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• Multiparticle emission data in high-energy heavy-ion collisions are analyzed.
• Fractal characteristics of single particle density fluctuations are established.
• Visibility graph and sandbox algorithm are used.
• Experimental results are compared with UrQMD simulation.
• Effectiveness of visibility graph method and detrended method are compared.
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a b s t r a c t

Multiparticle emission data in nucleus–nucleus collisions are studied in a graph theoretical
approach. The sandbox algorithm used to analyze complex networks is employed to
characterize the multifractal properties of the visibility graphs associated with the pseu-
dorapidity distribution of charged particles produced in high-energy heavy-ion collisions.
Experimental data on 28Si+Ag/Br interaction at laboratory energy Elab = 14.5A GeV,
and 16O+Ag/Br and 32S+Ag/Br interactions both at Elab = 200AGeV, are used in this analysis.
We observe a scale free nature of the degree distributions of the visibility and horizontal
visibility graphs associated with the event-wise pseudorapidity distributions. Equivalent
event samples simulated by ultra-relativistic quantum molecular dynamics, produce de-
gree distributions that are almost identical to the respective experiment. However, the
multifractal variables obtained by using sandbox algorithm for the experiment to some
extent differ from the respective simulated results.

© 2017 Published by Elsevier B.V.

1. Introduction

A collection of nodes or objects, and the mutual interactions between them, technically called the edges, is commonly
referred to as a network. Studies of complex networks play an important role to explore complexities present in the dynamics
of a natural and/or social process [1]. On several occasions it has been shown that the complex network analysis might
be an efficient tool to extract information embedded in time series and sequential measurements [2–7]. An usual time
series analysis provides us with the information regarding the dynamics of a system, while a network analysis of time series
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provides a structural framework of complex systems along with their dynamics. In recent times quite a few algorithms
are proposed that can construct complex networks from time series, such as complex networks from pseudo-periodic time
series [2], visibility graphs [4,5], state space networks [8], recurrence networks [7,9], nearest-neighbor networks [3,10],
and complex networks based on phase-space reconstruction [11] etc. Among the aforementioned techniques, the visibility
graphs (VGs) and horizontal visibility graph (HVGs) are used inmany applications belonging to diverse fields. The operational
procedure of constructing a VG/HVG from a set of time ordered measurements is discussed in the next section. It has been
observed that the VGs converted from some long-range correlated time series are scale-free [6,12], and that there exists a
definite relationship between theHurst exponentH of the series and the exponent of the power-law type degree distribution
of the graph concerned [6]. The relationship between the H of fractional Brownian motion (fBm) and topological/fractal
properties of the associated HVG and recurrence networks has also been examined [13,14]. The analysis of networks/graphs
thus provides an alternative way to characterize time series.

Fractal analysis of complex networks underwent a paradigm shift when the box-counting algorithm of fractals were
generalized [1]. Over the years the box-counting algorithm has been scrutinized in several different ways, and is ap-
plied widely to a number of emerging fields such as financial modeling, biology, social and communication networks
[15–18]. Recently the sandbox (SB) algorithm, originally proposed in [19], has been employed for multifractal analysis
(MFA) of complex networks [20]. They show that the SB algorithm is themost effective and accurate technique to determine
multifractal parameters of complex networks. In this work we employ the SB algorithm to characterize the pseudorapidity
(η) distribution of singly chargedparticles produced in relativistic nucleus–nucleus (AB) collisions. On an even-by-event basis
the η-distributions of singly charged particles produced in 28+Ag/Br interaction at Elab = 14.5A GeV, 16O+Ag/Br interaction
at 200A GeV, and 32S+Ag/Br interaction at 200A GeV, are converted into the corresponding VGs and HVGs. The SB algorithm
is then employed to determine the respective set of multifractal parameters.

Hadronization takes place at a late stage of the evolution of an AB collision process. It is therefore, quite a challenging task
to characterize multiparticle emission data by using statistical tools, and trace back the thermodynamic properties of the
intermediate ‘fireball’ produced in an AB collision. However, the ‘fireball’ property has some cosmological relevance if it is
produced under a high-temperature and low baryo-chemical potential, in the sense that at a minuscule scale it can replicate
the early universe scenario (∼ a fewmicro-seconds after the ‘big bang’). On the other hand at low to moderate temperature
and at high baryo-chemical potential the ‘fireball’ has an astrophysical relevance, as the QCD matter contained within it
is perhaps similar to that filling up the core of very compact stars [21]. Like fractal analysis of complex networks, fractal
analysis of multiparticle production data is also not a new topic of research. It started in the late 1980’s with the observation
that large fluctuations present in the η-distributions of charged particles produced in a few very high-multiplicity cosmic-
ray events [22], possess some kind of scale invariant self-similarity that can be formulated in terms of a power-law
type of scaling of the factorial moments with the resolution of the scale in which it is measured [23]. The phenomenon
known as ‘intermittency’ in high-energy interactions, is closely connected to fractality. This was first recognized when the
intermittent behavior of turbulent fluids was studied in terms of fractal dimensions [24]. This observation prompted the
fractal formalism to be adopted into multiparticle data analysis. Several techniques based on the theory of fractals are
available in literature [24–27]. Recently, the detrended methods of time series analysis [28,29] are also used to analyze
particle emission data [30,31]. The combination of visibility graph and sandbox algorithm is perhaps for the first time used
in [32] to analyze particle emission data in AB interaction. In this paper the following issues are addressed: (i) whether or
not the graph theoretical approach can provide a multifractal description of the particle emission data at varying collision
energies for different colliding systems, and (ii) to check if the method can consistently distinguish between the experiment
and corresponding Monte-Carlo (MC) simulation based on ultra-relativistic quantummolecular dynamics (UrQMD) [33,34].
Throughout the analysis a systematic comparison has been made between the results derived from VG–SB and HVG–SB
algorithms, as well as between the experiment and corresponding MC simulation. We therefore, expect to be able to extract
the non-statistical effects present in the experiment, if there is any.

2. Visibility graph and horizontal visibility graph

In graph theory a graph is a collection of objects or nodes and links or edges, each of which identifies the relation or
interaction between any two nodes. Lacasa et al. [4] introduced a simple computational method to convert a time series into
a VG. Accordingly, a VG of N nodes is obtained from a time ordered sequence of N measurements so that any two data points
(ti, xi) and (tj, xj) have mutual visibility, and consequently are two connected nodes in the graph associated, if any other
point (tk, xk) satisfy the criterion:

xk < xi + (xj − xi)
tk − ti
tj − ti

. (1)

where i < k < j. Fig. 1(a) illustrates the mapping of an arbitrary time series of 15 measurements. It is shown [12] that the
structural complexity of time series is inherited by the associated graph. As for instance, periodic, random and fractal series
map into motif-like random, exponential and scale-free networks, respectively. A much more simplified form of the above
visibility criterion is employed to obtain the HVG [5], where two nodes i and j are connected if one can draw a horizontal
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(a).

(b).

Fig. 1. An illustration of converting a time ordered measurement to the corresponding visibility graph: (a) A time series of 15 measurements is converted
to a visibility graph and (b) the same series is converted to a horizontal visibility graph.

line joining xi and xj that does not intersect with any xk located in between. The visibility criterion for HVG reads as

xk < min{xi, xj}, (2)

and it is shown geometrically in Fig. 1(b) for the same time series shown in Fig. 1(a).

3. Sandbox algorithm

The SB algorithm for multifractal analysis of complex networks is well described in [20,35]. The algorithm is based on
the fixed-size box-covering algorithm [36]. For the sake of completeness, here we provide the outline of the fixed-size box-
covering algorithm, and subsequently the SB algorithm without claiming any originality. For a given probability measure µ

(say) with a compact support in a metric space, one can define a partition sum as

Zr =

∑
µ(B)̸=0

[µ(B)]q; ∀q ∈ R (3)

where the summation runs over all different non-empty boxes B of size r , and q is the order number. The mass exponent
τ (q) of the µ-measure is computed as

τ (q) = lim
r→0

ln Zr (q)
ln r

. (4)
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The generalized fractal dimensions Dq of the measure µ are given by

Dq =
τ (q)
q − 1

; ∀q ̸= 1, (5)

and for q = 1 the information dimension is given by,

D1 = lim
r→0

Z1,r
ln r

. (6)

In the above expression the partition sum is measured as

Z1,r =

∑
µ(B)̸=0

µ(B) lnµ(B). (7)

In a complex network the probability measure µ of each box is taken as the ratio of the number of nodes covered by the box
and the total number of nodes present in the entire network. The characteristics of the parameters like τ (q) and/or Dq, and
other derived quantities like the multifractal spectrum f (αq), provide important information on whether the network under
consideration is multifractal or monofractal in nature. As for instance, if for a given object/series/distribution Dq is constant
(varying) and τ (q) is a linear (nonlinear) function of q, then the object is mono- (multi-)fractal. Moreover, multifractality
results in an inverted bell shaped spectrum of the Hölder exponent (αq), whereas the same spectrum corresponding to
a monofractal object converges to a delta function about the centroid α ≈ 0.5. The fixed-size box-covering algorithm is
modified in the sandbox algorithm, where the center of each equal-sized (sand) box is chosen at random over the fractal
object, and then the number of nodes present in the sandbox is counted. In the sandbox method the generalized fractal
dimensions Dq are then evaluated as,

Dq =
∂

∂(ln r)
ln

⟨
[M(r)/M0]

q−1⟩ 1
q − 1

; ∀ q ̸= 1 (8)

where M(r) is the number of nodes in a sandbox of radius r , M0 is the total number of nodes in the network and ⟨· · · ⟩

indicates that the quantity within the brackets is averaged over many SB centers chosen at random over the network. The
information dimension D1 is obtained through Taylor’s expansion of Dq around 1 + dq, and it reads as

D1 =
∂

∂(ln r)
⟨[M(r)/M0]⟩ . (9)

In order to implement the SB algorithm into computation now we outline the steps to be followed:

1. Set the radius r ∈ [1, d] of the sandbox which will be used to cover the network having dimension d (say).
2. Cover the entire network by sandboxes of size r whose central nodes are selected at random over the network. Note

that, if a nodewith large degree (known as a hub) is selected as the center of a sandbox, a large number of nodeswould
be covered within one box. This is an efficient way of box-covering. On the other hand, if a node with small degree
is selected first, a few nodes would be covered within the box. As a result the partition sum in Eqs. (8) and (9) will
change if we change the arrangement of sandboxes. To get rid of this problem we optimize the number of sandboxes
needed to cover the entire network. Out of ten random combinations we select one which has the minimum number
of box count.

