.85345 - 1
50 - 60 0 - 0.7828 0.83325 - 1
60 - 70 0 - 0.7424 0.81305 - 1
70 - 80 0 - 0.6616 0.76255 - 1
80 - 100 0 - 0.4293 0.63125 - 1

the criterion set in [17], and applied a 20% cut from both of the extreme limits of the

sphericity distribution. In other words, events having the lowest 20% values of ST are

classified as jetty events, while those falling within the highest 20% group are called isotropic.

The sphericity range for the isotropic and jetty events corresponding to different centralities

are listed in Table 7.1. We see that most of the Au+Au events of our minimum bias sample

are neither jetty nor isotropic in structure, and except for a few extreme peripheral classes

most of them fall within a small ST -range.

7.2.1 p
T

spectra and mean p
T

In Figure 7.2 we present the pT -spectra of pions, kaons, protons and sigma particles in the

(20− 30)% centrality range for different sphericty classes of events. The spectra have their

usual characteristics, exponentially decaying in the low-pT region (0.5 < pT < 1.5 GeV/c),

and falling like a power law in the high-pT region (∼ 2.0 GeV/c). It is also noticed that

in the low-pT region the number of particles produced by the isotropic events exceed those

coming out from the jetty events. However, with increasing pT an opposite trend with

respect to the particle number is observed. At higher pT -values the number of particles

produced by the jetty events exceed that coming from the isotropic events. This pT -value

where this trend reversal takes place, is referred to as the crossing point. The feature can be

more clearly seen in the insets of Figure 7.2, where the ratio (R) between the pT -spectra of
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Figure 7.2: p
T

-spectra of different charged hadrons in the midrapidity region for isotropic,
jetty and S

T
-integrated events in 20 − 30% central Au+Au collisions at Elab = 30A GeV.

Inset: Ratio of p
T

-spectra for the isotropic and jetty events to S
T

-integrated events.
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Figure 7.3: Crossing point of the ratio of the pT spectra of isotropic and jetty events to
S

T
-intergrated events as a function of particle mass in Au+Au collisions at Elab = 30A GeV.
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Figure 7.4: Npart dependence of average p
T

of different charged hadrons at midrapidity
in isotropic, jetty and S

T
integrated events in Au+Au collisions at Elab = 30A GeV.

the isotropic (jetty) events and that of the ST -integrated events are zoomed in for a limited

pT -range. In Figure 7.3 we notice that with an increasing rest mass of the hadron species

concerned, the crossing point consistently shifts towards higher pT . The Npart dependence

of 〈pT 〉 corresponding to the isotropic, jetty and ST -integrated events for different particle

species is presented in Figure 7.4. It is to be noted that 〈pT 〉 increases from peripheral to

central collisions, and it also increases with increasing hadron mass. This mass dependence

of 〈pT 〉 may be a consequence of collective expansion in the radial flow [18]. One should

also notice that the increase in 〈pT 〉 with increasing Npart is more prominent for the heavier

masses. In central collisions more energy is deposited within the intermediate fireball. As a

result higher pressure develops, and the final state particles experience comparatively higher

radial push than those evolved from peripheral collisions. One can see that events belonging

to different sphericity classes contribute differently to 〈pT 〉. The jetty events carry more

pT than the isotropic events. As we shall see later, being associated with a large number

of soft-hadron production, the isotropic events in general have a higher integrated yield of

particles. Therefore in order to conserve momentum, on an average they carry less 〈pT 〉
per particle. The 〈pT 〉-difference between the jetty and isotropic events is higher for higher

hadron mass, while it diminishes with increasing centrality. Our analysis on event separation

using ST indicates that it is possible to extract significant information on the collective flow

of hadrons.
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7.2.2 Integrated yields

Figure 7.5 shows the Npart dependence of the integrated yields (dN/dy) of pions, kaons,

protons and sigma particles over the mid-rapidity (∆η = 0.1) region for different sphericity

classes considered in this analysis. The yields of pions and protons as expected are greater

than that of the strange hadrons like kaons and sigma particles. We observe that for the

jetty, isotropic and ST -integrated event samples, dN/dy at Elab = 30A GeV increases almost

linearly with Npart for all the particle species considered in this analysis. Besides, it is

also observed that the yield is weakly dependent on the sphericity class. The isotropic

events consistently produce a little more particles than the jetty events. This observation

is consistent with our results on the pT -spectra and 〈pT 〉 distribution presented above. Soft

hadron production, which is a characteristic feature of the isotropic events, is more abundant

at the present beam energy. The observations of Figure 7.4 and Figure 7.5 actually manifest

a momentum sharing, i.e. higher number of particles are produced in the isotropic events,

and therefore each particle on an average should carry less 〈pT 〉. Our observation in this

regard is consistent with that obtained from an AMPT (string melting) based analysis

performed at the LHC energies [17]. In Figure 7.6 we plot the Npart-dependence of the

particle yield normalized by the number of participant nucleon pairs. The variation in
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Figure 7.5: Integrated yields in the midrapidity region of different charged hadrons as a
function of Npart for the isotropic, jetty and S

