
Chapter 4

Multifractality and related issues

4.1 Introduction

The intermittency analysis of our data suggests that some kind of scale invariant dynamics

is responsible for the observed angular distributions of the shower tracks. In one dimension

a self-similar nature of the intermittency phenomenon is well established. It has been sug-

gested in theory [1–3] and observed in experiments [4–8] that, self-similarity in the particle

density fluctuations should lead to a power-law scaling behavior of the multiplicity moments

with decreasing phase space resolution size (δX). Such scaling laws can further be utilized

to characterize apparently random fluctuations in event-wise particle numbers within nar-

row intervals of phase space in terms of a set of smoothly varying fractal parameters, and

extract some universal fractal properties of the underlying dynamics of particle emission.

For a self-similar process the multifractal frequency moment of order q, also called the Gq-

moment [1, 9, 10], exhibits a power-law dependence on δX. The technique adopted for

evaluating Gq-moments has some advantages over that for the scaled factorial moments

(SFMs), as well as a few short comings. One can use the Gq-moments to study the spikes

(for q > 0) as well as the non-empty valleys (for q < 0), while the SFMs are useful only for

the spikes in the density function. Unlike the SFM, in the Gq-moments the order number q is

not limited only to positive integers, but they can also take up negative as well as fractional

values. However, in the low multiplicity events the empty bin effect becomes important,

and the Gq-moments saturate as δX → 0. Moreover, the statistical noise present in the
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density function cannot be automatically accounted for. The limiting condition δX → 0 is a

mathematical idealization, and the only achievable limit is up to the phase space resolution

allowed by the detector granularity. Takagi introduced another set of multifractal moments,

commonly known as the Tq-moments, which are defined only for the positive integer order

q, and are not affected by the finiteness of the event multiplicity [11]. However, like Gq the

Tq-moments too cannot automatically eliminate the statistical noise.

Recently some other methods, like the multifractal detrended fluctuation analysis (MFDFA)

[12], the multifractal detrended moving average (MFDMA) analysis [13], the sandbox algo-

rithm method [14], have become popular in the multifractal characterization of time series

data, and have also been adopted in studying the multiparticle emission data. Actually, the

MFDFA method is a kind of generalization of the detrended multifractal analysis (DMA)

method developed in [15] to describe the long-range correlation in coding and decoding DNA

nucleotide sequences [15, 16]. On the other hand, the MFDMA method is an advancement of

the moving average technique, which was initially proposed to estimate the Hurst exponents

in self-affine signals [17], and was further extended to the detrending moving average (DMA)

method by considering second-order differences between the original signal and its moving

average [18]. To a certain extent the MFDMA method is similar to the MFDFA method.

However, in the MFDMA analysis one can select the position of the detrending moving win-

dow with respect to the value of interest to be detrended, which gives an extra freedom to

this technique. On the other hand, in the MFDFA technique one can detrend the signal by

using a polynomial of desired order, which certainly is an improvement over the MFDMA,

where the signal has to be detrended only by the local averages. The analysis of networks

and graphs provides an alternative way to characterize the time series data. Recently, the

sandbox (SB) algorithm [14], commonly used for complex network analysis [19], has been

employed in multifractal analysis of multiparticle emission data [20]. The combination of

visibility graph (VG) and SB algorithm was perhaps for the first time used in [20] to obtain

a satisfactory description of the multifractality in AB collisions. In this chapter we present

the results of our multifractal analysis in 16O-Ag/Br interaction at a beam momentum of

200A GeV/c. For the Gq and Tq moments we have analyzed only the 16O-Ag/Br data at

200A GeV/c, and compared the experiment with UrQMD and UrQMD+BEC simulations.

On the other hand for the MFDFA and MFDMA methods we have compared the 16O-Ag/Br

results with the 32S-Ag/Br experiment as well as with the corresponding UrQMD simula-

tions. For the sandbox algorithm the 16O-Ag/Br and 32S-Ag/Br experimental results are

both compared with the UrQMD simulations.
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4.2 Literature review

The multifractal analysis of single particle density fluctuations in high-energy collisions

was proposed in the early 1990’s. R. C. Hwa introduced the technique of Gq-moments

for the multfractal description of multiparticle emission data [1, 9, 10]. Hwa and Pan

computed various multifractal parameters like the fractal dimensions, the mass exponent,

the multifractal spectral function etc., and observed that the parameters depend on the

collision energy, centrality of collision, particle type etc. for the pp collision at
√
s = 20 GeV

generated by the ECCO model [21]. Jain et al. explored the multifractal character of single

particle density functions in the η-space for 60A and 200A GeV 16O-Ag/Br interactions,

and for 200A GeV 32S-Ag/Br interaction in terms of the Gq moments [22]. In [10] the

Gq-moment was modified to take care of the empty bin effect, and the generalized fractal

dimensions Ddyn
q were estimated for the ECCO generated data. Sengupta et al. performed

a Gq-moment analysis for the pA and AB interactions over a wide energy range in emulsion

experiments [23]. The multifractal results obtained in [23] were influenced by statistical

noise, and the results showed slight departure from those generated by the random numbers.

The normalized entropy on the other hand, consistently deviated from the random number

generated values. The results on Gq-moments obtained from the 197Au-Ag/Br and 28Si-

Ag/Br interactions [24] and from the 32S-Ag/Br interactions [25] revealed a rich multifractal

structure in the respective η-density distributions of shower tracks. The Gq-moment method

had also been employed to the µ+p, µ+d interaction data of the EMC collaboration [5], and

to the pp data of the UA1 Collaboration [4]. It was found that the EMC/UA1 data exhibit

an asymptotic power-law behavior of 〈Gq〉 with phase space partition number. From the

comparisons of the UA1 data with Monte Carlo models like GENCL and PYTHIA, it was

found that none of the models could fully reproduce the experiment. The GENCL model

however agreed a little better with the experiment than the PYTHIA. It was found that

the Gq-moments in 2d also follow a power law behavior [26] that can be explained by the

multifractal cascade model [27].

Takagi proposed a different approach (the Tq-moment) for the multifractal analysis of high-

energy collisions [11]. He himself used the method to analyze the UA5 data on pp collisions

at
√
s = 200 GeV and 900 GeV [28], and also to the TASSO and DELPHI data on e+e−

interactions in the 14 − 43.6 GeV energy range [29, 30]. It was reported that both pp and

e+e− interactions show similar multifractal structures, and that the generalized dimensions

for a given reaction tend to increase with
√
s [11]. However, like the Gq-method, no attempt

has been made in the Tq-moments to separate the statistical noise from the non-statistical

component. The EMU01 data on 197Au-Ag/Br at 10.7A GeV, 16O-Ag/Br at 60A GeV and

32S-Ag/Br at 200A GeV were analyzed in terms of Gq moments [7]. The experimental results
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were found to match with a purely stochastic model. Evidence of multifractality in the target

fragmentation is also observed in several studies [31]. The signature of multifractality was

also observed in the particle production mechanism of muon-nucleus interaction at 420± 45

GeV [32], where both the Gq and Tq methods were adopted. Multifractal structure in

the single particle η-distributions was also observed for the 28Si-Ag/Br and 12C-Ag/Br

interactions at 4.5A GeV obtained from the JINR Synchrophasotron [33]. Ahmad et al.

showed that the angular distribution of grey tracks produced in 197Au-Ag/Br and 28Si-

Ag/Br interactions, respectively at 10.6A GeV and 14.5A GeV, are of multifractal nature,

and the results can be reproduced by the Lund MC model FRITIOF [34]. However, the Lund

model failed to describe the 32S-Ag/Br data at 200A GeV/c [25]. Mali et al. studied the Gq

and Tq-moments in 28Si-Ag/Br interaction at 14.5A GeV, and the results were compared

with the UrQMD model. It was found that UrQMD could describe some features of the

multifractal parameters, indicating that the experimental data were largely influenced by

the statistical noise [35]. From the EMU01 data on several interacting systems at different

energies, a universal property of the multifractal specific heat C was established [36]. In [37]

it was also found that the Monte Carlo model HIJING produced nearly the same values of

C as observed in the experiment.