3. Count the number of nodesM(r) in each sandbox of radius r , and calculate the average
⟨
[M(r)/M0]

q−1
⟩
and ⟨[M(r)/M0]⟩

over the optimal number of sandboxes as described in the previous step.
4. Repeat steps (i)–(iii) for several different values of r and for a given q compute the slope of the ln(r) versus Xq(r) plots,

where we denote Xq(r) ≡ ln
⟨
[M(r)/M0]

q−1
⟩
for q ̸= 1 and X1(r) ≡ ⟨[M(r)/M0]⟩, and then vary the exponent q over

the desired range.

Themultifractalmass exponent τ (q) is related to the generalized fractal dimensionDq through τ (q) = (q−1)Dq. Knowing
τ (q) the multifractal spectrum f (αq) is computed via a Legendre transformation

f (αq) = qαq − τ (q), (10)

where αq = −∂τ (q)/∂q called the Lipschitz–Hölder exponent, is a measure of the strength of the singularity. While small
αq values are associated with large fluctuations, the large αq values characterize small noise-like fluctuations.

4. Data

Nuclear emulsion data are used in this analysis. Ilford G5 nuclear emulsion pellicles of size 16 cm×10 cm×600 µm
were horizontally irradiated with the 28Si beam at an incident energy of 14.5 GeV/nucleon from the Alternating Gradient
Synchrotron of Brookhaven National Laboratory. Similarly pellicles of size 18 cm×7 cm×600 µm were irradiated with the
16O and 32S beams at an incident energy of 200 GeV/nucleon each, obtained from the Super Proton Synchrotron at CERN.
The primary interactions (also called events or stars) within the emulsion plates are found by following individual projectile
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tracks along the forward aswell as along the backward direction. The process is known as line scanning, and itwas performed
with Leitz microscopes under a total magnification of 300×. In emulsion experiment, on an event-by-event basis we count
themultiplicity of tracks, identify the category of particles coming out of an interaction using the characteristics of the tracks
formed by them, and measure the polar (θ ) and azimuthal (ϕ) angles of the tracks. Koristka microscopes having a combined
magnification of 1500× were utilized for track counting and angle measurement purpose. According to the convention
followed in emulsion experiments [37], the tracks resulting from secondary charged particles coming out of an event are
categorized in the following way.

(i) The shower tracks — caused by singly charged particles moving at relativistic speed. Most of which are charged π
mesons. In an event their number is denoted by ns.

(ii) The gray tracks — caused mostly by the protons knocked out of the target nuclei due to the impact of the collision. In
an event their number is denoted by ng .

(iii) The black tracks — caused by the heavy fragments that evaporate out of the spectator part of the target nuclei. In an
event their number is denoted by nb, and the total nh (= ng +nb) denotes the number of target fragments in an event.

(iv) The projectile fragments — caused by the spectator part of the incident projectile nucleus. In an event their number
is denoted by npf .

The details of emulsion experiments, track selection criteria and data acquisition techniques are well elaborated in [37].
To ensure that the target is either an Ag or a Br nucleus we impose a cut nh > 8. For each incident beam 150 events were
selected with the following criterion: ns > 50 for the 28Si events, ns > 100 for the 16O events and ns > 150 for the 32S
events. The average shower multiplicity of the samples are, 81.68 ± 1.77, 163.5 ± 2.61 and 246.85 ± 2.89, respectively
for the 28Si+Ag/Br, 16O+Ag/Br, and 32S+Ag/Br events. The pseudorapidity (η), an approximation of the dimensionless boost
parameter rapidity (y), is taken as the dynamical variable over which the analysis is performed. The η value of a track is
computed from its polar angle (θ ) as,

η = − ln [tan(θ/2)] . (11)

An accuracy of δη = 0.1 unit is achieved through the reference primary method of angle measurement. A single event
η-distribution of shower tracks are highly fluctuating in nature over a more or less Gaussian shaped background. As for
illustration, we show in Fig. 2(a) the η-distribution of shower tracks for an event taken from our 32S sample with a bin width
δη = 0.1. However, when summed/averaged over events, such fluctuations are smoothed out. The η-distribution shown in
Fig. 2(b) is for the 32S event sample, where one can see that the distribution can bewell approximated by a Gaussian function
as shown by the red smooth line. The local peaks of single event η-distribution, as shown in Fig. 2(a), are of our interest.
The analysis is therefore, performed on an even-by-event (e-by-e) basis. It is to be noted that the Gaussian background
undesirably obstructs the visibility of the height (number of tracks) located at a particular η (nodes of visibility graphs) from
that located at other. Especially the nodes located on the left hand side of the peak of the Gaussian get obstructed from
those located on the right hand side of the peak and vice versa. In order to get rid of this problem we take the difference of
successive bin contents as,

δn(ηi) = dnηi+1 − dnηi , (12)

and as required by the mapping criteria (1) and (2), project the modified distribution onto a positive (δn, η) plane. Here
dni is the number of tracks falling within δη about a particular ηi. Fig. 2(c) shows the modified form of the distribution
that is presented in Fig. 2(a). It seems that the single event η distribution so modified reasonably eliminates the Gaussian
background, while relative fluctuations present in the event are retained. Note that the local fluctuations could have also
been detrended by subtracting the fitted Gaussian background, but the χ2 value of such a fit is never reliable.

5. Simulation

Asmentioned before, the experimental results are systematically comparedwith the Ultra-relativisticMolecular Dynam-
ics (UrQMD) [33,34] simulation. The rationale of using a transport model like the UrQMD is that it treats the final freeze-out
stage dynamically, does not make any equilibrium assumption and describes the dynamics of a hadron gas like system
very well in and out of the chemical and/or thermal equilibrium. In the present case neither the colliding nuclei are too
heavy, nor the collision energies are extremely high. Hence a local thermal and/or chemical equilibrium are/is very unlikely
to be achieved. To describe a non-equilibrium many-body dynamics, a transport model is a natural choice. The UrQMD
model is applicable over a wide range of energies starting from

√
sNN ∼ 5 GeV and ending up at

√
sNN = 200 GeV. In

this scheme particle production at high-energy interactions is implemented by the color string fragmentation mechanism
similar to that of the Lundmodel. The UrQMD code has been successfully used to reproduce the particle density distributions
and the transverse momentum spectra of various particle species in proton–proton, proton–nucleus and nucleus–nucleus
collisions.

Weuse theUrQMDcode (version 3.4) in its default setting and generate theminimumbias event samples in the laboratory
frame, separately for the Ag and Br targets, and for 28Si, 16O and 32S projectile nuclei at their respective incident energies
mentioned above. For each projectile the Ag and Br events are mixed up maintaining the proportional abundances of these
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(a) Single event: Experiment (b) Event average: Experiment

(c) Single event: Modified 

Fig. 2. (a) Pseudorapidity distribution of an event from the 32S event sample. The shower track multiplicity of the event is 370, (b) pseudorapidity
distribution of the 32S event sample with Gaussian fit (red smooth line) and (c) a modified distribution [Eq. (12)] of the same event as shown in (a).

(a) Single event: UrQMD (b) Event average

Fig. 3. (a) Pseudorapidity distribution of a 32S+Ag/Br event, (b) pseudorapidity distribution of the experimental 32S+Ag/Br sample is compared with the
UrQMD simulation.

nuclei in G5 emulsion. Information regarding the chargedmesons are retained for subsequent analysis. From eachminimum
bias sample we select a subsample that matches the respective experimental multiplicity and pseudorapidity distributions.
For each projectile the final sample of simulated events is five times as large as the corresponding experiment. Like the single
event η-distributions of experiment, the simulated events too exhibit rapid fluctuations as shown in Fig. 3(a). In Fig. 3(b) we
compare the UrQMD generated η-distribution for the 32S+Ag/Br interaction with the corresponding experiment. One can
see that the agreement between experiment and simulation is fairly good. Similar observation could also be made for the
other two (28Si and 16O induced) interactions.



P. Mali et al. / Physica A 493 (2018) 253–266 259

(a) VG (b) VG (c) VG

(d) HVG (e) HVG (f) HVG

Fig. 4. Combined degree distributions of all the VGs (upper panel) and HVGs (lower panel) generated from the 28Si data (left), 16O data (middle) and 32S
data (right). The straight lines in the HVG plots follow Eq. (13).

