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Theoretical background 

 

 

 

 

The theoretical background for the estimation of the magnetic exchange coupling 

constant (J) is described in this chapter. The theoretical background for the 

determination of the transport property of molecules is also discussed here.  
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2.1 Introduction 

The quantification of magnetic nature of molecular systems renders a wide 

area for theoretical exertion. The magnetic property of a molecule or radical can be 

estimated by the magnetic exchange coupling constant (J). In diradical species J is 

quantified by the difference in energy between triplet and the singlet states.  

  For many electron systems, the Hartree-Fock (HF) method provides a solution 

of Schrödinger equation based on variational principle. The main limitation of HF 

method is that the electrons are moving independently, and they have no correlation. 

After that different post-HF methods such as coupled cluster methods or configuration 

interaction methods are introduced. Though, an adequate computation of J can be 

achieved through Post-HF methods, they are not so popular as they are immensely 

resource intensive.
1
 In recent years density functional theory-based approach is 

extensively used to compute the magnetic exchange coupling constant. 

 

2.2 Density Functional Theory   

DFT is the powerful methodology that overcomes the inadequacy of HF and 

computational cost of post-HF methods by using the electronic density as the basic 

variable instead of the multi-electronic wave function. In DFT formalism the 

electronic energy E of the systems can be expressed as the functional of electron 

density E(ρ). Density functional theory-based methodology is easy to use compared to 

the ab initio methodology due to the low time consumption and flexibility. Besides, 

for a large system the complexity in the wave function is increased, however the 

electron density sustains the same number of variables which is independent on the 

size of the system. In late 1920s,
2
 the concept of density functional was emerged for 

the first time from the work of Fermi and Thomas.   

The energy functional have three terms i.e., the kinetic energy (KE), potential 

energy from the external field and the electron-electron interaction energy and can be 

written as;  

 

 
 

The external potential energy is expressed as 

 

 
 

Though KE has a common form for every system, the major problem in earlier 

DFT formalism is the difficulties in representing the KE of a system. In Kohn-Sham 

approach, the KE functional have split into two different parts to overcome this 

problem. The first part represents the kinetic energy of non-interacting particles and 
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this part can be calculated exactly and another part that comes from the introduction 

of a small correction term due to the electron-electron interactions.   

 

Here we introduce the quantity Exc[ ] which is called the exchange-correlation 

energy and represented as 

 

 
 

i.e., Exc is the sum of the error made by using a non-interacting kinetic energy and by 

treating the electron-electron interaction classically. 

 

Therefore, the energy functional can be written as 

 

 
 

The exchange correlation energy (Exc) is often decomposed as 

 

Exc[ρ] = Ex[ρ] + Ec[ρ].                                                                       (2.5) 

 

Where Ex is the exchange energy due to the interactions between the electrons 

with same spin and Ec is the correlation energy due to the interactions between the 

electrons having opposite spins. The respective functional are the exchange functional 

and the correlation functional. 

 

In Kohn-Sham approach the system is composed of n non-interacting electrons 

described by a single determinantal wavefunction in n “orbitals” . The kinetic 

energy is represented as, 

 

 
 

The suffix represents that this is the kinetic energy of a system with non-interacting 

electrons and not the true kinetic energy. 

 

The ground state electron density ρ(r) can be written as 
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The electron–electron Coulomb interaction which is known as the Hartree energy can 

be represented in terms of density as  

 

 
 

The Kohn-Sham equation needs to solve in order to obtain the Kohn-Sham orbital. 

For which application of variational principle to the electronic energy E (ρ) is needed. 

 

 
 

Here  and  signify the Kohn-Sham Hamiltonian and the respective orbital energy. 

The Kohn-Sham Hamiltonian has the form 

 

 

Where Vxc is a local potential which is the functional derivative of exchange 

correlation energy with respect to the density and is given by  

 
 

After obtaining the initial set of Kohn-Sham orbitals, they are used to get the electron 

density from eq. (2.7). The process is repeated again and again until the Exc and the 

density meet the certain convergence criteria.  

 

 

2.3 Spin Hamiltonian and magnetic exchange coupling constant (J)  

 

The magnetic exchange interaction between two magnetic centers 1and 2 is 

generally expressed by the phenomenological Heisenberg spin Hamiltonian  

 

 Ĥ= 2J           (2.12) 

Where and  are the respective spin angular momentum operators and J is the 

effective exchange coupling constant between two magnetic sites. For a diradical 

system, a negative J value indicates the antiferromagnetic interaction with anti-

parallel orientation of the spins (S = 0) in the ground state and the positive J value 

indicates the ferromagnetic interaction with parallel spins (S = 1) in the ground state. 
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The magnetic exchange coupling constant for a diradical with one unpaired electron 

on each site can be represented as 

                                                     (2.13) 

Though the single determinantal wave function properly represent the high spin state 

of a molecule, it cannot adequately signify the singlet state of a molecule in 

unrestricted formalism which causes spin contamination in such calculations. 

Multiconfigurational approach can describe the pure spin states in proper way. Many 

research groups have done the theoretical study using multiconfigurational 

techniques. However, these methods are computationally very expensive and are 

difficult to apply in large systems. The broken symmetry method is the way out of this 

difficulty. 