Recently the detrended multifractal methods, which are primarily used in the multifractal

characterization of time series data, have been employed to analyze the η-distribution of

particles produced in heavy-ion collisions. The MFDFA method has been used to inves-

tigate the fractal properties in the (η, ϕ) space in Au+Au collision at
√
sNN = 200 GeV

generated by the UrQMD [38]. The η-distribution of shower tracks in 28Si-Ag/Br interaction

at 14.5A GeV, in 16O-Ag/Br and 32S-Ag/Br interactions at 200A GeV, are characterized

using the MFDFA and MFDMA methods [39–41]. In these studies the experimental data

were compared with the UrQMD simulations. The results of these detrended analyses reveal

the multifractal nature of the η-distributions of shower tracks, and the degree of multifrac-

tality in the experiments is found to be more or less similar to that of the simulations. That

means the results of detrended methods are dominated by the statistical noise. The sandbox

algorithm [14], a popular method used in the complex network analysis, has been adopted

to analyze the visibility and horizontal visibility graphs generated from the η-distribution of

singly charged particles produced in 16O-Ag/Br and 32S-Ag/Br interactions at 200A GeV

[20, 42]. The multifractal variables derived from the sandbox method are found to be quite

sensitive to the kind of fluctuations present in the data, and a qualitative difference between

the experiment and corresponding UrQMD simulation has been observed.
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4.3 Hwa’s multifractal moment

The multifractal Gq-moment of order q calculated on an e-by-e basis, is defined for the i-th

event as [10],

G(i)
q =

M∑
j=1

[
nij

(ns)i

]q
Θ(nij − q) (4.1)

Here M is the number of intervals into which the entire phase space (in the present case

it is the η-space) has been divided, nij is the number of particles in the j-th η-window of

the i-th event, (ns)i =
∑M

j=1 nij is the total number of particles (shower tracks) belonging

to the i-th event, and Θ is a step function as defined in [10]. The Θ-function has been

introduced to address the issue of empty bin effect. According to the theory of fractals if

self-similar dynamical components are present in the density fluctuation, the event averaged

Gq moment should exhibit the following scaling-law,

〈Gq(δXη)〉 ∝ (δXη)
τ(q); as δXη → 0 (4.2)

The notation 〈 〉 means that an average over the event sample has been taken. The exponent

τ(q) is called the multifractal mass exponent or simply the fractal exponent, that can be

related to the generalized Rényi (fractal) dimensions Dq through the relation,

τ(q) = (q − 1)Dq (4.3)

We calculate the Gq-moments as functions of phase space partition number M over a wide

range of q-values for the 16O-Ag/Br interaction at 200A GeV/c. The results for some

selective values of q are shown in Figure 4.1, where ln〈Gq〉 has been plotted against lnM

(a) for the experiment, (b) for the UrQMD, and (c) for the UrQMD+BEC simulated data.

The cumulative variable Xη defined in Equation (3.11) correspond to the η-variable unless

stated otherwise. The figure shows that the phase space dependence of Gq is more or less

similar for all the three data samples. For instance ln〈Gq〉 increases for q < 0 and decreases

for q > 1 with increasing M , and ln〈Gq〉 tends to saturate at large lnM . The saturation

effect might simply be an outcome of the finiteness of shower track multiplicities. For a

given q the mass exponent τ(q) is calculated from these plots as,

τ(q) = lim
∆→ 0

∆ ln〈Gq〉
∆ ln δXη

(4.4)

While fitting a straight line we have not considered the points falling in the saturation region.

From the knowledge of τ(q) one can now establish a connection between intermittency and

multifractality, evaluate the fractal dimensions, and construct the multifractal singularity
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Figure 4.1: Multifractal Gq moment plotted with phase space partition number in 16O-
Ag/Br interaction at 200A GeV/c. Lines joining points are drawn to guide the eye.

spectrum as [43],

f(α) = qα(q)− τ(q) (4.5)

Here α(q) = ∂τ(q)
∂q is the Lipschitz-Hölder exponent. Figure 4.2(a) shows the exponents τ(q)

and α(q) plotted against q, while Figure 4.2(b) shows the multifractal spectrum f(α) for

the 16O-Ag/Br interaction at 200A GeV/c along with the simulated results. It is observed

that τ(q) and α(q)-values for the experiment and simulations do not differ significantly, τ(q)

increases while α(q) decreases with q. A similar behavior has also been observed for the 32S-

Ag/Br interaction at 200A GeV/c [25]. The width of the multifractal spectrum is a direct

measure of the degree of multifractality present in the data, which for a monofractal object

should reduce to a delta function centered around a particular α(q) = α0. A finite width of

f(α) on the other hand, would suggest that the singularities in particle density, as the scaling

law (4.2) suggests, may be different at different phase space points, and is not guided by any

universal exponent. It is observed that the experimental distribution is slightly wider than

both UrQMD and UrQMD+BEC simulated spectra, while the UrQMD+BEC generated

spectrum is wider than the UrQMD spectrum. In this regard our 16O-Ag/Br results in

general qualitatively match with the 32S-Ag/Br results. The features of f(α)-spectrum

confirm a multifractal nature of the particle density fluctuations in 16O-Ag/Br data. The

left and right sides of the spectrum correspond respectively, to the dense and sparse regions

of densities. The maximum values of f(α) in experiment and simulations are very close to

unity, indicating that the empty bin effect particularly in the higher resolution region, is

marginal in our case. For a pp interaction a similar feature has been observed while UA1

data were being compared with GENCL and PYTHIA predictions [4]. In the case of AB

interactions multifractal characteristics were observed both in the experiment as well as in

the Monte Carlo predictions based on a simple stochastic model [7].
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Figure 4.2: (a) The order dependence of the mass exponent τ(q) and the Lipschitz-Hölder
exponent α(q) and (b) the multifractal spectral function f(α) obtained from 16O-Ag/Br
interaction at 200A GeV/c.

It is worthwhile to find out the dynamical component of multifractality, and to see whether

it is consistent with our intermittency results. With the help of a set of pseudo-random

numbers, one can calculate the statistical part of Gq and τ(q), denoted respectively by Gsta
q

and τ(q)sta. It has been shown in ref. [10] that the dynamical component of τ(q), denoted

by τ(q)dyn, is related to τ(q)sta by the following relation,

τ(q)dyn = τ(q)− τ(q)sta + q − 1 (4.6)

For a trivial dynamics, τ(q)dyn will be equal to (q−1) [10]. So any deviation of τ(q)dyn from

(q− 1) is a signature of a nontrivial component. In that case τ(q)dyn and the intermittency

exponent φq will be related as [10],

q − 1− τ(q)dyn ≈ φq (4.7)

In Figure 4.3 [q − 1 − τ(q)], [q − 1 − τ(q)dyn] and φq values are plotted together against q

for the 16O-Ag/Br interaction at 200A GeV/c. It is observed form this figure that after

subtraction of the statistical component from [q − 1 − τ(q)], the quantity [q − 1 − τ(q)dyn]

comes closer to intermittency index φq, both for the experiment and for the UrQMD and

UrQMD+BEC simulations. The experimental value of [q − 1 − τ(q)dyn] rises steeper with

q than the UrQMD and UrQMD+BEC generated values, though [q − 1 − τ(q)dyn] in the

experiment is a bit higher than the corresponding intermittency index obtained for the

simulated data.
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The generalized Rényi dimensions Dq are computed as,

Dq = 1− φq
(q − 1)

(4.8)

Using Equation (4.7) we get

Dq ≈
τ(q)dyn

(q − 1)
(4.9)

In this context we note that the the anomalous dimensions dq are related to the Rényi

dimensions by,

dq = D −Dq (4.10)

where D is the topological dimension of the supporting space. For one-dimensional analysis

D = 1. The multifractality can also be classified by a parameter µ, known as the Lévy index.

The parameter usually lies ∈ [0, 2], and indicates the degree of multifractality and estimates

the cascading rate in a self-similar branching process [44]. The Lévy index can also be

utilized to decipher a possible mechanism of particle production. Such a characterization of

multifractality is possible if the underlying density distribution can be described by a Lévy

stable law. Under the Lévy law approximation, one can determine µ from the following

relation [27, 45],
dq
d2

=
1

(2µ − 2)

(qµ − q)
(q − 1)

(4.11)

As we do not have too many Dq values in our analysis, the outcome is expected to be un-

reliable. Therefore, instead of using the above formula, we compute µ from the multifractal

spectrum f(α). According to [46] f(α) is related to µ by,

1− f(α) ∝ (B − α)µ/(µ−1) for α < B (4.12)
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Table 4.1: The values of the Lévy stable index µ obtained at two different regions of q for
the 16O-Ag/Br and 32S-Ag/Br interactions at 200A GeV/c.

Interaction Fit Region Experiment UrQMD UrQMD+BEC
16O-Ag/Br Low-q region -34.8295±25.1512 3.3426±2.8125 9.4972±7.2267
interaction High-q region 1.8769±1.7308 1.8691±1.7528 1.8859±1.7522

at 200A GeV/c
32S-Ag/Br Low-q region -2.8521±2.2629 2.7783±2.4661 2.7405 ±2.4313
interaction High-q region 2.3154±2.1758 1.8275±1.7406 1.8016 ±1.7159

at 200A GeV/c

where B = 1 + (1−D2)/(2µ − 2). It is observed in Figure 4.2(b) that f(α) varies smoothly

with α. The slope of the ln(1−f(α)) versus ln(B−α) graph is therefore equal to µ/(µ−1).