6. Results

6.1. Degree distribution of visibility graph

On an e-by-e basis we convert the modified η-distributions (as mentioned before) into the corresponding visibility and
horizontal visibility graphs, and then compute the degree of each of the nodes present in the graphs. For each sample we
have as many graphs as the number of events present in the sample. The degree distributions of individual events are then
combined to obtain the degree distribution P(k) for an entire event sample. In Fig. 4 we show such distributions for all
three interactions studied, where the upper panels show the results derived from the VG and the lower panels represent the
corresponding HVG. The UrQMD simulated distributions are also plotted along with the respective experiment. The straight
lines in the HVG plots follow the equation:

P(k) =
1
3

(
2
3

)k−2

. (13)

This represents the analytical form of the degree distribution of the HVG associated with a random (time ordered) series [5].
To evaluate the exponent γ the tail region (k ≥ 10) in the log–log plot of P(k) can be fitted to a power-law like P(k) ∼ k−γ .
The exponent is an important parameter in visibility graph analysis. It is a scale free parameter for a large number of real
networks, and in some cases the exponent is related to the Hurst exponent of the underlying signal [6,12] from where the
graph is constructed. We find that for all three interactions as well as for both VG and HVG γ ∼ 8. Also we do not see any
statistically significant difference between the data and the simulation. Though the shape of the P(k) distribution obtained
from VGs is not quite identical to that obtained from the HVGs, specially in the low k (< 10) region, but that does not
significantly affect the γ value. It has been pointed out that the γ exponent calculated from the aforementioned method
has some intrinsic disadvantages, and its value should be determined on the basis of a maximum-likelihood (ML) method
as [38],

γ = 1 + n

[
n∑

i=1

log
ki

kmin

]−1

. (14)

Here n is the total number of measured values of ki taken into account, and kmin is the smallest value of k (= 10) for which
the power-law behavior holds. The ML estimated γ values are given in Table 1. The exponents obtained from the HVG
approach are slightly larger than the corresponding VG values. However all these values are significantly larger than what
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Table 1
The ML estimated values of the exponent γ , see Eq. (14).

Data sample VG HVG
28Si 16O 32S 28Si 16O 32S

Experiment 4.892 4.756 4.566 5.503 5.207 5.681
UrQMD 4.960 4.710 4.838 5.252 5.335 5.764

(a) Experiment (b) Experiment (c) Experiment

(d) UrQMD (e) UrQMD (f) UrQMD

Fig. 5. Scaling curves for the sandbox algorithm applied to the visibility graph networks constructed from the event-wise modified η-distributions. Results
obtained from the 28Si-data, 16O-data and 32S-data are shown side by side, and the corresponding UrQMD predictions are given in the lower panel. The
curves are drawn for q = 0, ±1, ±2, ±5, ±10.

was observed for long-range correlated time series [6]. The overall results of our degree distribution show that the scale
freeness property of P(k) is retained even in the visibility and horizontal visibility graphs generated from the η-distributions
of charged mesons produced in high-energy AB collisions, but the exponent γ cannot distinguish the experiment from
the simulation, the particle production mechanism to a large extent being purely speculative in nature in the latter case.
Therefore, we argue that the degree distribution and its power-law scaling cannot be taken as suitable measures for the
heavy-ion collision data.

6.2. Multifractality by sandbox method

Following the sandbox algorithm we compute Xq(r) ≡ ln
⟨
[M(r)/M0]

q−1
⟩
for q ̸= 1 and X1(r) ≡ ⟨[M(r)/M0]⟩ from the

visibility as well as from the horizontal visibility graphs obtained on an e-by-e basis, and then the quantities are averaged
over the entire event sample. In that sense themultifractal parameters that we are going to study, have actually their sample
averaged values. The event averaged values of Xq(r) for q ̸= 1 and X1(r) calculated in the VG–SB approach are plotted against
ln(r) in Fig. 5, and similar plots obtained from theHVG–SB approach are shown in Fig. 6. In both the figures the Xq(r) functions
are shown for some selective values of q, though they are calculated for q = −10 to +10 with an incremental step of 0.25.
The box-size is varied as: r ∈ (1, 12) for the 28Si data, and r ∈ (1, 15) for the 16O and 32S data. Apparently, the Xq(r) versus
ln(r) plots for all three different interactions are identical, and the difference between the data and corresponding simulation
predictions are also marginal. At this moment we do not give much emphasis on the apparent similarity in the behavior of
the Xq(r) functions obtained for different interactions and for the simulated data sets. Rather a linear rise of these functions
over a reasonable range of ln(r) is what we require, as this is going to affect the accuracy of measurement of multifractal
parameters to be derived from the Xq(r) plots. FromFigs. 5 and 6 we see that the functions Xq(r) are approximately linear
over the interval 5 ⩽ r ⩽ 12 for the 28Si data and over 7 ⩽ r ⩽ 15 for the 16O and 32S data.
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(a) Experiment (b) Experiment (c) Experiment

(d) UrQMD (e) UrQMD (f) UrQMD

Fig. 6. The same as in Fig. 5 but for the horizontal visibility graph analysis.

(a) (b) (c)

(d) (e) (f)

Fig. 7. The order dependence of the generalized fractal dimensions (upper panel) and the multifractal mass exponents (lower panel) calculated from the
visibility graph analysis.

The generalized fractal dimensions Dq are calculated from a linear regression of the partition functions as shown in Figs.
5 and 6. The Dq values are plotted against order number q in the upper panel of Figs. 7(a–c) and 8(a–c), respectively for
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(a) (b) (c)

(d) (e) (f)

Fig. 8. The same as in Fig. 7 but for the horizontal visibility graph analysis.

the VG–SB and HVG–SB methods. The UrQMD model estimates are also included in these figures. In the lower panel of
these figures we show the plots of corresponding multifractal mass exponents τ (q) = (q − 1)Dq. Now we see the relative
difference among the three interactions and two approaches. It is known to us that the fractal dimensions of monofractal
signals are independent of order number, and consequently τ (q) becomes a linear function of q. Multifractal signals on
the other hand, result in an order dependent Dq and the corresponding τ (q) is a nonlinear function of q. The difference
∆Dq = maxDq − minDq is sometimes considered as a measure of the degree of multifractality (DoM) in the underlying
process. In the present investigationwe shall quantify the DoM frommultifractal singularity spectrum f (αq), which is known
to be a better parameter for measuring DoM. Our first impression from Figs. 7 and 8 is that, the sandbox algorithm applied
to the VG as well as to the HVG networks constructed from the η-distributions of the charged mesons produced in nuclear
collisions, efficiently produces themultifractal behavior as observed in our previous analyses for the same sets of data [39,40].
Some important observations related to these figures are: (a) the ∆Dq value is maximum for the 16O data and minimum
for the 28Si data, (b) the experimental Dq values are consistently higher than the respective simulated values for q ≲ 2,
but excepting the HVG–SB result for 28Si+Ag/Br interaction [Fig. 8(a)] the simulated values for q > 2 almost match the
corresponding experiment, (c) the difference between the experimental and simulated values of Dq for q ≲ 2 is also largest
for the 16O-induced interaction and it is smallest for the 28Si-induced interaction, while the values for 32S events lie in
between the other two, and lastly (d) in all cases the VG–SB and HVG–SB methods do not differ too much from each other.
The τ (q) plots are consistent with the respective Dq plots. Observation (b) implies that for q < 1 the quantity

⟨
[M(r)]q−1

⟩
in Eq. 4 is dominated by a comparatively smaller number of large fluctuations, whereas for q > 1 a large number of small
fluctuations contribute to the overall coarse structure of the distributions. In AB collisions at the present energy scale the
chance of a few large fluctuations occurring in every event is rare, whereas a large number of small fluctuations basically
arise due to statistical reasons. In that sense the observed difference in Dq>1 between the experiment and simulation may
be attributed to the existence of some large fluctuations in the experiment which are absent in the simulation. Lastly, for the
28Si interaction identical values of Dq observed from the experiment and simulation might be due to the dominance of the
statistical noise since the event multiplicity for the interaction is not as large as the other two interactions studied.

As far as multifractal analysis is concerned, the multifractal spectrum f (αq) is probably the most important quantity.
The f (αq) spectrum can be used to quantify the DoM in the underlying process. To do that the spectrum is parametrized
as [41]

f (αq) = A + B(αq − α0) + C(αq − α0)2, (15)

where α0 is the peak position of the spectrum, B is an asymmetry parameter that vanishes for a symmetric spectrum, B > 0
for left-skewed and B < 0 for right skewed spectrum, and parameters A and C decide the overall shape of the spectrum.
The left side of f (αq) spectrum corresponds to q > 0 and it filters out the large fluctuations, while the right side of the
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(a) VG (b) VG (c) VG

(d) HVG (e) HVG (f) HVG

Fig. 9. Multifractal spectra obtained from the VG (upper panel) and HVG (lower panel) analysis for the interactions studied. Predictions from the mixed
events are shown (follow text for details). The lines joining points represent Eq. (17) with the best fitted parameters given in Table 2.

Table 2
The peak position α0 , the FWHM ∆ω and the asymmetry parameter r of the multi-
fractal spectra shown in Fig. 9.

Data sample VG HVG

α0 ∆ω r α0 ∆ω r
28Si 14.5A GeV
Experiment 1.091 0.806 0.550 0.927 0.629 0.553
UrQMD 1.052 0.755 0.550 0.853 0.504 0.585
Experiment-Mixed 0.990 0.712 0.555 0.844 0.613 0.588
UrQMD-Mixed 0.967 0.684 0.558 0.850 0.459 0.594
16O 200A GeV
Experiment 1.297 0.964 0.557 1.317 0.759 0.530
UrQMD 1.085 0.758 0.556 0.910 0.545 0.580
Experiment-Mixed 1.067 0.659 0.580 0.874 0.569 0.572
UrQMD-Mixed 1.051 0.706 0.562 0.828 0.533 0.549
32S 200A GeV
Experiment 1.128 0.762 0.565 1.088 0.638 0.607
UrQMD 0.914 0.591 0.559 0.907 0.574 0.573
Experiment-Mixed 0.937 0.602 0.572 0.918 0.573 0.561
UrQMD-Mixed 0.896 0.568 0.569 0.934 0.574 0.586

spectrum corresponds to q < 0 and it is associated with the small noise-like fluctuations. Another parameter of interest is
the width of the spectrum W = αmax − αmin, where αmax and αmin are the values of αq for which f (αq) = 0. Parameters α0,
B and W are used as a measure of the ‘‘complexity’’ of the process under consideration [42], and therefore, they are known
as the ‘‘complexity parameters’’. Multifractal spectrum generated from a random process is expected to peak at α0 = 0.5
with a marginal width. For long-range correlated signals α0 > 0.5. The width W measures the range of fractal exponents
required to describe the signal, and therefore, it measures the degree of multifractality of the signal. The wider the range of
fractal exponents is, wider will be the f (αq) spectrum that indicates a richer structure of the process. Formally an asymmetry
parameter can be defined as [42]