 

 

2.4 Broken symmetry approach 

 

 Till now broken symmetry (BS) approach is the best technique proposed by 

Noodleman and coworkers to calculate the S-T energy gap as well as the magnetic 

exchange coupling constant (J).
3 

Though the arguments are given in terms of 

wavefunction theory, the formalism is mostly applied in DFT framework. To 

determine the magnetic exchange coupling constant, the triplet state (<S
2
> = 2, in case 

of diradical) from unrestricted formalism and a broken-symmetry (BS) solution is 

required. According to Noodleman, a state of lowered space symmetry and mixed 

spin symmetry is obtained when two singly occupied orbital of spin bearing 

monomers interact by overlapping in self-consistent field procedure. This state is 

known as the broken symmetry state. 

 

Following are the three spin-projected equations that differ in their 

applicability depending on the extent of overlap between the magnetic orbitals. When 

the interaction between magnetic orbitals are sufficiently small, the expression for 

evaluating magnetic exchange coupling constant is given by Giensberg, Noodleman 

and Davidson.
3,4

 

 

 
 

where EHS and EBS represents the energies of the high-spin (HS) and BS states 

respectively. 

 

On the other hand, Bencini et al.
5
 and Ruitz et al.

6
 have proposed an expression given 

in eq. 2.15 to estimate J which is applicable for large interaction with large overlap 

integral that usually occurs for binuclear transition metal complexes. 
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However, the spin projected method given by Yamaguchi
7 

to evaluate the magnetic 

exchange coupling constant is given in eq. 2.16 that are applicable for whole range of 

coupling strengths. 

 

 

 

In my thesis work, I have used the eq. 2.16 given by Yamaguchi to determine the 

magnetic exchange coupling constant (J) values. 

 

 

2.5 Electron transport (Density functional method) 

 

A general approach to determine whether a molecule can transport electrical 

current or not, is to look at their current vs. voltage (I-V) profile.  As an unbalanced 

situation arises under an applied bias voltage, the transport phenomena of a system 

deviate from equilibrium proviso. Therefore, nonequilibrium green’s function method 

(NEGF)
8
 is used to address the inadequacy of nonequilibrium behavior of the 

transport property. In addition to the I-V plot, the transmission probabilities also give 

an insight about the transport property of molecular systems.  

 

The standard Kohn-Sham one-electron Hamiltonian (within the nonlocal-

pseudopotential approximation) is written as
9 

 
 

 

 

Where I is an atom index, the kinetic energy operator , the total Hartree 

and XC potentials are represented by and , the local and nonlocal 

Kleiman and Bylander (KB) parts of pseudopotential of the atom I are and 

. 

 

In Landauer approach,
10

 a single molecule (or in general a nanoscopic 

structure) is sandwiched between to two macroscopic electrodes. The zero-

temperature conductance (G) is determined by  
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                (2.18) 

 

where I is the current and V is the bias voltage. The zero-bias conductance (for low 

voltages) is given by 

             (2.19) 

 

Where G0 is the conductance quantum, G0=2e2/h. T is the transmission function and 

often calculated for zero bias. The electronic structure and thus T may change 

considerably under a large applied bias. Transmission measures the tendency for an 

electron to tunnel over the junction. EF is the Fermi energy of the electrodes. 

 

Molecular transport properties through electrode-molecule-electrode junction 

uses the Landauer–Imry–Büttiker approximation,
10 

with nonequilibrium Green’s 

functions (NEGF)
8
 and spin-unrestricted Kohn-Sham density functional theory 

(UKSDFT).
11

 

 

 In the coherent tunnelling regime (i.e., for short molecular bridges with large gap 

between the one-particle energy levels and Fermi energies of the electrodes and for 

low temperature) the current (Is(V)) for electron spins s ∈ {α, β } relates to the 

transmission function Ts(E, V) by the following equation
12  

 

 
 

Here h Planck’s constant, e is the unit charge, V is the symmetrically applied finite 

bias voltage, E is the energyand TS(E,V) is the transmission function. The number of 

electrons on the molecule is supposed to be constant in time. In the Landauer–Imry–

Büttiker approximation,
10 

zero voltage conductance ((dI/dV)V=0) is proportional to 

T(EF).  Therefore, it is reasonable to take integration over  to .  

 

In the NEGF approach,  can be calculated from a trace over matrices (ΓL/R,s) 

that describes the coupling of central region to the left and right electrodes, and the 

retarded and advanced Green’s functions ( ) of the electrode-molecule-electrode 

system
13

 as  

 

 
 

 

The advanced Green’s function is the complex conjugate of the retarded Green’s 

function. 
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For a finite cluster electrode-molecule-electrode System, ΓX,s and  are calculated 

from the Fock and overlap matrices.
12 

 

         (2.22) 

 

                               (2.23) 

 

The overlap and Fock matrices are divided into central, right-electrode and left-

electrode regions.  and  represent the coupling block of molecule and 

electrode X in the Fock and overlap matrix, respectively. Whereas the molecule (i.e., 

“central region”) subblocks of these matrices are designated by the subscript C.  is 

the Green’s function matrices of the isolated and infinite electrodes. 

 

 In my thesis work, I have calculated the transmission property using the 

ARTAIOS code developed by Herrmann et al.
12,14,15 
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