The value of µ can be extracted from the slope in the region α(q) < B. The calculation of

µ by using Equation (4.12) is constrained by f(B) = 1. The ln(1− f(α)) versus ln(B − α)

graph is shown in Figure 4.4 for the experiment and corresponding UrQMD simulations. The

points are best fitted by straight line in two different regions, one in the low-q (0.2 ≤ q ≤ 0.6)

region, and the other in the high-q (0.8 ≤ q ≤ 5.0) region. The values of µ extracted from

the graph are shown in Table 4.1. In this table we also include the µ values obtained for the

32S-Ag/Br interaction at 200A GeV/c. The UrQMD and UrQMD+BEC simulated values

are also quoted in this table. For the 16O-Ag/Br interaction the µ values in the high-q region

are reasonable, but for the 32S-Ag/Br interaction only the simulated values fall within the

acceptable domain of µ in the high-q range. In all the other cases the Lévy stable index is

found to be beyond the accepted range of [0, 2].
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4.4 Takagi’s multifractal moment

Takagi introduced a new set of multifractal moments Tq that are not affected by the empty

bin effect and finiteness of the charge particle multiplicities as is the case for the Gq-moments

[11]. The Tq-moments are however defined only for a positive integer q as,

Tq(δXη) = ln

Nev∑
i=1

M∑
j=1

(pij)
q (4.13)

Here pij(= nij/K) is the normalized density function, K is the total number of particles

present in the whole event sample, M is the number of partitions in phase space, and nij

is the number of particles falling within the j-th such partition of the i-th event. Takagi’s

method is based on two assumptions. First, the density function ρ is uniform over the phase-

space interval considered, and second, the multiplicity distribution Pn does not depend on

the location of the phase space interval. According to the theory of multifractality, Tq should

be a linear function of the logarithm of the phase space resolution like,

Tq(δXη) = Aq +Bq ln(δXη) (4.14)

where Aq and Bq are constants. If this kind of linear relationship holds for a wide range of

resolution, then the generalized fractal dimensions can be calculated by using the following

formula,

Dq = Bq/(q − 1); for q ≥ 2 (4.15)

If the number of events is large enough then

Nev∑
i=1

M∑
j=1

(pij)
q =

〈nq〉
Kq−1〈n〉

(4.16)

where 〈n〉 represents the average bin multiplicity. Now replacing δXη by 〈n〉 one can derive

an expression for the generalized dimension Dq for q ≥ 2 as,

ln〈nq〉 = Aq + {(q − 1)Dq + 1} ln〈n〉 (4.17)

For q = 1 the dimension D1 is called the information dimension, which provides the infor-

mation of how much of a phase space interval is filled up with the distribution of particles

(tracks). D1 is obtained by taking an appropriate limit to Equation (4.15) [47]. For this

purpose we define an entropy like quantity,

S(δXη) = −
Nev∑
i=1

M∑
j=1

pij ln pij (4.18)
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Figure 4.5: Multifractal Tq moments plotted with the number of particles in phase space
interval for 16O-Ag/Br interaction at 200A GeV/c. The best fitted straight lines are shown
in all diagrams.

and study its linear dependence on ln(δXη) like,

S(δXη) = −D1 ln(δXη) + constant (4.19)

Using Equation (4.16) we get from the above equation

〈n lnn〉/〈n〉 = C1 +D1 ln〈n〉 (4.20)

In order to extract the fractal dimensions we plot 〈n lnn〉/〈n〉 and ln〈nq〉 as functions of

increasing size of phase space interval δXη, taken symmetrically about the centroid of the

η-distribution. The results are shown in Figure 4.5, where the experimental data are com-

pared with the corresponding UrQMD and UrQMD+BEC simulations. Table 4.2 provides

a comparison of the D1 values obtained from the 16O-Ag/Br and 32S-Ag/Br interactions

both at 200A GeV/c. The results suggest that a significant portion (> 95%) of the η-space

is filled up with the shower tracks. The Dq≥2 values obtained for the 16O-Ag/Br interac-

tion at 200A GeV/c are plotted against q in Figure 4.6. The Dq values obtained from the

Gq and Fq-moment analysis are also included in this diagram. The Dq≥2 values obtained
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Table 4.2: The values of information dimension D1 obtained from the Tq moments for the
16O-Ag/Br and 32S-Ag/Br interactions at 200A GeV/c.

Interaction Experiment UrQMD UrQMD+BEC
16O-Ag/Br 0.957±0.003 0.965±0.003 0.961±0.003
32S-Ag/Br 0.978±0.001 0.978±0.001 0.979±0.001
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Figure 4.6: Generalized dimensions Dq with order number q calculated from the SFM Fq,
Gq-moment and Tq-moment analysis for 16O-Ag/Br interaction at 200A GeV/c. The lines
joining points are shown to guide the eye.

from the Tq-moments show a general decreasing trend with increasing q. The observation

is common for the experiments and simulations. We notice that the fractal dimensions ob-

tained from the Tq-moment analysis for the 32S-Ag/Br interaction are approximately equal

to those obtained from the 16O-Ag/Br data. It is also observed that Dq computed from

Fq and Gq-moment analysis for the UrQMD and UrQMD+BEC simulations on 16O-Ag/Br

interaction are close to unity. The Dq values obtained from the Tq moments for all the data

sets are consistently lower than those obtained from the Fq and Gq-moments. There may be

a reason of such deviation. The Tq moments are not free from the statistical noise. The mo-

ments are defined in different ways, which might be another source of such inconsistencies.

For a simple Poisson type multiplicity distribution in a given interval δXη, the generalized

dimensions should all be equal to the topological dimension of the supporting space. Any

deviation from unity, as it is observed in our analysis, should therefore be considered as

a signature of nonstatistical elements being present in the underlying distribution. If a

monofractal to multifractal phase transition is present in the particle production mecha-

nism, and if the distribution has only Bernoulli type of fluctuations, then one can introduce

a thermodynamic interpretation to describe such fluctuations. According to Bershadski [36],

for such a transition a multifractal specific heat C can be introduced as,

Dq = D∞ + C
ln q

(q − 1)
(4.21)
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Figure 4.7: Plot of Dq with ln q/(q − 1) for the 16O-Ag/Br interaction at 200A GeV/c.
The Dq values obtained from Gq and Tq moment analysis are compared. The lines represent
the best linear fits to the data points.

Table 4.3: The values of multifractal specific heat C calculated from the Fq, Gq and Tq
moment analysis for the 16O-Ag/Br and 32S-Ag/Br interactions at 200A GeV/c.

Interaction Method Employed Experiment UrQMD UrQMD+BEC
16O-Ag/Br Hwa’s moments 0.1079±0.0047 0.0594±0.0098 0.0612±0.0314
interaction Takagi’s moments 0.1571±0.0215 0.1035±0.0118 0.1068±0.0108

at 200A GeV/c SFM 0.1148±0.0199 0.0028±0.0004 0.0179±0.0030
32S-Ag/Br Hwa’s moments 0.0533±0.0034 0.0010±0.0032 0.0062 ±0.0024
interaction Takagi’s moments 0.1984±0.0413 0.0772±0.0064 0.0918 ±0.0101

at 200A GeV/c SFM 0.0257±0.0019 0.0102±0.0022 0.0073±0.0010

A monofractal to multifractal transition corresponds to a gap in the value of C from zero

to a finite non-zero value. The variation of Dq with ln q/(q − 1) is shown in Figure 4.7 for

the experimental and simulated data sets on the 16O-Ag/Br interaction under consideration.

From the Dq against ln q/(q−1) plot we compute C for the Gq and Tq-moments. This quan-

tity is also estimated from our SFM analysis. Table 4.3 presents the values of C computed

from all three methods, as well as for both the 16O-Ag/Br and 32S-Ag/Br interactions at

200A GeV/c.

4.5 Detrended multifractal moments

Here we provide a brief description of the multifractal detrended fluctuation analysis (MFDFA)

method and the multifractal detrended moving average (MFDMA) method. The details

about these methods can be found in [12, 13].

The MFDFA method: Let {xk : k = 1, 2, · · · , N} be a series of outcomes of N consec-

utive measurements. The MFDFA procedure consists of the following four steps:
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1. Determine a profile series as,

Y (i) =
i∑

k=1

[xk − 〈x〉], i = 1, 2, · · · , N (4.22)

where 〈x〉 = 1
N

∑N
k=1 xk is the mean value of {xk}.

2. Divide the profile Y (i) into Nn = int(N/n) non-overlapping segments of equal length

n. If N is not a multiple of n, a short part at the end of the profile remains as a left

over. To retain this part of the profile, the dividing procedure is repeated from the

opposite end of the series. That will result in 2Nn segments of the series.