r = (αmax − α0)/(α0 − αmin). (16)
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For a symmetric spectrum r = 1, for a right skewed distribution r > 1 and for a left skewed distribution r < 1. The
asymmetry parameter indicates which fractal exponents are dominant. For instance a right skewed spectrum is dominated
by small values ofαq that indicatesmultifractal nature of small noise-like fluctuations,while a left skewed spectrum indicates
dominance of large αq values and therefore, a multifractal nature of large fluctuations. The former one is characterized by
more regular smooth looking processes, while the latter corresponds to rough fine structure processes. In short, a wide right
skewed spectrum with α0 > 0.5 corresponds to a more complex process. Note that a quadratic function may not always be
able to describe the observed f (αq) spectrum, as it is found in the present analysis. In such cases a fourth degree polynomial

f (αq) = A + B(αq − α0) + C(αq − α0)2 + D(αq − α0)3 + E(αq − α0)4, (17)

is used [42]. The asymmetry in this case depends on the first and third order coefficients, namely B and D.
The multifractal spectra f (αq) obtained from this analysis are plotted against the Hölder exponents αq in Fig. 9. Results

from the VG–SB (upper panel) and HVG–SB (lower panel) techniques are included in the same figure. Alongwith the UrQMD
results, predictions for mixed events are also included in this figure. The mixed event samples are prepared by mixing the
track information belonging to individual events at random, keeping the overall multiplicity and η-distributions unchanged.
Our intention is to eliminate the noise present in the experimental event samples. Since the random mixing procedure
unambiguously destroys particle correlations (if there are any) present in the data sample, a mixed event sample is a good
representation of the statistical noise. According to the theory of fractals an inverted parabolic nature of f (αq) spectrum is a
sign ofmultifractality of the underlying dynamics. The f (αq) spectra as shown in the figure are all indicating similar nature of
multifractality in the respective η-distributions. Expectedly the event mixing process reduces the DoM in the data, and the
f (αq) spectra formixed events almost coincidewith themodel simulation. However, the DoM in the UrQMD-mixed events is,
within error bars, identical to the actual UrQMD generated value. From this observation we understand that the multifractal
characteristics of the UrQMD simulated events is mainly due to statistical noise. Therefore, the difference in multifractal
measures between an experiment and its UrQMD /mixed-event counterpart might be due to one or more dynamical effects
present in the particle production mechanism.

To quantify the DoM or complexity, each f (αq) spectrum is fitted to Eq. (17) and is shown by a solid curve in the diagrams.
Note that instead of measuring the widthW of the f (αq) spectrum we measure its half width at full maximum (FWHM) δω,
since the spectra obtained here are truncated much above f (αmax) = 0. The set of chaoticity parameters, namely the peak
position α0, the FWHM δω and the asymmetry parameter r are given in Table 2. From the table it is now clear that fine
structure like small fluctuations dominate the η-distributions of the interactions considered in the present investigation.
However, the contribution of some nontrivial hitherto unknown dynamics is not negligible, especially for the 16O+Ag/Br
and 32S+Ag/Br interactions.

At this point it would be prudent to discuss the effectiveness of the visibility graphmethod vis-a-vis that of the detrended
method(s) of analysis ofmultiparticle emission data [31]. Particle density fluctuations contain a statistical component (called
noise), which is ordinarily Poisson distributed, and a non-statistical one whose character is not known. We are interested
in characterizing the latter in terms of (multi)fractality. However, we are not very much aware of any quantitative method
that can filter the statistical part out of the total fluctuation. One can only speculate that (i) the strength of a local singularity
will be higher if both statistical and non-statistical components contribute to it, and (ii) being Poisson distributed it is very
unlikely only for a noise to yield a very strong local singularity. Equivalently, if in the singularity spectrum one finds a
systematic reduction in the values of the singularity strength then a probable reason of that should be the noise elimination.
The spectrum of the singularity strength obtained by using the detrended method(s) is quite different in nature from that
obtained by using the VG–sand box algorithm. The detrended methods gave us smooth, almost symmetric and/or slightly
right sided spectra, which barring the left hand side of the 28Si+Ag(Br) experiment, was never significantly different from
the respective simulation. In [31] this feature was interpreted in terms of a large number of small fluctuations and a small
number of large fluctuations [43,44], which were in principle present both in the experiments and in the simulations. When
it comes to the question of VG/HVG method(s), we first observe that the f (αq) spectra are strongly left sided, and on several
occasions the experimental singularity spectrum is significantly different from the corresponding simulation. The left side
of each spectrum which is dominated by small αq values and therefore, by ‘rough’ fluctuations, gradually rises to reach the
respective peak value. The spectrum then abruptly drops down to some extent from the peak position towards its right,
suppressing the ’smooth’ fluctuations almost to a monofractality. This kind of left sided asymmetry in f (αq) may arise out of
superimposition of partonic/hadronic level cascades [45,46].

Ideally the detrended methods of analysis should be applied to a sufficiently long time (or equivalently any other) series,
so that the local trend(s) or the local average(s) are minimally influenced by statistical uncertainties, and the fluctuations
either about a local trend or about a local average are statistically significant. For a finite sized η-distribution that can at
best be divided into∼ 102 intervals, this unfortunately is not the case, and therefore, the results obtained are to some extent
representative in nature.Moreover, in the detrendedmethodwehave used only a linear local trend,whichmaynot always be
the case. The limitation of the detrendedmethod is also reflected in the fact thatwe rarely find significant difference between
experiment and simulation. Though our data could be characterized in terms of (multi)fractality, we have never been sure
about how to eliminate the statistical components present in the fluctuations. On the contrary in the VG/HVG method, the
issue of statistical noise has perhaps been taken care of. This is reflected in the f (αq) spectrum and also in the plots of other
(multi)fractal parameters. At least in some regions significant differences between experiment and simulation are observed.
In 16O and 32S cases the VG/HVG experiments are in particular quite different from the corresponding simulation. The rise in
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the f (αq) spectrum in the left side of the peak position is gradual, and is never as sharp as it is in the detrendedmethod(s). The
region dominated by ‘rough’ (large) fluctuations is therefore, multifractal in nature. In the right side of the f (αq) distribution
we notice that the singularity strengths obtained from the VG/HVG method(s) are restricted within a very narrow range,
and are never quite as large as those obtained from the detrended methods (αq ≈ 1.9). This shows that the contribution
of statistical noise has perhaps been taken care of, restricting thereby the small fluctuations almost to a monofractality. We
therefore, conclude that in the context of addressing the issue of statistical noise, when we have to analyze not a very long
data series, the VG–sand box algorithm is certainly a better choice, and the results obtained thereof are more accurate than
those obtained from the detrended method(s).

7. Discussion

In this article we present a multifractal analysis of multiparticle production data using the visibility graph and sandbox
algorithm. The event-wise η-distribution of charged particles produced in 28Si+Ag/Br interaction at 14.5A GeV, and
16O+Ag/Br and 32S+Ag/Br interactions both at 200A GeV, are converted to the corresponding visibility and horizontal
visibility graphs. The sandbox algorithm is then applied to measure the multifractal parameters. The degree distributions of
the visibility graphs obtained from each experimental event sample and the respective UrQMD simulation are identical in
nature. Both result in approximately the same tail exponent (γ ). The scale freeness property of the degree distribution as
observed for long-range correlated signals [5,6], is therefore, retained in the multiparticle emission data as well. However,
the γ value is found to be far above the limiting value (γ ∼ 3) required for long-range series. The sandbox algorithm applied
to the VGs and HVGs generated from the η-distributions successfully produce the multifractal properties of the interactions
studied [39,40]. We also observe that the present graph theoretical approach of multiparticle data analysis has the potential
to differentiate between the dynamical (non-statistical) contribution of fluctuations in the underlying η-distributions from
the statistical noise. In our previous studies it was found that the detrended and other methods are not very effective to
discriminate the data from the simulation [30,31,39,40]. In this regard themethod presented here appears to bemore useful
than the conventional methods used for multifractal characterization. The small noise-like fluctuations associated with a
very narrow range of Hölder exponents, are almost monofractal in nature. The large fluctuations on the other hand exhibit
multifractal characteristics, which can potentially be seen as the augmentation of a scale invariant cascade mechanism in
particle production process.
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Abstract

We have investigated the presence of ring and/or jet-like structures in the angular emission of secondary
charged mesons (shower tracks) coming out of 16O–Ag/Br and 32S–Ag/Br interactions, each at an inci-
dent momentum of 200 AGeV/c. Nuclear photographic emulsion technique has been used to collect the
experimental data. The experimental results have been compared with the results simulated by Monte Carlo
method. The analysis indicates presence of ring and jet-like structures in the experimental data beyond
statistical noise. This kind of jet structure is expected to give rise to a strong two-dimensional (2d) inter-
mittency. The self-affine behaviour of 2d scaled factorial moments (SFM) has therefore been investigated
and the strength of 2d intermittency has been determined. For each set of data the 2d results have been
compared with the respective one-dimensional (1d) intermittency results.
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1. Introduction

The space–time evolution of nucleus–nucleus (AB) collision can be broadly divided into three
sub-stages, namely, (i) a very short lived pre-equilibrium stage, (ii) a comparatively longer lived
central fireball stage, and lastly (iii) the longest lived freeze-out stage during which the central
fireball expands and cools down to fragment into final state particles (predominantly hadrons).
Depending entirely upon the initial kinematic conditions the intermediate fireball stage may or
may not reach a thermal equilibrium that is necessary to achieve the colour deconfined Quark–
Gluon Plasma (QGP) state [1]. If at all such a deconfinement takes place, then a subsequent
phase transition from the QGP back to the multiparticle final state may lead to some collective
behaviour manifested in the form of large local density fluctuations of produced particles [2].
Such local structures would obviously then correspond to the late freeze-out part of the history
of the collision. Instead of a thermal phase transition there may however be other reasons behind
such collective behaviour of particles within narrow intervals of phase space. One hypothesis
is the emission of conical gluonic radiation, which is an outcome of a partonic jet traveling
through the partonic/nuclear medium [3]. An alternative speculation is the formation of a shock
wave traveling once again through a similar partonic/nuclear medium [4]. Both the macroscopic
phenomena mentioned here have the same origin (i.e., electromagnetic) but they correspond
respectively, to transverse and longitudinal excitations of the medium concerned. In either case
the emission pattern is characterized by a conical structure defined through a semi-vertex angle
ξ as

cos ξ = cmed

v
= c

μv
. (1)

Here, depending on the case as it may be, cmed is either the velocity of the gluons or it is the
velocity of the shock wave, v is the velocity of the partonic jet that triggers the Cherenkov gluon
or shock wave emission, and μ is the refractive index – all values pertaining to the medium
concerned. Here c is either the velocity of the gluons in vacuum or the velocity of sound wave in
air.