T
-integrated events in Au+Au collisions at

Elab = 30A GeV.
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Figure 7.6: Integrated yields in the midrapidity region of different charged hadrons per
participant nucleon pair as a function of Npart for the isotropic, jetty and S

T
-integrated

events in Au+Au collision at Elab = 30A GeV.

this normalized yield behaves differently for the jetty, isotropic and ST -integrated events

in peripheral collisions, a feature that is not so obvious in the dN/dy versus Npart plot,

shown in Figure 7.5. In the mid-central to central collisions, the normalized yield remains

almost uniform for all three ST -categories of events. Compared to the jetty events, the

contribution to the normalized yield coming from isotropic events, is significantly higher in

the peripheral and marginally higher in the central collisions. Such an observation can be

understood from the fact that the yield is dominated by soft production of charged hadrons,

which again is dominated by the particles coming out of isotropic events. For the isotropic

as well as peripheral class of events, the normalized yields of pions, kaons and protons

diminish by some amount with increasing Npart, and then they remain almost uniform. It

is quite possible that in these events soft-hadrons are to some extent absorbed within the

collision region, a feature that initially increases with increasing size of the overlapping part

of the colliding nuclei, and compensated thereafter by a growing number of binary NN

collisions, and an increasing number of particles produced thereof. For the sigma particle

the normalized yield shows a very small linear growth with increasing Npart. On the other

hand, for the jetty events the normalized yields for all four types of hadrons considered,

increase with increasing Npart by some amount for the peripheral class of events, and then

they saturate to a uniformity for the more central classes. For ST -integrated events, except

for the Σ-particle, the normalized yield remains almost always uniform with Npart for all
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three other hadron species considered. For the Σ-particle the normalized yield initially

increases by a small amount and then becomes uniform.

7.2.3 Collective flow

Centrality dependence

We compute v2 and v3 for all charged hadrons in the midrapidity region (|η − η0| < 1.0)

as functions of Npart, and present our results respectively in Figure 7.7 and Figure 7.8 for

different ST -categories. In general we observe that for both ST -categories, the v2-values are

smaller for the extreme central and peripheral events. As mentioned before, in a central

collision the overlapping part of the colliding nuclei is nearly symmetric, and therefore the

pressure gradient that develops after initial compression, is not too large to generate a

strong elliptical flow. On the other hand, in a peripheral collision the overlapping part is

highly asymmetric in geometry. However, due to the small number of particles contained

within the overlap region, the effect of v2 cannot be carried through to the final state. The

v2-values peak around mid-central collisions, which is a consequence of both finite initial

state asymmetry and a sufficient number of produced particles that carries the information.

It is also observed from Figure 7.7 and Figure 7.8 that at all centralities v2 is greater in

magnitude than v3. This may be attributed to the fact that v2 develops from the geometric

asymmetry of the overlapping region as well as from the initial state fluctuations of the

participating nucleons. On the other hand v3 arises only from the initial state fluctuations.
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Figure 7.7: Elliptic flow coefficient (v2) as a function of Npart at midrapidity for isotropic,
jetty and ST -integrated events in Au+Au collisions at Elab = 30A GeV.
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Figure 7.8: Triangular flow coefficient (v3) as a function of Npart at midrapidity for
isotropic, jetty and ST integrated events in Au+Au collisions at Elab = 30A GeV.

It is evident that in comparison to the initial geometric asymmetry and subsequent pressure

gradient developed thereof, the initial state fluctuation is a weaker phenomenon. There is

no reason that these fluctuations should depend on the collision centrality. The same is

reflected in Figure 7.8, where we find that except for some peripheral classes v3 is not very

sensitive to the collision centrality. With increasing N the v3-values increase from extreme

peripheral to mid-central collisions, and within the mid-central to central region they remain

almost uniformly distributed. Our observations on the centrality dependence of v2 and v3

are consistent even with the results obtained from RHIC [19] and LHC [20] experiments,

and also with some model calculations at FAIR energies [21, 22]. The effect of centrality on

v2 and v3 is going to be further scrutinized when we study them as functions of pT .

In Figure 7.7 we also find that the v2-values obtained for the jetty events are consistently

larger than those obtained for the isotropic events over the entire centrality range considered.

All three v2-distributions peak around Npart = 100, and for the jetty events the peak value

is not only several times larger than that of the isotropic events, but it is also comparable

to typical v2-values obtained at much higher collision energies [20]. The fact that the

isotropic events have very low v2-values, indicate that there is less asymmetry in their

azimuthal distribution. As expected, the ST -integrated v2-distribution lies in between the

jetty and isotropic, although it is much closer to the isotropic distribution, which once again

confirms the predominance of the latter in our minimum bias Au+Au event sample. On

the other hand, in Figure 7.8 we do not notice statistically significant differences in the

v3-values obtained for the jetty and isotropic events. In order to better understand the



Chapter 7. Sphericity based flow analysis at FAIR conditions 159

0.0

0.3

0.6

0.9

0 100 200 300 400
0.0

0.1

0.2

0.3

0.4  

 

 

 ST Integrated
 Jetty
 Isotropic

2

 

3

Npart

Figure 7.9: Eccentricity (upper panel) and triangularity (lower panel) against Npart for
isotropic, jetty and ST -integrated events in Au+Au collisions at Elab = 30A GeV.