3. Obtain the local trend of {xk} for each of the 2Nn segments. This is done by a segment

wise least square fit. Linear, quadratic, or even higher, say m-th order polynomials

can be used to recover the local trend, and accordingly the procedure is named as the

MFDFA1, MFDFA2, · · · , MFDFAm analysis. If Yν is the best fitted polynomial to

any arbitrary section ν of the series, then the corresponding variance is given by,

W 2(ν, n) =
1

n

n∑
i=1

{Y [(ν − 1)n+ i]− Yν(i)}2 (4.23)

for ν ∈ (1, Nn), while for ν ∈ (Nn + 1, 2Nn) it is given by,

W 2(ν, n) =
1

n

n∑
i=1

{Y [N − (ν −Nn)n+ i]− Yν(i)}2 (4.24)

4. Finally, the q-th order MFDFA moment is defined as,

Wq(n) =

{
1

2Nn

2Nn∑
ν=1

[W 2(ν, n)]q/2

}1/q

, for all q 6= 0

Wq(n) = exp

{
1

4Nn

2Nn∑
ν=1

ln[W 2(ν, n)]

}
, for q = 0 (4.25)

Note that the fluctuation function Wq can be defined only for n ≥ m + 2, where m

is the degree of the detrending polynomial. Moreover, Wq is statistically unstable at

very large n, typically at n ≥ N/4.

The MFDMA method: The MFDMA moments (Wq) are calculated from the profile

series (4.22) following the steps listed below:
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1. Calculate the moving average function in a moving window of size n, an integer num-

ber. The average is given by,

Ỹ (i) =
1

n

d(n−1)(1−θ)e∑
k=−b(n−1)θc

Y (i− k) (4.26)

where bξc is the largest integer not larger than ξ, and dξe is the smallest integer

not smaller than ξ. The parameter θ ∈ [0, 1] specifies the position of the moving

window. In general, the moving average function includes d(n− 1)(1− θ)e data points

from the backward region, and b(n − 1)θc data points from the forward region with

respect to the value to be detrended, xα say. Here we consider θ = 0.5 for which

the function Ỹ (i) is equally extended over both sides of xα, and hence the moving

window may be called the ‘central moving’ window. Note that for θ = 0 the moving

average function is calculated from all the n backward points (xk<α), while for θ = 1

the function is calculated from all the n forward points (xk>α) with respect to xα,

and accordingly the detrending windows may be called backward and forward moving

windows, respectively.

2. Detrend the sequence Y (i) by subtracting the moving average function Ỹ (i) and obtain

the residue series as,

e(i) = Y (i)− Ỹ (i), (4.27)

where i satisfies a criterion like, n− b(n− 1)θc ≤ i ≤ N − b(n− 1)θc.

3. Divide the residue e(i) into Nn = bN/n−1c non-overlapping segments of equal length

n. Let a sequence be denoted by eν so that eν(i) = e(l + i) for 1 ≤ i ≤ n with

l = (ν − 1)n. For any arbitrary segment ν, the mean square fluctuation function

W2(ν, n) is calculated as,

W2(ν, n) =
1

n

n∑
i=1

{eν(i)}2 (4.28)

4. Finally define the q-th order MFDMA moment as,

Wq(n) =

{
1

Nn

Nn∑
v=1

[W2(ν, n)]q/2

}1/q

, for all q 6= 0,

Wq(n) = exp

{
1

2Nn

Nn∑
v=1

ln[W2(ν, n)]

}
, for q = 0 (4.29)

The scaling behavior of the function Wq(n) and Wq(n) are examined for a set of exponents.

If the signal {xi} contains multifractality (long-range correlation), both Wq(n) and Wq(n)
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for large values of n would follow a scaling relation like,

Wq ∼ nh(q), and Wq ∼ nh(q) (4.30)

The h(q) parameter, called the generalized Hurst exponent, would be a nonlinear function

of q. For a stationary series h(2) is the well-defined Hurst exponent H [12]. The exponent

h(2) = H can be used to analyze correlations present in the signal {xk}. The scaling

exponent H = 0.5 means that the signal under consideration is uncorrelated. A value

0.5 < H < 1 implies a long-term persistence and 0 < H < 0.5 implies a short-term

persistence [48]. For a monofractal series h(q) is independent of q, since the variances

W 2(ν, n) andW2(ν, n) are identical for all the sub-series, and therefore Equations (4.25) and

(4.29) yield identical values for all q. If the scaling behavior for small and large fluctuations

are different, there will be a significant dependence of h(q) on q. For positive values of

q the fluctuation functions (4.25) and (4.29) will be dominated by large variances which

corresponds to large deviations from the detrending function. Whereas for negative values

of q, major contributions in those functions arise form small fluctuations coming from the

detrending function. Thus, for positive/negative values of q, the exponent h(q) describes

the scaling behavior of the segment with large/small fluctuations.

4.5.1 Detrended methods and multifractal parameters

From our knowledge on h(q) we can easily derive the multifractal scaling exponent τ(q), and

subsequently some other parameters such as the multifractal singularity spectrum f(α), the

generalized multifractal dimensions Dq etc. In order to examine the connection between

the h(q) exponent and the multifractal exponent τ(q), the series {xk} is considered as a

stationary and normalized one. The variance of such a series is given by,

W 2
N (ν, n) = {Y (νn)− Y [(ν − 1)n]}2 (4.31)

The fluctuation function and its scaling-law are given by,

Wq(n) =

[
1

2Ns

2Ns∑
n=1

|Y (νn)− Y [(ν − 1)n]|q
] 1

q

∼ sh(q) (4.32)

Now if we assume that the length of the series N is an integer multiple of the scale s, then

the above relation can be rewritten as,

N/s∑
n=1

|Y (νn)− Y [(ν − 1)n]|q ∼ sqh(q)−1 (4.33)
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where the term under | | is nothing but a sum of {xk}-s within an arbitrary ν-th segment of

length n. In the standard theory of multifractals it is known as the box probability P(ν, n)

for the series {xk}. Therefore,

P(ν, n) ≡
νn∑

k=(ν−1)n+1

xk = Y (νn)− Y ((ν − 1)n) (4.34)

The multifractal scaling exponent τ(q) is defined via the partition function Zp(n) as,

ZP(n) ≡
N/n∑
ν=1

|P(ν, n)|q ∼ sτ(q) (4.35)

where q is a real parameter. From Equations (4.33)–(4.35) it is clear that the multifractal

exponent τ(q) is related to h(q) through the following relation,

τ(q) = q h(q)− 1 (4.36)

For a multifractal set τ(q) is also a nonlinear function of q, whereas for a monofractal set

τ(q) is linear in q. The multifractal spectrum is given by Equation (4.5). From τ(q) one can

derive the fractal dimension Dq as,

Dq ≡
τ(q)

q − 1
=
q h(q)− 1

q − 1
(4.37)

This relation shows that even for a monofractal signal Dq depends on q.

4.5.2 Results of MFDFA and MFDMA methods

In the detrended fluctuation analysis we consider the event-wise η-distributions as the signal.

The MFDFA and MFDMA fluctuation functions are first calculated on an e-by-e basis and

then they are averaged over all the events. The scaling behavior of the event averaged

fluctuation functions is schematically represented in Figure 4.8 for the MFDFA method

and in Figure 4.9 for the MFDMA method. To maintain clarity we consider only some

selective values of q like, q = 0,±2,±5 to plot the fluctuation functions. In each figure the

experimental results are compared with the UrQMD+BEC simulated data. For both 16O-

Ag/Br and 32S-Ag/Br interactions the fluctuation functions obtained from the experimental

data show more or less similar trend as the corresponding UrQMD+BEC simulation. It

is to be noted that the variations of ln 〈Wq(n)〉 and ln 〈Wq(n)〉 are not linear over the

entire region of lnn. In each case significant nonlinearities are observed, particularly in

the q < 0 region and at small values of the scale parameter lnn. The nonlinearity in

ln 〈Wq〉 is more prominent than that in ln 〈Wq〉. Therefore, in our calculation a scale range
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Figure 4.8: Scaling behavior of the event averaged MFDFA moments 〈Wq(s)〉 for q = 0,
±2 and ±5. Left panel: 16O-Ag/Br collision at 200A GeV/c and right panel: 32S-Ag/Br
collision at 200A GeV/c.

of 8 ≤ n ≤ 24 for the MFDFA method and 6 ≤ n ≤ 24 for the MFDMA method is

considered to evaluate the multifractal exponent h(q). These regions produce better scaling

for the average fluctuation functions. We note that the difference between the UrQMD

and UrQMD+BEC computed results is very marginal, and hence the UrQMD values are

not quoted/shown in our detrended analysis. The nature of fractality in the particle density

function can be analyzed with the help of the generalized Hurst exponent h(q). We extracted

the values of h(q) from the ln 〈Wq〉 versus lnn in the MFDFA, and ln 〈Wq〉 versus lnn in

the MFDMA plots in the n-regions mentioned above. The q values in our calculation

vary from −5 to +5 in steps of 0.25. The q-dependence of h(q) is graphically shown in

Figure 4.10 for the MFDFA method and in Figure 4.11 for the MFDMA method. In each of

the figures mentioned above, the experimental results are compared with the corresponding

UrQMD+BEC simulation. It is clear from Figure 4.10 that the h(q) values for the simulated

data are slightly higher than those obtained from the corresponding experiment in the q < 0

region, while in the q > 0 region the differences are not statistically significant. However,

for the MFDMA method as we see in Figure 4.11, just the opposite behavior is observed.