The phenomenon of gluon emission is similar to the emission of Cherenkov electromagnetic
radiation. The incident nucleus can be treated as a bunch of quarks, each of which is capable of
emitting Cherenkov gluons while traversing through the target nucleus. Experimentally the real
part of the elastic forward scattering amplitude of all hadronic processes at high energy have been
found to be positive [5]. This is necessary for Cherenkov emission as the excess of the nuclear
refractive index over unity is proportional to this real part. For thin targets like the nuclei, an effect
similar to the Cherenkov gluon emission can take place owing to the small confinement length
[6]. Under favourable circumstances the conical structure so formed, may be able to withstand
the impact of collision and retain its original shape. If the initial/triggering parton direction is
the same as that of the incident beam direction, and if the number of gluons – each capable
of emitting a minijet, is large, then one may observe ring-like structures in the distribution of
particles that are clustered within a narrow region of pseudorapidity (η), but are distributed more
or less uniformly over the entire azimuthal angle (ϕ) range (0,2π). On the other hand, if the
number of jet emitting gluons is small, then it is more likely that several jets, each restricted to
narrow intervals in both η and ϕ will be formed, thereby resulting in jet-like structures in the
distribution of final state hadrons.

As mentioned above, a quark–gluon jet created by a high-energy parton can produce a differ-
ent type of collective behaviour similar to the Mach shock wave formation. A jet moving with a
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velocity close to that of the light can be considered as a body moving with a supersonic speed,
which may cause a large pressure variation inside a nuclear/partonic medium, and can therefore,
give rise to shock waves. The Mach angle depends on the state of the matter through which the
partonic jets are moving, and depending on the nature of the medium the sound (elastic wave)
speed can vary between ≈ 0.4c and close to c [7]. Unfortunately, till date we posses only some
speculative ideas (e.g., Fermi liquid to QGP) about the nature of the nuclear/partonic medium.
Ring-like structures were first studied in a cosmic ray experiment [8]. Subsequently, in several ac-
celerator based experiments involving high-energy nucleus–nucleus (AB) interactions ring and
jet-like structures were further investigated [9–12].

With the introduction of a new methodology called the ‘intermittency’ [13] the investigation
of event-to-event local fluctuations in particle density distributions in high-energy interactions
entered into a new era. Intermittency is speculated to be a manifestation of some kind of scale
invariant dynamics of particle production. The main tool of intermittency study as suggested by
its proponents, is the statistical counting variable SFM, henceforth to be denoted by Fq . The main
advantage of using this variable is that it can disentangle the statistical noise that contaminates the
dynamical fluctuation, and can measure only the nonstatistical or dynamical contribution. A large
number of experiments have already been performed to study the 1d intermittency phenomenon
[14], while the actual process of particle emission occurs in three dimensions (3d). It has been
pointed out [15] that in the lower-dimensional projection the fluctuations get reduced by the
averaging process. The projection effect may even completely wash out the self-similar nature
of fluctuations as predicted in the framework of intermittency. Thus, to get rid of the error due
to dimensional reduction, the analysis should ideally be performed in 3d . As mentioned before,
for ring-like structures where the particles are confined to a limited η interval and distributed
evenly over the entire ϕ range, a strong 1d intermittency is expected. On the other hand, for
jet-like structures, where the particles are restricted over narrow regions of η and ϕ both, the
2d intermittency should be strong. It has been pointed out that the particle distributions are
anisotropic in the longitudinal–transverse plane [16]. For example, in high-energy interactions
the longitudinal momenta of produced particles can be large, whereas corresponding transverse
momenta are restricted within a limited range with a universal average value 〈pt 〉 ≈ 0.35 GeV/c.
This kind of anisotropy leads to a self-affine (multi)fractal structure in the dynamical fluctuation.
A self-similar behaviour can be retrieved when the 2d phase space is so partitioned as to properly
take into account the above mentioned intrinsic anisotropy.

In some of our previous works (i) a weak 1d intermittency for the 16O–Ag/Br data at
200 A GeV/c [17], (ii) a weak 1d intermittency in 32S–Ag/Br interaction at 200 A GeV/c, and
(iii) a strong 2d intermittency for the same 32S data have been reported [18]. From these anal-
yses our data did not show any hint of any kind of phase transition. We are therefore, inclined
to look for alternative mechanisms of local density fluctuations of produced particles. Hence in
the present work we investigate the presence of ring and jet-like substructures within narrow
intervals of phase space by analysing the angular distributions of final state charged particles
produced in 16O–Ag/Br and 32S–Ag/Br interactions at 200 A GeV/c. To reaffirm the presence of
jet-like structures for both sets of data we have in this paper presented a 2d intermittency analysis
on the 16O–Ag/Br interactions at 200 A GeV/c, and have compared the 16O results with those
of the 32S–Ag/Br interaction. Following [19] the strength of intermittency has been quantified
in each case. The organization of the paper goes like this – in Section 2 we have summarily de-
scribed the experimental aspects, in Section 3 the statistical and computational methods adopted
for ring–jet analysis along with a description of our results have been presented, in Section 4 the
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methods and results of 2d self-affine intermittency analysis have been depicted, and in Section 5
we conclude with some critical comments on the outcome of our investigation.

2. Experiment

The experimental data used in the present analysis have been obtained from the stacks of
Ilford G5 nuclear photo-emulsion pellicles of size 18 cm×7 cm×600 µm, that were horizontally
irradiated by the 16O and 32S beams, each with an incident momentum 200 A GeV/c from the
super-proton synchrotron (SPS) of CERN. Leitz microscopes with a total magnification of 300×
have been used to scan the plates along the projectile tracks to find out primary interactions.
Angle measurement and counting of tracks were performed under a total magnification 1500×
with the help of Koristka microscopes. According to the emulsion terminology, tracks emitted
from an interaction (called a star) are classified into four categories namely, shower, grey and
black tracks, and projectile fragments.

(i) The shower tracks are due to the singly charged produced particles moving with relativistic
speed (β > 0.7) caused mostly by the charged mesons. Their ionisation I < 1.4I0, where
I0 (≈ 20 grains/100 µm) is the minimum ionisation caused by any track in the Ilford G5
plates. Total number of such tracks in an event is denoted by ns. Our analysis is confined
only to the shower tracks.

(ii) The black and grey tracks predominantly originate from the fragments of the target, and
their ionisation I � 1.4I0. The total number of such heavy fragments in a star is denoted
by nh, and nh > 8 will ensure an interaction with an Ag/Br nucleus.

(iii) The projectile fragments are due to the spectator parts of the incident projectile nuclei.
They are emitted within a very narrow extremely forward cone whose semi-vertex angle is
decided by the Fermi momenta of the nucleons present in the nucleus. Having almost same
energy/momentum per nucleon as the incident projectile, these fragments exhibit uniform
ionisation over a long range and suffer negligible scattering. Their number in an event is
denoted by npf .

Events with no projectile fragment having charge Q � +2e were selected for analysis. This
criterion ensured that a complete fragmentation of the projectile nucleus has taken place in each
event of the considered sample. For 16O–Ag/Br interaction the sample size was 280 events,
and that for the 32S–Ag/Br interaction was 200 events. The average shower track multiplicities
for these samples respectively, were 〈ns〉 = 119.26 ± 3.59 and 217.79 ± 6.16. To avoid any
contamination between the produced charged mesons and the spectator protons belonging to the
projectile, shower tracks falling within the Fermi cone have been excluded from our analysis.
In an emulsion experiment η together with ϕ of a track constitutes a convenient pair of basic
variables in terms of which the particle emission data can be analyzed. η is an approximation of
the dimensionless boost parameter rapidity of a particle, and it is related to the emission angle
θ of the corresponding shower track as η = − ln tan (θ/2). An accuracy of δη = 0.1 unit and
δϕ = 1 mrad could be achieved through the reference primary method of angle measurement.
Nuclear emulsion experiments in spite of its many limitations are superior to other big budget
experiments in one respect, that they offer a very high angular resolution. When distributions
of particles within small phase-space regions are to be examined, this certainly is an important
advantage. There are some excellent books where the details of an emulsion experiment including
the event and track selection criteria can be found [20].
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Fig. 1. Schematic representation of (a) the ring-like distribution of tracks and (b) the jet-like distribution of tracks in the
target diagram.

3. Ring–jet analysis

There are several methods by which dense clusters of particles in an event can be identified
and characterized. While distributing over a (or a set of) suitable phase-space variable(s), such
clusters appear in the form of rapidly fluctuating density functions. In the resultant distribution,
often trivial statistical noise is combined with one or more dynamical effect(s), and it is not
always an easy task to separate out one from the other. One way to do so is to replace the
basic phase-space variables associated with each particle by randomly generated numbers and
distribute them according to the track multiplicity in an event. The random data set can then
serve the purpose of a statistical background, because while generating these numbers neither
any ring nor any jet structure is present in the form of an input. In the present investigation
we have adopted the method of analysis that is prescribed in [9]. Without making any claim of
originality we present below a brief description of the same for the purpose of completeness.