ST -dependence of the flow parameters, we examine the spatial asymmetries present in the

initial states of the Au+Au events. We compute the eccentricity (ε2) and triangularity (ε3)

parameters, and in Figure 7.9 plot them as functions of Npart. We notice that both ε2 and

ε3 monotonically decrease with increasing Npart. Except for e few most peripheral classes

of events, ε2-values the for jetty, isotropic and ST -integrated events are not significantly

different at all other centralities. The ε2-values of the jetty events only marginally exceed

those of the isotropic. We have repeated similar kind of analysis for the ε3 parameter, and

found that the corresponding differences in the jetty and isotropic events are even smaller in

magnitude. As ε3 originates only from the initial state fluctuations, it should be independent

of the event geometry. Scaling out of the effects of geometry from the flow parameters is a

common practice that is followed in different AB collision experiments [23]. This eventually

helps us to understand the physics of (re)scattering and effects of multiplicity on the flow

parameters. We have scaled v2 by the respective ε2, and in Figure 7.10 plotted the ratio

against Npart. For all three categories of events the v2/ε2-ratio monotonically rises from
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peripheral to central collisions. The rise is most prominent for the jetty class of events,

but quite moderate for the isotropic. As expected, in this regard the ST -integrated event

sample behaves very similar to the isotropic class of events. Our observation suggests that

the elliptic flow is quite strong in the jetty class of events. Even after the removal of the

effects of geometry, no scaling in the centrality dependence of v2/ε2-ratio can be seen for

different ST -categories of events. We may therefore argue that the observed differences in

the v2-values in jetty and isotropic events cannot simply be attributed to the initial state

asymmetries. Differences in the final state collective interactions are also responsible for our

sphericty dependent elliptic flow results. The centrality dependence of the ST -integrated

v2/ε2-ratio is not very much different from the corresponding trends observed in the RHIC

and LHC experiments [24, 25], except that in the present case their magnitudes are lower.

As expected in Figure 7.11 we see that the v3/ε3 ratio, being dependent only on the initial

state fluctuations, grows identically with Npart for all three classes of events. The rise,

almost linear in nature, may be considered as a consequence of multiplicity scaling [26].

pT dependence

The pT -dependence of collective flow parameters of charged hadrons at different centrality

classes has been investigated in several experiments [19, 27–29]. We too have examined the

same for v2 and v3 at three different centrality classes and for three event samples belonging

to different ST -categories. Our results on v2(pT ) are schematically presented in Figure 7.12.

For the most central 0 − 10% collisions the v2-values are always quite small both for the

isotropic and ST -integrated event samples. However in the same centrality class, v2 for

the jetty events rises almost linearly with pT . In the mid-central 30 − 40% and peripheral

60−70% collisions, v2 for the isotropic and ST -integrated event samples are a little higher in

magnitude. STAR results for the ST -integrated events obtained from the Au+Au collision at
√
sNN = 7.7 GeV are incorporated [19] in the plot for mid-central collisions, which matches

quite well with our simulated results. For the ST -integrated class of events, with increasing

pT a systematic rise in the v2-values can be seen. On the other hand, for the isotropic

events the initial rise in v2 is followed by a saturation beyond pT = 1.5 GeV/c in both the

30− 40% and 60− 70% centrality classes. In the mid-central collisions the v2-values for the

jetty events are significantly higher than those obtained for the other two centrality classes,

and they rise quite sharply with pT . From Figure 7.7 it has already been confirmed that the

contribution to v2 from the jetty events is maximum in mid-central collisions. Similar type

of observation is also noted in Figure 7.12 in the 30− 40% centrality class. Figure 7.13 once

again illustrates that v3 is independent of centrality. The reason, as discussed, is that the

phenomenon stems out only from initial state fluctuations, and therefore, is not sensitive to

the event shape which is based on the distribution of final state particles.
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isotropic, jetty and S

T
-integrated events in Au+Au collisions at Elab = 30A GeV.
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7.3 Conclusion

We have performed an event shape engineering on Au+Au collision events at Elab = 30A

GeV generated by the AMPT (SM) model. The transverse sphericity parameter is used

to classify events into jetty and isotropic categories. For both classes of events we have

examined the transverse momentum spectra and centrality dependence of the yield of dif-

ferent charged hadrons. The centrality dependence of average transverse momentum has

also been studied. The centrality and transverse momentum dependence of the elliptic and

triangular flow parameters for all charged hadrons are investigated. Results obtained for

the ST -integrated events are used for comparison. Distinct features in the characteristics of

jetty and isotropic events are observed, which cannot be attributed simply to geometrical

and/or multiplicity effects. The jetty events may not be quite abundant in our simulated

event sample, but in several aspects they behave quite differently from the isotropic and

min-bias events. In particular, the hadron mass dependence of the crossing point obtained

from the transverse momentum spectra, and significant differences in the elliptical flow pa-

rameter values are worth mentioning. We believe that the event topology based results of

this analysis will act as a good reference baseline for future experimental investigations.
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