The h(q) spectra obtained from the MFDMA is more smoothly varying than that from the

MFDFA case for both 16O-Ag/Br and 32S-Ag/Br interactions. In each case the observed

variation is nonlinear and h(q) decreases with q, which signifies multifractal nature of the
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Figure 4.9: The same as in Figure 4.8 but for the MFDMA method.

η-distribution as manifested by different scaling behaviors for large and small fluctuations.

The h(q = 2) values obtained from the MFDFA method are always very close to unity.

On the other hand, the h(q = 2) values obtained from the MFDMA method are a little

higher than 0.5. The h(q = 2) values are quoted in Table 4.4. It is mentioned above that

H > 0.5 indicates a long-range correlation for a stationary signal. Therefore, as the present

analysis suggests, the η-distribution functions for the 16O-Ag/Br and 32S-Ag/Br interactions

are long-range correlated. The observed variation of the multifractal mass exponents τ(q)

is nonlinear in each case as can be seen from the bottom panels of Figures 4.10 and 4.11.

However, the difference between the experiment and UrQMD+BEC simulation in this regard

is statistically not very significant. The degree of non-linearity present in τ(q) plot gives us

an idea about the degree of multifractality. The observed nonlinearity supports the presence

of multifractal pattern in the particle density distributions for both the interactions studied.

In order to study the local scaling patterns and to get a quantitative idea about multifrac-

tality, the multifractal spectrum f(α) = qα(q) − τ(q) for the 16O-Ag/Br and 32S-Ag/Br

interactions are obtained, and the experimental results in this regard are compared with the

simulated one. Figure 4.12 and 4.13 show the f(α)-spectra plotted with α(q). From Fig-

ure 4.12 it is clear that in the MFDFA method, in the higher α region the simulated results
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Figure 4.10: The generalized Hurst exponent h(q) and the multifractal exponent τ(q)
obtained from the MFDFA method. Left panel: 16O-Ag/Br collision at 200A GeV/c, right
panel: 32S-Ag/Br collision at 200A GeV/c.

Table 4.4: The values of generalized Hurst exponent h(q = 2).

MFDFA MFDMA
Data sample h(q = 2) h(q = 2)
16O+Ag/Br (Experiment) 0.9558 ± 0.0438 0.6165 ± 0.0407
16O+Ag/Br (UrQMD+BEC) 0.9486 ± 0.0436 0.6660 ± 0.0370
32S+Ag/Br (Experiment) 1.0700 ± 0.0388 0.6162 ± 0.0333
32S+Ag/Br (UrQMD+BEC) 1.0998 ± 0.0513 0.7221 ± 0.0463

deviate significantly from the respective experiment. Whereas in the MFDMA method sig-

nificant deviations between experiment and simulation are observed only in the low α region

for both interactions. Moreover, in the MFDFA method due to lack of smoothness in the

h(q) versus q plot, some points near the peak region of the spectrum could not be obtained.

The spectrum is fitted with a fourth degree polynomial function around the position of its

maximum at α0, and we have extrapolated the curves to f(α) = 0 on either side of the

maxima. Slightly right-skewed spectrum denotes relatively strongly weighted high fractal

exponents, corresponding to finer structures of particle density function [49]. The width of

the spectrum defined by ∆α = αmax−αmin, with f(αmin) = f(αmax) = 0, and the skewness

parameter r = (αmax − α0)/(α0 − αmin) are also calculated. The strength of multifractality

is measured by ∆α. If the η-distributions are multifractal in nature, then the width ∆α
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Figure 4.11: The same as in Figure 4.10 but for the MFDMA method.

Table 4.5: The centroid (α0), the width (∆α) and the skewness (r) parameters of the
multifractal spectra for the studied interactions.

MFDFA MFDMA
Data sample α0 ∆α r α0 ∆α r
16O+Ag/Br (Experiment) 1.242 1.177 1.023 0.830 1.277 1.318
16O+Ag/Br (UrQMD+BEC) 1.277 1.282 1.057 0.840 1.231 1.438
32S+Ag/Br (Experiment) 1.321 1.170 1.175 0.872 1.530 1.517
32S+Ag/Br (UrQMD+BEC) 1.389 1.271 1.136 0.932 1.469 1.479

should be positive definite. On the contrary, ∆α→ 0 indicates a monofractal η-distribution.

The centroid, the width and the asymmetry (skew) parameters of the spectral functions are

presented in Table 4.5. The spectrum width appears to be a little wider in the present case

than what was obtained earlier using the Gq-moments for the 32S-Ag/Br interaction [25].

The generalized fractal dimensions Dq are plotted against the order number q in Figure 4.14.

The Dq values obtained from the experiment and simulation for both MFDFA and MFDMA

methods are plotted together for an easy comparison. From the left panel of the figure it

is clear that the experimental and simulated results for the 16O-Ag/Br interactions almost

coincide with each other, and practically very little deviation is seen while applying the

MFDFA method. However, significant deviations between the experiment and simulation

are observed in the MFDMA case. For both interactions the Dq values are less in the
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Figure 4.12: The multifractal singularity spectra obtained from the MFDFA method
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Figure 4.13: The same as in Figure 4.12 but for the MFDMA method.

MFDMA case compared to the MFDFA. It is also noticed that the dependence of Dq on

q as observed here, is weaker than that observed either in the Gq or the Tq-method. Our

general conclusions are therefore, the experiment as well as the simulated distributions for

both interactions considered in this analysis are multifractal in nature. The multifractal

spectra are slightly right skewed, but the results depend on the method of analysis.
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Figure 4.14: Order dependence of the generalized fractal dimension Dq for (a) 16O-Ag/Br
interaction and (b) 32S-Ag/Br interaction both at 200A GeV/c.

4.6 Visibility graph and sandbox algorithm

4.6.1 Visibility graph

A graph is a collection of objects or nodes, and links or edges each of which identifies

a relation or interaction between any two nodes. Lacasa et al. [50] introduced a simple

computational method to convert a time series into a visibility graph (VG). Accordingly, a

VG of N -nodes is obtained from a time ordered sequence of N -measurements (ti, xi) : i =

1, 2, · · · , N , so that two measurements (ti, xi) and (tj , xj) have mutual visibility and

are therefore two connected nodes, provided any third measurement in the graph (tk, xk)

satisfies the criterion,

xk < xi + (xj − xi)
tk − ti
tj − ti

(4.38)

where i < k < j. A simplified form of the above visibility criterion is employed to obtain

the horizontal visibility graph (HVG) [51], where two nodes i and j are connected if one

can draw a horizontal line joining xi and xj that does not intersect with any xk located in

between. The visibility criterion for HVG is,

xk < min{xi, xj} (4.39)

Figure 4.15 illustrates the mechanism of making visibility graphs from the time series data,

where the graph in diagram (a) is obtained following the criterion specified in Equation (4.38),

and the graph in diagram (b) is obtained following Equation (4.39). As noted in [52], the

structural complexity of a time series is inherited by the graph associated with the series.
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As for instance periodic, random and fractal series map into motif-like random, exponen-

tial and scale-free networks, respectively. Our visibility graph analysis is performed in the

η-space. As for illustration, we show in Figure 4.16(a) the η-distribution of shower tracks

for an event with ns = 240. A single event η-distribution of shower tracks naturally shows

widely varying and random fluctuations. The local peaks in the single event η-distribution

are of our interest. The fluctuations are obviously washed out when the η-distribution is

drawn for the whole sample, and a smooth Gaussian shaped distribution is retrieved. The

analysis is therefore, performed on an e-by-e basis. Note that the background, very roughly

Gaussian in nature, undesirably obstructs the visibility of the height, i.e. the number of

tracks located at a particular η (nodes of visibility graphs) from that located at other nodes.

Particularly, the nodes located on the left hand side of the peak of the Gaussian get ob-

structed from those located on the right hand side of the peak and vice versa. In order to
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Figure 4.15: An illustration of converting a time series to the corresponding visibility
graph: (a) A time series of 15 measurements is converted to a visibility graph and (b) the
same series is converted to a horizontal visibility graph.
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Figure 4.16: (a) Pseudorapidity distribution of an 16O-Ag/Br event having shower track
multiplicity 240. (b) The η distribution shown in diagram (a) is modified using Equa-
tion (4.40).

get rid of this problem we have considered the differences of successive bin contents at every

resolution δη as,

δn(ηi) = dnηi+1 − dnηi (4.40)

and as required by the mapping criteria (4.38) and (4.39) we project the modified distribution

onto a positive (δn, η)-plane. Here dni is the number of tracks falling within δη about

a particular ηi. Figure 4.16(b) shows the modified form of the distribution that we see

in Figure 4.16(a). It seems that the single event η-distribution so modified, reasonably

eliminates the background, while the relative fluctuations present in the event are retained.