For an individual event we start with a fixed number n (< ns) of particles (shower tracks).
Each n-tuple of particles is arranged consecutively (either in ascending or in descending order)
along the η-axis, and this subgroup of particles is then characterized by

(i) a size: 	η = |ηn+i−1 − ηi |, i = 1, . . . , ns ,
(ii) a mean: ηm = ∑n

i=1 ηi/n, and
(iii) a density: ρ = n/	η.

Thus each subgroup of particles, dense or dilute, has the same multiplicity n and hence they can
be easily compared with each other. The azimuthal structure of a particular subgroup can now be
parametrized in terms of the following quantities,

S1 = −
n∑

i=1

ln(	ϕi) and (2)

S2 =
n∑

i=1

(	ϕi)
2, (3)

Here 	ϕi is the ϕ difference of two neighbouring particles, i.e., between the ith and the (i +1)th
belonging to a particular subgroup (starting from first and second, and ending at the nth and
first). One can, for example, measure ϕ in units of a complete revolution (2π), and then each
	ϕi will be a fraction less than unity. The difference between a ring-like structure and a jet-like
structure has been schematically explained in Fig. 1 with the help of target diagrams. In our case
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the target diagram is nothing but the azimuthal plane. For a ring-like emission the tracks are
almost isotropically distributed over the whole azimuth. Whereas, for a jet-like emission some
of the tracks are clustered within a narrow region of ϕ, but each cluster is well separated from
the other in the azimuthal plane. Note that both S1 and S2 are small (S1 → n lnn and S2 → 1/n)

for a perfect ring-like structure and they are large (S1 → ∞ and S2 → 1) for a perfect jet-like
structure. While S1 is sensitive to small gaps, S2 is sensitive only to large gaps. In a purely
stochastic scenario the 	ϕ-distribution is given by

f (	ϕ)d(	ϕ) = (n − 1)(1 − 	ϕ)(n−2) d(	ϕ). (4)

The expectation values of the S-parameters 〈Si〉 = ∫
Sif (	ϕ)d(	ϕ): (i = 1,2) are

〈S1〉 = n

n−1∑
k=1

1

k
and 〈S2〉 = 2

n + 1
, (5)

when particles are emitted independently without any correlation. Distributions of S1 and S2
parameters would be peaked around these expectation values. Presence of jet-like substructures
would result in bulging and small local peaks in the distributions to the right side of the mean,
whereas ring-like substructures would do the same towards the left. A direct comparison between
the experimental data and that representing an independent emission can be made by computer
simulations. Experimental ϕ-distribution being more or less uniform between its allowed lim-
its (0,2π), one can construct its stochastic equivalent by generating (pseudo)random numbers
within the same range. This can be done with the help of a simple recursive linear congruential
sequence [21]. Similarly, the η density is approximately normally distributed. Following the in-
verse of integral method the Gaussian distributed random numbers can also be generated. These
Gaussian distributed random numbers should have the same centroid, peak density and width as
those of the corresponding experimental set. Each pair of randomly generated (η,ϕ) will now
represent a particle/track, and all such doublets, equal in number as the corresponding experimen-
tal set, have been assigned to individual events according to their shower track multiplicities (ns).
Both the average behaviour of the S-parameters as well as the detailed analysis of all relevant
ring–jet variables are presented below.

We have chosen n = 15 for the 16O–Ag/Br events, and n = 25 for the 32S–Ag/Br events. For
these two different choices of n values the stochastic expectation values [see Eq. (5)] for the
two sets of data, respectively are: 〈S1〉 ≈ 48.8 and ≈94.4, and 〈S2〉 = 0.125 and ≈0.077. Dis-
tributions of the S1 parameter normalised by its stochastic expectation value 〈S1〉 for both sets
of data are plotted in the form of histograms in Fig. 2(a) and (b). For a particular interaction the
experimental distribution and the random number generated distribution are plotted together. As
expected and as can be seen from these diagrams, the random number generated distributions
are peaked around S1/〈S1〉 = 1. In each case the peak of the randomly generated distribution
is taller, smoother and narrower than the respective experimental distribution. The 16O–Ag/Br
distributions are broader than the 32S–Ag/Br distributions. The distributions are asymmetric (left
skewed), and this asymmetry is more pronounced in the experimental distributions. In each case,
the experimental distribution is significantly shifted towards right with respect to the generated
distribution. Thus large S1 values signifying jet-like structures, cannot be generated as abun-
dantly by a random number based independent emission model as it can be in the experiment. In
the right-hand side of the respective peaks one can also find small bulging in the distributions,
that are again more pronounced in experiment than in the random number generated distribu-
tion. In Fig. 3(a) and (b) similar graphical plots for S2/〈S2〉 can be found for the two types of



Author's personal copy

M.K. Ghosh et al. / Nuclear Physics A 858 (2011) 67–85 73

Fig. 2. Distributions of the S1 parameter normalised by its stochastic expectation value 〈S1〉 for 16O–Ag/Br and 32S–Ag/
Br interactions both at 200 A GeV/c.

Fig. 3. Distributions of the S2 parameter normalised by its stochastic expectation value 〈S2〉 for 16O–Ag/Br and 32S–Ag/
Br interactions both at 200 A GeV/c.

interactions under consideration. In both cases once again the behaviour is more or less same as
that of the S1/〈S1〉 distributions. There are obvious experimental excesses in the higher (right
to the peak, i.e., S2/〈S2〉 > 1) side over the corresponding random number prediction, indicat-
ing presence of nontrivial jet structures in the angular distribution of particles. The variation of
the experimental average values of 〈−∑

ln(	ϕi)〉 and 〈∑(	ϕi)
2〉 against the cluster size 	η

is shown respectively, in Figs. 4 and 5 for both types of interactions. Note that these quantities
are different from the stochastic expectations values 〈S1〉 and 〈S2〉. Corresponding stochastic ex-
pectation values obtained from Eq. (5) represented by dashed lines in each graph, and random
number generated values are also included in the same set of diagrams. One can see that the
random number generated values lie more or less along the stochastic expectation lines, whereas
the experimental values lie consistently above both the random number generated values and the
stochastic prediction. At small 	η significant difference between the experimental result and the
stochastic (or random number) value can be observed. On the higher side of 	η the experimen-
tal values in each diagram can be approximated by a plateau. Once again the inadequacy of an
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Fig. 4. Average behaviour of the S1 parameter 〈−∑
ln	ϕ〉 for 16O–Ag/Br and 32S–Ag/Br interactions both at

200 A GeV/c. The stochastic values are represented by dashed lines.

Fig. 5. Average behaviour of the S2 parameter 〈∑(	ϕ)2〉 for 16O–Ag/Br and 32S–Ag/Br interactions both at
200 A GeV/c. The stochastic values are represented by dashed lines.

independent emission of particles to replicate the experimental observation can be seen from our
analysis.

It has been observed that to a large extent the experimentally observed average behaviour
of the S-parameters can be reproduced with the Lund Monte Carlo code FRITIOF calculation,
where γ -conversion and the Hanbury–Brown–Twiss (HBT) effect have been included [9]. How-
ever, it has also been argued that before coming to a definite conclusion regarding such azimuthal
structures, the detailed distribution of some other relevant cluster variables should be examined
along with the average behaviour of the S-parameters [12]. The cluster size of the azimuthal sub-
structures can be investigated with the help of the 	η distribution. For both types of interactions
under consideration, these distributions are plotted in Figs. 6 and 7. A distinction between the
ring and jet structure has been made by separately plotting distributions with S2/〈S2〉 < 1 and
S2/〈S2〉 > 1. These distributions are once again left skewed, having a sharp rise in the left to the
peak and a comparatively slower fall to the right side of the peak. The width of experimental dis-
tribution in each case is more or less same as that of the random number generated distribution.
For both data sets one can see that the clusters of small size (peak region and left to the peak re-
gion) have significant experimental surplus over the corresponding statistical noise. On the other
hand, clusters of large size (right side of the peak) are either reproducible by random numbers,
or the randomly generated values exceed the experimental values. The location of jet/ring-like
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Fig. 6. Comparison of cluster size distribution between the experimental and the random number generated data sets for
two different regions, i.e., (a) S2/〈S2〉 < 1 and (b) S2/〈S2〉 > 1 in 16O–Ag/Br interaction at 200 A GeV/c.

Fig. 7. Comparison of cluster size distribution between the experimental and the random number generated data sets for
two different regions, i.e., (a) S2/〈S2〉 < 1 and (b) S2/〈S2〉 > 1 in 32S–Ag/Br interaction at 200 A GeV/c.

substructures can on the other hand, be investigated by studying the ηm distribution. Following
[12] the distributions can be divided into three categories:

(i) S2/〈S2〉 < 0.95 – the region where ring-like effects dominate,
(ii) 0.95 � S2/〈S2〉 � 1.1 – the region of statistical background, and

(iii) S2/〈S2〉 > 1.1 – the region where jet-like structures dominate.

In Figs. 8 and 9 the ηm distributions for all three categories mentioned above, and respectively, for
both types of interactions under consideration have been plotted. The average behaviour of each
distribution is more or less symmetric about a central value, which for each type of interaction is
close to the central value of the basic η-distribution of the shower tracks. However, there are some
small experimental excesses beyond statistical errors over the random number generated values.
For category (i) S2/〈S2〉 < 0.95, these excesses are present in the form of several narrow peaks
mainly in the central maximum and left to the central maximum region of the distributions. In the
right to central region the experimental distribution for each type of interaction either matches
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Fig. 8. Comparison of the ϕ-subgroup position distributed along the η-axis between the experimental and the random
number generated data sets in three different regions of S2/〈S2〉 for 16O–Ag/Br interaction at 200 A GeV/c.