Note that the local fluctuations also could have been detrended by subtracting the fitted

Gaussian background from the data, but the χ2 value of such a fit would never be reliable.

On an e-by-e basis the modified η-distributions are converted in the corresponding graphs.

The HVG for the event shown Figure 4.16 is illustrated in Figure 4.17.

4.6.2 Degree distribution of visibility graph

We compute the degree(s) of each of the nodes present in the graphs constructed on an e-by-e

basis. For each sample we have as many graphs as the number of events present. The degree

distributions of individual events are then combined to obtain the degree distribution P (k)

for an entire event sample. In Figure 4.18 we show such distributions for both the interactions

studied, where the upper panels show the results derived from the VG and the lower panels

represent the corresponding HVG. The UrQMD simulated distributions are also plotted
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Figure 4.17: A schematic of the HVG constructed from the distribution shown in Fig-
ure 4.16(b). The numbers within circles indicate the nodes of the graph and the lines
represent the connectivity between a pair of nodes.

along with the respective experiment. The degree distribution of the HVG associated with

a purely random process can be analytically computed [51], and the resultant formula for

that would be,

P (k) =
1

3

(
2

3

)k−2

(4.41)

The tail regions (k ≥ 10) of the degree distribution plots are fitted to a power-law P (k) ∼ k−γ

like equation to evaluate the tail exponent γ. The exponent is an important parameter in the

visibility graph analysis. It is a scale free parameter for a large number of real networks, and

in some cases the exponent is related to the Hurst exponent of the underlying signal [52, 53]

over which the graph is constructed. We find that for both interactions as well as for both

VG and HVG γ ∼ 8. Also we do not see any statistically significant difference between the

data and the simulation. Though the shape of the P (k) distribution obtained from the VGs

is not quite identical to that obtained from the HVGs, specially in the low k (< 10) region.

But that does not significantly affect the tails of the distributions. It has been pointed

out that the γ-exponent calculated using the aforementioned method, has some intrinsic

disadvantages, and its value should be determined on the basis of a maximum-likelihood
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(ML) method as [54],

γ = 1 + n

[
n∑
i=1

log
ki
kmin

]−1

(4.42)

Here n is the total number of measured values of ki taken into account, and kmin is the

smallest value of k (= 10) for which the power-law behavior holds good. The ML-estimated

γ-values are given in Table 4.6. The exponents obtained from the HVG analysis are slightly

larger in magnitude than the corresponding values obtained from the VGs. However, all

these values are significantly larger than what was observed for a long-range correlated time

series [53]. The overall results of our degree distributions show that the scale freeness prop-

erty of P (k) is retained even in the visibility and horizontal visibility graphs generated from

the η-distributions of shower tracks produced in the 16O-Ag/Br and 32S-Ag/Br interactions

both at 200A GeV/c, but the exponent γ cannot distinguish the experiment from the sim-

ulation. Therefore, we argue that the degree distribution and its power-law scaling cannot

be taken as suitable measure for the heavy-ion collision data.
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Figure 4.18: Combined degree distributions of all the VGs (upper panel) and HVGs (lower
panel) generated from the 16O-Ag/Br data (left) and 32S-Ag/Br data (right). The straight
lines in the HVG plots follow Equation (4.41).
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Table 4.6: The ML estimated values of the exponent γ, see Equation (4.42).

Data sample VG HVG
16O 32S 16O 32S

Experiment 4.756 4.566 5.207 5.681
UrQMD 4.710 4.838 5.335 5.764

4.6.3 Sandbox method of multifractality analysis

The sandbox algorithm of multifractal analysis of complex networks is well described in

[19, 55]. The algorithm is based on a fixed-size box-covering method suggested by Halsey

[56]. To ensure completeness of the discussion we outline below the sandbox method. For a

given probability measure µ (say), with a compact support in a metric space, one can define

a partition sum as,

Zr(q) =
∑

µ(B)6=0

[µ(B)]q; ∀q ∈ R (4.43)

where the summation runs over all different non-empty boxes B of size r, and q is the order

number. The mass exponent τ(q) of the measure µ is defined by,

τ(q) = lim
r→0

∆ lnZr(q)

∆ ln r
(4.44)

The generalized fractal dimensions Dq of the measure µ are given by,

Dq =
τ(q)

q − 1
; ∀q 6= 1 (4.45)

and the information dimension is given by,

D1 = lim
r→0

lnZr(1)

ln r
(4.46)

In the expression of information dimension the partition sum is defined as,

Zr(1) =
∑

µ(B)6=0

µ(B) lnµ(B) (4.47)

In a complex network the probability measure µ of each box is taken as the ratio of the

number of nodes covered by the box and the total number of nodes present in the entire

network. The fixed-size box-covering algorithm is modified in the sandbox algorithm, where

the center of each equal-sized (sand) box is chosen at random over the fractal object, and

then the number of nodes present in the sandbox is counted. In the sandbox method the
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generalized fractal dimensions Dq is defined as,

Dq =
∂

∂(ln r)
ln
〈
[M(r)/M0]q−1

〉 1

q − 1
; ∀q 6= 1 (4.48)

where M(r) is the number of nodes in a sandbox of radius r, M0 is the total number of

nodes in the network and 〈 〉 indicates that the quantity within the bracket is averaged over

many sandbox centers chosen at random over the network. The information dimension D1

is then obtained through Taylor’s expansion of Dq around 1 + dq,

D1 =
∂

∂(ln r)
〈[M(r)/M0]〉 (4.49)

In order to implement the sandbox algorithm into computation the following steps are taken:

1. Set a radius r ∈ [1, d] for the sandbox which will be used to cover the network of

dimension d (say).

2. Cover the entire network with sandboxes of size r whose central nodes are selected

at random over the entire network. Note that if a node with large degree (known as

a hub) is selected as the center of the sandbox, a large number of nodes would be

covered within one box. This is an efficient way of box-covering. On the other hand,

if a node with small degree is selected as the center, a few nodes would be covered

within the box. As a result, if we change the arrangement of sandboxes the partition

sum in Equations (4.48) and (4.49) will also change. To get rid of this problem we

optimize the number of sandboxes needed to cover the entire network. Out of ten

random combinations we select one which has the minimum number of box count.

3. Count the number of nodes M(r) in each sandbox of radius r, and calculate the average

〈[M(r)/M0]q−1〉 and 〈[M(r)/M0]〉 over the optimal number of sandboxes as described

in the previous step.

4. Repeat steps 1 to 3 for several different values of r and for a given q. Compute the

slope of the ln(r) versus Xq(r) plots, where Xq(r) ≡ ln〈[M(r)/M0]q−1〉 for q 6= 1, and

X1(r) ≡ 〈[M(r)/M0]〉. Then vary q over a desired range.

The sandbox algorithm for r = 1 is illustrated in Figure 4.19. For r = 1 node 1 has

been chosen at random as the central node along with four other nodes covered in a box

connected with node 1, which are shown in red color except node 3 (yellow). For the second

pick, node 2 has been chosen at random as the sandbox centre, and two other nodes are

covered in the same box with node 2. In this step node 3 (yellow), which has already

been covered in a box with node 1, is excluded. This procedure is repeated unless and
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Figure 4.19: An illustration of the sandbox algorithm.

until all the nodes are covered by sandbox centres of radius r = 1, and then steps 3 to

4 are followed. The multifractal mass exponent τ(q) is related to the generalized fractal

dimension Dq through τ(q) = (q − 1)Dq. Knowing τ(q) the multifractal spectrum f(α) is

computed via a Legendre transformation [Equation (4.5)]. Following the sandbox algorithm

we compute Xq(r) ≡ ln〈[M(r)/M0]q−1〉 for q 6= 1 and X1(r) ≡ 〈[M(r)/M0]〉 from the VGs

as well as from the HVGs obtained on an e-by-e basis, and then the quantities are averaged

over the event space. In that sense the multifractal parameters studied here are actually

their sample averaged values. Xq(r) calculated in the sandbox approach from the VGs are

plotted against ln(r) in Figure 4.20. Similar plots obtained from the HVGs are shown in

Figure 4.21. In both figures the Xq(r) functions are shown only for some selective values of

q, though they are calculated over a wide range q ∈ [−10,+10] with an incremental step of

0.25. The box-size is varied as, r ∈ (1, 15) for both 16O-Ag/Br and 32S-Ag/Br interactions.

Apparently, the Xq(r) versus ln(r) plots for both interactions are identical, and the difference

between the experiment and corresponding simulation predictions are also marginal. At this

moment we do not give much importance to the apparent similarity in the behavior of the

Xq(r) functions obtained for different interactions and simulated events. Rather a linear

rise of these functions over a reasonable range of ln(r) is what we require, since this is

going to affect the accuracy of measurement of multifractal parameters to be derived. From

Figures 4.20 and 4.21 we see that the functions Xq(r) are approximately linear over the

interval 7 ≤ r ≤ 15.