Fig. 9. Comparison of the ϕ-subgroup position distributed along the η-axis between the experimental and the random
number generated data sets in three different regions of S2/〈S2〉 for 32S–Ag/Br interaction at 200 A GeV/c.

with the respective random number generated one, or the latter dominates over the former. The
features are equally prominent for both interactions under consideration, and can probably be
attributed to the ring-like structure(s) of particle emission. The effect however, is statistically not
too significant. Probably, by choosing events with a particular centrality one could have reduced
the noise. For category (ii) 0.95 � S2/〈S2〉 � 1.1, there are two prominent narrow structures
in the central region of the experimental distributions of both types of interactions, that cannot
be replicated by the randomly generated data sets. These structures are more prominent in the
32S induced interaction, and the physical origin of them is not very much clear. For category (iii)
S2/〈S2〉 > 1.1, the experimental excesses are continuous and extend over a region of about 1 unit
of pseudorapidity exactly on the right-hand side of the central maxima for both sets of data. This
effect is more prominent in the 16O induced interaction than in the 32S induced one, and it can
be attributed to jet-like structures in the forward hemisphere.

4. Intermittency in 2d

Our analysis of the angular emission data on singly charged particles produced in 16O–Ag/
Br and 32S–Ag/Br interactions indicates presence of both ring and jet-like structures in the ex-
perimental data beyond the respective statistical noise. However small the effects may be, it is
expected that a strong 2d intermittency would be observed for the same set of data. As mentioned
before, we choose the (η,ϕ) plane as our basic phase space. As the shape of the distribution in
respective directions may influence the scaling behaviour of the SFM, the (η,ϕ) set has been
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Fig. 10. Two-dimensional SFM of different order plotted against phase space (η,ϕ) partition number. The solid curves
are drawn to guide the eye.

replaced by the ‘cumulative’ variables (Xη,Xϕ) [22]. The distribution in terms of a cumula-
tive variable is always uniform within a universal range (	Xi = 1: i = η,ϕ) between 0 and 1.
Hence all particles are now distributed over a square of unit side. The SFM of order q is defined
as [13]

〈Fq〉 = 1

M

M∑
m=1

〈nem(nem − 1) · · · (nem − q + 1)〉
〈nm〉q (6)

where nem is the number of shower tracks falling within the mth interval of the eth event, 〈 〉 de-
notes an averaging over the number of events,

〈nm〉 = 1

Nev

Nev∑
e=1

nem (7)

is the average shower track multiplicity in the mth interval, M (= Mη · Mϕ) is the total 2d phase
space partition number, and Mη (Mϕ) is the number of partitions along η (ϕ) direction. As it
was in the 1d case, if in 2d the dynamical fluctuations are also self-similar at all scales, then one
expects to see a linear rise like

ln〈Fq〉 = φq lnM + βq, (8)

where βq is the intercept, and the slope φq (> 0) is called the intermittency index that indirectly
is a measure of the strength of intermittency. In Fig. 10 plots of 2d SFM of different orders have
been plotted for the 16O–Ag/Br data by setting Mη = Mϕ . Due to the anisotropy in the fluctua-
tions in different directions of phase space, the variation of 2d ln〈Fq〉 against lnM is however,
not linear over the entire range of lnM . To obtain a measure of the self-affine intermittency
index in 2d one can perform a polynomial fit to the (ln〈Fq〉, lnM) data, and can then retain the
linear coefficient by setting all nonlinear coefficients to zero. For 16O–Ag/Br interactions the re-
sults on 2d self-affine intermittency index obtained in this way along with the generalised Rényi
dimensions (Dq) are presented in Table 1. Note that Dq is related to φq as

Dq = D − φq

q − 1
, (9)

where D is the dimension of the supporting space, e.g., D = 1 for η or ϕ-space and D = 2 for the
(η,ϕ)-space. Corresponding figure and fit results for the 32S–Ag/Br data are available in [18].
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Table 1
2d self-affine intermittency indices and the Rényi dimension in 16O–Ag/Br interaction at
200 A GeV/c. The errors shown within brackets are of statistical origin.

Order φ
(2)
q R2 D

(2)
q

q = 2 0.125(0.025) 0.994 1.875(0.025)

q = 3 0.339(0.045) 0.987 1.831(0.023)

q = 4 0.857(0.115) 0.983 1.714(0.038)

q = 5 1.596(0.198) 0.986 1.601(0.049)

q = 6 3.059(0.270) 0.983 1.388(0.054)

In Table 1 the superscript (2) denotes the dimensionality of phase space, and the Pearson’s R2

coefficient [23] that is always very close to unity, denotes the goodness of polynomial (order 3 in
our case) fit. The errors quoted in the φ

(2)
q values are only of statistical origin. Due to a strong cor-

relation between the data points, e.g., (ln〈Fq〉, lnM) such errors are nontrivially estimated with
the help of several simulated data samples by generating random numbers [24]. In the present
case 10 such independent data samples have been generated, the φq values are obtained for each
generated sample, and then the error in φq is obtained from the statistical dispersion,

σ(φq) =
√〈

φ2
q

〉 − 〈φq〉2. (10)

Here 〈 〉 means averaging over all 10 generated samples. It has been conjectured [15] that beside
the type of collective phenomena as mentioned in the introduction, there are other possibilities
to observe intermittency within a scale invariant dynamics. They are, either a branching process
or a second order phase transition. To check whether or not these mechanisms are acceptable as
possibilities, in a way similar to our papers on 1d analysis [17,18] the φ

(2)
q values were put to

different tests, and the following observations could be made.

(i) Unlike the 1d case the φ
(2)
q values either quoted above or given in [18] do not follow the

predictions of a self-similar cascade mechanism. Neither a log-normal distribution under
Gaussian approximation [13] nor a log-Lévy stable distribution work for the observed values
[25], thereby ruling out a self-similar cascade process in 2d . The Rényi dimensions are
however fractional and decrease with increasing q , which indicates a (multi)fractal nature
of the underlying dynamical fluctuation.

(ii) The intermittency parameter λq = φq/(q + 1) does not exhibit any minimum, and so the
possibility of coexistence of two different phases (e.g., liquid–gas) can also be ruled out
[26].

(iii) The φ
(2)
q values are also not consistent with a monofractal structure, as required for a system

at the critical temperature of a second order phase transition [27]. The Landau–Ginzburg
parameter ν is also significantly different from its universal value (ν = 1.304) to warrant
any kind of thermal (second order) phase transition [28].

However, the φ
(2)
q values indicate presence of a strong 2d intermittency, much stronger than the

1d case [17,18]. A more direct measure of the intermittency strength has been obtained for the
hadronic interactions from its connection with the (multi)fractality, at first in the framework of a
random cascading model (e.g., the α-model), and then in a model independent way irrespective
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Table 2
Intermittency strength based on random cascading α-model. The errors shown within brackets are of statistical origin.

Order
(q)

16O–Ag/Br 200 A GeV/c 32S–Ag/Br 200 A GeV/c

αq(η,ϕ) αq(η) αq(ϕ) αq(η,ϕ) αq(η) αq(ϕ)

2 0.487(0.006) 0.245(0.001) 0.263(0.002) 0.395(0.006) 0.164(0.002) 0.171(0.001)

3 0.502(0.012) 0.232(0.003) 0.260(0.002) 0.516(0.010) 0.149(0.002) 0.175(0.002)

4 0.549(0.032) 0.231(0.007) 0.258(0.005) 0.597(0.051) 0.139(0.005) 0.185(0.004)

5 0.612(0.063) 0.230(0.012) 0.257(0.006) 0.570(0.083) 0.131(0.008) 0.204(0.011)

6 0.643(0.084) 0.229(0.019) 0.253(0.010) 0.528(0.106) 0.125(0.013) 0.227(0.023)

Fig. 11. Intermittency strength αq based on random cascading model plotted against q for both types of interaction. The
solid lines are drawn to guide the eye.

of any particular mechanism of particle production [19]. According to the α-model the strength
parameter αq is related to Dq by a simple relation

αq =
√

6 ln 2

q
(D − Dq). (11)

As our 1d intermittency results [17,18] are consistent with the prediction of the random cas-
cading model, using Eq. (11) we have calculated the αq values in 1d , and have shown them
in Table 2. For comparison the αq values in 2d are also included in this table. Corresponding
graphical plots of αq vs. q have been shown in Fig. 11(a) and (b). Results of both 1d and 2d

analysis for both types of interaction have been included in these diagrams. One can see that
the fluctuation strength is slightly but consistently greater in 16O induced interactions than what
it is in the 32S induced interactions. The 2d strength parameters are always more than double
the 1d values. Whereas, the 1d values either remain constant within statistical errors or exhibit
very weak linear variation with q , the 2d values for 16O interaction increase with q , and for 32S
interaction they exhibit an initial rise followed by a saturating effect at large q (> 4).

As mentioned above, the nonlinearity of the curves in Fig. 10 arises out of the anisotropy be-
tween the distributions along η and ϕ directions. For a particular interaction the η range depends
on the kinematic parameter(s) like the collision energy, whereas the ϕ range irrespective of the
colliding objects and/or collision energy is always the same between 0 and 2π . It is therefore,
suggested that the phase space should be so partitioned as to appropriately take this anisotropy
into account [29], which is usually done by introducing a ‘roughness’ parameter called the Hurst
exponent (H). In Fig. 12 the unequal partitioning of two independent variables has been schemat-
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Fig. 12. Different ways of partitioning two independent phase-space directions using the Hurst exponent. (a) H = 1
corresponds to equal partitioning, (b) H > 1 corresponds say to partitioning the vertical direction finer, and (c) H < 1
corresponds to partitioning the horizontal direction finer.

ically represented. Only when such unequal division is made, a linear variation of ln〈Fq〉 over the
entire range of lnM , and hence a self-similar structure in the dynamical fluctuation of particles
can be achieved. Otherwise the (multi)fractal structure is self-affine. Following [30] we have per-
formed a self-affine analysis of our multiplicity fluctuation data with a continuously diminishing
scale of phase-space resolution. The phase-space scale factors in different directions are related
as

Mη = MH
ϕ : 0 < H < 1, or Mϕ = M(1/H)

η : H > 1.