The generalized fractal dimensions Dq are calculated from a linear regression of the partition

functions Xq. The Dq values are plotted against the order number q in the upper panels of

Figures 4.22 and 4.23 respectively, obtained from the VGs and HVGs. The UrQMD results

are also included in these figures. In the lower panels of these figures we show the multifractal
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Figure 4.20: Xq versus ln r plots for several different q values for 16O-Ag/Br (left) and
32S-Ag/Br (right) interactions at 200A GeV/c obtained from the visibility graphs. In the
lower panels we show the UrQMD simulations of the data.

mass exponents τ(q) plotted against q. Now we see the relative difference between the inter-

actions considered and two approaches followed. It is known that for a monofractal signal

the fractal dimensions are independent of the order number q. Consequently τ(q) is a linear

function of q. A multifractal signal on the other hand, results in an order dependent Dq and

the corresponding τq is a nonlinear function of q. The difference ∆Dq = max .Dq−min .Dq is

sometimes considered as a measure of the degree of multifractality in the underlying process.

In the present investigation we shall quantify the degree of multifractality from the singu-

larity spectrum f(α). Our first impression from Figures 4.22 and 4.23 is that, the sandbox

algorithm applied to the VG and HVG networks constructed from the η-distributions, effi-

ciently reproduces the multifractal behavior as previously observed in our analyses for the

same sets of data [25, 35]. Some important observations related to these figures are, (i) the

∆Dq value is greater for the 16O-Ag/Br interaction than for the 32S-Ag/Br interaction, (ii)

the experimental Dq values, for q . 2, are consistently higher than the respective simulated

values, (iii) the difference between the experimental and simulated values of Dq for q . 2 is
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Figure 4.21: The same as in Figure 4.20 but for the horizontal visibility graphs.

also greater in the 16O-Ag/Br interaction than in the 32S-Ag/Br interaction, and (iv) in all

the cases the values obtained from the VGs and HVGs do not differ significantly from each

other. The τ(q) plots are consistent with the respective Dq plots. Observation (ii) implies

that for q < 1 the quantity 〈[M(r)](q−1)〉 in Equation (4.43) is dominated by a comparatively

smaller number of large fluctuations, whereas for q > 1 a large number of small fluctuations

contribute to the overall coarse structure of the distributions. In AB collisions at the present

energy scale the chance of a few large fluctuations occurring in every event is rare, whereas a

large number of small fluctuations predominantly arise due to statistical reasons, resonance

decays and kinematic conservations. In that sense the observed differences in Dq>1 between

the experiment and simulation may be attributed to the existence of some large fluctuations

in the experiment which are absent in the simulation.

The multifractal spectral functions f(α) obtained from this analysis are plotted against the

Hölder exponents α(q) in Figure 4.24. Results from the VG (upper panel) and HVG (lower

panel) analysis are included in the same figure along with the corresponding UrQMD and
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Figure 4.22: The order dependence of the generalized fractal dimensions (upper panel) and
the multifractal mass exponents (lower panel) calculated from the visibility graph analysis.

mixed event predictions. The mixed event samples are prepared by mixing the track infor-

mation belonging to the individual events taken at random, keeping the overall multiplicity

and η-distributions unchanged. Our intention is to eliminate the noise present in the experi-

mental event samples. Since the random mixing procedure unambiguously destroys particle

correlations (if there are any) present in the data sample, a mixed event sample is a good

representation of the statistical noise. The f(α) spectra as shown in the figure, support our

previous findings that the η-distributions of the interactions studied are multifractal in na-

ture. As expected the event mixing process reduces the degree of multifractality present in

the data, and the f(α) spectra for mixed events almost coincide with the model simulation.

However, within the error bars the multifractality strength in the UrQMD-mixed events is

identical to the actual UrQMD generated value. From this observation we understand that

the multifractal characteristics of the UrQMD simulated events is mainly due to statistical

noise. Therefore, the difference in multifractal measures between an experiment and its

UrQMD/mixed-event counterpart might be due to one or more dynamical reasons associ-

ated with the particle production mechanism. The degree of multifractality is determined

from the f(α) spectrum by the following a parametrization like [49, 57],

f(αq) = A+B(α− α0) + C(α− α0)2 +D(α− α0)3 + E(α− α0)4 (4.50)
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Figure 4.23: The same as in Figure 4.22 but for the horizontal visibility graph analysis.

where α0 is the peak position of the spectrum, the first and third order coefficients B and

D, respectively determine the overall asymmetry of the spectrum. The left side of f(α)

spectrum corresponds to q > 0 and it filters out the large fluctuations, while the right

side of the spectrum corresponds to q < 0 and it is associated with the small noise-like

fluctuations. Another parameter of interest is the width of the spectrum ∆α = αmax−αmin,

where αmax and αmin are the values of α for which f(α) = 0. Parameters α0, B and ∆α are

used as a measure of the ‘complexity’ of the process under consideration [57], and therefore

they are known as the ‘complexity parameters’. Multifractal spectrum generated from a

random process is expected to peak at α0 = 0.5 with a marginal width. For a long-range

correlated signal α0 > 0.5. The width ∆α measures the range of fractal exponents required

to describe the signal, and therefore, it measures the degree of multifractality present in the

signal. The wider the range of fractal exponent is, wider will be the f(α) spectrum, which

indicates a richer structure of the underlying process. Formally an asymmetry parameter

can be defined as [57],

r = (αmax − α0)/(α0 − αmin) (4.51)

For a symmetric spectrum r = 1, for a right skewed distribution r > 1, and for a left

skewed distribution r < 1. The asymmetry parameter r indicates which fractal exponents

are dominant. For instance a right skewed spectrum is dominated by small values of α(q)
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Figure 4.24: Multifractal spectra obtained from the VG (upper panel) and HVG (lower
panel) analysis for the interactions studied. Predictions from the mixed events are shown
(follow text for details). The lines joining points represent Equation (4.50) with the best
fitted parameters given in Table 4.7.

that indicates multifractal nature of small noise-like fluctuations, while a left skewed spec-

trum indicates dominance of large α(q) values and therefore, a multifractal nature of large

fluctuations. The former one is characterized by more regular smooth looking processes,

while the latter corresponds to finer structures. In short, a wide right skewed spectrum with

α0 > 0.5 corresponds to a more complex process. To measure the complexity of the un-

derlying mechanism of particle production, each f(α) spectrum is fitted to Equation (4.50).

The fits are shown by solid curves in the diagram. Note that instead of measuring the

width ∆α of the f(α)-spectrum we measure its half width at full maximum (FWHM) ∆ω,

as because the spectra obtained here are truncated much above f(αmax) = 0. The set of

chaoticity parameters, namely the peak position α0, the FWHM ∆ω and the asymmetry

parameter r are shown in Table 4.7. From the table it is now clear that fine structured

small fluctuations dominate the η-distributions of the interactions considered in the present

investigation. However, the contribution of some nontrivial hitherto unknown dynamics is

also not negligible in the 16O-Ag/Br and 32S-Ag/Br interactions at 200A GeV/c.
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Table 4.7: The peak position α0, the FWHM ∆ω and the asymmetry parameter r of the
multifractal spectra shown in Figure 4.24.

Data sample VG HVG
α0 ∆ω r α0 ∆ω r

16O-Ag/Br
Experiment 1.297 0.964 0.557 1.317 0.759 0.530

UrQMD 1.085 0.758 0.556 0.910 0.545 0.580
Experiment-Mixed 1.067 0.659 0.580 0.874 0.569 0.572

UrQMD-Mixed 1.051 0.706 0.562 0.828 0.533 0.549
32S-Ag/Br
Experiment 1.128 0.762 0.565 1.088 0.638 0.607

UrQMD 0.914 0.591 0.559 0.907 0.574 0.573
Experiment-Mixed 0.937 0.602 0.572 0.918 0.573 0.561

UrQMD-Mixed 0.896 0.568 0.569 0.934 0.574 0.586

At this point it would be prudent to discuss the effectiveness of the VG method vis-a-

vis that of the detrended method(s) of analysis of multiparticle emission data [40]. One

can speculate that (i) the strength of a local singularity will be higher if both statistical

and non-statistical components contribute to it, and (ii) being Poisson distributed it is

very unlikely only for a noise to yield a very strong local singularity. Equivalently, if in

the singularity spectrum one finds a systematic reduction in the values of the singularity

strength, then a probable reason of that should be the noise elimination. The spectrum

of the singularity strength obtained by using the detrended method(s) is quite different in

nature from that obtained by using the VG-sandbox algorithm. The detrended methods

gave us smooth, almost symmetric and/or slightly right sided spectra, which were never

significantly different from the respective simulation. In [40] this feature was interpreted

in terms of a large number of small fluctuations and a small number of large fluctuations

[58, 59], which were in principle present both in the experiments and in the simulations.