Both Mη and Mϕ cannot simultaneously be integers. Any non-integer partition number Mi along
the ith direction can be written as

Mi = Ni + fi : i = η,ϕ, (12)

where Ni = an integer and 0 < fi < 1. Assuming that in terms of the cumulant variables Xη and
Xϕ both the particle distribution and its fluctuation are uniform, an averaging over any number of
phase-space intervals should yield the same result. Therefore, for a non-integer partition number
the smaller cell corresponding to the ‘f th’ interval may be excluded from the summing (or
averaging) process by putting it either at the beginning or at the end of the other Ni intervals.
If the (Xη,Xϕ) plane is considered as a unit square, then due to this exclusion particles falling
within a rectangular slice of width fi	Xi/Mi along the j (�= i)th side of the square are discarded.
The self-affine analysis for q = 2 has been performed for a wide range of H values (0.25 � H �
3.0). In Figs. 13 and 14 our results on the self-affine analysis, respectively for the 16O–Ag/
Br and 32S–Ag/Br data have been graphically presented for some representative values of H

(= 0.3,0.6,1.08, and 2.0). The nonlinear variation in each case is fitted with a quadratic function
like

y = ax2 + bx + c. (13)

Here for each q the first two data points (corresponding to M = M0 say) are omitted from the fit
procedure to take care of the conservation rules [31]. Obviously y = ln〈Fq(M)〉 − ln〈Fq(M0)〉
and x = lnM − lnM0. The parameter ‘a’ can be considered as a measure of nonlinearity in the
variation. In Table 3 once again some representative values of the parameters ‘a’ and ‘b’ along
with the R2 coefficient with varying H are shown for 16O–Ag/Br and 32S–Ag/Br interactions.
Once again the errors are only of statistical origin, and they are estimated in the same way as those
associated with the φ

(2)
q values. One can see that, for both sets of data, as H differs from unity

the variation is straightened out. A plot of the nonlinearity measure ‘a’ against H has been made
in Fig. 15. For both types of interactions the ‘a’ parameter attains small values at H = 0.3 and
maximum values at H = 1.08. On the other hand, for H > 1 the nonlinearity initially increases
with increasing H , and then it starts to decrease attaining small values at H = 2.5 and at H = 3.0
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Fig. 13. Two-dimensional SFM ln〈F2〉 plotted against lnM for different Hurst parameters in 16O–Ag/Br interaction at
200 A GeV/c. The solid curves represent quadratic fit to the data points.

respectively, for the 16O and for the 32S data. However, for H > 1 growing discontinuity in the
variation of ln〈F2〉 with lnM could be seen with increasing H . Perhaps because the uniformity
of both particle distribution and its fluctuation is too strict an assumption for a finite data sample,
the method does not work equally well at all scales. Even after taking into account the correction
factor suggested in [32] this problem could not be resolved for our AB data. Once, the self-
similarity of dynamical fluctuation has been achieved it is now possible to estimate the effective
fluctuation strength in 2d for any arbitrary process of particle production. A linear fit of the data
as per Eq. (8) now gives the required φ

(2)
2 values at H = 0.3 (which is almost linear) that is

consistent with self-similarity: φ
(2)
2 = 0.066 ± 0.002 for 16O–Ag/Br and φ

(2)
2 = 0.033 ± 0.001

for 32S–Ag/Br interaction. Then following the relation [19]

αeff ≈ √
2φ2, (14)

we obtain αeff(η,ϕ) = 0.364 ± 0.006 for 16O–Ag/Br interaction and αeff(η,ϕ) = 0.257 ± 0.006
for 32S–Ag/Br interaction. Note that the corresponding 1d values are, respectively, αeff(η) =
0.240 ± 0.005 and αeff(ϕ) = 0.258 ± 0.0008 for 16O and αeff(η) = 0.161 ± 0.019 and αeff(ϕ) =
0.167 ± 0.004 for 32S.

5. Discussion

In this paper we have presented an investigation on the ring and jet-like azimuthal angle sub-
structures in the emission of secondary charged hadrons coming out of 16O–Ag/Br and 32S–Ag/
Br interactions at 200 A GeV/c. To be more specific, presence of such substructures, their av-
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Fig. 14. Two-dimensional SFM ln〈F2〉 plotted against lnM for different Hurst parameters in 32O–Ag/Br interaction at
200 A GeV/c. The solid curves represent quadratic fit to the data points.

erage behaviour, their size, and their position of occurrence have been examined. The analysis
indicates presence of ring and jet-like structures in the experimental distributions of particles,
that subsequently led us to perform a self-affine 2d intermittency analysis for the same sets of
data on AB interaction. Major inferences from our analysis can be summarized in the following
way.

(i) The average behaviour of the S parameters exhibits presence of ring and jet-like structures in
both types of interactions that are limited in narrow regions of η and ϕ. Small but significant
experimental departure from independent emission particularly at small δη suggests that
short range correlations are present. In this regard our observation matches with another
similar experiment using nuclear emulsion technique [9]. A closer look at the distributions
of structure size (	η) and its position (ηm) indicates that, features pertaining to both ring-
like and jet-like structures are present in our data that cannot be fully reproduced by a simple
random number generated independent emission model. The effects however, are always
not too strong in either type of interaction concerned. Within the framework of Cherenkov
gluon emission model [3] we can therefore, conclude that in some events there are only a
few emitted gluons, whereas in some other their numbers are large. It is our future objective
to confine the analysis to a particular centrality range and examine how these effects depend
on geometry. It would be a worthwhile exercise to find out either the nuclear refractive index
or the speed of sound wave in nuclear matter from the cone angle, each of which can further
be utilized to find out a proper nuclear equation of state.
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Table 3
Values of the fit parameters of ln〈F2〉 against lnM variation in terms of the quadratic function of Eq. (13). The errors
shown within brackets are of statistical origin.

Interaction Hurst exp. (H) a b R2

16O–Ag/Br 0.25 0.0095(0.0029) −0.0169(0.019) 0.998
200 A GeV/c 0.3 0.00946(0.0020) −0.0165(0.015) 0.998

0.35 0.0108(0.0019) −0.0254(0.014) 0.995
0.4 0.0137(0.0016) −0.0448(0.0123) 0.939
0.6 0.0154(0.0011) −0.0566(0.0092) 0.978
0.8 0.0205(0.0019) −0.0905(0.0171) 0.963
1.0 0.023(0.0018) −0.105(0.0192) 0.995
1.08 0.027(0.002) −0.149(0.017) 0.967
1.1 0.0261(0.0037) −0.143(0.0305) 0.986
1.2 0.0236(0.0029) −0.118(0.0305) 0.985
1.4 0.0219(0.0034) −0.102(0.0326) 0.982
1.6 0.0199(0.0038) −0.0885(0.0351) 0.975
1.8 0.0180(0.0042) −0.075(0.036) 0.970
2.0 0.0115(0.0012) −0.0128(0.037) 0.961
2.5 0.0102(0.0013) 0.0055(0.0098) 0.997
3.0 0.0101(0.0015) −0.0058(0.0103) 0.924

32S–Ag/Br 0.25 0.0027(0.0009) 0.0114(0.0065) 0.995
200 A GeV/c 0.3 0.0005(0.0007) 0.0248(0.0048) 0.995

0.35 0.0049(0.0007) 0.0015(0.0052) 0.998
0.4 0.0029(0.0009) 0.0145(0.0071) 0.947
0.6 0.0072(0.0006) −0.0088(0.0049) 0.988
0.8 0.0099(0.0006) −0.0251(0.0060) 0.990
1.0 0.0120(0.0006) −0.0343(0.0070) 0.995
1.08 0.025(0.0007) 0.0081(0.0165) 0.987
1.1 0.0249(0.0017) 0.0052(0.0161) 0.991
1.2 0.0245(0.0015) −0.0056(0.0142) 0.992
1.4 0.0241(0.0012) −0.0266(0.0106) 0.994
1.6 0.0227(0.0010) −0.0339(0.0082) 0.995
1.8 0.0209(0.0009) −0.0355(0.0071) 0.994
2.0 0.0186(0.0009) −0.0306(0.0068) 0.994
2.5 0.0117(0.0009) −0.0076(0.0063) 0.997
3.0 0.0092(0.0011) −0.0037(0.0073) 0.997

(ii) The 2d intermittency analysis of both 16O and 32S induced interactions suggests that the
underlying fractal structure of the dynamical fluctuations is not self-similar at all scales,
rather it is self-affine. The self-similarity could be retrieved only when the anisotropy issue
(in the η–ϕ plane) is properly addressed with the help of the Hurst exponent. Unlike the
observation of [31] we however, could not make any definite conclusion regarding as to
which direction (i.e., η or ϕ) has to be partitioned finer to achieve self-similarity. In the
H < 1 region our data behave in a more systematic and consistent manner, and for both
data sets we have taken H = 0.3 as the point close to exact self-similarity. The fluctuation
strength in 2d is significantly greater than that in 1d , and the same is always greater for the
16O–Ag/Br interaction than that in the 32S–Ag/Br interaction. This indicates a dominance of
the jet-like over the ring-like structures in both sets of our data. In the α-model the allowed
range of α is [0,1]. Hence we observe that for the 16O case the intermittency strengths
are about one third and one fourth of its maximum possible value, respectively, in 2d and
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Fig. 15. The nonlinearity parameter ‘a’ plotted against the Hurst parameter H for both types of interactions.

1d , whereas those for the 32S data are, respectively, about one fourth and one sixth of the
maximum strength.

Though some interesting observations could be made from our analysis of a set of data on
16O–Ag/Br and 32S–Ag/Br interactions at 200 A GeV/c, we feel that a more detailed analy-
sis is necessary with other choices of nd values and making appropriate ns cut. It would also
be a worthwhile exercise to compare our results with model predictions that takes into account
collective phenomena like those prescribed in [3,4,7]. Recently, the wavelet technique [33] has
been employed for fluctuation study of particle production, which is at present undergoing for
our data.
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