When it comes to the question of VG/HVG method, we first observe that the f(α) spectra

are strongly left sided, and on several occasions the experimental singularity spectrum is

significantly different from the corresponding simulation. The left side of each spectrum

gradually rises to reach the respective peak value, is dominated by small α(q) values, and

therefore by ‘rough’ fluctuations. The spectrum then abruptly drops down to some extent

from the peak position marginally towards its right, suppressing the ‘smooth’ fluctuations

almost to a monofractality. This kind of left sided asymmetry in f(α) may arise due to

superposition of partonic/hadronic level cascades [27, 45].

Ideally the detrended methods of analysis should be applied to a sufficiently long time (or

equivalent) series, so that the local trend(s) or the local average(s) are minimally influenced

by statistical uncertainties, and the fluctuations considered either about a local trend or

about a local average become statistically significant. For a finite sized η-distribution that
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can at best be divided into ∼ 102 intervals, this unfortunately is not the case, and therefore,

the results obtained in this analysis are to some extent representative in nature. Moreover,

in the detrended method we have used only a linear local trend, which may not always

be the case. The limitation of the detrended method is also reflected in the fact that

we rarely find significant difference between experiment and simulation. Though our data

could be characterized in terms of (multi)fractality, we have never been sure about how to

eliminate the statistical components present in the data. On the contrary, in the VG/HVG

method, the issue of statistical noise has perhaps been taken care of. This is reflected

in the f(α) spectrum and also in the plots of other (multi)fractal parameters. At least

in some regions significant differences between experiment and simulation are observed.

The experimental values obtained from the VG/HVG-sandbox method are quite different

from the corresponding simulation. The rise in the f(α) spectrum in the left side of the

peak position is gradual, and is never as sharp as it is in the detrended method(s). The

region dominated by ‘rough’ (large) fluctuations is therefore multifractal in nature. In the

right side of the f(α) distribution we notice that the singularity strengths obtained from

the VG/HVG method(s) are restricted within a very narrow range, and are never quite

as large as those obtained from the detrended methods (α ≈ 1.9). This shows that the

contribution of statistical noise has perhaps been taken care of, restricting thereby the small

fluctuations almost to a monofractality. We therefore, conclude that while addressing the

issue of statistical noise, if we have to analyze a data series that is not very long, the VG-

sand box algorithm is certainly a better choice, and the results obtained thereof are more

accurate than those obtained from the detrended method(s).

4.7 Summary

To summarize, we have presented some results on multifractal analysis of shower tracks

(singly charged produced particles) in 16O-Ag/Br interaction at 200A GeV/c. The exper-

imental results are systematically compared with the UrQMD and UrQMD+BEC simu-

lations. We present the results obtained from the Gq and Tq-moments, two conventional

methods of multifractal analysis of particle density fluctuations. The results obtained from

16O-Ag/Br interaction are sometimes compared with similar results obtained from 32S-

Ag/Br interaction at 200A GeV/c. We also employ the detrended multifractal methods, the

visibility graphs and sandbox algorithm to characterize shower track emission data in terms

of multifractality. In these cases we systematically compare the results obtained from 16O-

Ag/Br interaction with those from 32S-Ag/Br interaction at 200A GeV/c. The experimental

results are compared with UrQMD+BEC simulations. The observations of our multifractal

analysis are enumerated below.
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1. The multifractal Gq-moments follow a scale invariant power-law scaling with diminish-

ing phase space resolution size. The UrQMD and UrQMD+BEC simulated results too

show identical trends like the experiments for both 16O-Ag/Br and 32S-Ag/Br interac-

tions at 200A GeV/c. This is in contrast to our previous investigation of intermittency

phenomenon for the same set of experimental data where UrQMD and UrQMD+BEC

failed to reproduce the experimental observations. The reason is, while defining the

scaled factorial moments, statistical noise is automatically taken care of.

2. The q-dependence of mass exponent τ(q) and Lipschitz-Hölder exponent α(q) obtained

from the experiments is very much similar to the corresponding UrQMD results. The

parameters themselves are probably not very sensitive to the nature of fluctuations

present in the data. However, it is observed that [q− 1− τ(q)] is significantly different

from the intermittency exponent φq. When statistical contribution is properly taken

care of [q − 1− τdyn(q)] comes very close to the φq values, and this happens for both

experiments and both simulations considered in this analysis.

3. The multifractal spectrum, consistent in all aspects with its expected behavior, has a

slightly smaller width in the UrQMD generated curve. In this regard the UrQMD+BEC

generated spectrum lies in between the experiment and the UrQMD. Therefore, the

multifractal spectrum might be considered as a sensitive tool that can distinguish the

dynamical contribution from the statistical noise in the density fluctuations. This is

a common feature for both 16O-Ag/Br and 32S-Ag/Br interactions.

4. We have analyzed the multifractal spectral function to compute the Lévy stable index

µ. Irrespective of the data set used we have obtained different µ-values in different

q-regions. The µ-values in the low-q region are not consistent with the values obtained

from our intermittency analysis. The values are far above the upper acceptable limit

(µ = 2) allowed by the Lévy stability law [44, 45]. However, in the high-q region the

experimental µ-values within errors are very close to that upper limit of the parameter.

In the high-q region, the differences in the µ-values obtained from simulation and

experiment are not statistically significant.

5. Takagi’s multifractal moments also exhibit the expected power-law scaling with de-

creasing phase space resolution size for experiments and simulations. Though Takagi’s

technique has a few advantages over Hwa’s technique of analysis, the Tq moments are

also contaminated by statistical noise. This limitation is reflected in the multifractal

parameters derived by using this method. The experimental Dq values obtained from

the Tq moments are not significantly different from the corresponding simulated values

for the 16O-Ag/Br interaction, though it is marginally different in the 32S-Ag/Br case.

A systematic deviation in D1 from the topological dimension, that increases with the
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order number q, is an indication of the presence of multifractality in the single particle

density distribution. The parameter Dq, unlike τ(q) and α, is found to be sensitive

to the nature of fluctuation. The variation of Dq with ln q/(q − 1) is consistent with

the thermodynamic interpretation of a monofractal to multifractal transition. The

magnitude of specific heat however, does not corroborate any kind of universality as

claimed in [36].

6. In the framework of MFDFA and MFDMA techniques we have presented a systematic

study on the density fluctuations present in the η-distributions of shower tracks coming

from 16O-Ag/Br and 32S-Ag/Br collisions at 200A GeV/c. The results show that for

both the interactions the η-distributions having sharp spikes and empty valleys, are

long-range correlated and highly multifractal in nature. Comparison of multifractal

parameters like the generalized Hurst exponents h(q), the mass exponents τ(q) and the

spectral function f(α), obtained from the experiments and UrQMD+BEC simulations,

reveal that the multifractality observed in the experiment goes beyond UrQMD+BEC

prediction, and contribution of some nontrivial hitherto unknown dynamics has to be

taken into account to interpret the observation. However, the observations presented

here qualitatively agree with our previous findings [40, 41], and also with the parti-

cle production mechanism of the UrQMD model. However, quantitative differences

between the results of the MFDFA and MFDMA methods are prominent in some

cases.

7. From the detrended analysis we understand that as far as the multiparticle production

data are concerned, the signal length is an important issue. The MFDFA method like

the MFDMA method is not quite capable of filtering out the statistical noise from

the signal. However, unlike the MFDFA (first order) method the MFDMA analy-

sis produces a complete and stable singularity spectrum. The multifractal spectrum

of MFDMA analysis indicates the existence of a few events with large fluctuations,

whereas the coarse fluctuations arise from statistical noise. The observation is grossly

identical for both the interactions considered in the present investigation.

8. Using the visibility graph and sandbox algorithm, event-wise η-distributions of shower

tracks coming out from 16O-Ag/Br and 32S-Ag/Br interactions both at 200A GeV/c,

have been analyzed to find out the multifractal parameters. The degree distributions of

the visibility graphs obtained from each experimental event sample and the respective

UrQMD simulation are identical in nature. Both result in approximately the same tail

exponent (γ). The scale freeness property of the degree distribution as observed for

long-range correlated signals [51, 53], is therefore retained in the multiparticle emission

data as well [42]. However, the γ value is found to be far above the limiting value

(γ ∼ 3) required for a long-range series. The sandbox algorithm applied to the VGs
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and HVGs generated from the η-distributions, successfully reproduce the multifractal

properties of the interactions studied [25, 35]. We also observe that the present graph

theoretical approach of multiparticle data analysis, apparently has the potential to

distinguish between the dynamical (non-statistical) contribution of fluctuations in the

η-distributions from the statistical noise.
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